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�¥É¥·¡Ê·£¸±¨° ¨´¸É¨ÉÊÉ Ö¤¥·´µ° Ë¨§¨±¨ ���, ƒ ÉÎ¨´ , �µ¸¸¨Ö

�  µ¸´µ¢¥ ³ É·¨Î´µ£µ Ëµ·³ ²¨§³  µ¶¨¸ ´Ò ³ ¸¸-¸¥¶ · Éµ·Ò ¸¥±Éµ·´µ£µ É¨¶ ,   É ±¦¥ ¸¨³-
³¥É·¨Î´Ò° ¶·¨§³¥´´Ò° ³ ¸¸-¸¥¶ · Éµ·. �µ²ÊÎ¥´Ò µ¶É¨³ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¸ Í¥²ÓÕ ¤µ¸É¨¦¥´¨Ö
³ ±¸¨³ ²Ó´µ° · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨. �µ± § ´µ, ÎÉµ ¶ · ³¥É·Ò Ëµ±Ê¸¨·ÊÕÐ¥° ¸¨¸É¥³Ò,
¶ · ³¥É·Ò ³ £´¨É  ¨ Ë §µ¢ Ö ¶²µÐ ¤Ó ¶ÊÎ±  ´¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨,   ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ°
¸µµÉ´µÏ¥´¨Ö³¨, µ¡¥¸¶¥Î¨¢ ÕÐ¨³¨ ¶·µÍ¥¤Ê·Ê µ¶É¨³¨§ Í¨¨. �¡¸Ê¦¤ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¸µ§¤ -
´¨Ö ¨§µ¡ ·¨Î¥¸±µ£µ ³ ¸¸-¸¥¶ · Éµ· . „²Ö É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò ¶·¥¤¸É ¢²¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö
£¥µ³¥É·¨Î¥¸±¨Ì  ¡¥·· Í¨° É·¥ÉÓ¥£µ ¶µ·Ö¤± .

Sector mass separators and a symmetric prism mass separator are described on the base of
matrix formalism. To reach the maximum of the resolution, optimum decisions were found for sector
separators and prism separator. It was shown that parameters of the focusing system, parameters of
the magnet and the beam phase square are not independent but are bound by the relations, which
give the opportunity to make the procedure of the optimization. The idea of the isobar separator
construction is discussed. The new results concerning transaxial lenses have been obtained.

‚‚…„…�ˆ…

Œ ¸¸-¸¥¶ · Éµ·Ò Ö¢²ÖÕÉ¸Ö ´¥µÉÑ¥³²¥³µ° Î ¸ÉÓÕ Ë¨§¨Î¥¸±¨Ì Ê¸É ´µ¢µ±,
¶·¥¤´ §´ Î¥´´ÒÌ ¤²Ö ¨¸¸²¥¤µ¢ ´¨° Ö¤¥·, Ê¤ ²¥´´ÒÌ µÉ ¶µ²µ¸Ò β-¸É -
¡¨²Ó´µ¸É¨.

�¶µÌ  Ï¨·µ±µ³ ¸ÏÉ ¡´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¶µ ¨§ÊÎ¥´¨Õ Ê¤ ²¥´´ÒÌ Ö¤¥·
µÉ±·Ò² ¸Ó ¢ 1967 £. ¢ CERN, ±µ£¤  ´ Î ²  · ¡µÉ ÉÓ ¶¥·¢ Ö ISOL (¨§µÉµ¶-
¸¥¶ · Éµ· ¢ ²¨´¨Õ)-¸¨¸É¥³  [1]. „µ¸É ÉµÎ´µ ¡Ò¸É·µ ÔÉ¨ ¸¨¸É¥³Ò ¶µÖ¢¨²¨¸Ó
¢µ ³´µ£¨Ì ¢¥¤ÊÐ¨Ì ´ ÊÎ´ÒÌ Í¥´É· Ì ³¨·  ´  ¶ÊÎ± Ì Ê¸±µ·¨É¥²¥° ¶·µÉµ´µ¢,
¶ÊÎ± Ì Ê¸±µ·¨É¥²¥° ²¥£±¨Ì ¨ ÉÖ¦¥²ÒÌ ¨µ´µ¢,   É ±¦¥ ´  ´¥°É·µ´´ÒÌ ¶ÊÎ± Ì
Ö¤¥·´ÒÌ ·¥ ±Éµ·µ¢.

� §¢¨É¨¥ Ê¸±µ·¨É¥²Ó´µ° É¥Ì´¨±¨ ¨ É¥Ì´¨±¨ ³ ¸¸-¸¥¶ ·¨·µ¢ ´¨Ö ¤ ²µ ¢µ§-
³µ¦´µ¸ÉÓ ¶·µ¢¥¤¥´¨Ö Ë·µ´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨° Ö¤¥·´µ° ¸É·Ê±ÉÊ·Ò, Ö¤¥·-
´ÒÌ ·¥ ±Í¨° É¨¶  ·¥ ±Í¨° § ·Ö¤µ¢µ£µ µ¡³¥´  ¨ ·¥ ±Í¨° ¶¥·¥¤ Î¨, ·¥ ±Í¨°
¸± ²Ò¢ ´¨Ö ¨ Ë· £³¥´É Í¨¨. ˆ§ÊÎ¥´¨¥ ¸¥Î¥´¨° µ¡· §µ¢ ´¨Ö Ê¤ ²¥´´ÒÌ Ö¤¥·
¨ ¨Ì ¸¢µ°¸É¢ ¸É¨³Ê²¨·µ¢ ²µ ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ Ö¤¥·´µ° ±µ¸³µË¨§¨±¨, ¶µ-
¸±µ²Ó±Ê ¢¸¥ ÔÉ¨ ¢µ¶·µ¸Ò É¥¸´µ ¸¢Ö§ ´Ò ¸ ¶·µ¡²¥³ ³¨ §¢¥§¤´µ° Ô´¥·£¥É¨±¨, ¸
¶·µÍ¥¸¸ ³¨ ´Ê±²¥µ¸¨´É¥§  ¢ §¢¥§¤ Ì ¨ ¶·µÍ¥¸¸ ³¨ ´Ê±²¥µ¸¨´É¥§  ¶·¨ ¢§·Ò¢-
´ÒÌ ± É ±²¨§³ Ì ¢µ ‚¸¥²¥´´µ° (¢§·Ò¢Ò ¸¢¥·Ì´µ¢ÒÌ). �É¨ ¨¸¸²¥¤µ¢ ´¨Ö
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¢ ¦´Ò ¸ ÉµÎ±¨ §·¥´¨Ö ¶µ´¨³ ´¨Ö ¶·¨·µ¤Ò Ö¤¥·´ÒÌ ¸¨²,   É ±¦¥ ¤²Ö ¶·µ-
¢¥·±¨ ¶·¥¤¸É ¢²¥´¨° µ¡ Ê¸É·µ°¸É¢¥ ³¨· , ¢ Î ¸É´µ¸É¨, ¤²Ö ¶·µ¢¥·±¨ ¶·¥¤¥²µ¢
¶·¨³¥´¨³µ¸É¨ ¸É ´¤ ·É´µ° ³µ¤¥²¨, ËÊ´¤ ³¥´É ²Ó´µ° É¥µ·¨¨, µ¶¨¸Ò¢ ÕÐ¥°
Ë¨§¨Î¥¸±¨¥ § ±µ´Ò ¨ ¸¨³³¥É·¨¨ ¢ ¶·¨·µ¤¥.

‚ ÔÉµ³ ±µ´É¥±¸É¥ µ¸µ¡¥´´µ ¢ ¦´Ò ¨¸¸²¥¤µ¢ ´¨Ö Ö¤¥· ¢¡²¨§¨ £· ´¨Í
Ö¤¥·´µ° Ê¸Éµ°Î¨¢µ¸É¨. „²Ö É· ¤¨Í¨µ´´ÒÌ ISOL-¸¨¸É¥³ ¸ ¶ÊÎ± ³¨ ¨ ³¨Ï¥-
´Ö³¨ ¨§ ¸É ¡¨²Ó´µ£µ ¢¥Ð¥¸É¢  ¶µ²ÊÎ¥´¨¥ ¡Ò¸É·µ · ¸¶ ¤ ÕÐ¨Ì¸Ö Ö¤¥· ¢¡²¨§¨
²¨´¨° Ê¸Éµ°Î¨¢µ¸É¨ ¢ ±µ²¨Î¥¸É¢ Ì, ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¨¸¸²¥¤µ¢ ´¨°, ¸É ´µ-
¢¨É¸Ö ¶·µ¡²¥³ É¨Î´Ò³ ¨§-§  ·¥§±µ£µ ¶ ¤¥´¨Ö ¸¥Î¥´¨° µ¡· §µ¢ ´¨Ö ÔÉ¨Ì Ö¤¥·.
„µ¸É ÉµÎ´µ ¸± § ÉÓ, ÎÉµ ²¨´¨Ö ¶·µÉµ´´µ° Ê¸Éµ°Î¨¢µ¸É¨ ´  ± ·É¥ ´Ê±²¨-
¤µ¢ ¸ ´¥±µÉµ·Ò³¨ ´¥µ¶·¥¤¥²¥´´µ¸ÉÖ³¨ ¨§¢¥¸É´  ¤µ Z = 50, ¢ Éµ ¢·¥³Ö
± ± ²¨´¨Ö ´¥°É·µ´´µ° Ê¸Éµ°Î¨¢µ¸É¨ µ¶·¥¤¥²¥´  ²¨ÏÓ ¢ µ¡² ¸É¨ ²¥£Î °-
Ï¨Ì Ö¤¥·.

‘¨ÉÊ Í¨Ö ·¥§±µ ³¥´Ö¥É¸Ö ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¡µ³¡ ·¤¨·ÊÕÐ¨Ì ¶ÊÎ±µ¢
¨§ · ¤¨µ ±É¨¢´ÒÌ ¨§µÉµ¶µ¢. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢Ò¡µ· · §²¨Î´ÒÌ ¨§µÉµ¶¨Î¥¸±¨Ì
¸µµÉ´µÏ¥´¨° ´ ²¥É ÕÐ¥° ´¥¸É ¡¨²Ó´µ° Î ¸É¨ÍÒ ¨ Ö¤¥· ³¨Ï¥´¨ ¶µ§¢µ²Ö¥É
¶·µ¤ÊÍ¨·µ¢ ÉÓ Ö¤·  ¢¡²¨§¨ £· ´¨Í ´Ê±²µ´´µ° Ê¸Éµ°Î¨¢µ¸É¨ ¢ §´ Î¨É¥²Ó´ÒÌ
±µ²¨Î¥¸É¢ Ì.

�£·µ³´ Ö ¶¥·¸¶¥±É¨¢  ¨¸¶µ²Ó§µ¢ ´¨Ö ¢Éµ·¨Î´ÒÌ · ¤¨µ ±É¨¢´ÒÌ ¶ÊÎ±µ¢
¤²Ö ¶·µ¢¥¤¥´¨Ö Ë¨§¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´Éµ¢ ¶µ·µ¤¨²  ´¥¡Ò¢ ²ÊÕ  ±É¨¢´µ¸ÉÓ ¢
³¨·¥ ¶µ ¶² ´¨·µ¢ ´¨Õ ¨ ¸µ§¤ ´¨Õ Ê¸É ´µ¢µ± ISOL-É¨¶  ¢Éµ·µ£µ ¶µ±µ²¥´¨Ö.
�µ¢Ò¥ ±µ³¶²¥±¸Ò, ¡ §¨·ÊÕÐ¨¥¸Ö ´  Ê¸±µ·¨É¥²ÖÌ · §²¨Î´ÒÌ É¨¶µ¢ ¨ Ö¤¥·´ÒÌ
·¥ ±Éµ· Ì, ¶·µ¥±É¨·ÊÕÉ¸Ö ¢ …¢·µ¶¥, �³¥·¨±¥, Ÿ¶µ´¨¨ ¨ Š¨É ¥. ˆ´Ëµ·³ Í¨Ö
µ¡ ÔÉ¨Ì ±µ³¶²¥±¸ Ì ¶·¨¢µ¤¨É¸Ö ¢ ¤µ±² ¤¥ Šµ³¨É¥É  ¶µ Ö¤¥·´µ° Ë¨§¨±¥ ¶·¨
„¥¶ ·É ³¥´É¥ Ô´¥·£¨¨ ¨ � Í¨µ´ ²Ó´µ³ ´ ÊÎ´µ³ Ëµ´¤¥ [2], ¶µ¸¢ÖÐ¥´´µ³ ¶² -
´¨·µ¢ ´¨Õ Ö¤¥·´µ-Ë¨§¨Î¥¸±¨Ì ¨¸¸²¥¤µ¢ ´¨° ¢ ‘˜�. –¥´É· ²Ó´µ¥ ³¥¸Éµ ¢
¤µ±² ¤¥ Ê¤¥²¥´µ · §¢¨É¨Õ · ¤¨µ ±É¨¢´ÒÌ ¶ÊÎ±µ¢.

‚ ¡Ê¤ÊÐ¨Ì Ê¸É ´µ¢± Ì Ô´¥·£¨¨ · ¤¨µ ±É¨¢´ÒÌ ¶ÊÎ±µ¢ ¶¥·¥±·Ò¢ ÕÉ Ï¨-
·µ±¨° ¨´É¥·¢ ² µÉ Ô´¥·£¨¨ ±Ê²µ´µ¢¸±µ£µ ¡ ·Ó¥·  ¤µ Ô´¥·£¨° ¶µ·Ö¤± 
2 ƒÔ‚/´Ê±²µ´.

�¨§±µÔ´¥·£¥É¨Î¥¸±¨¥ ¶ÊÎ±¨, Ô´¥·£¨¨ ±µÉµ·ÒÌ ¸· ¢´¨³Ò ¸ Ô´¥·£¨Ö³¨ ´Ê-
±²µ´µ¢ ¢ Ö¤· Ì (Ô´¥·£¨Ö ”¥·³¨), Ö¢²ÖÕÉ¸Ö ´ ¨¡µ²¥¥ µ¶É¨³ ²Ó´Ò³¨ ¤²Ö ¨§ÊÎ¥-
´¨Ö ¸É·Ê±ÉÊ·Ò Ö¤¥·´µ° ³ É¥·¨¨, ¢Ò¸µ±µÔ´¥·£¥É¨Î¥¸±¨¥ ¶ÊÎ±¨ ¶·¥¤¸É ¢²ÖÕÉ
¨´É¥·¥¸ ¤²Ö Ö¤¥·´ÒÌ ·¥ ±Í¨°,   ¶ÊÎ±¨ ¸ ´¥°É·µ´´µ-¨§¡ÒÉµÎ´Ò³¨ Ö¤· ³¨ µÉ-
±·Ò²¨ ¡Ò ´µ¢Ò¥ £µ·¨§µ´ÉÒ ¢ Ë¨§¨±¥ ¸¢¥·ÌÉÖ¦¥²ÒÌ Ô²¥³¥´Éµ¢.

‚Ò¸µ±µÔËË¥±É¨¢´Ò¥ ³ ¸¸-¸¥¶ · Éµ·Ò ¢Éµ·µ£µ ¶µ±µ²¥´¨Ö ¤µ²¦´Ò ¨³¥ÉÓ
¢Ò¸µ±ÊÕ · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ, ¶µ§¢µ²ÖÕÐÊÕ µ£· ´¨Î¨ÉÓ ¶·µ¡²¥³Ò Ëµ-
´  ¨ ¸¤¥² ÉÓ ¢µ§³µ¦´Ò³ ´¥¶µ¸·¥¤¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö ³ ¸¸ Ö¤¥· ¢¡²¨§¨ £· -
´¨Í ´Ê±²µ´´µ° Ê¸Éµ°Î¨¢µ¸É¨.

‚ ¸¢Ö§¨ ¸  ±ÉÊ ²Ó´µ¸ÉÓÕ ¶² ´¨·µ¢ ´¨Ö ¨ ±µ´¸É·Ê¨·µ¢ ´¨Ö ISOL-Ê¸É ´µ-
¢µ± ´µ¢µ£µ ¶µ±µ²¥´¨Ö ¢ ¤ ´´µ° · ¡µÉ¥ µ¡¸Ê¦¤ ¥É¸Ö ±·Ê£ ¢µ¶·µ¸µ¢, ¸¢Ö§ ´-
´ÒÌ ¸µ ¸¢µ°¸É¢ ³¨, ³¥Éµ¤ ³¨ · ¸Î¥Éµ¢ ¨ µ¶É¨³¨§ Í¨¥° ¶ · ³¥É·µ¢ ³ ¸¸-
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¸¥¶ · Éµ·µ¢,   É ±¦¥ ¸¶µ¸µ¡Ò ¨ ¢µ§³µ¦´µ¸É¨ ¸µ§¤ ´¨Ö ³ ¸¸-¸¥¶ · Éµ·µ¢ ¸
· §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸ÉÓÕ, ¤µ¸É ÉµÎ´µ° ¤²Ö · §¤¥²¥´¨Ö ¨§µ¡ ·´ÒÌ ·Ö¤µ¢.

‚ · §¤. 1 µ¡¸Ê¦¤ ÕÉ¸Ö ¸µ¢·¥³¥´´Ò¥ ³¥Éµ¤Ò  ´ ²¨§  ¢ µ¶É¨±¥ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í, ¢ · §¤. 2 Å ¸¢µ°¸É¢  ¸¥¶ · Éµ·µ¢ ´  ¡ §¥ ¸¥±Éµ·´ÒÌ ³ £´¨Éµ¢, ¢
· §¤. 3 · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸µ¡¥´´µ¸É¨ ¸¥¶ · Éµ·µ¢ ¸ ³ £´¨É´Ò³¨ ¶·¨§³ ³¨, ¢
· §¤. 4 Å Ô²¥±É·µ¸É É¨Î¥¸± Ö µ¶É¨± .

1. Œ…’�„› ���‹ˆ‡� ‚ ��’ˆŠ… ‡��Ÿ†…��›• —�‘’ˆ–

”Ê´¤ ³¥´É ²Ó´ Ö ¶·µ¡²¥³  µ¶É¨±¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í § ±²ÕÎ ¥É¸Ö ¢ ´ -
Ìµ¦¤¥´¨¨ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê ¶ · ³¥É· ³¨ É· ¥±Éµ·¨¨ ¢ ¶²µ¸±µ¸É¨ ´ ¡²Õ¤¥-
´¨Ö ¶µ¸²¥ ¶·µÌµ¦¤¥´¨Ö Î ¸É¨Í¥° ¸¨¸É¥³Ò Ô²¥±É·¨Î¥¸±¨Ì ¨ ³ £´¨É´ÒÌ ¶µ²¥°
¨ ´ Î ²Ó´Ò³¨ ¶ · ³¥É· ³¨, µ¶·¥¤¥²ÖÕÐ¨³¨ É· ¥±Éµ·¨Õ ¶¥·¥¤ ¢Ìµ¤µ³ Î -
¸É¨ÍÒ ¢ µ¡² ¸ÉÓ ¶µ²Ö. ‘µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ÔÉ¨³¨ ´ Î ²Ó´Ò³¨ ¨ ±µ´¥Î´Ò³¨
¢¥²¨Î¨´ ³¨ µ¶·¥¤¥²ÖÕÉ ¸¢µ°¸É¢  µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò ¨ Ö¢²ÖÕÉ¸Ö ´¥µ¡Ìµ¤¨-
³Ò³¨ ¶·¨ ¥¥ ±µ´¸É·Ê¨·µ¢ ´¨¨.

1.1. Œ¥Éµ¤ É· ¥±Éµ·¨°. �·¨ ¨§¢¥¸É´µ³ ¶·µ¸É· ´¸É¢¥´´µ³ · ¸¶·¥¤¥²¥´¨¨
Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²¥° É· ¥±Éµ·¨Ö Î ¸É¨ÍÒ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´  Î¨¸²¥´´Ò³
¨´É¥£·¨·µ¢ ´¨¥³ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ´µ É ±µ° ¸¶µ¸µ¡ µ£· ´¨Î¨¢ ¥É ¢µ§³µ¦-
´µ¸ÉÓ  ´ ²¨§  µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò ¸ Í¥²ÓÕ ¤µ¸É¨¦¥´¨Ö ¦¥² ¥³ÒÌ ¸¢µ°¸É¢
¨²¨ ¸ Í¥²ÓÕ ¥¥ Ê²ÊÎÏ¥´¨Ö.

�¡Ð Ö ¶·µÍ¥¤Ê·  µ¡ÒÎ´µ § ±²ÕÎ ¥É¸Ö ¢ ¶µ¨¸±¥ ¢Ò· ¦¥´¨° ¤²Ö ±µ´¥Î-
´ÒÌ ¶ · ³¥É·µ¢ É· ¥±Éµ·¨¨ ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸É¥¶¥´Ö³ ´ Î ²Ó´ÒÌ ¶ · -
³¥É·µ¢. �µ¤µ¡´µ¥ · §²µ¦¥´¨¥ ´ ¶µ³¨´ ¥É ·Ö¤ ’¥°²µ·  ¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨°
¢¨¤:

xf
a =

∑
Labx

i
b +

∑
Sabcx

i
cx

i
b +

∑
Tabcdx

i
dx

i
cx

i
b. (1)

‹¨´¥°´Ò° Î²¥´ ¢ (1) µ¶·¥¤¥²Ö¥É ¶·¨¡²¨¦¥´¨¥ ¶ · ±¸¨ ²Ó´µ° µ¶É¨±¨,
É. ¥. µ¶É¨±¨ Î ¸É¨Í, ¤¢¨¦ÊÐ¨Ì¸Ö ¸ ´¥§´ Î¨É¥²Ó´Ò³¨ µÉ±²µ´¥´¨Ö³¨ µÉ µ¶É¨-
Î¥¸±µ° µ¸¨. —²¥´Ò ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ±  ¡¥·· Í¨¨
¸µµÉ¢¥É¸É¢¥´´µ ¢Éµ·µ£µ, É·¥ÉÓ¥£µ ¨ É. ¤. ¶µ·Ö¤±µ¢.

‚ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¸¢µ°¸É¢  ± ¦¤µ£µ µÉ¤¥²Ó´µ£µ ¨µ´´µ-µ¶É¨Î¥¸-
±µ£µ Ô²¥³¥´É  ´ Ìµ¤ÖÉ¸Ö ¨§ ·¥Ï¥´¨° µ¤´µ·µ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° ¤¢¨¦¥´¨Ö, ¨ ÔÉ¨ ·¥Ï¥´¨Ö ¨³¥ÕÉ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¢¨¤¥ ³ É·¨Í Lab,
¶·¥µ¡· §ÊÕÐ¨Ì ´ Î ²Ó´Ò¥ ¶ · ³¥É·Ò É· ¥±Éµ·¨¨ ¢ ±µ´¥Î´Ò¥. ‚ ¸¨²Ê ²¨´¥°-
´µ¸É¨ ¶·¥µ¡· §µ¢ ´¨° ³ É·¨Í  ¸¨¸É¥³Ò Ô²¥³¥´Éµ¢ Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³
³ É·¨Í ¸µ¸É ¢²ÖÕÐ¨Ì ¸¨¸É¥³Ê Ô²¥³¥´Éµ¢. Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ·¥§Ê²ÓÉ¨·Ê-
ÕÐ¥° ³ É·¨ÍÒ µ¶·¥¤¥²ÖÕÉ ´¥µ¡Ìµ¤¨³Ò° ´ ¡µ· Ê¸²µ¢¨° ¤²Ö · ¸Î¥É ,  ´ ²¨§ 
¨ ¶µ¸²¥¤ÊÕÐ¥£µ ¶·µ¥±É¨·µ¢ ´¨Ö ¸¨¸É¥³Ò.

…¸²¨ ¶ · ³¥É·Ò É· ¥±Éµ·¨¨ § ¶¨¸Ò¢ ÉÓ ¢ ¢¨¤¥ (x, x′, y, y′), £¤¥ ÏÉ·¨Ì¨
µ¡µ§´ Î ÕÉ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ z, Éµ ³ É·¨Í  L ¨³¥¥É ¶·¨¢¥¤¥´´ÊÕ
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Ëµ·³Ê,   ¨³¥´´µ

L =
(

Lx 0
0 Ly

)
. (2)

�Éµ · ¢´µ¸¨²Ó´µ ´¥§ ¢¨¸¨³µ¸É¨ ¶·¥µ¡· §µ¢ ´¨° ¢ ¶²µ¸±µ¸ÉÖÌ (x, z) ¨ (y, z)
¸µµÉ¢¥É¸É¢¥´´µ.

‘²¥¤ÊÕÐ¨° Ï £ § ±²ÕÎ ¥É¸Ö ¢  ´ ²¨§¥  ¡¥·· Í¨° ¸¨¸É¥³Ò ¸ Í¥²ÓÕ ¶µ-
¨¸±  ¸·¥¤¸É¢ ¨ ¢µ§³µ¦´µ¸É¥° ¤²Ö ±µ³¶¥´¸ Í¨¨ ´ ¨¡µ²¥¥ §´ Î¨É¥²Ó´ÒÌ  ¡¥·-
· Í¨°.

�¡¥·· Í¨µ´´Ò¥ ¶µ¶· ¢±¨ ´ Ìµ¤ÖÉ¸Ö ¨§ ´¥µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö, ±µÉµ·Ò¥ ¢ ¸¨²Ê ³ ²µ¸É¨ Î²¥´µ¢, ¸µ¤¥·¦ Ð¨Ì ¢¥²¨Î¨´Ò ¢Éµ·µ£µ ¨ ¡µ²¥¥
¢Ò¸µ±¨Ì ¶µ·Ö¤±µ¢, ·¥Ï ÕÉ¸Ö ³¥Éµ¤ ³¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.

�¶¨¸ ´´ Ö ¶·µÍ¥¤Ê·  ¸µ¸É ¢²Ö¥É ¸µ¤¥·¦ ´¨¥ ³¥Éµ¤ , ¨³¥´Ê¥³µ£µ ³¥Éµ-
¤µ³ É· ¥±Éµ·¨°.

1.2. ‘¨³¶²¥±É¨Î¥¸±¨¥ ¸¢µ°¸É¢  µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ¨ µ¶É¨Î¥¸±¨Ì ¸¨-
¸É¥³. ‘¢µ°¸É¢µ ¸¨³¶²¥±É¨Î´µ¸É¨ ¨³¥¥É ¢ ¦´µ¥ §´ Î¥´¨¥ ¢ µ¶É¨±¥ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í. �Éµ ¶µ´ÖÉ¨¥ § ¨³¸É¢µ¢ ´µ ¨§ É¥µ·¨¨ £·Ê¶¶ ¨ Ê± §Ò¢ ¥É ´  £²Ê¡µ±ÊÕ
¸¢Ö§Ó ¸¢µ°¸É¢ ¸¨³³¥É·¨¨ ¢ µ¶É¨±¥ ¸µ ¸¢µ°¸É¢ ³¨ ¸¨³¶²¥±É¨Î¥¸±µ° £·Ê¶¶Ò.

‘¨³¶²¥±É¨Î¥¸± Ö £·Ê¶¶  [3] ¥¸ÉÓ ¸µ¢µ±Ê¶´µ¸ÉÓ ²¨´¥°´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
A, µÉ´µ¸¨É¥²Ó´µ ±µÉµ·ÒÌ ¨´¢ ·¨ ´É´  ´¥¢Ò·µ¦¤¥´´ Ö ±µ¸µ¸¨³³¥É·¨Î¥¸± Ö
¡¨²¨´¥°´ Ö Ëµ·³ 

{x, y} = Jikxiyk,

£¤¥ Jik = −Jki, ¨´ Î¥ ´ §Ò¢ ¥³ Ö ±µ¸Ò³ ¶·µ¨§¢¥¤¥´¨¥³ ¢¥±Éµ·µ¢ x ¨ y.
ˆ´¢ ·¨ ´É´µ¸ÉÓ ÔÉµ£µ ±µ¸µ£µ ¶·µ¨§¢¥¤¥´¨Ö ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ x → Ax ¨
y → Ay µ§´ Î ¥É, ÎÉµ ÃJA = J , £¤¥ Ã Å É· ´¸¶µ´¨·µ¢ ´´ Ö ³ É·¨Í  A.

‚ ¸¨³¶²¥±É¨Î¥¸±µ³ ± ´µ´¨Î¥¸±µ³ ¡ §¨¸¥ ±µ³¶µ´¥´ÉÒ ²Õ¡µ£µ ¢¥±Éµ·  x
¸µ¸ÉµÖÉ ¨§ ¸µ¶·Ö¦¥´´ÒÌ ¶ · xα, x′

α, α = 1, 2 . . .
‚ µ¶É¨±¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ± ´µ´¨Î¥¸±¨ ¸µ¶·Ö¦¥´´Ò³¨ ±µ³¶µ´¥´É ³¨

Ö¢²ÖÕÉ¸Ö x, px, y, py ¨ É. ¤. �·¨ É ±µ° § ¶¨¸¨ ±µ³¶µ´¥´É ¢¥±Éµ·  ³ É·¨Í  J
¨³¥¥É ¢¨¤

J =




0 1
−1 0

0 1
−1 0


 ,

  ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ x, y, px, py

J =




1 0
0 1

−1 0
0 −1


 .

�¶·¥¤¥²¨¢ ¸¨³¶²¥±É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥, ¢¥·´¥³¸Ö ± µ¡¸Ê¦¤¥´¨Õ ¸µµÉ-
´µÏ¥´¨Ö (1). ”µ·³ ²Ó´µ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ³µ¦´µ § ¶¨¸ ÉÓ ± ±
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xf = Mxi, (3)

£¤¥ M Å ´¥±µÉµ·µ¥ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥²¨´¥°´µ¥ ¶·¥µ¡· §µ¢ ´¨¥.
�·¨ ¡¥¸±µ´¥Î´µ ³ ²ÒÌ ¨§³¥´¥´¨ÖÌ ´ Î ²Ó´ÒÌ ¶ · ³¥É·µ¢ ±µ´¥Î´Ò¥ ¶ -

· ³¥É·Ò É ±¦¥ ¨¸¶ÒÉÒ¢ ÕÉ ³ ²Ò¥ ¨§³¥´¥´¨Ö, ¨ ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ³ ²Ò³¨
¢¥²¨Î¨´ ³¨ µ¶¨¸Ò¢ ¥É¸Ö ³ É·¨Í¥° Ÿ±µ¡¨

Mab =
dxf

a

dxi
b

. (4)

Š ± ¨§¢¥¸É´µ, Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, § ¶¨¸ ´´Ò¥ ¢ Ëµ·³¥ ƒ ³¨²ÓÉµ´ , ¤µ-
¶Ê¸± ÕÉ Ï¨·µ±¨° ±² ¸¸ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°. �µ¸²¥¤´¨¥ µ¡² ¤ ÕÉ
É¥³ § ³¥Î É¥²Ó´Ò³ ¸¢µ°¸É¢µ³, ÎÉµ ¸µÌ· ´ÖÕÉ ¸±µ¡±¨ �Ê ¸¸µ´  [4]:

[
xf , pf

x

]
=

dxf

dxi

dpf

dpi
x

− dxf

dpi
x

dpf
x

dxi
= 1. (5)

� ¸¸³ É·¨¢ Ö ¶·µ¨§¢µ¤´Ò¥ µÉ xf ± ± ±µ³¶µ´¥´ÉÒ µ¤´µ£µ ¢¥±Éµ· ,   ¶·µ¨§-
¢µ¤´Ò¥ µÉ pf

x ± ± ±µ³¶µ´¥´ÉÒ ¤·Ê£µ£µ ¢¥±Éµ· , ¢¨¤¨³, ÎÉµ ¸µµÉ´µÏ¥´¨¥ (5)
¨³¥¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëµ·³Ê. …¸²¨ É¥¶¥·Ó ¢ÒÎ¨¸²¨ÉÓ ¶·µ¨§¢¥¤¥´¨Ö ³ -
É·¨Í (M̃JM)ab, £¤¥ M Å ³ É·¨Í  Ÿ±µ¡¨, Éµ ³µ¦´µ ¢¨¤¥ÉÓ, ÎÉµ ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ ¶·¨ a < b ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤ (5), É. ¥. ¶·¥¤¸É ¢²ÖÉÓ ¸µ¡µ° ¸±µ¡±¨ �Ê ¸-
¸µ´ ,   ¶·¨ a > b ÔÉµ ¡Ê¤ÊÉ É¥ ¦¥ ¸±µ¡±¨, ´µ ¸µ §´ ±µ³ ³¨´Ê¸. ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢µ:

M̃JM = J. (6)

�Éµ · ¢¥´¸É¢µ ´ §Ò¢ ¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³ Ê¸²µ¢¨¥³ [5] ¨ µ§´ Î ¥É, ÎÉµ ³ -
É·¨Í  Ÿ±µ¡¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸¨³¶²¥±É¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥. �µ µ¶·¥-
¤¥²¥´¨Õ, ¢¢¥¤¥´´µ³Ê ¢ · ¡µÉ¥ [6], ¥¸²¨ Ö±µ¡¨ ´ ¶·¥µ¡· §µ¢ ´¨Ö (4) ¸¨³-
¶²¥±É¨Î¥´, Éµ ¶·¥µ¡· §µ¢ ´¨¥ Œ Ö¢²Ö¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±µ° ± ·Éµ°. Œ É·¨Í 
Ÿ±µ¡¨ M § ¢¨¸¨É µÉ ´ Î ²Ó´ÒÌ ¶ · ³¥É·µ¢ É· ¥±Éµ·¨¨, ´µ ¢ Éµ ¦¥ ¢·¥³Ö
¶·µ¨§¢¥¤¥´¨¥ (6) µÉ ÔÉ¨Ì ¶ · ³¥É·µ¢ ´¥ § ¢¨¸¨É. �É³¥É¨³ É ±¦¥, ÎÉµ ²¥¢ Ö
Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (6) Ö¢²Ö¥É¸Ö ´¥²¨´¥°´µ°.

