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CUMMETPUA U TOYHbLIE PELLIEHUA
HENMHEAHOIO YPABHEHUA OUPAKA

B. U. ®ywuu, P. 3. /Kdanoe

HUHcTuTyT maTtemaTuiu AH YCCP, Kues

TlocTpoeHH IIMPOKHAE ceMelicTBA TOYHEIX Dellenuii HeIMHEHHEX ypaBHeHmiT aaA
KIACCHYeCKOTO AUPaKOBCKOro ToisA. IIpesyioreHH HOBHe HelwHelinble KOH(OPMEHO-
VHBAPMAHTHEE YPaBHEHHUA IS CIMHOPHOTO IIONA.

Vast families of exact solutions of the nonlinear equations for classical Dirac
field are constructed. New nonlinear conformally-invariant equations for spinor
field are suggested.

BBEJIEHUE

[ecTprecar ner Tomy Hazam, B 1928 r. B sxypHane «Proceedings of
the Royal Society» [1] Ilons Axprer Mopnc [lupak ony6anKoBax oTKpEI-
TOe WM IPUHIMINAIBHO HOBOE yPaBHEHNMEe TEOPeTHIeCKOH M MaTeMaThie-
cKoll (u3mKm

(Yup*—m) ¢ () = 0, p=0,1, 2, 3, 1

KoTopoe, HapARy ¢ ypasHemumamu Hpiorona, Maxcseina, IlIpenunrepa,
JeKUT B OCHOBE COBpeMeHHoit Teopermieckoit ¢umsmrn®. B (1) P(z)—
YeTHPeXKOMIOHEHTHAS KOMILIEKCHO3HAYHAA PYHKIUA; T = (g = ¢, 2y,
z,, &3) € R (1, 3) — dersipexMepHOe NCEBIOEBKIM0BO IPOCTPAHCTBO;
¥, — UeTHpeX PAMIHbIe MATPHIBL, YAOBIETBOPAIOMIE aare6pe Handdopna

TuVv + VvVu = 2guvv (2)

rie g,y = diag (1, —1, —1, —1); m — Macca 9acCTHIIH.

IIpo6GaeMe mOCTPOSHMS JMHEHHHIX MHOTOKOMIOHEHTHHIX ypaBHeHWUIH,
o6o6maromux ypasHerne [{upaka (1), mas 4acTur IPou3BOIbHOTO CIMHA
IOCBSIIEHO OTPOMHOE Uncio pabor (cM., Hampumep, [2—6] n amreparypy

s [6]).
Jlyu ne Bpoitnb BEHCKa3am miei 0 TOM, 9TO JaCTHILBL (mous) co cmm-
gamn s = 0,1, 3/2 . . . MOJIKHEL CTPOUTLCA HA OCHOBE COMHOPHOTO ypaB-

menus Jupaka (1). JinueiiHoi#l peammaanuy 910 WM MOCBAMLEHBL pabo-
TH TI0 TEOPUU JWHENHBIX PeNTUBUCTCKUX ypaBHeHuil AJA 9aCTUL IPON3-
BOJBHOTO CIIWHA.

* Hacrosamuii 0030p MOCBAIIEH MIECTUAECATUIETHIO OTKPHITUA JlupaxkoM ypas-
HeHOA [JIf CIMHOPHOIO IIOJA.
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Hepso#t mennmueliHo# momsiTKO# peammaamnnm upien e Bpoitng Grura
crarbs Jl. Usamenxo [7], B KoTopoii mpenmomeno Heanmefimoe 06o0me-
HEe ypasHeHusa [{mpaka B Bupe

[VuPP—m—+ & ($§)]  (z) = 0. 3)

B magane 50-x romos B. Teiizenbepr [8—11] BHIBUHYJ IIPOrpaMMy
no paspaboTKe e[MHOM TEOPHH LOJA HA OCHOBE CJIeyIOMEeTO HeJuHeiHo-
ro oGobmenus ypasmenus (1):

[VuP*+ A (Y070 Y0 © (1) =0, ¥, = 70705V (4)

Hpocreiimee xongopMHO-NEBapHAHTHOE HeMMHEHHO® CIIMHOPHOE ypaB-
BHenne moxyumn ®. Iopmu [12]:

[VuP* + A (Pp)1/3]  (z) = 0. (5)

Iupoxruit kxace KOH(ODPMHO-HHBAPHAHTHHX HeJMHEeHHEIX YpaBHeHU

tina [lupaka, oramumsix or (4), (5), npepgoxed B [13]. Omno u3 Hux
HMeeT B

[vuP™ 4 2 ($90) Y [(bra ) BV )12  (2) = 0.

B [14, 15] mpennoxen IOPOCTO# CIOCO0 HOCTPOEHNS HeNMHENHEIX CIOUHOP-
HBIX yDaBHEHHUH, KOTODHe HO CBOMM CHMMETPHHHEIM CBOHCTBAM cyme-
CTBeHHO OTINYATCA 0T ypaBHeHmil (1) — (5). HauGomee IIpocTOE ypas-
HEHHe TaKOT0 KIacca IOJYYaeTcs C TOMOINBI0 3aMEHEl

Tu = $ray. (6)
Cnexnas B (1) sameny (6) u momoxus m = 0, mpuxonnm k HesmHeitno-
My ypaBHeHmo [14]

(bvup) prp =0. (7)
MoskHO moKazarh, uTo cmcrema nugdepennnaibEEX ypaBHeHUH B Tac-
HeIx mpomssofnkx ([IYYII) (7) nuasapuantHa otHOCHTENBHO Oeckoneuno-
MepHO# anreGpmu Jlm.

B amreparype cymecrsyer memmoro PaboT, B KOTOPHX moCTpPOEHE!
p ABHOM BHJle TOYHbIE DEIIEHHS HENWHEHHHX CIMHOPHEIX YpaBHenuit
[16—22].

B macrosmeii cratve, B ocHOBY KOTODOM II0JI04eHbl PaGoTH aBTOPOR
[23—28], nmocTpoens kaaccr TOYHEIX DelleHNii HeTMHOWHEX CIMHOPHEIX
ypasHenuii. Peus moiifier o moctpoenun MHOTOIIapaMeTPUIeCKHUX CeMelcTB
KJIaCCHIeCKUX (HEKBAHTOBHIX) DeIIeHNH HelmHeRHbIX CIMHODHEIX CHCTEM.

Crpykrypa o630opa rakosa. B pasf. 1 maydena cummerpus menmmeii-
HOro ypasHeHusi [[mpaka

[(Vup*+ F ($*, )] ¢ (z) =0, (8)

rme F (y*, ) — mpomssoabmas 9eTHIPeXPATHAA MATPHUIA, DIEMEHTH
KOTOPO# FABAANTCA TAAIKEME (QYHKIHAME BOCHMI IOTEBELX mepeMeH-
HEIX ¥, . Onmcanst Bce MaTpuns F (b*, 1), Ipu KoTopEIX ypaBHeHme ®)
11*
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AHBAPHAHTHO OTHOCHTeJbHO rpymmel Ilyamkape P (1, 3), pacmupenHoit

rpynnsl [Iyankape P (1, 3) — rpynns Ilyamkape, momoiHEHHOHX OAHO-
mapaMeTpHYecKoll rpynmoil MacimiTaOHHX IpeoOpaszoBaHmii, KOHYOPMHON

rpymme C (1, 3) > P (1, 3) > P (1, 3).
B pasn. 2 onmcanbl aH3saipl

b (@) =4 @ o), | )

npenjoensasie B [23] u cucreMarmuecKm ommcaHHEIE B [24—28], ®oTo-
phle penynupyloT cucreMy (8) K cucrTeme [y YeThpeX QYHKIMIL, 3aBUCH-
[UX TOJBKO OT TPeX HOBHX HHBAPHAHTHHX HEPeMEHHHX ® = {0; (z),
o, (z), ®; (z)}. JuparoBckuit cimHOp P (r) 3aBHCHT OT 9YeTHIPeX Iepe-
MEHHHIX 2 = (Zg¢, &1, L9, Z3). B (9) A (r) — HEKoTOpas HEBHPOKIACHHASA
MaTpHIA Pa3MepHOCTH 4 X 4, ABHHIA BUI KoTopoit Oyner HaiiieH. B Tom
caydae, KOTa () 3aBUCAT TOJNBKO OT OJ{HOH He3aBHCHMOW IepPeMeHHOi,
amsar (9) penynupyer ypasHeHne (8) K cmcTeMe IeThPeX 0OHKHOBEHHEIX
muddepennuansurx ypasrennit (OLY). Muorne ns rakux OLLY ynaercs
pemnTh TOYHO W TeM CAMBIM IOCTDPOHMTH TOWHEIe PENIeHHs HMCXOIHOTO
HeluHelHOTO CIMHOPHOTO ypaBHeHHA (8).

B pasn. 3 mpusefieHsl PeyIHpPOBAaHHbE YPaBHeHUA NJIA CIHHODPHOTO
ypasuenmsa Tuma (8). fIBHEIEA BHJ MHOTONApaMeTPHYECKHX CEMEHCTB
pelleHnit CIMHOPHOTO ypaBHEHHs mpuBefieH B pash. 4. CmmMerpus peny-
LUPOBAHHEIX yDaBHeHWH ofCy:ileHa B pasi. 5. [|ByMepHBIM HeinmHei-
HEIM CHHHODHHIM MOMTNAM [OCBAMEH BaKIOTUTENbHBIA pasfed.

WccnenoBangnio CHMMETPHIHEIX CBOMCTB M MOCTPOSHWIO TOYHHIX pere-
HEl MHOTOMEDHEIX HeJWHeHAHHX BOJHOBHIX yDPaBHEHMA

Ou + F@w) =0
mocsamens paGotst [14, 15, 23, 29]. Illnpokue KIaccH TOYHBIX PeIICHME
MHOTOMepHOTo ypaBHemnus llIpeumurepa ¢ Apo0HO# CTENEHbLIO
1 i '
(Po _"_2’n7papa) u (tv X) =A’|u|4/3 u(t’ X)

nocrpoens B [30]. Pemenmio JopeHN-MHBAPHAHTHHX BOJHOBEIX ypaBHe-
HOit ¢ AuddepeHIMAIbHEIME CBA3AME IOCBAMIEHE CTATHH [28, 31l.

{. HEJMHENHBIE CIONHOPHBIE YPABHEHNSA WHBAPHMAHTHBIE
OTHOCHTEJIBHO TPYIIL P (1, 3), P (1,3), C (1, 3)

B sToM paspese ommcaHB BCe yPaBHEHHA BHMA (8), muBapumaHTHEIE
oTHoCHTeNbHO Ipyums Ilyankape P (1, 3) m ee pacmmpennmit — pacmn-

pennoit rpynmst Ilyankape P (1, 3) = roudopmuo#t rpymmn C (1, 3).
Hamomany, 9to pacmumpersoit rpynmoii [Iyankape nastaercs 11-mapa-
MeTpmueckas Tpynma mpeobpasosammi {P (1, 3), D)}, tae D (1) —
ofHOIapaMeTpuiecKas Tpynuma MacmrafHHX IpeoGpasoBaHmi

z, =e®z,, ' (z')=e*®y (z), k, O —const. (10)



CHMMETPHA 1 TOYHBIE PEIIEHUA 4157

15 ITapamerpuaeckas womdpopmuas rpymma C (1, 3) srmouaer B cebs
pacummpennyo rpynny I[lyankape m 4-mapaMerpudecKyn TpyIIy coe-
IMuaIbHHIX KOHQOPMHHIX mpeoGpasoBanmii [Kotopyio Ml Gyaem oGosHa-
qare K (4)]:

xy = (7, — 6,z 2) 071 (2); (11)

P (2) =0 (2) [1—(v-6) (v-2)] ¥ (2),
rae o () =1 — 20.2 4 (0-6) (z-x); 0, — mapamerpsr rpymnmsi K (4).
3mech M B JlaldbHEHAIIeM HCIOJb3YeTCs COKPAIEHHAA 3aINCh CKAJAPHOTO
npouW3BelleHHss B ICeBIOEBKJINA0OBOM mpoctpancrse R (1, 3):

a-b=ab*=gva,b,, n, v=0, 1, 2, 3. (12)

Teopema 1. Ypasuenue (8) sBasiercss myaHKape-WHBAPHAHTHBIM, €CJIH
7 TOJABKO ecian :

F=F 4 Fpy, + Fp* (Wvvn¥) + F,.8 ($7,8,,%),
Slw = % (‘Vuvv _VvVu)w (13)

e Y = Py Fl,‘ F,, Fy, Fy — IPOM3BOJIbHbIE CKaJAAPHbIe QYHKIUA OT

Y, Pyap. , ; o

Mz mpuBofMM cXeMy HOKasaTenbCTBa, B OCHOBE KOTOPOM JIEKMUT WH-
¢punnTesuManbumit axropur™ Jlu [32—34]. Pasznaras marpuny F ({*, )
mo Gasmcy y-marpur (cM., Hampmmep, [35]) -

F=a(* §) I+b% (", ¥) v+ e (§*, ) Sy, +

+d® (%, §) yuve e (bF, $) v, ‘ (14)

U WCHOJb3YsA KPHTePHil MHBADUAHTHOCTH, MOJYdaeM, 9TO He0sXOMMMBIM
U JIOCTATOYHHIM yCJI0OBHEM MHBAPHAHTHOCTH ypaBHeHHs (8) oTHOCHTENBHO
rpynnsl Ilyankape sBisercsi BEIOJHEHWE CJEAYIONUX DPABEHCTB:

Qura =0; Que=0;

Qohbp. + b (gaoguh - ga,kguo) = 0;
Oohdu + ac (gdoguh - gahguo) = O;

QorCuy + B (8o OBy -+ Zpo0oh — LaoOhy — £andit) =0, k=T, 3; (19)
9 — 9 —

Qoa:(soa‘p)a 01[)“ +(\I’S0a)a'g.q;?, (l:l, 3;

65\63836%’"6%6;, o, 6) r, V=m,‘ )

Bg — cmmBoa Hpomexepa.

C moMompi0 TPOCTHX, XOTA U AOBOJBHO TPOMOBIKHX PAaCCyKIeHMH,
yRaercsa mocTpouth obmee pemenme cuctemu JYUII (15). Iloacrasass
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HaiileHHbA pedyabrar B (14) ¢ yuerom toxmects @upna — Iayan [36]
(B9)%— (HSyvh) (PS*) + ($v4t)* =0;
(V) (W¥) — (BVu 70 ) (Byav™yp) = 0;
(BW)2 — (Prava) (Pvav ) — ($y,9)* =0,

moJay4aeM yTBeD/KIEHHE TEOPeMEI.

3amevanue. Herpymuo yGemurbest, 9to ypasmenme leitzembepra (4)
SIBISIOTCA YaCTHRIM ciaydaeM ypasuenuit (8), (13).

