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”· Ê´£µË¥·µ¢¸±µ¥ µ¡Ð¥¸É¢µ, ‘ ´±É-�¢£Ê¸É¨´, ƒ¥·³ ´¨Ö

�µ± § ´µ, ÎÉµ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸É·Ê´Ò µÉ±·ÒÉµ£µ ¨ § ³±´ÊÉµ£µ É¨¶µ¢ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨
Œ¨´±µ¢¸±µ£µ · §³¥·´µ¸É¥° 3 ¨ 4 ¨³¥ÕÉ Éµ¶µ²µ£¨Î¥¸±¨ Ê¸Éµ°Î¨¢Ò¥ µ¸µ¡Ò¥ ÉµÎ±¨. ‚ ¤ ´´µ°
· ¡µÉ¥ µ¶¨¸Ò¢ ¥É¸Ö ¸É·Ê±ÉÊ·  µ¸µ¡¥´´µ¸É¥°, ¢Ò¢µ¤ÖÉ¸Ö ¨Ì ´µ·³ ²Ó´Ò¥ Ëµ·³Ò ¨ ¢¢µ¤¨É¸Ö ²µ-
± ²Ó´ Ö Ì · ±É¥·¨¸É¨±  µ¸µ¡¥´´µ¸É¨ (Éµ¶µ²µ£¨Î¥¸±¨° § ·Ö¤), µ¡² ¤ ÕÐ Ö £²µ¡ ²Ó´Ò³ § ±µ´µ³
¸µÌ· ´¥´¨Ö. Š·µ³¥ µÉ±·ÒÉÒÌ ¨ § ³±´ÊÉÒÌ ¸É·Ê´ É ±¦¥ · ¸¸³aÉ·¨¢ ÕÉ¸Ö ¤¢  ¤·Ê£¨Ì Éµ¶µ²µ£¨-
Î¥¸±¨Ì É¨¶  ·¥Ï¥´¨°, ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ · §·Ò¢ ³ ¸É·Ê´ ¨ µ¡² ¤ ÕÉ µ¸µ¡¥´´µ¸ÉÖ³¨ ¶·¨
²Õ¡µ³ §´ Î¥´¨¨ · §³¥·´µ¸É¨.

We show that relativistic strings of open and closed types in Minkowski space-time of dimension
3 and 4 have topologically stable singular points. This paper describes the structure of singularities,
derives their normal forms, and introduces a local characteristic of singularity (topological charge),
possessing a global law of conservation. Two other types of solutions (breaking and exotic strings)
are also considered, which have singularities at arbitrary value of dimension.

‚‚…„…�ˆ…

Š² ¸¸¨Î¥¸± Ö É¥µ·¨Ö ¸É·Ê´ · ¸¸³ É·¨¢ ¥É ¢·¥³¥´¨¶µ¤µ¡´Ò¥ ¶µ¢¥·Ì´µ¸É¨
Ô±¸É·¥³ ²Ó´µ° ¶²µÐ ¤¨ ¢ d-³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ, ´ -
§Ò¢ ¥³Ò¥ ³¨·µ¢Ò³¨ ²¨¸É ³¨ ¸É·Ê´. �É¨ ¶µ¢¥·Ì´µ¸É¨ § ³¥É ÕÉ¸Ö ¶·¨ ¤¢¨-
¦¥´¨¨ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ µ¤´µ³¥·´µ£µ µ¡Ñ¥±É , ´ §Ò¢ ¥³µ£µ ·¥²ÖÉ¨-
¢¨¸É¸±µ° ¸É·Ê´µ°. ’¥µ·¨Ö ¸É·Ê´ ¨¸¶µ²Ó§Ê¥É¸Ö ¢ Ë¨§¨±¥ ¢Ò¸µ±¨Ì Ô´¥·£¨° ¤²Ö
³µ¤¥²¨·µ¢ ´¨Ö ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. „²Ö ÔÉµ° Í¥²¨
³¨·µ¢Ò¥ ²¨¸ÉÒ, ¨³¥ÕÐ¨¥ ³¨±·µ¸±µ¶¨Î¥¸±¨¥ ¶·µ¸É· ´¸É¢¥´´Ò¥ · §³¥·Ò ¨
¡¥¸±µ´¥Î´µ ¶·µÉÖ¦¥´´Ò¥ ¢µ ¢·¥³¥´´µ³ ´ ¶· ¢²¥´¨¨, · ¸¸³ É·¨¢ ÕÉ¸Ö ± ±
¸É·Ê±ÉÊ·¨·µ¢ ´´Ò¥ ³¨·µ¢Ò¥ ²¨´¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ
¢´ÊÉ·¥´´¨¥ Ì · ±É¥·¨¸É¨±¨ Î ¸É¨Í, É ±¨¥ ± ± ³ ¸¸  ¨ ¸¶¨´, ¢Ò· ¦ ÕÉ¸Ö ¢
É¥·³¨´ Ì ¸É·Ê´´µ° ¤¨´ ³¨±¨ ¨ ³µ£ÊÉ ¡ÒÉÓ ¢Ò¢¥¤¥´Ò ¨§ ³ ²µ£µ ´ ¡µ·  ËÊ´-
¤ ³¥´É ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ. �¸´µ¢Ò É¥µ·¨¨ ¸É·Ê´ ¡Ò²¨ ¸Ëµ·³Ê²¨·µ¢ ´Ò ¢
· ¡µÉ Ì [1Ä3]. �´ ²µ£¨Î´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸¨¸É¥³Ò É ±¦¥ · ¸¸³ É·¨¢ -
²¨¸Ó ¢ ¡µ²¥¥ · ´´¨Ì · ¡µÉ Ì [4Ä6] ¢ ±µ´É¥±¸É¥ ´¥²¨´¥°´ÒÌ ¶µ²¥¢ÒÌ ³µ¤¥²¥°
É¨¶  �µ·´ Äˆ´Ë¥²Ó¤ . �·¨ ¶µ¸É·µ¥´¨¨ É¥µ·¨¨ ¸É·Ê´ ¢µ§´¨± ·Ö¤ ¸¥·Ó¥§´ÒÌ
¶·µ¡²¥³, ¸¢Ö§ ´´ÒÌ ¸ ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±¨³ ¶·¥¤¸É ¢²¥´¨¥³ ¡¥¸±µ´¥Î´µ-
³¥·´ÒÌ £·Ê¶¶ ¸¨³³¥É·¨°, ±µÉµ·Ò¥ ¤µ ¸¥£µ¤´ÖÏ´¥£µ ¤´Ö · §·¥Ï¥´Ò Éµ²Ó±µ
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¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢Ò¸µ±µ° · §³¥·´µ¸É¨ (d = 26) ¨ ¢ ´¥±µÉµ·ÒÌ Éµ¶µ-
²µ£¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó´ÒÌ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ³´µ£µµ¡· §¨ÖÌ [7, 8].
‚µ§³µ¦´Ò¥ ¶µ¤Ìµ¤Ò ¤²Ö ¶µ¸É·µ¥´¨Ö ±¢ ´Éµ¢µ° É¥µ·¨¨ ¸É·Ê´ ¢ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨ · §³¥·´µ¸É¨ d = 4 ¨ ¥¥ µ¸´ Ð¥´¨Ö É ±¨³¨ ´¥µ¡Ìµ¤¨³Ò³¨ ¢ Ë¨§¨Î¥-
¸±¨Ì ¶·¨²µ¦¥´¨ÖÌ Ô²¥³¥´É ³¨, ± ± ³ ¸¸¨¢´Ò¥ § ·Ö¦¥´´Ò¥ ±¢ ·±¨ ´  ±µ´Í Ì
¸É·Ê´Ò, µ¡¸Ê¦¤ ²¨¸Ó ¢ [9]. ‚ · ¡µÉ Ì [10Ä12] ¡Ò²¨ ´ °¤¥´Ò ¶µ¤³´µ¦¥¸É¢ 
Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  É¥µ·¨¨ ¸É·Ê´, ¤µ¶Ê¸± ÕÐ¨¥ ¸¢µ¡µ¤´µ¥ µÉ  ´µ³ ²¨°
±¢ ´Éµ¢ ´¨¥ ¶·¨ ¶·µ¨§¢µ²Ó´µ³ §´ Î¥´¨¨ · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.
‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¢ ´¥¸±µ²Ó±¨Ì · ¡µÉ Ì [13Ä19]  ¢Éµ·Ò µÉ³¥Î ²¨ ¸¨´£Ê²Ö·-
´Ò¥ ¸¢µ°¸É¢  ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ ¸É·Ê´ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢-
¸±µ£µ ³ ²µ° · §³¥·´µ¸É¨ (d = 3, 4). ‚ ¤ ´´µ° · ¡µÉ¥ ³Ò · ¸¸³µÉ·¨³ ÔÉÊ
É¥³Ê ¡µ²¥¥ ¤¥É ²Ó´µ.

�Ê¸ÉÓ ³¨·µ¢µ° ²¨¸É ¶·¥¤¸É ¢²¥´ ¶ · ³¥É·¨Î¥¸±¨ ± ± xµ(σ1, σ2). ‘¢µ°-
¸É¢µ ¢·¥³¥´¨¶µ¤µ¡´µ¸É¨ µ§´ Î ¥É, ÎÉµ ³¨·µ¢µ° ²¨¸É ¤µ¶Ê¸± ¥É ¶ · ³¥É·¨§ -
Í¨Õ ¸ (∂1x)2 > 0, (∂2x)2 < 0, É. ¥. µ¤¨´ ± ¸ É¥²Ó´Ò° ¢¥±Éµ· ± ÔÉµ° ¶µ¢¥·Ì-
´µ¸É¨ ¤µ²¦¥´ ¡ÒÉÓ ¢·¥³¥´¨¶µ¤µ¡´Ò³, ¤·Ê£µ° Å ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´Ò³.
‚ ÔÉµ³ ¸²ÊÎ ¥ ± ¸ É¥²Ó´Ò¥ ¢¥±Éµ·Ò ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò, ¨ ¤ ´´ Ö ÉµÎ± 
¶µ¢¥·Ì´µ¸É¨ Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´µ°. �·¨ ÔÉµ³ ´ ÉÖ´ÊÉ Ö ´  ÔÉ¨ ¤¢  ¢¥±Éµ·  ± -
¸ É¥²Ó´ Ö ¶²µ¸±µ¸ÉÓ ¶¥·¥¸¥± ¥É ¸¢¥Éµ¢µ° ±µ´Ê¸ ¸ ¢¥·Ï¨´µ° ¢ ¤ ´´µ° ÉµÎ±¥
¶µ¢¥·Ì´µ¸É¨ ¶µ ¤¢Ê³ ¸¢¥Éµ¶µ¤µ¡´Ò³ ´ ¶· ¢²¥´¨Ö³, ¨ ±µ³¶µ´¥´É  ¸±µ·µ¸É¨
¸É·Ê´Ò, µ·Éµ£µ´ ²Ó´ Ö ± ¸ É¥²Ó´µ³Ê ¢¥±Éµ·Ê ± ¸É·Ê´¥ ¢ ¤ ´´µ° ÉµÎ±¥, ¸É·µ£µ
³¥´ÓÏ¥ ¸±µ·µ¸É¨ ¸¢¥É  [7Ä9]. ‚ Éµ ¦¥ ¢·¥³Ö, ± ± ¸É ´¥É Ö¸´µ ¨§ ¤ ²Ó´¥°-
Ï¥£µ, ´  ¸É·Ê´ Ì É ±¦¥ ¨³¥ÕÉ¸Ö µ¸µ¡Ò¥ ÉµÎ±¨, ¸±µ·µ¸ÉÓ ±µÉµ·ÒÌ ¢ ÉµÎ´µ¸É¨
· ¢´  ¸±µ·µ¸É¨ ¸¢¥É . ‚ Î ¸É´µ¸É¨, ±µ´ÍÒ µÉ±·ÒÉµ° ¸É·Ê´Ò ¢¸¥£¤  ¤¢¨£ ÕÉ¸Ö
¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É . �µÔÉµ³Ê ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ · ¸¸³ É·¨¢ ¥É¸Ö § ³Ò± -
´¨¥ ±² ¸¸  ¢·¥³¥´¨¶µ¤µ¡´ÒÌ ·¥Ï¥´¨°: (∂1x)2 � 0, (∂2x)2 � 0. �²µÐ ¤Ó
³¨·µ¢µ£µ ²¨¸É  ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ±

A =
∫ ∫

dσ1dσ2

√
(∂1x ∂2x)2 − (∂1x)2(∂2x)2 = Ô±¸É·¥³Ê³.

’¥µ·¥³  1 (É¨¶ Ô±¸É·¥³Ê³ ). P¥£Ê²Ö·´ Ö ÉµÎ±  ³¨·µ¢µ£µ ²¨¸É  Ö¢²Ö¥É¸Ö
¸¥¤²µ¢µ° ÉµÎ±µ° ËÊ´±Í¨µ´ ²  ¤¥°¸É¢¨Ö. („µ± § É¥²Ó¸É¢µ É¥µ·¥³Ò ¶·¨¢µ¤¨É¸Ö
¢ ¶·¨²µ¦¥´¨¨.) �²µÐ ¤Ó ³¨·µ¢µ£µ ²¨¸É  ³¨´¨³ ²Ó´  ¶µ µÉ´µÏ¥´¨Õ ± ²µ-
± ²Ó´Ò³ ¢ ·¨ Í¨Ö³, ¶·µÉÖ¦¥´´Ò³ ¢µ ¢·¥³¥´´µ³ ´ ¶· ¢²¥´¨¨, ¨§³¥´ÖÕÐ¨³
¢ µ¸´µ¢´µ³ ¤²¨´Ê ¸É·Ê´, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ ¸·¥§ Ì ³¨·µ¢µ£µ ²¨¸É , ¶²µ¸±µ¸ÉÖ³¨
¶µ¸ÉµÖ´´µ£µ ¢·¥³¥´¨ (¸³. ·¨¸. 1), ¨ ³ ±¸¨³ ²Ó´  ¤²Ö ¢ ·¨ Í¨°, ¶·µÉÖ¦¥´´ÒÌ
¢ ¶·µ¸É· ´¸É¢¥´´µ³ ´ ¶· ¢²¥´¨¨, ±µÉµ·Ò¥ ¨§³¥´ÖÕÉ ¢ µ¸´µ¢´µ³ ¨´É¥·¢ ²
³¨·µ¢ÒÌ ²¨´¨° ÉµÎ¥± ´  ¸É·Ê´¥.

’¥µ·¨Ö ¸É·Ê´ · ¸¸³ É·¨¢ ¥É ³¨·µ¢Ò¥ ²¨¸ÉÒ · §²¨Î´ÒÌ Éµ¶µ²µ£¨Î¥¸±¨Ì
É¨¶µ¢ (¸³. ·¨¸. 2): µÉ±·ÒÉÒ¥ ¸É·Ê´Ò Å ¶µ¢¥·Ì´µ¸É¨, £µ³¥µ³µ·Ë´Ò¥ ²¥´É ³
I × R1, § ³±´ÊÉÒ¥ ¸É·Ê´Ò Å Í¨²¨´¤·Ò S1 × R1, 3-¸É·Ê´Ò Å É·¨ ²¥´ÉÒ,
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¸±²¥¥´´Ò¥ ¢¤µ²Ó µ¤´µ£µ ±· Ö,   É ±¦¥ ¶µ¢¥·Ì´µ¸É¨ ¡µ²¥¥ ¸²µ¦´µ° Éµ¶µ-
²µ£¨¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥Ìµ¤ ³ ³¥¦¤Ê µ¶¨¸ ´´Ò³¨ É¨¶ ³¨ (· ¸¶ ¤ ³ ¨
¢§ ¨³µ¶·¥¢· Ð¥´¨Ö³ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í).

’·¥¡µ¢ ´¨¥ Ô±¸É·¥³Ê³  ¶²µÐ ¤¨ ¤²Ö ± ¦¤µ£µ Éµ¶µ²µ£¨Î¥¸±µ£µ É¨¶  ¶·¨-
¢µ¤¨É ± Ê· ¢´¥´¨Ö³ ‹ £· ´¦ Ä�°²¥· , ¢Ò¶µ²´ÖÕÐ¨³¸Ö ¢µ ¢´ÊÉ·¥´´¨Ì ÉµÎ± Ì

�¨¸. 1. ’¨¶ Ô±¸É·¥³Ê³ : ¸¥¤²µ¢ Ö ÉµÎ± 

³¨·µ¢µ£µ ²¨¸É , ±µÉµ·Ò¥ ¨³¥ÕÉ
¢¨¤ ²µ± ²Ó´µ£µ § ±µ´  ¸µÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸ :

pµ
i = δA/δ(∂ixµ), ∂ip

µ
i = 0,

¨ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³, µ¡¥¸¶¥Î¨-
¢ ÕÐ¨³ µ¡· Ð¥´¨¥ ¢ ´Ê²Ó ¶µÉµ± 
¨³¶Ê²Ó¸  Î¥·¥§ £· ´¨ÍÊ ³¨·µ¢µ£µ
²¨¸É . � ¶·¨³¥·, µÉ±·ÒÉ Ö ¸É·Ê´ 
Ê¤µ¢²¥É¢µ·Ö¥É £· ´¨Î´µ³Ê Ê¸²µ¢¨Õ
pµ

i εijdσj = 0 (§¤¥¸Ó dσj Å ± ¸ -
É¥²Ó´Ò° Ô²¥³¥´É ± £· ´¨Í¥ ³¨·µ-
¢µ£µ ²¨¸É  ´  ¶²µ¸±µ¸É¨ ¶ · ³¥-

É·µ¢, εijdσj Å ´µ·³ ²Ó´Ò° Ô²¥³¥´É); ¤²Ö 3-¸É·Ê´ ¨³¥¥É¸Ö  ´ ²µ£¨Î´µ¥ Ê¸²µ-
¢¨¥:

∑
pµ

i εijdσj = 0, ¢Ò¶µ²´ÖÕÐ¥¥¸Ö ´  ³¨·µ¢µ° ²¨´¨¨ Ê§² , £¤¥ ¸Ê³³ 
¡¥·¥É¸Ö ¶µ É·¥³ ¶µ¢¥·Ì´µ¸ÉÖ³, ¶·¨³Ò± ÕÐ¨³ ± ÔÉµ° ²¨´¨¨.

