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This paper is the third in a series, in which we try to generalize the notion of
superintegrable potentials, as known from the flat space, to the case of spaces of constant
negative curvature. Path integral approach to superintegrable potentials on the two-
dimensional hyperboloid is presented. We find five potentials of the sought type, which
possess three functionally independent integrals of motion (observables), and in each case
we present the appropriate path integral formulation. We list in the soluble cases the path
integral solutions explicitly in terms of the propagators, the Green functions, and the
spectral expansions in the wave functions. The coordinate systems on the two-dimensional
hyperboloid are discussed in detail. The Stiickel matrix, the Schrddinger operator, the gene-
ral form of the potential, which must be separable, and relevant observables are constructed
for each coordinate system. A special care is taken of the proper generalization of the
harmonic oscillator on the hyperboloid, i.e., the Higgs-oscillator, and the Kepler-Coulomb
problem. The three remaining potentials are analogues of the Holt potential, the centrifugal
potential, and the last one is the potential which is linear in the flat space limit.

Hacrosimas pabota siBnsercd Tperbeil u3 cepun pabot, B KOTopoil 06061IEHO MOHITHE
CYIIEPHHTETPHPYEMBIX HOTEHUMAIOB, U3BECTHBIX VI IUIOCKOTO IIPOCTPAHCTBA Ha ciydail
NPOCTPAHCTB NOCTOAHHOH OTPHLATENBHOM KpHBH3HEL CHopMYTHPOBaH METON KOHTHHYAIIb-
HOTO MHTEIPMPOBAHMA JUIS CYNEPHHTETPUPYEMBIX MOTEHIMATOB Ha JBYMEPHOM rUIep6o-
nowze. HaliieHe! (14T IOTEHIHAIOB HCKOMOTO THIIA, KOTOPBIE CONEPXKAT TPH (DYHKLMOHANL-
HO HE3aBHCHMBIX MHTEIrpaia OBMXEHHA (HabmonaeMbix), H B KaXIOM CIy4ae BbIIIMCAHBI
COOTBETCTBYIOIIME MHTErPaibl [0 TPacKTOpHAM. ONHCaHbI BCe Cilydad, e ¢ NOMOIIBIO Me-
TOJa KOHTHHY&ILHOIO HHTETPHPOBAHKS BO3MOXHO PElIeHHE B IBHOM BUIE Ha S3LIKE IPONa-
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raTopos, ¢yHKUMH [PUHA U CIIEKTPATBHBIX PAIOXEHHIA 110 BOMHOBEIM (hyHKuMaM. OO6CyX-
JAKTCA BCE BO3MOXHbIE OPTOrOHAILHBIE CUCTEMBI KOOPMHAT Ha IByMEPHOM rHnepbosnonne.
Jns Kaxmoit U3 CHCTEM KOOPHOMHAT mocTpoeHnl oneparop llpenunrepa u marpuua Llrek-
KeJisi, TIPUBENEHBI COOTBETCTBYIOLIME HHTerpaisl aBuxenus. Ocoboe BHMMaHME yAeNeHO
06061EHHI0 TAPMOHMYECKOID OCUMIIATOPA, WIK OCUWLIATOpa XMITCa, U 3anaun Kemepa
— Kynona. OcraBlidecs TPH NOTEHLMANA SBIAIOTCA aHATOraMM NoTeHilHana XonTa v LieH-
TpoGexXHOro, a MOCHeAHAs Molelb COOTBETCTBYET B TNpelene IUIOCKOro MNpPOCTPaHCTBA
JIMHEHHOMY MOTEHUHATY.

1. INTRODUCTION

In this paper we continue our study of potential problems in quantum
mechanics in spaces of constant curvature which are separable in more than one
coordinate system. For this kind of potential systems the notion super-inte-
grable has been introduced by Evans [6] and Wojciechowski [66], as well as
Smorodinsky-Winternitz potentials, because the first systematic investigation of
such systems was undertaken by Smorodinsky, Winternitz and co-workers in

Refs.[10,47,65]. In R there are four potentials of this type [10] which all have
three constants (integrals) of motion (including energy), i.e., there are two more

operators commuting with the Hamiltonian and with each other. In R? there are
five maximally superintegrable potentials with five integrals of motion [6,21]
and nine minimally superintegrable potentials with four integrals of motion
[6,21,23]. On the two-dimensional sphere we have found two superintegrable
potentials; and on the three-dimensional sphere, three maximally and four
minimally superintegrable potentials [22,23]. Generally, in D dimensions
maximally superintegrable potentials have 2D -1 integrals of motion,
respectively observables; and minimally superintegrable potentials, 2D -2
integrals of motion (this means that the notion minimally superintegrable and
integrable cannot be distinguished in two dimensions).

Let us briefly discuss the physical significance of the consideration of
separation of variables in more than one coordinate system. The free motion in
some homogeneous space is, of course, the most symmetric one, and the search
for the number of coordinate systems which allow the separation of the
Hamiltonian is equivalent to the investigation of how many inequivalent sets of
observables can be found, and there are D integrals of motion. The
incorporation of potentials usually removes at least some of the symmetry
properties of the space. Well-known examples are spherical systems, and they
are most conveniently studied in spherical coordinates. For instance, the isotro-
pic harmonic oscillator in three dimensions is separable in eight coordinate
systems, namely in cartesian, spherical, circular polar, circular elliptic, conical,
oblate spheroidal, prolate spheroidal, and ellipsoidal coordinates. The Coulomb
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potential is separable in four coordinate systems, namely in conical, spherical,
parabolic, and prolate spheroidal II coordinates (for a comprehensive review
with the focus on path integration, e.g., [21]).

The separation of a quantum mechanical problem in more than one
coordinate system has the consequence that there are additional integrals of
motion and that the discrete spectrum, if it exists, is degenerate. The Noether
theorem connects the particular symmetries of the Lagrangian, i.e., the
invariances with respect to the dynamical symmetries, with conservation laws in
classical mechanics and with observables in quantum mechanics, respectively.
In the case of the isotropic harmonic oscillator one has in addition to the
conservation of energy and the conservation of the angular momentum, the
conservation of the quadrupole momentum; in the case of the Coulomb problem
one has in addition to the conservation of energy and the angular momentum,
the conservation of the Pauli-Runge-Lenz vector. In total, these conserved
quantities add up to five integrals of motion in classical mechanics, respectively
observables in quantum mechanics. It is even possible to introduce extra terms
in the pure oscillator and Coulomb-, respectively Kepler-problem, in such a way
that one still has all these integrals of motion, however, somewhat modified [6].

In our paper [22] we extended the notion of «superintegrability» to spaces
of constant positive curvature. One knows that the corresponding Higgs-
oscillators (as discussed by, e.g., Granovsky et al. [11], Higgs [30], Ikeda and
Katayama [32], Katayama [41], Leemon [45], Nishino [53], and [58]) and the
Kepler-Coulomb problem (c.f., Granovsky et al. [12], Hietarinta [29], Ikeda and
Katayama [32], Infeld [33], Infeld and Schild [34], Katayama [41], Kurochkin
and Otchik [44], Nishino [53], Otchik and Red’kov [55], Schroedinger [59],
Stevenson [62], and Vinitsky et al. [63]) in spaces of non-vanishing constant
curvature do have additional constants of motion: the analogues of the flat
space. For the Higgs-oscillator it is the Demkov-tensor [3,9,53], and for the
Kepler problem it is the analogue of the Pauli-Runge-Lenz vector in a scape of
constant curvature, c.f. [30,44,53]. It is also found that the Higgs oscillator and
the Kepler-Coulomb problem are the only central systems [32] in spaces of
constant curvature. However, additional non-central superintegrable potentials
might exist.

In our investigation the path integral turns out to be a very convenient tool
to formulate and solve the superintegrable potentials on the hyperboloid, and it
provides the natural way in which the analytic structure of the solutioas is
manifested. Separation of variables in each problem can be done in a
straightforward and easy way. There are already some studies of the oscillator
problem and the Coulomb problem in spaces of constant curvature. The
oscillator problem is not very difficult to solve, including the case where
additional radial dependences are taken into account, which is basically path
integral problems which are related to the Péschl-Teller and modified Poschl —
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Teller path integral. The Coulomb problem is somewhat more involved, and the
pure case has been discussed by means of path integrals in spherical coordinates
by Barut et al. [1] and [16]. In the present investigation these earlier results will
be used in the calculations, and no detailed derivations will be given in these
cases. The path integral calculation of the Coulomb problem on the hyperboloid
in elliptic-parabolic coordinates is completely new, and it turns out that some
results of the calculation for the free motion can be used in its solution [20].

However, all former studies have taken into account only central systems
and their solutions in spherical variables, which is obvious. Neither a systematic
search for alternative descriptions in other coordinate systems has been done,
nor a search for further separable potentials. In particular, the Holt potential
with a linear term is important, because it allows the incorporation of electric
fields. The case of magnetic fields on the two-dimensional hyperboloid has been
considered by means of path integrals in [15], and it has been found that in
spherical, horicyclic and equidistant coordinates a separation of variables is
possible, i.e., in coordinate systems which have one ignorable coordinate {40],
i.e.,, they are non-parametric, and the corresponding solutions are circular,
respectively plane waves in this (ignorable) coordinate. Depending on the
strength of the magnetic field a finite number of bound states can exist. Such
investigations play an important role in the theory of tensor-weighted
Laplacians, automorphic forms, determinants of Laplacians and zeta-function
regularization, and quantum field theory on (super-) Riemann surfaces, e.g.,
[20] and references therein.

The contents of this paper are as follows. In the next section we give a
short summary of the path integral technique we are using, including for
completeness in order to make the paper self-contained the path integral
solutions of the Poschl-Teller and modified Poschl-Teller potential. In the third
section we give an introduction to the formulation and construction of
coordinate systems on the two-dimensional hyperboloid. This includes an
enumeration of all the coordinate systems according to [20,37,38,54], which
separate the Schrodinger equation, respectively the path integral. Furthermore,
we list for all coordinate systems the corresponding observable, the Stickel-
matrix, the Hamiltonian, and the general form a potential must have to be
separable in the coordinate system, together with its observable.

In Section IV we present the path integral formulations of the
superintegrable potentials on the two-dimensional hyperboloid. The two most
important are the Higgs-oscillator and the Coulomb problem. We find three
more potentials with the required properties. One of them, the potential V; is an

analogue of the Holt potential [31], the fourth is a centrifugal potential which
does not have an analogue on the sphere or in flat space, and the fifth model
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potential which is linear in the flat space limit. These systems have not been
considered in the literature before.

In the fifth Section we summarize and discuss our results. Here we also
make some remarks about the problem of ambiguities of the generalization of
flat space potentials to spaces of constant curvature. We also present Table 3 to
illustrate the correspondence of superintegrable potentials in two dimensions.

2. ELEMENTARY PATH INTEGRAL TECHNIQUES
2.1. Defining the Path Integral

For the construction of the path integral in a curved space we proceed in
the canonical way according to Feynman and Hibbs [7], Refs.[20,25], Schulman
[60], and references therein. In the following x denote D-dimensional cartesian
coordinates; q, some D-dimensional; s, coordinates on a sphere; u = (uo, uj, u2),

coordinates on the two-dimensional hyperboloid, and x, y, z, etc., are one-
dimensional coordinates. We start by considering the classical Lagrangian

corresponding to the line element ds2=gabdq“dqb of the classical motion in

some Riemannian space

£oaa=2 (ij V@ = 8,@d" - V(@. @1

The quantum Hamiltonian is constructed by means of

__ L W BT
H——2MALB+V(q)—*2M7(;‘aqug \/anb+V(q) 2.2)

as a definition of the quantum theory on a curved space. Here are
g =det(g ), (g"”)=(gab)_l and A, p=¢g l/zaag"b 1/28 is the Laplace-
Beltrami operator. The scalar product for wave-functions on the manifold
reads (f, g)= qu\/—f (9)g(q), and the momentum operators which are
hermitian with respect to this scalar product are given by p,=

=—ifi(d s I' /2) with I =dln Vg /3¢". In terms of these momentum

operators we can rewrite H by using an ordering prescription called product-

ordering, where we assume g b hachcb, other lattice formulations like the

important midpoint prescription (MP) which corresponds to the Weyl



598 GROSCHE C., POGOSYAN G.S., SISSAKIAN A.N.

ordering in the Hamiltonian, we do not discuss. Then we obtain for the
Hamiltonian (2.2)
2

"
H=-om LB*V(‘I)‘—””P P+ V(@) + AV(), (2.3)

and for the path integral we have
q¢ ") =q"

Ka' ;D= | Dao e@ x
qt N =9q

X exp l %, J [% h,(ah (@3¢ - V(@) - AV(@) } dr j =

t

ND/2
= lim [ M J quk Vg(qk) X

N
I M a
X exp { % > [ e M@ BG4y ) Ad; qu’ — eV(q) - eAV(q) ] } - (24)

AV denotes the well-defined quantum potential

2
AV(Q) = 57 [T, T, + 26T, , + 8% ] +
+i’£_ (2hachbc _p hbc g hbc ) (2.5)
M ,ab a- b booa :

Here we have used the abbreviations e=(@¢" -t")/N=T/N, qu =

=4,-4q;_ 6j=% (@ +4q;_,) for q;=qCt"+j&)(t;=1"+&, j=0..N)
and we interpret the limit N > o as equivalentto € — 0, T fixed. The lattice
representation can be achieved by exploiting the composition law of the time-
evolution operator U = exp (— iHT/#). Then the discretized path integral
emerges in a natural way, and the classical Lagrangian is modified into an

effective Lagrangian via £ = L ., — AV. Note that the factorization of the
metric according to g, =h h , characterizes the h  as Lam¢

ac ch
coefficients [52].
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Concerning the space-time transformation technique we do not repeat the

relevant formulae once more again, and would like to refer to the literature
instead, c.f. [5,25,28,42], and references therein.