‚µ§¢· Ð Ö¸Ó ¸´µ¢  ± É¥°²µ·µ¢¸±µ³Ê · §²µ¦¥´¨Õ (1), ³µ¦´µ § ±²ÕÎ¨ÉÓ,
ÎÉµ ±µÔËË¨Í¨¥´ÉÒ L, S, T ¨ É. ¤. ´¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¶µ¸±µ²Ó±Ê
¸¨³¶²¥±É¨Îe¸±µ¥ Ê¸²µ¢¨¥ ´ ±² ¤Ò¢ ¥É ¸¢Ö§¨ É ±¨³ µ¡· §µ³, ÎÉµ ´¥±µÉµ·Ò¥
±µÔËË¨Í¨¥´ÉÒ S § ¢¨¸ÖÉ µÉ ´¥±µÉµ·ÒÌ ±µÔËË¨Í¨¥´Éµ¢ L ¨ S,   Î ¸ÉÓ ±µÔË-
Ë¨Í¨¥´Éµ¢ T ³µ¦¥É § ¢¨¸¥ÉÓ µÉ ¶·¥¤Ò¤ÊÐ¨Ì. ˆ´ Î¥ £µ¢µ·Ö, · §²µ¦¥´¨¥ (1)
¸µ¤¥·¦¨É ¨§¡ÒÉµÎ´ÊÕ ¨´Ëµ·³ Í¨Õ. �·¨ ¨³¥ÕÐ¨Ì¸Ö ³µÐ´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó-
´ÒÌ ¸·¥¤¸É¢ Ì ÔÉ  ¨§¡ÒÉµÎ´µ¸ÉÓ ´¥ ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´µ£µ §´ Î¥´¨Ö ¨ ¶·¥¤-
¸É ¢²Ö¥É ¨´É¥·¥¸ Éµ²Ó±µ ¸ É¥µ·¥É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö. „¥°¸É¢¨É¥²Ó´µ, ¨³¥-
ÕÉ¸Ö É ±¨¥ Ëµ·³Ê²¨·µ¢±¨ É¥µ·¨¨, ±µÉµ·Ò¥ ²¨Ï¥´Ò Ê± § ´´µ£µ ´¥¤µ¸É É± .

Š·µ³¥ ¸±µ¡µ± �Ê ¸¸µ´ , ¢Éµ·Ò³ ¨´¢ ·¨ ´Éµ³ ¢ µ¶É¨±¥ Ö¢²Ö¥É¸Ö Ë §µ¢Ò°
µ¡Ñ¥³, É. e. ¶·µ¸É· ´¸É¢µ Ë §µ¢ÒÌ ±µµ·¤¨´ É Î ¸É¨Í. ‘µÌ· ´¥´¨¥ Ë §µ¢µ£µ
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µ¡Ñ¥³  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸µ¤¥·¦ ´¨¥ É¥µ·¥³Ò ‹Ê¨¢¨²²Ö ¨ Ö¢²Ö¥É¸Ö ¸²¥¤-
¸É¢¨¥³ ± ´µ´¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ Ëµ·³¥ ƒ ³¨²ÓÉµ´  (¨²¨
¢ Ëµ·³¥ ‹ £· ´¦ Ä�°²¥· ).

‚ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¸¨³¶²¥±É¨Î¥¸± Ö ± ·É  M ¨ ³ É·¨Í  Ÿ±µ¡¨ M
¸µ¢¶ ¤ ÕÉ ¸ ³ É·¨Í¥° L. �·¨ ÔÉµ³ ¸±µ¡±  �Ê ¸¸µ´  (5) Ö¢²Ö¥É¸Ö µ¶·¥¤¥²¨É¥-
²¥³ ¶µ¤³ É·¨ÍÒ Lx ¢ (2) ¨ É ± Ö ¦¥ ¸±µ¡±  ¤²Ö ¶¥·¥³¥´´ÒÌ ¢ ¢¥·É¨± ²Ó´µ°
¶²µ¸±µ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° µ¶·¥¤¥²¨É¥²Ó ¶µ¤³ É·¨ÍÒ Ly. �Î¥¢¨¤´µ, ÎÉµ
¢ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ Ë §µ¢Ò¥ µ¡Ñ¥³Ò ¸µÌ· ´ÖÕÉ¸Ö ´¥§ ¢¨¸¨³µ.

…¸²¨ É· ¥±Éµ·¨Ö Î ¸É¨ÍÒ µ¶¨¸Ò¢ ¥É¸Ö ´¥ ¢ Ë §µ¢µ³,   ¢ ·¥ ²Ó´µ³ ¶·µ-
¸É· ´¸É¢¥, Éµ, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (5), ¤²Ö µ¶·¥¤¥²¨É¥²¥° Lx ¨ Ly ¨³¥¥É ³¥¸Éµ
¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢µ:

|Lx| = |Ly| =
√

V i/V f ,

£¤¥ V i Å ¶µÉ¥´Í¨ ² (¨²¨ ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö Î ¸É¨ÍÒ) ÉµÎ±¨ zi,   V f Å
¶µÉ¥´Í¨ ² ÉµÎ±¨ zf .

“¸²µ¢¨¥ ¸¨³¶²¥±É¨Î´µ¸É¨ ¶µ§¢µ²Ö¥É ´ ¶¨¸ ÉÓ ¥Ð¥ µ¤´µ · ¢¥´¸É¢µ, ±µÉµ-
·µ¥ Î ¸Éµ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ± ·¤¨´ ²Ó´ÒÌ Ì · ±É¥·¨¸É¨± · §²¨Î-
´ÒÌ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢,   ¨³¥´´µ £² ¢´ÒÌ ¶²µ¸±µ¸É¥° ¶·¥²µ³²¥´¨Ö
É· ¥±Éµ·¨¨ ¨ Ëµ±Ê¸´ÒÌ · ¸¸ÉµÖ´¨° ²¨´§. �Éµ · ¢¥´¸É¢µ ¤²Ö µ¶·¥¤¥²¨É¥²¥°,
¸µ¸É ¢²¥´´ÒÌ ¨§ ¶ · ³¥É·µ¢ ¤¢ÊÌ · §²¨Î´ÒÌ É· ¥±Éµ·¨° ξ ¨ β ¢ ¶²µ¸±µ¸É¨
(x, z):

√
V i

∣∣∣∣ xβ xξ

x′
β x′

ξ

∣∣∣∣
i

=
√

V f

∣∣∣∣ xβ xξ

x′
β x′

ξ

∣∣∣∣
f

, (7)

£¤¥, ± ± ¨ · ´¥¥, §´ Îµ± i(f) Ê± §Ò¢ ¥É, ÎÉµ ¶ · ³¥É·Ò É· ¥±Éµ·¨¨ µÉ´µ¸ÖÉ¸Ö
± ±µµ·¤¨´ É¥ zi(zf). ’ ±µ¥ ¦¥ ¸µµÉ´µÏ¥´¨¥ ¨³¥¥É ³¥¸Éµ ¨ ¤²Ö ¶ · ³¥É·µ¢
É· ¥±Éµ·¨¨ ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨.

1.3. �°±µ´ ². „·Ê£¨³, ¸¨²Ó´µ · §¢¨ÉÒ³ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ³¥Éµ¤µ³ ¢ÒÎ¨-
¸²¥´¨° ¢ µ¶É¨±¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö ³¥Éµ¤ Ô°±µ´ ² . �ÉµÉ ³¥Éµ¤ ¢µ¸-
Ìµ¤¨É ± ¢·¥³¥´ ³ �ÓÕÉµ´ , ±µÉµ·Ò° ¶µ± § ², ÎÉµ µ¶É¨Î¥¸±¨¥ § ±µ´Ò ¢ ¸¢¥Éµ-
¢µ° µ¶É¨±¥ ³µ£ÊÉ ¡ÒÉÓ µ¶¨¸ ´Ò ¸ ¶µ³µÐÓÕ µ¤´µ° ËÊ´±Í¨¨, ´ §Ò¢ ¥³µ° Ì -
· ±É¥·¨¸É¨Î¥¸±µ° ËÊ´±Í¨¥° ¨²¨ Ô°±µ´ ²µ³ (Ô°±µ´ ² Å £·¥Î., ¨±µ´ , µ¡· §).

‚ ¢µ²´µ¢µ° µ¶É¨±¥ Ô°±µ´ ² Å ÔÉµ Ë §  ¢µ²´Ò, ¶µ¸ÉµÖ´´ Ö ´  ¢µ²´µ¢µ°
¶µ¢¥·Ì´µ¸É¨,   Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ Ô°±µ´ ²  ¶µ Ëµ·³¥ ¶µÌµ¦¨ ´  Ê· ¢-
´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ¤¥°¸É¢¨Ö ¢ ³¥Ì ´¨±¥ [7]. ‚ µ¶É¨±Ê § ·Ö¦¥´´ÒÌ Î ¸É¨Í
³¥Éµ¤ Ô°±µ´ ²  ¡Ò² ¢¢¥¤¥´ ¢ · ¡µÉ Ì [8, 9].

“· ¢´¥´¨Ö Ô°±µ´ ²  ± ± ¸²¥¤¸É¢¨¥ ´¥µ¤´µ·µ¤´µ¸É¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ƒ ³¨²ÓÉµ´ ÄŸ±µ¡¨ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ³µ£ÊÉ ¡ÒÉÓ ·¥Ï¥´Ò
¶·¨¡²¨¦¥´´µ ¢ · ³± Ì É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.

�¸´µ¢´ Ö ¶·µ¡²¥³  ÔÉµ£µ ³¥Éµ¤  § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¸²µ¦´µ ´ °É¨
ÉµÎ´ÊÕ Ì · ±É¥·¨¸É¨Î¥¸±ÊÕ ËÊ´±Í¨Õ ¸¨¸É¥³Ò, ¥¸²¨ ¨§¢¥¸É´Ò Ì · ±É¥·¨¸É¨-
Î¥¸±¨¥ ËÊ´±Í¨¨ µÉ¤¥²Ó´ÒÌ Ô²¥³¥´Éµ¢.



1526 ‹“Š�˜…‚ˆ— ‚. B.

1.4. M¥Éµ¤ Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨. � ¸¸³µÉ·¨³ ¸´ Î ²  ²¨-
´¥°´µ¥ ¶·¨¡²¨¦¥´¨¥. ‚ ÔÉµ³ ¸²ÊÎ ¥ ³ É·¨ÍÒ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢
¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° µ¤´µ¶ · ³¥É·¨Î¥¸±¨¥ £·Ê¶¶Ò ‹¨. ’ ±, ³ É·¨Í  ¢· Ð¥-
´¨Ö ´  ¶²µ¸±µ¸É¨ ¨³¥¥É ¶ · ³¥É· α Å Ê£µ² ¶µ¢µ·µÉ , ³ É·¨Í  ¸¢µ¡µ¤´µ£µ
¶·µ³¥¦ÊÉ±  Å ¶ · ³¥É· l Å ¤²¨´  ¶·µ³¥¦ÊÉ± , ³ É·¨Í  Éµ´±µ° ²¨´§Ò Å
¶ · ³¥É· f Å Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ¨ É. ¤. Š ¦¤ Ö ¨§ ÔÉ¨Ì £·Ê¶¶ Ö¢²Ö¥É¸Ö
 ¡¥²¥¢µ° (É. ¥. ±µ³³ÊÉ¨·ÊÕÐ¥°), ¶µ¸±µ²Ó±Ê ¶·¨ ¤¢ÊÌ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ µ¤-
´µÉ¨¶´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ ·¥§Ê²ÓÉ É ´¥ § ¢¨¸¨É µÉ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¶·¥-
µ¡· §µ¢ ´¨°.

‘ÊÉÓ ³¥Éµ¤  Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨ § ±²ÕÎ ¥É¸Ö ¢ ¶¥·¥Ìµ¤¥
µÉ ³ É·¨Î´µ£µ Ëµ·³ ²¨§³  ± Ô±¢¨¢ ²¥´É´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¶·¥µ¡· §µ¢ ´¨°
¶µ¸·¥¤¸É¢µ³ £¥´¥· Éµ·µ¢ £·Ê¶¶Ò ¢ ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³¥.

‘µ£² ¸´µ µ¶·¥¤¥²¥´¨Õ £¥´¥· Éµ· µ¤´µ¶ · ³¥É·¨Î¥¸±µ° £·Ê¶¶Ò R [3] ¢
Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥

GR = i

(
dxf

dϑ

∣∣∣∣
ϑ=0

d

dx0
+

dpf

dϑ

∣∣∣∣
ϑ=0

d

dp0x

)
,

£¤¥ ϑ Å ¶ · ³¥É· £·Ê¶¶Ò,   i Å ³´¨³ Ö ¥¤¨´¨Í . ’µ£¤  µ¶¥· Éµ· (1+iGRδϑ)
µ¸ÊÐ¥¸É¢²Ö¥É ¨´Ë¨´¨É¥§¨³ ²Ó´µ¥, ¨²¨, ¨´ Î¥ £µ¢µ·Ö, ¡¥¸±µ´¥Î´µ ³ ²µ¥, ¶·¥-
µ¡· §µ¢ ´¨¥. � · ³¥É· ϑ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ϑ = δϑN , £¤¥ N → ∞, ¨
¶·¥µ¡· §µ¢ ´¨¥ £·Ê¶¶Ò ¢ µ¶¥· Éµ·´µ³ ¢¨¤¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

R = lim
N→∞

(
1 + iGR

ϑ

N

)N

= exp (iGRϑ).

‘²¥¤ÊÕÐ¨° Ï £ § ±²ÕÎ ¥É¸Ö ¢ § ³¥´¥ £¥´¥· Éµ·  GR ´  ¸±µ¡±Ê �Ê ¸¸µ´ 

µÉ ´¥±µÉµ·µ° ËÊ´±Í¨¨ g, É ±µ°, ÎÉµ
dg

dp0x
= −dxf

dϑ

∣∣∣∣
ϑ=0

¨
dg

dx0
=

dpf

dϑ

∣∣∣∣
ϑ=0

.

‘±µ¡±  �Ê ¸¸µ´  µÉ ËÊ´±Í¨¨ g, ¨§µ¡· ¦ ¥³ Ö ¸ ¶µ³µÐÓÕ ¤¢µ¥ÉµÎ¨Ö, ¶µ
µ¶·¥¤¥²¥´¨Õ ¥¸ÉÓ µ¶¥· Éµ· ‹¨:

: g :=
dg

dx

d

dpx
− dg

dpx

d

dx
,

  Ô±¸¶µ´¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ Å ÔÉµ µ¶¥· Éµ· exp (: g :), £¤¥ ËÊ´±Í¨Ö g Å
µ¤´µ·µ¤´Ò° ¶µ²¨´µ³ µÉ ´ Î ²Ó´ÒÌ Ë §µ¢ÒÌ ±µµ·¤¨´ É. �·¥µ¡· §µ¢ ´¨¥,
µ¸ÊÐ¥¸É¢²Ö¥³µ¥ Ô±¸¶µ´¥´Í¨ ²Ó´Ò³¨ µ¶¥· Éµ· ³¨, ¨³¥¥É ¤¨ £µ´ ²Ó´Ò° ¢¨¤:(

xf

pf
x

)
=

(
exp (: g :) 0

0 exp (: g :)

) (
x0

p0x

)
.

‘µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ³ É·¨Í ³¨ ¶·¥µ¡· §µ¢ ´¨Ö É· ¥±Éµ·¨¨ ¤²Ö ´¥±µ-
Éµ·ÒÌ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ¨ Ô±¸¶µ´¥´Í¨ ²Ó´Ò³¨ µ¶¥· Éµ· ³¨ ‹¨
¶·¥¤¸É ¢²¥´µ ¢ É ¡². 1.
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’ ¡²¨Í  1. O¶¥· Éµ·Ò ‹¨ ¤²Ö ´¥±µÉµ·ÒÌ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢

ˆµ´´µ-µ¶É¨- Œ É·¨Í  ƒ¥´¥· Éµ· �±¸¶µ´¥´Í¨ ²Ó´Ò°
Î¥¸±¨° Ô²¥³¥´É ¶·¥µ¡· §µ¢ ´¨Ö µ¶¥· Éµ· ‹¨

�·µ³¥¦ÊÉµ±

(
1 l
0 1

)
p0x

d

dx0
exp

(
− l

2
: p2

0x :

)

’µ´± Ö ²¨´§ 

(
1 0

−1/f 1

)
−x0

d

dp0x
exp

(
−f

2
: x2

0 :

)

M £´¨É

(
cos α r sin α

− sin α/r cos α

)
rp0x

d

dx0
− x0

r

d

dp0x
exp

(
− α

2r
:

x2
0

r
+

+rp0x
d

dx0
:

)

‚ · ¡µÉ¥ [10] ¸¤¥² ´µ µ¡µ¡Ð¥´¨¥ ´  ´¥²¨´¥°´Ò° ¸²ÊÎ ° ¨ ¶·¥¤²µ¦¥´  ¸²¥-
¤ÊÕÐ Ö Ë ±Éµ·¨§ Í¨Ö:

xf = (exp (: g2) exp (: g3) exp (: g4) . . .)xi. (8)

B ÔÉµ³ ¢Ò· ¦¥´¨¨ ±¢ ¤· É¨Î´Ò° ¶µ²¨´µ³ µÉ ´ Î ²Ó´ÒÌ ±µµ·¤¨´ É ¸µµÉ¢¥É-
¸É¢Ê¥É ²¨´¥°´µ³Ê ¶·¨¡²¨¦¥´¨Õ, ¶µ²¨´µ³ É·¥ÉÓ¥° ¸É¥¶¥´¨ g3 µ¶¨¸Ò¢ ¥É ±¢ -
¤· É¨Î´Ò¥  ¡¥·· Í¨¨ ¨ É. ¤. �²£µ·¨É³ ¢ÒÎ¨¸²¥´¨° § ±²ÕÎ ¥É¸Ö ¢ ´ Ìµ¦¤¥´¨¨
¶ · ³¥É·µ¢ É· ¥±Éµ·¨¨ ¢ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¨ ¶µ¸²¥¤ÊÕÐ¥° ±µ··¥±Í¨¨
¶µ²ÊÎ¥´´ÒÌ ¢¥²¨Î¨´ ´   ¡¥·· Í¨¨ ¢Éµ·µ° ¨ ¤ ²¥¥ ¸É¥¶¥´¥°. ‚ µÉ²¨Î¨e µÉ
¢Ò· ¦¥´¨Ö (1)  ¡¥·· Í¨µ´´Ò¥ Î²¥´Ò ¶·¨ Ë ±Éµ·¨§ Í¨¨ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
 ²£¥¡·Ò µ¶¥· Éµ·µ¢ ‹¨ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢ÒÎ¨¸²¥-
´¨Ö  ¡¥·· Í¨µ´´ÒÌ ¶µ¶· ¢µ± ¸É ´µ¢ÖÉ¸Ö ¡µ²¥¥ Ô±µ´µ³¨Î´Ò³¨.

Šµ´Í¥¶ÉÊ ²Ó´µ ³¥Éµ¤ Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨ § ±²ÕÎ ¥É¸Ö ¢
Éµ³, ÎÉµ £ ³¨²ÓÉµ´¨ ´ · §² £ ¥É¸Ö ¢ ·Ö¤ ’¥°²µ·  ¶µ ´ Î ²Ó´Ò³ ¶ · ³¥É· ³
¨ ÔÉµÉ ·Ö¤ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ µ¶¥· Éµ· ³¨ ‹¨ [10]. ‹¨´¥°´ Ö Î ¸ÉÓ
É ±µ£µ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉµ´¨ ´  µ¶¨¸Ò¢ ¥É ¶ · ±¸¨ ²Ó´ÊÕ µ¶É¨±Ê, · ¸-
¸³µÉ·¥´´ÊÕ ¢ÒÏ¥,   ´¥²¨´¥°´Ò¥ Î²¥´Ò ¢ £ ³¨²ÓÉµ´¨ ´¥ ¨³¥ÕÉ Ë ±Éµ·¨§ Í¨¨
É¨¶  (8).

‚ ³¥Éµ¤¥  ²£¥¡·Ò µ¶¥· Éµ·µ¢ ‹¨ ¸É ´µ¢¨É¸Ö ¡µ²¥¥ ´ £²Ö¤´µ° ¸¨³³¥É·¨Ö
µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò, µ¶·¥¤¥²Ö¥³ Ö ¢¨¤µ³ ¨ Ëµ·³µ° ¶µ²¨´µ³µ¢ g ¨ ¸É·Ê±ÉÊ-
·µ°  ¡¥·· Í¨°.

’ ± ¦¥, ± ± ¨ ¢ ³¥Éµ¤¥ Ô°±µ´ ² , ¢µ§´¨± ÕÉ µ¸²µ¦´¥´¨Ö ¶·¨ µ¶¨¸ -
´¨¨ ¨µ´´µ-µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò, ¸µ¸ÉµÖÐ¥° ¨§ · §´µÉ¨¶´ÒÌ Ô²¥³¥´Éµ¢. �Éµ
¨§¢¥¸É´ Ö ´¥É·¨¢¨ ²Ó´ Ö ¶·µ¡²¥³  ¶·¥¤¸É ¢²¥´¨Ö ¶·µ¨§¢¥¤¥´¨Ö Ô±¸¶µ´¥´Í¨-
 ²Ó´ÒÌ µ¶¥· Éµ·µ¢ Î¥·¥§ Ô±¸¶µ´¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·, ÎÉµ ¸¢Ö§ ´µ ¸ ´¥±µ³-
³ÊÉ É¨¢´µ¸ÉÓÕ µ¶¥· Éµ·µ¢, µÉ´µ¸ÖÐ¨Ì¸Ö ± · §²¨Î´Ò³ ¨µ´´µ-µ¶É¨Î¥¸±¨³ Ô²¥-
³¥´É ³. •µÉÖ ¸µ¥¤¨´¥´¨¥ ¤¢ÊÌ Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ · §·¥Ï ¥É¸Ö ¢
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· ³± Ì É¥µ·¥³Ò �¥°±¥· ÄŠ¥³¶¡¥²² Ä• Ê¸¤µ·Ë , ¢ µ¸´µ¢´µ³ ¶·µ¡²¥³  ¸µ-
Ì· ´Ö¥É¸Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¸É ¥É¸Ö § ¶¨¸Ò¢ ÉÓ Ë ±Éµ·¨§ Í¨Õ É¨¶  (8) ¶µ¸²¥-
¤µ¢ É¥²Ó´µ ¤²Ö ± ¦¤µ£µ Ô²¥³¥´É , ÎÉµ § É·Ê¤´Ö¥É  ´ ²¨§ ¸¨¸É¥³Ò ± ± Í¥²µ£µ.

‚ É¥Ì ¦¥ ¸²ÊÎ ÖÌ, ±µ£¤  ¸¨¸É¥³  ¸É·µ¨É¸Ö ¨§ µ¤´µÉ¨¶´ÒÌ Ô²¥³¥´Éµ¢, ± ±,
´ ¶·¨³¥·, ¢ ´ ±µ¶¨É¥²Ó´ÒÌ ±µ²ÓÍ Ì, ¨²¨ ±µ£¤  ¤¢¨¦¥´¨¥ Î ¸É¨Í Í¨±²¨Î´µ,
± ± ¢ Ê¸±µ·¨É¥²ÖÌ, ³¥Éµ¤ Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨ ´ £²Ö¤¥´ ¨ ¢Ò¸µ-
±µÔËË¥±É¨¢¥´.

1.5. Œ¥Éµ¤ ¤¨ËË¥·¥´Í¨ ²Ó´µ°  ²£¥¡·Ò. Œ¥Éµ¤ ¤¨ËË¥·¥´Í¨ ²Ó´µ°  ²£¥-
¡·Ò ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥ [11] ¤²Ö · ¸Î¥É  ¨  ´ ²¨§  ¨µ´´µ-µ¶É¨Î¥¸±¨Ì ¸¨¸É¥³
´  µ¸´µ¢¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ £ ³¨²ÓÉµ´µ¢µ° Ëµ·³¥. ‘¨³¶²¥±É¨Î¥¸± Ö
± ·É  (3) ¢ ÔÉµ³ ³¥Éµ¤¥ ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  ¢ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ.
Œ¥Éµ¤ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ µ¶·¥¤¥²¨ÉÓ Ì · ±É¥·¨¸É¨Î¥¸±ÊÕ ËÊ´±Í¨Õ (Ô°±µ´ ²)
¨ ¤µ¶Ê¸± ¥É Ë ±Éµ·¨§ Í¨Õ ¢ ¢¨¤¥ Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨.

‡ ± ´Î¨¢ Ö µ¶¨¸ ´¨¥ ³¥Éµ¤µ¢  ´ ²¨§  ¨µ´´µ-µ¶É¨Î¥¸±¨Ì ¸¨¸É¥³, µÉ³¥-
É¨³, ÎÉµ ¤²Ö ± ¦¤µ£µ ³¥Éµ¤  · §¢¨ÉÒ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸µÉÒ ¤²Ö ±µ³¶ÓÕÉ¥·-
´ÒÌ · ¸Î¥Éµ¢. “± ¦¥³ ´¥±µÉµ·Ò¥ ¨§ ´¨Ì. ’ ±, ¢ · ¡µÉ¥ [12] µ¶¨¸ ´  ¶·µ-
£· ³³  HAMILTON ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¢±²ÕÎ Ö Î²¥´Ò ¶Ö-
Éµ£µ ¶µ·Ö¤± , ¢ Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²ÖÌ, ¨³¥ÕÐ¨Ì ÌµÉÖ ¡Ò µ¤´Ê ¶²µ¸±µ¸ÉÓ
¸¨³³¥É·¨¨. ‚ ¶·µ£· ³³¥ COSY 5.0 [13], ¨¸¶µ²Ó§ÊÕÐ¥° ¶·µ£· ³³Ê HAMIL-
TON, ¢ÒÎ¨¸²Ö¥É¸Ö ¸¨³¶²¥±É¨Î¥¸± Ö ± ·É  ¸ ÊÎ¥Éµ³ Î²¥´µ¢ ¶ÖÉµ£µ ¶µ·Ö¤± .
‚ ¶·µ£· ³³¥ § ²µ¦¥´µ ¸¨³¶²¥±É¨Î¥¸±µ¥ Ê¸²µ¢¨¥ ¤²Ö ¸µ±· Ð¥´¨Ö ¶·µÍ¥¤Ê·Ò
¢ÒÎ¨¸²¥´¨°. �µ¤µ¡´Ò¥ ±µ³¶ÓÕÉ¥·´Ò¥ ¶·µ£· ³³Ò · §¢¨ÉÒ É ±¦¥ ¤²Ö ³¥Éµ-
¤µ¢ Ô°±µ´ ² , Ô±¸¶µ´¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨ ¨ ³¥Éµ¤  ¤¨ËË¥·¥´Í¨ ²Ó´µ°
 ²£¥¡·Ò.

2. ‘…Š’���›‰ Œ�‘‘-‘…����’��

�±É¨¢´µ¥ · §¢¨É¨¥ ISOL-¸¨¸É¥³ §  ¶µ¸²¥¤´¨¥ 40 ²¥É ¶·¨¢¥²µ ± ¸µ§¤ -
´¨Õ ¢ · §²¨Î´ÒÌ ´ ÊÎ´ÒÌ Í¥´É· Ì ³¨·  ¡µ²¥¥ ¸µÉ´¨ ³ ¸¸-¸¥¶ · Éµ·µ¢ ¸
Ê£² ³¨ ¶µ¢µ·µÉ  Î ¸É¨Í µÉ 45 ¤µ 250◦. �¶¨¸ ´¨¥ ¨ ¸¸Ò²±¨ ´  ÔÉ¨ ¸¥¶ · Éµ·Ò
¨³¥ÕÉ¸Ö ¢ µ¡Ï¨·´ÒÌ ¨§¤ ´¨ÖÌ EMIS(Ô²¥±É·µ³ £´¨É´Ò¥ ¨§µÉµ¶-¸¥¶ · Éµ·Ò)-
±µ´Ë¥·¥´Í¨° ¨ ¸¡µ·´¨± Ì ±µ´Ë¥·¥´Í¨° ¶µ Ö¤· ³, Ê¤ ²¥´´Ò³ µÉ ¶µ²µ¸Ò
β-¸É ¡¨²Ó´µ¸É¨.

’ ±µ¥ ³´µ£µµ¡· §¨¥ ³ ¸¸-¸¥¶ · Éµ·µ¢ ¸ ¶·¨³¥·´µ µ¤¨´ ±µ¢Ò³¨ ¸¢µ°-
¸É¢ ³¨ Ê± §Ò¢ ¥É ´  µÉ¸ÊÉ¸É¢¨¥ ¥¤¨´µ° ±µ´Í¥¶Í¨¨, § ±²ÕÎ ÕÐ¥°¸Ö ¢ ¶µ¤-
Ìµ¤¥, µ¶É¨³¨§¨·ÊÕÐ¥³ µ¸´µ¢´Ò¥ ¶ · ³¥É·Ò Ê¸É ´µ¢±¨.

�µ¶ÒÉ ¥³¸Ö ´ °É¨ É ±¨¥ ¶µ¤Ìµ¤Ò ¸ Í¥²ÓÕ ¤µ¸É¨¦¥´¨Ö ¢µ§³µ¦´µ ´ ¨²ÊÎ-
Ï¥£µ ± Î¥¸É¢  ³ ¸¸-¸¥¶ · Éµ· .

‘¥±Éµ·´Ò° ³ £´¨É ³ ¸¸-¸¥¶ · Éµ·  ¶·µ¸É· ´¸É¢¥´´µ · §¤¥²Ö¥É É· ¥±Éµ-
·¨¨ Î ¸É¨Í ¸ · §²¨Î´Ò³¨ ³ ¸¸ ³¨ ¨ Ëµ±Ê¸¨·Ê¥É Î ¸É¨ÍÒ µ¤´µ° ³ ¸¸Ò ´ 
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Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨. �É Éµ£µ, ´ ¸±µ²Ó±µ ÉµÎ´µ ÔÉµ ¤¥² ¥É¸Ö, § ¢¨¸¨É ± Î¥-
¸É¢µ ¸¥¶ · Éµ· . �µÔÉµ³Ê · ¸¸³µÉ·¨³ ¸¢µ°¸É¢  ¸¥±Éµ·´µ£µ ³ £´¨É .

2.1. ‘¥±Éµ·´Ò° ³ £´¨É. �·¨ · ¸¸³µÉ·¥´¨¨ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¢ Ô²¥±É·µ-
¸É É¨Î¥¸±¨Ì ¨ ³ £´¨É´ÒÌ ¶µ²ÖÌ ¡Ê¤¥³ ¶µ²Ó§µ¢ ÉÓ¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ ¶·¨-
¡²¨¦¥´¨¥³, ¶µ¸±µ²Ó±Ê ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö Î ¸É¨Í ¢ ³ ¸¸-¸¥¶ · Éµ· Ì (¨
³ ¸¸-¸¶¥±É·µ³¥É· Ì) ³´µ£µ ³¥´ÓÏ¥ Ô´¥·£¨¨ ¶µ±µÖ.

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢ Ëµ·³¥ �°²¥· Ä‹ £· ´¦ , ¶µ²ÊÎ ¥³Ò¥ ¸ ´¥·¥²ÖÉ¨-
¢¨¸É¸±µ° ËÊ´±Í¨¥° ‹ £· ´¦ , ¶µ¸²¥ ¨¸±²ÕÎ¥´¨Ö ¶¥·¥³¥´´µ° ®¢·¥³Ö¯ ¸É ´µ-
¢ÖÉ¸Ö Ê· ¢´¥´¨Ö³¨ É· ¥±Éµ·¨°, ¨ ¢ ¸²ÊÎ ¥ ³ £´¨É´µ£µ ¶µ²Ö ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨°
¢¨¤:

x′′ +

√
1 + x′2 + y′2

ρ
[(1 + x′2)hy − y′yh′

y] = 0,

y′′ +

√
1 + x′2 + y′2

ρ
(yhy)′ = 0.

(9)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ ρ Å · ¤¨Ê¸ ±·¨¢¨§´Ò É· ¥±Éµ·¨¨ ¢ µ¡² ¸É¨ µ¤´µ·µ¤´µ£µ
¶µ²Ö H0; hy = Hy/H0 ¨ h′

y = H ′
y/H0. ˜É·¨Ì µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥

¶µ z. �²µ¸±µ¸ÉÓ xz Å £µ·¨§µ´É ²Ó´ Ö,   yz Å ¢¥·É¨± ²Ó´ Ö. ƒ· ´¨Î´Ò¥
Ê¸²µ¢¨Ö ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö § ¤ ÕÉ¸Ö £¥µ³¥É·¨¥° ³ £´¨É´µ£µ
¶µ²Ö Hy(x, y, z).

