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HEPENATUBUCTCKUE YPABHEHWA
OBWXEHUS ONda HACTUL,
C MNMPOU3BOIIbHbIM CITNMHOM

B. H. Dywuu, A. I'v Hukumun

HuctutyT maTemaTuin AH YCCP, Kues

BriBefieEs IalMIceECKE-LHBAPUAHTHBIE CLCTeMHB Aud¢epeHnualsHEX ypas-
HeBUil IepBOTO ¥ BTOPOIO NMOPAAKA, OLUCHBAKINKE JABUKEHNE HEPEJIATHBHCTCKOM
YaCcTHIH IPOMSBOJBLHOTO cumHa. HalifleEHEe ypaBHEHHUS JONYCKAIOT JarPaHKeBY
GOPMYINPOBKY 1 ONMCHEBAKIT JUNCIBHOE, KBAAPYIOJLHOE M COMH-OPGMTANEHOE
B3aUMO;IEMICTBHA YaCTUIIH ¢ BHEITHMM 3JI€KTPOMATHUTHEM LOJEM, KOTOPHIE Tpaan-
IHOBHO CYUTAJUCH INCTO penATuBHCTCKrME 2ddektamu. Ha ccHOBE MOIyueHHRX
YPaEHeHU# TOYHO pelleHa 33[ava O JABMKEHUM HePeJATHBUCTCKON 9acTmIEl mMpo-
MBROJNBEOIO CIMHEA B OJHOPOJHOM MATHEMTHOM IoJe. HalifleEH reEepaTopH Beex
KJIACCOB BeNPHUBOAMMHEX NpefcTaBieHuil rpynnu lamwmies.

The Galilei-invariant systems of partial differential equations, which
describe the non-relativistic motion of arbitrary spin particle, have been dedu-
ced. The found equations admit Lagrangian formulation and describe dipole,
quadrupole and spin-orbit couplings of a particle with an external field, which
traditionally are ccnsidered as a relativistic effects. Using the found equations,
the problem of an arbitrary spin particle motion in homogeneous magnetic
field have been solved exactly. The generators of all classes of irreducible repre-
sentations of Galilei group have been found.

BBEJIEHUE]

Boaxee 300 ner maBecTHH UPHHIMI OTHOCHTEABHOCTH M Tpeolpa-
soBanmsa 'asmmnesn. Opmako cTpykrypa rpynus Ianmies G u ee mped-
CTABJEHHA HaYall M3YyIaThCHA CPABHMTENBHO HemaBmo, B 1952 r.
Wnonto m Burrep [1] onmcanm Todmble HpeACTaBIEHHA DTOH TPYIIEL
Bapruan [2] BuepBre ykasan Ha yHEaMEHTANBHYIO PONb TIPOEKTHB-
HBIX Tpe/ICTaBAeHNd IPYyDOH G B HEepeaATHBHCTCKON KBAHTOBOM Mexa-
HuKe. JII060MHTHO OTMETHTE, UTO IPOEKTHBHHE IPEACTABICHHA T PYIIIES
lanmaes Moram GHTH OTKPHTH 3HAYATENHHO PAHBIIE, HOCKOIBKY €16
JIm [3] ycramoBmy asrebpy # Ipynny MHBADHAHTHOCTH yDABHERUs
nuddysun, KOTOpoe € TOYHOCTHIO [0 NOCTOAHEHHIX KOd(pHIMeHTOB
coBUaaeT ¢ oAEOMepHHM ypasrRermeM Illpemmurepa nias HeBzauMoe
perictByome#t wactuns. Mcxopa u3 anre6ph MHBapHAHTHOCTH ypaB-
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menus guddysun (nam ypasaenna lllpegnnrrepa) n HCHOIB3YA IpUEMEI,
H3BecTHHE eme ¢ Hadaia Beka (Popmyny Homnbeana, ypasuenma Jlu),
MBI, KaK OyfieT IOKa3aHo HUsKe, ¢ HeoOXOIHMOCTHI0 IPHXOAAM K TIPO-
eKTHBHHIM LpeAcTaBIeHHAM Trpynmel G.

Jlesn-Jle6norn [4, D] Haya) cEcTeMATHYECKOE MCCJAETOBAHME lipe/l-
crapjeHnil rpynmel [amwness M ypaBHeHHN, MHBADHAHTHBIX OTHOCH-
TebHO 9T0i TPyImbl, XareH u ['epieit [6, 7] mosyaman rammmeeBcKu-
uEBapHaHTHEE JAupdepeHnuanbHble YPaBHEHUA MEPBOLO IOPS/KA,
OUMCHBAMINE NBIKCHNE HEPeIATHBACTCKOM YacTHIH C IPOM3BOJIb-
apM comEOM. OCOo0eHHOCTHIO dTHX YpPaBHEHWH ABAAETCA TO, UTO OHH
He 7MAOT MOJHOTO ONHCAHMA ABIKeHHA YACTHIEI CO COHMHOM BO BHeNI-
HeM 9JIeKTPOMAaTHATHOM II0je, TaK KaK He YIATHBAKT TAKHe XOPOINO
naBecTHBe PusHuecKue 3QPeKTH, KaK CIHH-0pOHTaJbHOe M JapPBUHOB-
cKoe B3amMoOJeiicTBHS. Bo MHOTMX KHMrax W CTaThAX YTBeps;Kuaercs
name, 9TO TAKME B3aUMOJEHCTBHsA ABJIAITCA YHCTO PEIATHBACTCKUMHE
aperravm m MOryT OBITh a[[EKBATHO ONMCAHBI TOJBKO € IIOMOIBIO
ypaBHeHuil, XHBAPMAHTHEIX OTHOCHTeNbHO rpynusl llyankape (Hampi-
mep, ypasmeHumit [lmpaxa).

Hacroamuit 0630p, B OCHOBY KOTOPOTO IIOJOKEHEl paboThl aBTO-
poB [8—14], mocBAmen BEHBOAY U IOAPOGHOMY HMCCIE[OBAHMIO HOBOTO
KJacea rajJniIeeBCKA-AHBAaPHAHTHEX YPABHEHAN ABIKEHAA (IA YACTHUI]
1pou3BobHOTO cunHa. G MOMON[BI0 NOTYYenHIX ypPAaBHEHMI, M0100H0
TOMY KaK I B PeJIATHBHCICKO Teopun [{mpaka JJIs 9J1eKTPOHA, MOKHO
[OCIeOBATEIBHO OOMCATH CIHAH-0pOMTANBHOE H JapBHHOBCKOE B3a-
umopeiicteua. Haliennme ypaBHeHHMA — YaCTHBIR ciaydaid ypaBHe-
amsa Jlesu-JleGmornga m Xaresa — l'epres (ypasHemusa JIXI) —
HpefCcTaBIAIOT c000i cucTeMul AupQepeHMaIbHAX YPABHEHAA B JaCT-
HbIX LPOH3BOMHAIX IEPBOTO M BTOPOTO HOPAAKA HapaboIMYecKoro
TAMA.

Jlna moxyueHHs M RHAJM3A TAJUIECBCKA-MHBADHAHTHHIX ypaBHe-
HEH HCUOJAB3yeTcs aireGpamvecKMil ©OAXOX, pasBHTHd B pabo-
rtax [15—17].%¥ Cyrs sTOro IOHXOHAa COCTOMT B TOM, YTO, MCXONHA U3
HEeKOTOPOit o6nieil PopMHI TeHePaTOPOB IPYINLl G M MCIOAB3YH KOM-
MyTAIEOHHEE COOTHOmeHuA axre6per Jlu rpynne [ammmes, HaxopAT
SIBHHIH BHJ TeHepaTopa BPeMeHHOTO ciaBura (ramuibronuaHa) H, ¢ mo-
MOMBI0 KOTOPOr0 ONpefedsercs WHBADHAHTHOe YypaBHeHHE THOA
Hlpenuurepa.

CiefyeT OTMETHTh, 9T0 B IPHHIKIIE MOKHO IOCTPOUTE 0UYeHb MHOTO
pasIMYHEX TajinIeeBCKA-MHBAPHAHTHRIX YPABHOHWH [JA YacTHI OPO-
H3BOJBHOTO CIAHA (TO jKe CAMOEe MOKHO CKAas3aThb M O PeIATHBUCTCKHX
ypaBHeHHAX), KOTOPEE B OTCYTCTBHC B3aMMOJEHCTBHA MOTYT OHITH
DKBWBaJeHTHHMH. lloaToMy BajKHO HMeTh KDHUTEpPHH, BhIfeA0N[Ae
{3 HAX Te, KOTOPELIe MO3BOJANT Hanbolee MOJHO OOACATH QA3AIECKYIO
peaibHOCTh — HANPEMED B CIydYae B3amMOJEHCTBMA YACTHIHI ¢ BHEI-
HAM 3JEeKTPOMATHWTHHM mHojdeM. B pabore HaiifeHo HeoOXopmmoe
ycioBme, KOTOPOMY [OJDKHEL YJOBJETBODATE ypPaBHEeHHA IEPBOTO
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0PAIKA, ONHCHBAIINE CIKH-0POATANILHOE B3AWMMONSHCTBAE TACTHNE
¢ mosleM. ITO YCIOBH® MOKHO cPOPMYIHpOBATh B BHIe TpeGoBaHMsA
{roTopomy He ynmoBaersopaior ypaBuenus JIXI'), 9ro0s reHepaToph
IpeAcTaBleHNA ONHOPOAROH# Tpymnu [anuaes, peajH3yOLIETOCH
HA MHOKECTBe DeIIeRdil WHBAPHAHTHOTO YpPAaBHEHHA, GHIIN HAIBIO-
TEHTHBEIMA MAaTPHIAMH C HHAEKCOM HHJIbmOTeHTHOCTH N > 2.

CrpyKrypa ypaBHeHHit, HOJyIeHHHX B HacTOAme# pabore, IO3BO-
JfeT BO MHOTHX CIydadX HAXOQHTHh HX peHIGHHA Cpasdy AJisS Lpous-
BOJIBHOTO 3HAUeHHA cnmHEA. Huke ¢ MCOONb30BaHHEM HANIEHHBIX
ypanfeHH# TOYHO peImeHa 3amada O CHeKTpe SHEePTHH 3apAeHHON
HEPeJIATHBUCTCKONR HacTUIIH OPOM3BOJBHOIO COMHA B OTHOPOSHOM
MATHATHOM HOJe.

B pafore momyueHH TeHepaTOPH BCeX KIACCOB HEHMPHBOMUMAEIX
upencraBaenunit pacmwpenno#t rpynnsl ammmes. Haligennan peann-
3aUMA OTIMHMAETCH OTHOCHTENBHO TpocToli (cuMmeTpwuHOH) dopmoi
TEHePATOPOB, KOTOPAA ABIAETCS YHABEPCAXLHON [JIA BCEX YHHUTAPHELX
TpefcTaBIeHni aTof rpynmel. lccaemoBaHEL TaKe IpemCTAaBIEHUS
nonuoii rpynme I'ammiess, BKiIovaomed AucKpeTHhie mpeoGpasoBa-
ama P, T'u C.

3a mpeflelaMyl HACTOAINEH CTATHE OCTANNCH 3aJATHA O PA3IOKEHHN
TeH30PHOTO NPOM3BefeHHA ABYX N TPeX HEOPHBOJAMEIX Ipej(CTaBIe-
anil rpymnst ammines. 9w Bompock (X MHOTHe J[pyrue, Kacalomuecs
Teopu: IpepcraBieHnit rpynmu G) xopomo maiao;kesH B [4, 18—20].

1. TAJIMJIEEBCKAA MHBAPUAHTHOCTD

B aroM pasmexae ofcymmaerca anreGpa MHBAPHAHTHOCTH ypaBHe-
mns [lpenunrepa Axs HeB3amMONEHCTBYOmEH YaCTHUH # IHCKpPET-
ane P-, T-, C-upeo6pasoBaHnsa B HEPEAATABACTCKO KBAHTOBOR MeXxa-
upke. Mexonss us anre6pH MHBRDHAHTHOCTH, C IOMOMBIO GOPMYIIE
HamnGenma — Xaycgopda CTpomtTcs upefcTaBieHWe pDACIINpPEHHON
rpynns ['annies u BEYACIASTCS MYJbIUIUIAKATOD, XapaKTePUBYOM KT
OPOEKTAR Thle HPECTABACHUSA HTOM TPYIIH.

Aare6pa unrBapmanTHOCTH ypasHenus lllpemuurepa. Mccaemyem
CBOMCTBA CHAMMETDHE OCHOBHOTO YPABHEHHA HEPeNSTHBUCTCKON KBaH-

TOBOM MeXaHUKK
LY =0, L=1d/0t— p2/2m, (1)
e

P*=Dpi+ Dy iy Py = —10/0z4, ¥ =¥ (t, x) < L,.

Obozmagmm {Q,}, A=1,2,...,N; N <o HEKOTOPO® MHOKECTBO
ONlepaTopoB, ONPEJENEHHEX HA MHOKECTBE, BCIOAY IJOTHOM B IpO-
crpascrse L, n o6pasyoumx axre6py JIm. ¥Ypasuennme (1) mo ompeje-
JICHUIO MHBAPMAHTHO OTHOCHTENBHO airedps {Q 4}, eciu BumognaIoTCA
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COOTHONIEHHU S ,

(Qa, L] = Qal—LO,=f4L, (2)
rie {f4} — HeKoTOpoe MHO)KECTBO OLEPATOPOB, ONPEHENEHHHX B L,.
HeficrBrTepHO, ecim BEmOXHAeTCH (2), To mpeoGpasoBamme ¥ —-
— Q.Y mepeBomuT pemenne ypaBrenus (1) B pyroe pememme 5T0T0
YpaBHEHHASA.

Paccmorpum Bamady o Haxommenmm aareGpn MHBaPHAHTHOCTH
(AN) ypasmemma (1) B Kiacce AH(depeHNEAIBHEX OIEPATOPOB Hep-
BOTO TmopsAka. Jra 3ajada CBOTUTCSH K ONpENeJeHHI0 BCeX BO3MOK-
HHEIX OOepaTopoB BUAa

i 7] a .
OA:BA(t1 X)+CA (t1 X)6—L+DA(t’ X)W’ 1217 27 3’ (3)

(tme B4 (t, x), Ca (t, x), D4 (¢, X) — ¢ynKmuE oT ¢ W X), YAOBIET-
BOPANIHAX yCaoBHAM (2) ¥ 00pasyomux KOHEYHOMEpPHYI0 auarebpy
JIn. Kak oTmeuasocs Beme, 3Ta 3ajiaua [ OJHOMEPHOTO yPaBHEHHH
lIpenunrepa BmepBue Gbura pemena Jlm [3]. Pemenne ee mpusenmeno
B kHpAre [21], a HemaBHO JJIA TPeXMEPHOTO Caydas MmoJayueHo B pabo-
tax [22, 23]. Peayaprar [22, 23] mMomuO cpopmymmpoBaTh B BHe
CIEeYIOmEero yTBep:KIeHA.

Teopema 1. Maxcumansuoit AV ypasremms (1) B kaacce mmdde-
PEHIMAJBHLX OIepPaTOPOB IEPBOTO HOPANKA ABASETCA TPHHANNATH-
MepHasa anrebpa JIu, GasmcHEIe daeMeHTH KOTOpPO# 3amaloTca gop-
MyJaMu k

Py=1i0/0t, P,=py, M =m; } 4)
Jo=EXD), Go=1tp,—mz,,
D=2tPy—z,p,+3i/2, A=12P;—tD—mx2/2. 5)

HokaszaTeIbCTBO TeopeMEl 37ech He NpEBeieHo (cm. [22, 23]).
OTMeTAM TONBKO, 9TO MHBADHAHTHOCTH ypaBHeHHA (1) OTHOCHTEIBHO
axrebpu (4), (5) merko mpoRepuTh HemocpefcTBenHO. OmepaToph (4)
yRroBaerBopsawoT ycaoBmo (2) mpm f, =0, a gaa omepaTopoB (5)
BHIIOJIHAETCS

[D, L= —2iL; [A, L) =2itL.

Onepatopsr (4), (5) YHOBIETBODHIOT KOMMYTALEOHHHM COOT-
HOIDeHUAM

[Pav Pb] :0; [Pav Jb] = isabcpc; (6)

[Gm Gb] - 0; [Gaa Jb] = l.“:':achc; (7)

[Pm Gb]:iaabM; [Plh M]:[Gaa M]:[Jm ]‘/[]:()1 (8)
[Pm Pa]::[PO? Jal =0; (9)

[Py, Go] =iP,, a, b, c=1, 2, 3, p—0, 1, 2, 3;  (10)
[Ds Pa] = _iPa; [Dv Gal :iGa; [D1 P0]= -—21P0,
[D1 Ja]:[Da M]=[A1 Ga]=[A1 M]:[A1 Ja]:O; (11)
[4, P,]=iG,; [4, Py =iD; [A, D] =2i4,
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T. e, o0pasyor anrebpy Jlu, HasmBaemywo axare6poit Jim rpynm
Hlpenuurepa.

3amernM, 9To omepaTopsl (5) HA MHOMKECTBEe DeITeHMit ypaBHeHMUs
(1) moryr OmTH BHpaMKeHH dYepes TeHepaToph (4):

D= (2M)™ (PyGo+ G,P,); A= (2M)tG,G, (12)

H, ClIefl0BATeNbHO, CHAMMETDPHA OTHOCHTEJBHO, Npeo6pasoBaHmil, TeHe-
pupyemux omepatopamu D) m A, He OpUBOAUT K HOBHM 3aKOHAM
coxpanenns. Takmm 06pasoM, OCHOBHOM MHTEDEC NPEICTABIACT CHM-
meTpusa ypasHemHA (1) ormocmrensmo AW (4) (amre6pm JInm pacmme
perHo# rpyons amnmes).

Auxrefpa (4) mMeéT TpH OCHOBHEIX WHBaDHAHTHHIX OLEpPATOpa (OIe=
paropa Hasmmupa)

Cy=2MP,—P,P,; C,~—M; } 13
!03 = Waw,a = [MJa - 8abchGc] [Mja _ 8abchGc], -

COGCTBeHHEIC 3HAUEHAS KOTODHX ACCONUMPYIOTCA C BHYTPEHHeH BHEp-
THeif, MACCOR ¥ CIMHOM HePeNATHBHCTCKOI wacTmusl. [loncrasus (4) B
(13), y6esxmaemcs, aro ypasuenue Illpepunrepa (1) onncrBaer JacTHINY
co comaoM s = 0, BHyTpemHe# smepruedr e, = 0 m wMmaccoit m.

Taxum oGpasom, MBI paccMOTpenn CMMMeTPEIHHE CBOHCTBA ypas-
uerus Illpenmarepa otHocuTenbno AV, GasmCHEIE BIEMEHTH KOTOPHIX
OpUHAMIeNAT KIacCy AHPPepeHnuabHEX ONePATOPOB IEePBOIo
mopsnka. Ormerny, 9To ecnm paccmorpers AU B Kiacce mATErpommg-
depernmanBHELX ONEPATOPOB, TO MOKHO NOKA3aTh, 4TO ypasuenne (1)
HEBApDHAHTHO oTHOCHTenbHO anrebp O (1,3) [24] m O (2,4) [25].

Bosumkraer ecrecTBeEHHE BOmpOC — CYIMECTBYIOT JM ApyrHe [Bpo-
Me (1)] puddepennmanburie ypaBHeHHS, HMeIONTe TAKYIO e CHM-
merpuio [o6ragaomue Taxoi e AW (4), (5)], kak ypasnenue Ipexun-
repa? IlosomrenbEbil 0TBET Ha BTOT BOIPOC NAH B pasuenax 2 # 3.

B saxmouennme sToro myakTa chopmyImpyenm caenyomee yTBepKIe-
Hue, B COPaBeJJIABOCTH KOTOPOTO MOKHO YOEARTECSH HONOCPe/ICTBEHHOR
OpOBepKOH,

Jdemna 1. ycrs {Py, P,, J,, G,, M}—nponsBoasHas COBOKYIHOCTE
QuepaTopoB, ynoBiaerBopsanmux axrebpe (6)—(10) m momoammTens-
HOMY TpeGoBammI0, UTOOH CYMECTBOBAN OIepaTop, 06paTHHI omepa-
Topy M. Torna omeparops (12) cosmectso ¢ P,, G, Jo, M u P,=
= Py — (2M)~'C, ynosnerBopsior axre6pe Jlu (6) — (11).

CgopmynupoBaEEHI B JeMMe Pe3yIbTAT 03HAUAET, YUTO IPOU3BOINE-
Hoe npencraBiaerre anrebpu I'ammnes (6) — (10) (coorBercTByIOmEE
¢y 7% 0) MokeT OHTL IOmONHEHO N0 TmpeAcTaBieEna axreOpe Jim
rpyunst lpepmarepa (6) — (12) (momo6Ho TOMY, Kak mpOMBBOJIBHOE
npencraBaerme rpynnu P (1,3), cooTBeTcTBylOmee HyxdeBoit Macce
U [UCKPETHOMY CLHHHY, MOKeT OHITh NOIOJHEHO N0 HPefCTABIEHHSE
xondopMuOH rpymmer [26].
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Howeunnte mnpeodpazosamua. 3mas AU merortoporo pmdepen-
TAAXBHOTO ypaBHEHHUA, 00bYHO GHBAET HETPYMHO HAWTH €ro rpynmny
cummerpan. Tak, gcxona ua (4), MOMKHO HONYIATh B ABHOM BHMe Ipe-
obpasosanusa ['amunes Rus KOOPAMHAT Z,, BPEMEHH { ¥ BONHOBOH
$yunun ¥ (f, x):

z,—»2z,=U(@0, v, a, ay, b)z,U1(0, v, a, a,, b) =

:Rabxb + Vgt + ag,; (143)
t—>t"=U(@®, v, a, ay, b)tU1(0, v, a, a,, b) =1+ a,; '
Zo,—>2,=U"1(0,v,a, a;, b)z.U (0, v, a, a,, b) =

= Rz} (2, — Uyt — ay); (146)
E—>t"=U"1(8, v, a, ay, b) tU (B, v, a,ay, b) =t —ay;

W, x)—>V (£, x)=U"1(0,v,a, ay, b) ¥ (£ x)=
=exp [if (¢, x") —imb] ¥ (¢', x'), (15)
Tie
U@, v, a, a,, by =exp (i/0;) exp (iG.v.) exp [iP,a"* 4-imb]; (16)

0, Ve, Gy Gy, b—IPOM3BONBHEIE JEHACTBATENbHEE TapaMeTphl; R, —
— 0mepaTop TPEeXMEPHOro MOBOPOTA:

R, =6, c056+€(%()ﬁsin9 + Bg?”(i—-cos 0); (17)

0=(02+02+651/2 f(',x')—dasoBuit MuOMHATEDH [2]:
f@,x")y=mv-x+ (1/2) mv3t. (18)

s porasareascTsa coorHomenmi (14) — (18) mocraToumo Boc-
Wuoap30BaThCA PopMyaoil Hammberaa-Xaycegopda

exp (A) exp (B) ==exp (A+ B+ (1/2) [4, Bl +...). (19)
Cornacuo (4), (19)
exp (——iGaU;) =exp ('“ itpava) exp [1f (ta X)]

u !
U0, v, a, a5, b) —exp[if (t', x') — imb] x
X exp (—iJ.0.) exp {ip, (a, —vot) —iPgyay], (20)

OTKyZla HemoCpefCTBeHHO cCjenxyer Brmoamerme (14) — (18).

Takmm o0pasoM, mpejcTaBlIeHde pacmupeHHO#M rpynmst [agmies
Ha MHOKecTBe pemmenuii ypasuemus (1) sagaercsa omeparopamum (20),
JeficTBEE KOTODHIX HA BOJIHOBYI0 QYHKIIMI0 M HE3aBUCHMEE HepeMeH-
HHle r, H [ oumpegeneHo gopvynamm (14) — (18).
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Herpyxuo y0eIuThCA HEIOCPERCTRORREIM BHANCISHNUEM, 1T ONCDA-
TopH (20) YHOBIETBODAIOT TPYIMOBOMY BAaKOHY

U 0@, v a® g@ p@) U 00, v a) aqft’ b)) =

:U(ew 1 0® vi L ROy@, g 1 RDa® | vg®;
1

a((]l) + a:)E) . b((]l) + béﬂ! + vé,l)R(alb)a;Jz) + _2_ aé!) (v‘(ll))z) ; (21)

U0, v, a, a5, b)) =U (—8, —R"tv, —R™' (a—vay),

1
—a,, —b0+acvc——7 aovava),
ne Ra=a’, Rv=v', ag= R ay; Vo= RV,

KOTOPHIL MOJKHO MPUHATH 34 a6CTPAKTHOE OIpefeJeHne PACITHPeHHOR
rpyuns Lanunaes.

