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Electronic states in parabolic quantum dot, taking into account boundary conditions, were studied.
The threshold habit of level appearance inside the dot was discovered. Electron energy dependence on
QD radius and conˇnement potential height was studied. The discussion of causes of removal of the
random degeneration U(3) was considered, as the consequence of modernization of the conˇnement
potential.

ˆ¸¸²¥¤ÊÕÉ¸Ö Ô²¥±É·µ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¢ ¶ · ¡µ²¨Î¥¸±µ° ÉµÎ±¥ ±¢ ´Éµ¢ ´¨Ö ¸ ÊÎ¥Éµ³ £· ´¨Î-
´ÒÌ Ê¸²µ¢¨°. ˆ§ÊÎ ¥É¸Ö ¶µ·µ£µ¢µ¥ ¶µ¢¥¤¥´¨¥ µ¡· §µ¢ ´¨Ö Ê·µ¢´¥° ¢ ÔÉµ° ÉµÎ±¥. ˆ¸¸²¥¤µ¢ ´  § -
¢¨¸¨³µ¸ÉÓ Ô´¥·£¨¨ Ô²¥±É·µ´  µÉ QD-· ¤¨Ê¸  ¨ ¢Ò¸µÉÒ ¶µÉ¥´Í¨ ²  ±µ´Ë °´³¥´É . �·¥¤¸É ¢²¥´µ
µ¡¸Ê¦¤¥´¨¥ ¨¸Î¥§´µ¢¥´¨Ö ¸²ÊÎ °´µ£µ ¢Ò·µ¦¤¥´¨Ö U(3) ± ± ¸²¥¤¸É¢¨Ö ³µ¤¥·´¨§ Í¨¨ ¶µÉ¥´Í¨ ² 
±µ´Ë °´³¥´É .

INTRODUCTION

The modern opportunities of nanotechnologies have made it possible to grow
size-quantized structures of various dimensions and geometrical forms. One of
the objects of this class under intensive research for today are the semicon-
ductor quantum dots (QD) grown in various dielectric media. The important
feature of QD is complete quantization of the charge carriers' (CC) energy tak-
ing place in them. They remind real atoms by this feature and consequently
are frequently called ®artiˇcial atoms¯. Complete quantization of a CC spec-
trum in QD allows one to use them as a working body (active environment)
for semiconductor lasers with unique properties (high stability, ultrahigh val-
ues of ampliˇcation of a material). For the theoretical description of physical
processes occurring in QD there is a necessity of construction of QD mathemat-
ical model. Else, it is necessary to present maximum precisely the quantum-
mechanichal model of a dot, in which is CC. Really, you see this term in the
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Schroedinger equation, for CC, deˇnes symmetry of a concrete problem (effective
mass is considered isotropic), so the degree of degeneracy of CC energy levels,
too.

It is necessary to note that the shape of this potential in many respects
depends on the method of QD growing, too [1]. The example of revealing of the
generalization of Kohn's theorem is remarkable [2Ä4] in this respect in the case
of QD. Especially due to correct mathematical model of conˇnement potential
(Uconf = γr2) it was possible to put theoretical basis under the generalization of
this theorem on a case of size-quantized systems.

On the other hand, it is clear, that the shape of conˇnement potential
Uconf = γr2 can be used for the down levels. Coming near to a semiconductor-
dielectric border, the trend of potential curve becomes distinct from parabolic. The
simplest QD models taking into account this situation were considered in [5Ä7].
In the offered paper, the electronic levels in spherical QD of GaAs/Ga1−xAlxAs
are investigated subject to the conˇnement potential curve trend deviation of a
course of a curve of limiting potential from parabolic one of the semiconductor-
dielectric border. At that it is supposed, that the distribution of Al concentration is
chosen in such a manner that CC potential energy inside the dielectric is described
by parabolic function but already with other parameters.

THEORY

Let us study electron energy levels in GaAs microcrystal, grown in
Ga1−xAlxAs, with the following conˇnement potential
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where r0 is dot radius; µ1 is electron effective mass in microcrystal (for GaAs
µ1 = 0.067me); µ2 is electron effective mass in the dielectric medium (for
Ga1−xAlxAs µ2 = (0.067 + 0.083x)me); U0 = 1.247xQe eV is ˇnite con-
ˇnement potential barrier height (Qe = 0.6 is the conduction-band discontinuity
fraction); x is the Al concentration in the dielectric medium; ω1 is conˇning
frequency found from the continuity condition for U(r) in r = r0 point [8]
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. (2)
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For ω2 we have considered two cases
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where γ and a are new parameters of our problem.