“· ¢´¥´¨Ö (9) ´¥ ¸µ¢¸¥³ ÉµÎ´Ò, ¶µ¸±µ²Ó±Ê ¢ ´¨Ì Ê¦¥ ¢¢¥¤¥´  § ³¥´ 
Hz = yH ′

y, ±µÉµ· Ö ¸²¥¤Ê¥É ¨§ · §²µ¦¥´¨Ö ±µ³¶µ´¥´ÉÒ ¶µ²Ö Hz ¢ ·Ö¤ ¢¡²¨§¨
¸·¥¤´¥° ¶²µ¸±µ¸É¨:

Hz(y, z) = Hz(0, z) +
dHz

dy
y + . . .

ˆ§-§  ¸¨³³¥É·¨¨ ¶µ²Ö Hz(0, z) = 0,   ¶·¨ µÉ¸ÊÉ¸É¢¨¨ Éµ±µ¢ ¢ ³¥¦¶µ²Õ¸´µ³
§ §µ·¥

rotH = 0 ¨²¨
dHz

dy
=

dHy

dz
.

‚ Ê· ¢´¥´¨ÖÌ (9) ¶µ·Ö¤µ± ³ ²µ¸É¨ ¢¥²¨Î¨´ x′ ¨ y′ ¸ÊÐ¥¸É¢¥´´µ · §²¨Î¥´.
‚¥²¨Î¨´  x′ � y′, É ± ± ± x′ = tg ϑ, £¤¥ ϑ Å Ê£µ² ¶µ¢µ·µÉ  Î ¸É¨ÍÒ,  
y′ = d/(ρϑ), £¤¥ d Å § §µ· ³¥¦¤Ê ¶µ²Õ¸ ³¨ ³ £´¨É .

…¸²¨ ¶·¥´¥¡·¥ÎÓ ¢ Ê· ¢´¥´¨ÖÌ (9) ³ ²Ò³¨ ¢¥²¨Î¨´ ³¨, Éµ ¶µ²ÊÎ¨³ ¶ · ±-
¸¨ ²Ó´µ¥ ¶·¨¡²¨¦¥´¨¥. ‘¨¸É¥³  (9) ¶·¨ ÔÉµ³ · ¸¶ ¤ ¥É¸Ö ´  ¤¢  ´¥§ ¢¨¸¨³ÒÌ
Ê· ¢´¥´¨Ö, ¶¥·¢µ¥ ¨§ ±µÉµ·ÒÌ µ¶¨¸Ò¢ ¥É ¤¢¨¦¥´¨¥ ¢ ³¥¤¨ ´´µ° ¶²µ¸±µ¸É¨,  
¢Éµ·µ¥ Å ¢ ¢¥·É¨± ²Ó´µ°.

�µ¸²¥ § ³¥´Ò x′ =
dx

dz
= tg ϑ ¢ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³

sin ϑ(z) − sin ϑ(z1) = −1
ρ

z∫
z1

hydz, (10)
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(y′ cos ϑ)′ = −
yh′

y tg ϑ

ρ
. (11)

‘²¥¤ÊÕÐ¨° Ï £ § ±²ÕÎ ¥É¸Ö ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ ¶·µÉÖ¦¥´´µ¸ÉÓ ±· ¥-
¢µ£µ ¶µ²Ö §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥, Î¥³ ¶·µÉÖ¦¥´´µ¸ÉÓ µ¡² ¸É¨ ¶µ¸ÉµÖ´´µ£µ ¶µ²Ö.
‚ ÔÉµ³ ¸²ÊÎ ¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (10), (11) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ³ É·¨Î´µ³
¢¨¤¥, ¸¢Ö§Ò¢ ÕÐ¥³ ¶ · ³¥É·Ò ²¨´¥°´ÒÌ É· ¥±Éµ·¨° ´  ¢Ìµ¤¥ ¢ ³ £´¨É´µ¥
¶µ²¥ ¸ ¶ · ³¥É· ³¨ É· ¥±Éµ·¨° Î ¸É¨Í, ¶·µÏ¥¤Ï¨Ì ³ £´¨É´µ¥ ¶µ²¥. � · -
³¥É·Ò É· ¥±Éµ·¨° § ¤ ÕÉ¸Ö µÉ´µ¸¨É¥²Ó´µ Í¥´É· ²Ó´µ° µ¶É¨Î¥¸±µ° µ¸¨.

�¶Ê¸± Ö ¶·µ³¥¦ÊÉµÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶·¨¢¥¤¥³ µ±µ´Î É¥²Ó´Ò¥ ¢Ò· ¦¥-
´¨Ö ¤²Ö ³ É·¨Í ¶·¥µ¡· §µ¢ ´¨Ö ¶ · ³¥É·µ¢ É· ¥±Éµ·¨° ¢ £µ·¨§µ´É ²Ó´µ° ¨
¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸ÉÖÌ. ‚ ´¨¦¥¶·¨¢¥¤¥´´ÒÌ ³ É·¨Í Ì ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥
µ¡µ§´ Î¥´¨Ö: ε1 Å Ê£µ² ¢Ìµ¤  Î ¸É¨ÍÒ ¢ ¸¥±Éµ·´µ¥ ¶µ²¥, ε2 Å Ê£µ² ¢ÒÌµ¤ 
Î ¸É¨ÍÒ ¨§ ¶µ²Ö, Ω Å Ê£µ² ¸¥±Éµ·  ¶µ²Õ¸µ¢ ³ £´¨É , ϑ = Ω+ε1 +ε2 Å Ê£µ²
¶µ¢µ·µÉ  Î ¸É¨ÍÒ ¢ ³ £´¨É´µ³ ¶µ²¥.

MX =




cos (ϑ − ε1)
cos ε1

ρ sin ϑ ρ(1 − cos ϑ)/ cos ε2

− sin Ω
ρ cos ε1 cos ε2

cos (ϑ − ε2)
cos ε2

sin ϑ + tg ε2(1 − cos ϑ)

0 0 1


 . (12)

‡¤¥¸Ó ³ É·¨Î´Ò° Ô²¥³¥´É MX13 ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ²¨´¥°´ÊÕ ¤¨¸¶¥·¸¨Õ ¶µ

¨³¶Ê²Ó¸Ê: MX13 =
dx

d ln p
,   ³ É·¨Î´Ò° Ô²¥³¥´É MX23 =

dϑ

d ln p
Å Ê£²µ¢ÊÕ

¤¨¸¶¥·¸¨Õ.
„²Ö ¢¥·É¨± ²Ó´µ£µ ¤¢¨¦¥´¨Ö ¤¨¸¶¥·¸¨µ´´Ò¥ ¸¢µ°¸É¢  ´¥ · ¸¸³ É·¨¢ -

ÕÉ¸Ö, ¨ ¢ ³ É·¨Í¥ MY ÊÎ¨ÉÒ¢ ¥É¸Ö Éµ²Ó±µ µ¶É¨Î¥¸± Ö Î ¸ÉÓ:

MY =


 1 − ϑ tg ε1 ρϑ

− tg ε1 + tg ε2(1 − ϑ tg ε1)
ρ

1 − ϑ tg ε2


 . (13)

‚¥±Éµ· É· ¥±Éµ·¨¨ Î ¸É¨ÍÒ µ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¢¥²¨Î¨´ ³¨:
x(y) Å £µ·¨§µ´É ²Ó´µ¥ (¢¥·É¨± ²Ó´µ¥) µÉ±²µ´¥´¨¥ Î ¸É¨ÍÒ µÉ µ¸¥¢µ° É· -
¥±Éµ·¨¨, x′(y′) Å £µ·¨§µ´É ²Ó´Ò° (¢¥·É¨± ²Ó´Ò°) Ê£µ², µÉ¸Î¨ÉÒ¢ ¥³Ò° µÉ
µ¸¥¢µ° É· ¥±Éµ·¨¨ ¨ ∆m/m Å µÉ´µ¸¨É¥²Ó´Ò° · §¡·µ¸ ³ ¸¸ Î ¸É¨Í. ’·¨-
¢¨ ²Ó´Ò° ¢Ò¢µ¤ ³ É·¨Í (12), (13) ¶·¥¤¸É ¢²¥´ ¢ · §²¨Î´ÒÌ ¶Ê¡²¨± Í¨ÖÌ,
´ ¶·¨³¥· ¢ [14].

Œ É·¨ÍÒ (12) ¨ (13) ¶µ§¢µ²ÖÕÉ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ´ Ìµ-
¦¤¥´¨Ö ¶ · ³¥É·µ¢ ¸¥±Éµ·´µ£µ ³ £´¨É  ³ ¸¸-¸¥¶ · Éµ· . �µ¸²¥ Ê³´µ¦¥´¨Ö
± ¦¤µ° ¨§ ³ É·¨Í ¸²¥¢  ´  ³ É·¨ÍÊ ¸¢µ¡µ¤´µ£µ ¶·µ³¥¦ÊÉ±  ¸µµÉ¢¥É¸É¢¥´´µ
¨§ · ¢¥´¸É¢ M11 = 0, ÎÉµ Ô±¢¨¢ ²¥´É´µ Ëµ±Ê¸¨·µ¢±¥ ¶ · ²²¥²Ó´µ£µ ¶ÊÎ±  ¢
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ÉµÎ±Ê, ´ Ìµ¤ÖÉ¸Ö · ¸¸ÉµÖ´¨Ö ¤µ Ëµ± ²Ó´ÒÌ ¶²µ¸±µ¸É¥°:

lx =
ρ

tg (ϑ − ε1) − tg ε2
, ly = ρ

1 − ϑ tg ε1

tg ε1 + tg ε2(1 − ϑ tg ε1)
.

�·¨ ¸µ¢¶ ¤¥´¨¨ ÔÉ¨Ì · ¸¸ÉµÖ´¨° µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¤¢µ°´ Ö Ëµ±Ê¸¨·µ¢±  ¤²Ö
Î ¸É¨Í Í¥´É· ²Ó´µ° ³ ¸¸Ò, ¤¢¨¦ÊÐ¨Ì¸Ö ¢¤µ²Ó µ¸¥¢µ° É· ¥±Éµ·¨¨. ‚Éµ·µ¥
Ê· ¢´¥´¨¥, ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶ · ³¥É·µ¢ ³ £´¨É , ¢Ò¢µ¤¨É¸Ö ¨§
Ê¸²µ¢¨Ö ¤¢µ°´µ° Ëµ±Ê¸¨·µ¢±¨ ¤²Ö Ï¨·µ±µ£µ ¨´É¥·¢ ²  ³ ¸¸ ±∆m µÉ´µ¸¨-
É¥²Ó´µ Í¥´É· ²Ó´µ° ³ ¸¸Ò. �Éµ Ê¸²µ¢¨¥ Ô±¸É·¥³Ê³  ¢¥²¨Î¨´Ò ∆ = lx − ly =
ρF :

d∆
dm

=
(

F + ρ
dF

dε2

dε2

dρ

)
dρ

dm
=

(
F +

dF

dε2
Dρ

)
dρ

dm
= 0,

£¤¥ Dρ Å ¤¨¸¶¥·¸¨Ö ¶µ ¨³¶Ê²Ó¸Ê, ¶µ¸±µ²Ó±Ê dϑ = dε2.
�µ²ÊÎ¥´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨°


F = 0,
dF

dε2
= 0

(14)

¶µ§¢µ²Ö¥É · ¸¸Î¨É ÉÓ ¸¥±Éµ·´Ò° ³ £´¨É ¸µ ¸É¨£³ É¨Î¥¸±µ° Ëµ±Ê¸¨·µ¢±µ°.
�·¨ É ±µ³ ¸Î¥É¥ Ê£µ² ε1 · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¶ · ³¥É· ¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢¥²¨-
Î¨´Ò ε2 ¨ Ω,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ Ê£µ² ¶µ¢µ·µÉ  ϑ.

�¨¸. 1. ‡ ¢¨¸¨³µ¸É¨ µÉ Ê£²  ¶ ¤¥´¨Ö ε1 ¸²¥-
¤ÊÕÐ¨Ì ¢¥²¨Î¨´: 1 Å ϑ; 2 Å Ω; 3 Å ε2

—¨¸²¥´´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
(14) ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢¥²¨Î¨´Ò ε1

¶·¥¤¸É ¢²¥´µ ´  ·¨¸. 1. �µ²µ¦¨-
É¥²Ó´Ò¥ §´ Î¥´¨Ö ¢¥²¨Î¨´Ò ε1 ¸µ-
µÉ¢¥É¸É¢ÊÕÉ ¢¥·É¨± ²Ó´µ° Ëµ±Ê¸¨-
·µ¢±¥ Î ¸É¨Í ´  ¢Ìµ¤´µ° £· ´¨ ³ £-
´¨É ,   µÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö Å
¢¥·É¨± ²Ó´µ° ¤¥Ëµ±Ê¸¨·µ¢±¥. Š ±
¢¨¤´µ ¨§ ·¨¸. 1, ¢Ìµ¤´µ° Ê£µ² ε1 ≈
26,5◦ Ö¢²Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³ ¤²Ö ¸¥-
¶ · Éµ·µ¢ ¸o ¸É¨£³ É¨Î¥¸±¨³ ¨§µ-
¡· ¦¥´¨¥³, ¶·¨ ±µÉµ·µ³ Ëµ± ²Ó´Ò¥
¶²µ¸±µ¸É¨ £µ·¨§µ´É ²Ó´µ£µ ¨ ¢¥·É¨-
± ²Ó´µ£µ ¤¢¨¦¥´¨° ¸µ¢¶ ¤ ÕÉ.

� §´µ¸ÉÓ · ¸¸ÉµÖ´¨° ¤µ Ëµ± ²Ó-
´ÒÌ ¶²µ¸±µ¸É¥° ¢ Ï¨·µ±µ³ ¨´É¥·-
¢ ²¥ ³ ¸¸ ¨²²Õ¸É·¨·Ê¥É ·¨¸. 2. Š ± ¸²¥¤Ê¥É ¨§ ÔÉµ£µ ·¨¸Ê´± , ¶·¨ 10 %
µÉ±²µ´¥´¨¨ µÉ Í¥´É· ²Ó´µ° ³ ¸¸Ò Ëµ± ²Ó´Ò¥ ¶²µ¸±µ¸É¨ ¸µ¢¶ ¤ ÕÉ ¸ Ìµ·µ-
Ï¥° ÉµÎ´µ¸ÉÓÕ, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ÉµÎ´µ¸ÉÓ ¶µ·Ö¤±  1 % µÉ · ¤¨Ê¸  ±·¨¢¨§´Ò.
•µÉÖ ·¥§Ê²ÓÉ É, ¶·¨¢¥¤¥´´Ò° ´  ·¨¸. 2, ¶µ²ÊÎ¥´ ¢ Î ¸É´µ³ ¸²ÊÎ ¥ ¤²Ö ³ £´¨É 



1532 ‹“Š�˜…‚ˆ— ‚. B.

¸ ε1 = 12◦, Ω = 25,4◦, ¶µ¤µ¡´µ¥ ¶µ¢¥¤¥´¨¥ Ì · ±É¥·´µ ¤²Ö ²Õ¡µ£µ ·¥Ï¥´¨Ö,
É. ¥. ¶·¨ ²Õ¡µ³ ¤µ¶Ê¸É¨³µ³ §´ Î¥´¨¨ ¶ · ³¥É·  ε1.

�¨¸. 2. � §´µ¸ÉÓ · ¸¸ÉµÖ´¨° ¤µ Ëµ± ²Ó´ÒÌ ¶²µ¸-
±µ¸É¥° ∆ ¢ ¥¤¨´¨Í Ì · ¤¨Ê¸  ±·¨¢¨§´Ò É· ¥±Éµ-
·¨¨ ρ ¢ § ¢¨¸¨³µ¸É¨ µÉ µÉ´µ¸¨É¥²Ó´µ£µ µÉ±²µ-
´¥´¨Ö ³ ¸¸Ò Î ¸É¨ÍÒ µÉ Í¥´É· ²Ó´µ° ³ ¸¸Ò

Š·¨¢Ò¥, ¶·¥¤¸É ¢²¥´´Ò¥ ´ 
·¨¸. 1, µ¶¨¸Ò¢ ÕÉ ¢¸¥ ¨§¢¥¸É-
´Ò¥ ¸¥¶ · Éµ·Ò ¸ ¤¢µ°´µ° Ëµ-
±Ê¸¨·µ¢±µ° ¢ Ï¨·µ±µ³ ¨´É¥·-
¢ ²¥ ³ ¸¸. �É³¥É¨³ ´¥±µÉµ·Ò¥
¨§ ´¨Ì.

ˆ§ ¨§¢¥¸É´ÒÌ ¤¥°¸É¢ÊÕÐ¨Ì
³ ¸¸-¸¥¶ · Éµ·µ¢ ´ ¨¡µ²¥¥ · ¸-
¶·µ¸É· ´¥´ ¸¥¶ · Éµ· ¸ ¶ · -
³¥É· ³¨ ε1 = 0 (Ω = 19,5◦,
θ = 54,7◦). ‘¥¶ · Éµ·Ò
ÔÉµ£µ É¨¶ , ¨§£µÉµ¢²¥´´Ò¥ ¸± ´-
¤¨´ ¢¸±µ° Ë¨·³µ° ®Skanditron-
ix¯ [15], · ¡µÉ ÕÉ ¢µ ³´µ£¨Ì
¸É· ´ Ì, ´ ¶·¨³¥· ¢ ˜¢¥°Í -
·¨¨ (ISOLDE), �µ¸¸¨¨ (ˆ�ˆ‘,

Ÿ‘����), ˜¢¥Í¨¨, ”¨´²Ö´¤¨¨ ¨ ·Ö¤¥ ¤·Ê£¨Ì ¸É· ´. �  Ê¸É ´µ¢±¥ ISOLDE-
111 ´ Ìµ¤¨É¸Ö ¸¥¶ · Éµ· ¸ ¶ · ³¥É· ³¨ ε1 = 18,6◦ ¨ θ = 70◦ (general purpose

�¨¸. 3. ‹¨´¥°´ Ö ¤¨¸¶¥·¸¨Ö ¶µ ³ ¸¸¥ ¢ Ëµ-
± ²Ó´µ° ¶²µ¸±µ¸É¨ ¤²Ö ¸¥¶a· Éµ·µ¢ ¸ · §-
²¨Î´Ò³¨ Ê£² ³¨ ¢Ìµ¤  ε1

separator) [16].
‡ ± ´Î¨¢ Ö µ¶¨¸ ´¨¥ ¸¥±Éµ·-

´µ£µ ³ £´¨É , ¶·¨¢¥¤¥³ § ¢¨¸¨-
³µ¸ÉÓ ²¨´¥°´µ° ¤¨¸¶¥·¸¨¨ ¢ Ëµ-
± ²Ó´µ° ¶²µ¸±µ¸É¨ ¢ ¶¥·¶¥´¤¨±Ê-
²Ö·´µ³ ¶ÊÎ±Ê ´ ¶· ¢²¥´¨¨. Š ±
¢¨¤´µ ¨§ ·¨¸. 3, ¤¨¸¶¥·¸¨Ö ³ ±¸¨-
³ ²Ó´  ¤²Ö ¸¥¶ · Éµ·  ¸ ε1 = 10◦.

�·¨ ε1 > 10◦ · ¸É¥É Ê£µ² ¶µ¢µ-
·µÉ  Î ¸É¨ÍÒ, ´µ Ê³¥´ÓÏ ¥É¸Ö · ¸-
¸ÉµÖ´¨¥ ¤µ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨.
�Éµ Ê³¥´ÓÏ¥´¨¥ ¨¤¥É ¡Ò¸É·¥¥ ·µ-
¸É  Ê£²µ¢µ° ¤¨¸¶¥·¸¨¨, ¨ ¢ ·¥§Ê²Ó-
É É¥ ²¨´¥°´ Ö ¤¨¸¶¥·¸¨Ö Ê³¥´ÓÏ -
¥É¸Ö. �·¨ ε1 < 10◦ · ¸É¥É · ¸¸Éµ-

Ö´¨¥ ¤µ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨, ´µ ¡Ò¸É·¥¥ Ê¡Ò¢ ¥É Ê£²µ¢ Ö ¤¨¸¶¥·¸¨Ö (¨§-§ 
Ê³¥´ÓÏ¥´¨Ö θ), É ± ÎÉµ ²¨´¥°´ Ö ¤¨¸¶¥·¸¨Ö É ±¦¥ Ê¡Ò¢ ¥É.

2.2. �¶É¨Î¥¸± Ö ¸Ì¥³  ³ ¸¸-¸¥¶ · Éµ· . ‚µµ¡Ð¥ ¢µ§³µ¦´Ò ³ ¸¸-¸¥¶ -
· Éµ·Ò ¸  ¸É¨£³ É¨Î¥¸±¨³ ¨§µ¡· ¦¥´¨¥³, É. ¥. ¸ ´¥ ¸µ¢¶ ¤ ÕÐ¨³¨ ¢ ¶·µ¸É· ´-
¸É¢¥ Ëµ± ²Ó´Ò³¨ ¶²µ¸±µ¸ÉÖ³¨. �É¨ ¸²ÊÎ ¨ ´¥ ¡Ê¤ÊÉ µ¡¸Ê¦¤ ÉÓ¸Ö. �·¨Î¨´ 
§ ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¸É¨£³ É¨Î¥¸±¨¥ ¶ÊÎ±¨ (¶ÊÎ±¨, ¨³¥ÕÐ¨¥ £µ·¨§µ´É ²Ó-
´Ò¥ ¨ ¢¥·É¨± ²Ó´Ò¥ ±·µ¸¸µ¢¥·Ò ¢ µ¤´¨Ì ¨ É¥Ì ¦¥ ÉµÎ± Ì ¶·µ¸É· ´¸É¢ ) ¡µ²¥¥
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¶·¨¢²¥± É¥²Ó´Ò, ¶µ¸±µ²Ó±Ê ¤²Ö ´¨Ì ¶·µÐ¥ · ¸Î¥É ¨ ±µ´¸É·Ê¨·µ¢ ´¨¥ ²¨´¨°
É· ¸¸¨·µ¢µ±,   É ±¦¥ ¶·µÐ¥ ¤¨ £´µ¸É¨±  ¶ÊÎ±µ¢.

�Ê¤¥³ ¨¸Ìµ¤¨ÉÓ ¨§ É ±µ° µ¶É¨Î¥¸±µ° ¸Ì¥³Ò ¸¥¶ · Éµ· , ¶·¨ ±µÉµ·µ°
´ Î ²Ó´Ò° ±·µ¸¸µ¢¥· (¨¸ÉµÎ´¨± Î ¸É¨Í) ¶¥·¥¢µ¤¨É¸Ö ¢ ±µ´¥Î´Ò° ±·µ¸¸µ¢¥·,
ÌµÉÖ ·Ö¤ µ¶¨¸ ´´ÒÌ ¢ ²¨É¥· ÉÊ·¥ ³ ¸¸-¸¥¶ · Éµ·µ¢ ¨³¥¥É ³¥´¥¥ ¸É·µ£ÊÕ ¸¨³-
³¥É·¨Õ, µ£· ´¨Î¥´´ÊÕ ²¨ÏÓ Ê¸²µ¢¨¥³ ¸ÊÐ¥¸É¢µ¢ ´¨Ö µ¶É¨Î¥¸±µ£µ ¨§µ¡· ¦¥-
´¨Ö. � Î ²Ó´Ò° ±·µ¸¸µ¢¥· Ëµ·³¨·Ê¥É¸Ö ²¨¡µ µÉ¢¥·¸É¨¥³ ¨µ´´µ£µ ¨¸ÉµÎ´¨± 
¨ ¢ÒÉÖ£¨¢ ÕÐ¨³ Ô²¥±É·µ¸É É¨Î¥¸±¨³ ¶µ²¥³, ²¨¡µ ¸¶¥Í¨ ²Ó´µ° Ð¥²ÓÕ, ´ 
±µÉµ·ÊÕ Ëµ±Ê¸¨·Ê¥É¸Ö ¶ÊÎµ± ¨µ´´µ£µ ¨¸ÉµÎ´¨± . ” §µ¢ Ö ¤¨ £· ³³  ±·µ¸-
¸µ¢¥·  Ì · ±É¥·¨§Ê¥É¸Ö É¥³, ÎÉµ µ¸¨ ¤¨ £· ³³Ò ¸µ¢¶ ¤ ÕÉ ¸ µ¸Ö³¨ Ë §µ¢ÒÌ
±µµ·¤¨´ É. …¸²¨ ÔÉµ Ô²²¨¶¸, Éµ µ¸¨ Ë §µ¢ÒÌ ±µµ·¤¨´ É ¸µ¢¶ ¤ ÕÉ ¸ £² ¢-
´Ò³¨ µ¸Ö³¨ Ô²²¨¶¸ . …¸²¨ ÔÉµ ¶ · ²²¥²µ£· ³³Ò, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ Ë -
§µ¢Ò¥ ¤¨ £· ³³Ò ¶ÊÎ±µ¢, Ëµ·³¨·Ê¥³ÒÌ ¸ ¶µ³µÐÓÕ µÉ¢¥·¸É¨°, Éµ Ë §µ¢Ò¥
µ¸¨ ¸µ¢¶ ¤ ÕÉ ¸ µ¸Ö³¨ ¶ · ²²¥²µ£· ³³µ¢. �µÔÉµ³Ê µÎ¥¢¨¤´µ, ÎÉµ ¶·¥µ¡· -
§µ¢ ´¨¥ ±·µ¸¸µ¢¥·Ä±·µ¸¸µ¢¥· ¤µ²¦´µ µ¸ÊÐ¥¸É¢²ÖÉÓ¸Ö ³ É·¨Í¥°, µ¶É¨Î¥¸± Ö
Î ¸ÉÓ ±µÉµ·µ° ¤¨ £µ´ ²Ó´ . “ É ±µ° ³ É·¨ÍÒ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ M12 = 0
¨ M21 = 0. ‚ ¶¥·¢µ³ ¸²ÊÎ ¥ ÔÉµ µ§´ Î ¥É, ÎÉµ Î ¸É¨ÍÒ, ¢Ò²¥É ÕÐ¨¥ ¨§
ÉµÎ±¨, ¸µ¡¨· ÕÉ¸Ö ¢ ÉµÎ±Ê. �Éµ Ê¸²µ¢¨¥ µ¶É¨Î¥¸±µ£µ ¨§µ¡· ¦¥´¨Ö. ‚µ ¢Éµ-
·µ³ ¸²ÊÎ ¥ ´ ±²µ´Ò ¢ÒÌµ¤´ÒÌ É· ¥±Éµ·¨° ´¥ § ¢¨¸ÖÉ µÉ ¢Ìµ¤´ÒÌ ±µµ·¤¨´ É,
É. ¥. µÉ¸ÊÉ¸É¢Ê¥É Ëµ±Ê¸¨·µ¢±  ¢ ·¥§Ê²ÓÉ¨·ÊÕÐ¥° ³ É·¨Í¥.

“± § ´´Ò¥ É·¥¡µ¢ ´¨Ö ¤µ¸É ÉµÎ´Ò ¤²Ö ¶µ²ÊÎ¥´¨Ö ¸µµÉ´µÏ¥´¨°, ¶µ§¢µ-
²ÖÕÐ¨Ì ¢Ò¶µ²´¨ÉÓ ¸µ£² ¸µ¢ ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ³ ¸¸-
¸¥¶ · Éµ· . Š·µ³¥ Éµ£µ, ¸É ´µ¢¨É¸Ö ¢µ§³µ¦´µ° µ¶É¨³¨§ Í¨Ö ´ ¨¡µ²¥¥ ¢ ¦-
´ÒÌ ¥£µ ¶ · ³¥É·µ¢, É ±¨Ì ± ± · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¨ ± Î¥¸É¢µ. �µ¤
¶ · ³¥É·µ³ ± Î¥¸É¢  ¶µ¤· §Ê³¥¢ ¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥ · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ-
¸É¨ ´  Ë §µ¢Ò° µ¡Ñ¥³ ¶ÊÎ± , ¨´ Î¥ £µ¢µ·Ö, ± Î¥¸É¢µ É¥³ ¢ÒÏ¥, Î¥³ ²ÊÎÏ¥
· §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¨ ¢ÒÏ¥ ¸¢¥Éµ¸¨²  ¸¥¶ · Éµ· .

C¤¥² ¥³ Ê± § ´´Ò°  ´ ²¨§, ´¥ ±µ´±·¥É¨§¨·ÊÖ ¢ ¤¥É ²ÖÌ Ô²¥±É·µ¸É É¨Î¥-
¸±ÊÕ ¸¨¸É¥³Ê, Ëµ·³¨·ÊÕÐÊÕ ¶ÊÎµ± ´  ¢Ìµ¤¥ ³ £´¨É . �ÉÊ ¸¨¸É¥³Ê ¡Ê¤¥³
µ¶¨¸Ò¢ ÉÓ ¢ µ¡Ð¥³ ¢¨¤¥ ± ± ´¥±µÉµ·ÊÕ ÔËË¥±É¨¢´ÊÕ ²¨´§Ê, ¢ ¶¥·¥¤´¥³ Ëµ-
±Ê¸¥ ±µÉµ·µ° ´ Ìµ¤¨É¸Ö ±·µ¸¸µ¢¥· ¶ÊÎ±  (¨²¨ ¨¸ÉµÎ´¨± Î ¸É¨Í).

Œ É·¨Í  ²¨´§Ò ²¥£±µ ´ Ìµ¤¨É¸Ö ¨§ ¸µµÉ´µÏ¥´¨Ö (7), ¢ ±µÉµ·µ³ É· ¥±-
Éµ·¨¨ β ¨ ξ Ö¢²ÖÕÉ¸Ö ± ·¤¨´ ²Ó´Ò³¨ É· ¥±Éµ·¨Ö³¨, µ¶·¥¤¥²ÖÕÐ¨³¨ ¶µ²µ-
¦¥´¨e £² ¢´ÒÌ ¶²µ¸±µ¸É¥° ¶·¥²µ³²¥´¨Ö ¨ ¢¥²¨Î¨´Ò Ëµ±Ê¸´ÒÌ · ¸¸ÉµÖ´¨°.
‘É ´¤ ·É´Ò° ¢Ò¡µ· ÔÉ¨Ì É· ¥±Éµ·¨° É ±µ¢: É· ¥±Éµ·¨Ö β ¨³¥¥É ¥¤¨´¨Î´µ¥
· ¸¸ÉµÖ´¨¥ µÉ µ¶É¨Î¥¸±µ° µ¸¨ ¨ ´Ê²¥¢µ° ´ ±²µ´ ¢ ¶·µ¸É· ´¸É¢¥ ¶¥·¥¤ ²¨´-
§µ°,   É· ¥±Éµ·¨Ö ξ µ¶·¥¤¥²Ö¥É¸Ö É ±¨³ ¦¥ µ¡· §µ³, ´µ ¢ ¶·µ¸É· ´¸É¢¥ § 
²¨´§µ°. �¥Ï Ö ¸¨¸É¥³Ê Ê· ¢´¥´¨° É¨¶  (7) ¤²Ö ¶ · (x, xβ) ¨ (x, xξ), £¤¥ x Å
¶·µ¨§¢µ²Ó´ Ö É· ¥±Éµ·¨Ö, ²¥£±µ ¶µ²ÊÎ¨ÉÓ ³ É·¨ÍÊ ²¨´§Ò. ‹¨´§  ³µ¦¥É ¡ÒÉÓ
¸µ¸É ¢´µ°, Éµ£¤  ³ É·¨Í  ÔÉµ° ²¨´§Ò Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³ ³ É·¨Í ¸µ¸É -
¢²ÖÕÐ¨Ì ¥¥ Ô²¥³¥´Éµ¢. ‘É·Ê±ÉÊ·  ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¶·¨ ÔÉµ³ ´¥ ¨§³¥´Ö-
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¥É¸Ö. �¨¦¥ ¶·¨¢¥¤¥´ ´ ¨¡µ²¥¥ µ¡Ð¨° ¢¨¤ É ±µ° ³ É·¨ÍÒ:

L =




Zf2

f2

f1f2 − Zf1Zf2

f2

− 1
f2

Zf1

f2


 . (15)

‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ f1(f2) Å ¢Ìµ¤´µ¥ (¢ÒÌµ¤´µ¥) Ëµ±Ê¸´o¥ · ¸¸ÉµÖ´¨e,  
Zf1(Zf2) Å ±µµ·¤¨´ Éa ¢Ìµ¤´µ£µ (¢ÒÌµ¤´µ£µ) Ëµ±Ê¸ . �¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ
(15) · ¢¥´ f1/f2 =

√
ϕ1/ϕ2, £¤¥ ϕ1 Å ¶µÉ¥´Í¨ ² ¶·µ¸É· ´¸É¢  ¨¸ÉµÎ´¨± 

(¶µÉ¥´Í¨ ² ¶¥·¥¤ ²¨´§µ°),   ϕ2 Å ¶µÉ¥´Í¨ ² ±µµ·¤¨´ ÉÒ Zf2 , ¨²¨ ¶µÉ¥´Í¨ ²
¶·µ¸É· ´¸É¢  ¶µ¸²¥ ²¨´§Ò. �µ¤ ¶µÉ¥´Í¨ ²µ³ ¶µ´¨³ ¥É¸Ö, ± ± ÔÉµ ¶·¨´ÖÉµ ¢
µ¶É¨±¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í, Ô´¥·£¨Ö (¢ Ô²¥±É·µ´-¢µ²ÓÉ Ì) Î ¸É¨ÍÒ. ‚ µ¡² ¸É¨
2, ¶·¨³Ò± ÕÐ¥° ± ³ £´¨ÉÊ, ¶µÉ¥´Í¨ ² ϕ2 · ¢¥´ Ê¸±µ·ÖÕÐ¥³Ê. �·¨³¥³ ¥£µ
§  ¥¤¨´¨ÍÊ.