�¨¸. 2. �¸´µ¢´Ò¥ Éµ¶µ²µ£¨Î¥¸±¨¥ É¨¶Ò ³¨·µ¢ÒÌ ²¨¸Éµ¢

„ ²Ó´¥°Ï¥¥ ¶µ¸É·µ¥´¨¥ É¥µ·¨¨ ¸É·Ê´ µ¡ÒÎ´µ ¶·µ¨§¢µ¤¨É¸Ö ¢ £ ³¨²ÓÉµ-
´µ¢µ³ ¶µ¤Ìµ¤¥. Šµµ·¤¨´ ÉÒ ´  ³¨·µ¢µ³ ²¨¸É¥ · §²¨Î ÕÉ¸Ö: σ Å ±µ³¶ ±É-
´ Ö ±µµ·¤¨´ É , σ ∈ I ¤²Ö µÉ±·ÒÉÒÌ ¸É·Ê´, σ ∈ S1 ¤²Ö § ³±´ÊÉÒÌ ¸É·Ê´;
τ ∈ R1 Å ´¥±µ³¶ ±É´ Ö ±µµ·¤¨´ É , ´ §Ò¢ ¥³ Ö Ô¢µ²ÕÍ¨µ´´Ò³ ¶ · ³¥-
É·µ³. ‚¢µ¤ÖÉ¸Ö ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö: ẋ = ∂x/∂τ, x′ = ∂x/∂σ, pµ = pµ

τ ,
É ± ÎÉµ ¤¥°¸É¢¨¥ ¸É·Ê´Ò (¶²µÐ ¤Ó) ³µ¦´µ § ¶¨¸ ÉÓ ± ± A =

∫
dτ

∫
dσ L,

£¤¥ L =
√

(ẋx′)2 − ẋ2x′2 Å ² £· ´¦¥¢  ¶²µÉ´µ¸ÉÓ. ‘±µ¡±¨ �Ê ¸¸µ´  ¢¢µ-
¤ÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: {xµ(σ, τ), pν (σ̃, τ)} = gµνδ(σ − σ̃), £¤¥ gµν =
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diag (+1,−1, . . . ,−1) Å ³¥É·¨Î¥¸±¨° É¥´§µ·, δ() Å ËÊ´±Í¨Ö „¨· ± . ‘É -
¢¨É¸Ö § ¤ Î  ŠµÏ¨ µ ´ Ìµ¦¤¥´¨¨ ·¥Ï¥´¨Ö x(σ, τ), p(σ, τ) ¶µ § ¤ ´´Ò³ ´ -
Î ²Ó´Ò³ ¤ ´´Ò³ x(σ, 0), p(σ, 0). �¢µ²ÕÍ¨Ö µ¶¨¸Ò¢ ¥É¸Ö ¸¨¸É¥³µ°  ¢Éµ´µ³-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, µ¤´µ¢·¥³¥´´ÒÌ ¶µ τ (É ± ÎÉµ § ¢¨¸¨³µ¸ÉÓ
µÉ τ µ¡ÒÎ´µ µ¶Ê¸± ¥É¸Ö, ¶·¨ ÔÉµ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ ¢¸¥ ¶¥·¥³¥´´Ò¥ µ¶·¥-
¤¥²ÖÕÉ¸Ö ¶·¨ µ¤´µ³ §´ Î¥´¨¨ Ô¢µ²ÕÍ¨µ´´µ£µ ¶ · ³¥É· ).

’¥µ·¨Ö ¸É·Ê´ Ö¢²Ö¥É¸Ö £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¥° ¸µ ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ 
[20,21], ÎÉµ µ§´ Î ¥É ¸²¥¤ÊÕÐ¥¥. Š ´µ´¨Î¥¸± Ö £ ³¨²ÓÉµ´µ¢  ¶²µÉ´µ¸ÉÓ µ¶·¥-
¤¥²Ö¥É¸Ö ¶µ ² £· ´¦¥¢µ° ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ‹¥¦ ´¤·  ± ± Hc =
ẋp − L. �µ¤¸É ´µ¢±  µ¶·¥¤¥²¥´¨Ö p ¢ É¥·³¨´ Ì x′, ẋ µ¡· Ð ¥É ± ´µ´¨Î¥-
¸±¨° £ ³¨²ÓÉµ´¨ ´ ¢ ´Ê²Ó: Hc = 0 ¨, ±·µ³¥ Éµ£µ, ¶µ·µ¦¤ ¥É ¸²¥¤ÊÕÐ¨¥
Éµ¦¤¥¸É¢ : Φ1 = x′p = 0, Φ2 = x′2 + p2 = 0. �µÖ¢²¥´¨¥ ÔÉ¨Ì Éµ¦¤¥¸É¢,
´ §Ò¢ ¥³ÒÌ ¤¨· ±µ¢¸±¨³¨ ¸¢Ö§Ö³¨, ¸¢Ö§ ´µ ¸ ¸¨³³¥É·¨Ö³¨ ¤¥°¸É¢¨Ö µÉ´µ-
¸¨É¥²Ó´µ £·Ê¶¶Ò ·¥¶ · ³¥É·¨§ Í¨° (¶· ¢ÒÌ ¤¨ËË¥µ³µ·Ë¨§³µ¢) ³¨·µ¢µ£µ
²¨¸É , É. ¥. £² ¤±¨Ì ´¥¢Ò·µ¦¤¥´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (σ, τ) → (σ̃, τ̃ ), µ¡· É-
´Ò¥ ± ±µÉµ·Ò³ É ±¦¥ Ö¢²ÖÕÉ¸Ö £² ¤±¨³¨. � ¸¸³µÉ·¥´¨¥ É¥µ·¨° ¸µ ¸¢Ö§Ö³¨
µ¡ÒÎ´µ ´ Î¨´ ¥É¸Ö ¢ · ¸Ï¨·¥´´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ (x, p), ¢ ±µÉµ·µ³
£ ³¨²ÓÉµ´¨ ´ µ¶·¥¤¥²Ö¥É¸Ö ± ± ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ¸¢Ö§¥°, ¢ ´ Ï¥³ ¸²Ê-
Î ¥ H =

∫
dσ(V1Φ1 + V2Φ2). ‡¤¥¸Ó ±µÔËË¨Í¨¥´ÉÒ V1,2(σ) ¶·µ¨§¢µ²Ó´Ò ¨

´ §Ò¢ ÕÉ¸Ö ² £· ´¦¥¢Ò³¨ ³´µ¦¨É¥²Ö³¨. �  ¶µ¢¥·Ì´µ¸É¨ Φi = 0 £ ³¨²ÓÉµ-
´¨ ´ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó∗, µ¤´ ±µ ¥£µ ¶·µ¨§¢µ¤´Ò¥ ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¨
µ¡· §ÊÕÉ £ ³¨²ÓÉµ´µ¢µ ¢¥±Éµ·´µ¥ ¶µ²¥:

ẋµ(σ) = δH/δpµ(σ), ṗµ(σ) = −δH/δxµ(σ).

�Éµ ¶µ²¥ ± ¸ É¥²Ó´µ ¶µ¢¥·Ì´µ¸É¨ Φi = 0 ¢ ¸¨²Ê Éµ£µ, ÎÉµ ¸±µ¡±¨ �Ê ¸¸µ´ 
{Φi(σ), Φj(σ̃)} µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ´  ¶µ¢¥·Ì´µ¸É¨ Φi = 0, ¨³¥´´µ É ±¨¥

�¨¸. 3. ‘¢Ö§¨ £¥´¥·¨·ÊÕÉ ·¥¶ · ³¥É·¨-
§ Í¨¨

¸¢Ö§¨ ´ §Ò¢ ÕÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ .
” §µ¢ Ö É· ¥±Éµ·¨Ö, ¶·µ¨´É¥£·¨·µ¢ ´-
´ Ö ¢¤µ²Ó ÔÉµ£µ ¶µ²Ö, ¶·¨´ ¤²¥¦¨É ¶µ-
¢¥·Ì´µ¸É¨ Φi = 0, ¨ ¥¥ ¶·µ¥±Í¨Ö ¢ ±µ-
µ·¤¨´ É´µ¥ ¶·µ¸É· ´¸É¢µ {x} ¤ ¥É ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨° ‹ £· ´¦ Ä�°²¥· . ‚
É¥µ·¨¨ ¸É·Ê´ Φi-Î²¥´Ò £ ³¨²ÓÉµ´¨ ´ 
£¥´¥·¨·ÊÕÉ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥ ¸¤¢¨£¨
ÉµÎ¥± ¢ ± ¸ É¥²Ó´ÒÌ ´ ¶· ¢²¥´¨ÖÌ ± ³¨-
·µ¢µ³Ê ²¨¸ÉÊ: Φ1 £¥´¥·¨·Ê¥É ¸¤¢¨£¨
δx ∼ x′, ¢ Éµ ¢·¥³Ö ± ± Φ2 £¥´¥·¨·Ê¥É
δx ∼ p ⊥ x′ (¸³. ·¨¸. 3). ‘µ¢³¥¸É´µ

∗�ÉµÉ ¸± ²Ö·´Ò° £ ³¨²ÓÉµ´¨ ´ ´¥ ¸µ¢¶ ¤ ¥É ¸ Ô´¥·£¨¥°, ±µÉµ· Ö ¢ ·¥²ÖÉ¨¢¨¸É¸±¨Ì É¥µ·¨ÖÌ
µ¶¨¸Ò¢ ¥É¸Ö ±µ³¶µ´¥´Éµ° ¨³¶Ê²Ó¸  p0.
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¸¢Ö§¨ £¥´¥·¨·ÊÕÉ ¢¸¥ ¢µ§³µ¦´Ò¥ ·¥¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É  (¸¢Ö§´ÊÕ
±µ³¶µ´¥´ÉÊ £·Ê¶¶Ò ¶· ¢ÒÌ ¤¨ËË¥µ³µ·Ë¨§³µ¢).

ŠµÔËË¨Í¨¥´ÉÒ V1,2 ¢²¨ÖÕÉ Éµ²Ó±µ ´  ¶ · ³¥É·¨§ Í¨Õ ³¨·µ¢µ£µ ²¨-
¸É , ¢Ò¡µ· V1 = 0, V2 = 1 µÉ¢¥Î ¥É ±µ´Ëµ·³´µ° ¶ · ³¥É·¨§ Í¨¨ ẋx′ =
0, ẋ2 + x′2 = 0. �ÉµÉ ¢Ò¡µ· ²¨´¥ ·¨§Ê¥É £ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö. �¥Ï¥´¨¥
Ê· ¢´¥´¨° ¶·µ¢µ¤¨²µ¸Ó · §²¨Î´Ò³¨ ³¥Éµ¤ ³¨ ¢ · ¡µÉ Ì [7, 9, 18, 21, 22],
·¥§Ê²ÓÉ É ¨³¥¥É £¥µ³¥É·¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥, · ¸¸³µÉ·¥´´µ¥ ´¨¦¥.

1. ‘’�“Š’“�� �…˜…�ˆ‰: �’Š�›’›… ˆ ‡�ŒŠ�“’›… ‘’�“�›

�µ¸É·µ¥´¨¥ ³¨·µ¢µ£µ ²¨¸É  µ¸´µ¢ ´µ ´  ¶µ´ÖÉ¨¨ µ¶µ·´ÒÌ ±·¨¢ÒÌ. � ¸-
¸³µÉ·¨³ ±·¨¢ÊÕ Q(σ) ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ, µ¡² ¤ ÕÐÊÕ ¸²¥¤ÊÕ-
Ð¨³¨ ¸¢µ°¸É¢ ³¨: 1) ¶¥·¨µ¤¨Î´µ¸ÉÓ: Q(σ + 2π) = Q(σ) + 2P ; 2) ¸¢¥Éµ¶µ¤µ-
¡¨¥: Q′2 = 0.

�¨¸. 4. Œ¨·µ¢µ° ²¨¸É µÉ±·ÒÉµ° ¸É·Ê´Ò
�¨¸. 5. ‘É·Ê±ÉÊ·  ³¨·µ¢µ£µ
²¨¸É  ¢¡²¨§¨ ±· Ö

Œ¨·µ¢µ° ²¨¸É µÉ±·ÒÉµ° ¸É·Ê´Ò ¸É·µ¨É¸Ö ¶µ ÔÉµ° ±·¨¢µ° ¸²¥¤ÊÕÐ¨³
µ¡· §µ³: x(σ1, σ2) = (Q(σ1) + Q(σ2))/2, σ1 � σ2 � σ1 + 2π (¸³. ·¨¸. 4).
„ ´´ Ö ¶µ¢¥·Ì´µ¸ÉÓ ¨³¥¥É ¤¢  ±· Ö, µ¤¨´ ¨§ ±µÉµ·ÒÌ ¸µ¢¶ ¤ ¥É ¸ Q(σ), ¤·Ê-
£µ° Å ¸ Q(σ) + P . �·¨ ¶ · ²²¥²Ó´µ³ ¶¥·¥´µ¸¥ ´  ¢¥±Éµ· P ³¨·µ¢µ° ²¨¸É
¶¥·¥Ìµ¤¨É ¢ ¸¥¡Ö, ¨ ¥£µ ±· Ö ³¥´ÖÕÉ¸Ö ³¥¸É ³¨.

’¥µ·¥³  2 (±· ° ³¨·µ¢µ£µ ²¨¸É ). ‹Õ¡µ° ¢¥±Éµ· ¨§ ± ¸ É¥²Ó´µ° ¶²µ¸-
±µ¸É¨ ± ³¨·µ¢µ³Ê ²¨¸ÉÊ µÉ±·ÒÉµ° ¸É·Ê´Ò ´  ¥£µ ±· ¥ µ·Éµ£µ´ ²¥´ Q′. �É 
¶²µ¸±µ¸ÉÓ ± ¸ ¥É¸Ö ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¶µ ´ ¶· ¢²¥´¨Õ Q′ (É ±¨¥ ¶²µ¸±µ¸É¨ ´ -
§Ò¢ ÕÉ¸Ö ¨§µÉ·µ¶´Ò³¨). ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ±µ´ÍÒ µÉ±·ÒÉµ° ¸É·Ê´Ò ¤¢¨£ ÕÉ¸Ö
¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É  ¶¥·¶¥´¤¨±Ê²Ö·´µ ´ ¶· ¢²¥´¨Õ ¸É·Ê´Ò ¢ ÔÉ¨Ì ÉµÎ± Ì.

„²Ö ¶µ¸É·µ¥´¨Ö ³¨·µ¢µ£µ ²¨¸É  § ³±´ÊÉµ° ¸É·Ê´Ò ´¥µ¡Ìµ¤¨³Ò ¤¢¥ µ¶µ·-
´Ò¥ ±·¨¢Ò¥ Q1,2(σ). �¡¥ ¤µ²¦´Ò ¡ÒÉÓ ¸¢¥Éµ¶µ¤µ¡´Ò³¨: Q′2

1,2 = 0 ¨ ¶¥·¨µ-
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¤¨Î´Ò³¨ ¸ µ¤´¨³ ¨ É¥³ ¦¥ ¶¥·¨µ¤µ³: Q1,2(σ + 2π) = Q1,2(σ) + P . Œ¨·µ¢µ°
²¨¸É § ¤ ¥É¸Ö Ëµ·³Ê²µ° x(σ1, σ2) = (Q1(σ1)+Q2(σ2))/2, σ1 � σ2 � σ1 +4π.