Ilomoskne B (15) & == 0, mpuxoguM K HOATPYNIE pPACIIMPEHHOH
rpyunsl [amwies, Kotopyio HasuBapT rpyunoi [anumea. Ilpm satom
dopuyasr (15) ompefendnT He TOYHOe, a TOJLKO IPOEKTHBHOE
TpericTaBieHAe 9T0# rTpynmel. JleficTBATENBHO, TPYIIOBOR 33KOH
Jua mpeobpasopanuit Iammmes (14a) umeer BuA:

g(B(”, v a®), af,“) g<9(2), vi2), a2, afﬁ’) =
=g (00 10 v | ROy a) L ROa® L vg® ' 1 g?). (22)
Ho ma (21) cmegyer, uto
U (62, v a@ g 0)U OW, v al) gV 0)=
—=exp (i) U (9(1>+6(2>, v Ry a1 | RDa(2 L

+ v0af®, at® L a?0), (23)
rae $asoBELT MHOMKHETENE:
0, =V RPas® + (1/2) aPvP v . (24)

Wumvu cmoBamu, omeparops (20) mpm b == 0 yROBIETBODPAIT 3AKOHY
TPYUmoOBOA KoMmosuuuu (22) TOIBKO C TOYHOCTBIO [0 YMHOKEHHA
Ha MHOMHTENAb exp (iw,,), HOTOPHHA He W3MEHSeT HOPMEL BOJHOBOM;
DYHRITHHA.

Mu y6emunmes, uro AUl ypaBrenus (1), 3agaBaemasi omepaTopaMu
{(4), COHEPIRUT MOMHYI WHQYOPMAIAI0 O CBONCTBAX CHMMETPHH 3TOTQ
VDaBHEHAA OTHOCHUTEIBHO HEIPepHBHHX mpeobpasoBanmii. MosxHo
paceMOTpeTh TAK)Ke MUCKPETHHIe Npeo0pasoBaHHA BHIA

Ly=>—2Z4, L[—1; } (25)
Ty —>Z,, t—>—1,
W (, x) > P¥ (£, x) =, ¥ (£, —x); (26)
Yt x)>TY (¢, x) =¥ (—t, x); (27)

¥ (¢, x) >CW¥ (¢, x) =n;¥* (¢, x), (28)



1164 B. U. OVIOUY, A. T. HUKUTUH

rae M, = —+1. Oneparopu (25) — (28) mo ompeneseEHIO yOBIETBO-
pator yeaosusam P? = T2 = (C? = I, rae I — efmEUUHKI 0onepaTop.

Herpynuo yGemumrbest, dro ypaesenme Illpenmrrepa (1) mmsapm-
aHTHO OTHOCHTENbHO mpeobpasoBasmit P u CT, 5o m C m T — memnH-
BapHaHTHO. JTO HE 08HAUAeT, KOHEYHO, UTO He CYIIecTByeT TajmjeeB-
CKU-MHBAPUAHTHHX YPaBHEBHH# € APYIEMH CBOMCTBAMH CHMMETDUH
OoTHOCHTEJBHO mpeobpasoBasmit (25) — (28). Ilosromy paccmorpmm
HoJHylo rpynny l'ajnmiesi, onpefeiseMyl KaK COBOKYHHOCTH Hpeol-
pasoBammii (14) — (18) m (25) — (28). IlpomsBoarpHHi omeparop,
safialoluii Takme npeoOpasoBaHMA B NPOCTPAHCTBE KBajpaTHIHO-
MHTeTPEPYEMEX (YHKOHH, MOKHO HpelCTaBHTE B BHJe

(1-ep) (t-eq) (1-gp)

U®,v,a,a,b, ep, ep, ec) =U(0yv,aa, )P 2 T 2 (C 2

(29)

rne U (0, v, a, ay, b) samam B (16), (20), a ep, &7, & — mapa-

MeTpH, HEe3aBHCMMO NpHHHMalomme 3HadeHmsa -1 mam —1.
OmepaTtops (29) yHOBAETBOPAIOT TPYHNHIOBOMY B3aKOHY

U@, v a@ g b2 e e ) X
X U (0®, v, a® g p0 R P ) =
=U (604 e, v L ePePe@ Ry, at) |
4 eded ROa® t ePedva®, @ 1

- ePeda®, WO e 4 ePedvd Riyasy

+ (1/2) 8%’88’(132)0&1)12((11), ei;l)sg)’ 8(7‘1)8%), 8(01)883));
U1, v, a,a,b,ep, ep, ec) =U (—ecB, —epepecR7lv,

— R7! (epeca—epva,); —ecerdy,

—ecbt eravo—(1/2) eceragvova, &p, e, &c)- (30

Sakon rpynmoBoii xommosunmu (30) Oymem cumTaTh ONpefieeHHEM

14-mapamerpudeckoit rpynns G. Humxe ommcan Kaacc HenpHBOIHMMEIX

HPOEXTHBHEIX IpefcTaBaerni rpymns G (30), COOTBETCTBYIOMuH OTARY-
HEIM OT HYJs 3HA4YeHAAM HEBapmanTHOTO omepatopa C, (13).
Henpmeopmmeie npencrasneans aareépn (6) — (10) B xondurypa-
HAOHHOM mnpocTpaHcTBe. HenpmBopmMEle uUpeacraBaeHuss anre6pH
(6) — (10) moxHO pasgenmTs HAa TpPHM Kjacca, COOTBETCTBYKIIHX
ciaelyOmpM 3HAYEHASAM WHBAapHAHTHHX omepatopos C, u Cj [4]:

I co=met0, cg=m?s(s-+1), s=0, 1/2, 1,...;
II. ¢,=0, ¢;=0;
III. ¢,=0, ¢3=12> 0.

B npmaomennnm 1 maiineHn B ABHOM BH/e BCe HedKBHBaJI€HTHHE
npepcrasnenns anrebper (6) — (10) B mmuyabcHOM DpOCTDPABCTBE.
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Jaa mecmegoBannsa AuddepeHnuaNbHEX YpaBHeHW{, HHBAPHAHT-
fIbIX OTHOCHTENbHO Ppymusl [aimies, HCHOJL3yeM WpeCTABIeHHA
anre6pu Jln pacmupennoit rpyans Iaxumes 1-ro Kiaacca B mpocrpas-
<TBe KBipaTHIHO-mHTerpmpyeMux o¢ymrpuid V¥ (¢, x). Heupusoxm-
MEIG TIDEJCTABIeHHA 1-T0 Kiacca 3afaioTcs TpPeMsA dYaCIaMA — &,
[cobcTernoe 3Haverme muBapmaHTHOTO omepartopa C; (13)], m m s.
fIBmEE Bup cooTBercTBYOmEX reHeparTopoB. Py, P,, J,, G, u M
3agaeTcd GOpPMYIaMEA

P0=p2/2m+80; Pa:pa: ——i(?/axa' M:m,
Jo=EX P+ Ss Go=1tp,—mz,, (31)

tie S, — Marpunsl pasmeprocta (28 + 1) X (28 + 1), o6pasyromue
apezicrasiaenue D (s) axreOpu JIu rpymoms O (3), e, # m — npon3BoIb-
HbIe [edcTBATENbHEEe dmcaa. MoKHO HpOBePUTH HENMOCpPeHCTBeHHHM
BEIYMCIEHAEM, IT0 omepatop i (31) yZOBIETBOPAT KOMMYTAIIMOHHEIM
coorromenusam (6) — (10). MuBapranTtusie omeparopn (13) gas rewe-
paropoB (31) mpwHAMAOT BUA:

Cy=2me,, Co=m, C3=m2S2=m?2s (s+1).

Haxonern;, omeparTopsr (31) 5pPMHTOBE OTHOCHTENBHO CKAJAPHOLO
npon3BeeHU

(P, ¥,) = S &3z W (¢, x) ¥, (¢, x), (32)

rae ¥ (¢, x) — (254 1) — koMmoneHTHNE QyHKI(AH;
¥-cronben (¥y, o, ovey Wasry), Yol Ly

Vasve caoBaMm, omepartopsr (31) ofpasynor spmmToBhe Hempm-
BOZMMbIe IpeficTaBaeHMA aareOpu (6) — (10).

B caysae s = 0 remeparop:r (31) cBogarcst & mpencraiaenuo (4),
KOTOPO® pOIA3YeTCA HA MHOeCTBe pemeHMH ypasHenmsa Illpexmm-
repa. B ofmewm caygae mpocTpaHCTBO HENPHBOGAMOTO IIpe/CTABIGHAS
{(31) MOKHO acconMUPOBATH C HPOCTPAHCTBOM COCTOSHMI cBo0OgHOM
HOPOIATHBUCTCKOM TaCTHHBl C MacCCOf m, COMHOM § W BHYTp2HHei
JHePTHACH &,.

Wcnounssysa gopmyry (19), Herpynmo matitm mpeoGpasoBaHEA BOJ-
#oBo# Qymxnmu ¥ (¢, x), remepupyemse omeparopamm (31):

¥ (¢, x) > ¥’ (L, x) = exp (—iPua* —imb) x
X exp ('—iGava) exp(—i']aea) k3 (t, X) =

=exp [if (t', x") —imb] D* (8) ¥ (¢’, x’), (33)

rne D*(6) —uamemossie mMaTpmmer, obpasyomume npeicrasiesme D (s)
rpynau O (3):

‘ D’ (8) =exp (—iS-0), (34)

ax', t' u f(t', x') samann popmynamm (14), (18).
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Hnerna nox npeobpasoBaunsamu ['axuies 018 BoanoBolt QyHKnmm
nonpasymesalor mepexon ot W (£, x) k ¥ (", x"), rme ¥” (¢", x") —
$ynknma, noayuaemas ms (33) samemoit x — x“, t—>1" [em. (146)).
Jlenas raxymo zameHny B mpaBodi gacTE (33), npmxopuM K mpeobpa-

30BAHHANO
W (£, x) > U (", x") = exp [if (¢, x) —imb} D* (8) ¥ (£, z). (35)

@opmyan (14), (33) [umm (14), (35)] samaroT HempuBOAUMOE Hpej-~
crapnenne D (m, &y, s) rpynns lagminess B KoBQUTypanuoHHOM IPO-
CTpAHCTBE.

Huske HCDOIB3YIOTCH TaKske OPEBORMAMEE IPEJCTABICHAA aaredphk
(6) — (10), GasucHble dIeMEHTH KOTODHIX HMMEIOT BHI:

.8 I
POZIW’ Pa‘—pa‘—_l 6-Ia' } (36)
Jo= (%X Pat8ui Gu=tpa=—ma-t Moy

rfie 1, — YECAOBHE MATPHIH, YHOBIETBOPAIIIKE COBMECTHO € S,
azrebpe Jlm omHOopoxnoit rpynns lammaes:

[na’ nb] :0; [na’ Sb] :iSabchc§ [Sa3 Sb] :ieachc' (37)

Mopumyasr (36) 3agaror o6muii BUx reHepaTopoB Tpynnb l'anniaes
B IpOCTpPAHCTBE KBajpaTAYHO-HHTeIpmpyeMux ¢ymkmmi: ¥ (¢, X) =
= croxuben (¥, ¥y, ..., ¥y), DOpOKRIAIOMEUX JOKAIBHLE upeobpa-
30BAHAA

¥ (f, x)— " (", x") =exp [if (, x) —imb] D (0, v) ¥ (¢, x), (38)

rae x”, t" m f (¢, x) samamm B (14), (18), a D (8, v) — umcioBHe
maTpuis, ofpasyompe TpefcTaBIeEHe OJHOPOAHON Tpymmer I'aim-
aes:

D (8, v) =exp (—iS0) exp (—inv). (39)

Onepatopsl auckperHoll cmmmerpmu. PaccmoTpum rtemeps Ipen-
craBjaeHMsA nojHOU Tpymuoe ammies G, onpejesisieM0o TpyNIOBBIM
saroHOM (30).

Ecaim ep = &7 = &, =1, To rpynna G cBopmTCA K pacmEpesHOR
rpynme lammnen G (21), Koropas ABIAETCA MOATPYIIOM TP YOI G.

Nz (30) caepyer, 910 dakTOp-rpyuma G/G copep:EAT BOCEMb DIEMEH-
ro8 {I, P, C, T, PC, PT, CT, CPT}, cCOOTBeTCTBYIOIUHX 3HAaTe-
HAAM DapamMeTpoB &r, Ep, E€¢, Epc = E€p€c, E€pr = Ep€r, E&cr =
= €q-8p, Ecpy = EpEcEr, TOE E€p, E&¢, &r = =4=1. SakoH Tpym-
MOBOTO YMHOKEHHS I[JISi 9JeMeHTOB TPYIIE C/G MoxHO TpENCTABATH
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B crenyiomeM BH1e:

JneMeHTH I | P T c PT cp CcT cPT
I r t+ p T c pr cp cr CPT

P p I pT PC T c CPT cT

T T PT 1 cr p cPT c cP

c c cpP CcT I CPT p r PT

PT PT T P CPT I CcT cpP c

cp cp c CPT p CcTr I PT T

cT CcT CcPT c T cp PT I p
CPT CPT CcT cp PT c T ’ p ‘ I

Bynem nexars mpencrasnennsa rpynms (30) B LPOCTPAHCTBe KBaJ-
PaTHYHO-UHTETPUDYeMbIX GyHKnEd ¥ (1, X) co CKanspHHMM IpousBe-
nenuem (32). PaccMOTpEM TONBKO TAKMe IpefcTABIeHHS rpyuns G,
KoTopHIe OpH pefyKuuu 0o G CBOAATCA K IpefcTaBIenusam 1-To xnacca
(rora m == 0). T'erepaTops rpymms: G 118 mpexcTaBIenmit 1-ro Kaacea
sagarorces gopmymamu (31), u mosTOMY ocTaeTCA TOXBKO OIpefeinTh
ABHELL BuA omepatopos P, 7' u C, KoTophie mMOPOskIA0T upeacraslie-
Hre $arrop-rpynnu G/G.

Us (29), (30) sararouaem, aro onepatopst P, T u C [OMKHL VIOB-
JMeTBOPATE CJIE/IYIOMMAM IePeCTAHOBOTHEIM COOTHOIIEHHAM C TeHepa-
ropam Py, J,, G,, :

PJ,=J.P; PPy~ P,P; PM = MP; (40)
PP,— —P,P; PG,— —G,P; (41)
TJ,=J,T; TP,=P,T; (42)

TPy= —P,T, TG, = —G,T, TM = — MT; (43)
Clo=—1J,C; CP,= —P,C; CG, = —G,C; (44)

CPy= — P,C; CM = — MC. (45)
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W3 (30) caemyer Tax:ke, 9ro omeparopu P, ' m C ynmoBieTBOpPAT
YCIOBRAM

C:2=T2=pP2—1; CP=PC; CT=TC; PT =TP. (46)

TloCKONBKY HAC MHTEPECYIT He TOJBKO TOWHLIe, HO M IPOCKTHBHHE
upegcrasrernsa rpynns (30), To coorHomeHHs (46) NOJKHBL BBHIIOJI-
HATHCA € TOYHOCTBIO 70 (asoBcro muommreas [27]

C?—exp (igs); T? = exp (igy); P*=exp(igy);
CP —=PCexp (ig,); CT =TCexp (iys); PT—=TPexp (ips), (47)

TZe ¢, — HOKOTOPHe JeiCTBATeNbHEE YMCIA, OpAYIEM MOMKHO IO-
J0KATE ¢ = @y = 0.

W3 (40) — (45) BugHO, aro onepatopsl P, T m C He KOMMYTHDPYIOT
¢ mEBapmaRTARME omeparopamu (13) (mampmmep, 7' HE KOMMYTHpYeT
¢ Cy), mosromy o0iacTbio ompejenenns omepatopos P, T u C mosmer
CIYKHTh TOJABKO IPOCTPAHCTBO TPHUBOJAMMOIO  IPEJICTABJIGHHA
aarebpsr (6) — (10). Temepatops TaKOro0 MpeACTaBIeHAA A m 7= 0
MOKHO BHOpaTh B BHEAe NpAMOH cymMel remepatopoB (31) (rme
JUIA YOpONEHHWS BHKIAMOK IOJOMKEM & = 0):

P0:P2(2M)—1; Pa:pa:—igi——; M:M;
Jo=(xXXP)a+Sa G, =Etp,—Mz,, (48)

Tae S, — reHepaTopsl UPHBOREMOTO upexcraBierms rpymmet O (3),
a M — umcioBas MaTpHENa, KOMMYyTApymas ¢ S,.
s (40) — (45), (48) caenyer, aro omeparopu P, T m C ynoBier-
BOPAIT YCJIOBHAAM
Pz, = —z,P; Pp,= —p,P; Pt=1P;
Tz, =xz,T; Tp,=p,T; Tt-= —1tT; (49)
Czr,=z,C; Cp,=—p.C; Ct=tC,

THe I, @ | — omepaTophH yMHOKeHHWs Ha He3aBHCHMEE HepeMeHHHE.
O6muit BAx OmepaTopoB, YNOBIeTBOPAKIEX (49), MoxHO 3amaTh op-
MyJaMu

PY (t, x)=r¥ ({,—x);
TY (T, x) =r,¥ (—¢, x); (50)
CY¥ (t, x) =r;¥* (¢, x),

Te r, — HEKOTOpPHE YHCAOBBRIe MATDHAILL.
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W3 (40) — (45), (48) m (49) moayuaem, 4TO MATPHUEL r, HOKHBI
YHOB/IETBOPATH CJIGI{yIO.I]IHM YCJIOBI{IHM:

rory= —rorg; ri=1; ri=1; (51)

r9Sq = Sarg; r3S,=S,rs; (52)

rory=rirg; r1=1, ryry=ryr exp (igg); 718y =8,r!; (93)
rgry=rirg exp (igs); rary =riryexp (ig,); (54)

ry=exp (igs); rarg=rirs,
rne ro—ouepaTop 3HaKa M?CCH:
ro=M-| M| (59)

Taxum obpasom, 3afgava onucaHWa IpeNcTaBIOHUI rpynusl G s
m = ( CBONMTCA K DEINeHMIO CHCTeME ypaBHeHmit (51) — (54) mus
MaTpum r, o S,

Pemenne cmeremnr’ (51) — (54) npuBenem B Bume caepyomeid Teo-
peMH.

Teopema 2. Bce BOo3MOMKHEE (C TOWHOCTBIO [0 BKBHBAJECHTHOCTH )
HEeNIPUBOJUMEIC MATPHOEL, YHIOBIETBOPSAIONAE CHCTEME COOTHONICHMI
(o1) — (95), moxHO mpoHyMepoBaTh HaGopoM dUmcen (s, €0, &1, &g,
gg, M), tme s=0,1,1/2, ..., g,, n =41,

Heup# BEA COOTBETCTBYMIIMX MATDPHMI, 3afaercd dopmynamu:
mpu gp=1; g,=1; &, g5,==1

I 0 017 I 0
’"’:”(0 831)' rz:(l 0)’ “:(0 ail) Ao

I 0 S, 0 A0 (°6)
”’:(0 —1); S““(o Sa); Az:(o A);
opr go= —1; e,=1; &4, g5, =1
I0 00 07100
0 e,/ 00 1000
"=Uoo 10 ) "|ooo01l’
00 0 e, 0010
00 —1 0\ (1 00 0
00 0 —e,J 0 —I0 0
“=Vro o o | "= o o7 o] ©7
0ed 0 0 \o 00 —1
S,0 0 0 A0 00
0 S,0 0 0AOO
Sl Saof A=looao |’
006 S, 000 A

10-01385
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opu g,= —1; €, &, e83=41
I0 0 0 (0100
0el 0 O I000
ry= 3 Tp= ;
00 —I 0 looor
) 00 0 —egl 0070
00 g O
00 O 8081[\
rg= 70 0 0 ’ (58)
0el0 O )

I 00 0 S,0 0 0
0—I0 0 0 S,0 0
n=lo or o Se=lo 0 s,0 |
0 00 —1 000 S,

rme S, — TeHepATOpPH HEeHpPHABOAUMOTO mpefcTasienmsa D (s) rpym-
oot 0 I m 0 — (2s 4 1)-pAgnsie emmHmYIHEAA W HYJNeBasg MATPHULH;
A — MaTpunml, oupejiesisieMble C TOYHOCTHI [0 3HAKA COOTHONIE-
muama [27] ‘

As, = —sEA; AZ=(—1)2s., (59)

Hoxasamearcmso. Paccmorpum cooraomenus (51) u (52). Nemoann-
3ys nemmy Illypa u mpuauMas Bo BHEMaHMe, 9T0 NpejcTaBIeHHns aures-
pH (D1) Mo:KHO 3ammcaTh B BUNE IPAMOM cyMMEl Marpur Ilaynm, moay-
JaeM HENPHBORWMEIEe IpecTaBiaennd cooTHomernmi (51), (D2) B dopme

I 0 01 5. 0 _
’°:(0 —1)’ rz:(! 0)’ S“:(o sa)’ (60)

re S,, { m 0 — marpuus, oupejesnsieMsie B POPMYIUPOBKE TEOPEMEL.

Pacemorpum rtemeps coormomerma (H1)— (53). Tax war omepa-
TOpH S,, Ty B I'y BCEIIA MOMKHO LPEJICTABUTh B BHOE OPAMOM CYMMEE
Marpuy (60), HeTPY/IHO HOKA3ATh, YT0 (g = == ¥ YTO HEHPHUBOJMMEIE
pemenma cucreMul cooTHomenwit (D1) — (53) sapmarorcs dopmymamm

(60) = (61):

Lo 1 61
= ; n=+1.

ry Y| 0 83[ ’ Y - ( )
Haxonen, npexcraBiss ry, ry ury, S, B BHfle OPAMONA CYMMK MATDHIL
(56), (97), yumTHBAg COOTHOUIEHEA

* N * . ¥ __
r{i=ry I's="Ty; ry=rnr
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I HUCIOJABR3YyHA Hp306pa30BaHﬂﬂ OHBUBAJNEHTHOCTHU
=1 =VreV-1(k=£3); rs—>rs="Vr, (V-4)*,

HoJly9aeM HeNPUBOJUMEE pPemenus coorHomreHmil (51) — (54) B Bume
(96) — (59).

3aMeTHM, 9TO 3HAUEHHMA MAPAMETPOB €, CIEAyIONuM 06pasoM CBA-
3aHBL CO CBOMCTBAMH MATPHIL T',:

T\Tg==E3l'ol'y; TI'iT'3== Eolsl'y;
. p2
ol = qI'gry; I'y==¢gq(—1)2s. (62)

@opmynnr (46), (52) — (54) samaror Bce BoaMOsKHEIE (c TowHOCTRIO
AO OKBUBAJIGHTHOCTH) HPeACTaBIeHus omepatropos P, T u C, ypmos-
aersopalomux yeaosuam (40) — (45), (47), (48). Ms (40) — (45),
(47), (48) sarmruaem, uto

M =rym. (63)

CxepoBaTensuo, Henpusodumsie npoexmusHve npedcmasienus NoAHON
epynne I'asuses (30), coomsemcmeyrowue m =0, HYyMepYyomes, uuc-
AAMU &, S, m, &y, N U 3adawmea Gopmyaamu (29), (48), (50), (56) —_
68), (63) X
OTmeTum, 9T0 TPECTABNEHHA WONTPYNOE TpynmH § [BRiiouaro-
meir mpeoGpasosanmsa (14), (15), (26) m mpomsseserme npeobpasosa-
umit C7, roe C w T samamm B (27) u (28)], maitnenu » paGote [19].