Teopema 2. Ypapnenne (8) MHBADHAHTHO OTHOCHTENHHO DPACHIHPEH-

Hoil rpynns [Tyankape fz (1, 3), ecanm u TosbKo ecam F (P*, ) mmeer Bup
(13), mpmuem
Fi:(TP‘P)_UZkE’ i=1, 2;
Fy=(gy a2 F), j=373,
rae Fy, ..., F, — npoussonbHEe QyHRIEE oT YW/ Py, ).

Teopema 3. Ypasuenne (8) uHBapHaHTHO OTHOCHTENbHO KOH(ODPMHOIM
rpyunst C (1, 3), ecom m Toasko ecam F (P*, ¢) mmeer smg (13), (16)
upn k = —3/2.

HokasaTenscTBO ABYX HOCIEIHMX YTBeP/KIeHU MPOBOTUTCA ¢ MOMO-
mpio Merofa Jlu (cm. [33, 34]), mer ero omyckaem. OT™MermM JmIIB, 9TO
ROCTAaTOYHOCTh TEOPEMH 3 MOKeT OHITH yCTAHOBJEHA HEHOCpPeNCTBeHHOH
IpoBepKoil, 0603HaATUM

G (W*, )= up" + {(Fy+ Fop)) )2+

(16)

+ g (Bruv,9) + FuS™ ($7.8,,9)] (99)72/% v (17)

Torma cmpasemamshl caegylomue TOMKEECTBA:
G (p*', ¢') = e ®?8G (p*, V), (18)

ecau Vp*', ¢’ mmeror Bup (10) upn k = —3/2;
G (*, V) = o® (2) [1 — (y-0) (v-2)] G (¥*, V), (19)

ecam Pp*', ¢’ mmeor Bux (11). U3 (18), (19) caemyer, 9410 ypaBHeHHE
G = 0 mHBapHAHTHO OTHOCHTeNBbHO rpyunn mpeoGpasosammit (10), (11),
910 # Tpe6oBaJOCh JOKA3aTh.

3amewanue. Ecan monowurs 8 (16) Fo=F,=F,=0, F;, = A =
= const, k = —3/2, To MB moay4uM KoHQOPMHO-HHBAPHAHTHOE CIIH-
HOopHOe ypaBHeHHe ['topmm (5).

HKax yxe ormedanocs Bo BBeeHHMH, CYMECTBYIOT IyaHKape-HHBapH-
AHTHBIe CHWHOPHBIe YPAaBHEHUA, NPUHIUINAJIBHO OTIHYHEIE OT ypas-
Hernmii Bupa (8). Omuoil u3 Takux Mmofeneil ABIseTCA cHUCTEMa HeJWHEH-
aux JYUII (7), ua MuoxkecTse pemenuii KoTopo# peasnmsayercs IpeacTas-
neHne GecKoHedHOMepHO# aareGpsl Jim. JToT QaKT MaeT BO3MOKHOCTH



CHMMETPUA W TOYHBIE PEIIEHUA {459

mocTpouTh obmee peuntenue ypasHeHus (7). Mcmonsays KiaccumdaecKue
Metonsl nETerpupoBanma cuctem Y UII mepBoro mopsAfka ¢ oZMHAKOBOM
ryaBHO# yacThio (cM., Hampumep, [37]), moxydaem, uTo ofmee pemenme
cOmHOPHOTO ypaBHeHma (7) 3amgaercs ciaegyoiiuMu QopMmyaamu:

Fo(z, (j-7) —ju(-2), ¥, $*)=0,

e j, = Py, Fe: R X C* X C* — C! — npomssosbabie Anddepen-
nupyemsle (B CMbICAe [EACTBUTEIBHOTO aHANN3a) QYHKIMH.

2. AH3AIlBI NJA CINHOPHOTO IIOJA

B s1oM pasmene m3ioskeHn MeToJ IoCTpoeHHs amsaues (9), penynm-
pylomux ypasaenus supaa (8) & [LYUII mensmux pasmepnocreii. IlocTpo-
€HHl aH3alBl [JA CIMHOPHOTO IOJs, HHBAPHAHTHHE OTHOCHTENbHO pac-
muperHoit rpyuns [lyanxape P (1, 3).

MocranoBka zanaum. Bymgem rosoputs, 4to amsan (9) pegyummpyer
ypasHernme (8) k [JYUYIIl Mensmeit pasaMepHOCTH, €CAH CYINECTBYIOT Y€ThI-
pexpsanesie Matpunsl R (z), R, (w), R, (0), R; (®), Q (0, ¢, ¢*), naa
KOTOPHX CIPABENJIUBO PAaBEHCTBO

7]
[vuPH b+ F (8%, ) Wllv—sw o =R (@) {Ri5o=+Q0}.  (20)
N3 (20) cmepyer, 4to ecau ¢ (@) YAOBIETBOPSET yPABHEHUIO

0
R, 5% +09=0, @
TO AMPAKOBCKHUA CIMHOP, HOCTPOSHHHIH o opmyite (9), ABasgercsa pemie-
HEeM HCXofHOTro ypasHeHus (8).

CiemoBaresbHO, 3ajada COCTOUT B IOCTPOEHNH BO3MOKHO Goee MUPo-
KHX KJaccoB aH3aleB, yhosiaersopsiomux yciosmio (20). Ilomcrasaas
amsan (9) B aesyro wacth pasenctsa (20) w mpmpaBHHBag MAaTPUIHEE
Koappunments npn J¢/dw;, moaydaeM ypaBHeHHS Ha o; (1), A (z):

ity o= RH (0); ’
iyu%‘;’f—AzRRa (), a=T. 3;
F ((4q)*, 49) A=R () O (0, 9, ¢¥),
0+H=0.
Ha nepsuiit Baraag, cuctema NLYUII (22) anayts He mpoime, gem (8).
Tem He Menee TeopeTuro-asredpamdecKme MeTONH AAOT dPPeKTHUBHBIA

aNrOPUTM [JA HOCTPOSHWS INMPOKMX KJIACCOB YACTHHIX DPENIeHUWH CHCTe-
mu (22). I3 o6meil Teopun WHBAPHAHTHHX pelIeHHH ciefyer, 4TO €CJIH

(22)
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Matpuna A (z) m cKaasipHBe QYHKIAKM 0; (2), 0, (2), ©; () yaosaerso-
PAOT YCAOBUAM

04 (@)= (& (z) g2+ n(2) 4) =0, (23)
Quoo=8 () 322 =0, =T 3, (24)

Tie ) — omeparop cumMMeTpHEE ypaBsuerus (8), to ansar (9) penyuupyer
(8) k Tpexmepromy IVUII (cm. [33, 38, 39]).

Coopmymupyem Temeps o6uryio CXeMy LHOCTPOEHUA pelleHuil HeImHeH-
HOTO ypaBHeHHA [(upaka, MHBAPMAHTHOIO OTHOCHTENBLHO paciupeHnHoR

rpynosl [lyankape P (1, 3). B rauectse omeparopa ( BrGHpaeM JmHeii-
HYI0 KoMOMHAmmio 6asmcHBIX omepatopoB aiare6psl Jim pacmupennoit

rpynns Ilyamkape AP (1, 3):
Q=cwJ,, +c®D 4 P, (25)

rpe P, = iguvv ;9%;; Jyuv = 2,P, — zyPy + Sy D = z,Pv + ik
eV, %, ¢ — KoHCTaHTH; p,v = 0,3, e :

Pemas cucremy INVUIT (23), (24) ¢ Q us (25), maxommm amsams
Bupa (9). Togcranoska mocaeinnx B (8) mpuBomur k [IYYII, 3aucsmum
OT TPeX MePeMeHHEIX W1, W,, Wg. Pemas monyuennre ypasnenns u mon-
CTaBJaAA pe3dynbratht B (9), HaxommM TOUYHEIE PellleHusi MCXOTHOTO
AYUII (8).

Taxum o6pasom, sagava mocTpoerus TouHBX pelleHu HeJIMHEHHOTO
ypaBHenus [lupaxa pasGumsaercs ma nBa srama. Conepsxanmem mepsoro
U3 HEX spaaercs nurerpuposanme JYUII (23), (24) u mocrpoenne amsa-
nes (9). Ha Bropom srame mmyrtcs wacTmbie PeIIeHNa PeynHPOBAHHBIX
AYUIL

My peammsyem sTy cxemy ams menmmeRHoTo ypasHeHus [lmpaka
BHAA

[VuP? + A (P§)V2] § (2) = 0. (26)

Hocrpoenne matpun A4 (). Has toro uto6s Haiith sIBHEIA BUJ MaTpuH-
ne A (z), Heo6X0IUMO IPOMHTETPUPOBATE cucremy [IVUII (23) ¢ omepa-
TopoM Q Buaa (25). Ho (23) — a1o cucrema 16 YPaBHeHUil ¢ mepeMeHHHI-
M KodQuIEeHTaMU, PENINTH ee CTAHAPTHEIME MeTOXAME HEIIPOCTO.
Iloaromy, mpesxae wem unTerpmposars cucteMy (23), ynpoctum ee, Boc-
10Ib30BABINMCE MHBAPUAHTHOCTHIO HEIMHeHHOro ypaBHeHus (26) oTHo-

CHTEJbHO pacmupenHo# rpynms Ilyankape P (1, 3). qaa storo cmenaem
B (23) caemyromymo sameny:

A’ () = exp {2} 4 (), (27)
rme X = OWJ,, + 6D + BRP,; Brv, 900 @R _ const.
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IIpmaem X Bribmpaercst TakuM oOpasoM, 4To0H ypasuenme Ha A’ (2)
mMeno Hambosee mpocroit BuA. W3 (23), (27) HerpyaHO mOIydmTH, UTO
A’ (z) ynosaerBopsier cucreme IYUII Buma

[exp {£} Q exp {—2}] A’ (z) = 0. (28)

CnenmoBarenbHo, HeoGxommmo BHOparh mapamerpel 0KV, 0%, Ov rak,
91o0H omeparop

Q" = exp {Z}Qexp {—3} (29)

nMen HauGoJsiee TpocTo#l BHA. IJTa 3afaua peIaeTcs CAeAyIOIeil Teope-
Mo, KOTOPYIO MH IDHBONMM 0e3 [0OKa3aTeJbCTBA.

Teopema 4. Omeparop (25) ¢ momompio npeo6padoanma (29) Momer
OHITH HpHWBEJeH K ONHOMY K3 OLNEPATOpPOB BHUA

1. Q'=Jy+Jp,—ab;

2. Q' =Jy+Jp+ Py+pPy;
3. Q':J01+J12+§P3§‘

4. Q' =Jy—aD;

5. Q' =Jy+bJ,3—aD;

6. Q'=J01+bJ23—D~[3P0; (30)
7. Q' =Jy+Py

8. Q' =Jyu+ o Py+ o, Py;
9. Q' =D;

10. Q'=Pb+P3§ :

1. Q' =Py -

12. Q' =Py;

e a, b, 0y, @,, B — mpousBoNBHEe NeficTBUTENBHBE IapaMETPEHL.

Taxmm o6pasom, BMecTo TOro 4T06H pemars cucreMy (23) ¢ omeparo-
poM Q obmero BEAR, I0CTATOIHO PEINHTH CHCTEMY (28) ¢ omepatopamm Q
sua (30), 9ro s3HaYUTEeNaBHO TpoIe.

Pacemorpmm, manpumep, omeparop Q' = J o1 + J1s — aD, nas mero
cucrema (28) umeer Bup . '

a ’ .
[ oo+ (om0 g~ () +
+5 (0¥ +¥¥0) —ak ] 4 (2) = 0. e
Pemenne (31) nmem B Bume
A (z) = [ (z) exp {g (z) 71 (Y2 — 7o) }- (32)

Iloncrasaaa (32) B (31), moaysaem CIeYIOMYI0 CHCTEMY I Ompe-
nenenus f (x), g (z):

—ax”fxu + (xz— xO) fx,—J?l (fxo ‘}‘fx,) —_ akf’:O,
_axugxu + (xz—xO) gxl —xl (gxo —I-gx:) + % ==V. } (33)
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YacTrHoe pemienme ypaeHenuit (33) maerca dopmysamu
[ () = (2g—2)™, & (1) =55 In (8g—1;), €0,
f@)=1, g(@) =% (@—x)% a=0.
IMogcTaBisa MOJNydYeHHHH peadyasraTr B (32), Haxogmm A (I):
a0, A()=(t—2)™ exp {5 1 (—72) In (@—) },

a=0, 4(2) =exp { 5T (=) } -

Marpuns 4 (x), cooTBercTByIOmuEe ocTambHEM omeparopam m3 (30),
HaXofATCA aHAJIOTMYHO, MPUBOAUM OKOHYATEJILHHIH pe3yiabTar:

1. a=£0, A (z) = (x,—z,)™" exp {%{ Y1 (Yo—7¥2) In (xo—xz)},
a=0, A(z)=exp {520 ¥ (ho— V) 5

Az) = exp {5 (@—2) 11 (=) |3

3. A(x) = exp { G170

4, A (x)=(z2+4 2272 exp {—%yws arctg (xz/x3)};

5. a0, aze —1, A (@)= (a2 —z)*2 x

o

X exp {2—(';_}_—1)— YoV In (2 + 4 ———;— Y2V3 arctg (x2/x3)};
a=—1, A(x)=(2—2z?)"/2 exp { ——i— YoV: In (2 —2,) — (34)
— % V2Vs arctg (x2/x3)};

a=0, A(xr)=exp {—;— YoV: 10 (%o + ) — —;- VoVs arctg (lexs)};
6. A () = (22,+ 22, +B) ™2 exp {1 vv: In 27+ 22, + B) —
—% Y2Vs arctg (xz/x3)};

7. A(x) = exp {% YoV In (74 xi)};

8. A(x) = exp {—% V2Vs arctg (xz/x3)};

9. A(z) = x3"I; 10—12. A (2)=1,

rme | — enumHmYHas Marpuna pasMmepHocTH 4 X 4.
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Amnzans nas ypasnenns (26). I1as toro 4To6s mocTponTs MHBapUHAHT-
HEle IIePeMeHHble O, (), ®, (), ®, (z), HeOOXOAUMO MPOMHTEI PHPOBATH
cucremy JIYYII (23), B3se B KagecTBe E (z) KoadduIMeHTH omepaTopoB
(30). Wnrerpmpoanne cucteMsl (24) NPOBOAHMTCHA CTAHAADPTHEIMA MeTO-
mamu teopun sauHeinbix [[YUII mepBoro mopsmka, MBI DPMBORAM IO.y-

9eHHHA pe3yabTar B BuAe Tabmamiel, rme —o,P; + a,f, = 1.

