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ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ���, Œµ¸±¢ 

‚ µ¡§µ·¥ · ¸¸³ É·¨¢ ¥É¸Ö É¥µ·¨Ö ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò·. �µ± § ´µ, ÎÉµ µ¸´µ¢´Ò³ ¸¢µ°-
¸É¢µ³ Î¥·´ÒÌ ¤Ò· Ö¢²Ö¥É¸Ö, ¶µ-¢¨¤¨³µ³Ê, ¨Ì Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ. �Éµ ¨ Ö¢²Ö¥É¸Ö £² ¢´Ò³ µÉ²¨Î¨¥³
±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò µÉ ²Õ¡µ£µ ¤·Ê£µ£µ ±¢ ´Éµ¢µ£µ µ¡Ñ¥±É .

In the review proposed the theory of quantum black holes is considered. It is shown, that the
basic property of black holes is, apparently, their universality. It is the main difference of a quantum
black hole from any other quantum object.

‚‚…„…�ˆ…

—Éµ ¶µ¡Ê¦¤ ¥É ÊÎ¥´µ£µ ¨§ÊÎ ÉÓ ±¢ ´Éµ¢Ò¥ Î¥·´Ò¥ ¤Ò·Ò? �·¥¦¤¥ ¢¸¥£µ,
Î¥¸É´µ £µ¢µ·Ö, ¥£µ ¸µ¡¸É¢¥´´Ò° ¢´ÊÉ·¥´´¨° ¨´É¥·¥¸. �µ ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¤·Ê-
£¨¥, ¡µ²¥¥ (¨²¨ ³¥´¥¥) ´ ÊÎ´Ò¥ ·¥§µ´Ò. ‘Î¨É ¥É¸Ö, ÎÉµ Éµ²Ó±µ ³ ²Ò¥ Î¥·´Ò¥
¤Ò·Ò ³µ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ ±¢ ´Éµ¢ÒÌ µ¡Ñ¥±Éµ¢. �µ ÎÉµ §´ Î¨É
³ ²Ò¥? —Éµ¡Ò µÍ¥´¨ÉÓ ÔÉµ, ´Ê¦´µ ¸· ¢´¨¢ ÉÓ · §³¥·Ò Î¥·´µ° ¤Ò·Ò ¸ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥° ±µ³¶Éµ´µ¢¸±µ° ¤²¨´µ° ¢µ²´Ò. ƒ· ¢¨É Í¨µ´´Ò° · ¤¨Ê¸ rg Î¥·´µ°
¤Ò·Ò ³ ¸¸µ° m · ¢¥´ rg = (2Gm)/c2, £¤¥ G Å ´ÓÕÉµ´µ¢¸± Ö £· ¢¨É Í¨µ´-
´ Ö ¶µ¸ÉµÖ´´ Ö,   c Å ¸±µ·µ¸ÉÓ ¸¢¥É . Šµ³¶Éµ´µ¢¸±¨° · ¤¨Ê¸ É ±µ° Î ¸É¨ÍÒ
· ¢¥´ λ = �/mc (� Å ¶µ¸ÉµÖ´´ Ö �² ´± ). …¸²¨ rg � λ, Éµ É ± ´ §Ò¢ ¥³ Ö
¶² ´±µ¢¸± Ö ³ ¸¸  · ¢´  mPl =

√
�c/G ∼ 10−5 £,   ¶² ´±µ¢¸± Ö ¤²¨´  · ¢´ 

lPl =
√

�G/c3 ∼ 10−33 ¸³. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¶µ²Ó§µ¢ ÉÓ¸Ö ¸¨¸É¥³µ°
¥¤¨´¨Í, ¢ ±µÉµ·µ° � = c = 1, É ± ÎÉµ mPl = 1/

√
G, lPl =

√
G. —¥·´Ò¥ ¤Ò·Ò

¸Éµ²Ó ³ ²ÒÌ ³ ¸¸ ¨ · §³¥·µ¢ ³µ£ÊÉ · §¢¨¢ ÉÓ¸Ö ¨§ ¡µ²ÓÏ¨Ì Ë²Ê±ÉÊ Í¨° ³¥-
É·¨±¨ ¢ µÎ¥´Ó · ´´¥° ‚¸¥²¥´´µ° (¶¥·¢¨Î´Ò¥ Î¥·´Ò¥ ¤Ò·Ò) ¨²¨ ¢ ¶·µÍ¥¸¸¥
¢ ±ÊÊ³´ÒÌ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢.

—¥²µ¢¥Î¥¸É¢µ ®§´ ¥É¯ µ Î¥·´ÒÌ ¤Ò· Ì ¸ 1784 £., ±µ£¤  ´¥±¨° ¸¢ÖÐ¥´´¨±
„¦. Œ¨Î¥²² ¶µ´Ö² [1], ÎÉµ §¢¥§¤  ¸É ´¥É ´¥¢¨¤¨³µ°, ¥¸²¨ ¢Éµ· Ö ±µ¸³¨Î¥-
¸± Ö ¸±µ·µ¸ÉÓ ¶·¥¢Ò¸¨É ¸±µ·µ¸ÉÓ ¸¢¥É . �´ ´ §¢ ² ¨Ì ®É¥³´Ò³¨ §¢¥§¤ ³¨¯.
�ÖÉ´ ¤Í ÉÓÕ £µ¤ ³¨ ¶µ§¦¥, ¢ 1799 £. �. ‘. ‹ ¶² ¸ ¢Ò¢¥² ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê
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· ¤¨Ê¸µ³ ¨ ³ ¸¸µ° É¥³´ÒÌ §¢¥§¤ [2]. � ¸¸³µÉ·¨³ ¸Ë¥·¨Î¥¸±µ¥ £· ¢¨É¨·ÊÕ-
Ð¥¥ É¥²µ ¸ ³ ¸¸µ° M ¨ · ¤¨Ê¸µ³ R0. ‚Éµ· Ö ±µ¸³¨Î¥¸± Ö ¸±µ·µ¸ÉÓ ve ³µ¦¥É
¡ÒÉÓ ¢ÒÎ¨¸²¥´  ¨§ ¡ ² ´¸  ±¨´¥É¨Î¥¸±µ° ¨ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨° Î ¸É¨ÍÒ,
Ê²¥É ÕÐ¥° ¸ ¶µ¢¥·Ì´µ¸É¨ ÔÉµ£µ £· ¢¨É¨·ÊÕÐ¥£µ É¥² . �µ²Ó§ÊÖ¸Ó Ëµ·³Ê² ³¨
´¥·¥²ÖÉ¨¢¨¸É¸±µ° ³¥Ì ´¨±¨ ¨ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ´ÓÕÉµ´µ¢¸±µ° É¥µ·¨¨ £· ¢¨-
É Í¨¨, ¶µ²ÊÎ ¥³, ¸²¥¤ÊÖ ‹ ¶² ¸Ê (G Å £· ¢¨É Í¨µ´´ Ö ¶µ¸ÉµÖ´´ Ö,   m Å
³ ¸¸  Ê²¥É ÕÐ¥° Î ¸É¨ÍÒ),

mv2
e

2
=

GmM

R0
, v2

e =
2GM

R0
. (1)

�·¨· ¢´¨¢ Ö ¢Éµ·ÊÕ ±µ¸³¨Î¥¸±ÊÕ ¸±µ·µ¸ÉÓ ¸±µ·µ¸É¨ ¸¢¥É  c, ¶µ²ÊÎ ¥³ ³ ±-
¸¨³ ²Ó´µ¥ §´ Î¥´¨¥ · ¤¨Ê¸  ´¥¢¨¤¨³µ£µ É¥² 

R0 =
2GM

c2
. (2)

ŒÒ ¶·¨¢Ò±²¨ ± ¶·¥¤¸É ¢²¥´¨Õ µ Î¥·´ÒÌ ¤Ò· Ì ± ± µ Î·¥§¢ÒÎ °´µ ¶²µÉ-
´ÒÌ É¥² Ì. „¥°¸É¢¨É¥²Ó´µ, Î¥·´ Ö ¤Ò·  ¸ ³ ¸¸µ° ¶µ·Ö¤±  ³ ¸¸Ò ‡¥³²¨ ¨³¥¥É
· ¤¨Ê¸ ∼ 3 ¸³,   ¥¥ ¶²µÉ´µ¸ÉÓ £µ· §¤µ ¢ÒÏ¥ Ö¤¥·´µ°. �µ ¡² £µ¤ ·Ö ²¨´¥°-
´µ° § ¢¨¸¨³µ¸É¨ ³ ¸¸Ò µÉ · ¤¨Ê¸  ¸·¥¤´ÖÖ ¶²µÉ´µ¸ÉÓ ρ ¢´ÊÉ·¨ Î¥·´µ° ¤Ò·Ò
µ¡· É´µ ¶·µ¶µ·Í¨µ´ ²Ó´  ±¢ ¤· ÉÊ ¥¥ ³ ¸¸Ò:

ρ =
3c6

32πG3M2
. (3)

ˆ ¤²Ö £¨£ ´É¸±µ° Î¥·´µ° ¤Ò·Ò, µ¡· §µ¢ ´´µ°, ´ ¶·¨³¥·, ¸±µ¶²¥´¨¥³ £ ² ±-
É¨±, ¶²µÉ´µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ ³¥´ÓÏ¥ ¶²µÉ´µ¸É¨ ¢µ§¤ÊÌ ,   ´ ¡²Õ¤ É¥²Ó, ¶ ¤ -
ÕÐ¨° ¢ É ±ÊÕ Î¥·´ÊÕ ¤Ò·Ê, ´¨±µ£¤  µ¡ ÔÉµ³ ´¥ Ê§´ ¥É, ¶µÉµ³Ê ÎÉµ ¢·¥³Ö
¸¢µ¡µ¤´µ£µ ¶ ¤¥´¨Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸µ¸É ¢²Ö¥É 10000 ²¥É.

ˆ¸Éµ·¨Ö ¦¥ ®´ ¸ÉµÖÐ¨Ì¯ Î¥·´ÒÌ ¤Ò· ´ Î ² ¸Ó ¢ 1916 £., ±µ£¤  Š. ˜¢ ·Í-
Ï¨²Ó¤ ´ Ï¥² ¸É ¢Ï¥¥ §´ ³¥´¨ÉÒ³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¤²Ö ³¥-
É·¨±¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¢´¥ £· ¢¨É¨·ÊÕÐ¥£µ
ÉµÎ¥Î´µ£µ ¨¸ÉµÎ´¨±  [3]. ‹¨´¥°´Ò° Ô²¥³¥´É É ±µ° ³¥É·¨±¨ ¡Ò² ¨³ ¶µ²ÊÎ¥´
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ds2 = Fdt2 − F−1dr2 − r2dΩ2, (4)

F = 1 − 2gm

r
. (5)

‡¤¥¸Ó dΩ2 Å ²¨´¥°´Ò° Ô²¥³¥´É ¥¤¨´¨Î´µ° ¸Ë¥·Ò; r Å · ¤¨Ê¸; m Å ¶µ²´ Ö
³ ¸¸  (Ô´¥·£¨Ö) ¸¨¸É¥³Ò, ´ §Ò¢ ¥³ Ö É ±¦¥ ³ ¸¸µ° ˜¢ ·ÍÏ¨²Ó¤ . ‹¨´¥°´Ò°
Ô²¥³¥´É (4) ¨³¥¥É ¸¨´£Ê²Ö·´µ¸ÉÓ ´  É ± ´ §Ò¢ ¥³µ³ · ¤¨Ê¸¥ ˜¢ ·ÍÏ¨²Ó¤ 
rg = (2Gm)/r, µÉ±Ê¤  ¸¢¥É ´¥ ³µ¦¥É ¤µ¸É¨ÎÓ ¡¥¸±µ´¥Î´µ¸É¨. “¤¨¢¨É¥²Ó´µ,
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ÎÉµ §´ Î¥´¨¥ · ¤¨Ê¸  ˜¢ ·ÍÏ¨²Ó¤ , ¶µ²ÊÎ¥´´µ¥ ¢ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó-
´µ¸É¨, ¢ ÉµÎ´µ¸É¨ ¸µ¢¶ ¤ ¥É ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ (´ÓÕÉµ´µ¢¸±¨³) · ¤¨Ê¸µ³
É¥³´ÒÌ §¢¥§¤.

‚ ±² ¸¸¨Î¥¸±µ° µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ Î¥·´Ò¥ ¤Ò·Ò Å µÎ¥´Ó
µ¸µ¡¥´´Ò¥ (¨ ¶µÉµ³Ê µÎ¥´Ó ¨´É¥·¥¸´Ò¥) µ¡Ñ¥±ÉÒ. �·¥¦¤¥ ¢¸¥£µ, µ´¨ Ê´¨¢¥·-
¸ ²Ó´Ò, É ± ± ± ¶µ²´µ¸ÉÓÕ µ¶¨¸Ò¢ ÕÉ¸Ö ¢¸¥£µ ´¥¸±µ²Ó±¨³¨ ¶ · ³¥É· ³¨ Å
³ ¸¸µ°, Ê£²µ¢Ò³ ³µ³¥´Éµ³ ¨ § ·Ö¤ ³¨. ‚ ¶·µÍ¥¸¸¥ µ¡· §µ¢ ´¨Ö Î¥·´µ° ¤Ò·Ò
(É. ¥. ¢ ¶·µÍ¥¸¸¥ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ ) ¨§²ÊÎ ÕÉ¸Ö ¢¸¥ ¢Ò¸Ï¨¥ ³Ê²ÓÉ¨-
¶µ²¨ ¢¸¥Ì ¶µ²¥° ¨ ´¥¸µÌ· ´ÖÕÐ¨¥¸Ö § ·Ö¤Ò. �Éµ µ¡ÒÎ´µ Ëµ·³Ê²¨·Ê¥É¸Ö ¢
¢¨¤¥ £¨¶µÉ¥§Ò: ®—¥·´Ò¥ ¤Ò·Ò ´¥ ¨³¥ÕÉ ¢µ²µ¸¯. �µÔÉµ³Ê µ¡· §µ¢ ´¨¥ Î¥·´ÒÌ
¤Ò· ¸µ¶·µ¢µ¦¤ ¥É¸Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, ¶µÉ¥·¥° ¨´Ëµ·³ Í¨¨ µ ´ Î ²Ó´µ³ ¸µ¸Éµ-
Ö´¨¨ ¨ ¢¸¥° ¶·¥¤Ò¸Éµ·¨¨. ƒ· ´¨Í  Î¥·´µ° ¤Ò·Ò, É ± ´ §Ò¢ ¥³Ò° £µ·¨§µ´É
¸µ¡ÒÉ¨°, Ö¢²Ö¥É¸Ö ¨§µÉ·µ¶´µ° (¸¢¥Éµ¢µ°) £¨¶¥·¶µ¢¥·Ì´µ¸ÉÓÕ, ¤¥°¸É¢ÊÕÐ¥°
± ± µ¤´µ¸Éµ·µ´´ÖÖ ³¥³¡· ´ . Œ É¥·¨Ö ³µ¦¥É ¶ ¤ ÉÓ ¢µ¢´ÊÉ·Ó, ´µ ´¥ ³µ¦¥É
¢Ò°É¨ µ¡· É´µ. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¶²µÐ ¤Ó £µ·¨§µ´É  Î¥·´µ° ¤Ò·Ò ´¥ ³µ¦¥É
¢µ§· ¸É ÉÓ. �É¨ ¤¢¥ µ¸µ¡¥´´µ¸É¨ ¶µ§¢µ²¨²¨ „¦. �¥±¥´ÏÉ¥°´Ê [4] ¶·¥¤¶µ²µ-
¦¨ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨¥  ´ ²µ£¨¨ ³¥¦¤Ê Ë¨§¨±µ° Î¥·´ÒÌ ¤Ò· ¨ É¥·³µ¤¨´ ³¨-
±µ° ¨ µÉµ¦¤¥¸É¢¨ÉÓ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³´µ¦¨É¥²Ö) ¶²µÐ ¤Ó £µ·¨§µ´É  ¸µ¡Ò-
É¨° ¸ Ô´É·µ¶¨¥°. �´ ¸¤¥² ² ÔÉµ ¤²Ö ¶·µ¸É¥°Ï¥°, ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ°
Ô²¥±É·¨Î¥¸±¨ ´¥°É· ²Ó´µ° (Ï¢ ·ÍÏ¨²Ó¤µ¢¸±µ°) Î¥·´µ° ¤Ò·Ò. ‚ ¤ ²Ó´¥°-
Ï¥³ Î¥ÉÒ·¥ § ±µ´  É¥·³µ¤¨´ ³¨±¨ ¡Ò²¨ ¤µ± § ´Ò ¤²Ö Î¥·´ÒÌ ¤Ò· µ¡Ð¥£µ
¢¨¤  [5].

‚ É¥·³µ¤¨´ ³¨±¥ ¶µÖ¢²¥´¨¥ Ô´É·µ¶¨¨ ¸¢Ö§ ´µ ¸ ¶µ´ÖÉ¨¥³ É¥¶²µ¢µ£µ · ¢-
´µ¢¥¸¨Ö ¨ É¥³¶¥· ÉÊ·µ°. ‚ Éµ ¢·¥³Ö ± ± ¶·¨·µ¤  ¶µÖ¢²¥´¨Ö Ô´É·µ¶¨¨ ¶·¨
µ¡· §µ¢ ´¨¨ Î¥·´ÒÌ ¤Ò· ¡Ò²  ¡µ²¥¥ ¨²¨ ³¥´¥¥ ¶µ´ÖÉ´ , ¶·¨¶¨¸Ò¢ ´¨¥ ¨³
É¥³¶¥· ÉÊ·Ò ± § ²µ¸Ó Î¥³-Éµ ³¨¸É¨Î¥¸±¨³ ¤µ ¶µÖ¢²¥´¨Ö ·¥¢µ²ÕÍ¨µ´´µ° · -
¡µÉÒ ‘. •µ±¨´£  [6]. •µ±¨´£ ¶µ± § ², ÎÉµ ¢¢¥¤¥´´ Ö �¥±¥´ÏÉ¥°´µ³ É¥³¶¥-
· ÉÊ·  ¸µ¢¥·Ï¥´´µ ·¥ ²Ó´  ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ Î¥·´ Ö ¤Ò·  ¤¥°¸É¢¨É¥²Ó´µ
¨¸¶Ê¸± ¥É ±¢ ´Éµ¢µ¥ ¨§²ÊÎ¥´¨¥, ¨ ÔÉµ ¨§²ÊÎ¥´¨¥ ¨³¥¥É ¶² ´±µ¢¸±¨° ¸¶¥±É·
 ¡¸µ²ÕÉ´µ Î¥·´µ£µ É¥² . �´É·µ¶¨Ö µ± § ² ¸Ó · ¢´µ° µ¤´µ° Î¥É¢¥·É¨ ¶²µ-
Ð ¤¨ £µ·¨§µ´É , ¤¥²¥´´µ° ´  ±¢ ¤· É ¶² ´±µ¢¸±µ° ¤²¨´Ò. ’ ±¨³ µ¡· §µ³,
¤ ¦¥ ¡µ²ÓÏ¨¥ (¶µ ¸· ¢´¥´¨Õ ¸ ¶² ´±µ¢¸±¨³¨ · §³¥· ³¨) Î¥·´Ò¥ ¤Ò·Ò µ¡² -
¤ ÕÉ ±¢ ´Éµ¢Ò³¨ ¸¢µ°¸É¢ ³¨. �Ê¦´µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ÔÉµÉ ±¢ ´Éµ¢Ò° ÔË-
Ë¥±É Ö¢²Ö¥É¸Ö £²µ¡ ²Ó´Ò³,   ¨³¥´´µ: µ´ ¶µÖ¢²Ö¥É¸Ö ¢¸²¥¤¸É¢¨¥ ¸ÊÐ¥¸É¢µ¢ -
´¨Ö ´¥É·¨¢¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´  ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ±¢ ´Éµ¢µ° É¥µ-
·¨¨ ¶µ²Ö ¢ ¨¸±·¨¢²¥´´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸ ´¥É·¨¢¨ ²Ó´µ° ¶·¨Î¨´´µ°
¸É·Ê±ÉÊ·µ°.

�¥§Ê²ÓÉ Éµ³ Ìµ±¨´£µ¢¸±µ£µ ¨¸¶ ·¥´¨Ö Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ²Õ¡ Ö (¤ ¦¥ ¸¢¥·Ì-
£¨£ ´É¸± Ö) Î¥·´ Ö ¤Ò·  ¢ ±µ´Í¥ ±µ´Íµ¢ ¸É ´µ¢¨É¸Ö ¤µ¸É ÉµÎ´µ ³ ²µ°, ÎÉµ¡Ò
¥¥ ³µ¦´µ ¡Ò²µ · ¸¸³ É·¨¢ ÉÓ ± ± (²µ± ²Ó´Ò°) ±¢ ´Éµ¢Ò° µ¡Ñ¥±É. ‚µÉ ¶µÎ¥³Ê
¶µ¶ÒÉ±¨ ¶µ´ÖÉÓ Ë¨§¨±Ê ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò· ¸Éµ²Ó Ê¢²¥± É¥²Ó´Ò.
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1. Š‹�‘‘ˆ—…‘Šˆ… —…��›… „›�›

1.1. �¶·¥¤¥²¥´¨Ö. ‚¸¥ §´ ÕÉ (¨²¨ ¤Ê³ ÕÉ, ÎÉµ §´ ÕÉ), ÎÉµ É ±µ¥ ±² ¸¸¨-
Î¥¸± Ö Î¥·´ Ö ¤Ò· . …¸²¨ ±µ·µÉ±µ, Éµ Î¥·´ Ö ¤Ò·  Å ÔÉµ µ¡² ¸ÉÓ ¶·µ¸É· ´-
¸É¢ -¢·¥³¥´¨ §  £µ·¨§µ´Éµ³ ¸µ¡ÒÉ¨°. ƒµ·¨§µ´É ¦¥ ¸µ¡ÒÉ¨° ¥¸ÉÓ ¨§µÉ·µ¶´ Ö
(¸¢¥Éµ¢ Ö) ¶µ¢¥·Ì´µ¸ÉÓ, · §¤¥²ÖÕÐ Ö µ¡² ¸É¨, ¨§ ±µÉµ·ÒÌ ¨§µÉ·µ¶´Ò¥ (¸¢¥-
Éµ¢Ò¥) £¥µ¤¥§¨Î¥¸±¨¥ ³µ£ÊÉ ¤µ¸É¨ÎÓ ¡¥¸±µ´¥Î´µ¸É¨, ¨ É¥, ¨§ ±µÉµ·ÒÌ µ´¨ ´¥
³µ£ÊÉ Ê°É¨. —¥·´ Ö ¤Ò·  ¸ ³µ£µ µ¡Ð¥£µ É¨¶  Ì · ±É¥·¨§Ê¥É¸Ö ¢¸¥£µ ´¥¸±µ²Ó-
±¨³¨ ¶ · ³¥É· ³¨: ³ ¸¸µ°, Ê£²µ¢Ò³ ³µ³¥´Éµ³ ¨ ¸µÌ· ´ÖÕÐ¨³¨¸Ö § ·Ö¤ ³¨
É¨¶  Ô²¥±É·¨Î¥¸±µ£µ. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¢´¥ Î¥·´µ° ¤Ò·Ò
¸É Í¨µ´ ·´µ¥ ¨  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ¥, ´µ ¥¸²¨ Î¥·´ Ö ¤Ò·  ´¥ ¢· Ð ¥É¸Ö,
Éµ µ´µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ ¨ ¸É É¨Î´µ¥. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨³¥ÉÓ
¤¥²µ Éµ²Ó±µ ¸µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³¨ Î¥·´Ò³¨ ¤Ò· ³¨.

‚ ¦´µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¶µ´ÖÉ¨¥ £µ·¨§µ´É  ¸µ¡ÒÉ¨° Ö¢²Ö¥É¸Ö £²µ¡ ²Ó-
´Ò³, ¥£µ µ¶·¥¤¥²¥´¨¥ É·¥¡Ê¥É §´ ´¨Ö ´¥ Éµ²Ó±µ ¶·µÏ²µ° ¨¸Éµ·¨¨, ´µ ¨
¡Ê¤ÊÐ¥£µ. —Éµ¡Ò ²ÊÎÏ¥ ÔÉµ ¶µ´ÖÉÓ, · ¸¸³µÉ·¨³ ¸É·Ê±ÉÊ·Ê ¸Ë¥·¨Î¥¸±¨-¸¨³-
³¥É·¨Î´ÒÌ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ³´µ£µµ¡· §¨°. Œ¥É·¨±  É ±µ£µ ¶·µ-
¸É· ´¸É¢ -¢·¥³¥´¨ ³µ¦¥É ¡ÒÉÓ ¢¸¥£¤  (¶µ ±· °´¥° ³¥·¥ ²µ± ²Ó´µ) § ¶¨¸ ´  ¢
¢¨¤¥

ds2 = g00dt2 + 2g01dtdq + g11dq2 − R2dΩ2. (6)

‚¸¥ Î¥ÉÒ·¥ ³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨¥´É  Å ËÊ´±Í¨¨ ´¥±µÉµ·µ° ¢·¥³¥´´µ°
±µµ·¤¨´ ÉÒ t ¨ ´¥±µÉµ·µ° · ¤¨ ²Ó´µ° ±µµ·¤¨´ ÉÒ q; dΩ2 = dθ2 + sin2 θdφ2;
R(t, q) Å · ¤¨Ê¸ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¶²µÐ ¤Ó ¸Ë¥·Ò · ¢´  4πR2. ˆ¸¶µ²Ó-
§ÊÖ ¤¢  ¤µ¶Ê¸É¨³ÒÌ ±µµ·¤¨´ É´ÒÌ (± ²¨¡·µ¢µÎ´ÒÌ) ¶·¥µ¡· §µ¢ ´¨Ö, ¢¸¥£¤ 
³µ¦´µ ¶·¨¢¥¸É¨ ¤¢Ê³¥·´ÊÕ (t, q)-Î ¸ÉÓ ³¥É·¨±¨, ´ ¶·¨³¥·, ± ±µ´Ëµ·³´µ-
¶²µ¸±µ° ³¥É·¨±¥. ‘²¥¤µ¢ É¥²Ó´µ, ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ ¶·µ¸É· ´¸É¢µ-
¢·¥³Ö, ¶µ ¸ÊÐ¥¸É¢Ê, µ¶¨¸Ò¢ ¥É¸Ö (²µ± ²Ó´µ) ²¨ÏÓ ¤¢Ê³Ö ¨´¢ ·¨ ´É´Ò³¨
ËÊ´±Í¨Ö³¨. �¤´  ¨§ ´¨Ì, · §Ê³¥¥É¸Ö, · ¤¨ ²Ó´ Ö ËÊ´±Í¨Ö R(t, q). ‚ ± Î¥-
¸É¢¥ ¢Éµ·µ° Ê¤µ¡´µ ¢Ò¡· ÉÓ ±¢ ¤· É ´µ·³ ²¨ ∆ ± ¶µ¢¥·Ì´µ¸ÉÖ³ ¶µ¸ÉµÖ´´µ£µ
· ¤¨Ê¸  R = const [7, 8]:

∆ = gikR,iR,k. (7)

”Ê´±Í¨Ö ∆(t, q) ´¥¸¥É ´¥É·¨¢¨ ²Ó´ÊÕ ¨´Ëµ·³ Í¨Õ µ ¸É·Ê±ÉÊ·¥ ¸Ë¥·¨-
Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³e´¨. „¥°¸É¢¨É¥²Ó´µ, ¢ ¶²µ¸±µ³ ¶·µ-
¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ ∆ ≡ −1, ¢¸¥ ¶µ¢¥·Ì´µ¸É¨ R = const ¢·¥-
³¥´¨¶µ¤µ¡´Ò, ¸²¥¤µ¢ É¥²Ó´µ, · ¤¨Ê¸ R ³µ¦¥É ¡ÒÉÓ ¢Ò¡· ´ ¢ ± Î¥¸É¢¥ ¶·µ-
¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ ÉÒ q = R ´  ¢¸¥³ ³´µ£µµ¡· §¨¨. �µ ¢ ¨¸±·¨¢²¥´´µ³
¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ∆ ´¥ Ö¢²Ö¥É¸Ö ¡µ²¥¥ ¶µ¸ÉµÖ´´µ° ¢¥²¨Î¨´µ° ¨ ³µ¦¥É
¡ÒÉÓ ± ± ¶µ²µ¦¨É¥²Ó´µ°, É ± ¨ µÉ·¨Í É¥²Ó´µ°. �¡² ¸ÉÓ, ¢ ±µÉµ·µ° ∆ < 0, ´ -
§Ò¢ ¥É¸Ö R-µ¡² ¸ÉÓÕ, ¨ ÉÊÉ · ¤¨Ê¸ ³µ¦¥É ¡ÒÉÓ ¢Ò¡· ´ ¢ ± Î¥¸É¢¥ · ¤¨ ²Ó´µ°
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±µµ·¤¨´ ÉÒ q. ‚ Éµ° ¦¥ µ¡² ¸É¨, £¤¥ ∆ > 0, ¶µ¢¥·Ì´µ¸É¨ R = const ¶·µ-
¸É· ´¸É¢¥´´µ¶µ¤µ¡´Ò (¢¥±Éµ· ´µ·³ ²¨ ¢·¥³¥´¨¶µ¤µ¡¥´), ¨ · ¤¨Ê¸ R ³µ¦¥É
¡ÒÉÓ ¢Ò¡· ´ Ê¦¥ ¢ ± Î¥¸É¢¥ ¢·¥³¥´´µ° ±µµ·¤¨´ ÉÒ t. ’ ±¨¥ µ¡² ¸É¨ ´ §Ò¢ -
ÕÉ¸Ö T -µ¡² ¸ÉÖ³¨. �µ´ÖÉ¨Ö R- ¨ T -µ¡² ¸É¥° ¡Ò²¨ ¢¢¥¤¥´Ò ˆ. �µ¢¨±µ¢Ò³ [9].
�µ ¨ ÔÉµ ¥Ð¥ ´¥ ¢¸¥. ‹¥£±µ ¶µ± § ÉÓ, ÎÉµ Ê¸²µ¢¨¥ Ṙ = 0 (ÉµÎ±  µ§´ Î ¥É Î ¸É-
´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¶µ ¢·¥³¥´¨) ´¥¢Ò¶µ²´¨³µ ¢ T -µ¡² ¸É¨. ‘²¥¤µ¢ É¥²Ó´µ, ¢
ÔÉ¨Ì µ¡² ¸ÉÖÌ ¤µ²¦´µ ¡ÒÉÓ ¨²¨ Ṙ > 0 (É ± Ö µ¡² ¸ÉÓ ´¥µ¡· É¨³µ£µ · ¸Ï¨·¥-
´¨Ö ´ §Ò¢ ¥É¸Ö T+-µ¡² ¸ÉÓÕ), ¨²¨ Ṙ < 0 (´¥µ¡· É¨³µ¥ ¸¦ É¨¥, T−-µ¡² ¸ÉÓ).
�´ ²µ£¨Î´µ ¨ ¤²Ö R-µ¡² ¸É¥°. �´¨ ¤¥²ÖÉ¸Ö ´  ¤¢  ±² ¸¸ : ´  É¥, ¢ ±µÉµ·ÒÌ
R′ > 0 (ÏÉ·¨Ì µ§´ Î ¥É Î ¸É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ±µµ·-
¤¨´ É¥), µ´¨ ´ §Ò¢ ÕÉ¸Ö R+-µ¡² ¸ÉÖ³¨, ¨ R−-µ¡² ¸É¨, ¢ ±µÉµ·ÒÌ R′ < 0.
�µ¢¥·Ì´µ¸É¨ ∆ = 0 ´ §Ò¢ ÕÉ¸Ö £µ·¨§µ´É ³¨ ¢¨¤¨³µ¸É¨ ¨ · §¤¥²ÖÕÉ R- ¨
T -µ¡² ¸É¨. �´¨ ³µ£ÊÉ ¡ÒÉÓ ¨§µÉ·µ¶´Ò³¨, ¢·¥³¥´¨- ¨²¨ ¦¥ ¶·µcÉ· ´cÉ¢¥´-
´µ¶µ¤µ¡´Ò³¨. …¸²¨ ¶µ¢¥·Ì´µ¸ÉÓ R = 0 ´ Ìµ¤¨É¸Ö ¢´ÊÉ·¨ T -µ¡² ¸É¨, Éµ
£· ´¨Í  ¶µ¸²¥¤´¥° µ¡· §Ê¥É É ± ´ §Ò¢ ¥³ÊÕ ²µ¢ÊÏ¥Î´ÊÕ ¶µ¢¥·Ì´µ¸ÉÓ, ¨§-
¶µ¤ ±µÉµ·µ° ¸¢¥É ´¥ ³µ¦¥É Ê°É¨ ´  ¡¥¸±µ´¥Î´µ¸ÉÓ. �É  Î ¸ÉÓ £µ·¨§µ´É 
¢¨¤¨³µ¸É¨ ´ Ìµ¤¨É¸Ö ¨²¨ ¢´ÊÉ·¨ Î¥·´µ° ¤Ò·Ò, ¨²¨ Î ¸É¨Î´µ ¸µ¢¶ ¤ ¥É ¸
£µ·¨§µ´Éµ³ ¸µ¡ÒÉ¨°. Ÿ¸´µ, ÎÉµ µ¶·¥¤¥²¥´¨¥ £µ·¨§µ´Éµ¢ ¢¨¤¨³µ¸É¨ Ö¢²Ö¥É¸Ö
²µ± ²Ó´Ò³.

�µ¸²¥ ÔÉ¨Ì ¶·¨£µÉµ¢²¥´¨° · ¸¸³µÉ·¨³ ¸²¥¤ÊÕÐ¨° ¶·¨³¥·. �·¥¤¸É -
¢¨³, ÎÉµ Ê ´ ¸ ¥¸ÉÓ ²µ¢ÊÏ¥Î´ Ö ¶µ¢¥·Ì´µ¸ÉÓ,   ¢´¥ ¥¥ Å ¸²µ° ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´µ° ³ É¥·¨¨. �Ê¸ÉÓ ÔÉµÉ ¸²µ° Ê¤¥·¦¨¢ ¥É¸Ö ´  Ë¨±¸¨·µ¢ ´´µ³
· ¸¸ÉµÖ´¨¨ µÉ Í¥´É·  · ¡µÉ ÕÐ¨³¨ · ±¥É´Ò³¨ ¤¢¨£ É¥²Ö³¨. …¸²¨ ¤¢¨£ É¥²¨
· ¡µÉ ÕÉ ¢¸¥ ¢·¥³Ö, Éµ ¢´ÊÉ·¨ ¸²µÖ ³Ò ¨³¥¥³ Î¥·´ÊÕ ¤Ò·Ê,   £µ·¨§µ´É ¢¨-
¤¨³µ¸É¨ ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ¥É ¸ £µ·¨§µ´Éµ³ ¸µ¡ÒÉ¨°. …¸²¨ ¦¥ ¤¢¨£ É¥²¨ ¢´¥-
§ ¶´µ ¶¥·¥¸É ´ÊÉ · ¡µÉ ÉÓ (´ ¶·¨³¥·, § ±µ´Î¨²µ¸Ó Éµ¶²¨¢µ), Éµ ¢´¥Ï´¨° ¸²µ°
³ É¥·¨¨ ´ Î´¥É ±µ²² ¶¸¨·µ¢ ÉÓ ¨ ¢ ±µ´Í¥ ±µ´Íµ¢ ¶¥·¥¸¥Î¥É £µ·¨§µ´É ¢¨¤¨³µ-
¸É¨. ˆ ¢ ÔÉµ³ ¸²ÊÎ ¥ µ¡· §Ê¥É¸Ö Î¥·´ Ö ¤Ò· , ´µ Ê¦¥ ¸ ´µ¢Ò³¨ ¶ · ³¥É· ³¨
(¡µ²ÓÏ¥° ³ ¸¸µ°), ¨ £µ·¨§µ´É ¸µ¡ÒÉ¨° ´Ê¦´µ µ¶·¥¤¥²ÖÉÓ § ´µ¢µ. �·¨ ÔÉµ³
Î ¸ÉÓ £µ·¨§µ´É  ¢¨¤¨³µ¸É¨ (²¥¦ Ð Ö ¢ ¶·µÏ²µ³ µÉ´µ¸¨É¥²Ó´µ ÉµÎ±¨ ¶¥·¥¸¥-
Î¥´¨Ö) µ± ¦¥É¸Ö ¢´ÊÉ·¨ Î¥·´µ° ¤Ò·Ò,   ¤·Ê£ Ö, ´µ¢ Ö ¥£µ Î ¸ÉÓ (´ Ìµ¤ÖÐ Ö¸Ö
¢ ¡Ê¤ÊÐ¥³ µÉ´µ¸¨É¥²Ó´µ ¶¥·¥¸¥Î¥´¨Ö) ¡Ê¤¥É ¸µ¢¶ ¤ ÉÓ ¸ ´µ¢Ò³ £µ·¨§µ´Éµ³
¸µ¡ÒÉ¨°. ‚ ¶·¨´Í¨¶¥ É ±¨Ì ¸²µ¥¢ ³µ¦¥É ¡ÒÉÓ ³´µ£µ, ¨ § · ´¥¥ ´¥¨§¢¥¸É´µ,
±µ£¤  ±µ¸³µ´ ¢ÉÒ ´  · ±¥É Ì § ÌµÉÖÉ ¢Ò±²ÕÎ¨ÉÓ ¤¢¨£ É¥²¨. � Ï ¶·µ¸É¥´Ó-
±¨° ³Ò¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ´ £²Ö¤´µ ¤¥³µ´¸É·¨·Ê¥É £²µ¡ ²Ó´Ò° Ì · ±É¥·
£µ·¨§µ´É  ¸µ¡ÒÉ¨°.

‚¸¥ ¢¢¥¤¥´´Ò¥ ¢ÒÏ¥ µ¡Ð¨¥ ¶µ´ÖÉ¨Ö Î·¥§¢ÒÎ °´µ ¢ ¦´Ò ¶·¨ ¨§ÊÎ¥´¨¨
Î¥·´ÒÌ ¤Ò·, µ¡· §ÊÕÐ¨Ì¸Ö ¢ ¶·µÍ¥¸¸¥ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ . �µ ¸ÊÐ¥-
¸É¢Ê¥É ¤µ¢µ²Ó´µ ¶·µ¸Éµ°, ´µ µÎ¥´Ó ¢ ¦´Ò° ¶·¨³¥· É ± ´ §Ò¢ ¥³µ° ¢¥Î´µ°
Î¥·´µ° ¤Ò·Ò, ¨§ÊÎ¥´¨Õ ±µÉµ·µ° ¶µ¸¢ÖÐ¥´ ¸²¥¤ÊÕÐ¨° · §¤¥².

1.2. —¥·´ Ö ¤Ò·  ˜¢ ·ÍÏ¨²Ó¤ . Œ¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó¤  (4) µ¡· §ÊÕÉ
µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ, Ì · ±É¥·¨§Ê¥³µ¥ §´ Î¥´¨¥³ ¶µ²´µ° ³ ¸-
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¸Ò m, ¶·¨Î¥³ ´¥ ¸ÊÐ¥¸É¢Ê¥É ± ±¨Ì-²¨¡µ ¤·Ê£¨Ì ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ
¢ ±ÊÊ³´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¸ ¶²µ¸±µ°  ¸¨³¶ÉµÉ¨±µ° ´  ¡¥¸±µ-
´¥Î´µ¸É¨ (É¥µ·¥³  �¨·±£µË ). �¥¢µµ·Ê¦¥´´Ò³ £² §µ³ ¢¨¤´µ, ÎÉµ ÔÉ  ³¥É·¨± 
¸¨´£Ê²Ö·´  ´  £· ¢¨É Í¨µ´´µ³ · ¤¨Ê¸¥ rg = 2Gm. �·¨·µ¤  ÔÉµ° ¸¨´£Ê²Ö·-
´µ¸É¨ ¤µ²£µ ´¥ ¡Ò²  ¶µ´ÖÉ´µ°. ˆ Éµ²Ó±µ ¶µ¸²¥ · ¡µÉ Œ. Š·Ê¸± ²  [10] ¨
ˆ. „. �µ¢¨±µ¢  [9] ¸É ²µ Ö¸´µ, ÎÉµ ÔÉµ ±µµ·¤¨´ É´ Ö ¸¨´£Ê²Ö·´µ¸ÉÓ, ¸¢Ö§ ´-
´ Ö ¸µ ¸É É¨Î´µ¸ÉÓÕ ²¨´¥°´µ£µ Ô²¥³¥´É  (4) ¨ ´¥¢µ§³µ¦´µ¸ÉÓÕ ¸¨´Ì·µ´¨§¨-
·µ¢ ÉÓ Î ¸Ò ¸É É¨Î¥¸±¨Ì ´ ¡²Õ¤ É¥²¥° ´  ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨
(r = const → ∞) ¨ ´ ¡²Õ¤ É¥²¥° (¸ ´¥µÉ¢· É¨³µ¸ÉÓÕ ´¥¸É É¨Î¥¸±¨Ì) ¢ µ¡² -
¸É¨ r < 2Gm. Œ´µ£µµ¡· §¨¥, µ¶¨¸Ò¢ ¥³µ¥ ²¨´¥°´Ò³ Ô²¥³¥´Éµ³ (4), £¥µ¤¥-
§¨Î¥¸±¨ ´¥¶µ²´µ. �µ µ¶·¥¤¥²¥´¨Õ ¢ £¥µ¤¥§¨Î¥¸±¨ ¶µ²´µ³ (¨²¨, ¤·Ê£¨³¨ ¸²µ-
¢ ³¨,  ´ ²¨É¨Î¥¸±¨ ³ ±¸¨³ ²Ó´µ · ¸Ï¨·¥´´µ³) ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ²Õ¡ Ö
¢·¥³¥´¨¶µ¤µ¡´ Ö ¨²¨ ¸¢¥Éµ¢ Ö (¨§µÉ·µ¶´ Ö) £¥µ¤¥§¨Î¥¸± Ö ¤µ²¦´  ´ Î¨´ ÉÓ¸Ö
¨ § ± ´Î¨¢ ÉÓ¸Ö ²¨¡µ ´  ¡¥¸±µ´¥Î´µ¸É¨, ²¨¡µ ´  ¸¨´£Ê²Ö·´µ¸É¨. ‘É·Ê±ÉÊ·Ê
³ ±¸¨³ ²Ó´µ · ¸Ï¨·¥´´ÒÌ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ³´µ£µµ¡· §¨° ²¥£±µ

�¨¸. 1

¶·¥¤¸É ¢¨ÉÓ ¨ Ê¤µ¡´µ ¨¸¸²¥-
¤µ¢ ÉÓ, ¨¸¶µ²Ó§ÊÖ ±µ´Ëµ·³-
´Ò¥ ¤¨ £· ³³Ò Š ·É¥· Ä�¥´-
·µÊ§ . �  ÔÉ¨Ì ¤¨ £· ³³ Ì
¡¥¸±µ´¥Î´µ¸É¨ ¶µ³¥Ð¥´Ò ´ 
±µ´¥Î´µ³ · ¸¸ÉµÖ´¨¨ µÉ Í¥´-
É· ,   ± ¦¤ Ö ÉµÎ±  ¶·¥¤-
¸É ¢²Ö¥É ¸Ë¥·Ê. Šµ´Ëµ·³-
´ Ö ¤¨ £· ³³  ¤²Ö £¥µ¤¥§¨-
Î¥¸±¨ ¶µ²´µ£µ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ ˜¢ ·ÍÏ¨²Ó¤  ¶µ± -
§ ´  ´  ·¨¸. 1. ŒÒ ¢¨¤¨³, ÎÉµ
ÔÉµ ³´µ£µµ¡· §¨¥ ¨³¥¥É £¥µ-

³¥É·¨Õ ´¥¶·µÌµ¤¨³µ° ±·µÉµ¢µ° ´µ·Ò. ˆ³¥ÕÉ¸Ö ¤¢¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¶²µ¸-
±¨¥ µ¡² ¸É¨ R±, ¸¢Ö§ ´´Ò¥ ³µ¸Éµ³ �°´ÏÉ¥°´ Ä�µ§¥´ . …¸²¨ ¨¤É¨ µÉ
²¥¢µ° ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨ (i′0) ± ¶· ¢µ° (i0), Éµ · ¤¨Ê¸Ò
¸Ë¥· ¸´ Î ²  Ê³¥´ÓÏ ÕÉ¸Ö ¢ R−-µ¡² ¸É¨, ¤µ¸É¨£ ÕÉ ³¨´¨³Ê³  ´  ³µ-
¸ÉÊ �°´ÏÉ¥°´ Ä�µ§¥´ ,   § É¥³ ´ Î¨´ ÕÉ · ¸É¨ ¢ R+-µ¡² ¸É¨. ‘ ³ Ö Ê§-
± Ö Î ¸ÉÓ ³µ¸É  ´ §Ò¢ ¥É¸Ö £µ·²µ¢¨´µ°, µ´  · ¸¶µ²µ¦¥´  ´  ¶¥·¥¸¥Î¥-
´¨¨ ¤¢ÊÌ ¨§µÉ·µ¶´ÒÌ (¸¢¥Éµ¢ÒÌ) ¶µ¢¥·Ì´µ¸É¥° r = 2Gm-£µ·¨§µ´É Ì. „²Ö
¶·µ¸ÉµÉÒ ³Ò ¡Ê¤¥³ Î ¸Éµ ´ §Ò¢ ÉÓ R+-µ¡² ¸ÉÓ ®´ Ï¥°¯ ¸Éµ·µ´µ°,  
R−-µ¡² ¸ÉÓ Å ®¤·Ê£µ°¯ ¸Éµ·µ´µ° ³µ¸É  �°´ÏÉ¥°´ Ä�µ§¥´ . ‘Î¨É ¥É¸Ö, ÎÉµ ¢
¶µ²´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ˜¢ ·ÍÏ¨²Ó¤  £· ¢¨É¨·ÊÕÐ¨° ¨¸ÉµÎ´¨± ¸±µ´-
Í¥´É·¨·µ¢ ´ ¢ T -µ¡² ¸ÉÖÌ ¢ ¶·µÏ²µ³ ¨ ¡Ê¤ÊÐ¥³ ´  ¸¨´£Ê²Ö·´ÒÌ ¶µ¢¥·Ì´µ-
¸ÉÖÌ ´Ê²¥¢µ£µ · ¤¨Ê¸  R = 0. �Éµ ¨¸É¨´´Ò¥ ¸¨´£Ê²Ö·´µ¸É¨, ¶µ¸±µ²Ó±Ê (± ±
²¥£±µ ¶µ± § ÉÓ) É¥´§µ· ±·¨¢¨§´Ò �¨³ ´  ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶·¨²¨¢´Ò¥ ¸¨²Ò
¸É ´µ¢ÖÉ¸Ö §¤¥¸Ó ¡¥¸±µ´¥Î´Ò³¨. ƒ¥µ³¥É·¨Õ ˜¢ ·ÍÏ¨²Ó¤  ¢ Ô±¢ Éµ·¨ ²Ó´µ°
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¶²µ¸±µ¸É¨ ¢ ³µ³¥´É ¢·¥³¥´´µ° ¸¨³³¥É·¨¨ ³µ¦´µ µÎe´Ó ´ £²Ö¤´µ ¶·¥¤¸É ¢¨ÉÓ
± ± £¥µ³¥É·¨Õ ¶µ¢¥·Ì´µ¸É¨ ¢· Ð¥´¨Ö, ¢²µ¦¥´´µ° ¢ ¶²µ¸±µ¥ É·¥Ì³¥·´µ¥ ¶·µ-
¸É· ´¸É¢µ (·¨¸. 2).