2. NUOOEPEHIVAJLRHEIE YPABHEHUSA BTOPOI'O NOPAARA nJA
YACTHUILL C TPOU3BOJILHBLIM CIIVMHOM

B sroMm paspene mony4eHnk: nBa kaacca Ta/MiIeeBCKU-UHBAPUAHTHEIX
cucrem JugdepeHnAaNTBHNX YPABHEHHH BTOPOIO HOPAAKA A 9YaCTHI]
[pOMBBOJLHOTO CIMHA M JlaHa WX JAarPaH;KeBa (OPMyIEpoBKa.

Iocranoska sagaum. YpasHenume Illpegunrepa (1) mmBapuanTHO
OTHOCHTEJIbHO PACIIMPeHBOR rpynns I'anmnes u onucHBaeT KBHREHHE
¢BOGOJHOYE GECCIMHOBOH WACTHILH. EctectBenno, BozHmEKaer BOIIPOC,
CYIMEeCTBYIOT JIE YPaBHEHHMS BUIA

57 ¥ (6, %)= H, (5) ¥ (¢, x), (64)

rae H; (p) — HexoTopH# mmpdepennuaIbEEE omepaTop, KOTOpHE,
KaK u ypaseerume (1), o6nananoT rannieecroit CAMMeTpHeH, HO OIMCH-
BAIOT GaCTHOH € UPOMBBOJBLHEIM SHAWEHHeM COMHA. BHBOXY Tarmx
YPaBHEHMHA ¥ IOCBANEH HACTOALEEA pasfeil.

Onpedenerue 1. Ypasuenme (64) TaJINIeeBCKE-UHBAPAAHTHO, OCIH

omeparop L = ia% — H, (p) yrosmersopsier yemosusau (2), rae {Qc}—

COBOKYNIHOCTH omepartopos {Py, P,, J,, G, M), YROBIETBOPAIO-
mux axrebpe (6) — (10).

10%
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ByneMm mckaTh MHBapwaHTHEIE ypasmenns (64) B IpocTpaHCTBE
2 (254 1)-KOMIOHEHTHEX KBAlPATHIHO-MHTEIPHPYOMUX QyHRIMiA:

lFi (tv x)
v, x)=| 202 |, v, <L, ’ (65)
1.P'z(zsﬂ) ‘

(- 3ajady OmMCAHUA TAKUX yPaBHEHWH PeNIMM B ABYX, BOOOIIE TOBOPA
HeIKBUBANEHTHHX Toaxofgax. B mepsom moaxome (I) samaga dopmy-
aapyerea ciaefynnmM o6pasoM: HallTu BCe BO3ZMOKHEIE (C TOYHOCTHIO
00 DKBHBaJEHTHOCTH) omeparoprr [, . yrosieTsopAmomme YCIOBUIO
TalMIeeBCKol mHBapmanTHocTH (2), ecaym rerepatopsr rpyummsl I'amm-
nen mmewor BuE (36), THe

s, O
Sa:(o s ); na:k((’i—l-i"z) Sav (66)

S, — TemepaTopH HempuBoauMoro npencrasaenns D (s) rpymmet O (3);
0, 1 0y — 2 (25 + 1)-psanuse marpurns [laymm:

0':10)_0:01. (0 —1Y (I 0
- (01’ ‘ (I 0)’ "“‘:1(1 0)’ "3:‘(0 —I)’
(67)

I 10— (25 - 1)-pApnse eAMHENYHEE U HyJIeBse MAaTPHUIGI; &k — Ipo-
H3BOILHHI KOMIJNEKCHEIA IapaMmerp.

@®opmyan (36), (66) samaror caMeil oOmui (¢ TOIHOCTHIO 0 IKBH-
BAJIEHTHOCTHA) BHj| TeHePATOPoB Ipynnsl l'ammies, COOTBETCTBYIOIUX
noKanpHEM TpeoGpazopammaM (38) BoaHOBOH ¢ysrmmm (65).

Hwwe moxaskeM, 1uTo omepatopsl H! Bcerma Moskeo BHOpaTh
TaRmMu, uToOH ypasuenme (64) OHIO MHBAPHAHTHO TAKKE OTHOCH-
TexpHO UpousBefeHuns upeoGpaszosanmit P-T-C, Tne omepaTopH
P, T u C samaunt 8 (50) m (56).

" Topcrasmas (36), (64) B (2), yb6empmaemes, uro ypapmernue (64)
VOBIETBOPAET YCAOBHIO rAIMISeBCKOR WHBAPUAHTHOCTH, €CJIH TaMAIb-
roEma®E [ ymoBIeTBOPAET YCIOBUAM

[HE: Pa]:[Hga Ja]:(); (68)
[H£7 Ga] = ipa'l . (69)

rpe - P,, J,, G, — remepatopsr (36).
. Bo Bropom mogmxopme (11) sagaua cpopmTCA K HAXOMKAEHHUIO BCEX
BOBMOKHEHX JudpdepeRnuaibumx onepatopos HII, tarux, arobs ome-
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paToph

. 2 .
PYL— I P = p,— —i i MU =0ym;

TEm(xXWetSa : ()
GEI:tpa_an—f—niI

yoosaersopsaau anrebpe (6) — (10). 3mecs o, — omHa W3 MaTpHA
Maynn (67) N — HeKOTopHe ONEPATOPH (IBHEIN BUJ KOTOPHX HYKHO
waiirn); S, — marpunst (66).

MO/I\HO mokasath. uTo Popnyast (70) 3amaoT caMblt o6muil (¢ Tod
HOCTBI0 JI0 DKBUBAJIGHTHOCTH) BHJ TeHEPATOpPOB IPYNIL G, COOTBET-
CTBYIOII¥X 3HAYEHWAM WHBAPHAHTHHX emeparopon (13) {c, | =m,
cg = m® (s 4~ 1), npu Roropom -ypasuenme (60) WHBAPHAHTHO OTHO,
CHTENBHO npeo6pasonaﬂnﬂ P-T, THe P u T onpeueneﬁm B (00),
(96) wpm g, = —4. a

IorpeGyem, t11‘061)1 reHepaTopH (7 0) 6I>IJIYI DPMATOBH OTHOCUTENLHO
O0BIYHOTO TPUHATOTO 'B° KBAHTOBONW MeXaHUKe CKAJIAPHOTO IIPOH3BE-
neuns (32) (roe ¥ (¢, X) — 2 (25-+--1) — xommonenTHHe Gynrmun (69)).
Cymecrsennoe ‘ornuume iipepctasienus (36) or (70) cocTomt B TOM,
470 TenepaTopsl HI m Gl oxasmBanTCA HESPMATOBHMU OTHOCUTEIHHOQ
(32), no BpMHTOBHMH B mnb6epT030M IPOCTPAHCTBE CO CKANAPHBIM
TpOu3Be/IeHneM

(¥, ¥,) = S BV, (71)

rne M — HEKOTOPHIH IOMIOKATEIHHO OTMPe/IeNeHHbIH nmcbtbepeﬂunaﬂb—
HBII OHepaTop, Wiu OTHOCUTENBHO MHACQUHUTHOH METPHKH (71),
M — HeKOTOPas MOJIOKATENbHO HEOIPe/e e as TNCI0Bas MaTpuLa.
fsnmit sum M omnpenenen HmKe. ¥ CIOMKHEHIEe METPUKY -— CJOICTBHE
JIOKAJbHHX TpancdopManuonHmx cpoiicts (38) ¢ymkmum ¥ (¢, x).
IlorpeGyem, aro6e ramminsronmas HIl yioBIeTBOPAN YCIOBUIO

(HM)2 = (m + p2/2m)2. (72)

IJTO SHBUBANEHTHO TPeGOBARMIO, YTOGHI BHYTPGHHHH SHEPTNA YACTUIE
[coGcTBennble 8HAUEHHA WHBAPHAHTHOIO omeparopa G, (13)] corma-
Iana ¢ ee Maccoi.

Nrar, samava onmcaumsa ranimiieeBCKU-MHBAPHAHTHHIX ypaBHeHnn
BUTA (64) CBOIMTCA K PENIEHHI0 CUCTeMH KOMMYTANWOHHBIX COOTHO-
mennit (68), (69) mas omeparopos H! m PI, GI, JI, M! (36), (66)
n coornomenuit (6) — (10) pmas remeparopos (70).

Asueii By rammasroHmanos HI. Pemenme sagaum 1 umpusemem
B BHJE CIeIyIOIell TeOPEMEL. :

Teopema 3. Bee Bo3MOHES (C TOYHOCTHIO [0 SKBUBAJIEHTHOCTH)
raMmibTORHaHK HY, yIoBIeTBODAIOIIME COBMECTHO C IeHepaTopaMu
(36), (66) xoMmyramuouHEM cooTHomernusM (68), (69), sagawTcs dop+
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MyJIaMua
Hy =0,am + 2iak038,py + (1/2m) CopPaPy; (73)
Hi= (a/2) (0, — i6,) m + 03am — 24k (i0, — 0,) Sypa - (1/2m) CopPabps
(74)
rae
Cop = 8ap —2ak? (0, 4-i0,) (8,8, + 85S,); (75)

a, ank — IPOU3BOJIbHEE TapPaMEeTDPH.
A oxasameavcmeo. O6muit Bup rammipronmama HI mpome Hajitm
B mpepcTasaenun, rae n! = 0. Ilepexoxm ¥ TakoMy upepcTaBIeRmIO
OCYIHEeCTBIASTCA ¢ HOMOIIBI0 HpPeolpasoBaBHA
' Hi—(H:) =VHY-, P! (Ply =
=VPVi=p,, Jes(J) =VJIV-1=
=Ji, Gi—> (G =VGV-t=tp, — mz,, (76)
rae -
V = exp [(i/m) Nap,] = 1+ (i/m) N4 Pa. (77)
IIpeo6pasoBarme (76), (77) cogmr remepatops (36) K mpsamoi

cymme reHepartopos (31).
Ua (68), (69) m (76) maxomum oGmuit Bux omeparopa (HY)':

(HYY = p2/2m+ A, A=0c,a"m, . (78)

e 0, — martpune (67); a* — IPOMBBONBHE® KOMIUIEKCHEIE KO03(-
drnmenTH.

Taxmm obpasoM, B mpeicraBienun (76) ypaBmenme (64) mpumm-
MaeT BH:

i = W' =(p¥2m -} Ouabm) ¥, W' =V, (79)

a ypasHeHHE B MCXOofiHOM W-mpejicTaBiIeHME MO;KHO HoxydYnTh H3 (79)
¢ moMomipl0 HpeoGpasoBaHmEA, ofparHoro (76), (77).
IloxaskeMm, aro Marpuny A (78) MoKHO CBecTH K OJHOR U3 CIeRYIO-

mux dopm:
, A=o,am+ (a/2) (0, — ioy) m (80)
HIH

A=o0,am, (81)

Tfle a, a — TPOW3BOJIBHEE KOIPPUIAEHTHL.
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JleiicTBATENBHO, KOBQOHIMERT @, BCErma MoKer OHTL olpamen
B HYIbL ¢ IOMOIBI0 YHATAPHOTO OpeobpasoBadusa

(H}) — exp (iagmt) (HY)' exp (— iagmt) +

+1iexp (iagmt) - exp (— iggmt) = (H})' —agm.. (82)

llanee mMeeTcs TPH BOSMOMKHOCTH:
AEO, ab:0; b=1, 2, 3; (83)
A2=a’tal+ai=0, a,#0; (84)
A=aqal+tal+al=0a2=%0. (85)

Qopmyna (83) cosmagaer ¢ (80) mpum ¢ = a = (. Cayuai (84)
COOTBETCTBYET HEYHATAPHOMY IPECTABIEHUIO PACIIMPEHHON I'DYIIEL
Tanmnes (wmBapmamteH#E omepatop C, = 2mPy, — P,P, = 2m’4
3afaeTcs HUIABINOTEHTHOHM MATpuUueil) m mM0oITOMY HOiskeH GHITH oTGpo-
IIeH.

PaccmorpuM Tpersio Boamosmoets — (85). Ilyers a? + a? <0,
Torla mpeoGpasoBanme

A'—>V1AVI1;
Vi=b+i03c+ (0,4 i05) d; Vi=b—i0c—
—(0,+1i0,) d; b=cos ¢; ¢ =sin @; (86)
1 ay+2d3 \ , _ [ a3(a,—ia?) 1/2
o=y (o) il wama] o ©D

upuBogut Marpuny A (78) kK dopme (81). Ecam xe al--a}=0,
TO 1I0CpeficTBOM IpeoGpasomammsa A—V,AV;!, rue

Vo=14(0,41i0,) (f/2); V' =1—(0,410,) (f/2), (88)
a;/as, eCIM a,=ia,,
- { 0, ecam g,= —iay,

marpana (82) mpmsopmrca K BELy (80).
Onepartopst (86) m (88) ymoBAeTBOPAWT yCIOBHAM

Va"laVo—ci = ”qnav 0 == 1’ 2, | (89)

rie m,—Marpunsl (66), a %, —umcaoBme KoapdmuMenTH, mpHUeM
%y == exp (2i9), xy==1, mapamerp ¢ 3aman B (87). Herpymuo yGegurs-
cA, 9T0 He CYMECTBYeT OHeparopa, YAOBIETBOPAIIEr0 OJHOMY U3
ycnosuit (89) u mpeoGpasyiomero (80) & dopme (81).

[Topsepras omeparopur (78), (80), (81) mpeo6pasosanmio, oGpart-
HOMY (76), mpmxomuM K rammasroHmanam (73), (74). Omeparopm (73),
(74), ogeBmpuo, ymomiersopsaioT yciosuaMm (68), (69). Kpome roro,
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DTH OHEPATOPH HMCYCPIHBAIOT BCE BOBMOIKHEE PEIIEHUS COOTHOIIEHU
(36), (66), (68), (69) ¢ ToumocTHIO 70 MpeoGpaszOBAHMI DKBUBAJEHT-
noctn HY — V HIVo! 41 (0V,/0t) Vg!, rne V, — dmeaoBHe MaTpUIE
(88), ne mamemstomume cormacro (89) o6mero Bmaa remepatopos (36),
(66). Urax, reopema pmokasama.

Taxmm 06pasom, MH TOJy9miaN raiuIeeBCKU-MHBADUAHTHEIC IuQ-
depennmanburie ypasmenus B Qopme (64), (73), (74). Umpapmant-
HOCTH 9TUX YDaBHEHHI OTHOCHTEJBHO Ipeobpasosanuii Tammaes (14),
(38) MO;KHO HpOBEPUTH HENMOCPEACTBEHHO. JleHCTBMTEeNBHO, MCIOIh-
3ys coorHomenue [cm. (66)] :

exp (—' inaua) =1— in,v,, (90)

noxydaeM, 4ro omepaTopil (73), (74) ymOBIETBOPHIOT YCIOBHAM
. . 0 \
exp [if (£, )1 D (0, v) [ i -~ HE (p) | D71 (0, v)
. . a "
X exp [ —if (¢, x)]=1W—H§(p )s (91)

rne Hy (p") — raMmIbTOHMAHH, MOJNyYaeMble W3 (73), (74) samenoit
Po—> Po= —i a% Ns (91) caenyr, aro ¥ (¢, x") (38) ynosier-
- :

BOpAET TAKOMY Ke yDaBHEHWIO, KaK M HempeoOpasoBaHHas (yHKIHA
¥ (¢, x):
i ;5?7 q}w (t”, X”) :Hg (pu) y (t", X”) ,

Herpyaao y6emurscs [mpome Bcero aTo cpeiath B OpefiCTaBISHUR
(76)], uro omeparoper Hasummpa (13), mocrpoemmsre m3 remepaTo-
poB (36), mMeloT ciefyoomye COOCTBEHHH® BHAUCHUSN: €, = —+M; €y =
= m; cg = m®s (s + 1). Wrax, ypasmenmsa (64), (73), (74) Momuo
HHTEPIPETHPOBATh KaK YPAaBHEHUA [BIMKEHHS CBOOOJHOM HepesaTH-
BHCTCKOWM YaCTHIBI ¢ MACCOM M, CUHHOM S I BHYTPEHHEN dHePTHEH +-m.

Jlarpanmxesa gopmymaposka. Qopmyasl (73), (74) samaroT Hepend-
THBUCTCKHE TAaMUJILTOHUAHE AJSA YACTHIOH C NPOH3BONBHEM CHUHOM.
ITH TaMEJIBTOHHAHH OIPENENEHH € TOYHOCTHI0 [0 IPOH3BOJBHEIX
[ApaMeTpoB @, 4 ¥ %, KOTOPHIE MOJKHO BHODPATb TAKMMIH, TTOGHI ypas-
penus (64), (73), (74) Ohuiw HHBAPUAHTHHEL OTHOCHTEJILHO AHTHYHHUTAD-
HOTO Tpeobpasosamusa O = P.T.C, rue ouveparopu P, T u C
sajauk fopmymamn (50): .

Y (¢, x) > O*Y (¢, x) =r¥* (—%, —X), r=ryror;.
HeolxoguMeIM ¥ J0CTaTOYHKEM YCIOBHEM TAKOH WHBADUAHTHOCTH [IJIA
HI pnn ﬁg ABIAGTCH OJHOBPEMEHHOE BHIHOJTHEHHE COOTHOMECHHI

a*=da, k*=-=4k uam a=0, a*=a, k* =k (92)
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[lpu srom ‘
03A,, ecay a*= —a, k*= —k wim a=0, a*=a, k*=k;
== .
A,, ecim a*=a, k*=Fk,

rae A, — MaTpunH, BajanHse B (56), (59)

Ilpn OTPaHMYCHUAX HAa napameTpH a, a u k, 3agaBaeMsx gopmy-
aamu (92), ypasmesua (64), (73), (74) WEBapPWAHTHE OTHOCHTEILHO
rpynoet G X F, rne F — rpynua, COCTOAILTAA M3 JIBYX 3IIeMEHTOB:
F = {©%, I}, rne I — rompectsennoe mpeoGpasosamme. OTmeTum,
OJJHaK0, YTO 3TU YPABHEHNA HEWHBAPDUAHTHH OTHOCHTENBHO Kark-
Joro w3 upeobpasoBanuil (O0) B oTenbHOCTH,

Corsacuo nemme 1 ypasnenus (64), (73), (74) UHBapHAHTHE TaKKe
oTHOCUTENbHO anreOps JIm rpynus IUpenunrepa, Gasucuble seMenTH
KOTOPO#l BKIIYAIOT IOMIMO TeHepatopon P, G,, J, u M (36) rarme
onepaTopm :

2/2m D =1Py—z,p,+ 3i/2 + (1/m) NaPo; (93)
A= tzP —tD—mx%/2 +MeZq.

Ouneparopu Pa, Ja, Go,, M (36) n PO, D, A (93) ynosaerBopsior
axrebpe . (6) — (11).

Pamunprommansr (73), (74) u remepartoph (36), (66) meapMuTOBEL
B CKanApHOM mpoussefenun (32). Ognako ramumiabToHnantr (73) apMu-
TOBE! B MeTpHKe (71), Iie mOJOMKUTEIBHO OLpeeseR ki 0mepaTop M
paBsen

M =VV =1+[i (k*—k) 0, — (k*+ k) 0,] apa,+
+2k*k(1~0)(sapa> _

Kpome To0r0, €CIM mapaMeTPH 4, @ u k YAOBIETBOPANT YCIOBAAM
(92), raMunbTOEMAHE (73), (74) spMmTOBEL TaKKe B MHAEPMHUTHOR

Merpure, Korga M B (71) umeer Bmp:

M-t {01, ecnu a*=gq, kK*=Fk wau =k, a* =a, a=0, 94)
7 oy, ecnn a* = —a, k*— —F. (
Ecan semomaserca (94), o ypammenma (64), (73), (74) momuO

DOTYyIWTL K3 BAPUANHOHHOTO mpmHumna. [leficTBuTenbHO, BHOHpas

JarpamKuan. Ly (¢, X) B Bmme

Lo(t, x) =+ (¥ Ad i‘iiqf) —am %o, ¥ +

+az?('11‘foasag_;";_moasaw)_iﬁic 2 Ty, (95)

2m dzp ab dxp ?
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ectn H! sapaercs dopmymoit (73), m
i (w 0¥ oY T .
Lo (t, x) = {W_é_t--—at—qf} +m¥ [i (04— i0y) + aoy | ¥+
+ 2ak [qf (0,—i0,) S, -é;—

1 0% o

2m 9zg %0 Gzgy? (96)
€CJId TaMUIbTOHHAAH mMeeT BHA (74), MOHO yOeAWTHCH, 4TO ypaBHE-
ana Jlarpamsa — Jiepa maa pyaxnumi (95), (96) copuagator ¢ ypas-

nmenmamu (64), (73), (74) ana ¥ (¢, x). Ona ¥ (¢, x) momydaem ypas-
HEeHme

— o (0, — i0) Saqf]—~

I P
i — ¥ =[HITT,

rge [HI]T — omeparops, Kotopee MomHO moxydmrs u3 (73), (74)
© TOMOIIBI0 OHepalWH TPAaHCOIOHHPOBAHUA BCeX BXONAMHUX B H]
n A marpur.

Kpome Toro, ;erxo mokasats, uro Qopmyan (95), (96) samator
JAeticreurenbunie yaxknun or ¥, ¥ u MX UepBHX HPOHM3BOJHEIX, HHBA-
PHAHTHHEe OTHOCHTEIbHO npeobpasosanmii Lanunes (38), (66), =, cxe-
JoBaTenbso, L, (£, X) MOKHO HHTEPHPETHPOBATH KAK JarpaHKuaH
cBODOHOH HEPeNATHBHCTCKOA YACTAMH ¢ HIPOHSBOJBHWM CIAHOM S.

fsEniii By rammabrommanmos HII. Haiimem remeps muddepen-
nmasieREe omeparope HII, yposaerBopsiompe COBMECTHO ¢ TeHeDa-
-ropamu (70) coormomemmam (6) — (10), (72).

Teopema 4. Bce Bo3Mokuble (¢ TOYHOCTHIO /[0 9KBHBAJEHTHOCTH)
Jupdepennnanbure onepaTopsl A1, sapMuToBre B MeTprKe (32) m ymoB-
Jretpopsiromme yexosmam (6) — (10), (70), (72), sagarwrca dopmynamm

Hilzo'i[m—{—;z S-p? sin? 6, :I—{—

“ms®

2 sin 0, S-
+02 -V;%—_S‘p_cii [as om _*_ s (2”::)2 ], . (97)
Irne

.ai,gzsin261/2; b1,2:0; 0,1:1; bizsin 291; Q32 »_—53/2—-

5 . . : . . 1/2
-—TSID 263/2: —%sm 263/2—% sS1n 63/2 (1—% sin 93/2) H
a,=b,=0,=0, s> 3/2, 98)

a 0y/,, 04, 04, — IpomsBoNBHEIE AEHCTBUTEINHHEE IAPAMETPHL.
Hoxasamesvcmeo. Cragana mokasxkeM, 4710 omepartopu HI! moryr
BKJII09aTh IIpOH.BBOlIHHe He BHIIe BTOporo uopsapaka. leicTeuTensHO,

ayers Hl = Z H i» Tje H; cogepkuT npou3BojHEE TOIBKO i-T'0 HOPAN-
i=0
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Ka. Torga m3 (72) moayuaem:
HyHy=H\Hy=0 anu Hy=0, ecau N> 2. (99)

IIpegcrasum mcxomse fuddepennnansuse onepatopsl HII B Bume
‘PaBJIOKEHNA IO COMHOBKIM MaTpumam 7 2 (2s -+ 1)-pagusiM MaTpumam
Tlaymm (67):

3
2 S.p)2
H?:E (aum‘i‘bu%"‘cus'l"*‘du (2,,’;) )Gl“ (100)

u=0

The ay, by, ¢, d, — OPOM3BOJIBHEE JEACTBUTEIHEEE KO3PUIUeHTH.
Henonpsysa. omepaTopH OPTOTOHANBHOTO HpoekTupoBamms [16, 17]

(S-pypt—r'
Ar=1] T ryr'=—s, —s+1,
r'sr
YA0oBJIeTBOPAKIIAE YCIOBHAM OPTOTOHAJIBLBOCTH ¥ IIOJHOTHL

ArDe=8;pe Ay, 2 A =1, 2 T'hAr:: (__S.;)_p.)k,

dopmyry (100) MO}KHO mepemucath B BHJE

HI'= 2 2 [ aum + (B -+ r2dy) £ +rpcu] oA, (101)
n=0 r=-—3s"

Omnepartopsr (101), oueBmamo, ymoBaersopsAwT yciaosmaMm (68).
Ilorpebyem, uro6sl Bumoxsaxock (77). IlomeraBuas (101) B (72),
HCIONb3YA OPTOTOHAJBEOCTH IPOEKTOPOB A, W OPEPABEMBAA HE3ABH-
CHMHC CIAaTaeMble, IOJYydaeM, UIT0 dr, by, € B d, JOJHH YIOBIETBO-
PATH OgHOHK M3 CIOAYIOIUX CUCTEM ypPABHEHWI:

3 o
2 at=1; 3 et ay (b +r2d)] = 1

Me

3 3
cir (b +12d) =0; D) re;a;=0; ) (by4-r2d)2 =1 (102)
1 i=1 i=1

unu
ay=by=1; dy=cy=a,=b;=c;=d;=0; i =1,2,3. (103)
OGmee pemenme cucTeMsl anre6pandecknx ypasrermit (102) (c Toa-
HOCTRIO [0 JHHEHAHHX Npeo0pasOoBAHWEA OKBWBAJEHTHOCTH) 33/aeTCH
dopmynamu
ay=1; agy=a,=0a,=0;
1= 1, b3=as, boz b2=0;

V 2sin 0y | 6y = 0y = ¢ = 0; (104)

Co= $2 s
. b ,
dy= —(c9)% d3=“s?'o do={iz=0o J.
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e as, bs, 0, samans B (98). Moskeo morasars, uro ypasuenusa (103)
necoBMectHE ¢ (6) — (10).