Ta6anma 1
Ne o/m @y (x) g () @y ()
14| (3—at—ad) 232 (29— 1) 75" azy (zg—ap)1—
—In (zg—z,)
1.2 Tg-—Ty Z3 x3—a?—a3
2 23+ B (29 —2,) 2z - (xg— x,)? 3343z, (rg—1x,)
+ (g — 2)?
3 To—2Zy x§— 2} —a3 Bry— (29— 1) 24
4 Tz In (a3 + %)+ (234 2) (e — 292
+-2 arctg (z,/5) -
5.4 | (@f—ad)et (rtap)te | (a3—ad) (a3 +22) bIn (o3 +ah) +
-+ 2a arctg (x,/x3)
5.2 Zo+x, (23 —2?) (23 -+ 22)-1 bln (234 a3) —
—2 arctg (z,/x,)
5.3 22— 2?2 3+ % bln (zg+ )+
+-aretg (ry/zy)
6 (2222, +B) X (229422, +B) X bIn (2§ +23)+
cexp { % (r1—) X (a3 + a3t +2 aretg (z,/z,)
7 x3—a? In (zg+ ;) —z, zg
8 3+ 23 arctg (z,/z3) + Q%+ @217y
+B1zo+ Bozy
9 z1xgt zy7y* z37y"
10 o+, Zy zg
11 z zy zg
12 Zo Z1 T2

Honcrasnsas gopmyast (34) n pesymbrars u3 taba. 1 B (9), momysaem
HaGop aH3aleB, WHBAPMAHTHEIX OTHOCHTENHHO DACIIMPEHHOH TIPYIIIbL

[Tyanxape P (1, 3):
L4 % @) = (zo—2)™ exp {5 % (=10 In (2—2) } 9 (0,)  (35)

12, p (@) =exp {32 1 (=10} © (©,.0); (36)
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2. b@ =ep {Frum—1 (@—a)fe@); ()
3. V(@) = exp {55 1 (—70)} @ (05); (38)
be Y@ =@+ exp {— v arctg @z} o) (39)
5.1, (@) = (g — 2™ exp {5t v In (@t @) —
— 5 Pevsarolg (2,/2) } ¢ (05.1); (40)
5.2. ¥ (¢) = (a3 —a}) /> exp { — 7 yyp, In (2 —2,) —
— 5 Vs 2etg (2/75) } ¢ (@5/2) (41)
5.3. () = exb {5 om0 (20 +-20) — 5 Vs arolg (2a/2)} @ (@5.0;
| (42)
6. b (2) = (22 + 22+ B) ™2 exp {1 vev, In (220+ 22,4 B) —
Aty (@20} @ (0 (43)
T (@) =exp {5 vaviIn (20t 2) } o (@); (44)
8 (@ =exp {— L arctg (m/a)) ple);  (49)
| 9. ¥(2) = 25”9 (@0); o (46)
10. ¥ (@)= @ (0y); (47)
11. ¢ () = ¢ (04); (48)
12. b (@) =g (04), (49

®; — nabop wHBapmanToB u3 Taba. 1 mom HoMepoM i.

Pepynuposannnie ypasuennsa. Iloncrasnas amsans (35) — (49) B me-
auHeidHOe ypaBHeHme [lmpaka (26), mosyuaem penynupoBaHHEE ypaBHE-
HHA JJA onpefeneHus ¢ (®), o6mas CTPYKTypa KOTOPHIX TaKoBa:

L(fo (@) V) Pa, +1 (8% (0) + vih* (0)) 7,0 + A (p9) /=0, (50)
rge fo, gh, h* — panmoHANbHHE QYHKOUH OT ®;, ®,, ®Oz, W = (')_,3_,'
a = 1,3. Bunumem nosyuenHsle ypaBHeHUA:

1.1, F(va—v0) @ +[(Yo— v2) (01 + a720303) + (Yo + 7o) 0 — 2a7'y,040] —
— 2730,05] Qo, 4 [(Yo— V2) 02 — V3031 G0, + [aV,+ (V2 — Vo) @3+ 1)] P, =
=iA (¢)V%q; | (51)
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1 : .
1.2. 5 O (Yo — V2) @ + (Yo — V2) Po, + V3sPo, + [(Yo + V2) @1 +

+ (Yo — Vo) 0507*] Qo, = iA (99) Y23 (52)
2. [vs+B (Vo—"12)] ¥, + 27190, + % (292 + (Vo—72) @) Qo =
=ik (o) % g; (53)

3. —216— Vu (Y2— 7o) @ + (Yo— V2) P, + L (Vo+ V2) w‘—% V103 +
+ (vo—72) (B202 + 0,) 07'] Qu, + BV —301) P, = ik (99) %5 (54)
%(1 — 2k) 959 4 (©,05)2 (Yo — 11©1) o, + 2 (V3 + aV2) Po, +-
+ 1295 — (1 + 110y) 03 %07 ?] 090, = iA (9) V2 ¢; (55)
5.1. [ — k(Yo ch In 0/%e+D) — y, sh In ©}/2(%+9) 4
+ —Z(TfH—) (Yot vy) @ VAW 4 - 208 2] o—
—2(a+1) (yoch In 0}/ 2@+ —y shIn 0}/ 2@D) 0,00, +
+ 2 [y (Yo ch In 0f/2@T) — y sh In 0}/ %) — ©3/%Vs] @0, +
+ 2 (av, + bvs) 03 g0, =ik (w)‘/z" ; (56)
5.2, [ —k (vo ch In 0i’*—y, sh In 0}i’?) —1— 7 (Vo—71) ot/® 4

+ 57008 ] @+ (3o + 7)) 01 "o, + 20, (v ch In 0}/* —
—vyshln ol — 7,08 | g0, + 205 (09— 1) Qo = 1% @0) 05 (57)
5.3. 5 (Yot v02 %) 0+ Vo @0+ 1) + 71 (01— 1) 90, +
+2vam5“2%, b (Yo+7) + 1207 %] o, = iR (¢0) V%05 (58)
6. [(1—2k) (0 70) 95021 @+ 204 1B (Yo ¥1) +Yo— V4] 9o, +

+ 20)2 [('Vo + 7)) —1305%] Qo + 205" (Vo + bYs) u, = ik (99)V2¢;  (59)
7 (Yo+ V1) @+ [(Vo+ V1) 01+ Vo— Vil Po, + (Yot V1= V2) Po, +

+ V50, = iA (9@) /23 (60)
1 - ) _
8. 5 V301 1/Z(P + 2?3(01/2@@1 + (B1vo + Bavi + v201 1/2) Po,+
4 (Vo -+ 2V1) o, = i (90) V2 @; (61)

9. — KPP+ (Ya—Vo0a) Po, = it (¢9)!/%e; (62)



1166 ©YIINY B. U., JKTAHOB P. 3.

10. (Vo + V3) Po, + V19w, + V2Po, = iA (@) /2q; (63)
1. Vo090, =ik (pg) /2 g; (64)
12. %90, + V1%o, T VoPo, = il ((E(P)Uqu?’ (65)
r7Ie (Pma=%, a=13.

Crenyomum sramoM Hamero aaropurva sBIfeTcs PeNyKIOusA TOJy-
geHHBX cmeTeM JIYUIl k cucremMam o6RHKHOBEHHEIX nuddepeHnmaIbHEX

ypaBHeHuii. O6masa cTPyKTypa moaydaeMex IPH 9TOM CHCTEM HeJmHeli-
max OV rakona:

i (2) Y S+ 1184 (2) B+ ¥ (2) 73] @+ 1 () V2 = 0,

rme f4, gh, h* — panmoHAIbHHE dyBERIHEA 0T 2 = 2 (04, Wy, ©g).
Ecim 3 IYUIL (51) monomuts @ = ¢ (0,), To A% HAXOmIeHHA
cuuHOpa @ (@,) moxyvaeM ciaepyromyio cucremy OJIY:

ke (v2— Vo) @+ [(Yo — ¥2) 0 — ¥303] @o, = M () /¢, (66)
ecan ke BHOpaTh ¢ = @ (w,), moxygaem cumcremy OJIY Bmpa

kE (ys — 7o) ¢ + lay, + (o — Vo) (03 + 1)1 Po; = i ((B-(P)l/zh .
(67)

AHaJIOTHYHEIe PaCCyk[eHus, GyNyun NPAMEHeHHHIMHE K YPaBHEHHAM
(52) — (65), mator maGop cucTem HedMHEHHBIX OLlY (8 ckobKax ykasam
Homep [AYYII, u3 xoroporo momxysaercs paccMaTpmBaeMoe ypaBHEHHe):

(Yo T2) Go,+ 507 (To— ) 9= iA (@7)¥%q5 ((52)), (68)
[Vs+ B (Yo— 2)] Po, = L (@) /2ep; ((53)), (69)
27190, = ik (@) /2g; ((53)), (70)

2B (Yo V) Puyt Vu (Va— 7o) @ = 2008 (30)V%q;  ((54)), (71)
7 (1 =20) Y0+ 2 (35 a7) g0, = iA (30) V25 (55)). (72)

T (ot 11 1507 ) @+ 27,07 V2, = A Do)V %e;  ((58)), (73)

% [(1—2F) (vo+ vy + '\’3‘0;/2] ® + 20, (v + 71_730)%/2) Po,= 1A @‘P)Uzh@;
(59)), (74)
5 (01 0F [0+ 70 00+ Po— 141 G0 = 11 (00) V245 ((60)), (75)

7 (o 20 0+ (o 1 —7a) o, = 14 (F0) V245 ((60)), (76)

(0 b 1) 0 Yoo, = ik (G0) P93 ((60)), (77)
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£ o7 0+ 27,01 200, =ik (F0) Y Pe; ((B1)), (78)
— ko® 4 (Ya— Voa) Po, == ik (¢9) >3 ((62)), (79)
(Yo + Vo) Po, = A (¢0) /23 ((63)). (80)

VaPo, = ik (§9)42¢; ((64)), (81)

Voo, = 1A (99) /20 ((65)), (82)

(o @ HeT CyMMHPOBAHUSA).

Ecian ynaercsa IpouwHTerpMpoBath ofiHO u3 ypasHeHmit (66) — (82),
TO TOACTAHOBKA MOJYYeHHOTO pPe3YJabTaTa B COOTBETCTBYINUWI aH3aL,
(35) — (49) maer TouHoe pemeHme HeiamHeiiHoro ypasHemus Jlupaka
(26). 3ameuaTenbHEIM ABIAETCA TO 00CTOATENBCTBO, YTO PEIIEHUS HEKO-
ropeix Heammedneix cucrem OIY (66) — (82) ymaerca mocTpoutsh B sB-
HOM BuJe. 9TO CBA3AHO ¢ MHUPOKOH IPyNIol NHBAPMAHTHOCTH, JOMyCKae-
Mot mexopmeim A YUIL (26).

Tounsie pemenus HeauneiiHoro ypapHenusa [Impaka. B cmay roro
qaTo cucremul (66) — (82) aBasAOTCA HeIWHEAHBIMH, CTAHNAPTHLIE METONEL
maTerpuposanua OIlY kK muM HempumeHnMEH. IlodToMy B KayKmoM KoH-
KPeTHOM Cirydae NPUXOAUTCH WCIOIH30BATh CHeNupuIecKne TPUeMsl, MEI
npuBefieM ofmH u3 HamboJjee XapaKTepHBIX.

«JImneapusyem» cuctemy (69) caegyromum obpasom:

{[Y3+ B (vo—v2)] _j% =iA(f (mi))i/th”
op=f (o).

TlepBoe ypaBHeHHe Ges Tpyja MATerpmpyeics, ero ofmee pemeHne
aMeeT BHJ

(83)

o (o) =exp { — it | (7 (@)Y dzlvs+B (o— 2 } 1

rie 7y — IPOWBBOJBHHIN TOCTOSHHBI CHOWHOD.
HNcmoassys BTOopoe ycmosme u3 (83), momydaem

f(01) = 99 = %%
caemoBatenbHo, obmee pemennme (69) mmeer caepylommi BuA:

@ = exp {—ih (X0 Ivs + B (Yo — v2)] ©1} % (84)

- CoBepIIeHHO AHAJOTHIHO HoiydaeMm obmee pemenme cmcrembl OJ1Y
(70):

o -
o —exp { —— (0¥ 0.} X. (85)



1168 OVIINY B. U., JKTAHOB P. 3.

Honcranosxra (84), (85) B dopmyny (37) maer Toumsie pelleHusA Hed-
HeliHoro ypapHenua [mpara (26): '

¥ (@)= exp {7, (% —7:) (20—} exp {—ik ¥+ B (vo— )] X

X 6(%)1/% (Z3+ B (20— 2,))} %5 (86)
P () = exp {';— Vi (Yo—72) (xo—xz)} X
X exp { =5 (00", 2+ (z,— 7)) } 1. (87)

OGparames Tenmeps K cucteme (68). YMHOMUB ee cieBa Ha MaTpumy
(Yo — Y2) B BOCIONB30BABIIHCH TOAECTBOM (Yo — Y5)% = 0, MOJIYIUM
ycjioBUE COBMECTHOCTH 9ITOH CHUCTEMEI

(Yo — v2) @ = 0.

Hecaomno nowasars, urto ecam ¢ ymoBaersopser 3TOMY YCJOBHIO,
10 ¢¢ = 0. CnemosarensHo, Y = @@ =0, T.e. MHOKHTOID (pp) Y2k,
onpefiensomMuii HeauHedns# xapakrep JYYII (26), pasen Hymo. Takne
PelIeHNA MH He pacCMaTpPHBaeM.

Kpome yxasammmx ciayuaes ymaercs mpOMHTErpHpOBATH CHCTEME
OLY (71), (72) [upm (k — 1/2) a = 01, (76) — (78), (80) — (82). Ipm
arom cmecremsl (71), (80) mpuBomaT K pemenmam ¢ PP = 0.