�¨¸. 2

‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¢ ´¥±µÉµ-
·ÒÌ ¸²ÊÎ ÖÌ ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²µ ¸
Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´´Ò³¨ ¨¸ÉµÎ´¨-
± ³¨. �·µ¸É· ´¸É¢µ-¢·¥³Ö ¢´¥ É -
±¨Ì ¨¸ÉµÎ´¨±µ¢ µ¶¨¸Ò¢ ¥É¸Ö ³¥É·¨-
±µ° �¥°¸¸´¥· Ä�µ·¤¸É·¥³ , ²¨´¥°-
´Ò° Ô²¥³¥´É ±µÉµ·µ° ¨³¥¥É ÉµÉ ¦¥
¢¨¤ (4), ´µ É¥¶¥·Ó F = 1− (2Gm)/r+
(Ge2)/r2, £¤¥ e Å ¢¥²¨Î¨´  Ô²¥±É·¨-
Î¥¸±µ£µ § ·Ö¤ .

1.3. ˆ¸ÉµÎ´¨±¨. ‚¥Î´ Ö Î¥·´ Ö ¤Ò·a Å ¨§ÖÐ´ Ö ¨ Ö¸´ Ö ³µ¤¥²Ó. �´ 
µ± § ² ¸Ó µÎ¥´Ó ¶µ²¥§´µ° ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨ ±² ¸¸¨Î¥¸±¨Ì Î¥·´ÒÌ ¤Ò·. �µ
¥¥ ¸ÊÐ¥¸É¢¥´´Ò³ ´¥¤µ¸É É±µ³ Ö¢²Ö¥É¸Ö ¶µ²´µ¥ µÉ¸ÊÉ¸É¢¨¥ ¤¨´ ³¨Î¥¸±¨Ì ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò Å ´¥É ´¨ ¤¨´ ³¨±¨ £· ¢¨É¨·ÊÕÐ¥° ³ É¥·¨¨, ´¨ ·¥ ²Ó´ÒÌ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ £· ¢¨Éµ´µ¢. �µÔÉµ³Ê, ¨³¥Ö ¢ ¢¨¤Ê ¶µ¸É·µ¥´¨¥ ³µ-
¤¥²¥° ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò·, ³Ò ¤µ²¦´Ò ¢±²ÕÎ¨ÉÓ ¡µ²¥¥ ·¥ ²¨¸É¨Î¥¸±¨¥
£· ¢¨É¨·ÊÕÐ¨¥ ¨¸ÉµÎ´¨±¨. ‚¸²¥¤¸É¢¨¥ ´¥²¨´¥°´µ¸É¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
¢±²ÕÎ¥´¨¥ ¨¸ÉµÎ´¨±µ¢ ¤¥² ¥É § ¤ ÎÊ ±¢ ´Éµ¢ ´¨Ö µÎ¥´Ó ¸²µ¦´µ° ¨, ¢ µ¡Ð¥³
¸²ÊÎ ¥, ´¥· §·¥Ï¨³µ°. �µÔÉµ³Ê, ¸ Í¥²ÓÕ ¶µ²ÊÎ¥´¨Ö µ¶·¥¤¥²¥´´ÒÌ ·¥§Ê²ÓÉ -
Éµ¢, ³Ò ¢Ò´Ê¦¤¥´Ò ¢Ò¡¨· ÉÓ ´ ¨¡µ²¥¥ ¶·µ¸ÉÒ¥ ¨¸ÉµÎ´¨±¨. �·Ö³Ò³ µ¡µ¡-
Ð¥´¨¥³ ÉµÎ¥Î´µ° £· ¢¨É Í¨µ´´µ° ³ ¸¸Ò Ö¢²Ö¥É¸Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö
Éµ´± Ö ¶Ò²¥¢ Ö µ¡µ²µÎ± .

’¥µ·¨Ö Éµ´±¨Ì µ¡µ²µÎ¥± ¢ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¡Ò²  · §¢¨É 
¢¶¥·¢Ò¥ ‚. ˆ§· Ô²¥³ [11] ¨ ¶·¨³¥´Ö² ¸Ó § É¥³ ³´µ£¨³¨  ¢Éµ· ³¨ ¤²Ö ¨¸-
¸²¥¤µ¢ ´¨Ö ¶·µ¡²¥³ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸  ¨ ±µ¸³µ²µ£¨¨ [12, 13]. �¥É
´Ê¦¤Ò §¤¥¸Ó ¢¤ ¢ ÉÓ¸Ö ¢ ¤¥É ²¨ ÔÉµ° É¥µ·¨¨. ‚ ´ Ï¥³ ¸²ÊÎ ¥, ±µ£¤  ± ±
¸´ ·Ê¦¨, É ± ¨ ¢´ÊÉ·¨ µ¡µ²µÎ±¨ ³Ò ¨³¥¥³ ¢ ±ÊÊ³´ÊÕ (˜¢ ·ÍÏ¨²Ó¤ ) ¨²¨
Ô²¥±É·µ¢ ±ÊÊ³´ÊÕ (�¥°¸¸´¥· Ä�µ·¤¸É·¥³ ) ³¥É·¨±Ê, ¶µ²´ Ö ¨´Ëµ·³ Í¨Ö µ

¤¨´ ³¨±¥ µ¡µ²µÎ±¨ ¸µ¤¥·¦¨É¸Ö ¢ µ¤´µ³ Ê· ¢´¥´¨¨, ¨³¥´´µ ¢

(
0
0

)
-Ê· ¢´¥´¨¨

�°´ÏÉ¥°´  ¤²Ö µ¡µ²µÎ±¨ (ÔÉµ É ± ´ §Ò¢ ¥³ Ö Ô´¥·£¥É¨Î¥¸± Ö ¸¢Ö§Ó). �´µ
¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

σin

√
ρ̇2 − ∆in − σout

√
ρ̇2 − ∆out = 4πGρS0

0 . (8)

‡¤¥¸Ó ρ Å · ¤¨Ê¸ µ¡µ²µÎ±¨ ± ± ËÊ´±Í¨Ö ¸µ¡¸É¢¥´´µ£µ ¢·¥³¥´¨ ´ ¡²Õ¤ É¥²Ö,
¸¨¤ÖÐ¥£µ ´  ÔÉµ° µ¡µ²µÎ±¥, ÉµÎ±  µ§´ Î ¥É ¶·µ¨§¢µ¤´ÊÕ ¶µ ¸µ¡¸É¢¥´´µ³Ê
¢·¥³¥´¨; S0

0 Å ¶µ¢¥·Ì´µ¸É´ Ö ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨, ¸±µ´Í¥´É·¨·µ¢ ´´µ° ´ 
µ¡µ²µÎ±¥; ∆in,out Å §´ Î¥´¨¥ ¢¢¥¤¥´´µ° · ´¥¥ ¨´¢ ·¨ ´É´µ° ËÊ´±Í¨¨ ¸· §Ê
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¦¥ §  ¨ ¶µ¤ µ¡µ²µÎ±µ°, ¢ ´ Ï¥³ ¸²ÊÎ ¥ µ´µ · ¢´µ ∆ = −F . ‚¥²¨Î¨´  σ
¨³¥¥É ¤¢  §´ Î¥´¨Ö ±1, ¢ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, Ê¢¥²¨Î¨¢ ÕÉ¸Ö ²¨ · ¤¨Ê¸Ò
¢ ´ ¶· ¢²¥´¨¨ ¢´¥Ï´¥° ´µ·³ ²¨ ± µ¡µ²µÎ±¥ (σ = +1) ¨²¨ ¦¥ µ´¨ Ê³¥´Ó-
Ï ÕÉ¸Ö (σ = −1). Ÿ¸´µ, ÎÉµ §´ ± σ Å ÔÉµ §´ ± Éµ° R-µ¡² ¸É¨, ¢ ±µÉµ·µ°
¤¢¨¦¥É¸Ö µ¡µ²µÎ± ,   ¨§³¥´¥´¨¥ §´ ±  ¢µ§³µ¦´µ ²¨ÏÓ ¢ T -µ¡² ¸É¨. „²Ö ¶·µ-
¸ÉµÉÒ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ µÉ´µ¸¨É¥²Ó´µ ¶µ¤·µ¡´µ Éµ²Ó±µ ¸²ÊÎ °, ±µ£¤ 
µ¡µ²µÎ±  ´¥ ´¥¸¥É Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¨ ¢´ÊÉ·¨ ´¥¥ ´¥É ¤·Ê£¨Ì £· ¢¨É¨·Ê-
ÕÐ¨Ì ¨¸ÉµÎ´¨±µ¢. ’µ£¤ 

∆in = 1, σin ≡ 1, ∆out = 1 − 2Gm

ρ
. (9)

� Ï  µ¡µ²µÎ±  ¸µ¸Éµ¨É ¨§ ¶Ò²¨, É. ¥. ¨§ Î ¸É¨Í, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì Éµ²Ó±µ
£· ¢¨É Í¨µ´´µ. �Éµ µ§´ Î ¥É, ÎÉµ S0

0 = M/(4πρ2), £¤¥ M Å É ± ´ §Ò¢ ¥³ Ö
®£µ² Ö¯ ³ ¸¸  µ¡µ²µÎ±¨ (¸Ê³³  ³ ¸¸ ¶µ±µÖ ¸µ¸É ¢²ÖÕÐ¨x Î ¸É¨Í ¡¥§ ÊÎ¥É 
£· ¢¨É Í¨µ´´µ£µ ¤¥Ë¥±É  ³ ¸¸). ’ ±¨³ µ¡· §µ³, Ê ´ ¸ µ¸É ¥É¸Ö Éµ²Ó±µ µ¤´µ
Ê· ¢´¥´¨¥:

√
ρ̇2 + 1 − σout

√
ρ̇2 + 1 − 2Gm

ρ
=

GM

ρ
. (10)

…¸²¨ · §·¥Ï¨ÉÓ ÔÉµ Ê· ¢´¥´¨¥ µÉ´µ¸¨É¥²Ó´µ ¶µ²´µ° ³ ¸¸Ò m, Éµ ¶µ²ÊÎ¨³

m = M
√

ρ̇2 + 1 − GM2

2ρ
, (11)

¨ Ö¸´µ, ÎÉµ ÔÉµ ´¥ ÎÉµ ¨´µ¥, ± ± Ê· ¢´¥´¨¥ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨,   ±µ·¥´Ó
±¢ ¤· É´Ò° Å §´ ±µ³Ò° ²µ·¥´Í-Ë ±Éµ·, § ¶¨¸ ´´Ò° ¢ ´¥§´ ±µ³µ³ ¢¨¤¥ Å
Î¥·¥§ ¶·µ¨§¢µ¤´ÊÕ ¶µ ¸µ¡¸É¢¥´´µ³Ê ¢·¥³¥´¨.

� ¸ ¨´É¥·¥¸Ê¥É Éµ²Ó±µ Ë¨´¨É´µ¥ ¤¢¨¦¥´¨¥. �¡µ§´ Î¨³ Î¥·¥§ ρ0 · ¤¨Ê¸
µ¡µ²µÎ±¨ ¢ ³µ³¥´É ¶µ±µÖ, ¨ ¶Ê¸ÉÓ ρ0 > R+ (É. ¥. ³Ò ´ Ìµ¤¨³¸Ö ¢´¥ Î¥·´µ°
¤Ò·Ò). ’µ£¤  ¨§ Ê· ¢´¥´¨° (10) ¨ (11) ¸²¥¤Ê¥É, ÎÉµ m < M ¨

m = M − 2GM2

2ρ0
, (12)

σ = sign
(

1 − GM

ρ0

)
. (13)

„¨ËË¥·¥´Í¨·ÊÖ Ê· ¢´¥´¨¥ (12) ¶µ £µ²µ° ³ ¸¸¥ M , ¶µ²ÊÎ ¥³

∂m

∂M
= 1 − GM

ρ0
. (14)

� ¸¸³µÉ·¨³ § ¢¨¸¨³µ¸ÉÓ ¶µ²´µ° ³ ¸¸Ò m µÉ §´ Î¥´¨Ö £µ²µ° ³ ¸¸Ò M
¶·¨ Ë¨±¸¨·µ¢ ´´µ³ · ¤¨Ê¸¥ ¶µ¢µ·µÉ  ρ0. Š ± ¢¨¤´µ ´  ·¨¸. 3, ÔÉ  ±·¨¢ Ö
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�¨¸. 3

¨³¥¥É ¤¢¥ ¢¥É¢¨ Å ¢µ§· ¸É ÕÐÊÕ
¨ Ê¡Ò¢ ÕÐÊÕ. �µ²´ Ö ³ ¸¸  ¢´ -
Î ²¥ · ¸É¥É ¸ ·µ¸Éµ³ £µ²µ° ³ ¸¸Ò,
¶·¨Î¥³ ¶ · ³¥É·Ò µ¡µ²µÎ±¨ ¢
ÔÉµ³ ¸²ÊÎ ¥ É ±µ¢Ò, ÎÉµ

∂m

∂M
> 0,

σ = +1, (15)

1
2

<
m

M
< 1.

Œ¨·µ¢Ò¥ ²¨´¨¨ É ±¨Ì µ¡µ²µÎ¥± ´ Î¨´ ÕÉ¸Ö ´  ¸¨´£Ê²Ö·´µ¸É¨ ¶·µÏ²µ£µ ¢
R = 0, ¶·µÌµ¤ÖÉ Î¥·¥§ R+-µ¡² ¸ÉÓ ¨ µ± ´Î¨¢ ÕÉ¸Ö ¢ ¸¨´£Ê²Ö·´µ¸É¨ ¡Ê¤ÊÐ¥£µ
R = 0. ’ ±ÊÕ ¸¨ÉÊ Í¨Õ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸²ÊÎ ¥³ Î¥·´µ° ¤Ò·Ò (µ¡µ²µÎ± 
±µ²² ¶¸¨·Ê¥É ¸ µ¡· §µ¢ ´¨¥³ Î¥·´µ° ¤Ò·Ò). Š·¨¢ Ö m(M) ¤µ¸É¨£ ¥É ¸¢µ¥£µ
³ ±¸¨³Ê³  ¨ ´ Î¨´ ¥É Ê¡Ò¢ ÉÓ. „²Ö ´¨¸Ìµ¤ÖÐ¥° ¢¥É¢¨

∂m

∂M
< 0,

σ = −1, (16)

m

M
<

1
2
.

‘´ ·Ê¦¨ µ¡µ²µÎ±¨ · ¤¨Ê¸Ò ¸´ Î ²  Ê³¥´ÓÏ ÕÉ¸Ö, ¤µ¸É¨£ ÕÉ ³¨´¨³ ²Ó´µ£µ
§´ Î¥´¨Ö 2Gm ¢ £µ·²µ¢¨´¥,   § É¥³ ´ Î¨´ ÕÉ · ¸É¨. �¡² ¸ÉÓ ±·µÉµ¢µ° ´µ·Ò
´¥ ³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉ  ¨²¨ ¢¨¤´  ¨§ R+-µ¡² ¸É¨. ‚ ¶·µ³¥¦ÊÉµÎ´µ³ ¸²ÊÎ ¥

�¨¸. 4
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�¨¸. 5

m/M = 1/2, ¨ ÉµÎ±  ¶µ¢µ·µÉ  ²¥¦¨É ¢ ÉµÎ´µ¸É¨ ¢ £µ·²µ¢¨´¥ ¶·¨ R =
2Gm. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¨ £· ³³Ò Š ·É¥· Ä�¥´·µÊ§  ¨ ¶·µ¸É· ´¸É¢¥´´Ò¥
£¥µ³¥É·¨¨ ¢ ³µ³¥´É ¢·¥³¥´´µ° ¸¨³³¥É·¨¨ ¶µ± § ´Ò ´  ·¨¸. 4 ¨ 5.

�µ²¥§´µ · ¸¸³µÉ·¥ÉÓ ´¥±µÉµ·Ò¥ ¶·¥¤¥²Ó´Ò¥ ¸²ÊÎ ¨. ‚µ-¶¥·¢ÒÌ, ÔÉµ ¶·¥-
¤¥² M → ∞. ‘ ·µ¸Éµ³ £µ²µ° ³ ¸¸Ò M(m/M < 1/2) ÉµÎ±  ¶µ¢µ·µÉ  ¢¸¥
¤ ²ÓÏ¥ Ê¤ ²Ö¥É¸Ö µÉ £µ·¨§µ´É , ¸É·¥³Ö¸Ó ± ®²¥¢µ°¯ ¡¥¸±µ´¥Î´µ¸É¨ (´  ¤·Ê£µ°
¸Éµ·µ´¥ ³µ¸É  �°´ÏÉ¥°´ Ä�µ§¥´ ). ‚ ±µ´¥Î´µ³ ¨Éµ£¥ ³Ò ¶µ²ÊÎ ¥³ £¥µ³¥-
É·¨Õ ¢¥Î´µ° Î¥·´µ° ¤Ò·Ò ¢¸Õ¤Ê, ±·µ³¥ ²¥¢µ° ¡¥¸±µ´¥Î´µ¸É¨, ±µÉµ· Ö ¢ ÔÉµ³
¸²ÊÎ ¥ ¸¨´£Ê²Ö·´ . „·Ê£µ° ¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° Å ÔÉµ ¶µ²´µ¸ÉÓÕ § ³±´ÊÉÒ°
³¨· ¸ · ¢´µ° ´Ê²Õ ¶µ²´µ° ³ ¸¸µ°, µ¶¨¸Ò¢ ¥³Ò° ¶ · ³¥É· ³¨

m = 0, M = 2ρ0/G. (17)

„²Ö ¶µ²´µÉÒ ± ·É¨´Ò · ¸¸³µÉ·¨³ Éµ´±ÊÕ µ¡µ²µÎ±Ê ¸ µÉ·¨Í É¥²Ó´µ° ¶µ²-
´µ° ³ ¸¸µ° m < 0 (´µ ¸ ¶µ²µ¦¨É¥²Ó´µ° £µ²µ° ³ ¸¸µ° M ). ˆ§ (10) ¸· §Ê ¦¥
¸²¥¤Ê¥É, ÎÉµ ¢¸Õ¤Ê σ = −1, É ± ÎÉµ · ¤¨Ê¸Ò ¸´ ·Ê¦¨ µ¡µ²µÎ±¨ Ê³¥´ÓÏ -
ÕÉ¸Ö ¢¶²µÉÓ ¤µ ¸¨´£Ê²Ö·´µ¸É¨ ¶·¨ R = 0. �·µ¸É· ´¸É¢µ-¢·¥³Ö ¢ ÔÉµ³ ¸²ÊÎ ¥
¨³¥¥É Éµ¶µ²µ£¨Õ S3×R3,   ´¥ R3×R1, ± ± ÔÉµ ¡Ò²µ ¢ ¸²ÊÎ ¥ ¶µ²µ¦¨É¥²Ó´µ°
¶µ²´µ° ³ ¸¸Ò, É ± ÎÉµ ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨ ´¥É ¢µ¢¸¥. ‚ ¤ ²Ó-
´¥°Ï¥³ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ µ¡µ²µÎ±¨ ¸ ¶µ²µ¦¨É¥²Ó´µ° ¶µ²´µ°
³ ¸¸µ°.

1.4. “´¨¢¥·¸ ²Ó´µ¸ÉÓ Î¥·´ÒÌ ¤Ò·. ‚ÒÏ¥ Ê¦¥ £µ¢µ·¨²µ¸Ó, ÎÉµ Î¥·´ Ö
¤Ò·  ´ ¨¡µ²¥¥ µ¡Ð¥£µ ¢¨¤  ¥¸ÉÓ µ¸¥¸¨³³¥É·¨Î´µ¥ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´-
´µ¥ ³´µ£µµ¡· §¨¥, µ¶¨¸Ò¢ ¥³µ¥ µ£· ´¨Î¥´´Ò³ ´ ¡µ·µ³ ¶ · ³¥É·µ¢ Å ¶µ²-
´µ° ³ ¸¸µ°, Ê£²µ¢Ò³ ³µ³¥´Éµ³ ¨ (²µ± ²Ó´µ) ¸µÌ· ´ÖÕÐ¨³¨¸Ö § ·Ö¤ ³¨. �µ
ÎÉµ ¶·µ¨§µ°¤¥É, ¥¸²¨ ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ±µ²² ¶¸¨·ÊÕÐ¥° ³ É¥·¨¨ ¨ ¶µ²¥°
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´¥ Ö¢²Ö¥É¸Ö ¢ ÉµÎ´µ¸É¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³ (³Ò · ¸¸³ É·¨¢ ¥³ §¤¥¸Ó
Éµ²Ó±µ ¸²ÊÎ ° ´Ê²¥¢µ£µ Ê£²µ¢µ£µ ³µ³¥´É )? ƒ·µ³ ¤´ Ö · ¡µÉ  ³´µ£¨Ì ¨¸¸²¥-
¤µ¢ É¥²¥° ¶·¨¢¥²  ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ (¶µ¤·µ¡´Ò° µ¡§µ· ÔÉµ° É¥³Ò ¥¸ÉÓ
¢ ±´¨£¥ [14]). ‚ ¶·µÍ¥¸¸¥ Ëµ·³¨·µ¢ ´¨Ö Î¥·´µ° ¤Ò·Ò ¨§²ÊÎ ¥É¸Ö ¢¸¥, ÎÉµ
Éµ²Ó±µ ³µ¦¥É ¡ÒÉÓ ¨§²ÊÎ¥´µ. �Éµ ± ¸ ¥É¸Ö ¢¸¥Ì ³Ê²ÓÉ¨¶µ²¥° (¢±²ÕÎ Ö ³µ´µ-
¶µ²Ó´Ò° ³µ³¥´É) ¸± ²Ö·´ÒÌ ¶µ²¥°, ¢Ò¸Ï¨Ì ³Ê²ÓÉ¨¶µ²¥° Ô²¥±É·µ³ £´¨É´µ£µ,
´¥ ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‚ ´¥±µÉµ·ÒÌ É¥-
µ·¨ÖÌ ¸± ²Ö·´Ò¥ ³Ê²ÓÉ¨¶µ²Ö ´¥ ¨§²ÊÎ ÕÉ¸Ö, ´µ Éµ²Ó±µ Éµ£¤ , ±µ£¤  É ±µ¥
¶µ²¥ ¦¥¸É±µ ¶·¨¢Ö§ ´µ ± ³µ´µ¶µ²Ó´µ³Ê ³µ³¥´ÉÊ (±Ê²µ´µ¢¸±µ° Î ¸É¨) ´¥ ¡¥-
²¥¢ÒÌ ¶µ²¥°. �É  µ¸µ¡¥´´µ¸ÉÓ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸  ¡Ò²  ¢¶¥·¢Ò¥ ¶µ-
´ÖÉ  „¦. �. “¨²¥·µ³ ¨ ¸Ëµ·³Ê²¨·µ¢ ´  ¨³ ¢ ¢¨¤¥ (¸¥°Î ¸ Ìµ·µÏµ ¨§¢¥¸É´µ£µ)
ÊÉ¢¥·¦¤¥´¨Ö: ®—¥·´ Ö ¤Ò·  ´¥ ¨³¥¥É ¢µ²µ¸¯. ’ ±¨³ µ¡· §µ³, µ¡· §µ¢ ´¨¥
Î¥·´µ° ¤Ò·Ò ¸¢Ö§ ´µ, ¢µµ¡Ð¥ £µ¢µ·Ö, ¸ ¶µÉ¥·¥° ¨´Ëµ·³ Í¨¨ µ ´ Î ²Ó´µ³
¸µ¸ÉµÖ´¨¨ ¨ ¶·¥¤Ò¤ÊÐ¥° ¨¸Éµ·¨¨ ±µ²² ¶¸¨·ÊÕÐ¥° ³ É¥·¨¨.

ˆ§ ¸ ³µ£µ µ¶·¥¤¥²¥´¨Ö Î¥·´µ° ¤Ò·Ò Ö¸´µ, ÎÉµ ´¨ÎÉµ ´¥ ³µ¦¥É ¢Ò°É¨ ¨§-
¶µ¤ £µ·¨§µ´É  ¸µ¡ÒÉ¨°. �µ ÔÉµ ´¥ µ§´ Î ¥É  ¢Éµ³ É¨Î¥¸±¨, ÎÉµ ³ ¸¸Ê Î¥·´µ°
¤Ò·Ò ´¥²Ó§Ö Ê³¥´ÓÏ¨ÉÓ. „¥²µ ¢ Éµ³, ÎÉµ ¶·¨ ´¥´Ê²¥¢µ³ Ê£²µ¢µ³ ³µ³¥´É¥ ¢µ-
±·Ê£ £µ·¨§µ´É  ¸µ¡ÒÉ¨° ¸ÊÐ¥¸É¢Ê¥É µ¸µ¡ Ö µ¡² ¸ÉÓ, ´ §Ò¢ ¥³ Ö Ô·£µ¸Ë¥·µ°,
¢´ÊÉ·¨ ±µÉµ·µ° ¥¸ÉÓ ¸µ¸ÉµÖ´¨Ö ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥° (¸ ÉµÎ±¨ §·¥´¨Ö
Ê¤ ²¥´´µ£µ ´ ¡²Õ¤ É¥²Ö), ¶µÔÉµ³Ê ¢µ§³µ¦¥´ ¸²¥¤ÊÕÐ¨° ¶·µÍ¥¸¸. — ¸É¨ÍÒ,
¶µ¶ ¢Ï¨¥ ¢ Ô·£µ¸Ë¥·Ê, ³µ£ÊÉ · ¸¶ ¸ÉÓ¸Ö ´  ¶ ·Ê, µ¤´  ¨§ ±µ³¶µ´¥´É ±µÉµ·µ°,
µ¡² ¤ ÕÐ Ö µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°, Ê¶ ¤¥É ´  Î¥·´ÊÕ ¤Ò·Ê,   ¤·Ê£ Ö Ê°¤¥É
¨§ Ô·£µ¸Ë¥·Ò (´µ ´¥ ¨§ Î¥·´µ° ¤Ò·Ò) ´  ¡¥¸±µ´¥Î´µ¸ÉÓ, Ê³¥´ÓÏ¨¢, É ±¨³
µ¡· §µ³, ¶µ²´ÊÕ ³ ¸¸Ê ¸¨¸É¥³Ò. ‚ ²¨É¥· ÉÊ·¥ É ±µ° ¶·µÍ¥¸¸ ¶µ²ÊÎ¨² ´ §¢ -
´¨¥ ®¶·µÍ¥¸¸ �¥´·µÊ§ ¯. …¸²¨ Ê ´ ¸ ¢³¥¸Éµ Î ¸É¨Í · ¸¸³ É·¨¢ ÕÉ¸Ö ¶µ²Ö,
Éµ  ´ ²µ£¨Î´Ò° ¶·µÍ¥¸¸ É ±¦¥ ¨³¥¥É ³¥¸Éµ ¨ ´ §Ò¢ ¥É¸Ö ®¸Ê¶¥·· ¤¨ Í¨¥°¯.
ˆ ¶·µÍ¥¸¸ �¥´·µÊ§ , ¨ ¸Ê¶¥·· ¤¨ Í¨Ö ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ ¸µ¶·µ¢µ¦¤ ÕÉ¸Ö
Ê³¥´ÓÏ¥´¨¥³ ¢¥²¨Î¨´Ò Ê£²µ¢µ£µ ³µ³¥´É  Î¥·´µ° ¤Ò·Ò. � Ê´¨¢¥·¸ ²Ó´Ò³
¸¢µ°¸É¢µ³ ±² ¸¸¨Î¥¸±¨Ì Î¥·´ÒÌ ¤Ò· Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ´¨± ±µ° ±² ¸-
¸¨Î¥¸±¨° ¶·µÍ¥¸¸ ´¥ ¢ ¸µ¸ÉµÖ´¨¨ Ê³¥´ÓÏ¨ÉÓ ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨ £· ´¨ÍÒ
Î¥·´µ° ¤Ò·Ò, É. ¥. ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨ A £µ·¨§µ´É  ¸µ¡ÒÉ¨°:

dA ≥ 0. (18)

2. Š‚��’�‚�Ÿ ��� ”ˆ‡ˆŠˆ —…��›• „›�

2.1. ’¥·³µ¤¨´ ³¨±  Î¥·´ÒÌ ¤Ò·. —¥·´Ò¥ ¤Ò·Ò, ¡Ê¤ÊÎ¨ ±µ´¥Î´µ° ¸É -
¤¨¥° £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ , µ¡² ¤ ÕÉ µÎ¥´Ó ¨´É¥·¥¸´Ò³¨ ¸¢µ°¸É¢ ³¨.
“¦¥ £µ¢µ·¨²µ¸Ó, ÎÉµ ¢ ¶·µÍ¥¸¸¥ ¸¢µ¥£µ µ¡· §µ¢ ´¨Ö Î¥·´ Ö ¤Ò·  ¨§²ÊÎ ¥É ¢¸¥,
ÎÉµ Éµ²Ó±µ ³µ¦´µ ¨§²ÊÎ¨ÉÓ, ¶µÔÉµ³Ê ¸µ¸ÉµÖ´¨¥ Î¥·´µ° ¤Ò·Ò µ¶¨¸Ò¢ ¥É¸Ö
µÎ¥´Ó ´¥§´ Î¨É¥²Ó´Ò³ ±µ²¨Î¥¸É¢µ³ ¶ · ³¥É·µ¢. —¥·´ Ö ¤Ò· , É ±¨³ µ¡· -
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§µ³, ´ ¶µ³¨´ ¥É É¥²µ ¢ É¥·³µ¤¨´ ³¨Î¥¸±µ³ · ¢´µ¢¥¸¨¨. ‚ 1972 £. „¦. �¥±¥´-
ÏÉ¥°´ [4] ¶·¥¤¶µ²µ¦¨², ÎÉµ ÔÉµ ´¥ ¶·µ¸Éµ¥ ¸µ¢¶ ¤¥´¨¥ ¨ Î¥·´ Ö ¤Ò·  ¤¥°-
¸É¢¨É¥²Ó´µ µ¡² ¤ ¥É µ¶·¥¤¥²¥´´µ° Ô´É·µ¶¨¥° ¨ ¨³¥¥É µ¶·¥¤¥²¥´´ÊÕ É¥³¶¥-
· ÉÊ·Ê. ’ ± Ö ÉµÎ±  §·¥´¨Ö ¶µ¤¤¥·¦¨¢ ² ¸Ó É ±¦¥ Ê¦¥ ¨§¢¥¸É´Ò³ ¢ Éµ ¢·¥³Ö
§ ±µ´µ³ ´¥Ê¡Ò¢ ´¨Ö ¶²µÐ ¤¨ £µ·¨§µ´É  Î¥·´µ° ¤Ò·Ò. �Éµ ´ ¶µ³¨´ ¥É ¢Éµ-
·µ° § ±µ´ É¥·³µ¤¨´ ³¨±¨. �¥±¥´ÏÉ¥°´ ¶·¥¤¶µ²µ¦¨², ÎÉµ Ô´É·µ¶¨Ö Î¥·´µ°
¤Ò·Ò ¶·µ¶µ·Í¨µ´ ²Ó´  ¶²µÐ ¤¨ £µ·¨§µ´É  A.

‚ ÔÉµ³ (¨ Éµ²Ó±µ ¢ ÔÉµ³) · §¤¥²¥ ³Ò ¨¸¶µ²Ó§Ê¥³ Ëµ·³Ê²Ò ¤²Ö µ¡Ð¥£µ ¢¨¤ 
¸É Í¨µ´ ·´µ° µ¸¥¸¨³³¥É·¨Î´µ° Î¥·´µ° ¤Ò·Ò ¸ ¶µ²´µ° ³ ¸¸µ° m, § ·Ö¦¥´´µ°
§ ·Ö¤µ³ Q, ¶µ²´Ò° Ê£²µ¢µ° ³µ³¥´É ±µÉµ·µ° · ¢¥´ J . „²Ö É ±µ° Î¥·´µ° ¤Ò·Ò

A = 4π(R2
+ + J2/m2), (19)

R+ = G

(
m +

√
m2 − Q2

G
− J2

m2G2

)
. (20)

�± § ²µ¸Ó, ÎÉµ ¤²Ö Î¥·´ÒÌ ¤Ò· ¸¶· ¢¥¤²¨¢ ¨ ¶¥·¢Ò° § ±µ´ É¥·³µ¤¨´ -
³¨±¨, ±µÉµ·Ò° ¢Ò· ¦ ¥É¸Ö ¸²¥¤ÊÕÐ¥° ³ ¸¸µ¢µ° Ëµ·³Ê²µ°:

δm =
κ

8π

δA

l2Pl

+ ΩδJ + ΦδQ. (21)

‡¤¥¸Ó δm Å · §´µ¸ÉÓ ³ ¸¸ ¤¢ÊÌ ¸É Í¨µ´ ·´ÒÌ Î¥·´ÒÌ ¤Ò· ¸ ´¥¡µ²ÓÏµ°
· §´µ¸ÉÓÕ ¶²µÐ ¤¥° £µ·¨§µ´Éµ¢ δA, Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ δJ ¨ Ô²¥±É·¨Î¥¸±¨Ì
§ ·Ö¤µ¢ δQ; Ω Å Ê£²µ¢ Ö ¸±µ·µ¸ÉÓ Î¥·´µ° ¤Ò·Ò; Φ Å §´ Î¥´¨¥ ±Ê²µ´µ¢¸±µ£µ
¶µÉ¥´Í¨ ²  ´  ¶µ¢¥·Ì´µ¸É¨ Î¥·´µ° ¤Ò·Ò. Œ´µ¦¨É¥²Ó κ ¶¥·¥¤ δA ´ §Ò¢ ¥É¸Ö
¶µ¢¥·Ì´µ¸É´µ° £· ¢¨É Í¨¥°:

κ =
4π

A
l2Pl

√
m2 − Q2/G − J2/m2G2. (22)

�µ �¥±¥´ÏÉ¥°´Ê, ¶µ¢¥·Ì´µ¸É´ Ö £· ¢¨É Í¨Ö ¤µ²¦´  ¡ÒÉÓ ¶·µ¶µ·Í¨µ´ ²Ó´ 
É¥³¶¥· ÉÊ·¥ Î¥·´µ° ¤Ò·Ò Θ, κ = αΘ. ’ ±¨³ µ¡· §µ³, Ô´É·µ¶¨Ö ¶·µ¶µ·Í¨µ-
´ ²Ó´  ¡¥§· §³¥·´µ° ¶²µÐ ¤¨ £µ·¨§µ´É .

� ¸¸³µÉ·¨³ Î¥·´ÊÕ ¤Ò·Ê ± ± É¥·³µ¤¨´ ³¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ¨ ¶µ³¥¸É¨³
¥¥ ¢ É¥¶²µ¢ÊÕ ¡ ´Õ ¶·¨ ´¥±µÉµ·µ° É¥³¶¥· ÉÊ·¥. ’µ£¤ , ¥¸²¨ É¥³¶¥· ÉÊ· 
Î¥·´µ° ¤Ò·Ò ¢ ÉµÎ´µ¸É¨ · ¢´  É¥³¶¥· ÉÊ·¥ ¡ ´¨, Éµ ±µ²¨Î¥¸É¢µ ¶µ£²µÐ ¥³µ£µ
¨§²ÊÎ¥´¨Ö · ¢´µ ±µ²¨Î¥¸É¢Ê ¨§²ÊÎ ¥³µ° Ô´¥·£¨¨, ¨ Î¥·´ Ö ¤Ò·  ´ Ìµ¤¨É¸Ö ¢
É¥¶²µ¢µ³ · ¢´µ¢¥¸¨¨ ¸ ¡ ´¥°. �µ ÔÉµ · ¢´µ¢¥¸¨¥ ´¥Ê¸Éµ°Î¨¢µ. �·¨Î¨´  ÔÉµ£µ
¢ Éµ³, ÎÉµ Î¥·´ Ö ¤Ò·  ˜¢ ·ÍÏ¨²Ó¤  ¨³¥¥É µÉ·¨Í É¥²Ó´ÊÕ É¥¶²µ¥³±µ¸ÉÓ.
„¥°¸É¢¨É¥²Ó´µ, ¨§ µ¶·¥¤¥²¥´¨Ö É¥¶²µ¥³±µ¸É¨ ¨³¥¥³

C = Θ
∂S

∂Θ
= α

κ

8πl2Pl

∂A

∂κ
= −4αGm2 < 0. (23)



� Š‚��’�‚�Œ ƒ��‚ˆ’�–ˆ����Œ Š�‹‹��‘… 61

�·¥¤¶µ²µ¦¨³, ¤ ²¥¥, ÎÉµ Î¥·´ Ö ¤Ò·  ¶¥·¢µ´ Î ²Ó´µ ´ Ìµ¤¨É¸Ö ¢ É¥·³µ¤¨´ -
³¨Î¥¸±µ³ · ¢´µ¢¥¸¨¨ ¸ µ±·Ê¦ ÕÐ¥° ¸·¥¤µ°. ‡ É¥³, ¥¸²¨ ¢ ·¥§Ê²ÓÉ É¥ ´¥±µ-
Éµ·µ° Ë²Ê±ÉÊ Í¨¨ ³ ¸¸  Î¥·´µ° ¤Ò·Ò ¸É ´¥É ´¥³´µ£µ ¡µ²ÓÏ¥ · ¢´µ¢¥¸´µ£µ
§´ Î¥´¨Ö, Éµ ¥¥ É¥³¶¥· ÉÊ·  ¸É ´¥É ´¨¦¥ É¥³¶¥· ÉÊ·Ò É¥¶²µ¢µ° ¡ ´¨, ÎÉµ ¢Ò-
§µ¢¥É ¶µ£²µÐ¥´¨¥ ¨§²ÊÎ¥´¨Ö Î¥·´µ° ¤Ò·µ°, ¤ ²Ó´¥°Ï¥¥ ´¥µ£· ´¨Î¥´´µ¥ Ê¢¥-
²¨Î¥´¨¥ ¥¥ ³ ¸¸Ò ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ´¨¦¥´¨¥ É¥³¶¥· ÉÊ·Ò ¤µ ´Ê²Ö. …¸²¨
¦¥ ´ Î ²Ó´ Ö Ë²Ê±ÉÊ Í¨Ö ¶·¨¢¥¤¥É ± ´¥¡µ²ÓÏµ³Ê Ê³¥´ÓÏ¥´¨Õ ³ ¸¸Ò, Î¥·´ Ö
¤Ò·  ´ Î´¥É ¨§²ÊÎ ÉÓ ¡µ²ÓÏ¥ Ô´¥·£¨¨, Î¥³ ¶µ£²µÐ ÉÓ, ¥Ð¥ ¡µ²¥¥ Ê³¥´ÓÏ Ö
³ ¸¸Ê ¢¶²µÉÓ ¤µ ¶µ²´µ£µ ¨¸¶ ·¥´¨Ö.