Tlopcrapue (104) B (100), mpuxomum K ramumasronmamam (97).
Jlns saBepmenms JIOKa3aTeJgbCTBA TEOPEMH JOCTATOUHO TEUEDPH YKa-
8aTh ABHEIM BUJ omepaTopos 1il, mpwm xoropom omeparopw (70) ymos
aersopAloT coorHomenmam (10), (57). Herpynmo ybemurses, aro nll
MOKHO BHOpaTs B fopme

o' = [U, 6,2,m] U, (105)
T]Ie
E—HHSIIG1

U=—
V 2k [ZE— (% sin@s)z]

ecTh OHmepaTop, AUATOHAAHM3YINHUH ramuabronmanu (97) uw reHepa-
Topul (70):

A E=m+-L (106)

U+HU = 6,E; U*GL'U = tp, — 0yma,;
(107)

v+ =g upity = pt,

Teopema noxasamna.

Taxmm 06pasom, ME TOAYIMIU TAMUIHTOHNAHE HEPEIATHBACTCKOR
gacTHOH co couHoM s B Buae (97). Ypasmernus (64) ¢ rammnbroHma-
Hamu HI' wHBAapHAHTHH OTHOCUTeNBHO anreOpu Jlu pacmupenHoi
rpynnu Lannnes (70), a 3gaant, n oTHOCHTENbHO aire6ps Jlu rpynnsl
Ipepmurepa, Cas@cHie 3J6MEHTH KOTOPOH B3afawrca (OpMyTaMn
(12), (70). 9tu ypaBuenus HuBapUAHTHE TAK:KE OTHOCHTENBHO JUCKPET-
BOro mpeobGpasosamuss O = P-7, rne P u T oupegenenst B (50)

W (£, x) > OV (¢, x) =0,V (—£, —x). (108)

3aecy 0, — ofEa n3 Marpun (67). Momuo NMoKasaTh, 9T0 ypaBHEHHHA
(64), (97) MEBapHAHTHH OTHOCHTENHHO KajkOr0 W3 HpeobpasoBamuit
(50), HO TONBKO B TOM Caydae, eCIH 7, 3aJAI0TCA He YUCIOBHIMI MarT-
punaMu, 50 HEKOTOPHME MHTEerpofuddepeHuai-HEIME OMEePaToOPAMA.

Qrmernm, uro B cuygaes = 1/2, 0, , = n/4, k= —i, a = 1 ypas-
wenns (64), (73) m (64), (97) Mosxmo 3aumcars B KoMmakTHOM Qopme:
| (uph —m) ¥ (£, x) = ivs £ ¥ (£, %) (109)
u
(Pt —m) ¥ (£, %) = (147 —70) = T (,x),  (110)
rae

Vo =01, Ya= — 210584, V4 =i7oV1V2Vs
cyTs Marpunh Jlmpaka.
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Vpapuernus (109), (110) ornmuanres or peaaTmBHETCKOTD ypas-
mennsA [[MpaKa TONBKO HAIWIMWEM CJIAraeMbiX B IPaBOH 9acTH, KOTO-
pHE, O9YeBUAHO, HAPYIIAKT MHBAPUAHTHOCTH OTHOCHTENLHO I'PYIIIE
Ilyarrape, 2O 06ecIeYnBAIOT HHBAPHAHTHOCTH COOTBETCTBYOMIX YPAaB-
HeHNA OTHOCHTEJBHO rpynmbl ['ammies.

s pemenus KOHKPETHHIX 3aa4 ¢ WCIOJIB30BAHMEM IOJYICHHBIX
BHIITE YPAaBHEHU MOKeT MOHAZOOWTHCSH ‘SIBHHIH BUI MATPUI S,, BXO-
JAnux B ramuabTonMansl H! w HII. MaTpuuniie sieMeHTH TreHepa-
TopoB S, B 6Gasuce ['exppanma — [ernmua [28] npusenenst B Gop-
mynax (149), (150). Ilpusenem taxsxe ypasmenmst (64), (73) aas s =
= 1/2, 1 B moroMmoHeHTHOH Bammcn: '

1. s=1/2; ¥ (7, %) —crouten (Dy, Dy, xsy %a);

il _P)\p= - L
(1 5 2m)®~amx+1ak0-p® 5 P23

. ] 2 .
(la_t_g—m)xzam(D—mko-px, (111)

Tae ® u % — ABYXKOMIOOHEHTHEIE COUHOPLI]

® %1
o~(ay) =(})
p) X2
0, —marpuns Ilaynn.

2. s=1; ¥ (¢, x) —crouber (D, Dy, Dy, X1y Aar Xa)s

) 2 k2
(i5—2) ®=amy—2akpx ® ~ 22 2y —p (p.y)); iz
(i-%——m) x:am(D+ 2akp>< x,

re ¥ u ® — BEKTODH ¢ KOMOOHEHTAMH Yy, Xy Y3 U Dy, D,, D,
Ypasuenma (112) coBmagator ¢ (64), (73), ecrm MaTpuuHbE HIEMEHTH
reHepaTopoB S, BHOparh B BUje

(Sa)oe = — i8apes | (113)

Ifle &gy, — abCOMOTHO AHTHCHMMETPUUHHIL TEH3OD TPETHEIO PAHTIA.

3. YPABHEHUA NEPBOTI'O IOPAIKA

37ieCh PACCMATPUBAIOTCA CHCTEMH AEPePEHIUATBHEX ypaBHeHui
8 YACTHHIX TPOMBBOJHLIX IEPBOTO TOPHAKA G IOCTOAHHBIMHA KOAD-
¢unmentamu, T. e. ypaBHeHHs BHjA - :

LY (tyxy=0, L="0,p*-+B;m, (114)
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rae ¥ (¢, x) — BeKTOp-cTONGEIL:

v, (¢, x)

P R ACE

v, (7, %)

Bus Ps — HEKOTODEIC UHWCIOBHIE MATPHUILLL.

Vmeerca xopomo paspaforamHas Teopus ypasuenmii Bupa (114),
MHBAPUAHTHHX OTHOCHTeIsHO upeoGpasosanmii m3 rpymmer O (3)
n rpynusr Jloperna [28], mw B To ke BpeMs Maj0 H3YYEHHl CHCTEMEE
muddepeHIMaIbHEIX YPABHEHHUHA MepBOTO HOPANKA, WHBAPHAHTHEHE
OTHOCHTENbHO Tpynmel [anmmes.

[locTpoeHH0 rajluieeBCKR-FHBAPAAHTHEX creTeM Auddepennuais-
HHX yPaBHEHMHA IIEPBOrO HOPSAKA AJA JaCTHI, ¢ MIPOMIBOJBHEIM CIH-
HOM TIOCBANIEH 3TOT pasfea. Cpefd HOJYIEHHHX HIKe YPaBHEHUU
AMEIOTCA TakwWe, KOTOpPHe, B oTamdme oT ypaseenmi JIXT, omm-
CHIBAIT COMH-OPOUTANSHOE U JAPBUHOBCKOE B3aMMONEUCTBUE YaCTHIH
¢ TOIeM.

OcnoBHBbIE Onpefienenns n HocTaHoBka 3agayn. PacemoTpam cucre-
Mol Tufdepennuanrbunx ypasaennit (114) 1 ompesiesnm yCaoBus, KOTO-
PHM [OJKHBL YIOBIETBOPATH MaTpuuil P, Ps 4To0H 3TH ypaBHeHHSA
OHJIM WHBAPUAHTHHIME OTHOCHTeNbHO mpeoGpasosammit lanmies.

06o6mas croiictea cummerpuu ypaprenus llIpepunrepa (1), Gyaem
TOBOpHUTH, 4TO ypaBuenue (114) mEBApHAHTHO OTHOCHTENBHO I'DYUIH
lanmnes, ecnm omeparop L (114) ymosunersopser yciopuam (2), Tje
Q4 — TeHepaTOpPH HPOM3BOABHOTO IPEJCTABIEHHA pPACIIUPEHHOM
rpynnk [anmnea. Ilorpe6yem, 4To6m remeparophl rpynne ['ammmes
HA MHOMKECTBE pemenmit ypasaenus (114) uMean 10KaxbHO-KOBAPHAHT-
gy ¢opmy (36), a omepaTtopsl f, 3a/aBadmCb YUCJIOBHIMA MaTpH-
mamm (B OTOM ® TOJIBKO B 9TOM CiydYae KOHEUHHE IpeoGpasoBaHusA
Tamunes gas ¥ (£, x) mmeoT dJokaxbryo gopmy (38)). Torma ycnosue
TAIMIeeBCKOH HHBADUAHTHOCTH MOYKHO CHOPMYJIHPOBATDH CIEAYIOIHAM
ob6pasoM.

Onpedeaenue 2. Ypasrenue (114) mokanpHO-MHBAPHAHTHO OTHOCH-
TenpHo rpyunk lammaes, ecam oueparop L (114) ymomierBopsier
YCI0BAAM

JoL—LJ,=0; GoL—LG,=0, (115)

rae Jg, G, = J as Ga — reHepaToOPH pacuperHo# rpynns andnes
B mpepcrasiennu (36):

Ja= (XX P)a+ 845 Go=tpa—maa-+ “a;} (116)

~ ~ ~

Jo=xEXP)g+ Sa; Ga:tpa—mxa—}—ﬁa,
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a8, N, (1 ga, 1o) — MaTpumE, obpasyomue npefcTaBIeHus (B 06-
LieM CJOydae HEeIKBUBAJIECHTHHE) anre6pu JIm ONHOPONHOH TIpyHIES
Tannnen (37). - :

Honcrasus remepatopur (116) m omepatop L ma (114) B (115),
ToJMydaeM YCIOBME JOKaJBHOR IajNieeBCKOd MEBADHAHTHOCTH ypaB-
neHmit (114) » Bume crenyomux coorHomenuit AnA marpmm By (kK =
=0,1, 2, 3, 5):

‘ gaﬁo_ﬁosazoi gaps—ﬁssar—();
NaBo—BoNa = 05 MaPs — BsMa = — iBe; (117y
naﬁb'—'ﬁbnaz _iaabﬁm

e Sg N ¥ S,y ﬁa — MaTpuub, yAoBIeTBopAiomme ainrebpe (37).
Taxknm o6pasom, 3ajlady ONHCAHMA TaidWeeBCKI-MHBAPUAHTHHIX
YpaBHEHE} mepBoro mopsApgka Bupa (114) mosmo cBecTm K pemenuio
MaTpUIHHIX ypasEesmi (37), (117). ,
Oco6riit muTepec Aa1A (MBHKA LPEACTABIAIOT YPABHEHHS, NOUY-
CKalmue jJarpasmeBy gopmynuposry. Mcemenyem nomonHuTeNbHEE

~

OTDAHWIGHUA, HalaraeMmsle Ha MaTPEOE Pg, S, Mg Sg Mg TPeGo-
BaHWeM, 9T00H ypasmenme (114) Morio GHTH mOTyUeHO mPU HCIONEB-
80BAHMN NPUHNUIA MWHAMAJIBHOTO JEHCTBHA M3 COOTBETCTBYIOIIAM
ob6pasom momOGPaHHOrO JarpamsKuama. LIS BTOTO chopmynmpyem
CHavajla CJAeAylomee yTBeD;KAeHHE, KOTOPOE HO3BOJAET BEIIEINThH
RIACCH D9KBUBAICHTHHX IaIHIeeBCKU-NHBAPUAHTHHX ypasHenmit (114).
Jdemma 2. Ilycrs n,, S, ﬁa, Sa, Pr — coBorymmoCTH MaTpuI,
yrosaersopAnmEx yeaosuam (37), (117). Torma maTpmmer

Br=Bbr; So=Sa; Mo=n; } 18
T=BnoB; 85— B3, B, 118
rfe B — mpomsBonbHAA HEBHPOKICHHAS MATPHIA, TAKKE YIOBIET-
BopsAwT ypasHesmaM (37), (117).

Jna foxasaTenbCTBA JIEMMH [[OCTATOUHO YMHOMKUTH Kajugoe
n3 ypasnermii (117) ciesa ma marpumy B m BOCHONB30BATHCH COOT-
BomeHmeM B-1B = 1.

Cormacuo memme 2, Kamjoe PelIeEHe CHCTEME COOTHONMECHMI 117y
OnpejielIAeT LENLIA KIacC yPaBHEOHHH, JOKAIbHO NHBAPUAHTHEIX OTHO-
CHUTONbHO Ppyunn l'ammies

B (Bup* + Bsm) ¥ (¢, x) =0, (119)

rfie B — npomsBoibHAA HOBHPOKEEHHAR MATDHIA. :

HorpeGyem, urobs ypasrerus (114) gomyckamm marpamseny dop-
mMynmpoBRy. OGmuit BEJ jlarpaHKEaHA, COOTBETCTBYIONEr0 ypaBHe-
Huo (114) (¢ ToWHOCTBIO 10 Y9IGHOB, He BHOCAINUX BKIAAa B ypaBHe-
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HIA JBWKEHKS), 3ajaercs GopMyIoR
i (5n OF o =
L= (Vs T Bu?) — FBm Y, (120)

rpe ¥ = ViB, a B — mexoropas Heocobennas martpuna. s ycmo-
BHUS BEIeCTBEHHOCTH IATPAHMKMAHA II0JY9aeM, TTo

(BBu)" = BByu; (BPs)T — Bp;. (121)

B cuny nemwmsr 2 n ¢ yaerom (121) gesaem BmBOA, 9TO Marpmosl P, Bs

MOJKHO BHIOpaTh 9PMHETOBHIME [ 4T0 cooTBeTCTBYeT Marpammumany (120)

¢ ¥ = ¥+]. Ho Torga u3 tpeGosanus MHBAPUAHTHOCTH JATPAHKAAHA
OTHOCHTEIbHO HHPUHUTE3UMAIBHEX IpecldpasoBaHmit

Yo (14 iGu) ¥ ¥ — (1 4-1J,6,) ¥, (122)

rae Gy m J, saganst dopmyaamu (116), moaydaem ciaegyromue ycio-
Bus Judg Matpurn S, ¥ 1, ms (117): B
S, = 8% na =i (123)
IMopcraBasia (123) B (117) n npmauMas Bo BHEMAaHHEe 3PMATOBOCTH
matpun, S,, OPpEX0IAM K CHCTEMe yDaABHEHTH

SaPyp—PoSa =0; (124)
Sofs —PsSa=0; (125)
nifo— Bonla = 0; (126)
NP5 — Psne = — ifia; (127)
By —PBona = — i8apfo; (128)
Br=PBn, k=0,1,2,3,5. (129)

WNrar, M momyduam, 9710 3ajada ONMCAHMA TAJIUIEeBCKH-WHBA-
puanTHHX ypasHenwit Buma (114), monmycrarommx aarpamsxeBy ¢op-
MYJAHMPOBKY, 9KBHBAJEHTHA PEIIeHNIO CUCTeMH ypapuenui (37), (124) —
(129) A MaTpam 6117 Sa7 Na-

ChopmynupyeM emme oHO YTBEP:KASHEE, NCHOJb3YEMOe HUKe IPH
BHUWCICHHY SIBHOTO BEAA MaTpul fg.

Jemma 3. llyere marpuanur S,, 1M, Pp YAOBIETBOPST COOTHO-
menusM (37), (124) — (129). Torma coBoryuHOCTH MaTpul {Sa, Nas

Bz}, Toe

Br—ViBV, (130)
a V — mpomsBoJbHAS MAaTpHUOA, KOMMYTHpyYOmas ¢ S, @ 1jg!
[V,Sal=[V,m] =0, (131)

TaKyKe yaoBIeTBopser ypasmemuam. (37), (124) — (129).
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Hoxasameascmeo. YmuOmEM Kampgoe U3 CooTHOMeHmA (124) —
(129) cmesa ma V*, a cmpasa ma V. B pesymsrare, yumrrsas (131),
npuxoguM K ypassenmam (124) — (129) mua B, ompenensemrx dop-
myxoir (130). ‘ '

Ecnm marpmma V obpatmma, To P, m Py ABIAITICA DKBUBAJEHT-
HHIMH DOIMeHHAMHA CHCTeMH cootHomeHuit (124) — (129). Bynmem
ACKaTh DPOIIeHWA 3THX COOTHONMIEHHHA C TOYHOCTHI [0 IpeoGpa3soBa-
Huil HKBUBAJIGHTHOCTH, 3ajaBaeMHx dopmymnamu.(130), (131).

Kanonngeckan ¢opma ypasmenmii (114). Ilpesne wem mpucrymats
K DeImeHHi0 CHCTeMH cooTHomenumit (37), (124) — (129), mecaepgyem
HeKoTOpHe cBoiicTBa ypaBmemmit (114), Koropnie MmomxHO BHBecTH,
HO MCIONbB3ysA ABHHA BHI MATPEN PBp.

Xopomo ussecrno (cm. [29]), 9T0 peaATEBECTCKME BOTHOBHE ypas-
nenns suga (114) (rme P; — oGparmmas MarTpmma) MoOryT GHITH mpH-
BE/IeHBl K CTAHAAPTHOH (KAaHOHUYOCKOH) opMe (BKIKTAIOMIEH TOMBKO
oxay marpuny f; = B;'f,):

Bo ‘l/pupml’f =mV¥.
oraskeM, 9To raInIeeBCKU-NHBAPUAHTHES ypasHerna (114) Taxsxe
IDUBOJATCA K HEKOTOPOi KaHOHMYeCKod fopMe (B KOTODO# omepaTop
L Bmpamaerca ToxbKo wepes nBe MaTpumi — B, m B,). Jlas artoro
moaseprueM dynknmio ¥ (¢, x) mwa (144) npeoGpasosanmo ¥ (t, x) —
— W' (t, x§ = VIV (¢, x), re

) V =exp (—in-p/m). (132)
QOynrnuas ¥’ (¢, x), ovesugno, YAOBIETBOPAET YPABHACHHUIO
L'V (¢, x)=0, L'=VILV, (133)

rae L —omeparop (114).
Ucnoaxrsys dopmyny HemnGerra-— Xaycmopda

1
exp (4%) Bexp (4)= Y {4, By" o ; } (134)
{4, By*=[A*{A, B)"1],{A,B}*<=B
I KOMMYTalMOHHEE cooTHOmeRus (124)—(128), momywaem:
V*BoV = Bo, V*BuPaV =Bupa By L,
(135)

1 1
VipsV = Bs -+ o Bapq -+ T Bop?,
OTRY;1a

L' =V* (Bopo—Papa+Bsm) V=P ( po— £~ ) +Bym.  (136)

Honcrapusas (136) B (133), mpuxoaum K ypaBHeHHWIO B KAHOHU-
qecKoR Qopme:

[ Bo (po— ) +Bam | ¥ (¢, %) =0. (137)

11-01385
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Vrak, 1pou3BoJibHOE raliMIEeBCKU-UHBAPUAHTHOE ypaBHEHHE Iep-
Boro mopagKa (114) Momxuo npeoGpasoparh K CHCTeMe YDABHEHMiT BTO-
poro mopsaka B gpopme (137) (anst ypasuenust AXT [5—7] ator dakr
om ycramopmeH B paGore [11]). Opmaro ypaBmenmmsa (114) m (137)
CTAHOBATCA HE3KBUBAJNEHTHHMH TOCHEe BBEJEHWA MUHEMAJIBLHOTO B3a-
EMOJEHCTBUS ¢ BHEIIHMM 3JIeKTPOMATHUTHHM IIoseM (1. e. IOCIe
BaMeHH p, —> Py — €A, Tae A, — 4-BeKTODP-TIOTeHIUAT 3BIEKTPO-
MATHATHOTO IOJA). :

Ypaenenus (137) umetor fopMy ABHO MHBAPHAHTHYI OTHOCHTEIHHO
npeobpasosanmit [anunesn. I'emepatopsr rpynntt Ianmaes ma peme-
rusax ypasdenuii (137) mMmelor KBasugmaroHanNbHEIA BHZX, 3alaBaeMBI
dopmynamu (31), rme S, — reHepaTOPH HEKOTOPOTO HPHBOJUMOTO
upepcrasaenus rpynnst O (3), Rommyrupylomume ¢ matpunaMu o 1 f;.

WNenonwaysa npepcrasaenue (137), chopmynmpyen eme ogHO ZOHOI-
HHUTeJLHOe TpeboBanme. KoTopoe Gymer HajlaraTbCsAd HA MaTPULH [p.
A mmenno, morpebyeM, 4To0B BBIIOJHAAOCH YCJIOBUE

det (B, p* - Bsm) =
= det [ By (py — o) +Bm | = ¢ (po—5-)",  (138)

rae ¢ — HEeKOTOpas He PaBHAA HYJMI0 KOHCTAHTA; M — Iejoe TUCIO
(n 5=0).

Yeaosue (138) ospagaer, yro ypasnenue (114) npunagie;xur mapa-
6onudecKoMy THIY.

Koneunomepusie npeacrasienust aiaredpst Jlu oHOpoHO# rpynnsr
Tamuaea. Ilpumcrynum K pemenuio cmcreMmn coorHomenui (37),
(124) — (129).

Paccmorpum cmagana coorHomenus (37), ompepeasiomue anre6py
Ju ompmopommoin rpymme 'ammies, Kotopas J0KAJbHO-U30MOPQHA
rpyune Epkaupa F (3). Hampmoe pemenme coornomenuii (37), T. e.
Kaykblii Habop KOHEYHOMEPHHIX MAaTpuy S, U 1),, YAOBIETBOPAIOOIAX
(37), Bajaer mpepcraBieHue 3TON anreOpPHI.

Tpynna E (3) me sABisercs HOJYIPOCTOM, IOSTOMY €€ KOHEUHO-
MepHBIE IIPEICTABICHNA HEYHUTAPHK ¥ HE BIOJHE HpuWBOgMMEL. Omm-
CAHUI0 HEPA3TOKUMEIX KOHEYHOMEDPHEIX UpejcTaBienwnit anre6ps JIn
rpynnsl F (3) nocssutena pabora [30]. Ogumaro pesyabratsl, DOJyIeH-
HHE B Hell, MMEIOT BeChMa OGUIYI0 U, O-BUAMUMOMY, e 0IeHb KONCTPYK-
tusnyo fopmy. Kpome roro, me Bce ns npusegennsx B [30] upexcras-
JIEHUA ABJISAIOTCA HEOKBUBAJICHTHBIMM,

Humyke ROHCTPYRTHBHO OHMHCAH KIACC KOHEYHOMEDHHIX IpefcTaB-
aenuit anrebpu (37). Aarebpa (37) mmeeT MBa WHBAPUWAHTHEIX olepa-
Topa

Diz‘sana; Dzznanm (139)
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KOTOpHIE B Clly4yae KOHEYHOMEPHHX NPOACTaBIeHN ABIATCS HAIBIO-
TEeHTHEIMHM MATpHLaMa, T. €. YAOBIGTBOPAKT YCJIOBUAM

DY = DY =0, (140)

rge N u N' — HeROTODHIE MONOKUTENBHEIE LEbie UMCIa.