2.2. The Poschi-Teller Potential

As we shall see, we encounter particularly in the case of the Higgs
oscillator, the Poschl-Teller and the modified Poschl-Teller potentials in our
path integral problems. The path integral solution of the Poéschl—Teller
" potential reads as follows (Bohm and Junker [2], Duru [4], Fischer et al. [8],
Inomata et al. [35], Kleinert and Mustapic [43], and [20,27,28], 0 < x <7 /2)

o " 1 2 1

x(t ")y =x ot 9 (xz._—- B - —

j D x(t) exp 2 J sz—i- 4 + 4 dt { =
) 2 2M 2 2

x(ty=x ’

‘ sin” x cos” x

=Y ¢ T g By o Py,

(2.6)
ne N
0
dE 0o
=) e iET/% G(Po; B)(x , x5 E). 2.7
R

The bound state wave-functions and the energy spectrum are given by

(@ B,y = nfo+B+n+1) 1/2
o, (x)_[z(a+ﬁ+2n+})I‘(a+n+1)1‘(ﬁ+n+1)} %

x (sin x)®* 1/2 (cos x)P *1/2 Pn(a' B(cos 2x),

(2.8)
2
E =2 n+o+B+1)? 2.9)
Yy . .
The Pn(“‘ B are Jacobi polynomials [13, p.1035], and the wave-functions
n/2
¢(°" B)(x) are normalized to unity according to _[ |¢S” B)(x)lzdx= 1. The
0

Green function Glﬁg’ B)E) has the form

M T(m, ~ L) TLy+m, + 1)
G ((1, ﬁ) xu’ xl; _ = \/_,*,,
Y N i T T ey e g
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X

1 —cos 2x 1 —cos 2x” XM =™)/2( 1 + cos 2%’ 1 + cos 2x” ™ +m)/2
% 2 2 2 2

1 —cos 2x <
><2F1 (—LE+m1,LE+ml+l;ml—m2+1;——*—~2—)x

szl[ Ly+myLy+m +1;m +m2+1;ﬁ‘—’2—sﬁﬁ} (2.10)

where m12=%([3i0t), L, ——(\J E/fi-1);, ,Flabcz) 1is the

hypergeometric function [13, p.1039], and x_, x_ denotes the larger,

respeciively smaller of x", x”.
2.3. The Modified Poschl-Teller Potential

The case of the modified Poschl-Teller potential is given by
[2,8,20,27,28,35,43]

” l 2 1
t - = =
Dr(f) ex ,[ Miz——ﬁz < 4—)» 4 lar =
Pl % 2 M

t”y=r"

"y =r , sinh® r  cosh® r

2 —iE T/ﬁ (K X)*( )W(K k)(r )+
0

—iE T /ﬁ *o p K, A 4
p \V(K’ )\') (r) \V( ) )(r ), (2 1 1)
iET /H K, AN, s 2.12
_J. 1 —1 / G(PT)( ,)’E)' (1)

The bound states are glven by

\fo’ M) = N”(lK’ M (sinh N+ 172 (cosh r* Ae1/2 o

FI(_ nA-n1+x; tanh? r),

yon 1 [2(x—x—2n—1)r(n+1+x)r(x-n)]1/2

n T + x) I'(A — x — n)n! > (2.13)

__# 2
E, = Qn+x=A+1)% (2.14)

n
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Here denote n=0,1,.. N

ma

X=[%(7\,—K—l):l20, and only a finite

number of bound states can exist depending on the strength of the attractive
potential through and the repulsive centrifugal term as well. Here [x] denotes
the integer part of the real number x. The continuous states are

WI()K’ )‘)(r) = NP(K’ M (cosh r)ip (tanh H** 172 «

A+x+l-ip kxk-A+1-ip ) 2
szl[ > , 2 ;1 + x; tanh r],

(x, %) 1 Vp sinh ©p A+x+1-ip K—A+1-ip
N = r r
p I +x) 2 2 J ( 2

] (2.15)

and Ep = h2p2 /2M. The Green function G"(;'T)‘)(E) has the form

In, —L)TL, + m, + 1)
G”(l;,Tx)(rn, rl; E) — ﬁ 1 A A 1 x
272 I“(m1 +m,+ 1) I“(mI -m,+1)

- (m m+m2+1/2

X (cosh 7 cosh ¥y 1 ) (tanh 7’ tanh ) !

1
><2F1 ”Lx+m1’Lx+m1+l’m1‘m2+l’—_2— X
cosh re

XoF (= Ly +my, Ly +my + 15 m +my + 1; tanh® r ), (2.16)

where we have set m = % (x £ V- 2ME /%), L, = % (A-1). We make

extensively use of the solutions of the Poschl-Teller and the modified Péschi-
Teller potentials, respectively.

3. SEPARATION OF VARIABLES AND COORDINATE SYSTEMS
ON THE HYPERBOLOID

In this section we discuss separation of variables in the Schrodinger
equation, respectively in the path integral, and list the corresponding orthogonal

coordinate systems on the two-dimensional hyperboloid A
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3.1. Separation of Variables in the Schridinger Equation
and in the Path Integral

Let us consider the time-independent Schrodinger equation in a Riemannian
space

ﬁz
H‘P:[ 2MALB+V]‘I‘=E‘I’, 3.1

where A, ,is the Laplace-Beltrami operator as defined in the previous section,

assuming that the line-element for an orthogonal coordinate system
p=(p,.... pp) can be written according to

D
ds* =Y, h(dp )", (3.2)
i=1

and ALB can be cast into the form

D
S 1 3 e 3
- 9 | k=1 9
Aw—; 5 ey %, | (3.3)
) Hhm) i

As was shown by Moon and Spencer [51] the necessary and sufficient
condition for simple separability of the Helmholtz equation, in a D-
dimensional Reimannian space with an orthogonal coordinate system p, is the
factorization of the Lame coefficients h; according to

D

I ENC)

=L o TT7 ) (3.4)
HO) %E’f

such that

_ 05 _ Sp)
My @y @ _p Pyy pons PP = aq;“ - hl;(p) ’
J/z P D (3.5)
§5=Hﬂw,h=nm@,

i=1

i=1
where § is the Stickel determinant [52,57]
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@, () DO,0) ... D)
¢21(p2) ¢22(P2) e (DZD(pZ)

Sp) = : ' : , (3.6
<I)Dl'(pD) (I)Dz.(pD) ot (DDD(PD)

and Mil is called the cofactor of <Di1.

For the separation of the Schrodinger equation a potential V must have the
following form

b v(p)

=y - (3.7)

i i

and the separated equations are (‘¥ = y,y,...y )

1d (. %
5, dp; | 7t dp,

}+(Zd)oc vy, =0. (3.8)
k

Here o, = 2ME/1‘12 and o, O,..., &, are the separation constants. By using

these equations one can construct the full set of commuting operators for each
coordinate system. In [61] the following was proven: If the Schrédinger
equation (3.1) admits simple separation of variables in the coordinate system
(Py>---» Pp), then there exists D —1 linearly independent second degree

operators I, k =2, 3,..., D ~ 1 commuting with the Hamiltonian H and with

each other, and they have the form

c 1d [,
==Y @™" | s-=|f==|+v,]|. (3.9)
k ot ik fl dpi i dpi i
The separation constants 0, 0Ly...0, are the eigenvalue of these operators,
ie.,

LY = o, Y. (3.10)

Superintegrable systems have the property that they admit not only separation
of variables in one coordinate system, but in at least two ones. This has the
consequence that the system has additional integrals of motion, and that the
discrete spectrum has accidental degeneracies.
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The theory of separation of variables allows the formulation of the
corresponding separation formula for the path integral. Introducing the (new)

momentum operators P, = — 8 + 1" » I';=f//f,, we then can rewrite the
Legendre transformed Hamlltoman as follows [24]
D
7’ 2w 12 kl:llhk 3
H-E=-_" A, E———zmi;l F 2w, —E=

D
] L p2 o
_E.ZM”[sz. -Eﬁi+8—M(rf+2rg]=

1 P2 fl2 2 :l
el AL VIS (p)+—(F2+2F') (3.11)

We then obtain according to the general theory by means of a space-time

transformation the following identity in the path integral (g = H hf)

’”

Dp(r)Fexp{ﬁlI[—anp) - AV, F(p)] }

t

pit ™)y =p

pit)=p

p(t’ )— 32
P;
= Dp(r)HV expk [—s—— AV(p)} }

pt) =p i=1 1!
Py =p7
le/ﬂ J' ds”’ H (M’ Mu)l/4 J D pi(s) %
i=1 PO =9

’ //I -
=(5'S )/2(1 D/Z)I 2nfz

]. (3.12)

Xexpk%‘[[ +~~~—2(xd>lj(p)—8M(F2+2F)
0

Therefore we achieved complete separation of variables in the p-path
integral.
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3.2. Coordinate Systems on A®

In this subsection we consider the coordinate systems of the two-
dimensional hyperboloid defined by

2_ 2 2 32 2 2
uo—ul—uz—uo—u =R “, uO>O (3.13)
which separate the Schrodinger equation, respectively the path integral on

A®_ The notion u, > 0 means that we consider only one sheet of the double-

sheeted hyperboloid u(2) —u> =R 2 The enumeration includes the definition of

the coordinates, the characteristic operator I, i.e., the operator which
commutes with the Hamiltonian, the Stickel-matrix S, the momentum
operators p,, the Schrodinger operator (Hamiltonian) H, and the general form

of the potential which separates in the corresponding coordinates, together

with its observable I ). In the notation of the coordinate systems we follow
[38,54] and [64]. The Hamiltonian on A® can be written as

ﬁZ
H=H,+ V), Hy=--—

_ 1 2 2 .2
0 M ALB——_*ZMRZ K +K, -Ly), (3.14)

where K, , are (hyperbolic) angular-momentum operators defined by

A, 9 ., 0 A, 9, 9
K =" [“Oau2+”28u0]’ K=" (u08u1+u1 auo]’ (3.15)

and L, is the angular momentum operator

L3=§(ul~a—-u il] (3.16)

KI, K2 are the generators of the Lorentz transformations, and L3 is the gener-

ator of (spatial) rotations in three-dimensional Minkowskian space. They
satisfy the commutation relations

K, K,)]= ihLS, (K, Ly] = - ifK,, Ly, K] =- 7K. G147

The Schrodinger equation for the eigenvalue problem for the free motion on
the two-dimensional hyperboloid has the form [38]

_ _ R 2 1
Ho¥w = B¥w = (p i j‘}’(u), p>0. (3.18)
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The spectrum is purely continuous with largest lower bound
E,=1"/8MR * [20].

For the classification of the coordinate system on the two-dimensional
hyperboloid we need the Hamiltonian H and another second-order differential
operator I which commutes with H. In the following we call the operator /

corresponding to this quantum number (characteristic) observable, respectively
the characteristic operator.

" In the sequel we only consider orthogonal coordinate systems on the two-
dimensional hyperboloid. u € AD s expressed as u = u(p), where p = (p;, p,)

are two-dimensional coordinates on AP, For the metric tensor then follows
du; du,

8= G35 3p.
a i apa apb

where G, is the metric tensor of the ambient space, which is in the present

(3.19)

case Gik = diag(l, — 1,~1,-1), and in order that the line element ds® =
=Z 50 gabdqadqb is positive definite an appropriate € =+ 1 must be taken
into account. Actually & =¢ =-— 1,V , because the metric tensor is

always diagonal. In the following we state for convenience only the explicit
form of ds°.

The nine possible coordinate systems on A now are the following:
1. The first coordinate system is the (pseudo-) spherical system:

Uy = R cosh 1, Uy = R sinh T cos o, U, = R sinh 7T sin ¢ (3.20)
(t >0, ¢ € [0, 2n)). The characteristic operator is ‘
2
Io= L3, (3.21)

which means that in the flat space limit we obtain the polar system in R. The
Stiackel-determinant is given by

2 1
R - 2 2
§= sinh“t | =R", (3.22)
0 1

and f1 = sinh 1, f2 =1. For the line element we have ds>=R>2

(d‘c2 + sinh? ‘cd(pz), and therefore the momentum operators are given by

1
pt—i(at+zcoth1], pq’:ia(p' (3.23)
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The Hamiltonian reads

2 2 2

¥ 9 P 1 9
H =- - 4 coth T — + 2o |=

O omRr? [ o 9 sinh? 1 9g? ]
2
1 2 2 1
= Do+ P+ 1~ . (3.24)

2MR ? [ T sinh?t ] 8MR 2 [ sinh? 1 J

A potential separable in pseudospherical coordinates must have the form

V,(¢)
Vwe)=vV@®+———, (3.25)
sinh” t
and the corresponding constant of motion, respectively observable, is
2 2
wv__H 9 12
17 = M 8(p2 +V,(9) = M L3 + V,(9). (3.26)

Note that the corresponding observable on the two-dimensional sphere § 2
has exactly the same form. In the following the prefix «pseudo» is omitted.
2. The second system is the equidistant system. It has the form

Uy = R cosh T cosh Ty 4, = R cosh T, sinh Ty U, = Rsinh T, (3.27)

(t;, T, € IR). The operator corresponding to this system is
_

IEQ = K2 (3.28)

which characterizes this system as «cartesian»-like, i.e., in the flat space limit

we obtain cartesian coordinates, and the K,. operators, i = 1, 2, yield the usual

p;=- iﬁax momentum operators. The Stickel determinant is
R? - 12 2
S = cosh T, |=R7 (3.29)
0 1
and fy =cosh Tf=1 The line element is given by

ds* =R 2(d‘rf + cosh? tld 21%), and the momentum operators have the form

_hro 1 o
prl—i[arl+2tanh11], P~ e (3.30)

2
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For the Hamiltonian we obtain

2 2 2
HO:— 7 {a—+tanht B _1_8 ]

2MR % | 372 1ot cosh2 T, 81:2

1 2 1 2 7 1
2MR 1 cosh® T, %2 8MR cosh™ 1,
A potential on A® separable in equidistant coordinates must have the form
V,(t)

2
V(‘c], 12) = Vl(tl) + =

cosh2 T

: (3.32)

and the corresponding observable is given by

1= h—za—2+V(t)— Lk2+v(r)
EQ — 2M 32 2T oM 2 PANVIS
2

3. The third coordinate system is called horicyclic system:

(3.33)

(r > 0, x € IR). The characteristic operator is given by
L=, -L)Y=K>+I1*- (K, L, (3.35)
0 1 3 1 3 =3l 8

where {X, Y} = XY + YX is the anticommutator of two operators X and Y. In
the flat space limit this system gives cartesian coordinates. For the Stickel
determinant we get

0 -1
2
S= R =
_.i_ 1
y
and f =f,=1. The line element is ds’ =R XdZ +dy%)/y>, and the

momentum operators have the form

2
R_2 , (3.36)

y

"o (o 1
P=iac BTy ) 637
Therefore we obtain for the Hamiltonian
#? 9° 82 2 2
H =- — = ypo +p)y. (3.38)
0" mr?’ {az 3 | amr2 70Ty
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Note that we have in this case no quantum potential AV which is due to the
fact that the metric is proportional to L, . A potential separable in horicyclic

coordinates must have the form

) , Vo)
V(x 3) = V,0) + V() = V,0) + R 2 —F— | (3.39)
(uy —u))
and the corresponding observable is given by
2 2
v __ A 0 _ L 2
HO =~ om 2 +V,0) = M (K, = L™ + V(). (3.40)

4. The fourth coordinate system is the elliptic coordinate system. In algebraic
form it is defined as

2 2(91 - a3) (pz - a3)

“0 (al - (13) (a2 - 613)

uzsz(pl_az)(pz"“z)’ (3.41)
1 (al _az)(az —03)

2_p2 P17 ~p)
2 (@) —a)a, ~ay)

(ay< a, <p,<a, <p,). The Stickel determinant has the form

R P -
4 P(p,) Pp) 2 p,-p

s=| 0 gl S Sui.c Wik B (3.42)
R? P, | 4 P(p,) P(p,)

4 P(p)  Plp,)
£, =NPp)), f,=N=P(p,), and P(p) =(p - a))(p — a)(p — a;). After putting

Pi=a=(@;—a)dn’ @K, p,=a,-(a,-a)si’B.k), (3.43)
and

a2 - a3 al - a2 (344)

K=

a)=a, a—a

with the property KRar?s I, we get
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=R sn (o, k) dn (B, k'),
=iR cn (o, k) cn (B, &), (3.45)

u,=iRdn (a, k) sn (B, k).

