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We investigate how different magnetization distributions interact with an external electromagnetic
field. Strong selectivity to the time dependence of the external electromagnetic field arising for
particular magnetizations suggests that it can be used for the practical applications.

We review the properties of the known charge-current radiationless configurations. The radi-
ation field of toroidal-like time-dependent current configurations is investigated. The infinitesimal
time-dependent configurations are found outside which the electromagnetic strengths disappear but
the potentials survive. For a number of time dependences, their finite radiationless counterparts
can be found. In these cases topologically nontrivial (unremovable by a gauge transformation)
electromagnetic potentials exist outside sources. The well-defined rule obtained for constructing of
time-dependent infinitesimal sources suggests the existence of finite nontrivial radiationless sources
with a rather arbitrary time dependence. The latter can be used to carry out time-dependent Aharonov—
Bohm-like experiments.

Examples are given of nonstatic current configurations generating the static electric field and
adequately described by the electric vector potential rather than by the scalar one.

Ilox 3 HO, K K P 3IMYHBIE H M THUYEHHOCTU B3 UMOJEHCTBYIOT C BHEIIHHUM 3/1€KTPOM T'HUTHBIM
nojeM. [I7ig HEKOTOPBIX H M THMYEHHOCTEH X D KTEPH CHJIbH g W30Up TeTbHOCTh K BPEMEHHOI 3 -
BHCHMOCTH MOJI. DTO MOXKET OBITh MCIIONIb30B HO JUIS TP KTHYECKHX NPHIOXKEHH.

OO6cyx] 10TCA CBOHCTB M3BECTHBIX HEM3Tyd IOIIMX P CIIPEIENeHuii 3 paaoB ¥ ToKoB. [l H perent
HOCTPOeHHsI GECKOHEYHO M JIBIX P CIIpe/e/IeHHil, BHE KOTOPHIX H NPSKEHHOCTH 3I€KTPOM THUTHOTO
0JIsl, HO HE NOTEHUM JIBI, P BHBI Hy/O. [l psi  BPEMEHHBIX 3 BUCHMOCTEH H HIEHBI P CHpEIEICHHUs
3 PAOB U TOKOB KOHEYHBIX P 3MEPOB. B 3THX Cllyd X BHE HMCTOYHHKOB CYLIECTBYIOT TONOJIOIMYECKH-
HETPUBH JIbHBIE (TO €CTh HEYCTP HHUMble K JIMOPOBOYHBIMH HpeoOp 30B HUAMH), 3 BUCSIIHE OT Bpe-
MEHH 3JIeKTPOM THUTHBIE TMOTEHIH JIbl. DTO MOXET OBITh HCIONB30B HO JIs MOCT HOBKHM 3 BHCAILETO
ot BpeMeHn acpexT A poHOB —bom .

IMpuBesiensl PUMEPHl HECT LHOH PHBIX YKMCTO TOKOBBIX P CIpe/IeIeHHi, N'eHepUpYIOMUX CT TH-
YecKOe 3/1eKTPUYECKOE TOJIE M JIEKB THO OMMCHIB EMBIX 3JIEKTPUYECKHM BEKTOPHBIM (HE CK JIAPHBIM)
MOTEHIH JIOM.

1. INTRODUCTION

Probably, it should be at first explained what words “remarkable charge-
current configurations” in the title of this paper mean. Under them we understand
charge-current distributions with unusual paradoxical properties. For example, it
is well known that a point charge radiates the electromagnetic energy when it
moves with acceleration. However, there are known specific finite-extension con-
figurations of charges which do not radiate when they exhibit acceleration [1—9].
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Further, everybody knows that time-dependent currents emit electromagnetic
energy into the surrounding space. However, there are known time-dependent
current configurations which do not radiate the electromagnetic energy [6,9-12].
Up to now only those nonradiating time-dependent configurations of charges and
currents were known for which the electromagnetic field (EMF) strengths E,ﬁ
as well as electromagnetic potentials E,(I) have disappeared outside the finite
space region S. It turns out that finite time-dependent configurations of charges
and currents exist outside which electromagnetic strengths E, H vanish, but the
nontrivial electromagnetic potentials f_l', ® differ from zero [13]. Under the term
“nontrivial” we mean that the treated physical situation is described adequately
by electromagnetic potentials rather than electromagnetic strengths.

Further, it is known that electric and magnetic dipoles interact with electric
and magnetic field, respectively. However, there are known finite configurations
of magnetic (electric) dipoles whose interaction with an external EMF is propor-
tional to the time derivative (of the definite order) of the electric (magnetic) field
[14-19].

It is the goal of present consideration to study the properties of these remark-
able charge-current configurations.

The plan of our exposition is as follows.

In Sec. 2 we study how different configurations of electric and magnetic
dipoles interact with external EMF. It turns out that the selectivity of the interac-
tion to the time dependence of an external EMF can be used for the storage and
ciphering of information.

In the same section the classification of current sources according to their
interaction with external field is given.

Consider the metallic ring embracing the cylindrical solenoid. When the
metallic ring becomes superconductive, the supercurrent arises on its surface.
This in turn leads to the appearance of magnetic field in the surrounding space.
These quantities are evaluated in Sec. 3.

The review of known radiationless time-dependent sources is given in Sec. 4.
The exposition is illustrated by the concrete examples of accelerated nonradiating
charge distributions.

In Sec. 5 we construct the toroidal charge-current configuration having the
property that the time-dependent magnetic field differs from zero only inside
the impenetrable torus while the time-dependent magnetic vector potential (VP)
and time-independent electric scalar potential differ from zero everywhere. In
the accessible region (i.e., outside the impenetrable torus) the static electric field
differs from zero inside the torus hole. Although charged particles may scatter
on this electric field, the latter contributes only to the static background. It
is just the time variation of the magnetic flux confined to the excluded region
that leads to the time dependence of the interference picture. This may be
viewed as a new channel for the information transfer and can be used for the
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performance of the time-dependent Aharonov—Bohm effect. The classification
of more general radiationless sources is given in the same section. Examples
are given of current configurations generating the static electric field adequately
described by the electric vector potential rather than by the scalar one.

2. INTERACTION OF MAGNETIZATIONS WITH EXTERNAL
ELECTROMAGNETIC FIELD

The plan of our exposition is as follows. In Sec. 2.1, we study how the choice
of magnetization inside the sample affects its interaction with external EMF.
The generalization of Ampere hypothesis is discussed in the same section. The
physical meaning of the scalar functions entering into the Debye parametrization
of the current density is clarified in Sec. 2.2. It turns out that the selectivity of
the interaction to the time dependence of an external EMF arises for a specific
choice of these functions. Probably,this can be used for the storage and ciphering
of information. In the same section, we give the classification of the point-like
and extended current sources according to their interaction with an external EMF.

2.1. Magnetization, Toroidization and Generalization of Ampere Hypoth-
esis. Consider the circular current in the Z = 0 plane (the upper part of Fig.1):

F=isI(p— d)o(z) = M
1 T

= Eﬁd)lé(p —d)o(0 — 5) (2.1)

As div f: 0, the equivalent magnetization can
be used instead of j (see, e.g.,[20]):

j=rot M (2.2)
M = I7,8(2)0(d — p) =

- —Iﬁgé@)(d — )50 — g), div M #£0

(2.3)

(©(z) is the step function).This relation is a

mathematical expression of the Ampere hypoth-  Fjg_ 1. Two magnetizations M and

esis according to which the closed circular cur- A7’ corresponding to the same cur-

rent is equivalent to the magnetized sheet. The rent density j

magnetic field can be evaluated from either (2.1)

or (2.3). For example, the magnetic vector potential is given by

- ’ 1 F_F T !
A: |T 00 — () = L M)AV, (2.4)

7= [?
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For an infinitely small d, the current 5 in Eq. (2.1) is
O C) . not well defined (the vector iy loses its sense at the
/ origin). On the other hand, the magnetization M in
Eq. (2.3) is still well defined. In the limit d — 0,
Egs. (2.1)—(2.3) mean that the circular current of an
infinitely small radius is equivalent to the magnetic
dipole.

A more complicated case is the poloidal current
flowing on the torus surface (p — d)? + 2% = R? (see
Fig.2). As far as we know, the term “poloidal” orig-
inates to the Elsasser paper [21]. To parametrize f,
it is convenient to introduce the coordinates R, U (see

I 1@ Fig.3)

= (d+ RcosW)cosp, y=(d+ RcosV)sing,

Fig. 3 The poloidal cur- 2 — Rsin 0.
rent j flowing on the torus )

surface is equivalent to the 10 these coordinates,
magnetization M which in ~ .

turn is equivalent to the 7 _ ﬁ¢wj—0.
toroidization T’ d+ Rcos ¥ R?d

Here iy is the unit vector tangent to the torus surface
Tiy = i, cos ¥ —7i,sin U.

It lies in the ¢ = const. plane and defines the direction of j. The factor R2d in
the denominator of j is introduced for convenience and may be absorbed into jj .
The constant j, may be expressed in terms of either magnetic flux ® penetrating
solenoid or the number of coils /N and a current [ in each of them:

. R2dc® _ NIR%*d
NS d— VB R 2w
As div ] = 0, the current ] _may be expressed through the magnetization: ] =

= rot M. It turns out that M is enclosed inside the torus 7" and has only the ¢
component:

O(R-R) jo_
®d+ Reos¥ R2d’
As div M = 0, it can be represented as M = rot f, div T # 0, where T is
given by

M = - (2.6)

T = #.joT/Rd. (2.7)
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Here

_JR2 _ .2 n
T:]nw (2.8) R
d+vVR? — 22

v
inside the torus hole (0 < p < d — 0 d
VR? — 22, —-R<z<R), \ J

T=ln—F (29 _
d+ VR? — 2 Fig. 3. Geometrical depiction of R, ¥ coor-

dinates used in the text
inside the torus itself (d—+v/ R? — 22 <
p<d+VR?*—2? —R<z<R)andT =0 in other space regions. Similarly
to the magnetization M, the distribution 7' may be called the toroidization (as far

as we know, this term has been introduced by M.A. Miller [22]). It follows from
Egs. (2.5)—(2.9) that

j=(rot )*)T, divT #0 (2.10)

while the vector potential is given by

-4 T(7) + —v/r div T'(7)dV". (2.11)
C

The magnetic field strength differs from zero only inside the torus:

Physically, Egs. (2.5)—(2.11) mean that the poloidal current j given by Eq. (2.5)
is equivalent (i.e., produces the same magnetic field) to the toroidal tube with the
magnetization M defined by (2.6) and to the toroidization T given by (2.7). This
is illustrated in Fig. 2.

We consider now the case when the torus dimensions d, R tend to zero.
Since R is always less than d, we let R tend to zero first and d later. In the limit
R — 0 the current 5 (see Fig. 2) becomes ill-defined. On the other hand, M and
T remain well-defined:

M- f@% jod(p — d)d(z) (div M = 0),

T — fﬁZ%jOG(d —p)5(2) (divT #0) for R—0. (2.12)

After performing the R — 0 limit we let d go to zero. Now it is the turn of the
magnetization M to be ill-defined, but the vector T is still well-defined:

T — —ii,jor28%(F) (div T #0) for d—0 (2.13)
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(03(7) = 6(p)d(z)/2mp). The VP corresponding to this toroidization is given by
[15,23]:

A 3124y 2 A 31250 yz A w2jor? — 322 8m3 53(7
P AE T AT T )
(2.14)
We consider now the sequence of
toroidal solenoids each turn of which j
is again a toroidal solenoid. The sim- T,
plest configuration is obtained if we take
the usual toroidal solenoid (upper part of T,
Fig. 2) and install new toroidal solenoid
into each of its turns. As a result, we
arrive at the current configuration shown
. . . T
in Fig. 4. For this case 2
j o~ (rot )ST(F), div T #0, Fig. 4. The family of toroidal solenoids
each turn of which is again toroidal
A~ 4—7Trot f(f’) (2.15) solenoid (only the particular turns are
c shown)

We see that for this current both the vec-
tor potential and the magnetic field differ from zero only in those space regions,
where 7' # 0. When the space region in which T" # 0 shrinks to a point, the
vector potential and magnetic field differ from zero only at that point [18,19].
2.1.1. Currents, Magnetic Dipoles and Monopoles. We rewrite Eq. (2.14) in

a condensed form:
- 1.3 8 25
A = S[Srme) — il + ?”mﬁ(f), m; = —51-2”—030 (2.16)
This equation is an analog of the well-known expression [24] for the magnetic
field created by the magnetic dipole m:

-~ 1.3 8

B = S[S5r(mr) — i) + gmﬁ(m. (2.17)

Sometimes in a physical literature another representation of B is used [25]:

B= 5l 7o) — ] - ?m&“’(m. (2.18)
This difference is due to the following reason [25]. If we identify the magnetic
dipole with the electric current flowing in the infinitely small circular current
loop, then VP is given by

1

- N . N 1 R
A= g(me X T), Me= 3 /(r x j)dV. (2.19)
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Applying to A the rot operator and using the identity (see, e.g., [26])
0

(& 1 TiT 5
Ox; 3

AT . s,
) = T—S((SU -3 2 ) + ?6ij6 (T‘), (220)

we get (2.17). On the other hand, if we suggest that magnetic dipoles consist of
the magnetic monopoles

My, = /medV, /pde =0, (2.21)

then the magnetic induction is obtained from the scalar magnetic potential:

— —

M T

B=-V&,, &,=—2
r

(2.22)

Again, using the differentiation rule (2.20) we arrive at (2.18). This means that
different coefficients at ¢3(7) terms in (2.17) and (2.18) are due to different
definitions of magnetic dipoles.