HopgcraHoBKAa MONYYeHHHIX peSyabTATOB B (OpPMYIIH (35) — (49)
flaeT Cuefylolue KIAacChl TOYHHIX DeNleHNH HeJIWHeHHOTO ypaBHeHWA
Hupaka: :

E=112, ¥ (2) = (3 +a)/ exp { —L,1; aretg (2 }

xexp {—id Tﬁ’faz)— (vs+ avy) [In (a5 + ) +2a aretg (zy/z)]} 4;

88
k12, (@)= (@3 + ) exp { =7 s aretg (2029} x >
X exp { (e ) @Dty vy gy - (89)

k=0, ¥ (z) =exp {% YoV In (2o + xi)} exp {[% (Vo479 v2—
—ih (XY (Vo +v1—7s) | (In (5 + @) —a) } 15 (90)

¥ (2) =exp {5 vovIn (5 +2,) } X

X exp { —ivs [A @0+ (r0+ AN EATE ©1)
P (z) =exp {—i) ()Z’X)U S EAL'S (92)

¥ (@) = exp {id (xx) 2,20} 1. (93)
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IocTpoennrie pemenns o6nanaT Tem HeJI0CTaTKOM, 4TO IepeMeHHbIe
%y BXO[AT B HAX HECHMMETDHYHO, B TO BPeMA KAK B HeIHHEHHOM ypas-
Henun [lupaxa (26) Bce mepeMennbe paBHOIpasubl. Ha ¢usmieckom a3bi-
K6 5TO o3Hadaer, 4ro cucrema (26) pemaercss B PuKCHpoBaHHOH crcTeMe
orcuera. UToOH moixyumts pemenus (Toumee, cemeiicTBa pelmeHuit), He
SaBUCAILIME OT CHCTEMBI OTCYETA, HEOOXOMUMO «DPAa3MHOKHTE) (86)—(93)
C mOMOmpI) mpeoGpasoBanmit u3 pacmuperHo#l rpynmer Ilyaumkape

17(1, 3) (o pasmmoeHmm pemenmit cu., Hanpmmep, [13, 25]).
M1 ocymectuym nponenypy pasmuoskenus pemenus (87), B ocrainb-
HBIX CIyH9asX paccyueHus amamormunsl. Dopmyna pasMmoskenms pe-

IeHNd ¢ NOMOMBIO IpeobpasoBanmir, reHepupyeMbix omepatopoMm J,,
HMeeT BUJ

¥y (z) =exp { ——g— vm} ¥ ('), 6= const,

x;=xoch0—|—xlsh 0,2, =x,¢ch 0 + % sh 0, 2] = z,, T, = Z,.
IIpumensa ary opmyny x (87), moayuaem:
0 1 '
Vs (%) =exp {— 7?0?1} exp {‘2" V1 (Yo—72) (o ch 6 + 2, sh 9—:62)} X
X exp { —iT)“ (%) Y%y, 2z, ch 8 -+ 2z, sh 0 4

+ (zych 8+ z, sh 6—.702)2)} x- ‘ (94)
Hepenmmem (94) B oxBusamenTHOM BUReE:

6 \ 1 |
Py () == exp {— 5 %71} exp {7 V1 (Vo= V2) (o ch 0+ z, sh 9--752)} X
9 ! - e ‘}\ — 9
< oxp {00 exp { = F o} exp {— 2 Gguohy, 20,0h 0+
0
+ 22y sh 0 4 (z,ch 0 4z, sh G—xz)z]} exp {? 'yw,} exp {—%yoyl} e

HanumaH BO BHUMAHHUE TOMIECTBa

0 0
exp { = Yovi} o exp {5 vim) =

YochO+4v,ch6, =0,

= ¢YachO -y sh0, a=1,

Voo =2, 3,
12-0215
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OKOHYATEJIBHO HOJIyJaeM:
1
s () = exp {5 (v4ch O+ vy sh 6) (voch O+ v, sh8—1vy) X
X (#ych 0+ 2;sh 0 —a,) } exp {__i%_@o,,zk (v:ch 0 4y, sh 8) X

% [22,ch 8-+ 2z, sh 8+ (2, ch 0+ z, sh 9—12)2]} %
~ 0
* = exp { -3 "?0?1} x-
Hcrmonsays ocTaipnbie mpeobpasoBanus us rpymmsr Jloperma O (1,
3) = P (1, 3), moaydaeMm ciefyiomee CeMefCTBO pelleHMI:

1
¥s (2) = exp {4 (v-) (v-0) +(3-) (a-a+d-2)} X
o —

x oxp { —5- (0¥ (v-) [2b-2+ (a-z+ d-z)1} x. (99)
3necs u B ladbHedmeM a,, by, ¢, d, — IPOU3BOJIbHEE JeUCTBUTENbHEE
mapaMerphl, YAOBIETBOPAIOIIZe COOTHOUIEHUAM BUJA .

—a-a=b.b=c-c=d-d=—1;
a-b=a-c=a-d=b-c=b-d=c-d=0.}

PasmuOKasA ceMeiicTBO (95) ¢ MOMOIIBI0 O{HONAPAMETPHYeCKOM IPYIIEL
MacmTaGHHX IpeofpasoBaHuil ¥ TPYNNEl CBUTOB, OKOHYATENbHO IO-
JydaeM:

(96)

¥ @ =exp {5 (+:0) (y-a+7-d) (a-z+d-2)} X
X exp { =& (o) (3-0) 263+ 8 (@2 +d- 2P} p. (90)
U z, =, +6,. w="0, 3; 0,, 6—const. '

B pemenme (97) Bce mepeMeHHBIe BXOJAT Ha PaBHHX NpaBax, U BUN
ero He H3MeHseTCs IPH Iepexofie K Apyrod HHEPIMAJIBHOR cHCTEeMe OT-
¢uera [mfaue roBops, cemelicTBo pemrernil (97) NHBAPHAHTHO OTHOCHTENb-
Ho rpyunmsi ITyamkape P (1, 3)l.

PasMHOKas aHANOTHIHBIM 00pa3oM pelleHus: (86), (88)—(93), noJxy-
4aeM CleyOIue ceMeiicTBA TOUHBIX DeNleHU# HeJIMHeHHOTO yPaBHeHHA

Hupakxa (26):
¥ (@) =exp {4 (v:0) (4-a+7.d) (@-z+d-2)} X
x exp {—ik [v°c+ﬁ(v-a+v-d)l(fx)i’2h (c-z+P(a-z+d-2)}x;  (99)
¥ (z) = exp {iL ()Y (v-a) (a+2)} %5 (99)
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b () =exp { —ik (xx) (v-) (b-2)} x; (100)
V(@) =exp {5 (y-a) (7-8) In + (@242} x

X exp {[2_16 (v-a+7v-b) (Y-C)—il(bxx)“z“(v-a—l—?-b——v.c)] X
X (Oln(az4b2)—e-2)} 5 (101)
v@=exp {5 (r-0) (1) I (@2t b9} x

<o (=i [L00 + 5 ety ] ez oy
npu k=1/2,

V(@) =1(b2)+ (e 92 rexp { — L (.0)

.A' =
X (y-c¢) arctg (b~z/c-z)} exp {—2('1_(&?2) (@ (y-0)+

+y-¢) [In ((b-2)2+ (c-2)?) + 2a arctg (b-z/c-z)]} %5 (103)
upu ks£1/2, ¢ (2) =[(b-2)2+ (c-2)?]~1/2 x

X exp {—% (v:0) (v-c) arctg (b-z/c-z)} X
xexp {TTgp (62 (e )P0 (3.0)} 5. (10%)

B ¢opmynax (98)—(104) Zy =z, + 6y, 8, a, B, 6, — nponsBonn-
HpIe TIOCTOSAHHBIE, ¥ — NPOU3BOJBHEIA TIOCTOSHHEI CIITHOP.

Kpome npsamoit pexyrnum cuerem AYUI (51)—(62) cymectsyior
U ApYyrue BOSMOKHOCTH IOCTDOEHHS TOUHEIX pelmenmii. B 9aCTHOCTH,

ecan B (53) monosmnuts ¢ = @ (o, ®,), MBI TIOJIYYNM ABYMEpHOE ypaBHe-
Hume Jlupaka

[V +B (%o —V2)] Pa, + 27400, = i () /2% . (105)
Ynaerca maiitn wactume pemenms cmerems (105), xoropsie, Gyayun

HONCTaBIEHHEIME B popMyIy (37), MAlOT HOBHE KIacch pelleHuii ypas-
HeHma (26):

opu k=1/2,
Y@ =exp{ (3-0) (vatyd) (@-s4d-5)} x
X[ (0-b+B (Oaty-d)) (b5 p(a-z+d-)+

+%y.c[2c-z+ (a-z-4+ d-z)zl] X
12%
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% ortexp { — gk (B (v-b+B (v-a+v-d)) +

4B (v ) [ By (2B (a2 d-0) + By (2024

+(a-z+ 2 |f s (106)
npu k<O,

¥ (2) =exp {5 (v-¢) (y-a+7-d) (@24
+d- ) H{[(rb+B(rratv-d) (o2 (a-ztd-2) +
Ayt @t d ) ]i@+ig@) . (107)

B (106), (107) B, By, P, — mpousBoIbHBIE JEHCTBUTEIbHEIE TapaMeT-
PHI; 7 — TPOU3BOJIBHBI NOCTOAHHBIN COMHOD; Z, = Ty 4+ 0p b= 0,35

w:(b'z+ﬁ(a'3+d-z))2+%(2c.z+(a.z+d,z)2)2;

_ 14+ 1E1V12 40 _ I [E\Y2 =41 kDR
g(co)~i( | k| ) w /f((’))-‘¢( 52 ) +w} k2,
B sakii0uenue HTOT0 pasjefia OCTAHOBHMCSH HA ciydae, Korpa B (26)
k — 3/2. I Teopemsr 3 ciepyer, uto ypasuenme (26) npu rakom BriGope
HeJUMHe#HOCTH WHBAPHAHTHO OTHOCHTENBHO KOHPOPMHOHE  TPYIIBL
C (1, 3). DroT GakT MOKeT OHITH MCHOJNB30BAH JUIA MOJNYIEHMs HOBHX
pemennii. DopMyla pasMHOKEHHS DeIIEHHIl C IOMONIBI TPYMNIbI Crie-
nmanpHHX KoH(GopMHBIX mpeobpasosanmil (11) mmeer Bup [13, 251

¥y () = 672 (@) [1— (v-2) (v-0)] s (&)
x), == (1, — 0,z 2) o (x);
o(x)=1—20.¢+ (0-0) (z-z), 6, —const, u=0,3.

Hcmombayss B KauectBa P, (z) pemenma (98)—(102), (104) mpm

— 3/2 moay4aeM ceMeiicTBa TOUHBIX PeIIeHWI HEIMHEHHOro ypaBHEHUS
Jupaka — lopmu (6), WHBAPUAHTHOTO OTHOCUTEIBHO KoH(QOpPMHOHI
rpymna C (1, 3) (MBI onycKaeM COOTBETCTBYIOILIE GOpPMYIEL).

3. CAMMETPH S PEIYIMPOBAHHBIX YPABHEHU!

[10CKOMBKY HCIONB3YeMBIH aJTOPATM NOCTPOEHHS TOUHHX DerleHui
TpeGyeT 3HAHUA CHMMETPUM YDaBHEHHsd, TO CJEAYIONUM JTAIOM II0CJIe
pefyKuuu HeiuHefiHOTo ypaBHeHmA [lmpaxa (26) x cmcremam IHYUII
(51)—(65) momxmo GHITH HCCJIEOBAHNE CHMMETPUAHBIX CBOMCTB MOCJEN-
mmx. Ho ypasmenma (51)—(65) mMeoT BecbMa CIOMKHBIA BHJ, II0ITOMY
HEeIOCPe/ICTBeHHOe NPUMeHeHue airopurMa Jlu JIf HaXOKAeHUA MaKCH-
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MaJbHON CUMMETPHH 3aTPYAHUTENBHO (MEPCIEKTHUBHEIM SBIAETCH HCIO-
ap3oBanme s otux nexeir IBM [40]). CrenoBatensno, BoznmKaeT 3amaua
noucka 6osee 3 eKTUBHBIX METOJI0B UCCJIELOBAHUSA TEOPETUKO-aJarebpan-
YeCKUX CBoiicTB cucteM pepynupoBanumx J[YUYII.

Auxreops nHBapnanTHOCTH ypaBHenuii (51) — (65). B ocuose namero
mojgxofa K MCCIAETOBAHMIO CHMMETDHUIHBIX CBOHCTB ypaBHeHumil (01)—
(65) JesxuT caengyiolee YTBepIKIEHUE.

IMycrs G — rpynna Jlu mpeoGpasoBanuii, H — ofnomapaMeTpudec-
Kafg moAarpynna G, sABIAOINAACA HOPMaJbHBIM gejnureieM. Hpome Toro,
sagano JYUIl ¢ rpynmoit mmuBapumantHOCTH G.

Teopema 5. ¥YpaBuenue, moxyuennoe us ucxonsoro JYUIIl penyxnu-
eil mo H-uHBapUAHTHHIM PeINeHUAM, MHBAPUAHTHO OTHOCUTEJHHO I'PYIIIIE
G/H (maxionHasi yepra o6o3HauaeT (PaKTOPU3AIUIO).

JlokazaTeabCTBO BTOTO YTBEp:;KAEHHA MOKHO Haiitu B [33].

M= 6ygeM mcmoJsib30BaTh SKBUBAJEHTHYI0 (OPMYJAHPOBKY 3TOH Teo-
pembl B TepMuHAX ajare6p JIum (310 3HAUUTENBHO yOpoliaeT BCe Pacyuerhl).

Ecan 3agano JYUII ¢ axreGpoit cummerpuu AG u ognOMepHas noj-
anrebpa Q € AG, aBasomasca ugeaioM B AG, T0 ypaBHeHHE, HOTYIeH-
HOe U3 MCXONHOTO pefyKuuedl no Q-MHBaPUAHTHEIM peIleHWAM, HHBa-
PHAaHTHO OTHOCHTENBbHO anreGpst Jlu AG/Q.

B mameM cayuae B KadecTBe OJHOMeDHHX nofanreGp aarebpn AG =
= AP (1, 3) Bucrynator oneparopsi (30). Ho HemocpencTBennoe mpume-
HeHHUe TeopeMbl HeBO3MOKHO, TAK KaK 9TH HopfaareGpsi, BooOlle ToOBOpH,

He sABIAKNTCA maealamm B AP (1, 3).
[TooToMy BoBHEKaeT HpPOMERYTOYHAA 3ajaya HaXOMIEHUsS MaKCU-

MaJabHBIX nomanre6p A,, ..., Ay, anre6ps Jlu AP (1, 3), nasa Kotopnix
nogaxarebper (30) 6ymyr mpmeasamum.

W3 Teopunu anre6p Jlu usBectno (cm., manpumep, [33]), uto onmomep-
Hasa aareGpa {Q} saABasercs mpmeamom B amarebpe Jlm (Z,, ..., 2.},
€CIN W TOJBKO ecjn

[Q, ;] = 4,0, A; = const, i =1, s,

rae [Qy, Q,] — xommyraTop.
CaepoBatensno, omeparop 04VJ,, -+ Q%D + 6% P, npunagaesxur
anrebpe A;, eciu U TOJBKO €ciu

[egv‘]uv'l‘egop"l‘egpw Qz] = A’iin i=1, 12. (108)

3necs 04, 6%, 6% — komcranTh; Q; — omeparops (30), mo i HeT cyM-
MHIpOBaHUA.

Buiuncnas wommyrarops: B JgeBoil gactu pasenctsa (108) m mpupas-
HUBasA K HYTIO KO3((UIUEeHTH HpH JUHEiHO He3aBUCHMbIX ONepaTopax
Juvs D, P, menyuaem cmcreMy aire6pamdecKux ypaBHeHmil Ha Koad-
¢unumentn 05V, 0, , 6Y. Pemas stu YpaBHeHMA, HaXOMUM ABHBI Bup
GasucHBIX omepaTopoB aareGp A, ..., Ay,
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CrenylomuM ImmaroM ABIAETCSA BHYHCIECHUE ¢daxTop-aare6p
{4,/6;, i =1, 12}, xoToprle, cormacHo Teopeme 5, reHepUPYIOT TPYLOH
UHBApUAHTHOCTH peaynupoBanabix HYUIL (51)—(65). :

Peanusyem oty cxemy mis amreGph (Jop + J15 — aD). Tlopcras-

aAsa omeparop @y = Jog + Ji, —aD B (108), moxyuaem caexyromue
ycmoBus Ha mapametpel OBV, 69, Ok

mpu a5=0, 67'=6]*, 07=63, 6 -02=0,
0]=0;=0=0}=0;
mpm a=0, 6]'=67 0 =0{, 6)= —062,
0;°=0, 0;=0.
CremoBarensto, Gasuc anreGpr Jlm A, cocTaBiasioT OIIePaTOPHL:
a0, Jo + Jia Jo3 + a3 D;
a =0, Jog+J 335, Jg3, Py — Py, Py, D.
®@arrop-anrebpa A~1 = A,/Q, moposkaaercs TaKUMH OLepaTOpaMU:
a0, Jyg + J1a, Jo3 + I 503
a=0,J45 4+ Jga, Jo3, Py — Py, Py, D. (109)

Y106l moOMyYnTH OKOHYATeNbHEIH BHI airedp cummerpun A YUIL
(51), (52), meob6xonumo mepemmcars omepatopsr (108) B HOBEIX mepemeH-
HEIX @), ©y 3 ¢ [7. e. cmemars B (108) sameny mepemenmnix (35),

(36)1;

B pe3ylbTaTe HMeeM:
mpn a5£0, A,,=(ada, +—§ V1 (Yo V2);
2 (0107 — 09) O, + 0300, + 5 V5(72— Vo)) (110)
upn a = 0, f'lvm = <m10m, + 20,0504, + —;— Vi (Vo—V2)s
0,00, + % YoV2r W0u,; 0o, 0,00, + 0,00, + 2004, + k> ,

b 4=13.