‚ ´ ¨¡µ²¥¥ µ¡Ð¥³ ¢¨¤¥ ¸ ÊÎ¥Éµ³ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ É·¥¡µ¢ ´¨° ³ -
É·¨Í  ¸¥¶ · Éµ·  S Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³ ¸²¥¤ÊÕÐ¨Ì ³ É·¨Í:

S = lmMlfmLZf1.

�Éµ ¶·µ¨§¢¥¤¥´¨¥ Î¨É ¥É¸Ö É ±: Î ¸É¨Í , ¢Ò²¥É¥¢Ï Ö ¨§ ÉµÎ±¨ ¶¥·¥¤´¥£µ Ëµ-
±Ê¸  ²¨´§Ò, ¶·µÌµ¤¨É ¶µ¸²¥¤µ¢ É¥²Ó´µ ¸¢µ¡µ¤´Ò° ¶·µ³¥¦ÊÉµ± ¤²¨´µ° Zf1 ,
²¨´§Ê L, ¸¢µ¡µ¤´Ò° ¶·µ³¥¦ÊÉµ± ²¨´§ Ä³ £´¨É lfm , ³ £´¨É M ¨ ¸¢µ¡µ¤´Ò°
¶·µ³¥¦ÊÉµ± ³ £´¨ÉÄËµ± ²Ó´ Ö ¶²µ¸±µ¸ÉÓ ³ £´¨É  lm.

�¥·¥³´µ¦¨¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ³ É·¨ÍÒ, ¶µ²ÊÎ¨³ ³ É·¨ÍÊ ¸¥¶ · Éµ·  ¤²Ö
¤¢¨¦¥´¨Ö ¢ ¸·¥¤´¥° ¶²µ¸±µ¸É¨

SX =



−fxm

fx2
0

fxm

2
sin (Ω + ε2) + sin ε1

cos ε1

0 − fx1

fxm

1
2
(sin ϑ) + tg ε2(1 − cos ϑ)

0 0 1


 (16)

¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ (S21 = 0)

lfm = Zfx2 + fxm
cos (ϑ − ε2)

cos ε2
, (17)

ÎÉµ Ô±¢¨¢ ²¥´É´µ ¸µ¢¶ ¤¥´¨Õ ±µµ·¤¨´ É ¢ÒÌµ¤´µ£µ Ëµ±Ê¸  ²¨´§Ò ¨ ¢Ìµ¤´µ£µ
Ëµ±Ê¸  ³ £´¨É . ‡´ Îµ± x §¤¥¸Ó Ê± §Ò¢ ¥É ´  £µ·¨§µ´É ²Ó´ÊÕ ¶²µ¸±µ¸ÉÓ,  
¢¥²¨Î¨´  fxm Å Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ¸¥±Éµ·´µ£µ ³ £´¨É :

fxm = ρ
cos ε1 cos ε2

sin Ω
. (18)
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�·¨¢¥¤¥³ ¶µ²´ÊÕ ³ É·¨ÍÊ, µ¶¨¸Ò¢ ÕÐÊÕ ¶·¥µ¡· §µ¢ ´¨¥ ¶ · ³¥É·µ¢ É· -
¥±Éµ·¨¨ ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨. „¥°¸É¢ÊÖ Ê± § ´´Ò³ ¢ÒÏ¥ µ¡· §µ³, ¶µ-
²ÊÎae³

SY =




−fym

fe2
0

−
Zfy2 + Zmy1 − lfm

fe2fem
− fe1

fym


 , (19)

£¤¥ ±µµ·¤¨´ É  ¢Ìµ¤´µ£µ Ëµ±Ê¸  ³ £´¨É 

Zmy1 = fmy(1 − ϑ tg ε2). (20)

‚ ¢Ò· ¦¥´¨¨ (19) fy1, fy2 Å ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ëµ±Ê¸´Ò¥ · ¸¸ÉµÖ´¨Ö
Ô²¥±É·µ¸É É¨Î¥¸±µ° ¸¨¸É¥³Ò ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨,   fym Å Ëµ±Ê¸´µ¥
· ¸¸ÉµÖ´¨¥ ³ £´¨É  ¢ ÔÉµ° ¶²µ¸±µ¸É¨:

fym =
ρ

tg ε1 + tg ε2(1 − ϑtg ε1)
. (21)

� ¢¥´¸É¢  (16)Ä(21) ¤ ÕÉ ¶µ²´Ò° ´ ¡µ· ¸µµÉ´µÏ¥´¨° ¤²Ö ¸ ³µ¸µ£² ¸µ-
¢ ´´µ£µ · ¸Î¥É  ³ ¸¸-¸¥¶ · Éµ· .

2.3. � §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¸¥±Éµ·´µ£µ ³ ¸¸-¸¥¶ · Éµ· . ˆ§ ³ É·¨ÍÒ
(16) ´ Ìµ¤¨É¸Ö ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ ³ ¸¸-
¸¥¶ · Éµ· :

τ =
m

∆m
=

sin (Ω + ε2) + sin ε1

2 cos ε1

fx2

2x0
,

£¤¥ 2x0 Å ¶µ²´ Ö Ï¨·¨´  ¶ÊÎ±  ¢ ÉµÎ±¥ ´ Î ²Ó´µ£µ ±·µ¸¸µ¢¥·  (ÉµÎ±  ¨¸ÉµÎ-
´¨± ). “³´µ¦ Ö Î¨¸²¨É¥²Ó ¨ §´ ³¥´ É¥²Ó ÔÉµ£µ ¢Ò· ¦¥´¨Ö ´  ¶µ²´Ò° Ê£²µ¢µ°
· §³¥· ¶ÊÎ±  2x′

0 ¨ ¢¢µ¤Ö µ¡µ§´ Î¥´¨¥ ¤²Ö ¸µÌ· ´ÖÕÐ¥°¸Ö ¢¥²¨Î¨´Ò Ô³¨É-
É ´¸  ¶ÊÎ±  ζ = 4x0x

′
0
√

ϕ1, ¶µ²ÊÎae³

τ =
sin (Ω + ε2) + sin ε1

2 cos ε1

X

ζ
, (22)

§¤¥¸Ó X = 2x′
0fx1 Å ¶µ²´ Ö Ï¨·¨´  ¶ÊÎ±  ´  ¢Ìµ¤¥ ¢ ³ £´¨É,   fx2 =

fx1/
√

ϕ1, £¤¥ ¶µÉ¥´Í¨ ² ϕ1 § ¤ ´ ¢ ¥¤¨´¨Í Ì Ê¸±µ·ÖÕÐ¥£µ ¶µÉ¥´Í¨ ² .
�µ¸±µ²Ó±Ê Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ ¶ÊÎ±  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¨´É¥£· ² ¤¢¨-

¦¥´¨Ö, Éµ ¨§ (22) ¸²¥¤Ê¥É ¶·¨´Í¨¶¨ ²Ó´µ¥ § ±²ÕÎ¥´¨¥ Å · §·¥Ï ÕÐ Ö ¸¶µ-
¸µ¡´µ¸ÉÓ µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´  Ê£²µ¢µ³Ê · §¡·µ¸Ê Î ¸É¨Í ¢ ³ £´¨É¥.

‘Ê³³  ¸¨´Ê¸µ¢ ¢ Î¨¸²¨É¥²¥ ¢Ò· ¦¥´¨Ö (22) Å ÔÉµ ²¥¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö
(10), ¨³¥ÕÐ Ö ¸³Ò¸² ´µ·³¨·µ¢ ´´µ£µ ´  ¨³¶Ê²Ó¸ Î ¸É¨ÍÒ ¶µÉµ±a ³ £´¨É´µ°
¨´¤Ê±Í¨¨, ¶·¨Ìµ¤ÖÐe°¸Ö ´  ¥¤¨´¨ÍÊ Ï¨·¨´Ò ¶µ²Õ¸ . �·¨ Ê³´µ¦¥´¨¨ ÔÉµ£µ
¢Ò· ¦¥´¨Ö ´  Ï¨·¨´Ê ¶ÊÎ±  ÔÉµ ¶·¨¢µ¤¨É ± ´µ·³¨·µ¢ ´´µ³Ê ´  ¨³¶Ê²Ó¸
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¶µÉµ±Ê ¨´¤Ê±Í¨¨ ¶µ ¢¸¥° ¶²µÐ ¤¨ ¶ÊÎ± . ‚Ò· ¦¥´¨¥ ¤²Ö τ ³µ¦´µ, ± ± ÔÉµ
¨´µ£¤  ¤¥² ¥É¸Ö [14], ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ¢¥²¨Î¨´Ê ¶²µÐ ¤¨ ¶ÊÎ±  ¢ ³ £´¨É¥ S:

τ =
S

2ρζ
.

Š ± ¢¨¤´µ ¨§ ¢Ò· ¦¥´¨Ö (22), · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¢ ²¨´¥°´µ³ ¶·¨-
¡²¨¦¥´¨¨ Ê¢¥²¨Î¨¢ ¥É¸Ö ¶·µ¶µ·Í¨µ´ ²Ó´µ ·µ¸ÉÊ Ï¨·¨´Ò ¶ÊÎ±  ¨ ´¥ § ¢¨¸¨É
µÉ ¢¥²¨Î¨´Ò · ¤¨Ê¸  ±·¨¢¨§´Ò É· ¥±Éµ·¨¨. ˆ´ Î¥ £µ¢µ·Ö, · §³¥· ³ £´¨É  ¶·¨

�¨¸. 4. �É±²µ´¥´¨¥ É· ¥±Éµ·¨¨ µÉ µ¸¨ ¢ Ëµ-
± ²Ó´µ° ¶²µ¸±µ¸É¨ ¸¥¶ · Éµ·  ¢ ¥¤¨´¨Í Ì · -
¤¨Ê¸  ±·¨¢¨§´Ò ρ. ’¨¶ ¸¥¶ · Éµ·  ±² ¸¸¨-
Ë¨Í¨·µ¢ ´ ¶µ Ê£²Ê ¶ ¤¥´¨Ö ε1: ±·¨¢Ò¥ 1Ä3
¶·¥¤¸É ¢²¥´Ò ¤²Ö ¸¥¶ · Éµ·µ¢ ¸ ε1 = 25, 20
¨ 12◦ ¸µµÉ¢¥É¸É¢¥´´µ

§ ¤ ´´µ° ¦¥¸É±µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö
Ï¨·¨´µ° ¥£µ ¶µ²Õ¸´ÒÌ ´ ±µ´¥Î-
´¨±µ¢.

‚ ²¨´¥°´µ³ ¶·¨¡²¨¦¥´¨¨ ¶ -
· ²²¥²Ó´Ò° ¶ÊÎµ±, ¶ ¤ ÕÐ¨° ´ 
¶·µ¨§¢µ²Ó´ÊÕ ²¨´§Ê (¢ Éµ³ Î¨-
¸²¥ ¨ ´  ¸¥±Éµ·´Ò° ³ £´¨É), Ëµ-
±Ê¸¨·Ê¥É¸Ö ¢ ÉµÎ±Ê. ‚ ·¥ ²Ó-
´µ¸É¨ ÔÉµ ´¥ É ±. ˆ§-§   ¡¥·-
· Í¨° · §³¥· ¸Ëµ±Ê¸¨·µ¢ ´´µ£µ
¶ÖÉ´  § ¢¨¸¨É µÉ Ï¨·¨´Ò ¶ ¤ -
ÕÐ¥£µ ¶ÊÎ± . �·¨¢¥¤¥³ ·¥§Ê²Ó-
É ÉÒ Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö (10) ¢ ¶·¨¡²¨¦¥´¨¨ ·¥§±µ°
£· ´¨ÍÒ ³ £´¨É´µ£µ ¶µ²Ö. ‚ ± Î¥-
¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 4 ¶·¨¢¥¤¥´Ò
·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¤²Ö ·Ö¤  ¸¥¶ -
· Éµ·µ¢. Š·¨¢Ò¥ ´  ÔÉµ³ ·¨¸Ê´±¥

¤¥³µ´¸É·¨·ÊÕÉ ÔËË¥±É ±¢ ¤· É¨Î´µ£µ ÊÏ¨·¥´¨Ö ³ ¸¸µ¢µ° ²¨´¨¨ ¢ § ¢¨¸¨-
³µ¸É¨ µÉ Ï¨·¨´Ò ¶ÊÎ±  ´  ¢Ìµ¤¥ ³ £´¨É . �¥§´ Î¨É¥²Ó´µ¥ µÉ²¨Î¨¥ ¶·¥¤¸É -
¢²¥´´ÒÌ ±·¨¢ÒÌ µÉ ¶ · ¡µ² µ¡ÑÖ¸´Ö¥É¸Ö É¥³ Ë ±Éµ³, ÎÉµ ¢Ìµ¤´Ò¥ É· ¥±Éµ-
·¨¨, ²¥¦ Ð¨¥ ¢µ ¢´¥Ï´¥° µ¡² ¸É¨ ³ £´¨É  ¶µ µÉ´µÏ¥´¨Õ ± µ¸¥¢µ° É· ¥±-
Éµ·¨¨, ¶¥·¥¸¥± ÕÉ Í¥´É· ²Ó´ÊÕ É· ¥±Éµ·¨Õ ¶¥·¥¤ Ëµ± ²Ó´µ° ¶²µ¸±µ¸ÉÓÕ ¨
¢ ÉµÎ±¥ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨ Ö¢²ÖÕÉ¸Ö · ¸Ìµ¤ÖÐ¨³¨¸Ö. „²Ö ¢Ìµ¤´ÒÌ É· ¥±-
Éµ·¨°, ¶·µÌµ¤ÖÐ¨Ì ¶µ ¢´ÊÉ·¥´´¥° µ¡² ¸É¨ ³ £´¨É , ¢ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨
¸¨ÉÊ Í¨Ö µ¡· É´ Ö. ‚ ÉµÎ±¥ Ëµ± ²Ó´µ° ¶²µ¸±µ¸É¨ ÔÉ¨ É· ¥±Éµ·¨¨ Ö¢²ÖÕÉ¸Ö
¸Ìµ¤ÖÐ¨³¨¸Ö µÉ´µ¸¨É¥²Ó´µ µ¸¥¢µ° É· ¥±Éµ·¨¨. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¶·¨¢µ¤¨É,
±·µ³¥ ±¢ ¤· É¨Î´µ£µ, ± ´¥¡µ²ÓÏµ³Ê ±Ê¡¨Î¥¸±µ³Ê ÊÏ¨·¥´¨Õ ³ ¸¸µ¢µ° ²¨´¨¨
¢ § ¢¨¸¨³µ¸É¨ µÉ Ï¨·¨´Ò ¢Ìµ¤´µ£µ ¶ÊÎ± . ‚ ·¥§Ê²ÓÉ É¥ ±·¨¢Ò¥ ´  ·¨¸. 4
µ¶¨¸Ò¢ ÕÉ¸Ö ¸²¥¤ÊÕÐ¥° § ¢¨¸¨³µ¸ÉÓÕ:

δx = a

(
X

2 cos ε1

)2

− b

(
X

2 cos ε1

)3

,

§¤¥¸Ó X/ cos ε1 Å Ï¨·¨´  ¶ÊÎ±  ¢¤µ²Ó ¶¥·¥¤´¥° £· ´¨ ³ £´¨É .
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�¨¸. 5. ŠµÔËË¨Í¨¥´ÉÒ ±¢ ¤· É¨Î´µ° (1) ¨
±Ê¡¨Î¥¸±µ°  ¡¥·· Í¨° (2) ¤²Ö · §²¨Î´ÒÌ
¸¥¶ · Éµ·µ¢

ŠµÔËË¨Í¨¥´ÉÒ ±¢ ¤· É¨Î´µ° ¨
±Ê¡¨Î¥¸±µ°  ¡¥·· Í¨° ¶µ²µ¦¥´¨Ö
¨§µ¡· ¦¥´Ò ¤²Ö ´¥±µÉµ·ÒÌ ¸¥¶ · -
Éµ·µ¢ ´  ·¨¸. 5.

„²Ö ¶ÊÎ±µ¢ ¸ ¶µ¸ÉµÖ´´Ò³ Ô³¨É-
É ´¸µ³ ¢ § ¢¨¸¨³µ¸É¨ µÉ Ï¨·¨´Ò
¶ÊÎ±  ´  ¢Ìµ¤¥ ¢ ³ £´¨É · §·¥Ï Õ-
Ð Ö ¸¶µ¸µ¡´µ¸ÉÓ ¸´ Î ²  Ê¢¥²¨Î¨¢ -
¥É¸Ö, ¤µ¸É¨£ ¥É ³ ±¸¨³ ²Ó´µ£µ §´ -
Î¥´¨Ö,   § É¥³ Ê³¥´ÓÏ ¥É¸Ö ¨§-§  ·µ-
¸É  ±¢ ¤· É¨Î´µ£µ ÊÏ¨·¥´¨Ö ³ ¸¸µ-
¢µ° ²¨´¨¨.

�¶·¥¤¥²ÖÖ · §·¥Ï ÕÐÊÕ ¸¶µ-
¸µ¡´µ¸ÉÓ ¶µ-¶·¥¦´¥³Ê ± ± µÉ´µÏ¥-
´¨¥ ²¨´¥°´µ° ¤¨¸¶¥·¸¨¨ ± Ï¨·¨´¥ ³ ¸¸µ¢µ° ²¨´¨¨ ¸ ÊÎ¥Éµ³ ±¢ ¤· É¨Î´ÒÌ
 ¡¥·· Í¨°, ¢³¥¸Éµ (22) ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

τ =
sin (Ω + ε2) + sin ε1

2ζ cos ε1

X

1 + aX3/(4ζfxm cos2 ε1)
. (23)

�µ²µ¦¨¢ ¶¥·¢ÊÕ ¶·µ¨§¢µ¤´ÊÕ µÉ (23) ¶µ X · ¢´µ° ´Ê²Õ, ¢ÒÎ¨¸²¨³ §´ -
Î¥´¨¥ X , ¶·¨ ±µÉµ·µ³ · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ³ ±¸¨³ ²Ó´ . �±¸É·¥³Ê³
¨³¥¥É ³¥¸Éµ ¶·¨

X = 3

√
2fxmζ cos2 ε1

a
= cos ε1

3

√
2ρζ cos ε2

a sin Ω
. (24)

�Éµ ¸µµÉ´µÏ¥´¨¥ ¸¢Ö§Ò¢ ¥É ¶ · ³¥É·Ò ¶ÊÎ±  ¨ Ëµ±Ê¸¨·ÊÕÐ¥° ¸¨¸É¥³Ò ¸µ
¸¢µ°¸É¢ ³¨ ¸¥±Éµ·´µ£µ ³ £´¨É . Œ ±¸¨³ ²Ó´ Ö · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ
¸É ´µ¢¨É¸Ö · ¢´µ°

τµ¶É =
sin (Ω + ε2) + sin ε1

3
3

√
2ρ cos ε2

ζ2a sin Ω
. (25)

‘µµÉ´µÏ¥´¨¥ (25) ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¶²µÐ ¤Ó ¶ÊÎ±  ¢ ³ £´¨É¥, µ¶·¥-
¤¥²Ö¥³ÊÕ µ¶É¨³ ²Ó´µ° Ï¨·¨´µ° ¶ÊÎ±  ´  ¢Ìµ¤¥ ¢ ³ £´¨É. ’µ£¤ , Ê³´µ¦ Ö
Î¨¸²¨É¥²Ó ¨ §´ ³¥´ É¥²Ó ¢ Ëµ·³Ê²e (25) ´  ¢¥²¨Î¨´Ê ρX/ cos ε1, ¶µ²ÊÎ ¥³
Ô±¢¨¢ ²¥´É´µ¥ ¢Ò· ¦¥´¨¥:

τ =
Sµ¶É

3ρζ
.

�  ·¨¸. 6 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ ¢
¥¤¨´¨Í Ì 3

√
ρ/ζ2 ¤²Ö · §²¨Î´ÒÌ ¸¥¶ · Éµ·µ¢, µ¶É¨³¨§¨·µ¢ ´´ÒÌ ¶µ Ï¨·¨´¥

¢Ìµ¤´µ£µ ¶ÊÎ± . ‡¤¥¸Ó É ±¦¥ ¤²Ö ¸· ¢´¥´¨Ö ¨§µ¡· ¦¥´  § ¢¨¸¨³µ¸ÉÓ · §·¥-
Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ ¢ ¥¤¨´¨Í Ì X/ζ ¡¥§ ÊÎ¥É  ±¢ ¤· É¨Î´µ£µ ¶µ Ï¨·¨´¥
¶ÊÎ±  ÊÏ¨·¥´¨Ö ³ ¸¸µ¢µ° ²¨´¨¨.
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�¨¸. 6. � §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¸¥¶ -
· Éµ·µ¢, ±² ¸¸¨Ë¨Í¨·µ¢ ´´ÒÌ ¶µ Ê£²Ê
¢Ìµ¤  ε1: 1 Å τµ¶É

3
√

ζ2/ρ; 2 Å τ (ζ/X)

ˆ§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ³µ¦´µ
¸¤¥² ÉÓ ´¥±µÉµ·Ò¥ ¢Ò¢µ¤Ò.

1. Š ± ¢¨¤´µ ¨§ ·¨¸. 6, ±·¨¢ Ö § -
¢¨¸¨³µ¸É¨ τµ¶É = τµ¶É(ε1, ε2(ε1), Ω(ε1))
¨³¥¥É ³ ±¸¨³Ê³. ‘²¥¤µ¢ É¥²Ó´µ, · ¢¥´-

¸É¢µ
∂τµ¶É

dε1
= 0 ¸µ¢³¥¸É´µ ¸ Ê¸²µ¢¨Ö³¨

(14) § ³Ò± ¥É ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö
¢ÒÎ¨¸²¥´¨Ö Ê£²µ¢ÒÌ ¶ · ³¥É·µ¢ ε1, ε2

¨ Ω ¸¥±Éµ·´µ£µ ³ £´¨É  ¨ É¥³ ¸ ³Ò³
µ¶·¥¤¥²Ö¥É ¥£µ ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³.

2. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ·¨¸. 6 µ¶É¨-
³ ²Ó´Ò³ ³ £´¨Éµ³ ³ ¸¸-¸¥¶ · Éµ· 
Ö¢²Ö¥É¸Ö ³ £´¨É ¸ Ê£²µ³ ¢Ìµ¤  ¶ÊÎ± 
ε1 = 20◦.

3. � §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¸² ¡µ (± ± ±µ·¥´Ó ±Ê¡¨Î¥¸±¨°) § ¢¨¸¨É µÉ
· ¤¨Ê¸  ±·¨¢¨§´Ò É· ¥±Éµ·¨¨, ÎÉµ Ê± §Ò¢ ¥É ´  µÉ¸ÊÉ¸É¢¨¥ ´¥µ¡Ìµ¤¨³µ¸É¨
¸É·¥³¨ÉÓ¸Ö ± ¶µ¸É·µ¥´¨Õ ¡µ²ÓÏ¨Ì ³ £´¨Éµ¢.

4. ”µ±Ê¸¨·ÊÕÐ Ö Ô²¥±É·µ¸É É¨Î¥¸± Ö ¸¨¸É¥³  · ¸¸Î¨ÉÒ¢ ¥É¸Ö É ±¨³
µ¡· §µ³, ÎÉµ¡Ò ¸Ëµ·³¨·µ¢ ÉÓ ¶ÊÎµ± ¸ µ¶É¨³ ²Ó´µ° Ï¨·¨´µ° ¢ ¸µµÉ¢¥É¸É¢¨¨
¸ ¢Ò· ¦¥´¨¥³ (24).

�·¨ Ê¢¥²¨Î¥´¨¨ ¢Ìµ¤´µ° Ï¨·¨´Ò ¶ÊÎ±  ¤µ µ¶É¨³ ²Ó´µ£µ §´ Î¥´¨Ö ¶·µ-
¶µ·Í¨µ´ ²Ó´µ Ê³¥´ÓÏ ÕÉ¸Ö Ê£²Ò ´ ±²µ´  É· ¥±Éµ·¨° ¨, ¸²¥¤µ¢ É¥²Ó´µ,  ¡¥·-
· Í¨¨, ¸¢Ö§ ´´Ò¥ ¸ ÔÉ¨³¨ Ê£² ³¨. „ ²¥¥, ¥¸²¨ £µ·¨§µ´É ²Ó´µ¥ · ¸Ï¨·¥´¨¥
¶ÊÎ±  ¸µ¶·µ¢µ¦¤ ¥É¸Ö Ê³¥´ÓÏ¥´¨¥³ ¥£µ ¢¥·É¨± ²Ó´µ£µ · §³¥· , Éµ ¸µ±· Ð -
¥É¸Ö ¢±² ¤  ¡¥·· Í¨°, § ¢¨¸ÖÐ¨Ì µÉ ¶ · ³¥É·µ¢ ¤¢¨¦¥´¨Ö ¢ ¢¥·É¨± ²Ó´µ°
¶²µ¸±µ¸É¨.

2.4. �¤´µ·µ¤´µ¸ÉÓ ³ £´¨É´µ£µ ¶µ²Ö ¢ ³ £´¨É Ì ³ ¸¸-¸¥¶ · Éµ·µ¢. �·¥-
¦¤¥ Î¥³ µ¡¸Ê¤¨ÉÓ ¶·µ¡²¥³Ê  ¡¥·· Í¨°, § ³¥É¨³, ÎÉµ · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡-
´µ¸ÉÓ ³ ¸¸-¸¥¶ · Éµ·µ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ § ¢¨¸¨É É ±¦¥ µÉ ¸É¥¶¥´¨ µ¤´µ·µ¤-
´µ¸É¨ ³ £´¨É´µ£µ ¶µ²Ö. �µ²ÓÏ¨´¸É¢µ ¤¥°¸É¢ÊÕÐ¨Ì ¸¥¶ · Éµ·µ¢ ¨³¥ÕÉ ³ £-
´¨ÉÒ ¸ ´¥µ¤´µ·µ¤´µ¸ÉÓÕ ¶µ²Ö ¶µ·Ö¤±  δH/H ∼= 10−3, ÎÉµ, ¥¸É¥¸É¢¥´´µ, ´¥
¶·¥¤¶µ² £ ¥É ·¥ ²¨§ Í¨Õ ¢Ò¸µ±µ° · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨. ’ ±, ´ ¶·¨-
³¥·, ´¥µ¤´µ·µ¤´µ¸ÉÓ ¶µ²Ö ³ £´¨É  ¸¥¶ · Éµ·  µ¡Ð¥£µ ´ §´ Î¥´¨Ö ¢ Ê¸É ´µ¢±¥
ISOLDE-3 ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê 5 · 10−4,   · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ · ¢´ 
2400 ¸ ¶ÊÎ±µ³, Ô³¨ÉÉ ´¸ ±µÉµ·µ£µ · ¢¥´ 2 ¸³ ·³· ¤. �·¨³¥·´µ ¤µ É ±µ£µ ¦¥
Ê·µ¢´Ö · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ µ£· ´¨Î¨¢ ¥É¸Ö ¢²¨Ö´¨¥³  ¡¥·· Í¨° ¢Éµ-
·µ£µ ¶µ·Ö¤± . ‚±² ¤  ¡¥·· Í¨° É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ·¥§Ê²ÓÉ -
É ³¨, ¶·¨¢¥¤¥´´Ò³¨ ¢ÒÏ¥, £µ· §¤µ ³¥´ÓÏ¥.

„µ¸É¨¦¥´¨¥ ¢Ò¸µ±µµ¤´µ·µ¤´µ£µ ¶µ²Ö ¢ Ô²¥±É·µ³ £´¨É Ì ¶·¥¤¸É ¢²Ö¥É ¸µ-
¡µ° ´¥¶·µ¸ÉÊÕ § ¤ ÎÊ, ¶µ¸±µ²Ó±Ê ¸¢µ°¸É¢  ³ £´¨É  ¢ ¸¨²Ó´µ° ¸É¥¶¥´¨ § ¢¨¸ÖÉ
µÉ Ë¥··µ³ £´¨É´ÒÌ ¸¢µ°¸É¢ ³ É¥·¨ ²µ¢ ¨ ±µ´¸É·Ê±Í¨¨ ³ £´¨É  ¨ ¤ ¦¥ ¢Ò-
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¸µ±µÉµÎ´ Ö ¸¡µ·±  ¨ Õ¸É¨·µ¢±  ¶µ²Õ¸µ¢, ¸¤¥² ´´ÒÌ ¨§ Ô²¥±É·µÉ¥Ì´¨Î¥¸±µ°
¸É ²¨ ¸ ´¨§±¨³ ¸µ¤¥·¦ ´¨¥³ Ê£²¥·µ¤ , ´¥ £ · ´É¨·Ê¥É ¢Ò¸µ±ÊÕ µ¤´µ·µ¤´µ¸ÉÓ
¶µ²Ö. �·¨Î¨´  § ±²ÕÎ ¥É¸Ö ¢µ ¢²¨Ö´¨¨ Éµ±µ¢ ”Ê±µ ¶·¨ ¤µ¸É¨¦¥´¨¨ ´Ê¦-
´µ£µ §´ Î¥´¨Ö ³ £´¨É´µ° ¨´¤Ê±Í¨¨. �¡ÒÎ´µ µ¡Ð Ö É¥´¤¥´Í¨Ö ¸¢µ¤¨É¸Ö ±
Éµ³Ê, ÎÉµ ¶·¨ Ê¢¥²¨Î¥´¨¨ Éµ±  ¢ Ô²¥±É·µµ¡³µÉ± Ì ¨§-§  ±µ´¥Î´µ¸É¨ ¶µ²Õ¸-
´ÒÌ ´ ±µ´¥Î´¨±µ¢ Éµ±¨ ”Ê±µ µ¸² ¡²ÖÕÉ ¶µ²¥ ¢ Í¥´É·¥ ³ £´¨É  ¨ ¢ ± ·É¥
¶µ²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Í¥´É· ²Ó´µ° µ¡² ¸É¨ ¶µ²Õ¸µ¢ ´ ¡²Õ¤ ¥É¸Ö ¶·µ¢ ².
�·¨ Ê³¥´ÓÏ¥´¨¨ Éµ±  ¢ µ¡³µÉ± Ì ´ ¡²Õ¤ ¥É¸Ö µ¡· É´ Ö ± ·É¨´ , ¶·µ¢ ² ´ -
Î¨´ ¥É § ¶µ²´ÖÉÓ¸Ö ¨ ³µ¦¥É ¶·¥¢· É¨ÉÓ¸Ö ¢ ¢Ò¶Ê±²µ¸ÉÓ ´  ± ·É¥ ¶µ²Ö.

�µ¸±µ²Ó±Ê µ¡¸Ê¦¤ ¥³Ò° ¢µ¶·µ¸ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¶·¨ ±µ´¸É·Ê¨·µ¢ -
´¨¨ ¢Ò¸µ±µ± Î¥¸É¢¥´´ÒÌ ³ ¸¸-¸¥¶ · Éµ·µ¢, µ¶¨Ï¥³ µ¶ÒÉ �ˆŸ” [20] ¢ ¤µ-
¸É¨¦¥´¨¨ µ¤´µ·µ¤´µ¸É¨ ³ £´¨É´µ£µ ¶µ²Ö ´  Ê·µ¢´¥ 3 · 10−6 ¤²Ö ¸É ´¤ ·É´µ£µ
³µ¤¥·´¨§¨·µ¢ ´´µ£µ ³ £´¨É  ‘�-57.

�µ²Õ¸´ Ö ¸¡µ·±  ÔÉµ£µ ³ £´¨É  ¡Ò²  ¸¤¥² ´  ¨§ ¦¥²¥§  ® ·³±µ¯ ¸ ¸µ¤¥·-
¦ ´¨¥³ Ê£²¥·µ¤  ³¥´¥¥ Î¥³ 0,008 %. Œ £´¨É ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:
· ¤¨Ê¸ ±·¨¢¨§´Ò É· ¥±Éµ·¨¨ 70 ¸³, Ê£µ² ¶µ¢µ·µÉ  103◦, Ï¨·¨´  ³ £´¨É´µ£µ
± ´ ²  50 ¸³ ¨ ³¥¦¶µ²Õ¸´µ° § §µ· 10 ¸³. �µ¸²¥ Ê¸É ´µ¢±¨ ¨ Õ¸É¨·µ¢±¨ ¶µ-
²Õ¸´ÒÌ ´ ±µ´¥Î´¨±µ¢ µ¤´µ·µ¤´µ¸ÉÓ ¶µ²Ö ¸µ¸É ¢²Ö²  ¢¥²¨Î¨´Ê ¶µ·Ö¤±  10−4,
±µÉµ· Ö Ê²ÊÎÏ ² ¸Ó ¨É¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·µ° Ï¨³³¨·µ¢ ´¨Ö. �É  ¶·µÍ¥-
¤Ê·  § ±²ÕÎ ² ¸Ó ¢ Éµ³, ÎÉµ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¨§³¥·¥´´µ° ± ·Éµ° ¶µ²Ö ¶µ-
¤¢¨¦´Ò°  ¢Éµ³ É¨§¨·µ¢ ´´Ò° ¨ µÉ± ²¨¡·µ¢ ´´Ò° · ¸¶Ò²¨É¥²Ó, Ê¶· ¢²Ö¥³Ò°
±µ³¶ÓÕÉe·µ³, ´ ´µ¸¨² ´  Ï¨³³ ±²¥¥¢ÊÕ ¢§¢¥¸Ó ³¥²±µ¤¨¸¶¥·¸´µ£µ Ì²µ·´µ£µ
¦¥²¥§ . ˆ§£µÉµ¢²¥´´Ò¥ É ±¨³ µ¡· §µ³ ¤¢  Ï¨³³  ±·¥¶¨²¨¸Ó ± ¶µ²Õ¸´Ò³ ´ -
±µ´¥Î´¨± ³, ¨ ¨§³¥·Ö² ¸Ó ´µ¢ Ö ± ·É  ¶µ²Ö. ‡ É¥³ ¶·µÍ¥¤Ê·  ¶µ¢Éµ·Ö² ¸Ó.
“± § ´´ Ö ¢ÒÏ¥ ¢Ò¸µ± Ö µ¤´µ·µ¤´µ¸ÉÓ ¶µ²Ö ¡Ò²  ¤µ¸É¨£´ÊÉ  Î¥·¥§ ¶ÖÉÓ ¨É¥-
· Í¨µ´´ÒÌ ¶·µÍ¥¤Ê·.