�¥·¥³¥´´Ò¥ σi ¢¢µ¤ÖÉ ¸¢¥Éµ¶µ¤µ¡´Ò¥ ±µµ·¤¨´ ÉÒ ´  ³¨·µ¢µ³ ²¨¸É¥:
(∂ix)2 = 0, ¸¢Ö§ ´´Ò¥ ¸ £ ³¨²ÓÉµ´µ¢Ò³¨ ±µµ·¤¨´ É ³¨ ¢Ò· ¦¥´¨¥³ σ1,2 =
τ ± σ. �¶µ·´Ò¥ ±·¨¢Ò¥ µ¶·¥¤¥²ÖÕÉ¸Ö ´ Î ²Ó´Ò³¨ ¤ ´´Ò³¨ § ¤ Î¨ ŠµÏ¨:
±µµ·¤¨´ Éµ° x ¨ ¶²µÉ´µ¸ÉÓÕ ¨³¶Ê²Ó¸  p ´  ¸É·Ê´¥ ¶·¨ §´ Î¥´¨¨ τ = 0 ¸
¶µ³µÐÓÕ ¸²¥¤ÊÕÐ¨Ì Ëµ·³Ê²:

Q(σ) = x(σ) +
∫ σ

0

dσ̃ p(σ̃) ¤²Ö µÉ±·ÒÉµ° ¸É·Ê´Ò; (1a)

Q1,2(σ) = x(±σ) ±
∫ ±σ

0

dσ̃ p(σ̃) ¤²Ö § ³±´ÊÉµ° ¸É·Ê´Ò. (1¡)

‚ ¶µ¸²¥¤´¥° Ëµ·³Ê²¥ ±·¨¢ Ö Q1 ¶µ²ÊÎ ¥É¸Ö ¶·¨ ¢Ò¡µ·¥ ¢¥·Ì´¨Ì §´ ±µ¢, ¢
Éµ ¢·¥³Ö ± ± ¤²Ö µ¶·¥¤¥²¥´¨Ö Q2 ´¥µ¡Ìµ¤¨³µ ¢Ò¡· ÉÓ ´¨¦´¨¥ §´ ±¨. ”Ê´±-
Í¨¨ x(σ), p(σ) ¶·µ¤µ²¦¥´Ò ´  ¢¸Õ µ¸Ó σ (¸³. [7]): ± ± 2π-¶¥·¨µ¤¨Î¥¸±¨¥
ËÊ´±Í¨¨ ¢ (1¡) ¨ ± ± Î¥É´Ò¥ 2π-¶¥·¨µ¤¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¢ (1 ).

‡ ³¥Î ´¨¥. �¥·¥Ìµ¤ ± ±µ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³ τ → iτ, p → ip ¢
¢ÒÏ¥¶·¨¢¥¤¥´´ÒÌ Ëµ·³Ê² Ì ¤ ¥É ·¥Ï¥´¨¥ ¶·µ¡²¥³Ò �Ó¥·²¨´£  [23] µ ³¨-
´¨³ ²Ó´ÒÌ ¶µ¢¥·Ì´µ¸ÉÖÌ ¢ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥ (´ °É¨ ³¨´¨³ ²Ó´ÊÕ
¶µ¢¥·Ì´µ¸ÉÓ, ¶·µÌµ¤ÖÐÊÕ Î¥·¥§ § ¤ ´´ÊÕ ±·¨¢ÊÕ ¨ ± ¸ ÕÐÊÕ¸Ö § ¤ ´´µ£µ
¢¥±Éµ·´µ£µ ¶µ²Ö ´  ±·¨¢µ°).

�¡· É´Ò¥ Ëµ·³Ê²Ò:

x(σ) = (Q(σ) + Q(−σ))/2, p(σ) = (Q′(σ) + Q′(−σ))/2, (2a)

x(σ) = (Q1(σ) + Q2(−σ))/2, p(σ) = (Q′
1(σ) + Q′

2(−σ))/2. (2¡)

ˆ§ (1a), (1¡) ³Ò ¢¨¤¨³, ÎÉµ ¢¥±Éµ· P ¸µ¢¶ ¤ ¥É ¸ Î¥ÉÒ·¥Ì¢¥±Éµ·µ³
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸É·Ê´Ò. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ Q1 = Q2 ³¨·µ¢µ° ²¨¸É § ³±-
´ÊÉµ° ¸É·Ê´Ò ¢Ò·µ¦¤ ¥É¸Ö ¢ ¤¢Ê±· É´µ ¸²µ¦¥´´Ò° ³¨·µ¢µ° ²¨¸É µÉ±·ÒÉµ°
¸É·Ê´Ò. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶¥·¨µ¤Ò µ¶µ·´ÒÌ ±·¨¢ÒÌ · ¢´Ò: Pclosed = 2Popen,
¢¸²¥¤¸É¢¨¥ Î¥£µ ± ¦¤Ò° ¨§ ¤¢ÊÌ ¸µ¢¶ ¤ ÕÐ¨Ì ²¨¸Éµ¢ µÉ±·ÒÉµ° ¸É·Ê´Ò ¶µ²Ê-
Î ¥É ¶µ²µ¢¨´Ê Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶¥·¢µ´ Î ²Ó´µ° § ³±´ÊÉµ° ¸É·Ê´Ò.

�µ¤¶·µ¸É· ´¸É¢µ, µ·Éµ£µ´ ²Ó´µ¥ P , µ¶·¥¤¥²Ö¥É ¸¨¸É¥³Ê Í¥´É·  ³ ¸¸
(¸. Í. ³.). �Ê¤ÊÎ¨ ¸¶·µ¥Í¨·µ¢ ´´Ò³¨ ¢ ¸. Í. ³., µ¶µ·´Ò¥ ±·¨¢Ò¥ ¸É ´µ¢ÖÉ¸Ö
§ ³±´ÊÉÒ³¨. ’¥ ±·¨¢Ò¥, Ê ±µÉµ·ÒÌ ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  Q0(σ) ´¥ Ö¢²Ö-
¥É¸Ö ³µ´µÉµ´´µ° ËÊ´±Í¨¥°, ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥. ‡¤¥¸Ó
³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ±·¨¢Ò¥, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ¢ ± ¦¤µ° ÉµÎ±¥ Ê¸²µ¢¨Õ
Q′0 > 0. ’ ±¨¥ ±·¨¢Ò¥ ³µ¦´µ ¢µ¸¸É ´µ¢¨ÉÓ ¶µ ¨Ì ¶·µ¥±Í¨¨ ¢ ¸. Í. ³.:

Q′
0 = |Q′| ⇒ Q0(σ1) − Q0(0) =

∫ σ1

0

|Q′(σ)|dσ = L(σ1),
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£¤¥ L(σ) Å ¤²¨´  ¤Ê£¨ ±·¨¢µ° Q(σ) ³¥¦¤Ê ÉµÎ± ³¨ Q(0) ¨ Q(σ). �µ²´ Ö
¤²¨´  ±·¨¢µ° Q(σ) · ¢´  2

√
P 2 ¤²Ö µÉ±·ÒÉµ° ¸É·Ê´Ò ¨

√
P 2 ¤²Ö § ³±´ÊÉµ°

¸É·Ê´Ò. �  ±·¨¢µ° Q(σ) ³µ¦´µ ¢¢¥¸É¨ ´ ÉÊ· ²Ó´ÊÕ ¶ · ³¥É·¨§ Í¨Õ, É. ¥.
¶ · ³¥É·¨§ Í¨Õ ¤²¨´µ° σ = 2πL/Ltot, Éµ£¤  Q′

0 = |Q′| = Ltot/2π. ‚ É¥µ·¨¨
¸É·Ê´ É ± Ö ¶ · ³¥É·¨§ Í¨Ö ´ §Ò¢ ¥É¸Ö ± ²¨¡·µ¢±µ° �µ·²¨Ì  [24].

‚ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ · §³¥·´µ¸É¨ d = 3, 4 ¸É·Ê´Ò ¨³¥ÕÉ Ê¸Éµ°Î¨¢Ò¥
µ¸µ¡Ò¥ ÉµÎ±¨. �·¨Î¨´  ¨Ì ¶µÖ¢²¥´¨Ö ¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕÐ¥³.

�¨¸. 6. �¸µ¡¥´´µ¸É¨ ³¨·µ¢µ£µ ²¨¸É  ¸µµÉ¢¥É¸É¢ÊÕÉ ¶ · ²²¥²Ó´Ò³ ± ¸ É¥²Ó´Ò³ ¢¥±Éµ-
· ³ ± µ¶µ·´µ° ±·¨¢µ°. R Å ·¥£Ê²Ö·´ Ö ÉµÎ± ; E Å ±· °; X Å ¢´ÊÉ·¥´´ÖÖ µ¸µ¡ Ö
ÉµÎ± 

Š ¸ É¥²Ó´Ò³¨ ¢¥±Éµ· ³¨ ± ³¨·µ¢µ³Ê ²¨¸ÉÊ ¢ ÉµÎ±¥ x(σ1, σ2) Ö¢²ÖÕÉ¸Ö
Q′(σ1) ¨ Q′(σ2), É. ¥. ± ¸ É¥²Ó´Ò¥ ¢¥±Éµ·Ò ± µ¶µ·´µ° ±·¨¢µ° ¢ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ÉµÎ± Ì. …¸²¨ ÔÉ¨ ¤¢  ¢¥±Éµ·  ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò, µ´¨ µ¶·¥¤¥²ÖÕÉ
± ¸ É¥²Ó´ÊÕ ¶²µ¸±µ¸ÉÓ ± ³¨·µ¢µ³Ê ²¨¸ÉÊ, ¨ ÔÉ  ÉµÎ±  Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´µ°
(ÉµÎ±  R ´  ·¨¸. 6). ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥, ¥¸²¨ ÔÉ¨ ¢¥±Éµ·Ò ¶ · ²²¥²Ó´Ò,
ÉµÎ±  Ö¢²Ö¥É¸Ö µ¸µ¡µ°. ’µÎ±  E ¸ σ2 − σ1 = 0 ¨²¨ 2π ²¥¦¨É ´  ±· ¥ ³¨-
·µ¢µ£µ ²¨¸É . ’µÎ±  X ¸ 0 < σ2 − σ1 < 2π Ö¢²Ö¥É¸Ö ¢´ÊÉ·¥´´¥° µ¸µ¡µ°
ÉµÎ±µ°.

„²Ö µ¶µ·´ÒÌ ±·¨¢ÒÌ ¸ Q′0 > 0 ²¨´¥°´ Ö § ¢¨¸¨³µ¸ÉÓ ¢¥±Éµ·µ¢ Q′
1

¨ Q′
2 ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Ô±¢¨¢ ²¥´É´  · ¢¥´¸É¢Ê ¥¤¨´¨Î´ÒÌ ± ¸ É¥²Ó-

´ÒÌ ¢¥±Éµ·µ¢ τ = Q′/|Q′| ± ¶·µ¥±Í¨¨ µ¶µ·´µ° ±·¨¢µ° ¢ ¸. Í. ³. ’ ±¨³ µ¡-

�¨¸. 7. ‘ ³µ¶¥·¥¸¥Î¥´¨¥ £µ¤µ£· Ë  τ (σ)

· §µ³, µ¸µ¡¥´´µ¸É¨ ³¨·µ¢µ£µ ²¨¸É  µÉ-
¢¥Î ÕÉ ÉµÎ± ³ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö £µ¤µ-
£· Ë  τ (σ1) = τ (σ2) (¤²Ö § ³±´ÊÉµ°
¸É·Ê´Ò Å ¶¥·¥¸¥Î¥´¨Õ ¤¢ÊÌ £µ¤µ£· -
Ëµ¢ τ 1(σ1) = τ 2(σ2)). ƒµ¤µ£· ËÒ ²¥-
¦ É ´  ¸Ë¥·¥ Sd−2: ´  µ±·Ê¦´µ¸É¨
¶·¨ d = 3 ¨ ´  2-³¥·´µ° ¸Ë¥·¥ ¶·¨
d = 4. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¶·¨ d = 3
¶¥·¥¸¥Î¥´¨Ö £µ¤µ£· Ëµ¢ µ¡· §ÊÕÉ µ¤-
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´µ³¥·´Ò¥ ³´µ¦¥¸É¢ ,   ¶·¨ d = 4 É· ´¸¢¥·¸ ²Ó´Ò¥ ¶¥·¥¸¥Î¥´¨Ö ´ Ìµ¤ÖÉ¸Ö
¢ ¨§µ²¨·µ¢ ´´ÒÌ ÉµÎ± Ì (¸³. ·¨¸. 7). ‚ ¸²ÊÎ ¥ d > 4 ¶¥·¥¸¥Î¥´¨Ö ³µ¦´µ
Ê¸É· ´¨ÉÓ ³ ²Ò³¨ ¤¥Ëµ·³ Í¨Ö³¨ £µ¤µ£· Ëµ¢ ´  ¸Ë¥·¥ Sd−2.

ˆ§ (1a), (1¡) ³Ò ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ê ¤²Ö ²¨´¥°´µ° ¶²µÉ´µ¸É¨ Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ´  ¸É·Ê´¥:

(p0,p)/|x′| = (2, τ 1 + τ 2)γ, γ = (2(1 − τ 1τ 2))−1/2.

‚ µ¸µ¡ÒÌ ÉµÎ± Ì ¨ ´  ±· ¥ ³¨·µ¢µ£µ ²¨¸É  γ → ∞, ¢¸²¥¤¸É¢¨¥ Î¥£µ ¢ ÔÉ¨Ì
ÉµÎ± Ì ²¨´¥°´ Ö ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸É·¥³¨É¸Ö ± ¡¥¸±µ´¥Î´µ¸É¨.

�¨¸. 8.  ) O¸µ¡Ò¥ ²¨´¨¨ ´  ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢ (¸Ì¥³ ); ¡) ±² ¸¸¨Ë¨± Í¨Ö µ¸µ¡¥´-
´µ¸É¥° ¶µ ¢Ò·µ¦¤¥´¨Õ ¶¥·¢µ£µ ¤¨ËË¥·¥´Í¨ ²  [25]

‘²ÊÎ ° d = 3. ˆ¸¶µ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ τ (σ) = (cos ϕ(σ), sin ϕ(σ)).
�¸µ¡¥´´µ¸É¨ µ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨¥³ ϕ(σ1) = ϕ(σ2) mod 2π.

„²Ö µÉ±·ÒÉÒÌ ¸É·Ê´ ÔÉµ Ê· ¢´¥´¨¥ ´¥µ¡Ìµ¤¨³µ ·¥Ï¨ÉÓ ¢ É·¥Ê£µ²Ó´¨±¥ ´ 
(σ1, σ2)-¶²µ¸±µ¸É¨, ¶µ± § ´´µ³ ´  ·¨¸. 8,  , ¨ § É¥³ ¶·µ¤µ²¦¨ÉÓ ´  ¢¥¸Ó ³¨·µ-
¢µ° ²¨¸É, ¨¸¶µ²Ó§ÊÖ É·¨¢¨ ²Ó´Ò¥ ¸¨³³¥É·¨¨ σ1 ↔ σ2, σ1,2 → σ1,2+2πk, k ∈
Z. „²Ö § ³±´ÊÉÒÌ ¸É·Ê´ Ê· ¢´¥´¨¥ ϕ1(σ1) = ϕ2(σ2) mod 2π ´¥µ¡Ìµ¤¨³µ ·¥-
Ï¨ÉÓ ¢ ±¢ ¤· É¥ 0 < σ1,2 < 2π ¨ ¶·µ¤µ²¦¨ÉÓ ·¥Ï¥´¨Ö, ¨¸¶µ²Ó§ÊÖ σ1,2 →
σ1,2 +2πk. „²Ö µ¶µ·´ÒÌ ±·¨¢ÒÌ µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö (¸³. ¤ ²¥¥) ·¥Ï¥´¨Ö ÔÉ¨Ì
Ê· ¢´¥´¨° µ¶·¥¤¥²ÖÕÉ £² ¤±¨¥ ±·¨¢Ò¥ ´  ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢, µ¡µ§´ Î¥´-
´Ò¥ ´  ·¨¸. 8,   ± ± (c), ¤²Ö ±µÉµ·ÒÌ ¢µ§³µ¦´µ ¸²¥¤ÊÕÐ¥¥ ¶µ¢¥¤¥´¨¥:

• ±·¨¢Ò¥ · ¸¶·µ¸É· ´ÖÕÉ¸Ö ¶µ ¢¸¥³Ê ³¨·µ¢µ³Ê ²¨¸ÉÊ, ´¥ ¤µ¸É¨£ Ö ¥£µ
±· ¥¢;

• ±·¨¢Ò¥ ³µ£ÊÉ µ¡· §µ¢Ò¢ ÉÓ § ³±´ÊÉÒ¥ ±µ´ÉÊ·Ò;
• ¢ ¸²ÊÎ ¥ µÉ±·ÒÉÒÌ ¸É·Ê´ ±·¨¢Ò¥ (c) ³µ£ÊÉ µ¡·Ò¢ ÉÓ¸Ö ´  ±· ¥ ³¨·µ¢µ£µ

²¨¸É .
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‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ±·¨¢ Ö (c) ¢Ìµ¤¨É ¢ ±· ° ¶µ¤ ¶·Ö³Ò³ Ê£²µ³, ¢ ¸¨²Ê
¸¨³³¥É·¨¨ σ1 ↔ σ2. �  ·¨¸. 8, a É ±¦¥ µÉ³¥Î¥´Ò ÉµÎ±¨, ¢ ±µÉµ·ÒÌ ±·¨¢ Ö
(c) ± ¸ É¥²Ó´  ´ ¶· ¢²¥´¨Ö³ dσ2 = ±dσ1. �¢µ²ÕÍ¨Ö ¸É·Ê´Ò µ¶·¥¤¥²Ö¥É¸Ö ¸
¶µ³µÐÓÕ ¸¥Î¥´¨° ³¨·µ¢µ£µ ²¨¸É  ¶²µ¸±µ¸ÉÖ³¨ ¶µ¸ÉµÖ´´µ£µ ¢·¥³¥´¨ x0 =
const, ±µÉµ·Ò¥ ¢ ± ²¨¡·µ¢±¥ �µ·²¨Ì  µÉ¢¥Î ÕÉ σ1 + σ2 = const. ‘É·Ê±ÉÊ· 
³¨·µ¢µ£µ ²¨¸É  ¢¡²¨§¨ µ¸µ¡ÒÌ ÉµÎ¥± ¶µ± § ´  ´  ·¨¸. 9.