‚ ¸²ÊÎ ¥ § ·Ö¦¥´´µ° Î¥·´µ° ¤Ò·Ò �¥°¸¸´¥· Ä�µ·¤¸É·¥³  ¸¨ÉÊ Í¨Ö ´¥-
¸±µ²Ó±µ ¨´ Ö. ’¥³¶¥· ÉÊ·  · ¢´  ´Ê²Õ ¤²Ö Ô±¸É·¥³ ²Ó´µ° Î¥·´µ° ¤Ò·Ò,
±µ£¤  m = |Q|/G, § É¥³ µ´  · ¸É¥É ¸ ·µ¸Éµ³ ³ ¸¸Ò, ¤µ¸É¨£ ¥É ³ ±¸¨³Ê³  ¨
¶µÉµ³ Ê³¥´ÓÏ ¥É¸Ö ¤µ ´Ê²Ö ¶·¨ ¸É·¥³²¥´¨¨ ³ ¸¸Ò ± ¡¥¸±µ´¥Î´µ¸É¨. ’¥¶²µ-
¥³±µ¸ÉÓ ¶µ²µ¦¨É¥²Ó´  ¢¡²¨§¨ Ô±¸É·¥³ ²Ó´µ£µ ¸µ¸ÉµÖ´¨Ö, · ¸É¥É ¸´ Î ²  ¤µ
¡¥¸±µ´¥Î´µ¸É¨,   § É¥³ ¸É ´µ¢¨É¸Ö µÉ·¨Í É¥²Ó´µ°, ± ± ¨ ¤²Ö Î¥·´µ° ¤Ò·Ò
˜¢ ·ÍÏ¨²Ó¤ . ŒÒ ¢¨¤¨³, ÎÉµ § ·Ö¦¥´´ Ö, ¶µÎÉ¨ Ô±¸É·¥³ ²Ó´ Ö Î¥·´ Ö ¤Ò· 
É¥·³¨Î¥¸±¨ Ê¸Éµ°Î¨¢ , ¶µ¤µ¡´µ µ¡ÒÎ´Ò³ É¥² ³.

2.2. ˆ§²ÊÎ¥´¨¥ •µ±¨´£ . Š¢ ´Éµ¢ Ö Ô·  Ë¨§¨±¨ Î¥·´ÒÌ ¤Ò· ´ Î ² ¸Ó ¢
1974 £. ¸ µÉ±·ÒÉ¨¥³ ‘. •µ±¨´£µ³ Ö¢²¥´¨Ö ¨¸¶ ·¥´¨Ö Î¥·´ÒÌ ¤Ò·. •µ±¨´£
¨¸¸²¥¤µ¢ ² ±¢ ´Éµ¢Ò¥ ¢ ±ÊÊ³´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¶µ²¥° ³ É¥·¨¨ ´  Ëµ´¥ ¨¸±·¨-
¢²¥´´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ˜¢ ·ÍÏ¨²Ó¤  ¨ ¶µ± § ², ÎÉµ ¸ ³µ ¸ÊÐ¥¸É¢µ-
¢ ´¨¥ £µ·¨§µ´É  ¸µ¡ÒÉ¨° ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¶µÉµ±  ¨§²ÊÎ¥´¨Ö µÉ Î¥·´µ°
¤Ò·Ò (´ ·ÊÏ Ö É¥³ ¸ ³Ò³ ±² ¸¸¨Î¥¸±ÊÕ É¥µ·¥³Ê dA ≥ 0). “¤¨¢¨É¥²Ó´Ò³
µ± § ²¸Ö Ë ±É, ÎÉµ ÔÉµ ¨§²ÊÎ¥´¨¥ ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¨§²ÊÎ¥´¨¥  ¡¸µ²ÕÉ´µ
É¢¥·¤µ£µ É¥²  ¸ É¥³¶¥· ÉÊ·µ°

Θ =
κ

2π
. (24)

’ ±¨³ µ¡· §µ³, Ô´É·µ¶¨Ö Î¥·´µ° ¤Ò·Ò ¢ ÉµÎ´µ¸É¨ · ¢´  µ¤´µ° Î¥É¢¥·Éµ°
¡¥§· §³¥·´µ° ¶²µÐ ¤¨ £µ·¨§µ´É 

SBH =
1
4

A

l2Pl

, (25)

ÎÉµ ´ Ìµ¤¨É¸Ö ¢ ¶µ²´µ³ ¸µ£² ¸¨¨ ¸ ¶·¥¤¶µ²µ¦¥´¨¥³ �¥±¥´ÏÉ¥°´  (³Ò ¶µ²Ó-
§Ê¥³¸Ö ¸¨¸É¥³µ° ¥¤¨´¨Í, ¢ ±µÉµ·µ° ¶µ¸ÉµÖ´´ Ö �² ´±  �, ¸±µ·µ¸ÉÓ ¸¢¥É  c
¨ ¶µ¸ÉµÖ´´ Ö �µ²ÓÍ³ ´  k · ¢´Ò ¥¤¨´¨Í¥; ¶² ´±µ¢¸± Ö ¤²¨´  · ¢´  lPl =√

�G/c3 = G1/2,   ¶² ´±µ¢¸± Ö ³ ¸¸  ¥¸ÉÓ mPl =
√

�c/G = G−1/2).
‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¶µÖ¢²¥´¨¥ £µ·¨§µ´É  ¸µ¡ÒÉ¨° ¶·¨¢µ¤¨É ± ¶µ-

É¥·¥ ¨´Ëµ·³ Í¨¨. ‚¥²¨Î¨´  ¶µÉ¥·Ö´´µ° ¨´Ëµ·³ Í¨¨ É¥¸´µ ¸¢Ö§ ´  ¸ Ô´-
É·µ¶¨¥° ¸¨¸É¥³Ò ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¸ ´¥´Ê²¥¢µ° É¥³¶¥· ÉÊ·µ° ¢ ¸µ¸ÉµÖ´¨¨
É¥·³µ¤¨´ ³¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö. �  Ö§Ò±¥ ³ É¥³ É¨±¨ ÔÉµ µ§´ Î ¥É, ÎÉµ
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£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¢¨¤µ¨§-
³¥´ÖÕÉ¸Ö É ±¨³ µ¡· §µ³, ÎÉµ ¢¡²¨§¨ £µ·¨§µ´É  ¥¸ÉÓ Éµ²Ó±µ ¶ ¤ ÕÐ¨¥ ¢µ²´Ò.
�Éµ ¨§³¥´Ö¥É ¸µ¸ÉµÖ´¨¥ ¢ ±ÊÊ³ , ¨ ´  ¡¥¸±µ´¥Î´µ¸É¨ ¶·¥¦´¥¥ ¸µ¸ÉµÖ´¨¥ ¡¥§
Î ¸É¨Í µ± §Ò¢ ¥É¸Ö É¥¶¥·Ó § ¶µ²´¥´´Ò³ Î ¸É¨Í ³¨, µ¡· §ÊÕÐ¨³¨ É¥¶²µ¢ÊÕ
¡ ´Õ. „¥É ²¨ ¢ÒÎ¨¸²¥´¨° ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¸Ò²±¨ ³µ¦´µ ´ °É¨, ´ ¶·¨-
³¥·, ¢ ±´¨£¥ [16]. ‚ ¦´µ É ±¦¥ ¶µ´¨³ ÉÓ, ÎÉµ ¢ ±ÊÊ³ ±¢ ´Éµ¢ ´´ÒÌ ¶µ²¥°
¢ ¨¸±·¨¢²¥´´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ³µ¦¥É ¡ÒÉÓ · §²¨Î´Ò³ ¢ § ¢¨¸¨³µ¸É¨
µÉ Ë¨§¨Î¥¸±µ£µ ´ ¡²Õ¤ É¥²Ö. ‚ Ë¨§¨±¥ Î¥·´ÒÌ ¤Ò· ¥¸ÉÓ, ´ ¶·¨³¥·, É ±¦¥
¢ ±ÊÊ³ “´·Ê ¨ ¢ ±ÊÊ³ �Ê²Ó¢ · . �¶¨¸ ´´Ò° ¢ÒÏ¥ ¢ ±ÊÊ³ µÉ´µ¸¨É¸Ö ± ¸É É¨-
Î¥¸±µ³Ê ´ ¡²Õ¤ É¥²Õ ¨ ´ §Ò¢ ¥É¸Ö ¢ ±ÊÊ³µ³ • ·É²ÖÄ•µ±¨´£ .

�·¨³¥Î É¥²Ó´µ, ÎÉµ É¥³¶¥· ÉÊ·  Î¥·´µ° ¤Ò·Ò ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´  ¸µ-
¢¥·Ï¥´´µ ¨´Ò³ ¸¶µ¸µ¡µ³. …¸²¨ ¸¤¥² ÉÓ ¢¨±µ¢¸±¨° ¶µ¢µ·µÉ ¢·¥³¥´¨ ¢ ¤¢Ê³¥·-
´µ° (t, r)-Î ¸É¨ ²¨´¥°´µ£µ Ô²¥³¥´É  ³¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó¤  ¨²¨ �¥°¸¸´¥· Ä
�µ·¤¸É·¥³ , § ¶¨¸ ´´µ£µ ¢ ±µµ·¤¨´ É Ì ±·¨¢¨§´, ³Ò ¶µ²ÊÎ¨³ ¥¢±²¨¤µ¢Ê ¤¢Ê-
³¥·´ÊÕ ¶µ²Ê¶²µ¸±µ¸ÉÓ (−∞ < tE < ∞, R+ < R < ∞). …¸²¨ ¶µ³¥¸É¨ÉÓ
´ Î ²µ ±µµ·¤¨´ É ¢ R = R+, ¶·¥¤¶µ²µ¦¨ÉÓ ¶¥·¨µ¤¨Î´µ¸ÉÓ ¶µ ¥¢±²¨¤µ¢Ê ¢·¥-
³¥´¨ tE ¨ µÉµ¦¤¥¸É¢¨ÉÓ ÉµÎ±¨ ¶µ ÔÉµ³Ê ¶¥·¨µ¤Ê, Éµ ¶µ²ÊÎ¨É¸Ö ¤¢Ê³¥·´ Ö ¶µ-
¢¥·Ì´µ¸ÉÓ, ¢µµ¡Ð¥ £µ¢µ·Ö, ¸ ±µ´¨Î¥¸±µ° ¸¨´£Ê²Ö·´µ¸ÉÓÕ. �É  ¸¨´£Ê²Ö·´µ¸ÉÓ
³µ¦¥É ¡ÒÉÓ Ê¸É· ´¥´  ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ·µ³ ¶¥·¨µ¤  ¥¢±²¨¤µ¢  ¢·¥³¥´¨. �
µ¡· É´ Ö ÔÉµ³Ê ¶¥·¨µ¤Ê ¢¥²¨Î¨´  · ¢´  É¥³¶¥· ÉÊ·¥ ¢ É¥³¶¥· ÉÊ·´ÒÌ É¥µ-
·¨ÖÌ ¶µ²Ö ¨ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ³µ¦¥É ¡ÒÉÓ ´ §¢ ´  Éµ¶µ²µ£¨Î¥¸±µ° É¥³¶¥· -
ÉÊ·µ°. �· ±É¨Î¥¸±¨ ÔÉµ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‹¨´¥°´Ò° Ô²¥³¥´É
¤¢Ê³¥·´µ° ¥¢±²¨¤µ¢µ° ¶µ¢¥·Ì´µ¸É¨ · ¢¥´

dl2 = Fdτ2 +
1
F

dr2, (26)

F = 1 − 2Gm

r
+

Ge2

r2
=

1
r2

(r − r+)(r − r−), (27)

r± = G

(
m ±

√
m2 − e2

G

)
. (28)

‚¡²¨§¨ £µ·¨§µ´É  ¸µ¡ÒÉ¨° F = (r−r+)(r−r−)/r2
+. ‚¢µ¤Ö ´µ¢ÊÕ ±µµ·¤¨´ ÉÊ

ρ = 2r+
√

r − r+/
√

r+ − r−, ¶µ²ÊÎ ¥³

dl2 =
(r+ − r−)2

4r4
+

ρ2dτ2 + dρ2 = dρ2 + ρ2dϕ2. (29)

�µ ÔÉµ ¨ ¥¸ÉÓ ³¥É·¨±  (²µ± ²Ó´µ) ¶²µ¸±µ° ¤¢Ê³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ ¢ Í¨²¨´-
¤·¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì. „²Ö Éµ£µ ÎÉµ¡Ò Ê¡· ÉÓ ±µ´Ê¸´ÊÕ ¸¨´£Ê²Ö·´µ¸ÉÓ ¢
ÉµÎ±¥ ρ = 0 (±µÉµ· Ö ¸µµÉ¢¥É¸É¢Ê¥É £µ·¨§µ´ÉÊ ¸µ¡ÒÉ¨°), ¶¥·¨µ¤  §¨³ÊÉ ²Ó-
´µ£µ Ê£²  ¤µ²¦¥´ ¡ÒÉÓ · ¢¥´ ϕ = 2π. ’ ±¨³ µ¡· §µ³, ¤²Ö ¶¥·¨µ¤  ±µµ·¤¨-
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´ ÉÒ ³´¨³µ£µ ¢·¥³¥´¨ τ ³Ò ¶µ²ÊÎ ¥³

T =
4πr2

+

r+ − r−
. (30)

�¡· É´ Ö ¦¥ ¢¥²¨Î¨´ 

Θ =
2G

√
m2 − e2/G

A
(31)

¢ ÉµÎ´µ¸É¨ · ¢´  É¥³¶¥· ÉÊ·¥ Î¥·´µ° ¤Ò·Ò �¥°¸¸´¥· Ä�µ·¤¸É·¥³ .
‚¸¥ ÔÉµ µ§´ Î ¥É, ÎÉµ ±¢ ´Éµ¢Ò¥ ¶µ²Ö ³ É¥·¨¨ ´  Ëµ´¥ Î¥·´µ° ¤Ò·Ò

µ¶¨¸Ò¢ ÕÉ¸Ö, Ë ±É¨Î¥¸±¨, É¥µ·¨¥° ¶µ²Ö ¶·¨ ±µ´¥Î´µ° É¥³¶¥· ÉÊ·¥. ‚ ÔÉµ³
¸³Ò¸²¥ ¶µÖ¢²¥´¨¥ É¥³¶¥· ÉÊ·Ò Ê Î¥·´µ° ¤Ò·Ò ¢Ò£²Ö¤¨É ¢¶µ²´¥ ¥¸É¥¸É¢¥´´µ.

� ·ÊÏ¥´¨¥ ´¥· ¢¥´¸É¢  dA ≥ 0 ¢µ¢¸¥ ´¥ µ§´ Î ¥É, ÎÉµ ¨§²ÊÎ¥´¨¥ ³µ¦¥É
¨¸Ìµ¤¨ÉÓ ¨§-¶µ¤ £µ·¨§µ´É , ¶µ¸±µ²Ó±Ê ¸ ³  Î¥·´ Ö ¤Ò·  ¢¸¥ ¥Ð¥ · ¸¸³ É·¨¢ -
¥É¸Ö ± ± µ¡Ñ¥±É Î¨¸Éµ ±² ¸¸¨Î¥¸±¨°. ‚ÒÎ¨¸²¥´¨Ö É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¢ ±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨° ´  § ¤ ´´µ³ Ëµ´¥ ³¥É·¨±¨ ˜¢ ·ÍÏ¨²Ó¤  ¶µ± § ²¨,
ÎÉµ ¨Ì ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ µÉ·¨Í É¥²Ó´ . ’ ±¨³ µ¡· §µ³, µÉ·¨Í É¥²Ó´Ò° ¶µ-
Éµ± ¶ ¤ ¥É ´  Î¥·´ÊÕ ¤Ò·Ê, Ê³¥´ÓÏ Ö ¥¥ ³ ¸¸Ê,   · ¢´Ò° ¥³Ê ¶µ²µ¦¨É¥²Ó´Ò°
¶µÉµ± ÊÌµ¤¨É ´  ¡¥¸±µ´¥Î´µ¸ÉÓ. Œµ¦´µ ¶·¥¤¸É ¢²ÖÉÓ ¤¥²µ É ±¨³ µ¡· §µ³,
ÎÉµ ±¢ ´Éµ¢Ò¥ Ë²Ê±ÉÊ Í¨¨ ¶µ²¥° ³ É¥·¨¨ µ¡· §ÊÕÉ ¢¡²¨§¨ £µ·¨§µ´É  ´¥ÎÉµ
¢·µ¤¥ Ô·£µ¸Ë¥·Ò, ¢´ÊÉ·¨ ±µÉµ·µ° (± ± Ê¦¥ £µ¢µ·¨²µ¸Ó) ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ
¶·µÍ¥¸¸ �¥´·µÊ§  (¤²Ö Î ¸É¨Í) ¨ ¸Ê¶¥·· ¤¨ Í¨Ö (¤²Ö ¶µ²¥° ¨§²ÊÎ¥´¨Ö).

2.3. �·µ¸É· ´¸É¢µ �¨´¤²¥· . �µ³¨³µ Î¥·´ÒÌ ¤Ò·, ¥¸ÉÓ ¥Ð¥ µ¤¨´ ¶·¨-
³¥· ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ£µ ³´µ£µµ¡· §¨Ö, ¢ ±µÉµ·µ³ ´ ¡²Õ¤ É¥²Ó ®¢¨-
¤¨É¯ Î¥·´µÉ¥²Ó´µ¥ ¨§²ÊÎ¥´¨¥. �Éµ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö �¨´¤²¥· . �´µ ¤µ¸É -
ÉµÎ´µ ¶·µ¸Éµ¥, ¶µ¸±µ²Ó±Ê ²µ± ²Ó´µ ¶²µ¸±µ¥, ¨ Ê· ¢´¥´¨Ö ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö ³µ£ÊÉ ¡ÒÉÓ ·¥Ï¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ ¨ ¶µ¤·µ¡´µ ¨¸¸²¥¤µ¢ ´Ò. ‚ Éµ ¦¥ ¢·¥³Ö
ÔÉµÉ ¶·¨³¥· ¨³¥¥É ¢ ¦´µ¥ §´ Î¥´¨¥, É ± ± ± ¸ÊÐ¥¸É¢Ê¥É £²Ê¡µ± Ö ¸¢Ö§Ó ³¥¦¤Ê
¶·µ¸É· ´¸É¢µ³ �¨´¤²¥·  ¨ ³´µ£µµ¡· §¨Ö³¨, ¸µ¤¥·¦ Ð¨³¨ Î¥·´Ò¥ ¤Ò·Ò. � ¸-
¸³µÉ·¨³ ¤¢Ê³¥·´µ¥ ¶²µ¸±µ¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¸ ³¥É·¨±µ°

ds2 = dt2 − dx2. (32)

Šµµ·¤¨´ ÉÒ �¨´¤²¥·  ¢¢µ¤ÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¶·¥µ¡· §µ¢ ´¨¥³:

t = ±1
a
eaξ sinh aη, (33)

x = ±1
a
eaξ coshaη, (34)

¶·¨Î¥³ ¢¥·Ì´¨° (´¨¦´¨°) §´ ± ¨¸¶µ²Ó§Ê¥É¸Ö ¶·¨ x > (<) 0. Œ¥É·¨±  (33)
É¥¶¥·Ó ¶·¨´¨³ ¥É ¢¨¤

ds2 = e2aξ(dη2 − dξ2). (35)
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�¨´¤²¥·µ¢¸±¨° ´ ¡²Õ¤ É¥²Ó, ¸¨¤ÖÐ¨° ´  ²¨´¨¨ ξ = const, ¨¸¶ÒÉÒ¢ ¥É ¶µ-
¸ÉµÖ´´µ¥ Ê¸±µ·¥´¨¥ α = ae−aξ. �Ê¤ÊÎ¨ ²µ± ²Ó´µ ¶²µ¸±¨³, ¶·µ¸É· ´¸É¢µ
�¨´¤²¥·  µÉ²¨Îa¥É¸Ö, É¥³ ´¥ ³¥´¥¥, µÉ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ. �´µ ¨³¥¥É
¤·Ê£¨¥ £· ´¨ÍÒ. ƒ· ´¨ÍÒ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ Å É·¨¢¨ ²Ó´Ò¥ ¡¥¸±µ-
´¥Î´µ¸É¨ (¶·µ¸É· ´¸É¢¥´´Ò¥, ¢·¥³¥´´Ò¥ ¨ ¸¢¥Éµ¢Ò¥). Šµµ·¤¨´ ÉÒ �¨´¤²¥· 
¶µ±·Ò¢ ÕÉ ²¨ÏÓ ¶µ²µ¢¨´Ê ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ |x| > |t|, ²¨´¨¨ x = ±t
Ö¢²ÖÕÉ¸Ö £µ·¨§µ´É ³¨ ¨ ¸²Ê¦ É ´µ¢Ò³¨ £· ´¨Í ³¨ ³´µ£µµ¡· §¨Ö (¢ ¤µ¶µ²´¥-
´¨¥ ± ¡¥¸±µ´¥Î´µ¸ÉÖ³). ’µÎ´Ò¥ ±¢ ´Éµ¢µ-¶µ²¥¢Ò¥ ¢ÒÎ¨¸²¥´¨Ö (¶µ¤·µ¡´µ¸É¨
³µ¦´µ ´ °É¨ ¢ ±´¨£¥ [15]) ¶µ± §Ò¢ ÕÉ, ÎÉµ ¢ ±ÊÊ³ ¶·µ¸É· ´¸É¢  �¨´¤²¥· 
§ ¶µ²´¥´, ´  ¸ ³µ³ ¤¥²¥, Î¥·´µÉ¥²Ó´Ò³ ¨§²ÊÎ¥´¨¥³, É¥³¶¥· ÉÊ·  ±µÉµ·µ£µ
· ¢´  É ± ´ §Ò¢ ¥³µ° É¥³¶¥· ÉÊ·e “´·Ê T0 = a/2π. Š ¦¤Ò° ´ ¡²Õ¤ É¥²Ó
¨§³¥·Ö¥É ²µ± ²Ó´ÊÕ É¥³¶¥· ÉÊ·Ê T = T0(g00)−1/2 = T0e−aξ = α/2π.

�µÖ¢²¥´¨¥ É¥³¶¥· ÉÊ·Ò (¨ É¥¶²µ¢µ° ¡ ´¨) ¢ ¶·µ¸É· ´¸É¢¥ �¨´¤²¥·  Å
£²µ¡ ²Ó´Ò° (  ´¥ ²µ± ²Ó´Ò°) ÔËË¥±É, ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸ÖÐ¨° µÉ £· ´¨Î´ÒÌ
Ê¸²µ¢¨° ´  £µ·¨§µ´É¥. ŒÒ ¨ §¤¥¸Ó ³µ¦¥³ ¶·µ¤¥² ÉÓ ÉµÉ ¦¥ É·Õ±, ÎÉµ ¨ ¸
Î¥·´Ò³¨ ¤Ò· ³¨. �¥·¥Ìµ¤Ö ± ³´¨³µ³Ê ¢·¥³¥´¨ η → iη = τ (±µÉµ·oe ¸Î¨É -
¥É¸Ö Í¨±²¨Î¥¸±µ° ¶¥·¥³¥´´µ°) ¨ ¢¢µ¤Ö ´µ¢ÊÕ ¶·µ¸É· ´¸É¢¥´´ÊÕ ±µµ·¤¨´ ÉÊ
ζ = 1/aeaξ, ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ¥¢±²¨¤µ¢ ²¨´¥°´Ò° Ô²¥³¥´É:

dl2 = a2ζ2dτ2 + dζ2. (36)

E¢±²¨¤µ¢  ¶µ¢¥·Ì´µ¸ÉÓ ¨³¥¥É, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ´Ê¸´ÊÕ µ¸µ¡¥´´µ¸ÉÓ, ±µÉµ-
· Ö ¨¸Î¥§ ¥É, Éµ²Ó±µ ¥¸²¨ ¶¥·¨µ¤ ³´¨³µ£µ ¢·¥³¥´¨ τ = 2π/a. ‚¥²¨Î¨´ ,
µ¡· É´ Ö ÔÉµ³Ê ¶¥·¨µ¤Ê, ¥¸ÉÓ ¢ ÉµÎ´µ¸É¨ É¥³¶¥· ÉÊ·  “´·Ê. ‡ ³¥É¨³, ÎÉµ
µ¶¨¸ ´´ Ö ¢ÒÏ¥ ¶·µÍ¥¤Ê·  ´µ¸¨É £²µ¡ ²Ó´Ò° Ì · ±É¥·, ¶µ¸±µ²Ó±Ê ¢Ò¡µ· ¶¥-
·¨µ¤  ¢ µ¤´µ° ÉµÎ±¥ µ¶·¥¤¥²Ö¥É Ë ±É¨Î¥¸±¨ ¶¥·¨µ¤Ò ®¸µ¡¸É¢¥´´ÒÌ¯ ³´¨³ÒÌ
¢·¥³¥´ ¤²Ö ¢¸¥Ì ·¨´¤²¥·µ¢¸±¨Ì ´ ¡²Õ¤ É¥²¥°.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ²¨´¥°´Ò° Ô²¥³¥´É ¸É É¨Î¥¸±µ£µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É-
·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ±µÉµ·Ò° ¢¸¥£¤  ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥

ds2 = eνdt2 − eλdr2 − r2dΩ2, (37)

£¤¥ ν ¨ λ Å ËÊ´±Í¨¨ · ¤¨Ê¸  r. ‚ ¸¨²Ê ¶·¨´Í¨¶  Ô±¢¨¢ ²¥´É´µ¸É¨ ¸É É¨-
Î¥¸±¨° ´ ¡²Õ¤ É¥²Ó ¤µ²¦¥´ ¨¸¶ÒÉÒ¢ ÉÓ ¶µ¸ÉµÖ´´µ¥ Ê¸±µ·¥´¨¥, ¨, ¤¥°¸É¢¨-
É¥²Ó´µ, ¶·Ö³µ¥ ¢ÒÎ¨¸²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ ÔÉµ Ê¸±µ·¥´¨¥ · ¢´µ α = κe−ν/2,
£¤¥

κ =
ν′

2
exp

(
ν − λ

2

)
(38)

¥¸ÉÓ ¶µ¢¥·Ì´µ¸É´ Ö £· ¢¨É Í¨Ö. ‘É É¨Î¥¸±¨° ´ ¡²Õ¤ É¥²Ó, ¸¨¤ÖÐ¨° ´  ¶µ-
¢¥·Ì´µ¸É¨ ¶µ¸ÉµÖ´´µ£µ · ¤¨Ê¸  r = r0 �= 0, ³µ¦¥É § ¡ÒÉÓ µ¡ Ê£²µ¢µ° Î ¸É¨
³¥É·¨±¨ (37) ¨ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ ¤¢Ê³¥·´µ¥ ¸É É¨Î¥¸±µ¥ ¶·µ¸É· ´¸É¢µ-
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¢·¥³Ö. ’ ± Ö ¤¢Ê³¥·´ Ö ¶µ¢¥·Ì´µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ ²¥£±µ ¶·¥µ¡· §µ¢ ´  ± ²µ-
± ²Ó´Ò³ ·¨´¤²¥·µ¢c±¨³ ±µµ·¤¨´ É ³. „¥°¸É¢¨É¥²Ó´µ,

ds2 = eνdt2 − eλdr2 = eν(dt2 − eλ−νdr2) = eν(dη2 − dξ2), (39)

£¤¥ η = t,   dξ = e(λ−ν)/2. � · ³¥É· Ê¸±µ·¥´¨Ö a ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³. �Ê¸ÉÓ r = r0 +δr, ξ = ξ0 +δξ, Éµ£¤  ξ0 = e(λ−ν)/2(r0)r0 ¨ δξ =
e(λ−ν)/2δr. Šµ´Ëµ·³´Ò° ³´µ¦¨É¥²Ó ¢¡²¨§¨ r = r0 · ¢¥´ eν(r0)(1 + ν′δr) =

e2aξ0(1 + 2aδξ). �É¸Õ¤  ¸²Ê¤¥É, ÎÉµ e2aξ0 = eν(r0) ¨ a =
ν′

2
e(ν−λ)/2(r0), ÎÉµ

¢ ÉµÎ´µ¸É¨ · ¢´µ ¶µ¢¥·Ì´µ¸É´µ° £· ¢¨É Í¨¨ κ.
�±¢¨¢ ²¥´É´µ¸ÉÓ ·¨´¤²¥·µ¢¸±¨Ì ´ ¡²Õ¤ É¥²¥° ¸É É¨Î¥¸±¨³ ¢ ¸Ë¥·¨Î¥¸-

±¨-¸¨³³¥É·¨Î´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢µ¢¸¥ ´¥ §´ Î¨É, ÎÉµ ¶µ¸²¥¤´¥¥ ¢¸¥-
£¤  ´ £·¥Éµ ¤µ µ¶·¥¤¥²¥´´µ° É¥³¶¥· ÉÊ·Ò. �É  Ô±¢¨¢ ²¥´É´µ¸ÉÓ ²¨ÏÓ ²µ± ²Ó-
´ Ö. „²Ö £²µ¡ ²Ó´µ° ¦¥ Ô±¢¨¢ ²¥´É´µ¸É¨ (· §Ê³¥¥É¸Ö, ¸ · §²¨Î´Ò³¨ ·¨´¤²¥-
·µ¢¸±¨³¨ ´ ¡²Õ¤ É¥²Ö³¨ ¤²Ö · §²¨Î´ÒÌ ¸É É¨Î¥¸±¨Ì ´ ¡²Õ¤ É¥²¥°) ´¥µ¡-
Ìµ¤¨³µ ´ ²¨Î¨¥ £µ·¨§µ´É  ¸µ¡ÒÉ¨°, ÎÉµ ³Ò ¨ ¨³¥¥³ ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´µ° Î¥·´µ° ¤Ò·Ò. �µ ¨ ÔÉµ ¥Ð¥ ´¥ ¢¸¥. �¥¤Ê±Í¨Ö Î¥ÉÒ·¥Ì³¥·-
´µ£µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ¤¢Ê³¥·´µ° (t, r)-¶µ-
¢¥·Ì´µ¸É¨ ³µ¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´ , Éµ²Ó±µ ¥¸²¨ r �= 0. ’µÎ±  r = 0 Ö¢²Ö¥É¸Ö
±µµ·¤¨´ É´µ° ¸¨´£Ê²Ö·´µ¸ÉÓÕ. �µÔÉµ³Ê µ¶¨¸ ´´ Ö ¢ÒÏ¥ Ô±¢¨¢ ²¥´É´µ¸ÉÓ
¶·¥±· ¸´µ · ¡µÉ ¥É, Éµ²Ó±µ ¥¸²¨ ¤¢Ê³¥·´ Ö ¥¢±²¨¤µ¢  ¶µ¢¥·Ì´µ¸ÉÓ ´¥ ¸µ¤¥·-
¦¨É ´ Î ²µ ±µµ·¤¨´ É. ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ³Ò ¡Ò²¨ ¡Ò ¢Ò´Ê¦¤¥´Ò · ¸-
¸³ É·¨¢ ÉÓ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ ·¨´¤²¥·µ¢¸±µ¥ ³´µ£µµ¡· §¨¥, ±µÉµ·µ¥
¸ÊÐ¥¸É¢¥´´µ ´¥¸É É¨Î¥¸±µ¥, ¨ ¶µÉµ³Ê Ô±¢¨¢ ²¥´É´µ¸ÉÓ É¥·Ö¥É¸Ö.

ˆ, ´ ±µ´¥Í, ¶µ¸²¥¤´¥¥ § ³¥Î ´¨¥. ’¥³¶¥· ÉÊ·  (¥¸²¨ É ±µ¢ Ö ¥¸ÉÓ), ¨§³¥-
·Ö¥³ Ö ²µ± ²Ó´Ò³ ¸É É¨Î¥¸±¨³ ´ ¡²Õ¤ É¥²¥³, ¶µ¤Î¨´Ö¥É¸Ö § ±µ´Ê
Θ
√

g00 = const. ‘²¥¤µ¢ É¥²Ó´µ, É¥³¶¥· ÉÊ·  Θ0 = κ/2π ¨§³¥·Ö¥É¸Ö ´ -
¡²Õ¤ É¥²¥³, ¸¨¤ÖÐ¨³ ¢ ÉµÎ±¥ ¸ g00 = 1. „²Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¶²µ¸±µ£µ
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ÔÉµ, · §Ê³¥¥É¸Ö, ¶·µ¸É· ´¸É¢¥´´ Ö ¡¥¸±µ´¥Î´µ¸ÉÓ.

2.4. Š¢ ´Éµ¢ ´´Ò° ¸¶¥±É· ³ ¸¸. ˆ¸Éµ·¨Î¥¸±¨ µÉ±·ÒÉ¨¥ ±¢ ´Éµ¢µ° ¶·¨-
·µ¤Ò ¨§²ÊÎ¥´¨Ö ¶·¨¢¥²µ ± ¶µ¸É·µ¥´¨Õ ³µ¤¥²¨  Éµ³  ¢µ¤µ·µ¤  ¨ µ¡ÑÖ¸´¥´¨Õ
¤¨¸±·¥É´µ¸É¨ ¥£µ Ô´¥·£¥É¨Î¥¸±µ£µ ¸¶¥±É· . �´ ²µ£¨Î´µ ±¢ ´Éµ¢ Ö ¶·¨·µ¤ 
¨§²ÊÎ¥´¨Ö ¶·¥¤¶µ² £ ¥É, ÎÉµ ¸¶¥±É· ³ ¸¸ Î¥·´ÒÌ ¤Ò·, ¶µ ¸ÊÐ¥¸É¢Ê, ±¢ ´-
Éµ¢ ´. „¦. �¥±¥´ÏÉ¥°´ ¶·¥¤²µ¦¨² Ô±¢¨¤¨¸É ´É´Ò° ¤¨¸±·¥É´Ò° ¸¶¥±É· ¤²Ö
¶µ¢¥·Ì´µ¸É¨ £µ·¨§µ´É  Î¥·´µ° ¤Ò·Ò. �´ ³µÉ¨¢¨·µ¢ ² ÔÉµ ¸²¥¤ÊÕÐ¨³ µ¡· -
§µ³. ‚¥²¨Î¨´  Ô´É·µ¶¨¨ ¥¸ÉÓ ²µ£ ·¨Ë³ Î¨¸²  ¸¶µ¸µ¡µ¢, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ
³Ò ³µ¦¥³ ¶µ²ÊÎ¨ÉÓ Î¥·´ÊÕ ¤Ò·Ê ¸ § ¤ ´´Ò³¨ ¶ · ³¥É· ³¨, µ´  ¸¢Ö§ ´  ¸
±µ²¨Î¥¸É¢µ³ ¨´Ëµ·³ Í¨¨, ¸¶·ÖÉ ´´µ° ¢ Î¥·´µ° ¤Ò·¥. �´ É ±¦¥ ¶µ± § ²,
ÎÉµ ¶²µÐ ¤Ó £µ·¨§µ´É  Ö¢²Ö¥É¸Ö  ¤¨ ¡ É¨Î¥¸±¨³ ¨´¢ ·¨ ´Éµ³. Šµ²¨Î¥¸É¢µ
¨´Ëµ·³ Í¨¨, ¥¸É¥¸É¢¥´´µ, ±¢ ´ÉÊ¥É¸Ö. ‘²¥¤µ¢ É¥²Ó´µ, ¶µ¢¥·Ì´µ¸ÉÓ £µ·¨-
§µ´É , ¡Ê¤ÊÎ¨ ¶·µ¶µ·Í¨µ´ ²Ó´µ° Ô´É·µ¶¨¨, ¤µ²¦´  ¨³¥ÉÓ Ô±¢¨¤¨¸É ´É´Ò°
¸¶¥±É·. ‚. ŒÊÌ ´µ¢ ¤ ² Ê¦¥ ±µ²¨Î¥¸É¢¥´´ÊÕ (Ë¥´µ³¥´µ²µ£¨Î¥¸±ÊÕ) µÍ¥´±Ê.
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ŒÒ µ¡µ¡Ð¨³ ¥£µ ·¥§Ê²ÓÉ É (¶µ²ÊÎ¥´´Ò° ¤²Ö Î¥·´µ° ¤Ò·Ò ˜¢ ·ÍÏ¨²Ó¤ ) ´ 
¸²ÊÎ ° § ·Ö¦¥´´µ° Î¥·´µ° ¤Ò·Ò �¥°¸¸´¥· Ä�µ·¤¸É·¥³ . �Ê¸ÉÓ Î¥·´ Ö ¤Ò· 
¨§²ÊÎ ¥É ±¢ ´É Ô´¥·£¨¨ ω ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìµ¤  ¨§ ¸µ¸ÉµÖ´¨Ö n ¢ ¸µ¸ÉµÖ-
´¨¥ (n − 1). ®’¨¶¨Î´ Ö¯ Ô´¥·£¨Ö ÔÉµ£µ ±¢ ´É  ³¨´Ê¸ · ¡µÉ , ¢Ò¶µ²´Ö¥³ Ö
¶·µÉ¨¢ ¸¨² ±Ê²µ´µ¢¸±µ£µ ¶·¨ÉÖ¦¥´¨Ö, ¤µ²¦´  ¡ÒÉÓ ¶·µ¶µ·Í¨µ´ ²Ó´  É¥³¶¥-
· ÉÊ·¥ Î¥·´µ° ¤Ò·Ò (´ ¶µ³´¨³, ÎÉµ ³Ò ¨¸¶µ²Ó§Ê¥³ Ô´¥·£¥É¨Î¥¸±ÊÕ ¸¨¸É¥³Ê
¥¤¨´¨Í):

ωn,n−1 − ΦdQ = παΘ. (40)

‡¤¥¸Ó dQ Å § ·Ö¤ ±¢ ´É ,   α Å ´¥±µÉµ· Ö ³¥¤²¥´´µ ³¥´ÖÕÐ Ö¸Ö ËÊ´±Í¨Ö
±¢ ´Éµ¢µ£µ Î¨¸²  n. �µ¤¸É ¢²ÖÖ § É¥³ (40) ¢ (21), ¶µ²ÊÎ ¥³ (ωn,n−1 = dm)

dA = 4πGα, (41)

¨²¨

dA = 4πGαdn. (42)

ˆ´É¥£·¨·ÊÖ, ¨³¥¥³

A = 4πGα̃n + 4πGC, (43)

£¤¥ C Å ¶µ¸ÉµÖ´´ Ö ¨´É¥£·¨·µ¢ ´¨Ö,   α̃ Å ´¥±µÉµ· Ö ¤·Ê£ Ö, ³¥¤²¥´´µ
³¥´ÖÕÐ Ö¸Ö ËÊ´±Í¨Ö n. …¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ §´ Î¥´¨¥ n = 0 ¸µ-
µÉ¢¥É¸É¢Ê¥É ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ³Ê §´ Î¥´¨Õ ¶²µÐ ¤¨ £µ·¨§µ´É , É. ¥. ¶²µ-
Ð ¤¨ £µ·¨§µ´É  Ô±¸É·¥³ ²Ó´µ° Î¥·´µ° ¤Ò·Ò. �Éµ ¤ ¥É ´ ³ C = Q2. Ÿ¸´µ,
ÎÉµ Ëµ·³Ê²Ò •µ±¨´£  ¸¶· ¢¥¤²¨¢Ò, Éµ²Ó±µ ¥¸²¨ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ µ¡· É´µ°
·¥ ±Í¨¥° ¨§²ÊÎ¥´¨Ö ´  ³¥É·¨±Ê, É. ¥. ¥¸²¨ É¥³¶¥· ÉÊ·  Î¥·´µ° ¤Ò·Ò ³ ²  ¶µ
¸· ¢´¥´¨Õ ¸ ¥¥ ³ ¸¸µ°. ’ ±¨³ µ¡· §µ³, ´ ¸ ¨´É¥·¥¸ÊÕÉ ¤¢  ¶·¥¤¥²Ó´ÒÌ ¸²Ê-
Î Ö: ¡µ²ÓÏ¨¥ Î¥·´Ò¥ ¤Ò·Ò ¨ ¶µÎÉ¨ Ô±¸É·¥³ ²Ó´Ò¥ Î¥·´Ò¥ ¤Ò·Ò. ‚ ¶¥·¢µ³
¸²ÊÎ ¥ n 	 Q2, ¨ ³Ò ¶·¥¤¶µ² £ ¥³ ¸²¥¤ÊÕÐ¥¥ · §²µ¦¥´¨¥ ¢ ·Ö¤ ¶µ ³ ²µ³Ê
¶ · ³¥É·Ê:

α̃ = α1 + β1
Q2

n
+ γ1

Q4

n2
+ . . . ,

Q2

n

 1. (44)

‚µ ¢Éµ·µ³ ¸²ÊÎ ¥ n 
 Q2, ¨ ³Ò ¨³¥¥³

α̃ = α2 + β2
n

Q2
+ γ2

n2

Q4
+ . . . ,

Q2

n
	 1. (45)

‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ · §²µ¦¥´¨Ö ¤²Ö ³ ¸¸ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

m =
√

n

2
√

G

√
α1

(
1 +

β1 + 3
2α1

Q2

n
+

+
(

γ1

2α1
− (β1 + 1)(β1 + 4)

8α2
1

)
Q4

n2
+ . . .

)
, n 	 Q2 (46)
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¨

m =
|Q|

2
√

G

(
2 +

α2
2

4
n2

Q4
+ . . .

)
, n 
 Q2. (47)

‡´ Î¥´¨Ö ¤²Ö α, β ¨ γ ¡Ê¤ÊÉ µ¶·¥¤¥²¥´Ò ¤²Ö ±µ´±·¥É´µ° ³µ¤¥²¨ ¢ ¸²¥¤ÊÕÐ¥³
· §¤¥²¥.