Here ae (iK', iK'+ 2K), B e [0,4K"), and sn (i, k), cn (U, k), dn (Y, k) are the
Jacobi elliptic functions [13, p.910] with modulus &, and K = K(k), K’ = K(k’)
are the complete elliptic integrals with k and k’ the elliptic moduli. In the
elliptic system the characteristic operator has the form

I.=L}+sinh? /K2, (3.46)

with sinhzf as in (3.47), and 2f is the distance between the foci. Analogously
as for the elliptic system on the two-dimensional sphere we can introduce a
rotated elliptic (also called elliptic 1) system [22]. Instead of a trigonometric
rotation as for the case on the sphere we must consider in the present case a
hyperbolic rotation. We define

a, —a ,2 a —a
sinh? =2 Ko op- 13 1 (347)
4~4 k =4 k
and the rotated elliptic system is then obtained by
u(:) coshf sinhf O U, Uy c‘oshf+ u, sinh f
u; —[sinhf cosh f o] u; |=| ugsinhf+u, coshf | (3.48)
uy 0 0 1 u, u,
Explicitly this yield
, R
Uy = a,-a, (‘J(Pl - 03)(P2 - a3) + ‘I(Pl —a,)p, - az))
[ sn (, k) dn (B, k’)+1—cn(a,k)cn(B K) ]
V= N2
Py 03)(P2 - a3) + a,-a, (pl - 02)(P2 - az)
=R[£sn (05 k) d (B, K) + cn (0t Ky cn B, k’)],
\/(p1 a)a,-p)
=iR dn (o, k) sn (B, k). (3.49)

a,—a,)(a, —ay)
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In the rotated elliptic system we get

- 2_ 1
IE,—cosh 2fL3-—2 sinh 2f{K1,L3}. (3.50)
In the flat space limit the elliptic system gives elliptic coordinates in R and

the rotated elliptic system, elliptic II coordinates in R2. If no confusion can
arise we do not distinguish in the following the rotated elliptic system by
printing the coordinates. For short-hand notation we also omit the

moduli. The line element in each case is given by ds* =
=R 2(k2 cn? o+ & % en® B)(doc2 + de). For the momentum operators we obtain

_f[ 0 k* sn o cn oudn o
Pa™7| Qo kzcn2a+k’2cn2[5 ’

_'ﬁ d snBandnB 3.5
B [E)B K% cn? oc+k’2cn2B] G:3D

p

and for the Hamiltonian we have

2 2 2
oot 1 {8_ a]

O oMR2 K cn’a+ K Zen?B| 902 op?
1 1 2, 2 1
= + . (3.52)
IMR 2 VK en o+ K 2 cn? B @y pB) V&% cn? o+ K 2 en? B
A potential separable in elliptic coordinates must have the form
| V() +V,B) V() +Vy0,)
Vo, B) = —5— 2 =L 272 (3.53)

k2cn20c+k'zcn2[3_ PPy

The observable then is given by

2
Wm__ A 1 9 9
Iy == - (Pz VP(p,) 3, VP(p)) 3, +

+p, VP 5 VHM ]

. szl(pl) P Vppy)
P1= P, B
P, V(P )+ Py Vy(py)

_ 1 42 s 12 2
= M(L3+smh FK))+ 0, . (3.54)
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Note that the corresponding observable on the two-dimensional sphere has the

form
AACHETRACH
P1—P ,

v _1 g2 0202
IE,S(2>—2M(L1+k L)+

with p,, p, elliptic coordinates on §@ [22].
5. The fifth coordinate system is the hyperbolic system:

2 o2 (P —a)(a,-py)

“ (a; —aya, ~ay)

»

2_ g2 (P, —ay)a;—p))
! (@, ~a)a,-ay)’

2_R? (P, —ap(a,-p,)
2 (a, —a,)(a, - ay)

(p, < ay<a,<a, <p,). The Stickel determinant is given by

RZ2 P 1
s_| 4 Pe) PR R? PP
1 R2 P 1| 4 PP’

4 Plp) T Pp)
and f, =VP(p,), f, = V- P(p,). After putting [64]

pi=a,—(@—a)cn’ (WK, p,=a,+(a,—ay)cn’ @, K),
and

a,—a a, —a
2793 17 %

k2= y k’2= y
a;—ay a,—da,

where p e (1K', iK'+ 2K), n € [0, 4K ") we get

uy=—Recn (1, k) cn (n, k),
uy =iR sn (k) dn (n, K),
u, =iR dn (l, k) sn (n, k).
The characteristic operator is given by

g2 2 12
IH—K2 sin (xL3,

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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where sin® o= (a2—a3)/(a1 —a,) and 2a is the angle between the two focal
lines. In the flat space limit the hyperbolic system gives cartesian coordinates.

The line element has the form ds®= R %(k? cn p + K 2 cn? n)(dp? + dv?), and
the momentum operators are

p _fifd Ksnpenpdnp

Hoilon Pen’p+ken?n |

_k( 9 kzsnncnndnn

P ‘T[ﬁ_kzcnz 2 2. | (3.62)
H+k “cnn

and for the Hamiltonian we obtain

#* 1 ¢ 9t
Hy=- 2 2 S22
2MR? K cn 21+ k% cn? n| ou? an

1 1 2 2 !
= +
2MR2\/k20n2p.+k'20n2n(p Pr)

. (3.63)
R P T

A potential separable in hyperbolic coordinates must have the form

M +,0  V0)+ Vi)
kzcn2u+k'2cn2n pl_pZ

Vi, m) = , (3.64)

and the corresponding observable is

2
m__f 1 d 9
1,7 = 2Mp pz\/P(pl \/P(pl) p1+

+or PR 5 PR 5 |

L PViP)+p, V()
pl_p2
pP,Vi(p)+p,V,(p,)
=L(K2—sm a2 1272 (3.65)
M PP,

6. The sixth coordinate system is the semi-hyperbolic system:

) [ \/ (py =1 +&(p, =97 +8) ¢y -ada=py)
U
o (@a-7*+8 ey
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u

z_Rz{ \/[(pl v+ &(py 1)’ + 8] L Prma@=py)
_7 -

‘ (a-y+& [(a -7’ +8"
(P, —a)a—p,)
B=RP— ez (3.66)
(a-y)°+6
(py<a<p, v, 6 € IR). The characteristic operator has the form
— : 2
Io,=1{K,, Ly} —sinh 2f K, (3.67)

where sinh 2f=(a~7)/8 and 2f is the distance between the focus of the
semihyperbolas and the basis of the equidistants. In the flat space limit the
case of sinh2f— 0 gives parabolic coordinates; and the case sinh2f— oo,
cartesian coordinates. For the Sticke! determinant we obtain

R 1 1
) 4 142 Pl LR Mt 68
R% 1 1| 4 PR)PEY’ '

and f, =\/P(u1), f2=\fP(u2). The special choice of the parameters a=7v=0,
d=1 together with p, =p, >0, - p, =l, >0 yields

2 R? \/—2———2—
u0=—ﬂ( (LD + D) +iyhy + 1)

Nl” Aix

N(l =i)( i) — V(T + i )T+ i) 12
V(l DA +1) - 1= 369

--& @ —in)( ik, — VI i) =),

2_p2
uy; = R Ry
The characteristic operator then has the form
I, ={K, Ly}, 3.70)

which shows that the coordinate system (3.69) yields in the flat space limit
parabolic coordinates. Note also the relation u0u1=R2(u1—u2)/2. In the
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following we only consider this special choice of parameters. The line
element reads as (P(W) = u(1 + u2))

2 2
i) B
4 | Pa) " Py

ds* =R (3.71)

the momentum operators are

3 1 i r)
T -1 , 372
Py I{Bui+2(u,+u2) 4 P(u,-)] G

! [\/ 4P \/ 4P(,) \/ —aP@y) |, Af - 4Py }
p + ¥ ——=p — |+

and for the Hamiltonian we obtain

2 2 Py 2 Py)
Hy=- 1 4 [P(u,)[%+ ‘ }—P(uz)[a :
1 1

IMRZ By 1, a2 2P(L,)

ToMrZl w T e, Hitiy T ot
’2 ’2
AR S P Py - W) 3P 3.73)
- - + . .
MR M, i, | W)™ Pyt ap)
A potential separable in semihyperbolic coordinates must have the form
» ) Vi) + v,y (3.74)
“’l’ “’2 - ul +u2 ’ .
and the corresponding observable is given by
2
wm__#x _1 (_ 9 9
Tgy M+, [ uz‘”’(u]) M, \IP(M) o T
+ 1, VP(L,) 5 ‘/P(uz) ]
oM,
+ NZVI(HI) - ul Vz(uz) _
HitHy
1 TRATRETRA(T)
= (K L)+ 1272 (3.75)

M 3 Hit iy
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7. The seventh coordinate system is called the elliptic-parabolic system. It
has the form

U

- E (Pl - al)(al - P2)
02 (al - a2)3/2\I(p1 - az)(p2 - az)
\/ o ) N '\/ (P — 4Py — ay) }

+
(Pl - az)(pz - 612) al - a2

(P, —a)a, —p,)
u, =§ 31/2 =1 72 (3.76)
(al - 02) \I(Pl - az)(pz - 612)

+ ,\/ al - az _ V (Pl - az)(pz - a2)

(Pl - 02)(92 - az) al - a2 ’

_ \f(pl - al)(al - pz)
u, = R 7 —a
1 2
(a, <p, <a, <p,)- The characteristic operator is given by
Ip=Kl+(a ~a)K}+L2—{K,L,}. (3.77)

Making the special choice a, =0, a,=-1 together with p = tanzﬁ,
p,=—tanh’a (9 € (-n/2,7/2), a€ IR) we obtain

cosh? a + cos” ©

=R
“o 2 cosh a cos ©
R sinh? @ —sin® 9, (3.78)
17" 2coshacos® ’

U, = R tan 8 tanh a.

In this case the characteristic operator has the form
) 2,42 22,2 2
Ip=K +K, +Ly—{K|,L;} == R°A; p+ 2L - {K, L;}, (3.79)

which shows that for this choice of the parameters the coordinate system may
be characterized as a polar-parabolic system. The Stédckel determinant then
has the form
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R 2
- cosh? a - 2 cosh? a-— 0052 0
S= ) =R T o (3.80)
R 1 cosh” a cos“ 9
cos? © .

and ) =f, = 1. In the flat space limit we obtain parabolic coordinates. The line

element is given by

2 2
ds2=R2m;ws2§(da2+dﬁ2). (3.81)

cosh? a cos

For the momentum operators we have

» K i+ sinh a cosh a —tanha

¢ i{9a cosh?q-cos?® J’

p=D(L, sindeosd oo (3.82)
v i[aﬁ cosh? @ — cos® § ’ '

and the Hamiltonian reads

#2  cosh?acos? o[ 2
Hy=- 22 2422t 2 T
2MR “ cosh“ a—cos” 8| da”~ 9%
1 cosh a cos ¥ ) cosh g cos ¥
= . (3.83)
MR 2 Vcosh?® a ~ cos> (p“ Py Vcosh? g — cos’ §

A potential separable in elliptic-parabolic coordinates must have the form

2 2
Via, ) = cosh® a cos“ ¥

[V.(a) + V,(D)], (3.84)
cosh? g — cos?® ! 2
and the observable then is
2 2 2
Ilg;f):-ﬁ———zlﬁz— cosh2aa—2+cos2 ﬂ% +
2M cosh? g — cos? © da 9%

cosh? aVi(a) + cos’ BV,(8)
+ =

cosh? g — cos? 0

cosh? aV,(a) + cos? ﬂVz(ﬁ)

1
=y K+ K+ L2~ (K L))+ (3.85)

cosh? g — cos® B
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8. The eighth coordinate system is called the hyperbolic-parabolic system. It
has the fi
as the form R (P1 _al)(al - P2)
U, =7
2| (@, -a)Np, —a)(p, ~ ay)

+\/ o D) +\/Tpl—a2)(a2—p2) ]
2

(pl - 02)(02 - P2) al —-a
R (PI _al)(al _pz)
U= R s = (3.86)
(a, - a)*’ N(p, — a,)a, - p,)
A \/ P, - 2)(a pz)
P, - 2)(a -p,)
\J(p] - al)(al - P2)
=R a, —a
1 2
(p,<a,<a <p)). The characteristic operator is given by
IHP;KE—(Q—wﬁ)K;+L§—{KPLﬂ. (3.87)

Making the special choice a,=0, a,=-1 together with pl=cot21‘),

2
=—coth® b (% € (0, m), b>0), we obtain
)
=R cosh? b + cos’ ®
“0= " " sinh b sin ©
. =Rsmh2b—sm2ﬁ (3.88)
1 2sinh bsind ’
Uy = R cot 8 coth b.

In this case the characteristic operator reads
Ty 2,42 _
ILp=K -K;+L5 {K,, L,}. (3.89)

For the Stickel determinant we have

R2
sobZp sinh? b + sin? ®
§= . =R?>T (3.90)
: R 1 sinh” b sin“ 9
sin? ®

and f; =f, = 1. In the flat space limit we obtain cartesian coordinates from this

system. The line element is given by
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inh? inZ 3.91
d? = g2 SN LESND (o, 2, G0
sinh” b sin” ¥
For the momentum operators we have
#i(d sinh b cosh b
p, =2 SWROCOSND _ np ),
b [ab sinh® b + sin® ®
h( o sin ¥ cos ¥
o= | Trt—f————— —cot B |, (3.92)
oo [313 sinh?® b + sin® B ]
and for the Hamiltonian we get
f2_ sinh®bsin’® [ 9*  9°
Hy=- 2.2 NP R
2MR © sinh” b +sin” © | db° 9
1 sinh b sin § 2. 2 sinh b sin ¥
_ +p2) . (3.93)
MR \sinh2 b +sin2 © 2 ¥ \inh? b + sin”

A potential separable in elliptic-parabolic coordinates must have the form

)
V(b, 9) = M“-{% [V,(8) + V,(®)], (3.94)

sinh2 b+ sin

and the corresponding observable is

2 2 2
# 1 2, O .2, 0
wm-__r__ 1 sinh“ b —=+sin“ % — |+
HP— 2M Ginh? b + sin ® ob* 09°
.42 .2
sinh bVl(b) + sin 1‘}V2(13)
+ =
sinh2 b+ sin2 V]

1 sinh” bV, (b) + sin® BV,(9)

2 2 2
= K'-K;+L;—{K,L}D+ (3.95)
M1 2 3 3 sinh? b + sin? ®
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9. The ninth and the last system is the semicircular parabolic coordinate
system:

®,-p,)’
4y R[ L2 +3 N, —aXa—py) |=

(§2 + 32)2 +4
R s
8((p, — a)a - p,)1*/? 8n

=
It
=

8[(p, —a)a-pI*/? 2 8EN

N e

a- p2 pl"a 2&“

—n.) 2, .22
l [ (pl p2) _l (pl _a)(a_pz) ]=R£§ﬂu , (3.96)

(py<a<p,), and we have made the choice a=0, p,=- l/nz, P = 1/5_,2,
E,n > 0. The characteristic operator has the form

Lip={K,K,} - {K,, L, }. 3.97)
The Stidckel determinant is given by
R 2
— =1
2
s=| 5, _Rzéle‘—, (3.98)
R &n
__2_ 1
n

and f, =f, = 1. In the flat space limit this coordinate system gives cartesian
171, P y g

coordinates. The line element reads
ds —Rzé——n—(d§2+dn ) (3.99)

the momentum operators are

Pn=5 (an
and for the Hamiltonian we have

2 §22 2 2
Hy=- ! 242, .2 % 82
IMR? E2+ 2| 9E2 o

1 2, 2
= + . 3.101
MRENE 47 TPy E2 +n? G-100)
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Table 1. Coordinate systems on the two-dimensional hyperboloid