�¨¸. 9. �µ·³ ²Ó´Ò¥ Ëµ·³Ò µ¸µ¡¥´´µ¸É¥° ³¨·µ¢µ£µ ²¨¸É , d = 3

�µ·³ ²Ó´Ò¥ Ëµ·³Ò ¶·¨¢¥¤¥´Ò ¢ ¸¢¥Éµ¢ÒÌ ±µµ·¤¨´ É Ì (t, y, x − t), É ±
ÎÉµ ´ ¶· ¢²¥´¨¥ (1, 0, 0) Ö¢²Ö¥É¸Ö ¸¢¥Éµ¶µ¤µ¡´Ò³ ¨ ¸µ¢³¥¸É´µ ¸ ´ ¶· ¢²¥´¨¥³
(0, 1, 0) µ¶·¥¤¥²Ö¥É ¨§µÉ·µ¶´ÊÕ ¶²µ¸±µ¸ÉÓ.

• E: ±· ° ³¨·µ¢µ£µ ²¨¸É ;
• c: ¸±² ¤± , ¨²¨ ²¨´¨Ö ± ¸¶µ¢; ´  ÔÉµ° ²¨´¨¨ ¸¥Î¥´¨Ö ³¨·µ¢µ£µ ²¨¸É 

¶²µ¸±µ¸ÉÖ³¨ ¶µ¸ÉµÖ´´µ£µ ¢·¥³¥´¨ ¨³¥ÕÉ ÉµÎ±Ê ¢µ§¢· É , ¨²¨ ± ¸¶ (0, u2, u3),
±µÉµ·Ò° ¤¢¨£ ¥É¸Ö ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢ ¸¢¥Éµ¶µ¤µ¡´µ³ ´ ¶· ¢²¥´¨¨
(1, 0, 0), É. ¥. ± ¸¶ ¤¢¨£ ¥É¸Ö ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É  ¶¥·¥¶¥´¤¨±Ê²Ö·´µ ´ ¶· -
¢²¥´¨Õ ¸É·Ê´Ò ¢ ÔÉµ° ÉµÎ±¥ (0, 1, 0);

• S: ²¨´¨Ö ¸ ³µ¶¥·¥¸¥Î¥´¨Ö ¶µ¢¥·Ì´µ¸É¨ µ¡·Ò¢ ¥É¸Ö ´  ³¨·µ¢µ° ²¨´¨¨
± ¸¶ , ¢ ÔÉµ° ÉµÎ±¥ ®±·Ò²ÓÖ¯ ± ¸¶  ¶·µÌµ¤ÖÉ ¸±¢µ§Ó ¤·Ê£ ¤·Ê£ ;

• W : ®² ¸ÉµÎ±¨´ Ì¢µ¸É¯ [25], ÉµÎ±  ·µ¦¤¥´¨Ö ¨²¨ Ê´¨ÎÉµ¦¥´¨Ö ¶ ·Ò
± ¸¶µ¢;

• I: ¢ ¸²ÊÎ ¥ µÉ±·ÒÉÒÌ ¸É·Ê´ ± ¸¶ ³µ¦¥É ¶µÖ¢²ÖÉÓ¸Ö ¨ ¨¸Î¥§ ÉÓ µ¤¨-
´µÎ´µ ´  ±· Õ ³¨·µ¢µ£µ ²¨¸É  ¢ ÉµÎ±¥ ¶¥·¥£¨¡  ÔÉµ° ±·¨¢µ°: ϕ′(σI) = 0.
„·Ê£¨³¨ ¸²µ¢ ³¨, ¶µ£²µÐ¥´¨¥ ± ¸¶  ±µ´Íµ³ ¸É·Ê´Ò ¶·¨¢µ¤¨É ± ¶¥·¥£¨¡Ê ¥£µ
É· ¥±Éµ·¨¨.

‘²ÊÎ ° d = 4. ‡¤¥¸Ó ³Ò ¨¸¶µ²Ó§Ê¥³ ¸¢¥Éµ¢Ò¥ ±µµ·¤¨´ ÉÒ (t, y, z, x −
t). � ¶· ¢²¥´¨¥ (1, 0, 0, 0) Ö¢²Ö¥É¸Ö ¸¢¥Éµ¶µ¤µ¡´Ò³ ¨ ¸µ¢³¥¸É´µ ¸ (0, 1, 0, 0),
(0, 0, 1, 0) µ´µ µ¶·¥¤¥²Ö¥É 3-³¥·´ÊÕ ¨§µÉ·µ¶´ÊÕ £¨¶¥·¶²µ¸±µ¸ÉÓ, ± ¸ É¥²Ó´ÊÕ
± ¸¢¥Éµ¢µ³Ê ±µ´Ê¸Ê ¢ 4 ¨§³¥·¥´¨ÖÌ (·¨¸. 10).



‘’�“Š’“�� �‘��…���‘’…‰ �� Œˆ��‚›• ‹ˆ‘’�• �…‹Ÿ’ˆ‚ˆ‘’‘Šˆ• ‘’�“� 121

�¨¸. 10. �µ·³ ²Ó´Ò¥ Ëµ·³Ò
µ¸µ¡¥´´µ¸É¥° ³¨·µ¢µ£µ ²¨¸É ,
d = 4

‘·¥§Ò ³¨·µ¢µ£µ ²¨¸É  ¶²µ¸±µ¸ÉÖ³¨ ¶µ¸Éµ-
Ö´´µ£µ ¢·¥³¥´¨ ¢¡²¨§¨ ÉµÎ±¨ (P ) ¤ ÕÉ ±·¨-
¢ÊÕ, ±µÉµ· Ö Ö¢²Ö¥É¸Ö £² ¤±µ° ¶·¨ t 	= 0
¨ ¨³¥¥É ± ¸¶ (0, u2, 0, u3) ¢ ³µ³¥´É ¢·¥³¥´¨
t = 0. �·µ¥±Í¨¨ ¢ ¶µÎÉ¨ ²Õ¡µ¥∗ 3-³¥·´µ¥
¶µ¤¶·µ¸É· ´¸É¢µ ¶·¥µ¡· §ÊÕÉ ÔÉÊ µ¸µ¡¥´´µ¸ÉÓ
¢ ÉµÎ±Ê ¶¨´Î , ¢ µ±·¥¸É´µ¸É¨ ±µÉµ·µ° ¶µ¢¥·Ì-
´µ¸ÉÓ ¨³¥¥É Ëµ·³Ê §µ´É¨±  “¨É´¨: (v, u2, vu).

‘²¥¤ÊÕÐ¨¥ É¥µ·¥³Ò µ¶¨¸Ò¢ ÕÉ ¶·¨¢¥¤¥-
´¨¥ ³¨·µ¢ÒÌ ²¨¸Éµ¢ ± ´µ·³ ²Ó´Ò³ Ëµ·³ ³.
�Ê¸ÉÓ Q : S1 → Rn Ä C∞ Å £² ¤± Ö  ´ -
²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö ¸ Q′(σ) 	= 0, É. ¥. £² ¤-
± Ö § ³±´ÊÉ Ö ±·¨¢ Ö ¢ Rn; σ Å ´ ÉÊ· ²Ó´Ò° ¶ · ³¥É· (¤²¨´ ) ´  ±·¨¢µ°.

�¶·¥¤¥²¥´¨¥ (n = 2). �Ê¸ÉÓ ϕ(σ) Å ¶µ²Ö·´Ò° Ê£µ² ¢¥±Éµ·  Q′(σ).
�¡µ§´ Î¨³ ϕi = ϕ(σi). �Ê¤¥³ £µ¢µ·¨ÉÓ, ÎÉµ ±·¨¢ Ö ´ Ìµ¤¨É¸Ö ¢ µ¡Ð¥³
¶µ²µ¦¥´¨¨, ¥¸²¨ ¢ ± ¦¤µ° ¶ ·¥ ÉµÎ¥±, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ ϕ1 =
ϕ2 mod 2π, ¢Ò¶µ²´Ö¥É¸Ö µ¤´µ ¨§ ¸²¥¤ÊÕÐ¨Ì ¸¢µ°¸É¢:

(c) ϕ′
1 	= ±ϕ′

2;
(S) ϕ′

1 = ϕ′
2 	= 0, ϕ′′

1 	= ϕ′′
2 ;

(W ) ϕ′
1 = −ϕ′

2 	= 0, ϕ′′
1 	= ϕ′′

2 ;
(E) σ1 = σ2, ϕ′

1 	= 0;
(I) σ1 = σ2, ϕ′

1 = 0, ϕ′′
1 	= 0, ϕ′′′

1 	= 0.

„²Ö ¤¢ÊÌ § ³±´ÊÉÒÌ ±·¨¢ÒÌ Q1,2 ¢ R2 µ¡µ§´ Î¨³ ϕi = ϕi(σi). �Ê¤¥³ £µ¢µ-
·¨ÉÓ, ÎÉµ ±·¨¢Ò¥ ´ Ìµ¤ÖÉ¸Ö ¢ µ¡Ð¥³ ¶µ²µ¦¥´¨¨ ¤·Ê£ ± ¤·Ê£Ê ¥¸²¨ ¢ ± ¦¤µ°
¶ ·¥ ÉµÎ¥±, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ ϕ1 = ϕ2 mod 2π, ¢Ò¶µ²´Ö¥É¸Ö µ¤´µ
¨§ ¸¢µ°¸É¢ (c), (S), (W ).

�¶·¥¤¥²¥´¨¥ (n = 3). „²Ö ±·¨¢µ° R3 µ¡µ§´ Î¨³ Q′
i = Q′(σi). Š·¨¢ Ö

´ Ìµ¤¨É¸Ö ¢ µ¡Ð¥³ ¶µ²µ¦¥´¨¨, ¥¸²¨ ¢ ± ¦¤µ° ¶ ·¥ ÉµÎ¥±, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì
Ê· ¢´¥´¨Õ Q′

1 = Q′
2, ¢Ò¶µ²´Ö¥É¸Ö µ¤´µ ¨§ ¸²¥¤ÊÕÐ¨Ì ¸¢µ°¸É¢:

(E) σ1 = σ2, Q′′
1 	= 0;

(P ) Q′′
1 	 ‖ Q′′

2 , |Q′′
1 | 	= |Q′′

2 |.

„²Ö ¤¢ÊÌ ±·¨¢ÒÌ ¢ R3 µ¡µ§´ Î¨³ Q′
i = Q′

i(σi). „¢¥ ±·¨¢Ò¥ ´ Ìµ¤ÖÉ¸Ö ¢
µ¡Ð¥³ ¶µ²µ¦¥´¨¨ ¤·Ê£ ± ¤·Ê£Ê, ¥¸²¨ ¢ ± ¦¤µ° ¶ ·¥ ÉµÎ¥±, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì
Ê· ¢´¥´¨Õ Q′

1 = Q′
2, ¢Ò¶µ²´Ö¥É¸Ö ¸¢µ°¸É¢µ (P ).

∗ˆ¸±²ÕÎ¨É¥²Ó´Ò¥ ´ ¶· ¢²¥´¨Ö ¶·µ¥±Í¨¨ ¶·¨´ ¤²¥¦ É ¶²µ¸±µ¸É¨ t = x, µ´¨ ¶µ·µ¦¤ ÕÉ
µ¸µ¡¥´´µ¸É¨ ¢Ò¸Ï¥£µ ¶µ·Ö¤± .
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T¥µ·¥³  3 (µ¡Ð¥¥ ¶µ²µ¦¥´¨¥). K·¨¢Ò¥ ¢ µ¡Ð¥³ ¶µ²µ¦¥´¨¨ µ¡· §ÊÕÉ
µÉ±·ÒÉµ¥ ¢¸Õ¤Ê ¶²µÉ´µ¥ ³´µ¦¥¸É¢µ ¢ C∞-Éµ¶µ²µ£¨¨.

’¥µ·¥³  4 (´µ·³ ²Ó´Ò¥ Ëµ·³Ò). „²Ö µ¶µ·´ÒÌ ±·¨¢ÒÌ ¢ µ¡Ð¥³ ¶µ²µ¦¥-
´¨¨ µ±·¥¸É´µ¸ÉÓ µ¸µ¡µ° ÉµÎ±¨ ³¨·µ¢µ£µ ²¨¸É  ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ ± µ¤´µ°
¨§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ ´µ·³ ²Ó´ÒÌ Ëµ·³ ¸ ¶µ³µÐÓÕ LR-¤¨ËË¥µ³µ·Ë¨§³µ¢,
É. ¥. £² ¤±¨Ì ´¥¢Ò·µ¦¤¥´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢
(σ1, σ2) → (σ̃1, σ̃2) ¨ ¶·µ¸É· ´¸É¢  Œ¨´±µ¢¸±µ£µ x → x̃, µ¡· É´Ò¥ ± ±µÉµ·Ò³
É ±¦¥ Ö¢²ÖÕÉ¸Ö £² ¤±¨³¨. ‹¨´¥°´ Ö Î ¸ÉÓ ¶·¥µ¡· §µ¢ ´¨Ö ¢ ¶·µ¸É· ´¸É¢¥
Œ¨´±µ¢¸±µ£µ, § ¤ ´´ Ö ³ É·¨Í¥° Ÿ±µ¡¨ ∂x̃/∂x, µÉµ¡· ¦ ¥É ¸¢¥Éµ¶µ¤µ¡´µ¥
´ ¶· ¢²¥´¨¥ Q′

1‖Q′
2 ¢ ¸¢¥Éµ¶µ¤µ¡´µ¥ ´ ¶· ¢²¥´¨¥ (1, 0, . . . , 0) ¨ É ± ¦¥ µÉµ-

¡· ¦ ¥É ¤·Ê£ ¢ ¤·Ê£  ¨§µÉ·µ¶´Ò¥ ¶²µ¸±µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸ ÔÉ¨³¨ ´ ¶· ¢²¥-
´¨Ö³¨.

’¥µ·¥³  3 µ§´ Î ¥É, ÎÉµ ±·¨¢Ò¥ ¢ µ¡Ð¥³ ¶µ²µ¦¥´¨¨ ¶·¥¤¸É ¢²ÖÕÉ µ¡Ð¨°
¸²ÊÎ ° ¢µ ³´µ¦¥¸É¢¥ ¢¸¥Ì £² ¤±¨Ì ±·¨¢ÒÌ. “ÉµÎ´¥´¨¥ ¢ É¥µ·¥³¥ 4 ¸¢Ö§Ò¢ ¥É
¨§µÉ·µ¶´Ò¥ ¶²µ¸±µ¸É¨ ¢ ¶·µ¸É· ´¸É¢ Ì µ¡· §  ¨ ¶·µµ¡· §  ¨ ¶µ§¢µ²Ö¥É § ¶¨-
¸Ò¢ ÉÓ ´µ·³ ²Ó´Ò¥ Ëµ·³Ò ¢ ¸¢¥Éµ¢ÒÌ ±µµ·¤¨´ É Ì.

Σ-±² ¸¸¨Ë¨± Í¨Ö [25]. Σ-±² ¸¸ (¸¨³¢µ² ’µ³ ) µ¸µ¡¥´´µ¸É¨ µ¶·¥¤¥²Ö-
¥É¸Ö Ö¤·µ³ ¶¥·¢µ£µ ¤¨ËË¥·¥´Í¨ ²  · ¸¸³ É·¨¢ ¥³µ£µ µÉµ¡· ¦¥´¨Ö, ¢ ´ Ï¥³
¸²ÊÎ ¥ Å ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö Q′

1dσ1 + Q′
2dσ2 = 0, ±µÉµ·µ¥ ¢ ± ²¨¡·µ¢±¥

�µ·²¨Ì  ¢²¥Î¥É dσ1 +dσ2 = 0. �Éµ Ö¤·µ µ¤´µ³¥·´µ, ¶µÔÉµ³Ê ±·¨¢Ò¥ (c), ±· Ö
(E) ¨ ÉµÎ±¨ (P ) Ö¢²ÖÕÉ¸Ö µ¸µ¡¥´´µ¸ÉÖ³¨ ±² ¸¸  Σ1. ‹¨´¨¨ dσ1 + dσ2 = 0
¶µ± § ´Ò ÏÉ·¨Ìµ¢±µ° ´  ·¨¸. 8, ¡. ’µÎ±¨ (W ), ¢ ±µÉµ·ÒÌ ÏÉ·¨Ìµ¢±  ± ¸ -
É¥²Ó´  ±·¨¢Ò³ (c), ¸µµÉ¢¥É¸É¢ÊÕÉ µ¸µ¡¥´´µ¸ÉÖ³ ±² ¸¸  Σ1,1 (± ¸¶ ´  ²¨´¨¨
± ¸¶µ¢). „²Ö ÉµÎ¥± (I) ¸¨³¢µ² ’µ³  ´¥ µ¶·¥¤¥²¥´, µ¤´ ±µ ¢ ÊÉµÎ´ÖÕÐ¥° ¸Ì¥³¥
�o·¤³ ´  (Boardman) É ±¨¥ ÉµÎ±¨ ±² ¸¸¨Ë¨Í¨·ÊÕÉ¸Ö ± ± Σ1,1,1,0. ’µÎ±¨ (S)
¨³¥ÕÉ ±² ¸¸ Σ1, É. ¥. ´¥ µÉ²¨Î ÕÉ¸Ö µÉ µ±·Ê¦ ÕÐ¨Ì ÉµÎ¥± ²¨´¨¨ ± ¸¶µ¢ (c)
¶µ Σ-±² ¸¸¨Ë¨± Í¨¨.