3. Œ�„…‹ˆ Š‚��’�‚›• —…��›• „›�

3.1. ‚¥Î´ Ö Î¥·´ Ö ¤Ò· . ŒÒ Ê¦¥ µ¶¨¸ ²¨ ¶µ¤·µ¡´µ ±² ¸¸¨Î¥¸±ÊÕ Î¥·-
´ÊÕ ¤Ò·Ê ¨ Ê¶µ³Ö´Ê²¨, ÎÉµ Ê ´¥¥ ´¥É ¤¨´ ³¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò. ‚ ÔÉµ³
µÉ´µÏ¥´¨¨ ¢¥Î´ Ö Î¥·´ Ö ¤Ò·   ´ ²µ£¨Î´  ±Ê²µ´µ¢¸±µ³Ê ¶µ²Õ ¢ Ô²¥±É·µ¤¨-
´ ³¨±¥. ’¥³ ´¥ ³¥´¥¥ ³¥Éµ¤¨Î¥¸±¨ ¶µ²¥§´µ ¶·µ±¢ ´Éµ¢ ÉÓ É ±ÊÕ ¸¨¸É¥³Ê.
� §Ê³¥¥É¸Ö, ¶µ²´ÊÕ ¶·µ£· ³³Ê ±¢ ´Éµ¢ ´¨Ö ¢Ò¶µ²´¨ÉÓ ´¥ Ê¤ ¸É¸Ö, É ± ± ±
±¢ ´Éµ¢ Ö £· ¢¨É Í¨Ö ¶¥·ÉÊ·¡ É¨¢´µ ´¥¶¥·¥´µ·³¨·Ê¥³ . �µ ¢ § ³µ·µ¦¥´´µ³
Ëµ·³ ²¨§³¥ ±¢ ´Éµ¢ ´¨¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¢ ±ÊÊ³´ÒÌ ³´µ£µµ¡· -
§¨° ³µ¦¥É ¡ÒÉÓ ¶µ²´µ¸ÉÓÕ ¶·µ¢¥¤¥´µ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ µ¡· §µ³. ‚ § ³µ·µ-
¦¥´´µ³ Ëµ·³ ²¨§³¥ ³Ò µ¸É ¢²Ö¥³ Éµ²Ó±µ µ¤´Ê, · ¤¨ ²Ó´ÊÕ ¸É¥¶¥´Ó ¸¢µ¡µ¤Ò.
•µÉÖ ¨ ´¥ ¶µ²´µ¥, É ±µ¥ ±¢ ´Éµ¢ ´¨¥ ³µ¦¥É ¤ ÉÓ ¢¶µ²´¥ · §Ê³´Ò¥ ¨ ´ ¤¥¦´Ò¥
·¥§Ê²ÓÉ ÉÒ, µ¸µ¡¥´´µ ¢ ¸¢¥É¥ ¶µ¸²¥¤´¨Ì ¤µ¸É¨¦¥´¨° [16], ±µÉµ·Ò¥ ¶µ¤¤¥·¦¨-
¢ ÕÉ ¶·¥¤¶µ²µ¦¥´¨¥ µ Éµ³, ÎÉµ Î¥ÉÒ·¥Ì³¥·´ Ö Ô°´ÏÉ¥°´µ¢¸± Ö £· ¢¨É Í¨Ö
´¥¶¥·ÉÊ·¡ É¨¢´µ ¶¥·¥´µ·³¨·Ê¥³  [17]. Š¢ ´Éµ¢ ´¨¥ ¢¥Î´µ° Î¥·´µ° ¤Ò·Ò ¢
§ ³µ·µ¦¥´´µ³ Ëµ·³ ²¨§³¥ ¡Ò²µ ¢Ò¶µ²´¥´µ ƒ. Š ¸É·Ê¶µ³ ¨ ’. ’¨³ ´´µ³ [18]
¢ ¶¥·¥³¥´´ÒÌ �ÏÉ¥± ·  ¨ Š. ŠÊÌ ¦¥³ ¢ £¥µ³¥É·µ¤¨´ ³¨±¥ [19]. „ ¦¥ ¤²Ö
¸Éµ²Ó ¶·µ¸Éµ£µ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ£µ ³´µ£µµ¡· §¨Ö § ¤ Î  µ± § ² ¸Ó
¢µ¢¸¥ ´¥ É·¨¢¨ ²Ó´µ°. �µ ±µ´¥Î´Ò° ·¥§Ê²ÓÉ É ¢ µ¡µ¨Ì ¶µ¤Ìµ¤ Ì µ± § ²¸Ö
µ¤¨´ ±µ¢Ò³ Å ±¢ ´Éµ¢Ò° ËÊ´±Í¨µ´ ² µÉ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¢ ±Ê-
Ê³´ÒÌ ³¥É·¨± § ¢¨¸¨É Éµ²Ó±µ µÉ ³ ¸¸Ò ˜¢ ·ÍÏ¨²Ó¤ . ˆ ¨§-§  µÉ¸ÊÉ¸É¢¨Ö
¤¨´ ³¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ´¥¢µ§³µ¦´µ ¶µ²ÊÎ¨ÉÓ ± ±ÊÕ-²¨¡µ ¨´Ëµ·³ -
Í¨Õ µ ¸¶¥±É·¥ ³ ¸¸ Î¥·´ÒÌ ¤Ò·. ”¨§¨Î¥¸±¨ É ±µ° ·¥§Ê²ÓÉ É ¢¶µ²´¥ ³µ¦´µ
¶µ´ÖÉÓ, ¥¸²¨ ¸· ¢´¨ÉÓ ¢¥Î´ÊÕ Î¥·´ÊÕ ¤Ò·Ê ¸  ´ ²µ£¨Î´µ° ³µ¤¥²ÓÕ ¢ Ô²¥±É·µ-
¤¨´ ³¨±¥ ¸  Éµ³µ³ ¢µ¤µ·µ¤ . �·¥¤¸É ¢¨³ ¸¥¡¥, ÎÉµ ³Ò ¶µ§¢µ²¨³ Ô²¥±É·µ´Ê
¸´ Î ²  ±² ¸¸¨Î¥¸±¨ ®Ê¶ ¸ÉÓ¯ ´  ¶·µÉµ´,   § É¥³ ´ Î´¥³ ±¢ ´Éµ¢ ÉÓ É ±ÊÕ
¸¨¸É¥³Ê. —Éµ ³Ò ¶µ²ÊÎ¨³? �µ¢´Ò³ ¸Î¥Éµ³ ´¨Î¥£µ. Šµ´¥Î´µ, ¢ µÉ²¨Î¨¥ µÉ
Ô²¥±É·µ¤¨´ ³¨±¨, £¤¥ Ê ´ ¸ ¥¸ÉÓ ± ± ¶µ²µ¦¨É¥²Ó´Ò¥, É ± ¨ µÉ·¨Í É¥²Ó´Ò¥
Ô²¥±É·¨Î¥¸±¨¥ § ·Ö¤Ò, ³ ¸¸  ¢¥Î´µ° Î¥·´µ° ¤Ò·Ò ³µ¦¥É ¡ÒÉÓ Éµ²Ó±µ ¶µ²µ-
¦¨É¥²Ó´µ°, ¶µÔÉµ³Ê ¢³¥¸Éµ ®´¨Î¥£µ¯ ¢ ·¥§Ê²ÓÉ É¥ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶-
¸  µ¡· §Ê¥É¸Ö ¸¨´£Ê²Ö·´µ¸ÉÓ ±·¨¢¨§´Ò, ´µ ± Î¥¸É¢¥´´µ ± ·É¨´  É  ¦¥ ¸ -
³ Ö. —Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ± ±µ°-²¨¡µ Ë¨§¨Î¥¸±¨ §´ Î¨³Ò° ·¥§Ê²ÓÉ É, ³Ò ¤µ²¦´Ò
¢±²ÕÎ¨ÉÓ ¤¨´ ³¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò. ‚ ¶µ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ³Ò · ¸-
¸³µÉ·¨³ ±¢ ´Éµ¢ ´¨¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ Éµ´±¨Ì ¶Ò²¥¢ÒÌ µ¡µ²µÎ¥±,
±² ¸¸¨Î¥¸± Ö É¥µ·¨Ö ±µÉµ·ÒÌ ¡Ò²  ¤ ´  ¢ · §¤. 1.
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3.2. � ¨¢´µ¥ ±¢ ´Éµ¢ ´¨¥. ‘µ¤¥·¦ ´¨¥ ÔÉµ£µ · §¤¥²  µ¸´µ¢Ò¢ ¥É¸Ö ´ 
· ¡µÉ Ì [20Ä22].

� ¸¸³µÉ·¨³ ±µ´±·¥É´ÊÕ ³µ¤¥²Ó ±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò. ŒÒ ¡Ê¤¥³ ¨¸-
¸²¥¤µ¢ ÉÓ ¸ ³µ£· ¢¨É¨·ÊÕÐÊÕ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÊÕ Éµ´±ÊÕ ¶Ò²¥¢ÊÕ
µ¡µ²µÎ±Ê, ¨³¥ÕÐÊÕ £µ²ÊÕ ³ ¸¸Ê M , ¶µ²´ÊÕ ³ ¸¸Ê m ¨ Ô²¥±É·¨Î¥¸±¨° § -
·Ö¤ e. � ¸¸³µÉ·¥´¨¥ ®¶· ¢¨²Ó´µ°¯ ¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö (µ¸´µ¢ ´´µ° ´ 
®¶¥·¢ÒÌ ¶·¨´Í¨¶ Ì¯) ³Ò ´¥´ ¤µ²£µ µÉ²µ¦¨³,   §¤¥¸Ó ¨¸¸²¥¤Ê¥³ µÎ¥´Ó ¶·µ-
¸ÉÊÕ ±¢ ´Éµ¢ÊÕ ³µ¤¥²Ó, ¡ §¨·ÊÕÐÊÕ¸Ö ´  ±² ¸¸¨Î¥¸±µ³ Ê· ¢´¥´¨¨ ¤¢¨¦¥´¨Ö
´ Ï¥° µ¡µ²µÎ±¨. ’ ± ± ± m ¥¸ÉÓ ¶µ²´ Ö ³ ¸¸  (Ô´¥·£¨Ö) ¸¨¸É¥³Ò,   (11)
¢Ò· ¦ ¥É § ±µ´ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨, · §Ê³´µ ¸Î¨É ÉÓ ÔÉÊ Ô´¥·£¨Õ Î¨¸²¥´´µ
· ¢´µ° £ ³¨²ÓÉµ´¨ ´Ê ¸¨¸É¥³Ò. ˆ³¥¥³, É ±¨³ µ¡· §µ³,

m = M
√

ρ̇2 + 1 − GM2 − e2

2ρ
. (48)

„²Ö Éµ£µ ÎÉµ¡Ò ¶·µ±¢ ´Éµ¢ ÉÓ ± ±ÊÕ-²¨¡µ ¸¨¸É¥³Ê, ³Ò ¤µ²¦´Ò ¸´ Î ² 
¶µ¸É·µ¨ÉÓ £ ³¨²ÓÉµ´¨ ´,   § É¥³ § ³¥´¨ÉÓ ±² ¸¸¨Î¥¸±¨¥ ¸±µ¡±¨ �Ê ¸¸µ´ 
±¢ ´Éµ¢Ò³¨ ±µ³³ÊÉ Í¨µ´´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨. …¸²¨ ´ ³ § ¤ ´µ ±² ¸¸¨Î¥-
¸±µ¥ ¢Ò· ¦¥´¨e ¤²Ö Ô´¥·£¨¨ ¸¨¸É¥³Ò E(ρ̇, ρ) ± ± ËÊ´±Í¨¨ · ¤¨Ê¸  ¨ ¸±µ-
·µ¸É¨ (¶·µ¨§¢µ¤´µ° · ¤¨Ê¸  ¶µ ¢·¥³¥´¨, ¢ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉµ ¶·µ¨§¢µ¤´ Ö
¶µ ¸µ¡¸É¢¥´´µ³Ê ¢·¥³¥´¨, É ± ÎÉµ Ë ±É¨Î¥¸±¨ ÔÉµ ´¥ ¸±µ·µ¸ÉÓ,   ¡Ò¸É·µÉ ),
Éµ ¸µ¶·Ö¦¥´´Ò° ¨³¶Ê²Ó¸ p, ² £· ´¦¨ ´ L ¨ £ ³¨²ÓÉµ´¨ ´ H ³µ£ÊÉ ¡ÒÉÓ
´ °¤¥´Ò ¨§ ¸²¥¤ÊÕÐ¨Ì ¸µµÉ´µÏ¥´¨°:

p =
∂L

∂ρ̇
, (49)

E = pρ̇ − L = ρ̇
∂L

∂ρ̇
− L, (50)

L = ρ̇

∫
E

dρ̇

ρ̇2
= ρ̇

∫
∂E

∂ρ̇

dρ̇

ρ̇
− H, (51)

ÎÉµ ¤²Ö ¸µ¶·Ö¦¥´´µ£µ ¨³¶Ê²Ó¸  ¤ ¥É ´ ³

p =
∫

∂E

∂ρ̇

dρ̇

ρ̇
. (52)

�µ¤¸É ¢²ÖÖ ¤²Ö Ô´¥·£¨¨ E ¢Ò· ¦¥´¨¥ (48), ¶µ²ÊÎ ¥³

p = M log (ρ̇ +
√

ρ̇2 + 1) + F (ρ), (53)

L = M(ρ̇ log (ρ̇ +
√

ρ̇2 + 1) −
√

ρ̇2 + 1) + ρ̇F (ρ), (54)

£¤¥ F (ρ) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö · ¤¨Ê¸ . �É ¢Ò¡µ·  ÔÉµ° ËÊ´±Í¨¨ ² £· ´-
¦¥¢Ò Ê· ¢´¥´¨Ö ´¥ § ¢¨¸ÖÉ,   ¢ £ ³¨²ÓÉµ´µ¢µ³ Ëµ·³ ²¨§³¥ ÔÉµ ¶·¨¢µ¤¨É ±
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± ´µ´¨Î¥¸±¨-Ô±¢¨¢ ²¥´É´Ò³ ¸¨¸É¥³ ³. �ÉµÉ ¢Ò¡µ· ³µ¦¥É ¡ÒÉÓ ¢ ¦¥´, ¥¸²¨
¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ ¤µ¢µ²Ó´µ ¸²µ¦´ÊÕ ¸É·Ê±ÉÊ·Ê ³ ±¸¨³ ²Ó´µ · ¸Ï¨·¥´-
´µ£µ ³´µ£µµ¡· §¨Ö Î¥·´µ° ¤Ò·Ò ¨ ¶ÒÉ ÉÓ¸Ö ¶µ¸É·µ¨ÉÓ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ,
¶µ±·Ò¢ ÕÐÊÕ ¢¸¥ ÔÉµ ³´µ£µµ¡· §¨¥. �µ ¢ ÔÉµ° £² ¢¥ ´ ³ ´¥ ´Ê¦´µ É ±µ¥
Ê¸²µ¦´¥´¨¥, ¨ ³Ò ¶µ²µ¦¨³ F (ρ) = 0. ˆ§ (53) ¶µ²ÊÎ ¥³

ρ̇ = sinh
p

M
, (55)

¨ ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¢ (48) ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê £ -
³¨²ÓÉµ´¨ ´Ê:

H = M cosh
p

M
− GM2 − e2

2ρ
. (56)

“¤µ¡´µ ¸¤¥² ÉÓ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ± ´µ¢Ò³ ¶¥·¥³¥´´Ò³ (M ¥¸ÉÓ
£µ² Ö ³ ¸¸  µ¡µ²µÎ±¨):

x = Mρ, Π =
1
M

ρ, (57)

Éµ£¤ 

H = M

(
coshΠ − GM2 − e2

2x

)
. (58)

’¥¶¥·Ó ´ ²µ¦¨³ ±¢ ´Éµ¢µ¥ ±µ³³ÊÉ Í¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥

[Π, x] = −i. (59)

‚ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ Π = −i∂/∂x, ¶µÔÉµ³Ê, ¨¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥-
´¨¥

exp
(
−i

∂

∂x

)
Ψ(x) = Ψ(x − i), (60)

³Ò ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¸É Í¨µ´ ·´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· :

HΨ(x) = EΨ(x), (61)

M

2

(
Ψ(x + i) + Ψ(x − i) − GM2 − e2

x
Ψ(x)

)
= mΨ(x). (62)

‚¢¥¤Ö µ¡µ§´ Î¥´¨¥ ε = m/M , ¶¥·¥¶¨Ï¥³ ¥£µ ¢ ¢¨¤¥

Ψ(x + i) + Ψ(x − i) =
(

2ε +
κM2 − e2

x

)
Ψ(x). (63)
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‡¤¥¸Ó Ê³¥¸É´µ ¸¤¥² ÉÓ ´¥±µÉµ·Ò¥ § ³¥Î ´¨Ö. ‚µ-¶¥·¢ÒÌ, ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥-
´¨¥ ˜·¥¤¨´£¥·  Å ´¥ ¶·¨¢ÒÎ´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥,   Ê· ¢´¥´¨¥
¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ. �Éµ ¶·Ö³µ¥ ¸²¥¤¸É¢¨¥ ±¢ ´Éµ¢ ´¨Ö ¢ ¸µ¡¸É¢¥´´µ³ ¢·¥-
³¥´¨, ÎÉµ ¥¸É¥¸É¢¥´´µ ¢ · ³± Ì µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨. ‚µ-¢Éµ·ÒÌ,
¶µ²´ Ö ³ ¸¸  m É¥¶¥·Ó Ê¦¥ ´¥ ¶·µ¨§¢µ²Ó´ ,   Ö¢²Ö¥É¸Ö ¸µ¡¸É¢¥´´Ò³ §´ -
Î¥´¨¥³ µ¶¥· Éµ·  ƒ ³¨²ÓÉµ´ , ±µÉµ·Ò° ¤µ²¦¥´ ¡ÒÉÓ Ô·³¨Éµ¢Ò³ ´  ¶µ²µ¦¨-
É¥²Ó´µ° ¶µ²Êµ¸¨. ‚-É·¥ÉÓ¨Ì, § ³¥É¨³, ÎÉµ Ï £ ¢ ´ Ï¥³ Ê· ¢´¥´¨¨ ¢ ±µ´¥Î´ÒÌ
· §´µ¸ÉÖÌ Å ¢¤µ²Ó ³´¨³µ° µ¸¨, É ± ÎÉµ ®¶· ¢¨²Ó´µ¥¯ ·¥Ï¥´¨¥ ¤µ²¦´µ µ¡² -
¤ ÉÓ µ¶·¥¤¥²¥´´Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨ ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨.

�µ²ÊÎ¥´´ Ö £ ³¨²ÓÉµ´µ¢  ± ·É¨´  ´¥ Ô±¢¨¢ ²¥´É´  £ ³¨²ÓÉµ´µ¢µ° ¸¨-
¸É¥³¥, ±µÉµ· Ö ¶µ²ÊÎ¨² ¸Ó ¡Ò, ¥¸²¨ ¡Ò ³Ò ¸É ·Éµ¢ ²¨ ¶·Ö³µ ¨§ ¤¥°¸É¢¨Ö
�°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É . �µ ´ Ï  ¶·µÍ¥¤Ê·  ¸ ³µ¸µ£² ¸µ¢ ´´ . ŒÒ ´ Î ²¨ ¸
Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, Ê¦¥ § ¶¨¸ ´´µ£µ ¢ ¸µ¡¸É¢¥´´µ³ ¢·¥³¥´¨, § É¥³ ¶µ¸É·µ-
¨²¨ ´µ¢Ò° ² £· ´¦¨ ´, ±µÉµ·Ò° ¶·¨¢µ¤¨É ¸· §Ê ¦¥ ± Ê· ¢´¥´¨Õ ¤¢¨¦¥´¨Ö ¢
¸µ¡¸É¢¥´´µ³ ¢·¥³¥´¨ ¡¥§µ ¢¸Ö±¨Ì µ£· ´¨Î¥´¨° ¨/¨²¨ ¸¢Ö§¥°. ŒÒ ´¥ µ¦¨¤ ¥³
¶µ²ÊÎ¥´¨Ö ¶· ¢¨²Ó´µ£µ ¸¶¥±É·  ³ ¸¸. �µ ¶·¥¤² £ ¥³ Ö ³µ¤¥²Ó Î·¥§¢ÒÎ °´µ
¶·µ¸É  ¨, ± ± ³Ò ¢¸±µ·¥ Ê¢¨¤¨³, ÉµÎ´µ ·¥Ï ¥³ , É ± ÎÉµ ± ¦¥É¸Ö · §Ê³´Ò³
· §¢¨ÉÓ §¤¥¸Ó ´¥±µÉµ·Ò¥ ´µ¢Ò¥ ³¥Éµ¤Ò ¨ ¨¤¥¨.

‚ ±µ´Í¥ ÔÉµ£µ · §¤¥²  · ¸¸³µÉ·¨³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥². �µ¸²¥ ¢µ¸-
¸É ´µ¢²¥´¨Ö ¢¸¥Ì · §³¥·´µ¸É¥° ¸¤¢¨´ÊÉÒ°  ·£Ê³¥´É (x ± i) · ¢¥´

x ± i → M

(
ρ ± 1

M
i

)
→ ρ ± �

Mc
i, (64)

É ± ÎÉµ ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥² ¶µ²ÊÎ ¥É¸Ö ¶·¨ ρ 	 �/Mc. � §² £ Ö (63)
¤µ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ ¶ · ³¥É·Ê (�/Mc), ¶µ²ÊÎ ¥³

− 1
2M

d2Ψ
dρ2

− GM2 − e2

2ρ
Ψ = (E − M)Ψ, (65)

  ÔÉµ ¥¸ÉÓ ± ± · § ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó-
´µ° s-¢µ²´µ¢µ° ËÊ´±Í¨¨, ¶·¨Î¥³ (E − M ) ¥¸ÉÓ ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Ô´¥·£¨Ö
¸¨¸É¥³Ò, ¤²Ö µÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ±µÉµ·µ° ¶·¨¥³²¥³Ò¥ ·¥Ï¥´¨Ö ¸ÊÐ¥-
¸É¢ÊÕÉ Éµ²Ó±µ ¤²Ö ¤¨¸±·¥É´µ£µ ¸¶¥±É· :

(E − M)n = −M(GM2 − e2)2

8n2
, n = 1, 2, . . . (66)

�·¨ G = 0 ÔÉµ ¸¢µ¤¨É¸Ö ± ¨§¢¥¸É´µ° Ëµ·³Ê²¥ �¨¤¡¥·£  ¤²Ö  Éµ³  ¢µ¤µ·µ¤ .
�µ± ¦¥³ É¥¶¥·Ó, ± ± ·¥Ï ÉÓ ¶µ²ÊÎ¥´´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ±µ´¥Î-

´ÒÌ · §´µ¸ÉÖÌ. ˆ ¸¤¥² ¥³ ÔÉµ ¸´ Î ²  ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨. �± §Ò-
¢ ¥É¸Ö Ê¤µ¡´Ò³ ¢¢¥¸É¨ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò: λ ¨ β,

ε = cosλ, α = GM2 − e2 = 2β sin λ, (67)



� Š‚��’�‚�Œ ƒ��‚ˆ’�–ˆ����Œ Š�‹‹��‘… 71

¢ É¥·³¨´ Ì ±µÉµ·ÒÌ ´ Ï¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¶·¨´¨³ ¥É ¢¨¤

Ψ(x + i) + Ψ(x − i) = 2
(

cosλ +
β sin λ

x

)
Ψ(x). (68)

’ ± ± ± ¤²Ö Î¥·´µ° ¤Ò·Ò α > 0, §´ ±¨ λ ¨ β µ¤¨´ ±µ¢Ò. ŒÒ ¢Ò¡¨· ¥³ λ > 0
¨, ¸²¥¤µ¢ É¥²Ó´µ, β > 0. ‚¥·´¥³¸Ö É¥¶¥·Ó ± µ¶¥· Éµ·´µ° Ëµ·³¥ Ê· ¢´¥´¨Ö(

cosh p̂ − β sin λx̂−1
)
Ψ = cosλΨ. (69)

‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ µ¶¥· Éµ·Ò p̂ ¨ x̂ ¤¥°¸É¢ÊÕÉ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

p̂Ψp = pΨp, x̂Ψp = i
∂

∂p
Ψp, (70)

§¤¥¸Ó Ψp Å ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨. �¶¥· Éµ· x̂−1

´¥ Ö¢²Ö¥É¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³. �¥µ¶·¥¤¥²¥´´µ¸ÉÓ ³µ¦´µ ²¨±¢¨¤¨·µ¢ ÉÓ
¤µ¡ ¢²¥´¨¥³ ´Ê¦´ÒÌ ¸² £ ¥³ÒÌ ¢ ¶µÉ¥´Í¨ ², ¶·µ¶µ·Í¨µ´ ²Ó´ÒÌ δ-ËÊ´±Í¨¨
¨ ¥¥ ¶·µ¨§¢µ¤´Ò³ ¢ ´ Î ²¥ ±µµ·¤¨´ É. �µ ³Ò ³µ¦¥³ ¢³¥¸Éµ ÔÉµ£µ ¶·µ¸Éµ
Ê³´µ¦¨ÉÓ ´ Ï¥ Ê· ¢´¥´¨¥ ¸²¥¢  ´  µ¶¥· Éµ· x̂. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³

i
∂

∂p
(cosh p − cosλ)Ψp = β sin λΨp (71)

¨²¨

∂

∂p
log Ψp = − sinh p + iβ sin λ

cosh p − cosλ
. (72)

…¸²¨ ¢¢¥¸É¨ ´µ¢ÊÕ ¶¥·¥³¥´´ÊÕ z = ep, Éµ Ê· ¢´¥´¨¥ (72) ¶·¨´¨³ ¥É ¢¨¤

∂

∂z
log Ψp = − z2 + 2iβ sinλz1

z(z2 − 2 cosλz + 1)
=

1
z
− β + 1

z − z0
+

β − 1
z − z̄0

, (73)

£¤¥ z0 = eiλ, z̄0 = e−iλ.
�Éµ Ê· ¢´¥´¨¥ ²¥£±µ ·¥Ï¨ÉÓ:

Ψp = C
z

(z − z0)(z − z̄0)

(
z − z̄0

z − z0

)β

, z = ep. (74)

�µ²ÊÎ¥´´µ¥ ·¥Ï¥´¨¥ µ¡² ¤ ¥É ¢ ¦´Ò³ ¸¢µ°¸É¢µ³: µ´µ ¶¥·¨µ¤¨Î´µ ¸ Î¨¸Éµ
³´¨³Ò³ ¶¥·¨µ¤µ³ 2πi, ¨ ÔÉµ ¸¢µ°¸É¢µ ³Ò ¸¥°Î ¸ ¨¸¶µ²Ó§Ê¥³.

ŒÒ ´ Ï²¨ ·¥Ï¥´¨¥ ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨. ’¥¶¥·Ó ´ ³ ´Ê¦´µ
¸¤¥² ÉÓ µ¡· É´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ”Ê·Ó¥, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ ¢ ±µµ·¤¨-
´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨:

Ψ(x) =
1√
2π

∞∫
−∞

eipxΨpdp. (75)
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�µ²ÊÎ¥´´µ¥ ´ ³¨ ·¥Ï¥´¨¥ (74) ¤²Ö Ψp ¥¤¨´¸É¢¥´´µ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¸ÉµÖ´-
´µ£µ ³´µ¦¨É¥²Ö. �µ, ¡² £µ¤ ·Ö Ê¶µ³Ö´ÊÉµ° ¢ÒÏ¥ ¶¥·¨µ¤¨Î´µ¸É¨, ³Ò ³µ¦¥³
¸¤¢¨´ÊÉÓ  ·£Ê³¥´É ¶µ ³´¨³µ° µ¸¨: p → p + 2πki (k = 0,±1,±2, . . . ), ÎÉµ
¶·¨¢µ¤¨É ± ¸¤¢¨£Ê ¶ÊÉ¨ ¨´É¥£·¨·µ¢ ´¨Ö ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¨³¶Ê²Ó¸ 
¸ ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ´  ¶ · ²²¥²Ó´ÊÕ ¥° ¶·Ö³ÊÕ. ˆ ¶µ¸²¥ É ±µ£µ ¸¤¢¨£  ³Ò
µ¶ÖÉÓ ¶µ²ÊÎ ¥³ ·¥Ï¥´¨¥ ¢ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨. �µ

Ψ1(x) =
1√
2π

∞∫
−∞

eipx Ψpdp,

Ψ2(x) =
1√
2π

∞∫
−∞

ei(p+2πki)x Ψp+2πkidp = e−2πkx 1√
2π

∞∫
−∞

eipx Ψpdp, (76)

Ψ2(x) = e−2πkx Ψ1(x).

’ ±¨³ ¸¶µ¸µ¡µ³ ³Ò ³µ¦¥³ ¶µ¸É·µ¨ÉÓ ¸Î¥É´µ¥ Î¨¸²µ ·¥Ï¥´¨°, §´ Ö µ¤´µ ¨§
´¨Ì (¸± ¦¥³, Ψ0), ¨, ¢µµ¡Ð¥ £µ¢µ·Ö,

Ψgen(x) =

( ∞∑
k=−∞

ck e−2πkx

)
Ψ0(x). (77)

�¥¸±µ´¥Î´ Ö ¸Ê³³  ¢ ¸±µ¡± Ì ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ·Ö¤ ”Ê·Ó¥ ¤²Ö ¶¥·¨µ¤¨Î¥-
¸±µ° ËÊ´±Í¨¨ ¸ Î¨¸Éµ ³´¨³Ò³ ¶¥·¨µ¤µ³ i. ˆ ÔÉµ ¢µ¸¶·µ¨§¢µ¤¨É ¸²¥¤ÊÕÐ¥¥
¸¢µ°¸É¢µ ·¥Ï¥´¨° ¢ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ (µ¡Ð¥¥, ±¸É É¨, ¤²Ö Ê· ¢-
´¥´¨° ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ): ¨³¥Ö ·¥Ï¥´¨¥ Ψ0, ³Ò ³µ¦¥³ ¶µ¸É·µ¨ÉÓ ¤·Ê£µ¥
·¥Ï¥´¨¥ Ψ1, Ê³´µ¦¨¢ ¶¥·¢µ´ Î ²Ó´µ¥ ·¥Ï¥´¨¥ ´  ²Õ¡ÊÕ ¶¥·¨µ¤¨Î¥¸±ÊÕ
ËÊ´±Í¨Õ ¸ Î¨¸Éµ ³´¨³Ò³ (¢ ´ Ï¥³ ¸²ÊÎ ¥) ¶¥·¨µ¤µ³ i.

Š ± ³´µ£µ ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨° ´¥µ¡Ìµ¤¨³µ ¤²Ö ¶µ¸É·µ¥´¨Ö µ¡-
Ð¥£µ ·¥Ï¥´¨Ö? ’µÉ Ë ±É, ÎÉµ ¢ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ ³Ò ¶µ²ÊÎ¨²¨,
¶µ ¸ÊÐ¥¸É¢Ê, ²¨ÏÓ µ¤´µ ·¥Ï¥´¨¥, ¤µ± §Ò¢ ¥É, ÎÉµ ³Ò ¨³¥¥³ ²¨ÏÓ µ¤´µ
ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥ Ψ0 (±µÉµ·µ¥ § ¸²Ê¦¨¢ ¥É, ±µ´¥Î´µ ¦¥, ´ §¢ ´¨Ö
¸Ê¶¥·ËÊ´¤ ³¥´É ²Ó´µ£µ). ‘¥°Î ¸ ³Ò ¶µ¸É·µ¨³ ±µ´±·¥É´µ¥ ËÊ´¤ ³¥´É ²Ó´µ¥
·¥Ï¥´¨¥, ¢Ò¡· ¢ µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³ ±µ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ ¨´É¥£· ²¥
”Ê·Ó¥. ‡ ³¥É¨³, ¶·¥¦¤¥ ¢¸¥£µ, ÎÉµ ´ Ï¥ ·¥Ï¥´¨¥ (75) ¨³¥¥É ¸Î¥É´µ¥ Î¨¸²µ
ÉµÎ¥± ¢¥É¢²¥´¨Ö ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¨³¶Ê²Ó¸ , ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ µ¡Ñ-
¥¤¨´¥´Ò ¢ ¶ ·Ò (iλ+2πki,−iλ+2π(k+1)i), k = 0,±1,±2, . . . ‘µ¥¤¨´¨¢ ¤¢¥
ÉµÎ±¨ ¢¥É¢²¥´¨Ö ¢ ± ¦¤µ° ¶ ·¥ · §·¥§µ³, ³Ò ¶µ²ÊÎ¨³ ±µ³¶²¥±¸´ÊÕ ¶²µ¸±µ¸ÉÓ
¸µ ¸Î¥É´Ò³ Î¨¸²µ³ · §·¥§µ¢. �  ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ·¨³ ´µ¢µ° ¶µ¢¥·Ì´µ¸É¨
´ Ï¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö µ¤´µ§´ Î´µ° ËÊ´±Í¨¥° ±µ³¶²¥±¸´µ£µ ¶¥·¥³¥´´µ£µ.
� Ï ¢Ò¡µ· ±µ´ÉÊ·  ¨´É¥£·¨·µ¢ ´¨Ö ¸²¥¤ÊÕÐ¨°: ³Ò ¸´ Î ²  ¶·µ¨´É¥£·¨·Ê¥³
¢¤µ²Ó ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ ¸²¥¢  ´ ¶· ¢µ (É. ¥. µÉ −∞ ± +∞), § É¥³ ¢¤µ²Ó
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±µ·µÉ±µ° ±·¨¢µ° (p → p + 2πi, p → +∞) ´  ¶· ¢µ° ¡¥¸±µ´¥Î´µ¸É¨, § É¥³
¢¤µ²Ó ¶·Ö³µ° y = 2πi, ¶ · ²²¥²Ó´µ° ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨, ¸¶· ¢  ´ ²¥¢µ, ¨,
´ ±µ´¥Í, ¢¤µ²Ó ±µ·µÉ±µ° ±·¨¢µ° ´  ²¥¢µ° ¡¥¸±µ´¥Î´µ¸É¨ µ¡· É´µ ± ¤¥°¸É¢¨-
É¥²Ó´µ° µ¸¨. ˆ´É¥£·¨·µ¢ ´¨¥ ¢¤µ²Ó ±µ·µÉ±¨Ì ±·¨¢ÒÌ ´  ¡¥¸±µ´¥Î´µ¸ÉÖÌ ¤ ¥É
´Ê²¥¢Ò¥ ¢±² ¤Ò ¤²Ö ¶µ²µ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° x (¤²Ö µÉ·¨Í É¥²Ó´ÒÌ x ³Ò
³µ¦¥³ ¢Ò¡· ÉÓ ¶·Ö³ÊÕ y = −2πi ¢³¥¸Éµ y = 2πi). ˆ´É¥£· ²Ò ¢¤µ²Ó ± ¦¤µ°
¶·Ö³µ° ¤ ÕÉ ´ ³ ·¥Ï¥´¨¥,   ¨Ì ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ¥¸ÉÓ Éµ¦¥ ·¥Ï¥´¨¥.
’ ±¨³ µ¡· §µ³, µ¡· É´Ò° ¨´É¥£· ² ”Ê·Ó¥ ¶µ É ±µ³Ê § ³±´ÊÉµ³Ê ±µ´ÉÊ·Ê ¥¸ÉÓ
·¥Ï¥´¨¥ ´ Ï¥£µ Ê· ¢´¥´¨Ö ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥. �ÉµÉ ±µ´ÉÊ·
³µ¦´µ ¸¦ ÉÓ, ¶·¥¢· É¨¢ ¥£µ ¢ § ³±´ÊÉÒ° ±µ´ÉÊ· ¢µ±·Ê£ · §·¥§  (λi, (2π−λ)i),
¥¸²¨ x > 0 (¨²¨ ¢µ±·Ê£ · §·¥§  (−λi,−(2π−λ)i) ¶·¨ x < 0). ’ ±¨³ µ¡· §µ³,

Ψ0(x) =
1√
2π

∮
C+

eipx Ψpdp, x > 0, (78)

Ψ0(x) =
1√
2π

∮
C−

eipx Ψpdp, x < 0, (79)

£¤¥

Ψp = C
z

(z − z0)(z − z̄0)

(
z − z̄0

z − z0

)β

,

(80)
z = ep, z0 = eiλ, z̄0 = e−iλ.

‚ ¶µ¸²¥¤ÊÕÐ¥³ ³Ò µ£· ´¨Î¨³¸Ö Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò³¨ §´ Î¥´¨Ö³¨ x. �µ-
²ÊÎ¥´´µ¥ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö Ψ0 ³µ¦´µ Ê¶·µ¸É¨ÉÓ, ¶·µ¨´É¥£·¨-
·µ¢ ¢ (78) ¶µ Î ¸ÉÖ³. ˆ¸¶µ²Ó§ÊÖ Éµ¦¤¥¸É¢µ

zdp

(z − z0)(z − z̄0)
= − 1

2i sinλ
d

(
log

z − z̄0

z − z0

)
, (81)

¶µ²ÊÎ ¥³

Ψ0(x) = x

∮
C+

eipx

(
z − z̄0

z − z0

)β

dp, x > 0 (82)

(¤µ¶µ²´¨É¥²Ó´µ¥ ¸² £ ¥³µ¥ ¨¸Î¥§ ¥É, ¶µ¸±µ²Ó±Ê ´ Ï ±µ´ÉÊ· ´¥ ¨³¥¥É £· -
´¨ÍÒ, ¨ ¤²Ö Ê¤µ¡¸É¢  ³Ò µ¶Ê¸É¨²¨ ¶µ¸ÉµÖ´´Ò° ³´µ¦¨É¥²Ó). ŒÒ ¡Ê¤¥³ ¨¸-
¶µ²Ó§µ¢ ÉÓ (82) ¢ ± Î¥¸É¢¥ ¨´É¥£· ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´¤ ³¥´É ²Ó´µ£µ
·¥Ï¥´¨Ö ´ Ï¥£µ Ê· ¢´¥´¨Ö (68) ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ.

ˆ¸¸²¥¤Ê¥³ ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥ ¶µ¤·µ¡´¥¥. � Ï  Í¥²Ó Å ¸¢¥¸É¨
¨´É¥£·¨·µ¢ ´¨¥ ¶µ § ³±´ÊÉµ³Ê ±µ´ÉÊ·Ê C+ ¢µ±·Ê£ · §·¥§  ± ¨´É¥£·¨·µ¢ ´¨Õ
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¶µ ±µ´¥Î´µ³Ê µÉ·¥§±Ê ³¥¦¤Ê ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ÉµÎ± ³¨ ¢¥É¢²¥´¨Ö. �µ ¥¸²¨
β ≥ 1 (´ ¶µ³´¨³, ÎÉµ ³Ò ¢Ò¡· ²¨ β ¶µ²µ¦¨É¥²Ó´Ò³), Éµ ´  ´¨¦´¥³ ¶·¥¤¥²¥
¨´É¥£·¨·µ¢ ´¨Ö ³Ò ¨³¥¥³ ´¥¨´É¥£·¨·Ê¥³ÊÕ µ¸µ¡¥´´µ¸ÉÓ. —Éµ¡Ò µ¡µ°É¨ ÔÉÊ
É·Ê¤´µ¸ÉÓ, ´ ³ ´Ê¦´µ ¢Ò¢¥¸É¨ ´¥±µÉµ·Ò¥ ·¥±Ê··¥´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö, ¶µ´¨-
¦ ÕÐ¨¥ §´ Î¥´¨¥ β. „²Ö ÔÉµ£µ ³Ò ¶·µ¨´É¥£·¨·Ê¥³ ¶µ Î ¸ÉÖ³ (82). �µ²ÊÎ¨³
¢ ·¥§Ê²ÓÉ É¥

Ψβ(x) = Ψβ−1(x) +
ix

β − 1
{
Ψβ−1(x) − e−iλ Ψβ−1(x + i)

}
. (83)

ˆ§ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ²¥£±µ Ê¢¨¤¥ÉÓ ¸É·Ê±ÉÊ·Ê Ψβ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥-
´¨Ö β > 1. �Ê¸ÉÓ β = n + β̃,   β̃ ≤ 1. ’µ£¤  Ψβ ¥¸ÉÓ ¸Ê³³  ¤¢ÊÌ ¸² £ ¥³ÒÌ,
± ¦¤µ¥ ¨§ ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥³ ³´µ£µÎ²¥´  ¸É¥¶¥´¨ n ¨ Ψβ̃(x)
¨²¨ Ψβ̃(x + i). ’ ±¨³ µ¡· §µ³, ³Ò ³µ¦¥³ ¸Î¨É ÉÓ, ÎÉµ β ≤ 1. �·¥¦¤¥ ¢¸¥£µ,
· ¸¸³µÉ·¨³ µÉ¤¥²Ó´µ ¸²ÊÎ ° β = 1. ˆ³¥¥³

Ψ1 = x

∮
C+

eipx ep − e−iλ

ep − eiλ
dp = 2πix lim

p→iλ

eipx (ep − e−iλ)(p − iλ)
ep − eiλ

=

= −
(
4π e−iλ sin λ

)
x e−λx. (84)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¢¸¥ ËÊ´±Í¨¨ Ψβ ¤²Ö Í¥²ÒÌ ¶µ²µ¦¨É¥²Ó´ÒÌ β = n ¨³¥ÕÉ
¢¨¤

Ψn = Pn(x) e−λx, (85)

£¤¥ Pn(x) Å ´¥±µÉµ·Ò¥ ³´µ£µÎ²¥´Ò ¸É¥¶¥´¨ n. ‚ ¸²ÊÎ ¥ ¦¥ 0 < β < 1
¶µ¤Ò´É¥£· ²Ó´µ¥ ¢Ò· ¦¥´¨¥ ¢ (82) ¨´É¥£·¨·Ê¥³µ ´  µ¡µ¨Ì ±µ´Í Ì · §·¥§  ¢
±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¨³¶Ê²Ó¸ , ¨ ³Ò ¤¥°¸É¢¨É¥²Ó´µ ³µ¦¥³ ¸¢¥¸É¨ ¨´É¥£· ²
¶µ § ³±´ÊÉµ³Ê ±µ´ÉÊ·Ê C+ ¢ ¨´É¥£· ² ¶µ ±µ´¥Î´µ³Ê µÉ·¥§±Ê. ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ ¥³

Ψβ(x) =
∮

C+

eipx fpdp =
(
1 − e2πiβ

)
xΦβ(x), (86)

£¤¥

Φβ(x) =

i(2π−λ)∫
iλ

eipx

(
ep − e−iλ

ep − eiλ

)β

dp, x > 0. (87)

‘¤¥² ¢ § ³¥´Ê ¶¥·¥³¥´´µ°:

eq − eiλ = −(2i sinλ)y, (88)
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¶µ²ÊÎ¨³

Φβ =
(
1 − e−2iλ

)
e−2λx

1∫
0

(
1 −

(
1 − e−2iλ

)
y
)ix−1

(
y − 1

y

)β

dy. (89)

‘· ¢´¨¢ Ö ÔÉµ ¸ Ìµ·µÏµ ¨§¢¥¸É´Ò³ ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ¤²Ö £¨¶¥·-
£¥µ³¥É·¨Î¥¸±µ° ËÊ´±Í¨¨ ƒ Ê¸¸ 

F (a, b; c; z) =
1

B(b, c − b)

1∫
0

tb−1(1 − t)c−b−1(1 − tz)−adt,

(90)

B(x, y) =

1∫
0

tx−1(1 − t)y−1dt,

¢¨¤¨³, ÎÉµ ¨´É¥£· ² ¢ (89) ¥¸ÉÓ £¨¶¥·£¥µ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö ƒ Ê¸¸ 
F (a, b; c; z) ¸µ ¸²¥¤ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢:

a = 1 − ix, b = 1 − β; c = 2; z = 1 − e−2iλ (91)

¨

B(b, c − b) = B(1 − β, 1 + β) =
πβ

sin πβ
. (92)

�±µ´Î É¥²Ó´µ ¤²Ö ËÊ´¤ ³¥´É ²Ó´µ£µ ·¥Ï¥´¨Ö Ψβ(x) ¶µ²ÊÎ ¥³

Ψβ(x) =
(
−4πβ e−iλ sin λ

)
x e−λxF

(
1 − ix, 1 − β; 2; 1 − e−2iλ

)
. (93)

�Éµ ¢Ò· ¦¥´¨¥ ¡Ò²µ ¶µ²ÊÎ¥´µ Éµ²Ó±µ ¤²Ö 0 < β < 1, ´µ µ´µ ¢¥·´µ ¨ ¤²Ö
²Õ¡µ£µ β > 0. ˆ, ´ ±µ´¥Í, ´¥¸²µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¶¥·¢µ´ Î ²Ó´µ¥ Ê· ¢-
´¥´¨¥ ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ (68) Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ ¸²¥¤ÊÕÐ¥£µ
·¥±Ê··¥´É´µ£µ ¸µµÉ´µÏ¥´¨Ö ƒ Ê¸¸ :

(2a − c − az + bz)F (a, b; c; z) + (c − a)F (a − 1, b; c; z) +
+ a(z − 1)F (a + 1, b; c; z) = 0. (94)

3.3. „¨¸±·¥É´Ò° ¸¶¥±É· ³ ¸¸. ‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ³Ò ´ Ï²¨ µ¡Ð¥¥
·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ ¸ ±Ê²µ´µ¢¸±¨³ ¶µÉ¥´Í¨ ²µ³:

Ψ(x + i) + Ψ(x − i) = 2
(

cosλ +
β

x
sin λ

)
Ψ(x). (95)
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’¥¶¥·Ó ¢¸¶µ³´¨³, ÎÉµ ÔÉµ Ê· ¢´¥´¨¥ ´  ¸ ³µ³ ¤¥²¥ Ö¢²Ö¥É¸Ö · ¤¨ ²Ó´Ò³
Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥·  ¤²Ö ´Ê²¥¢µ£µ Ê£²µ¢µ£µ ³µ³¥´É ,   ±µµ·¤¨´ É  x ¶·¨-
´¨³ ¥É Éµ²Ó±µ ¶µ²µ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö. ’ ±¨³ µ¡· §µ³, £ ³¨²ÓÉµ´¨ ´