Coordinate system observable I |Coordinates Separates |Limiting
potential |systems
1. Spherical ug=Rcosht Vi V, Polar
>0, 9 € [0, 2n) u; = R sinh T cos ¢ V4(0)=0)
I=L§ u, = R sinh 1 sin ¢
II. Equidistant uy =R cosh T, cosh T, Vi Vs V5 Cartesian
T,€R u; =R cosh 1, sinh T,
1=K} u, = R sinh 1,
II1. Horicyclic Uy = R 2 +y2+1) Vi V, Cartesian
2y
y>0,xe R R
ulzg(xz+y2— 1)
I=(K1—L3)2 u,=Rx/y
IV. Elliptic uy=Rsnodnp V.V, Elliptic
a€ (iK' iK' +2K) u =iRcnoenf v4(w=0)
Be [0,4K") uy=iRdnasnp
I=L%+sinh? fK}
I’ =cosh Zﬂ% -
—1/2sinh U (K, Ly}
V. Hyperbolic uy= -Ren Henn v, Cartesian
e (iK', iK' +2K) u;=iRsnpdnn ve=0
nel0,4K") u,=iRdnpsnn
1=K} -sin® al?
VI. Semi-Hyperbolic R V. ian™*
u0=72—( A+B1+1d) + 2 Cartesian
+HH, + 1)1/2
>0 R (@=0) |Paraboli
iz w=g A+ - [V arabolic
—h, - 1)1 /2
I=(K,, L;} u2=R‘le'1l»12
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Coordinate system Coordinates Separates Limiting
observable 1 potential systems
V1. Elliptic-parabolic cosh? a +cos? ® Vy 'V, Parabolic
ug=R———
2 cosh a cos ©
acR,%e (-n/2,n/2) e = sinh? a — sin? ®
177 2coshacosd
I=‘(K1 _L3)2+K22 uy =R tan ¥ tanh a
VIII. Hyperbolic-parabolic _, cosh? b+ cos? O V, Cartesian
0= " "2sinh b sin ®
b>0,%€ (0,m) " = sinh? b — sin” B
177 2coshbsin®
1=K, —L)*-K} u, = R cot 9 coth b
IX. Semi-circular-parabolic E2+nm2)?+4 Vi, Vs Cartesian
uy=R 8EN
£En>0 E+n??-4 vilel=1/2
u, =R 20
I={K,, K,} - {K,, L,} ' =RI|2_§2
“ 8En

*after rotation

**gystem with whole parameterization

A potential separable in semicircular parabolic coordinates must have the

form

2.2
w&m=éf?ﬂq®+nmn

and the corresponding observable is given by

h2
W W
SCP™ T 2M g2
1

nz_az__ 28
m> 7 o

(3.102)

EV,® -V,

|

2V (&) - n’V,m)

§2+n2

§2+n2

(3.103)
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This concludes the enumeration of the coordinate systems on the two-
dimensional hyperboloid.

In Table 1 we list the coordinate systems on A(z), which separate the
Schrodinger  equation, together with potentials which are separated by

coordinate systems, and the limiting cases in IR2, as R — o,
4. PATH INTEGRAL FORMULATION
OF THE SUPERINTEGRABLE POTENTIALS ON A®
In Table 2 we list the superintegrable potentials on the two-dimensional
hyperboloid together with the separating coordinate systems, and the
corresponding observables. The cases where an explicit path integration is
possible are underlined.

4.1. The Higgs-Oscillator

We consider the potential (kl 2> 0)

1 2 1
2 2 kz__ ke ——
M gttty w TITa T2 g
V](u)— > R 2 +2M 2 +— |, @.1)
0 1 2
which in the four separating coordinate systems has the form
. Spherical (1> 0,¢¢€ (0,n/2)):
2 1 2 1
2 k-7 k-7
Viw=Y R annlee oL\ A 2 A
2 2MR “ sinh“ 1| cos“ @ sin“ @
Equidistant (‘cl, T, > 0):
=GR 1o,
2 cosh” T, cosh” 1,
" 21 -l
h I 4 2 4
+ 3 3 5+ 2 4.3)
2MR“ | cosh T,sinh” T, sinh T,
Elliptic (e (iK', iK'+ K),Be (0,K"):
2 1 2 1
ki —— k——
M 1 2 1 2
=7m2R2[1— 2gan2s | ’ 2| 2 42 t 42 @4)
sn”odn®B ) 2MR“|cn“oen” B dn®osn“ P
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Hyperbolic (L€ (iK', iK’+2K),n € (0,K")):

X -1 2L
1 274
=Mm21e21—212+ﬁ2242+2 — |. 4.5
2 en’pen®n ) 2MR2| sn*pdn®n  dn®usn®n
The constants of motion for the potential V, are the following
1 2, p2_g2
I = K +K;S L)+ V. (u),
1 2MR2 1 2 3 1
2.1 2 1
IO ol W
2 M3 M cos2(p sinz(p ’ ( 4.6)
254 2 2o
Lol g2 M FRC AT
3 2M 2 2 cosh? 1, 2M ginh? 12.

We have for V, the path integral representations (in the elliptic system we

explicitly state the separated path integral formulation vi=
=M2*R* /12 +1/4):

V)

K (uﬂ’ul;n
Spherical:
1 w)="1 o) =09"
=L | Dwsiht [ Dewx
R wH)="1 o(tN=9¢
xexp[;ll- I [%Rz('i:2+sinh2 1¢? — w? tanh? 1)
t,
2 1 2 1
fi2 1 |k 5 4 1.1
- 2 2 RS A G 4.7
2MR“ | sinh” 1t | cos“ ¢ sin” @ 4] 4
Equidi :
T M= rl” T,(t M= 1:;'

R
R2

D, () cosh T, _[ D1y (1) X

=’ — .t
Tl(") =1 12(t')—12
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»”

XexP[;}J‘{jR [‘Cf+cosh 1T - © [1——]]_

2 2
t’ cosh T cosh 1,

2_1 2 1
- i 1 4y L +k2 LI | (4.8)
IMR?| cosh? T, sinh? T, 4| sinh? T, 4 '
Elliptic:
| = Bty =p"
= Dat) | DB (B en o+ ke’ B)x
R ay=o B =p’
L M . 1
xexp! > | [——R2 (R en? o+ k2 co B62 + BB — ot [ 1 - ———— | |+
n t’ 2 sn” oo dn” BB
2_1 2 1
7 k 4 ki 4
" 7 anT o2 aq [|¥ 4.9)
2MR“{cn“oen” B dn®osn® P
—iMO'R*T/ 2%, ‘ oo ofs”) = o B(s™) = B~
—_ 9_,____2_— % J‘ dT elET/ﬁ J‘ds" J D (X(S) J' D B(s) %
K 0 0 aO=o BO) =B
. sll M
xexp[% J [7(d2+B2)+R2(k2cn20c+k’2cn2 B) E+
0
. (vz 1 j 1K \
M 4 )l sn20 dn’B
2 2 2
+ kz“_) —[k ——] - ds| (4.10)
( b4 (cnza cn’ ] 2 4 )l dan’o sn’P
Hyperbolic:
i “)=p" ne"=n"
'Y [ puo | Dno@enpn+i?soin)x

nty=n
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’”

T L e L
t,
2 1 2 1
# k-4 k=
+ Sl dr}. (4.11)
2MR” | sn"udn"“n  dn” psn®n

We solve the first two-path integrals explicitly. The two remaining ones are
too complicated to allow an explicit solution.

The two-path integral formulations of the Higgs oscillator have a simple
structure involving Poschl-Teller (2.6) and modified Poschl-Teller path integrals
(2.12). We start with the pure oscillator case, denoted by K (m)(T), in order to
demonstrate the relevant techniques involved in the solutions.

4.1.1. Pure Oscillator Case. Spherical Coordinates. For the oscillator in
spherical coordinates the @-integration is easily separated [20], and we obtain
by using the path integral representation of the modified Poschl-Teller potential
(2.12) the following solution (V2 =M 2w’R*/#2 +1/4)

. (") =1" o =9"
KOw, ;== | Dupsimhr [ Dewx
wWH=1v =9

. t"
xexp[% I

f’

M_ 2.2, ..2_.2 2 2 " 1
— R“(1” + sinh” 1¢” — @” tanh® 1) — 2 1- 3 dt})=
2 8MR sinh® ©

: 2
exp[ ;T( " 2+-1;1R2m2]]
8MR i (9" - 9)

e
= 2 . - 2 m

(R smh‘l:’smh1:’)l/2 jez

W =1"

2 1 2 1
X j Dt(t)explﬁj[M 22 ,,22[ 24 24 J]dt]:
wWH="7 ! 2MR“ | sinh“t cosh“ T

N ,
=2 [ Y 0w o) ¥ g P+

jeZlL N=0

T O -ET/H
+Jdpe ¥, ) ¥, 97 } . 4.12)
0
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The wave functions and the energy spectrum of the discrete contributions
have the following form (we introduce the principal quantum number
N=2n+ l/l =0, 1, ... where appropriate)

\P}(,;?)(r, ©; R) = (2n sinh 1)1/ 2sjg)(r; RV (4.13)

2(v—N—1)(%(N+ IjI)J!I“[v—%(N— ljl)] 12

V(g R) =~
sﬂ;(x,R)_Fﬁ

Rzl“[v—%(l\” ljl)J(%(N- |j|)J!

. W+ jl+1y/2-v
x (sinh 1) 11+ 1/2(cosh 1) X

1 , , .
XzFl[—E(N"|J|),V—%(N°Ij|);1+|1|;tanh2‘tJ, (4.14)

with the discrete spectrum given by

2 2 17 M 2
E,=- [(N—v+1) —Z}+7mk . (4.15)

N amRr?

Only a finite number exists with Noax=lV- I_/I —1]20. In the flat space

limit we obtain for the energy spectrum
E, ~ (N +1). (4.16)

The continuous wave functions have the form

\ng’.’)(t, @; R) = 2n sinh 1)1/2 %LV)(T; R)&°, 4.17)
SO Ry=-(i- VEsithap v lil+1-ipy Ll ~ve1-ipy
i RE 2R 2 2 )

X (tanh 1) lil+1/ %(cosh )P x

y Fl(v+ |j|+1—ip _|L|—v+1—

i .
; 5 : 5 p;1+l]l;tanh2‘rj, (4.18)
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with the continuous energy spectrum given by

2
__* 2 1Y M 2.2
Ep—2MR2[p +4]+2mR. (4.19)

In the limiting case @ — 0 (v — 1/2) the potential through vanishes (note
that in this case E, =0 exactly), only the continuous spectrum remains, and

we obtain the pure continuous spectrum

ﬁ2

2 1
E = PP+, (4.20)
p 2MR2( 4)

which corresponds to the case where just a radial part is present, and has the
same feature as the spectrum of the free motion on A®,

V)
Let us finally state the corresponding Green function G "(E) of the poten-
tial V,. It has the form (m, ,=(|j| £N-2ME'R? /B), Lv=%(v— 1) E’'=E-
-7 /8MR?* - MR*w? /2)

M i@ -¢) T(m —-L)T(L, +m +1)

)
G 1 ,c/l’,rf, N’ l; -
.7 0% ¢ o2 S, 2 Tlmy+my+ 1) Tony —my+ 1)

~(m —m,+1/2)

m +m
x (cosh T’ cosh 1) (tanh 7’ tanh r”) 1T

><2F1 —Lv+m1,Lv+m1+1;m1—m2+1; >
cosh<

i ) 2
X F (=L, +m,L,+m +1;m +m,+1;tanh"1). 4.21)

Equidistant Coordinates. In the case of equidistant coordinates we can
separate the corresponding path integrations in an analogous way, however,
instead of a simple circular wave dependence in the first step leading to a
modified Poschl-Teller problem, we have in this case two symmetric Rosen-
Morse path integral problems [20,43]. This yields

[x:m2—v+l m, =0, ., N =[v—%],m2=0, A ND :[x%]j

2’ max max
1 T(")=1" Tay=1)
KOw,w;n=—= | Dry@coshty, | Drox
'cl(t 9] =‘cl’ ‘Cz(t V= t;
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"

ot
Xexp{-;-l; J. [%Rz(if+cosh2‘cl"z§—

t

M a2 21 5 —ﬁ221+ 12 dt b=
2 cosh (2 cosh T, 8MR cosh T,

= X
(chosh tl’ cosh ‘c{')l/2
o r@v-my)
1 vV —my mg—v+l/2 L, m -v+1/2 ,
x{ 3, [m3_v_§]TPv—1/2 (tanh 1, )PV3_1/2 (tanh 1, )X
m3=0 3 .
2
=1 o ) [m _v_’_l] 1
. ‘ 3 ;
X f D, (1) exp lf —MRzrf+ h 5 3‘ 4 dt |+
h 2 2MR cosh” T,

FA— ’
'rl(t)—1:l 4

dk k sinh ©tk

p (tanh 7)) P;i_kl/z (tanh té ) X

Rcosz1cv+sinh21tk v-1/2
tl(’").:rl" P 2 k2+l

X I D, (1) exp iJI %Rzﬁ—- L 3 24 dt
T ()=t . 2MR “ cosh” T,
N (N

-2z

‘Pf::)m @ YD (L R+
m3=0 ’"1:0 2 12

T -iET/R
+[dpe ” ‘Pf,‘:;)z(t{' 1) R) \P;‘;;)z*(r; 5 R)
0
T T -iET/E
+fak[dpe 7 YOy, vy R YD a1 R, 4.22)

0 0
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The Pv“(z) are Legendre functions [13, p.999]. The discrete wave functions

are given by

\PE::)mZ(Tl, Ty R)=(cosh 7)™ /25, n @GRV, (©), 4.23)

< | \T@A-m) m -as12
S?»,ml(Tl;R)= (ml —7\.—5 ]R24ml! P?L—I/Z (tanh Tl), 4.24)

m,! v-1/2

V 1 F(2V—m2) mz—v+1/2
¥, ()= [mz V-3 J—z P (tanht,),  (425)

and the discrete spectrum has the form
2
fi
Ey=- 2
2MR
The bound state energy levels have exactly the same feature as for spherical
coordinates, as it must be. Note that the Legendre functions are actually

Gegenbauer polynomials. The continuous wave functions consist of two
contributions, first where the quantum number corresponding to T, is discrete,

17 M
[(N—v+1)2—d+7m2R2, N=m +m,  (4.26)

second where it is continuous. For the first set we obtain

(@) Py -1/2 .
‘I’pmz(rl, Ty R) = (cosh 1:1) S)p(rl, R) wm2(12), 4.27)

1 inh 7t i
ST =7 \[ PRSP pi Jptanh 7)), (4.28)

R " cos® o + sinh? p

with the ¥, (1,) as in (4.25), and the continuous spectrum is given by
2

#w 2, 1IN M 2.9
Ep—2MR2(p +4J+—2—mR ‘ (4.29)

The second set of the continuous wave functions has the form

(@) = -1/2 .
WXy, 1, R) = (cosh 1) /%8, (T R) W, (1)), (4.30)
1 p sinh tp i
S (t ;R)=~\/ PP _ (tanht)), (4.31)
skl R " cosh® mk + sinh? p k-1/2 !
k sinh mk i
v, (5,) = \/ 5 P | jpCtanh T)), (4.32)

cos? 1ty + sinh? mk
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with the same continuous spectrum as before. The discrete energy-spectrum
in the flat scape limit yields again

E, =~ flo(N + 1), (4.33)

the continuous wave functions vanish, and the discrete wave functions yield
Hermite polynomials, i.e., the well-known result of the two-dimensional
oscillator.

