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�µ± § ´µ, ÎÉµ ¸µ¢·¥³¥´´ Ö É¥µ·¨Ö ¶·¥¤¸± §Ò¢ ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ ³¨´¨³Ê³  ³ ¸¸Ò ±¢ ´Éµ-
¢ÒÌ Î¥·´ÒÌ ¤Ò·. ’ ±¨¥ ³¨´¨³ ²Ó´Ò¥ Î¥·´Ò¥ ¤Ò·Ò Ö¢²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³¨ ± ´¤¨¤ É ³¨ ´ 
·µ²Ó ³ ±¸¨³µ´  Å Î ¸É¨ÍÒ, ¸ÊÐ¥¸É¢µ¢ ´¨¥ ±µÉµ·µ° Œ.�.Œ ·±µ¢ ¶·¥¤¸± § ² ¥Ð¥ ¢ 1966 £µ¤Ê.

It is shown that the modern theory predicts an existence of the minimal possible mass for
quantum black holes. These minimal black holes serve as natural candidates for the maximons. The
existence of such a particle was predicted by M.A.Markov in 1966.

Œµ¨¸¥° �²¥±¸ ´¤·µ¢¨Î Œ ·±µ¢ ´¥µ¤´µ±· É´µ £µ¢µ·¨² µ Éµ³, ÎÉµ ´ ¨¡µ-
²¥¥ ¢µ²´ÊÕÐ Ö ¥£µ ¶·µ¡²¥³  ¸µ¢·¥³¥´´µ° É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ Å ÔÉµ ¶·µ-
¡²¥³  ¸¶¥±É·  ³ ¸¸ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. ‚ 1966 £µ¤Ê µ´ ¢Ò¸± § ² ¸³¥²µ¥ ¨
¤ ²¥±µ ¨¤ÊÐ¥¥ ¶·¥¤¶µ²µ¦¥´¨¥: ¸¶¥±É· ³ ¸¸ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í µ£· ´¨Î¥´
¸¢¥·ÌÊ ³ ¸¸µ° �² ´±  ∼ 10−5 £.

Œµ¨¸¥° �²¥±¸ ´¤·µ¢¨Î · ¸¸Ê¦¤ ² ¶·¨³¥·´µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.
‘¶¥Í¨ ²Ó´ Ö É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨ ¢¢¥²  ¢ ´ Ê±Ê ³ ±¸¨³ ²Ó´ÊÕ ¸±µ-

·µ¸ÉÓ Å ¸±µ·µ¸ÉÓ ¸¢¥É  c. ‘ ¶µÖ¢²¥´¨¥³ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ Ë¨§¨±  ¶µ-
²ÊÎ¨²  ¥Ð¥ µ¤´Ê ¶·¥¤¥²Ó´ÊÕ ¢¥²¨Î¨´Ê Å ³¨´¨³ ²Ó´µ¥ ¤¥°¸É¢¨¥ h̄ (¶µ¸Éµ-
Ö´´ Ö �² ´± ) ¨ ¶·¥¤¥² ÉµÎ´µ¸É¨ µ¤´µ¢·¥³¥´´µ£µ ¨§³¥·¥´¨Ö ±µµ·¤¨´ ÉÒ ¨
¨³¶Ê²Ó¸  ³ É¥·¨ ²Ó´ÒÌ É¥².

�µ, ³¥¦¤Ê É¥³, ¢ É¥Î¥´¨¥ Ê¦¥ É·¥Ì¸µÉ ²¥É ¨§¢¥¸É´  É·¥ÉÓÖ ËÊ´¤ ³¥´-
É ²Ó´ Ö ±µ´¸É ´É  Å £· ¢¨É Í¨µ´´ Ö ¶µ¸ÉµÖ´´ Ö G. —Éµ §  ¶·¥¤¥²Ò µ´ 
µ¶·¥¤¥²Ö¥É? ˆ§ É·¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ±µ´¸É ´É h̄, G, c ³µ¦´µ ¸µ¸É ¢¨ÉÓ ¢Ò-
· ¦¥´¨Ö, ¨³¥ÕÐ¨¥ É·¨ µ¸´µ¢´Ò¥ · §³¥·´µ¸É¨ Å ¤²¨´Ò, ¢·¥³¥´¨ ¨ ³ ¸¸Ò:

lPl =

√
h̄G

c3
∼ 10−33¸³, (1)

tPl =

√
h̄G

c5
∼ 10−43c, (2)

mPl =

√
h̄c

G
∼ 10−5£ (3)
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(§ ³¥É¨³, ÎÉµ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥ ¢Ìµ¤ÖÉ ¢ ÔÉ¨ ¢Ò· ¦¥´¨Ö ´¥ ´ ²¨-
É¨Î¥¸±¨ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥ ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ³¥Éµ¤ ³¨ É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨°),   ¢³¥¸É¥ ¸ ´¨³¨ ¨ ¢Ò· ¦¥´¨Ö ¤²Ö ¢¥²¨Î¨´ ²Õ¡µ° ¤·Ê£µ° · §³¥·´µ¸É¨.
…¸²¨ ¢¢¥¸É¨ ¶² ´±µ¢¸±¨° ¨³¶Ê²Ó¸

pPl = mPlc =

√
h̄c3

G
, (4)

Éµ, µ± §Ò¢ ¥É¸Ö,
lPl · pPl = h̄. (5)

‘· ¢´¥´¨¥ ¸ ¸µµÉ´µÏ¥´¨¥³ ´¥µ¶·¥¤¥²¥´´µ¸É¨ ƒ¥°§¥´¡¥·£  ∆x∆p ≥ h̄ ¶·¨-
¢µ¤¨É ± ¢Ò¢µ¤Ê (¸¥°Î ¸ µ¡Ð¥¶·¨´ÖÉµ³Ê) µ ´¥¢µ§³µ¦´µ¸É¨ ¨§³¥·¥´¨Ö ¤²¨´,
³¥´ÓÏ¨Ì lPl ∼ 10−33 c³, ¨ ¨´É¥·¢ ²µ¢ ¢·¥³¥´¨, ³¥´ÓÏ¨Ì tPl ∼ 10−43c. „·Ê-
£¨³¨ ¸²µ¢ ³¨, ¶² ´±µ¢¸±¨¥ · ¸¸ÉµÖ´¨Ö Å ¶·¥¤¥² ¶·¨³¥´¥´¨Ö ±² ¸¸¨Î¥¸±µ°
É¥µ·¨¨ £· ¢¨É Í¨¨ ¨ ´ Ï¨Ì ¶·¥¤¸É ¢²¥´¨° µ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨.

…¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¨ ¶² ´±µ¢¸± Ö ³ ¸¸  mPl ∼ 10−5 £
¤µ²¦´  ¨£· ÉÓ ËÊ´¤ ³¥´É ²Ó´ÊÕ ·µ²Ó ¢ Ë¨§¨±¥. �µ ± ±ÊÕ?

ˆ§¢¥¸É´µ, ÎÉµ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ Î ¸É¨Í¥ c ³ ¸¸µ° m ¸µµÉ¢¥É¸É¢Ê¥É
±µ³¶Éµ´µ¢¸± Ö ¤²¨´  ¢µ²´Ò

lc =
h̄

mc
(6)

Å ¸¢µ¥µ¡· §´Ò° ª±¢ ´Éµ¢Ò° · ¤¨Ê¸ª ÔÉµ° Î ¸É¨ÍÒ. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢
±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨) Î ¸É¨Í¥ ¸
³ ¸¸µ° m ¸µµÉ¢¥É¸É¢Ê¥É £· ¢¨É Í¨µ´´Ò° · ¤¨Ê¸ (· ¤¨Ê¸ ˜¢ ·ÍÏ¨²Ó¤ ):

lgr =
2Gm

c2
. (7)

…¸²¨ ¸¦ ÉÓ ²Õ¡µ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥Ð¥¸É¢  ¤µ É -
±¨Ì · §³¥·µ¢, Éµ µ´µ ¸±µ²² ¶¸¨·Ê¥É, µ¡· §µ¢ ¢ Î¥·´ÊÕ ¤Ò·Ê.

Œ.�.Œ ·±µ¢ ¶¥·¢Ò³ § ³¥É¨², ÎÉµ ¤²Ö Î ¸É¨ÍÒ ¸ ³ ¸¸µ° �² ´±  ±¢ ´Éµ-
¢Ò° · ¤¨Ê¸ lc ¶·¨³¥·´µ ¸µ¢¶ ¤ ¥É ¸ £· ¢¨É Í¨µ´´Ò³ · ¤¨Ê¸µ³. — ¸É¨ÍÒ ¸
³ ¸¸µ°, ¡µ²ÓÏ¥° mPl, ¤µ²¦´Ò ¶·¥¢· Ð ÉÓ¸Ö ¢ Î¥·´Ò¥ ¤Ò·Ò. �É¸Õ¤  ¨ ¸²¥-
¤Ê¥É ¢Ò¢µ¤ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ³ ±¸¨³Ê³  ¢ ¸¶¥±É·¥ ³ ¸¸ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í.

�µ Œ.�.Œ ·±µ¢ ¶µÏ¥² ¥Ð¥ ¤ ²ÓÏ¥. �´ ¶·¥¤¶µ²µ¦¨², ÎÉµ Ô²¥³¥´É ·´ Ö
Î ¸É¨Í  ¸ ³ ±¸¨³ ²Ó´µ° ³ ¸¸µ° mPl ³µ¦¥É ·¥ ²Ó´µ ¸ÊÐ¥¸É¢µ¢ ÉÓ ¢ ¶·¨·µ¤¥.
�Éµ ¶·¥¤¶µ²µ¦¥´¨¥ ¨³¥¥É ¤ ²¥±µ ¨¤ÊÐ¨¥ ±µ¸³µ²µ£¨Î¥¸±¨¥ ¶µ¸²¥¤¸É¢¨Ö, µ
Î¥³ ´¥ · § ¶¨¸ ² Œµ¨¸¥° �²¥±¸ ´¤·µ¢¨Î. ƒ¨¶µÉ¥É¨Î¥¸±ÊÕ Î ¸É¨ÍÊ ¸ ³ ¸¸µ°
∼ mPl µ´ ´ §¢ ² ³ ±¸¨³µ´µ³.

�¡Ñ¥¤¨´¥´¨¥ É¥µ·¨¨ £· ¢¨É Í¨¨ ¨ É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í µÉ±·Ò²µ
¥Ð¥ µ¤´Ê ´¥µ¡ÒÎ´ÊÕ ¨ ¨´É¥·¥¸´ÊÕ ¢µ§³µ¦´µ¸ÉÓ: É·¥Ì³¥·´ Ö £¥µ³¥É·¨Ö ¶·µ-
¸É· ´¸É¢  ³µ¦¥É ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° ¶µ²Ê§ ³±´ÊÉÒ° ³¨·, ¸¢Ö§ ´´Ò° ¸ ¢´¥Ï-
´¨³ ³¨·µ³ Ê§±µ° £µ·²µ¢¨´µ° (¨´ Î¥ ´ §Ò¢ ¥³µ° ³µ¸Éµ³ �°´ÏÉ¥°´  Å �µ-
§¥´ ). �·¨ ÔÉµ³ ¶µ²´ Ö ³ ¸¸  É ±µ£µ ³¨·  ³µ¦¥É ¡ÒÉÓ ¸±µ²Ó Ê£µ¤´µ ³ ²µ°
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(¤²Ö Ô²¥±É·¨Î¥¸±¨ ´¥°É· ²Ó´µ° Î ¸É¨ÍÒ ¨ ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ £· ¢¨É -
Í¨¨),   µ¡Ñ¥³ ¢´ÊÉ·¥´´¥° Î ¸É¨ Å ¸±µ²Ó Ê£µ¤´µ ¡µ²ÓÏ¨³. ’ ±¨¥ µ¡· §µ-
¢ ´¨Ö ¶µ²ÊÎ¨²¨ ´ §¢ ´¨¥ ±·µÉµ¢ÒÌ ´µ·. Œ.�.Œ ·±µ¢ ¨ ‚.�.”·µ²µ¢ ¶µ¸É·µ-
¨²¨ ±² ¸¸¨Î¥¸±ÊÕ ³µ¤¥²Ó Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ¶·¥¤¸É ¢²ÖÕÐÊÕ
¶µ²Ê§ ³±´ÊÉÒ° ³¨· ¸ ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ° ¤²Ö § ¤ ´´µ£µ § ·Ö¤  ³ ¸¸µ°