Ĥ = cosh
(

i
∂

∂x

)
− β

2x
sin λ (96)

¤µ²¦¥´ ¡ÒÉÓ ¸ ³µ¸µ¶·Ö¦¥´´Ò³ µ¶¥· Éµ·µ³ ´  ¶µ²µ¦¨É¥²Ó´µ° ¶µ²Êµ¸¨, ± ±
ÔÉµ£µ É·¥¡ÊÕÉ ¶µ¸ÉÊ² ÉÒ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ · ¸Ï¨·¥´¨¥
¡Ò²µ ´ °¤¥´µ �. • ¨Î¥±µ³. �± § ²µ¸Ó, ÎÉµ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¤µ²¦´  Ê¤µ¢²¥-
É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ¢ ´Ê²¥, x = 0:

Ψ(2n)(0) = 0, n = 0, 1, . . . , (97)

É. ¥. ¸ ³  ËÊ´±Í¨Ö ¨ ¢¸¥ ¥¥ ¶·µ¨§¢µ¤´Ò¥ Î¥É´µ£µ ¶µ·Ö¤±  ¤µ²¦´Ò ¡ÒÉÓ · ¢´Ò
´Ê²Õ ¢ ´ Î ²¥ ±µµ·¤¨´ É. �µÖ¢²¥´¨¥ ¡¥¸±µ´¥Î´µ£µ Î¨¸²  £· ´¨Î´ÒÌ Ê¸²µ¢¨°
¸¢Ö§ ´µ ¸ É¥³, ÎÉµ µ¶¥· Éµ· ±µ´¥Î´µ£µ ¸¤¢¨£  ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥
¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤± . • ¨Î¥± ´ Ï¥² É ±¦¥
¸µÌ· ´ÖÕÐ¨°¸Ö Éµ± ¢¥·µÖÉ´µ¸É¨ J(x) ¤²Ö ´ Ï¥£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢
±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ. �ÉµÉ Éµ± µ¶·¥¤¥²Ö¥É¸Ö, ± ± µ¡ÒÎ´µ, Ê· ¢´¥´¨¥³

J ′(x) = i
(
Ψ∗ĤΨ − ΨĤΨ∗

)
, (98)

É ± ÎÉµ

(Ψ∗Ψ). + J ′ = 0. (99)

‡ ¶¨¸Ò¢ Ö £ ³¨²ÓÉµ´¨ ´ (96) ¢ ¢¨¤¥

Ĥ =
1
2

∞∑
k=0

(−1)k

(2k)!
Ψ(2k)(x) − β sin λ

2x
, (100)

¶µ²ÊÎ ¥³

J(x) = i

∞∑
k=0

(−1)k

(2k)!

k∑
l=1

(−1)l−1
[
Ψ∗(l−1)Ψ(2k − l) − Ψ(l−1)Ψ∗(2k−l)

]
. (101)

• ¨Î¥± ¶µ± § ², ÎÉµ ¨§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (97) ¸²¥¤Ê¥É, ÎÉµ

J(0) = 0. (102)

ƒ· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (97) Ö¢²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³ µ¡µ¡Ð¥´¨¥³ ¨§¢¥¸É´µ£µ £· -
´¨Î´µ£µ Ê¸²µ¢¨Ö ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ±µÉµ·µ¥ ¥¸ÉÓ
¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¢Éµ·µ£µ ¶µ·Ö¤± . ‚ ÔÉµ³ ¸²ÊÎ ¥ £· ´¨Î´Ò¥
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Ê¸²µ¢¨Ö (97) ¸¢µ¤ÖÉ¸Ö ± ¥¤¨´¸É¢¥´´µ³Ê Ê¸²µ¢¨Õ Ψ(0) = 0, ±µÉµ·µ¥ ¢³¥¸É¥
¸ Ê¸²µ¢¨¥³ ¨´É¥£·¨·Ê¥³µ¸É¨ ¸ ±¢ ¤· Éµ³ ¢µ²´µ¢µ° ËÊ´±Í¨¨ £ · ´É¨·Ê¥É ¸Ê-
Ð¥¸É¢µ¢ ´¨¥ ¤¨¸±·¥É´µ£µ ¸¶¥±É·  ¤²Ö Ô´¥·£¨¨ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°. ˆ ¢ µ¡-
Ð¥³ ¸²ÊÎ ¥, ¥¸²¨ ³Ò · §²µ¦¨³ £ ³¨²ÓÉµ´¨ ´ (96) ¢ ·Ö¤ ¶µ ¶·µ¨§¢µ¤´Ò³ ¨
· ¸¸³µÉ·¨³ Ê¸¥Î¥´´Ò° £ ³¨²ÓÉµ´¨ ´, µ¡µ·¢ ¢ ·Ö¤ ´  ¶µ·Ö¤±¥ 2N , Éµ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸É ´µ¢¨É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³
¶µ·Ö¤±  2N . Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ  ¸¨³¶ÉµÉ¨±  ·¥Ï¥´¨° É ±µ£µ Ê· ¢´¥´¨Ö ¢
ÉµÎ±¥ x = 0 ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ψ ∼ x, x2, . . . , x2N−1, 1 + x2N−1 log x, (103)

   ¸¨³¶ÉµÉ¨±  ´  ¡¥¸±µ´¥Î´µ¸É¨

Ψ ∼ e±λkx eαk log x, k = 1, . . . , N, (104)

¶·¨Î¥³ λk ¤²Ö ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¤¥°¸É¢¨É¥²Ó´Ò. �¡Ð¥¥ ·¥Ï¥´¨¥ µ¶·¥¤¥-
²¥´µ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢±¨ ¨ § ¢¨¸¨É, ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨, µÉ (2N − 1)
¶·µ¨§¢µ²Ó´ÒÌ ±µ´¸É ´É, ±µÉµ·Ò¥ ¤µ²¦´Ò µ¶·¥¤¥²ÖÉÓ¸Ö ¨§ £· ´¨Î´ÒÌ Ê¸²µ-
¢¨°. “¸²µ¢¨¥ ¨´É¥£·¨·Ê¥³µ¸É¨ ¸ ±¢ ¤· Éµ³ Ê³¥´ÓÏ ¥É Î¨¸²µ ´¥¨§¢¥¸É´ÒÌ
±µ´¸É ´É ¤µ (N − 1). �µ ¤²Ö Ê¸¥Î¥´´µ£µ µ¶¥· Éµ·  ¶µ·Ö¤±  2N ³Ò ¨³¥¥³ N
Ê¸²µ¢¨° ¢ ´Ê²¥. �É¨ Ê¸²µ¢¨Ö ³µ£ÊÉ ¡ÒÉÓ Ê¤µ¢²¥É¢µ·¥´Ò Éµ²Ó±µ ¤²Ö ¤¨¸±·¥É-
´µ£µ ¸¶¥±É·  ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. ‡ ³¥É¨³, ÎÉµ ¶µ¸²¥¤´ÖÖ ¨§  ¸¨³¶ÉµÉ¨±
(103) ¨¸±²ÕÎ ¥É¸Ö £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¢ ´Ê²¥. ŒÒ ³µ¦¥³ µ¡· É¨ÉÓ ¶·¥¤Ò-
¤ÊÐ¥¥ · ¸¸Ê¦¤¥´¨¥ ¨ ´ Î ÉÓ ¸  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¶µ¢¥¤¥´¨Ö ·¥Ï¥´¨° ¢ ´Ê²¥.
—Éµ¡Ò Ê¤µ¢²¥É¢µ·¨ÉÓ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³, ³Ò ¤µ²¦´Ò ¨¸±²ÕÎ¨ÉÓ ¶µ¸²¥¤-
´ÕÕ ¨§  ¸¨³¶ÉµÉ¨± ¢ ´Ê²¥ ¨ ¢¸¥ Î¥É´Ò¥ Î²¥´Ò ¢ · §²µ¦¥´¨¨ ¤µ ¶µ·Ö¤± 
(2N − 2). �·¨ ÔÉµ³ ³Ò µ¶·¥¤¥²Ö¥³ N ¨§ (2N − 1) ´¥¨§¢¥¸É´ÒÌ ±µ´¸É ´É.
“ ´ ¸ µ¸É ¥É¸Ö, É ±¨³ µ¡· §µ³, ²¨ÏÓ (N − 1) ±µ´¸É ´É ¤²Ö N £· ´¨Î´ÒÌ
Ê¸²µ¢¨° ´  ¡¥¸±µ´¥Î´µ¸É¨. �µ ¸¨ÉÊ Í¨Ö ´¥ ¸Éµ²Ó ¶·µ¸É  ¢ ¸²ÊÎ ¥ ¤¨ËË¥·¥´-
Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤± . �·¥¦¤¥ ¢¸¥£µ, ± ± ¨§¡ ¢¨ÉÓ¸Ö µÉ
²µ£ ·¨Ë³¨Î¥¸±µ£µ Î²¥´  ¢  ¸¨³¶ÉµÉ¨±¥? �·µ¡²¥³  ¢ Éµ³, ÎÉµ ¥¸²¨ ³Ò ¸´ -
Î ²  ¶¥·¥°¤¥³ ± ¡¥¸±µ´¥Î´µ³Ê ¶·¥¤¥²Ê ¶µ ¶µ·Ö¤±Ê µ¶¥· Éµ· , Éµ ²µ£ ·¨Ë³¨-
Î¥¸±¨° Î²¥´ ¨¸Î¥§´¥É (|x| < 1!) ¶µ²´µ¸ÉÓÕ, ´¥ ´ ±² ¤Ò¢ Ö ¶·¨ ÔÉµ³ ´¨± ±¨Ì
Ê¸²µ¢¨°,    ¸¨³¶ÉµÉ¨±  ¸É ´¥É · ¢´  1. �µ É ± Ö  ¸¨³¶ÉµÉ¨±  ³µ¦¥É ¡ÒÉÓ
¢µ¸¶·µ¨§¢¥¤¥´  ¡¥¸±µ´¥Î´µ° ²¨´¥°´µ° ¸Ê¶¥·¶µ§¨Í¨¥° µ¸É ²Ó´ÒÌ  ¸¨³¶ÉµÉ¨±.
‚ÒÎ¨É Ö ¨Ì, ³Ò ¶µ²ÊÎ¨³ ·¥Ï¥´¨¥, ±µÉµ·µ¥ ¡Ê¤¥É Ëµ·³ ²Ó´µ Ê¤µ¢²¥É¢µ·ÖÉÓ
¢¸¥³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³, ¢¸¥ ¥Ð¥ ¨³¥Ö ¤µ¸É ÉµÎ´µ ¸¢µ¡µ¤´ÒÌ ±µ´¸É ´É ¤²Ö
Ê¤µ¢²¥É¢µ·¥´¨Ö £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ´  ¡¥¸±µ´¥Î´µ¸É¨. …¸²¨ ¦¥ ³Ò ¸´ Î ² 
¶·µ¤¨ËË¥·¥´Í¨·Ê¥³ 2N · § ·¥Ï¥´¨¥, ¸µ¤¥·¦ Ð¥¥ ²µ£ ·¨Ë³¨Î¥¸±¨° Î²¥´ ¢
 ¸¨³¶ÉµÉ¨±¥, Éµ ¶µ²ÊÎ¨³ Î²¥´, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° (1/x). ’ ±¨³ µ¡· §µ³,
É·¥¡ÊÖ, ÎÉµ¡Ò ®Ìµ·µÏ¥¥¯ ·¥Ï¥´¨¥ ¡Ò²µ ¡¥¸±µ´¥Î´µ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³, ³Ò
³µ¦¥³ ¤µ¸É¨ÎÓ ´ Ï¥° Í¥²¨. �µ²¥¥ Éµ£µ, ³Ò ¤µ²¦´Ò ¶µÉ·¥¡µ¢ ÉÓ  ´ ²¨É¨Î´µ-
¸É¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨, ¶µ ±· °´¥° ³¥·¥, ´  ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨, ¶µÉµ³Ê ÎÉµ
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³Ò Ê¦¥ ¨¸¶µ²Ó§µ¢ ²¨ ´¥Ö¢´µ  ´ ²¨É¨Î´µ¸ÉÓ ·¥Ï¥´¨° ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤±  ± Ê· ¢´¥´¨Õ ¢ ±µ´¥Î´ÒÌ
· §´µ¸ÉÖÌ. ‘¨ÉÊ Í¨Ö É ± ¦¥ ´¥Ìµ·µÏ  ¨ ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ´  ¡¥¸±µ-
´¥Î´µ¸É¨. ŒÒ ¢¨¤¥²¨, ÎÉµ, Ê³´µ¦ Ö ·¥Ï¥´¨¥ ´  ËÊ´±Í¨Õ exp (−2πkx), ³Ò
¶µ²ÊÎ ¥³ ´µ¢µ¥ ·¥Ï¥´¨¥. ‚Ò¡¨· Ö ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ¥ §´ Î¥´¨¥ k, ³µ¦´µ
¶·¥¢· É¨ÉÓ ®¶²µÌµ¥¯ ·¥Ï¥´¨¥ ´  ¡¥¸±µ´¥Î´µ¸É¨ ¢ ®Ìµ·µÏ¥¥¯. �¨¦¥ ³Ò Ê¢¨-
¤¨³, ÎÉµ Ê¸²µ¢¨¥  ´ ²¨É¨Î´µ¸É¨ ·¥Ï ¥É ÔÉÊ ¶·µ¡²¥³Ê.

� °¤¥³  ¸¨³¶ÉµÉ¨±¨ µ¡Ð¥£µ ·¥Ï¥´¨Ö ¶·¨ x → 0 ¨ x → ∞. ˆ§ £¨¶¥·-
£¥µ³¥É·¨Î¥¸±µ£µ ·Ö¤ 

F (a, b; c; z) = 1 +
∞∑

k=1

a(a + 1) · · · (a + k − 1)b(b + 1) · · · (b + k − 1)
c(c + 1) · · · (c + k − 1)k!

zk (105)

¨ ¢¨¤  µ¡Ð¥£µ ·¥Ï¥´¨Ö

Ψgen = Ψ0(x)
∞∑

k=−∞
ck e−2πx,

Ψ0 ∝ x e−λxF (1 − ix, 1 − β; 2; 1 − e−2iλ)

ÉµÉÎ ¸ ¸²¥¤Ê¥É, ÎÉµ  ¸¨³¶ÉµÉ¨±¨ ¶·¨ x → 0 ¨³¥ÕÉ ¢¨¤

xr, r = 1, 2, . . . (106)

„²Ö ¶µ²ÊÎ¥´¨Ö  ¸¨³¶ÉµÉ¨± ¶·¨ x → ∞ ³Ò ¢µ¸¶µ²Ó§Ê¥³¸Ö ¸²¥¤ÊÕÐ¥° Ëµ·³Ê-
²µ° ¶·¥µ¡· §µ¢ ´¨Ö ¤²Ö £¨¶¥·£¥µ³¥É·¨Î¥¸±µ° ËÊ´±Í¨¨:

F (a, b; c; z) =
Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b)

F (a, b; a + b − c + 1; 1 − z) +

+ (1 − z)c−a−b Γ(c)Γ(a + b − c)
Γ(a)Γ(b)

F (c − a, c − b; c − a − b + 1; 1 − z),

£¤¥ Γ(. . . ) Å ËÊ´±Í¨Ö �°²¥· . �µ²ÊÎ ¥³, ÎÉµ

Ψβ =
(
−4πβ e−iλ(β+1) sinλ

)
x +

+
{

Γ(ix + β) eiλβe−λx

Γ(1 + ix)Γ(1 + β)
F (1 − ix, 1 − β; 1 − ix − β; e−2iλ)+

+
Γ(−ix − β) e−iλβ eλx

Γ(1 − ix)Γ(1 − β)
F (1 + ix, 1 + β; 1 + ix + β; e−2iλ)

}
. (107)
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‡ ¶¨¸ ¢ £¨¶¥·£¥µ³¥É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥

F (a, b; c; z) =
Γ(c)

Γ(a)Γ(b)

∞∑
k=0

Γ(a + k)Γ(b + k)
Γ(c + k)k!

zk (108)

¨ ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¸µµÉ´µÏ¥´¨¥³

Γ(z)Γ(1 − z) =
π

sinπz
, (109)

³µ¦¥³ ¶¥·¥¶¨¸ ÉÓ Ψβ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Ψβ =
4πβ e−iλ(β+1) sin λ

Γ(1 − β)Γ(1 + β)
eπx − e−πx

eπx−iπβ − e−πx+iπβ
×

×
{

eiλβ e−λx
∞∑

k=0

Γ(1 − ix + k)Γ(1 + k − β)
Γ(1 + k − ix − β)k!

e−2iλk−

− e−iλβ eλx
∞∑

k=0

Γ(1 + ix + k)Γ(1 + k + β)
Γ(1 + k + ix + β)k!

e−2iλk

}
.

ˆ¸¶µ²Ó§ÊÖ § É¥³  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ · §²µ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ �°²¥· 

Γ(z) = zz−1/2
√

2πφ

(
1
z

)
, z → ∞, (110)

³Ò ¶µ²ÊÎ ¥³  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ´ Ï¥£µ ËÊ´¤ ³¥´É ²Ó´µ£µ ·¥Ï¥´¨Ö
Ψβ(x):

Ψβ =
4πβ e−iλ(β+1) eiπβ sin λ

Γ(1 − β)Γ(1 + β)

{
eiλβ e−λx e(iπβ)/2

∞∑
k=0

Γ(1 + k − β)
k!

e−2iλk −

− e−iλβ eλx e(−iπβ)/2
∞∑

k=0

Γ(1 + k + β)
k!

e−2iλk

}
.

�µ

∞∑
k=0

Γ(1 + k − β)
k!

e−2iλk = Γ(1 − β)(1 − e−2iλ)β−1 =

= Γ(1 − β) e−iλ(β−1)2β−1 e(iπ/2)(β−1) sin λβ−1,

¨ ³Ò ¨³¥¥³ µ±µ´Î É¥²Ó´µ

Ψβ = −2πiβ e−iλβ eiπβ

{
(2 sinλ)β

Γ(1 + β)
xβ e−λx−

− (2 sinλ)−β

Γ(1 − β)
x−β eλx

}
φ

(
1
x

)
, x → ∞. (111)
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ˆ´É¥·¥¸´µ, ÎÉµ ÉµÎ´µ É ±¨¥ ¦¥  ¸¨³¶ÉµÉ¨±¨ ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¶·Ö³µ ¨§
¶¥·¢µ´ Î ²Ó´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ ¡¥§ §´ ´¨Ö
ÉµÎ´µ£µ ·¥Ï¥´¨Ö.

‘· ¢´¨¢ Ö  ¸¨³¶ÉµÉ¨±¨ ¶·¨ x = 0 ¨ ´  ¡¥¸±µ´¥Î´µ¸É¨, ³Ò ¢¨¤¨³, ÎÉµ
ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±µ° ËÊ´±Í¨¥°, Éµ²Ó±µ ¥¸²¨

β = n (112)

(´ ¶µ³´¨³, ÎÉµ ³Ò ¢Ò¡· ²¨ β > 0). �Éµ ¶·¨¢µ¤¨É ± ¤¨¸±·¥É´µ³Ê ¸¶¥±É·Ê
¤²Ö ¶µ²´µ° ³ ¸¸Ò m. „¥°¸É¢¨É¥²Ó´µ, ¨³¥¥³

β =
α

2 sinλ
= n, α = κM2, ε =

m

M
= cosλ, ε =

√
1 − α2

4n2
. (113)

�·¨ β = n £¨¶¥·£¥µ³¥É·¨Î¥¸±¨° ·Ö¤ ¢ (93) µ¡·Ò¢ ¥É¸Ö, ¨ ³Ò ¶µ²ÊÎ ¥³ ¸²¥-
¤ÊÕÐ¥¥ ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥:

Ψn(x) = Pn(x) e−λx, (114)

£¤¥ Pn Å ´¥±oÉµ·Ò¥ ³´µ£µÎ²¥´Ò ¶µ·Ö¤±  n. �´¨ ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò
¶·Ö³µ ¨§ µ¶·¥¤¥²¥´¨Ö:

Pn(x) =
(
−4πn e−iλ sin λ

)
x e−λxF (1 − ix, 1 − n; 2; 1 − e−2iλ). (115)

ŒÒ ³µ¦¥³ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ´ °¤¥´´Ò³ · ´¥¥ ·¥±Ê··¥´É´Ò³ ¸µµÉ´µÏ¥´¨¥³,
±µÉµ·µ¥ ¤²Ö ´ Ï¨Ì ³´µ£µÎ²¥´µ¢ Pn ¶·¨´¨³ ¥É ¢¨¤

Pn+1(x) = Pn(x) +
ix

n

{
Pn(x) − e−2iλPn(x + i)

}
. (116)

�É¨³ ¸¶µ¸µ¡µ³ ³Ò ³µ¦¥³ ¢ÒÎ¨¸²¨ÉÓ Pn(x) Ï £ §  Ï £µ³, ´ Î¨´ Ö ¸ P1:

P1(x) =
(
−4π e−iλ sin λ

)
x. (117)

�É¨ ¶µ²¨´µ³Ò ³µ£ÊÉ ¡ÒÉÓ É ±¦¥ ¶µ²ÊÎ¥´Ò ¨ ¨§ ¶·µ¨§¢µ¤ÖÐ¥° ËÊ´±Í¨¨. ŒÒ
´¥ ¡Ê¤¥³ ¶·¨¢µ¤¨ÉÓ ¶µ¤·µ¡´µ¸É¨,   ¢Ò¶¨Ï¥³ ¸· §Ê ·¥§Ê²ÓÉ É. ‚¢µ¤Ö ¶¥·¥-
´µ·³¨·µ¢ ´´Ò¥ ³´µ£µÎ²¥´Ò

Πn(x) =
(−1)n

n
(eiλ sin λ)nPn(x), (118)

³Ò ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ:

Φ(z, x) =
∞∑

n=0

Φ(n)(0, x)
n!

zn =
∞∑

n=0

Πn(x)zn =

= 2π e2λx

(
z + cotλ + i

z + cotλ − i

)ix

. (119)
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‚ ±µ´Í¥ ´ ¸ÉµÖÐ¥£µ · §¤¥²  ³Ò ¶·¨¢¥¤¥³ ¶·¨³¥· ·¥Ï¥´¨Ö £· ´¨Î´ÒÌ
Ê¸²µ¢¨° ¨ ´ °¤¥³ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö (É. ¥. ¤²Ö n = 1).
”Ê´¤ ³¥´É ²Ó´µ¥ ·¥Ï¥´¨¥ n = 1 ¨³¥¥É ¢¨¤

Ψ1 = x e−λx (120)

(³Ò µ¶Ê¸É¨²¨ ´¥¸ÊÐ¥¸É¢¥´´Ò° §¤¥¸Ó ¶µ¸ÉµÖ´´Ò° ³´µ¦¨É¥²Ó). �¡Ð¥¥ ·¥Ï¥-
´¨¥, Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥ £· ´¨Î´µ³Ê Ê¸²µ¢¨Õ ´  ¡¥¸±µ´¥Î´µ¸É¨ (Ô±¸¶µ´¥´Í¨-
 ²Ó´µ¥ ¸¶ ¤ ´¨¥) ¨³¥¥É ¢¨¤

Ψ1gen = x e−λx
∞∑

k=0

ck e−2πkx, (121)

  ±µÔËË¨Í¨¥´ÉÒ ck ¤µ²¦´Ò ¡ÒÉÓ ´ °¤¥´Ò ¨§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¢ ´Ê²¥:

Ψ(2l)(0) = 0, l = 0, 1, . . . (122)

„¨ËË¥·¥´Í¨·ÊÖ (121) 2l · §, ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¡¥¸±µ´¥Î´ÊÕ ¸¨¸É¥³Ê ²¨-
´¥°´ÒÌ Ê· ¢´¥´¨°:

2l

∞∑
k=0

ck(λ + 2πk)2l−1 = 0, l = 0, 1, . . . (123)

„¥É¥·³¨´ ´É ÔÉµ° ¸¨¸É¥³Ò Éµ¦¤¥¸É¢¥´´µ · ¢¥´ ´Ê²Õ, ¶µ¸±µ²Ó±Ê ¶¥·¢ Ö ¸É·µ-
±  ¸µ¸Éµ¨É ¸¶²µÏÓ ¨§ ´Ê²¥°. ŒÒ ³µ¦¥³ µ¡µ·¢ ÉÓ ÔÉÊ ¸¨¸É¥³Ê ´  ´¥±µÉµ·µ³
§´ Î¥´¨¨ l, ¢ÒÎ¨¸²¨ÉÓ ¢¸¥ ¤¥É¥·³¨´ ´ÉÒ ¨ ³¨´µ·Ò,   § É¥³, ¶µ¸²¥ ¶µ¤Ìµ¤Ö-
Ð¥° ¶¥·¥´µ·³¨·µ¢±¨ (¸± ¦¥³, ¶µ²µ¦¨¢ c0 = 1), ¶¥·¥°É¨ ± ¶·¥¤¥²Ê l → ∞.
‚ ´ Ï¥³ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö µ± §Ò¢ ¥É¸Ö ¢µ§³µ¦´Ò³
¶µ²´µ¸ÉÓÕ ¢Ò¶µ²´¨ÉÓ ÔÉÊ ¶·µ£· ³³Ê, ¨ ¢ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³

ck =
(−1)k

k!
Γ(λ/π + k)

Γ(λ/π)
, k = 0, 1, . . . (124)

�µ¤¸É ¢²ÖÖ ÔÉµ ¢ (121), ³Ò ³µ¦¥³ § ¶¨¸ ÉÓ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ µ¸´µ¢´µ£µ
¸µcÉµÖ´¨Ö (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö) ¢ µÎ¥´Ó ¶·µ¸Éµ° ¨
¨§ÖÐ´µ° Ëµ·³¥:

Ψ1 = x e−λx
∞∑

k=0

ck e−2πkx =

= x e−λx
∞∑

k=0

(−1)k

k!
λ

π

(
λ

π
+ 1

)
· · ·

(
λ

π
+ k − 1

)
e−2πkx =

= x e−λx
(
1 + e−2πx

)−λ/π
= 2−λ/π x

(cosh πx)λ/π
. (125)
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‹¥£±µ Ê¢¨¤¥ÉÓ, ÎÉµ, ¸¤¢¨£ Ö ¶ · ³¥É· λ → λ + 2πl, £¤¥ l Å ¶µ²µ¦¨É¥²Ó´µ¥
Í¥²µ¥, ³Ò ¶µ²ÊÎ ¥³ ¸´µ¢  ·¥Ï¥´¨¥, Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥ ¢¸¥³ £· ´¨Î´Ò³ Ê¸²µ-
¢¨Ö³ (É¥Ì´¨Î¥¸±¨ É ±µ¥ ·¥Ï¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´µ ¶·¨· ¢´¨¢ ´¨¥³ ´Ê²Õ
¶¥·¢ÒÌ l ±µÔËË¨Í¨¥´Éµ¢ cm, m = 0, . . . , (l−1) ¢ · ¸¸³µÉ·¥´´µ° ¢ÒÏ¥ ¡¥¸±µ-
´¥Î´µ° ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°). �µ²¥¥ Éµ£µ, ¢¢¥¤¥´´Ò° ¢ÒÏ¥ ¸µÌ· ´Ö-
ÕÐ¨°¸Ö Éµ± ¢¥·µÖÉ´µ¸É¨ Éµ¦¤¥¸É¢¥´´µ · ¢¥´ ´Ê²Õ ¤²Ö ²Õ¡µ° ¸Ê¶¥·¶µ§¨Í¨¨
(¸ ±µ³¶²¥±¸´Ò³¨ ±µÔËË¨Í¨¥´É ³¨) ÔÉ¨Ì ËÊ´±Í¨°. �Éµ µ§´ Î ¥É, ÎÉµ ± ¦¤µ¥
¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ ¶µ²´µ° ³ ¸¸Ò (Ô´¥·£¨¨) ¡¥¸±µ´¥Î´µ ¢Ò·µ¦¤¥´µ,   ¶µ-
Ö¢²¥´¨¥ ¡¥¸±µ´¥Î´µ£µ Î¨¸²  ÉµÎ¥± ¢¥É¢²¥´¨Ö ¢ ¢µ²´µ¢µ° ËÊ´±Í¨¨ µ¸´µ¢´µ£µ
¸µ¸ÉµÖ´¨Ö ± ± · § ¨ µÉ· ¦ ¥É ÔÉµÉ Ë ±É. �Î¥¢¨¤´µ, ÎÉµ ¶·¨Î¨´  ÔÉµ£µ ¢Ò-
·µ¦¤¥´¨Ö ²¥¦¨É ¢ § ³µ· ¦¨¢ ´¨¨ ¢¸¥Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò, ±·µ³¥ µ¤´µ°. � Ï
µ¶ÒÉ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ £µ¢µ·¨É, ÎÉµ ¶µ¸²¥ ¢±²ÕÎ¥´¨Ö § ³µ·µ¦¥´´ÒÌ ¸É¥-
¶¥´¥° ¸¢µ¡µ¤Ò ¢Ò·µ¦¤¥´¨¥ ¸´¨³ ¥É¸Ö. ŒÒ µ¦¨¤ ¥³, ¢ ·¥§Ê²ÓÉ É¥, ÎÉµ ®´ -
¸ÉµÖÐ¨°¯ ¸¶¥±É· ³ ¸¸ Éµ´±¨Ì µ¡µ²µÎ¥± ¡Ê¤¥É § ¢¨¸¥ÉÓ µÉ ¡µ²¥¥ Î¥³ µ¤´µ£µ
±¢ ´Éµ¢µ£µ Î¨¸² . ‚¸²¥¤¸É¢¨¥ ¡¥¸±µ´¥Î´µ° ¢Ò·µ¦¤¥´´µ¸É¨ ®§ ³µ·µ¦¥´´µ£µ¯
¸¶¥±É·  ®¶· ¢¨²Ó´Ò°¯ ¸¶¥±É· ¡Ê¤¥É, Ë ±É¨Î¥¸±¨, ±¢ §¨´¥¶·¥·Ò¢´Ò³. ˆ, ¸²¥-
¤µ¢ É¥²Ó´µ, ¸¶¥±É· ¨¸¶ ·¥´¨Ö •µ±¨´£  ¡Ê¤¥É É ±¦¥ ±¢ §¨´¥¶·¥·Ò¢´Ò³. ‘Ê-
Ð¥¸É¢µ¢ ´¨¥ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¸ ´¥´Ê²¥¢µ° ³ ¸¸µ° µ§´ Î ¥É, ÎÉµ ¶·µÍ¥¸¸
¨¸¶ ·¥´¨Ö ¤µ²¦¥´ µ¸É ´ ¢²¨¢ ÉÓ¸Ö, ±µ£¤  ³ ¸¸  Î¥·´µ° ¤Ò·Ò ¶·¨¡²¨¦ ¥É¸Ö
± ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ° ³ ¸¸¥ (≈ 0, 9MPl). ˆ ³Ò ³µ¦¥³ ¶·¥¤¶µ²µ¦¨ÉÓ,
ÎÉµ ±µ´¥Î´µ¥ ¸µ¸ÉµÖ´¨¥ ¨¸¶ ·ÖÕÐ¥°¸Ö Î¥·´µ° ¤Ò·Ò ¡Ê¤¥É Ì · ±É¥·¨§µ¢ ÉÓ¸Ö
³¨´¨³ ²Ó´Ò³ §´ Î¥´¨¥³ ³ ¸¸Ò, ´µ ¶·¨ ÔÉµ³ · §²¨Î´Ò³¨ ¢µ²´µ¢Ò³¨ ËÊ´±-
Í¨Ö³¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö, § ¢¨¸ÖÐ¨³¨ µÉ ¤¥É ²¥° · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸Ò ¨
¶·µÍ¥¸¸  ¨¸¶ ·¥´¨Ö. �Éµ ´¥µ¦¨¤ ´´µ¥ ¸¢µ°¸É¢µ ¸¶¥±É·  ³ ¸¸ Î¥·´ÒÌ ¤Ò·
(¥£µ ¡¥¸±µ´¥Î´µ¥ ¢Ò·µ¦¤¥´¨¥) ´ ¶µ³¨´ ¥É ¶·µ¡²¥³Ê É ± ´ §Ò¢ ¥³ÒÌ ¸±·Ò-
ÉÒÌ ¶ · ³¥É·µ¢ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¨ ³µ¦¥É µ± § ÉÓ¸Ö ¶µ²¥§´Ò³ ¢ · §-
·¥Ï¥´¨¨ ¨§¢¥¸É´µ£µ ¨´Ëµ·³ Í¨µ´´µ£µ ¶ · ¤µ±¸  ¢ Ë¨§¨±¥ Î¥·´ÒÌ ¤Ò·. ˆ
¢ ±µ´Í¥ · §¤¥²  ³Ò ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ É ¢ÒÎ¨¸²¥´¨Ö ´µ·³¨·µ¢±¨ ¢µ²´µ¢µ°
ËÊ´±Í¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ‘± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ²Õ¡ÒÌ ¢µ²´µ-
¢ÒÌ ËÊ´±Í¨° µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¸ ¶ · ³¥É· ³¨ λ1 ¨ λ2 · ¢´µ

N2
λ1,λ2

= 2(−λ1+λ2)/π

∞∫
0

x2dx

(coshπx)(λ1+λ2)/π
=

=
1

4π5/2
2(−λ1+λ2)/π Γ ((λ1 + λ2)/2π)

Γ (1/2 + (λ1 + λ2)/2π)
ζ

(
2,

λ1 + λ2

2π

)
, (126)

£¤¥ ζ(x, y) ¥¸ÉÓ ËÊ´±Í¨Ö �¨³ ´  ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ. ’ ±¨³ µ¡· §µ³, ¤²Ö ¢µ²´µ-
¢µ° ËÊ´±Í¨¨ ¸ ¤ ´´Ò³ ¶ · ³¥É·µ³ λ ³Ò ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ´µ·³¨·µ¢±Ê:

N2
λ =

1
4π5/2

2(−2λ)/π Γ (λ/π)
Γ (1/2 + λ/π)

ζ

(
2,

λ

π

)
. (127)
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3.4. Š¢ ´Éµ¢Ò¥ Î¥·´Ò¥ ¤Ò·Ò ¨ ¨§²ÊÎ¥´¨¥ •µ±¨´£ . ŒÒ ¶µ²ÊÎ¨²¨ µ¡-
Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ, µ¶¨¸Ò¢ ÕÐ¥¥
±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¸ ³µ£· ¢¨É¨·ÊÕÐ¥° Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´-
´µ° ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ° ¶Ò²¥¢µ° µ¡µ²µÎ±¨. „²Ö ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°
³Ò ´ Ï²¨ ¤¨¸±·¥É´Ò° ¸¶¥±É· ³ ¸¸, ¸µ¢¶ ¤ ÕÐ¨° ¸ ¤¨· ±µ¢¸±¨³ ¸¶¥±É·µ³,
¥¸²¨ ¢ ¶µ¸²¥¤´¥³ ¶µ²µ¦¨ÉÓ · ¢´Ò³ ´Ê²Õ É ± ´ §Ò¢ ¥³µ¥ · ¤¨ ²Ó´µ¥ ±¢ ´Éµ-
¢µ¥ Î¨¸²µ. Š ± ¨ ¢ ¸²ÊÎ ¥ ¢µ¤µ·µ¤µ¶µ¤µ¡´µ£µ  Éµ³ , ¸¶¥±É· ±µÉµ·µ£µ ¶µ²Ê-
Î ¥É¸Ö ¨§ ´ Ï¥£µ ¸¶¥±É·  ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¥¤¥²¥, ³Ò ³µ¦¥³ § ±²ÕÎ¨ÉÓ,
ÎÉµ µ¡µ²µÎ±  ´¥ ±µ²² ¶¸¨·Ê¥É ¡¥§ ¨§²ÊÎ¥´¨Ö. �¤´ ±µ ´ Î ²Ó´ Ö ±² ¸¸¨-
Î¥¸± Ö ¸¨ÉÊ Í¨Ö ¸µ¢¥·Ï¥´´µ ¤·Ê£ Ö. Š² ¸¸¨Î¥¸±¨°  Éµ³ ¢µ¤µ·µ¤  ±µ²² ¶-
¸¨·Ê¥É, ¨§²ÊÎ Ö ´¥¶·¥·Ò¢´Ò° ¸¶¥±É·, Éµ£¤  ± ± ±² ¸¸¨Î¥¸± Ö ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´ Ö µ¡µ²µÎ±  ±µ²² ¶¸¨·Ê¥É ¡¥§ ¢¸Ö±µ£µ ¨§²ÊÎ¥´¨Ö. �¤´ ±µ ¡¥§
É ±µ£µ ±µ²² ¶¸  £µ·¨§µ´É ¸µ¡ÒÉ¨° ¨, ¸²¥¤µ¢ É¥²Ó´µ, Î¥·´ Ö ¤Ò·  ´¥ µ¡· §Ê-
ÕÉ¸Ö ¢µ¢¸¥. �µ²¥¥ Éµ£µ, ¥¸²¨ ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¥¥ §´ Î¥´¨¥ · ¤¨Ê¸  ±¢ ´Éµ¢µ°
µ¡µ²µÎ±¨, Éµ µ± ¦¥É¸Ö, ÎÉµ, ¶µ ±· °´¥° ³¥·¥ ¤²Ö ¡µ²ÓÏ¨Ì §´ Î¥´¨° £² ¢´µ£µ
±¢ ´Éµ¢µ£µ Î¨¸² , µ´ ²¥¦¨É ¤ ²¥±µ µÉ ±² ¸¸¨Î¥¸±µ£µ £µ·¨§µ´É  ¸µ¡ÒÉ¨°, É ±
ÎÉµ µ¡µ²µÎ±  ¶·µ¢µ¤¨É ¡µ²ÓÏÊÕ Î ¸ÉÓ ®¦¨§´¨¯ ¢´¥ ±² ¸¸¨Î¥¸±µ° Î¥·´µ°
¤Ò·Ò. ‘²¥¤µ¢ É¥²Ó´µ, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ ¤²Ö ±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò,
´Ê¦¥´ ´µ¢Ò° ±·¨É¥·¨°, ¨ ³Ò ¤µ²¦´Ò ¶µ¤·µ¡´¥¥ ¨§ÊÎ¨ÉÓ ¶µ²ÊÎ¥´´Ò° ¸¶¥±É·.
� ¸¸³µÉ·¨³ § ¢¨¸¨³µ¸ÉÓ ¶µ²´µ° ³ ¸¸Ò m µÉ ¢¥²¨Î¨´Ò £µ²µ° M ¶·¨ Ë¨±¸¨-
·µ¢ ´´ÒÌ µ¸É ²Ó´ÒÌ ¶ · ³¥É· Ì e ¨ n. �± §Ò¢ ¥É¸Ö, ¸ÊÐ¥¸É¢ÊÕÉ ¤¢¥ ¢¥É¢¨:
¢µ§· ¸É ÕÐ Ö ¶·¨

(GM2 − e2)(3GM2 − e2) < 4n2 (128)

¨ Ê¡Ò¢ ÕÐ Ö ¶·¨ ¶·µÉ¨¢µ¶µ²µ¦´µ³ §´ ±¥ ´¥· ¢¥´¸É¢ . ‡ ³¥É¨³, ÎÉµ É¥¶¥·Ó

m

M
>

√
2
3

√
1 +

e2

3GM2 − e2
, (129)

¨ ÔÉµ §´ Î¥´¨¥ ¡µ²ÓÏ¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ±² ¸¸¨Î¥¸±µ£µ §´ Î¥´¨Ö. � ¸ÉÊÐ Ö
¢¥É¢Ó ¸µµÉ¢¥É¸É¢Ê¥É ®¸²ÊÎaÕ Î¥·´µ° ¤Ò·Ò¯,   Ê¡Ò¢ ÕÐ Ö Å ®¸²ÊÎ Õ ±·µ-
Éµ¢µ° ´µ·Ò¯. ˆ¸¶µ²Ó§ÊÖ ±¢ §¨±² ¸¸¨Î¥¸±ÊÕ  ·£Ê³¥´É Í¨Õ, ³Ò ³µ¦¥³ ¸± -
§ ÉÓ, ÎÉµ ¤²Ö ¸µ¸ÉµÖ´¨°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ´¥· ¢¥´¸É¢Ê (128), ¸·¥¤´¨° · ¤¨Ê¸
´ Ìµ¤¨É¸Ö ¢´¥ £µ·¨§µ´É  ¸µ¡ÒÉ¨° ´  ®´ Ï¥°¯ ¸Éµ·µ´¥ ³µ¸É  �°´ÏÉ¥°´ Ä
�µ§¥´  (§ ³¥´ÖÖ, É ±¨³ µ¡· §µ³, ¶µ´ÖÉ¨¥ ®±² ¸¸¨Î¥¸± Ö ÉµÎ±  ¶µ¢µ·µÉ ¯ ´ 
®¸·¥¤´¥¥ §´ Î¥´¨¥ · ¤¨Ê¸ ¯). „²Ö Ê¡Ò¢ ÕÐ¥° ¢¥É¢¨ Éµ ¦¥ ¸ ³µ¥ ¶·µ¨¸Ìµ-
¤¨É ´  ®¤·Ê£µ°¯ ¸Éµ·µ´¥ ³µ¸É  �°´ÏÉ¥°´ Ä�µ§¥´ . ’¥¶¥·Ó ¶µ´ÖÉ´µ, ¶µÎ¥³Ê
¢ ³ ±¸¨³Ê³¥ ±·¨¢µ° µÉ´µÏ¥´¨¥ ¶µ²´µ° ³ ¸¸Ò ± £µ²µ° ³ ¸¸¥ ¢ ±¢ ´Éµ¢µ³
¸²ÊÎ ¥ ¢ÒÏ¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ±² ¸¸¨Î¥¸±µ£µ §´ Î¥´¨Ö. ‚¸¥ ¤¥²µ ± ± · § ¢
§ ³¥´¥ ±² ¸¸¨Î¥¸±µ° ÉµÎ±¨ ¶µ¢µ·µÉ  ´  (³¥´ÓÏ¥¥) §´ Î¥´¨¥ ¸·¥¤´¥£µ · ¤¨-
Ê¸ , ÎÉµ ¶·¨¢µ¤¨É ± ¡µ²ÓÏ¥³Ê §´ Î¥´¨Õ ¶µ²´µ° ³ ¸¸Ò. ‘²¥¤ÊÖ ÔÉµ° ²µ£¨±¥,
³Ò ¤µ²¦´Ò ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö ¶µ²´ Ö ³ ¸¸  m ¶·¨
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Ë¨±¸¨·µ¢ ´´ÒÌ Ô²¥±É·¨Î¥¸±µ³ § ·Ö¤¥ e ¨ ±¢ ´Éµ¢µ³ Î¨¸²¥ n ¸µµÉ¢¥É¸É¢Ê¥É
¸¨ÉÊ Í¨¨, ±µ£¤  ¸·¥¤´¥¥ §´ Î¥´¨¥ · ¤¨Ê¸  · ¢´µ · ¤¨Ê¸Ê £µ·¨§µ´É  ¸µ¡ÒÉ¨°,
¤¥² Ö ¢µ§³µ¦´Ò³ ±µ²² ¶¸ µ¡µ²µÎ±¨. „ ²Ó´¥°Ï¥¥ Ê¢¥²¨Î¥´¨¥ £µ²µ° ³ ¸¸Ò
M µ§´ Î ¥É ¶µÖ¢²¥´¨¥ ±·µÉµ¢µ° ´µ·Ò c ³¥´ÓÏ¥° ¶µ²´µ° ³ ¸¸µ°. �¡µ¡Ð Ö,
³Ò ³µ¦¥³ ¢¢¥¸É¨ ¶µ´ÖÉ¨¥ ¸µ¸ÉµÖ´¨Ö ±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò. „²Ö § ¤ ´´ÒÌ
§´ Î¥´¨° Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  e ¨ £² ¢´µ£µ ±¢ ´Éµ¢µ£µ Î¨¸²  n ¸µ¸ÉµÖ´¨¥
±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò Å ÔÉµ ¸µ¸ÉµÖ´¨¥ ¸ ´ ¨¡µ²ÓÏ¥° ¢µ§³µ¦´µ° ¶µ²´µ°
³ ¸¸µ° m. ’ ±¨³ µ¡· §µ³, ¤²Ö ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò· ¢³¥¸Éµ ´¥· ¢¥´¸É¢ 
(128) ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥:

3(GM2)2 − 4GM2e2 + e4 − 4n2 = 0, (130)

·¥Ï¥´¨¥ ±µÉµ·µ£µ, Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥ Ê¸²µ¢¨Õ GM2 − e2 > 0, ¥¸ÉÓ

GM2 =
2
3
e2 +

1
3

√
e4 + 12n2. (131)

�±µ´Î É¥²Ó´µ ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ¸¶¥±É· ³ ¸¸ Î¥·´ÒÌ ¤Ò·:

mBH =
1√
G

√
4
√

3
9

n

(
1 +

e4

12n2

)3/2

+
2
3
e2 − e6

54n2
, n = 1, 2, 3, . . . (132)

„²Ö ´¥§ ·Ö¦¥´´µ° Î¥·´µ° ¤Ò·Ò e = 0, ¨ ³Ò ´¥³¥¤²¥´´µ ¶µ²ÊÎ ¥³

m =
2

4√27

√
nmPl. (133)

ˆ´É¥·¥¸´Ò ¤¢  ¶·¥¤¥²Ó´ÒÌ ·¥¦¨³ . ‚ ¶¥·¢µ³ ¸²ÊÎ ¥

e4

12n2

 1, mBH =

2
4√27

√
n√
G

(
1 +

√
3

4
e2

n
− 1

32
e4

n2
+ . . .