The expression (2.17) leads to the so-
called hyperfine contact interaction derived by
Fermi. It was observed experimentally by
measuring the splitting of hydrogen atomic
s levels. Above, we have used the fact that
B = H in the absence of medium.

Consider a semi-infinite cylindrical solenoid
of the radius R formed either by the circu-
lar currents or the magnetic current dipoles
(Fig. 5). The magnetic VP of a particular cur-
rent j lying in the z = 2 plane is given

- 1 d¢’
A=-7 | ——1y

where 74 = 7y cos$ — 11, sin¢ is the vector Fig. 5. The magnetic fields of the
defining the current direction. The sole non- semi-infinite solenoid and the mag-

N
H

=y

=l

vanishing component of VP is netized filament coincide with the
field of magnetic monopole every-
A¢(p, z) = where except for the position of

solenoid or filament
2j p*+ R%+ (2 — z0)?

"oy pR 2pR )
Here @, (x) is the Legendre function of the second kind. Using its asymptotic
behaviour

Q1/2(

Q.(z) — Val(v +1)/2" 1T (v + 3/2)z" T = — o,
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one obtains for the infinitely small radius R (or large distances):

mRjp

A= Agitg, Ay r F=[22 412+ (z2—20)4Y2, divA=0. (2.23)

e’
The nonvanishing components of magnetic strength of a particular current coil
are given by

oo 7Rj 0 1 _ wRj 0? 1
¢ 0x0zT Yo ¢ oyoz T’
Rj. & 1 3}

L= ”—cj[@; + 478(z)8(y)d(z — 20)], div H = 0. (2.24)

The magnetic field of semi-infinite solenoid is obtained by integrating H from
zg = —00 to zg = 0. This results in
. Rj 7 .
=211 4 driis(0)5(y)O(—2)], div H = 0. (2.25)
c 'r
Thus, an infinitely thin semi-infinite magnetized filament generates the field of a
magnetic monopole everywhere except for the position of the filament itself. The

equalities
div B =0, //BndSzo

guarantee the absence of free magnetic charges. Due to the presence of the §
function term in (2.25) thus obtained monopoles are not true ones.

Earlier, in a qualitative manner these results were obtained in [22].

2.1.2. Interaction with External Electromagnetic Field. Now we explain how
the current distributions just obtained interact with an external electromagnetic
field (Eext, f[ext). In the absence of medium, Eext and ﬁext satisfy the Maxwell
equations:

. B , 108,
div Bexs =0, div Dext = 4mpext, 10t Foy = —— = :,
C

1 aﬁext 47 e =

rot -ﬁext = - + = Jext, D = E? E = ﬁ
c Ot c
Let ; be of the form
7~ (rot )"T(7), div T # 0, (2.26)

where T is either confined to the finite region of space or decreases sufficiently
fast at infinity. Then the interaction energy of this configuration with an external
electromagnetic field is given by

1 - = — —
== / JAext ~ / T(rot )" ' HeyrdV. (2.27)
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The final answer is different for n even and odd. If n = 2k + 1 , then

10

i/ ~ —1 k f - 2kf_jex dL 22
=) / (cat) ¢ (2.28)
For n = 2k + 2 one has
L c 9t ext . .

For the distances large as compared to the dimensions of the particular current
configuration, the interaction energy has the form:

U~IEZY  and U ~THED, (2.30)
where the superscripts mean the corresponding time derivative and £ = f T \dV
is the vector depending on the geometrical dimensions of the treated current,
magnetized or toroidized configuration, resp. The explicit form of ¢ for the
particular toroidal current configuration may be found in Ref. 27. In particular,
for the toroidization given by (2.12) the vector ¢ is: ¢ = —272jo7..

The current configuration corresponding to k£ = 0 in (2.29) (poloidal current
on the torus surface) was considered by Ya.B. Zeldovich [14] who referred to it
as to the anapole. In the modern physical literature, the anapoles are associated
with the radiationless charge-current sources (see, e.g., [15,28,29]), while the
charge-current configurations corresponding to Egs. (2.15) and (2.16) are referred
to as toroidal moments [15,30,31]. The next terms (k = 1 in Eqs (2.28) and
(2.29)) in the development of the interaction energy were written out in Ref. 19.
The general form of interactions (2.28), (2.29) was given in [18].

Thus, we obtain the sequence of current configurations (or, magnetizations
corresponding to them) which interact with the time-dependent magnetic or elec-
tric field. For example, the usual current loop interacts with an external magnetic
field in the same way as the magnetic dipole orthogonal to it. The poloidal current
shown in the upper part of Fig. 2, the magnetized ring in its middle part and the
toroidal distribution in its lower part, all of them interact with the first derivative
of the electric field.

We turn now to Fig. 4. The current distribution J shown in it, is obtained if
instead of each turn of TS shown in the upper part of Fig. 2 we insert new TS. The
current configuration ], div ] = 0 of Fig. 4, the magnetization T1, _div T, =0
distributed over the torus surface (in the same way as the current j in Fig. 2),
the toroidization Tg, le Tg = (0 confined to the interior of the torus (s1m11arly
to the magnetization M shown in Fig. 2) and the toroidization T3, div T # 0,
all of them interact with the second derivative of the magnetic field. The words
“interact with time derivative...” mean that the interaction energy has the form
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(2.30), i.e., it is proportional to the time derivative (of the definite order) of the
electric or magnetic field.

Obviously, the equivalence between the current distributions and magnetiza-
tions (toroidizations) established in this section is the straightforward generaliza-
tion of the original Ampere hypothesis.

One may ask why Egs. (2.28)—(2.30) do not contain the even time deriva-
tives of the electric field and the odd derivatives of the magnetic one. It turns
out [15,18,19,32] that missing terms describe the interaction of the closed config-
urations composed of electric dipoles. To see this, consider the electric dipoles
distributed inside the space region S with the vector density cf(f’) Their interac-
tion with an external EMF is given by

U~ / d(7) B (F)dV. (2.31)

-

Let d(7) be distributed over the torus surface in the same way as the magnetization
M shown in the middle part of Fig. 2. As in the treated case div d =0, the
vector function can be represented in the form d = rot f, div T # 0, where
T ~ it,T and T is defined by Egs. (2.8), (2.9) and shown at the bottom of Fig. 2.
Substituting d into (2.31) and integrating by parts one gets for the distances large
as compared to the dimensions of the torus:

£, (2.32)

where £ = f TdV and To is some point inside the torus. Further, let the electric

dipoles be distributed over the torus surface like the current J in the upper part
of Fig. 2. Then

d = (rot)*T(7), divT #0, (2.33)

where T is the same as before (see Eqs. (2.8), (2.9)). Substituting this d into

(2.18) one easily obtains

8? By (70) -

——1. 2.34
BT (2.34)

The continuation of this procedure ensures us that the interaction of electric
dipoles with the external EMF is indeed the missing link in Egs. (2.28)—(2.30).
In particular, the term ﬂ@ﬁ /Ot) describes the interaction of the closed electric
dipole ring (see the middle part of Fig. 2 where the distribution M of the magnetic
dipoles should be changed by the distribution of electric ones) with the time
derivative of an external magnetic field. The corresponding experiments were
performed by Tolstoy and Spartakov [16], their interpretation was given in [17].

U~
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2.2. Magnetizations and the Debye Potential Representation. According to
the Helmholtz-Neumann theorem (see, e.g., [33]) an arbitrary vector function and,
in particular, the current density can be presented as the sum of the longitudinal
and transversal parts:

-

f: l-i-jt, rotﬁ:O, divjt:O,
;’l and ft can be presented in the form
j1=VU, i =rot (FUy) + (rot )2(F¥3).
As a result, one arrives at
j =V, +rot (FU,) + (rot )2(7T3). (2.35)

The functions ¥y, ¥, and Y3 are known as the Debye potentials. They were in-
troduced by Debye [34] when evaluating the light pressure on a sphere of arbitrary
material. Various other authors (Thomson, Mie Whittaker, Bromwich, Sommer-
feld) applied these potentials to the electromagnetic problems. Earlier, Lamb
used representation (2.35) when he studied fluid mechanics and electromagnetic
problems [35-37].

Comparing (2.35) with (2.1), (2.2) we get

1
U= U5 =0, U= d(p— d)@(g —9). (2.36)
The corresponding magnetization is given by
M’ = 7,8(r — d)@(g —9). (2.37)

This magnetization covers the upper semisphere of the radius d and is directed
along its radius (see Fig. 1). It certainly differs from the magnetization (2.3).
The magnetizations M and M’ are connected by the gradient transformation

M =M+Vy, x=-0(d- z)@(g —9),

i.e., the function x differs from zero inside the upper semisphere. This equation
means that the magnetizations M and M’ , despite their different functional forms,
lead to the same observable effects. The reason for the appearance of different
magnetizations is that the equation rot M = J does not fix M uniquely. We
note that the magnetic strength H satlsﬁes almost the same equation rot H=1J
but with the auxiliary condition div H = 0. These two equations are sufficient
for fixing H.In general, the condition div M =0 is not imposed on M It turns
out that the requirement for M to disappear in the nearest vicinity of J does not
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fix M unambiguously. On the other hand, if both rot M = 5 and div M are
known, then (see, e.g., [33])

’ s NT(A
47 M = rot /rot M(r") v V/d?’i(r) (2.38)

7= |

Obviously, rot M and div M define M up to a constant vector which is chosen
to be zero in Eq. (2.38).

2.2.1. On the Inversion of the Debye Parametrization. An interesting question
is the inversion of the Debye parametrization (2.35), i.e., the expression of Wy,
W, and U3 functions in terms of the current density 5 Rearranging the terms in
(2.35) one gets

=3

J =V 4 (7 x V)T, + 7. (2.39)
This parametrization is used on the same footing as (2.35) (see, e.g., [38,39]). To
find ¥/ one applies to j the div and rot operators
A4

- +r20%, r2div j = (Fx V)20 + —[r(7- )],

(77 =r
7orot j = (Fx V)2W,, 7-rot rot j = —(F x V)0,

As a result, the following equations are obtained for v}
(7 x V)20, = r2div § — —[r(7- J)),

(7 x V)2Wy = 7-rot j, (Fx V)*Ws = —F-rot rot j. (2.40)

Consider the equation
(Fx V)T = f. (2.41)

Its Green function
— o\ 1 — * [ =) -
G(n,n') = *lzn; mYzm(n)Yzm ('), n=1(00,¢), 1>1

satisfies the equation

- 1 1
Thus,
U= / G, i) f(7)dSY. (2.42)

The functions ¥’ are obtained if one substitutes the right-hand sides of (2.40)
instead of f.
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We still need the relations between ¥; and ¥,. They are
AUy =T, Uy=-T) T =U +(1+7V)¥,. (2.43)

These equations are easily resolved:

1 1 1 = 1
v, — E/m\ﬂg(ﬁ)dv’, v, — \ng(Hm/m%(ﬁ)dv’.
(2.44)
Equations similar to (2.42)—(2.44) were proved with different degree of rigour
many times (see, e.g., [40—45]).

2.2.2.  Physical meaning of the ¥ functions. Now we are able to clarify
the physical meaning of the functions ¥; defining the current density j. For
this purpose, we consider the interaction of the pure current density j (which
corresponds to Wy = 0) with an external electromagnetic field defined by the
vector potential ffext

1 .
U= / FApdV. (2.45)

Substituting here 5’, integrating by parts and assuming that 5 does not overlap
with the space region S, where Jeyt # 0, we get

1 = 1 .,
U=Us+U;, Uyg= - /FH\Ilde, U; = fc—Q/FE\Ilng. (2.46)

Here H and E are the electromagnetic strengths of the external field. The dot
above the letter means the time derivative. Let the dimensions of S be small
as compared with the distance from the sources of the external field. Then, the
external fields varying rather slowly over S can be approximated by their values
taken at some point 7 inside S:

1= 1=
vl = ——H(0) / Fydv, UM = ~5E(0) / FU3dV. (2.47)

Here H(0) = H(ry), E(0) = E(ro). It then follows that jig = [ 702dV and
gt = [7P3dV are the magnetic dipole and toroidal moments (as they interact
with external magnetic field and with time derivative of the external electric field,
resp.) The next terms in the development of U, are

U = T omy, Mk Hik = 0 WadV, ¢l = (wizy — §5ik7‘2)
1 82H;(0) 1 82H(0) o )
g®» - LOHO) 7(2) q():/ﬁijdv
d 2¢ Oz, 0z Fidk = 10c8 g2 a0 Hd T
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1
Hijk = /qu’,i\llzdv, qf]slz = [:cia:ja:k — g((ska + 5ik-77j + (5jkxi)r2], (248)

Obviously, p;; and p;j;, are the quadrupole and octupole magnetic moments,
resp. Thus, the function ¥y describes the set of magnetic moments of different
multipolarities. Similarly, one obtains the next terms in the expansion of Uy:

(2) _ 1 8E¢(O) 7 @
v = 2 By, tiw, tie = [ g YsdV
1 92E;(0) 10 e i ,
u® - =y (2 3E0)i? *()Z/”\I/dv
t 2¢2 Oxdx; " 100(c8t) (O™ W3

tijh = /qgj’,lxllgdv. (2.49)

This means that the function W3 describes the toroidal moments of higher mul-
tipolarities [15]. Their physical realization via the toroidal solenoids embedded
into each other has been given in Ref. 46.