mf =
|e|√
G
. (8)

�É¨ Î ¸É¨ÍÒ ¡Ò²¨ ´ §¢ ´Ò Ë·¨¤³µ´ ³¨. „²Ö § ·Ö¤ , · ¢´µ£µ § ·Ö¤Ê Ô²¥±-
É·µ´ , mf ∼ 10−6£.

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö Î ¸É¨Í ¸ ³ ¸¸µ° mPl ¸¢Ö-
§ ´  ¸ ¢µ¶·µ¸µ³ µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ Î¥·´ÒÌ ¤Ò· c ³¨´¨³ ²Ó´µ° ³ ¸¸µ°. „¥²µ
¢ Éµ³, ÎÉµ ¶µ¸²¥ µÉ±·ÒÉ¨Ö ‘.•µ±¨´£µ³ ±¢ ´Éµ¢µ£µ ¨¸¶ ·¥´¨Ö Î¥·´ÒÌ ¤Ò·
¢¸É ² ¢µ¶·µ¸ µ¡ ¨Ì ±µ´¥Î´µ° ¸Ê¤Ó¡¥ Å ¨²¨ µ´¨ ¨¸¶ ·ÖÕÉ¸Ö ¤µ ±µ´Í , ¨²¨
¸ÊÐ¥¸É¢Ê¥É µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ ¸ ´ ¨³¥´ÓÏ¥° ¢µ§³µ¦´µ° ³ ¸¸µ° ( ´ ²µ£¨Î´µ
µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ ¢µ¤µ·µ¤´µ£µ  Éµ³  ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥). �µ²´µ¥ ·¥-
Ï¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¢µ§³µ¦´µ Éµ²Ó±µ ¢ · ³± Ì ±¢ ´Éµ¢µ° É¥µ·¨¨ £· ¢¨É Í¨¨
(±µÉµ· Ö ¥Ð¥ ´¥ ¸µ§¤ ´ ) ¨²¨ ¡µ²¥¥ µ¡Ð¥° É¥µ·¨¨ (± ±, ´ ¶·¨³¥·, É¥µ·¨Ö
¸É·Ê´).

’¥³ ´¥ ³¥´¥¥ ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±µ° ¸¨³³¥É·¨¨, ±µ£¤  µÉ¸ÊÉ¸É¢ÊÕÉ £· ¢¨-
É Í¨µ´´Ò¥ ¢µ²´Ò ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥É ¤¨´ ³¨Î¥¸±¨Ì £· ¢¨É Í¨µ´´ÒÌ ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò, ¢µ§³µ¦´µ ¶µ¸É·µ¥´¨¥ ³µ¤¥²¥°, ¤µ¶Ê¸± ÕÐ¨Ì ±¢ ´Éµ¢ ´¨¥ ¨
¶µ²ÊÎ¥´¨¥ ¸¶¥±É·  ³ ¸¸ ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò·.

�¨¦¥ ³Ò ±· É±µ µ¶¨Ï¥³ µ¤´Ê ¨§ É ±¨Ì ³µ¤¥²¥°, ¶µ¸É·µ¨³ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨° £ ³¨²ÓÉµ´¨ ´, ·¥Ï¨³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨ ´ °¤¥³ ¸¶¥±É· ³ ¸¸.

� Ï  ³µ¤¥²Ó Å ÔÉµ ¸ ³µ£· ¢¨É¨·ÊÕÐ Ö Éµ´± Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö
µ¡µ²µÎ± , ª£µ² Öª ³ ¸¸  ±µÉµ·µ° · ¢´  M (É.¥. ÔÉµ ¸Ê³³  ³ ¸¸ ¸µ¸É ¢²ÖÕÐ¨Ì
µ¡µ²µÎ±Ê ¶Ò²¨´µ± ¡¥§ ÊÎ¥É  £· ¢¨É Í¨µ´´µ£µ ¤¥Ë¥±É  ³ ¸¸Ò). �µ²´ Ö ¦¥
Ï¢ ·ÍÏ¨²Ó¤µ¢¸± Ö ³ ¸¸  (¶µ²´ Ö Ô´¥·£¨Ö) · ¢´  (³Ò · ¡µÉ ¥³ ¢ ¸¨¸É¥³¥
¥¤¨´¨Í, ¢ ±µÉµ·µ° h̄ = c = 1):

m = M
√
ρ̇2 + 1− GM2 − e2

2ρ
, (9)

£¤¥ ρ Å · ¤¨Ê¸ µ¡µ²µÎ±¨, ρ̇ Å ¶·µ¨§¢µ¤´ Ö · ¤¨Ê¸  ¶µ ¸µ¡¸É¢¥´´µ³Ê ¢·¥-
³¥´¨ ´  µ¡µ²µÎ±¥, e Å Ô²¥±É·¨Î¥¸±¨° § ·Ö¤. ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ
¸²ÊÎ ° Ë¨´¨É´µ£µ ¤¢¨¦¥´¨Ö, ¸²¥¤µ¢ É¥²Ó´µ, m < M .