Tae 0oy = Py

Ucnonpays apamormuHble paccy:kAeHHs, HOIyYaeM  aire6phl
cummerpnn Y UII (53)— (65):

Ay =~ 20,00,+2(1—F—0,) 90,3 05+ Boy) o, +
+ 3 (oo s (o= W15 Gosi o, )
Ay = <2m20®, + 050,k — 5 Yy¥es 20500, +
+ (0] —P?) 00, + 715— (V2 — Vo) (@1¥1 —Bvs);
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; 1 | ;
©100,+ B010a, + 5 V1 (Yo— Y2)> ;

Z _{(Qi; 02>7 a#07 -
LT Qs Qp; Q3 Q) a=0;5

- 1 )
mpu a0, Q= 0o,, Q= (0]—1)0¢,+ (0;+ ") 000, + 5 VoVis
upz a =0, Q= do,, Qy=0720}/2 exp { - —%— (02} (0,00, + ©304,);
: 1
Q; = 01/204/2 exp { —5 (02} (—0,00, +©304,);
] ! _ 1
Q= (01— 1) 0o, + (01 + 07") ©300, + 5 VoV15
~ 1
A5 = <00)a; — 2000, + 5Ty Y0Y1> ;

~ k
A5 2 —<(01 (07 S 4 '\70?1, 00)” 0®1+0)2(0 16(0,"'_(01 > :

i {(Qu Qy), b0,
537 1(Qy; Qy3 Qs Qu)y b=0;

npu b0, Q;==0s,y Q2= 20,00, 20,00, + bdo, +k+ % YoV13
upa b=0, Q= 0o, Q= 20,00, 20,04,+k+ % YoV1s
= 05 1/2cos w, (20)2'6m, —1g 0300, + —é— Vaovs tg co3) ;
Q. =0;1/2sin v, ( 20,0, -+ ctg ©30,— % V2Vs Ctg (03) ;
A= (000, 9a);

Z7=<am,; 00,);
Z _ {(Qi; 02; 03, oy = +0,,
Qs 0y, oy 5= tay;

opu oy =4 ,, @, =204, Qz F 2(01(3?&,l
— (B2 = By);? w36m, F 2(036(03 FEk+ 7 YoVis Qs =P100,+ y00,;
WpH @y = &y Q4 = Pudyt ol Qo= Bod, -+ il
Zg = <mawb0mb — 0o, — kg + % YoVas
1

1 S
Teabc(—mbawc'l'(’)cacob‘l“'z_ Vb?c)>, a, b, c=1, 3;



1176 ©®VIIUY B. n., JKTAHOB P. 3.

~ 1 1
Ay = <03100)2 T 5 V2 (Yot ¥s); 0400, + 5 V1 (Vo + Vs)s
1 1
W00, — 5 VoVsi 000, — @300, + 35 V2Vs;

©g00, + k5 00,5 00,3 0, ) ;

Ay = <8abc ( — 000, + 0.0, + —; Yb’?c) ;
©00, + k5 Oa,; Oa,; o, ) ;
fTw = <m10w, + 0,0,, — % YoVi; ©100, +
+ 0300, — “;— VoVsi — 0500, + 0300, 1 % V1¥2s

000, +K; Ooy; 00,3 O, )°

3nechb AV,- — axarebpa cUMMeTpUH i-TO ypaBHEHHS us (51)—(65), (Qy, . . .
-+, Qs) — nuneiinas o6osouka omepaTopoB @y, . . ., Q..

B rTomM, uro A4,, — A,, NeHCTBUTEIBHO SABISIOTCH anre6paMu cum-
MeTpuM peyuupoBaHHLIX ypaBHemmit (51)—(65), MoxHO yGexmTHCH
HemOoCPeACTBeHHOW IpOBepKol, memoanays meron Jlu [33, 34].

OrmeTuM, uTO onucanmbiit MeTOX mCCTeT0BAHEA CHMMETDUHU pPefyIu-
POBaHHBEIX yDaBHEHUiI MOKeT OHITh peanmsoBan mHa DBM. Hpowme Toro,
OH MOET CIYKUTh MCTOYHUKOM [UIf IOJYYeHHs HOBHIX IIPeCTaBICHUE
Kaaccniecknx rpynn Jlu. B wactrocTu, nerko BumeTs, 4o

Ay = 40 (1,3),

rae AO (1,3) — anre6pa Jlu rpynns Jlopenma O 1,3).

Takum o6pasom, na pemenusax [V YI] (62) peannsyercs mpencrasie-
nue rpynns Jlopenna O (1,3), npuHOUOHAILHO OTIWYHOE OT IpejCcTaB-
MeHus rpynnst Jloperna, KoTopoe peanmsyeTcsi Ha pemIEHHAX HCXOJ-
HOro ypasHeHns (26). Mcmombays aTor ¢akT, MOKHO mOXydInTH clefyo-
Iiee HenmHelinoe npencrabienne aiarebpmr A0 (1,3):

0 _iye 9.
dua dub ?

. a . .
Pu=1guvm 3 Jap =2 Py — 2, P, +iu

0 _—

. 7} .
Joa = 2gPy— x, Py + iugu, b v gua s a, b=1, 3.

Crenaem omno Bakmoe sameuanme. Teopema 5 He TapaHTUPYeT TOTo,
9TO HOCTPOeHHAs Tpynna GyleT MaKCUMAJbHON IPynmofi cuMMeTpum pe-
AYLIMPOBAaHHOTO ypaBHeHHA. B psane ciryyaes MakcmmanbHas rpynna ma-
BAPUAHTHOCTH 3HAUMTENBHO IIAPE, YeM DTO CJefyeT W3 TEOPEMH 5.
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Teopema 6. MakcmmainbHasm rpynma uHBAapHaHTHOCTH AYUIl (63)
ABJAeTCA 0GECKOHEYHOMApaMeTPHYECKOH, ee TeHepaTOpPH MMET BHIL:

mpE k=1, Q= 6, (0,) do,+ 5 (01) O, +
4 [y (@) P17+ 62 (01) ] (R +79);
Q.= — 0300, + 0300, + % ViV2s
Q5= $0 (1) Go,+ b0 (1) (@300, + 0500, + $o (07) +

b5 B0 (@) (3@ + 205) (Yo +79);
Qu= $5(0)) V4 (Yo 75); (111)

mpn k1, Q=0u,; Qp = — w00, + 0400, + % ViVes

Q= $4(01) Do, +$5 (1) dou g [$14 (@) 11+ §2 (1) 7a] (Yo +75);

Q= 0400+ k; Q5= 03 (1) V4 (Yo +7s), (112)

e ¢o (1), . . ., ¢35 (®,) — OPOUBBOIBHEIE TIJIalKHe OYyHKIUHM, TouKa
obosHavaeT audpdepennmpoBanme mo ;.

JoKa3aTeqpCTBO, NPOBOAMMOE € [OMOII[BIO HHPUHNUTE3UMAIBLHOTO
mMerofa JIm, oYeHb IpPOMO3AKO, MBI €ro OmyCKaeM.

Caencreme. Ilycts ¢; = ¢, (©) — pemenne AVYUII (63), rorza com-
HOP ¢, = @, (®), IOCTPOEHHKI HO GopMye

@2 (@) = 85" (1) exp {$3 (@) Vu (Yo + ) — 5 1 (02) s (v +75) —
- —;‘ S{’.o (1) 65" (01) [¥1 (@2 + by (04)) + V5 (034 ¢ (0,))] (7o + ’\’3)} X

[] r ¢ : ‘
X @, (S ¢ (0) dey, 0)2;; (011()(01)1, 'O)s;; ((;1()(01) ), ‘ (113)

Tak:ke Oymer pemenmem mpm k = 1 [ecom k == 1, caepyer momomuTh
$o (0r) = 11.

B copasemymBocTH 5TOTO yTBEpIKIEHUA MOMKHO YOeAMTHCH npAMOi
I POBEePKOI.

Ucnoassys gopmyary (113), Momuo moayuats cemeitcTsa pemIeHui He-
nuHedHOro ypaBHenus [lmpaka, saBucamume ot Tpex (npu k = 1 — or
9eTHIPeX) IPOU3BONBHHIX (YHKIMIL.

Bribepem, Hampumep, B kadecTBe ¢; () clIeayiomee YacTHOe pelienme
ypaBuenus (63):

@1 (0) = exp { — ity 0, (x3)V2* )y (114)

Honcrasass (114) B ¢popmyny (113) m pasmuoxas maiiTennoe peime-
HEe mpeoGpasoBanmavME u3 rpynns P (1,3), momyuaem clefyoomue ce-
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MelicTBA TOYHBEIX pellleHWH HeamHeiiHOoro ypaBHeHumsaA J[lmpaka (26):
opu k=1,

¥ (@) =3 exp {$a vu (v a+7-d) — 5 ($1v-0+ $av-0) (ra+y-d—
— gty [(0-) G-y 60+ (1-0) -7+ 9] (40 +7- D)} X

X exp {— ik (xX)V2 (1-0) (0-y+¢1) ¢33 %5 (119)
mpu k=1, '

¥ (2) = exp {$av (v-a+v-d) = (Bev-b+

+6av-0) (y-atv-d) exp {—ih (un¥ (v:0) (b-y+$9}  (116)

rme ¢g, - .., ¢35 — NPOM3BOJBHEE TIIanKue QYHKNuU oT a-y + d-y;
) — IpOU3BOJBHBIN LOCTOAHHBIA COMHOD; Yy = &, + 8,, 6, = const,
p = 0,3.

IpyraMu nmpuMepaMd ypaBHeHUH, CHMMeTpPHA KOTODHIX IOTMpe CHM-
MeTpum, ONHCHBaeMoil Teopemoir 5, sBasiorca AVYUIL (64), (65) mpm
k = 1. MokHO TOKa3aTh, YTO IpPH TaKOM BHIOOpDe HeJIWHEHHOCTH BTH
ypaBHeHHs WMHBADMAHTHBI OTHOCHTETIbHO KoHPOpPMHEIX rpymm C (3) =
C (1,2) coorBeTCTBeHHO. ITO JaeT BO3MOKHOCTH CTPOUTH HOBHIE CeMeil-
CTBa pellleHnii HeluHelHOro ypaBHenua [upaka (26) npu k£ = 1, ncmoan-
3yA GOPMYJIE Pa3MHOKEHHUS PeIIeHHUH ¢ IOMOIbI0 KOHeUHHX IIpeobpaso-
BaHMI TPYNNOH CHENUATBHEIX KOHQOPMHHIX HpeoOpasopammit. Mumysa
NpPOME;KYTOUHbIEe BHIKIAAKH, TPHBOJUM TOJYYEHHbIE MHOTONIApaMeTpPH-
gecKme ceMeHiCTBa TOYHHIX pelleHmil ypaBHenus (26):

npu I£_=_1,
P (2) =U (x) exp { —ih (x0) 2 (v-0) Vi} %5 (117)
P (2) = U (z) exp { — 21k ()2 (Vi+ VY4 (y-0)} 1. (118)
B (117), (118) mcmonp3oBaHE ciefyiomue o0G03RAICHUS:
U(x)=0"%2(x) [T+ [(v-0) (b-x) +(v-¢) (c-2) +
+ (y-d) (d-x)] (04 (v- ) 405 (v-¢) +85 (v-d))I;

Vi=[b-z+ 0, ((b-2)>+ (c-2)*+ (d-2)*)] 07! (2);
Vy=[c-z+ 0, ((b-2)*+ (c-2)*+ (d-2)%)] 07! (2);
o(x)=1—2(0,b-z+0,c-z+ 63d-.r)+62((box)z—l-(c-x)z—l-(d-x)z);
62=Oi+6§+63, 0; = const.

TanneeBcKMe-HHBAPNAHTHbIE YPABHEHNA, ONyCKaomue 0¢CKOHEYHO-
y )
mepHyio anrebpy cummerpum. V3 Teopems 6 ciepyer, 4TO Ha IOJAMHO-
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JKecTBe pelleHmii ypaBHenmsa [{mpaka (26) peanumsyercs mpejcTaBieHUe
GecroneuHoMepHoOl asnre6psl Jlu, BIYaomedl B KauecTBe IMONaireGpor
anre6py Jlm rpynom Tammaes G (1, 2). Jlpyrumm cjioBaMm, YCIOBHE

(Po“l‘Pa)lP:O (“9)

BEHIleJISI€T IIOJMHOKECTBO pelleHuil HeJuHeHHOro ypaBHemma Jmpaka
(26), xoTopoe sBiseTcs ropasgo 6oliee CHMMETPHYHBIM, 4eM BCe MHO-
mecTBo pemennii. Takum ob6pasom, ycioBue (119), Buensmomee coraa-
CHO DAaCCYsRIEHMAM NPeJBIYINero IOJIYyHKTa HePeISTUBUCTCKYI YacTh
MHOjKeCTBa pelleHnii ypaBHeHudA (26), TeM caMBIM BHIJEJIAET MHOKECTBO,
WHBAPUAHTHOE OTHOCHTEJIBHO OeCKOHEYHOMepHOW anrebpn Jim Ag.
DopMaTBHO 3TO MOKET OHITH 3aIHCAHO CJAEAYIOIMEM 00pPa3OM:

AP (1,3)/(Py - Py) = AG (1, 2) = Aw. (120)

OKa3HBaeTCH, 9TO 3TOT Q)aKT nMeeT MeCTO MJIsf OYeHb INMPOKOTO0 KJac-

Ca NyaHKape-HHBAapMAHTHHEIX YpaBHEHUI, a UMEHHO — ypaBHEHWH THIIA
Baba

[B.p" + m]l ¥ (x) = 0, m = const, (121)

e ¥ = (¥, V2, ..., ¥}, 2= (29, 2 ..., ¥p), L>=>2;
By — (n X n)-MaTpuuBl, YOOBIETBOPAKMME YCJIOBHAM

[ﬁ}n Suv] =1i (gu?»ﬁv —gvhﬁu)’
Suv=1BuBy—BB.), guv=diag (1, —1,..., —1, —1), 0<p, v, ALI.