Let Uy be of the form

Ty = ATY, (2.50)
Then,
1 82ﬁ(0) (1)
Ua=-5—35 /F\IJQ dv. (2.51)

It follows from this that such a current configuration interacts neither with the
stationary nor with the linearly growing with time external magnetic field. It
interacts with the magnetic field whose polynomial growth is not slower than ¢2.
Further, if ¥, is presented in the form

Ty = (AT, n>1, (2.52)
then
Ug = 71(3)2”1?(0) / FolMav. (2.53)
c cot 2

Such a current distribution interacts with the magnetic field whose polynomial
growth is not slower than t>". If the external magnetic field grows as t* (where
« is not integer), then the interaction energy decreases as a function of time for
a < 2n and increases for a > 2n.

Now we turn to the toroidal moments. Taking into account the Maxwell
equations and the fact that at large distances jext is not overlapping with S, we
rewrite U; as

1 . 15
U; = ) rEVsdV = —C—QE(O)/F\Ilng. (2.54)
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Now let U3 be of the form

Ty = (AT, n>1 (2.55)
Then
U, = —l(i)%*lﬁ(o)/mg(")czv. (2.56)
c cot

This means that this current configuration interacts with the polynomial electric
field which grows not slower than ¢27+1,

It then follows that the magnetized sample consisting of magnetic dipoles, all
of which are united into the ring-like structures (thus, realizing toroidal magnetic
moments), does not interact with a spatially uniform magnetic field f[o (although
each of magnetic dipoles does interact with Hy). This sample interacts with the
rot of ﬁo (or, that is the same, with the time derivative of the electric field). The
magnetized sample, all magnetic moments of which are organized into the toroidal
moments of higher multipolarities, interacts with higher derivatives of the electric
and magnetic fields. Thus, we obtain a one-to-one correspondence between the
hierarchy of magnetic structures and the electromagnetic fields interacting with
them. Probably, this selectivity of interaction can be used for the storage and
ciphering of information. There are known first practical attempts in this direction
(see,e.g., [47]).

When representing Us or U3 in the form (2.52) or (2.55), we have implicitly
assumed that W™ or ¥3(™ are confined to a finite space region or that they
decrease sufficiently fast for large distances. This is required for the disappearance
of surface integrals arising when the transition from (2.50) to (2.51), or from
(2.55) to (2.56) is performed. In fact, every function ¥ can be represented in the
form

1
T =Af, where f:—4—/|F—F'|_1\I/(F')dV’,
7I

but there is no guarantee that f decreases sufficiently fast (which is needed for
its physical meaning). As a result, Egs. (2.51), (2.53), (2.54) and (2.56) are valid
for very specific current configurations.

We elucidate now which magnetic field corresponds to the choice of functions
in the form (2.50) and (2.55). The convenient parametrization of VP correspond-
ing to the stationary current density has been found in Ref. 45 (see Eqs. (2.10)
and (2.14) therein). Substituting the current parametrization (2.35) into it, we get,
outside the space region .S to which the current density is confined,

1 4m 1 —l-1/z = m mx
A:722l—+1r (7 x VY, /rlYl WodV +

dr l
+77TVZ T 1r_l_11/lm/rlYlm*\Ilng. (2.57)
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The magnetic field H disappears if
/rlYlm*\Ilng = 0. (2.58)

This relation is automatically satisfied if W5 has the form (2.52). The condition
for the vector potential to vanish is (2.58) and

/rlYlm*%dV =0. (2.59)

Obviously, it is satisfied if W3 has the form (2.55). Thus, the simultaneous
fulfillment of Egs. (2.52) and (2.55) leads to the disappearance both of the VP
and magnetic field outside of the space region S to which the current configuration
J is confined.

The representation (2.57) of VP, valid only outside .S, disappears for specific
current distributions defined by Eqgs. (2.52) and (2.55). This does not mean that
VP vanishes everywhere. Inside S one should use either the general formula

N 1 1 o
A=2 [ —F#@)av’
c/IFfFIJ(T)

(as it was done in Sec. 3.1) or its development over the vector spherical har-
monics. The latter certainly differs from (2.16) inside S. It follows from this
that none of experiments performed outside S (including the Aharonov—Bohm-
like experiments) can give information on the just mentioned current distribution
inside S.

Obviously, Egs. (2.53) and (2.56) generalize Eqgs. (2.28) and (2.29) obtained
earlier. In fact, Egs. (2.53) and (2.56) contain two arbitrary functions ¥y and U3
while only one function T enters into (2.28) and (2.29).

The inspection of Egs. (2.46)—(2.56) ensures us that there are two degrees
of freedom. First of them is due to the appearance of definite multipoles in the
expansions of Eand H (see Egs. (2.47)—(2.49)). Let ¥, (or ¥3) be transformed
according to the particular representation of the rotation group with the fixed value
lo (I3) of an angular momentum. Then, only terms with these angular momenta
survive in the expansion of Uy (or U;). In particular, for I = [3 = 1 one gets:

1= 1 =
Ug(lo =1) = —EH(O)/F\IJQdV — @H(O)/Fﬂ%dV—

1
280c5

ﬁ<4>(0)/ﬁ«4%dvf

1 = 1 =
Ui(ls =1) = = E(0) /mgdv — WE(?’)(O)/FTQ\Ilng—
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1
280¢5

Let 5 = I3 = 2. Then,

10H,(0 1 0H;(0
Ul = 2) = — 120 ( )/qg,f)r?%dv...

E(5)(0)/Fr4\P3dV—

c Oxp 4263 Oz,
. 1 0E(0) 1 OEP0) [ (2 -
Ut(l = 2) = *6—2 81‘k tzk - 4204 8[Ek /qzk r \Ilng

The second degree of freedom is due to the fact that for the given multipole
it is possible to change the interaction with an external electromagnetic field by
choosing U5 and 3 in the form (2.52) and (2.55), resp. To this end, we have
a wonderful electromagnetic object with a number of interesting properties. It
does not act on the test charge or magnetic needle. On the other hand, it interacts
with a time-dependent external electromagnetic field. The difficult question on
the equality of action and counter-action is beyond the scope of the present
consideration. The question arises on the practical realizations of this object.
One of them is the family of toroidal solenoids considered in Sec. 2.1 (when
each turn of a solenoid is changed by a toroidal solenoid). The ambiguity in the
magnetization choice implies that this realization is not unique.

2.2.3. Transition to the Point-Like Sources. For the point-like current source
carrying the magnetic moment of the multipolarity l» and the toroidal moment of
the multipolarity I3 we have [13,18]

W) = fo(0) AR QD) (F), WY = fo()A™ (QUIV)8 (). (2.60)
Here f2(t) and f5(t) are functions of time only,
(Q(l)§) = Qii)’Lz’Llﬁ'Ll 612611

(the summation over the repeated indices is implied), ﬁi = %. Further,

Qz('?m...il (ng) is the traceless symmetric form of the order [ of the unit vec-
tors n;, 4 = 1,...,3 defining the orientation of the current configuration (e.g.,
QF = ni, Ql(-?j) = n;n; — d;;/3 (i=1,..,3), etc.). Then, the point-like analogues
of the interaction energies defined by Eqgs. (2.46) are given by

Ug = (~1)"=+ fa(t)e 22y (0, ),
Up = (—1)BH f(t)e 2o~ Mg (07, E@Ro D),

Here ¥ is a vector with Cartesian components (¥;); = Qggmilﬁiz..ﬁil. Super-

scripts of E and H denote the time derivatives. We write out a few particular



908 AFANASIEV G.N., DUBOVIK V.M.

terms. The choices Iy = 1,ko = 0 and I3 = 1, k3 = 0 correspond to the dipole
magnetic and toroidal moments, resp. Their interaction with the external EMF is
given by

UM = fo(iH) e and UM = f5(RE)/c.
The quadrupole magnetic and toroidal moments correspond to Iy = 2, ks = 0 and
ls = 2, ks = 0, resp. The interaction energies are

2 I 2 I
U0 = = p@V) @), U = =5 (V) RE).
Further, for o = 1,ky =1 and I3 = 1,k3 = 1 one gets
1,1 1, = 1,1 1, 5
Uy = ), UMY = S fGED).

Again we see that indices [ and k describe different degrees of freedom. The
index [ defines the particular multipole, while k shows how much is “toroidized”
the treated magnetic distribution.

2.2.4. Interaction of Charge Densities with an External Field. One may won-
der why we have limited ourselves to the consideration of pure current configura-
tions imbedded into the external electromagnetic field. The obvious generalization
including charge density is (see, e.g., [24, 48])

1 (==
U= / phextdV — = / FApedV. (2.61).

c

We rewrite this equation as
U=U,+U;+ U, (2.62)

Here U; and Uy were defined earlier (see Egs. (2.46)) and
1 (2 -
Uq = /qu)exth* E/leexth (263)

Here jl is the longitudinal part of 5 (fl = 6\111, div j = —p). Developing U,
we get [18, 31]:

o N~ 1 a2¢ext (O)
Uy = edext(0) + (dV)pext (0) + §Qikm*
14 1. O(Aext)i(0 1
_szext(O) - %sz B P §M1Hext(0) + .- (2.64)

where d = [prdV, g = [xzppdV and [ = 5 [(7 x j1)dV are electric
dipole, electric quadrupole and longitudinal magnetic dipole moments, resp. Let
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the function ¥ entering into the Debye parametrization (2.35) of j_} (5} = 6\111)
decrease sufficiently fast outside the region S to which the current j is confined.
Then, fi; disappears. If, in addition, the external field is a pure induction (i.e., it
is generated by the pure current density), then:

- 1 = _ =
¢ext = 07 Aext = E /Riljext(Flat - R/C)dvl7 Eext = *Aext/q

ﬁext =rot jexta R=|F—7|.
It follows from this that

14 1 8141
U,=——dAext — — —Gik- 2.65
? c Y 2c 0y ik ( )
On the other hand, for the charge configuration carrying the electric dipole mo-
ment d and the quadrupole moment g;; the appearance of the following interaction

term 8(E )
el 1 ext )i
—dF oy — — 2

ext 2 E)xk
is intuitively expected. But these terms are absent in (2.65). According to
K.H.Yang and D.H.Kobe (see, e.g., [49] and Refs. therein) this is due to the

gauge noninvariance of the interaction energy:

qik (2.66)

¢ext - d)(/ext = ¢ext - X/C, A’ext — Eéxt = A’ext + 6Xa

U—>U’:U—1i pxdV.
cdt
It follows from this that the interaction energy is a gauge-invariant quantity for a
pure current density (p = 0). There is no ambiguity mentioned above.

We note also that the transformed interaction energy differs from the original
one by the total time derivative. This means that both of them should lead to
the same equations of motion. In particular, after the insertion of (2.65) into the
Lagrangian and subsequent variation relative to d; and ¢;;, we obtain the usual
expression for the Lorentz force acting on the dipole and quadrupole moments.

3. ON THE SUPERCURRENT ARISING IN A SUPERCONDUCTING RING

Consider the closed circular metallic ring C' encircling the infinite cylindrical
solenoid with a constant flux ® in it (Fig. 6). Suppose that initially there is no
current in C. Let the ring C' be cooled. At some temperature 7T, its transition
to the superconductive state occurs. The following two properties were observed
experimentally [50-52] and explained theoretically [53-55]:
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@, 1) Magnetic field H vanishes inside C (it is,

therefore, assumed that penetration depth is zero);

d> 2) The total magnetic flux trapped by C' turns
L /C out to be integer (in units hc/2e).