„²Ö ¢Ò¡· ´´µ° ¢¥²¨Î¨´Ò ´ ¶·Ö¦¥´´µ¸É¨ ³ £´¨É´µ£µ ¶µ²Ö ¶·¨ Ï¨³³¨-
·µ¢ ´¨¨ ¤µ¸É¨£´ÊÉ Ö ¸É¥¶¥´Ó µ¤´µ·µ¤´µ¸É¨ ¸µÌ· ´Ö² ¸Ó ¤²Ö § ¤ ´´µ£µ  ²£µ-
·¨É³  ¢±²ÕÎ¥´¨Ö ³ £´¨É . Š ¸µ¦ ²¥´¨Õ, ¶·¨ µÉ±²µ´¥´¨¨ §´ Î¥´¨Ö ³ £´¨É´µ°
¨´¤Ê±Í¨¨ ´  ¢¥²¨Î¨´Ê ¡µ²¥¥ 1 ±ƒ¸ µ¤´µ·µ¤´µ¸ÉÓ ¶µ²Ö ´ Î¨´ ²  ÊÌÊ¤Ï ÉÓ¸Ö,
¨ ¤²Ö ´µ¢µ£µ §´ Î¥´¨Ö ¶µ²Ö ´¥µ¡Ìµ¤¨³µ ¨§£µÉ ¢²¨¢ ÉÓ ¤·Ê£¨¥ Ï¨³³¨·ÊÕÐ¨¥
¶² ¸É¨´Ò.

�¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ¥´´µ£µ µ¶ÒÉ  Ê± §Ò¢ ÕÉ, ÎÉµ µ¤´µ·µ¤´µ¸ÉÓ ³ £´¨É´µ£µ
¶µ²Ö ¢ ³ £´¨É Ì ³ ¸¸-¸¥¶ · Éµ·µ¢ ³µ¦¥É ¡ÒÉÓ ¤µ¢¥¤¥´  ¤µ ¢Ò¸µ±µ£µ Ê·µ¢´Ö.

2.5. �¡¥·· Í¨¨ ¨ ±µ··¥±Éµ·Ò  ¡¥·· Í¨°. ‚ÒÎ¨¸²¥´¨Ö ¨µ´´ÒÌ É· ¥±Éµ-
·¨° ¶·µ¢µ¤¨²µ¸Ó ³´µ£¨³¨  ¢Éµ· ³¨. „¢¨¦¥´¨¥ Î ¸É¨Í ¢ ¸¥±Éµ·´ÒÌ ³ £´¨É´ÒÌ
¨ Ô²¥±É·¨Î¥¸±¨Ì ¶µ²ÖÌ ¢µ ¢Éµ·µ³ ¶µ·Ö¤±¥ · ¸¸³ É·¨¢ ²µ¸Ó ¢ · ¡µÉ Ì [21Ä24].
“Î¥É ±· ¥¢µ£µ ¶µ²Ö ¶·µ¢¥¤¥´ ¢ [25],    ¡¥·· Í¨¨ ±· ¥¢µ£µ ¶µ²Ö · ¸¸³µÉ·¥´Ò
¢µ ¢Éµ·µ³ ¨ É·¥ÉÓ¥³ ¶µ·Ö¤±¥ ¢ · ¡µÉ Ì [26] ¨ [27Ä32] ¸µµÉ¢¥É¸É¢¥´´µ. �¡-
Ð¨¥ ¢µ¶·µ¸Ò  ¡¥·· Í¨° ¸¥±Éµ·´ÒÌ ³ £´¨Éµ¢ ¶·µ ´ ²¨§¨·µ¢ ´Ò ¢ ±´¨£¥ [14]
¨ É ³ ¦¥ ¶·¥¤¸É ¢²¥´Ò ¸¨³¶²¥±É¨Î¥¸±¨¥ ± ·ÉÒ ¢Éµ·µ£µ ¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¸
ÊÎ¥Éµ³ ¸¢Ö§¥°, ´ ² £ ¥³ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨³ Ê¸²µ¢¨¥³.
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•µÉÖ ´¥±µÉµ·Ò¥ ¶·µ£· ³³Ò ¢ÒÎ¨¸²¥´¨Ö É· ¥±Éµ·¨° § ·Ö¦¥´´ÒÌ Î ¸É¨Í
¢ Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²ÖÌ, É ±¨¥ ± ±, ´ ¶·¨³¥·, HAMILTON [12] ¨ COSY-5
[13] ¢±²ÕÎ ÕÉ ¢ ¸¥¡Ö ¶ÖÉÒ° ¶µ·Ö¤µ±, ¸ ¶· ±É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ¢ ¦´µ
§´ ´¨¥  ¡¥·· Í¨µ´´ÒÌ ¢±² ¤µ¢ ¢Éµ·µ£µ ¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¸ Í¥²ÓÕ ¨¸¶µ²Ó-
§µ¢ ´¨Ö · §²¨Î´ÒÌ ¸·¥¤¸É¢ ¤²Ö ¨Ì ±µ··¥±Í¨¨.

Š ± ¸²¥¤Ê¥É ¨§ ·¨¸. 4, ³ ¸ÏÉ ¡ ±¢ ¤· É¨Î´µ£µ  ¡¥·· Í¨µ´´µ£µ ¨¸± ¦¥´¨Ö
Ê£²  ´ ±²µ´  δx′ É· ¥±Éµ·¨¨ Î ¸É¨ÍÒ ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê 10−3, ÎÉµ ³´µ£µ
³¥´ÓÏ¥ Ê£²  ¶µ¢µ·µÉ  Î ¸É¨ÍÒ ¢ ³ £´¨É¥. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ Ô²¥±É·µ³ £-
´¨É´Ò¥ ¶µ²Ö ¢ ±µ··¥±Éµ· Ì ´¥ ¢¥²¨±¨.

…¸²¨ ±µ··¥±Í¨Ö  ¡¥·· Í¨° µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ³ £´¨É´Ò³ ¶µ²¥³, Éµ ¸µµÉ´µ-
Ï¥´¨¥ (10) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨µ¡·¥É ¥É ¢¨¤

δx′ =
√

e

2V mc2

l∫
0

Hydz,

£¤¥ V Å ¶µÉ¥´Í¨ ², ¤µ ±µÉµ·µ£µ Î ¸É¨Í  Ê¸±µ·¥´ .
‘µ£² ¸´µ ÔÉµ³Ê ¢Ò· ¦¥´¨Õ ·¥ ²¨§ Í¨Ö ±µ··¥±Éµ·  ¢µ§³µ¦´  ¤¢Ê³Ö ¸¶µ-

¸µ¡ ³¨. �¥·¢Ò° ¸¶µ¸µ¡ § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¶·¨ ¶µ¸ÉµÖ´´µ° ¤²¨´¥ ±µ·-
·¥±Éµ·  l ³ £´¨É´µ¥ ¶µ²¥ ¶·¥¤¸É ¢²¥´µ ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¶µ ¸É¥¶¥´Ö³ ±µ-
µ·¤¨´ ÉÒ x. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µ··¥±Éµ·µ³ Ö¢²Ö¥É¸Ö ³ £´¨É´Ò° ³Ê²ÓÉ¨¶µ²Ó´Ò°
Ô²¥³¥´É, Ê¸É ´ ¢²¨¢ ¥³Ò° ¢´¥ ³ £´¨É , ²¨¡µ ¶²µ¸±¨¥ ± ÉÊÏ±¨ ´  ¶µ²Õ¸ Ì
³ £´¨É  [19], ¸µ§¤ ÕÐ¨¥ ¤µ¶µ²´¨É¥²Ó´Ò¥ ± µ¸´µ¢´µ³Ê ¶µ²Õ ³Ê²ÓÉ¨¶µ²Ó´Ò¥
¤µ¡ ¢±¨. ‹¨´¥°´Ò¥ Î²¥´Ò ¢ É ±¨Ì · §²µ¦¥´¨ÖÌ ¸µµÉ¢¥É¸É¢ÊÕÉ ±¢ ¤·Ê¶µ²Ó-
´Ò³ ±µ³¶µ´¥´É ³ ³ £´¨É´µ£µ ¶µ²Ö, ±µÉµ·Ò¥ ¢ ´¥¡µ²ÓÏ¨Ì ¶·¥¤¥² Ì ¨§³¥´ÖÕÉ
Ëµ±Ê¸¨·µ¢±Ê ¸¥±Éµ·´µ£µ ¶µ²Ö, ¸³¥Ð Ö Ëµ± ²Ó´ÊÕ ¶²µ¸±µ¸ÉÓ ¢ ´ ¶· ¢²¥´¨¨
z. Š¢ ¤· É¨Î´Ò¥ Î²¥´Ò µÉ¢¥É¸É¢¥´´Ò §  ¸¥±¸ÉÊ¶µ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ ¶µ²Ö,
±µÉµ·Ò¥ µ¡¥¸¶¥Î¨¢ ÕÉ ±µ··¥±Í¨Õ ±¢ ¤· É¨Î´ÒÌ  ¡¥·· Í¨°,   ¶µ¸²¥¤ÊÕÐ¨¥
Î²¥´Ò ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ³Ê²ÓÉ¨¶µ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ-
·Ö¤±  ¤²Ö ±µ··¥±Í¨¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ¡¥·· Í¨°.

„¥°¸É¢¨¥ Ô²¥±É·µ¸É É¨Î¥¸±¨Ì ³Ê²ÓÉ¨¶µ²Ó´ÒÌ Ô²¥³¥´Éµ¢  ´ ²µ£¨Î´µ ¤¥°-
¸É¢¨Õ ³ £´¨É´ÒÌ ³Ê²ÓÉ¨¶µ²¥°, ¨ ¢ ¸¨²Ê Éµ£µ, ÎÉµ Ô²¥±É·µ¸É É¨Î¥¸±¨¥ ³Ê²Ó-
É¨¶µ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¶·µÐ¥ ¨§£µÉµ¢¨ÉÓ, ¶µ¸²¥¤´¨¥ ¡µ²¥¥ · ¸¶·µ¸É· ´¥´Ò.

�·¨ ¢Éµ·µ³ ¸¶µ¸µ¡¥ µ¸´µ¢´µ¥ ¶µ²¥ µ¸É ¥É¸Ö É¥³ ¦¥, ´µ ³µ¤¨Ë¨Í¨·Ê¥É¸Ö
¤²¨´  l É ±¨³ µ¡· §µ³, ÎÉµ ¶µÖ¢²Ö¥É¸Ö ¸É¥¶¥´´ Ö § ¢¨¸¨³µ¸ÉÓ µÉ ±µµ·¤¨´ ÉÒ
x. �Éµ ¤µ¸É¨£ ¥É¸Ö ¶·¨¤ ´¨¥³ Éµ·Í ³ ¶µ²Õ¸´ÒÌ ´ ±µ´¥Î´¨±µ¢ ¸¶¥Í¨ ²Ó´µ°
´¥²¨´¥°´µ° Ëµ·³Ò ¤²Ö ¨¸±·¨¢²¥´¨Ö £· ´¨Í ¶µ²Ö.

�¶¨¸ ´´Ò¥ ¢ÒÏ¥ ¸¶µ¸µ¡Ò ¨¸¶· ¢²¥´¨Ö  ¡¥·· Í¨µ´´ÒÌ ¨¸± ¦¥´¨° ´¥ ¶µ-
§¢µ²ÖÕÉ ¶µ²´µ¸ÉÓÕ ¨§¡ ¢¨ÉÓ¸Ö µÉ  ¡¥·· Í¨µ´´ÒÌ ¢±² ¤µ¢. �·¨ ·¥£Ê²¨·µ¢±¥,
´ ¶·¨³¥·, µ¶É¨Î¥¸±µ° ¸¨²Ò £¥±¸ ¶µ²Ö ¤²Ö ±µ³¶¥´¸ Í¨¨  ¶¥·ÉÊ·´µ°  ¡¥·-
· Í¨¨, ¶·µ¶µ·Í¨µ´ ²Ó´µ° ±¢ ¤· ÉÊ µÉ±²µ´¥´¨Ö Î ¸É¨ÍÒ µÉ µ¶É¨Î¥¸±µ° µ¸¨,
¨§³¥´ÖÕÉ¸Ö µ¡ÒÎ´µ ¢ ¸Éµ·µ´Ê Ê¢¥²¨Î¥´¨Ö ¨ ¤·Ê£¨¥ ±¢ ¤· É¨Î´Ò¥  ¡¥·· Í¨¨.
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�¡¥·· Í¨¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì ¶µ·Ö¤±µ¢ ¶·¨ ÔÉµ³ ¨§³¥´ÖÕÉ¸Ö ´¥§´ Î¨É¥²Ó´µ. �·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ±µ··¥±Éµ·µ¢, ¨³¥ÕÐ¨Ì ¶²µ¸±µ¸ÉÓ ¸¨³³¥É·¨¨, ¶µ¤µ¡´µ Ê¶µ³Ö-
´ÊÉÒ³ ¶²µ¸±¨³ ± ÉÊÏ± ³, ¸µÌ· ´ÖÕÉ¸Ö  ¡¥·· Í¨µ´´Ò¥ ¢±² ¤Ò, § ¢¨¸ÖÐ¨¥ µÉ
¢¥·É¨± ²Ó´ÒÌ ¶ · ³¥É·µ¢ É· ¥±Éµ·¨¨ Î ¸É¨ÍÒ.

�·¨¢¥¤¥³ ¶·¨³¥·Ò ¨¸¶µ²Ó§µ¢ ´¨Ö ±µ··¥±Éµ·µ¢  ¡¥·· Í¨° ¢ ¤¥°¸É¢ÊÕÐ¨Ì
Ê¸É ´µ¢± Ì. Œ ¸¸-¸¥¶ · Éµ· µ¡Ð¥£µ ´ §´ Î¥´¨Ö ¢ CERN [16] ¨³¥¥É · §·¥Ï -
ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ τ = M/∆M = 2400 ¶·¨ Ô³¨ÉÉ ´¸¥ ¶ÊÎ±  ξx = 2 c³ ·³· ¤.
‚Ìµ¤´Ò¥ ¨ ¢ÒÌµ¤´Ò¥ £· ´¨ ¶µ²Õ¸´ÒÌ ´ ±µ´¥Î´¨±µ¢ ÔÉµ£µ ¸¥¶ · Éµ·  ¶·¥¤-
¸É ¢²ÖÕÉ ¸µ¡µ° ¤Ê£¨ µ±·Ê¦´µ¸É¨ · ¤¨Ê¸µ³ 2,4 ³. „¢ÊÌ¸ÉÊ¶¥´Î ÉÒ° ¸¥¶ · Éµ·
¢Ò¸µ±µ£µ · §·¥Ï¥´¨Ö É ³ ¦¥ ¨³¥¥É ³ £´¨É ¸ · ¤¨Ê¸µ³ ±·¨¢¨§´Ò ¶µ²Õ¸´ÒÌ
´ ±µ´¥Î´¨±µ¢ 4,1 ³ ¨ ¤µ¶µ²´¨É¥²Ó´Ò° ±µ··¥±Éµ· ¢ ¢¨¤¥ Ô²¥±É·µ¸É É¨Î¥¸±µ£µ
32-¶µ²Ö. �¥§ ÔÉµ£µ ±µ··¥±Éµ·  · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ · ¢´  7000,   ¶·¨
¢±²ÕÎ¥´´µ³ ±µ··¥±Éµ·¥ Å 10600.

Š ´ ¤¸±¨° ¸¥¶ · Éµ· ¢ —µ±-�¨¢¥·¥ ¸´ ¡¦¥´ ¶²µ¸±¨³¨ ¶µ²Õ¸´Ò³¨ ± -
ÉÊÏ± ³¨, ¸µ§¤ ÕÐ¨³¨ ±¢ ¤·Ê¶µ²Ó´ÊÕ ¨ ¸¥±¸ÉÊ¶µ²Ó´ÊÕ ±µ³¶µ´¥´ÉÒ ¶µ²Ö
[17]. �ÉµÉ ¸¥¶ · Éµ· ¨³¥¥É · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ 2500, ¥¸²¨ ¤¨ ³¥É·
µÉ¢¥·¸É¨Ö ¨¸ÉµÎ´¨±  · ¢¥´ 1 ³³ ¨ τ = 8000 ¶·¨ Ê³¥´ÓÏ¥´¨¨ ¤¨ ³¥É·  ¨¸-
ÉµÎ´¨±  ¤µ 0,22 ³³.

Œ´µ£µ¸ÉÊ¶¥´Î ÉÒ° ³ ¸¸-¸¥¶ · Éµ· ¢ Š É ´¨¨ (ˆÉ ²¨Ö) ¨³¥¥É ³ £´¨ÉÒ ¸
¨¸±·¨¢²¥´´Ò³¨ Éµ·Í ³¨,   É ±¦¥ ±µ··¥±Éµ·Ò ¢ ¢¨¤¥ ¤¢ÊÌ Ô²¥±É·µ¸É É¨Î¥¸±¨Ì
³Ê²ÓÉ¨¶µ²¥° ¨ ¶²µ¸±¨Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ ± ÉÊÏe± ´  ¤¢ÊÌ ³ £´¨É Ì ¢Éµ·µ°
¸ÉÊ¶¥´¨ [18]. “¸±µ·ÖÕÐ¨° ¶µÉ¥´Í¨ ² ¢Éµ·µ° ¸ÉÊ¶¥´¨ ¸¥¶ · Éµ·  ³µ¦¥É ¡ÒÉÓ
· ¢´Ò³ 350 ±‚. �¢Éµ·Ò ÔÉµ° · ¡µÉÒ Ê± §Ò¢ ÕÉ, ÎÉµ ¶·¨ É ±µ³ Ê¸±µ·¥´¨¨
¨µ´µ¢ · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¸¥¶ · Éµ·  ³µ¦¥É ¤µ¸É¨£ ÉÓ §´ Î¥´¨Ö τ =
20000.

ˆ§ · ¸¸³µÉ·¥´´ÒÌ ¶·¨³¥·µ¢ ¢¨¤´µ, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥  ´É¨ ¡¥·· Í¨-
µ´´ÒÌ ±µ··¥±Éµ·µ¢ Ê²ÊÎÏ ¥É · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ ¶µ ±· °´¥° ³¥·¥
¢¤¢µ¥. �µ, ¸ ¤·Ê£µ° ¸Éµ·µ´Ò, ³µ¦´µ § ³¥É¨ÉÓ, ÎÉµ Ê²ÊÎÏ¥´¨¥ É ±µ£µ Ê·µ¢´Ö
± ·¤¨´ ²Ó´µ ¸¨ÉÊ Í¨Õ ´¥ ³¥´Ö¥É.

Š·µ³¥ Ê± § ´´ÒÌ ±µ··¥±Éµ·µ¢  ¡¥·· Í¨°, ¢µ§³µ¦´µ ¨¸¶µ²Ó§µ¢ ´¨¥ Ô²¥±-
É·µ¸É É¨Î¥¸±¨Ì ±µ··¥±Éµ·µ¢, Ê¸É·µ¥´´ÒÌ ¶µ É¨¶Ê ´¥²¨´¥°´ÒÌ ²¨´§. ’ ±¨¥
±µ··¥±Éµ·Ò ³µ¦´µ ¡Ò²µ ¡Ò µ¶·¥¤¥²¨ÉÓ ± ± ËÊ´±Í¨µ´ ²Ó´Ò¥. �·¨³¥· ¶µ¤µ¡-
´µ£µ Ê¸É·µ°¸É¢  ¤²Ö ¨¸¶· ¢²¥´¨Ö  ¶¥·ÉÊ·´µ° ±¢ ¤· É¨Î´µ°  ¡¥·· Í¨¨ ¶·¥¤-
¸É ¢²¥´ ´  ·¨¸. 7. �Éµ ¤¢¥ ¶ ·Ò Ô²¥±É·µ¤µ¢, ¨§ ±µÉµ·ÒÌ ¶¥·¢Ò° ¨³¥¥É ¶µÉ¥´-
Í¨ ² V1,   ¢Éµ·µ° Å ¶µÉ¥´Í¨ ² V2. Š·¨¢µ²¨´¥°´Ò° § §µ· ³¥¦¤Ê Ô²¥±É·µ¤ ³¨
¢Ò¶µ²´¥´ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ËÊ´±Í¨µ´ ²Ó´µ° § ¢¨¸¨³µ¸ÉÓÕ z = ax3.

ˆ¸¶µ²Ó§ÊÖ Ê· ¢´¥´¨¥ ‹ ¶² ¸  ¨ ¸¨³³¥É·¨Õ ¤ ´´µ° ±µ´Ë¨£Ê· Í¨¨ Ô²¥±-
É·µ¤µ¢, · ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ²  ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¢¡²¨§¨ µ¶É¨Î¥¸±µ° µ¸¨
³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ϕ(x, y, z) = V (z) − y2

2
V ′′(z) − ax3V ′(z) + axy2V ′(z) +

y4

4!
V ′v(z) + . . .
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‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ V (z) Å · ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ²  ¢¤µ²Ó µ¶É¨Î¥¸±µ°
µ¸¨,   ÏÉ·¨Ì¨ µ§´ Î ÕÉ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ z.

�É¸Õ¤  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ ¢ ´ ¶· ¢²¥-
´¨¨ x ±¢ ¤· É¨Î´µ ¶µ ¶¥·¥³¥´´Ò³ x ¨ y. …¸²¨ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ Ê¸±µ-
·Ö¥É Î cÉ¨ÍÊ, Éµ ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¢Ò¡µ·¥ ±µ´¸É ´ÉÒ a ¨ ¶µÉ¥´Í¨ ²µ¢
´  Ô²¥±É·µ¤ Ì ³µ¦´µ ¤µ¸É¨ÎÓ §´ Î¨É¥²Ó´µ° ¨²¨ ¤ ¦¥ ¶µ²´µ° ±µ³¶¥´¸ Í¨¨

�¨¸. 7. Šµ··¥±Éµ·  ¡¥·· Í¨°: ϕ1,
ϕ2 Å ¶µÉ¥´Í¨ ²Ò ´  Ô²¥±É·µ¤ Ì;
¸·¥¤´ÖÖ ²¨´¨Ö § §µ·  ³¥¦¤Ê Ô²¥±É·µ-
¤ ³¨ ¨³¥¥É § ¢¨¸¨³µ¸ÉÓ x = −z3

 ¶¥·ÉÊ·´µ° ±¢ ¤· É¨Î´µ°  ¡¥·· Í¨¨. „¥°-
¸É¢¨É¥²Ó´µ, É ± Ö ±µ´Ë¨£Ê· Í¨Ö ¶µ²Ö ¸µ-
§¤ ¥É ´¥§´ Î¨É¥²Ó´Ò¥ ¨§³¥´¥´¨Ö ¢ Ê£² Ì
´ ±²µ´  É· ¥±Éµ·¨° É ±¨³ µ¡· §µ³, ÎÉµ
ÔÉ¨ ¨§³¥´¥´¨Ö ¨³¥ÕÉ §´ ±, ¶·µÉ¨¢µ¶µ-
²µ¦´Ò° §´ ±Ê  ¡¥·· Í¨µ´´ÒÌ ¢±² ¤µ¢
¸¥±Éµ·´µ£µ ³ £´¨É . ‡ ³¥É¨³, ÎÉµ É ±µ°
±µ··¥±Éµ· ¡Ê¤¥É ±µ³¶¥´¸¨·µ¢ ÉÓ ¨ ±¢ -
¤· É¨Î´ÊÕ  ¡¥·· Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ ¢¥·-
É¨± ²Ó´Ò³ ¤¢¨¦¥´¨¥³ Î ¸É¨ÍÒ ¢ ³ £´¨É¥,
¶µÉµ³Ê ÎÉµ  ¡¥·· Í¨µ´´Ò° ¤µ¢µ·µÉ ¶·¨
´ ±²µ´´µ³ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ ¢ ±µ··¥±-
Éµ·¥ É ±¦¥ ¶·µÉ¨¢µ¶µ²µ¦¥´ ¶µ ´ ¶· ¢²¥-
´¨Õ ¶µ¤µ¡´µ³Ê ¤µ¢µ·µÉÊ ¢ ³ £´¨É¥.

„²Ö ±µ³¶¥´¸ Í¨¨  ¡¥·· Í¨° É·¥ÉÓ¥£µ
¶µ·Ö¤±  § §µ· ³¥¦¤Ê Ô²¥±É·µ¤ ³¨ ±µ··¥±-
Éµ·  ¢Ò¶µ²´Ö¥É¸Ö ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ § ¢¨-
¸¨³µ¸ÉÓÕ z = bx4.

3. ��ˆ‡Œ…��›‰ Œ�‘‘-‘…����’��

’· ¤¨Í¨µ´´µ ¨¸¶µ²Ó§Ê¥³ Ö Ô²¥±É·µ¸É É¨Î¥¸± Ö µ¶É¨±  ¢ ¸¥±Éµ·´ÒÌ ¸¥¶ -
· Éµ· Ì ¢ µ¸´µ¢´µ³ ¸É·µ¨É¸Ö ´  ¡ §¥  ±¸¨ ²Ó´ÒÌ ¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ ²¨´§, ¨³¥-
ÕÐ¨Ì µ¸¥¢ÊÕ ¸¨³³¥É·¨Õ, ¢ Éµ ¢·¥³Ö ± ± ¤¨¶µ²Ó´Ò¥ ³ £´¨ÉÒ ¸ µ¤´µ·µ¤´Ò³
³ £´¨É´Ò³ ¶µ²¥³ ¨³¥ÕÉ ¤·Ê£µ° É¨¶ ¸¨³³¥É·¨¨. �Éµ ¸¨¸É¥³Ò ¸ ¶²µ¸±µ¸ÉÓÕ
¸¨³³¥É·¨¨ (¶µ ³ £´¨É´µ³Ê ¶µ²Õ ¶²µ¸±µ¸ÉÓ  ´É¨¸¨³³¥É·¨¨), ÎÉµ ´ ¨¡µ²¥¥ ¸µ-
µÉ¢¥É¸É¢Ê¥É ¶·µ¶Ê¸± ´¨Õ ¶ÊÎ±µ¢, ¶µ Ëµ·³¥ ´ ¶µ³¨´ ÕÐ¨Ì Ï¨·µ±ÊÕ ²¥´ÉÊ.
�·¨ Ëµ·³¨·µ¢ ´¨¨ É ±¨Ì ¶ÊÎ±µ¢ ¸ ¶µ³µÐÓÕ µ¸¥¸¨³³¥É·¨Î´ÒÌ ²¨´§ ¶µ¸²¥¤-
´¨¥ ¤µ²¦´Ò ¨³¥ÉÓ ¡µ²ÓÏÊÕ  ¶¥·ÉÊ·Ê ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ £· ¤¨¥´ÉÒ ¶µ²¥°.
� ¶·¨³¥·, ¢ ¸¥¶ · Éµ·¥ ¸ · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸ÉÓÕ ¶µ·Ö¤±  105 · §¡·µ¸
Ê£²µ¢ É· ¥±Éµ·¨° ¢ ³ £´¨É¥ ´¥ ¤µ²¦¥´ ¶·¥¢ÒÏ ÉÓ ¢¥²¨Î¨´Ê δx′ = 10−5.
�É¸Õ¤  ¶·¨ Ï¨·¨´¥ ¨¸ÉµÎ´¨±  δx = 0,1 ³³ Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ²¨´§Ò
f = δx/δx′ = 10 ³, ÎÉµ ¶·¨¢µ¤¨É ±  ¶¥·ÉÊ·¥ ¡µ²¥¥ Î¥³ 20 ¸³ ¤²Ö É¨¶¨Î´ÒÌ
Ê£²µ¢ ´ ±²µ´  É· ¥±Éµ·¨¨ ¨¸ÉµÎ´¨± , · ¢´Òx 10−2 · ¤.
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�Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ´ ·Ö¤Ê ¸ ´ ²¨Î¨¥³ §´ Î¨É¥²Ó´ÒÌ  ¡¥·· Í¨°, § É·Ê¤-
´Ö¥É ·¥ ²¨§ Í¨Õ ¸¥¶ · Éµ·  ¸¥±Éµ·´µ£µ É¨¶ , ¸¶µ¸µ¡´µ£µ ¶·µ¨§¢µ¤¨ÉÓ · §¤¥-
²¥´¨¥ ¨§µ¡ ·´ÒÌ Ö¤¥·.

Œ ¸¸-¸¥¶ · Éµ·Ò ´  ¡ §¥ ¸¥±Éµ·´ÒÌ ³ £´¨Éµ¢ µ¡¥¸¶¥Î¨¢ ÕÉ · §¢¥·É±Ê
³ ¸¸µ¢µ£µ ¸¶¥±É·  ¢ §´ Î¨É¥²Ó´µ³ ¨´É¥·¢ ²¥ (10Ä20 %) µÉ´µ¸¨É¥²Ó´µ Í¥´-
É· ²Ó´µ° ³ ¸¸Ò. �µ ¶· ±É¨Î¥¸±¨° µ¶ÒÉ · ¡µÉÒ ¸¥¶ · Éµ·µ¢ ¢ Ë¨§¨Î¥¸±¨Ì
Ô±¸¶¥·¨³¥´É Ì, ¶·µ¢µ¤¨³ÒÌ ¢ · §²¨Î´ÒÌ ´ ÊÎ´ÒÌ Í¥´É· Ì, ¶µ± § ², ÎÉµ ÔÉµ
¸¢µ°¸É¢µ ¸¥±Éµ·´ÒÌ ³ £´¨Éµ¢ ·¥ ²Ó´µ ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö, É ± ± ± µ¡ÒÎ´µ ¶·µ-
¢µ¤¨É¸Ö µ¤¨´ Ô±¸¶¥·¨³¥´É, µ·¨¥´É¨·µ¢ ´´Ò° ´  ±µ´±·¥É´Ò° ¨µ´´Ò° ¶ÊÎµ±
µ¶·¥¤¥²¥´´µ£µ ¨§µÉµ¶ , É. ¥. ¤²Ö Ô±¸¶¥·¨³¥´Éµ¢ ¢¶µ²´¥ ¶·¨£µ¤¥´ ¸¥¶ · Éµ·,
¸µ§¤ ÕÐ¨° · §¢¥·É±Ê ¸¶¥±É·  ¢ Ê§±µ³ ³ ¸¸µ¢µ³ ¨´É¥·¢ ²¥.

‚ ÔÉµ° ¸¢Ö§¨ · ¸¸³µÉ·¨³ ¸¢µ°¸É¢  ¶·¨§³¥´´µ£µ ³ ¸¸-¸¥¶ · Éµ· . �¥¸³µ-
É·Ö ´  ·Ö¤ ¶µ²µ¦¨É¥²Ó´ÒÌ ¸¢µ°¸É¢, ¸¥¶ · Éµ·Ò É ±µ£µ É¨¶ , ± ± ¶·¥¤¸É ¢²Ö-
¥É¸Ö, µ¡µ°¤¥´Ò ¢´¨³ ´¨¥³ ¢ ¶· ±É¨±¥ ³¨·µ¢µ£µ ¶·¨¡µ·µ¸É·µ¥´¨Ö.

‚ ¶·¨§³¥´´ÒÌ Ê¸É ´µ¢± Ì ËÊ´±Í¨¨ ¤¨¸¶¥·£¨·µ¢ ´¨Ö ¶µ ³ ¸¸¥ ¨ Ëµ±Ê¸¨-
·µ¢±¨ ¶ÊÎ±  · §¤¥²¥´Ò ¨ ¨¸¶µ²´ÖÕÉ¸Ö · §²¨Î´Ò³¨ Ê¸É·µ°¸É¢ ³¨. Œ £´¨É ¸
¶ · ²²¥²Ó´Ò³¨ ¡µ±µ¢Ò³¨ £· ´Ö³¨ (³ £´¨É´ Ö ¶·¨§³ ) · §¤¥²Ö¥É Î ¸É¨ÍÒ ¶µ
³ ¸¸¥,   Ëµ±Ê¸¨·µ¢±  ¶ÊÎ±  µ¸ÊÐ¥¸É¢²Ö¥É¸Ö Ô²¥±É·µ¸É É¨Î¥¸±¨³¨ ¸¨¸É¥³ ³¨.