)
, (134)

¨ § ·Ö¤ Î¥·´µ° ¤Ò·Ò ¤ ¥É ²¨ÏÓ ³ ²Ò¥ ¶µ¶· ¢±¨ ± ¸¶¥±É·Ê ³ ¸¸ Î¥·´µ° ¤Ò·Ò
˜¢ ·ÍÏ¨²Ó¤ . ‡´ Î¥´¨Ö ¤²Ö £µ²µ° ³ ¸¸Ò M ¨ µÉ´µÏ¥´¨Ö m/M ¸µµÉ¢¥É-
¸É¢¥´´µ · ¢´Ò

M =
4

√
4
3

√
n√
G

(
1 +

√
3

6
e2

n
− 1

48
e4

n2
+ . . .

)
,

(135)
m

M
=

√
2
3

(
1 +

√
3

12
e2

n
− 5

96
e4

n2
+ . . .

)
.

‚µ ¢Éµ·µ³ ¸²ÊÎ ¥

e4

12n2
	 1, mBH =

|e|√
G

(
1 +

n2

2e4
+ . . .

)
, (136)
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  M ¨ m/M · ¢´Ò

M =
|e|√
G

(
1 +

n2

e4
+ . . .

)
,

m

M
= 1 − n2

2e4
+ . . . (137)

ˆ´É¥·¥¸´µ, ÎÉµ ¢ ÔÉµ³ ¢Éµ·µ³ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ³ ¸¸  Î¥·´µ° ¤Ò·Ò ¶µÎÉ¨
· ¢´  ³ ¸¸¥ Ô±¸É·¥³ ²Ó´µ° Î¥·´µ° ¤Ò·Ò �¥°¸¸´¥· Ä�µ·¤¸É·¥³ . ‹¥£±µ ¢¨-
¤¥ÉÓ, ÎÉµ ¢ µ¡µ¨Ì ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ | � m|/m 
 1, £¤¥ | � m| Å · §´µ¸ÉÓ
³ ¸¸ ¡²¨§²¥¦ Ð¨Ì Ê·µ¢´¥°. ’ ±¨³ µ¡· §µ³, ÔÉ¨ ¶·¥¤¥²Ò ¸ÊÐ¥¸É¢¥´´µ ±¢ -
§¨±² ¸¸¨Î¥¸±¨¥, ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¥±É·Ò ³ ¸¸ ¤µ²¦´Ò ¡ÒÉÓ ¸µ¢³¥¸É´Ò
¸ ¨§²ÊÎ¥´¨¥³ •µ±¨´£ . ˆ ÔÉµ ¤¥°¸É¢¨É¥²Ó´µ É ±. ‚Ò¶¨Ï¥³ ¥Ð¥ · § ¸¶¥±-
É·Ò, ±µÉµ·Ò¥ ¸²¥¤ÊÕÉ ¨§ É¥·³µ¤¨´ ³¨±¨ Î¥·´ÒÌ ¤Ò· ¢ É ±¨Ì ¦¥ ¶·¥¤¥²Ó´ÒÌ
¸²ÊÎ ÖÌ:

m =
√

n

2
√

G

√
α1

(
1 +

β1 + 3
2α1

e2

n
+

+
(

γ1

2α1
− (β1 + 1)(β1 + 4)

8α2
1

)
e4

n2
+ . . .

)
, n 	 e2 (138)

¨

m =
|e|

2
√

G

(
2 +

α2
2

4
n2

e4
+ . . .

)
, n 
 e2. (139)

‘· ¢´¨¢ Ö ÔÉµ ¸ · §²µ¦¥´¨¥³, ¶µ²ÊÎ¥´´Ò³ ¨§ ´ Ï¥£µ ¸¶¥±É·  ³ ¸¸ Î¥·-
´µ° ¤Ò·Ò, ¶µ²ÊÎ ¥³

α1 =
16

3
√

3
, β1 = −1

3
, γ1 =

5
√

3
144

, . . . ,

(140)
α2 = 2, β2 = 2, γ2 = −15, . . .

‘· ¢´¨¢ Ö §´ Î¥´¨Ö ¤²Ö α1 ¨ α2, ³Ò ¢¨¤¨³, ÎÉµ α̃ ¤¥°¸É¢¨É¥²Ó´µ Ö¢²Ö¥É¸Ö
³¥¤²¥´´µ ³¥´ÖÕÐ¥°¸Ö ËÊ´±Í¨¥°. ’ ±¨³ µ¡· §µ³, ¢ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ´¨§±¨Ì
É¥³¶¥· ÉÊ· ´ Ï ¸¶¥±É· ³ ¸¸ Î¥·´ÒÌ ¤Ò· ¤¥°¸É¢¨É¥²Ó´µ ¸µ¢³¥¸É¨³ ¸ ¸ÊÐ¥-
¸É¢µ¢ ´¨¥³ ¨§²ÊÎ¥´¨Ö •µ±¨´£ . ‡ ³¥É¨³, ´ ±µ´¥Í, ÎÉµ ´ Ï ¸¶¥±É· Ê¢ ¦ ¥É ¨
É·¥É¨° § ±µ´ É¥·³µ¤¨´ ³¨±¨. „¥°¸É¢¨É¥²Ó´µ, ¤²Ö ¶µÎÉ¨ Ô±¸É·¥³ ²Ó´µ° Î¥·-
´µ° ¤Ò·Ò �¥°¸¸´¥· Ä�µ·¤¸É·¥³  ³ ¸¸  ´ ¨´¨§Ï¥£µ Ô´¥·£¥É¨Î¥¸±µ£µ Ê·µ¢´Ö
(n = 1) ¢¸¥£¤  ¶·¥¢ÒÏ ¥É ±·¨É¨Î¥¸±µ¥ §´ Î¥´¨¥ (= |e|/

√
κ), É ± ÎÉµ ´Ê²¥¢ Ö

É¥³¶¥· ÉÊ·  ´¥¤µ¸É¨¦¨³ .
3.5. ƒ¥µ³¥É·µ¤¨´ ³¨± . �ÉµÉ · §¤¥² ¶µ¸¢ÖÐ¥´ ®¶· ¢¨²Ó´µ³Ê¯ ±¢ ´Éµ¢ -

´¨Õ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ° £· ¢¨É Í¨¨ ¸ Éµ´±µ° µ¡µ²µÎ±µ° [23]. ®�· -
¢¨²Ó´µ¥¯ µ§´ Î ¥É, ÎÉµ ¨¸Ìµ¤´Ò³ ¤²Ö ´ ¸ Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨¥ �°´ÏÉ¥°´ Ä
ƒ¨²Ó¡¥·É , ·¥¤ÊÍ¨·µ¢ ´´µ¥ ´  ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ¥ ³´µ£µµ¡· §¨¥, ¨ ³Ò
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¨¸¶µ²Ó§Ê¥³ Ëµ·³ ²¨§³ �·´µ¢¨ÉÉ Ä„¥§¥· ÄŒ¨§´¥·  (�„Œ) ¤²Ö ¶µ²ÊÎ¥´¨Ö ± -
´µ´¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¸¢Ö§¨, £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨ Ëµ·³Ê²
±¢ ´Éµ¢µ° É¥µ·¨¨.

� Ï  Ë¨§¨Î¥¸± Ö ³µ¤¥²Ó µ¸É ¥É¸Ö ´¥¨§³¥´´µ° Å ÔÉµ ¸ ³µ£· ¢¨É¨·ÊÕÐ Ö
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö Éµ´± Ö ¶Ò²¥¢ Ö µ¡µ²µÎ±  ¸ £µ²µ° ³ ¸¸µ° M . �µ²-
´µ¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö · §¤¥²¥´µ ´  É·¨ Î ¸É¨: ¢´ÊÉ·¥´´ÕÕ (I) ¨ ¢´¥Ï´ÕÕ
(II) ¡¥§ ¶µ²¥° ³ É¥·¨¨, · §¤¥²¥´´ÒÌ Éµ´±¨³ ¸²µ¥³ (III), § ¶µ²´¥´´Ò³ ¶Ò²¥-
¢µ° ³ É¥·¨¥° µ¡µ²µÎ±¨. Œ¥É·¨±Ê ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ Ê¤µ¡´µ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ µ¡Ð¥³ ¢¨¤¥:

ds2 = −N2dt2 + L2(dr + N rdt)2 + R2(dθ2 + sin2 θdφ2), (141)

£¤¥ (t, r, θ, φ) Å ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´Ò¥ ±µµ·¤¨´ ÉÒ,   N, N r, L, R Å
´¥±µÉµ·Ò¥ ËÊ´±Í¨¨ Éµ²Ó±µ t ¨ r. ’· ¥±Éµ·¨Ö Éµ´±µ° µ¡µ²µÎ±¨ µ¶¨¸Ò¢ ¥É¸Ö
´¥±µÉµ·µ° É·¥Ì³¥·´µ° ¶µ¢¥·Ì´µ¸ÉÓÕ Σ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨, § ¤ ¢ ¥³µ°
´¥±µÉµ·µ° ËÊ´±Í¨¥° r̂(t): Σ3 = {(t, r, θ, φ) : r = r̂(t)}. ‚ µ¡² ¸É¨ I: r < r̂−ε,
¢ µ¡² ¸É¨ II: r > r̂ + ε,   µ¡² ¸ÉÓ III ¥¸ÉÓ Éµ´±¨° ¸²µ°: r̂ − ε < r < r̂ + ε.
ŒÒ É·¥¡Ê¥³, ÎÉµ¡Ò ³¥É·¨Î¥¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ N, N r, L ¨ R ¡Ò²¨ ´¥¶·¥-
·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨, ´µ ¨Ì ¶·µ¨§¢µ¤´Ò¥ ³µ£ÊÉ ¨¸¶ÒÉÒ¢ ÉÓ ¸± Î±¨ ¢ ÉµÎ± Ì
¶µ¢¥·Ì´µ¸É¨ Σ ¢ ¶·¥¤¥²¥ ε → 0. ”Ê´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¤²Ö ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´µ° £· ¢¨É Í¨¨ ¸ Éµ´±µ° µ¡µ²µÎ±µ° · ¢¥´

S = Sgr + Sshell =
1

16πG
×

×
∫

I+II+III

(4)R
√
−gd4x + (surface terms) − M

∫
Σ

dτ. (142)

�´ ¸µ¸Éµ¨É ¨§ ¸É ´¤ ·É´µ£µ ¤¥°¸É¢¨Ö �°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É  ¤²Ö £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ¨ ¤¥°¸É¢¨Ö ³ É¥·¨¨ ¤²Ö Éµ´±µ° ¶Ò²¥¢µ° µ¡µ²µÎ±¨. �µ¢¥·Ì´µ¸É´Ò¥
Î²¥´Ò ¢ £· ¢¨É Í¨µ´´µ° Î ¸É¨ ¤¥°¸É¢¨Ö ¨ ¶µ¢¥¤¥´¨¥ ³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨-
¥´Éµ¢ ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ ´  ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨ ¡Ò²¨ ¶µ¤·µ¡´µ
¨¸¸²¥¤µ¢ ´Ò ŠÊÌ ¦¥³, É ± ÎÉµ ³Ò ´¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¨Ì §¤¥¸Ó ¨ ¶·µ¸Éµ
¢µ¸¶µ²Ó§Ê¥³¸Ö £µÉµ¢Ò³¨ ·¥§Ê²ÓÉ É ³¨, £¤¥ ÔÉµ ¡Ê¤¥É ´¥µ¡Ìµ¤¨³µ. � ¸ ¨´É¥·¥-
¸Ê¥É ¶µ¢¥¤¥´¨¥ ¤¥°¸É¢¨Ö ¨ Ê· ¢´¥´¨° ¸¢Ö§¨ ´  ¶µ¢¥·Ì´µ¸É¨ Σ3, µ¶¨¸Ò¢ ÕÐ¥°
É· ¥±Éµ·¨Õ µ¡µ²µÎ±¨. �µ²´µ¥ ³´µ¦¥¸É¢µ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ´ Ï¥° ¸¨¸É¥³Ò
¸µ¸Éµ¨É ¨§ ³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ N(r, t), N r(r, t), L(r, t), R(r, t), µ¶¨-
¸Ò¢ ÕÐ¨Ì £· ¢¨É Í¨µ´´µ¥ ¶µ²¥, ¨ · ¤¨ ²Ó´µ° ±µµ·¤¨´ ÉÒ µ¡µ²µÎ±¨ r̂(t)
± ± ËÊ´±Í¨¨ ¢·¥³¥´¨. Œ¥É·¨±  (141) ¨³¥¥É ¸É ´¤ ·É´ÊÕ �„Œ-Ëµ·³Ê ¤²Ö
3+1-· §¡¨¥´¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ ËÊ´±Í¨¥° Ìµ¤  N , ¢¥±Éµ·µ³ ¸¤¢¨£ 
N i = (N r, 0, 0) ¨ ¶·µ¸É· ´¸É¢¥´´µ° ³¥É·¨±µ° hik = diag (L2, R2, R2 sin2 θ),
±µÉµ·Ò¥ § ¤ ÕÉ · ¸¸²µ¥´¨¥ ³´µ£µµ¡· §¨Ö ´  ¶·µ¸É· ´¸É¢µ ¨ ¢·¥³Ö. ‘± ²Ö·-
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´ Ö ¶²µÉ´µ¸ÉÓ ±·¨¢¨§´Ò · ¢´ 

(4)R
√
−g = N

√
h((3)R + ((Tr K)2 − TrK2)) −

− 2(
√

hK),0) + 2(
√

hKN i −
√

hhijN,j),i, (143)

£¤¥ (3)R ¨ Kij Å ¸µµÉ¢¥É¸É¢¥´´µ ¸± ²Ö·´ Ö ±·¨¢¨§´  ¶·µ¸É· ´¸É¢¥´´µ°
³¥É·¨±¨ hij ¨ É¥´§µ· ¢´¥Ï´¥° ±·¨¢¨§´Ò ¶µ¢¥·Ì´µ¸É¨ t = const. �µ¤¸É ¢²ÖÖ
¢Ò· ¦¥´¨¥ (141) ¤²Ö ³¥É·¨±¨ ¢ (143), ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö
¢´ÊÉ·¥´´¥° ¨ ¢´¥Ï´¥° ±·¨¢¨§´Ò ¶µ¢¥·Ì´µ¸É¨ t = const:

(3)R =
2

R2

(
1 − (R′)2

L2 − 2RR′′

L2 +
2RR′L′

L3

)
(144)

¨

Ki
j = diag (Kr

r , Kθ
θ , Kφ

φ ),

Kr
r =

1
NL

(L̇ − L′N r − L(N r)′), (145)

Kθ
θ = Kφ

φ =
1

NR
(Ṙ − R′N r).

‡¤¥¸Ó ÉµÎ±  ¨ ÏÉ·¨Ì µ§´ Î ÕÉ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ t ¨ r ¸µµÉ¢¥É¸É¢¥´´µ.
‚±² ¤Ò ¢ £· ¢¨É Í¨µ´´µ¥ ¤¥°¸É¢¨¥ ¢ (143) µÉ Î²¥´µ¢, ¸µ¤¥·¦ Ð¨Ì ¶µ²´Ò¥
¶·µ¨§¢µ¤´Ò¥, ¶·¨¢µ¤ÖÉ ± ¶µ¢¥·Ì´µ¸É´Ò³ Î²¥´ ³, ±µÉµ·Ò¥ ¢§ ¨³´µ Ê´¨ÎÉµ-
¦ ÕÉ¸Ö ´  µ¡Ð¨Ì £· ´¨Í Ì µ¡² ¸É¥° I, II ¨ III. ’ ± ÎÉµ µ¸É ÕÉ¸Ö Éµ²Ó±µ
¶µ¢¥·Ì´µ¸É´Ò¥ Î²¥´Ò ´  ¡¥¸±µ´¥Î´µ¸É¨, ±µÉµ·Ò¥ ³Ò · ¸¸³µÉ·¨³ ¶µ§¤´¥¥.
‘ÊÐ¥¸É¢¥´´µ° ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö �„Œ-Î ¸ÉÓ ¤¥°¸É¢¨Ö (142)
¸ ² £· ´¦¨ ´µ³

Lgr =
1

16πG
NLR2((3)R − (Tr K)2 − Tr K2). (146)

‚±² ¤ ¢ ¤¥°¸É¢¨¥ µÉ µ¡² ¸É¨ III ¢ ¶·¥¤¥²¥ ε → 0 ¤ ¥É ²¨ÏÓ Î²¥´, ¸µ¤¥·¦ Ð¨°
¢Éµ·ÊÕ ¶·µ¨§¢µ¤´ÊÕ R, ¨³¥´´µ∫

III

1
16πG

NLR2 (3)R = −
∫
II

NRR′′

GL
= −

∫
Σ

N̂R̂ [R′]
GL̂

. (147)

ŒÒ ¡Ê¤¥³ µÉ³¥Î ÉÓ Ï²Ö¶±µ° ¶¥·¥³¥´´Ò¥ ´  ¶µ¢¥·Ì´µ¸É¨ Σ ¨ ±¢ ¤· É´Ò³¨
¸±µ¡± ³¨ [A] = limε→0 (A(r̂ + ε) −A(r̂ − ε)) ¸± Îµ± ¶¥·¥³¥´´µ° A(r) Î¥·¥§
¶µ¢¥·Ì´µ¸ÉÓ µ¡µ²µÎ±¨. �µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ (141) ¢ ®µ¡µ²µÎ¥Î´ÊÕ¯ Î ¸ÉÓ
¤¥°¸É¢¨Ö, ¶µ²ÊÎ ¥³

Sshell = −M

∫
Σ

√
N̂2 − L̂2(N̂ r + ˙̂r)2dt. (148)
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‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ ¸²¥¤ÊÕÐ¨° Ö¢´Ò° ¢¨¤ ¤¥°¸É¢¨Ö (142) ¸ ³¥É·¨±µ° (141):

S =
1
G

∫
I+II+III

(
N

L

2
(R′)2

2L
−

(
RR′

L

)′
+

R

N
(Ṙ − R′N r)((LN r)′ − L̇) +

+
L

2N
(Ṙ − R′N r)2

)
−

∫
Σ

(
N̂R̂ [R′]

L̂
− m

√
N̂2 − L̂2(N̂ r + ˙̂r)2

)
dt. (149)

Š ´µ´¨Î¥¸±¨° Ëµ·³ ²¨§³ ¤²Ö É ±µ£µ ¤¥°¸É¢¨Ö ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´ ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³. ˆ³¶Ê²Ó¸ ³¨, ¸µ¶·Ö¦¥´´Ò³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¤¨´ ³¨Î¥¸±¨³
¶¥·¥³¥´´Ò³, Ö¢²ÖÕÉ¸Ö

PN = δS / δṄ = 0,

PNr = δS / δṄ r = 0,

PL = δS / δL̇ =
R

GN
(R′N r − Ṙ),

PR = δS / δṘ =
L

GN
(R′N r − Ṙ) +

R

GN
((LN r)′ − L̇), (150)

PR̂ = δS / δ
˙̂
R = 0,

PL̂ = δS / δ
˙̂
L = 0,

π̂ = δS / δ ˙̂r =
mL̂2(N r + ˙̂r)√

N̂2 − L̂2(N r + ˙̂r)
.

„¥°¸É¢¨¥ (149), § ¶¨¸ ´´µ¥ ¢ £ ³¨²ÓÉµ´µ¢µ° Ëµ·³¥, ¶·¨´¨³ ¥É ¢¨¤

S =
∫

I+II

(
PLL̇ + PRṘ − NH − N rHr

)
drdt +

∫
Σ

π̂ ˙̂r −

− N̂

(
R̂ [R′] /(GL̂) +

√
m2 + π̂2/L̂2

)
− N̂ r(−L̂ [PL] − π̂)dt, (151)

£¤¥

H = G

(
LP 2

L

2R2
− PLPR

R

)
+

1
G

(
−L

2
− (R′)2

2L
+

(
RR′

L

)′
)

,

(152)
Hr = PRR′ − LP ′

L.

‡¤¥¸Ó N , N r, N̂ ¨ N̂ r Å ² £· ´¦¥¢Ò ³´µ¦¨É¥²¨ £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³ .
‘¨¸É¥³  ¸¢Ö§¥° ¸µ¤¥·¦¨É ¤¢¥ ¶µ¢¥·Ì´µ¸É´Ò¥ ¸¢Ö§¨, ¢¤µ¡ ¢µ± ± ¨§¢¥¸É´Ò³
£ ³¨²ÓÉµ´µ¢µ° ¨ ¨³¶Ê²Ó¸´µ° ¸¢Ö§Ö³ ¢ Ëµ·³ ²¨§³¥ �„Œ.
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�„Œ-¸¢Ö§¨: {
H = 0,

Hr = 0.
(153)

‘¢Ö§¨ ´  µ¡µ²µÎ±¥:


Ĥr = π̂ + L̂ [PL] = 0,

Ĥ = R [R′]
GL +

√
M2 + π̂2/ L2 = 0.

(154)

ŠÊÌ ¦ ¶·¨¤Ê³ ² ¸²¥¤ÊÕÐ¥¥ ¸¶¥Í¨Ë¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¶¥·¥³¥´´ÒÌ
(R, PR, L, PL) ± ´µ¢Ò³ ± ´µ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (R, P̄R, M, PM ), ¢ ±µÉµ-
·ÒÌ £ ³¨²ÓÉµ´µ¢  ¨ ¨³¶Ê²Ó¸´ Ö ¸¢Ö§¨, § ¤ ¢ ¥³Ò¥ Ê· ¢´¥´¨¥³ (152), Ô±¢¨¢ -
²¥´É´Ò µÎ¥´Ó ¶·µ¸Éµ° ¸¨¸É¥³¥ ¸¢Ö§¥°:

P̄R = 0, M ′ = 0. (155)

ˆ¤¥Ö ÔÉµ£µ ¶·¥µ¡· §µ¢ ´¨Ö Å ¢ ¨¸¶µ²Ó§µ¢ ´¨¨ ¤²Ö ³¥É·¨±¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ Ï¢ ·ÍÏ¨²Ó¤µ¢¸±µ£µ  ´§ Í  ¢³¥¸Éµ ³¥É·¨±¨ (141):

ds2 = −F (R, m)dT 2 +
1

F (R, m)
dR2 + R2(dθ2 + sin2 θdφ2). (156)

‡¤¥¸Ó T , R ¨ m Å ´¥±µÉµ·Ò¥ ËÊ´±Í¨¨ (r, t) ¨ F (R, m) = 1 − 2Gm/R,   m,
¢µµ¡Ð¥ £µ¢µ·Ö, ËÊ´±Í¨Ö r, m = m(r). �·¨· ¢´¨¢ Ö ¤¢¥ Ëµ·³Ò ³¥É·¨±¨ (141)
¨ (156), ¶µ²ÊÎ ¥³ ¸¢Ö§Ó ¤¢ÊÌ ¸¨¸É¥³ ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ. ‚ Ö¢´µ³ ¢¨¤¥

L =

√
(R′)2

F
− FP 2

m,

PL =
RFPm

G

√
(R′)2

F
− FP 2

m,

(157)
R = R,

P̄R = PR +
Pm

2G
+

FPm

2G
+

(RFPm)′RR′ − RFPm(RR′)′

GRF ((R′)2/F − FP 2
m)

,

£¤¥ Pm = −T ′. ”µ·³  ‹¨Ê¢¨²²Ö

Θ =
∫

PRṘ + PLL̇ (158)
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³µ¦¥É ¡ÒÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¢Ò· ¦¥´  Î¥·¥§ ´µ¢Ò¥ ¶¥·¥³¥´´Ò¥:

Θ =
∫

Pmṁ + P̄RṘ +
∂

∂t

(
LPL +

1
2G

RR′ ln
∣∣∣∣RR′ − LPLG

RR′ + LPLG

∣∣∣∣
)

+

+
∂

∂r

(
1

2G
RṘ ln

∣∣∣∣RR′ + LPLG

RR′ − LPLG

∣∣∣∣
)

. (159)

’ ³, £¤¥ ´¥É µ¡µ²µÎ±¨, ¶µ²´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢ (159) ¶·¨¢µ¤ÖÉ ± ¶µÖ¢²¥´¨Õ
´¥±µÉµ·ÒÌ ¶µ¢¥·Ì´µ¸É´ÒÌ Î²¥´µ¢ ´  ¡¥¸±µ´¥Î´µ¸É¨. Š ± ¶µ± § ² ŠÊÌ ¦,
¶µ¤Ìµ¤ÖÐ¨¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ´  ¡¥¸±µ´¥Î´µ¸É¨ ¤¥² ÕÉ ¶µ¸²¥¤´¨° ¶µ¢¥·Ì-
´µ¸É´Ò° Î²¥´ ¢ (159) · ¢´Ò³ ´Ê²Õ. ’µ£¤  ¨§ (159) ¸²¥¤Ê¥É, ÎÉµ ³´µ¦¥¸É¢µ
(R, P̄R, m, Pm) µ¡· §Ê¥É ± ´µ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ¶¥·¥³¥´´ÒÌ,   (157) µ¶¨¸Ò-
¢ ¥É ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ³¥¦¤Ê (R, PR, L, PL) ¨ (R, P̄R, m, Pm).

‚ ¶·¨¸ÊÉ¸É¢¨¨ µ¡µ²µÎ±¨ ¸¨ÉÊ Í¨Ö ³¥´Ö¥É¸Ö. ’¥¶¥·Ó ¶µ¢¥·Ì´µ¸É´Ò³¨
Î²¥´ ³¨ Ê¦¥ ´¥²Ó§Ö ¶·¥´¥¡·¥ÎÓ. �·µ¨§¢¥¤¥³ ¶·¥µ¡· §µ¢ ´¨¥ (157) ¢ µ¡² ¸ÉÖÌ
I ¨ II ´ Ï¥£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. ”µ·³  ‹¨Ê¢¨²²Ö ´ Ï¥° £ ³¨²ÓÉµ´µ¢µ°
¸¨¸É¥³Ò (151) ¨³¥¥É ¢¨¤

Θ̃ =
∫

I+II

PRṘ + PLL̇ +
∫
Σ

π̂ ˙̂r. (160)

�µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ²´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢ (159) ¤ ÕÉ ´¥±µÉµ·Ò° ¢±² ¤ ¢
Ëµ·³Ê ‹¨Ê¢¨²²Ö ´  ¶µ¢¥·Ì´µ¸É¨ Σ:

Θ̃ =
∫

I+II

P̄RṘ + Pmṁ +
∫
Σ

[
LPL +

1
2G

RR′ ln
∣∣∣∣RR′ − LPLG

RR′ + LPLG

∣∣∣∣
]

˙̂rdt −

−
∫
Σ

[
1

2G
RṘ ln

∣∣∣∣RR′ + LPLG

RR′ − LPLG

∣∣∣∣
]

+
∫
Σ

π̂ ˙̂r =

=
∫

I+II

Pmṁ + P̄RṘ +
∫
Σ

p̂ ˙̂r +
∫
Σ

P̂R̂
˙̂
R, (161)

£¤¥ ³Ò ¢¢¥²¨ µ¡µ§´ Î¥´¨Ö

p̂ = π̂ + L [PL] ,
(162)

P̂R̂ = ±
[

1
2G

R ln
∣∣∣∣RR′ − GLPL

RR′ + GLPL

∣∣∣∣
]
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¨ ¨¸¶µ²Ó§µ¢ ²¨ ¸²¥¤ÊÕÐ¥¥ Éµ¦¤¥¸É¢µ:

˙̂
R =

d

dt
R(t, r̂(t)) = (Ṙ(t, r) + R′(t, r) ˙̂r(t)) |r=r̂(t) . (163)

‡´ ± ¶¥·¥¤ ²µ£ ·¨Ë³µ³ ¢ µ¶·¥¤¥²¥´¨¨ ¨³¶Ê²Ó¸  PR̂ § ¢¨¸¨É µÉ Éµ£µ, ¶¥·¥-
¸¥± ¥³ ²¨ ³Ò µ¡µ²µÎ±Ê ¨§´ÊÉ·¨ ´ ·Ê¦Ê, ¤¢¨£ Ö¸Ó ¶µ ¢·¥³¥´¨ ¨§ ¶·µÏ²µ£µ
¢ ¡Ê¤ÊÐ¥¥ (§´ ± ®+¯) ¨²¨ ´ µ¡µ·µÉ (§´ ± ®−¯). ‚¨¤¨³, ÎÉµ ÔÉµ ± ´µ´¨-
Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ § É· £¨¢ ¥É ¢¸¥ ³´µ¦¥¸É¢µ ±µµ·¤¨´ É Ë §µ¢µ£µ ¶·µ-
¸É· ´¸É¢  Π = {(R(r, t), PR(r, t), L(r, t), PL(r, t), r̂(t), π̂(t))} ¢ ¸µµÉ¢¥É¸É¢¨¨
¸ Ëµ·³Ê² ³¨ (157) ¨ (162). �µ²¥¥ Éµ£µ, µ´µ ¢¢µ¤¨É ¤µ¶µ²´¨É¥²Ó´ÊÕ ¶ ·Ê
± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ (R̂, P̂R̂) ´  µ¡µ²µÎ±¥. ‚µ ¢´ÊÉ·¥´´¥° ¨ ¢´¥Ï´¥°
µ¡² ¸ÉÖÌ I ¨ II ¢ ·¥§Ê²ÓÉ É¥ ± ´µ´¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸¢Ö§¨ Ê¶·µÐ ÕÉ¸Ö,
± ± ÔÉµ ¡Ò²µ ¨ ¢ µÉ¸ÊÉ¸É¢¨e µ¡µ²µÎ±¨ (¸³. (155)). ˆ³¶Ê²Ó¸´ Ö ¸¢Ö§Ó (154) ´ 
¶µ¢¥·Ì´µ¸É¨ Ĥr = 0 ¶·¨´¨³ ¥É ¢¨¤

p̂ = 0. (164)

—Éµ¡Ò ¤¢¨£ ÉÓ¸Ö ¤ ²ÓÏ¥, ´ ³ ´Ê¦´µ §´ ÉÓ £ ³¨²ÓÉµ´µ¢Ê ¸¢Ö§Ó ´  µ¡µ-
²µÎ±¥ ± ± ËÊ´±Í¨Õ ´µ¢ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ. „²Ö ÔÉµ£µ ¶µ¸³µ-
É·¨³ ¢´¨³ É¥²Ó´¥¥ ´  Ê· ¢´¥´¨¥ (163), ±µÉµ·µ¥ ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ¶µ²-
´ Ö ¶·µ¨§¢µ¤´ Ö ¶µ ¢·¥³¥´¨ µÉ · ¤¨Ê¸  µ¡µ²µÎ±¨. ˆ¸¶µ²Ó§ÊÖ µ¶·¥¤¥²¥´¨¥
PL = −R/(GN)(Ṙ − R′N r), ¶µ²ÊÎ ¥³

˙̂
R = −GNPL

R
+ R′(ṙ + N r). (165)

‚¸¶µ³¨´ Ö, ÎÉµ

π ≡ ML2(N r + ṙ)√
N2 − L2(N r + ṙ)2

,

´ Ìµ¤¨³

L(N r + ṙ) =
πN

L
√

M2 + π2/L2
.

“· ¢´¥´¨¥ (165) É¥¶¥·Ó ¨³¥¥É ¢¨¤

˙̂
R

N
= −GPL

R
+

R′

L

π

L
√

M2 + π2/L2
. (166)

‹¥£±µ § ³¥É¨ÉÓ É¥¶¥·Ó, ÎÉµ ¸± Îµ± ¶·µ¨§¢µ¤´µ° · ¤¨Ê¸  ˙̂
R ¶·¨ ¶¥·¥Ìµ¤¥ Î¥·¥§

µ¡µ²µÎ±Ê ¥¸ÉÓ ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ¸¢Ö§¥°

[ ˙̂
R

]
=

GN

R

(
χH − Hr

L

)
, (167)
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£¤¥
χ =

π

L
√

M2 + π2/L2
.

„ ²¥¥, µ¶·¥¤¥²¥´¨¥ ¨³¶Ê²Ó¸  ˙̂
R ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

β ≡ exp

(
±GP̂R

R

)
Fout

Fin
=

( ˙̂
R/N + GPL/R(1 + χ))in

( ˙̂
R/N + GPL/R(1 + χ))out

≡

≡ α + yin(1 + χ)
α + yout(1 + χ)

, (168)

£¤¥ α = ˙̂
R/N ¨ y = GPL/R.

‘²¥¤ÊÕÐ¨³ Ï £µ³ ¡Ê¤¥É ¶µ²ÊÎ¥´¨¥ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê α ¨ y. ˆ§ µ¶·¥-

¤¥²¥´¨Ö PL ¨ ˙̂
R ¨³¥¥³

R′2

L2
= F + y2 =

(
α

χ
+

y

χ

)
.

�¥Ï Ö ÔÉµ Ê· ¢´¥´¨¥ µÉ´µ¸¨É¥²Ó´µ y, ¶µ²ÊÎ ¥³

y =
α ±

√
α2 − (χ2 − 1) (Fχ2 − α2)

χ2 − 1
. (169)

�µ¤¸É ¢²ÖÖ ¶µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ µ¡· É´µ ¢ (168), ´ Ìµ¤¨³ ¶µ¸²¥ ¶·µ¸ÉÒÌ
 ²£¥¡· ¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°

β =
z − σin

√
z2 + Fin

z − σout

√
z2 + Fout

, (170)

£¤¥

z2 =
α2

1 − χ2
. (171)

‘ ¶µ³µÐÓÕ ¨³¶Ê²Ó¸´µ° ¸¢Ö§¨ ³Ò ³µ¦¥³ § ¶¨¸ ÉÓ ¸± Îµ± y ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

σoutχ
√

α2 + (1 − χ2)Fout =

= σinχ
√

α2 + (1 − χ2) Fin − G
M

R
χ
√

1 − χ2. (172)

‡ ³¥É¨³, ÎÉµ ÔÉµ ± ± · § Éµ Ê· ¢´¥´¨¥, ¸ ±µÉµ·µ£µ ³Ò ´ Î¨´ ²¨ (¸³. (10)),

¥¸²¨ ¢Ò¡· ÉÓ ¸µ¡¸É¢¥´´µ¥ ¢·¥³Ö (¶µ¤¸É ¢²ÖÖ
˙̂

R2 ¢³¥¸Éµ z2). Š¢ ¤·¨·ÊÖ ¥£µ,
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¶µ²ÊÎ ¥³ 


σin

√
z2 + Fin = −R [F ]

2MG
+

MG

2R
,

σout

√
z2 + Fout = −R [F ]

2MG
− MG

2R
,

(173)

z = ±

√(
R [F ]
2MG

)2

− 1
2

(Fout + Fin) +
M2G2

4R2
. (174)

‡´ ± z ¶·µÉ¨¢µ¶µ²µ¦¥´ §´ ±Ê ˙̂
R. �±µ´Î É¥²Ó´µ ¤²Ö ¸¢Ö§¨ ´  µ¡µ²µÎ±¥ ¨³¥¥³

β − z + R[F ]/2MG− MG/2R

z + R[F ]/2MG + MG/2R
= 0. (175)

‹¥£±µ ¶µ± § ÉÓ, ÎÉµ ¶µ²ÊÎ¥´´ Ö ¸¢Ö§Ó Ô±¢¨¢ ²¥´É´  £ ³¨²ÓÉµ´µ¢µ° ¸¢Ö§¨
(154). ‚ ¶µ¸²¥¤ÊÕÐ¥³ ¢ ± Î¥¸É¢¥ ±² ¸¸¨Î¥¸±µ° ¸¢Ö§¨, ¨§ ±µÉµ·µ° ¶µ²ÊÎ¨É¸Ö
§ É¥³ ±¢ ´Éµ¢µ¥ Ê· ¢´¥´¨¥ ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψ, ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ
¸²¥¤ÊÕÐÊÕ ±¢ ¤·¨·µ¢ ´´ÊÕ ¢¥·¸¨Õ £ ³¨²ÓÉµ´µ¢µ° ¸¢Ö§¨:

C = Fout + Fin −
√

Fout

√
Fin

(
exp

GṖR

R
+ exp−GṖR

R

)
− M2G2

R2
. (176)

ƒ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó (176) ¡Ò²  ¶µ²ÊÎ¥´  ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ Fin ¨
Fout ¶µ²µ¦¨É¥²Ó´Ò. Œµ¦´µ, · §Ê³¥¥É¸Ö, ¢Ò¢¥¸É¨  ´ ²µ£¨Î´Ò¥ ¸¢Ö§¨ ¨ ¢ T±-
µ¡² ¸ÉÖÌ, £¤¥ F < 0. �µ ³Ò ¢³¥¸Éµ ÔÉµ£µ ¸¤¥² ¥³ § ³¥´Ê

√
F → F 1/2 (177)

¨ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ÔÉÊ ËÊ´±Í¨Õ ± ± ËÊ´±Í¨Õ ±µ³¶²¥±¸´µ° ¶¥·¥³¥´´µ°.
’µ£¤  ÉµÎ±  ´  £µ·¨§µ´É¥ F = 0 ¸É ´µ¢¨É¸Ö ÉµÎ±µ° ¢¥É¢²¥´¨Ö, ¨ ´ ³ ´¥µ¡Ìµ-
¤¨³Ò ¶· ¢¨²  µ¡Ìµ¤ . �µ²µ¦¨³

F 1/2 = |F | eiφ,

φ = 0 ¢ R+-µ¡² ¸É¨,
φ = π/2 ¢ T−-µ¡² ¸É¨,
φ = π ¢ R−-µ¡² ¸É¨,
φ = −π/2 ¢ T+-µ¡² ¸É¨

(178)

¤²Ö Î¥·´ÒÌ ¤Ò·, ¨

φ = π ¢ R+-µ¡² ¸É¨,
φ = −π/2 ¢ T−-µ¡² ¸É¨,
φ = 0 ¢ R−-µ¡² ¸É¨,
φ = π/2 ¢ T+-µ¡² ¸É¨

(179)
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�¨¸. 6 �¨¸. 7

¤²Ö ±·µÉµ¢ÒÌ ´µ·. �·¨Î¨´  É ±µ£µ  ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²¦¥´¨Ö ¸µ¸Éµ¨É
¢ Éµ³, ÎÉµ É ±¨³ µ¡· §µ³ ³Ò ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨,
±µÉµ·µ¥ ¶µ±·Ò¢ ¥É ¢¸¥ Î¥ÉÒ·¥ ±Ê¸±  ¶µ²´µ° ¤¨ £· ³³Ò Š ·É¥· Ä�¥´·µÊ§ 
¤²Ö ³´µ£µµ¡· §¨Ö ˜¢ ·ÍÏ¨²Ó¤ . �¥±µÉµ·Ò¥ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ÔÉµ£µ ¸É ´ÊÉ
¢¸±µ·¥ µÎ¥¢¨¤´Ò³¨.

‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ³Ò · ¸¸³ É·¨¢ ¥³ Éµ´±ÊÕ ¸ ³µ£· ¢¨É¨·ÊÕÐÊÕ
µ¡µ²µÎ±Ê ¢³¥¸É¥ ¸ ¶·µ¸É· ´¸É¢µ³-¢·¥³¥´¥³, ±µÉµ·µ¥ µ´  ®¸µ§¤ ¥É¯. �µÔÉµ³Ê
¤²Ö · §´ÒÌ ¢¨¤µ¢ ¤¢¨¦¥´¨Ö µ¡µ²µÎ±¨ ³Ò ¤µ²¦´Ò ¢Ò¡· ÉÓ · §²¨Î´Ò¥ Ëµ·³Ò
£ ³¨²ÓÉµ´µ¢µ° ¸¢Ö§¨. „²Ö µ¡µ²µÎ±¨, ÊÌµ¤ÖÐ¥° ´  ¡¥¸±µ´¥Î´µ¸ÉÓ, ³Ò ¢Ò¡¨-
· ¥³ ¸¢Ö§Ó ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ (¸³. ·¨¸. 6 ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¤¨ £· ³³Ò
Š ·É¥· Ä�¥´·µÊ§  ¢ ¸²ÊÎ ¥ Fin = 1):

exp
(
±Gp

R

)
=

1/2(Fout + Fin) − (M2G2)/2R2 ± (MG)/Rz√
Fin

√
Fout

, (180)

¢ Éµ ¢·¥³Ö ± ± ¤²Ö µ¡µ²µÎ±¨, ¶·¨Ìµ¤ÖÐ¥° ¨§ ¡¥¸±µ´¥Î´µ¸É¨ (¤¨ £· ³³ 
Š ·É¥· Ä�¥´·µÊ§  ¶µ± § ´  ´  ·¨¸. 7), ³Ò ¨³¥¥³

exp
(
±Gp

R

)
=

1/2(Fout + Fin) − (M2G2)/2R2 ∓ (MG)/Rz√
Fin

√
Fout

. (181)

”¨´¨É´µ¥ ¤¢¨¦¥´¨¥ ¸¨³³¥É·¨Î´µ µÉ´µ¸¨É¥²Ó´µ ¨§³¥´¥´¨Ö §´ ±  ¨³¶Ê²Ó¸ ,
¶µÔÉµ³Ê ¢ ± Î¥¸É¢¥ £ ³¨²ÓÉµ´µ¢µ° ¸¢Ö§¨ ³Ò ¢Ò¡¥·¥³ ¸Ê³³Ê ¸¢Ö§¥° (180)
¨ (181):

exp
(

Gp

R

)
+ exp

(
−Gp

R

)
= σ

Fout + Fin − (M2G2)/R2

√
Fin

√
Fout

(182)
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�¨¸. 8

¸ ¤¨ £· ³³ ³¨ Š ·É¥· Ä�¥´·µÊ§  ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° σ = ±1 (¸²ÊÎ °
Î¥·´µ° ¤Ò·Ò ¨ ±·µÉµ¢µ° ´µ·Ò), ¶·¨¢¥¤¥´´Ò³¨ ´  ·¨¸. 8.