Electron energy levels can be found from continuity condition of logarithmic
derivatives of a wave function in r = r0 point. We shall solve the Schroedinger
equation in regions I (r < r0) and II (r � r0) to obtain the wave function.

For region I we have the following Schroedinger equation

− �
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Ψ1 = EΨ1. (5)

Not diverging solution of Eq. (5) in spherical coordinates is [9]

Ψ1(r, θ, ϕ) = C1 e−ξ2
1/2r�

1F1

[
−1

2

(
E

�ω1
− � − 3

2

)
, � +

3
2
; ξ2

1

]
Y�m(θ, ϕ), (6)

where ξ1 = r
√

(µ1ω1)/�, Y�m(θ, ϕ) are spherical functions; �, m are orbital and
magnetic quantum numbers, respectively; 1F1(a, b; x) is a degenerate hypergeo-
metric function of the ˇrst order; C1 is a normalization constant.

In region II the Schroedinger equation is the following
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The solution of equation, that is written in spherical coordinates and satisˇes the
standard conditions, has the form

Ψ2(r, θ, ϕ) = C2 e−ξ2
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where ε = E − U0 +
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; U(a, b; x) is a degenerate hyper-

geometric function of the second order; C2 is a normalization constant.
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Finally for the Schroedinger equation in regions I (r < r0) and II (r > r0)
we have the solution

Ψ(r, θ, ϕ) =

=
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with the following notations:
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From the conditions of normalization and continuity for eigenfunction, C1

and C2 constants are
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The condition of continuity for logarithmic derivatives Ψ1(r, θ, ϕ) and
Ψ2(r, θ, ϕ) in point r = r0 has the form
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Using the differential formulas for 1F1(a, b; x) and U(a, b; x) functions the
condition (12) can be written as
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And for ground state (� = 0, m = 0) we have
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Solving transcendental equations (13) and (14) we obtain the dependence E =
E(x, r0). Fixing the value x of Al concentration we will ˇnd the energy depen-
dence on the frequency, i. e., from the dot radius. If r0 = const, we will ˇnd the
dependence E = E(x).

DISCUSSION

In Fig. 1, a the dependences of the electron energy E (in ER1 = 5.24772 MeV
effective Rydberg energy units, corresponding to ˇrst medium) on QD radius r0

for GaAs/Ga1−xAlxAs (in aB1 = 104 �A effective Bohr radius units) are plotted
for the ˇrst model of conˇnement potential for the ˇxed parameters x = 0.4,
γ = 0.01 and in � = 0 case. As follows from this picture, the electron energy
increases with the decrease of r0. It was expected, because according to (3)
correlation r0 → 0 at ω2 → ∞. The inverse situation is observed at r2 → ∞.
It should be noted, that levels in QD appear starting from some threshold value
of r0, for instance, in case of the ground level r0 ≈ 0.3aB1. The occurrence
of new levels in QD is accompanied by the change of E (r) dependence curve
monotonous trend rate.

In Fig. 1, b the plots of E(r) dependences (in the same units) for the second
model of conˇnement potential at x = 0.3, a = 2 values of parameters, in � = 0
case, are presented. Unlike the ˇrst case now the levels of the electron energy at
r0 → 0 tend to constant values. This values correspond to energy levels of an
oscillator with ω2 frequency. From this ˇgure it is clear, that the levels become
equidistant at r0 → 0. In other respects E (r) behavior is analogous to the ˇrst
case.
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Fig. 1. Electron energy dependences on radius of QD GaAs/Ca1−xAlxAs for the ˇxed
parameters x = 0.4, γ = 0.01 (a) and x = 0.3, a = 2 (b), and in � = 0 case
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Fig. 2. Electron energy dependence on con-
centration x of Al (i. e., on U0) for the ˇxed
parameters r0 = 1, a =2, and in �= 0 case

At last, in Fig. 2 the plots of elec-
tron energy dependences on Al concen-
tration x for r0 = 1, a = 2, in � = 0
case are presented. According to this
picture, the electron energy increases
with the increase of x (with the increase
of potential height). In this case lev-
els appear in QD from some threshold
value of x.

As follows from expressions (13),
(14), that deˇne the electron energy
spectrum in QD, the values of these lev-
els explicitly depend on orbital quan-
tum number �. Thus the spontaneous
degeneration removal takes place be-
cause of the account of boundary condi-
tions. In other words, the Hamiltonian
of this problem doesn't have high sym-
metry U(3) any more. Another rele-
vant circumstance of the boundary con-
dition account is the fact, that the given
Hamiltonian isn't strictly diagonalizable and, therefore, the violation of the gen-
eralized Kohn theorem takes place in such a QD.
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