‚ ¸¨³³¥É·¨Î´µ³ ¢ ·¨ ´É¥ É ±µ£µ ¸¥¶ · Éµ·  (¨²¨ ³ ¸¸-¸¶¥±É·µ³¥É· ) ´ 
±· ÖÌ ³ £´¨É´µ° ¶·¨§³Ò Ê¸É ´µ¢²¥´Ò É¥²¥¸±µ¶¨Î¥¸±¨¥ Ô²¥±É·µ¸É É¨Î¥¸±¨¥
¶·¨§³Ò, ¶µ§¢µ²ÖÕÐ¨¥  Ì·µ³ É¨§¨·µ¢ ÉÓ µÉ±²µ´ÖÕÐÊÕ ¸¨¸É¥³Ê ¨, ÎÉµ ´¥ ³¥-
´¥¥ ¢ ¦´µ, ¶· ±É¨Î¥¸±¨ ¶µ²´µ¸ÉÓÕ ¸±µ³¶¥´¸¨·µ¢ ÉÓ ¥¥  ¡¥·· Í¨¨ [33, 34].
’ ± Ö ¢µ§³µ¦´µ¸ÉÓ µ¡Ê¸²µ¢²¥´  ¶µ¤µ¡¨¥³ É¨¶  ¤¢¨¦¥´¨Ö ¢ Ô²¥±É·µ¸É É¨Î¥-
¸±µ° ¨ ³ £´¨É´µ° É¥²¥¸±µ¶¨Î¥¸±¨Ì ¶·¨§³ Ì. ‚ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨
± ¦¤ Ö ¨§ ¶·¨§³ µ¸ÊÐ¥¸É¢²Ö¥É ¶µ¢µ·µÉ ¶ÊÎ± ,   ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨
¶ · ²²¥²Ó´Ò° ¶ÊÎµ± ¶¥·¥Ëµ±Ê¸¨·Ê¥É¸Ö ± ± ¢ µ¤´µ°, É ± ¨ ¢ ¤·Ê£µ° ¶·¨§³ Ì.

‚Éµ·µ¥ ¶µ²¥§´µ¥ ¸¢µ°¸É¢µ, ±µÉµ·Ò³ µ¡² ¤ ¥É ¶µ¤µ¡´ Ö ¸¨¸É¥³ , § ±²ÕÎ -
¥É¸Ö ¢ Éµ³, ÎÉµ ¶·¨ ¶·¥²µ³²¥´¨¨ ¶ÊÎ±  ¢ Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³¥ Ï¨·¨´ 
¶ÊÎ±  ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ Ê¢¥²¨Î¨¢ ¥É¸Ö ¢ ´¥¸±µ²Ó±µ · §, ÎÉµ ¶µ§¢µ-
²Ö¥É ¢ ÔÉµ ¦¥ ±µ²¨Î¥¸É¢µ · § ¸µ±· É¨ÉÓ Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥. ˆ ¥¸²¨ Ëµ±Ê-
¸¨·µ¢±  ¶ÊÎ±  µ·£ ´¨§µ¢ ´  ¶µ ¶·¨´Í¨¶Ê ®¤¥Ëµ±Ê¸¨·µ¢± ÄËµ±Ê¸¨·µ¢± ¯, Éµ
¸¨¸É¥³  ³µ¦¥É ¡ÒÉÓ ¸¤¥² ´  ¤µ¸É ÉµÎ´µ ±µ³¶ ±É´µ°.

� ¸¸³µÉ·¨³ ¸¢µ°¸É¢  ¸¨³³¥É·¨Î´µ° ¶·¨§³¥´´µ° µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³Ò
¨ ¸¢µ°¸É¢  ³ ²µ ¡¥·· Í¨µ´´ÒÌ É· ´¸ ±¸¨ ²Ó´ÒÌ ²¨´§, ¸µ¸É ¢²ÖÕÐ¨Ì µ¸´µ¢Ê
¶·¨§³¥´´µ£µ ³ ¸¸-¸¥¶ · Éµ· .

3.1. Œ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨Ö. �  ·¨¸. 8 ¸Ì¥³ É¨Î´µ ¨§µ¡· ¦¥´  ¶µ²µ-
¢¨´  ¸¨³³¥É·¨Î´µ° µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³Ò. �¸Ó ¸¨³³¥É·¨¨ ¶·µÌµ¤¨É Î¥·¥§
¸¥·¥¤¨´Ê ³ £´¨É´µ° ¶·¨§³Ò.

�µ²Ö ¢ É ±µ° µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³¥ Ö¢²ÖÕÉ¸Ö ¤¢Ê³¥·´Ò³¨, É. ¥. ´¥ § ¢¨¸ÖÉ
µÉ ±µµ·¤¨´ ÉÒ, ´ ¶· ¢²¥´´µ° ¢¤µ²Ó £· ´¥° ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¨§³. „¢¨¦¥-
´¨¥ Î ¸É¨Í ¢ ¸·¥¤´¥° ¶²µ¸±µ¸É¨ ± ¦¤µ° ¨§ ¶·¨§³ ¸¢µ¡µ¤´µ µÉ  ¡¥·· Í¨°. „²Ö
Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò ÔÉµ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éµ³ ¸µÌ· ´¥´¨Ö ¶µ¶¥·¥Î´µ°
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´ ¶· ¢²¥´¨Õ ¶µ²Ö ±µ³¶µ´¥´ÉÒ ¨³¶Ê²Ó¸ . ‚ ¸²ÊÎ ¥ ¦¥ ³ £´¨É´µ° ¶·¨§³Ò ¨§-
³¥´¥´¨¥ ±µ³¶µ´¥´ÉÒ ¨³¶Ê²Ó¸  ¶µ¸ÉµÖ´´µ ¢ ´ ¶· ¢²¥´¨¨ £· ´¨ ¶·¨§³Ò ¶·¨
¶·µÌµ¦¤¥´¨¨ Î ¸É¨Í¥° µ¡² ¸É¨ ³ £´¨É´µ£µ ¶µ²Ö. �Éµ ¨§³¥´¥´¨¥ · ¢´µ ³ £-
´¨É´µ³Ê ¶µÉµ±Ê, ¶·¨Ìµ¤ÖÐ¥³Ê¸Ö ´  ¥¤¨´¨ÍÊ ¤²¨´Ò ¡µ±µ¢µ° £· ´¨ ³ £´¨É ,
±µÉµ·Ò° ¶µ¸ÉµÖ´¥´ ¤²Ö ³ £´¨É´µ° ¶·¨§³Ò.

�¨¸. 8. �µ²µ¢¨´  ¸¨³³¥É·¨Î´µ° µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³Ò; ϕ1−ϕ3 Å ¨µ´´µ-µ¶É¨Î¥¸±¨¥
¶µÉ¥´Í¨ ²Ò ´  Ô²¥±É·µ¤ Ì Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò

� ²¨Î¨¥ ¸¨³³¥É·¨¨ ¢ · ¸¶µ²µ¦¥´¨¨ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ¶µ§¢µ-
²Ö¥É ¢Ò· §¨ÉÓ ³ É·¨ÍÊ ³ ¸¸-¸¥¶ · Éµ·  Î¥·¥§ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ, µ¶¨¸Ò¢ -
ÕÐ¨¥ ¶·¥µ¡· §µ¢ ´¨¥ É· ¥±Éµ·¨¨ ¢ ¶¥·¢µ° ¶µ²µ¢¨´¥ ¸¨¸É¥³Ò.

Œ É·¨Í  ¶¥·¢µ° ¶µ²µ¢¨´Ò ³ ¸¸-¸¥¶ · Éµ·  ¤²Ö ± ¦¤µ° ¨§ ¶²µ¸±µ¸É¥°
Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éµ³ ¸²¥¤ÊÕÐ¥£µ ¶·µ¨§¢¥¤¥´¨Ö:

M = mlPmPlLP LZF1, (26)

£¤¥ ZF1 Å · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ²¨´§µ° ¨ ¥¥ ¶¥·¥¤´¥° Ëµ± ²Ó´µ° ¶²µ¸±µ¸ÉÓÕ,
¸ ±µÉµ·µ° ¸µ¢³¥Ð ¥É¸Ö ¶µ²µ¦¥´¨¥ ¨¸ÉµÎ´¨±  Î ¸É¨Í; L Å ³ É·¨Í  ²¨´§Ò;
lLP Å · ¸¸ÉµÖ´¨¥ ²¨´§ Ä¶·¨§³ ; P Å ³ É·¨Í  ¶·¨§³Ò; lPm Å ¶·µ³¥¦ÊÉµ±
¶·¨§³ Ä³ £´¨É ¨ m Å ³ É·¨Í  ¶µ²µ¢¨´Ò ³ £´¨É´µ° ¶·¨§³Ò.

Œ É·¨Í  ¶·¥µ¡· §µ¢ ´¨Ö, µ¸ÊÐ¥¸É¢²Ö¥³µ£µ Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³µ°,
¶·¨¢¥¤¥´  ¶·¨ µ¡¸Ê¦¤¥´¨¨ Ô²¥±É·µ¸É É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢,   ³ É·¨ÍÒ ¶µ²µ-
¢¨´Ò ³ £´¨É  ¤a´Ò ¢ ¶·¨²µ¦¥´¨¨.

‚ · ¸±·ÒÉµ³ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨¥ (26) ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¤²Ö ¢¥±-
Éµ·  É· ¥±Éµ·¨¨ x, x′, ∆V/V , ∆m/m ¶·¥¤¸É ¢²¥´µ ´¨¦¥. ‚ ÔÉµ³ ¢Ò· ¦¥´¨¨
¨¸¶µ²Ó§Ê¥³Ò¥ µ¡µ§´ Î¥´¨Ö ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¸³Ò¸²: Fx1(Fx2) Å ¢Ìµ¤´µ¥
(¢ÒÌµ¤´µ¥) Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ²¨´§Ò; α1, α3 Å Ê£²Ò ¶ ¤¥´¨Ö ¨ ¶·¥²µ³-
²¥´¨Ö ¢ Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³¥ ¸µµÉ¢¥É¸É¢¥´´µ; α Å Ê£µ² ¶ ¤¥´¨Ö ´ 
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³ £´¨É´ÊÕ ¶·¨§³Ê; ρ Å · ¤¨Ê¸ ±·¨¢¨§´Ò É· ¥±Éµ·¨¨ ¢ ³ £´¨É¥.

Mx =

=




cos α3(ZFx2 − dx)
Fx2 cos α1 cos α

Fx1 cos α3

cos α1 cos α
M13 ρ sin2 α

2

−cos α1 cos α

Fx1 cos α3
0

1
2

[
tg α

(
1−V3

V1

)
+ tg α

]
1
2

sin α

0 0 1 0
0 0 0 1




.

(27)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸µ ¸¢µ°¸É¢ ³¨ ¸¨³³¥É·¨Î´ÒÌ ¸¨¸É¥³, µ¶¨¸ ´´Ò³¨ ¢ ¶·¨²µ-
¦¥´¨¨, ³ ¸¸-¸¥¶ · Éµ·  Ì·µ³ É¨Î¥´, ¥¸²¨ ³ É·¨Î´Ò° Ô²¥³¥´É M23 = 0. �Éµ
¨³¥¥É ³¥¸Éµ ¶·¨ ¢Ò¶µ²´¥´¨¨ ¸²¥¤ÊÕÐ¥£µ · ¢¥´¸É¢ :

tg α = tg α3(V3/V1 − 1). (28)

�µ²´ Ö ¸¨³³¥É·¨Ö ¶ÊÎ±  ¤µ¸É¨£ ¥É¸Ö ¢ ¸²ÊÎ ¥, ¥¸²¨ ´  µ¸¨ ¸¨³³¥É·¨¨
· ¸¶µ² £ ¥É¸Ö ¶·µ³¥¦ÊÉµÎ´Ò° ±·µ¸¸µ¢¥· ¶ÊÎ± . �·¨ ÔÉµ³ ³ É·¨Í  ¶·¥µ¡· -
§µ¢ ´¨Ö ¤¨ £µ´ ²Ó´  (¨²¨ ±µ¸µ¤¨ £µ´ ²Ó´ ), ¶µÔÉµ³Ê ¨§ (27) ¸²¥¤Ê¥É, ÎÉµ
ZFx2 = dx, £¤¥ ¢¥²¨Î¨´  dx, ±µÉµ·ÊÕ ³µ¦´µ Ì · ±É¥·¨§µ¢ ÉÓ ± ± ÔËË¥±É¨¢-
´ÊÕ ¤²¨´Ê ¶µ²µ¢¨´Ò µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³Ò, · ¢´ 

dx = lLP + hP1 +
tg α3

tg α1

cos α1

cos α3
(hP2 + lPm + ρ sin α cos α).

‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ hP1 ¨ hP2 Å · ¸¸ÉµÖ´¨Ö ¤µ ÔËË¥±É¨¢´µ° ¶²µ¸±µ¸É¨
¶·¥²µ³²¥´¨Ö Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò.

�·¨ ¨§³¥´¥´¨¨ Ô´¥·£¨¨ Î ¸É¨ÍÒ ¥¥ É· ¥±Éµ·¨Ö ´  ¢ÒÌµ¤¥ µÉ±²µ´ÖÕÐ¥°
¸¨¸É¥³Ò ¸³¥Ð ¥É¸Ö ¶ · ²²¥²Ó´µ µ¶É¨Î¥¸±µ° µ¸¨, ´µ ¶µ²´Ò° Ê£µ² ¶µ¢µ·µÉ 
µ¸É ¥É¸Ö ´¥¨§³¥´´Ò³ [37].

‘µ£² ¸´µ ¢Ò· ¦¥´¨Õ (�10) (¸³. ¶·¨²µ¦¥´¨¥) ³ É·¨Í  ¶·¥µ¡· §µ¢ ´¨Ö
³ ¸¸-¸¥¶ · Éµ·  ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¶·¨µ¡·¥É ¥É ¢¨¤

Sx = RM−1RM =



−1 0 0

cos α3

cos α1
Fx1 tg α

0 −1 0 0
0 0 1 0
0 0 0 1


 . (29)

�¥·¥³´µ¦¨¢ ³ É·¨ÍÒ ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ-
¸É¨ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓÕ (26), ¤²Ö µ¶É¨Î¥¸±µ° Î ¸É¨ ³ -
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É·¨ÍÒ ¶¥·¢µ° ¶µ²µ¢¨´Ò ¸¥¶ · Éµ·  ¶µ²ÊÎ¨³

My =




− ρα

Fy2

fp
1

F p
2

0

F p
1 (ZFy2 − dy)

fp
2 Fy2ρα

−Fy1

ρα

F p
1

fp
2


 , (30)

£¤¥ Fy1 (Fy2) Å ¢Ìµ¤´µ¥ (¢ÒÌµ¤´µ¥) Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ²¨´§Ò; ZFy2 Å
±µµ·¤¨´ É  ¢ÒÌµ¤´µ£µ Ëµ±Ê¸  ²¨´§Ò, §´ Îµ± p Ê± §Ò¢ ¥É ´  Ô²¥±É·µ¸É É¨-
Î¥¸±ÊÕ ¶·¨§³Ê, f µ¡µ§´ Î ¥É Ëµ±Ê¸´µ¥ · ¸¸ÉµÖ´¨¥ ¶¥·¢µ£µ ¶µ Ìµ¤Ê ¶ÊÎ± 
¶·¥²µ³²ÖÕÐ¥£µ ¶µ²Ö Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò,   F p Å Ëµ±Ê¸´µ¥ · ¸¸Éµ-
Ö´¨¥ ¢Éµ·µ£µ ¶µ²Ö ¶·¨§³Ò. ‚¥²¨Î¨´  dy ¢ (30), ¨³¥ÕÐ Ö ¸³Ò¸² ÔËË¥±É¨¢´µ°
¤²¨´Ò ¶µ²µ¢¨´Ò µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³Ò ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨, µ¶·¥¤¥-
²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

dy = lLP − Zp
f1 +

fp
1

F p
1

fp
2

F p
2

(lPm − Zp
F2 − ρα). (31)

�µ²´ Ö ¸¨³³¥É·¨§ Í¨Ö ¶ÊÎ± , É. ¥. ¸µ¢³¥Ð¥´¨¥ ±·µ¸¸µ¢¥·  ¸ µ¸ÓÕ ¸¨³³¥É·¨¨,
¤µ¸É¨£ ¥É¸Ö ¶·¨ ¢Ò¶µ²´¥´¨¨ · ¢¥´¸É¢ 

ZFy2 = dy. (32)

Œ É·¨Í  ¶µ²µ¢¨´Ò ³ ¸¸-¸¥¶ · Éµ·  ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ (30) ¶·¨ ÔÉµ³
¸É ´µ¢¨É¸Ö ¤¨ £µ´ ²Ó´µ°. Œ É·¨Í  ¢¸¥£µ ¸¥¶ · Éµ·  ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¸µµÉ-
´µÏ¥´¨¥³ (�13) ´¥ ¸µ¤¥·¦¨É Ê£²µ¢ÒÌ ¤¨¸¶¥·¸¨µ´´ÒÌ Î²¥´µ¢ ¶µ Ô´¥·£¨¨ ¨
³ ¸¸¥,   µ¶É¨Î¥¸± Ö Î ¸ÉÓ ÔÉµ° ³ É·¨ÍÒ ¸µ¢¶ ¤ ¥É ¸ ¥¤¨´¨Î´µ° ³ É·¨Í¥°.

’ ±¨³ µ¡· §µ³, ¶·¥¤¸É ¢²¥´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (27)Ä(32) ¸µ¤¥·¦ É ¢¸¥ ´¥-
µ¡Ìµ¤¨³Ò¥ Ê¸²µ¢¨Ö ¤²Ö ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ · ¸Î¥É  ¸¨³³¥É·¨Î´µ£µ ¶·¨§³¥´-
´µ£µ ³ ¸¸-¸¥¶ · Éµ· .

3.2. � §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¶·¨§³¥´´µ£µ ³ ¸¸-¸¥¶ · Éµ· . � §·¥Ï -
ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ É ±µ£µ ¸¥¶ · Éµ· , µ¶·¥¤¥²Ö¥³ Ö ¤¨¸¶¥·¸¨µ´´Ò³ Î²¥´µ³
¢ ³ É·¨Í¥ (29), ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

τ =
cos α3

cos α1
tg α

Fx1

x0
= sin α

X

ζx
=

sin α

δx′ . (33)

ˆ§ ÔÉµ£µ ¢Ò· ¦¥´¨Ö, ¶µ¤µ¡´µ£µ ¸µµÉ´µÏ¥´¨Õ (22), ¸²¥¤Ê¥É, ÎÉµ ¤²Ö ¤µ¸É¨¦¥-
´¨Ö ³ ²µ° ¢¥²¨Î¨´Ò Ê£²µ¢µ£µ · §¡·µ¸  ¶ÊÎ±  δx′ ¶·¨ ¶µ¸ÉµÖ´´µ° ¥£µ Ë §µ¢µ°
¶²µÐ ¤¨ ζx Ï¨·¨´  ¶ÊÎ±  ¢ Í¥´É·¥ ³ £´¨É  X ¤µ²¦´  ¡ÒÉÓ ¡µ²ÓÏµ°.

‚ µÉ²¨Î¨e µÉ ³ ¸¸-¸¥¶ · Éµ·µ¢ ¸¥±Éµ·´µ£µ É¨¶  ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ¶ÊÎµ±,
¸Ëµ·³¨·µ¢ ´´Ò° Ëµ±Ê¸¨·ÊÕÐ¥° ²¨´§µ°, Ê¢¥²¨Î¨¢ ¥É¸Ö ¶µ Ï¨·¨´¥ §  ¸Î¥É
¶·¥²µ³²¥´¨Ö ¢ Ô²¥±É·µ¸É É¨Î¥¸±µ° ¨ ³ £´¨É´µ° ¶·¨§³ Ì.
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�µ¸±µ²Ó±Ê ¶·¨§³¥´´ Ö µÉ±²µ´ÖÕÐ Ö ¸¨¸É¥³  ³ ²µ ¡¥·· Í¨µ´´ , Éµ · §-
·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ³ ¸¸-¸¥¶ · Éµ·  µ£· ´¨Î¨¢ ¥É¸Ö Éµ²Ó±µ Ì·µ³ É¨Î¥-
¸±¨³¨ ¨ £¥µ³¥É·¨Î¥¸±¨³¨  ¡¥·· Í¨Ö³¨ Ëµ±Ê¸¨·ÊÕÐ¨Ì ²¨´§. � ´¥¥ µÉ³¥Î -
²µ¸Ó, ÎÉµ ¶·¨³¥´¥´¨¥ É· ´¸ ±¸¨ ²Ó´ÒÌ ²¨´§ ¤²Ö Ëµ·³¨·µ¢ ´¨Ö ¶ÊÎ±  ¶µ§¢µ-
²Ö¥É ¸ÊÐ¥¸É¢¥´´µ Ê¢¥²¨Î¨ÉÓ · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ ¶·¨§³¥´´µ£µ ³ ¸¸-
¸¥¶ · Éµ· , ¶µ ¸· ¢´¥´¨Õ ¸ ¸¥¶ · Éµ· ³¨ ¸¥±Éµ·´µ£µ É¨¶ , ¢ ±µÉµ·ÒÌ Ëµ·³¨-
·µ¢ ´¨¥ ¶ÊÎ±  µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ µ¸¥¸¨³³¥É·¨Î´ÒÌ ²¨´§. �Éµ ¨³¥¥É
³¥¸Éµ ¶µÉµ³Ê, ÎÉµ ³¨´¨³ ²Ó´Ò° ¶µ·Ö¤µ± £¥µ³¥É·¨Î¥¸±¨Ì  ¡¥·· Í¨° ¢ É· ´¸-
 ±¸¨ ²Ó´ÒÌ ²¨´§ Ì · ¢¥´ É·¥³, ¨ ÔÉ¨  ¡¥·· Í¨¨ µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò
±Ê¡Ê · ¤¨Ê¸  ±·¨¢¨§´Ò Ô²¥±É·µ¸É É¨Î¥¸±µ£µ ¶µ²Ö ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ-
¸É¨. �ÉµÉ · ¤¨Ê¸ ³µ¦¥É ¶·¥¢ÒÏ ÉÓ ´  ¶µ·Ö¤µ± · ¤¨Ê¸  ¶¥·ÉÊ·Ò ¢ É· ¤¨Í¨-
µ´´µ ¶·¨³¥´Ö¥³ÒÌ µ¸¥¸¨³³¥É·¨Î´ÒÌ ²¨´§ Ì, ±Ê¡¨Î¥¸±¨¥  ¡¥·· Í¨¨ ±µÉµ·ÒÌ
µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ±Ê¡Ê · ¤¨Ê¸   ¶¥·ÉÊ·Ò. �µÔÉµ³Ê  ¡¥·· Í¨¨ É· ´¸-
 ±¸¨ ²Ó´ÒÌ ²¨´§ ³µ£ÊÉ ¡ÒÉÓ §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ¡¥·· Í¨°
¢ µ¸¥¸¨³³¥É·¨Î´ÒÌ ²¨´§ Ì.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, É· ´¸ ±¸¨ ²Ó´Ò¥ ²¨´§Ò ¶·¥¤µ¸É ¢²ÖÕÉ ¡µ²ÓÏÊÕ ¸¢µ-
¡µ¤Ê ¶·¨ ¶·µ¥±É¨·µ¢ ´¨¨ Ëµ±Ê¸¨·ÊÕÐ¥° ¸¨¸É¥³Ò c § ¤ ´´Ò³¨ ¸¢µ°¸É¢ ³¨.
‚ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ É ±¨¥ ²¨´§Ò ³µ£ÊÉ ¡ÒÉÓ ¤¥Ëµ±Ê¸¨·ÊÕÐ¨³¨ ¨²¨
Ëµ±Ê¸¨·ÊÕÐ¨³¨ ¢ § ¢¨¸¨³µ¸É¨ µÉ §´ ±  ±·¨¢¨§´Ò Ô²¥±É·µ¸É É¨Î¥¸±µ£µ ¶µ²Ö
¨ ¨³¥ÉÓ § ¤ ´´ÊÕ µ¶É¨Î¥¸±ÊÕ ¸¨²Ê, µ¶·¥¤¥²Ö¥³ÊÕ ´ ¶·Ö¦¥´´µ¸ÉÓÕ ¶µ²Ö ¨
£¥µ³¥É·¨Î¥¸±¨³ (±µ´¸É·Ê±É¨¢´µ § ¤ ´´Ò³) · ¤¨Ê¸µ³ § §µ·  ³¥¦¤Ê Ô²¥±É·µ-
¤ ³¨. �¶É¨Î¥¸± Ö ¸¨²  ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ É· ´¸ ±¸¨ ²Ó´ÒÌ ²¨´§ ´¥-
§´ Î¨É¥²Ó´µ µÉ²¨Î ¥É¸Ö µÉ µ¶É¨Î¥¸±µ° ¸¨²Ò Í¨²¨´¤·¨Î¥¸±¨Ì ²¨´§.

ƒ² ¢´Ò° ¢±² ¤ ¢ µ£· ´¨Î¥´¨¥ · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ ¶·¨§³¥´´µ£µ
³ ¸¸-¸¥¶ · Éµ·  ¢´µ¸¨É  ¶¥·ÉÊ·´ Ö £¥µ³¥É·¨Î¥¸± Ö  ¡¥·· Í¨Ö É·¥ÉÓ¥£µ ¶µ-
·Ö¤± .

…¸²¨ ¶¥·¥¶¨¸ ÉÓ · ¢¥´¸É¢µ (33) ¸ ÊÎ¥Éµ³ ÔÉµ°  ¡¥·· Í¨¨ ¨ ¢Ò¶µ²´¨ÉÓ
¶·µÍ¥¤Ê·Ê µ¶É¨³¨§ Í¨¨, ¶µ¤µ¡´ÊÕ µ¶¨¸ ´´µ° · ´´¥¥ µ¶É¨³¨§ Í¨¨ ¸¥±Éµ·-
´µ£µ ³ ¸¸-¸¥¶ · Éµ· , Éµ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ µ¶É¨³ ²Ó´ Ö Ï¨·¨´  ¶ÊÎ±  ¢
É· ´¸ ±¸¨ ²Ó´µ° ²¨´§¥ ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¥³Ê ¸µµÉ´µÏ¥´¨Õ:

X = 3
√

4x0/a, (34)

£¤¥ x0 Å Ï¨·¨´  ¨¸ÉµÎ´¨±  ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨; a Å ±µÔËË¨Í¨¥´É
 ¶¥·ÉÊ·´µ°  ¡¥·· Í¨¨ É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò.

� §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¶·¨§³¥´´µ£µ ³ ¸¸-¸¥¶ · Éµ· , µ¶É¨³¨§¨·µ-
¢ ´´µ£µ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¸µµÉ´µÏ¥´¨¥³ (34), ¸É ´µ¢¨É¸Ö · ¢´µ°

τ =
4 tg α

3ζx

cos α3

cos α1

3

√
x0

2a
.

�¶É¨Î¥¸±¨¥ ¸¨²Ò ¢ £µ·¨§µ´É ²Ó´µ° ¨ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸ÉÖÌ É· ´¸-
 ±¸¨ ²Ó´µ° ²¨´§Ò ¸ÊÐ¥¸É¢¥´´µ · §²¨Î´Ò, ¨ ¤²Ö µ¡· §µ¢ ´¨Ö  ´ ³µ·ËµÉ ,
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É. ¥. ²¨´§Ò, Ê ±µÉµ·µ° ±µµ·¤¨´ ÉÒ ¢Ìµ¤´ÒÌ Ëµ±Ê¸µ¢ ¢ µ¡¥¨Ì ¶²µ¸±µ¸ÉÖÌ ¸µ-
¢¶ ¤ ÕÉ, É·¥¡Ê¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ´¥¸±µ²Ó±µ É· ´¸ ±¸¨ ²Ó´ÒÌ ¶µ²¥°. ‚ · ¡µÉ¥
[36] ¶µ± § ´µ, ÎÉµ  ´ ³µ·ËµÉ ¨³¥¥É ³¥¸Éµ ¢ ¸²ÊÎ ¥, ¥¸²¨ ²¨´§  ¢±²ÕÎ ¥É ¢
¸¥¡Ö É·¨ Ô²¥±É·µ¸É É¨Î¥¸±¨Ì ¶µ²Ö, ¢ ± ¦¤µ³ ¨§ ±µÉµ·ÒÌ Ô´¥·£¨Ö Î ¸É¨ÍÒ ´¥
¶·¥¢ÒÏ ¥É §´ Î¥´¨Ö, µ¶·¥¤¥²Ö¥³µ£µ ¢¥²¨Î¨´µ° Ê¸±µ·ÖÕÐ¥£µ ¶µÉ¥´Í¨ ² .

‚ É ±µ° ²¨´§¥ ¶¥·¢Ò¥ ¤¢  ¶µ²¥¢ÒÌ ¶·µ³¥¦ÊÉ±  Ö¢²ÖÕÉ¸Ö ¤¥Ëµ±Ê¸¨·ÊÕ-
Ð¨³¨,   É·¥É¨° Å Ëµ±Ê¸¨·ÊÕÐ¨³. �µ¤µ¡´ Ö µ¶É¨Î¥¸± Ö ¸Ì¥³  ¸µ¸É ¢´µ°
É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò ¤¥² ¥É ¥¥ ±µ³¶ ±É´µ°, ´µ ¨³¥ÕÐ¥° ¡µ²ÓÏµ¥ Ëµ±Ê¸-
´µ¥ · ¸¸ÉµÖ´¨¥ ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¨ ¸¨²Ó´ÊÕ Ëµ±Ê¸¨·µ¢±Ê, µ¡¥¸¶¥-
Î¨¢ ÕÐÊÕ ¶·µ³¥¦ÊÉµÎ´Ò° ±·µ¸¸µ¢¥·, ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨.

‘µ¸É ¢´ Ö É· ´¸ ±¸¨ ²Ó´ Ö ²¨´§  ³µ¦¥É ¡ÒÉÓ ¤µ¶µ²´¥´  ´¥²¨´¥°´Ò³¨
Ô²¥³¥´É ³¨ ¤²Ö ±µ³¶¥´¸ Í¨¨  ¡¥·· Í¨° É·¥ÉÓ¥£µ ¨ ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤±µ¢.

‚ ±µ··¥±Éµ·¥ É·¥ÉÓ¥£µ ¶µ·Ö¤±  § §µ· ³¥¦¤Ê Ô²¥±É·µ¤ ³¨ µ¶¨¸Ò¢ ¥É¸Ö
¸É¥¶¥´´µ° § ¢¨¸¨³µ¸ÉÓÕ É¨¶  z = cx4,   ±µ´¸É·Ê±Í¨Ö ¶µ¤µ¡´  ¶·¨¢¥¤¥´´µ°
´  ·¨¸. 7. Š·µ³¥ ±µ··¥±Éµ·µ¢ £¥µ³¥É·¨Î¥¸±¨Ì  ¡¥·· Í¨° ¢µ§³µ¦´µ ¨¸¶µ²Ó-
§µ¢ ´¨¥ Õ¸É¨·µ¢µÎ´ÒÌ ±µ··¥±Éµ·µ¢, ±µ³¶¥´¸¨·ÊÕÐ¨Ì ¢²¨Ö´¨¥ ´¥ÉµÎ´µ¸É¨
Ê¸É ´µ¢±¨ Ô²¥±É·µ¤µ¢ ²¨´§Ò. �µ¤µ¡´Ò¥ ±µ··¥±Éµ·Ò ±µ´¸É·Ê±É¨¢´µ Ìµ·µÏµ
¸µ¢³¥Ð ÕÉ¸Ö ¸ µ¸´µ¢´Ò³¨ Ëµ±Ê¸¨·ÊÕÐ¨³¨ Ô²¥³¥´É ³¨ ¸µ¸É ¢´µ° É· ´¸ ±-
¸¨ ²Ó´µ° ²¨´§Ò.

’ ±¨³ µ¡· §µ³, ¸É ´µ¢¨É¸Ö µÎ¥¢¨¤´Ò³, ÎÉµ ¶¥·¥Î¨¸²¥´´Ò¥ ¢µ§³µ¦´µ¸É¨
¸µ§¤ ÕÉ Ê¸²µ¢¨Ö ¤²Ö ¸µ§¤ ´¨Ö ¢Ò¸µ±µ± Î¥¸É¢¥´´ÒÌ Ëµ±Ê¸¨·ÊÕÐ¨Ì ²¨´§, ±µ-
Éµ·Ò¥ ¢ ¸µÎ¥É ´¨¨ ¸ ³ ²µ ¡¥·· Í¨µ´´µ° µÉ±²µ´ÖÕÐ¥° ¸¨¸É¥³µ° ¶µ§¢µ²ÖÕÉ
·¥ ²¨§µ¢ ÉÓ ¢Ò¸µ±ÊÕ · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ ¸¨³³¥É·¨Î´µ£µ ¶·¨§³¥´´µ£µ
³ ¸¸-¸¥¶ · Éµ· .

‚ É ±µ³ ¸¥¶ · Éµ·¥ ¨¸ÉµÎ´¨± ¨µ´µ¢ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Ê§±ÊÕ ¢ £µ·¨§µ´-
É ²Ó´µ° ¨ · ¸Ï¨·¥´´ÊÕ ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ Ð¥²Ó, ¨§ ±µÉµ·µ° ¨µ´Ò,
¶·µÌµ¤Ö ¶¥·¢ÊÕ ¶µ²µ¢¨´Ê ¸¥¶ · Éµ· , É· ´¸Ëµ·³¨·ÊÕÉ¸Ö ¢ Ï¨·µ±¨° ²¥´ÉµÎ-
´µ£µ É¨¶  ¶ÊÎµ± ¸ ±·µ¸¸µ¢¥·µ³ ¢ Í¥´É·¥ ³ £´¨É . ‚ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨,
±·µ³¥ ±·µ¸¸µ¢¥· , ´ Ìµ¤ÖÐ¥£µ¸Ö ´  µ¸¨ ¸¨³³¥É·¨¨ ¢ Í¥´É·¥ ³ £´¨É , ¨³¥ÕÉ¸Ö
¶·µ³¥¦ÊÉµÎ´Ò¥ ±·µ¸¸µ¢¥·Ò ¢ ²¨´§¥ ¨ Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³¥.