3.6. Š¢ ´Éµ¢ Ö £¥µ³¥É·µ¤¨´ ³¨±  Î¥·´ÒÌ ¤Ò· ¨ ±·µÉµ¢ÒÌ ´µ·. �¡· -
É¨³¸Ö É¥¶¥·Ó ± ¶·µÍ¥¤Ê·¥ ±¢ ´Éµ¢ ´¨Ö É¥µ·¨° ¸µ ¸¢Ö§Ö³¨ ¶µ „¨· ±Ê.

“¤µ¡´µ ¸¤¥² ÉÓ ± ´µ´¨Î¥¸±µ¥ ¶·¥µ¡· §µ¢ ´¨¥ µÉ ¶¥·¥³¥´´ÒÌ (R̂, P̂R̂) ±

¶¥·¥³¥´´Ò³ (Ŝ, P̂S):




Ŝ = R̂2

R2
0

,

P̂S = R2
0
P̂R̂
2R.

(183)

‡¤¥¸Ó R0 Å ´¥±µ¥ ±µ´±·¥É´µ¥ §´ Î¥´¨¥ · ¤¨Ê¸ . �¥·¥³¥´´ Ö Ŝ ¥¸ÉÓ ¡¥§· §-
³¥·´ Ö ¶²µÐ ¤Ó ¶µ¢¥·Ì´µ¸É¨ µ¡µ²µÎ±¨.

” §µ¢µ¥ ¶·µ¸É· ´¸É¢µ ¸µ¸Éµ¨É ¨§ ±µµ·¤¨´ É (R(r), P̃R(r), m(r), Pm(r),
Ŝ, P̂S , r̂, p̂r), r ∈ (−∞, r̂− ε)∪(r̂+ ε,∞). ‚µ²´µ¢ Ö ËÊ´±Í¨Ö ¢ ±µµ·¤¨´ É´µ³
¶·¥¤¸É ¢²¥´¨¨ § ¢¨¸¨É µÉ ±µµ·¤¨´ É ±µ´Ë¨£Ê· Í¨µ´´µ£µ ¶·µ¸É· ´¸É¢ 

Ψ = Ψ(R(r), m(r), Ŝ, r̂), (184)

  ¢¸¥ ¨³¶Ê²Ó¸Ò ¸É ´µ¢ÖÉ¸Ö µ¶¥· Éµ· ³¨ ¢¨¤ 

P̃R(r) = −i δ/ δR(r), Pm(r) = −i δ/ δm(r),

P̂S = −i ∂/ ∂Ŝ, p̂r = −i ∂/ ∂r̂.
(185)

‘¢Ö§¨ �„Œ (153) ¨ ¸¢Ö§¨ ´  µ¡µ²µÎ±¥ (154) ¸É ´µ¢ÖÉ¸Ö µ¶¥· Éµ· ³¨, ¤¥°-
¸É¢ÊÕÐ¨³¨ ´  Ψ. ‘¨¸É¥³  ¸¢Ö§¥° �„Œ Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ ¸¢Ö§¥° (155) ¢
¶¥·¥³¥´´ÒÌ ŠÊÌ ¦ , ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ²¥£±µ ·¥Ï¥´Ò ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥.
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„¥°¸É¢¨É¥²Ó´µ, ¢ µ¡² ¸ÉÖÌ I ¨ II Ê· ¢´¥´¨Ö

{
∂Ψ/∂R(r) = 0,

m′(r)Ψ = 0
(186)

¢Ò· ¦ ÕÉ ÉµÉ Ë ±É, ÎÉµ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ´¥ § ¢¨¸¨É µÉ R(r),   § ¢¨¸¨³µ¸ÉÓ
µÉ m(r) ¸¢µ¤¨É¸Ö ¢ ± ¦¤µ° ¨§ µ¡² ¸É¥° I ¨ II ± Ψ ≡ δ(m−m±), £¤¥ ¢¥²¨Î¨´Ò
m±, µ¶·¥¤¥²¥´´Ò¥ ¢ µ¡² ¸ÉÖÌ I (Ä) ¨ II (+), ´¥ § ¢¨¸ÖÉ µÉ r. �´¨ · ¢´Ò Ï¢ ·Í-
Ï¨²Ó¤µ¢¸±¨³ ³ ¸¸ ³ min ¨ mout ¢ (68) ¢µ ¢´ÊÉ·¥´´¥° ¨ ¢´¥Ï´¥° µ¡² ¸ÉÖÌ.
‘¨¸É¥³  ¸¢Ö§¥° ´  µ¡µ²µÎ±¥ (154) ´ ±² ¤Ò¢ ¥É ¤µ¶µ²´¨É¥²Ó´Ò¥ µ£· ´¨Î¥´¨Ö
´  Ψ. �¥·¢µ¥ ¨§ ´¨Ì ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (164) ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤ ¢ ´µ¢ÒÌ
¶¥·¥³¥´´ÒÌ:

∂Ψ/ ∂r̂ = 0. (187)

’ ± ÎÉµ ¥¤¨´¸É¢¥´´Ò³ ´¥É·¨¢¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ Ö¢²Ö¥É¸Ö £ ³¨²ÓÉµ´µ¢ 
¸¢Ö§Ó (176):

Ĉ(m+, m−, Ŝ,−i�∂/∂Ŝ)Ψ = 0,
(188)

Ψ = Ψ(m+, m−, Ŝ).

�¶¥· Éµ· Ĉ ¸µ¤¥·¦¨É Ô±¸¶µ´¥´ÉÊ µÉ ¨³¶Ê²Ó¸  P̂S . �É  Ô±¸¶µ´¥´É  ¸É ´µ-
¢¨É¸Ö µ¶¥· Éµ·µ³ ±µ´¥Î´µ£µ ¸¤¢¨£ , ±µ£¤  P̂S ¸É ´µ¢¨É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
µ¶¥· Éµ·µ³:

exp

(
GP̂R

R

)
= exp

(
2GP̂S

R2
0

)
Ψ =

= exp
(
−iζ

∂

∂Ŝ

)
Ψ = Ψ(m+, m−, Ŝ − ξi). (189)

‡¤¥¸Ó ζ = 2G/R2
0.

�·µ¸ÉµÉÒ · ¤¨ ³Ò ¶µ¤·µ¡´µ · ¸¸³µÉ·¨³ ²¨ÏÓ Ë¨´¨É´µ¥ ¤¢¨¦¥´¨¥ ¥¤¨´-
¸É¢¥´´µ° µ¡µ²µÎ±¨, £µ² Ö ³ ¸¸  ±µÉµ·µ° · ¢´  M . �Éµ µ§´ Î ¥É, ÎÉµ min = 0,
¨ ³Ò ¤µ²¦´Ò ¨¸¶µ²Ó§µ¢ ÉÓ ¸¨³³¥É·¨Î´ÊÕ Ëµ·³Ê £ ³¨²ÓÉµ´µ¢µ° ¸¢Ö§¨. ‚ ÔÉµ³
¸²ÊÎ ¥ ¥¸É¥¸É¢¥´´µ ¢Ò¡· ÉÓ ¤²Ö ´µ·³¨·µ¢µÎ´µ£µ §´ Î¥´¨Ö · ¤¨Ê¸  R0 · ¤¨Ê¸
˜¢ ·ÍÏ¨²Ó¤  µ¡µ²µÎ±¨ R0 = Rg = 2Gm (m = mout). „²Ö ζ ³Ò ¶µ²ÊÎ ¥³
É¥¶¥·Ó ζ = (12)(mPl/m)2,   £ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥

Ψ(s + iζ) + Ψ(s − iζ) =
2 − 1/

√
s − M2/(4m2s)

(1 − 1/
√

s)1/2
Ψ(s). (190)
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•µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ±² ¸¸¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò¥ ¸¢Ö§¨ ¶·¨¢µ¤ÖÉ, ¢µ-
µ¡Ð¥ £µ¢µ·Ö, ± ´¥Ô±¢¨¢ ²¥´É´Ò³ ±¢ ´Éµ¢Ò³ É¥µ·¨Ö³. ŒÒ ¶µ² £ ¥³, ÎÉµ ±·¨-
É¥·¨¥³ ¤²Ö ¶· ¢¨²Ó´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨ Ö¢²Ö¥É¸Ö ¶µ¢¥¤¥´¨¥ ¢µ²´µ¢µ° ËÊ´±-
Í¨¨ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ·¥¦¨³¥. „¥°¸É¢¨É¥²Ó´µ, ¶ · ³¥É· ζ ¸É ´µ¢¨É¸Ö ³ -
²Ò³ ¤²Ö ¡µ²ÓÏ¨Ì Î¥·´ÒÌ ¤Ò·, ¨ · §²µ¦¥´¨¥ ¶µ ÔÉµ³Ê ¶ · ³¥É·Ê Ô±¢¨¢ -
²¥´É´µ · §²µ¦¥´¨Õ ¶µ ¶µ¸ÉµÖ´´µ° �² ´±  � (mPl =

√
�/Gc). ‚ ¤ ²Ó´¥°Ï¥³

³Ò · ¸¸³µÉ·¨³ ÔÉµÉ ±¢ §¨±² ¸¸¨Î¥¸±¨° ¶·¥¤¥² ¨ ¶µ± ¦¥³, ÎÉµ ´ Ï ¢Ò¡µ·
±¢ ´Éµ¢µ° ¸¢Ö§¨ Ö¢²Ö¥É¸Ö Ìµ·µÏ¨³. �µ ¶·¥¦¤¥ ³Ò ÌµÉ¥²¨ ¡Ò ¸¤¥² ÉÓ µ¤´µ
¢ ¦´µ¥ § ³¥Î ´¨¥. � Ï¥ ±¢ ´Éµ¢µ¥ Ê· ¢´¥´¨¥ (190) Å ÔÉµ Ê· ¢´¥´¨¥ ¢ ±µ´¥Î-
´ÒÌ · §´µ¸ÉÖÌ,   ´¥ ¶·¨¢ÒÎ´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥, ¶·¨Î¥³ ¸¤¢¨£
 ·£Ê³¥´É  Å ¢¤µ²Ó ³´¨³µ° µ¸¨. �¡ÒÎ´µ ³Ò É·¥¡Ê¥³ µÉ ·¥Ï¥´¨° ¤¨ËË¥·¥´-
Í¨ ²Ó´µ£µ Ê· ¢´¥´¨Ö ¤µ¸É ÉµÎ´µ° ¸É¥¶¥´¨ ¤¨ËË¥·¥´Í¨·Ê¥³µ¸É¨. �´ ²µ£¨Î´µ
³Ò ¤µ²¦´Ò ¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ
(190) ¡Ò²µ  ´ ²¨É¨Î¥¸±µ° ËÊ´±Í¨¥°. �Éµ µÎ¥´Ó ¦¥¸É±µ¥, ´µ ´¥¨§¡¥¦´µ¥ É·¥-
¡µ¢ ´¨¥. � Ï ¶·¥¤Ò¤ÊÐ¨° µ¶ÒÉ (¸³. [22]) ¶µ± §Ò¢ ¥É, ÎÉµ ¨³¥´´µ É·¥¡µ¢ -
´¨¥  ´ ²¨É¨Î´µ¸É¨,   ´¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö, ¶·¨¢µ¤ÖÉ ± ¤¨¸±·¥É´µ³Ê ¸¶¥±É·Ê
³ ¸¸ (Ô´¥·£¨°).

“· ¢´¥´¨¥ ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ (190) ¸É ´µ¢¨É¸Ö µ¡Ò±´µ¢¥´´Ò³ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥, ±µÉµ·Ò° ¸µ¢¶ ¤ ¥É
¸ ¶·¥¤¥²µ³ ¡µ²ÓÏ¨Ì Î¥·´ÒÌ ¤Ò· (m 	 mPl). „¥°¸É¢¨É¥²Ó´µ, ¶ · ³¥É· ±µ-
´¥Î´µ£µ ¸¤¢¨£  ζ = 1/2(mPl/m) ¢  ·£Ê³¥´É¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψ ¢ Ê· ¢´¥-
´¨¨ (190) ¸É ´µ¢¨É¸Ö ³ ²Ò³, ¨ ³Ò ³µ¦¥³ µ¡µ·¢ ÉÓ ·Ö¤ ’Ô°²µ·  ´  ¢Éµ·µ³
¶µ·Ö¤±¥,

Ψ(Ŝ + ζi) = Ψ(Ŝ) + iζΨ′(Ŝ) − ζ2

2
Ψ′′(Ŝ) + . . . (191)

’¥¶¥·Ó ³Ò ³µ¦¥³ ¨¸¸²¥¤µ¢ ÉÓ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° ¢ µ¸µ¡ÒÌ ÉµÎ± Ì ´ -
Ï¥£µ Ê· ¢´¥´¨Ö ¢ ÔÉµ³ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥. ˆ³¥¥³

Ψ|S±ζi ≈ Ψ(S) ± Ψ′(S)ζi − ζ2

2
Ψ′′(S) . . . ,

F 1/2
∣∣∣
S±ζi

=

√
1 − 1√

s ± ζi
≈

≈ F 1/2

(
1 ± 1

2FS3/2
ζi +

(
3

8FS5/2
+

1
8F 2S3

)
ζ2

)
. . . (192)

�Éµ ¶·¨¢µ¤¨É ± µ¡Ò±´µ¢¥´´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³ ¢Éµ·µ£µ ¶µ-
·Ö¤± , ±µÉµ·Ò¥ ¨³¥ÕÉ · §²¨Î´Ò° ¢¨¤ ¢ R+-, R−-, T+- ¨ T−-µ¡² ¸ÉÖÌ ¨§-§ 
· §²¨Î´ÒÌ Ë § ËÊ´±Í¨¨ F 1/2. � ¸ ¨´É¥·¥¸ÊÕÉ µ¸µ¡Ò¥ ÉµÎ±¨ S = ∞ ¨ S = 1.
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‚ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥ ´ Ï¥ É·¥¡µ¢ ´¨¥  ´ ²¨É¨Î´µ¸É¨ ·¥Ï¥´¨° ÉµÎ-
´µ£µ Ê· ¢´¥´¨Ö (190) É· ´¸Ëµ·³¨·Ê¥É¸Ö ¢ Ê¸²µ¢¨¥, ÎÉµ¡Ò ÉµÎ±¨ ¢¥É¢²¥´¨Ö
²¨¤¨·ÊÕÐ¨Ì Î²¥´µ¢ ¢ · §²µ¦¥´¨¨ ·¥Ï¥´¨° ¢¡²¨§¨ µ¸µ¡ÒÌ ÉµÎ¥± ¶·¨¡²¨-
¦¥´´µ£µ Ê· ¢´¥´¨Ö ¡Ò²¨ µ¤´µ£µ ¶µ·Ö¤± . �µÔÉµ³Ê ³Ò ¤µ²¦´Ò Ê¤¥·¦¨¢ ÉÓ
Éµ²Ó±µ É¥ Î²¥´Ò ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨ÖÌ, ±µÉµ·Ò¥ ¤ ÕÉ ´ ³ ´Ê¦´Ò¥
²¨¤¨·ÊÕÐ¨¥ Î²¥´Ò ¢ ·¥Ï¥´¨ÖÌ. �¨¦¥ ³Ò · ¸¸³µÉ·¨³ Éµ²Ó±µ ¸²ÊÎ ° Î¥·´µ°
¤Ò·Ò, ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ²¥£±µ ¶¥·¥Ëµ·³Ê²¨·ÊÕÉ¸Ö ¤²Ö ¸²ÊÎ Ö ±·µÉµ¢µ°
´µ·Ò.

‘¨´£Ê²Ö·´ Ö ÉµÎ±  S = ∞ ¢ µ¡² ¸É¨ R+ ²¥¦¨É ¢ ±² ¸¸¨Î¥¸±¨ § ¶·¥Ð¥´-
´µ° µ¡² ¸É¨, ¶µ¸±µ²Ó±Ê ³Ò ¨´É¥·¥¸Ê¥³¸Ö Éµ²Ó±µ Ë¨´¨É´Ò³ ¤¢¨¦¥´¨¥³. „²Ö
 ´ ²¨§  ¶µ¢¥¤¥´¨Ö §¤¥¸Ó ¢µ²´µ¢µ° ËÊ´±Í¨¨ ³Ò ¤µ²¦´Ò ¢§ÖÉÓ Ê· ¢´¥´¨¥ (190)
¸ φ = 0 ¨ · §²µ¦¨ÉÓ ¢¸¥ Î²¥´Ò ¢ ·Ö¤ ¶µ y, £¤¥ s = (1 + y)2. ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ ¥³

Ψyy − 1
y
Ψy +

1
ζ2

(
1 − M2

m2
+

1
2y

(
2 − M2

m2

))
Ψ = 0, (193)

¨ £² ¢´Ò° Î²¥´ ·¥Ï¥´¨Ö · ¢¥´

Ψ ∼ y
1/2−M2/m2−2

4µζ2 exp (−µy),

µ =
1
ζ

√
M2

m2
− 1, y 	 ζ.

(194)

‚ ¤·Ê£µ° ¸¨´£Ê²Ö·´µ° ÉµÎ±¥ ¢ R+-µ¡² ¸É¨, É. ¥. ¢ ÉµÎ±¥ S → 1+0, ¨³¥¥³
(s = (1 + z2)2)

Ψzz − 3zΨz +
16z

ζ2

(
1 − M2

4m2

)
Ψ = 0, (195)

  £² ¢´Ò° Î²¥´ · ¢¥´

Ψ ∼ 1 − 8
3ζ2

(
1 − M2

4m2

)
y3/2,

(196)
y =

√
z, s 	 ζ, y 	 ζ, ζ 
 1.

‘· ¢´¨¢ Ö ¶µ·Ö¤µ± ¢¥É¢²¥´¨Ö ¢ s → ∞ ¨ s → 1 + 0, § ±²ÕÎ ¥³, ÎÉµ

2 − M2/m2

4ζ
√

M2/m2 − 1
= n, n = integer. (197)

�Éµ ¶¥·¢µ¥ ±¢ ´Éµ¢µ¥ Ê¸²µ¢¨¥.
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ŒÒ ´¥ · ¸¸³ É·¨¢ ¥³ §¤¥¸Ó µÉ¤¥²Ó´µ  ¸¨³¶ÉµÉ¨±Ê ¢ R−-µ¡² ¸É¨ ¢¡²¨§¨
£µ·¨§µ´É  (s → 1 + 0), ¶µ¸±µ²Ó±Ê µ´  µÉ²¨Î ¥É¸Ö µÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ·¥Ï¥-
´¨Ö ¢ R+-µ¡² ¸É¨ Éµ²Ó±µ §´ ±µ³ ¶¥·¥¤ ¢Éµ·Ò³ ¸² £ ¥³Ò³.

� ¸¸³µÉ·¨³ É¥¶¥·Ó  ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨° ¢ R−-µ¡² ¸É¨ ¶·¨ s → ∞.
‚¸²¥¤¸É¢¨e §´ ±  ®³¨´Ê¸¯ ¶¥·¥¤ F 1/2 Ê· ¢´¥´¨¥ ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢
R−-µ¡² ¸É¨ ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ¥É¸Ö µÉ Ê· ¢´¥´¨Ö ¢ R+-µ¡² ¸É¨:

Ψyy − 1
y
Ψy − 1

ζ2

(
16y2 +

(
1 − M2

m2

))
Ψ = 0. (198)

ƒ² ¢´Ò° Î²¥´  ¸¨³¶ÉµÉ¨±¨ É¥¶¥·Ó ¨³¥¥É ¢¨¤

Ψ ∼ y
M2/m2−1

8ζ exp
(
−2

ζ
y2

)
. (199)

‡ ³¥É¨³, ÎÉµ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¢ R−-µ¡² ¸É¨ ¸¶ ¤ ¥É £µ· §¤µ ¡Ò¸É·¥¥, Î¥³
¢ R+-µ¡² ¸É¨. �Éµ ¢¶µ²´¥ · §Ê³´Ò° ·¥§Ê²ÓÉ É, ¶µÉµ³Ê ÎÉµ µ´ µ§´ Î ¥É, ÎÉµ
±¢ ´Éµ¢ Ö µ¡µ²µÎ±  ¢ ¸²ÊÎ ¥ Î¥·´µ° ¤Ò·Ò ³µ¦¥É ¶·µ´¨± ÉÓ ¢ R−-µ¡² ¸ÉÓ (ÎÉµ
 ¡¸µ²ÕÉ´µ § ¶·¥Ð¥´µ ¤²Ö ±² ¸¸¨Î¥¸±µ£µ ¤¢¨¦¥´¨Ö), ´µ ¢¥·µÖÉµ¸ÉÓ É ±µ£µ
¸µ¡ÒÉ¨Ö ´¨ÎÉµ¦´µ ³ ² .

ˆ ¸´µ¢ , ¸· ¢´¨¢ Ö ¶µ·Ö¤µ± ¢¥É¢²¥´¨Ö ¢ ÉµÎ± Ì s → 1 + 0 ¨ s → ∞ ¢
R−-µ¡² ¸É¨, ¶µ²ÊÎ ¥³

M2/m2 − 1
8ζ

=
1
2

+ p, p = positive integer. (200)

�µÖ¢²¥´¨¥ ¢Éµ·µ£µ ±¢ ´Éµ¢µ£µ Î¨¸²  Ö¢²Ö¥É¸Ö ¸Õ·¶·¨§µ³ ¨ ¸¢Ö§ ´µ µ´µ ¸
´¥É·¨¢¨ ²Ó´µ° ¶·¨Î¨´´µ° ¸É·Ê±ÉÊ·µ° ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ˜¢ ·ÍÏ¨²Ó¤ .
Š² ¸¸¨Î¥¸± Ö µ¡µ²µÎ±  ¢ Î¥·´µ¤Ò·´µ³ (´ ¶·¨³¥·) ¸²ÊÎ ¥ ´¥ ³µ¦¥É ¤¢¨£ ÉÓ¸Ö
¢ R−-µ¡² ¸É¨, ¨ ´  ¶µ²´µ° ¤¨ £· ³³¥ Š ·É¥· Ä�¥´·µÊ§  ¤ ´´ Ö µ¡² ¸ÉÓ ¶·µ-
¸Éµ ´¥ ¸ÊÐ¥¸É¢Ê¥É. �µ ±¢ ´Éµ¢ Ö µ¡µ²µÎ±  ¸ ¶ · ³¥É· ³¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
Î¥·´µ¤Ò·´µ³Ê ¢ ·¨ ´ÉÊ, ®ÎÊ¢¸É¢Ê¥É¯ ± ± R−-, É ± ¨ R+-µ¡² ¸É¨, ¨ ¨³¥´´µ
§¤¥¸Ó ¢Éµ·µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ ´ Î¨´ ¥É ¨£· ÉÓ ¸¢µÕ ·µ²Ó. �µ²¥§´µ ¸· ¢-
´¨ÉÓ ´ Ï ·¥§Ê²ÓÉ É ¸ ¨§¢¥¸É´µ° ±Ê²µ´µ¢¸±µ° § ¤ Î¥° ¤²Ö  Éµ³  ¢µ¤µ·µ¤ .
� · ³¥É· ³¨ ±Ê²µ´µ¢¸±µ° § ¤ Î¨ Ö¢²ÖÕÉ¸Ö Ô²¥±É·¨Î¥¸±¨¥ § ·Ö¤Ò ¶·µÉµ´  ¨
Ô²¥±É·µ´  ¨ ³ ¸¸  Ô²¥±É·µ´ , ¶·¨Î¥³ ¢¸¥ µ´¨ ¸ ¸ ³µ£µ ´ Î ²  ±¢ ´Éµ¢ ´Ò.
�µÔÉµ³Ê ¤²Ö ¶µ²ÊÎ¥´¨Ö ¤¨¸±·¥É´µ£µ ¸¶¥±É·  Ô´¥·£¨° ¢ ¸²ÊÎ ¥ Ë¨´¨É´µ£µ ¤¢¨-
¦¥´¨Ö ¤µ¸É ÉµÎ´µ ¨³¥ÉÓ µ¤´µ ±¢ ´Éµ¢µ¥ Ê¸²µ¢¨¥. �µ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¥¸ÉÓ ¤¢ 
¶¥·¢µ´ Î ²Ó´µ ´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥É· : ¶µ²´ Ö ³ ¸¸  m ¨ £µ² Ö ³ ¸¸  M .
ˆ É¥¶¥·Ó ¤²Ö Éµ£µ, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¤¨¸±·¥É´Ò° ¸¶¥±É· ³ ¸¸ (Ô´¥·£¨°), ³Ò
¤µ²¦´Ò ¨³¥ÉÓ ¤¢  ±¢ ´Éµ¢ÒÌ Ê¸²µ¢¨Ö. ˆ ÔÉµ ± ± · § Éµ, ÎÉµ Ê ´ ¸ ¶µ²ÊÎ¨²µ¸Ó!

� ¸¸³µÉ·¨³ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨Ö ¢¡²¨§¨ £µ·¨§µ´É  (´  ¸Ê¡¶² ´±µ¢¸±¨Ì
· ¸¸ÉµÖ´¨ÖÌ), £¤¥ |y| 	 ζ (s ∼ 1). ’µÎ´¥¥, ´ ¸ ¨´É¥·¥¸ÊÕÉ ·¥Ï¥´¨Ö ¢
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R+- ¨ T−-µ¡² ¸ÉÖÌ. � §²µ¦¥´¨¥ (192) §¤¥¸Ó Ê¦¥ ´¥ ¤¥°¸É¢Ê¥É ¤²Ö ËÊ´±-
Í¨¨ F 1/2(s ± iζ), ´µ µ´µ ¢¸¥ ¥Ð¥ ¸¶· ¢¥¤²¨¢µ ¤²Ö ËÊ´±Í¨¨ Ψ. “¤¥·¦¨¢ Ö
Éµ²Ó±µ £² ¢´Ò¥ Î²¥´Ò, ¨³¥¥³ ¢ ÔÉµ³ ¸²ÊÎ ¥

Ψss(s) −
2
ζ
Ψs(s) +

(
4

αζ5/2

(
1 − M2

4m2

)
− 2

ζ2

)
Ψ(s) = 0, (201)

  ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

Ψ ∼ eks, k ≈ −1
ζ
±

√
− 4

αζ5/2

(
1 − M2

4m2

)
. (202)

ŠµÔËË¨Í¨¥´É α · ¢¥´ 1 ¢ R+-µ¡² ¸É¨ ¨ ³´¨³µ° ¥¤¨´¨Í¥ i ¢ T−-µ¡² ¸É¨.
‚ R+-µ¡² ¸É¨

k ≈ −1
ζ
± i

√
− 4

ζ5/2

(
1 − M2

4m2

)
, (203)

¨ ³Ò ¶µ²ÊÎ ¥³ ¸Ê¶¥·¶µ§¨Í¨Õ ¤¢ÊÌ ¢µ²´ (¶ ¤ ÕÐ¥° ¨ ¢ÒÌµ¤ÖÐ¥°) ¸ µÉ´µ¸¨-
É¥²Ó´µ · ¢´Ò³¨  ³¶²¨ÉÊ¤ ³¨.

‚ T−-µ¡² ¸É¨

k ≈ −1
ζ
±

√
− 4i

ζ5/2

(
1 − M2

4m2

)
= −1

ζ
±

√
2

ζ5/4

√(
1 − M2

4m2

)
(1 + i) =

=

(
±

√
2

ζ5/4

√(
1 − M2

4m2

)
− 1

ζ
)

)
± i

√
2

ζ5/4

√(
1 − M2

4m2

)
. (204)

�µÖ¢²¥´¨¥ ¤¢ÊÌ ¢µ²´ ¢ T−-µ¡² ¸É¨ µÉ· ¦ ¥É Ö¢²¥´¨¥ ±¢ ´Éµ¢µ£µ ¤·µ¦ ´¨Ö
£µ·¨§µ´É . �µ ¢ÒÌµ¤ÖÐ Ö ¢µ²´  ÎÊ¤µ¢¨Ð´µ ¶µ¤ ¢²¥´  ¶µ ¸· ¢´¥´¨Õ ¸ ¶ -
¤ ÕÐ¥° ¢µ²´µ° (· §Ê³¥¥É¸Ö, ¢ T+-µ¡² ¸É¨ ¸¨ÉÊ Í¨Ö ¢ ÉµÎ´µ¸É¨ µ¡· É´ Ö).
ˆ³¥´´µ ÔÉµ ¶µ¤ ¢²¥´¨¥ Ö¢²Ö¥É¸Ö ¶·¨Î¨´µ° (¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ·¥¦¨³¥) ¸Ê-
Ð¥¸É¢µ¢ ´¨Ö Éµ²Ó±µ µ¤´µ° ¶ ¤ ÕÐ¥° ¢µ²´Ò ¢ T−-µ¡² ¸É¨ ´  · ¸¸ÉµÖ´¨ÖÌ,
¡	µ²ÓÏ¨Ì ¶² ´±µ¢¸±¨Ì.

�¡¸Ê¤¨³ ±· É±µ µ¸´µ¢´Ò¥ ¸¢µ°¸É¢  ¶µ²ÊÎ¥´´µ£µ ¤¨¸±·¥É´µ£µ ¸¶¥±É· 
³ ¸¸ (Ê· ¢´¥´¨Ö (197) ¨ (200)).

1. �·¥¦¤¥ ¢¸¥£µ, ¨§ (197) ¢ ¶·¥¤¥²¥ n 	 1 (M2/m2 − 1 
 1) ²¥£±µ
¶µ²ÊÎ¨ÉÓ £· ¢¨É Í¨µ´´Ò°  ´ ²µ£ §´ ³¥´¨Éµ° Ëµ·³Ê²Ò �¨¤¡¥·£ :

Enonrel = m − M = −G2M5

8n2
. (205)
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2. ŒÒ Ê¦¥ ¢¨¤¥²¨ · ´¥¥, ÎÉµ ¸²ÊÎ ° Î¥·´µ° ¤Ò·Ò ³µ¦´µ µÉ²¨Î¨ÉÓ µÉ
¸²ÊÎ Ö ±·µÉµ¢µ° ´µ·Ò ¶µ §´ ±Ê Î ¸É´µ° ¶·µ¨§¢µ¤´µ° γ = ∂m/∂M ¶·¨ ¶µ-
¸ÉµÖ´´µ³ §´ Î¥´¨¨ · ¤¨Ê¸  ÉµÎ±¨ ¶µ¢µ·µÉ  ρ0. ’¥¶¥·Ó ·µ²Ó ÉµÎ±¨ ¶µ¢µ·µÉ 
¨£· ¥É ±¢ ´Éµ¢µ¥ Î¨¸²µ n. �µÔÉµ³Ê, ¢ÒÎ¨¸²¨¢ §´ ± γ, ´µ Ê¦¥ ¶·¨ ¶µ¸ÉµÖ´´µ³
n, ³Ò ¸³µ¦¥³ µÉ²¨Î¨ÉÓ ¸²ÊÎ ° Î¥·´µ° ¤Ò·Ò (γ > 0) µÉ ¸²ÊÎ Ö ±·µÉµ¢µ° ´µ·Ò
(γ < 0) ¨ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨. �± §Ò¢ ¥É¸Ö, ³Ò ¨³¥¥³ ¢ ·¨ ´É Î¥·´µ° ¤Ò·Ò
¶·¨ n � n0, n0 � 0, ¨

|n0| = E

[√
2
√

13
√

5 − 29 (1 + 2p)
]

, (206)

£¤¥ E[. . . ] µ§´ Î ¥É ®Í¥² Ö Î ¸ÉÓ µÉ . . .¯. ˆ´É¥·¥¸´µ, ÎÉµ ¶·¨ n � 0  ¸¨³¶Éµ-
É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ ÉµÎ´µ¸É¨ É ±µ¥ ¦¥ ¨ ¢ ±Ê²µ´µ¢¸±µ°
§ ¤ Î¥, ¶·¨ µÉ·¨Í É¥²Ó´ÒÌ ¦¥ n0 É ±µ£µ  ´ ²µ£  ´¥É.

3. ‘ÊÐ¥¸É¢Ê¥É ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ¥ §´ Î¥´¨¥ ¤²Ö ³ ¸¸Ò Î¥·´µ° ¤Ò·Ò,
µ´µ ¸µµÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Ö³ p = n = n0 = 0 ¨ · ¢´µ

mmin =
√

2mPl. (207)

ˆ´É¥·¥¸´µ ¨¸¸²¥¤µ¢ ÉÓ ¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° M → ∞, m Å ±µ´¥Î´µe, ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨° ¢¥Î´µ° Î¥·´µ° ¤Ò·¥. ˆ§ ´ Ï¥£µ ¸¶¥±É·  ²¥£±µ ¢Ò¢¥¸É¨, ÎÉµ

m = lim
n,p→∞

(
n
√

p

)
mPl, (208)

¢ ·¥§Ê²ÓÉ É¥ ³ ¸¸a ±¢ ´Éµ¢µ° ¢¥Î´µ° Î¥·´µ° ¤Ò·Ò ³µ¦¥É ¡ÒÉÓ ¶·µ¨§¢µ²Ó´µ°.
4. � Ï ¸¶¥±É· ´¥ Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´Ò³ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¸µµÉ¢¥É¸É¢Ê-

ÕÐ¨¥ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ µ¡· §ÊÕÉ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ Ψn,p. �µ
¤²Ö ±¢ ´Éµ¢ÒÌ Ï¢ ·ÍÏ¨²Ó¤µ¢c±¨Ì Î¥·´ÒÌ ¤Ò· ³Ò µ¦¨¤ ²¨ ¡Ò ²¨ÏÓ µ¤´µ¶ -
· ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ. Š¢ ´Éµ¢Ò¥ Î¥·´Ò¥ ¤Ò·Ò ´¥ ¤µ²¦´Ò ¨³¥ÉÓ ¢µ²µ¸,
¨´ Î¥ ´¥ ¶µ²ÊÎ¨É¸Ö £² ¤±µ£µ ¶·¥¤¥²  ± ±² ¸¸¨Î¥¸±¨³ Î¥·´Ò³ ¤Ò· ³. �Éµ
µ§´ Î ¥É, ÎÉµ ´ Ï ¸¶¥±É· ´  ¸ ³µ³ ¤¥²¥ ´¥ Ö¢²Ö¥É¸Ö ¸¶¥±É·µ³ ±¢ ´Éµ¢ÒÌ
Î¥·´ÒÌ ¤Ò·,   ´ Ï  µ¡µ²µÎ± , ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ±µ²² ¶¸¨·Ê¥É (± ± ¨ Ô²¥±-
É·µ´ ¢  Éµ³¥ ¢µ¤µ·µ¤ ). ”¨§¨Î¥¸±¨ ÔÉµ ¸µ¢¥·Ï¥´´µ ¶µ´ÖÉ´µ, ¶µÉµ³Ê ÎÉµ ³Ò
¥Ð¥ ´¥ ®¢±²ÕÎ¨²¨¯ ¨§²ÊÎ¥´¨¥. �µ ¶·¥¦¤¥ Î¥³ ¶·¨¸ÉÊ¶¨ÉÓ ± ÔÉµ³Ê, ³Ò ÌµÉ¥²¨
¡Ò ¸¤¥² ÉÓ µ¤´µ ¢ ¦´µ¥ § ³¥Î ´¨¥.

„µ ¸¨Ì ¶µ· ³Ò · ¸¸³ É·¨¢ ²¨ Éµ²Ó±µ · ¢´ÊÕ ´Ê²Õ ³ ¸¸Ê ¢´ÊÉ·¨ µ¡µ-
²µÎ±¨. �¡µ¡Ð¥´¨¥ ¤¥² ¥É¸Ö ´¥¸²µ¦´µ, ¨ ·¥§Ê²ÓÉ É ¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¨°:

2(∆m)2 − M2√
M2 − (∆m)2

=
√

2m2
Pln,

(209)
M2 − (∆m)2 = 2m2

Pl(1 + 2p),
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£¤¥ M Å £µ² Ö ³ ¸¸  µ¡µ²µÎ±¨; M = mout,   ∆m = mout −min. �µ²¥¥ Éµ£µ,
ÔÉµÉ ¸¶¥±É· Ö¢²Ö¥É¸Ö ÉµÎ´Ò³ ¸¶¥±É·µ³ ´ Ï¥£µ Ê· ¢´¥´¨Ö ¢ ±µ´¥Î´ÒÌ · §´µ-
¸ÉÖÌ. �·¨Î¨´  Éµ£µ, ÎÉµ Ëµ·³Ê²Ò, ¶µ²ÊÎ¥´´Ò¥ ¢ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì Î¥·´ÒÌ
¤Ò·, ¤ ÕÉ ÉµÎ´Ò° ¸¶¥±É·, Î¨¸Éµ ³ É¥³ É¨Î¥¸± Ö, ¨ ³Ò ´¥ ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ
ÔÉµ §¤¥¸Ó, ´µ µ¤´µ ¢ ¦´µ¥ ¸¢µ°¸É¢µ ÉµÎ´µ£µ ¸¶¥±É·  (209) Ê¶µ³Ö´ÊÉÓ ¸²¥¤Ê¥É.
ŒÒ Ê¦¥ §´ ¥³, ÎÉµ ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ µ¡² ¤ ÕÉ É¥³
¸¢µ°¸É¢µ³, ÎÉµ ²Õ¡µ¥ ·¥Ï¥´¨¥, Ê³´µ¦¥´´µ¥ ´  ¶¥·¨µ¤¨Î¥¸±ÊÕ ËÊ´±Í¨Õ ¸
¶¥·¨µ¤µ³, · ¢´Ò³ ¸¤¢¨£Ê  ·£Ê³¥´É  ¢ Ê· ¢´¥´¨¨, Éµ¦¥ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³.
�Éµ ¶·¨¢µ¤¨É, ¢µµ¡Ð¥ £µ¢µ·Ö, ± ¡¥¸±µ´¥Î´µ° ¢Ò·µ¦¤¥´´µ¸É¨ ¸¶¥±É· . �µ
¸¶¥±É· (209) ´¥ Ö¢²Ö¥É¸Ö ¢Ò·µ¦¤¥´´Ò³. „¥²µ ¢ Éµ³, ÎÉµ  ·£Ê³¥´Éµ³ Ê· ¢´¥-
´¨Ö ¢ ±µ´¥Î´ÒÌ · §´µ¸ÉÖÌ (190), ¨§ ±µÉµ·µ£µ µ´ ¡Ò² ¶µ²ÊÎ¥´, ¸²Ê¦¨É ±¢ ¤· É
· ¤¨Ê¸ , ¨ £² ¢´Ò° Î²¥´  ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨° ´  ¶· ¢µ° ¡¥¸±µ´¥Î´µ¸É¨ ¢
µ¡Ð¥³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤ Ψ ∼ eαr2

, ´µ ¥¸ÉÓ µ¤´µ ¨¸±²ÕÎ¥´¨¥. �Éµ ¨¸±²ÕÎ¨-
É¥²Ó´µ¥ ·¥Ï¥´¨¥ ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê Ψ ∼ eλr, ¨ ¨³¥´´µ É ±ÊÕ  ¸¨³¶ÉµÉ¨±Ê
¨³¥ÕÉ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±Ê²µ´µ¢¸±µ° § ¤ Î¨. �µÔÉµ³Ê,
¥¸²¨ ³Ò É·¥¡Ê¥³ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¶· ¢¨²Ó´µ£µ ´¥·¥²ÖÉ¨¢¨¸É¸±µ£µ ¶·¥¤¥² , Éµ
®¶· ¢¨²Ó´ Ö¯ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¤µ²¦´  ¨³¥ÉÓ £² ¢´ÊÕ  ¸¨³¶ÉµÉ¨±Ê Ψ ∼ eλr,
¨ ÔÉ¨³ É·¥¡µ¢ ´¨¥³ ¢Ò·µ¦¤¥´¨¥ ¸´¨³ ¥É¸Ö.

3.7. ˆ§²ÊÎ¥´¨¥ ¨ ¤¨´ ³¨±  ±¢ ´Éµ¢µ£µ ±µ²² ¶¸ . —Éµ¡Ò ¨¸¸²¥¤µ¢ ÉÓ
±¢ ´Éµ¢Ò° ±µ²² ¶¸, ³Ò ¤µ²¦´Ò ¢±²ÕÎ¨ÉÓ ¶·µÍ¥¸¸ ±¢ ´Éµ¢µ£µ ¨§²ÊÎ¥´¨Ö. „²Ö
³µ¤¥²¨·µ¢ ´¨Ö É ±µ£µ ¨§²ÊÎ¥´¨Ö ³Ò µ¶ÖÉÓ ¢µ¸¶µ²Ó§Ê¥³¸Ö · §¢¨Éµ° ¢ÒÏ¥ É¥µ-
·¨¥° Éµ´±¨Ì µ¡µ²µÎ¥±, ´µ ´  ÔÉµÉ · § µ¡µ²µÎ±¨ Ö¢²ÖÕÉ¸Ö ¨§µÉ·µ¶´Ò³¨ (¸¢¥-
Éµ¢Ò³¨), ¨ ¤¢¨¦ÊÉ¸Ö µ´¨ ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É . ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ ±² ¸¸¨Î¥¸±µ¥
Ê· ¢´¥´¨¥ Å ÔÉµ ´ Ï  ´¥¸¨³³¥É·¨Î´ Ö ¸¢Ö§Ó (180), ´µ ¶·¨ ´Ê²¥¢µ³ §´ Î¥´¨¨
£µ²µ° ³ ¸¸Ò M . Š¢ ´Éµ¢µ¥ Ê· ¢´¥´¨¥ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [24]:

Ψ(min, mout, s − iζ) =

√
1 − µ/

√
s

1 − 1/
√

s
Ψ(min, mout, s), (210)

£¤¥ µ = min/mout, ζ = 1/2m2
Pl/m2

out. ‘ÊÐ¥¸É¢µ¢ ´¨¥ ¢Éµ·µ° ¡¥¸±µ´¥Î-
´µ¸É¨ ´  ¤·Ê£µ° ¸Éµ·µ´¥ ³µ¸É  �°´ÏÉ¥°´ Ä�µ§¥´  ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ
¸²¥¤ÊÕÐ¥£µ ±¢ ´Éµ¢µ£µ Ê¸²µ¢¨Ö (m = mout), ±µÉµ·µ¥ µÉ¸ÊÉ¸É¢Ê¥É ¢ µ¡ÒÎ´µ°
±¢ ´Éµ¢µ° ³¥Ì ´¨±¥:

δm = mout − min = −2m +
√

m2 + km2
Pl, (211)

£¤¥ k Å Í¥²µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ. ˆ´É¥·¥¸´µ, ÎÉµ ¥¸²¨ ³Ò ¶µ²µ¦¨³ k = 1
(³¨´¨³ ²Ó´ Ö ¨§²ÊÎ ¥³ Ö Ô´¥·£¨Ö) ¨ ¶µÉ·¥¡Ê¥³, ÎÉµ¡Ò δm < m (É. ¥. ¨§²Ê-
Î ¥³ Ö Ô´¥·£¨Ö ´¥ ³µ¦¥É ¡ÒÉÓ ¡µ²ÓÏ¥ ¶µ²´µ° Ô´¥·£¨¨ ¸¨¸É¥³Ò), Éµ ¶µ²ÊÎ¨³

m = mout >
2√
5
mPl. (212)
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‡´ Î¨É, Î¥·´ Ö ¤Ò·  ¸ É ±µ° ³ ¸¸µ° ¢µ¢¸¥ ´¥ ³µ¦¥É ¨§²ÊÎ ÉÓ ¨, ¢ Î ¸É´µ¸É¨,
´¥ ³µ¦¥É ¶·¥¢· É¨ÉÓ¸Ö ¢ ¶µ²Ê§ ³±´ÊÉÒ° ³¨· (±·µÉµ¢ÊÕ ´µ·Ê).