The appearance of the supercurrent flowing
I (( ) on the surface of C' (despite its location in a field-
S e free region, where E = H = 0) for T < T, was
predicted in Refs. 56, 57. Indeed, as the flux
<> inside the cylindrical solenoid is not in general
integer, the supercurrent in C' arises making the

Fig. 6. The cylindrical solenoid Fotal flux to be iqteger. This supercprrent was,
with magnetic flux ®o is en- 10 fact, observed in Tonomura experiments (see
circled by the metallic ring C. Refs. 59, 62, where this fact was clearly stated).
When C becomes superconduc- It is our aim to explicitly evaluate the distribu-
tive, the supercurrent I arises tion of supercurrent on the surface of C and the
on its surface (although C' is arising magnetic field. The density of the current
in the region where electromag- J, flowing on the torus C surface and providing
netic strengths are zero) H =0 inside C was obtained in [58]. Let the

surface of C be given by

(p—d)? + 2% = R%
It is convenient to introduce toroidal coordinates

sinh p sin 0

P= acoshu—cose’ = acoshu—cose’

b=¢. (1)

For a given value of u the points p, z, ¢ (wWhere p, z, ¢ are defined in (3.1)) fill
the surface of the torus with the parameters d = acothu, R = a/sinhy, (a =
Vd? — R2) (see Fig. 7). Let u = o corresponds to the surface of C. Then, the

surface current providing the vanishing of H inside C is given by [58]:

Ty = 6(p — p10)j (0)ts

Co  (coshpg — cos0)°/2 Z cosnd

(0 — —
3(0) 2v/2m2a2 sinh pg 1+ dn0
This current gives the following VP

[Péfl/z(COShNO)]_l'

Ay = Co coshtu — cosf
sinh p

inside C'(u > po) and

2
Ay = Coi(cosh,u — cos )% x
™
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Z cosnd 1 Q. 1/2(cosh o)

P! h
14 6n0n?—1/4 P! 1/2(coshu0) n-1/2(coshp)

outside C(u < po). In particular,
on the circle z = 0,p = d — R (that
is, for u = g, 0 = ) one gets

—d—-
1+ cosh pg \ X
Ay =Co—/———. R
s =Co sinh po / 0= 0

Z

O “ “0 u<u0

H=Hq

The integral

% Agpdl = 21Cha
Fig. 7. Geometrical depiction of toroidal coor-

taken along the same circle coin- dinates

cides with the flux ®, of the mag-

netic field produced by the supercurrent J,;. The total magnetic flux trapped by

the superconducting ring is the sum of the cylinder solenoid flux ®, and the

supercurrent flux ®:

h
27TCOCL+ CI)Q = Cn,
2e

where n is the integer nearest to 2e®y/hc. From this we find Cy

Co = (@ — hﬂ) J2ra.

The corresponding magnetic field is given by

coshp —cosf)? 0 , sinhpuA
v ¢

H., —
K asinh y 89(coshu —cosf”’

(coshp —cos6)? 0 , sinhpAy
Hy=— . = (
asinh ou

).

At large distances VP and field strengths fall like 7—2 and 73, resp.:

cosh . — cos 6

Ay ~ == sinfsconst., t. = C
¢ 7T'r2 sinfcons cons 0 Z 1+ 677,0 Pnfl/Q(COSh MO)

4a? 2a® .
H, ~ —=cosf; - const., Hp~ —sinf, - const.
r3 r

Here r and 65 are usual spherical coordinates.
It turns out that the cooling of the ring C' below the critical temperature 7,
inevitably leads to the appearance of the magnetic field in a space surrounding
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C. Obviously, the appearance of supercurrent in C is a pure quantum effect as
the ring C' is located in the region where E = H = 0. But for the creation
of supercurrent in C' the energy is needed. Where it comes from? Theory says
[59] that for T' > T, the electrons in C' are in chaotic motion and the average
current is zero. For T' < T, the external vector potential correlates the phases
of the electrons wave functions. As a result, the macroscopic flow of electrons
arises in C.

It would be interesting to observe this supercurrent experimentally. This is
not an easy task as the quantity &y — hcn/2e entering into the definition of the
vector potential and field strengths is rather small (it is of the order hc/2e).

Theoretically, in Tonomura experiments the rea-
son for the quantization of the total magnetic flux
penetrated by the toroidal solenoid is the appearance
(for T' < T,) of the poloidal supercurrent on the
torus surface. But the poloidal supercurrent (Fig. 8)
uniformly distributed over the torus suface produces
no magnetic field outside the toroidal solenoid. Thus,
the magnetic flux quantization observed in Tonomura
experiments is only indirect evidence of the supercur-
rent existence. On the other hand, the supercurrent
arising in a particular circular turn embracing either
cylindrical or toroidal solenoids may be observed by
the detection of the magnetic field created by this
Fig. 8. The lines with ar- Supercurrent. There are many experiments in which
rows mean the poloidal cur- the dependence of the physical parameters (e.g., re-
rent flowing on the torus sur-  Sistivity) of the multi-connected sample embracing
face the magnetic flux (but lying outside the region where

H = 0) was studied as a function of magnetic flux
value (see, e.g., Resource Letter [60]). As in Tonomura experiments, the aris-
ing supercurrent is not measured directly, but its existence is needed for the
explanation of experimental data.

4. RADIATIONLESS TIME-DEPENDENT CHARGE-CURRENT SOURCES

It is usually believed that a charged body radiates, when it exhibits acceler-
ation. We demonstrate now that this intuition is not always correct. We follow
closely Ref. 5.

At first we clarify under which conditions the accelerated configuration of
charge p(7,t) and current j(7,t) densities does not radiate. The corresponding
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VP is given by
L1 - R
A== =@, t)6(t —t+ =)dV'dt'.
;[ s - )

Here R = |7 — 7|. Obviously, only the terms of the order not higher than r—!

contribute to the radiation field. Developing VP over the powers of r'/r and
neglecting the terms of the order 72 /r? and higher ones we get

1 (-

N r 1 -
A== [ i@ "6t —t+ - — =n,7)dV'dt'. 4.1
— [0 b+ -~ ) (4.1)

Here 7, = #/r. Now, making the Fourier transformation of f

-

HGAO / F(E, w)e F=et) g8k,
and inserting this into (4.1) one gets

- (2 - )
g @n)” /j(ﬁrg’w)e—w(t—ﬁc)dw.
cr C

Obviously, A disappears if
,w) = 0. (4.2)
Now, let f(f', t) be a periodical function of time with a period T. Most easily

this may be achieved if one chooses

. 1

J(E,w) =Y ja(B)d(w —wn), p(k,w) =Y —(kjn(k)d(w — wn),

Wn
wn =win, wi=2x7/T.
Then,
i =3 / BreFr-wnd)F (.
n

From this we find j, (k)

N 1 1 - -
2 _ s 2= —i(kT—wnt) 33
(k) = G / J (7t FTent) @Bt
It turns out that the condition (4.2) reduces to

-

LW
]n(n,,z, w)=0. (4.3)
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Let p(7,t) be centered around the time-dependent position @(¢t) which is the
periodic function of time. That is, we suppose p(7,t) and j(7,t) to be of the

form

-

p(F,t) = ef(F—a(t)), j(Ft) = eaf(7 — a(t)).
The Fourier components are given by

1

Eoul!

i

Here Z = ¥ — @(t). Let f(Z) be spherically-symmetric: f(2) = f(|Z]) =

Then,
sinkz

I(k):/f(Z)e’iEEd%:/f(z)szz .

. 1 - e
_ 2 —ik? 33 . > jka(t —ikZ 33
1) = W/j(r,t)e "dPr = (2ﬂ)3eae ()/f(Z)e d’z

(4.4)

f(2).

Obviously, this expression should vanish for k& = w,/c. Consider the particular

choices of f(z). Let

1
= 0(z—R
f(2) = 10— R)
Then,
c . wpR
In =1 n) —
(wn) R si -
It is seen that I,, disappears if
w1 R = lme,

(4.5)

(4.6)

where [ is integer. This means that charge-current distributions (4.4) and (4.5),
where @, (t) is an arbitrary vector periodical function of time, do not radiate if

the condition (4.6) is fulfilled.

The charge-current configuration (4.5) corresponds to the surface distribution.

The nonradiating volume distributions are also easily found. Let
p(y) = AB(b — y)z~ ! coswmy,

here A is a constant, ©(z) is a step function, m is an integer. Then,

b
Inm = 47TA/ dysinwyy coswmy =
0

1 — cos(w, — wm)%

Wn — W wn+wm

1 — cos(wn + wm)%

=21 Ac|

]

(4.7)

Clearly, I, ,, disappears and, correspondingly, accelerated volume distribution

(4.7) does not radiate if the condition wyb = 27c is satisfied.
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In the same way, the spherically-symmetric configuration

py) =D AnOb —y)y " coswmy

does not radiate provided w;b = 2me.
The examples of nonradiating spherically-nonsymmetric distributions may be
also presented. Let

p(2) = Rim(2)Yim (0, 02), (4.8)

where Ry (2) = Aim©(b—z), A = const. Then, condition for the absence
of radiation is
Wn 2

b
Ilm(wn):Alm/ dz2% g ( )=0
0

¢
(ji(x) is the spherical Bessel function). For [ = 1 one gets

wpb wpb
I (wn) ~ A1 [2(1 — ) - - sin — | —.
1m(Wn) 1m[2( cosc) csmc]w3
It is easy to see that Iy, = 0 if w1b = 27c.
Another example [9] of nonradiating charge distribution is the uniformly
charged sphere
p=0d(r—R), o=eldnR?

which oscillates around a fixed axis with the angular velocity
Q = U(w) coswt i,,.
Here 71, is the constant unit vector. The current is given by
j=08(r — R)(€(t) x 7) coswt.
The corresponding VP is

- ER -
A, = e—(Q(t) x 7)j1(kr<)h1(krs) coswt,
cr
where r« = min (r, R), r> = max (r,R); ji(x) and h;(x) are the spherical
Bessel and Hankel functions of the first order. Thus, outside the charged sphere

one gets

A, = @(ﬁ(t) x 7)j1(kR)h1 (kr) cos wt.
cr

We observe that the considered oscillating charge distribution does not radiate
when = = kR coincides with the zero of ji(x), i.e., when x satisfies the equation
tanx = .
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We summarize: There are charge distributions of the finite extension which
do not radiate when they exhibit an arbitrary periodic accelerated motion described
by the time-dependent vector @(t).

As we have seen the condition for the nonradiation of the treated charge-
current configuration is .

j(k7w)|k:w/c =0.

Now we apply this condition to the uniformly moving charge. In this case

j(7,t) = Up(F — vt) and

(k,w) = 2006(w — ko) p(k).

S

Consider at first the motion in a vacuum. For w = ck one gets
§(w—k¥) =w '6(1 — Beosh), B=uv/c

As in a vacuum (§ < 1, the argument of the J-function is always greater than 1
and the nonradiation condition is satisfied.

Let the charged particle move uniformly in the medium. Then, conditions
for the absence of radiation are: w = k¢, ¢, = ¢/n (¢, is the light velocity in
the medium, n is the refraction index) and

F(k, ken) = 2w5p(k)3(1 — B, cosf) = 0.

It is seen that nonradiation condition is satisfied everywhere except for the angle
cos 0, = 1/(,. For the arbitrary density the quantity

p(E)|w:kcn,C059:1/ﬁn

differs from zero and this is just the reason for the appearance of the Vavilov-
Cherenkov radiation. This takes place, e.g., for the point-like charge and for an
arbitrary spherically-symmetric charge distribution confined to the finite region of
space. Now we prove the existence of the nonradiating finite charge distributions
moving with the superluminal velocity in the medium. We choose p to be in the
form

p(r) = p(r)Pi(cos bry),
where 6,.,, is the angle between the charge velocity v and the radius-vector 7, P,
is the Legendre polynomial. The Fourier transform of this density is

p(k) = ;?(*i)lpl(cosﬁkv)/jl(kr)p(r)Ter.

As the Cherenkov radiation differs from zero only for the definite angle cos 6y, =
1/8,, the nonradiation condition is

Pi(1/6n) = 0.
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Let | = 2. Py(z) has zero at z = 1/+/3 that corresponds to 3, = v/3. This means
that the charge distribution ps(7) = p(r)P2(cos 6,,) does not radiate if it moves
with the velocity 3,, = v/3. Similarly, the charge distribution p(r)Ps(cos,,) does
not radiate when its velocity in a medium is equal to 3, = 4/5/3. Further,
there are two velocities for which the charge distribution p(r)Py(cosb,.,) does
not radiate. These interesting results were obtained in Ref. 7.

Consider the current 5 flowing on the cylinder surface:

j = 14jé(p— R).

Let j be a periodical function of time: j = jp coswt. Then, outside the cylinder
the VP and field strengths disappear for a discrete set of frequencies satisfying
equation [6, 61]:

J1(kR) =0

(J1 is the Bessel function). The same is true for the sphere. Let on its surface
(of the radius R) flows the current

J = i) Pl(cost) 5(p — R)

which is a periodical function of time (j = jo coswt). Then, the VP and field
strengths disappear outside the sphere for the infinite set of frequencies satisfying
the equation
J1(kR) =0 ji(z) = (7r/2w)1/2Jl+1/2(ac).
In Ref. 22 a point-like electric solenoid was considered by using the following
nonstatic point charge and current densities

p = Dexp(—iwt)AS*(7), j = iwD exp(—iwt)V® (7). (4.9)

Here D is a constant. Under the electric solenoid we mean a charge-current
configuration generating magnetic field equal to zero everywhere and the electric
field confined to the finite region of space. The corresponding electromagnetic
potentials are:

k2 - = ik
B = — exp(—iwt) DAr*(7) + = explikr)], A = ikD exp(—iwt)¥ SPUET).
r r
(4.10)
Only the electric field is nonzero:
q - 104 -
E=-V®———-=drD exp(—iwt) V3 (7). (4.11)

These relations are easily generalized to the case of charge and current distribu-
tions of finite size [12,32]. We choose p and j in the form

p = exp(—iwt)Af, J = iwexp(—iwt)Vf. (4.12)
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The following potentials and field strengths correspond to these sources:
® = — exp(—iwt)[4nf + k* / G, 7)fdv'], A=ik exp(—iwt)ﬁ/Gde’,

, - . k|7 —
B = drexp(—iwt)Vf, H—0, = PUEIT=Tl) (4.13)

The factor exp(—iwt) will be omitted below when it is obvious.