The corresponding Green function in equidistant coordinates finally has the
form

(E'=E-#*/8MR* - MR & /2)
)

’

124 ” ’ Iu ’ _
G (ty,17,7) .7, ; Ey==5 (cosh t/ cosh 1) 172 «
12122 ) 1 1

[¥)]
N
F@2v-m) m -v+1/2 m —v+1/2
1 2 2 »” 2 ’
X 2 (m2_v_EJTPV~1/2 (tanh T} )Pv—l/z (tanh 5 )x
m2=0

xl“[lﬁ\/—ZMRzE'—l+%]F[lV—ZMRzE’ +X+%Jx

#
x P T /25”" E”/%(tanh 1. P;_“;};’R E"/7(_ tanh 1)+
dk k sinh ntk ; " —i ,
+] P} tanh ey ) PR (tanh 1)) x

R cos® v + sinh? ntk

XF[%\/—ZMRZE' —ik+%)F[l\/—2MR2E’ +ik+%)x

#

-N-2MRE" /1 -N-2MR7E"
x PN % (tanht, ) P77 (~tanhT ) (. (434)

4.1.2. General Case. In order to deal with the general case, we do not
repeat the whole procedure once more. The separation of variables in each case
is performed in exactly the same way, and the evaluations of the path intsgrals
are similar in comparison to the simple oscillator case, the difference being that
the entire structure of the (modified) Péschl-Teller potential must be taken into
account. In particular, this has the consequence that we have to consider wave
functions with a definite parity.

Spherical Coordinates. First we consider the path integral representation in
spherical coordinates and we obtain N=m+n ¢ IN) is the principal quantum



634 GROSCHE C., POGOSYAN G.S., SISSAKIAN A.N.

number, we have set A, =2m =k, +k,+1, V= M20)2R4/2ﬁ2 +1/4; the range
of the coordinates is given by 1>0,¢ € (0,7 /2)

V) Sl o —ET/E (V) V)
K'wou,D=212e " ¥ '@ ¢5RY, (T,¢;R)+
m=0l n=0
T _iEpT/ﬁ (Vl) ’” ’r, (Vl)’.l ’ 7,
+]dpe ¥, R, (05 R) ¢, (4.35)
0

and the corresponding discrete wave functions have the form

) ) _ A,V &k, tk)
¥, o R =sinh /2 " TR e, T @, (436)

(tk,, 2k )
0. @) =| 201 +2mzk tky+1)

mT(mtk 2k, +1) /2
T +mtk)T(1+mEky) |

1/2+k 1/2xk, (tk,tk)
X (sin @) 2 (cos @) 'P_ 7 " (cos 29) 4.37)
S(kl'V)(t-R)— 1 2v-A, ~2n=1)T(n+1+A)T(v=-n) ‘/Zx
n ' F(1+4) RIr(v - A, —n)n!

A+1/2
x(sinh) ' (cosh )"t 1/27V F (= n,v—n; 1+A;tanh’ 7). (4.38)

The discrete energy spectrum is given by

E,=- 2;;2 [(2Nik1 thy-v+2) —%]+%a)2R2,
Nmax=[%(v—kl—l)]. (4.39)
In the limit R — o (v > M®R % /%) we obtain
Ey~ho(N+k £k, +2), (4.40)

which is the correct behaviour for the corresponding two-dimensional poten-

tial maximally superintegrable in R? [21]. The continuous wave functions
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(2K, %k )
and the corresponding energy spectrum are given by (the b, ¥ (@) are the

same wave functions as in (4.37))

(Vx) . -1/2 O‘l’v) (ikz‘i 1)
‘Ppm (t, ¢; R) = (sinh 7) Sp ©“Ro, (), (4.41)
V) 1 [psinhmp [(V-A+1-ip A-v+1l-ip
s, @ R)_F(l ¥y 2R 2 r 5 r 5
A+1/2 .
X (tanh 1) ! (cosh 1) x
V+A +1-ip A —-Vv+1-ip )
szl[ ) s 2 ;1+?»1;tanh ’c], (4.42)
E = 7 2 1Y M 2p2 4.43
» = o2\ P ta [P OR (4.43)

The corresponding Green function G(Vl)(E) of the potential V| in the gene-
ral case has the form (ml,2 =A% m/ﬁ), L,= % (v-1), E'=E-
~h?/8MR? - MR?w?/?2)

G w7, ¢, o B)
+k L(m —L)T(L,+m, +1)

M Gk,k) o (Fk,Ek)
=7 > 0, 0 T@re, T e
me]NO

I(m; +m, +1) [(m, —m,+1)

m -—m2+1/2)

rr _( 1 m
X (cosh 7’ cosh r”")

m_+
(tanh 7 tanh 7)) ' ?

sz1 —Lv+m1,Lv+m1+1;m1-m2+1;——————2—
cosh<

X F\ (~L,+m, L +m +1;m +m,+1;tanh’r) . (4.44)

Equidistant Coordinates. Next we consider the equidistant coordinate
system. Similarly as in the pure oscillator case we obtain a discrete spectrum
with energy eigenvalues (4.39), and a set of two continuous wave functions
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each with energy spectrum (4.43), with principal quantum number N=m +n,
i.e., we have for the propagator (A, =2mtk tk,+1, vi= M2(1)2R4/h'2 +1/4,
and 1, ,>0)

—iE T/h V)
Pwwn= 1Y ¢ ey Y, e R
m=0 1 n=0
T -iET/A (V) )
+fdpe " ¥, (r;',Z,R)‘P‘(r,,z,R)]
0
% 1157/;7 v) o
+[dp[dpe 7 k(l,z,R)‘l‘ (‘cl,rz;R). (4.45)
0 0

max

Here denote N,f":x=[%(v q:kl—l)] N® = [;(xl :sz—l)] the maximal

number of bound states for the wave functions in T, and Ty respectively. The

discrete wave functions have the form

v) ) -1/2 &k, A) ' &k, V)
‘Pm T, Ty R) =(cosh T,) s" RV, (12), (4.46)

Ekyuh) 1 [20 Fhy-2n-1)T(n+11k) T, -n) /2
S (Tl; R)= 2 +
n (1t k) RT(A Fky—n) n!
1/2%k n+1/2-4 2
X (sinh ) *(cosh ) ', F (=n, A —n; 11k, tanh” 7)),(4.47)
ko 1 [20Fk -2m-1)T(m+1k)Tv-m)]/?
Vm (W) =pax ) T(v F, —m) m!

1/2+k
X (sinh T,) Yeosh 7,)"*1/27V_F (= m, v - m; 1 £k ; tanh® 1,).(4.48)

The first set of continuous states is givcn by

% A) @k, v)
m (G T R) = (cosh 1)) 1/2g %k YapRw,, T (), (449)

n
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& kz' ;‘1) 1 p sin np
5 R =Tt k) | omr?

AFk,+1-ip th,-A +1-ip
xT r X
2 2
1/2%k, ;
X (tanh 7,) (cosh ‘tl)p X

Mkt 1-ip 1+k,—A —ip )
oF 5 , 3 ; 12k, tanh® 1 |, (4.50)

(xk,v)
with the v, ! (T,) as in (4.48). The second set is given by

) _1 /2o &k 0 Ek,v)
‘Pkp (‘tl,rz; R) = (cosh 1:1) Sp (tl;R) v, (12), 4.51)

&kyik) . 1 psinh Tp
S, T;R) = ETS 2 2R X

ikq:k2+l—ip ikz—ik+1——ip
xl“[ 2 ]F[ ) Jx

1/2tk, i
X (tanh 1,) (cosh ,)” x

iktk,+1-ip 1£k —ik—ip ,
o ) ; 2 ; 11 ky; tanh” 1, J, (4.52)

tk,v) / :
v, 1 (1,) 1 ksmh1tk><

YT tk) ' o2

VFk+1-ik thk -v+1-ik
[T,

1/2+k .
X (tanh 1,) '(cosh Tz)lk X

vikl+1—ik likl—v—ik )
oF ) , 5 ; 1+k; tanh 12). (4.53)
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Let us remark that the wave functions have been normalized in the domains
¢ €(0,n/2) and T> 0 in the spherical and in T, , >0 in the equidistant system.

- . 1. .
The positive sign for k; has to be taken whenever ki25(1= 1,2), i.e., the
potential term is repulsive at the origin, and the motion takes place only in the
. 1 . . . .
denoted domains. If 0< Iki| <5, i.e., the potential term is attractive at the

origin, both the positive and the negative sign must be taken into account in the
solution. This is indicated by the notion %k, in the formulae. It has also the

consequence that for each k; the motion can take place in the entire domains of
the variables on A@. In the present case this means that we must (e.g., in the
equidistant system) distinguish four cases: i) T Ty > 0, ii) T, > 0, 1, € IR,
iii) 1, € R, 1,>0, and iv) (1, T,) € RZ. In polar coordinates the same feature

is recovered by the observation that the Poschl-Teller barriers are absent for

i
|ki| <§.

In elliptic coordinates this feature is taken into account in the following
way: Due to oe (iK’,iK’+K), we have sn(o, k), icn(a,k)>k"/k,
idn (o, k) 2 0, and we see that for e (iK', iK'+ K), B € (K’, 4K"), and Uy 2 0,
the variables u, u, change signs in four respective domains, i.e., Be (0,K"),

Be (K’,2K"), Be (2K’,3K"), and B € (3K’, 4K"). We then have for o #0

sn (0, K)=sn (2K’ kK)=sn (4K’, k") =0,

en(K’, K)=cn (3K’ k) =0, (4.54)

and dn (B, ¥)>0, Be [0,4K’). For convenience, we have made the choice
B e (0,K’) in the following. The situation is similar in the hyperbolic system,
where we can choose pe (iK’,iK'+K), ne€ (0,K").

This has the following consequences for the degeneracies of the Higgs

oscillator on the pseudosphere. If 0 <k, , S% we have for each N=n+m four

possibilities of parities of the levels, i.e. (£, 1); for the cases 0 <k, S% and

and k, >l we have for each N two possibilities (%): for

k2>lor0<kzsl )

2 2

1 . T .
k1,2>5 there is only one possibility: (+). In all cases the degeneracy is
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d£N+1=2j+1 j=0,%, I, ... |, coinciding with the dimensions of all

relevant discrete irreducible representations of the group SU(1,1). In effect, the
negative signs lower the potential energies, and the respective spectrum as well.
This is exactly the same behaviour as in the two-dimensional singular oscillator
in the flat-space case [10,21,22], and we will keep this notion in the sequel for
all following superintegrable potentials.

The Green function of the potential V, in equidistant coordinates can be
constructed by inserting the corresponding one-dimensional Green function in
the variable T, into (4.45). We obtain (E’=E —#*/8MR % - MR 2w?/2)

)
( 1

G ‘cl ,1: E) (cosh‘c cosh ‘c") 1/2

N(M)

max

(ik V) ’” (ikl,V) ’ (:th' x) ’” ’ ,
x Zw TV, | @W)Gpr (T EN+

]? @ kl' & k v ’ (ikz'i ) ’” ’ . ’
+)dky, I, ' ()G, (1L T EY L, (455)
0

1
in the notation of (2.12, 2.16).
4.2. The Coulomb Potential

We consider the generalized Coulomb potential on the two-dimensional
pseudosphere in the four separating coordinate systems

o
V#u):—;[m— 1 ]-f-

2.1 21
N 473 ey (4.56)
+ .
aM ‘/u%+u§ ‘/u%+;2[+ U ‘/ul +u§ - u
Spherical (1> 0, ¢ € (0, ®)):
7 1 2 1
2 K —— ki-—
o 1 2
V2(u) ==z {cotht—-1)+ 2h‘ 5 4 + 4 4.57)
8MR“sinh“T| 2 @ cos2 &
2 2
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Elliptic-Parabolic (a>0,8 € (0,1 /2)):

a[cosh2a+cosz13 J
— 1 |+

R| cosh? a —cos? ©
2 1 2 1
#  cosh® acosh? ® kl 4 k2 4
2 ) 5 .t 2 (4.58)
2MR “ cosh® a —cos” ¥ sin“9® sinh“a

Elliptic 11 (algebraic form, 0 <p, <a, <p,):

‘I(Pl - az)(pl - a3) - \I(pz - 02)(P2 - a3) 1
p] - P2

o

1)@ —a)a, —ay 1,1
2] P1=P2 (al—pZ pl_al]

Va, -a)a, ~a) Np,-a)p,—a,) +V(p,—a)p, —a,)
a “2_“1 a3) NPy~ )Py~ 4y P1=a)Py— a4 }(4_59)

a )

2 2
—(k{=k3)
b2 ay~4,

Elliptic II (Jacobi elliptic function form, o e (iK’,iK’+K), Be (0,K"):

_g_[kzsnoccnﬁ—k’cnﬁdnB_lJ+

R k2cn2(x+k'zcn2[3
2,2 1
+h—2 hrh 2 L L + (4.60)
M| e o+ k2en’p dn®o s’ P '

K kzsnacna+k’cnﬁdnﬁ]

2 2. K
+h-k) k' B cn? o+ K Zen?

Semi-Hyperbolic (i1, i, > 0):

) )
o VI+T + N1+ 1 2 2 1y1 .1
=-— -1 |+ 2 [k1+k2——] —+— |+
R My +Hy 4MR“ Kyt Hy 20 Hy
\/1+u2 \/1+u2
+ (-1 -—2 . 4.61)
Hy H,
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For the constants of motion for the potential V, we get

1 2 2 .2
I, = (K +K =L+ V,(w),
1 opmr2 1 2 3 2
2 1 2 1
Lol p Ty kg
2 3 ’
M M sin259 cos2-(R
2 2
; 1 X 1L (XRuz\ll+m71—ul\llﬂlzz
3= o K Isd - Wy + 1, *
ﬁ_z k2+k2 l “1/”2'*'“2/”1
Tam [ ! 2—2] Myt Hy ’

ug\/1+uf+uf\/l+u§J

+ (K2 - K2 (4.62)
%k o (Hy + 1)
The path integral formulations have the following form
(VZ) 7
K “, u;T).
Spherical:
—riﬁT/8MR2 W =1 o) =¢"
= Sﬁz D1(r) sinh © f D o(t) x
R W=1 o) =¢
. t" M
I Mp2.2 .2 -2
Xexp{ﬁ t_‘:[ > R“(1” + sinh” 1¢“) +
2.1 2 1
o 2 K-y By
+—(cotht—1)~ 3 3 + —= ||dt (4.63)
R 8MR“sinh“t| 290 20 4
2 2

Elliptic-Parabolic:
a(t II) = al} ﬂ(t Il) = ﬂl/

—1—2 Daty | Dow 2-_co8
R win=a Bt = cosh®acos” ¥

cosh? a — cos? ®
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ot 2 2 2
X exp i J‘ MRz cosh 2a cog 1 @+ 1()2) L@ cosh2 a+ cos2 9 1=
h 2 cosh® a cos™ O R| cosh® a—cos” ®

’

t
2 1 2 1
#2  cosh®acos? ® kl 4 k2 4

- 5 2 3 S+ 5 dt (4.64)
2MR “ cosh“a—cos“ 8| sin“® sinh“a

| o =a Bt =B
=L [ pan [ DBO®Reta+kPen®P)x
R )=of Bt =B

X exp

P

i_[[ R (kzcn a+k %cn? B)((x +ﬁ)+
t

o kzsnocan—k'andnB
*Rr 2 2 22 -1-
kK“cn”a+k “cn” P

2,2 1

7 firh— K2

- - +
AMR?| K2 cn? a+k’zcn2[3 dna sn’B

+(k2 k2)k K sno;cnoc+k chdnBH ] (4.65)
Ken“a+k B

Semi-Hyperbolic:

n=n nae)=p n
2

1
I IR N I CP ey e

R B =p nd=n

xj’[MR2u1+u2[ ;1% [12 ] [\/1+ul+\fl+u2 }
2 L=

|-

xe"p[ & | P TPy T }

I

\/1+u17 \/l+u§ H

Ky 3

2
L [k2+k2 IJ N )
TAMR2 B +H, 2 )\

L W (RO 3P A 3P ) »
Y LR R U ST ST I } (4.66)
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4.2.1. Spherical Coordinates. In order to solve the Coulomb problem in
spherical coordinates we start by separating off the ¢-path integration which