“¸Éµ°Î¨¢µ¸ÉÓ. �Ê¤¥³ ´ §Ò¢ ÉÓ µ¸µ¡¥´´µ¸ÉÓ ³¨·µ¢µ£µ ²¨¸É  ¸² ¡µÊ¸Éµ°-
Î¨¢µ° (W -Ê¸Éµ°Î¨¢µ°), ¥¸²¨ ¢¸¥ ³¨·µ¢Ò¥ ²¨¸ÉÒ ¢ ε-µ±·¥¸É´µ¸É¨ ¤ ´´µ£µ
²¨¸É  (∗) ¨³¥ÕÉ µ¸µ¡¥´´µ¸É¨. �¸µ¡¥´´µ¸ÉÓ ´ §Ò¢ ¥É¸Ö ¤¨ËË¥·¥´Í¨·Ê¥³µ-
Ê¸Éµ°Î¨¢µ° (LR-Ê¸Éµ°Î¨¢µ°) [25], ¥¸²¨ ¢¸¥ ³¨·µ¢Ò¥ ²¨¸ÉÒ ¢ ε-µ±·¥¸É´µ¸É¨
¤ ´´µ£µ ²¨¸É  (∗) ³µ£ÊÉ ¡ÒÉÓ ¶·¥µ¡· §µ¢ ´Ò ¢ (∗) LR-¤¨ËË¥µ³µ·Ë¨§³µ³
(¢ ÔÉµ³ ¸²ÊÎ ¥ µ¸µ¡¥´´µ¸ÉÓ ¡Ê¤¥É É ±¦¥ W -Ê¸Éµ°Î¨¢µ°). �¶¨¸ ´´Ò¥ ¢ÒÏ¥
µ¸µ¡¥´´µ¸É¨ Ö¢²ÖÕÉ¸Ö LR-Ê¸Éµ°Î¨¢Ò³¨, ¥¸²¨ ε-µ±·¥¸É´µ¸ÉÓ ³¨·µ¢µ£µ ²¨¸É 
µ¶·¥¤¥²¥´  ¢ C∞-Éµ¶µ²µ£¨¨: |δQ(n)| < εn, n = 0, 1, 2, . . . �¸µ¡¥´´µ¸É¨ W -
Ê¸Éµ°Î¨¢Ò ¢ C1-Éµ¶µ²µ£¨¨: |δQ′| < ε (¢ ÔÉµ³ ¸²ÊÎ ¥ µ´¨ Ê¦¥ ´¥ Ö¢²ÖÕÉ¸Ö
LR-Ê¸Éµ°Î¨¢Ò³¨, ¶·¨³¥· ¶µ± § ´ ´  ·¨¸. 11, £: ¢¡²¨§¨ ÉµÎ±¨ É· ´¸¢¥·¸ ²Ó-
´µ£µ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö £µ¤µ£· Ë  Q′(σ) ¢ ¥£µ |δQ′| < ε-µ±·¥¸É´µ¸É¨ ¸ÊÐ¥-
¸É¢ÊÕÉ C1-³ ²Ò¥, ´µ C2-¡µ²ÓÏ¨¥ ¢ ·¨ Í¨¨, ¨§³¥´ÖÕÐ¨¥ ¸É·Ê±ÉÊ·Ê ¸ ³µ¶¥-
·¥¸¥Î¥´¨Ö). C1-³ ²Ò¥ ¢ ·¨ Í¨¨ µ¶µ·´ÒÌ ±·¨¢ÒÌ Ô±¢¨¢ ²¥´É´Ò ¢ ·¨ Í¨Ö³
´ Î ²Ó´ÒÌ ¤ ´´ÒÌ, ³ ²Ò³ ¢ ¸³Ò¸²¥ |δx′| < ε, |δp| < ε. ‘ Ë¨§¨Î¥¸±µ°
ÉµÎ±¨ §·¥´¨Ö É ±¦¥ ¨´É¥·¥¸´µ · ¸¸³ É·¨¢ ÉÓ C0-³ ²Ò¥ ¢ ·¨ Í¨¨: |δQ| < ε,
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Ô±¢¨¢ ²¥´É´Ò¥ ³ ²Ò³ ¢ ·¨ Í¨Ö³ ±µµ·¤¨´ ÉÒ |δx| < ε ¨ ³ ²Ò³ ¢ ·¨ Í¨Ö³
¨´É¥£· ²µ¢ |

∫
dσδp| < ε, ¢§ÖÉÒ³ ¶µ ±µ´¥Î´Ò³ µÉ·¥§± ³ ¸É·Ê´Ò. ‚ ·¨ Í¨¨

µ¶µ·´µ° ±·¨¢µ°, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö C0-³ ²Ò³¨, ´µ C1-¡µ²ÓÏ¨³¨, ¸µµÉ¢¥É-
¸É¢ÊÕÉ ¸ÉÖ£¨¢ ÕÐ¨³¸Ö ¶¥É²Ö³, ¨§µ¡· ¦¥´´Ò³ ´  ·¨¸. 11, a. ’ ±¨¥ ¶¥É²¨
³µ£ÊÉ Ê¸É· ´¨ÉÓ ¸µ¢¶ ¤¥´¨¥ ± ¸ É¥²Ó´ÒÌ ¢¥±Éµ·µ¢, ¶¥·¥¡· ¸Ò¢ Ö £µ¤µ£· Ë
´  ¶·µÉ¨¢µ¶µ²µ¦´ÊÕ ¸Éµ·µ´Ê µ±·Ê¦´µ¸É¨ (¸³. ·¨¸. 11, ¡) ¨ É ±¨³ µ¡· §µ³
Ê¸É· ´ÖÖ µ¸µ¡¥´´µ¸ÉÓ. �µ²¥¥ ¤¥É ²Ó´Ò°  ´ ²¨§ ¶µ± §Ò¢ ¥É, ÎÉµ ¢ ¸²ÊÎ ¥
d = 3 ÔÉµÉ ¶·µÍ¥¸¸ ¶µ·µ¦¤ ¥É ´µ¢Ò¥ ± ¸¶Ò (c′) ¨ ² ¸ÉµÎ±¨´Ò Ì¢µ¸ÉÒ (W )
(¸³. ·¨¸. 11, ¢), É ± ÎÉµ µ¸µ¡¥´´µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ Ê¸É· ´¥´  ²¨ÏÓ ¢ ³ ²µ°
µ¡² ¸É¨, ´µ ´¥ ¶µ²´µ¸ÉÓÕ ´  ¢¸¥³ ³¨·µ¢µ³ ²¨¸É¥. ’µÎ±¨ ¶¨´Î  ³µ£ÊÉ ¡ÒÉÓ
¶µ²´µ¸ÉÓÕ Ê¸É· ´¥´Ò C0-³ ²Ò³¨ ¤¥Ëµ·³ Í¨Ö³¨ (¸³. ·¨¸. 11, ¤). �ÉµÉ ¶·µ-
Í¥¸¸ ¸µ¶·µ¢µ¦¤ ¥É¸Ö ·µ¦¤¥´¨¥³ ³ ²µ° ¶¥É²¨ ´  ¸É·Ê´¥ (·¨¸. 11, e), ±µÉµ· Ö
· ¸¶·µ¸É· ´Ö¥É¸Ö ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É  ¨ ¶·µÌµ¤¨É Î¥·¥§ ÉµÎ±Ê (P ), ¶·¥¶ÖÉ-
¸É¢ÊÖ ¶µÖ¢²¥´¨Õ ³£´µ¢¥´´µ£µ ± ¸¶  ¢ ÔÉµ° ÉµÎ±¥. ‚ ÔÉµ° µ¡² ¸É¨ ²¨´¥°´ Ö
¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸É·Ê´Ò Ö¢²Ö¥É¸Ö ¡µ²ÓÏµ°, ´µ ´¥ ¡¥¸±µ´¥Î´µ°.

�¨¸. 11. „¥Ëµ·³ Í¨¨, ¨§³¥´ÖÕÐ¨¥ ¸É·Ê±ÉÊ·Ê µ¸µ¡¥´´µ¸É¥°

ˆ´É¥·¥¸´µ É ±¦¥ ¨¸¸²¥¤µ¢ ÉÓ ¸¢µ°¸É¢  µ¸µ¡¥´´µ¸É¥° ¢ ËÊ·Ó¥-¶·¥¤¸É ¢-
²¥´¨¨ [7], ¢ ±µÉµ·µ³ ±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨Ö Q′(σ) =

∑
an einσ ¨¸¶µ²Ó§Ê-

ÕÉ¸Ö ± ± ±µµ·¤¨´ ÉÒ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸É·Ê´Ò. ‚ ±µ´¥Î´µ³¥·´ÒÌ ¶µ¤-
¶·µ¸É· ´¸É¢ Ì {an, n � N ; an = 0, n > N} ¶µ¤³´µ¦¥¸É¢  ¸ Q′ 	= 0 ¨ Éµ²Ó±µ
É· ´¸¢¥·¸ ²Ó´Ò³¨ ¶¥·¥¸¥Î¥´¨Ö³¨ £µ¤µ£· Ë  τ = Q′/|Q′| Ö¢²ÖÕÉ¸Ö µÉ±·Ò-
ÉÒ³¨, É ±¨³ µ¡· §µ³, µ¸µ¡¥´´µ¸É¨ Ö¢²ÖÕÉ¸Ö W -Ê¸Éµ°Î¨¢Ò³¨; ¨ ¶µ¸±µ²Ó±Ê
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ É ±¨³ ³´µ¦¥¸É¢ ³ ËÊ´±Í¨¨ τ Ö¢²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨³¨,
µ¸µ¡¥´´µ¸É¨ Ö¢²ÖÕÉ¸Ö LR-Ê¸Éµ°Î¨¢Ò³¨. „²Ö µ¡· §µ¢ ´¨Ö ¸ÉÖ£¨¢ ÕÐ¨Ì¸Ö ¶¥-
É¥²Ó É·¥¡Ê¥É¸Ö ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ËÊ·Ó¥-£ ·³µ´¨±. ‚ ¶·µ¸É· ´¸É¢¥ ¢¸¥Ì {an}
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µ¶·¥¤¥²¥´¨Ö C0- ¨ C1-³ ²ÒÌ ¢ ·¨ Í¨° ¢µ¸¶·µ¨§¢µ¤ÖÉ¸Ö µ¶·¥¤¥²¥´´Ò³¨ É·¥-
¡µ¢ ´¨Ö³¨ ´  ¸±µ·µ¸ÉÓ Ê¡Ò¢ ´¨Ö ËÊ·Ó¥-£ ·³µ´¨±.

‚ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò · §²¨Î´Ò¥ µ¶·¥¤¥²¥´¨Ö Éµ¶µ²µ£¨¨ ¨ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ É¨¶Ò Ê¸Éµ°Î¨¢µ¸É¨ µ¸µ¡¥´´µ¸É¥° ´  ³¨·µ¢ÒÌ ²¨¸É Ì.

’ ¡²¨Í  1

Tµ¶µ²µ£¨Ö d = 3 d = 4 d > 4

|δQ(n)| < εn (C∞) LR LR Å
|δQ′| < ε (C1) W W Å
|δQ| < ε (C0) W Å Å

|δan| < ε; an = 0, n > N LR LR Å
|δan| < ε/np, p > 1 (C1) W W Å
|δan| < ε/np, p > 0 (C0) W Å Å

Œ¨·µ¢Ò¥ ²¨¸ÉÒ ³µ£ÊÉ É ±¦¥ ¨³¥ÉÓ Ê¸Éµ°Î¨¢Ò¥ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö, ±µÉµ·Ò¥
µ¡² ¤ ÕÉ É¥³¨ ¦¥ ¸ ³Ò³¨ ¸¢µ°¸É¢ ³¨, ÎÉµ ¨ ¤²Ö ¶µ¢¥·Ì´µ¸É¥° µ¡Ð¥£µ ¢¨¤ .
‚ É ¡². 2 ¶·¨¢µ¤ÖÉ¸Ö ¢¸¥ É¨¶Ò Ê¸Éµ°Î¨¢ÒÌ µ¸µ¡¥´´µ¸É¥° ³¨·µ¢ÒÌ ²¨¸Éµ¢ ¨
¶µ¢¥·Ì´µ¸É¥° µ¡Ð¥£µ ¢¨¤  (¢ C∞-Éµ¶µ²µ£¨¨).

’ ¡²¨Í  2

�µ¢¥·Ì´µ¸ÉÓ d = 3 d = 4 d > 4

‘ ³µ¶¥·¥¸¥Î¥´¨Ö

O¡Ð Ö, ³¨·µ¢µ° ²¨¸É ‹¨´¨¨ ’µÎ±¨ Å

„·Ê£¨¥

�¡Ð Ö ’µÎ±¨ ¶¨´Î  Å Å

‹¨´¨¨ ± ¸¶µ¢ ¨
Œ¨·µ¢µ° ²¨¸É ¨Ì µ¸µ¡¥´´µ¸É¨ ’µÎ±¨ ¶¨´Î  Å

(S),(W ),(I)

ƒ²µ¡ ²Ó´ Ö ¸É·Ê±ÉÊ·  µ¸µ¡¥´´µ¸É¥°: d = 3, § ³±´ÊÉÒ¥ ¸É·Ê´Ò. „ ²Ó-
´¥°Ï¥¥ · ¸¸³µÉ·¥´¨¥ ¡Ê¤¥É ¶·µ¢µ¤¨ÉÓ¸Ö ¢ ¸. Í. ³.

’¥µ·¥³  5 (´ ²¨Î¨¥ µ¸µ¡¥´´µ¸É¥°) [14]. B¸¥ ³¨·µ¢Ò¥ ²¨¸ÉÒ § ³±´ÊÉÒÌ
¸É·Ê´ ¢ 3-³¥·´µ³ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ ¨³¥ÕÉ µ¸µ¡¥´´µ¸É¨.

‡ ³¥Î ´¨¥. �·¨ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨ÖÌ (Í¥´É· ²Ó´µ° ¸¨³³¥É·¨¨ µ¶µ·-
´µ° ±·¨¢µ°) ³¨·µ¢µ° ²¨¸É ¨³¥¥É µ¸µ¡¥´´µ¸ÉÓ É¨¶  ®±µ²² ¶¸¯, ¶·¨ ±µÉµ-
·µ³ ¢¸Ö ¸É·Ê´  ´  µ¤´µ ³£´µ¢¥´¨¥ ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉµÎ±Ê. �·¨³¥·: Q1,2(σ) =
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(σ, cos σ,± sin σ), µ¶µ·´Ò¥ ±·¨¢Ò¥, ¶·µ¥±Í¨¨ ±µÉµ·ÒÌ ¢ ¸. Í. ³. ¨³¥ÕÉ ¢¨¤
¤¢ÊÌ ¶·µÉ¨¢µ¶µ²µ¦´µ µ·¨¥´É¨·µ¢ ´´ÒÌ µ±·Ê¦´µ¸É¥°. �É  µ¸µ¡¥´´µ¸ÉÓ Ö¢²Ö-

�¨¸. 12. ’µ¶µ²µ£¨Î¥¸±¨° § ·Ö¤

¥É¸Ö ´¥Ê¸Éµ°Î¨¢µ°: ³ ²Ò¥ ¢ ·¨ Í¨¨
±·¨¢ÒÌ · ¸¶· ¢²ÖÕÉ ¥¥ ¢ ³ ²ÊÕ
§ ³±´ÊÉÊÕ ²¨´¨Õ ± ¸¶µ¢ (·¨¸. 12).

� ¶µ³´¨³, ÎÉµ ¸±µ·µ¸ÉÓ ± ¸-
¶  v µ·Éµ£µ´ ²Ó´  ´ ¶· ¢²¥´¨Õ
¸É·Ê´Ò k ¢ ÔÉµ° ÉµÎ±¥.

�¶·¥¤¥²¥´¨¥. ’µ¶µ²µ£¨Î¥¸±¨³
§ ·Ö¤µ³ ± ¸¶  ¡Ê¤¥³ ´ §Ò¢ ÉÓ Î¨-
¸²µ c, · ¢´µ¥ +1, ¥¸²¨ ¢· Ð¥´¨¥ µÉ v ± k ¶·µ¨§¢µ¤¨É¸Ö ¶·µÉ¨¢ Î ¸µ¢µ°
¸É·¥²±¨, ¨ · ¢´µ¥ −1, ¥¸²¨ ÔÉµ ¢· Ð¥´¨¥ ¶µ Î ¸µ¢µ° ¸É·¥²±¥.