Equations (4.9)—(4.11) are obtained for the choice f = D§3(7). It follows
from (4.13) that if the function f is nonzero inside some region of space, H=0
everywhere, while E # 0 only in the region where f # 0. On the other hand,
the electromagnetic potentials differ from zero everywhere. Thus, Eqgs. (4.12),
(4.13) realize a nonstatic electric solenoid. In particular, f can be chosen to
be nonzero inside the torus (p — d)? + 22 = R?. For this it is enough to take
f=DO(R—+/(p—d)?+ z2), where D is a constant. As an example, consider
a spherical capacitor which is obtained for a special choice of the function f. We
have

we
473

e

= a0 —r1) = o(r —r2)], j=

7O(r —r1)O(re — 1), r1 <ro.

(4.14)
This spherical capacitor consists of two oppositely charged spheres and a radial
current between them. Using the general expressions

p

L1 .
d = /Gp(F’)dV’, A= —/Gj(F’)dV’,

c

we easily find the scalar and vector potentials (only the radial component of the
vector potential is nonzero):

® = ikeh$" (kr)[Go(1) — jo(2)], Ay = —keh{" (kr)[o(1) — jo(2)] for r > 7y,

® = ikejo(kr)[hS" (1) — h§" (2)], A, = —keji (k)[R (1) — BS(2)] for r <

and
& = ike[hS) (kr)jo(1) — jo(kr)hY (2)],

ie

Ay = eklja(kr)hg (2) = 5 (kr)jo(D)] = £

for r1 < r < ry. Here we put

X ™ ™ . .
@) =[5 Tga(e), V(@) = oo D (), (1) = Gikr), et
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The magnetic field is zero everywhere, while the electric field E = eF/r? differs
from zero only inside the spherical capacitor (i.e., for 1 < r < r2).

It is seen that the waves of electromagnetic potentials appear outside a non-
static electric solenoid. The question arises on the physical meaning of such
waves and the possibility to detect them experimentally. Let the region S in
which E and H are nonzero be inaccessible to observation. Can the observer
located outside S verify the existence of electromagnetic potential waves? Since
E = H = 0 in these waves, they do not carry an energy. Therefore, they can
be detected only at the quantum level. This is the case because the Schrodinger
equation

ov 5
zha =HY, H= 2m(V h A) +ed
describing the scattering of charged particles on the waves of electromagnetic
potentials involves the potentials ® and A rather than the fields E and H. The
gauge transformation

U — ¥ = Uexp(—iex/hc), x =ik exp(—iwt)/Gde’ (4.15)

eliminates the electromagnetic potentials outside S. If x is a single-valued func-
tion outside S, Eq. (4.15) is a unitary transformation between the single-valued
wave functions in the presence and absence of electromagnetic potentials outside
S. In this case the presence of electromagnetic potential waves outside S does
not lead to observable consequences. On the other hand, if x is discontinuous
outside S (which, in turn, depends on the choice of the source function f), the
possibility in principle arises of observing electromagnetic potential waves, e.g.,
by observing a phase difference acquired by the wave function of a charged par-
ticle as the particle travels around a closed contour. A necessary condition is that
the region of space accessible to charged test particles be multiply connected (as
nontrivial electromagnetic potentials corresponding to E = H = 0 are allowed
only in non-simply connected spaces).

Up to now we considered only those nonradiating charge-current sources
outside which electromagnetic strengths E H disappeared. No attention was
payed to the existence of electromagnetic potentials in the surrounded space. In
the next section we will be interested in studying those charge-current distributions
outside which E = H = 0, but f_l', ® # 0. To be observable the nonvanishing
electromagnetic potentials should be nontrivial, i.e., unremovable by a gauge
transformation. The static analog of such distributions is TS with a constant
current in its winding. Outside such TS E=H=%=0,but 4 # (. This static
VP was observed in Tonomura experiments [62]. The existence of the nontrivial
nonstatic electromagnetic potentials with mentioned above properties makes the
observation of the time-dependent Aharonov—Bohm effect to be possible.
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5. ELEMENTARY TIME-DEPENDENT TOROIDAL SOURCES

Interest in the time-dependent currents flowing in the toroidal coils is due to
the following remark made by James Clerk Maxwell in his memoir ”On Physical
Lines of Force” [63]:

“Let B, Fig. 3, be a circular ring of uniform section, lapped uniformly with
covered wire. It may be shown that if an electric current is passed through this
wire, a magnet placed within the coil of wire will be strongly affected, but no
magnetic effect will be produced on any external point. The effect will be that
of magnet bent round till its two poles are in contact.

If the coil is properly made, no effect on a magnet placed outside it can be
discovered, whether the current is kept constant or made to vary in strength; but
if a conducting wire C' be made to embrace the ring any number of times, an
electromotive force will act on this wire whenever the current in the coil is made
to vary; and if the circuit be closed, there will be an actual current in the wire C.”

Figure 3 mentioned in this passage shows the torus with a poloidal winding
on its surface (see our Fig. 7). At the present time, it is known that in general
this Maxwell assertion is not correct. It turns out that for the time-dependent
current in the toroidal coil the electromagnetic field strengths appear outside it.
Qualitatively this was shown by Mitkevich [64] and Page [65]. The corresponding
experiments were performed by Mitkevich [64], Ryazanov [66], Bartlett and Ward
[67] and many others. The quantitative results were obtained in Ref. 58 where
the electromagnetic fields were evaluated for a number of time dependences of
the current flowing in the toroidal coil. After all, experimentalists widely use
the toroidal transformers for their own purposes without philosophizing on this
subject. The sole exception for which Maxwell’s claim holds is the current
linearly rising in time which flows in the toroidal coil. In this case H = 0 and F
is independent of time outside the torus (see, e.g., Miller [22, 68]). The question
of the energy transfer into the wire C' embracing the torus was considered by
Heald [69] (the difficulty is that the Poynting vector equals zero for the linear
growing current).

In Sec. 3, we have studied the electromagnetic field of the static toroidal-
like configurations, their interactions with the external electromagnetic field and
possible physical applications. It is our nearest goal to study nonstatic current
configurations. Probably, it would be appropriate to explain the meaning of
the words “elementary toroidal sources” in the title of this section. The words
toroidal source” mean the poloidal current flowing in the winding of the toroidal
solenoid (TS), which in turn may be an element of a more complex configuration.
When the dimensions of this configuration tend to zero, we obtain an “elementary
toroidal source”. The reason for the treatment of an elementary toroidal source
is due to the considerable simplification of the theoretical consideration. The TS
with finite dimensions has a number of nontrivial topological properties (see, e.g.,
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reviews [12, 61, 70]). Suppose that these properties survive when the TS dimen-
sions tend to zero. Thus, if we find some interesting property for the elementary
toroidal source, there is a chance for it to be survived for the finite toroidal con-
figuration. This is confirmed for the simplest toroidal configurations for which
the analytical solutions can be found. As an example, mention the configuration
consisting of the TS with a linearly growing current flowing in its winding and the
double charged layer lying at the hole of TS (see Sec. 5.3). Outside this config-
uration, there is time-dependent vector potential. The electromagnetic strengths
everywhere disappear except for the static electric field filling the torus hole.
Thus, the possibility arises to perform a time-dependent Aharonov-Bohm-like
experiment. However, the linear time-dependence of the current is unrealistic. It
is the aim of this consideration to find elementary charge-current configurations
possessing radiationless properties mentioned above but with a rather arbitrary
time dependence.

The plan of our exposition is as follows. The radiation of elementary time-
dependent toroidal-like configurations, in the winding of which the time-dependent
current flows, is studied in Sec. 5.1. It turns out that two different branches of
these configurations generate essentially different electromagnetic fields. On the
other hand, the current sources of the same branch generate the same electro-
magnetic field if their time dependencies are properly adjusted. In Secs. 5.2,
5.3 we give the examples of the elementary radiationless charge-current source
having the property that electromagnetic field strengths disappear outside it, but
the time-dependent potentials survive there. In Sec. 5.4 examples are given of
current configurations generating the static electric field adequately described by
the electric vector potential rather than by the scalar one. In Sec. 5.5 these results
are applied to the consideration of the time-dependent Aharonov-Bohm effect.
The extended toroidal-like current sources are considered in Sec. 5.6. By using
the Neumann-Helmholtz parametrization for the current density the convenient
formulas for the time-dependent electromagnetic fields are obtained. Basing on
them, the more general elementary radiationless charge-current sources of differ-
ent multipolarities are constructed in Sec. 5.7. These elementary configurations
have their finite counterparts. Those of them which can be treated analytically
are radiationless and have nontrivial electromagnetic potentials outside them. Al-
though the electromagnetic field of more complicated finite configurations cannot
be obtained in a closed form, the electromagnetic field of their infinitesimal
analogues can. The well prescribed rule for the construction of the elementary
radiationless configurations found in Sec. 5.7 suggests that their finite radiation-
less counterparts will also possess nontrivial electromagnetic potentials. Short
discussion of the results obtained and their summary are given in Sec. 5.8.

5.1. The Radiation of the Elementary Toroidal Sources. 5./.1. A Peda-
gogical Example: Time-Dependent Circular Current. According to the Ampere
hypothesis the distribution of the magnetic dipoles M () is equivalent to the
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current distribution J(7) = rot M (). For example, the circular current flowing
in the Z = 0 plane (upper part of Fig. 1)

-

J =170 (p — d)d(2) (5.1)
is equivalent to the magnetization
M = I70(d — p)d(z) (5.2)

different from zero in the same plane and directed along its normal 77 (©(x) is a
step function). When the radius d of the circumference along which the current
flows tends to zero, the current J becomes ill-defined (it is not clear what does
the vector 7i4 mean at the origin). On the other hand, the vector M is still well-
defined. In this limit the elementary current (5.1) turns out to be equivalent to the
magnetic dipole oriented normally to the plane of this current. It is convenient to
introduce I/7d? instead of I in Egs. (5.1), (5.2). Then, in the limit d — 0 one
gets

M = Iii6*(7),  (5°(7) = 8(p)3(2)/2mp) (5.3)

and
J = Irot (ii6>(7)). (5.4)

Egs. (5.3) and (5.4) define the magnetization and current density corresponding
to the elementary magnetic dipole. These questions were considered in detail in
Sec. 3. Now let the intensity of the elementary current change with time

Jo = fo(t)rot (ii*(7)) (5:5)

(the factor I is absorbed into fy). The VP corresponding to this current is
elementarily obtained:

Ay =S5 (FxA), Do=Dfo) = fot <o (5.6)

From now the time derivative will be denoted either by the point above the
letter or (especially for higher derivatives) by the superscripts. For example,
f® = f = d2f/dt®. The argument of the f functions, if not indicated, means
t — r/c everywhere in this section. The electromagnetic field strengths are

o 1 . E0

- 1
E() = —(FX ﬁ)DQ, H() = FF() — —ﬁGQ, (57)

c3rd c3r

where for brevity we put

- C . 02 (2) C . 62
Fo=F(fo) = fo+ 3;fo + 3r_2f0’ Go=G(fo) =fy" + ;fo + T—Qfo.
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The flux of the electromagnetic energy through the sphere of the radius r is
S = PTT‘2dQ = iI)()G() ﬁ = i(fa() X H()) (58)
3ch ’ 47

This flux is positive for large distances and determined by the second derivative
of fo, Sp= 335 | fx|?. These results are well-known and may be found in many
text-books (see, e.g., Stratton [71]).

In the subsequent consideration the following notation will be used

i C . c . 2
=D(fi) = fr+ —for Fio=F(fu) = fu+3_fu+ 351,

Gr=G(fx) = f¥ + fk+ fk

From the classical electrodynamics it is known ([24 48]) that there are two
types of multipole radiation. For the multipole radiation of magnetic type rE =
0, FH = 0, while for the radiation of electric type should be FH = 0, rE #0
(it is, therefore, assumed that the origin lies within the region where p, j # 0).
It follows from (5.7) that FEO = 0, Fﬁo # 0. Thus, radiation field of the
time-dependent current flowing in a circular turn is of magnetic type.

5.1.2. The Elementary Radiating Toroidal Solenoid. The next in complexity
case is the radiation of the current flowing in the winding of elementary (i.e.,
infinitely small) toroidal solenoid. As stated in Sec. 3 (see upper part of Fig. 2)
this elementary current is given by

= fi(t)rot P (763(7)), (5.9)

where rot (2) = rot rot and 77 means the normal to the equatorial plane of TS.
The electromagnetic potentials and field strengths are equal to

$1=0, A= —n—G1 + ==

cA3r c3rd T,

1

043 ( )F17 le

In this and the following equations of this section we omit the d-function terms
giving the field values at the origin (to which the current is confined). Thus,
Egs. (5.10) are valid everywhere except for the origin. Since FH, = 0, FEq #0,
the electromagnetic field radiated by the time-dependent current flowing in the
winding of TS is of electric type.