Xopomo usBecTHO, 4T0 ypaBHenue (121) MHBaPMAHTHO OTHOCHUTENb-
Ho anre6per Ilyamkape ¢ Gasucubimm omepaTopamu Buma [6, 41]

. d
b, =ig,, e Jyw=x,P,—2x,P,+8,,.

ITorpeGyem, uro6nr ¥ kpoMe ypasmenus (121) yaoBaeTBopsano u Jo-
NOJNHUTENBLHOMY YycaoBuio Buma (119)

(Po+ P) ¥ (2) = 0.
Torma pnsa ompenenenus ¥ (o) = V¥ (xy + 25, 24y - - ., T;-y) TOTY-
daeM caepylomyio cuctemy JVYYII:

-1
(i (B +B) O, +1 23 Bjd0, +m) ¥ (@) =0. (122)

ITpedaoscenue 1. YpapHenue (122) mEBapHmaHTHO OTHOCHTENLHO Gec-
KOHeYHOMepHOI anre6psl JIu ¢ GasucHBIME omepaTopaMu BHAA

Q1 =,y Qs =D* (0) Do, -+ 5 D* (@) (Bor Bl — [Bar Bil)s
k=1, ..., 1—1, (123)

rae 0y, = %; p=0,I1—1; o = d®/dw,; ®* — npousBoabHbIe
nnqnbepennnp;eMme OYHKIUHA 0T ®,.
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HAoxasarenscTso. [ua iunefiHEX ypaBHeHNH CIpaBelIHBO
caenymomee yreep;xnenue [6]: omepatop Q sABiAerTcs omepaTopoM cmM-
MeTPHH YpaBHEHUSA

L () ¥ =0,
€CJIM ¥ TOJBKO eCjyM CyllecTBYyeT Martpuna R (r), Takas, 4To
[Q, L1 =R (x) L.
JlokaskeM, 9TO B HalleM cayduae
[Q, L] = 0. (124)
HeficTBUTENABHO,

(@25 1(Bo+B1) 0w, + if’k(?(ok +m]=
— 1 (Bo+B) D" (0) {(Bo Bl — Brr Bul}-

[oramem, uro (By—+ B) {[Bys Pul —[Br> B:]} =0, orkyma m Gymer
ciemosarh gopmyrna (124). Bubepem, manpumep, k= 1;

I

(ﬁo + ﬁl) {[ﬁo’ 131] — [By» ﬁz]} = (ﬁo+ Br) (ﬁoﬁi - ﬁiﬁo"‘ 51(31 + Biby) =
= (ﬁoﬁoﬁi - f’oﬁiﬁo) + (ﬁlﬁlﬂ.'_ ﬁlﬁiﬁl) + (ﬁiﬁoﬁi - ﬁof’iﬁl) +
+ (ﬁoﬁlﬁl - 5151[30) = iﬁl - if’l =0.

_ AHaNOTHYHO [JOKAa3HBaeM yTBepsKIeHwe u Aag k=2, ..., I —1.
Teopema moxasaHa.

3amevanue 1. YTBep;KIeHUe TEOPEMBl OCTaeTCHA B Cuje W [JIA IyaH-
Kape-MHBapHaHTHEIX HeJWHeHHEX 0o6Gobmenuit ypasmemmsa BaGa (121)

BurhW + F (P*, W) =0, w=0, 1, ... L (125)

IT0T (PaKT MaeT BO3MOJKHOCTH CTPOWTH KJACCH TOYHEIX pemeHmit
cuctem IVYYIl (121), (125), BramuYaomue NOPOW3BOJLHHE (YHKIUH,
HCTIONB3YA OPMYJIH PasMHOKeHHs pemenuil tuma (113).

Sameuanue 2. Ha pemenusax ypabuenus (122) peamusyercs caemyio-
mee mpejcTaBienne aarebpsr lammnes AG (1,1 — 1): '

. 0 . 0
0:‘—‘16—(’)0—’ Pa=—l 30y (l:'l, l—1,

Jab :xapb""xbpa"l’sab»
1 P ———
Gy =Py + 5 (Sa—S80a) a» b=1, I—1.

P

Anrebpa (123) e ABAAeTcs, BoOOIIe roBOPH, MAKCUMAJbHOM ajre6-
pofi cumMMmerpun ypaBHenus (122) (mocmemusas MoskeT GBTH 3HATUTENHHO
mupe). Ilpmmepom caysmur cregyomee HYYIL:

[(Vo‘f'va) Po“"?apa+7" (E‘P)Usl l|)(0))=‘0, a":°1’ 2’ 3. (126)
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Teopema 7. Basmc MaxcuManbHON anreOpH WHBAPHAHTHOCTH YpaB-
Henusa (126) oGpasywT ciaegymoImue omepaTopL:

.0 i
PO':]'_(?—(D—O'; Jab=03apb"“9bpa+lZWa’ Vols

G =D (i) Py— 5 D () Y (%0 + 703

" : 5 . (127)
A @0 () Py— D (@) 00 Po+ 5 0+
‘+%€150‘Yama (V0+ 'V!g)’ a, b=1, 2, 3?

rre  @° ..., @®® — mopomsBoapHBe Ju@PepennEpyemMbe QYHKIUD;

@, = dD"/dwy, p = 0,3. [loxasareabcTBO NPOBOAUTCH € MOMOLLBIO
Merona Jlu, MBI ero He LPHUBOAUM.

Caencreue. YpaBuenue (126) mHBapHAHTHO OTHOCHUTENBHO aJredpbi
Jlu oGobmennoit rpyunnsr lamunes G, (1, 3) (o6o0mennoit rpymnmoit
Tanmies naspiBaeTcsa rpynma lamuies, HOMOJTHEHHAs OXHOIAapaMeTpPH-
YeCKUMHU TIPYHIaMH MacIITa0HBIX U IIPOEKTUBHBIX Npeobpas3oBaHmii).

Basuc aToit anre6psl MoskeT OBITH BHOpDaH B BUIE

%
0(0a

Jab=(°apb—“bpa +T [Var Vol

P—l ; Po= —

K

Gc:mopc_% Ye (Yot Va)s @ b, c=1, 3,
D =w,P*+3i/2, p=0, 3,
A = 2000, P" — 0Py =+ iy + ia0q (Yo + V4)-

B cuxy aToro JYYII (126) MosxHO TpaKTOBATH KaK HEPEIATUBUCTCKUI
aHalor KOoH(POPMHO-MHBapHaHTHOrO YypaBHeHus [upaka — I'ropmu
(5). C mpyroit cropousl, ecan noxokuts B (126) A = 0, To moayuennoe
ypaBHeHHe COBIafaeT ¢ ypaBHenumeM JleBu — JleGmonma pus Hepedsi-
THBHCTCKON 9acTHIEL ¢ HYJleBoi Maccoi [42].

Basxno oTMeTHTH, 4TO cmMMeTpuiiHEIe cBoiicTBa ypaBHeHuA (1206)
He HCYePIHIBAIOTICA JOKaabHOH cuMmmerpumein (127). HemocpemcrBenHuoit
npoBepKoil MoskHO y6egursca, uro [JYUII (126) gomyckaer cienyromyio
HEJOKAJBHYI0 Ipynny upeobpasoBanuii:

V=19 + (Yo + va) E (0; ), (128)
rie E (o; ) — mpomsBoabHOe pemenue amueiinoit cucremsr Y YII

[VaPo — A (Y)V31 E = 0,
E(Yo + ) E—E (o + V) =0, E = E+y,.
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4. HEKROTOPBLIE IBYMEPHBIE CHIMHOPHBIE MOJEJN

Ip(eKTUBHOCTS NPUMEHEHHS TEOPeTHKO-aireGpaudecKux MeToN0B
TeM BHIIE, YeM Mupe CHMMeTpPUA paccMaTpuBaeMoro ypasmenms. Oco-
Orii uHTEpeC B 5TOi CBA3M mpencTaBiaAIT AByMeprEe IV UIl, uaapuant-
HEIe OTHOCUTeIBHO GecKOHeIHOmApaMeTPHIecKolh Tpymme ImpeoGpaso-
BaHmil. VIMeHHO 9T0 CBOHCTBO MO3BOIMIIO IOCTPOHTH 061U PeleHus ABY-
MepHEX ypaBrenmit II’AmamGepa [30], JIlmysuans [43], rasosoit muma-
muku [44], Momxa — Ammepa [43], Tuppuura ¢ mymeBoii Maccoit [45,
46], Bopna — HMudennna [43], Makesenna — upaka [47] u ap.

M=u mokaskeM, 9TO COMCOK MHTEIPUPYEMBIX MOJe]eil MOKeT OHITh IOo-
TOJHEH CJeAYIOMUMN HeauHefHNMEH cnomHOpHEME J[VUII:

[vuP® + 2% (VO (20 2)=0, p=0, 1;  (129)
l(vo + Vs) Po — V1P1 + A (V)21 (20, 27) = O, (130)

rie Y = P (Lo, ¥1) — YETHIPEX KOMIOHEHTHHH CUMHOD; Yo, V1, V3 — 4 X
X 4-marpunsl Jupaka; A,, Ay, K — KOHCTAHTHI.

Ypasrenne (129) — sTo nByMepHHIl anajor ypasHeHms Jupaka —
TeiizenGepra (4), a HAYUIl (130) — nBymepHHi aHAZOT ypaBHeHUS
(126). Kpome roro, (130) mosieT GBITH IOJYYeHO U3 HeNUHEHHOTO ypa-
Buenua [upara (26), ecam momosurs P = P (z, 4 x5, 7).

Cummerpusa ypasmenmii (129), (130). Ham Gyner ymo6mo BH6paTh B
(129) y-marpunel B ciepyiomem Bupe:

(3 v_( 0)
Yo = —ig, 0 v V1 -—0’36 )

\

rie 0,, 03 — marpunu Ilayam; 0 — myneBas Marpuma pasMepHoOCTH
(2 X 2). PacnuceiBas (129) mOKOMIOHEHTHO W Hepexofisfi K KOHYCHEIM
nepeMeHHBIM

E=xy—2y, N=2y+ 2y,
moJrygaeM
1040 = — 0 (] 12+ | 93 2) 003
L0nbt =4 (] 0 2 | ¥2 [2) s 31
1092 = — (| P12+ | $°2) v (131)
10,05 =1 (] 90 2 | ¥ |?) .

Il pednoscernue 2. MakcuMaibpHOI JOKAABHOH Ipynnodl MHBapHAHTHO-
¢t cucTeMn ypasuenuit (131) saBasercs OecKoHeYHOIApaMeTpPH-
9eCKas Trpynma '

G = Oy (4) X On (&) X Goo - (132)
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rme G. — OeckoHeuHomapaMeTpuuecKass rpynna Jim mnpeobOpasoBanuit
BHAA

13 n

3

¥=\fr@dz v =12 dz;
P =0 ), ¥ =y, (B);
b =2y (), ¥ =¥ (B),

fo» f1 — mpomsBoxbHBe nuddepennupyemsie Gynkuuu, O (4) — rpynna
mpeo6pa3oBaHMil, COXPAHSIOMUX KBaApaTtuuyHyio gopmy

Tt 12+ 19° ]2
mapaMeTpsl KOTOPOM SBJAIOTCSA NPOM3BOJBHBEIMU (QYHKIUAMA OT E;

Oy (4) — rpyuna nuHefiHEIX npeoGpa3oBaHMil, COXPAHAIIUX KBajpa-
TAYHYI0 $opMy

T 12+ 1?13

mapaMeTpel KOTOpOil ABJIAITICA NPOM3BOJNBHHIMU (QYHKIUAMU OT 1.
ITpedaoscenue 3. MakcumanpHas JOKAJbHAA TPYNIA MHBAPUAHTHO-

ctun ypaBaenus (130) remepupyercs CIeIyHOIUMU OIEPATOPAMH:

opu k=~ 1/2,

Py=-2 s Py="" ; D=g,P, &

0y 0y
G =D, () P, +% (1.)1 (%o) 1 (Vo+ V3)3
Q= (Yo Vv3) [D; (o) V2 + D5 (2o) Y/‘l;
opu k=1/2,

G = (x) P+ % D, (20) V4 (Vo -+ V3)3
A= @, (x,) Py+ q.)o (o) Py + ‘;— d)o (o) + % Ef[.)o () V1 (Vo +V3)
Q = (Yot v3) [ D, (o) Vo + Dy () 4],

rme @, (1)) — mpomsBoabHEe AuPPepeHTIpPYeMble QYHKINHN, TOYKA 060-
3Havaer muddepeHIUPOBAHME IO .

3anmewanue. Cavmerpuitarie cBoiicTBa cueremsr JIYUII (131) smaum-
TeJBHO INUpe, 4eM AHBAPHAHTHOCTH OTHOCHTEJBHO JOKAJBHOR IDPYIIIH



1184 ©VIIUY B. 1., KIAHOB P. 3.

(132). B gacruoctu, (131) momyckaer IPYNNy HEJOKAJBHHIX (MHTErpalb-
HbIX) mpeo0pasoBanuil Bupma

~

WO = aytexp {idy \ (16 P—1) [ P+ (1 d [2—1) | 4|2 dE) ;
v optexp { i [ 1(1a 12— 1) [y 124 (e 2= 1) | y2 21 dn)
v =cyrexp {ih {110 =1 |9t 24 (12— 1) | 49 218}
W =dytexp { —ity [ [(1a P—1) [0 124 (Tc 2= 1) | g2 Pl an},

rae a, b, ¢, d — NPOU3BONBHEE KOMIIEKCHEIE IIapaMETpEL OrmeruM,
4TO 9Ta rpymnma usomoppua rpymme C! no ymMuo;xeumio.

JInneapusanus u odmee pemenne ypasnenmii (129), (130). Oas Toro
uT005l mocTpouts obmee pemenne 1Y UII (131), Mb Bocmombayemcs Me-
TONIOM HEJIOKAJIbHOM JuHeapusanuu [43, 47], 1. e. ykamem B sBHOM Bue
HEJIOKAJIbHYI0O 3aMeHY IepPeMeHHbIX, mpuBogamyo (131) k cumcteme mm-
neinpix JIYYIL Ilepexons B (131) K HOBEIM mepeMeHHEIM IO opMyTaM

0= ut (& wexp {ih, | (1ut P+ w2 dE} ;
=t (& mexp { =ity (w0 2+ [w2)?) dn};
=t & mexp {ih | (1wt 124 w019 a8} 5
W=u & mexp { =it | (10 2+] w2 Ddn},

(133)

noxyyaeM ClIefylomue ypaBAEHUS A HAXOICHHS HeW3BECTHHX (yH-
romit w0, ul, u?, ud:
Ou®=0, Oqu! =0, du?=0, dqu®=0. (134)

damena nepemennwix (133) mo Buxy mamommmaer sameny HKoyia —
Xonda, mpuBonAmyio ypasHenme Bioprepca k JiumeitHOMY YPaBHEHUIO
TenzionpoBofnoctu [48, 49]. Ilpunnunmanpnoe oTamuyme cocTOMT B TOM,
aro 3aMmena (133) sBaserca obparmmoil mpm m06Ex 10, . . ., ud, a 3a-
mena Hoyma — Xonga, BooGme rosops, mer.