. 1
yields [ll=m+§(lik1ik2)j:

o TT/BMR 2

K(VZ)(T" T, (pu (pl, D_ X
TP R2(sinh v sinh v7)1 /2

o Wy =1
Gk, 2k) o \ Gk, tk) [ @
x Y o, © ! [%Jcpm v (%]x _[ D 1(r)

m=0 wHy="7
1
. t” 2 xz _1

. 1
xexplt [ | M R22+ % cotht—1)——2 Slat. @en

2 2

Rl 2 R 2MR? sinh* 1
(k. tk
Here denote the q)m ¥ ' the Poschl-Teller wave functions (2.6)

Gk £k) (@ mOmtk tk,+1) /2
= +k +
O (2J A+ImEhk ot D R me k) T +m k)

1/2tk, /2%y

X [ sin—(zR ] (cos 522 J P z 1)(cos Q). ' (4.68)

The remaining T-path integration, denoted by K (T) in the following, is of
the form of the Manning-Rosen potential, which in turn can be transformed
into the path integral problem of the modified Poschl-Teller problem. This
has been done in [1,16}, and will not be repeated here. The corresponding
non-lilear transformation has the form

= (1 —cotht) = (4.69)

s1nh2

accompanied by the time-transformation dt=ds, with f{r)= R%tanh?r. In
some sense this transformation can be seen as a one-dimensional realization
of the Kustaanheimo-Stiefel transformation [5,42] corresponding to a space of
constant negative curvature because it maps the path integral (4.67) via a
space-time transformation into the path integral of the modified Péschl-Teller
potential which can be transformed by a simple rearrangement into the path
integral of the radial Higgs oscillator. The result has the form (N=0, 1,2, ...,

N, xz[\/R/—a—ll—%], a=H# /Moy

ma
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O _ET/R (V) v,)
(1”1 =Y e " 5 7@s *)+

n=0

T2 (V.)* A
+_[dpe inp°T/2M Sp ¥ (1) Sp (1),

(4.70)
0

with the discrete and continuous energy spectrum, respectively, given by
~ 1
[N= N+ 7\,1 + 2 J

~5 1
N? - 2
o L2 4 Mo

E =2_x _ Mo 4.71)

N R 2MR? 2#°N?

‘h2 2 1
E=—"—(p*+=]. (4.72)
P 2MR2[p 4)

The bound state wave functions have the form (0N=a/RX/)

'y 1 1/2
- N+A +—JI‘[ +X+ ]
(2)(T_R) M+1/2 o’i,-—N2r( 172 2
U TM+1)| R2IN2 T(N-A) T(cy—A,)
X+l/2 r(o N)
x(sinht) | e 2F1[—n,xl+%+<s~;2xl+1;ﬁmj.(4.73)

The continuous wave functions are (p = V2MR 2(Ep ~o/R)/H)

G/2Xp-py+A +1/2
vy o ! NFELE)
R = aran, + 1) R 2
| O 1 i~
r[xl+2+2(p—p)Jr( -5 G+p )

. xl+1/2 i 1
X (sinh 1) exp[t(—i(p+p)—kl—§)]

1
szl[x +2+“;'(p phA+

NI»—‘
NI—

= 2
LG+ A+, 1+comj. 4.74)
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The complete wave functions of the generalized Coulomb problem on the
two-dimensional pseudosphere in spherical coordinates are thus given by

V) ) (tk,tk)
¥, 2% 0 R) =Ginh 2SRy g [gj 4.75)
vy V) k)

¥, 0 R) = (sinh 728 2 Ry ¢, [2] (4.76)

The Green function of the Coulomb problem has the form

V)
G (v, 7,¢", ¢'; E)=(sinh ¥ sinh v)""/ 2 x

o Gk tk) ol \ (Rkotk) L(m, —L)T(L.+m, +1)
Zq)mz 1[£j¢mz I[LJX%F 1 E FE | 1 %
e 2 2 #? Tlm, +m,+1) (m, —my+1)
1)/2 -m)/2
22 DR v g ot T y
[cothr’+l coth 7+ 1 (cotht'+1 cotht”+1J
cosh‘c)——]
szl[—LE+ml,LE+ml+l;ml—m2+1;———cotht+—1]><
>
F L L 1; ]"2* 4.77
X, ](— gtmpLg+m +1m +m,+ ,cotht<+1], 4.77)
1 Jy)
where LE=5(‘/—2MR E/W+1/4 /- 1), and m =kt

+V- 2mR2(2a/R+E)— 1/4 /h . This representation can be derived by

means of the Green function of the modified Péschl-Teller potential and the

Manning-Rosen potential, c.f. [20] for some details and references therein.
Let us make some remarks concerning the pure Coulomb case. The

calculation is almost the same with only minor differences: The wave functions
Gk tk) g ) L _
5 |are replaced by circular waves, i.e., ¢/ ? /21 with ¢ =10, 2n).

m

This then has the consequence that the modified angular momentum number has
the form A, = I51. Everything else remains the same.

4.2.2. Elliptic-Parabolic Coordinates. In order to deal with the path
integral (4.64) we perform a time substitution df=ds (coshza—
—cos? ﬁ)/coshzacoszﬁds according to, e.g., [20,27,42] and references



646 GROSCHE C., POGOSYAN G.S., SISSAKIAN A N.

therein, such that the new pseudo-time s” can be introduced via the
e

constraint jds (cosh2 a- coszt‘})/cosh2 acos’®=T=t"~t’. We therefore

0
obtain
(VZ) 0w r” ’
K “d,d 8,% =
JE w  a(s")=d" sy ="
[ Eommfa [ Day | Do
R 0 a(0)=d ¥0) =%
. S” M
1 22, a2
xexp{%'j[?(a +99) -
0
2 4 g2 1 2 1 2 1
wlkimg By kg vy
- RN 7~ 2 dst, (4.78)
2M | sin* 9 cos*® sinh®a cosh“a

where B2 = % - 2MER2/h2, V2= % + 2MR 2(20c/R - E)/hz. The analysis of

this path integral is rather involved and we first consider the pure Coulomb
case, denoted by K(a)(T).

Pure Coulomb Case. We observe that in the pure Coulomb case the path
integral (4.78) yields a symmetric Poschl-Teller potential path integral in
de (-n/2,n/2), and a symmetric Rosen-Morse potential path integral in
a € IR. The solution consists of two contributions corresponding to the discrete
and continuous spectrum, i.e.,

K((X)(a”’ a/, 13", ‘G’, T) — K(a)(a», al’ ’[3", ‘6', T) + K((l) (a”’ ar’ ﬁ”, ﬂl, T),

disc cont

E T/%

mm

2 @@ gy Ry PP (o, 97 R) +
mm, mm,

:z;i

mm,

—iET/H

+ | dk | dpe 7 \P}(‘;‘)*(a', ¥; R) ‘I’;:;)(a”, ¥’; R). (4.79)

S w8
O e §

In order to obtain the discrete spectrum contribution to (4.78) we insert the
spectral expansions of the discrete spectrum of the symmetric Poschl-Teller
and the symmetric Rosen-Morse potential. This yields
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i 7’ 7 7 dE _.”ﬁ T 77
K", a, 8", 9;T) = o € ET/H Y Ids X
R mlm20

—ih—z[ m +B+l i —| m —v+l i ]s"
waml MRy ) (g
T(m, +2B+1)

|
m].

X exp X

1

X Ycos ¥ cos ¥ [ml +B+ 7 ] Pﬁ—fml(sin V) Pﬂ_f;l(sin V) x

+1/2
(tanh a”’). (4.80)

PNT@V=m) m vt
1/2

x[m _V_E ! v-1/2

/2 ,om
) : (tanh @) P, *

Performing the s”-integration gives the quantization condition for the bound
states:

1 1

(mz—v+5]z=[ml+[3+—2*]z, (4.81)

and therefore the bound state energy leveils have the following form
(N=(m; +m))/2 is the principal quantum number)

1 1
N+- | —-—
2( 2]2 4_ Moc""

. .
2MR 2ﬁ2(N+%]z

[0
E, = R -h (4.82)

N

Considering the residuum in (4.80)-we obtain the bound state wave functions

¥ (a,9;R) =
1™

1/2
1 ( MoR 1\ (2B -m)) m ~B+1/2
=[?[W—IJ[MI—B_EJT Pﬁ—1/2 (tanh @) x
pyf@v+m+ 172
x (m2+v+§]—mz!———} P, (sin 0) (4.83)

The analysis of the continuous spectrum is somewhat more involved. We
proceed in a similar way as in [20], where the same calculation was done for

the free motion in elliptic-parabolic coordinates on A®. We obtain by using the
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Green function representations of the symmetric Poschl-Teller and the
symmetric Rosen-Morse potential [43]

a(t II) = all ﬁ(t Il) = ﬁll 2 2
Dat) I Do) cosh 2a - co; ) o
at=d 8= cosh®acos” ¥

"

| 2 2
X exp iJ‘ MRZ cosh? 2a co; 13( +1?)2)+ cosh2a+c0s21‘}_1 dt b x
ﬁz’ 2 cosh” acos“ R\ cosh® a - cos® §

JE oo a(s")=a" By =0
=J- 2_11:_1’;e_lET/ﬂ J. ds” _[ D a(s) I D d(s) x
R 0 a@)=da’ B(0) =%

" 2 1 2 1
S ) 2 BC-— V-
xexp[%j[%(d2+ﬂz)—j—i— 4_ 4 jlds}:
0

2M 05?3 cosh’a
L{ dE _igr/5 [ ,0 [ dE’ —ig's" /5
=-2—j—el/_[ds J.—ie's/x
R 0 R
M\/'—/‘T -B, . ~B
X; cos & cos " T -Mp)T(M ,—ﬁ+I)PME(—s1n19<)PME'(sm13>)><
dk k sinh ©tk

. . M 2,’
x : - Igﬁl/gsumhaﬁzxjﬁ/ﬂeamhaqe‘mks/””
e=t10 COS TV + sinh” tk

+(a —0). ‘ (4.84)

with ME,=—%+V2ME'/11‘, and we have written the kernel K(a)(s")

cont
according to

C((()szt(all a 'ﬁ” l()l s/l) K (a” a sll ﬁ(ﬁ”, 13'; s”)

l 4 s dE —iE ’_Y”/ﬁ ” ’. ’
2K(a a;s"- 211: Gy(8", 0 E")
= ’” ’, dE —iE ,S”/ﬁ ” ’. s
gw,msy&ﬁ# G (a", d;E, (4.85)

and, of course, both contributions must be taken into account which turn out
to be equivalent. Note that (4.85) actually corresponds up to the additional
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dE-integration to the continuous part of the Green function G(a)(E), whereas
(4.80) corresponds to its discrete contribution. The Green function expression
(4.85) is evaluated by means of the relation for the Legendre functions [46,
p.170]

I'v—p+1)

“e_ N
P, D= Torur)

| Pl cos =2 0l ) sinu |

I(v —p +1) SN TR Pry) +sin v Pl-y)
IRYZTTES) sin T(V + )

(4.86)

Thus we obtain for the ¥-dependent part along the cut B=-ip, where
E=#Xp*+1/4)/2MR?

” * ’ 1 1 . . 1 . .
\Vkp(ﬁ )‘Vkp(ﬁ)oc E[F[-Z—+1k+1p ]F(—i—lk—lp Jx
XPL | o(=sin®) PP (sin ') -

1 . - 1 . . —1 . ’r -1 : ,
—I"(5+1k-1p)F(E-—lk+1pJPikl_pl/2(—sm13 )P ptsin ) | =

p sinh p Z
- 2 s 12
cosh” mk + sinh“ mp , =7

PP pesin®) PL P, (esin®). (4.87)
k

We must insert the representation (4.85) into (4.84), and we find that the
ds”dE "-integration gives E'=—fi2k2/2M. Hence we obtain the following
wave functions and energy spectrum of the continuous spectrum (ﬁz=—v2,
p2=—B2£, g€==%1)

(@ (@, 9 R) = 1 p sinh wpk sinh mtk y
kp R (cosh® ntk + sinh? np)(cosh® 1k + sinh? 7p)
x Veos & PP /(€ sin 9) Pili;"_ | /o€ tanh a), (4.88)
2 7 1
Ep:zMRz(p +Zj‘ (4.89)

Generalized Coulomb Case. To analyze the general case we proceed in an
analogous way. For the discrete spectrum we expand the 9-path integration into

&k, B
Poschl-Teller potential wave functions Y, "7(0), and the a-path integration
1 .
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into the bound state contribution of the modified Péschl-Teller potential wave

k,

Eky, V)
functions of y,_ (@) (2.12). The emerging Green function representation
2

v, v,
Gisc(E) of Ky

isc (1D has poles which are determined by the equation

@n 2k +B+ 17 =2yt ky—v+ D)2 (4.90)

Solving this equation for E_ yields exactly the energy spectrum (4.71), with
12

the principal quantum number N=n +n,+1+ % Xk, k). Taking the

residuum gives the bound state wave functions.

For the analysis of the continuous spectrum we proceed again in an
analogous way as for the pure Coulomb case, the only difference being that we
must insert now the entire Green functions of the Poschl-Teller (2.6) and
modified Poschl-Teller problems (2.12), instead of the corresponding symmetric

cases. For this purpose one constructs the Green function G(Vz)(E') in elliptic-
parabolic coordinates by considering the ds”-integration following from (4.78)
with the solutions of the Poschl-Teller and modified Poschl-Teller potential,
respectively. It can be cast into the following form (c.f. also [20] for some more
details concerning the proper Green function analysis)

vy (Ek, V) &k

V)
G a0 0 E=1 Yy 2 @)y, ? (@)X
2 n, ny

)

@Ek.B . |
X Gpr Y, 9,E") E’=7r2(2nl:tk,+ﬁ+‘)2/7MR2+

157 @k, V) Gk, @k.p
tofaw T U@ T @GO EN gl g
0

+ [appropriate term with a and O interchanged], 4.91)
in the notation of (2.6, 2.10, 2.12) and (2.16). Analyzing the poles and cuts
in a similar way as for the pure Coulomb case we therefore obtain with E; as
in (4.71) and Ep as in (4.72)

(VZ) 7 ’” (VZ) ’
Y @, 9 RY, (@, 9;R)+
)

)

V) ~-iE T/¥*
K 2 (an’ al, 13"’ 13', T’) = 2 e ) NT/

n
v n2

T 7 —iET/K (V) (V.)+
tlafape 7w T@ iR @R, 49
0 0 . .
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where the bound state wave functions are given by

(at‘)R) \/2 2(MR°‘ 1]w(ikfv)(a)q)(ik”m(ﬁ), (4.93)

T'EZN n g
N 2(v Fhy — 21y — 1) T(ny + 1 2 k) TV ~ 1) 1/2X
Vi, Ttk n, TV Fky — )
1/2+k n+1/2-v )
X (sinh a) *(cosh a) ? Fo(=ny v —n;; 12k tanh” a), (4.94)

q)iikl’ B)(ﬁ) ={ 2Btk +2n, +1)
1

n, T@+k +n,+1) 7/2
I‘(nlikl+1)l"(n1+B+l)] X

1/2+k &k, p)
X (sin 9) / Ycos H)P+1/2p 711 ﬁ(cos 29). (4.95)
1

The continuous states have the form

v) 1 @&k,p) <+k )

¥y @B R =2y, @ A () (4.96)
&k, p)
Wk g ( =

F{l(lik2+iﬁ+ik)]l“[l(lik +ii5—ik)]

2 2 2 [k si tk -1/2
_ k sinh.mk (tanh @) > x

T(1 k) )

Lk, +ip+ik 1k, —ip+ik
2 ’ 2

x (cosh )% F, [ ,1£k; tanh® a ] (4.97)

1 o o
PRtES —(1% -
KT r[ > (1_k1+1p+1k)]r[ (1 £k +ip 1k)}

k T(1%k)

X

: tk -1/2 p+1+k
m:—zn—k (tan9) ! X (cos B) '
2

1ik2+ip+ik 1ik1-—ip+ik )
X F > R > ;likz;—sin 'G}. (4.98)
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The special case of the pure Coulomb potential follows from the
consideration of the corresponding special cases in (2.6, 2.10, 2.12) and
(2.16). This completes the discussion of the Coulomb problem on the two-
dimensional hyperboloid in the soluble cases. The cases of elliptic II and
semihyperbolic coordinates are not tractable by path integration.