5.1.3. More Complicated Elementary Toroidal Sources. We consider now
the hierarchy of TS each turn of which is again TS. The simplest example is the

usual TS (which is obtained by an installing of the infinitely thin TS in a single
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turn with the current (5.5) in it). We denote this TS by T3 (the initial current
source (5.5) will be denoted by 7y ). The next-in-complexity case is obtained
when each turn of 77 is replaced by the infinitely thin TS with alternating current
in its winding. Thus obtained current configuration is denoted by 75 (Fig. 4).
When its dimensions tend to zero, we get (see Sec. 2):

jo2 = fa(t)rot B7s3 (7). (5.11)

The corresponding VP and field strengths are given by

v I @)=
27 a2 (7" x n),
—» 1
By=—— D (7 x n), (5.12)

By comparing Eqs. (5.6), (5.7) with (5.12) we conclude that the electromagnetic
fields coincide for the current configurations 7y and 75 everywhere except for
the origin if the following relation between time-dependent intensities is fulfilled
2(2) = —fo/c?. This means, in particular, that the electromagnetic field of the

static magnetic dipole (fy = const) coincides with that of the current configuration
T5 if the current in it quadratically varies with time (fy = — foc?t? /2). It follows
from this that the magnetic field of the usual magnetic dipole can be compensated
everywhere (except for the origin) by the time-dependent current flowing in 75.

Compare now the periodical currents flowing in Ty and T5: fo = foo coswt
and fo = fog coswt. It turns out that electromagnetic fields of Ty and 75 coincide
if foo = f0002/w2-

Obviously, the radiation emitted by 75 is of magnetic type. Now we are able
to write out the electromagnetic field for the point-like toroidal configuration of
the arbitrary order. Let

Jm = fm(t)rot MV (783 (7). (5.13)

Then, for m even (m = 2k, k > 0)

- 1 2k) /& = 1 2k+1

A2k = (71)k+1 2k+2,2 Dék )(T x n)7 Eo, = (7)kmDék )( X n)7
o 11, ek o1 ok
Hoe = (~1)* g [Ty — i Gy, (5.14)

From the facts that: (i) A transforms like a vector under space rotations, (ii) VP
changes its sign under space reflections and (iii) rEgk =0 ngk = 0 it follows
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[24, 48] that toroidal configuration of the even order emits the radiation of the
magnetic type. The flux of the electromagnetic energy through the sphere of the
radius 7 is equal to

2
3caRT5

On the other hand, for m odd (m =2k + 1,k > 0)

2k) 1 (2k+1
§ = s G Do -

- 1 1 1
PN k) 1 k)
Azgqr = (-1) m[r—ﬂ(m)szH - ”;G2k+1]a

_. 1 1 o (2k+1 1okt
Eokt1 = (—1)’“+162k+4[r—3r(r )F2(k+1 ) ”;G;kﬂ )]v

Hopy1 = (—l)kﬁDiﬁjﬁ)(FX n) S= #Gg’fﬂl)D%ﬁ?)' (5.15)
From the facts that: (i) VP Ain (5.15) transforms like a vector under the rotations,
(ii) VP does not change its sign under space reflections and (iii) Fﬁgk = 0,
7Eo # 0, it follows that electromagnetic field (5.15) is of electric type.

We see that there are two branches of toroidal point-like currents generating
essentially different electromagnetic fields. A representative of the first branch is
the usual magnetic dipole. The electromagnetic field of the k-th member of this
family reduces to that of the circular current if the time dependences of these
currents are properly adjusted:

8 _ (C1)Rfo(t) /e, (k> 0). (5.16)

We remember that the lower index of the f functions selects a particular member
of the first branch, while the upper one means the time derivative.

The representative of the second branch is the elementary TS. Again, the
electromagnetic fields of this family are the same if the time dependences of
currents are properly adjusted:

FEE = (“DFf))*, (k> 0). (5.17)

From the equations defining the energy flux it follows that, for high frequencies,
the toroidal emitters of the higher order are more effective (as the time derivatives
of higher orders contribute to the energy flux).

Earlier, the electromagnetic fields of Ty,77 and 75 current configurations
were considered by Nevessky [11]. Further, the radiation field originating from
the instantaneous change of dipole moments (i.e., the radiation emitted by the cur-
rent configuration 7} for the very particular choice of f1) was given by Dubovik
and Shabanov [72].
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5.1.4. Toroidal Solenoids of Higher Multipolarities. So far we have used the
usual TS as a corner-stone for constructing more complicated current configura-
tions. Under the term “usual” we mean the torus (p — d)? 4+ 22 = R? with the
poloidal current flowing on its surface. The VP corresponding to this current falls
as r—3 at large distances:

N
A~ 3r(rn)5 " for s oo (5.18)
r

Here 7 is the unit vector normal to TS’ equatorial plane. This VP can be
represented in a slightly different form:

A~ 172> Qi)

where Q;(x) = z;x1, — 6,72 /3 is the symmetric traceless tensor of the sec-
ond rank.

It has been shown in Ref. 46] that it is possible to distribute the currents inside
the torus in such a way (for the same magnetic flux) as to cancel the leading term
(~ r73) in the expansion of the VP. It turns out that the first nonvanishing term
in the expansion of the VP has the form

A; ~ 9 Z "j”k"le('?l)cl (x), (5.19)
where Ql(.?,)d (z) is the symmetric traceless tensor of the fourth rank:
Qi (@) = mijmm—
1 2
f?(éijmkml + iz + duxjTi + 0jkxixy + 051 2:%k + Oz )re+

1
+%(6ij6kl + 5ik5jl + 6il§jk)r4'

This VP falls like r—5 for » — oo and carries the same magnetic flux as the
initial solenoid with asymptotic behaviour »—2 of the VP. With this TS taken
as a corner-stone and using the procedure described above we can construct a
new hierarchy of TS’s. This game may be continued further. More complicated
current configuration may be found inside the torus for which the VP falls like
r~7 [46]. This current configuration may be in turn used as a corner-stone for
the construction of the TS installed in each other. These corner-stone current
configurations correspond to higher order toroidal multipoles [15]. At large
distances these VP have the following asymptotic behaviour

Az('l) ~ 21 Z Qfll,’m,...,il ()N My oo, - (5.20)
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Here Qél,iz,m,il is the symmetric traceless form of the order 1. Correspondingly
the VP AD falls as v~ for r — oc. Only even values of [ correspond to the
finite configurations of poloidal currents found in [46]. As asymptotic form (5.20)
satisfy conditions div A= 0,rot A =0 for any [ , the question arises on the
possible existence of finite current toroidal-like configurations (i.e., ones outside
which E = H = 0) corresponding to odd I. So far we did not identify them.

5.2. On the Radiationless Topologically Nontrivial Sources of Electromag-
netic Fields. Consider the electric dipole oriented in the 7 direction. Its charge
density is

pa = e[0°(F + ait) — 6*(F — afl)].

For small separation a this reduces to
pa = 2ea(iiV)83 (7).
Let the intensity of this dipole change with time
pa = fa(t)(AV)5*(7)

(the factor 2ea is absorbed into f;). The corresponding current density is given
by _

Jd = —fd(t)ﬁés(f’).
These densities generate the following potentials and field strengths (see, e.g.,

Weinstein [73]):
1 s = o
bq = *CT—Q(W‘)Dd, Aqg = —TMifq/re

Hy= #(Fx A)Da, Eq— CTlTﬁGd - %(mm. (5.21)
Evidently, the radiation emitted by the oscillating electric dipole is of electric type.

From a comparison of Egs. (5.10) and (5.21) we conclude that the field
strengths of the time-dependent current flowing in the winding of the infinitely
small TS can be compensated by that of the electric dipole if their time de-
pendences are properly adjusted: f; = — f1 /c?. Then, the total charge-current
densities are

1. . 1 .
p=—5h @V)FF@), j=filtyot Do’ (7) + 5 fifis* (7). (5.22)
In the surrounding space E = H =0, but the potentials differ from zero
1 ... o 1 1 _
¢ = W(nf’)Dl, A= 5D+ WT(T )F1. (5.23)

Thus, outside this composite object (electric dipole and TS placed at the same
point) there are nonvanishing time-dependent electric and vector potentials despite
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disappearance of the field strengths. The simplest example corresponds to f; =
const. Then,
$=0, A= fi[37(FR) —ar?)/cr®

which coincides with VP of the elementary (i.e., infinitely small) static TS. The
next-in-complexity case is the composite object consisting of the static electric
dipole (fg = f = const) and the current which linearly changes with time in the
winding of TS

p= f(AV)S(F), J=—cftrot D7is3(7)

E=H=0, ¢=—f7A"/r% A=—ctf3r(Fn)—nar?)/r®.  (5.24)

A counterpart of (5.24) with finite dimensions is linearly rising with time current
flowing in the winding of TS and the double charged layer filling the hole of
the same TS. Outside this configuration electromagnetic strengths vanish, but the
nontrivial (that is, unremovable by a gauge transformation) VP exists.

Another interesting case is the compensation of the electromagnetic field
generated by the oscillating electric dipole by that of the periodical current flowing
in the winding of the TS:

- - -

2
p = pa= fcoswt(iitV)6>(¥), j = ja+j1 = fwsinwt[iid> (7 )fc—Qrot @753 (),
w

E=H=0, zb:%(fif’)(wsinﬂffcosﬂ), Q=w(t—-r/c),
er T
£

2
fi(cos Q + — smwt) + w—f(Fﬁ)F(sinQ — 3% cosQ—3 2 5
wr er? wr w2r

—

A:

5 sinwt).

<

It turns out that the field strengths are compensated if the phase of the charge
density of the electric dipole is shifted by 7/2 relative to the phase of the current
flowing in the winding of toroidal solenoid.

In the wave zone the equivalence of EMF radiated by the oscillating electric
dipole to that of produced by the periodical current flowing in the winding of TS
was established earlier in Ref. 30. There is no equivalence in the whole space if
the finite-dimensional counterparts of the afore-mentioned charge-current configu-
rations are nontrivial. In this case there is no global gauge transformation between
the corresponding potentials and this could in principle be observable. The fol-
lowing sections illustrate this. There are references [6,10,12,22,32,45,74,75] in
which the nonradiating sources were treated. Outside these sources both elec-
tromagnetic strengths and potentials were zero and, thus, they are of no interest
for us. Up to now it was not known whether the nontrivial nonradiating time-
dependent sources can exist in principle. As far as we know, the first such
example has been given in Ref. 13. Nontrivial time-dependent electromagnetic
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potentials can be used as a new channel for the information transfer (by modu-
lating the phase of the charged-particle wave function) and for the performance
of time-dependent Aharonov—Bohm-like experiments.

5.3. On the Current Configurations Generating the Static Electric Field.
Consider the poloidal current (Fig. 8) on the torus surface ((p — d)? + 22 = R?)
which increases linearly with time: f: fot. To parametrize jq it is convenient
to introduce the coordinates R, v (Fig. 3):

= (d+ RcosW)cosp, y=(d+ Rcos¥)sing, z= RsinW.

In these coordinates, _

- jot 6(R—R)

T R Reos U
Here i1, is the unit vector tangential to the torus surface: 7y = i, cosy —
7i,sin®. It lies in the ¢ = const plane on the torus surface (R = R) and defines
the direction of j It turns out [58, 68] that for this current only the electric
strength E differs from zero outside the torus. For simplicity we consider the
infinitely thin torus (R << d). The following representation for the VP is valid
[76, 77]:

dot J%a Dot 0% Dot 0% O« -
T = . A _ Ao = A a_’ z— 5 _\F5 a9/ div A =0.
4m 00z Y 4r Oyoz 4T (8x2 + 8y2) A
Here ) L
47459 dz'dy
Py = — = . 5.25
0 cd / / 7= (5:25)

The integration in « is performed over the circle z = 0, p < d coinciding with
the hole of the infinitely thin torus (R << d). It was shown in [77] that VP
has nowhere singularities except for the line z = 0,p = d into which torus T'
degenerates itself. The electromagnetic strengths are

H,=H.,=0, Hg=0td(z)6(d— p),
oy 0% oy 0% ®y 0’a O«
Ea::__o—v Ey:__0—> Ez:—o(—+—)' (
4d7te 0x0z 47e Oyoz 4dme 0z Oy?
On the other hand, the electric field produced by two oppositely charged layers
(p <d, z= =e) filling the torus hole is given by

5.26)

4 2ee D« a_ 2ee Oa
T nd? 0x02’ Y md? 9ydz’

2¢e 0% 2ec 0%’a O« See
d
=@ e o T o) T PO,

(5.27)
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———— We see that E¢ has a singularity on
O ( ) ~ the circle z = 0,p < d. It follows
I J from Egs. (5.26) and (5.27) that if

P, 2ee

ire  wd?’

O o4+ o+ o4 o+ o+ O ~ then .the elect.rlc field of t.he linearly
J growing poloidal current is compen-

sated by that of the double layer every-

Fig. 9. The poloidal current j linearly grow- Where except for the position of the

ing with time is equivalent to the doubly layer itself (see Fig. 9). The electro-

charged layer (the upper part of the figure). magnetic potentials and field strengths

The lower part of this figure illustrates that of this combined configuration are
the electric field of the current may be com- given by

pensated by that of the doubly charged layer

(I)() oo
?= " Imc oz’
_ ot 0% _ ®ot 00 _ q)ot(82 +82_a)
T 4w 0202’ Y 4w Oyor T ox2 oy’
1
E,=E,=0, E,= —Z<I>06(z)®(d - ), (5.28)

Hp:HZ :0, H¢ :(I)()t(S(Z)(S(d—p).