�Ê¸ÉÓ · ¤¨Ê¸ µ¡µ²µÎ±¨ ¢ ³µ³¥´É ¶µ±µÖ · ¢¥´ ρ0, Éµ£¤ 

m = M − GM2 − e2

2ρ0
(10)

¨
∂m

∂M
= 1− GM

ρ0
. (11)
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Š·¨¢ Ö m(M) ¨³¥¥É ¤¢¥ ¢¥É¢¨: ¢µ§· ¸É ÕÐÊÕ ¨ Ê¡Ò¢ ÕÐÊÕ. ‘ ·µ¸Éµ³ £µ²µ°
³ ¸¸Ò ¶µ²´ Ö ³ ¸¸  ¸´ Î ²  · ¸É¥É ¸ m = |e|/

√
G ¤µ m = ρ0/2G+ e2/2ρ0,

  § É¥³ Ê¡Ò¢ ¥É ¤µ ¶¥·¢µ´ Î ²Ó´µ£µ §´ Î¥´¨Ö. � ¸ÉÊÐ Ö ¢¥É¢Ó ¸µµÉ¢¥É¸É¢Ê¥É
µ¡µ²µÎ±¥, ±µÉµ· Ö, ¸É ·ÉÊÖ ¨§ ¸µ¸ÉµÖ´¨Ö ¶µ±µÖ, ±µ²² ¶¸¨·Ê¥É, µ¡· §ÊÖ Î¥·´ÊÕ
¤Ò·Ê. “¡Ò¢ ÕÐ Ö ¦¥ ¢¥É¢Ó ¸µµÉ¢¥É¸É¢Ê¥É ±·µÉµ¢µ° ´µ·¥, ±µ£¤  µ¡µ²µÎ±  ´ -
Ìµ¤¨É¸Ö ¶µ ¤·Ê£ÊÕ ¸Éµ·µ´Ê ³µ¸É  �°´ÏÉ¥°´  Å �µ§¥´  (¶µ²Ê§ ³±´ÊÉÒ° ³¨·).
‚ ÔÉµ³ ¸²ÊÎ ¥ Î¥³ ¡µ²ÓÏ¥ £µ² Ö ³ ¸¸ , É¥³ �Ê¦¥ £µ·²µ¢¨´  ¨, ¸²¥¤µ¢ É¥²Ó´µ,
³¥´ÓÏ¥ ¶µ²´ Ö ³ ¸¸ . �É³¥É¨³, ÎÉµ ¥¸²¨ ¶·¨ ´Ê²¥¢µ³ Ô²¥±É·¨Î¥¸±µ³ § ·Ö¤¥
£µ·²µ¢¨´  ¢ ±µ´Í¥ ±µ´Íµ¢ ¨¸Î¥§ ¥É ¨ µ¡· §Ê¥É¸Ö § ³±´ÊÉÒ° ³¨· ¸ ´Ê²¥¢µ°
¶µ²´µ° ³ ¸¸µ°, Éµ ¶·¨ ´¥´Ê²¥¢µ³ § ·Ö¤¥ £µ·²µ¢¨´  µ¸É ¥É¸Ö · §µ³±´ÊÉµ°,  
¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° µ¶¨¸Ò¢ ¥É Ë·¨¤³µ´. Œ ±¸¨³Ê³ ¦¥ ±·¨¢µ° m(M) ¶·¨Ìµ-
¤¨É¸Ö ´  É ±µ¥ §´ Î¥´¨¥ £µ²µ° ³ ¸¸Ò M , ¶·¨ ±µÉµ·µ³ ¢ ÉµÎ±¥ ¶µ±µÖ µ¡µ²µÎ± 
´ Ìµ¤¨É¸Ö ± ± · § ´  £µ·¨§µ´É¥ ¸µ¡ÒÉ¨° Å £· ´¨Í¥ Î¥·´µ° ¤Ò·Ò.

�¡· É¨³¸Ö É¥¶¥·Ó ± ¶·µÍ¥¤Ê·¥ ±¢ ´Éµ¢ ´¨Ö.
‚Ò· ¦¥´¨¥ ¤²Ö ¶µ²´µ° ³ ¸¸Ò (Ê· ¢´¥´¨¥ (9)) ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± § ±µ´

¸µÌ· ´¥´¨Ö Ô´¥·£¨¨ ¸ ³µ£· ¢¨É¨·ÊÕÐ¥° § ·Ö¦¥´´µ° ¶Ò²¥¢µ° µ¡µ²µÎ±¨. ‡´ Ö
¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨, ³Ò ³µ¦¥³ ¢µ¸¸É ´µ¢¨ÉÓ ² £· ´¦¨ ´, ´ °É¨ ¨³¶Ê²Ó¸,
¸µ¶·Ö¦¥´´Ò° · ¤¨Ê¸Ê, ¨ ¶µ¸É·µ¨ÉÓ £ ³¨²ÓÉµ´¨ ´. „¥°¸É¢¨É¥²Ó´µ,

p =
∂L

∂ρ̇
, (12)

H = pρ̇− L = ρ̇
∂L

∂ρ̇
− L, (13)

L = ρ̇

∫
H
dρ̇

ρ̇2
= ρ̇

∫
∂H

∂ρ̇

dρ̇

ρ̇
−H, (14)

µÉ±Ê¤  ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨³¶Ê²Ó¸ :

p =

∫
∂H

∂ρ̇

dρ̇

ρ̇
. (15)

�µ¤¸É ¢²ÖÖ ¸Õ¤  ¢³¥¸Éµ H ¢Ò· ¦¥´¨¥ ¤²Ö ¶µ²´µ° ³ ¸¸Ò (9), ¨³¥¥³

p = M log(ρ̇+
√
ρ̇2 + 1) + F (ρ), (16)