�µ²ÊÎ¥´´Ò° ´ ³¨ ¤¨¸±·¥É´Ò° ¸¶¥±É· ¨§²ÊÎ¥´¨Ö (211) Ö¢²Ö¥É¸Ö Ê´¨¢¥·-
¸ ²Ó´Ò³ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ µ´ ´¥ § ¢¨¸¨É µÉ ¸É·Ê±ÉÊ·Ò ¨ ¸¶¥±É·  ³ ¸¸ £· -
¢¨É¨·ÊÕÐ¥£µ ¨¸ÉµÎ´¨± . �Éµ µ§´ Î ¥É, ÎÉµ Ô´¥·£¨Ö ¨§²ÊÎ ¥³ÒÌ ±¢ ´Éµ¢ ´¥
¸µ¢¶ ¤ ¥É ¸ · §´µ¸ÉÓÕ Ô´¥·£¥É¨Î¥¸±¨Ì Ê·µ¢´e° ¨¸ÉµÎ´¨± . � ¨¡µ²¥¥ ¶·µ-
¸Éµ° ¨ ¥¸É¥¸É¢¥´´Ò° ¶ÊÉÓ ¶·¥µ¤µ²¥´¨Ö ÔÉµ£µ ¶ · ¤µ±¸  Å ÔÉµ ¶·¥¤¶µ²µ¦¨ÉÓ,
ÎÉµ ±¢ ´ÉÒ ·µ¦¤ ÕÉ¸Ö ¶ · ³¨. �¤´  ±µ³¶µ´¥´É  ¶ ·Ò ¨§²ÊÎ ¥É¸Ö ´  ¡¥¸±µ-
´¥Î´µ¸ÉÓ,   ¢Éµ· Ö ¶ ¤ ¥É ¢µ¢´ÊÉ·Ó (¶·¨Î¥³ ÔÉ  ±µ³¶µ´¥´É  ´¥ µ¡Ö§ É¥²Ó´µ
¡¥§³ ¸¸µ¢ Ö). ’ ±¨³ µ¡· §µ³, ±¢ ´Éµ¢Ò° ±µ²² ¶¸ ´¥ ³µ¦¥É ¨¤É¨ ¡¥§ ¨§²Ê-
Î¥´¨Ö ¤ ¦¥ ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±µ° ¸¨³³¥É·¨¨, ¨ ÔÉµ ¨§²ÊÎ¥´¨¥ ¸µ¶·µ¢µ¦¤ -
¥É¸Ö ·µ¦¤¥´¨¥³ ´µ¢ÒÌ µ¡µ²µÎ¥± ¢´ÊÉ·¨ ¶¥·¢µ´ Î ²Ó´µ°. ŒÒ ¢¨¤¨³, É ±¨³
µ¡· §µ³, ÎÉµ ¢´ÊÉ·¥´´ÖÖ ¸É·Ê±ÉÊ·  ±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò Ëµ·³¨·Ê¥É¸Ö ¢
¸ ³µ³ ¶·µÍ¥¸¸¥ ±¢ ´Éµ¢µ£µ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ . ˆ ¥¸²¨ ¢´ Î ²¥ ³Ò
§´ ²¨ ¡Ê±¢ ²Ó´µ ¢¸¥ µ £· ¢¨É¨·ÊÕÐ¥³ ¨¸ÉµÎ´¨±¥ (¢ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉµ µ¤´ 
¥¤¨´¸É¢¥´´ Ö Éµ´± Ö µ¡µ²µÎ± ), Éµ Ê¦¥ ¶µ¸²¥ ¶¥·¢µ£µ ¨³¶Ê²Ó¸  ¨§²ÊÎ¥´¨Ö
·µ¦¤¥´¨¥ ¢´ÊÉ·¥´´¥£µ ±¢ ´É  ³µ¦¥É ¶·µ¨cÌµ¤¨ÉÓ ¡µ²¥¥ Î¥³ µ¤´¨³ ¸¶µ¸µ¡o³.
’ ±¨³ µ¡· §µ³, Ô´É·µ¶¨Ö ¸¨¸É¥³Ò, ¡Ê¤ÊÎ¨ ¸´ Î ²  · ¢´µ° ´Ê²Õ, ´ Î¨´ ¥É
· ¸É¨ ¢ ¶·µÍ¥¸¸¥ ±¢ ´Éµ¢µ£µ ±µ²² ¶¸ . …¸²¨ ¡Ò ÔÉµÉ ¶·µÍ¥¸¸ ³µ£ ± ±-Éµ ¶·¥-
±· É¨ÉÓ¸Ö, ³Ò ³µ£²¨ ¡Ò ¡¥§ ¢¸Ö±µ° ´ ÉÖ¦±¨ ´ §¢ ÉÓ ¶µ²ÊÎ¨¢Ï¨°¸Ö µ¡Ñ¥±É
®±¢ ´Éµ¢ Ö Î¥·´ Ö ¤Ò· ¯. ’ ±¨³ ¥¸É¥¸É¢¥´´Ò³ ¶·¥¤¥²µ³ Ö¢²Ö¥É¸Ö ±¢ ´Éµ¢Ò°
¶¥·¥Ìµ¤ µÉ Î¥·´µ¤Ò·´µ° µ¡µ²µÎ±¨ ± ±·µÉµ¢µ´µ·´µ°. „¥²µ ¢ Éµ³, ÎÉµ É ±µ°
¶¥·¥Ìµ¤ (¶µ ±· °´¥° ³¥·¥ ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³ ·¥¦¨³¥) É·¥¡Ê¥É ·µ¦¤¥´¨Ö
¡¥¸±µ´¥Î´µ ¡µ²ÓÏµ£µ µ¡Ñ¥³ , ¨ ¶µÔÉµ³Ê ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ±¢ §¨±² ¸¸¨Î¥¸± Ö
 ³¶²¨ÉÊ¤  · ¢´  ´Ê²Õ.

—Éµ¡Ò ¨§ÊÎ¨ÉÓ ¶µ¤·µ¡´¥¥ ¢ÒÏ¥Ê¶µ³Ö´ÊÉµ¥ ¶·¥¤¥²Ó´µ¥ ¸µ¸ÉµÖ´¨¥, ¢Ò¶¨-
Ï¥³ ¸¶¥±É· ³ ¸¸ µ¡µ²µÎ±¨ ¢ µ¡Ð¥³ ¸²ÊÎ ¥, ±µ£¤  Ï¢ ·ÍÏ¨²Ó¤µ¢c± Ö ³ ¸¸ 
¢´ÊÉ·¨ ´¥¥ ´¥ · ¢´  ´Ê²Õ:

2(∆m)2 − M2√
M2 − (∆m)2

=
2m2

Pl

∆m + min
n, (213)

M2 − (∆m)2 = 2(1 + 2p)m2
Pl. (214)

‡¤¥¸Ó ∆m Å ¶µ²´ Ö ³ ¸¸  µ¡µ²µÎ±¨; M Å ¥¥ £µ² Ö ³ ¸¸ ,   ¶µ²´ Ö ³ ¸¸ 
¸¨¸É¥³Ò · ¢´  m = mout = ∆m + min. „²Ö ¸²ÊÎ Ö Î¥·´µ° ¤Ò·Ò ³Ò ¨³¥¥³
´¥· ¢¥´¸É¢µ M2 < 4m∆m, ¨²¨

∆m

M
>

1
2

(√(min

M

)2

+ 1 − min

M

)
. (215)

�µ¸²¥ ®¢±²ÕÎ¥´¨Ö¯ ¨§²ÊÎ¥´¨Ö ´ Î¨´ ¥É¸Ö ¶·µÍ¥¸¸ ±¢ ´Éµ¢µ£µ ±µ²² ¶¸ , Ê¶· -
¢²Ö¥³µ£µ Ê· ¢´¥´¨¥³ (211). Šµ³¶ÓÕÉ¥·´µ¥ ³µ¤¥²¨·µ¢ ´¨¥ [25] ¶µ± §Ò¢ ¥É,
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ÎÉµ ¶·µÍ¥¸¸ ¨¤¥É ¢ ®¶· ¢¨²Ó´µ³¯ ´ ¶· ¢²¥´¨¨, É. ¥. ³Ò ¶µ¤Ìµ¤¨³ ¢¸¥ ¡²¨¦¥ ¨
¡²¨¦¥ ± ¶µ·µ£Ê (215), ¨ ¶·¨ ÔÉµ³ Î¨¸²µ ®´¥¦¥² É¥²Ó´ÒÌ ¸µ¸ÉµÖ´¨°¯ ¸ µÉ·¨-
Í É¥²Ó´Ò³¨ §´ Î¥´¨Ö³¨ £² ¢´µ£µ ±¢ ´Éµ¢µ£µ Î¨¸²  n ¸É ´µ¢¨É¸Ö ¢¸¥ ³¥´ÓÏ¥
¨ ³¥´ÓÏ¥. �·µÍ¥¸¸ µ¸É ´ ¢²¨¢ ¥É¸Ö ¢ ÉµÎ´µ¸É¨ ¶·¨ n = 0!

’µÎ±  n = 0 ¢ ´ Ï¥³ ¸¶¥±É·¥ Å µÎ¥´Ó ¸¶¥Í¨Ë¨Î¥¸± Ö. ’µ²Ó±µ ¢ É ±µ³
¸µ¸ÉµÖ´¨¨, ± ± ¢¨¤´µ ¨§ (213), µ¡µ²µÎ±  ®´¥ ÎÊ¢¸É¢Ê¥É¯ ´¥ Éµ²Ó±µ ¢´¥Ï´ÕÕ
µ¡² ¸ÉÓ (ÎÉµ ¥¸É¥¸É¢¥´´µ ¤²Ö ¸Ë¥·¨Î¥¸±µ° ¸¨³³¥É·¨¨), µ´  ´¨Î¥£µ ´¥ ®§´ ¥É¯
¨ µ Éµ³, ÎÉµ ¶·µ¨¸Ìµ¤¨É ¢´ÊÉ·¨ ´¥¥. �´  ®ÎÊ¢¸É¢Ê¥É¯ ²¨ÏÓ ¸ ³µ¥ ¸¥¡Ö. ’ ± Ö
¸¨ÉÊ Í¨Ö ´ ¶µ³¨´ ¥É ±² ¸¸¨Î¥¸±¨° (´¥¸Ë¥·¨Î¥¸±¨°) ±µ²² ¶¸. ‚ ±µ´Í¥ ±µ´-
Íµ¢, ±µ£¤  ¢¸¥ µ¡µ²µÎ±¨ (± ± ¶¥·¢µ´ Î ²Ó´ Ö, É ± ¨ ´ ·µ¤¨¢Ï¨¥¸Ö ¢ ¶·µÍ¥¸¸¥)
µ± ¦ÊÉ¸Ö ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸µ¸ÉµÖ´¨ÖÌ ni = 0, ¢¸Ö ¸¨¸É¥³  ¶¥·¥¸É ´¥É ®¶µ-
³´¨ÉÓ¯ ¨¸Éµ·¨Õ. ®ˆ¢ ´, ·µ¤¸É¢  ´¥ ¶µ³´ÖÐ¨°!¯ �Éµ ¨ ¥¸ÉÓ ±¢ ´Éµ¢ Ö Î¥·´ Ö
¤Ò· . �·¨ ÔÉµ³ ³ ¸¸Ò ¢¸¥Ì µ¡µ²µÎ¥± ¶µ¤Î¨´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Õ

∆mi =
1√
2
Mi. (216)

Š¢ ´Éµ¢µ¥ ¦¥ ¨§²ÊÎ¥´¨¥ •µ±¨´£ , ±µÉµ·µ¥ ¤µ²¦´µ ¶µ¸²¥¤µ¢ ÉÓ § É¥³, ³µ¦¥É
¢Ò§Ò¢ ÉÓ¸Ö ´¥±¨³¨ ±µ²²¥±É¨¢´Ò³¨ ¢µ§¡Ê¦¤¥´¨Ö³¨ ¸ µ¡· §µ¢ ´¨¥³, ´ ¶·¨-
³¥·, ¤²¨´´µ° Í¥¶µÎ±¨ ³¨±·µ¸±µ¶¨Î¥¸±¨Ì ¶µ²Ê§ ³±´ÊÉÒÌ ³¨·µ¢ (±·µÉµ¢ÒÌ
´µ·). ‚´¥Ï´¨° ¢¨¤ É ±µ° Í¥¶µÎ±¨ (¨§µ¡· ¦ ¥³µ° ± ± ¶µ¢¥·Ì´µ¸ÉÓ ¢· Ð¥´¨Ö
¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥) ¢ ± ±µ°-Éµ ³µ³¥´É ¢·¥³¥´¨ ¤µ²¦¥´ ´ ¶µ³¨´ ÉÓ
ÎÊ·ÎÌ¥²Ê.

3.8. Š² ¸¸¨Î¥¸±¨°  ´ ²µ£ ±¢ ´Éµ¢µ° Î¥·´µ° ¤Ò·Ò. � ¸¸³µÉ·¨³ É¥¶¥·Ó
¡µ²ÓÏ¨¥ (m >> mPl) ±¢ ´Éµ¢Ò¥ Î¥·´Ò¥ ¤Ò·Ò. —¨¸²µ µ¡µ²µÎ¥± (¶¥·¢µ´ -
Î ²Ó´µ° ¨ ´ ·µ¤¨¢Ï¨Ì¸Ö ¢ ¶·µÍ¥¸¸¥ ±µ²² ¶¸ ) ¤µ²¦´µ ¡ÒÉÓ µÎ¥´Ó ¡µ²ÓÏ¨³,
¨ ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö ¶µ¸É·µ¨ÉÓ ´¥±µ¥ ±² ¸¸¨Î¥¸±µ¥ · ¸¶·¥¤¥²¥´¨¥ ³ É¥·¨¨,
±µÉµ·µ¥ ¡Ò µÉ· ¦ ²µ ¸¢µ°¸É¢  ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò·. �·¥¦¤¥ ¢¸¥£µ ³Ò
¤µ²¦´Ò ¶µ´ÖÉÓ, ÎÉµ ´  Ö§Ò±¥ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¨ µ§´ Î ¥É ¸µ¸ÉµÖ´¨¥ ®¡¥¸-
¶ ³ÖÉ¸É¢ ¯ (n = 0 ¤²Ö ¢¸¥Ì µ¡µ²µÎ¥±). ‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ¤²Ö µ¡µ²µÎ±¨,
¢´ÊÉ·¨ ±µÉµ·µ° ¥¸ÉÓ £· ¢¨É¨·ÊÕÐ¨° ¨¸ÉµÎ´¨± ³ ¸¸µ° min:√

ρ̇2 + 1 − 2Gmin

ρ
−

√
ρ̇2 + 1 − 2Gmout

ρ
=

GM

ρ
, (217)

¨ ¶µ¸³µÉ·¨³ ´  ÉµÎ±Ê ¶µ¢µ·µÉ  (ρ̇ = 0, ρ = ρ0):

∆m = mout − min = M

√
1 − 2Gmin

ρ0
− GM2

2ρ0
. (218)

Ÿ¸´µ É¥¶¥·Ó, ÎÉµ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¶ · ³¥É·Ò µ¡µ²µÎ±¨ (∆m ¨ M ) ´¥ § ¢¨¸¥²¨
µÉ Éµ£µ, ÎÉµ ¤¥² ¥É¸Ö ¢´ÊÉ·¨, ³Ò ¤µ²¦´Ò ¶µ²µ¦¨ÉÓ min = aρ0.



� Š‚��’�‚�Œ ƒ��‚ˆ’�–ˆ����Œ Š�‹‹��‘… 105

� Ï  ±¢ ´Éµ¢ Ö Î¥·´ Ö ¤Ò·  ´ Ìµ¤¨É¸Ö ¢ ¸É Í¨µ´ ·´µ³ ¸µ¸ÉµÖ´¨¨, ¶µ-
ÔÉµ³Ê ¨ ±² ¸¸¨Î¥¸±µ¥ · ¸¶·¥¤¥²¥´¨¥ ³¥É·¨±¨ ¤µ²¦´µ ¡ÒÉÓ ¸É É¨Î¥¸±¨³. ŒÒ
· ¸¸³µÉ·¨³ ¸É É¨Î¥¸±µ¥ · ¸¶·¥¤¥²¥´¨¥ ¨¤¥ ²Ó´µ° ¦¨¤±µ¸É¨ ¸ ¶²µÉ´µ¸ÉÓÕ
Ô´¥·£¨¨ ε ¨ ¤ ¢²¥´¨¥³ p. ‘É É¨Î¥¸± Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö ³¥É·¨± 
³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥

ds2 = eνdt2 − eλdr2 − r2(dθ2 + sin2 θdϕ2), (219)

£¤¥ ν ¨ λ Å ËÊ´±Í¨¨ ²¨ÏÓ µ¤´µ° ¶¥·¥³¥´´µ° Å · ¤¨ ²Ó´µ° ±µµ·¤¨´ ÉÒ r.
“· ¢´¥´¨Ö �°´ÏÉ¥°´  ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤ (ÏÉ·¨Ì µ§´ Î ¥É
¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ r):

8πGε = −eλ

(
1
r2

− λ′

r

)
+

1
r2

,

−8πGp = −eλ

(
1
r2

− ν′

r

)
+

1
r2

, (220)

−8πGp = −1
2

eλ

(
ν′′ +

ν′2

2
+

ν′ − λ′

r
− ν′λ′

2

)
.

�¥·¢µ¥ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨° ³µ¦¥É ¡ÒÉÓ ¶·µ¨´É¥£·¨·µ¢ ´µ:

e−λ = 1 − 2Gm(r)
r

, (221)

£¤¥

m(r) = 4π

∫ r

0

εr′2dr′ (222)

¥¸ÉÓ ³ ¸¸µ¢ Ö ËÊ´±Í¨Ö, ±µÉµ·ÊÕ ¸²¥¤Ê¥É ¨¤¥´É¨Ë¨Í¨·µ¢ ÉÓ ¸ min. ’ ±¨³
µ¡· §µ³, m(r) = ar ¨

ε =
a

4πr2
, e−λ = 1 − 2Ga. (223)

ŒÒ ³µ¦¥³ É ±¦¥ ¢¢¥¸É¨ ËÊ´±Í¨Õ £µ²µ° ³ ¸¸Ò

M(r) = 4π

∫ r

0

ε eλ/2r′2dr′, (224)

¨ ¨§ (223) ¶µ²ÊÎ ¥³

M(r) =
ar√

1 − 2Ga
. (225)
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�¸É ¢Ï¨¥¸Ö ¤¢  Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ · §·¥Ï¥´Ò µÉ´µ¸¨É¥²Ó´µ p(r) ¨ eν .
�¥Ï¥´¨¥ ¤²Ö p(r) ¤µ²¦´µ ¨³¥ÉÓ ¶· ¢¨²Ó´Ò° ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥², ¨ ¶·¨
ÔÉµ³ Ê¸²µ¢¨¨ ³Ò ¶µ²ÊÎ ¥³

p(r) =
b

4πr2
, b =

1
G

(1 − 3Ga −
√

1 − 2Ga
√

1 − 4Ga), (226)

  ¤²Ö eν ¨³¥¥³

eν = Cr2G(a+b)/(1−2Ga). (227)

Šµ´¸É ´É  ¨´É¥£·¨·µ¢ ´¨Ö C ¤µ²¦´  ´ Ìµ¤¨ÉÓ¸Ö ¨§ ¸Ï¨¢±¨ ¢´¥Ï´¥° ¨ ¢´Ê-
É·¥´´¥° ³¥É·¨± ´  ´¥±µÉµ·µ° £· ´¨Í¥ r = r0. �·¥¤¶µ²µ¦¨³, ÎÉµ ¶·¨ r > r0

¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¶Ê¸Éµ¥, ¶µÔÉµ³Ê ¢´ÊÉ·¥´´ÖÖ ³¥É·¨±  ¤µ²¦´  ¸Ï¨¢ ÉÓ¸Ö
¸ ³¥É·¨±µ° ˜¢ ·ÍÏ¨²Ó¤ . � §Ê³¥¥É¸Ö, ¤²Ö ±µ³¶¥´¸ Í¨¨ ¸± Î±  ¤ ¢²¥´¨Ö ´ 
£· ´¨Í¥ (∆p = p(r0) = p0) ³Ò ¤µ²¦´Ò ¢¢¥¸É¨ ¶µ¢¥·Ì´µ¸É´µ¥ ´ ÉÖ¦¥´¨¥ Σ.
ˆ§ Ê¸²µ¢¨° ¸Ï¨¢±¨ (¸³., ´ ¶·¨³¥·, [11]) ¸²¥¤Ê¥É, ÎÉµ

C = (1 − 2Ga)r−2G(a+b)/(1−2Ga)
0 ,

eν = (1 − 2Ga)
(

r

r0

)2G(a+b)/(1−2Ga)

, (228)

Σ =
2∆p

r0
=

b

2πr3
0

.

�Ê¦´µ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¤ ¢²¥´¨¥ p ¢ ´ Ï¥° ±² ¸¸¨Î¥¸±µ° ³µ¤¥²¨ Å
²¨ÏÓ ÔËË¥±É¨¢´µ¥, É ± ± ± µ´µ ¡Ò²µ ¢¢¥¤¥´µ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¸³µ¤¥²¨·µ-
¢ ÉÓ ¸É Í¨µ´ ·´Ò¥ ±¢ ´Éµ¢Ò¥ ¸µ¸ÉµÖ´¨Ö. ˆ§ (226) ¢¨¤´µ, ÎÉµ ±µÔËË¨Í¨¥´É b
¸É ´µ¢¨É¸Ö ±µ³¶²¥±¸´Ò³ ¶·¨ a > 1/4G. ‘²¥¤µ¢ É¥²Ó´µ, ³Ò ¤µ²¦´Ò ¶µÉ·¥-
¡µ¢ ÉÓ ¢Ò¶µ²´¥´¨Ö ´¥· ¢¥´¸É¢  a ≤ 1/4G, ¨ ¢ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ ¶µ²ÊÎ ¥³
´ ¨¡µ²¥¥ ¦¥¸É±µ¥ ¨§ ¢µ§³µ¦´ÒÌ Ê· ¢´¥´¨¥ ¸µ¸ÉµÖ´¨Ö ε = p. �Éµ µ§´ Î ¥É
É ±¦¥, ÎÉµ £¨¶µÉ¥É¨Î¥¸±¨¥ ±µ²²¥±É¨¢´Ò¥ ±¢ ´Éµ¢Ò¥ ¢µ§¡Ê¦¤¥´¨Ö (Ëµ´µ´Ò)
¡Ê¤ÊÉ · ¸¶·µ¸É· ´ÖÉÓ¸Ö ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É , ¨ ¨Ì ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ±
¡¥§³ ¸¸µ¢Ò¥ ±¢ §¨Î ¸É¨ÍÒ. �·¨³¥Î É¥²Ó´µ, ÎÉµ ¢ ¶·¥¤¥²Ó´µ° ÉµÎ±¥ ³Ò ¨³¥¥³
m(r) = M(r)/

√
2 Å ÉµÎ´µ É ±µ¥ ¦¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶µ²´µ° ¨ £µ²µ° ³ ¸-

¸µ°, ÎÉµ ¨ ¢ ¸µ¸ÉµÖ´¨¨ ®¡¥¸¶ ³ÖÉ¸É¢ ¯ n = 0! �µ²´ Ö ³ ¸¸  m0 = m(r0) ¨
· ¤¨Ê¸ r0 ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ 4Gm0 = r0, ÎÉµ ·µ¢´µ ¢ ¤¢ 
· §  ¡µ²ÓÏ¥ · §³¥·  £µ·¨§µ´É .

‚ÒÎ¨¸²¥´¨¥ É¥´§µ·  ±·¨¢¨§´Ò �¨³ ´  Ri
klm ¨ É¥´§µ·  �¨ÎÎ¨ Rik ¶µ± §Ò-

¢ ¥É, ÎÉµ ¥¸²¨ p < ε (a �= b), Éµ ¶·¨ r = 0 ¸ÊÐ¥¸É¢Ê¥É ¨¸É¨´´ Ö ¸¨´£Ê²Ö·´µ¸ÉÓ.
�µ, Ê¤¨¢¨É¥²Ó´µ¥ ¤¥²µ, ¨ É¥´§µ· �¨³ ´ , ¨ É¥´§µ· �¨ÎÎ¨ ¨³¥ÕÉ ±µ´¥Î´Ò°
¶·¥¤¥² ¶·¨ r → 0, ¥¸²¨ ε = p (a = b = 1/4G). ‘²¥¤µ¢ É¥²Ó´µ, ³Ò ³µ¦¥³ ¢¢¥-
¸É¨ É ± ´ §Ò¢ ¥³ÊÕ Éµ¶µ²µ£¨Î¥¸±ÊÕ É¥³¶¥· ÉÊ·Ê ÉµÎ´µ É ±¨³ ¦¥ ¸¶µ¸µ¡µ³,
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± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ±² ¸¸¨Î¥¸±¨Ì Î¥·´ÒÌ ¤Ò·. � ¶µ³´¨³ ¶·µÍ¥¤Ê·Ê.
�Ê¦´µ ¸¤¥² ÉÓ ¢¨±µ¢¸±¨° ¶µ¢µ·µÉ, ÎÉµ¡Ò ¶·¨¢¥¸É¨ ³¥É·¨±Ê ± ¥¢±²¨¤µ¢Ê ¢¨¤Ê,
¨ ¸£² ¤¨ÉÓ ±µ´Ê¸´ÊÕ µ¸µ¡¥´´µ¸ÉÓ ¶µ¤Ìµ¤ÖÐ¨³ ¢Ò¡µ·µ³ ¥¢±²¨¤µ¢  ¢·¥³¥´¨,
±µÉµ·µ¥ ¸Î¨É ¥É¸Ö ¶·µ¶µ·Í¨µ´ ²Ó´Ò³ ´¥±µÉµ·µ° Ê£²µ¢µ° ±µµ·¤¨´ É¥. ‚ ´ -
Ï¥³ ¸²ÊÎ ¥ ÉµÎ±  r = 0 Ê¦¥ Ö¢²Ö¥É¸Ö ±µµ·¤¨´ É´µ° ¸¨´£Ê²Ö·´µ¸ÉÓÕ. �§¨³Ê-
É ²Ó´Ò° Ê£µ² φ ¨³¥¥É ¶¥·¨µ¤ 2π. �µÔÉµ³Ê ¢¸¥ µ¸É ²Ó´Ò¥ Ê£²µ¢Ò¥ ±µµ·¤¨´ ÉÒ
¤µ²¦´Ò ¡ÒÉÓ Í¨±²¨Î¥¸±¨³¨ ¸ ¶¥·¨µ¤µ³ π. ’µ¶µ²µ£¨Î¥¸± Ö ¦¥ É¥³¶¥· ÉÊ· 
µ¡· É´  ÔÉµ³Ê ¶¥·¨µ¤Ê. �¥¸²µ¦´µ¥ ¢ÒÎ¨¸²¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ É¥³¶¥· ÉÊ· 

T =
1

2πr0
=

1
8πGm0

= TBH (229)

¢ ÉµÎ´µ¸É¨ · ¢´  É¥³¶¥· ÉÊ·¥ •µ±¨´£  TBH [5]! ‘ ³ Ë ±É ¶µÖ¢²¥´¨Ö É¥³-
¶¥· ÉÊ·Ò ¶µ§¢µ²Ö¥É ´ ³ ¢Ò¤¥²¨ÉÓ µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ ³µ¤¥²¥° ¸
Ê´¨¢¥·¸ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨Ö

ε = p =
1

16πGr2
, (230)

�¨¸. 9

  ÔÉ¨³ ¶ · ³¥É·µ³ ³µ¦¥É ¡ÒÉÓ ¶µ²´ Ö ³ ¸¸ 
m0 ¨²¨ · §³¥· r0 = 4Gm0. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ,
ÎÉµ ¤¢Ê³¥·´ Ö Î ¸ÉÓ ³¥É·¨±¨ (219) ¢ ¶·¥¤¥²Ó-
´µ³ ¸²ÊÎ ¥ a = b ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥, ± ± ³¥É·¨± 
�¨´¤²¥· , ¶·¨Î¥³ £µ·¨§µ´Éµ³ ¸²Ê¦¨É ¨§µÉ·µ¶-
´ Ö (¸¢¥Éµ¢ Ö) ¶µ¢¥·Ì´µ¸ÉÓ r = 0. „¨ £· ³³ 
Š ·É¥· Ä�¥´·µÊ§  ¤²Ö ÔÉµ£µ ¸²ÊÎ Ö ¶·¨¢¥¤¥´ 
´  ·¨¸. 9.

’¥¶¥·Ó ³Ò ³µ¦¥³ ¨¸¸²¥¤µ¢ ÉÓ É¥·³µ¤¨´ -
³¨±Ê ³µ¤¥²¨. �·¥¦¤¥ ¢¸¥£µ ´Ê¦´µ µÉ³¥É¨ÉÓ,
ÎÉµ ¸²¥¤Ê¥É · §²¨Î ÉÓ £²µ¡ ²Ó´Ò¥ ¨ ²µ± ²Ó-
´Ò¥ É¥·³µ¤¨´ ³¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò. ƒ²µ¡ ²Ó-
´Ò¥ ¢¥²¨Î¨´Ò ¨§³¥·ÖÕÉ¸Ö Ê¤ ²¥´´Ò³ ´ ¡²Õ-
¤ É¥²¥³. �´ ³¥·Ö¥É ¶µ²´ÊÕ ³ ¸¸Ê (Ô´¥·£¨Õ)
¸¨¸É¥³Ò, É¥³¶¥· ÉÊ·Ê Î¥·´µÉ¥²Ó´µ£µ ¨§²ÊÎ¥-
´¨Ö TBH = T∞ ¨ ¡µ²ÓÏ¥ ´¨Î¥£µ ´¥ §´ ¥É. �·¥¤¶µ²µ¦¨³, ÎÉµ ÔÉµÉ ´ ¡²Õ¤ -
É¥²Ó ¤µ¸É ÉµÎ´µ µ¡· §µ¢ ´ ¨ ³µ¦¥É ¸µµ¡· §¨ÉÓ, ÎÉµ µ´ ´  ¸ ³µ³ ¤¥²¥ ¨§³¥·Ö¥É
¶ · ³¥É·Ò Î¥·´µ° ¤Ò·Ò ¨ ¶µÉµ³Ê ³µ¦¥É ´ ¶¨¸ ÉÓ µ¸´µ¢´µ¥ É¥·³µ¤¨´ ³¨Î¥-
¸±µ¥ ¸µµÉ´µÏ¥´¨¥

dm = TdS. (231)

�µ¸²¥ ÔÉµ£µ µ´ ¶µ°³¥É, ÎÉµ Î¥·´µ° ¤Ò·¥ ´Ê¦´µ ¶·¨¶¨¸ ÉÓ ´¥±µÉµ·ÊÕ Ô´É·µ-
¶¨Õ,   ¨³¥´´µ Ô´É·µ¶¨Õ �¥±¥´ÏÉ¥°´ Ä•µ±¨´£  [3,5]:

S =
1
4

(4πrg)2

l2Pl

= 4πGm2
0 = 4π

(
m0

mPl

)2

. (232)
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�·¥¤¶µ²µ¦¨³, ÎÉµ ²µ± ²Ó´Ò° ´ ¡²Õ¤ É¥²Ó, ±µÉµ·Ò° ¨§³¥·Ö¥É · ¸¶·¥¤¥²¥´¨¥
¶²µÉ´µ¸É¨ Ô´¥·£¨¨, ¤ ¢²¥´¨Ö ¨ É¥³¶¥· ÉÊ·Ò, É ±¦¥ ¤µ¸É ÉµÎ´µ µ¡· §µ¢ ´ ¨
³µ¦¥É ´ ¶¨¸ ÉÓ µ¸´µ¢´µ¥ É¥·³µ¤¨´ ³¨Î¥¸±µ¥ Ê· ¢´¥´¨¥, ´µ Ê¦¥ ¸µ¢¥·Ï¥´´µ
¤·Ê£µ¥:

ε(r) = T (r)s(r) − p(r) − µ(r)n(r). (233)

‡¤¥¸Ó ε(r) ¨ p(r) Å ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨¥ ¸µµÉ¢¥É¸É¢¥´´µ; T (r) Å
²µ± ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ É¥³¶¥· ÉÊ·Ò; s(r) Å ¶²µÉ´µ¸ÉÓ Ô´É·µ¶¨¨; µ(r) Å
Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ²; n(r) Å ¶²µÉ´µ¸ÉÓ Î¨¸²  ´¥±µÉµ·ÒÌ (±¢ §¨)®Î ¸É¨Í¯.
„²Ö ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨Ö ²µ± ²Ó´Ò° ´ ¡²Õ¤ É¥²Ó ¶µ²ÊÎ¨É, ±µ´¥Î´µ
¦¥, ¸µµÉ´µÏ¥´¨¥ (230),   ¤²Ö É¥³¶¥· ÉÊ·Ò Å · ¸¶·¥¤¥²¥´¨¥

T (r) =
1√
2πr

, (234)

¸µ¢³¥¸É¨³µ¥ ¸ ¨§¢¥¸É´Ò³ § ±µ´µ³ T (r) eν/2 = const ¨ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³
T∞ = TBH. ’ ±µ¥ · ¸¶·¥¤¥²¥´¨¥ § ³¥Î É¥²Ó´µ É¥³, ÎÉµ ¥¸²¨ ¸´ÖÉÓ ´¥±µÉµ-
·Ò° ¢´¥Ï´¨° ¸²µ° ´ Ï¥° ¨¤¥ ²Ó´µ° ¦¨¤±µ¸É¨, ¢´ÊÉ·¥´´¨¥ ¸²µ¨ µ¸É ´ÊÉ¸Ö ¢
É¥·³µ¤¨´ ³¨Î¥¸±µ³ · ¢´µ¢¥¸¨¨. � ÎÉµ ³µ¦´µ ¸± § ÉÓ µ ¶²µÉ´µ¸É¨ Ô´É·µ¶¨¨?
� §Ê³¥¥É¸Ö, ²µ± ²Ó´Ò° ´ ¡²Õ¤ É¥²Ó ´¥ ³µ¦¥É ¨§³¥·ÖÉÓ ¥¥ ´¥¶µ¸·¥¤¸É¢¥´´µ,
´µ µ´ ³µ¦¥É ¶µ²ÊÎ¨ÉÓ ¨´Ëµ·³ Í¨Õ µÉ Ê¤ ²¥´´µ£µ ´ ¡²Õ¤ É¥²Ö. �É  ¨´Ëµ·-
³ Í¨Ö ¨ ¨§³¥·¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ É¥³¶¥· ÉÊ·Ò (234) ¶µ§¢µ²¨É ¥³Ê ¸¤¥² ÉÓ
§ ±²ÕÎ¥´¨¥, ÎÉµ

S(r) =
1

8
√

2Gr
(235)

¨

S(r)T (r) =
1

16πGr2
. (236)

�·¨³¥Î É¥²Ó´µ, ÎÉµ ¢ µ¸´µ¢´µ³ É¥·³µ¤¨´ ³¨Î¥¸±µ³ Ê· ¢´¥´¨¨ ¢±² ¤ µÉ
¤ ¢²¥´¨Ö ¢ ÉµÎ´µ¸É¨ ±µ³¶¥´¸¨·Ê¥É¸Ö ¢±² ¤µ³ µÉ É¥³¶¥· ÉÊ·Ò ¨ Ô´É·µ¶¨¨.
‡¤¥¸Ó ´¥²¨Ï´¥ ´ ¶µ³´¨ÉÓ, ÎÉµ ¤ ¢²¥´¨¥ ¢ ´ Ï¥° ±² ¸¸¨Î¥¸±µ° ³µ¤¥²¨, ´ 
¸ ³µ³-Éµ ¤¥²¥, ¨³¥¥É ±¢ ´Éµ¢µ¥ ¶·µ¨¸Ìµ¦¤¥´¨¥, É ± ¦¥, ± ± ¨ É¥³¶¥· ÉÊ· 
Î¥·´µ° ¤Ò·Ò. ˆ ÎÉµ ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ µ¸É ¥É¸Ö Å ÔÉµ ¶Ò²¥¢ Ö ³ É¥·¨Ö, ¨§
±µÉµ·µ° ¨ ¸É·µ¨² ¸Ó ´ Ï  ±¢ ´Éµ¢ Ö ³µ¤¥²Ó,   ¨³¥´´µ

ε = µn =
1

16πGr2
. (237)

�µÔÉµ³Ê ³Ò ³µ¦¥³ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ±¢ ´Éµ¢ Ö Î¥·´ Ö ¤Ò·  ¶·¥¤¸É ¢²Ö¥É
¸µ¡µ°  ´¸ ³¡²Ó ´¥±¨Ì ±µ²²¥±É¨¢´ÒÌ ¢µ§¡Ê¦¤¥´¨° Å Î¥·´µ¤Ò·´ÒÌ Ëµ´µ´µ¢,
  n(r) ¥¸ÉÓ ¶²µÉ´µ¸ÉÓ Î¨¸²  ÔÉ¨Ì ¸ ³ÒÌ Ëµ´µ´µ¢. •¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ²,
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± ± ¨ É¥³¶¥· ÉÊ· , ¨§³¥´Ö¥É¸Ö ¶µ § ±µ´Ê µ eν/2 = const [15]. ‘²¥¤µ¢ É¥²Ó´µ,
µ ∼ 1/r, ¨ ¤²Ö ¶²µÉ´µ¸É¨ Î¨¸²  Î ¸É¨Í ³Ò ³µ¦¥³ ´ ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¥¥ ¸µµÉ-
´µÏ¥´¨¥:

n =
1

32πGα2r
, (238)

£¤¥ α Å ± ±µ°-Éµ Î¨¸²¥´´Ò° ±µÔËË¨Í¨¥´É. ˆ´É¥£·¨·ÊÖ ¶µ µ¡Ñ¥³Ê, ³Ò ¶µ-
²ÊÎ ¥³ ¤²Ö Î¨¸²  Ëµ´µ´µ¢

N = 4π

∫ r0

0

nr2dr =
r2
0

16πGα2
=

Gm2
0

α2
=

m2
0

α2m2
Pl

. (239)

’ ± ³Ò ¶·¨Ìµ¤¨³ ± §´ ³¥´¨Éµ³Ê ¸¶¥±É·Ê �¥±¥´ÏÉ¥°´ ÄŒÊÌ ´µ¢ :

mBH = αmPl

√
N. (240)

‡�Š‹�—…�ˆ…

ˆ ¸´µ¢  ÉµÉ ¦¥ ¢µ¶·µ¸, ±µÉµ·Ò° Ê¦¥ ¶·µ§¢ÊÎ ² ¢µ ¢¢¥¤¥´¨¨. ‡ Î¥³ ´Ê¦´µ
¨§ÊÎ ÉÓ Î¥·´Ò¥ ¤Ò·Ò? Š ±µ° ¢ ÔÉµ³ ¶·µ±? …¸ÉÓ ´ ¤¥¦¤ , ÎÉµ ±µ¥-ÎÉµ ¸É ²µ
¶µ´ÖÉ´Ò³ ¢ ¶·µÍ¥¸¸¥ ÎÉ¥´¨Ö ÔÉµ° ¸É ÉÓ¨. �¸´µ¢´Ò³ ¸¢µ°¸É¢µ³ Î¥·´ÒÌ ¤Ò·
Ö¢²Ö¥É¸Ö ¨Ì Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ. ‚¨¤¨³µ, ¨³¥´´µ ÔÉµ ¤µ²¦´µ µÉ²¨Î ÉÓ ±¢ ´Éµ-
¢Ò¥ Î¥·´Ò¥ ¤Ò·Ò µÉ ¢¸¥Ì ¤·Ê£¨Ì ±¢ ´Éµ¢ÒÌ µ¡Ñ¥±Éµ¢, ´¥§ ¢¨¸¨³µ µÉ Éµ£µ,
± ±µ° ¡Ê¤¥É ±¢ ´Éµ¢ Ö £· ¢¨É Í¨Ö Å ËÊ´¤ ³¥´É ²Ó´µ°, ÔËË¥±É¨¢´µ°, ¨´-
¤ÊÍ¨·µ¢ ´´µ° ¨²¨ ¦¥ ± ±µ°-²¨¡µ ¤·Ê£µ° É¥µ·¨¥°. ‚ µÉ¸ÊÉ¸É¢¨e · §¢¨Éµ°
±¢ ´Éµ¢µ° É¥µ·¨¨ ³Ò ¢Ò´Ê¦¤¥´Ò ¸É·µ¨ÉÓ ³µ¤¥²¨. †¥² É¥²Ó´µ, ÎÉµ¡Ò ÔÉ¨ ³µ-
¤¥²¨ ¤µ¶Ê¸± ²¨ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö Å ¨³¥´´µ ÉµÎ´µ ·¥Ï ¥³Ò¥ ³µ¤¥²¨ Ö¢²ÖÕÉ¸Ö
µ¸´µ¢µ° ´ Ï¥° Ë¨§¨Î¥¸±µ° ¨´ÉÊ¨Í¨¨, ±µÉµ· Ö, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ§¢µ²Ö¥É µÉ-
¤¥²ÖÉÓ ³µ¤¥²Ó´µ-§ ¢¨¸¨³Ò¥ ¸¢µ°¸É¢  µ¡Ñ¥±É  (¢ ´ Ï¥³ ¸²ÊÎ ¥ Å ±¢ ´Éµ¢µ°
Î¥·´µ° ¤Ò·Ò) µÉ ¨¸É¨´´µ ËÊ´¤ ³¥´É ²Ó´ÒÌ. ˆ, ¢µµ¡Ð¥,  ¢Éµ· £²Ê¡µ±µ Ê¡¥-
¦¤¥´, ÎÉµ ¢ ¡Ê¤ÊÐ¥³ ¸¢µ°¸É¢  ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò· ¸É ´ÊÉ Éµ° ² ±³Ê¸µ¢µ°
¡Ê³ ¦±µ°, ±µÉµ· Ö ¶µ§¢µ²¨É µÉ¡¨· ÉÓ ®¶· ¢¨²Ó´Ò¥¯ ¢ ·¨ ´ÉÒ É¥µ·¨°. �Éµ
± ± ¢¥²¨± Ö É¥µ·¥³  ”¥·³ , ³´µ£µÎ¨¸²¥´´Ò¥ ¶µ¶ÒÉ±¨ ¤µ± § É¥²Ó¸É¢  ±µÉµ-
·µ° ¶·¨¢¥²¨ ± ¸µ§¤ ´¨Õ ´µ¢ÒÌ ´ ¶· ¢²¥´¨° ¢ É¥µ·¨¨ Î¨¸¥². ’ ± ÎÉµ ¨¸¸²¥-
¤µ¢ ´¨¥ ±¢ ´Éµ¢ÒÌ Î¥·´ÒÌ ¤Ò· ´¥ Ö¢²Ö¥É¸Ö ¶·µ¸Éµ Ê¢²¥± É¥²Ó´µ° ¨£·µ° Ê³ .
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