We observe that the time-independent electric field E differs from zero only
inside the torus hole (p < d, 2z = 0), while the magnetic field H = 0 only on
the filament p = d, 2z = 0 coinciding with an infinitely thin torus.

The situation remains essentially the same for the TS with a finite value of
R. Let the linearly rising current flow in its winding. The corresponding VP is
ffTs = tffo, where Ag is independent of time and up to nonessential constant
coincides with the VP of the static TS. The corresponding electric field strength is
ETS = —Ao /c. Tt is known [58, 77] that Ag is everywhere continuous function
of coordinates. Further, outside the solenoid AO can be written as a gradient of
some function x: Ay = grady. This representation is valid everywhere except
for the circle p < d — R,z = 0 filling TS hole. Function x suffers a finite jump
from the value x = ®( on the lower side (z = 0—) of this circle up to value
X = —®p on its upper side (z = 0+). Here &g = d®/dt is the magnetic flux
change per unit of time. Obviously, it does not depend on time. Now we identify
—x/c with the scalar potential of some electric field. The corresponding electric
strength is:

_, 1 15 1 L
Eq = —grad (—x/c) = Egrad X = EAO - E@(d — p)(2)PoTi,.
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The associated charge density

pa = (1/4m)div Eg = —(1/4mc)O(d — p)d(2)®¢

describes the electric dipoles layer filling the TS hole. The total electric field is:

— — — 1
E=FErs+ E;= 7E®(d — p)5(z)<I>0ﬁz.

This means that EMF of the TS with
a linearly rising current can be compen-
sated by the EMF of the static elec-
tric dipoles layer filling the TS hole
everywhere except for the TS hole itself.
5.3.1. On the Current Electrostatics. Al-
though the toroidal solenoid with a linearly
growing current and the double charged
layer produce the same electric field in the
space surrounding them, they in fact repre-
sent quite different systems. The following
example illustrates this. Consider an arbi-
trary closed curve C' at each point of which
we install (perpendicular to this curve) an
infinitely thin toroidal solenoid with a cur-
rent linearly growing with time. The whole
set of these solenoids forms a toroidal-like
surface S. The magnetic strength is every-
where zero except on the surface S. The
electric strength and time-dependent mag-
netic VP will be different from zero only
inside the tube 7', surrounded by the surface
S. It seems at first that this contradicts the
vanishing of VP outside S (VP should be
everywhere continuous). The reason is the
same as the discontinuity of the usual elec-
tric scalar potential on the surface of a dou-
ble charged layer: it turns out that the sur-
face S is an example of the double current
layer. This construction (Fig. 10) realises
a pure current capacitor (the static electric
field produced by the time-dependent cur-
rent is confined to the interior of the tube 1)

Fig. 10. The torus 7' is densely covered
by the infinitely thin toroidal solenoids
t (only few of them are shown) in the
windings of which flows the current
linearly rising with time. The magnetic
field H differs from zero only inside ¢
(that is, at the surface of 7" in the limit
of infinitely thin ¢), while independent
of time electric field E differs from
zero inside 7. A scalar electric po-
tential is zero everywhere. The vector
magnetic potential equals zero outside
T and t. Although electromagnetic po-
tentials and strengths are zero outside
T and t, there is nonzero electric vec-
tor potential (E = rot @) there. The
Stokes theorem (see the text) ensures
us that @ cannot be removed by the
gauge transformation

. If the set of charged layers (instead

of TS) were installed along on the same curve C' (perpendicular to it), the elec-
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tric strength would vanish inside the tube 7. However, the nontrivial electric
induction will be different from zero there [32].

Consider a semi-infinite cylinder C' densely
covered by the infinitely thin toroidal solenoids
(Fig. 11). For simplicity, consider the case when
the radius of the cylinder tends to zero. In the
limit one obtains a semi-infinite filament com-
ﬂ (\ posed of the toroidal moments y;. The VP of a

particular toroidal moment lying at z = 2 is

- -
E E

9% 1 0% 1
Ap=pt =L
:> bt 5287 7 v = e Oydz 7

2

A = ulyy s + 4035z — 20,

F=\22+y2+ (z—2)2, divA=0.

[
gt
oo !

Fig. 11. A semi-infinite set of in- . .. .
finitely thin TS with linear ris- To obtain the VP of the semi-infinite filament

ing currents in their windings (left composed of the toroidal moments, we integrate

part of the figure) and linear ris- these equations from 29 = —oo to zp = 0:
ing currents flowing along the r
semi-infinite parallel cylindrical A, = 'utr_3’ Ay = Ht%,

surfaces (right part) generate the
field of an electric charge every- P .
where except for the position of A, = #t[_s + 475(55)5(.@)@(*2)]7 div A =0.
the cylinder "

Let in the windings of toroidal solenoids covering

the surface of C' flows the current linearly rising
with time. The VP of a particular infinitely small solenoid located at z = zy was
obtained in Ref. 58. It is given by

0% 1 9% 1

Ay =thu——=, A, =ti——n=,
Mt eo7 7 v =t 0yoz

2
1 -
A, = tﬂt[%% + 475(x)0(z)0(z — 20)], div A=0.

Here ji; is the independent of time constant characterizing the rate of the current
change. The total VP of the semi-infinite filament densely covered by the infinitely
small toroidal solenoids with time-dependent currents in their windings is obtained
by integrating these equations from zp = —oo to zp = O:

. T .Y . R .7
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To this semi-infinite filament corresponds the static electric field

T

DZE? Eazzflltcr_gﬂ Ey:—lu,t

07‘_37
ﬂt z . -~
E. = =[5 +4md(2)d(y)O(—2)], div E =0,

and the singular magnetic field confined to the negative z semiaxis

E = ﬁ = H¢ﬁ¢, H¢ = —4m ty,tdd (;(p), div ﬁ =0.
The resulting EMF coincides with that of the point electric charge e = —f;/c
everywhere except for the semi-infinite filament (left part of Fig. 11). Above,
we have used the fact that D = E B = H in the absence of medium. The
same electric field may be also realized via two linearly-rising currents flowing
in opposite directions along the cylindrical surfaces parallel to the z axis (right
part of Fig. 11). The equalities

div D =0, /DndQ:O

guarantee the absence of free charges. Obviously, thus obtained electric charges
are not true ones (due to the presence of § function term).

In a qualitative manner these results were obtained earlier by M.A. Miller [68]
who pointed out on the possibility to simulate the charge distributions by the time-
dependent currents. He referred to it as to “current electrostatics”. The present
investigation may be viewed as a concrete realization of these ideas. Excellent
measurements of the static electric fields produced by the time-dependent currents
have been reported in [66].

There are known attempts (see, e.g., [78] and references therein) to measure
the electric field arising from the stationary currents. Maxwell’s theory negates
the existence of this field. On the other hand, we have seen that there exist
nonstatic current configurations generating the static electric field.

54. On the Electric Vector Potentials. As we have learned from the
previous section, it is possible to find current configurations producing a_static
electric field E inside the tube 7. As E 1s due to the currents, so div E = 0,
and it can be represented in the form E = rot A,. The possibility of such
representation for a free electromagnetic field was pointed out earlier by Stratton
[71]. The integral f EdS taken over the tube T cross section differs from zero.

Then, the Stokes theorem [ EdS = $ Adl (the linear integral is taken along the
contour embracing the tube 7T but lying outside it) tells us that A, differs from
zero outside T'. Or, in other words, there is a nontrivial electric VP outside T
(Fig. 10). The same is valid for a closed chain of electric dipoles [32]. The
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drawback of the present consideration is that we have not taken into account
singular fields in the infinitely thin layer on the surface of 7' (where the currents
flow). It may happen that they exactly compensate the flux of E inside T. Then
the total flux of the electric strength will be zero and there will be no need to
introduce the electric vector potential. To clarify this point, we turn again to the
closed chain of TS, installed along the closed curve C perpendicular to it. The
total VP and electric field strength are given by

A = / Ars (7 7o(s))ds, B = —Ae. (5.29)

Here Arg is the VP of the particular infinitely thin TS with its center at the
point 7(s) . The integration in (5.29) is performed along the curve C' defined
as ¥ = 79(s). For the treated case the time-dependent VP is given by [58]:
Arg(t) = tff%s, where ff%s is the VP of TS with a static current. However,
we are unable to evaluate the integral (5.29) along an arbitrary closed curve.
Instead, we integrate along the infinite straight line parallel to the TS’ symmetry
axis. In the special gauge the VP of TS with its axis parallel to the Z one
is [76, 77]: A%S = —gn,T, where T is given by Egs. (2.8), (2.9) in which
one should use z — zg instead of z (zg is the position of the TS’ center); g =
®o[27(d — V/d2 — R2]! and @ is the magnetic flux inside TS, d and R are its
geometrical parameters. Now we integrate this VP along the Z axis

A, = / (A%¢).dz0.

It turns out that
A, =®y for p<d-—R,

£
A, :¢>0729§1np+29/dzln(d7 vV R? — 22)
0
ford— R<p<d, &=+R?>—(p—d)?,
¢
AZ:—2g§Inp+2g/dzln(d+ R?2—22) for d<p<d+R
0

and A, = 0 for p > d+ R. The flux of the VP A is obtained by integration over
the cylinder C' cross section

/ A, pdpde = w?gdR>.
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In the limit R — O this expression goes into wd?® that coincides with the
integral of VP taken over the interior of the cylindrical tube without taking into
account the singular magnetic field concentrated on the surface of the cylinder.
This means that the surface magnetic field contributes nothing in the limit R — 0.

Thus, we have proved that for the treated cur-
rent configuration (TS continuously distributed over
the cylinder C' surface) the VP equals zero outside C, T
but its flux over the cross section of C' differs from
zero. As div 4 = 0, we may put A = rot a. Using
the Stokes theorem one sees that there is the non-
trivial vector function & outside C although A = 0
there. The main problem is that o does not enter into
the Schroedinger or the Dirac equation. Nevertheless,
such a current configuration interacts with an external
electromagnetic field (see Sec. 2.2) and, in particular,
with that of the incoming charged particle.

The existence of the nontrivial (that is, unremov-

Fig. 12. The torus T is
densely covered by the

able by the gauge transformation) vector &, the rot of
which is just VP may be proved without recourse to
the just considered rather complicated nonstatic current
configurations. Consider the set of the closed magne-
tized filaments uniformly distributed over the surface
of the torus 7" (see Fig. 12 where the lines on the torus
surface mean the magnetized filaments). This configu-
ration can be assembled from the ferromagnetic rings
used in Tonomura experiments [62] testing the exis-
tence of the Aharonov—-Bohm effect. The VP differs
from zero only inside the torus 7" although the mag-
netic strength H vanishes there (it differs from zero
on the surface of 7T'). Then, reasonings similar to the

magnetized rings (only few
of them are shown). The
magnetic strength H dif-
fers from zero at the sur-
face of 7', while the mag-
netic vector potential A
differs from zero only in-
side 7' and at its surface.
Outside 7' there is nontriv-
ial (that is, unremovable by
the gauge transformation)
vector @ the curl of which
is vector potential A

previous ones prove the existence of the vector & (/T = rot @) in the space
external to 7'. It seems that & cannot be eliminated by a gauge transformation.
5.5. Time-Dependent Aharonov—Bohm Effect. Consider the scattering of

charged particles on a charge-current configuration shown in the lower part of

Fig. 9. It consists of the impenetrable toroidal solenoid with a layer of electric
dipoles filling torus hole. The corresponding Schroedinger equation is
oY R ie -

h— = V- —A)? .

S =[5 (V = 22 AP + egly

To prevent the particle penetration into the torus interior, it can be made impen-

etrable. Outside it the magnetic field H = 0 everywhere, the electric field is also

— (5.30)
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everywhere zero except for the torus hole where it has the d-type singularity.
The static scalar and linearly growing with time vector potentials differ from zero
everywhere. The integral § A;dl taken along the closed path passing through the
torus hole also grows linearly with time. The question arises to what extent the
electromagnetic potentials can be removed from the Schroedinger equation (5.30).

But at first we remember the situation for the usual infinitely thin static
magnetic toroidal solenoid without the double charged layer [76, 77]. In this case

oy O by 0« oy 0%a O

®: T — T o > — 3 a_° z — T \q. 9 )
0, 4w 0x0z Y 4r 0yoz 471'(8x2 + 8y2)

—

E=0, H=1y®(p—d)s(z)

(®p is the magnetic flux inside the TS and « is defined in Eq. (5.25)). The
following gauge transformation

R - R , ) 1 Oa
A=A =A-Vx, =9 =vexpliex/hc), x= E‘I’oa
leads to VP filling the torus hole:
Al = A; =0, A, =9,(2)0(d— p), (5.31)
L Oy N h? 2 2 ie 214,/
ih % —%[Vx + Vy +(V, - %Qoé(z)@(d— p))°]v’.