L = M(ρ̇ log(ρ̇+
√
ρ̇2 + 1)−

√
ρ̇2 + 1) + ρ̇F (ρ), (17)

£¤¥ F (ρ) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö. ‚Ò¡µ· ÔÉµ° ËÊ´±Í¨¨ ´¥ ¢²¨Ö¥É ´  Ê· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö, ¨ ¢ ¤ ²Ó´¥°Ï¥³ ³Ò ¶µ²µ¦¨³ F (ρ) = 0. � §·¥Ï Ö Ê· ¢´¥´¨¥
(16) µÉ´µ¸¨É¥²Ó´µ ρ̇, ¶µ²ÊÎ ¥³

ρ̇ = sinh
p

M
, (18)
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  ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ ÔÉµ£µ ¢Ò· ¦¥´¨Ö ¢ Ê· ¢´¥´¨¥ (9) ¶µ²ÊÎ ¥³ £ ³¨²ÓÉµ´¨ ´

H = M cosh
p

M
− GM2 − e2

2ρ
, (19)

¨²¨, ¢ ¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ x = Mρ,Π = p/M ,

H = M

(
coshΠ− GM2 − e2

2x

)
. (20)

‘Î¨É Ö ¨³¶Ê²Ó¸ ¨ ±µµ·¤¨´ ÉÊ µ¶¥· Éµ· ³¨, ´ ²µ¦¨³ ±¢ ´Éµ¢µ¥ ±µ³³Ê-
É Í¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥

[Π, x] = −i. (21)

‚ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ Π = −i∂/∂x ¨, ¨¸¶µ²Ó§ÊÖ ¨§¢¥¸É´µ¥ ¸µµÉ´µ-
Ï¥´¨¥

e−i
∂
∂xΨ(x) = Ψ(x− i), (22)

¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¸É Í¨µ´ ·´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· :

HΨ(x) = EΨ(x), (23)

M

2

(
(Ψ(x+ i) + Ψ(x− i)− GM2 − e2

x
Ψ(x)

)
= mΨ(x). (24)

‚¢µ¤Ö µ¡µ§´ Î¥´¨Ö ε = m/M ¨ α = GM2 − e2 , ¶¥·¥¶¨Ï¥³ ÔÉµ Ê· ¢´¥´¨¥ ¢
¢¨¤¥

Ψ(x+ i) + Ψ(x− i) =
(
2ε+

α

x

)
Ψ(x). (25)

�¥µ¡ÒÎ´Ò³ §¤¥¸Ó Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥ Å ´¥ ¶·¨¢ÒÎ´µ¥
¤¨ËË¥·¥´Í¨ ²Ó´µ¥,   Ê· ¢´¥´¨¥ ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ. Š·µ³¥ Éµ£µ, ¸¤¢¨£
 ·£Ê³¥´É  ¶·µ¨¸Ìµ¤¨É ´¥ ¶µ ¤¥°¸É¢¨É¥²Ó´µ°,   ¶µ ³´¨³µ° µ¸¨, ÎÉµ ¶·¨¢µ¤¨É
± É·¥¡µ¢ ´¨Õ  ´ ²¨É¨Î´µ¸É¨ ·¥Ï¥´¨°, ¶µ ±· °´¥° ³¥·¥, ¢ ´¥±µÉµ·µ° ¶µ²µ¸¥
¶²µ¸±µ¸É¨ ±µ³¶²¥±¸´µ£µ ¶¥·¥³¥´´µ£µ.

�·¥¦¤¥ Î¥³ ¤¢¨£ ÉÓ¸Ö ¤ ²ÓÏ¥, · ¸¸³µÉ·¨³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥² ´ -
Ï¥£µ Ê· ¢´¥´¨Ö.

‚µ¸¸É ´ ¢²¨¢ Ö ¢¸¥ · §³¥·´Ò¥ ±µ´¸É ´ÉÒ, ¶µ²ÊÎ ¥³ ¤²Ö ¸¤¢¨´ÊÉµ£µ  ·£Ê-
³¥´É 

x± i→M

(
ρ± 1

M
i

)
→ ρ± h̄

Mc
i. (26)
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� ¸±² ¤Ò¢ Ö Ê· ¢´¥´¨¥ (25) ¢ ·Ö¤ ¶µ ¶ · ³¥É·Ê h̄/Mc ¤µ ¢Éµ·µ£µ ¶µ·Ö¤± 
¢±²ÕÎ¨É¥²Ó´µ, ¶µ²ÊÎ ¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö s-¢µ²-
´µ¢µ° · ¤¨ ²Ó´µ° ËÊ´±Í¨¨

− 1

2M

d2Ψ

dρ2
− GM2 − e2

2ρ
Ψ = (E −M)Ψ, (27)

£¤¥ E −M Å ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Ô´¥·£¨Ö ¸¨¸É¥³Ò. � ±² ¤Ò¢ Ö µ¡ÒÎ´Ò¥ £· -
´¨Î´Ò¥ Ê¸²µ¢¨Ö (¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¤µ²¦´  ¡ÒÉÓ · ¢´  ´Ê²Õ ¢ ´ Î ²¥ ±µµ·-
¤¨´ É ¨ ¨´É¥£·¨·Ê¥³  ¸ ±¢ ¤· Éµ³ ´  ¶µ²µ¦¨É¥²Ó´µ° ¶µ²Êµ¸¨), ¶µ²ÊÎ ¥³ ¤²Ö
µÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° Ô´¥·£¨¨ (Ë¨´¨É´µ¥ ¤¢¨¦¥´¨¥!) ¤¨¸±·¥É´Ò° ¸¶¥±É·

(E −M)n = −M(GM2 − e2)2

8n2
, n = 1, 2, .... (28)

…¸²¨ G = 0, Éµ ÔÉµ Å ¨§¢¥¸É´ Ö Ëµ·³Ê²  �¨¤¡¥·£  ¤²Ö  Éµ³  ¢µ¤µ·µ¤ .
‚¥·´¥³¸Ö ± ¶µ²´µ³Ê Ê· ¢´¥´¨Õ. ‚¢µ¤Ö ´µ¢Ò¥ ¶ · ³¥É·Ò ε = cosλ,