� ¸Î¥ÉÒ ¶·¨§³¥´´µ£µ ³ ¸¸-¸¶¥±É·µ³¥É· , ¢Ò¶µ²´¥´´Ò¥ ¢ [37], ¶µ± §Ò-
¢ ÕÉ, ÎÉµ ¤²Ö Ì · ±É¥·´ÒÌ Ë §µ¢ÒÌ ¶²µÐ ¤¥° ¶ÊÎ±µ¢ ¢ ISOL-¸¨¸É¥³ Ì · §-
·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ³µ¦¥É ¤µ¸É¨£ ÉÓ ¢¥²¨Î¨´ ¶µ·Ö¤±  105. „²Ö ³ ¸¸Ò,
´ ¶·¨³¥·, A = 100 Ï¨·¨´  ³ ¸¸µ¢µ° ²¨´¨¨ ¶·¨ ÔÉµ³ ¸µ¸É ¢²Ö¥É ¢¥²¨Î¨´Ê
1 ³Ô‚. ’ ± Ö · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¤µ¸É ÉµÎ´  ¤²Ö ¨§µ¡ ·´µ£µ · §¤¥²¥-
´¨Ö ¶·µ¤Ê±Éµ¢ Ö¤¥·´ÒÌ ·¥ ±Í¨° ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ ¨§³¥·¥´¨Ö ¨Ì ³ ¸¸.

4. �‹…Š’��‘’�’ˆ—…‘Šˆ… �‹…Œ…�’› Œ�‘‘-‘…����’���‚

�²¥±É·µ¸É É¨Î¥¸±¨³¨ Ô²¥³¥´É ³¨, ¶·¨³¥´Ö¥³Ò³¨ ¢ ³ ¸¸-¸¥¶ · Éµ· Ì (¨
³ ¸¸-¸¶¥±É·µ³¥É· Ì), Ö¢²ÖÕÉ¸Ö ²¨´§Ò, ¶·¨§³Ò ¨ ¶µ¢µ·µÉ´Ò¥ ±µ´¤¥´¸ Éµ·Ò.
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Š¢ ¤·Ê¶µ²Ó´Ò¥ ²¨´§Ò, ¢¶¥·¢Ò¥ Ê¶µ³Ö´ÊÉÒ¥ ¢ [38] ¨ ¶·¨³¥´¥´´Ò¥ ¤²Ö Ëµ±Ê-
¸¨·µ¢±¨ ¶ÊÎ±µ¢ ¢ [39, 40], ¶µ²ÊÎ¨²¨ ¸ ³µ¥ Ï¨·µ±µ¥ · ¸¶·µ¸É· ´¥´¨¥ ± ± ¢
Ê¸±µ·¨É¥²Ó´µ° É¥Ì´¨±¥, É ± ¨ ¢ É¥Ì´¨±¥ ³ ¸¸-¸¥¶ ·¨·µ¢ ´¨Ö Î ¸É¨Í. ˆÌ ¸¢µ°-
¸É¢  Ìµ·µÏµ ¨§ÊÎ¥´Ò ¨ µ¶¨¸ ´Ò ¢ ·Ö¤¥ ³µ´µ£· Ë¨° [14, 41Ä43], ¸µ¤¥·¦ Ð¨Ì
µ¡Ï¨·´Ò¥ ¸¸Ò²±¨ ´  ¨³¥ÕÐ¨¥¸Ö · ¡µÉÒ.

�±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò¥ ²¨´§Ò É ±¦¥ Ìµ·µÏµ ¨§ÊÎ¥´Ò, ¨ ¨Ì ¸¢µ°¸É¢ 
µ¶¨¸ ´Ò ¢ ¡µ²ÓÏµ³ ±µ²¨Î¥¸É¢¥ · ¡µÉ. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨-
 ²  ¢ ²¨´§ Ì ´ Ìµ¤¨É¸Ö ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‹ ¶² ¸  ¢ Í¨²¨´¤·¨Î¥¸±¨Ì
±µµ·¤¨´ É Ì ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨, µ¶·¥¤¥²Ö¥³Ò³¨ £¥µ³¥É·¨¥° Ô²¥±É·µ-
¤µ¢. ˆ§¢¥¸É´Ò ± ± Î¨¸²¥´´Ò¥, ¨É¥· Í¨µ´´Ò¥ ¸¶µ¸µ¡Ò ·¥Ï¥´¨Ö [46, 47], É ±
¨  ´ ²¨É¨Î¥¸±¨¥ [48, 49]. ‘¸Ò²±¨ ´  ¤·Ê£¨¥ · ¡µÉÒ ³µ¦´µ ´ °É¨ ¢ ±´¨-
£ Ì [44Ä45].

‚ ³ ¸¸-¸¥¶ · Éµ· Ì, ¤¥°¸É¢ÊÕÐ¨Ì ¢ · §²¨Î´ÒÌ ´ ÊÎ´ÒÌ Í¥´É· Ì, ¶ÊÎµ±
Ëµ·³¨·Ê¥É¸Ö ¸ ¶µ³µÐÓÕ  ±¸¨ ²Ó´ÒÌ ²¨´§ ¨²¨ ¸ ¶µ³µÐÓÕ  ±¸¨ ²Ó´ÒÌ ²¨´§ ¢
¸µÎ¥É ´¨¨ ¸ ±¢ ¤·Ê¶µ²Ó´Ò³¨ ²¨´§ ³¨. ’ ±µ° ¸¶µ¸µ¡ Ëµ·³¨·µ¢ ´¨Ö ¶ÊÎ±  ´¥
¶·¥¤¸É ¢²Ö¥É¸Ö · Í¨µ´ ²Ó´Ò³, ¶µ¸±µ²Ó±Ê ¢ ¶¥·¢µ³ ¸²ÊÎ ¥ ´¥¢µ§³µ¦´µ ·¥ ²¨-
§µ¢ ÉÓ Ê¸²µ¢¨¥ µ¶É¨³¨§ Í¨¨ (24), ¸µ£² ¸´µ ±µÉµ·µ³Ê ¶ÊÎµ± ¤µ²¦¥´ ¡ÒÉÓ É¨¶ 
Ï¨·µ±µ° ²¥´ÉÒ,   ¢µ ¢Éµ·µ³ ¸²ÊÎ ¥ ±¢ ¤·Ê¶µ²Ó´Ò¥ ²¨´§Ò, · ¸ÉÖ£¨¢ ÕÐ¨¥ ¶Ê-
Îµ± ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¨ ¸Ê¦ ÕÐ¨¥ ¥£µ ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨,

�¨¸. 9. ’· ´¸ ±¸¨ ²Ó´ Ö ²¨´§ . ‚¨¤ ¢ £µ-
·¨§µ´É ²Ó´µ° ¨ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸ÉÖÌ
¸µµÉ¢¥É¸É¢¥´´µ

¤µ²¦´Ò ¨³¥ÉÓ ¡µ²ÓÏ¨¥  ¶¥·ÉÊ·Ò ¨
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢µ§¡Ê¦¤¥´¨Ö.

�µ²¥¥ ¥¸É¥¸É¢¥´´o ¨¸¶µ²Ó§µ¢ ÉÓ
¤²Ö Í¥²¥° Ëµ·³¨·µ¢ ´¨Ö ¶ÊÎ± 
É· ´¸ ±¸¨ ²Ó´Ò¥ ²¨´§Ò, ¶µ§¢µ²ÖÕ-
Ð¨¥ · ¸Ï¨·ÖÉÓ ¶ÊÎµ± ´  ¸É ¤¨¨
Ê¸±µ·¥´¨Ö Î ¸É¨Í. ‘µÎ¥É ´¨¥ É ±¨Ì
²¨´§ ¸ Ô²¥±É·µ¸É É¨Î¥¸±¨³¨ ¶·¨§-
³ ³¨ ¶µ§¢µ²Ö¥É, ¸ µ¤´µ° ¸Éµ·µ´Ò,
¸µ§¤ ÉÓ ¶ÊÎµ± ¸ ´¥µ¡Ìµ¤¨³Ò³¨ · §-
³¥· ³¨,   ¸ ¤·Ê£µ° Å  Ì·µ³ É¨§¨·µ-
¢ ÉÓ ¸¨¸É¥³Ê.

�µ Ê± § ´´Ò³ ¶·¨Î¨´ ³ ¶·¨
· ¸¸³µÉ·¥´¨¨  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î-
´ÒÌ ¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ ²¨´§ µ£· ´¨-
Î¨³¸Ö ¶·¨¢¥¤¥´´Ò³¨ ¸¸Ò²± ³¨,  
µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ Ê¤¥²¨³ µ¶¨¸ -
´¨Õ É· ´¸ ±¸¨ ²Ó´ÒÌ ²¨´§ ¨ Ô²¥±-
É·µ¸É É¨Î¥¸±¨Ì ¶·¨§³ ± ± Ô²¥³¥´Éµ¢ ¸¥¶ · Éµ·  ¸ ¢Ò¸µ±µ° · §·¥Ï ÕÐ¥°
¸¶µ¸µ¡´µ¸ÉÓÕ.

4.1. ’· ´¸ ±¸¨ ²Ó´ Ö ²¨´§ . ’· ´¸ ±¸¨ ²Ó´ Ö ²¨´§ , ¨§µ¡· ¦¥´´ Ö ´ 
·¨¸. 9, ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ ¶ · Ô²¥±É·µ¤µ¢, ´ Ìµ¤ÖÐ¨Ì¸Ö ¶µ¤ ¶µÉ¥´Í¨ ² ³¨ ϕ1 ¨
ϕ2 ¸µµÉ¢¥É¸É¢¥´´µ.



1550 ‹“Š�˜…‚ˆ— ‚. B.

� ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ² . ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²  ¢ ¸·¥¤-
´¥° ¶²µ¸±µ¸É¨ ²¨´§Ò [50] ¢¤µ²Ó µ¶É¨Î¥¸±µ° µ¸¨ ¨³¥¥É ¢¨¤

V (z) = (ϕ1 − ϕ2)R

∞∫
0

J1(λR)J0(λz)
ch (λ/2)

dλ + ϕ2, (35)

£¤¥ J0 ¨ J1 Å ËÊ´±Í¨¨ �¥¸¸¥²Ö.
‡¤¥¸Ó ¨ ¤ ²¥¥ ¶·¨´ÖÉµ, ÎÉµ ´ Î ²µ ±µµ·¤¨´ É ¸µ¢³¥Ð¥´µ ¸ Í¥´É·µ³ ±·¨-

¢¨§´Ò Ð¥²¨ ³¥¦¤Ê Ô²¥±É·µ¤ ³¨, ¢¥²¨Î¨´  ÔÉµ° Ð¥²¨ ±· °´¥ ³ ²  ¨ ¢¸¥ ²¨-
´¥°´Ò¥ ¢¥²¨Î¨´Ò ¢Ò· ¦¥´Ò ¢ ¥¤¨´¨Í Ì ¢¥·É¨± ²Ó´µ£µ § §µ·  ³¥¦¤Ê Ô²¥±É·µ-
¤ ³¨.

ˆ´É¥£· ² ¢ ¢Ò· ¦¥´¨¨ (35) ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ [51] ¨ ´ °É¨  ²ÓÉ¥·´ É¨¢-
´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²  ¢ É· ´¸ ±¸¨ ²Ó´µ° ²¨´§¥
Î¥·¥§ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ËÊ´±Í¨¨ �¥¸¸¥²Ö I0, I1 ¨ ƒ ´±¥²Ö K0, K1. ‚Ò-
¢µ¤, ¶·¥¤¸É ¢²¥´´Ò° ¢ [51], ³µ¦´µ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ ¨ ¶µ²ÊÎ¨ÉÓ É¥ ¦¥
·¥§Ê²ÓÉ ÉÒ, ¥¸²¨ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö É ¡²¨Î´Ò³¨ ¨´É¥£· ² ³¨. „²Ö ÔÉµ£µ ¶·¥¤-
¸É ¢¨³ ËÊ´±Í¨Õ 1/ch(λ/2) ¢ ¢¨¤¥ ¸Ê³³Ò ¶·µ¸É¥°Ï¨Ì ¤·µ¡¥°:

1
ch (λ/2)

= 4
∞∑
0

(−)n cn

c2
n + λ2

= 4
∞∑
0

(−)n 1
cn

(
1 − λ2

c2
n + λ2

)
, (36)

£¤¥ cn = π(2n + 1).
�µ¤¸É ¢²ÖÖ Í¥´É· ²Ó´ÊÕ Î ¸ÉÓ ¸µµÉ´µÏ¥´¨Ö (36) ¢ ¢Ò· ¦¥´¨¥ (35) ¨ ¨¸-

¶µ²Ó§ÊÖ É ¡²¨Î´Ò° ¨´É¥£· ², µ¶·¥¤¥²Ö¥³Ò° Ëµ·³Ê²µ° (6.577) ¢ [50], ¶µ²Ê-
Î ¥³ ·¥Ï¥´¨¥ ¤²Ö z � R. …¸²¨ ¦¥ ¢ (35) ¶µ¤¸É ¢¨ÉÓ ¶· ¢ÊÕ Î ¸ÉÓ (36), Éµ
§ ¤ Î  ¸¢µ¤¨É¸Ö ± ¤¢Ê³ É ¡²¨Î´Ò³ ¨´É¥£· ² ³ ((6.512) ¨ (6.577) ¢ ¸¶· ¢µÎ-
´¨±¥ [52]), ¶·¨¢µ¤ÖÐ¨³ ± ·¥Ï¥´¨Õ ¤²Ö z � R.

‚ ·¥§Ê²ÓÉ É¥ · ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ²  ¶·¨µ¡·¥É ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

V (z) = (ϕ1 − ϕ2)4R
∞∑

i=0

(−)iI1((2i + 1)πR)K0((2i + 1)πz) + ϕ2, z � R,

V (z) = (ϕ1−ϕ2)

[
1−4R

∞∑
i=0

(−)iI0((2i+1)πz)K1((2i+1)πR)

]
+ ϕ2, z � R.

�·¥¤¸É ¢²¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²  ¢¤µ²Ó µ¶É¨Î¥¸±µ° µ¸¨ Î¥·¥§ ¸Ê³³Ê
¶·µ¨§¢¥¤¥´¨° ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ ËÊ´±Í¨° �¥¸¸¥²Ö ¨ ƒ ´±¥²Ö µ¡² ¤ ¥É É¥³
¤µ¸Éµ¨´¸É¢µ³, ÎÉµ ¡² £µ¤ ·Ö ¨Ì £² ¤±µ³Ê ¶µ¢¥¤¥´¨Õ (É¨¶  Ô±¸¶µ´¥´Í¨ ²Ó-
´µ£µ) ·Ö¤Ò ¡Ò¸É·µ ¸Ìµ¤ÖÉ¸Ö ¨ ¢ÒÎ¨¸²¥´¨Ö Ê¶·µÐ ÕÉ¸Ö.

�¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢ . �¶É¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ É· ´¸ ±¸¨ ²Ó´µ°
²¨´§Ò µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢
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£µ·¨§µ´É ²Ó´µ° ¨ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸ÉÖÌ ¸µµÉ¢¥É¸É¢¥´´µ:

x′′ +
V ′

2V

(
x′ − x

z

)
= 0, (37)

y′′ +
y′V ′

2V
+

y

2V

(
V ′′ +

V ′

z

)
= 0. (38)

„¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ (37) ¸µ¤¥·¦¨É Éµ²Ó±µ ¶¥·¢ÊÕ ¶·µ¨§¢µ¤´ÊÕ µÉ
¶µÉ¥´Í¨ ² , ´¥ ³¥´ÖÕÐÊÕ §´ ±  ¢ · ¤¨ ²Ó´µ³ ¶µ²¥, ¶µÔÉµ³Ê ´  Î ¸É¨ÍÊ ¤¥°-
¸É¢Ê¥É ¸¨²  ²¨¡µ ¢ ´ ¶· ¢²¥´¨¨ ± µ¸¨, ²¨¡µ ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ³ ´ ¶· ¢²¥-
´¨¨. �µ ÔÉµ° ¶·¨Î¨´¥ ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¨³¥¥É¸Ö µ¤´  ÔËË¥±É¨¢´ Ö
¶²µ¸±µ¸ÉÓ ¶·¥²µ³²¥´¨Ö, µ¶·¥¤¥²Ö¥³ Ö ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸µ³:

R−1
eff =

√
ϕ1ϕ2

2(
√

ϕ1 −
√

ϕ2)

∞∫
−∞

V ′

zV 3/2
dz.

‘¢µ°¸É¢  ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (37) É ±µ¢Ò, ÎÉµ ¨³¥ÕÉ ³¥¸Éµ ¸²¥¤ÊÕÐ¨¥ · -
¢¥´¸É¢ :

fx1

fx2
=

√
ϕ1

ϕ2
, fx1 − fx2 = Reff , Zfx1 − R = fx2, Zfx2 + R = fx1,

fxi =
Reff

√
ϕi√

ϕ1 −
√

ϕ2
, £¤¥ i = 1, 2.

”µ±Ê¸¨·ÊÕÐ Ö ¨²¨ ¤¥Ëµ±Ê¸¨·ÊÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò ¢
£µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö §´ ±µ³ ±·¨¢¨§´Ò Ð¥²¨ ³¥¦¤Ê Ô²¥±-
É·µ¤ ³¨ ¨ ´ ¶· ¢²¥´¨¥³ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö.

‚ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò
¶µ¤µ¡´Ò µ¶É¨Î¥¸±¨³ ¸¢µ°¸É¢ ³ Í¨²¨´¤·¨Î¥¸±µ° ²¨´§Ò §  ¨¸±²ÕÎ¥´¨¥³ Éµ£µ,
ÎÉµ ¢ ¸² ¡ÒÌ ¶µ²ÖÌ ¨ ¶·¨ ³ ²ÒÌ · ¤¨Ê¸ Ì ±·¨¢¨§´Ò § §µ·  ³¥¦¤Ê Ô²¥±-
É·µ¤ ³¨ ¢ ´¥¡µ²ÓÏ¨Ì ¨´É¥·¢ ² Ì µÉ´µÏ¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ²¨´§  ³µ¦¥É ¡ÒÉÓ
¤¥Ëµ±Ê¸¨·ÊÕÐ¥°. �Éµ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¢²¨Ö´¨Ö · ¤¨ ²Ó´µ£µ £· ¤¨¥´É 
Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ´  Ì · ±É¥· ¢¥·É¨± ²Ó´µ£µ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ.

‚ ¶·¥¤¥²¥ R → ∞ Ê· ¢´¥´¨Ö (37), (38) ¶¥·¥Ìµ¤ÖÉ ¢ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
Î ¸É¨ÍÒ ¢ Í¨²¨´¤·¨Î¥¸±µ° ²¨´§¥,   · ¸¶·¥¤¥²¥´¨Ö ¶µÉ¥´Í¨ ²  Å ¢ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥¥ · ¸¶·¥¤¥²¥´¨¥ ¢ Í¨²¨´¤·¨Î¥¸±µ° ²¨´§¥.

ƒ¥µ³¥É·¨Î¥¸±¨¥  ¡¥·· Í¨¨. � ´¥¥ µÉ³¥Î ²µ¸Ó, ÎÉµ · §·¥Ï ÕÐ Ö ¸¶µ-
¸µ¡´µ¸ÉÓ ¶·¨§³¥´´µ£µ ³ ¸¸-¸¥¶ · Éµ·  ¢ µ¸´µ¢´µ³ µ£· ´¨Î¨¢ ¥É¸Ö  ¡¥·· Í¨-
Ö³¨ Ëµ±Ê¸¨·ÊÕÐ¨Ì ²¨´§. �µÔÉµ³Ê ÊÎ¥É ¨ ³¨´¨³¨§ Í¨Ö  ¡¥·· Í¨µ´´ÒÌ ¢±² -
¤µ¢ ´¥µ¡Ìµ¤¨³Ò ¶·¨ · ¸Î¥É¥ ¨ ±µ´¸É·Ê¨·µ¢ ´¨¨ ± Î¥¸É¢¥´´ÒÌ ¸¥¶ · Éµ·µ¢.
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�¡¥·· Í¨µ´´Ò¥ ¢±² ¤Ò ¤¥Ëµ±Ê¸¨·ÊÕÐ¥£µ ¨ Ëµ±Ê¸¨·ÊÕÐ¥£µ É· ´¸ ±¸¨ ²Ó-
´ÒÌ ¶µ²¥° ¨³¥ÕÉ ¶·µÉ¨¢µ¶µ²µ¦´Ò¥ §´ ±¨, ÎÉµ ¶·¨¢µ¤¨É ± Î ¸É¨Î´µ° ³¨´¨-
³¨§ Í¨¨ ÔÉ¨Ì ¢±² ¤µ¢ ¢ ²¨´§ Ì, ¶µ¸É·µ¥´´ÒÌ ¶µ ¶·¨´Í¨¶Ê ®¤¥Ëµ±Ê¸¨·µ¢± Ä
Ëµ±Ê¸¨·µ¢± ¯. �¸É ¢Ï¨¥¸Ö  ¡¥·· Í¨µ´´Ò¥ ¢±² ¤Ò ³µ£ÊÉ ¡ÒÉÓ ¸±µ³¶¥´¸¨·µ-
¢ ´Ò ¸ ¶µ³µÐÓÕ ±µ··¥±Éµ·µ¢.

�¡¥·· Í¨¨ É· ´¸ ±¸¨ ²Ó´ÒÌ ²¨´§ · ¸¸³ É·¨¢ ²¨¸Ó ¢ ·Ö¤¥ · ¡µÉ [53Ä56],
¢ ±µÉµ·ÒÌ ¨¸¶µ²Ó§µ¢ ´ ¸É ´¤ ·É´Ò° ¶µ¤Ìµ¤, § ±²ÕÎ ÕÐ¨°¸Ö ¢ ¢ÒÎ¨¸²¥´¨¨
 ¡¥·· Í¨µ´´µ£µ ¨¸± ¦¥´¨Ö ¨§µ¡· ¦¥´¨Ö µ¡Ñ¥±É . „²Ö ¸²µ¦´ÒÌ ²¨´§ · §¢¨-
ÉÒ° ³¥Éµ¤ ¶·¨£µ¤¥´ Éµ²Ó±µ ¤²Ö Í¥´É·¨·µ¢ ´´ÒÌ É· ´¸ ±¸¨ ²Ó´ÒÌ ¸¨¸É¥³,
±µ£¤  § §µ·Ò ³¥¦¤Ê Ô²¥±É·µ¤ ³¨ ¢ ³´µ£µÔ²¥±É·µ¤´µ° ²¨´§¥ ¨³¥ÕÉ µ¡Ð¨°
Í¥´É· ±·¨¢¨§´Ò. �µÔÉµ³Ê ¨¸¶µ²Ó§Ê¥³ ¡µ²¥¥ µ¡Ð¨° ¶µ¤Ìµ¤, ¥¸É¥¸É¢¥´´Ò° ¸
ÉµÎ±¨ §·¥´¨Ö ³ É·¨Î´µ£µ Ëµ·³ ²¨§³  [51] ¨ ¶µ§¢µ²ÖÕÐ¨° ¢Ò· §¨ÉÓ  ¡¥·· -
Í¨µ´´Òe ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Î¥·¥§ ¨µ´´µ-µ¶É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ¶·µ¸ÉÒÌ
²¨´§. ‚ ¸²µ¦´µ° ²¨´§¥ ÔÉµ ¶µ§¢µ²Ö¥É ÊÎ¥¸ÉÓ  ¡¥·· Í¨µ´´µ¥ ¨¸± ¦¥´¨¥ ¶ -
· ±¸¨ ²Ó´µ° É· ¥±Éµ·¨¨ ¤²Ö ± ¦¤µ£µ É· ´¸ ±¸¨ ²Ó´µ£µ ¶µ²Ö.

‘ ÊÎ¥Éµ³ Î²¥´µ¢ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ³ ²µ¸É¨ Ê· ¢´¥´¨¥ (37) ¸É ´µ¢¨É¸Ö
´¥µ¤´µ·µ¤´Ò³, ¨ ËÊ´±Í¨Ö ¢µ§³ÊÐ¥´¨Ö ¨³¥¥É ¢¨¤

F =
(x

z
− x′

)[
1
4

(
V ′

zV

)′
x2 +

1
2

V ′

V
x′2 − 1

4

(
V2

V

)′
y2 +

1
2

V ′

V
y′2

]
, (39)

£¤¥ V2 = V ′′ + V/z.
‘Ì¥³  ¢ÒÎ¨¸²¥´¨°  ¡¥·· Í¨° ¤²Ö ± ¦¤µ£µ ¸² £ ¥³µ£µ ËÊ´±Í¨¨ ¢µ§³ÊÐ¥-

´¨Ö É ±µ¢ . �·µ¨§¢µ²Ó´ Ö É· ¥±Éµ·¨Ö ¸ § ¤ ´´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨ X ,
x′

0, Y0, y′
0 ¢ ´ Î ²¥ ±µµ·¤¨´ É, É. ¥. ¢ Í¥´É·¥ ±·¨¢¨§´Ò Ô²¥±É·µ¸É É¨Î¥¸±µ£µ

¶µ²Ö, ¢Ò· ¦ ¥É¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶µ§¨Í¨¨ ¸É ´¤ ·É´ÒÌ É· ¥±Éµ·¨°, µ¶·¥¤¥²ÖÕ-
Ð¨Ì µ¶É¨Î¥¸±¨¥ ¶ · ³¥É·Ò ²¨´§Ò. �¥·¢ Ö É ± Ö É· ¥±Éµ·¨Ö β ¨³¥¥É ¥¤¨-
´¨Î´µe µÉ±²µ´¥´¨¥ µÉ µ¸¨ ¢ ¸¢µ¡µ¤´µ³ µÉ ¶µ²Ö ¶·µ¸É· ´¸É¢¥ ¶¥·¥¤ ²¨´§µ°,
  ¢Éµ· Ö É· ¥±Éµ·¨Ö ξ ¨³¥¥É É ±µ¥ ¦¥ ¶µ¢¥¤¥´¨¥ ¢ ¶·µ¸É· ´¸É¢¥ §  ²¨´§µ°.
� · ±¸¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¤²Ö µ¶·¥¤¥²¥´´µ° É ±¨³ µ¡· §µ³ ¶·µ¨§¢µ²Ó´µ° É· -
¥±Éµ·¨¨ ¶µ¤¸É ¢²ÖÕÉ¸Ö ¢ ËÊ´±Í¨Õ ¢µ§³ÊÐ¥´¨Ö (39), ¨ ¸ ¶µ³µÐÓÕ ³¥Éµ¤ 
¢ ·¨ Í¨¨ ¶·µ¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ ´ Ìµ¤¨É¸Ö ·¥Ï¥´¨¥ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢-
´¥´¨Ö.

„ ²¥¥, ¶·¥´¥¡·¥¦¥³ · §²¨Î¨¥³ ³¥¦¤Ê £¥µ³¥É·¨Î¥¸±¨³ ¨ ÔËË¥±É¨¢´Ò³
· ¤¨Ê¸ ³¨ ²¨´§Ò, ±µÉµ·µ¥ ¶·¨ R > 10d ³¥´ÓÏ¥ 2 %. ’µ£¤   ¡¥·· Í¨µ´-
´µ¥ ¸³¥Ð¥´¨¥ É· ¥±Éµ·¨¨ ¨ ¨§³¥´¥´¨¥ ¥¥ ´ ±²µ´  ¢Ò· ¦ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

δx = RI1 − I2, δx′ = I1 + I2/fx2,

£¤¥ I1 =
∫

Fxβ

√
V/ϕ1dx, I2 =

∫
Fz

√
V/ϕ1dz.

�¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨°  ¡¥·· Í¨µ´´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¤²Ö ± ¦-
¤µ£µ ¸² £ ¥³µ£µ ËÊ´±Í¨¨ ¢µ§³ÊÐ¥´¨Ö ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 2.
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’ ¡²¨Í  2. ŠÊ¡¨Î¥¸±¨¥  ¡¥·· Í¨¨ É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò ¤²Ö É· ¥±Éµ·¨¨ Î -
¸É¨ÍÒ, µ¶·¥¤¥²¥´´µ° ¢ ´ Î ²¥ ±µµ·¤¨´ É

δx′ δx

X3
0

ϕ
3/2
1

4
a − 1

3f3
x2

Rϕ
3/2
1

4
a +

√
ϕ1/ϕ2 + 2

6f2
x2

X2
0x′

0 1/f2
x2 −1/fx2

X0x
′2
0 −1/(2fx2) −R/(2fx2)

X0Y
2
0

1

2

(
A − 1

fx2fy2

)
1

2

(
RA +

1

f2
y2

)

X0Y0y
′
0 Zfy1A + fy1B − Zfy1

fx2f2
y2

R (Zfy1A + fy1B) +
1

f2
y2

X0y
′2
0

Z2
fy1A/2 + fy1Zfy1B + f2

y1C/2+

+
1

2fx2

[
1 −
(

Zfy1

fy2

)2
] R

(
Z2

fy1A/2 + fy1B + f2
y1C/2

)
−

−1

2

[
1 −
(

Zfy1

fy2

)2
]

�·¨ ³ É·¨Î´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ É ¡². 2 ¸²¥¤Ê¥É ¶¥·¥µ¶·¥¤¥²¨ÉÓ É ±¨³ µ¡· -
§µ³, ÎÉµ¡Ò ´ Î ²Ó´Ò¥ Ê¸²µ¢¨Ö ¡Ò²¨ § ¤ ´Ò ´  ²¨´§¥. „²Ö ÔÉµ£µ ¢³¥¸Éµ X0 ¨
Y0 ¶µ¤¸É ¢²ÖÕÉ¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢¥²¨Î¨´Ò X0 = x0 −Rx′

0, Y0 = y0−Ry′
0,

£¤¥ ³ ²¥´Ó±¨³¨ ¸¨³¢µ² ³¨ µ¡µ§´ Î¥´Ò ¶ · ³¥É·Ò É· ¥±Éµ·¨¨ ¢ Í¥´É·¥ ²¨´§Ò
± ± ·¥§Ê²ÓÉ É ²¨´¥°´µ£µ ¶·µ¤µ²¦¥´¨Ö ¢Ìµ¤´µ° É· ¥±Éµ·¨¨. ’µ£¤ , ¸£·Ê¶¶¨·µ-
¢ ¢ ¶µ¤µ¡´Òe Î²¥´Ò, ¡Ê¤¥³ ¨³¥ÉÓ µ±µ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É, ±µÉµ·Ò° ¢ ¸¨²Ê
£·µ³µ§¤±µ¸É¨ ¢Ò· ¦¥´¨° §¤¥¸Ó ´¥ ¶·¨¢µ¤¨É¸Ö.

‚ É ¡². 2 Î¥·¥§ a, A, B ¨ C µ¡µ§´ Î¥´Ò ¸²¥¤ÊÕÐ¨¥ ¨´É¥£· ²Ò:

a =
∫

V ′

(z + R)3V 5/2
dz,

A =
∫

xβ

z + R

[
−1

2

(
V2

V

)′
y2

β +
V ′

V
y′2

β

]
dz,

B =
∫

xβ

z + R

[
−1

2

(
V2

V

)′
yβyξ +

V ′

V
y′

βy′
ξ

]
dz,

C =
∫

xβ

z + R

[
−1

2

(
V2

V

)′
y2

ξ +
V ′

V
y′2

ξ

]
dz.
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�·¨ § ¶¨¸¨ ÔÉ¨Ì ¨´É¥£· ²µ¢, ÎÉµ¡Ò Ö¢´µ ¢Ò¤¥²¨ÉÓ · ¤¨Ê¸ ±·¨¢¨§´Ò R, ¸¤¥² ´
¶¥·¥Ìµ¤ ¢ ¸¨¸É¥³Ê ±µµ·¤¨´ É, ´ Î ²µ ±µÉµ·µ° ¸µ¢³¥Ð¥´µ ¸ § §µ·µ³ ³¥¦¤Ê
Ô²¥±É·µ¤ ³¨.