Anrebpa (37) mruogaer mopamre6py O (3), obpasyemyo marpm-
namu S,. IlpencraBienns aToil mofanTe6pPH XOPOINIO M3BECTHH M 3a-
JAK0TCA MEeJBIM WUIM MOAYIeNEIM THCIOM §.

Pacemorpum TonbKO Takme mpefcTaBIeHNA anrebpu (37), KoToprie
upn pepyknuu mo anrebpe O (3) BraodYanT He Golee IBYX HEdKBU-
BaJEHTHHX NpejcraBnenuil. B arom caysae marpmmer S, moskmo

BHOpaTh B BHIE
In®8,| Of
Sa—:sgmz( &% ) (141)
0 |Im®z,

rge S, u ¥, — remepaToph HEIPUBOJUMEIX IpPeACTaBIeHuit D (s)

n D (s") rpymmst O (3), 1. e. MaTpum, YAOBJIETBOPAIOIIVE COOTHO-
TeHUAM

Savg :.accvaa: 1;
[0, 8ol = i€apeSc, 508, = 5 (s + 1) } (142)

[Za, Zb] = ieabczc,‘zaza :S/ (s’ + 1).

1

I, w 1, — epunnunne MaTpurms pasmMepHocTE n X n ®m m X m,

0 — nmynesrie mMaTpunE ¢ pasmepnocTei0 m X n, a cumBoan 4 ® B
03HAYaeT IpAMOe (KPOHEKEPOBCKOE) NPOMBBENIEHUE MATPUII. Orpa-
HITIUMCA  Takke CaydaeM, KOTfla IPOCTPAHCTBO NPEJCTABICHUSA
anrepsr E (3) Bramouaer me Godee nByx OPTOTOHAJBHHX IOJIPO-
CTPAHCTB, MHBAPUAHTHHIX OTHOCHTENBHO JeHCTBHMA omepatopa (139).
Onucanme ykasaHEBIX BHTIE IpPeICTaBICHHH TaeTCH caegyoomei teo-
peMoit.

Teopema 5. Bee BO3MOKHHE (C TOYHOCTBIO 70 SRBUBAJICHTHOCTH)
HEPasJIoHuMbIe ROHEIHOMEPHEIe mpejcraBienusa anrebpsr £ (3) (37),
BRIKYANOMNE He §oyee /IBYyX HEeOKBUBAJEHTHHX NPEICTABAEHM 10]-
anrebpet O (3) u yHOBIETBOpPSIOMKE AOHOJNHUTENBHOMY TPeGOBAHMIO,
uToGh MHBapHAHTHAI omepatop D, (139) mmex me Gomee ABYX OpTOro-

HaJIBHBX COGCTBEHHBIX IOJIPOCTPAHCTE, MOMKHO OPOHYMEPOBATEL Habo-
PoM NeasX wmcen (n, m, a), rie

a=1,2; n<{h m<4; |n—m|<<2; nm 9.

flBHmE BUX cooTBeTCTBYMOmMEX marpun, S, @ v, 3agaercs dop-
MylaMn

Sa — S‘(lnma) - ng; 1, = n(nma),

a ’
1qnmi:i ( a{lm®’§a ’a?m®K‘1) . n(nm2)
¢ Z\amQK: | apm® 3, |’

G =0, (143)

11%
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rae SI™— matpunu  (141); & =s —1; K, — Marpups pasmep-
moctm (28 — 1) X (2s -+ 1), ompepesisieMEle COOTHOIIGHHAMHE
KaSb—sza;isachc; }
SaSb + K;Kb = issachc + Széab;
ai™ — MaTpEnE ¢ MATPHYHBIME JIeMEHTAMU
nm Gi—i, Jr n>m1iaj<n7
lat " li;=

s—1
mﬁi—i, jy B]m;

—(23—1)—1/261'—2,1" n>=>m, i<n1 ]<m
[a8™;=q (2s+1)=1/28; ;, n<<m, (145)
kS, sr1, n=m;
[ nm] j — { (23_1)-1/2 6i,f7 n>m, lgmv ]<n1
G (@5 £ )12, 5 nm;

(144)

s1
[azm] e { ST1 6i—1. Js n> m,
(27 .
8iy, py <l m,

Tie k& — MPOM3BONBHEIA TapaMerTp. ’
$llpencrasnenuss D (n, m, @ = 1) u D (n, m, & = 2) sKBHBa-
JeHTHH B TOM ¥ TOJIBKO B TOM ciydae, ecam |n —m | = 1.
JToxasameavcmeso. IlonHOE [OKA3aTENbCTBO TEOPEMEl 3/IeCk HE UPH-
sBemero. OmHEAKO cleqyeT 3aMeTHTh, uro Gopmyan (143) ompemexsror
o0muit BAJ MATPHI] 1)y, YEOBIETBOPANIIAX OePECTAHOBOYHEIM COOTHO-
menmaM [1,, Sp] = i€4p.M. ¢ reseparopamu (141). IlorpeGyem, aTobH
mMatpae 1, (143) KoMMyrupoBaam ADPYr ¢ APYroM, H HCHOJb3yeM
coorromenns [7]:
Kagb—KbSa =i (S + 1) Sachc;
ED,Kb —_ ZbKa, =1 (1 —-S) Sachc;
KG,K;S —_ KbKE = —1] (23+ 1) Eabczc;
KiKb —K;;Ka =1 (23— 1) €abeScs
TOTHA MOJYIHAM CJHeyOOylo CHCTeMY ypaBHeHHH pna marpunm af™:
(a2t (25 — 1) aP"al™ = 0;
(s+1)al™a;™—(s—1)a;ma;™ =0;
(s-+1)al™al™ — (s—1) at™ai™ = 0;
(a}™2—(2s+ 1) al™a;™=0.
Veaosme, 9To6H mABAPHARTHELL omepatop Dy (139) umen e Gonee

IBYX EHBAPUAHTHHEIX COOCTBEHHBIX MOZOPOCTPAHCTB, CBOJATCA K Tpe-
GoBanmio, 9TOGH MATPHALEL aP™ M al™ He OLIM BIOJHE NPABONAMEIMU.

(146)

(147)
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Bce nesksmBanenTnhe pemenusi cootHomenmit (147) m 3amalorcs
dopmynamn (142), (145). Ilpm arom Goswmee us gucen (r, m) cosua-
JaeT ¢ MHAEKCOM HIIBIOTEHTHOCTH HHBAPHAAHTHOTO omepaTopa D, (139).

ITpmeenem mas moamoTs aABHmi Bum Matpum S, m K, B Gasuce
| s, s3), B Koropom omepartopn S? m S, muaromansum [7]:

S2 s, 830 =58(s+1) |s, s3);
Ssis, 850 =858, 83);
S118,85) =a%;, 551 |8, 83+ 1) +ady, o5-1 |8, 83— 1);
Sy |8y s3) =13, 5341 15, 3+ 1) —ial,, s5-1 18, S3—1); (148)
Kyl 89 =C5" "  ls—1, 89+ Coy5la [s—1, 85— 2);

K2 IS’ Sa) =iC:§s_1 ]S-—i, 83>__ic.ss:;’s;s£2 ‘8—1, 33—2);
K;|s,s3) = f:;sfilS—iv §3)s
rae

Sg= —s, —s-+1,...,8

8’ 1
a83, sg+ 1 =—2"VS3 (S3 = 1)—S(s+ 1);
ot t=V5s, (25 —s3);

8, 8— 1
Cs, 12'2— ]/(2.9—33) (2s+1—s5);

(149)

8,y S§— 1 T T AN
Css- 531-2 = "2‘]/-93 (s5-+1).

Bripaskennsa ans matpun X, MOMHO TOAyIHTH M3 (GOPMYA (148),
(149) samenoit s— s', &' = s — 1.

HAsnpiii Bux marpuy B,. Ilpa pemenum cucTeMu ypaBHeHmi (37),
(124) — (129) orpammuumcs cryvaem, KOT/Ia MATPHLH S, 1 1, peaim-
3YI0T 1;epa3.uomnmﬂe mpepcrasiaenud anre6psl (37), onucanHse B Teo-
peme 5.

Paccmorpmm crauana npepcrasnenus anreGps (37) COOTBETCTBYIO~
mue N < 3, rne N — uBjeKC HEIBIOTEHTHOCTH WHBAPHAHTHOTO OIE-
paropa Dy (139). IlorpeGyem, uto6m MaTpuusr B YROBIETBOPAIT
yenosuio (138).

Pemenue sajaunm mpumsemeMm B Bmme caegylomero YTBEDHIACHUA.

Teopema 6. Bce Bo3MOKHHE (C TOYHOCTBIO [0 9KBHUBAJCHTHOCTH)
MaTpuisl Py, Sq, Mg, yEOBAETBOPAIOMYE COOTHOmMeENAM (124) —(129),
(138) — (140) (¢ N < 3) u ycaoBHAM TeOpeMH 5, 3aNANTCH dopmy-
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Sal - |- ||
S]]
Sa=| - |- 18] |- |
SRR
SR R I B
Sa| - c(s—i)KZ
-|csK+
gga:_‘lg' —Sa ' ‘ 5
|—csKa |
Sa| - |- -]
1 N . —cKt .
Na = 5= < a ;o (152)
R 28 CKa . |. . |.
cK, zfi 2,
-]
Bo= ‘ 11
RN
-1
bl (s+1) 1| [
(s+1)1 . . .
fs=2 b_;I b1 )
LN
ol | 1
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N E
S| |-
Sa: .I.,Ea . . :
l’ R
el 2
(-] | : | —dsKi| -
] | —d6+1KE| - ]
Ba=—| - ,d(s+1)Kal . A
dsKal | ’
l I _Za I l'
- |aKi| - | -
_s___i_Sa dK?t
1 s-41 a
Mo =57 . . . ; l y  (153)
. o=,
dk, | - | - | 2.

rge cumBomaMmE S,, X, m K, 06038HAYEHH MATPHUIH Pa3MEPHOCTH
@s+1) X 2s+1), 2Bs—1) X 25— 1) m (2s— 1) X 25+ 1),
ompefiesisiembte cootnomenuamm (144), (146), 1 »n 1 — (2s + 1)-
u (2s — 1)-paAjgHEe eIAHEAYHEE MATPHUIL, 3 TOIKAMEA — HYJIeBHE MaT-
PHELOH COOTBETCTBYIOMEH Pa3MEPHOCTH; @ M b — IPOM3BOJBHEE YUCIA.

Hoxasamerscmeo. Ucnoasays nemmy Hlypa saknogaem, 9To o6nimit
BuUJ MaTpun B, u P;, yaoBiersopsiomux coorHomenusm (124), (125),
(129), (141), sapmaerca Qgopmynamu

y1®1| 0 ) 2(371@[' 0 154

Bo= 0 ly2®'i i Bs= 0 ,x2®1 ’ ( )

rae Zy, ¥, (A x4, y,) — HeH3BeCTHHIE PMHUTOBEHIE MATDHIH pa3Mep-
HOCTH (R X m) m (m X m).

Ilorpe6yem, aTo6m Matpuma P, yaosaerBopsamna yciaosmsam (126).

Ucnonways (143), (154), momydaem crefyomne ypaBHEHHAS I Yy U Yy!

@™ ys—y1ai™ = (3™ ya—y,0;™ = (@]™)! yo— y,a7™ = 0. (155)
Iloncrasunas B, (154) m m, (143) B (127), maxonmm PB,:

[ A®S, |Bt®K:
m:i( 8% |5® ) (156)
S\ —B®K.,|D® 3,
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re
A== (a7™) 2y —x4a]™; B = (a®™) z, — zay™;
D=(a™) xy—za}™  (157)
Hakonen, nopcrapms (143), (154), (156) = (128), mpumxommm
R cJIelywmell cucreMe ypaBHeHUH:
Aai™ @ Sy Bta™ @ KiK,— (a™™)' 4 @ 8,8, --
+(ay™? BK{K,=2s%, ® I8,y;
Aa;™ @ S.Ki+ Btal™ @ Ko.3, —
— (@™ B* @ S,Ki—(ai™! D ® KiZ,=0; (158)
Daj™ @ 2,2y — Bal™ @ K. Ki—(a;™'B'*® K, K} —
—(a;™*D Q® 2,5, 2s%, ® I8,;.
Brupaskas B (158) ¢ momomplo cooTHOmeHmIA (144), (1461 KKy,
SySa, KiKo, 2,3, 9epes S,8;, 2,2y, Sey 2, ubopl, 8, 1w npm-

DaBHUBasA MATPHYHbEe KOOPPHIWEHTH NPH ITUX JMHEHHO He3aBHCH-
MEIX OHepaTopax, OPEXOAUM K yPaBHEHHSAM

{(alziay—zi040,) (25— 1) + 2,050, — aizyag)+s.c. =0;
(25— 1) (alalz, — alzsa, + alz,az) -+ (s— 1) ajalz,— sz40,a3=0;
(afr,05— z4a505) + 0.0, = 2 (2s—1) yy;
{(s—1) (z2a58,— afzia,) + (s + 1) (25— 1) (alza, — z50,a,)} +9.c. = O3
(2s+1) (s—1) alzia, + 5 (s— 1) Zpagay -+ (52— 1) alaiz, +
+(s+1) (2s—1) (alafz,—alaya,) =0;  (159)
(afz15 — 2,840,) + 8.0, =2 (25 — 1) yy;
2alz,a, — alatz, — rya5a, -+ 2atz,a, — alalzr,—x,0,0,=0;
2alziay — alalzy — 2,050, — (s— 1) (atzya, — Ty0,a5) +
+ (s+1) (alalz; —alzia,) = 0,
TIe BBefeHH 0003HAYCHUA
Atosc.=A+ At g =al™, k=1, 2,3, 4.

Upn samanumix ay, a,, ag u a, Gopmyasr (155), (159) ompemensror
CHCTEMY JIMHEHHEIX OfHOPOXHHX YPABHeHUH [IA MATPUIHEIX HIeMeH-
TOB (Z)i5 M (Yy)1;. Peman ary CHCTeMY [IA MATpHUI 4, = al™, 3ajgan-
HEX dopmynamu (145), nmpuxommm x pesyabprataM, CHOpMYIEpPOBAH-
HHIM B TeopeMe 6.

M monyumnm wersipe meokBHBameHTHEX Kiacca TaJIUIeEeBCKE-
MHBAPHAHTHHX ypaBHeRHH BmAa (114), rme Marpumm P, sagamorcs
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dopuymamu (150) — (153). Ecau marpumsr P, mmeor Bug (150),
10 ¢yakoma ¥ (£, x) umeer 6s 4- 1 KomMmomenT, a ypasHeHue (114)
ONMCHBAET JBW;KEHNE CBOOOMHOI HEePEAATHBUCTCKON YacTHIbl ¢ TPO-
W3BOJBHLEIM CIWHOM §. Taxkue ypaBHeHWsS DKBMBAJEHTHB yPaBHEHUAM
Xarena — I'epaes [6, 7], a B caygae s = 1/2 coBmagaior ¢ ypasHe-
muavu Jlesm-Jlebaonma [5].

Ypasmenns (114), (151) mmeror 6s — 1 KOMOOHEHT W OHMCHBAIOT
raJniIeeBcKyfo gaetmiy co cuunoMm s = s — 1. Huxe morasano, 410
9TH ypaBHeHHA NPHUBOIAT K KOHCTAHTE JMIOJBHOIO B3AMMOJEUCTBHA,
OTAMIIION OT IpeJCKa3hBaeMoil ypaBHeHmaMu lepies.

Vpasnenusa (114) upepcrasaaior nanboabIMNid WHTEPEC B TOM CJIY-
wyae, Korga Marpuusl P, mmeior Bup (152) m (153). dtm ypasuexns
TAK;KE MORIIO HHTEPIPETHPOBATh KAK YPABHEHNS JBIKCNU Hepess-
TUBMCTCKON YACTULB ¢ HpOM3BOJABHEM comioM. IHak Oyher moxasatio
HU7/Ke, MMEHHo Tn ypasHenus (B ornmane ot ypasnenuii JIXT') mosso-
JIAIOT OMUCATH TAJINICeBCKA-HHBAPUHAHTHLIM 00Pa3oM COMH-OPOWTAND-
HOe B3aUMONEHCTBHE 3apsUKEHHOR JACTHIE C BHEITHUM BIEKIpoMar-
HATHHIM HojeM (B paMKaX NPUHIWIA MUHEMAJLHOTO B3aNMOJeH-
CTBUA).

ITpupegem pemennst coorsomenmit (124) — (129) pna caydHas,
Korja upecrasiaerue aiare6pst (37) coorsercrsyer N = 4, rme N —
MHIeKC HUABIOTeHTHOCTH MHEBapuaBpTHOrO omeparopa D, (139). Taras
3ajja9a UMeeT HOTPUBUAIBHEE DEMenusA TOABKO A n = 2, m = 4
s = 1/2. Tlpu srom marpmmn P, 3agarorcs dopmynamm (154), rme
OTJIMAHBIE OT HYJAA MATPUIHEIE DISMEHTH MATDPHI £; U Z, UMEIOT BHUJ

(2)13= @)= (21)22 = (24)23 :s_—{—i'T (1"1)24 =
= (24)31== (T1) 32 = § (T4)33 = (T1)s1 =
= —9117 (#u2 = (@) 11 = (Z2)12 = (To) 2y = m:T (%2)e2 = 1. (160)

Ucnonsays gopmyast (154); (160) u coormomenus (143), (145),
(124) — (128), meTpyJAHO HAKTH ABHBLA BHJ COOTBETCTBYIOUIMX MATPHIL

50 u lsa-
Hpusesem mexoropsie w3 ypasmewmit (114), (150) — (153) pus
s =0, 1/2, 1 B nmorkoMOoHEHTHOH! 3aHHCH:

o [ Lo ireo
STV 2mp—ip- g, =0,
1 [ Po%+io-pr=0, ((pi) (Xi)
7T omy—i = "), %=\, ), (162
2 { QmX_l(j-p(P:‘O, (P (PZ X X2 ( )
Pox -+ P X @+ a?my -+ 2ame =0,
Po® +pD, + a?me - 2am (y + @) =0,
p-x+2am(l)0:0,
—p Xy +2am(y+qg) =0,

(161)

(163)

s =1;
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The 0, — Marpumsl Ilaymm; P, %y Py Yo Par Dy (0 =0, 1, 2,
Ja=1,2, a=1, 2, 3) — OfHOKOMIOHEHTHEE BOJHOBHE QYHK-
WHH.

K ypasmenmam (163) — (165) croparca (Ipu 3aTaHHEX 3HATCHUAX
cnuHa s) cucrembt (114) ¢ mMarpunamm (151), (150) m (152) coorser-
creento. Ypasuenns (114), (152) npu s = 1 [umm, ato 10 e, CHCTEMY
ypasuennit (163)] mMoskmO sanmcaTn TakMKe B BuIe

{‘1?(60+[§4) po+[[§0—ﬁ4+ 2al+i22—({§0+[§4)] m_ﬁapa} ¥ —0,

rie B, (0 =0,1, 2, 3, 4 — marpuns Kemmepa — [{apduna. '

Ypasnenns (114) maa npepcraprennmii ¢ MPOH3BOIBHBIM HHIEKCOM
HIIBHOTEHTHOCTH. Brle 1OTyueHH BCe BO3MOMKHBIE (C TOYHOCTHIO
M0 9KBUBAIEHTHOCTH) pemeHmsa ypaBuenmit (124) — (129) ana mpes-
crapIeHuii anreGpr (37), mepednciaeHurx B Teopeme 5. OgHAKO B 3710
TeopeMe OMMCAH TOJNBKO HEKOTODH KIacC HpeicTaBieHmit axre6psr
(37), cootsercrByromuit N < 4, tie N — UHIEKC HEIBIOTEHTHOCTH
nHBapuauTHoOTo omepartopa D, (139).

Husie momyuen miace ypaBHEHHH, COOTBETCTBYIONIMIL IIpOXBBONb-
HEIM 3Ha9eHUusAM V. YpaBHeHUA BHIBEJEHE C y9eTOM TOTO, YTO PACIIH-
pernad rpyuua lanunes G sBiasercs nogrpynnoi 0606meHHoN rpymst
Hyanrape P (1, 4) (rpynms BpameHmit ® CIBATOB B NATIME PHOM
npocTpancTBe MUHKOBCKOTO), 1, CIe0BaTeIbHO, KAMKIOE ypaBHeHHE,
HIIBAPUAHTHOe OTHOCHTENBHO Tpynnsl P (1, 4), aBToMaTHUecKu 0KAa3bl-
BaeTCs NHBAPUAHTHHIM TaKKe OTHOCUTENBHO Tpymusl G.

Pacemorpum cmereMy ypaBHeHuil B YACTHHX NPOUBBOIHEIX Cle-
JVIONIero BuAA: '

(B‘upM '+" M) IP (x07 Lyy Loy X3,y xé) = 0» (164)
rae p, = —i%, w=0,1, 2, 3,4, Bu — HEKOTOpHIe YHCJIOBEe

MaTpPUNE; X — TMPOM3BOJBHEIA TapaMeTp.
[orpebyem, wroGm MaTpumt P, YHAOBIETBODSIM COOTHOMEHUAM

B Sual =1 (gunv — gusBn), (165)
rae S,, — remeparopsl rpymnst O (1, 4); §uv — METPHUYECRHI TeH-
30p: g,y =diag (1, —1, —1, —1, —1). Ecau Bonoxasercs (165),

T0 ypasuenne (167) naBapuantao orHocureasro rpymus P (1, 4) [31].

Hak yKaswBamoch BINe, B 9TOM Cilydae ypaBHeHHe (167) umsa-
PHAHTHO TaK;Ke OTHOCHTeNBHO Tpymuk I'ammmes. leficTsutensno,
nenas B (164) sameny mepemeHHEIX

A 52 ~ . 1 62 ~
Ty =522 + z,), x4:7(2x0—x4), (166)
TaK 4TO ‘ ‘
0 1 4 d 0 1 0 a
S aa i Mo T R Ty 167
© O -2 gy T 0y © 0%y 2 gz gz, (167)
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ooJgydaeM cJaeAymoinlee ypaBHEHHE:

(ﬁoﬁo_ﬁéﬁk—gapa+ %) v (%03 ‘%ln X) = 07 ' (168)‘
rne
Po=1i pi=—i—2
00— 650 ’ Dy= 6:24 ’
1 o~ ~ -~ -~
Bo— s (BB Bu=Po—Puc (169)

TannneeBckyio mEBapmaHTHOCTH ypaBHeHus (168) merpymEO mpo-
BepHTh HEUOCPE/CTBEHHO, BOCHOJB30BABIIMCH CleNyomell peanmsa-
nueil TreHepaTOpOB pacmMpeHHOH Ipymosl ammies:

. 0, . - . o~ . 9,
POZ—IE' Pa'—pa—_‘1 ozg #pl‘_—la@'
Ja= (X X p)a+Sas Ga: ';"opa_xaM+nav (170)

e

Sa = (1/2) sachbca Neg = (1/2) (SOa + Séa)-

Onepatop L = Bopy — Pupy — Pope m remepatopsr (170) ymommerso-
pAPT ycxoBmio (2).

HarnapgmBasg Ha pemerus ypaseenusa (168) rammieeBcKu-mHBa—
PHAHTHOE NOLOJHHATEJNLHOE YCIOBHE

})’1‘1’ (}"0’ %1“ X) = —Ax¥ (3‘01 54’ X)v

mosnysaeM m3 (168) rajmieeBcKE-WEBAapHAaHTHOe ypaBHeHHMe B Qopme
(114), rne

Bo=Fo; Bs=Pui+Al; m=wx/), (171)

] — emmHAYHAA MaTpHIA.

TaxmMm ofpasoM, Ka)K[AOMY peIIeHHIO CHCTEMBl HepPeCTaHOBOTHHIX
coorHomernin (165) MOKEHO HOCTABATE B COOTBETCTBHE TalHJIECBCKH-
nuEBapmanTHoe ypasmemme (114), rme marpmnm B, m P, samawTcs
¢opmynamm (169), (171).