α = GM2 − e2 = 2β sinλ, ¶µ²ÊÎ ¥³

Ψ(x+ i) + Ψ(x− i) = 2

(
cosλ+

β sinλ

x

)
Ψ(x). (29)

�Éµ Ê· ¢´¥´¨¥ µ¡² ¤ ¥É ¨´É¥·¥¸´Ò³ ¸¢µ°¸É¢µ³. …¸²¨ ¨§¢¥¸É´µ µ¤´µ ·¥Ï¥´¨¥,
¸± ¦¥³, Ψ0, ³Ò ³µ¦¥³ ¶µ¸É·µ¨ÉÓ Í¥²Ò° ±² ¸¸ ´µ¢ÒÌ ·¥Ï¥´¨°, Ê³´µ¦ Ö Ψ0

´  ²Õ¡ÊÕ ËÊ´±Í¨Õ C(x), ¶¥·¨µ¤¨Î¥¸±ÊÕ ¸ ³´¨³Ò³ ¶¥·¨µ¤µ³, i, Éµ ¥¸ÉÓ,

Ψ0(x) Å ·¥Ï¥´¨¥,

Ψ1(x) = C(x)Ψ0(x) Å ·¥Ï¥´¨¥, ¥¸²¨

C(x + i) = C(x). (30)

�Ê¤¥³ ´ §Ò¢ ÉÓ Ψ0 ËÊ´¤ ³¥´É ²Ó´Ò³ ·¥Ï¥´¨¥³. …¸²¨ ³Ò ¡Ê¤¥³ §´ ÉÓ ¢¸¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö, Éµ, µÎ¥¢¨¤´µ, ¸³µ¦¥³ ²¥£±µ ¶µ¸É·µ¨ÉÓ µ¡Ð¥¥ ·¥-
Ï¥´¨¥. ‘±µ²Ó±µ ¦¥ ¸ÊÐ¥¸É¢Ê¥É ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°?

Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É Éµ²Ó±µ µ¤´µ ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥,
±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¢ ¢¨¤¥

Ψβ =
(
−4πβe−iλ(β+1) sinλ

)
x×

×
{

Γ(ix+ β)eiλβe−λx

Γ(1 + ix)Γ(1 + β)
F (1− ix, 1− β; 1− ix− β; e−2iλ) +
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+
Γ(−ix− β)e−iλβeλx

Γ(1− ix)Γ(1− β)
F (1 + ix, 1 + β; 1 + ix+ β; e−2iλ)

}
, (31)

£¤¥ Γ(z) Å £ ³³ -ËÊ´±Í¨Ö �°²¥· ,   F (α, β; γ; z) Å £¨¶¥·£¥µ³¥É·¨Î¥¸± Ö
ËÊ´±Í¨Ö ƒ Ê¸¸ . �É³¥É¨³, ÎÉµ ´ Ï  ¶¥·¥³¥´´ Ö x ¢Ìµ¤¨É ¢ ¶ · ³¥É·Ò £¨¶¥·-
£¥µ³¥É·¨Î¥¸±µ° ËÊ´±Í¨¨,   ´ Ï ¶ · ³¥É· λ Å ´ µ¡µ·µÉ, ¢Ìµ¤¨É ¢ ¶¥·¥³¥´-
´ÊÕ ËÊ´±Í¨¨.

”Ê´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥ Ψ0 ¨³¥¥É ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉµÉ¨±¨ ¶·¨ x→ 0:

xr, r = 1, 2.... (32)

¨

Ψβ = −2πiβe−iλβeiπβ
{

(2 sinλ)β

Γ(1 + β)
xβe−λx − (2 sinλ)−β

Γ(1− β)
x−βeλx

}
φ(

1

x
) .

x → ∞ (33)

�¡Ð¥¥ ¦¥ ·¥Ï¥´¨¥

Ψgeneral(x) =

( ∞∑
−∞

cke
−2πkx)

)
Ψβ(x), (34)

£¤¥ ck Å ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö ¢ ·Ö¤ ”Ê·Ó¥ ¶¥·¨µ¤¨Î¥¸±µ° ËÊ´±Í¨¨
¸ ³´¨³Ò³ ¶¥·¨µ¤µ³. �É³¥É¨³, ÎÉµ É ±µ° ¢¨¤ · §²µ¦¥´¨Ö µÉ· ¦ ¥É É ±¦¥
ÉµÉ Ë ±É, ÎÉµ ¶¥·¢µ´ Î ²Ó´µ¥ Ê· ¢´¥´¨¥ ¨´¢ ·¨ ´É´µ µÉ´µ¸¨É¥²Ó´µ § ³¥´Ò
λ→ λ+ 2πk .