4.3. The Potential V3

We consider the potential V, in its separating coordinate systems:

RZ+4u? u
Viwy=—2—+ M2 2 _p—2 (4.99)
R 7SS G O A (R
. T 0~ " 0~ %
Horiocyclic (y>0,xe R):
2 M
=JL2[0L+—m2(4x2+y2)—7\.x], (4.100)
R 2

Semicircular-Parabolic (€, 1 > 0):

] M
R2 §2+n2[0‘@2”\2)—Ek(n4“§4)+7w2(§6+n6)]. (4.101)

V, corresponds to the Holt potential plus a linear term [21,31], i.e., plus an

electric field, in the flat space limit IR%. The constants of motion for potential
V, have the form

1 2 2,2
1= K2+ K2 =13+ V,(u),
1 opr2 ! 2 T 3

__1 2 2.2
I,= M (K, — L))"+ o+ 2Mw°x” - Ax,
1 4.102)
13 =2_Al_ ({Kl’ Kz} - {K21 L3})
+l 54(2a+§2),+Mm2§4) —n4(2a—n2k+Mm2n4)
2 §3+n2 ’ J

We obtain the following two path integral representations

vy |
K "W, u;1),
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. Horicydlic:
e =y" (") =x"
=_15 j 22’2@ D x(f) X
R™ yan=y Y7 xay=x
it” M 2i2+ _Lz
X exp —J- -—R 2Ty (X+“(D(4x +y) - (4.103)
ht, 2 % RZ
Semicircular-Parabolic:
Ee =t ne¢”y=n" 2 2
1 £ +1
== | vt | pnnElx
R™ eun-w ney=n &

”

eXP[;i,:f[z zé-&—m(é +17)-

’

t

2,.2
‘%[a—%(n2—§2)+%w2(§4+n4—§2n2)”dt}. (4.104)

The path integral (4.104) in semicircular parabolic coordinates is not
tractable. The path integral (4.103) is solved in the following way: We shift

the variable x according to x—>z=x—k/4M(n2. The emerging path integral
problem is the path integral of an harmonic oscillator yielding the separation

(A 1 Mo V1/2 1
K (uvu,T)—R 2[ J

. nh Mt
me(" 21:0) Z,JHM( 21:0) z"JeXp{—M%o—)(z'2+ ,,2)]

yey=y R -2 -9 2
D y(t iM X+ .
x —yﬂlexp[ﬁ | [R27L—%(Ea‘m,x+m2yz)Jdt} (4.105)
=y t’

with the quantity E oA given by
A’Z

I
Ea,w’x=a+2ﬁm(m+§]—gﬂ—lg. (4.106)
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1/4
v, () =[ 2M® ]

7wh 22 (m!)?

2
Mo A Mo A
X_Hm[ 7 [x—gi]]exp[——;—[x—@J ] “.111)

with the discrete energy spectrum given by

2 2 (|E |
H h o, A
E"=8MR2_2MR2[ ho _2"*1]2' @112

The continuous wave functions and the corresponding energy spectrum have
the form

)
¥, 6 R) =Y, (1) ¥ (05 R) (4.113)

T psinhno E
v,0; R) = T d F[l[l+ip+—a‘_L‘}‘Hx

Mo 2x2p 2y 2 fi®

Mo
xw‘Ea,m,x/”“’-iP/Z[Ty J (4.114)

g - 2,1 4.115)
P_zMRZ[p 4)’ '

V)
with the V(%) as in (4.111). The Green function G Y(E) of the potential V3

can be read off from (4.107). This concludes the discussion of Vs

4.4. The Potential V4

We consider the potential V, in its separating coordinate systems
Equidistan: (T, >0, T, € R):

1
V=M +ﬁ_2“2‘4_
) =
2 -y M
1
M o 2y KZ—Z

= e “+ 4.116)
2R? cosh? T, 2MR? sinh? T,
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Horicyclic (y >0, x> 0):

) _
M 22 fi 4
oy + 2y

M 4 4.117)
2R? MR P

Elliptic-Parabolic (b> 0,8 € (0, n/2)):

2

M
= 0)2 cosh2 a cos2 Y+ —

e 2MR2(K2 i]cot Scotha  (4.118)

Elliptic-Hyperbolic (b> 0,9 € (0, n/2)):

2

—~M-m sinh? b sin® O +

: . (xz _1 ]tan2 Stanh®bh  (4.119)
2R 2MR 4

Semicircular-Parabolic (x| =1/2,& n>0):

= 2 w? 21 (4.120)

For the constants of motion of the potential V, we find

I = J-L)+ VW),
2MR
21
L=l _L)2+ﬁ 4 (4.121)
2T T Ty 2
_ 1l 2 M 2%
13—2MK2+20)e

We discuss the corresponding solutions in the five coordinate systems only
briefly because this potential seems not to be rather important. Also, the
methods how to evaluate such path integrals have been presented already in
earlier investigations, c.f. [20,24]. In particular, for the elliptic-, hyperbolic-
parabolic, and semicircular parabolic we argue along the lines of Ref.[20],
where also more details can be found. The path integral evaluations in
equidistant and horicyclic coordinates are easy to do.

4.4.1. Equidistant Coordinates. We start with the path integral repre-
sentation in equidistant coordinates. We consider

A~ mwy et
rl(t )—‘c1 12(1 )-12

(V4) o
K "W, u,T)=— _[ D (1) cosh T, _[ D,(n) %

N et FA—
‘Cl(t )_'cl ‘Cz(t )—12
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” 9 21,

M W e

2
{ ZR? ("cf + cosh? ‘Cl"cg) -

R 2 cosh2 T,

1 ;

i K- 4 3 1

- 5 - 5 1+ 5 dt (4.122)
2MR “ sinh T, SMR cosh T

=J dk J dpexp[—' lhTz[p2+lJ]x
o o 2MR 4

(V4)* ’ ’ (V4) ’” r
x‘I’pk (11 » Ty 3 R) ‘I’pk (T » Ty 3 R). 4.123)
The path integral in the coordinate T, is a path integral for the Liouville
potential [24], and the remaining path integral in T, is again of the form of a

modified Poschl-Teller potential path integral (2.12). Therefore the separation
procedure and the path integral evaluations are straightforward. The spectrum
is purely continuous and the wave functions are given by (k=mRw/#)

g'd ;R)=(cosht,)" /2§ (1.: R 4.124
pk (Tla‘cz9 )_(COS T]) [I(Tl' )\Vk(’rz)r ( )

S (v R)= 1 1/p81n51tpr ik—x+1-ip r k—ik+1~ip %
p I'l+x) 2 R2 2 2

X (tanh *cl)l /2+¥(cosh ‘cl)ip X

X F

2

ik+x+1-ip 1+x—ik-—
1 2 ’ 2

. 1 4« tanh? 1, J (4.125)

: ~ T
Y1) =V 2———%5‘“2 h ik K (ke?). (4.126)
b1

K (z) is a modified Bessel function [13, p.952]. The corresponding Green

function in these coordinates is given by (in the notation of (2.16) with

(Ly =75 (k= 1)

’”

27 - T
= [ dksinh kK (ke ) Ky e ) x
0

T

(V4) v 7
G "W, uE)=
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ym TOom —L)T(L, +m +1)
X Tmy +my+ ) Tm, —my+ 1)

—(ml—m2+l/2 L, tm, -1/2
X (cosh 1| cosh t)’) (tanh t; tanh T, ) X

+1—x

x2F1 —L)‘+m1,Lk+m1+1;m1—m >
cosh T .

2

Fy (=L, +m, L, +m +1;m, +m,+1; tanh® T ) (4.127)

4.4.2. Horicyclic Coordinates. In horicyclic coordinates we see that in the
x-variable we have a radial path integral with a repulsive centrifugal barrier.

Therefore we obtain (E 2212 + M2R?%0? / fiz)

yer) =y" () =x"
vy v 1 D y(t
K ‘Wu;D=— | —yél [ Dxyx
R yen=y Y sun=x
1
17 2.2 22 2 -
M + W h 4
xexp| o [ | FRIFSL-EL T2 Ly @)
. y R 2MR x

2M  dE e,g'r / N

\/’J('—y’y’rjkdkj(kx’)J(kx") 7 ) om
R

X e 0K () (4.129)
~iV2MRE/R" +1/4 iV2MRE/W +1/4

———U—‘/—;_ I kdk J (k') J (kx”) %
T ifiT Tt T
% { dp p sinh npcm[ "}?(Pz*'%]]Kip(ky)Kip(ky ). (4.130)

The I (z) and J (z) are (modified) Bessel functions [13, p.951]. In the path

integral for the horicyclic system we simply do the x-path integration (a radial
path integral [25,56]) and we find that the remaining y-path integral looks
exactly as for the free motion with just the separation parameter k shifted by
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M2R?%e? / A path integral like this has been already discussed in, e.g., [20]
and references therein, which is not repeated here, and the solutions (4.129,
4.130) for the Green function and the spectral expansion follow immediately.

4.4.3. Elliptic- and Hyperbolic-Parabolic Coordinates. In the following

two path integral representations we, first, state the solutions, and second, give
a short description how these solutions can be obtained In elliptic-parabolic

coordinates we have an explicit solution only for |Kl _E’ and we obtain for
that case
(kp =MRw /H)
t")=a (") =9" 9 )
) -
K ‘W =L2 f Dawy | Do gmos?
R® ihea (N =t cosh” a cos” ¢
i ' M _ s cosh? a — cos? § 2 ? 2 2
X exp —I —R —ﬁ( +13)——200sh acos” 9 -
ﬁt, 2 cosh” a cos” ¥ R
72 1) 2
- [Kz——]cot dcoth?a |dr 4.131)
2MR 4
= -1-5 Vcos ¥ cos B J- dp sinh mp j Czik k sinh nl;
R eg=+10 o (cosh® mk + sinh 1tp)

. 2
x ¢~ T +1/4)/2MR? s"‘(”1 /(€ tanh a”; ik )s"‘(” /(& tanh a'; ik )

i ’ . ’” i ’ : ’ 2
X ps;i_ 1/2(%: sin 9”; — kf)) ps;‘lz*_ 1 /(€ sin V- kp). (4.132)

The pst:(z) and Svu(l)(z) are spheroidal functions [50, p.236, p.289]. In

hyperbolic-parabolic coordinates we have an exact solution only for
k| = 1/2 and we obtain in this case (kp =MRw / #)

b(t u) =p” ,‘3(’ /1) =9

k"0 vin== | oy | Dow

sinh? b + sin® ©
.12, .2 X
b(t") = b’ 8= sinh” b sin” ¢
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coordinates in IR®. However, this is not the case, and therefore we are
restricted to the case |K| =1/2 which is solvable using the result of the free

motion on A® in elliptic-parabolic coordinates. Because A is for
E> fi2/8MR2 purely imaginary we cannot apply the oblate spheroidal path
integral identity of [20] in a simple way. We must find a proper analytic
continuation, and instead we construct this analytic continuation heuristically.
Since the (a, ¥)-path integration in (4.132) corresponds for m=0 to the path
integral on AP in elliptic-parabolic coordinates we look for those spheroidal
wave functions [20,50] which have for the parameter =0 the limit of the
wave functions of this system and we find for

L 0 =Pl@), (lxl <1, s¥DGo=phe), 2] 21 4.136)

Putting everything together yields the conjectural result (4.132). The case of
hyperbolic-parabolic system (4.134) is done in an analogous way.

4.4.4. Semicircular-Parabolic Coordinates. In semicircular-parabolic
coordinates the potential separates only for [kl =172 and we obtain
(g=Mw/n)

(V4) 7 ’
K "W u,T=
S =t ne"=n" 2. .2
1
= | pen | D”(')%Lx
n

2
Eu)=¢ n¢)=xn'

=

o
iM 2 2 . 2
expllz—n | [Rzé—ﬂ—é;z E+1? ——;’2 §2n2Jdt] (4.137)

I

o oo 4
-3 - Idpp(sinhnp)zjdkklr[l(likz/zqﬂp)” X
+ T°¢°R 0 0 2 )

. 2 2
e T +1/4)/2MR% ) n2y
4 /4q, ik /2(q§ )
xW @Hw @’ Hw @’d. 4.138)
+k°/4q,ik/2 +k*/4q,ip/2 +k/4q,ip/2

This path integral is solved in the following way: After a time
transformation we obtain

V)
K 4 (E_,”, gn, nn’ ,nl’ D -
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dE ' o0 &(S'l) = g/, n(s/l) = T‘I,
[ e [ g [ b | pnwx
R 0 KO=¢ n© =1

. 21
xeXp\% J [%((§2+ﬁ2)—m2(§2+n2))—hzﬂ—4[é+#ﬂds‘ (4.139)
0

gl ﬁE_—iET/hw . [ dE' _iE's"/H
=V 5] om© {ds ]R21tie %

Mo M® 2 42 " MoE'E”
T - + { . I N T X
" sin os” e"p[ oim & & Dcotos ] %[m sin ms”]

I‘[%(1+7L—E’/Tw))]

X W Mo 2 >
AoI(1+ 1) E'/2hm,x/2[ 7 “>]
Mo
XME'/zm,x/z[YniJﬂ“@ =n), (4.140)

where A2 =%—2MR 2E/ﬁ2; we must take into account a term with & and M

interchanged. One uses the path integral solution of the radial harmonic
oscillator [56], where for the &-dependent part we expand the propagator by
means of

#? T dp p sinh 1ip

2 2
MR hz(p2+%]/2MR2—E

L(z)= K. (2), (4.141)

i

and the integral representation [13, p.729]

a+b

ab < - cosh v
W @W b)=—T %’_‘1_ fe 2
O T )
x K (Yab sinh v) [cosh : ]zxdv. (4.142)

In the m-dependent part one uses the Green function for the radial harmonic
oscillator (c.f. [25] for the functional measure formulation)
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Hey=r"
aref/h [ Dy ux[r]exp{ o I G dt}=
ithY=r

1
h

S — 3

I‘{l(1+7»—E/hm)]

- Mo Mo
= ho Vi T+ A 'WE/zhm,x/z( P ’>]ME/2hm,x/2[ h J(4 143)
and the relation [13, p.1062]
(-2 rQ
L@= ey [D+ LTy ) @144

2 —nZ
F[%—u—k) F[l+u l] o

)
If we have (4.140) as it stands we obtain the Green function G *

(€, €, 1", 1", E), together with the prescription E’=~h*?/2M. The final
result (4.138) is then obtained by conbining on the one hand, where
E'=- k2h2/2M and re-inserting

Mo [ _ES Mo o2 .02 ” MaEE” )
2I sin @s” p[ o i © T Dot ]Ik[ihsin(m"]‘
) . 5 2
=_1_j' 2dgzsmhng ‘F[l[lﬂp—LH
nzq o Ph"/2M—E 2 2q
xW o, @hw , (@ (4.145)
~k'/4q,ip/2 ~k"/4q,ip/2
and on the other (g =MRw /h)
1 . 2
':I‘[E(1+lp—k /2q)}
w ’2 - M "2y
K /4q,ip/2 ) hol'(1 + ip) K /4q,ip /2 )

r[%(l—ip—k’-/zq)]

r” 2
. M =
hol'(1 - ip) K /4q, - ip/2 ) }




664 GROSCHE C., POGOSYAN G.S., SISSAKIAN A.N.

2
iM 1 i
= sinh 7, F[—[1+i ——H X
e e ) G
xXW ,  (@Hhw , (@D (4.146)
—k"/4q,ip/2 —k"/4q,ip/2

4.5. The Potential V5

We consider the potential Vj in its two separating coordinate systems

Equidistant (1,, T, € IR):

U
V{u)=0R —=—=oR tanh T, (4.147)

u,—u

0 1

Semicircular-Parabolic (€, > 0):

2.2
=(ng2§—rL2[—§1-2-—%]. (4.148)
+1 n

The constants of motion for the potential V, are the following

1 2 2,2
I = (KZ+KZ—LY)+ V),
1 2MR2 1 2 3 5
_1 20R 4.149
Iy =pr QK Ko} = 1K, L3})+§2+n2’ (4.149)
2
I,=K,.