The VP cannot be expelled from this equation by the gauge transformation and
this leads to the shift of interference picture on the screen installed behind TS.
The corresponding experiments have been performed by Tonomura [62], their
theoretical description is given in [79]. For the treated time-dependent case the
gauge transformation which partially eliminates the electromagnetic potentials is

A5 A =A-Vy, ¢—¢ =d+x/c

;o , _ 14,00
Y — ) = expliex/hc), x= - Pol

After this transformation

¢ =A, =A =E,=E, =0, A, =3u6(2)0(d - p),

1
E.=F, = —E<I>05(z)®(d —p), H),=Hg=ootd(2)(d — p).

Loy R, 9 ie

Botd(2)0(d — p))2 . (5.32)
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Egs. (5.31) and (5.32) have essentially the
same form. Likewise the static VP can- T
not be expelled from Eq. (5.31), the time- 11)
dependent VP cannot be removed from Eq. @

(5.32). This means that changing with ——

time interference picture inevitably arises on

the screen installed behind the impenetrable

toroidal solenoid (Fig. 13). The static elec- ——— ‘

tric field E filling the torus hole certainly de-
flects the incoming charged particles (via the
Lorentz force). The charged particles scatter-
ing cross section evaluated according to the Fjg 13, The magnetic time-
laws of classical mechanics does not depend dependent AB effect.  For the
upon the time. The time dependence of the in- charge-current configuration dis-
terference picture is a pure quantum effect. It cussed in the text the time-
is due to the time-dependent magnetic flux en- dependent magnetic flux differs
closed into the impenetrable torus. We observe from zero only inside the impene-
that effects of excluded fields (time-dependent trable torus T Outside T' the in-
magnetic field confined to the impenetrable depe.ndem of time elecm(f sFrength
torus) are observed against a background of iriﬂ:élsefr?:niszfﬁ: gﬂz_ér;::fdg:i
accessible ones (i.e., the static electric field ..

. g . magnetic flux inside 7 that leads to
filling torus hole).This agrees with a standard .7 variation of the intensity of
definition of the Aharonov—Bohm effect as ob-  he scattered charged-particles
servable effects of enclosed (or, inaccessible)
fields (see, e.g., [62]). For the cylindrical geometry the magnetic time-dependent
AB effect was considered recently in Refs. 80, 81.

5.6. Finite Toroidal-Like Configurations. 5.6.1. The Debye Parametriza-
tion for the Electromagnetic Potentials and Strengths. Consider now the time-
dependent current distribution confined to a finite region of space

screen

- -

(7, t) = f(£)3(7). (5.33)

An arbitrary vector function and, in particular, the current distribution can be
presented in the form (Debye parametrization)

<

j(7) = V¥ +rot (FU5) 4 rot ) (73). (5.34)

It turns out that the VP corresponding to the current density (5.33) in the Lorentz
gauge (div A+ ®/c = 0) is given by

A =Vay +rot (Fag) + rot 2(Fas). (5.35)

Clearly, Eq. (5.35) is the Debye parametrization of VP. The functions entering
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into it are 1
A / = (t— RJOUA(F )V, (5.36)

Here R = |F—#'|. To be complete, we write out the corresponding scalar electric
potential '
¢ =—I1/c+4nF(t)V1(T) + Pstat- (5.37)

Here the point above I;; means the time derivative, F(t) = [ ¢ f(t)dt and @spat
is the scalar potential arising from time-independent part of the charge density
(if it exists): @stat = [ R 'pstat (F)dV’. It is convenient to represent the field
strengths in the same form as j and A:

—

E = Vey +rot (7ey) 4 rot @ (Fes),

H = Vhy + 1ot (7hy) + rot @ (7hs). (5.38)

It turns out that
e1 = —QPstat — ATF()U1(F), ex = *I.z/CQ, es = *I.3/02?

hi1 =0, hy= —j3/03 + 47Tf(t)\I/3(’F‘)/C, hs = IQ/C. (539)

These representations are convenient because the potentials and strengths are
obtained from the relatively simple integrals, their time and space derivatives.

We know from Sec. 3 that the functions ¥s and U3 carry information on
the magnetic and toroidal (electric) moments, resp. Thus, putting ¥o(7) =
Y2 (r)Yim (0, ¢) and U3(7) = ¢3(r)Yim (0, ¢) we obtain the formulae describing
the radiation of particular magnetic and toroidal (electric) multipoles. The func-
tions 1 and 3 define the radial distribution of the current sources. Developing
the function g = f(¢ — R/c)/R over the spherical harmonics:

g =4m S S Vi (6, 6)5,(0 ) (5.40)

we obtain for the particular I/m multipole

4 1
c2l+1

m = Yin(0,6) [t 06 ' (1)
(no sum over I, m here).

5.6.2. Transition to the Point-Like Limit. Eqs. (5.41) define the integrals for
the finite spatial current distribution. To obtain the point current limit we follow
the method used by E.G.P.Rowe [82] for the evaluation of the integral I; entering
into the definition of ¢ (see Eq. (5.37)). One simply puts

V() ~ Vi (—V)6%(7). (5.42)
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It should be clarified what does Y;,,,(—V) mean in the r.h.s. of this equation. We
write
Yim(m) - rlYEm(ea @b)v (543)

where Y}, (6, ¢) is the usual spherical harmonic. Clearly, Y;,,(z) is the homoge-
neous function (of the order /) in Cartesian variables x,y, z. For example,

Yao(z) ~ 227 — 2% — 2. (5.44)

To obtain Y}, (—V) we change z; by —9/0x; in Eq. (5.43). In particular,
Yo(-V)~2— - — — —. (5.45)

Many of the properties of the functions Yj,,(x) and their physical applications
are collected in Ref. 83. Now we substitute (5.42) into (5.36) and integrate by
parts:

I ~ i (V) f(t = v/e) 1. (5.46)

Inserting this expression into Egs. (5.35), (5.38) we obtain the electromagnetic
potentials and strengths describing the elementary source.

5.7. More General Radiationless Sources. Having obtained the explicit
expressions for the extended and point-like sources, we now try to construct
the radiationless sources of higher multipolarities. Consider charge and current
densities corresponding to the oscillating quadrupole moment:

S 1 Lz P D 1 ,
P = faO(AV)* = S A (), g = —folA(AV) = VIS (M. (5.47)
On the other hand, consider the pure current density (5.34) with
- 1 -
Uy =0y =0, U3=][#AV)?~ gA](S?’(f'), Je = fe(t)rot 2(7U3).  (5.48)

It turns out that the oscillating quadrupole charge-current configuration (5.47) and
a pure current configuration (5.48) being placed at the same point generate the
total field strengths equal to zero everywhere except for the origin if the following
relation is fulfilled: f;, =2 fe /c?. The total charge-current densities are equal to

p= 2RIV APE), T = fult)rot *(7s) % i (0) 5 V)5 (7).

(5.49)
Nevertheless, the electromagnetic potentials are not zero:
2 .9 14
¢ =g = W[(”F) - 3" |Fe,
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- - 4 .., 1 2 a2 9
A:Aq+Ac:_03—3[(”77)”—57:]1%4‘WF[(W) -3

2
(f‘3>+6 f(2>+15 fc+15 fc) (FC=F(fc)=f;+3§fc+3;f—2fc)-

(5.50)
For f. = const., f, =0 we get the following static configuration:
- — 12 2
J = felteot 2(7s), A=~ ful()i- 57 o (- ). (551)

This VP falling at large distances as 7~ corresponds to [ = 3 in Eq. (5.20). As we
have mentioned at the end of Sec. 6.1.3, we did not succeeded in identifying the
finite static current configuration whose infinitesimal limit coincides with (5.51)
and corresponds to odd ! in (5.20). The next-in-complexity case corresponds to
octupole oscillations of the charge density

pu = LOEDNET) ~ SAWPE), T, = ~fal@Ed) - SAREE. (5.52)

The elementary toroidal current distribution giving the same field strengths cor-
responds to

_ %A]&?(F)’ fo=—3f/2 (5.53)

U =Ty =0, U3=f(t)(@V)[(7V)*
The finite poloidal current distribution whose infinitesimal limit coincides with
Eq. (5.53) was obtained in Ref. 46. The asymptotic behaviour of the correspond-
ing VP is determined by Eq. (5.19).

Now we are able to write out more general radiationless charge-current con-
figurations. The extension of Egs. (5.47) and (5.52) to an arbitrary multipolarity
l is given by )

pa = FA(O@V)EE),  Jy = — o503 (7). (5.54)

Here V; = 0/0x;, while ¥ is the vector whose cartesian components are

= Z Q(l)i,iz,m,il vi2"'viz;

12...9]

Q(l)i,i2,...,iz is the symmetric traceless tensor (see Sec. 3.2.2) of the rank [ of the
variables ng,ny,n, defining the direction of the fixed 3-vector (this vector can
be identified with the direction of TS’ axis). The electromagnetic potentials and
field strengths corresponding to these densities are
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ol Leh - Lol

E, = -V (7V (5.55)

(remember that argument of the f functions, if not indicated, means ¢ — r/c). On
the other hand, a pure current configuration generalizing Eqgs. (5.48) and (5.53)
is given by

pe =0, Jo= fo(t)rot P (73), Wy = (FV)5°(7). (5.56)
The corresponding electromagnetic potentials and field strengths are

fc —afC 4T

¢e=0, A, = —EV( ) Rl ?fc(t)F(UV)63(F),
L o fe L fP Am,
B = 5wyl - Lol B rev)e ),
= Lxol - M gexhenrm. 6

Now we place charge—cqrrent densities (5.54) and (5.56) at the same point. It
turns out that if f, = f./c?, then the total electromagnetic field strengths are
everywhere zero except for the origin:

H= _4_7flfc( H(V x 0)8*(7), E = art — fe(t) T3 (7). (5.58)

c2
Nevertheless, the electromagnetic potentials differ from zero in the whole space:

b=—xle, A=Vx— T ftpoecut®F), x=—-(@EV)LE.

(5.59)
Evidently, these equations generalize particular cases considered earlier.

5.8. Concluding Remarks on the Toroidal Radiationless Sources. In the
previous section we have found elementary charge-current configurations with the
property that electromagnetic strengths, not potentials, disappear outside them.
Turning to Eq. (5.59) we observe that outside the source one gets A= Vx and
¢ = —x/c, that is, electromagnetic potential can be presented there as a 4-gradient
of a singular function x. Does this mean that electromagnetic potentials can be
eliminated by a gauge transformation? One cannot comment on the topological
nontriviality of electromagnetic potentials without going beyond the framework
of the elementary source. This is due to the fact that it is not clear what is the
topologically nontrivial point-like source. As an illustration consider the vector
potential (5.18) of the usual static elementary toroidal solenoid. It turns out that
outside the origin (where the TS is placed) the VP may be presented as a gradient
of the singular function x = — f1(7i7) /r>. On the other hand, outside the finite
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TS (whose infinitesimal counterpart is elementary source (5.18)) the VP cannot
be eliminated by the gauge transformation (despite the fact that £ = H = 0
there). This leads to numerous experimental consequences and, in particular,
to the static magnetic Aharonov—Bohm effect. The experiments in which the
electrons were scattered on the impenetrable magnetized ring were performed by
Tonomura et al. [62].

Now we turn again to Egs. (5.54), (5.56). We know [46] how to find finite
counterparts of the elementary sources (5.52). For time dependences for which
VP can be found in a closed form, the rules (6.50), (5.57) lead to the topologi-
cally nontrivial electromagnetic potentials outside the radiationless sources. The
uniformity of these prescriptions suggests that nontrivial potentials should exist
for an arbitrary time-dependence. To the best of our knowledge the nontrivial
radiationless sources considered in [13] are their first concrete realizations.

Further, it turns out that the field strengths vanish in the space surround-
ing radiationless sources. Since the electromagnetic strengths generated by the
oscillating charge densities and the elementary toroidal sources are the same (if
their time dependences are properly adjusted), particular terms of the multipole
expansions defining these strengths coincide and have the double names known in
a physical literature as electric (see, e.g., [24, 48]) or toroidal [15, 30, 31] multi-
poles. Despite the coincidence of the electromagnetic strengths, the corresponding
potentials may be physically different. In these cases the multipole expansion of
the field strengths does not describe the whole physical situation (since the same
multipole expansion of the field strengths corresponds to physically different
electromagnetic potentials which can be discriminated experimentally).

We briefly summarize the main results obtained in this section:

1. The radiation fields of toroidal-like current configurations are investi-
gated. There are two different representatives which generate essentially different
electromagnetic fields. These representatives are the circular turn and toroidal
solenoid with time-dependent currents flowing in them.

2. There are found elementary time-dependent charge-current configurations
outside which the electromagnetic field strengths disappear but the potentials
survive. In the solvable cases their finite-dimensions counterparts have nontrivial
(i.e., unremovable by the gauge transformation) electromagnetic potentials outside
them. This can be used for performing time-dependent Aharonov—Bohm-like
experiments and the information transfer (modulating the phase of the charge
particle wave function).

3. Using the Debye parametrization of the current density we present the
electromagnetic field of the arbitrary time-dependent charge-current density in a
form convenient for applications. The contributions of different multipoles in it
are explicitly separated.
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