Ilomroe pemenme coorHomeHmit (165), B oramume oT aHAAOTHIHEIX
COOTHOMMEHUHA JJIsI MATPHI[, OIpPEleJANMX IyaHKape-AHBAPHNAHTHHE
ypaBuenus [28], mo cmx mop He moxydeHo. BocmoxbsyeMcs d4aCTHBHIM
pemenneM ypasuemmii (165), npennomennnm B paGore [34]. OGozma-
qumM Sp; — TreHepaTopH HeIPHBOAMMOTO KOHETHOMEDHOTO IpejcTaBiIe-
rEs rpynost O (1, 5). Torma marpunmmt

Syv="8uv; PBu=8s; n=0,1,23, 4, (172)

yaosaetsopsioT cootHomenmsm (165). Iloncrasms (175) B (169) m (171),
monyunM MarTpuus Pp B dopme

Bo=Ssai Bo=(Su+850)/2 Bs=Su—Ss+Al. (173)
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(ienoBaTenbHO, KAKIOMY HEMPHBOAKMOMY TPECTABIEHIIO TPYINH
O (1, 5) MOXHO CONOCTABATH TANHIEEBCKU-HHBAPHAHTHOR ypaBHeHHe
(114), (173). T'emeparopn rpymme I'almmes Ha MHOKeCTBe pemeHunit

yparmenus (114), (173) umeor I0KAIBHO-KOBAPHAHTHYIO (OpPMY (36),
T7e

M=m=n/h; M= (Sia+50)/2 Su=reae§ie/2)  (174)

Houneunovepnsie npegcrasiaenus rpymmu O (1, 5), KOTOpasi T0Kab-
Ho-uzoMopdua rpynme O(6), sagaiorca Tpems wueaamu (n;, n, u ng),

ONHOBPEMEHHO meXbiMu mam moxymensivu [28]. Ecam wmartpuusr Sy,
us (173) obpasywor mpegcraienme D (1/2, 1/2, 1/2) axarebpsr JIn
rpymust O (1,5), 1o ypasmenns (114), (173) sxBuBazenTHH YPaBHEHUIO
Jlesu-Jle6monga [5) nast mepenaruBuercroit YACTAIEL CO CHUHOM S —
= 1/2. Ilpepcrasaenne D- (1, 1, 0) mpusogar & ypasueruam (114),
(152) pas wacrar co cumuom s = 1. ITpu arom marpunsl (172) cosma-
Aawot ¢ Marpuuamu Hemmepa — [lapduna. B obmem cayuae ypaBHe-
auA (114), (173) ommchiBaIOT MyIBTHILIET HEPEIATHBUCTCKIIX 94 CTHI]
‘€O CUMHAMA $;, Sy, . .., IJle IACTA S; XAPAKTOPHIYIOT IIPeICTABICHUA
rpyaust O (3), BXOfAMue B HONPWBOAMMOE IpencTaBireHne [ (ny, ng,
ng) rpynuet O (1, 5).

Mosxuo mowasars, uro marpumsr (174) VAOBIETBOPAIOT YCJAOBHAM

MaS0)* " =0;  (ny8,)* 0, (175)

THe § — MaKCAMAIbHOe 3HAYGHM® CIHHA YAaCTHI, OMMCHIBAEMEIX ypaB-
merusaMa (114), (173). Taram o6pasom, maiineHnte 37eCH ypaBHeHuUs
COOTBETCTBYIOT UPeACTaBIeHUAM anTe6prt (37) ¢ mpon3BOIBHEEIM 3HATE-
HUEM HHJIeKCa HIIBNOTEHTHOCTH WHBADHAHTHOTO omeparopa Dy (139).

4. HEPEJATUBUCTCKASA YACTHUA C HPOU3BOJLHBIM CIIMHOM
BO BHEIIHEM OJEKRTPOMATHUTHOM IIOJIE

Y paBHeHUA ABWKEHHS CBOGOIHBIX HEePeIATUBUCTCKAX JACTAL MOTYT
TPeACTaBIATE PeANbHBIE MHTEPeC NIA (UBHKE TOIBKO B TOM Caydae,
€CII OHM ABIAITCA NEPBHM IMIATOM Ha IYTH ONUCAHUA YACTHI, yda-
CTBYIOIUMX B DA3NHIHOL0 pofia B3auMmofeiicTBmax. ONHAM U3 HEX
ABJIACTCSA B3aUMOJeHcTBHE 3apAsxeHHON 9aCTHIBI, ofaajgaomeit cou-
HOM, ¢ BHCIIHHM 2JeKTPOMATHUTHBIM MOJEM.

Hmxe norasauo, wro mafinenmtre YpaBHEHUS B paMKax UPHHITAIA
MUHEMAJIPHOTO B3aMMONEHCTBEA ONMCHIBAKT IMIOIBHOS, CONE-0POH-
TaILHOE M aPBUHOBCKOE B3AMMOJEHCTBHEA 3apsIKEHHON HepeJATABHA-
CTCKOif JYACTUIEL C BHENIHUM IOJEM, T. €. YUATHBAIOT BCO PusngecKne
3QQEKTH, mpefCKasbIBaeMuie B nopagke 1/m? pensrmBmercruM ypas-
HenueM [lmpara. Toumo pemema 3ajgawa o IBHKCHEYN 3apAaeHHO
dacTHubl ¢ OPOH3BOJMBHBIM COMHOM B NOCTOSHHOM MATHATHOM IOJe.

YpaBHenna BTOporo mopsaxka mam JACTUNIbI €CO COHHOM, B3aNMO-
AelicTBYIOWEH ¢ BHEIIHIM YICKTPOMArHUTHBIM nodxeM. Brime mosyve-
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e ypasuenms Hlpemmnrepa (64), (73), (74) u (64), (97), ommcriBao—
mpe [BH/KeHNe CBOOONHEIX HEPEJSATHBMCTCKAX HYACTHI[ ¢ IPOM3BOIb-
apM cnmuoM. 1A Toro 4To6H mepeiTH K ONMCANMIO JBUIKEHHS 3apA—
JReHHOM HYacTullbi BO BHEITHEM 3JIEKTPOMATHUTHOM IIOJe, CHelaeM
B BTHX ypaBHEHHAX OOHYHYIO 3aMEHY

Pu — nu:pu—eAuv (176)?

rie A, — 4-BeKTOpP-HOTEHHHAN DJIEKTPOMArHUTHOTO moas. B pesyias-
TaTe UPUXOIAUM K YpPaBHEHHAM

L)W (L, x)=0, L(n)=i-—H%(x, A, (177)

rme H® (@, A,) — OfMH U3 TaMHJIbTOHMAHOB, HOXyUeHUBIX U3 (73),
(74) JTH (97) ¢ momouipio 3amennt (176): ;

H! (m, A )mciam+ 5 +eA0+21ak0 S.m—

— (03 +ioy) 22 [(S-m)2— 5 S-H |5 (178)

Hi (sv, Ag) = 03am + 5 (04 — ioy) m — 2ak (10, — 0,) S -5t —

(0, 1 ioy) 22 [(s.ﬂ)z_is.H]jumjLer; (179)
HY (x, A )_01{m+ X — S‘;‘:f [(s-m2—5i8-H]}—
— o, {asﬁjLWSﬂ[(s.n)z_%s.H]}ju
1o, _‘/i_ji“-‘?is.n. (180)

B ¢opmynax (178) — (180) cumBozom H oGosmaden Bextop Hamps-
senHocTH MargmTHOrO moxs: H = —im X m.

Ypaprenus (177) — (180), oueBuaHO0, HEBAPHAHTHL OTHOCHTEJLHO
Ka MO poBOYHBIX TpeoOpPa3oBaAHMIA:

W (t, x) > ¥ (£, x) exp lieq (¢, x)], A — A4, +--L2ED 0 (451)
W

IToxamewm, uro ypasnenma (177), (178) m (177), (179) maBapnant-
HBl OTHOCHUTEIBHO HpeoOpaszoBammit m3 rpynusl lammuaesa (14), (38),
ecau BeKTop-moTeHnuan A, gpeo6pasyeTcs 1o TaldIeeBCKOMY 3aKOHY
[5]

Ay — A=A, +v-A, A, > A= Ry 4, (182)

rae R,, — omeparop Tpexmepuoro mosopota (17). MlmBapmaBTHOCTDH
ypaBHeHHA

L(n)¥(t, x)=0, (183)



HEPEJATUBUCTCKIE YPABHEHUA 1199

rae L (1) — HeKoTOpHH suHefinbiit onepatop, PYHKIMOHANEHO BARM-
cammiz ot wt, (176); orHocmTensHo TasmieeBcKuX mpeobGpasoBanmit
(14), (38), (182) osmauaer, uto mpeobpaszosannas PyuKuus ¥ (", x")
(38) ynoBmeTBOPSET TAKOMY Re YpPABHEHHMIO, RAK M UCXOIHAS OyHRII A

L")y ¥ (t", x") =0, . (184)
rae L (n") — omeparop, momyuaemmit ua L (n) samemoit Ty — [y =
= »—15% —edy, a a3, " u A} samawrcs gopmyaamu (14), (182).

YeaoBye rajmieeBCKO HHBAPHAHTHOCTH YDPAaBHEHHS (185) mommo
chopMyNMPOBATE B BHIe CaefyiONero TpeGOBAHMSA, HaTaraeMoTo Ha
onepatop L (m) [cp. (91)].

Onpedesenue 3. Ypasuenne (183) WHBAPHAHTHO OTHOCHTEIHHO

npeobpasoBanuit w3 rpynust Laxmaes (14), (38), ecan oneparop L ()
YAOBIETBOPALT YCIOBHAM

exp [if (¢, x)] D (0, v) L (1) D (0, v)exp [—if (t, x)] =L (an"), (185)
rae f(t, x) — dasomit MEOmMTEND (18);
ﬁ(ﬁ, v):exp(~i§-5) exp(—iﬁ-v);

. . (186)
D(Bi V):exp(-ISB) eXp(——l'r].v),

a S, M, ® Sa,Nna -— MaTPUIBI, PEANM3YWINHE NpeJCcTaBIeHHA
(B ofmem cayvae meskBHBamerTHEE) anTebpsl Jlu OZHOPONHON TPYIIIEL
Famunes (37).
Ecanm Bumosnserca (185), to (184) memocpeacTBenmo clexyer
us (14), (38), (182) u (183).
Hemonpsys coorHomennsa
ﬂ;:ﬂ0+v-ﬂ; ﬂZL:Rabnb; }
exp [if (£, x)] 7, exp [—if (¢, x)] =5, +mv,
u popmyay (90), npsamoii nposeprolt yhemmaemes, 9To onepaTtopsl (177)
ynonnersopsor yerosuio (185), (186), tme D (0, v) =D @, v),
a D (8, v) sananm B (39), (66) u, cuemosarenbHo, ypaBHeHusA 177
(178) m (177), (179) ranmieeBCKu-MHBAPHAHTHEL
Anamns ypasmemmit (177) ynobmo umpoBogmTh B IPelCTaBJICHNH,
B Koropom omeparoper (180) — (182) kBasupmaroHambHEI, T. e. KOM-
MYTUPYIOT ¢ MATpHUe#d oy wam oy (67). Kak u B caywae ypaBmenus
Aupaka, ramumibronmanst (178) — (180) moryr 6BTh nHATOHAIHEO-
BaHLl TOJIBKO UpubiammkeHHO. Huske TOKaykeM, 9YT0 € TOYHOCTBIO
flo uIeHoB mopsnka 1/m? omeparopn (178), (179) mpu a — 0, u (180)
MO}KHO HPHBECTH K CIefyiolei dgopme:

(187)

r

’ 2 S'H
[H“mfw]zﬁﬂm+§%+$Ar%Bm—%—+

D2 1 1 oF
+ | — 7S @XE—Exa)++0Q, e
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+-§-s(s+1)divE]+ "Bz’) [s.(an_H X 1) —

2
_‘—3“Qab 62:1; —l+ (
[[ﬁ(ﬂ:, AO)]’=03am,+—2—”—L-+eA0+o( ”:3

K (188)
) (89)
[HY (7, 4] =0, (mt oot edy 200 De 5. 1) +

+%[}_s.(nx}g_}3xﬂ)_

4m2s?

Qaba —s(s+ 1)divE]+

+L2S£1_Qs_(£_as) S-(w x H—H x o) +

4m2s 4s2?
e ]/5 bs sin O, ) I ) (190)
+ 124m2s? ab 0xb ( m3 /7

tie E=i[®, ®,] —BeKTOp BAUDPMAKEGAHOCTH HIEKTPHYECKOI0 IIOJA;
Q) — TEA30P KBALPYIOIbHOIO B3aMMOICACTBHA:

Qus =3 154, 8ol =285 (s + 1)} (191)

B n D — upousBoabHLS KO3QQUIIMEHTH, ChAeyomuM 00pa3oM BHpa-
JaeMEle TmapamerpamMa a4 um ki

B=ak?, D=Fk} (192)

Ecan ke B (179) a 5= 0, to upabammennuit ramaabroauad [HT (s, 4)]’
AMeeT CTPYKIYDPY, aHamormuaymo (188).

lammasrormans (188) u (190) comepmar ciaaraemse, COOTBETCTBYIO-
m4e B3aNMOJEHCTBAI TOYeYHOW 3apsKEeHHOR dYaCTALOBL ¢ BHEIMHUM

ne
BIEKTPOMATHATHHIM TOJEM (~ 5=+ er) ; @ TAKKe MHNOILHOMY

(~S-H), cmme-op6mransuomy (~S-(x X E —E X x)), AapBAHOB-
cromy (~div E) n kBagpynoasaomy (~Q,,0F ,/0x,) BsanmogeiicTBAAM.
IBa nmocinename ciraraemuie (KOTopsle P-HeAHBADMAHTHEL X MOTYT OHITH
CcflelaHbEl KaK yrogo Manmmum B npemeae D — 0, 8, — 0) MmommO
AHTEDPIPETAPOBATh KaK MATHHTHOE COMH-OPOMTANIBHOE W MAaTHUTHOE
KBaJpYHOOJNbHOE B3amMOeicTBUA. AHAJIOTAYHYI0 CTPYKTYPY HMEOT
npubIHKeEHEe TaMAJIBTOHMAHE, (I0Jy4aeMble MDA AHATOHAIMA3ANAH
PEeJATABACTCKAX YpaBHEHMH JJA 9aCTUI IPOR3BoILHOr0 corHa [16,17].

IToggepkueM, 9ro B oTamume OT ypaBHeHHs [{upaka Tald/IeeBCKH
wHBapHaETHEe ypaBmemms (177), (178) m (177), (480) [m rammabro-
Eraus (188), (190)] oupenesens! ¢ TOYHOCTHIO /10 TPOM3BOABHKIX Hapa-
MeTpoB @, k m 0, Koropre MOTYT GHITh BHIOPAHEBI, CKa:KeM, M3 YCIO-
BHA COOTBETCTBHUA BOIMIAHE KOHCTAHT AMIIOABHOTO H COHH-OPOHTANb-
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HOTO B3AMMOMEHCTBUR 9KCIEPAMEHTATBHEIM NaHHEIM. Ecum
Os=n/4, a=1, k=2, s=1/2, (193)

TO MeCTh HepBEIX ciaaraeMux B (188) m (190) coBmamarT ¢ Tammibro-
HUAHOM, HOTyYaeMHM OPH NHATOHAJA3ANMEA ypaBHOHAN Hupara [32].
IIpm arom, ogmaxo, omepaTops (188) m (190) comepsxar momonHUTEIH-
HBle WIEHH (3aBHCAN(EE OT HATPAKEHHOCTH MATHITHOLO IOJf), KOTO-
PLIE MOKHO HONYdHTH M3 0GobmerHoTo ypasmermsi [Tmpaxa, YIUTH-
BAIOIIETO AHOMATBHOE B3AMMOMEHCTBHE WACTHIEL ¢ IIOJEM.

Otmernm, 4To ypaBmenma (177), (178) m (177), (179) moxuo moIy-
TATB B PAMRAX JIarpaEiesa (POPMATM3MA — 6CIM IIAPAMETPH a,
d m k yIOBIETBODAIOT YCIOBAAM (92). HeitctBurensro, neias B JarpaH-

muanax (99), (96) mummEmManbEyW0O samerny 0/6z, — 0/dx, -+ ied ,,
monyyaeM omepatops [14]

L(t,x) =Ly (t, x) + L™ (¢, x); }

N N o (194)
L(t, X) = Lq (t, x)+ L (t, X),

rae Lo (¢, x) = L, (¢, x) saganmm dopmyxamm (95), (96), a Lws (z, X)
u L* (¢, X) paBEH COOTBETCTBEHHO:
LP(t, x) = e {PA,¥ + 2ikT0,S,4,¥ 1

1 1, o¥

2m ! Oz,

Copdy ¥ —iFAC,,

¥
5.Z‘b

— eifcabAaA,,qf]} : (195)

L™ (t, x)= e (¥ 4,¥ — 20k T (0, -+ i0,) S, 4, ¥ -+
i 0¥ T4 OF =
+ g (5o Aa‘If——‘PAaa—%)—-é%-AbAbT‘F}. (196)
Herpynso y6egmrhes, wro ypasrenna Jlarpamma — Jitepa mus
¢yurnmit (194) — (196) mpmBomar (177), (178) =m (177), (179).

Ilpusegem sBmmi Bap omepaTopos, npeo6pasyiommx TaMuIBTO-
mgpann (178), (179) mpm a = 0 n (180) x dopme (188), (189) u (190)

COOTBETCTBEHHO:
V= exp (iCY) exp (iBY) exp (141); (197)
| exp (iZ’f) exp (iB!) exp (i;ﬂ); (198)

VI = exp (iCTY) exp (iB1) exp (A, (199)
12-01385 .
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rae

I . S.m | LII V 2sin 0
As:~102kT, As :03——-2-53—-—85-31;

k 1
B =0y 505 {55 (S-7, #2.+

+ik [2(S-n)2+eS-H]—}—%S-E},

(Y=o, 2o { — 2 (S-mp+ ik (S-a, oS HI, +

i BBE
(S M2, edl} + 5 o157

1 b
Bi'=0, o5 {am? + 5 [2(S-m)2—eS-H] +

elfisinﬂs .
TRAA LR

CE oy gty (VB [ o (200 5]+

+iea, [2, Ap) Y20 (8. —

iebs i aBM
— B (S-m)2, Aol } 5 01—

Aﬁ:%(og—im)s-n; Bi= 2(;’;2 (0, —ioy) S-E;

~1_ ik . i oB;
Ol = ooy — i0y) [%, S-at) -+ - Os—;
Tamumnpronmans (178) — (180) u (188) — (190) cmAsamir COOTHO-
MeHAAMA

H —VHV- 4127,

rae H — ongn u3 ravmisronmanos (178), (179) mnn (180), a V — onum
na omeparopos (197), (198) mmm (199) cooTBETCTBEHHO.

BsejneHEe MHHAMAIBHOrO B3amMoJeiicTBHA B yYpaBHEHHs ICpBOTe
mopsaka. Ocymecrsus sameny (176) B dopmyne (114), mpmxomum
K cEcTeMaM YpaBHEHHMH BAA

L(n) ¥ (¢, x)==0; L (x1)=pua"*-+Bsm, (200)

KOTOpHE TAKs/Ke MOKHO MHTEPIPETHPOBATH KaK ypABHEHNHA [BHKCHIA
qaCTHIE, 001aJ[aI0Iell CONHOM, BO BHEIIHEM 3JIeKTPOMATHATHOM HOJIE.

OGcynuM BKpaTHe CBOCTBA ypaBHEHMH (200), xoTopHe MOKHO
Hoayduth (€3 MCHOJbL30BAHUA ABHOTO BHAA p-marpun. Herpynuo
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ybenuthes, 9To 9TH ypaBHeHEA HHBaDHAHTHEL OTHOCHTENBHO KaJmG-
poBounnix npeoGpazosanmir (181). s coornomenwmi (124) — (128)
HEIOCDE/ICTECHALIM BHYACIOHAOM LONyIaeM, 910 onepatop L (i) (200)
YACBJICTBOPACT YCTOBRAM TajlHNeeBCKOY WHBapHaHTHOCTH (185) (rme
D@®, vy=[D" (0, v)1t). Hakomen, ypanuenms (200) mommuo moay-
IATEh ¢ MCHONB3OBAHHEM BADHANWOEHOTO IPYWHIMIA, MCXONA M3 Cie-
AYIONEro JarpaH;KHaHa:

L(t, x) =L (¢, x)+1ieTp,4,¥,

rne L (¢, x) sagaerca ¢dopmymok (120).

Has nankeeiimero ananusa ypasHeHuit (200) u dusmueckoi HHTep-
Operanuu BX peImmeHHMA mofBeprHem (yEEnmi ¥ (t, x) m omepartop
L () mpeoGpasopanmam

Vo ¥W=V¥ L(w)—L()=VL()V, (@0
rre

V=exp (i-L%), (202)
B pesymprare npmxomum k 9KBUBANEHTHOMY YPaBHEHUIO

L’ (1) ¥ (¢, x)=0. (203)

Haitnem sBem Bug omeparopa L' (n). Ucnonnays Gopmyry (134)
1 KOMMYTanMOHHEIE COOTHOMHMA (124)) — (128), moxywaey:

ViBomeV =By (”o'-i— 7;—1] . E-{—‘ze;nﬁ"la”’]b %) ;
ViBattaV = Butta -+ By [%nz———kz%-n-(n X H—H x m)] -+
F BXn-H;
VipsmV = Bym + By, +
o[ T g 1 X H—H xm) ]+ px .,
OTKYJa CleiyeT HeIOCPeJCTBEHHO, TTO

L7 () =Bo (0= 52-) +Bsm+ = (pon- B+ - Xn-H) 4

+7,%ﬁo[nanb Zfb +n-(vr><H—H><n)]. (204)

Ypasrenus (203), (204) mexnw3s momyumrs ua (137) samenoi Dy —>
> T, HO OHE COTED3KAT NONONH@TENBHHE Claraemue, 3aBHCAMAS OT
HAPAREHHOCTY BIOKTPOMATHUTHOTO UOdfA. Hmxe DOKABaHO, 4TO 3TH
ClTaraéMEe OUMCHBAIOT B3aMMOJEHCTBHS, 06yCnoBIeH e HalmIneM y
9AaCTHIH CIIMEA.

12%
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Vpasrenns (203), (204) moryT ONHCHBATH PasIAYHEE QE3MIECKHe
5PEKTH — B 3aBACHMOCTH OT TOIO, KAKOe IPE/[CTABJICHHe aareGpH
(37) peanmsyior MaTpmub 1,. Heciomnbii anajiu3 INOKA3LIBAET. 9TO
ecIM 9STH MATPHIB o0pa3yioT INpejCcTaBIeHWs, COOTBEICTBYIOINHE
N < 2, rme N — duJeKC HUIBIOTEHTHOCTH MHBAPWAHTHOTO OIEPaTO-
pa D; (139), To omepatop (204) me BKaHIaeT CraraeMhiX, 3aBACAIAX
0T HAIPAKEHHOCTH JMEKTPUIECKOT0 HoiA. [ledCTBATENbHO, B ITOM
cryuae BHOOIHSETCA 1T, Mp = 0, oTKyAa [u m3- cooTHOMeHRMi (128)]
caemyer, d9TO

Bon. = 0. (209)
[Toncrasms (205) B (204), moxydmm omeparTop L’ (n) B dopme
2 e
L () = Bo (70— 5 ) +Bom A 5 B x - H. (206)

Ecam H =0, a HaupMKeHHOCTL diekTpmdeckoro mona E 40,
10 omeparop (206) KoMMyTApyeT ¢ MAaTPUIAMK COHHA S, u, ciegosa-
renpHO, ypasHenme (203) He oNWCHIBAET B3AMMOJEMCTBUA CIHHA
YaCTHTIH C SMEKTPHUECKUM IIOJIeM. JTOT Pe3YIbTaT MOKHO chopmy-
AUpOBATH B BHE CIEYIOIIEro YTBePIKACHUSA.