UnrerpupoBanne ypasuenmit (134) maer

ut=U"(m), ut = U (§), w* = U* (), u® = U® (§), (135)

rae U° ..., U® — npousBoabHEE KOMIIJIEKCHO3HAIHEIE mugdepenia-
pPyeMEle QYHKI[UH.
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Honcrasnsaa (135) B (133) u mepexoms or KomycHEIX IIepeMeHHbIX
&, M K HCXONHEIM, mOJyYaeM o0liee pelneHue ypaBHeHus (129):

Xo—X1 1
W=U @t a)exp{ih, § (U P+ |05 |2 a8} 5

Xo+%y
'=Ut@—z)exp{—ih [ (100124022 an};

(136)

P=U @ +aexp {it, | (1012402 ) e} 5

Xo+xq
W= (o —z)exp{—ih, [ (10024 U212 an}.

OrMeTnM, 4TO KOHCTaHTAa B3amMoOjeiicTBUA A, Bxogur B (136) amamau-
THIecKuM o6pasom. Yerpemassa A; k 0, moxydaeMm ofIee pelenme cBo-
GoaHOTO NBYMepHOro ypaBHemums Jlupaka

(YoPo — V1P1) ¥ (%gs 7;) = 0.
Has Toro 4ToGH mOCTPOMTL 06INee pelleHHmEe CHCTEMEI AYUII (130),
3aMeHUM ee SKBUBAJIGHTHOU «IMHEHHOUW» CHCTeMOH BHIa
. 0
Vi, = ik, —a'xfT Y+ (Vo +va) F (2o, 7,);
Ve, = — F (25, 7,); (137)

= ().

IlepBoe u3 ypaBuenwuit (137) — 3T0 auHeiinas HEOHOPOJHAA CUCTeMa
ONY (z, Bxonut B KavecTBe mapaMeTpa), 06Iiee pelIeHHe KOTOpOil MOsKeT
OBIT TOJTYUEHO C IOMOIIBIO METOMIA BaPHAIUH IIPOU3BOIBHON HOCTOAHHOM

P (2) = exp { —ilyy4f (), x,)} X

Xy

% [ @@ =i (ro+0) | exp{—ihgvif (20, 2} F (2, 2)dz]. (138)

HopcraBass (138) B ocranbnne ypasuenus m3 (137) u pemas moJry-
UeHHLIe COOTHOINGHWS, HaXOfuM o0mjee pellieHHe MCXONHOM CHCTEMEL

JAYUII (130):
VY (Zg, z1) = exp { —ikof (2o, 2,) .} X

X [(P (o) + ¥4 (Yo + 73) S exp { — ik, f (_xov z)} X

: o
XdZ((P(xo)—lhza—;vicp(wo))], (139)
13-0215
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rme @ = @ (ry) — YeTHIPEXKOMIIOHEHTHHI CIMHOP, IPOU3BOIBHEIM 06pa-
30M BaBHcAmuit or %, f = f (z,, z;) — meficTBUTENBHAS CKAJSADHAA
¢yHKINMA, ompefeldsdeMad W3 COOTHONIEHHS

X3 N .,
—6%2[140‘1'141 S ch (27»2f (o5 2))dz+ A, L\ sh (2Aof (4, 2)) dz /Zk;

(140)
A= &P; Ar—‘(—PYi (Yot v3) é—@va (Yot v3) ®;

A=i(@Wo+79) 90— 0 Yo+ 75 9)s ¢ =do/dz,.

Ecau ¢opmansno ycrpemurs B (130) k£ — -+ oo, To ar0 ypaBHeHme
nepeifiier B JuHeHHOe YpaBHEHUE

[(vo + v3) Po — 11P1 + Aol (x) = 0. (141)

OxasniBaeTcs, YT0 TaKON mpefelbHEl IIepexof BO3MO;eH U B (op-
myaax (139), (140), B pesyxabraTe gero moiaydaem obmee pemenue J[YUIL
(141):

P (z) = exp { — ik, sz} {(P (2o) — -21T2 (Yot vs) exp { —2iA,z,v,} (P (xo)} ’

e ¢ = @ (zy) — YeTHPEeXKOMIOHEHTHHI CHOUHOP, NPOM3BOJIBHBIM 00-
pa3oM 3aBuCAUUH OT Z,.

YuuthBaA OTMEUEHHYIO BHIIIE CBA3H Me/KAY HEJIMHEHAHHIM ypaBHEHU-
eM [upaxka (26) m cucremoin [JYUII (130), mo popmyme

Y1 (@) =Y (2o = (T + 23), 21 > 7y),

rie P (xg, r;) w3 (139), moxydaeM ceMeiicTBO TOYHHIX pEINEHMH ypaBHe-
HuA (26), BKIIOYaloIlee YeTHpe NPOW3BOJBHBIX KOMILIEKCHOBHAYHBIX
$yHKIUNT.

NPUNIOMEHHNE 1

AH3AIIBI, PERYIUPYIONIUE IIPON3BOJIPHOE IIY AHKAPE-
NHBAPNAHTHOE
YPABHEHUE K CHCTEME Oy

C moMompI0 aH3ameB, WHBAPMAHTHHIX OTHOCHTENBHO ONHOMEDPHHX mopaiareGp
anreOpst Ilyamkape AP (1,3), ygaercs yMeHBIIHTH DPasMepPHOCTH IIyaHKape-HHBa-
PHAHTHOTO ypaBHEHHs HA egmuuny. ClemoBaTelbHO, YTOGH PeAYyHUPOBATH GeTHpeX-
mepuyio cuctemy JYUII x cucreme OJ1Y, He06X0qUMO MCIOIb30BATh AH3AIE, WHBA-
pUaHTHHE OTHOCHTEIBHO TPeXMepHHX mopainrebp anreGpm AP (1,3) [33]. 3amaua
Kraccmpuranuy BceX HEPKBHBAJIEHTHHX mopanreGp anre6pm Ilyamkape AP (1,3)
Gruta pemena B [50—53]. OGImuii BUX aHsana, HHBAaPHAHTHOIO OTHOCHTENBHO airelphl
(Q1, Qz, Q3) = AP (1,3), rakos:

Y (z) = 4 (2) ¢ (0), ‘ (I1.1)
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Tabauma 2
Ne n/m (Q1, Q2 Q) A (x) o (x)
1 py, p,, P, I z,
2 p,, P,, P, I Iy
3 PO+P37 P11 p I xo‘i‘xa
1
4 Jo3, P1, P, exp {? Yovs In (xo+xs)} xf— a3
1
5 |Jos, Pot-Ps, Py exp {3t In (z0-+24) } xz
6 | Jogt-aP,, Py, Py exp {‘23%2 Vo?a} zy
7 Jos+ Py, exp {ZL; ‘VoYs} @ In (zg+25) —z,
P0+P37 Pl
8 | Ju Py Py exp { — 5 vy arctg (ex/zy) ) o+ 3
9 |JitaPy Py P, exp { T ) 2
10 |Jitap, Py, P, exp {ﬂ vivs } 2
1
U | Jigb Pyt Py, exp {7 (ra— ) vava } To+ 25
Pl’ P2
12 |Gy, Py+P,, P eXP{ 2 (2, +$) (Yo+?3)71} Zo+ 3
o
13 Gy, Po+Ps, exp {Em (Yo+vs) ?1} Zo+- 73
P,+aP,
Z.
% | GitPy exp {32 (vo+19) 71 ) 2o+ 25
Py+Py, P,
5 | G+p, exp { 20758 (o9 v ) 221+ (20 -+ 25)?
PO_I_PS’ P2
Z.
16 | GitPy, Py, exp {—"FZ (90 v} 2
Py+ P,
X
17 G1+P,, eXP{—O__gis (Yot v3) Yl} 2 (zg—oaz;) —
Pi+aP,, Pyt-Py — 0 (zg+ 4)?
15 | Jutb, ep{—g Garivm) g e ) | attag
PO’ Ps

13%
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ITpodoaxenue maba. 2

Ne m/n (Q1, Q2y Qs) A (x)  (x)
1
19 Jo3+ M 19, exp {—2‘ (VoVs+My172) In (xo+$s)} x§—a}
Plv P2
20 |Gy, Gy Po+Pg exp {‘2—(% (Yl»’”r"?zxz)} Zot+ 23
21 | Gy+Py, Gyt exp {17 (Yot s) [szl — A )
[y (ot x35) — 2]
+ (ZP1+ Bpg, - (10+;3) (Oxo_|_;3+B) —a (x0+x3+5) Y1+
Ty (To—+T3) — 1 N
Pot Py + T e = )
2 | 6, Gt Pt | exp{ gy et n zota3
Ta
TPy Pot Py +2(‘”o+13) (xo‘i‘xs‘l‘“)
X (Yo ¥9) (Y (-2 =) |
28 | Gu GtPy exp {5y (et w nt a2
Py Py ‘f‘m——‘_“_fi;!_'T)(Yo‘l‘?s) Yz}
24 Gy, Gy+ Py, Yot Vs 2zy+ (zo+ 25)?
P0+P37 Pl
25 | Jo0n Py | e {gpay X o —at—}
X exp {é‘ Yovs In (zo+ x3)}
26 | Jos, G1, Po+P3 exP{ﬂz—:_;T;J (Yot v3) ‘Vl}x Ty
X exp {% YoVs 1n (%‘!“3’3)}
27 |JogrtaPytBPy| exp { LD (g i [y Bln (rua)
G1, Py+-Py X exp {7 wos 1n (02 }
28 Jos+BPs, Gy, Yo+ Vs — B In (zo+23)
P0+P31 Pl
29 | GG Tw | e {gEEEs (umbram ) 224

zy M
X exp { 4_(_%_4'?)— Yﬁz}
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I podorsxenue ma6ar. 2

N /o (Q1, Qs Qa) A(x) © (x)
Yo+ Vs .
30 J03+}“J12 exp 2 (.t +.Z) (lel“i‘?z‘”z) X Tpx
61, Gy xexp { 3 (ot A0u) In (@) }

o, B, h—const, G;=Jy;—J;i3, i=1, 2.

rme ¢ = ¢ (®) — HOBHil Hem3BeCcTHHII cnumHOD; A (r) — 4 X 4-maTpuma, yfOBJIer-
popsamomasn cucreme HVYII

QiA (x) ZO’ i=1, 37 (H'2)

® = ® (z) — HOBasj WHBAPWAHTHAsS IIePEMeHHAs, YHAOBIETBOPAIOIIAA YCIOBUAM BUAA

Q‘Lqif(ﬂ: 07 i= 131 (H.3)

Ihe Q‘im o6osHauaer aupdepeHNUaNbHYI0 YacTh oneparopa Q;. IHTerpupys CHCTEMH
AVYUIl (I1.2), (II.3), momy4aeM ciaepymomuil Habop aH3aueB (pe3yabTaT MPHBOJHUTCS
B Buje Taba. 2).

ITomoGHEIM jKe 00pa3oM MOKHO OHLIO OB IOCTPOMTH IyaHKape-HHBAPHAHTHHE
aH3aUB U IS CKAJIAPHOTO, BEKTOPHOTO, TeH30pHOro moxeif. OpHaKo CyljecTsyer
3HAYUTENBHO G0Jlee IPOCTOil €IOCOG MMONYYeHMA TAKMX aH3aneB. BeamauHH Y,
Wuip wyuyvmp mpeoGpasyoTcsd OTHOCHTEIHHO Ipynnbl IlyaHKape Kak CKaIAp, BEKTOP
¥ TeH30p cooTBeTcTBeHHO. IloaTOoMy, 9ro0H HaliTu aH3aIsl, MHBADHAHTHHE OTHOCH-
TeIbHO TPeXMepHHEIX mopanareOp anreGpu Ilyankape, 0CTaTOYHO HOJICTABUTH AH3AIBL
s P () m3 Taba. 2 B caefywoiue GOpMYIIH:

u (2)="p;
Ay (@) =Vyud; (IL4)
Fyy (z)= ‘F’Yu?v‘l’v , v=0,3.
B pesyabTare moayuum:
u (z) =@ (0);
Ay (2) =ayy (z) OV (0); (IL5)
Fyy (2)= auvaﬁq)aﬁ (),

me ® = gp; OV = gyVg; O = gy*yPo.
B gacrHOCTH, aH3amH [IA CKAIAPHOIO IIOJA, nocrpoenske B [53], Moryr OHTH

HOJy9eHH TakuM cmoco6oM. B [54] ¢ mcmonssoBanmeM MOArpymmoOBOH CTPYKTYPH
rpynons P (1,3) [50—53] mocrpoern | KJIACCH TOYHHEIX DellleHNd HeIMHeHHOro ypaBHe-
muA Jupaka (8) mpm F = m -+ A (Y})&, m, A, k — const.
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DNPAUJOMEHUE 2

OF OTHOM OBOBIIEHNN METONA PA3JEJEHUS NEPEMEHHBIX OJadAa
CHUCTEM NU®OEPEHIUAJIBHBIX YPABHEHUN

B s10M IpmIIOMKeHNEm MBI NpHBeneM ONWH W3 BOBMOMKHEIX TIONXONOB K mocTpoe-
HUI0 pelleHWil B Da3/eIEHHEX II€PEMeHHEIX CHCTEM JIMHeHBIX nuddepeHnuaIbHEX
YPaBHEHUH B YaCTHEIX NPOM3BOLHEIX.

Meron pasmeneHWs HePEMEHHHX ABISACTCSA ONHAM M3 KIACCHUECKIX METOOB MH-
TerPUPOBAHUA JTUHEHHHX AuddepeHnuanbHuX ypaBHeHuH. Ero tecHas ¢Bf3b ¢ Teo-
PETEKO-TPYNTIOBEIMY CBONCTBAMH yDaBHeHHIl GhlIa OHATA COBCEM HeaBHO [55, 56].
Oma cocrour B TOM, 4T0 pelleHHe B pasieleHHHX TePEMEHHbIX I mapaMeTpsl pasjene-
HIA ABIAITCS COOTBETCTBEHHO COOCTBEHHON QyHKIMelH 1 COGCTBEHHHIMY 3HATCHAAMME

HEKOTOpOro HaGopa omepaTopoB {Z;} CHMMETPHH DacCMATPHUBAEMOrO YpABHEHII.
Wraue rosops, cupane;mnsm PaBeHCTBA

= {oy (2) O +a (2)} § (2) =0, p=0, n—1; (IL6)
Ziv=MY, i=1, n—1, (IL.7)

rae a,, a — mepemeHHEe (m X m)-MaTpuus; P = (P!, .., p™), r = (zgy 21, -
<+ o Tp-1),A; = const, £; — nuddepennumanpube omeparops, ofpasyomue (n — 1)-

MepHYIH0 a6eJ1eBy anreﬁpy JIu cumMerpun ypasrenud (I1.6), T. e. oHE yHoBieTBOpAIOT
YCIOBHAM :

[2;, 2] =2,2;— 2;2;, =0; (I1.8)

[L, 2;1% [Lp=0 = 0. (IL.9)

Hosromy pemernus ypasmenns (I1.6), ynmosmersopsmomue ycmosasm (I1.7), ecre-
CTBEHHO HAa3HBaTh PelIeHWAMY B DPa3/e€HHHX IIePeMEHHHX.