We have the following two path integral representations

vy

K W, u;7)

"o et N
T (") =1 Tt )-1:’2

L | Dprweshy [ Drx

2
R ANt Nt
1:1(t )—rl 12(1 )—12
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[ZIR (1: +cosh21 rl) (xRtanh'c -

# 1
2 1+ 5 dt (4.150)
SMR cosh T

gy =¢” ne)=n"

) 2,.2
[ e | ono %}—} x
)

=¢ ne)=n'

-1
)
R £

Iid

xexp[ﬁf[z §§__TL(§ +172) - (xRqut] .151)

I

4.5.1. Equidistant Coordinates. After separatmg off the T,-path integration

we obtain a pure scattering Rosen-Morse potential, a path integral problem
which has been solved in [14,43]. Therefore we get

o 1T /8MR?

)
K2 Wi 1) =S (cosh 7} cosh 177)™ /2

Tt Ny = 1:’1’

xf de H& %) D10 X

N _p?
‘rl(t)—-‘tl

1
Lt , B+l
X exp 1 J' MRz’i:f — OR tanh T - H - . i “4.152)
L t’ 2 2MR “ cosh T
=(cosh t; cosh 1’ )‘1/2'[ dk K -7) dE o IET/H
- ! 1 R 2n ZTC

M I"(m1 —Lk)'I“(Lk+m1 + 1) y
52 L(ny +m, +1) Lim, —m,+1)

[ I -tanht] 1-tanht) ]('"1 "% | 4 tanh T 1+ tanh ¢! ]("'1 rm)/
i L

2 2 2 2
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1+tanh11>
><2F1 —Lk+m1,Lk+ml+1;ml+m2+l;————— X

2
l—tanhr1<
x2F][—Lk+m],Lk+m1+1;m1—m2+1;———2-—j (4.153)
%t —iET/H (v
—fax [ dpe 7 v @, 2,R)‘I‘k (1, UiR.  (4154)

R 0

Here denote Lk=—2ik—%, m, 2=\fm/2(~ﬁaR—E—E0 tVaR-E-Ey) /%,

E0=7i2/8MR 2, and (4.153) is the Green function corresponding to the path

integral (4.150). The wave functions and the energy-spectrum of the
continuous states are (where * distinguishes between incoming and outgoing
scattering states, respectively)

) - ikt

¥ (1,1 Ry = @rcosh t)) 172 S,f*’(:]; Rye 2 (4.155)

S(i)(T'R)= 1 ‘IMsmh(n'mlj:mzl)/Zx

p 1 RT(+m tmy)  #lsinmim +Ly]
1+tanh T, tm*m)/2 (1 ~tanh T, {my—m)/2
e I e e
l:ttanh‘cl

X2F1 m1+Lk+1,m1—Lk;1+m1:tm2;—2———], (4.156)

n2
Ep——iﬁ[pz+%]—(xR. (4.157)

4.5.2. Semicircular-Parabolic Coordinates. In the semicircular-parabolic
system we obtain after a time transformation (A, ,=1/4 — 2M(ER L oR)/ hz)

Es =t nE)=n
w,
K : I dE -iET/# j o’ | D&s) | Duwx
0 KO)=& n©) =1’

” 2_1 ,2. 1
isJ‘ M| 2 .2 # }"1-4 X2—4
xexp)z J| T 1 &+~ - ds
0 .

2MR?| €2 n
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2 id ’’ ’
_ M - ' 2Ll an I dE - lET/ff ds dE —iE 'S”/'h'
T §e 2 © { s’ ]R21:i © X

XIX[V—ZME' %JKAI[V_:ZME’ %]X

M 2 a2 Mm'n”
xexp[ Zine? (24N )]Ikz[ ] ) (4.158)

The corresponding wave functions are obtained in a similar way as in [20] for

the free motion on A® in semicircular-parabolic coordinates by analysing the
Green function (4.158) on the cut, which finally yields (ﬁl =

=—iVp? + 2MRa/ #2)
(V) (4 A T bt i —IET/;T
K S’ o, n:—g—g—“—”—“z [ kdk [ dppsini®>mpe 7
4T

0 0

X [H G () Hig ) Ko (KE) Ky (V") +

X

’ ’” (¢} ’ 1) ’”
+ K () Ky (") B () HERE), (4.159)
with Ep as in (4.157), and the even and odd wave functions can be read off

from the spectra expansion. The H\fl)(z) are Hankel functions [13, p.952].

5. SUMMARY AND DISCUSSION

In this paper we have performed- an investigation about superintegrable
potentials on the two-dimensional hyperboloid. We have found that the two
most important potentials, the oscillator and the Coulomb potential, admit
separation of variables in four coordinate systems. Each problem is exactly
solvable in two coordinate systems, the oscillator in spherical and equidistant
coordinates, the Coulomb problem in spherical and elliptic parsbolic
coordinates. We have also stated the corresponding Green functions.

These particular features are not too surprising. In the flat space limit the
spherical system yields two-dimensional polar coordinates, and both problems

in IR? are separable in this coordinate system. The equidistant system yields in
the flat space limit cartesian coordinates, and the oscillator in R? is separable
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in cartesian coordinates. The elliptic-parabolic system yields parabolic
coordinates (as the semihyperbolic system) and the Coulomb problem in R? is
separable in parabolic coordinates. The elliptic system on A? gives the elliptic

system in IR2, the oscillator is separable in this coordinate system, but does not
admit an analytic solution in terms of usually known higher transcendental

functions. In fact, the solution of the pure harmonic oscillator in R? can be

given in terms of Ince polynomials [39,48]. The hyperbolic system on AD also
yields the cartesian system.

Furthermore, the elliptic II system on A@ gives the elliptic 11 coordinate

system in IR2, and the Coulomb problem in R? is separable in this coordinate
system [49].

We have seen that the situation concerning separation of variables of these
two potentials in the found coordinate system is very similar in flat space
[6,10,21], on the sphere [22], and on the hyperboloid. The most significant
difference being that on the sphere there are less, and on the hyperboloid more
possibilities.

We have also stated explicitly the relevant Green functions of the
potentials. This includes the simple and general Higgs oscillator, the Coulomb
potential, and for V,, V, and V; in several coordinate system representations. In

particular, from the spectral expansions in horicyclic coordinates, one can show
with the integral representations {46, pp.732,819]

A+b*+c?) aNab
v-1/2 -2

2ab COS VI j dk Kv(ak) Kv(bk) cosck, (5.1)
0

7
0 &P+ b+t jd gtanhng,P b+t (5.2)
-1/2 2ab 0 V2+p ip'-1/2 2ab >

that the Green function for the free motion on the two-dimensional
hyperboloid has the form [17,24]

e on2 2 2
G”, v, E)= [(xl —X) 4y T4y ] (5.3)
nh"' —1/2—i\l2MR’E/h’—1/4 2y'y

The Green function is a function of the invariant distance d(u”, u’) on AP
only, i.e., G”, u’; E)y=G(coshd(”, u’); E). A similar consideration can be
made for the corresponding path integral representations of the free motion

n A? in spherical [17,19,26] and semicircular parabolic coordinates [20].
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- Let us add some remarks concerning potentials which are separable in the
semihyperbolic coordinate system. We consider the potential My ,>0)

1

M uguy h2k§_4
V6(u)=lcu0ul+?0)2 4F+u§ +§H 2 (5.4)
2
R E(Hz—H2)+M(D2(M3+M3)+ﬁ—2(k2~l]L+‘1— (5.5)

The specific features of the potential characterize it as a Holt potential plus a
linear term, i.e., with an electric field [21,31]. From the flat space case [21]
we know that a potential like (5.4) is separable in cartesian and parabolic
coordinates. On the hyperboloid (5.4) is separable in the semihyperbolic
coordinate system (3.69). The semihyperbolic system can have two flat-space
limits, the cartesian and the parabolic coordinate system, however, on the
hyperboloid they correspond to two realizations of the same system.

The only potential which is separable in the equidistant and semihyperbolic
system is

2 1
kg

Eﬁug'

V=0 = v_(u) = (5.6)

and it turns out to be separable in eight coordinate systems, which is almost
trivial. It can be exactly solved in six coordinate systems, but the difference

in comparison to the free motion on A s insignificant, and we omit these
solutions. -

Another potential which is separable in the semihyperbolic system has the
form (4, ,>0)

Vy(u) =~

iR

u
LR
:Ju§]+u2§
2.2 2p2 22 252
Bl\/\luoul+u2R +u0u1+[32\/Vu0u1+u2R —ugu

+ = 5.7
22 25 2
2R \/uoul + u2R

B, + By

1 1 2
R u+u,

0L[\/1+mf+\/1+u§ J
=-7 ~1 (5.8)

R Hy+H,
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We mention this potential because in the flat space limit it yields

o BlVVx +y +x+B2V\lx +y —x

Vi, y)=- +
4 \/x2 + y2 2\/x2 + y2

, (5.9)

which is separable in mutually orthogonal parabolic coordinate systems. Such
a notion on the hyperboloid does not make sense. Two of such systems can
be transformed into each other by a rotation, and hence they are equivalent.
In the flat space limit, however, they yield two mutually parabolic systems,
as it must be. Therefore our findings of potentials on the two-dimensional
hyperboloid which are separable in more than one coordinate system can be
summarized as follows:

1. We have found the generalized oscillator and Coulomb systems, each of
them is separable in four coordinate systems.

2. We have found a Holt potential version on the hyperboloid, which is
separable in horicyclic and semicircular parabolic coordinates. However, both
coordinate systems lead in the flat space limit to the cartesian system.

3. The two other superintegrable potentials known from IR? could be
formulated in terms of coordinates on the hyperboloid and are both separable
only in the semihyperbolic systems. They yield the proper flat space limit,
where the semihyperbolic system gives parabolic coordinates, and the missing
separating coordinate systems emerge in this process as well.

4. We have found the simple potential V,(x) which is separable in four,
respectively five (depending on the parameters) coordinate systems. The flat
space limit of this potential is trivial, i.e., V,e< l/y2 (R —> =), which is

separable in all four coordinate systems in IR?, let alone that the pure 1/ u%-
potential only alters the corresponding radial quantum numbers in its eight
separating coordinate system in comparison to the free motion.

5. We have found the potential Vg which is separable in horicyclic and

semicircular-parabolic coordinates. Its flat space limit is the linear potential, i.e.,
Vs — o (R — o), which is separable in cartesian and parabolic coordinates.

6. The potentials (5.4, 5.7) are the proper generalizations of the Holt

potential and the modified Coulomb potential (5.9) of IR2, where both potentials
are superintegrable, i.e., separable in cartesian and parabolic, respectively

mutually parabolic coordinate systems. However, on the hyperboloid A® they
are only separable and the corresponding coordinate systems are not
distinguishable from each other. They are only distinguishable in the flat space
limit R — oo,



PATH INTEGRAL APPROACH 671

- Table 3. Correspondence of superintegrable potentials in two dimensions

() #Sys- |V (x) #Sys- |V (s) #Sys-
A® tems | R tems | S tems
V,(w) 43) 1V (x) 3 Ve 2(3)
V() 43) |v3(x) 3|V 2(3)
Vsw) 2 % @242 +y?) - hx 2=
V{©=0y) 84 | #? -1/4 4 1 -1/4 24
My M g
V(u) 2(1) joux 2 |—
Ve(u) 12) |V,(x) 2 |-
Vig(u) 12) {vix) 2 |-

7. We cannot say for sure if we really have found all possible
superintegrable potentials on the hyperboloid. For a systematic search one must
solve differential equations which emerge from the general form of a potential
separable in a particular coordinate system, and then change variables. Becuase
there are nine coordinate systems on the hyperboloid which separate the
Schrodinger equation, there are 8!=40320 of such differential equations. This
is not tractable, and one has to look for alternative procedures, for instance
physical arguments. In this respect, we have found the relevant potentials which
matters from a physical point of view, and which are the analogues of the flat

space limit IR. This can be summarized in Table 3, where the enumeration of
the potentials in R? is according to [21]; and the enumeration of the potentials
on § (2), according to [22]. In parenthesis we have indicated the number of
limiting coordinate systems for R — oo, and constants in this limit are not taken
into account. We see that the correspondence for the superintegrable systems on

the hyperboloid and in flat space is complete, whereas the correspondence with
the sphere is not complete. Note that adding to V,(u) the (constant!) term

ﬂ2
MR?

(K2 — 1/4) reproduces for R — o the Holt potential V,(x)!
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8. Our discussion lacks a proper treatment of the alternative flat space limit,
i.e., the limit of the two-dimensional Minkowski space, respectively the two-
dimensional pseudo-Euclidean space. We do not know anything about
superintegrable systems in this space. The free motion has been discussed in
[20,36], and the separation of variables of the Schrodinger equation,
respectively the path integral, is possible in ten coordinate systems. It is
therefore desirable to construct and study appropriate superintegrable systems,
an oscillator and a Coulomb potential in particular, in this space. Studies along
these lines will be the subject of a future publication.

In a forthcoming publication we will deal with superintegrable potentials on
the three-dimensional hyperboloid. This will include a detailed discussion of the
relevant coordinate systems and the constants of motion. Concerning maximally
superintegrable potentials like the oscillator and the Coulomb potential the

situation is similar as in IR3 and on the sphere, however, there are more
coordinate systems which admit separation of variables for these two potentials.

This property is due to the fact that on A® there exist 34 coordinate systems
which admit separation of variables in the Schrodinger, respectively Helmholtz
equation [54].

The situation is surprisingly different for minimally superintegrable
potentials due to the subgroup structure of SO(3,1), i.e., we have
S0O@3, 1) ©S0(2, 1), SO@3, 1) o E(2) and SO(3, 1) o SO(3). This means that all
potentials which are maximally superintegrable in the corresponding subspace

are minimally superintegrable on A(3), and this property increases the number
of potentials considerably.
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