Jemma 4. HeobXoTuMEM YyeIOBEEM TOTO, UTO0H ypaBHEHHE
(200), rme Pp — MaTpHIE, YAOBJIETBOPAIONIAE YDPABHEHMIM (124)—
(129), (37), ounmcsBamo B3aMMOMEMCTBUE COWHA TACTHLEI C JIEKTPH-
QeCKHEM IIOJIeM, SBJIAETCA BHIOJHEHHE COOTHOIISHWSA

(Sama)®==0. (207)

Marpumsr (150), (151) me yposuersopsior ycaosmo (207). Ciemo-
parenpro, ypasuerms (200), (150) m (200), (151) (B 4mcio xoTOPHX
pxopaT ypasaenus JIXI') e OHHMCHBAIOT B3aUMONEHCTBHA (cumu-0pOm-
TagBHOTO, KBAAPYIOJIBHOTO ¥ T. [.) CIMHA YACTHIIE ¢ BHENTHUM 3Je-
KTPUYECKAM LOJeM.

Ilanee ysmmum, wro ypasHenus (200) ¢ marpumamu (152), (153)
[mas xorophix coormomentsa (207) BEIMOJHSIOTCA] ONMCHBAIOT Hepe-
YWCIIEHHEE BHIME B3aMMOJCHCTBHAS.

PacemoTpum Temeph moApolHO ypasmemma (203), (204) paas cary-
uaep, KoTja Marpumbl B 3apaorcsa ofmoil m3 dopmyn (150) — (153).
O6o3uagus

D, (¢, x)
¥t x)=| Dy (¢, x) |,
% (&, x)

rge @, @, — (2s -+ 1)-komuosentrbie, a X — (2s — 1)-KoMmoHeHT-
mas PyEEmma, u mopcranms B (203) m (204) semsni Ban MaTpuy By A
N 13 (150), mpmXojuM K ypaBHEHHAM

;] 2 & 1
l—m_qai(t,x):[’z‘_erer——;fn-s.H}q),,_g:?. (208)
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Tarmm obpasom, ypasmenma (150), (200) (ypasmenus JIXT) cso-
aarcs k ypasmenmio Iaymm (208) mna (2s + 1)-komMmomenTHOR PyHK-
o @, (¢, x).

Hanee, obosnaums

D, x)

Y, X = (xi (t, x)), (209)
X, (t, x)

u nopcrasus (209), (151) B (203), (206), moxyumm:

9 X,=HX; X,—=®=0,

o

n? I.-H
H= = m T4

uim B 0060sHaveHHAX §' =s—1, D=8’

H="J —g' L s Hiedy g=

2m

1
TIT (210)

Cneposarensno, ypasuerua (151), (200) rarse cBogaTes k ypas-
veruio Ilayim fna wacTUnE ¢ DPOMBBOJILHEIM CHMHOM, HO LpEICKA-
SHBAIT JADYTOe CBOMCTBO (IO CpaBHEHMIO C ypasHeHmaME JIXI)
AUTOJIBHOTO MOMEHTA JaCTHNH (TaK KakK Opu s = s’ pakTope g u g’
He DABHH APYT APYTy).

Pacemorpmu Temeps cayuail, Korma Marpuns B, saganrca gopmy-
aamm (152). OGosmagmm

¥’ (2, x)-cronber (Dy, Dy, Dy, %4, %), (211)

u nojicrasuM (152), (211) B (203), (204). Iocie HECTOKEX BEITHCTE-
HU OPAXOAUM K CIELYIOIUM yPaBHEHMSM:

L(DIE{HO——%—{—-ﬁé.H_*_
¢ [8§.E4+-S (xxH—Hxx)
oo | S B+ S (@ x H—Hxm) |+

e? ~
+ 16am2s (2s—1) [s2H?—(S- H)z]} Dy =0; (212)

4sm
(s+1)eK-H
8am2s ¥V 25—1

Wrax, ypasmenms (203), (204) ¢ matpuniamz (152) cmomarca
ypaseeruo (212) mas (2s + 1)-KommomenTHOIN dynrnmr @, (¢, x)
[ocraxpubie kommorentst W' (¢, X) BEpamatoTca q9epes @, mo gopmy-
aam (213)]. lnna BuscHerms (UBHUECKOTO 'cMEICHA pemeHnmi ypasHe-

1 S.
Dy = —ad;; P;= _'ﬁ[ﬂo—%_azm“*‘ > H :' @,;
' (213)

1= — (Dﬁ %o = 0.
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mua (212) moxsepraem ¢pymxnmio @, m omeparop L mpeoSpasosannio,
) S-E .

KOTOPOE IIO3BOJIAET YCTPAHHUTH CNAraéMoe - ——-, COOTBETCTBYIOMEe

He()UBHIECKOMY DJICKTPHUECKOMY AMTONBEOMY B3aMMOSHCTBHIO:

@, > Q] =exp ( Dy;

@am)
B ) Loxe (1)

Ucnonssys popmyny Kommbenna — Xayemopa (134) m mpunnmas
BO BHEMAHHE TOKIECTBA

L — L'=exp (i

. 1 0H , 1.

i[S-m, 8-H] == [S,, Sul+ j;;b——i——z—l[s'ﬂf, x];

i[S-ow, ]=eS(anxH-HXxmn), i[S-x S-E]l=

1 1 0Eq .

:—'?S-(WXE—‘Exﬂ)—{‘goabm—{—s(s—}—i)dIVE,
MOJyYaeMm:
2

L' =ty — g o S H

9E,

1 1
+m[——s'(“XE—EX“‘)+—Qab 5y T

Fs(s+1) div B+ Qup e

t?:tb
— 28 x H—H x ) | +o0 (=) -o(e). (214)

Omnepatop (214), kKak u mpubammennsbie ramuiabroHmann (178) —
(180), comepsskuT caaraemsie, COOTBETCTBYIOMYE IUNOIBHOMY, KBaj-
PYIOJBHOMY ¥ COMH-OPGHATAILHOMY B3aWMOJEACTBHUIO 3apAREHHOR
QACTUIHI C BHEIIHUM DJIEKTPOMATHUTHEIM MOJEM.

. CoBepmieEHo amaJOTMYHO MOKHO IIOKa3aTh, 910 ypaszexue (203),
(204) ¢ marpumamm (153) cBogwmTCs K ypaBHEHHIO

- _ =  eS'H e v
okt T\ Tm T IG I Dm G +hm

% [S'.EJF%S. (rxH—-H xn)]+o(e2)} X1

KOTOpoe B pe3yabTare YHHTAPHOTO NPeoOpPa30BaHHA
’

14
= %= eXp( 4(s'+1)mb)X
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apusopnTes K Qopme L'xiz()'

, eS’.-H
L' =t~ + i

+E€?ﬁﬁm[—fs“me~Exm+
+3Qab 0:Ca +s(s+1)dIVE+3Qab afia
— 58 (rx HH ) | 4o (= )+o(e2) (215)

Oneparop (215) Momuo moxyumrs uz (214) samenoi s — s’ - 1,
— 8, a— b.

B saxmouenuwe orMeT:M, 410 BCe TPUGIMIMOHHBI® MAMUILTOHUAHE
(208), (210), 214), (245), monyuaembie Tpu AEATOHATH3ANUNE YypaBHe-
nuii mepsoro mopagka (200), mo:xuHO moxyuurs M3 omepatopa (188)
COOTBETCTBYMUM Hof00poM Koadduumentos B u D. UrnMu cioBamu,
ypasaerus Broporo mopsapka (179), (180) ssasiorca Gomee ymmsep-
canbHLIME, eM ypasHenma (200), Tak Kak BRIOYAIOT HOCHO[HUE KaK
gacTHbe ciayYaum B npubamxenmm 1/m2.

Cnepyer samermts, uTo ypasHenusa B ¢opme Llpemunrepa (177)
8 pamkax rpynos ['anmies mpepcraBisiorcs (Goliee ecTeCTBEHHEIMHE,
7€M ypPaBHOHMH Buzia (200), TOCKONBKY B HEPOIATHBHCTCKON KBaH-
TOBOI MeXaHHKe BpOMeHHAs KOOPAUHATA [ BEICNEHA M, CIEL0BATENH-
HO, He 0053aHa BXOJAMTH B ypDaBHEHWs JBU;KEHHS Ha PABHHX HpaBax
¢ IPOCTPAHCTBEHHEIMK HEePEMEHHHIMU Z,.

AHoManbHOe B3anmMojeiicTBME B HEPENATHBHCTCKOH KBAHTOBOM
MeXaHuKe. 3aMeHa p, —> l, B YyDABHEHNH [BIKEHHS He SBIAETCH
€/INHCTBEHHO BO3MOKHEIM CHOCOGOM ONMCAHHA B3aHMONEHCTBUA dTac-
THIE ¢ BHENTHAM 3JeKTPOMAIHUTHHIM moieM. Boxee ofmumit momxon,
KOTODHI HIXPOKO HCHOOJb3YeTCA B PeNATHBUCTCKOM KBAHTOBOH Mexa-
HHKE, COCTOMT B TOM, 9YTOOH y9ecTh TaK HA3EIBACMOE AHOMAIBHOE
B3auMoje#cTBHe JacTANE ¢ moJjeM. Takoe BsammopeficTBue MaTeMa-
THYECKU OUMCHIBACTCA A00ABIEHMEM B YDABHOHHA [BU/KEHHMS GICHOB,
33BHCANMUX OT HANDPAKEHHOCTH JIMEKTPOMATHHTHOIO IIOJIA.

B macrosmeit paGote orpaEmIuMCs CIyIaeM FEOOIBHOTO AHOMAIb-
HOTO B3AMMOJIGHCTBUS W DPACCMOTPUM YPABHEHHA BHIA

12 W =0 (x, 45) ¥;

Hy (, Ag) = H; (%1, Ao)+— (A2Eq+ BiH,) (216)

LY =By 4+ Bym+ — (C,H, +D,E,), (217)

rie £, m H,— KOMOOHEHTH BEKTODOB HANPMKOHHOCTH MATHHTHOTO
u dneKTpmieckoro moxed; Hl (x, A,) — oneparop (178); B, — marpmmu
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(150), (151); A$, Bi, C, u D, — BeroTopHe (IOKA HEM3BECTHEIO)

MATPHUIE, KOTOPHE MOJKHH OHTR TaKUMHE, 4TOGH ypasmenus (216)

m (217) 6HAm WHBAPHAHTHH OTHOCUTENBHO TPYMOH Iasmies.
Jokasxem cuepiyiomee yTBepskieHme.

Teopema 7. Onepatop i% - fI§ (w, A,) ymoBieTBOpAeT YCIOBHIO

TanmieeBCKo muBapmanTHOCTH (185) Torma m ToabKo ToTHA, Korma
matpunsl A5 m B umeror Bumm:

Ag = kina; Bs = ki’Sa"'}_k;na’ (218)
rie ky m k; — mpomsponbube! gncaa, a M, m S, — MaTpUIE, 3aja-
BaeMule Qopmymnamu (66). ;

/A orasamesvcmso. IloapoGroe MOKa3aTeNBCTBO TEOPEME 7 MMEETCH

B pabore [14], mosToMy mpmBesem TONBKO eTo cxeMmy. Y¢iIoBHe HHBA-
puanTHOCTE (185) CBOmETCA K ClemyoOmEM YpaBHEHHAM:

DO, v)(AE,+ ByH,) D1 (0, v) = ASE;,+ BSH, (219)

rae marpuns D (8, v) sagawrca dopmynramm (39), (66) m
Ht';:_'. abc b ":Ra H’

o FaeT e = Harllo } (220)

B, =i[ng, ng] = Ry Ey— (v X H),.

Hoacrasms (39), (66) B (219) m (220), mpEX0gEM K CleLYIOIIEM
ypasHeEMAM 1aa A% u BS:

[Be, Sl = iegpeBE, [45, Spl = €450 AS;
[nav Ag] = 01 ['ﬂm Bg] = iaabcAg; (221)
Na AN -+ N A8 Mo = 1, BEN, + 1. B5M. = 0.

Obuee pemenwme ypasmemmit (221) m samaetca dopmyusamm (218).

Honcrapasa (218) B (216) m nogsepras rammasronman Hi (, Ap)
npeo6Gpasosannio

H} (e, A) YA} (w, A =VAL V™ 4 v,

rae

m 2m

V=exp (iD22) exp (504 55-) exp (i8) exp (1% );

D=ok (k' —1); S=—{(k;—nk?)S-H—

2m?

—-k(k’—i)[S-E+%S-(nxH—qu)]+

kk; oH
I ks T a
" Om [Saa Sb]+ dzp }1
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moxyuaem [14]:

~ ) ’ k
H, (JT, Ao) = [H.:s[ (J'[, Ao)] + 3:::2 Qab 0-217 » (222)

rge [HI (mw, Ay)l" samaerca ¢opmynoi (186) mpu caegyromux sma-
wennax D = B: .

B=k+0,(k, —ak?), D=ok(k,—1). (223}

- Cpasnusaa (186) m (223), y6empmaeMcst, 4TO BBENEHHE AHOMANb-
HOTO [HNOJBHOTO B3aEMOJEHCTBHS B YDABHEHUA BTOPOrO HOPANKa
(177), (178) moutm He m3MeHsET CTPYKTYPHl raMHUJALTOHHAHA B OPHO-
amsenny 1/m? [mo cymecTBy MerAeTCA TONBRO KOPPUIUeRT Hpy caa-
TaeMoM, TPeJCTABIAKINGM MaCHWTHOe KBAJZPYIOJBHOEe B3aEMOJEH-
cTBHE, Tak Kak Koagdunaments (192) u (223) ma MHOoKecTBAX QyHRITIL

Yl == l(1 F 0,) ¥’ B paBHOE Mepe MOIYyT paccMaTPHBATHCA Kak

TPOM3BOJLHEE IapameTprl].

Paccmorpum temeps ypasuenme (217). Ilorpe6osas, 9ToGH omepa-
T0p L yMOBIETBOPAN YCJIOBHIO TalmiIeeBCKod muBapmanTHOCTH (187),
rie D (8, v) = [D-1 0, v)I', = npmmaB Bo BEEMaEWe COOTHOIIeHHS
(220), HemocpeACTBEHHHM BHYHCJOHHEM MOJydaeM, 910 0o0mui BHR
marpan C, u D, 3agaercs (bopmynamn

Com T2 arcPoPBes Do =5 carcBibobe+ 352 (1 —2B0) B, (224)

rie k, m k, — IpPOM3BOJNBHEE IOCTOSHHEIE.

Honcrram;m (224) B (217) m umcmoabsys ABHHI BmI P-MaTpHI,
(150), (151), mocie HeCHOKHEIX BHYHCIEHUHA LONYYaeM YPABHEHHA
mas (2s + 1)-xomnorenTrHO# ¢yEEmumum @; = B¥ u gua (25" + 1)-
KOMOOHEHTHOR QyHKIUH Y;:

i Tt =10, i2-my, (225)
rpge
@ e (14 k)
H8~’—+8A0———2m—2s'H—

€k2
T 2ms

S He— o [S., SH1+”‘2

H?, (226),

a H, moxgo moxyuurs m3 (226) sameHoit S—8', s—s' 4 1.
ﬂonsepraﬁ q)yHKnnn D, % H7 ramnnwoananm H, m H; npe-
o6pasoBaHEAM

O>UDy; H,—UHU+i-2 -,
t

, o (227

Ut Hi—U'H 0 +1 2 0,
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e
ik,S.m y | . ik,S -
U:eXP( 5o —); U'=exp ( o T )’ (228)
apuxoguMm ¥ omnepatopy (188), rme
B=(14k))/2s; D=k,/2s. (229)

Taxum 06pasoM, TaMUABTOHAAHE YACTAL] C HPOMBBOIBHEM CIIHHOM,
goxydaemsie ¥3 ypasuenumit (150), (151) m (217), » npmGammenun
1/m? coBmafanT ¢ TOTHOCTEI Ao Koagduimentos D m B ¢ raMminTo-
‘mnanom (188), momygaeMmuiM npm Amaronaimsanmu ypasmenumd (177),
(178). CaepoBarensHo, ypasuenus JIXI' (150), (217) u ypasmenms
(150), (217), o6o0mennble HA CayTail AHOMAJIBHOIO JHIOJIBHOTO B3aHW-
'MOJIEACTBAA YACTHUIHl ¢ BHEIIHUM IIOJEM, TAKKE ONUCHBAT THITOIb-
HOE, KBAJPYIOJBHOE M COHH-OPGUTANBHBE B3AVMONEHCTBUL.

Beenenne anomanpHoro B3anmMoeiictsns B ypasenne Illpegunrepa.
Mpnt ybeunuch, 910 pasnwdHbe TAINTeeBCKU-VHBADHAHTHBIE ypaBHe-
aua (177), (178), (200), (216), (217) B npubamwxennu 1/m? opusogar
£ ONMHAKOBHIM (C TOYHOCTBIO OO0 KO3P(QHIMEHTOB) TaMUILTOHHAHAM
"9aCTUL, ¢ MPOMBBOJBHEIM cOnHOM. /|15 00bACHEHEA dTOrO PaKTa KOKA-
‘JHEM CJEJIyIolllee YTBED:KIeHUE.

Jemma 5. Ilyers L (n) — wpowmssonsunilt jimHeitnsiit omeparop,
yHKIHORAIBHO 3aBucAmui or m, (176) m ymoBieTBOpAIIIMA YCIO0-
BUI0 ranuieeBckoit muBapmanrtHocTH (185). Torpma oumeparop

I’:(ﬂ):e;{p (i H'ﬂ)L(n)exp(——i n'n) (230)

m m

“TaKiKe yhAoBIeTBOpsieT yeaosmmw (185) ¢ m, = m, = 0.
Jokasameavcmeo. Topeiictsyem na L () (230) ciesa omepatopom
exp [if (¢, x)] exp (—iSB), a cupaBa — omeparopom  exp X
X [ —if (¢, x)] exp (iS -8). Ucmonb3ys ToskmecTBa, KOTOPHIE HECIORHO
TOJYYHTH ¢ HoMombio ¢gopmynn HammnGemna — Xaycenopda,

exp [if (¢, X)] exp (i ?]mn ) — exp (i n-x ) exp [if (£, x)] exp (—in-v);

m

exp (——i nx )exp[—if(t, x)] =

m

m

—exp (in-v) exp ( —i L) exp [—if (¢, X)]

M IPpUHAMAA BO BHEMaHmWe, 4T0 omepatop' L (m) mo ompejeneHHIO
yrosierBopsaer coorHomenuam (185), momydaem: ,

-exp [if (¢, x)] exp (—1'5-9) L (z) exp (iS-0) exp [—if (¢, x)] = L (",
‘7. e. L () MefCTBATENBHO YAOBIETBOPAET YCIOBHIO TAlMi1EeBCKOM
maBapuantHoern (185) ¢ 1, = n, = 0. Jlemma pgokasama.
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W3 neMMu caemyer, 4T0 NPOMBBONBHOE TajIMIeSBCHKH-HHBAPHAHT-
Hoe ypasuenme (183) ¢ momouIkK mepexofa K HOBOM BONHOBOH QyHK-
un

W (£, x) = ¥ (£, x) = exp (i ﬂm—"-) ¥ (£, x) (231)

MOKeT OHITH CBeJeHO K YPaBHEHUWIO, MHBAPDMAHTHOMY OTHOCHTEILHO
rpynos anunes

L (x) ¥ (2, x) =0, (232)

rie pyrrmus ¥ (¢, x) mmeeT IpoCTHE TPAaHCPOPMAIMOHHEE CBOMCTBA
(34), (35) [B aTom caygae mpepcrasienue OTHOPOKHOH rpyununs amm-
Jesl, PealH3YIOM{EeCH Ha MHOMECTB® PemIeHN# WHBAPHAHTHOTO YpaB-
HeHWnsi, CBOJUTCA K upeAcrasiaenuo rpymou O (3)].

Paccmorpenusie sume ypasrerus (177), (178), (200), (218). (219)
¢ nomompio npeoGpasosanuit (230), (231) esogarca x (232), rue ome-
parop L (n) mMeer camegyionryo obniylo dopmy:

2

L(n)=at (n(,-—l-) + At S By H, +

2m
+—:LB§ [Ea+2—1,;(n>< H)a—%(ﬁ xn)a}{—
9

E, H,
+ o (Qh 7=+ 0 52, (233)

rie A%, By, Qo (@ = 1, 2) — HeRoTOpHE MATPUIH, CISAYIONINM 06pa-
30M KOMMYTHPYIONIIME ¢ TeHePaTOPAME TIPYIIH BpaIieHmii:

[Aa’ Sa]:Ov [B;“”Sb]:igachg; }
[Q%s Sel =1 (8acaQsa— €pcaQad)-

HMrar, BMecTo PACCMOTPEHHHIX BHINE PASIMIHHX TAJIKICCBCHU-
UHBADHAHTHHX yPaBHEHWH MOKHO MCCIEIOBAThL ypaBHeHMe Buja (232),
(233), woTopoe mpm cooTBercTByHmeM BHOope Marpmy A%, By m
Q2 sxsmsamentno (177), (178), (200), (218) mam (219).

Eeam A% = I, BY = S,, Q% = Q,,, TAe S, — TeHepaTops He-
upusopumoro mupefcrasienus D (s) rpyoos O (3); Qup — Temsop
KBajlpymonsHOTO B3amMmopeiicreust (191), ro ypassenmns (232), (233)
cofsaTes K (212). 9TE ypasHeHUs MOYKHO PACCMATPHBATE KAK Talm-
IeeBCKH-HHBApHanTHOe o0o6uménne ypasmenusi I[pegmarepa (1)
mas (2s + 1)-KOMIIOHEHTHOH (YHKIAU, YYATHBAKIGS MUHAMAJBHOE
¥ AHOMAJBHO® B3aMMOJCHCTBHA JACTUUH C 3IEKTPOMATHUTHEIM HOJEM
(rarme o6obmieHES B APYroM HomXole PACcCMATPHBAIMCHL B paborax
[32]). Urak, BBejeHNe MUHMMAJIHHOTO B3aHMOAEHCTBUA B YPABHEHUA
mepeoro mopaaxa (152), (200) brasamoch SKBUBANGHTHHM BBOAPHUIO
aHOMAJbHOTO BaammopeiicTsmsa B ypasuenue lllpepumrepa.

(234)
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HeperaTupucTCKas YaCTHIA IPOU3BOABHOr0 COMHA B OJHOPOJHOM
maraaTHOM moxe. Paccmorpmm ypasmemmsa (216), (217) mna cmywas
IOCTOAHHEOTO OHOPONHOTO MATHUTHOTO WOJA W HaBjeM COGCTBEHHHIO

sHagenusa omepartopa HI (m, 4,). MoskHO cumTaTh, 9TO BEKTOP HANPI-
JKEHHOCTH TAKOTO LOJA Napajlijei]eH TPeTheil KOMIOHEHTe MMIyNbCa,
T. e. B (217) mocraTouHO WOIOKHUTH

H=H,=E,=E,=E;=0; Hy;=H. - (235)
Cormacro (240) BekTop-moTermman A, MOKHO BHOpaTs B BHJE
A0=A2:A3=0; A1= —-eHx2. (236)

Hopcrasass (178), (240) B (216) n (218) m monaras nas yupomenns
BHIKJIAJ0OR &y = 1, OpWXofuM K TIaMWJIBTOHHAHY

eS-H

H,:Giam—!—;—m +2iakS.mx -

+ (04 i0,) [2a (kS - )2 — ek, - H], (237)

rae ko = (ak® — k;) MOXHO CUUTATh HE3aBHCHMEIM IIapaMeTPOM.
Ilpeo6pasyem H k Taroit opme, 9T00H OH 3aBHCEI TOIBKO OT KOM-

MYTHPYIOIMX OHOEPATOPOB. JTO IO3BOJHT OLPENENUTh COGCTBEHHEIE

3paveHnsd TamumiaproEuaHa (235), He pemas YpaBHOHHE [BUIKEHUA.
Hcunonpays omeparop

U:%(1+03—V%) (1—}—;—11@);
Dt (1= o) (10 A),

Ihe 1, 3agaHuk gopmyxnon (66), a h = c,am +ek?°’q-H, HOaydaeM:
Hy=UH U =3 4 SoH + 0y (a?m? 4 2ak,S H)2. (238)

Bce peamumeH, BXOofAmme B raMmiabToHEAH (238), KOMMYTHDYIOT
npyr ¢ npyrom m ¢ H, m mmelor Takme coGcTBenHHe sHadeHWA [34]:

o [@n+1)eH +pl, n=0, 1, 2,
SS(I):S3(I); S3= —38, —S+11 esey S5 0'3(1):8(1), 8=i1,

ﬂ

OTKY/Ia 3aKJ09aeM, 9TO cchTBeHHHe sHagends H; paBHH:

Eensip,= (2n+1+2s3) 5— LS ”3 S+ g (a?m? 4 2akos H)Y2. (239)

Ionomxms B (239) &y = 0, s = 1/2, monygaem dopmyny, KoTOpas
€ TOYHOCTBIO [0 HECYIECTBEHHOTO CJIATAEMOTO €am 3ajlaeT W3BECTHHIH
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CTIEKTD DHEPrHil HePeJaATHBHCTCKON YAaCTHIBL B OXHOPOJHOM MATHHT-
soM mone (yposmm Jlampay). Ecam e ko =0, 5O ko < am, To

Eensypy = [2n-+ 1+ 285 (1 + &ky)] .;_Z_+
o (5w): (240

e
+ eam - Sy
®opmyana (240) B oraumdme or caydad ky = D sranowaer TOIPAaBRY,
VUHTHBAKIIY OTKIOHEHWE AUTOJBLHOTO MOMEHTA YaCTHUH OT eJUHH-
IH, 1 TOOPAaBKY, KB3[PATUIHYI0 0 HAIIPAKEBEHOCTH MATHATHOTO MO,
ABEHi BuA cobcTBenHNX QyHERIU onepaTopa (237), KoTopHi Jer-
Ko maiiTu, mcmonp3ya pesyabraTel [17], smech He mpumesieH.