’¥µ·¥³  6 (¸µÌ· ´¥´¨¥ Éµ¶µ²µ£¨Î¥¸±µ£µ § ·Ö¤ ). �µ²´Ò° Éµ¶µ²µ£¨Î¥-
¸±¨° § ·Ö¤ ¸É·Ê´Ò, · ¢´Ò° ¸Ê³³¥ Éµ¶µ²µ£¨Î¥¸±¨Ì § ·Ö¤µ¢ ¢¸¥Ì ± ¸¶µ¢, ¶µ-
¸ÉµÖ´¥´ ¢µ ¢·¥³¥´¨ ¨ · ¢¥´ n1 + n2. ‡¤¥¸Ó ni Å Î¨¸²  ¢· Ð¥´¨° ¢¥±Éµ·µ¢

�¨¸. 13. �¥·³ ´¥´É´Ò° ·¥¦¨³

Q′
i(σ) ¶·¨ ¶µ²´µ³ µ¡Ìµ¤¥ µ¶µ·-

´µ° ±·¨¢µ° (ni > 0, ¥¸²¨ ¢· Ð¥-
´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¶·µÉ¨¢ Î ¸µ¢µ°
¸É·¥²±¨; ni < 0, ¥¸²¨ ÔÉµ ¢· Ð¥-
´¨¥ ¶µ Î ¸µ¢µ° ¸É·¥²±¥).

’¥µ·¥³  7 (¶¥·³ ´¥´É´Ò° ·¥-
¦¨³). �Ê¸ÉÓ µ¶µ·´Ò¥ ±·¨¢Ò¥
Qi(σ) ´¥ ¨³¥ÕÉ ÉµÎ¥± ¶¥·¥£¨¡ 
(·¨¸. 13). �Ê¸ÉÓ sign n1 = sign n2.
‚ ÔÉµ³ ¸²ÊÎ ¥ ± ¸¶Ò ´¥ ¸É ²±¨¢ -
ÕÉ¸Ö ¨ Éµ¶µ²µ£¨Î¥¸±¨¥ § ·Ö¤Ò ¢¸¥Ì ± ¸¶µ¢ ¨³¥ÕÉ µ¤¨´ ¨ ÉµÉ ¦¥ §´ ±, · ¢´Ò°
signn1,2. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ Î¨¸²µ ± ¸¶µ¢ ´  ¸É·Ê´¥ ¶µ¸ÉµÖ´´µ ¢µ ¢·¥³¥´¨ ¨
· ¢´µ |n1 + n2|.

‡ ³¥Î ´¨¥. K·¨¢Ò¥ ¸ ni = 0 (´ ¶·¨³¥·, ¢µ¸Ó³¥·± ) ¸ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ
¨³¥ÕÉ ÉµÎ±¨ ¶¥·¥£¨¡  ¨ ´ ·ÊÏ ÕÉ Ê¸²µ¢¨Ö ¶¥·³ ´¥´É´µ¸É¨. ’ ±¨³ µ¡· §µ³,
ÔÉ¨ Ê¸²µ¢¨Ö ¶µ¤· §Ê³¥¢ ÕÉ |ni| � 1, ¨ ¸É·Ê´Ò ¶·¨ ¶¥·³ ´¥´É´ÒÌ Ê¸²µ¢¨ÖÌ

�¨¸. 14. �¥·¥¸¥Î¥´¨¥ ²¨´¨° ± ¸-
¶µ¢ ´¥Ê¸Éµ°Î¨¢µ

¢¸¥£¤  ¨³¥ÕÉ N � 2 ± ¸¶µ¢.

’¥µ·¥³  8 (¸Éµ²±´µ¢¥´¨¥ ± ¸¶µ¢). �¥-
·¥¸¥Î¥´¨¥ ²¨´¨° ± ¸¶µ¢ ´¥Ê¸Éµ°Î¨¢µ, É. ¥.
³ ²Ò¥ ¢ ·¨ Í¨¨ µ¶µ·´ÒÌ ±·¨¢ÒÌ ¶¥·¥¢µ¤ÖÉ
¨Ì ²¨¡µ ¢ ³µ¤Ê · ¸¸¥Ö´¨Ö, ²¨¡µ ¢ ³µ¤Ê ·µ-
¦¤¥´¨Ö ¨ Ê´¨ÎÉµ¦¥´¨Ö (·¨¸. 14). Š ¸¶Ò ·µ-
¦¤ ÕÉ¸Ö ¨ Ê´¨ÎÉµ¦ ÕÉ¸Ö ¶ · ³¨ ¢ µ¸µ¡ÒÌ
ÉµÎ± Ì É¨¶  W . ‚ ³µ³¥´É ·µ¦¤¥´¨Ö ± ¸¶Ò
¨³¥ÕÉ · ¢´Ò¥ ¸±µ·µ¸É¨ ¨ ¶·µÉ¨¢µ¶µ²µ¦´Ò¥ ´ ¶· ¢²¥´¨Ö, Ê¤µ¢²¥É¢µ·ÖÖ É¥³
¸ ³Ò³ § ±µ´Ê ¸µÌ· ´¥´¨Ö Éµ¶µ²µ£¨Î¥¸±µ£µ § ·Ö¤ : (+1,−1) ↔ 0.
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�É±·ÒÉÒ¥ ¸É·Ê´Ò ³µ£ÊÉ ¡ÒÉÓ ¸¢µ¡µ¤´Ò³¨ µÉ µ¸µ¡¥´´µ¸É¥°. �·¨³¥·
[10]: µ¶µ·´ Ö ±·¨¢ Ö Q(σ) Å µ±·Ê¦´µ¸ÉÓ, ³¨·µ¢µ° ²¨¸É Å £¥²¨±µ¨¤ (·¨¸. 4),
¸É·Ê´  ¢ ¸. Í. ³. Å ¶·Ö³ Ö ²¨´¨Ö, ¢· Ð ÕÐ Ö¸Ö ¸ ¶µ¸ÉµÖ´´µ° Ê£²µ¢µ° ¸±µ-
·µ¸ÉÓÕ. �É±·ÒÉ Ö ¸É·Ê´  Ö¢²Ö¥É¸Ö ¢Ò·µ¦¤¥´´Ò³ ¸²ÊÎ ¥³ § ³±´ÊÉµ°, ¶µ-
ÔÉµ³Ê  ´ ²µ£¨Î´Ò¥ É¥µ·¥³Ò ¤²Ö µÉ±·ÒÉÒÌ ¸É·Ê´ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢ ¶·¥¤¥²¥
Q1 → Q2. ‚ ÔÉµ³ ¶·¥¤¥²¥ ¤¢¥ ²¨´¨¨ ± ¸¶µ¢ § ³±´ÊÉµ° ¸É·Ê´Ò µÉµ¡· -
¦ ÕÉ¸Ö ¢ ±· Ö ³¨·µ¢µ£µ ²¨¸É , ¢ Éµ ¢·¥³Ö ± ± µ¸É ²Ó´Ò¥ ± ¸¶Ò ¸É ´µ¢ÖÉ¸Ö
2-±· É´Ò³¨, ± ± ¶µ± § ´µ ´  ·¨¸. 15,  , ¡. ˆ§ ¶µ²ÊÎ¥´´ÒÌ ¤¢ÊÌ ¸µ¢¶ ¤ ÕÐ¨Ì
²¨¸Éµ¢ Éµ²Ó±µ µ¤¨´ ¶·¥¤¸É ¢²Ö¥É µÉ±·ÒÉÊÕ ¸É·Ê´Ê, ¶µÔÉµ³Ê Éµ¶µ²µ£¨Î¥¸±¨¥
§ ·Ö¤Ò µ¸µ¡¥´´µ¸É¥° ´¥µ¡Ìµ¤¨³µ ¶µ¤¥²¨ÉÓ ¶µ¶µ² ³, ÎÉµ ¤ ¥É § ·Ö¤ ±1 ¤²Ö
± ¸¶µ¢ ¨ ±1/2 ¤²Ö ±µ´Íµ¢ ¸É·Ê´Ò. �µ£²µÐ¥´¨¥ ± ¸¶  ´  ±µ´Í¥ ¸µµÉ¢¥É¸É¢Ê¥É
¶·µÍ¥¸¸Ê, ¶µ± § ´´µ³Ê ´  ·¨¸. 15, ¢: (+1,−1/2) ↔ +1/2.

�¨¸. 15. ‚Ò·µ¦¤¥´¨¥ ³¨·µ¢µ£µ ²¨¸É : § ³±´ÊÉÒ° → µÉ±·ÒÉÒ°

’¥µ·¥³  6′. �µ²´Ò° Éµ¶µ²µ£¨Î¥¸±¨° § ·Ö¤ µÉ±·ÒÉµ° ¸É·Ê´Ò, · ¢´Ò°
¸Ê³³¥ Éµ¶µ²µ£¨Î¥¸±¨Ì § ·Ö¤µ¢ ± ¸¶µ¢ ¨ ±µ´Íµ¢, ¶µ¸ÉµÖ´¥´ ¢µ ¢·¥³¥´¨ ¨
· ¢¥´ n Å Î¨¸²Ê µ¡µ·µÉµ¢ ¢¥±Éµ·  Q′(σ) ¶·¨ µ¡Ìµ¤¥ µ¶µ·´µ° ±·¨¢µ°.

’¥µ·¥³  7′. …¸²¨ µ¶µ·´ Ö ±·¨¢ Ö Q(σ) ´¥ ¨³¥¥É ÉµÎ¥± ¶¥·¥£¨¡ , Éµ
± ¸¶Ò ´¥ ¸É ²±¨¢ ÕÉ¸Ö ¨ ´¥ ¤µ¸É¨£ ÕÉ ±µ´Íµ¢ ¸É·Ê´Ò, ¨ Éµ¶µ²µ£¨Î¥¸±¨¥
§ ·Ö¤Ò ¢¸¥Ì ± ¸¶µ¢ ¨ ±µ´Íµ¢ ¨³¥ÕÉ µ¤¨´ ¨ ÉµÉ ¦¥ §´ ±, · ¢´Ò° signn.
�µ²´µ¥ Î¨¸²µ ± ¸¶µ¢ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¶µ¸ÉµÖ´´µ ¢µ ¢·¥³¥´¨ ¨ · ¢´µ |n| − 1.

�¨¸. 16. Z-¶·µÍ¥¸¸

’¥µ·¥³  8′. ‘ÊÐ¥¸É¢Ê¥É Ê¸Éµ°Î¨¢µ¥ ¶¥·¥-
¸¥Î¥´¨¥ ²¨´¨¨ ± ¸¶µ¢ ¸ ±· ¥³ ³¨·µ¢µ£µ ²¨¸É  ¢
ÉµÎ± Ì É¨¶  I . �É  µ¸µ¡¥´´µ¸ÉÓ ¶µ²ÊÎ ¥É¸Ö ¶·¨
¸²¨Ö´¨¨ ² ¸ÉµÎ±¨´µ£µ Ì¢µ¸É  ¸ ²¨´¨¥° ± ¸¶µ¢ ¢
¶·¥¤¥²¥ Q1 → Q2, ± ± ¶µ± § ´µ ´  ·¨¸. 15, ¢.

‡ ³¥Î ´¨¥. O¶¨¸ ´´Ò¥ ²µ± ²Ó´Ò¥ Ô²¥³¥´ÉÒ
³µ£ÊÉ µ¡Ñ¥¤¨´ÖÉÓ¸Ö ¢ ¡µ²¥¥ ¸²µ¦´Ò¥ ±µ´Ë¨£Ê-
· Í¨¨, ¢ Î ¸É´µ¸É¨, ¸²¥¤ÊÕÐ¨° ¶·µÍ¥¸¸ ¶·µ¨¸-
Ìµ¤¨É ± ± ´  § ³±´ÊÉÒÌ, É ± ¨ ´  µÉ±·ÒÉÒÌ ³¨-
·µ¢ÒÌ ²¨¸É Ì (¸³. ·¨¸. 16): ´  ¸É·Ê´¥ ¶¥·¢µ´ -
Î ²Ó´µ ¨³¥¥É¸Ö ± ¸¶ (0), § É¥³ ¶µÖ¢²Ö¥É¸Ö ¶ · 
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± ¸¶µ¢ (1, 2), µ¤¨´ ± ¸¶ ¨§ ¶ ·Ò Ê´¨ÎÉµ¦ ¥É ± ¸¶ (0), ¢ Éµ ¢·¥³Ö ± ± ¤·Ê£µ°
¸É ´µ¢¨É¸Ö ± ¸¶µ³ (0) ¢ ¸²¥¤ÊÕÐ¥³ ¶¥·¨µ¤¥ Ô¢µ²ÕÍ¨¨.

�¥±µÉµ·Ò¥ ¶·¨³¥·Ò µ¸µ¡¥´´µ¸É¥° ´  ¸É·Ê´ Ì ¶·¨ d = 3 ¶µ± § ´Ò ´ 
·¨¸. 21,  Ä£.

ƒ²µ¡ ²Ó´ Ö ¸É·Ê±ÉÊ·  µ¸µ¡¥´´µ¸É¥°: (d = 4). “¸Éµ°Î¨¢Ò³¨ µ¸µ¡¥´-
´µ¸ÉÖ³¨ Ö¢²ÖÕÉ¸Ö ÉµÎ±¨ ¶¨´Î , ¶¥·¨µ¤¨Î¥¸±¨ · ¸¶µ²µ¦¥´´Ò¥ ´  ³¨·µ¢µ³
²¨¸É¥. �·¨ Ô¢µ²ÕÍ¨¨ ³£´µ¢¥´´Ò¥ ± ¸¶Ò ¶µÖ¢²ÖÕÉ¸Ö ´  ¸É·Ê´¥ ¶·¨ ¥¥ ¶·µ-
Ìµ¦¤¥´¨¨ Î¥·¥§ ÉµÎ±¨ ¶¨´Î , ¶¥·¨µ¤¨Î¥¸±¨ ¢ µ¤´µ° ¨ Éµ° ¦¥ ÉµÎ±¥ ¢ ¸. Í. ³.
3-³¥·´Ò¥ ¶·µ¥±Í¨¨ ³¨·µ¢µ£µ ²¨¸É  µÉ±·ÒÉµ° ¸É·Ê´Ò ¨§ 4-³¥·´µ£µ ¶·µ¸É· ´-
¸É¢ -¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ ¶µ± § ´Ò ´  ·¨¸. 21, ¤, ¥. „¢  É¨¶  µ¸µ¡ÒÌ Éµ-
Î¥± ¶µ± § ´Ò ´  ÔÉµ³ ·¨¸Ê´±¥: P, P ′, . . . Å µ¸µ¡Ò¥ ÉµÎ±¨, ¸ÊÐ¥¸É¢ÊÕÐ¨¥ ´ 
¸ ³µ³ ³¨·µ¢µ³ ²¨¸É¥, ±µÉµ·Ò¥ ¶·µ¥Í¨·ÊÕÉ¸Ö ¢ ÉµÎ±¨ ¶¨´Î  ¶·¨ ¶·µ¥±Í¨¨
¢ 3-³¥·´Ò¥ ¶·µ¸É· ´¸É¢ , É ±¨¥ ± ± (xyz), (xyt), ¶µ± § ´´Ò¥ ´  ·¨¸Ê´±¥;
Q Å ÉµÎ±  ¶¨´Î , ±µÉµ· Ö ¨³¥¥É¸Ö Éµ²Ó±µ ¢ ¶·µ¥±Í¨¨ ¨, É ±¨³ µ¡· §µ³, ´¥
Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨ ¢ ¦´µ°.

„²Ö ÉµÎ¥± ¶¨´Î  É ±¦¥ ³µ¦´µ ¢¢¥¸É¨ Éµ¶µ²µ£¨Î¥¸±¨° § ·Ö¤, Ì · ±É¥·¨§Ê-
ÕÐ¨° ¶µ¢¥¤¥´¨¥ µ¸µ¡¥´´µ¸É¥° ¶·¨ ´¥¶·¥·Ò¢´ÒÌ ¤¥Ëµ·³ Í¨ÖÌ (£µ³µÉµ¶¨ÖÌ)
³¨·µ¢µ£µ ²¨¸É . „²Ö § ³±´ÊÉÒÌ ¸É·Ê´ É· ´¸¢¥·¸ ²Ó´Ò¥ ¶¥·¥¸¥Î¥´¨Ö ¤¢ÊÌ
§ ³±´ÊÉÒÌ µ·¨¥´É¨·µ¢ ´´ÒÌ ±·¨¢ÒÌ Q′

1,2(σ) ´  ¸Ë¥·¥ S2 Ì · ±É¥·¨§ÊÕÉ¸Ö
¨´¤¥±¸µ³ [26], ±µÉµ·Ò° · ¢¥´ +1 ¨²¨ −1, ¥¸²¨ ¶ ·  ± ¸ É¥²Ó´ÒÌ ¢¥±Éµ·µ¢
(Q′′

1 ,Q′′
2) ¨³¥¥É ¸µµÉ¢¥É¸É¢¥´´µ ¸µ¢¶ ¤ ÕÐÊÕ ¨²¨ ¶·µÉ¨¢µ¶µ²µ¦´ÊÕ µ·¨-

¥´É Í¨Õ ¸ ¸¨¸É¥³µ° ±µµ·¤¨´ É, µ¶·¥¤¥²ÖÕÐ¥° £²µ¡ ²Ó´ÊÕ µ·¨¥´É Í¨Õ ´ 
¸Ë¥·¥ S2. ‚ ¸¨²Ê É¥µ·¥³ [26] ¸Ê³³  ¢¸¥Ì ¨´¤¥±¸µ¢ ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ
£µ³µÉµ¶¨° ¨ ¤²Ö ¤¢ÊÌ § ³±´ÊÉÒÌ ±·¨¢ÒÌ ´  ¸Ë¥·¥ ¢¸¥£¤  · ¢´  ´Ê²Õ. ’ -
±¨³ µ¡· §µ³, Î¨¸²µ ÉµÎ¥± ¶¨´Î  ´  µ¤´µ³ ¶¥·¨µ¤¥ ³¨·µ¢µ£µ ²¨¸É  § ³±´ÊÉµ°
¸É·Ê´Ò Ö¢²Ö¥É¸Ö Î¥É´Ò³: n = 0, 2, 4, 6, . . . , ¨ ¶·¨ ´¥¶·¥·Ò¢´ÒÌ ¤¥Ëµ·³ Í¨ÖÌ
³¨·µ¢µ£µ ²¨¸É  ÉµÎ±¨ ¶¨´Î  ¶µÖ¢²ÖÕÉ¸Ö ¨ ¨¸Î¥§ ÕÉ ¶ · ³¨: (+1,−1) ↔ 0.