ƒ ³¨²ÓÉµ´¨ ´ (20) ´¥ Ö¢²Ö¥É¸Ö ¸ ³µ¸µ¶·Ö¦¥´´Ò³ µ¶¥· Éµ·µ³ ´  ¶µ²µ-
¦¨É¥²Ó´µ° ¶µ²Êµ¸¨. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥, ±µ£¤  £ ³¨²Ó-
Éµ´¨ ´ ¥¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ¢Éµ·µ£µ ¶µ·Ö¤± , ¤µ¸É ÉµÎ´µ ¡Ò²µ
¤²Ö ¤µ¸É¨¦¥´¨Ö ¸ ³µ¸µ¶·Ö¦¥´´µ¸É¨ ´ ²µ¦¨ÉÓ ´  ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ µ¤´µ
£· ´¨Î´µ¥ Ê¸²µ¢¨¥ ¢ ´Ê²¥ (Ψ(0) = 0) ¨ µ¤´µ Ê¸²µ¢¨¥ ´  ¡¥¸±µ´¥Î´µ¸É¨ (¨´-
É¥£·¨·Ê¥³µ¸ÉÓ ¸ ±¢ ¤· Éµ³), ¨ ÔÉµ ¶·¨¢µ¤¨²µ ± ¤¨¸±·¥É´µ³Ê ¸¶¥±É·Ê ¤²Ö
¸É Í¨µ´ ·´ÒÌ ¸µ¸ÉµÖ´¨°. Š·µ³¥ Éµ£µ, ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¤µ²¦´Ò ¡Ò²¨ ¡ÒÉÓ
¤¢ ¦¤Ò ¤¨ËË¥·¥´Í¨·Ê¥³Ò. ’¥¶¥·Ó ¦¥ ³Ò ¨³¥¥³ ¤¥²µ ¸ Ê· ¢´¥´¨¥³ ¢ ±µ-
´¥Î´ÒÌ · §´µ¸ÉÖÌ, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê Ê· ¢´¥´¨Õ ¡¥¸±µ-
´¥Î´µ£µ ¶µ·Ö¤± . Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ¤²Ö ¤µ¸É¨¦¥´¨Ö ¸ ³µ¸µ¶·Ö¦¥´´µ¸É¨
£ ³¨²ÓÉµ´¨ ´ , ¶µ³¨³µ Ê¸²µ¢¨Ö ¸¶ ¤ ´¨Ö ´  ¡¥¸±µ´¥Î´µ¸É¨, ´¥ Éµ²Ó±µ ¸ ³ 
ËÊ´±Í¨Ö ¤µ²¦´  ¡ÒÉÓ · ¢´  ´Ê²Õ ¢ ´ Î ²¥ ±µµ·¤¨´ É, ´µ É ±¦¥ ¢¸¥ ¥¥ Î¥É-
´Ò¥ ¶·µ¨§¢µ¤´Ò¥, Éµ ¥¸ÉÓ ËÊ´±Í¨Ö ¤µ²¦´  ¡ÒÉÓ ´¥Î¥É´µ°. Š·µ³¥ Éµ£µ, ³Ò
¤µ²¦´Ò ¶µÉ·¥¡µ¢ ÉÓ  ´ ²¨É¨Î´µ¸É¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´  ¶µ²µ¦¨É¥²Ó´µ°
¤¥°¸É¢¨É¥²Ó´µ° ¶µ²Êµ¸¨.

ˆ§  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ · §²µ¦¥´¨Ö ´  ¡¥¸±µ´¥Î´µ¸É¨ (Ê· ¢´¥´¨¥ (33)) Ö¸´µ,
ÎÉµ ¤µ²¦´µ ¡ÒÉÓ
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β = n, n = 1, 2, .... (35)

�Éµ ¶·¨¢µ¤¨É ± ¤¨¸±·¥É´µ³Ê ¸¶¥±É·Ê ¤²Ö ¶µ²´µ° ³ ¸¸Ò m. „¥°¸É¢¨É¥²Ó´µ,

β =
α

2 sinλ
= n, α = GM2,

ε =
m

M
= cosλ,

ε =

√
1− α2

4n2
(36)

¨

m = M

√
1− (GM2 − e2)2

4n2
. (37)

�Î¥¢¨¤´µ, ¶µ²ÊÎ¥´´Ò° ¸¶¥±É· ¢µ¸¶·µ¨§¢µ¤¨É Ëµ·³Ê²Ê �¨¤¡¥·£  ¤²Ö ¡µ²Ó-
Ï¨Ì §´ Î¥´¨° n (´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥²), ¥¸²¨ ¶µ²µ¦¨ÉÓ G = 0. �µ ¨´-
É¥·¥¸´¥¥ Éµ, ÎÉµ ÔÉµÉ ¸¶¥±É· Ö¢²Ö¥É¸Ö Î ¸ÉÓÕ ¤¨· ±µ¢¸±µ£µ ¸¶¥±É·  ¤²Ö Ô²¥±-
É·µ´ , ¥¸²¨ ¢ ¶µ¸²¥¤´¥³ ¶µ²µ¦¨ÉÓ · ¢´Ò³ ´Ê²Õ É ± ´ §Ò¢ ¥³µ¥ · ¤¨ ²Ó´µ¥
±¢ ´Éµ¢µ¥ Î¨¸²µ. „·Ê£¨³¨ ¸²µ¢ ³¨, ´ Ï ¸¶¥±É· (¤²Ö s-¢µ²´Ò!) ¸µ¢¶ ¤ ¥É ¸
¤¨· ±µ¢¸±¨³ ¸¶¥±É·µ³ ¤²Ö ±·¨É¨Î¥¸±µ£µ Ê£²µ¢µ£µ ³µ³¥´É  (¢ ·¥ ²Ó´µ³  Éµ³¥
¢µ¤µ·µ¤  ³¨´¨³ ²Ó´Ò° Ê£²µ¢µ° ³µ³¥´É Å ¸¶¨´ Ô²¥±É·µ´  Å £µ· §¤µ ¡µ²ÓÏ¥
¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ±·¨É¨Î¥¸±µ£µ, ¨ ¨³¥´´µ ¡² £µ¤ ·Ö ÔÉµ³Ê Ë ±ÉÊ ³Ò ¨ ¸Ê-
Ð¥¸É¢Ê¥³).