’ ¡²¨Í  3. “£²µ¢Ò¥ ±Ê¡¨Î¥¸±¨¥  ¡¥·· Í¨¨ É· ´¸ ±¸¨ ²Ó´µ° ²¨´§Ò

º δx′

1 x3
0 − 1

2R3

(√
ϕ1

ϕ2
− 1

) (
ϕ1

ϕ2
−
√

ϕ1

ϕ2
+ 1

)

2 x2
0x

′
0

1

2R2

(√
ϕ1

ϕ2
− 1

) (
3
ϕ1

ϕ2
−
√

ϕ1

ϕ2
+ 1

)

3 x0x
′2
0 − 1

2R

(√
ϕ1

ϕ2
− 1

) (
3
ϕ1

ϕ2
−
√

ϕ1

ϕ2

)

4 x′3 1

2

√
ϕ1

ϕ2

(
ϕ1

ϕ2
− 1

)

5 x0y
2
0 − 1

2Rf2
y2

√
ϕ1

ϕ2

6 x0y0y
′
0

Zfy1

Rf2
y2

√
ϕ1

ϕ2

7 x0y
′2
0

1

2R

√
ϕ1

ϕ2

[
1 −
(

Zfy1

fy2

)2
]

8 x′
0y

2
0

1

f2
y2

√
ϕ1

ϕ2

9 x′
0y0y

′
0 −Zfy1

f2
y2

√
ϕ1

ϕ2

10 x′
0y

′2
0 −1

2

√
ϕ1

ϕ2

[
1 −
(

Zfy1

fy2

)2
]

‚ ¸²ÊÎ ¥ ¡µ²ÓÏ¨Ì · ¤¨Ê¸µ¢ ±·¨¢¨§´Ò, §´ Î¨É¥²Ó´µ ¶·¥¢ÒÏ ÕÐ¨Ì µ¡² ¸ÉÓ
¶·µÉÖ¦¥´´µ¸É¨ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö, Ê± § ´´Ò¥ ¨´É¥£· ²Ò ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ
¶·¨¡²¨¦¥´´µ, µ£· ´¨Î¨¢Ï¨¸Ó ¶¥·¢Ò³ Î²¥´µ³ · §²µ¦¥´¨Ö ¶µ¤Ò´É¥£· ²Ó´ÒÌ
¢Ò· ¦¥´¨° ¢ ·Ö¤ ¶µ ¸É¥¶¥´Ö³ z/R ¨ ¶µ² £ Ö, ÎÉµ ¢ µ¡² ¸É¨ ¶µ²Ö ¢¥²¨Î¨´  xβ

³ ²µ µÉ²¨Î ¥É¸Ö µÉ ¥¤¨´¨ÍÒ. ’µÎ´µ¸ÉÓ É ±µ£µ ¶·¨¡²¨¦¥´¨Ö ´¥ ¢Ò¸µ± , ¶µ-
·Ö¤±  10Ä15 %, ´µ ¢ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ÕÉ¸Ö ¶·µ¸ÉÒ¥ ¢Ò· ¦¥´¨Ö, ¶µ§¢µ²ÖÕÐ¨¥
¸Ê¤¨ÉÓ µ ³ ¸ÏÉ ¡¥  ¡¥·· Í¨µ´´ÒÌ ¨¸± ¦¥´¨° É· ¥±Éµ·¨¨ Î ¸É¨ÍÒ. �·µ¤¥² ¢
É ±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¨ ¶¥·¥µ¶·¥¤¥²¨¢ É ¡². 2 Ê± § ´´Ò³ ¢ÒÏ¥ µ¡· §µ³, ¶·¥¤¸É -
¢¨³ ¢Ò· ¦¥´¨Ö ¤²Ö Ê£²µ¢ÒÌ ±Ê¡¨Î¥¸±¨Ì  ¡¥·· Í¨° (É ¡². 3).
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Š ± ÔÉµ ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨° ¢ ¸É·µ± Ì 1Ä4,  ¡¥·· Í¨µ´´Ò¥ ¢±² ¤Ò ¤²Ö
¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¢ ¸·¥¤´¥° ¶²µ¸±µ¸É¨ ²¨´§Ò Ö¢²ÖÕÉ¸Ö §´ ±µ¶¥·¥³¥´´Ò³¨,
¶·¨Î¥³ §´ ± ¶²Õ¸ ¨²¨ ³¨´Ê¸ § ¢¨¸¨É µÉ §´ ±  ±·¨¢¨§´Ò Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö
¨ µÉ ¸µµÉ´µÏ¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ´  Ô²¥±É·µ¤ Ì ²¨´§Ò.

�¶¥·ÉÊ·´Ò¥  ¡¥·· Í¨¨ (¸É·µ±¨ 1 ¨ 5 ¢ É ¡². 3) Ö¢²ÖÕÉ¸Ö ³ ±¸¨³ ²Ó´Ò³¨
¶µ ¸· ¢´¥´¨Õ ¸ µ¸É ²Ó´Ò³¨ ¨ ¢ ¢Ò¸µ±µ± Î¥¸É¢¥´´µ° ²¨´§¥ ¤µ²¦´Ò ¡ÒÉÓ
¸±µ··¥±É¨·µ¢ ´Ò ¸ ¶µ³µÐÓÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ··¥±Éµ·µ¢. Œ¨´¨³ ²Ó´Ò¥
¢±² ¤Ò ¢ ¨¸± ¦¥´¨¥ ¶ · ±¸¨ ²Ó´µ° É· ¥±Éµ·¨¨ ¢´µ¸ÖÉ  ¡¥·· Í¨¨, ¢Ò· ¦¥´¨Ö
¤²Ö ±µÉµ·ÒÌ ¤ ´Ò ¢ ¸É·µ± Ì 7 ¨ 10 É ¡². 3.

4.2. �²¥±É·µ¸É É¨Î¥¸± Ö ¶·¨§³ . �·¥²µ³²¥´¨¥ ¸¢¥Éµ¢µ£µ ²ÊÎ  ¢µ§´¨-
± ¥É ´  £· ´¨Í¥ · §¤¥²  ¤¢ÊÌ ¸·¥¤ ¸ · §²¨Î´Ò³¨ ¶µ± § É¥²Ö³¨ ¶·¥²µ³²¥´¨Ö.

�¨¸. 10. �²¥±É·µ¸É É¨Î¥¸± Ö ¶·¨§³ 

‚ µ¶É¨±¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í  ´ ²µ-
£µ³ É ±µ° ¶·¨§³Ò Ö¢²Ö¥É¸Ö £· ´¨Í 
· §¤¥²  ¶µÉ¥´Í¨ ²µ¢ ϕ1 ¨ ϕ2, ¶·¨-
²µ¦¥´´Òx ± ¤¢Ê³ ¶ · ³ Ô²¥±É·µ¤µ¢,
¨§µ¡· ¦¥´´ÒÌ ´  ·¨¸. 10.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ [57] µ¶¨Ï¥³
³ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨Ö É· ¥±Éµ-
·¨¨, µ¸ÊÐ¥¸É¢²Ö¥³µ£µ ¶µ²¥³ Ô²¥±-
É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò.

ƒµ·¨§µ´É ²Ó´ Ö ¶²µ¸±µ¸ÉÓ.
‚ ÔÉµ° ¶²µ¸±µ¸É¨ ¶ÊÎµ± Î ¸É¨Í ¤¢¨-
¦¥É¸Ö ¶µ¤ Ê£²µ³ α1 ± ´ ¶· ¢²¥´¨Õ
¶µ²Ö ¨ ¢ÒÌµ¤¨É ¨§ ¶µ²Ö ¶µ¤ Ê£²µ³
α2. “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢Ò¢µ¤¨É¸Ö
¨§ Ê¸²µ¢¨Ö ¸µÌ· ´¥´¨Ö ¶µ¶¥·¥Î´µ°
Ô²¥±É·¨Î¥¸±µ³Ê ¶µ²Õ ±µ³¶µ´¥´ÉÒ
¨³¶Ê²Ó¸  Î ¸É¨ÍÒ. ‚ ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¢ ±µÉµ·µ° µ¸Ó z ´ ¶· ¢²¥´  ¢¤µ²Ó
¶µ²Ö,   µ¸Ó x Å ¢¤µ²Ó § §µ·  ³¥¦¤Ê Ô²¥±É·µ¤ ³¨, ÔÉµ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

x′ =
[

(ϕ1 + ε) sin2 (α1 + x′
1)

ϕ(z) + ε − (ϕ1 + ε) sin2 (α1 + x′
1)

]1/2

, (40)

£¤¥ ϕ(z) Å · ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ²  ¢ ¸·¥¤´¥° ¶²µ¸±µ¸É¨; ε Å · §¡·µ¸
Ô´¥·£¨° Î ¸É¨ÍÒ.

� ¸¶·¥¤¥²¥´¨¥ ¶µÉ¥´Í¨ ²  ¢ ¸·¥¤´¥° ¶²µ¸±µ¸É¨ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³
¢Ò· ¦¥´¨¥³ [50]:

ϕ(z) =
ϕ1 + ϕ2

2
+

ϕ2 − ϕ1

π
arctgsh (πz).

� §²µ¦¨¢ (40) ¢ ·Ö¤ ¶µ ¸É¥¶¥´Ö³ ³ ²ÒÌ ¢¥²¨Î¨´ x′
0 ¨ ε ¨ µ£· ´¨Î¨¢Ï¨¸Ó
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²¨´¥°´Ò³¨ Î²¥´ ³¨, ¶µ²ÊÎ¨³

x′ =
(

V1

V

)1/2

tg α1 + x′
1

[(
V1

V

)1/2

+ tg2 α1

(
V1

V

)3/2
]

+

+
ε

2ϕ2
tg α1

[(
V1

V

)1/2

−
(

V1

V

)3/2
]

. (41)

‚ ÔÉµ³ · ¢¥´¸É¢¥ V = ϕ(z)−ϕ1 sin2 α1 Å ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ², ±µÉµ·Ò°
¤²Ö ¸¢µ¡µ¤´ÒÌ µÉ ¶µ²Ö µ¡² ¸É¥° · ¢¥´ Vi(zi) = ϕi cos2 αi (i = 1, 2).

�·¨³¥³ ¢ (41) V = V2 ¨ ¶¥·¥°¤¥³ ¢ ¸¨¸É¥³Ê ±µµ·¤¨´ É, ¸¢Ö§ ´´ÊÕ ¸
¶ÊÎ±µ³. „²Ö ÔÉµ£µ ¢ µ¡² ¸É¨ ¶µÉ¥´Í¨ ²  ϕ1 ¶µ¢¥·´¥³ ¸¨¸É¥³Ê ±µµ·¤¨´ É ´ 
Ê£µ² −α1,   ¢ µ¡² ¸É¨ ¶µÉ¥´Í¨ ²  ϕ2 Å ´  Ê£µ² −α2. ‚ ·¥§Ê²ÓÉ É¥ É ±µ£µ
¶·¥µ¡· §µ¢ ´¨Ö ¡Ê¤¥³ ¨³¥ÉÓ

x′ =
(

V1

V2

)1/2

x′
1 +

ε

2ϕ1
tg α2

(
1 − ϕ1

ϕ2

)
. (42)

�µ²ÊÎ¥´´µ¥ · ¢¥´¸É¢µ ¸µ¤¥·¦¨É ¤¢  ³ É·¨Î´ÒÌ Ô²¥³¥´É : ±µÔËË¨Í¨¥´É Ê£²µ-
¢µ£µ Ê¢¥²¨Î¥´¨Ö kÊ£² = (V1/V2)1/2 = tg α1 tg α2 ¨ Ê£²µ¢ÊÕ ¤¨¸¶¥·¸¨Õ ¶µ
Ô´¥·£¨¨

Dϕ = (1/2) tgα1(1 − ϕ1/ϕ2).

„²Ö ¶µ²ÊÎ¥´¨Ö µ¸É ²Ó´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¶·µ¨´É¥£·¨·Ê¥³ (41) µÉ ÉµÎ±¨
z1 ¤µ ÉµÎ±¨ z2, ´ Ìµ¤ÖÐ¥°¸Ö ¢ ¸¢µ¡µ¤´ÒÌ µÉ ¶µ²Ö µ¡² ¸ÉÖÌ. ‚ÒÎ¨¸²¨³ ¨´É¥-
£· ²Ò ¶µ Î ¸ÉÖ³ ¨ ¶¥·¥°¤¥³ ¢ ´µ¢ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É, ¢Ò¶µ²´¨¢ ¶·¥µ¡· -
§µ¢ ´¨¥: z → z − h, x → x + h tg α1, ±µÉµ·µ¥ ¸µ¢³¥Ð ¥É ´ Î ²µ ±µµ·¤¨´ É ¸
¶µ²µ¦¥´¨¥³ ÔËË¥±É¨¢´µ° ¶²µ¸±µ¸É¨ ¶·¥²µ³²¥´¨Ö h. ‚¥²¨Î¨´  h µ¶·¥¤¥²Ö-
¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³:

h =
1
2

√
V1V2√

V2 −
√

V1

z1∫
z0

zV ′dz

V 3/2
.

‡ É¥³, ¨¸¶µ²Ó§ÊÖ ³ É·¨ÍÊ ¢· Ð¥´¨Ö, ¸µ¢¥·Ï¨³ ¶µ¢µ·µÉÒ ¸¨¸É¥³Ò ±µµ·¤¨´ É
´  Ê£²Ò −α1 ¨ −α2 ¸µµÉ¢¥É¸É¢¥´´µ ¤²Ö µ¡² ¸É¥° ¸ ¶µÉ¥´Í¨ ² ³¨ ϕ1 ¨ ϕ2.

�¡Ñ¥¤¨´¨¢ ¶µ²ÊÎ¥´´µ¥ ·¥Ï¥´¨¥ ¸ (42) ¨ µ¶Ê¸É¨¢ ¸¢µ¡µ¤´Ò¥ ¶·µ³¥¦ÊÉ±¨
z1 ¨ z2, ¶µ²ÊÎ¨³ ³ É·¨ÍÊ ¶·¥µ¡· §µ¢ ´¨Ö ¤²Ö Ô²¥±É·µ¸É É¨Î¥¸±µ° ¶·¨§³Ò:

Px =




1 ± h

cos α2
0

0 1 0
0 0 1







cos α2

cos α1
A B

0
tg α2

tg α1
Dϕ

0 0
ϕ1

ϕ2







1 ∓ h

cos α1
0

0 1 0
0 0 1


 ,

(43)



Œ�‘‘-‘…����’��›. Œ…’�„› ��‘—…’� ˆ ���‹ˆ‡� 1557

£¤¥ A = h
sin (α1 − α2)

sin α1
+H cos α2 tg2 α1, B = h

sin (α1 − α2)
cos α1

−H

2
cos α2 tg α1

¨ H =
3
2
V

3/2
2

∫
zV ′

V 5/2
dz. ’·¥É¨° ¸Éµ²¡¥Í §¤¥¸Ó µ¶¨¸Ò¢ ¥É ¤¨¸¶¥·¸¨µ´´Ò¥

¸¢µ°¸É¢  ¶·¨§³Ò ¢ § ¢¨¸¨³µ¸É¨ µÉ Ô´¥·£¨¨ Î ¸É¨ÍÒ. ‚Ò¡µ· §´ ±µ¢ ¶¥·¥¤
¢¥²¨Î¨´µ° h ¢ (43) § ¢¨¸¨É µÉ ¸µµÉ´µÏ¥´¨Ö ¶µÉ¥´Í¨ ²µ¢ ϕ1 ¨ ϕ2. �µ¸±µ²Ó±Ê
ÔËË¥±É¨¢´ Ö ¶²µ¸±µ¸ÉÓ ¶·¥²µ³²¥´¨Ö ¢¸¥£¤  ¸³¥Ð¥´  ¢ µ¡² ¸ÉÓ ³¥´ÓÏ¥£µ ¶µ-
É¥´Í¨ ² , Éµ ¶·¨ ϕ1 < ϕ2 ¨³¥ÕÉ ³¥¸Éµ ¢¥·Ì´¨¥ §´ ±¨, É. ¥. ¢ ÔÉµ³ ¸²ÊÎ ¥
¸¢µ¡µ¤´Ò° ¶·µ³¥¦ÊÉµ± ¶¥·¥¤ ¶·¨§³µ° Ê±µ· Î¨¢ ¥É¸Ö ´  ¢¥²¨Î¨´Ê h/ cos α1,
  ¸¢µ¡µ¤´Ò° ¶·µ³¥¦ÊÉµ± ¶µ¸²¥ ¶·¨§³Ò Ê¢¥²¨Î¨¢ ¥É¸Ö ´  ¢¥²¨Î¨´Ê h/ cos α2.
…¸²¨ ¶µÉ¥´Í¨ ² ¶¥·¢µ£µ Ô²¥±É·µ¤  ¶·¨§³Ò ¡µ²ÓÏ¥ ¶µÉ¥´Í¨ ²  ¢Éµ·µ£µ Ô²¥±-
É·µ¤ , Éµ ¢ (43) ¸²¥¤Ê¥É ¡· ÉÓ ´¨¦´¨¥ §´ ±¨.

‚¥·É¨± ²Ó´ Ö ¶²µ¸±µ¸ÉÓ. � · ±¸¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ É· ¥±Éµ·¨¨ ¢ ÔÉµ°
¶²µ¸±µ¸É¨ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¨³¥¥É É ±µ° ¦¥ ¢¨¤, ± ± Ê· ¢´¥´¨¥
É· ¥±Éµ·¨¨ ¤²Ö µ¡ÒÎ´µ£µ ¶µÉ¥´Í¨ ²  ¢ Í¨²¨´¤·¨Î¥¸±µ° ²¨´§¥ [50]:

y′′ + y′ V ′

2V
+ y

V ′′

2V
= 0. (44)

ˆ§-§  ±·¨¢¨§´Ò ¸¨²µ¢ÒÌ ²¨´¨° ¸¨² , ¤¥°¸É¢ÊÕÐ Ö ´  Î ¸É¨ÍÊ ¢ ¢¥·É¨± ²Ó-
´µ³ ´ ¶· ¢²¥´¨¨, ¶·¨ ¶·µÌµ¦¤¥´¨¨ ¸¥·¥¤¨´Ò ¶µ²Ö ³¥´Ö¥É §´ ± ´  ¶·µÉ¨¢µ-
¶µ²µ¦´Ò°. �µÔÉµ³Ê ¶·¥²µ³²ÖÕÐ¥¥ ¤¥°¸É¢¨¥ ¶µ²Ö ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨
Ì · ±É¥·¨§Ê¥É¸Ö ¤¢Ê³Ö ÔËË¥±É¨¢´Ò³¨ ¶²µ¸±µ¸ÉÖ³¨ ¶·¥²µ³²¥´¨Ö h1 ¨ h2, µÉ
±µÉµ·ÒÌ µÉ¸Î¨ÉÒ¢ ÕÉ¸Ö Ëµ±Ê¸´Ò¥ · ¸¸ÉµÖ´¨Ö f1 ¨ f2 ¸µµÉ¢¥É¸É¢¥´´µ. “± -
§ ´´Ò¥ ¢¥²¨Î¨´Ò ´ Ìµ¤ÖÉ¸Ö ¶·¨ Î¨¸²¥´´µ³ ¨´É¥£·¨·µ¢ ´¨¨ Ê· ¢´¥´¨Ö (44)
¢ ´µ·³ ²Ó´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¢ ±µÉµ·µ° µ¸Ó z ´ ¶· ¢²¥´  ¢¤µ²Ó ´ ¶· -
¢²¥´¨Ö Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö. Œ É·¨Í  ¶·¥µ¡· §µ¢ ´¨Ö Pny ¢ ÔÉµ° ¸¨¸É¥³¥
±µµ·¤¨´ É ¨³¥¥É ¸É ´¤ ·É´Ò° ¢¨¤ ²¨´§Ò (15), £¤¥ f1/f2 =

√
V1/V2,   Ê¸²µ¢¨¥

¸¨³¶²¥±É¨Î´µ¸É¨, § ¶¨¸ ´´µ¥ ¤²Ö ¤¢ÊÌ É· ¥±Éµ·¨° y1 ¨ y2, ¸µ¤¥·¦¨É ÔËË¥±-
É¨¢´Ò° ¶µÉ¥´Í¨ ² V :

√
V (y1y

′
2 − y2y

′
1) = const.

�·¨ ³ É·¨Î´µ³ µ¶¨¸ ´¨¨ É· ¥±Éµ·¨° ¨¸¶µ²Ó§Ê¥É¸Ö É¥±ÊÐ Ö ¸¨¸É¥³  ±µ-
µ·¤¨´ É, ¢ ±µÉµ·µ° µ¸Ó z ´ ¶· ¢²¥´  ¶µ µ¶É¨Î¥¸±µ° µ¸¨. �µÔÉµ³Ê ¤²Ö ´ Ìµ-
¦¤¥´¨Ö ³ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨Ö ¶·¨§³Ò ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ ¸²¥¤Ê¥É
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (44) ¢Ò· §¨ÉÓ ¢ É¥±ÊÐ¥° ¸¨¸É¥³¥ ±µµ·¤¨´ É.

�·¨ ¶¥·¥Ìµ¤¥ ± ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¸¢Ö§ ´´µ° ¸ ¶ÊÎ±µ³, µ¸Ó ±µÉµ·µ£µ
´ ±²µ´¥´  ´  Ê£µ² α µÉ´µ¸¨É¥²Ó´µ ´ ¶· ¢²¥´¨Ö ¶µ²Ö, ´µ·³ ²Ó´ Ö ¸¨¸É¥³ 
±µµ·¤¨´ É ¶µ¢µ· Î¨¢ ¥É¸Ö ´  Ê£µ² −α ¢µ±·Ê£ µ¸¨ y. � · ³¥É·Ò É· ¥±Éµ·¨¨
¶·¨ ÔÉµ³ ¶·¥µ¡· §ÊÕÉ¸Ö µÎ¥¢¨¤´Ò³ µ¡· §µ³:(

y
y′

)
=

(
1 0
0 cosα

) (
yn

y′
n

)
,

£¤¥ §´ Îµ± n Ê± §Ò¢ ¥É ´  ´µ·³ ²Ó´ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É. �¡µ§´ Î¨³ ³ -
É·¨ÍÊ ÔÉµ£µ ¶·¥µ¡· §µ¢ ´¨Ö Î¥·¥§ (α), Éµ£¤  ²¥£±µ ¶µ± § ÉÓ, ÎÉµ ³ É·¨Í 
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¶·¥µ¡· §µ¢ ´¨Ö ¶·¨§³Ò ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨

Py = (α2)Pny(α1)−1 =




Zf2

f2

1
cos α1

(
f1 −

Zf1Zf2

f2

)

−cos α2

f2

Zf1

f2

cos α2

cos α1


 .

Œ É·¨Í  ¶·¥µ¡· §µ¢ ´¨Ö É·¥ÌÔ²¥±É·µ¤´µ° ¶·¨§³Ò, ¢±²ÕÎ ÕÐ¥° ¢ ¸¥¡Ö
¤¢  ¶·¥²µ³²ÖÕÐ¨Ì ¶µ²Ö, ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ É¥²¥¸±µ¶¨Î¥¸±µ¥ ¤¢¨¦¥´¨¥ Î ¸É¨ÍÒ
¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨, ¥¸²¨ ¤²¨´  ¸·¥¤´¥£µ Ô²¥±É·µ¤  · ¢´  ¸Ê³³¥ ±µµ·-
¤¨´ É ¢ÒÌµ¤´µ£µ Ëµ±Ê¸  ¶¥·¢µ° ²¨´§Ò ¨ ¢Ìµ¤´µ£µ Ëµ±Ê¸  ¢Éµ·µ° ²¨´§Ò.

�·¨²µ¦¥´¨¥

Œ�’�ˆ–� ‘ˆŒŒ…’�ˆ—��‰ ˆ����-��’ˆ—…‘Š�‰ ‘ˆ‘’…Œ›

Œ É·¨Í  ¸¨³³¥É·¨Î´µ° ¨µ´´µ-µ¶É¨Î¥¸±µ° ¸¨¸É¥³Ò S Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥-
¤¥´¨¥³ ³ É·¨Í ²¥¢µ° M ¨ ¶· ¢µ° Mr ¶µ²µ¢¨´: S = MrM. � ²¨Î¨¥ ¸¨³-
³¥É·¨¨ ¢ · ¸¶µ²µ¦¥´¨¨ Ô²¥³¥´Éµ¢ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¢Ò· §¨ÉÓ ³ É·¨ÍÊ Mr

Î¥·¥§ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ M , ¶µ§¢µ²ÖÖ É¥³ ¸ ³Ò³ Ê¶·µ¸É¨ÉÓ  ´ ²¨§
µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¸¨¸É¥³Ò. „²Ö ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö ³¥Éµ¤µ³, ¶µ¤µ¡´Ò³
³¥Éµ¤Ê, ¶·¨³¥´¥´´µ³Ê ¢ [35] ¤²Ö  ´ ²¨§  ³ £´¨É´ÒÌ ¸¨¸É¥³.

„²Ö ¶·µ¨§¢µ²Ó´µ£µ ¸¨³³¥É·¨Î´µ£µ ´ ¡µ·  ¨µ´´µ-µ¶É¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢
· ¸¸³µÉ·¨³ É· ¥±Éµ·¨Õ, ±µÉµ· Ö ´ Î¨´ ¥É¸Ö ¢ ÉµÎ±¥ z1 ¨ § ± ´Î¨¢ ¥É¸Ö ¢
¸¨³³¥É·¨Î´µ° ÉµÎ±¥ z2. ’µ£¤  ¢¥±Éµ· x, µ¶¨¸Ò¢ ÕÐ¨° É· ¥±Éµ·¨Õ, ¶·¥µ¡· -
§Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Sx1 = x2. (�1)

‘µ¢¥·Ï¨³ ´ ¤ ¸¨¸É¥³µ° É ±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ R, ±µÉµ·µ¥ ¶¥·¥¸É ¢²Ö¥É ³¥-
¸É ³¨ ´ Î ²µ ¨ ±µ´¥Í ¸¨¸É¥³Ò, ¸µÌ· ´ÖÖ ¥¥ ´¥¨§³¥´´µ°. �Î¥¢¨¤´µ, ÎÉµ ¢¥±-
Éµ·Ò x1 ¨ x2 É ±¦¥ ¨¸¶ÒÉÒ¢ ÕÉ ¶·¥µ¡· §µ¢ ´¨Ö:

x2′ = Rx2, x1′ = Rx1. (�2)

‚¥±Éµ· x2′ É¥¶¥·Ó µÉ´µ¸¨É¸Ö ± ´ Î ²Ê É· ¥±Éµ·¨¨,   ¢¥±Éµ· x1′ ± ¥¥ ±µ´ÍÊ, ¨
¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ¢¥±Éµ· ³¨ µ¶·¥¤¥²Ö¥É¸Ö ³ É·¨Í¥° S:

Sx2′ = x1′ , ¨²¨ SRx2 = Rx1, ¨²¨ SRSx1 = Rx1. (�3)

�É¸Õ¤  ¸²¥¤Ê¥É ³ É·¨Î´µ¥ · ¢¥´¸É¢µ

SRS = R, (�4)

±µÉµ·µ¥ ¶·¨ ¨§¢¥¸É´µ° ³ É·¨Í¥ S ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ É¨¶ ¸¨³³¥É·¨¨, É. ¥.
´ °É¨ ³ É·¨ÍÊ R. �Î¥¢¨¤´Ò ¥¥ ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ : RR = I ¨²¨ R = R−1,
¶µ¸±µ²Ó±Ê ¢Éµ·µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¢µ§¢· Ð ¥É ¸¨¸É¥³Ê ¢ ¨¸Ìµ¤´µ¥ ¶µ²µ¦¥´¨¥.
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‚Ò· §¨³ É¥¶¥·Ó ³ É·¨ÍÊ ¶· ¢µ° ¶µ²µ¢¨´Ò ¸¨¸É¥³Ò Î¥·¥§ ³ É·¨ÍÊ M .
Œ É·¨Í  M , ¤¥°¸É¢ÊÖ ´  ¢¥±Éµ· x1, ¶¥·¥¢µ¤¨É ¥£µ ¢ ¢¥±Éµ· x0 ´  µ¸¨ ¸¨³³¥-
É·¨¨:

Mx1 = x0.

�¥·¥¶¨Ï¥³ § ´µ¢µ · ¢¥´¸É¢  (�3), Éµ£¤  ¨³¥¥³

Sx2′ = MrMx2′ = Mrx0′ = MrRx0 = MrRMx1. (�5)

‹¥¢Ò¥ Î ¸É¨ · ¢¥´¸É¢ (�3) ¨ (�5) ¸µ¢¶ ¤ ÕÉ, ¸²¥¤µ¢ É¥²Ó´µ, ¸µ¢¶ ¤ ÕÉ ¨
¶· ¢Ò¥ Î ¸É¨. �É¸Õ¤  ¸²¥¤Ê¥É · ¢¥´¸É¢µ MrRM = R, · §·¥Ï Ö ±µÉµ·µ¥
µÉ´µ¸¨É¥²Ó´µ ³ É·¨ÍÒ Mr, ¶µ²ÊÎae³ ¨¸±µ³µ¥ ¸µµÉ´µÏ¥´¨¥

Mr = RM−1R, (�6)

¶µ§¢µ²ÖÕÐ¥¥ § ¶¨¸ ÉÓ ³ É·¨ÍÊ ¸¨¸É¥³Ò Î¥·¥§ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¥¥ ²¥¢µ°
¶µ²µ¢¨´Ò:

S = RM−1RM. (�7)

Boc¶µ²Ó§Ê¥³¸Ö ¶µ²ÊÎ¥´´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ¢ ¶·¨²µ¦¥´¨¨ ± ¸¨³³¥É·¨Î´µ³Ê
¶·¨§³¥´´µ³Ê ¸¥¶ · Éµ·Ê (¨²¨ ¸¶¥±É·µ³¥É·Ê). Œ É·¨Í  ¸¨³³¥É·¨Î´µ° ³ £-
´¨É´µ° ¶·¨§³Ò ´ Ìµ¤¨É¸Ö ¨§ (12) ¶·¨ ε1 = ε2 = α, ϑ = 2α ¨ Ω = 0:

mx =




1 ρ sin 2α ρ sin2 α ρ sin2 α
0 1 tg α tg α
0 0 1 0
0 0 0 1


 . (�8)

‘µµÉ´µÏ¥´¨¥ (�8) ¤ ¥É ¢¨¤ ÔÉµ° ³ É·¨ÍÒ ¤²Ö ¶·¥µ¡· §µ¢ ´¨Ö ¢¥±Éµ·  É· ¥±-
Éµ·¨¨ ¸ ±µ³¶µ´¥´É ³¨ x, x′, ∆V/V , ∆m/m, £¤¥ ¶µ¸²¥¤´¨¥ ¤¢¥ ±µ³¶µ´¥´ÉÒ
¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° µÉ´µ¸¨É¥²Ó´Ò° · §¡·µ¸ Ô´¥·£¨¨ ¨ ³ ¸¸Ò ¸µµÉ¢¥É¸É¢¥´´µ.

ˆ§ · ¢¥´¸É¢ (�4), (�6) ¨ (�8) ¸²¥¤Ê¥É, ÎÉµ

Rx =




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 , (�9)

  ³ É·¨Í  ²¥¢µ° ¶µ²µ¢¨´Ò ¸¨³³¥É·¨Î´µ° ³ £´¨É´µ° ¶·¨§³Ò ¨³¥¥É ¢¨¤

mx(1/2) =




1/ cos α ρ sin α ρ sin2 (α/2) ρ sin2 (α/2)
0 cos α (sin α)/2 (sin α)/2
0 0 1 0
0 0 0 1


 .
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�·µ¤¥² ¢ ¶µ¤µ¡´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ ¤²Ö µ¶É¨Î¥¸±¨Ì
Î ¸É¥° ³ É·¨Í Ry ¨ my(1/2), ¶µ²ÊÎ¨³

Ry =
(
−1 0
0 1

)
, my(1/2) =

(
0 αρ

−1/αρ 1

)
. (�10)

’µ£¤  ³ É·¨Í  ¸¨¸É¥³Ò ¢ £µ·¨§µ´É ²Ó´µ° ¶²µ¸±µ¸É¨ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (�7) ¨
(�9)

Sx =




M11M22 + M12M21 2M12M22 2M12M23 2M12M24

2M11M21 M11M22 + M12M21 2M11M23 2M11M24

0 0 1 0
0 0 0 1


 .

(�11)
�É¸Õ¤  ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¸¨³³¥É·¨Î´ Ö ¨µ´´µ-µ¶É¨Î¥¸± Ö ¸¨-
¸É¥³   Ì·µ³ É¨Î´ , ¥¸²¨ ³ É·¨Î´Ò° Ô²¥³¥´É M23 = 0.

Œ É·¨Í  ¸¨¸É¥³Ò ¸ ¸¨³³¥É·¨¥° É¨¶  (�10) ¶·¥¤¸É ¢²¥´  ´¨¦¥. ‘¨¸É¥³ 
 Ì·µ³ É¨Î´ , ¥¸²¨ ³ É·¨Î´Ò° Ô²¥³¥´É M13 = 0.

Sy =




M11M22 + M12M21 2M12M22 2M13M22 2M14M22

2M11M21 M11M22 + M12M21 2M13M21 2M24M21

0 0 1 0
0 0 0 1


 .

(�12)
‘¨¸É¥³  ´¥ ¨³¥¥É ²¨´¥°´ÒÌ ¤¨¸¶¥·¸¨° ¶µ Ô´¥·£¨¨ ¨ ³ ¸¸¥, ¥¸²¨ ³ É·¨Î-

´Ò° Ô²¥³¥´É M22 = 0. �¶É¨±  ¸¨¸É¥³Ò ¢ ¢¥·É¨± ²Ó´µ° ¶²µ¸±µ¸É¨ ³µ¦¥É
¡ÒÉÓ µ·£ ´¨§µ¢ ´  ¤·Ê£¨³ µ¡· §µ³, É ± ÎÉµ ³ É·¨Î´Ò° Ô²¥³¥´É M21 = 0. ‚
ÔÉµ³ ¸²ÊÎ ¥ µ¶É¨Î¥¸± Ö ¸¨¸É¥³  ¸¢µ¡µ¤´  µÉ Ê£²µ¢ÒÌ ¤¨¸¶¥·¸¨° ¶µ Ô´¥·£¨¨
¨ ³ ¸¸¥.
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