�¨¸. 17. ’µ¶µ²µ£¨Î¥¸±¨° § ·Ö¤ ÉµÎ±¨ ¶¨´Î 

„²Ö µÉ±·ÒÉÒÌ ¸É·Ê´ ÉµÎ±¨ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö ±·¨¢µ° Q′(σ) ³µ£ÊÉ ¶µ-
Ö¢²ÖÉÓ¸Ö ¨ ¨¸Î¥§ ÉÓ µ¤¨´µÎ´µ, ¶·¨ ·µ¦¤¥´¨¨ ± ¸¶  Q′′(σ) = 0 (¸³. ·¨¸. 17, ¢).
�É  ¸¨ÉÊ Í¨Ö ¸µµÉ¢¥É¸É¢Ê¥É ·µ¦¤¥´¨Õ ÉµÎ±¨ ¶¥·¥£¨¡  ´  µ¶µ·´µ° ±·¨¢µ°
Q(σ) ¢ 3-³¥·´µ³ ¶·µ¸É· ´¸É¢¥. �  ³¨·µ¢µ³ ²¨¸É¥ ÉµÎ±  ¶¨´Î  ¶¥·¥³¥Ð ¥É¸Ö
± ±· Õ (Q′

1 = Q′
2, σ1 → σ2) ¨ ¨¸Î¥§ ¥É ¢ ÉµÎ±¥ ¶¥·¥£¨¡  ±· Ö. ’µÎ±¨ ¶¨´Î 
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É ±¦¥ ³µ£ÊÉ ¶µÖ¢²ÖÉÓ¸Ö ¨ ¨¸Î¥§ ÉÓ ¶ · ³¨ ¢µ ¢´ÊÉ·¥´´¥° µ¡² ¸É¨ ³¨·µ¢µ£µ
²¨¸É  ¢µ ¢·¥³Ö ¥£µ ´¥¶·¥·Ò¢´µ° ¤¥Ëµ·³ Í¨¨, ¸ ¸µÌ· ´¥´¨¥³ ²µ± ²Ó´µ° Ì -
· ±É¥·¨¸É¨±¨, ±µÉµ· Ö ¢¢µ¤¨É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [26]. ‡ Ë¨±¸¨·Ê¥³ ´ 
±·¨¢µ° Q′(σ) ÉµÎ±Ê σ0, ´¥ ¸µ¢¶ ¤ ÕÐÊÕ ¸ ¸ ³µ¶¥·¥¸¥Î¥´¨¥³. �Ê¤¥³ µ¡-
Ìµ¤¨ÉÓ ±·¨¢ÊÕ, ´ Î¨´ Ö µÉ σ0, ¨ µÉ³¥Î ÉÓ ± ¸ É¥²Ó´Ò¥ ¢¥±Éµ·Ò ¢ ÉµÎ± Ì
¸ ³µ¶¥·¥¸¥Î¥´¨Ö: ¶·¨ ¶¥·¢µ³ ¶·µÌµ¤¥ Î¥·¥§ ÉµÎ±Ê ¸ ³µ¶¥·¥¸¥Î¥´¨Ö ¶¨Ï¥³
1 ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ± ¸ É¥²Ó´µ³ ¢¥±Éµ·¥, ¢µ ¢Éµ·µ³ ¶·µÌµ¤¥ ¶¨Ï¥³ 2 (¸³.
·¨¸. 17, ¡). �·¨¸¢µ¨³ ÉµÎ±¥ ¸ ³µ¶¥·¥¸¥Î¥´¨Ö Î¨¸²µ ±1 ¢ § ¢¨¸¨³µ¸É¨ µÉ µ·¨-
¥´É Í¨¨ ¸¨¸É¥³Ò ±µµ·¤¨´ É (1, 2). ‘Ê³³  ÔÉ¨Ì Î¨¸¥² ´ §Ò¢ ¥É¸Ö ¨´¤¥±¸µ³
¸ ³µ¶¥·¥¸¥Î¥´¨Ö (Î¨¸²µ³ “¨É´¨) § ³±´ÊÉµ° ±·¨¢µ°. �Éµ Î¨¸²µ § ¢¨¸¨É µÉ
¢Ò¡µ·  σ0 (¶·¨ ¶¥·¥³¥Ð¥´¨¨ σ0 Î¥·¥§ ÉµÎ±Ê ¸ ³µ¶¥·¥¸¥Î¥´¨Ö ¥¥ ¨´¤¥±¸ ³¥-
´Ö¥É §´ ±), µ¤´ ±µ Î¥É´µ¸ÉÓ Î¨¸²  “¨É´¨ ´¥ § ¢¨¸¨É µÉ σ0 ¨ ¨´¢ ·¨ ´É´a
µÉ´µ¸¨É¥²Ó´µ É¥Ì £µ³µÉµ¶¨°, ±µÉµ·Ò¥ ´¥ ¶µ·µ¦¤ ÕÉ ± ¸¶Ò Q′′(σ) = 0.

2. �Š‡�’ˆ—…‘Šˆ… �…˜…�ˆŸ

�¥Ï¥´¨Ö É ±µ£µ ¢¨¤  ¸µµÉ¢¥É¸É¢ÊÕÉ µ¶µ·´Ò³ ±·¨¢Ò³, Ê ±µÉµ·ÒÌ ¢·¥³¥´-
´ Ö ±µ³¶µ´¥´É  Q0(σ) ´¥ Ö¢²Ö¥É¸Ö ³µ´µÉµ´´µ° ËÊ´±Í¨¥° (¸³. ·¨¸. 18). ’ ±¨¥
±·¨¢Ò¥ ³µ¦´µ § ¤ ÉÓ Ö¢´µ, µ¶·¥¤¥²ÖÖ ± ¸ É¥²Ó´Ò° ¢¥±Éµ· ¢ ¢¨¤¥ Q′(σ) =
a0(σ)(1,n(σ)), £¤¥ |n(σ)| = 1, n(σ) Ö¢²Ö¥É¸Ö 2π-¶¥·¨µ¤¨Î¥¸±µ° ËÊ´±Í¨¥°,
¨ a0(σ) Ö¢²Ö¥É¸Ö 2π-¶¥·¨µ¤¨Î¥¸±µ° ËÊ´±Í¨¥° ¶¥·¥³¥´´µ£µ §´ ± . ‘µµÉ¢¥É-
¸É¢ÊÕÐ¨° ³¨·µ¢µ° ²¨¸É ¶µ± § ´ ´  ·¨¸. 21, ¦. �  ÔÉµ³ ·¨¸Ê´±¥ (cABh) Å
µ¶µ·´ Ö ±·¨¢ Ö, ±µÉµ· Ö ¨³¥¥É ¤¢  ± ¸¶  A, B. �É¨ ± ¸¶Ò ¶µ·µ¦¤ ÕÉ ²¨´¨¨
± ¸¶µ¢ ´  ³¨·µ¢µ³ ²¨¸É¥: (fRAd) ¨ (gBRe), ±µÉµ·Ò¥ · §¡¨¢ ÕÉ ³¨·µ¢µ°
²¨¸É ´  ³´µ¦¥¸É¢µ µ¡² ¸É¥°. ‡¤¥¸Ó R = (A + B)/2.

�¨¸. 18. �¶µ·´ Ö ±·¨¢ Ö, ´¥ ³µ´µÉµ´´ Ö ¢µ
¢·¥³¥´´µ³ ´ ¶· ¢²¥´¨¨

‘·¥§Ò É ±µ£µ ³¨·µ¢µ£µ ²¨¸É 
¶²µ¸±µ¸ÉÖ³¨ ¶µ¸ÉµÖ´´µ£µ ¢·¥-
³¥´¨ ¸µ¤¥·¦ É ´¥¸¢Ö§´Ò¥ ±µ³-
¶µ´¥´ÉÒ. �¤´  ±µ³¶µ´¥´É 
(®¤²¨´´ Ö ¸É·Ê´ ¯) ¶µ¸ÉµÖ´´µ
¶·¨¸ÊÉ¸É¢Ê¥É ¢ ¸¨¸É¥³¥, ¤µ¶µ²-
´¨É¥²Ó´µ ¶·µ¨¸Ìµ¤ÖÉ ¸²¥¤ÊÕÐ¨¥
¶·µÍ¥¸¸Ò:

• ¢ ÉµÎ±¥ A ¨§ ¢ ±ÊÊ³  ¶µ-
Ö¢²Ö¥É¸Ö ´µ¢ Ö ±µ·µÉ± Ö ¸É·Ê´ ;

• ¢ ÉµÎ±¥ R µ´  ·¥±µ³¡¨´¨-
·Ê¥É ¸ ¤²¨´´µ° ¸É·Ê´µ°: ¶·¨¸µ¥¤¨´Ö¥É¸Ö ± ¤²¨´´µ° ¸É·Ê´¥, ¢ Éµ ¢·¥³Ö ± ±
Î ¸ÉÓ ¤²¨´´µ° ¸É·Ê´Ò µÉ¸µ¥¤¨´Ö¥É¸Ö;

• ¢ ÉµÎ±¥ B ±µ·µÉ± Ö ¸É·Ê´  ¨¸Î¥§ ¥É.
’ ±¨³ µ¡· §µ³, ³¨·µ¢Ò¥ ²¨¸ÉÒ · ¸¸³µÉ·¥´´µ£µ É¨¶  ¸µµÉ¢¥É¸É¢ÊÕÉ ¶·µ-

Í¥¸¸ ³ ·µ¦¤¥´¨Ö, Ê´¨ÎÉµ¦¥´¨Ö ¨ ·¥±µ³¡¨´ Í¨¨ ¸É·Ê´. „ ²Ó´¥°Ï¨°  ´ -
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�¨¸. 19. �±§µÉ¨Î¥¸±¨¥ ·¥Ï¥´¨Ö

²¨§ [18] ¶µ± §Ò¢ ¥É, ÎÉµ ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ ¤²Ö ·¥Ï¥´¨° É ±µ£µ É¨¶  ´¥ Ö¢²Ö-
¥É¸Ö ¢¸Õ¤Ê ¶µ²µ¦¨É¥²Ó´µ°: µ¡² ¸É¨, µÉ³¥Î¥´´Ò¥ (+) ´  ·¨¸. 21, ¦, µ¡² ¤ ÕÉ
¶µ²µ¦¨É¥²Ó´µ° Ô´¥·£¨¥°, ¢ Éµ ¢·¥³Ö ± ± µ¡² ¸É¨ (−) ¨³¥ÕÉ µÉ·¨Í É¥²Ó´ÊÕ
Ô´¥·£¨Õ (É¥µ·¥É¨Î¥¸± Ö Ë¨§¨±  ¨¸¶µ²Ó§Ê¥É ¤²Ö É ±¨Ì ·¥Ï¥´¨° É¥·³¨´ ®Ô±§µ-
É¨Î¥¸± Ö ³ É¥·¨Ö¯ [27]). „²Ö É ±¨Ì ·¥Ï¥´¨° É¥ ±µ³¶µ´¥´ÉÒ ¸É·Ê´, ±µÉµ·Ò¥
¶µÖ¢²ÖÕÉ¸Ö ¨ ¨¸Î¥§ ÕÉ ¢ ¢ ±ÊÊ³¥ ¢¡²¨§¨ ÉµÎ¥± A, B, ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¶µ²´Ò¥
Ô´¥·£¨Õ-¨³¶Ê²Ó¸ ¨ ³µ³¥´É ¨³¶Ê²Ó¸ , ¶µÔÉµ³Ê § ±µ´Ò ¸µÌ· ´¥´¨Ö ´¥ ¶·¥¶ÖÉ-
¸É¢ÊÕÉ É ±¨³ ¶·µÍ¥¸¸ ³. ‚ [18] É ±¦¥ ¶µ± § ´µ, ÎÉµ ³¨·µ¢Ò¥ ²¨¸ÉÒ É ±µ£µ
É¨¶  Ö¢²ÖÕÉ¸Ö ¢·¥³¥´¨¶µ¤µ¡´Ò³¨, É. ¥. ±¢ ¤· É´Ò° ±µ·¥´Ó ¢ ² £· ´¦¨ ´¥
¸É·Ê´Ò Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³, µ¤´ ±µ ²¨´¨Ö ± ¸¶µ¢ ³¨·µ¢µ£µ ²¨¸É  ¸µµÉ-
¢¥É¸É¢Ê¥É ÉµÎ± ³ ¢¥É¢²¥´¨Ö ÔÉµ£µ ±¢ ¤· É´µ£µ ±µ·´Ö, É ±¨³ µ¡· §µ³, ¤²Ö ¢Ò-
¡µ·  §´ ±  ² £· ´¦¨ ´  ¨³¥¥É¸Ö ´¥¸±µ²Ó±µ ¢ ·¨ ´Éµ¢. �±§µÉ¨Î¥¸±¨¥ ·¥Ï¥´¨Ö
¸µµÉ¢¥É¸É¢ÊÕÉ É ±µ³Ê ¢Ò¡µ·Ê, ÎÉµ ¶²µÐ ¤¨ µ¡² ¸É¥° ³¨·µ¢µ£µ ²¨¸É , µÉ³¥-
Î¥´´Ò¥ (±) ´  ·¨¸. 21, ¦, ¤ ÕÉ ¶·µÉ¨¢µ¶µ²µ¦´Ò° ¢±² ¤ ¢ ¤¥°¸É¢¨¥ (·¨¸. 19).
‚ [18] ¶µ± § ´µ, ÎÉµ Ô±§µÉ¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ¶·µ¨§¢µ²Ó´µ°
· §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ µ¡· §ÊÕÉ µ¡² ¸É¨, É. ¥. ´¥ Ö¢²ÖÕÉ¸Ö ·¥¤-
±¨³¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ±µ¢ ·¨ ´É´µ° £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨ ¸É·Ê´. �Éµ
Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ µ¡· §µ¢ ´µ ±µÔËË¨Í¨¥´É ³¨ ËÊ·Ó¥-· §²µ¦¥´¨Ö ËÊ´±-
Í¨¨ Q′(σ). ˆ¸±²ÕÎ¥´¨¥ Ô±§µÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° ¨§ É¥µ·¨¨, ¢µ§³µ¦´µ¥ Éµ²Ó±µ
¸ ¶µ³µÐÓÕ Ö¢´µ£µ É·¥¡µ¢ ´¨Ö Q′

0(σ) > 0, ¨²¨ Ô±¢¨¢ ²¥´É´µ£µ Ê¸²µ¢¨Ö ¢ É¥·-
³¨´ Ì ËÊ·Ó¥-±µÔËË¨Í¨¥´Éµ¢ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶·¨¢µ¤¨É ± ¤µ¶µ²´¨É¥²Ó´Ò³
É·Ê¤´µ¸ÉÖ³ ¨ Ë ±É¨Î¥¸±¨ ´¨±µ£¤  ´¥ ¶·µ¢µ¤¨²µ¸Ó.



130 �ˆŠˆ’ˆ� ˆ. H.