�µ ¶µ²ÊÎ¥´´Ò° ¸¶¥±É· ´¥ Ö¢²Ö¥É¸Ö ¸¶¥±É·µ³ ³ ¸¸ Î¥·´ÒÌ ¤Ò·! �Éµ
¸¶¥±É· ³ ¸¸ ¸ ³µ£· ¢¨É¨·ÊÕÐ¥° µ¡µ²µÎ±¨ ¸ § ¤ ´´µ° £µ²µ° ³ ¸¸µ° M . ’ ±
¦¥, ± ± ¨ ¢ ¸²ÊÎ ¥  Éµ³  ¢µ¤µ·µ¤ , µ¡µ²µÎ± , ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ±µ²² ¶¸¨·Ê¥É
¡¥§ ¨§²ÊÎ¥´¨Ö (¢ µÉ²¨Î¨¥ µÉ ±² ¸¸¨Î¥¸±µ£µ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ !) ¨²¨
¡¥§ ¨§³¥´¥´¨Ö £µ²µ° ³ ¸¸Ò. ‘²¥¤µ¢ É¥²Ó´µ, ¨§²ÊÎ¥´¨¥ (´  ±¢ §¨±² ¸¸¨Î¥¸±µ³
ÔÉ ¶¥ Å ¨§²ÊÎ¥´¨¥ •µ±¨´£ ) ´¥ ¶·µ¸Éµ ¸µ¶·µ¢µ¦¤ ¥É ±¢ ´Éµ¢Ò° ±µ²² ¶¸, ´µ
¸ ³ ÔÉµÉ ±¢ ´Éµ¢Ò° ±µ²² ¶¸ ´¥¢µ§³µ¦¥´ ¡¥§ ¨§²ÊÎ¥´¨Ö.

—Éµ¡Ò ¢Ò¤¥²¨ÉÓ ¸¶¥±É· Î¥·´ÒÌ ¤Ò· ¨§ µ¡Ð¥£µ ¸¶¥±É·  µ¡µ²µÎ¥±, · ¸-
¸³µÉ·¨³ § ¢¨¸¨³µ¸ÉÓ ¶µ²´µ° ³ ¸¸Ò m µÉ £µ²µ° ³ ¸¸Ò M ¶·¨ Ë¨±¸¨·µ¢ ´-
´µ³ ±¢ ´Éµ¢µ³ Î¨¸²¥ n. ŒÒ Ê¦¥ · ¸¸³ É·¨¢ ²¨ ¶µ¤µ¡´ÊÕ § ¢¨¸¨³µ¸ÉÓ ¤²Ö
±² ¸¸¨Î¥¸±µ° µ¡µ²µÎ±¨, ´µ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥´¨¨ ³ ±¸¨³ ²Ó´µ£µ · -
¤¨Ê¸  ρ0. ”¨±¸¨·µ¢ ´¨¥ ±¢ ´Éµ¢µ£µ Î¨¸²  n µ§´ Î ¥É Ë¨±¸¨·µ¢ ´¨¥ ¸·¥¤´¥£µ
§´ Î¥´¨Ö · ¤¨Ê¸  µ¡µ²µÎ±¨. Š ± ¨ ¢ ±² ¸¸¨Î¥¸±µ³ ¸²ÊÎ ¥, ³Ò ¸´µ¢  ¨³¥¥³
¢µ§· ¸É ÕÐÊÕ ¨ Ê¡Ò¢ ÕÐÊÕ ¢¥É¢¨. Š ± ¨ · ´ÓÏ¥, Ê¡Ò¢ ÕÐ Ö ¢¥É¢Ó ¸µµÉ-
¢¥É¸É¢Ê¥É ±·µÉµ¢µ° ´µ·¥ (¶µ²Ê§ ³±´ÊÉµ³Ê ³¨·Ê). �µ ±¢ ´Éµ¢Ò¥ µ¡µ²µÎ±¨,
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢µ§· ¸É ÕÐ¥° ¢¥É¢¨, ´¥ ±µ²² ¶¸¨·ÊÕÉ! …¤¨´¸É¢¥´´ Ö ¢µ§-
³µ¦´µ¸ÉÓ µ¡· §µ¢ ÉÓ ±¢ ´Éµ¢ÊÕ Î¥·´ÊÕ ¤Ò·Ê Å ¶µ¶ ¸ÉÓ ÉµÎ´µ ´  ³ ±¸¨³Ê³
±·¨¢µ°.
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Œ ±¸¨³Ê³ ±·¨¢µ° m(M) ¤µ¸É¨£ ¥É¸Ö ¶·¨ §´ Î¥´¨¨ £µ²µ° ³ ¸¸Ò

M2 =
1

2G

(
2e2 +

√
e4 + 12n2

)
. (38)

�µ¤¸É ¢²ÖÖ ÔÉµ §´ Î¥´¨¥ ¢ ¸¶¥±É· (37), ¶µ²ÊÎ ¥³ ¸¶¥±É· ³ ¸¸ ±¢ ´Éµ¢ÒÌ
Î¥·´ÒÌ ¤Ò·:

mBH = MPl

√
4
√

3

9
n

(
1 +

e4

12n2

)3/2

+
2

3
e2 − e6

54n2
. (39)

n = 1, 2, 3, ...

„²Ö ´¥§ ·Ö¦¥´´ÒÌ Î¥·´ÒÌ ¤Ò· (e = 0) ¨³¥¥³

m =
2

4
√

27

√
nMPl. (40)

ˆ´É¥·¥¸´µ, ÎÉµ ¶µ¤µ¡´ Ö § ¢¨¸¨³µ¸ÉÓ µÉ n ¤²Ö ¸¶¥±É·  ³ ¸¸ Î¥·´ÒÌ ¤Ò· ¡Ò² 
¤ ¢´µ ¶·¥¤¸± § ´  ´  µ¸´µ¢¥ ±¢ §¨±² ¸¸¨Î¥¸±¨Ì ¸µµ¡· ¦¥´¨° ¨ É¥·³µ¤¨´ -
³¨±¨ Î¥·´ÒÌ ¤Ò·.

�¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ (n = 1) ¨³¥¥É ³ ¸¸Ê

m ' 0, 9MPl. (41)

‚¶µ²´¥ ¢¥·µÖÉ´µ, ÎÉµ ÔÉµ ¨ ¥¸ÉÓ ³ ±¸¨³µ´ Œ ·±µ¢ .