Crcrema auddepennuansunx ypapuennit (I1.6), (II.7) ABIsmeTcs mepeompe/ieaeH-
Ho#i, u ycrosua (I1.8), (I1.9) oGecneunsator ee coBMecTHOCTH. Halme 0cHOBHOe HaGI0-
TleHre COCTOMT B ToM, 4ro TpeGoBaumsa (I1.8), (I1.9) MOXKHO 3HAYMTENIBHO 0CHAOHTH
1 TeM caMbIM 0GOGIIUTh RIACCHYECKOe OIlpe/ielieHNe pas3lelieHnsa mepeMeHHuX. Crpa-
Be[IMBa CJleAyoNias TeopeMa.

Teopema. Cucrema ypasHeHHi

Lp=0,
Qb ={b¥ (2) 02, +b; (2)} b (@) =0, i=1, n—1, (IL. 10)
rae b‘i‘, b; — nepeMenHEle MaTpuuH (m X m), COBMECTHA, eCIH

[Q;, L] = B2y + B;L;

A ] — (I1.11)
[Qh O]] = Riij + Ri]'v i'r 7y k= 11 m.
B caywae, xorga
a(x) ...a"1(x)
rank | 20@) - VITH@ ) s (IL12)

.........

by () ... DRZY (%)

ycaosua (II.11) aBnsiorcs HeOOGXOSUMHIMEA M HOCTATOYHHIMH.
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B (IT.11) Bﬁ, B;, R’;jv R;; — nexoropsie tuddepeHnuaIbHEIE ONIEPATOPHI TePBOro
MOPAAKA C MATPUYHEIME KO3PPUIUeHTaAMU.

OHorasaTeabcTso. I[[poBeeM T0KAa3aTelbCTBO B IIPENIIONOMKEHUH, 4TO
yeaosme (I1.12) Brmonmeno. Ecam B (I1.10) &Y (z) = 8%b; (2), rne 8 — cmmBox

HKporexepa, 1o cucrema (I1.10) mMosker ObITH 3ammcaHa B BHje
Oxy 9= Au (2) ¥, (.13

opuaeM Aoy = —a=3 (ap Ay + a).
Xoporro u3BecTHO (CM., HanpuMep, [57]), YTo Heo6XoaUMbIE ¥ TOCTATOYHEHIE YCJIO-
BHS COBMECTHOCTH cuCTeMbl AuddepeHnmanbusx ypaBrenwit (I1.13) TakoBH:
[axu - Auv 5xv '—Av] = avau - aquv + [Auv A‘v] =0. (H~14)
CregoBatenbuo, misa cucteMsl (I1.13) yrBepsKaeHme TeOPEMH cIpaBelanBo, Vnes
JI0Ka3aTexbCTBA COCTOUT B TOM, uto cucteMa (I1.10) mosker Gurh moaygena u3 (I1.13)
mocae0BaTeIbHHIM NIPUMEHeHWEeM Ipeo0pa30oBaHUil SKBUBAJIEHTHOCTH

L—;L . (I1.15)
r__ i 12
Qi—yoi——{VVliin i=k7

rae W; = W; (z) — HeBHpO;[eHHbE HepeMeHHble MaTpunsl (m X m). Ecam moxa-
JKeM, 4TO I IIpeo0pa30BaHHON CHCTEME
Ly = 0,
Qiv=0,i=1, n—1, (I1.16)

BHTONHeHH ycaoBmsa (I1.11), To Tem cameM Teopema Oyher jJoKasaHa. ITO OCYIIe-
CTBISIETCA NPAMHM BErYmcIeHmeM. PaccMorpuM, HampuMmep, Kommyrarop [Qp, Ll:

Q7 Ll =1[WiQ; Ll=1[W; L1Q;+ W;lQ; Ll= (IW;, Ll + W;B}) Q; +
-+ W;B;L. (I1.17)
Brpasus m3 (I1.15) Q; wepes Q) m mofcraBuB Halinenuwle supasenusa B (I1.17),
IO yIuM
[Q% L1=B}Q;+B;L,
rae
BY =W B [W;, L]— Wy, LIWSW; —W;BMWR'W;, 15k
Bl =Wy, L)Wt +W;B}Wi';

By = W;Bj (no k HeT CyMMHDOBaHHA).

IIpoBepra ocraidbHHX cooTHOmeHHIT u3 (II.11) mpoBOAUTCA AHAIOTHYHO.

Banewanue. Benu B (I1.41) Ryj = 0, BY = 0, B; — (m X m)-varpuns, R}, —
KOHCTAHTHI, T0 TpeGosanue (I1.11) osmawaer, uro omepaTtopu Q; oGpasyior (n — 1)-
MepHYI0 anre6py Jlu maBapuanTHocTr ypaBHernus (I1.6). Ecau sxe R;j = 0, B': =0,
TO Q; — HeJHWeBCKHWe oIepaTopel cumMerpum ypapmenusa (II.6) (cm. [6]). Haxromem,
ecan He Bce R;j, B? PaBHEL HYJII0, TO MBI IMeeM [ieJI0 ¢ TaK Ha3KBaeMOil HapyIIeHHOil
cummerpueir [31, 58].

Cnencreue, ITycrs omepaTopsl Q; o6pasyior cymepainreGpy Jlu MHBapHAHTHOCTH
ypasuenumii (I1.6), Torma cmcrema (I1.10) coBmecTHa.
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Taxmm 06pasom, s TOro 9TOGH CTPOUTD PEINEHHA B PA3IeTEHHEX TIepeMeHHH X
cucreM nuddepeHnnaNLHEIX ypaBHEHU ! B YaCTHHX IPOUSBOJHEIX, He00X0uMO yMeThb
KIacCHQUIUPOBAT anrebpandecKite oGbeKTH THIIA (IT.11), 9acTHEIM Cayd4aeM KOTO-
PHX ABIIOTCA anreOpsl um cymepanre6phl Jlm. K macrosmemy Bpememm sra samaga
Hagm “aCTUIHO pelleHa Wb JIsA anre6p Jlum m HeKOTOPHX IPOCTEHImHUX Cymepaj-
re6p.

W3 poxasarenncrBa TeopeMml ciemyer, 4To npu BHOOJAHeHHu ycaoBus (I1.12)
cucremy (I1.10) MOKHO 3aMEHNTb SKBUBAJICHTHON eil cHCTEMOiL nuddepeHnuaTbHEIX
ypasHennit (I1.13). Ecm m3BecTHO wacTHOe pemreHme ypasrennit (I1.14), To, mon-
CraBisiA ero B cmereMy (I1.13) u maxons ee ofmee pemenme, momydaeM peleHue
B_PasfieleHHHX IIePeMEHHEIX HCXORHOH cmcTeMH AuddepeHnuanbHHX ypaBHEHMI
(I1.6). OxasmBaercs, 910 B psge caydaes cacremy (I1.14) pemars mpome, wem cm-
cremy (I1.6).

1 IbdeKTHBHOCTE HAMeEro mMoJXoAa IPOAEMOHCTPUPYeM Ha JINHEHHOM ypaBHEHUH
npaxra

(WP, — M) P () = 0, (I1.18)

Tie y, — Marpuusl [lmpaka pasmeproct:m (4 X 4); ¢ (z) — YeTH PeXKOMIIOHeHTHEII
MUPAKOBCKUI CIHHOP.

CranpaprHOe oONpejeleHHe pa3feleHusA [epPEMEHHHX B ypaBHeHuu J[lupaka
B NIeKapTOBEIX KOOpAMHATaX TakoBo [56, 59, 60]:

Y (x) = Vo (x9) V3 (z1) Vy (z) Vs (z3) X, (I1.19)

Ime V), — mepemenHsle (4 X 4)-marpmnm. Pemenms Buma (IT.19) momywaroTca m3
(I1.13), ecmu momoxumte A; = A; (z;), i =1, 3.
Ilpm arom ycmoBum (I1.14) mpuMyT BUA
a:xriAO = [4; (z;), 4], (I1.20)
[4; (2), 4j ()] =0, i, j =1, 3, (I1.21)

the Ao = —7yoypdp — imy,. .
IIpegmomenne 1. Cucrema Auddepernuanbubix ypasHenuit (I1.20),
(II.21) cosmecTHa.

UToGH foKa3aTh 8TO yTBepsKAeHME, HEOGXOZUMO YOENUTHCS B CIOpaBeINBOCTH
TOKECTBA

Ouy0xjA0=0x; [Aj, Aol =0u; [As, Aol =0 0x;As.

Ho axi [Afv AO] :[Ajv axiAOJ = [A]y [Ai7 AO]] = [Ai7 [Ajv AO]] = [Ai7 oxJAO] =
= Ox;[4;, Aol, ar0 um TpeGoBamocs Aokasarh.
Hpepnomenne 2. Ofmee pemenne CHCTEME ypaBHEHTI (I1.13) umeer Bup,

VY (2) = exp {4 gzo} Uy (1) Uy (25) Ug (25) %, (I1.22)
e

*i

X
13
U,(xl)=l+2 \Ai(xi) S Ai(.l'i) dxi ...dxi,
1% N, e’
n=16; 8; n

N e . e
n

8

A; (z;) — mpomsBoabHKe (4 X 4)-MaTpmusl, yaosirersopsawomue yeaopuam (I1.20),
(I1.21); ¥ — TPOMBBONBHEI IOCTOAHHHI CIIHHOD.
Horaszameavcmeo. IloKaxkeMm, 4dTO dopmya

P (x) = exp {A¢zo} ¢ (x) (I1.23)
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naer pemenue cucreMil (I1.13), ecan
Oy = Ajx;) ¢, 1 =1, 3. (I1.24)
JleficTBUTENBHO, B CWIY TOTO, YTO Oxgdo = 0, umeem
0xolp = Ao‘Py
KpoMe TOTO,

n n . xn
dep=0x { D a3} ={ D 24} oot { D Do ap} 0. arzs)
n

n n
Tar kak
04 04 0A
n.__ 0 -1 0 gn-2 n-1 220
O A= ot AT g Tt ARt AR
=[4;, 4] AT+ ...+ A3 [4i, A]=[4;, A} (I1.26)

To, noxcrasnaa (I1.25), (I1.26) B (I1.13), moaydaem
exp {Aozo} (0, — 4;9) = 0.
Herpynuo yGemuthes, aro obmee pemrenue (I1.24) MoskeT GHITH 3aUHCAHO B BHUJIE
¢ (x) = Uy (21) Up (x3) Uy (23) %,

raie U; — marpunant i-ro ypasmenus ma (I1.24), 3apmaercs dopmyaoit (I1.22). Hua
9TOr0 HEeOOGXONUMO BOCIOIB30BATHCH TOMKAECTBOM
x;

x
j
[A,-, g 45 (z)) S 45 (2)) dzy ... dxj]=0, n>1, 0],
. J N
J

Oj n
—_—
n

us3 KOTOpOl‘O cnenye’r, 9TO
[4; (z3), Uj(z)]l =0, ].

OcoGenro mpocroii Bug umetor dopmyisr (I1.20) — (I1.22) B ToM cayuae, xorma
MaTpunil 4 ; mocrosarnse. Ua (I1.20), (I1.21) cenyer, 4To OHE JOIKHL YAOBIETBOPATH
Clenylomell HeluHeHOH anreGpamdecKoil CHCTEMe MATPHYHBIX YPaBHeHUI:

[4;, 41 =0, [yeypdy -+ imy,, 4;] = 0, (I1.27)
Opxm 2TOM pemenue ypasHeHusa (I1.13)
¥ (2) = exp {—(vovrdy + imyg) zo + 4;2;} x. (I1.28)

Vnaercsa Haiitu ofliee pelIeHHme COOTHOIIEHM (I1.27), ommako moaydeHHHI pe-
8yJIbTAT OYeHb rpoMoskmii. IlpuBefem 3fech TOMBKO HEKOTOPHE YACTHEIE pelICHHA:

Ay = —imyy, Ay=0y195v5 Az=0y; } (11.29)
‘ A1 ==01+0270 1+ 03v172+ 0,757, Aa=12714;, 45=",
0, 0y, ..., 6, — TPOUBBONBHEE KOMIIEKCHEE KOHCTAHTLI.

Hogcrapnas (I1.29) B (I1.28), moxyuaem MHOronapaMeTpHU4ecKHe ceMeiicTBa TOU-
HHX pemeHmil ypaBHeHHs [lumpaka.
Ormernm, ut0 omeparopn Q; = Ox; — A;, o06pasys anre6py Jlu, BooGme roBo-

pdA, He ABIAKNTCA ONepaToOpaMé CUMMETPHH ypaBHeHHA [mpaka, Tak Kak

[Ly Ql] = [Ym Al] YOL + Yo [?o\’h, Az] 0h7 i=1, 3.
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B sawnioueHne npusesieM TOJYYeHHEIMH HAMH DeLICHHs CHCTeMH nuddepenmu-
anbEEX ypasHeHmil (I1.20),  (I1.21) Bupma

Ai () =i+ v+ vyt cfviva, i=1, 3, (I1.30)

rae c‘;‘ = c? (z;), IO i HET CyMMHUPOBAHUA:

1. cel=MA;co8¢, ¢2=im-+A;sin o, ci’ch:ﬂ,l
c}=MAzcos @, c=hzsing, c§=ci=0, (I1.31)
cd=ML;, ct=cd=ci=0, I
e

¢ =2 arctg —:L— {0 tg (A, —2i0z;) ik}, O=m2 12,

=2 arctg {Age~ 2%} A, ..., A;-—const;

PR 1) (0 01 1)1,
e = Oar (Bup)® €1 (Byy €1 R 1)1, (T1.32)

=0, cg=ic}, k=1, 3,

2. cp=0% (Ozn e2

rne 8;5, 0y, —const;

3. cl= —i0 (14 Ay edi¥r) (1 —h,eti0r)1 )
C%: i’"l’ C?:}\.l,
ct: e (1 _l_ )\‘2 eéiexx) (1 __}»2 ekiex;)_l, g (H33)

cy=Ns, c3=DMN5, ch=ch=0, k=2, 4.

IToacraBasaa ¢opmynn (I1.30) — (I1.33) B (I1.22), momyuaeM TOYHEE pemIEHHSN
ypaBrenus [lupaka Bupa (I1.19). IIpuueMm, B cmiy TOro, 4TO OIEPATOPH Q; = Oy, —

— A; (z;) He ABuAIoTcA omepaTopamu cumMmerpun ypaBHeHus (I1.18), stu pemenma
He MOryT OHTh MOJYYeHEl B paMKaX IIOAX0fa, McIoabayemoro B [55, 56, 60].
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