3ARJIOYEHUE

1. Haitnermne poime cucTeMH fuddepennuaibHEX ypaBHeHHA mep-
Boro m Broporo mopamka (177), (178), (200), (216)—(218) m (224)
MHBAPHAHTHH OTHOCHTENbHO IpeoOpasoBanmi l'ammmes m xammubpo-
BOYHHX IPeo0pasoBanyii M ONWCHIBAIOT JANOJIbHOE, KBAADPYIOJIbHOE,
cupA-opOUTaIbHOE W JAPBMHOBCKOE B3aMMOJPHCTBHA IaCTUIL IPOU3-
BOJLHOIO CIMHA C BHEIIHMM 3JIeKTPOMATHUTHHM I0JeM. AJbTepHa-
THBHHI CHOCO6 TajiHMIeeBCKU-MHBAPWAHTHOTO ONMCAHWA CHUH-OPOH-
TAIBHOTO B3amMoJeitcTBHA mpenioen B pabore [10], rue ncmonnsyror-
ca ypaspenus JIXT' B raMmmnbsroHoBoit dopme. Ilepeumcnennte B3an-
MojieficTBuA, TakuM 00pasoM, HE ABIAIOTCA YHCTO PEIATHBHCTCHKEMH
sgdeKTaMu W MX MOKHO HOCHeT0BATEIHLHO PACCMATPHBATH B PaMKax
HepeTATHBUCTCKOM KBaHTOBOH Mexanuku. B pabore [38] maw BBIBOR
[8, 9] 0 HepAIUTABACTCKOK NPHpONEe CHUH-OPOGHTAILHOIO B3AWMMO-
meficTBEA OOGCY:HAEH ¢ KIACCHYSCKHX HMO3UIHIA.

2. Ypasuenus suna (64) u (114), vonedno, He WCIEPIHIBAIOT BCOX
BOBMOMKHEIX JUHEMHHX NAPdepeHnuaTbHHX ypaBHeHNH, WHBapuas-
THHIX OTHOCHTeIbHO rpynunl Uammnes. Taw, Ana onmcaHud HepemaTH-
BHCTCKOM ACTMIEL CO COMHOM $ = 1 MO)XHO MCHOOJB30BATEH TalnIee-
BCHU-NHBAPUAHTHHE aHajnor ypasHenu#r IIpokra

@Cmpy—p?) ¥,=0, v=0,1, 2, 3; }

MW, — paWo=—0, a=1, 2, 3. (241)

Ypapuenma (241) aABAAW0TCA WACTHHEM CJIydaeM CHCTeM ypaBHeHHH
CIeNYIOMEero BUA:
C\¥=0"Cmp,—p)¥=0; C,¥=W, W, ¥=
=[m*8?+-mp (s X —n X 8)]¥=m? (s+1) ¥,

rme C; u C, — oneparopr Kasmmumpa (13) ans upepcrasmenmit (36).
3. HespmuroBocThs remepaTopoB (36) OTHOCHTENBHO CKAJIAPHOTO

npoussefennd tana (32) ofycresieHa HEYHATAPHOCTHIO KOHEIHOMEP-
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HEIX OpefcTaBieEmii oawopofmoir rtpynnsl lanmnes. Amamormumas
CHTyanuA EMeeT MeCTO B PEeNATUBMCTCKOH TeopHH, T Ha Pellennax
KOHEYHEIX CHCTeM YPaBHEHMI Deaju3ylOTCs HEYHUTAPHEE NpeaCcTab-
JeHus opHopopmo#t rpymue Jloperna, a rpeGoBamme YHHTApPHOCTH
9THX IpeficTaBJeHNIl dKBUBAJEHTHO HePeXoAy K CHCTEMaM ypPaBHEHHiL
nns QyHKMuiE ¢ 6eCKOHEIHRIM THCIOM KoMOOHenT. IloaTomy uuTepecHo
paceMoTpeTh 6GECKOHEYHOKOMIOHEHTHBIE YPABHEHWS, WHBAPHAHTHEIE
oTHOCHTEeNbHO Tpynnn amumnes. IlpmMmepom Takux ypasmeHmE MOTyT
caysure cmeremur (114), (173), rme Sj,; — remepaTopH yHHTapHOTO
fecrkomeanomepnoro mpexcrasienms rpymmmr O (1, 5).

4. IMocne roro Kak PYKOOUCH HACTOAMEH CTATLE OLIIa CIaHA B
PEeaKIuIo, MK HO3HAKOMUIUCH ¢ paboroi [37], rme Taxmke mokasamo,
9T0 TpeOoBaHWE TaJHIEeBCKON WHBAPWAHTHOCTH YPaBHEHHIl ABHsHe-
HHUA 33apAKEHHON YAaCTWIE BO BHEOIHEM JJIGKTPOMATHATHOM IOJe He
IPUBOJAT OJHO3HAYHO K MUHUMAJLHOMY B3aWMOEHCTBUI0 9ACTHI(LL
¢ YoIeM, HO JOIyCKaeT TaK;Ke APYIHMe THUH B3auMofeicTBuil. JToT
pe3yabTaT XOpOmo coraacyerca ¢ jammmMm [8]—[14].

NPUIAOHEHUE1

Henpueonumme npepcrapaenns aaredopst Jim
pacmmpennoii rpynup Lannaesn

Henpusogumsle npeacrasiaenus: aareGpst (6)-—(10) moayaum B OpTOTOHANBHOM
Basmce | ¢, p, A), tme |...) — cofcTBReHHBIE BEKTOPH HOJHOTO HAGOpa KOMMYTH-
pylomux omeparopos C, (13), P, u A = P, .J,-P-1, P = (P} -+ P} 4 P})'/%

Calca /I;v 7»):(.‘“]0, IA’s Ar)v a=1, 2, 3;
Pu\(", ;7’ }v>-_—-*pu|0, }/;1 x)9 !":01 1, 2, 3; (H'i)
Ale, p, My=AMAle, p, A).

Hnatepecno paccMoTpeTh TONBKO TAKHE IPENCTABJIEHUA, KOTOPHE HE CBONATCH
K HpecTaBIeHUAM KaKo#-Hubyns momanreGpsr ainreGpu (6)— (10).

JloKarKeM cHauaja CIeIylINee YTBED;KCHHe.

Jdenma. Anrebpa Jlm, ompepensieMas KOMMYTAIMOHHEIMH COOTHOHICHHAMH

2
Co

[M, Aol =[Ag, A3]l=[A3, Aq]=i - Aos
‘ . V3 (1.2)
[)"01 xa]:—2'—117'§"3abc (A’b'—_lc)v a, bl 021, 21 31

Ifie c§ — NPOW3BONLHOE EHCTBATENbHOE UMcNo; npu e > 0 maomopdra anreGpe
JIn rpynnsr O (3), B cayuae ¢ = 0 — anre6pe Jlu rpynnm £ (2) u npu ¢ << 0 —
anrebpe Jlu rpynou O (1, 2).

Hoxasameavcmeo. IIpeske Bcero 3aMeTHM, YTO Cpefd deTHIPeX HIEMEHTOB
4y, amre6pur (I1.1) ToAbLKO TPH JHHEHHO HE3aBHCHMHX, IIOCKOJbKY BCETHA MOYKHO

HOXOKHATH
AytAs-t A':z =0,
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Waomopdusm, chopMyIUPOBAHHEELN B JeMMe, MOKHO YCTAHOBMTD C IIOMOIIBIO®
CAeYIomUX COOTHONIeH)H:

Moo= Ky M= [Ky AV B+ K, (1— V)L
273 (.3
K U=V Ky V), A=~ (Ka Ko,

}y::
2 2‘/-

Wy

rae
K,=m8], Ks=mS,, Kz=_3, ecnn ci=m? > 0;
K,=Ty, K;3=T,, Kg="T,, ecan cz=0; (I1.4)p
Ki=1801, Ka=08¢2, K3=283, ecan c§=—n2<0,
a Sgy Ta, Saple=1, 2, 3, a, p=0, 1, 2)—remeparopu rpynn O (3), E(2) u

O (1, 2) cooTBeTCTBEHHO, T.e. MATPHIH, YAOBJIOTBOPAKINNEe KOMMYTAIUOHHLIM:
COQTHOINCHUAM

[Sas Spl=1itapeScs

[T1, Tol=—iTy, [Ty, To1=1iTy, [Ty, T;]1=0; } (I1.5}
[So1s Sozl= —1812, [So1s S12]= —18 g2, [So2s S12]=1S0s-

HenocpencTBeHHO TIPOBEPKOIT MOMKHO yOemuThes, ITO €caM MATPHUBL S,

Toq 1 Sep yAoBieTBopsoT cootHomeHusaM (II.5), To marpmner A, (IL.3), (I1.4)

yroBaerBopsoT axrebpe (I1.2), m Haobopor, us (I1.2)—(I1.4) caexyer BHIIOJNHE—

Hue (I1.5). Jlemma JoKasaHa.
MoskEO noKasaTs, uto anre6pe (I1.2) yaoBieTBOPAIOT OIEPATOPLL

1
2V'3
1
e Wy, — KOMIOHEHTH HepeaATHBUCTCKOTO aHaJora BekTopa JloGaHckoro —
Iaymm,

Ao=Wyp1; Ag=

eabe (W, —Wo),

Wo=PoJa; Wo=mJq—(PXG),

B CHCTEME OTCYeTa py == py = pg. CdopmynupyeMm Temeph OCHOBHYIO TEOPEMY..
Teopema. TlpowsBosbHOE 9PMUTOBOE LpefcTaBiIenue anredpu Jlu pacimnper-
Ho#t rpymnn Tammnes (6)—(10) MoKEO peanmaoBaTh C IOMOIIBIO OHEPATODOB:

Py=py, Pag=pa, M=m;

. ) V3patp
Jo=— X = A - ; 1.6
@ ! (p ap)a+ ° 1/3P+P1+P2+P3 ( ’
.9 (A X p) Egbe (Pb— DPe) hgmp—h-p
Gg= —ip; —1 R =
@ 0pq p? 2p? (1/3 P+ PP+ ps)

rfe Ay — MaTPUIH, YIOBIETBOPAION(IE KOMMYTAIMOHHHM cooTHomeHnsaM (I1.2).
ionaaameﬂbcmeo. HermocpencTeeHHON NPOBEPKON MOKHO yOeAuTbCHA, UTO:
omeparopet (I1.6) y/OBIETBOPAKNT KOMMYTAllHOHHEIM COOTHOINEHUAM (6)—(10),
T, e. peaNuaynT IpeicTaBieHme anre6pel Jlu pacmupedroir rpynne Ianmies.
oKajKeM, 4T0 Hepefupas Bce HEIPMBOXUMEE npefcTaBrenEus aaredps (I1.2),
noxyuum mo popmyaam (I1.6) mpencraBmerns axredops (6)—(10), ceeTBeTCTBYIO-
IMue BceM BO3MOKHEIM 3HAYEHMAM HHBApDHAHTHHX omepatopoB (13). [TencraBus
(I1.6) B (13), momy9mm:

C1=2mpo—p?, Co=m, Cy=m2Aj+ M +Aj-+M5. (.7
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Hecnonsays usomoppuam (I1.3), (I1.4), omepatop Cy (I1.7) mepenumiem B Bupe
Cs=m? (S} S53+ S3), ecan cf=m2>0; }
C3=T3+T%, ecam c;=0, _

W3 (I1.8) BumHO, 9TO WHBapUAHTHHIT onepaTop (3 BHpajkaercs depe3 olepa-
Topsl Kasmumupa rpymn O (3) m E (2) — mManux rpynn rpymnst Tamxmres, cob-
CTBeHHEIE 3HaYeHHs KOTOPHIX (COBMECTHO C ¢y W ¢y) HYMEDPYOT BCe HEIPUBOIUMEIS
DPMUTOBEE IpefcTaBieHuss auxrebpsl (6)—(10). Teopema poxasaHa.

Taxkum 00pa3oM, SPMETOBHE HCIODPHBOAUMEE uUpencTaBiesus D (¢, ¢g, €3)
anre6pet {6)—(10) MOKHO pa3jlemuTh Ha TPH KJIAcCCa, COOTBETCTBYIOIUX Cleyo-
INUM 3HAYEHWAM WHBAPHAHTHHIX onepaTtopoB (I1.6):

I. —oo<Cey<Coo, —oo<Cey<C0, 0<cy<T oo, cg=m2s(s+1);
I, —oo<Tey; <0, ca=c3=0; (11.9)

(IL8)

II1. —o0 <L ¢ << 00, =0, c3=r2>0,

Wcnonbsysa saeAHi Bug Marpuy S, u T, [35] u npurrMas Bo BHEMaHHE H30-
Mopdpuam (I1.3) u (Il.4), HeTPYOHO BHYWCHUTH ABHEE BHPAKEHHUA A MATPUI

4, B Gasmee |c, p, A)
Mole, b, M=A%|c, p, Ay, a=I, 1I, 1IL;

W

~ 1 ~ ~
7“1151 D, k>=m(a%, l.—i—ilc’ p, A‘+1>+a%,l,—1lc’ b, A'—j-));

. ~ 1 ~ ~
Aale, Py My=——= (OF ppqle, By A+1)+0F 4_yle, P, A—1)); (11.10)
4‘V-3 1] *
Asle, by M= —(hs+Ms)lc, b, A),

Y7e 3HaYeHUA WHIEKCA O 3aBUCAT OT BeINYUH C, [9Ta 3aBHCHMOCTH IPHBeJeHA
8 (I1.8)]. IIpu atom

M= —s5, —s+1, —s42, ..., 8
a2t =[U+VAFA+ VI Vs L1
B =l—VITATVIH Vsrn—alal+1y; 11D
M=, aflas =0l Ay =0;

MU=nt-, af, =r(1 = VUi o =rtF VUL,

rnen=20,1,2, ...,0<<9p<<1, a Aums— IPOU3BOJNBHKE IeEe MJIH M0JYy-
neJjse 9uciaa.

Qopmynn (II.1), (I1.6), (I1.9)—(I1.11) (upu PEKCEPOBAHEKX 3HAUCHUAX C,)
LIOJHOCTRI0 OIPENeNs0T SABHHI BHJ TeHEPATOPOB Tpynuu Iammmes [js Bcex
RIaCcCOB HEIPHABOXUMEIX IIpejCcTaBIeHU.

Hpencrasunerus [ wkiaacca (KOTOpHE OOKYHO COIOCTABISIOTCA HepeIATHBHCT-
CKOJi JacTHIE CO CIIMHOM §, MACCO# m U BHYTPeHHeH sHeprueil £, = ¢,/2m) B Apy-
roil pearmsanuu MouydenH B [4]. Tau sie Grunu HaimeHH npegcrasiaenns IT kiacca
anare6pH (6)—(10), KOTOpHe MOKEO COMOCTaBUTH HEPEAATABHCTCKO#E (e3mMaccoBoi
qacrane. Takue OpeCTaBIeHAsI HMEIOT JOTOJHUTEISHK Y HHBAPHAHTHEIA OIepaTop
Cy = J PP~ 1w ABIAWTCA OMHOMEPHHMH IO mHAeKCY A. llpemcraBiemma III
KJacca 0eCKOuEUHOMEPHH [0 COIMHOBOMY UEJEKCY. IlpegcraBiaeHns 3Toro Kiacca
anrebpu Jlm pacmupensoi rpynns I'ammies MO-BUAVMOMY BIEPBEE HOJYI€HH
B Hacrosme#d pabore.
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OmnvaurensHoil deproit peanwmsanum (I1.6) ABIAeTCH OnMHAKOBAR u cmu-
MeTpudYHAaA QopMa reHepaTopoB Py, Ja» Gg DA Beex Kiaccos HEIIPUBOAMMEIX
IpefCTaBIeHui (B TO BPeMsI Kak 0GWYHO 4] HeIpuBOANMEIe IPEICTABICHUSA Pas-
JMIHEIX KIACCOB MMEIOT COBEPIIEHHO DPasHYI peanusanuo). B cayuae m = 0
1 0coferno ¢y = 0 amaxRTHICCKMe BHPaKeHHA [UIA OIePaTopoB G, SHAYHTENHEO
VIPOIATCsa (IPH 3ToM m = A, = 0)

Csasb upencraBienns (I1.6) ¢ peanmaanusmuy, noJydYeHHEME B [4], 3amaercs
dopmymamu

UaGUS =G; Ugd®Ut =17, UaPSUL =Py, =1, II;

) P
Ur=ex (1 — arct );
I P 2mp g P1-t+Py4-py

P=[(P1~ Do)+ (s — P1)2-+ (py— py)2]12;

: Po—D1
Uit =exp (21}.0 arctg - ) ,
(V'341) (o+ py) + 1+ 1y

e PI, J(II, G}z n P‘ILI , J(IzI ,szI — reneparopsl rpynnsl Famgmmes 1 u 11 kuacea
B peanusauud, HaiimeHHoi B (4], a P, J4, G, safaorcs dopmymamu (11.6).

Otmeruym, 910 $opmyis (I1.2), (I1.6) ompemensiror Tamke IIpejCTaBIeHUA
IV raacca, COOTBeTCTBYIOmuME ci << 0. DTu LIpeJcTaBIeHusi HEeBPMHUTOBE, XOTH
¥ NOPORAAIOTCA DPMUTOBHIMU IIPE/ICTABICHIAMI anrebper O (1, 2). Oguaro ofe-
paTopsr, ofpasyninne npaMy CYMMY TaKHX ITPeJCTaBICHUII:

s (P 0)_ (Mo 0Ny 0),

P“‘(o P, M“(o —M)_l(o —n/)’
s (T, 0 s (G, 0
J“:(oa J,,)’ G“:(oa Ga)’

rae Py, J,, G, 8agaorcsa COOTHOMIEBHAMU (11.2}, (I1.8) ¢ cg << 0, 9PMUTOBEL B
UHfeQMHUTHOR MeTpHKe

(%15 q>2)=5 @pof (p) 019, (p),

= () o= (31

¥y — smements u3 IpoCTpaHcTea IpefcTasiennit D (c;, Loy cx)mD (c¥, ¢y, cy),
In0 — eguruanas w Hynesas MaTPAIEL COOTBETCTBYLIEl PasMEePHOCTH.

rae

OPUTOREHUE 25

O cBAasn mesxway mpencrabyennsvu pacmupennoii rpyonel Naauigesn
1 00001 eHHol Ipynmns Ilyaurape P (1,4)

Pacuiupennan rpymma Tannmes G ssiasercs HOATPYNION 0600ieHHO rpym-
ust Ilyankape P (1,4) — TPYNIEL BPAINEBHil ¥ CIBUTOB B UATHMEPHOM NPOCTPAH-
CTBe MuHKOBCKOTO. 3To o3Hauaer, B TACTHOCTH, 4TO KasKAOe NpecTaBIeHHe
Ipyunst P (1,4) onpenenser npencrasienme Tpynuns G, KOTopoe B ofeM caydae
Oyner mpmBOgUMEIM. : ) ‘ ’ i

Anrebpy Jm rpyunm < P (1,4) " o6pasyrT naTHaguATE JT€HepaTopoB P,
Juv (W v=20,1, 2,3, 4, Ty = *Ju")’ YAOBIETBODANIUX KOMMYTaI[HOH-
13—01385
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HEIM COOTHOINEHUAM 311
[Py, P,1=0; [Py, Jvh]:i(guvaﬂngv);
[T uvs JAUJ:i(gux-]vc"*"gvo-’p.v”‘guo-’vh'gvx-,uc)v (T1.12)
Ifle guy— MeTPUIECKII TeH30D; goo=—gre="1, k=1, 2, 3, 4y guy=0, W=~ V.
Iepexoms 8 (II.12) ¥ HOBOMY fasucy
ﬁo:Po—'P4v M:—;‘(Po‘{‘PQ? ﬁa:Pa? K=Jy4;

1 1 -
Ja= eabclver Ga=5 JoatJaa)s Ga=Joa= Vs, (11.13)

moayuaeM Caspyomyno anredpy [usomopdryIo (I1.42)]:
(By, Bal=1Pg. M]=[Ps, MI=[Pa, Pol="0;
[Boy Jal=IM, Jo]=[G!, G31=[M, Ga]=0;

~ RPN ) (I1.14)
(Pa, Jpl=ieancPe, [Par Gb]1=i80rM;
[Tas Tl = itaped 3 1By, Gb]=1Pb;
[DBy, Gal=[G3a, Gb]=0; [Ga, M]=—1Pg; (I1.15)

[Ga, Jol=1itabeGe; [Gar Ppl= —i8apPy;
(G2, Gil= —i (babed ¢+ 0abK)i [Par Kl=1Ta, K1=0;
[P, K]=—iPy [M, K]=iM; [G;, K]=+ iGE.

KoMmMyTaioHHEE COOTHOIIEHUS (I1.13) coBUHAJAIOT C (6)—(10), T. e. onpene-
asior anre6py Jlu pacimpeHHOIT IPYIIH Tannieda.

13 13107KEHEOTO BHIIE CIeyeT, 4ro JpoGoe ypasHeHHe, HHBAPHARTHOS OTHO-
cutenspo rpynnst P (1,4) B nHBADHAHTHO TaKKE OTHOCHTEIBLHO DPACHINPEHHOM
rpynnst Tanures. Tar, HanpuaMep, nsTHMepHOe ypaBHeHme HueiiHa — Toppora

P PYY =0; Py=p,=—1 e p=0, 1, 2, 3, 4,

T
¢ momombio 3amens (I1.13) upuBogaT X dopve, ABHO UHBAPUAHTHOA OTHOCHTEIBHO
rpynnn laanines

(@MP,— P, P,) ¥ =0. (I1.16Y

Vpasuenue ([1.16) MOMHO HHTEPIPETHPOBATL Kak ypapuerune llpeunrepa Juist
gacTHIEL ¢ LIePeMeHHOUl Maccou.

B pabote [36] ocymecTBieHa PpeAyRIus MPOU3BOILHOTO HEIPHBOJUMOTG
npejicTaBieHnds rpynusl P (1,4) mo mpefCTaBIEHUAM TPYIILL G, T. e. TOJAHOCTHIO!
JICCIeTOBaH BOIPOC, Kakme HEIPUBOMMMbE NPCACTABICHUA rpynnsl G BXOMAT
B 3ajjaHHOE IIpejicTaBiedne rPyNLs P (1,4) 1 Haffled ABHHI BHJI YHUTAPHEIX OTL€~
paTopoB, CBA3HBAKIINX KaHOHWIECKUil 0asmc HPeACTaBIeHMHl IPYHIbI P (1,4)
¢ G-GasmcoM, B KoTopom omepatoph Hasmmupa (13) nuaroHalbHHL.
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