3. ��‡�›‚ ‘’�“�›

� ¸¸³ É·¨¢ Ö · §·Ò¢ ¸É·Ê´Ò ¨ ¤·Ê£¨¥ ¶·µÍ¥¸¸Ò ¶¥·¥Ìµ¤ , ´¥µ¡Ìµ¤¨³µ
§ Ë¨±¸¨·µ¢ ÉÓ Éµ¶µ²µ£¨Î¥¸±¨° ±² ¸¸ ¶·µÍ¥¸¸  ¨ ´ °É¨ Ô±¸É·¥³Ê³ ¤¥°¸É¢¨Ö

�¨¸. 20. � §·Ò¢ ®µÉ±·ÒÉ Ö ¸É·Ê´  →
2 µÉ±·ÒÉÒe ¸É·Ê´Ò¯ ´  ¶²µ¸±µ¸É¨ ¶ -
· ³¥É·µ¢

¢ ÔÉµ³ ±² ¸¸¥. � ¶·¨³¥·, · §·Ò¢
µÉ±·ÒÉµ° ¸É·Ê´Ò ´  ¤¢¥ µÉ±·ÒÉÒ¥
¸É·Ê´Ò (·¨¸. 20) ¸µµÉ¢¥É¸É¢Ê¥É ¤¨ -
£· ³³¥ ®ÏÉ ´Ò¯ (·¨¸. 2, £). �µ¢¥·Ì-
´µ¸ÉÓ ¤µ²¦´  ¢ ·Ó¨·µ¢ ÉÓ¸Ö ¤µ ¤µ¸É¨-
¦¥´¨Ö Ô±¸É·¥³Ê³  ¤¥°¸É¢¨Ö ¶·¨ Ë¨±-
¸¨·µ¢ ´´ÒÌ ´ Î ²Ó´µ³ ¨ ±µ´¥Î´µ³ ¶µ-
²µ¦¥´¨ÖÌ ¸É·Ê´ ¨ ¸¢µ¡µ¤´ÒÌ ¶µ²µ-
¦¥´¨ÖÌ £· ´¨Í ¨ ÉµÎ±¨ · §·Ò¢ . ’ -
±¨¥ ¶µ¢¥·x´µ¸É¨ ³µ¦´µ ¶µ¸É·µ¨ÉÓ, ¨¸-
¶µ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨°  ²£µ·¨É³ [13] (¸³.
·¨¸. 21, §, ¨).

1. ‡ ¤ ¤¨³ ³¨·µ¢µ° ²¨¸É µÉ±·Ò-
Éµ° ¸É·Ê´Ò ¸ ¶µ³µÐÓÕ µ¶µ·´µ° ±·¨-
¢µ° Q (±µÉµ· Ö, ± ± µ¡ÒÎ´µ, Ö¢²Ö¥É¸Ö
2P -¶¥·¨µ¤¨Î¥¸±µ° ¨ ¸¢¥Éµ¶µ¤µ¡´µ°).
Q Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ±· ¥³ ³¨·µ¢µ£µ ²¨-
¸É ; Q + P § ¤ ¥É ¢Éµ·µ° ±· °.

2. ‡ Ë¨±¸¨·Ê¥³ ¤¢¥ ¶·µ¨§¢µ²Ó´Ò¥
ÉµÎ±¨ A, C ´  ±·¨¢µ° Q, ¸µ¤¥·¦ Ð¨-

¥¸Ö ¢ ¶·¥¤¥² Ì µ¤´µ£µ ¶¥·¨µ¤ . � °¤¥³ ¨Ì ¸¥·¥¤¨´Ê B = (A+C)/2. �É  ÉµÎ± 
¡Ê¤¥É ÉµÎ±µ° · §·Ò¢  ³¨·µ¢µ£µ ²¨¸É . ‡ Ë¨±¸¨·Ê¥³ É ±¦¥ ÉµÎ±¨ A′ = A−2P
¨ B′ = (A′ + C)/2 = B − P .

3. � ¸¸³µÉ·¨³ ¸²¥¤ÊÕÐ¨¥ ±·¨¢Ò¥: AB, ¶µ²ÊÎ¥´´ÊÕ ¨§ ÊÎ ¸É±  AC µ¶µ·-
´µ° ±·¨¢µ° ¸ ¶µ³µÐÓÕ £µ³µÉ¥É¨¨ ¸ Í¥´É·µ³ ¢ ÉµÎ±¥ A ¨ ¸ ±µÔËË¨Í¨¥´Éµ³
1/2; BC, ¶µ²ÊÎ¥´´ÊÕ ¨§ AC £µ³µÉ¥É¨¥° ¸ Í¥´É·µ³ C ¨ É¥³ ¦¥ ±µÔËË¨Í¨¥´-
Éµ³ (AB ¨ BC ±µ´£·ÊÔ´É´Ò); ¨  ´ ²µ£¨Î´µ: A′B′ Å ÔÉµ A′C, ¸¦ É Ö ¢ ¤¢ 
· §  ± A′; B′C Å ÔÉµ A′C, ¸¦ É Ö ¢ ¤¢  · §  ± C (A′B′ ¨ B′C ±µ´£·ÊÔ´É´Ò).
�Ê¸ÉÓ A′′BC′ = A′B′C + P (¶ · ²²¥²Ó´Ò° ¶¥·¥´µ¸ ´  ¢¥±Éµ· P ).

‡ ³¥Î ´¨¥. Š·¨¢Ò¥ ABC ¨ A′′BC′ ¶·¨´ ¤²¥¦ É ³¨·µ¢µ³Ê ²¨¸ÉÊ. �É¨
±·¨¢Ò¥ µÉ³¥Î ÕÉ ¶ÊÉÓ ¸¢¥Éµ¢µ£µ ¸¨£´ ² , ¨§²ÊÎ¥´´µ£µ ¨§ ÉµÎ±¨ B ´  ³¨·µ¢µ³
²¨¸É¥, ¨ ´ §Ò¢ ÕÉ¸Ö Ì · ±É¥·¨¸É¨± ³¨.

4. � ¸¸³µÉ·¨³ ±·¨¢µ²¨´¥°´µ-É·¥Ê£µ²Ó´Ò¥ Î ¸É¨ ³¨·µ¢µ£µ ²¨¸É :
1 = Î ¸ÉÓ, µ£· ´¨Î¥´´ Ö ¤Ê£ ³¨ AB, BC ¨ AC;
2 = Î ¸ÉÓ, µ£· ´¨Î¥´´ Ö ¤Ê£ ³¨ A′′B, BC′ ¨ A′′C′.

� ¸¸³µÉ·¨³ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¶¥·¥´µ¸µ¢ ÔÉ¨Ì Î ¸É¥° ´  ¢¥±Éµ·Ò BA ¨ BC′:
1′ = 1 + BA, 1′′ = 1′ + BA, . . .
2′ = 2 + BC′, 2′′ = 2′ + BC′, . . .
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�µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ {1, 1′, 1′′, . . .} µ¡· §Ê¥É ¸¢Ö§´ÊÕ ¶µ¢¥·Ì´µ¸ÉÓ (Î ¸É¨ ¸ÉÒ-
±ÊÕÉ¸Ö ¢¤µ²Ó Ì · ±É¥·¨¸É¨±¨ AB ¨ ¥¥ µ¡· §µ¢ ¶·¨ ¶¥·¥´µ¸ Ì; ÔÉ  ¸ÉÒ±µ¢± 
´¥¶·¥·Ò¢´ , ´µ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥ Ö¢²Ö¥É¸Ö £² ¤±µ° Å ³¨·µ¢µ° ²¨¸É ¨³¥¥É
¨§²µ³ ¢¤µ²Ó Ì · ±É¥·¨¸É¨±). �´ ²µ£¨Î´µ ¶µ¸É·µ¨³ {2, 2′, 2′′, . . .}.

5. — ¸ÉÓ ¶¥·¢µ´ Î ²Ó´µ£µ ³¨·µ¢µ£µ ²¨¸É , µ£· ´¨Î¥´´ Ö ±· Ö³¨ Q, Q+P
¨ ¤Ê£ ³¨ A′′B, BC (²¥¦ Ð Ö ¸²¥¢  µÉ A′′BC), µ¡Ñ¥¤¨´¥´´ Ö ¸ ¶µ¢¥·Ì´µ¸ÉÖ³¨
{1, 1′, 1′′, . . .}, {2, 2′, 2′′, . . .}, µ¡· §Ê¥É ¶µ²´Ò° ³¨·µ¢µ° ²¨¸É ¤²Ö · ¸¶ ¤  ®µÉ-
±·ÒÉ Ö ¸É·Ê´  → ¤¢¥ µÉ±·ÒÉÒ¥ ¸É·Ê´Ò¯.

�¨¸. 21. �¸µ¡¥´´µ¸É¨ ´  ³¨·µ¢ÒÌ ²¨¸É Ì. ˆ§µ¡· ¦¥´¨Ö ¶µ¸É·µ¥´Ò ¸ ¶µ³µÐÓÕ ±µ³-
¶ÓÕÉ¥·´µ° ¶·µ£· ³³Ò [28], ¶·¥¤¸É ¢²ÖÕÐ¥° ¸É·Ê´´ÊÕ ¤¨´ ³¨±Ê ¢ ¸¨¸É¥³¥ ¢¨·ÉÊ ²Ó-
´µ° ·¥ ²Ó´µ¸É¨ �¢ ´£µ [29]

‡ ³¥Î ´¨Ö:
 ) �·µ¤Ê±ÉÒ · ¸¶ ¤  {1′, 1′′, . . .}, {2′, 2′′, . . .} ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¶µ µ¶µ·-

´Ò³ ±·¨¢Ò³ ¶µ µ¡Ð¥³Ê ¶· ¢¨²Ê ®£¥µ³¥É·¨Î¥¸±µ¥ ³¥¸Éµ ¸¥·¥¤¨´¯ (·¨¸. 4).
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�¶µ·´Ò¥ ±·¨¢Ò¥ ¢ ÔÉµ³ ¸²ÊÎ ¥ Ö¢²ÖÕÉ¸Ö ¶¥·¨µ¤¨Î¥¸±¨³¨ ¶·µ¤µ²¦¥´¨Ö³¨ ¤Ê£
CA ¨ A′′C′. �µ²Ê¶¥·¨µ¤Ò · ¢´Ò Ô´¥·£¨¨-¨³¶Ê²Ó¸Ê, ¨ ¸¢µ°¸É¢µ P = P1 + P2

(É. ¥. ¸µÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¶·µÍ¥¸¸¥ · ¸¶ ¤ ) µÎ¥¢¨¤´µ ¨§ ·¨¸. 21, ¨.
¡) �  ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢ (σ1, σ2) Ì · ±É¥·¨¸É¨±¨ AB, BC, A′′B,

BC′ ¸µµÉ¢¥É¸É¢ÊÕÉ ¶·Ö³Ò³ σi = const. — ¸É¨ 1, 2 Ö¢²ÖÕÉ¸Ö É·¥Ê£µ²Ó-
´¨± ³¨, µ£· ´¨Î¥´´Ò³¨ ÔÉ¨³¨ ¶·Ö³Ò³¨. �É¸Õ¤  ³Ò ¶µ²ÊÎ ¥³ Ô±¢¨¢ ²¥´É-
´Ò°  ²£µ·¨É³ ¶µ¸É·µ¥´¨Ö ³¨·µ¢µ£µ ²¨¸É : · ¸¸³µÉ·¨³ É·¥Ê£µ²Ó´¨±¨ 1, 2
´  ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢, µÉµ¡· §¨³ ¨Ì ¢ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö, ¨¸¶µ²Ó§ÊÖ
x(σ1, σ2) = (Q(σ1) + Q(σ2))/2, ´ °¤¥³ ¨Ì µ¡· §Ò ¶·¨ ¶¥·¥´µ¸ Ì, µ¶¨¸ ´´ÒÌ
¢ÒÏ¥, ¨ ¢µ§Ó³¥³ µ¡Ñ¥¤¨´¥´¨¥ ¶µ¢¥·Ì´µ¸É¥° {1, 1′, 1′′, . . .}∪{2, 2′, 2′′, . . .}∪3.

’¥µ·¥³  9 (Ô±¸É·¥³ ²Ó´µ¥ ¸¢µ°¸É¢µ). M¨·µ¢µ° ²¨¸É, ¶µ¸É·µ¥´´Ò° ¸ ¶µ-
³µÐÓÕ É ±µ£µ  ²£µ·¨É³ , ¨³¥¥É Ô±¸É·¥³ ²Ó´ÊÕ ¶²µÐ ¤Ó.

’¥µ·¥³  10 (· §·Ò¢ ¶µ µ¸µ¡µ° ÉµÎ±¥). �·µ¤Ê±ÉÒ · §·Ò¢  ¸É·Ê´Ò ´¥
¨³¥ÕÉ ¨§²µ³  ¢¤µ²Ó Ì · ±É¥·¨¸É¨±, ¥¸²¨ ¨ Éµ²Ó±µ ¥¸²¨ B Ö¢²Ö¥É¸Ö µ¸µ¡µ°
ÉµÎ±µ° ¨¸Ìµ¤´µ£µ ³¨·µ¢µ£µ ²¨¸É  (¸³. ·¨¸. 21, §).

‡�Š‹�—…�ˆ…

ŒÒ µ¶¨¸ ²¨ £¥µ³¥É·¨Î¥¸±¨° ³¥Éµ¤ ¤²Ö Ö¢´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ·¥Ï¥´¨°
¢ É¥µ·¨¨ ¸É·Ê´, Ê¤µ¡´Ò° ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö µ¸µ¡ÒÌ ÉµÎ¥± ´  ´¨Ì. �µ± § ´µ,
ÎÉµ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ · §³¥·´µ¸É¨ 3 ¨ 4 ³¨·µ¢Ò¥ ²¨¸ÉÒ
µÉ±·ÒÉÒÌ ¨ § ³±´ÊÉÒÌ ¸É·Ê´ ¨³¥ÕÉ Ê¸Éµ°Î¨¢Ò¥ µ¸µ¡Ò¥ ÉµÎ±¨, ±µÉµ·Ò¥ ´¥
Ê¸É· ´ÖÕÉ¸Ö ¶·¨ ³ ²ÒÌ ¤¥Ëµ·³ Í¨ÖÌ ¶µ¢¥·Ì´µ¸É¨ ¢ · ¸¸³ É·¨¢ ¥³µ³ ±² ¸¸¥.
‚ · §³¥·´µ¸É¨ 3 µ¸µ¡¥´´µ¸É¨ ¨³¥ÕÉ ¢¨¤ ± ¸¶µ¢, · ¸¶·µ¸É· ´ÖÕÐ¨Ì¸Ö ¶µ ³¨-
·µ¢µ³Ê ²¨¸ÉÊ ¸µ ¸±µ·µ¸ÉÓÕ ¸¢¥É , ¶µÖ¢²ÖÕÉ¸Ö ¨ ¨¸Î¥§ ÕÉ µ¤¨´µÎ´µ ´  £· -
´¨Í¥ ³¨·µ¢µ£µ ²¨¸É  ¨²¨ ¶ · ³¨ ¢µ ¢´ÊÉ·¥´´¨Ì µ¡² ¸ÉÖÌ ³¨·µ¢µ£µ ²¨¸É . ‚
· §³¥·´µ¸É¨ 4 µ¸µ¡¥´´µ¸É¨ · ¸¶µ² £ ÕÉ¸Ö ¢ ¨§µ²¨·µ¢ ´´ÒÌ ÉµÎ± Ì, ¨ ¨³¥ÕÉ
¢¨¤ ³£´µ¢¥´´ÒÌ ± ¸¶µ¢, ¶¥·¨µ¤¨Î¥¸±¨ · ¸¶µ²µ¦¥´´ÒÌ ´  ³¨·µ¢µ³ ²¨¸É¥.
�·¨ ¡µ²ÓÏ¥³ §´ Î¥´¨¨ · §³¥·´µ¸É¨ Ê¸Éµ°Î¨¢Ò¥ µ¸µ¡¥´´µ¸É¨ µÉ¸ÊÉ¸É¢ÊÕÉ.

ŒÒ ¶µ± § ²¨, ÎÉµ ¶·¨ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨ÖÌ É¥µ·¨Ö ¸É·Ê´ ¨³¥¥É ·¥Ï¥-
´¨Ö ¢¨¤  I×R1, £· ´¨Í  ±µÉµ·ÒÌ ´¥ Ö¢²Ö¥É¸Ö £² ¤±µ° ±·¨¢µ° ¢ ¶·µ¸É· ´¸É¢¥-
¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ,   ¨³¥¥É ÉµÎ±¨ ¢µ§¢· É . ’ ±¨¥ ·¥Ï¥´¨Ö µ¡² ¤ ÕÉ ´¥
¢¸Õ¤Ê ¶µ²µ¦¨É¥²Ó´µ° ¶²µÉ´µ¸ÉÓÕ Ô´¥·£¨¨ ¨ ¸µµÉ¢¥É¸É¢ÊÕÉ ¸¶µ´É ´´µ³Ê ·µ-
¦¤¥´¨Õ ¸É·Ê´ ¨§ ¢ ±ÊÊ³ . „ ´´Ò¥ ¶·µÍ¥¸¸Ò ¶·¨¢µ¤ÖÉ ± ´¥¸É ¡¨²Ó´µ¸É¨ ¢ ±Ê-
Ê³´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ±µ¢ ·¨ ´É´µ° £ ³¨²ÓÉµ´µ¢µ° É¥µ·¨¨ ¸É·Ê´, µ Î¥³ · ´¥¥
Ê¶µ³¨´ ²µ¸Ó ¢ · ¡µÉ¥ [15].

� ¸¸³ É·¨¢ Ö ¶·µÍ¥¸¸Ò · §·Ò¢  ¸É·Ê´Ò ¶µ ¸Ì¥³¥ [13], ³Ò µ¶¨¸ ²¨ ¢§ ¨-
³µ¸¢Ö§Ó ³¥¦¤Ê µ¸µ¡¥´´µ¸ÉÖ³¨ ´  ¸É·Ê´ Ì ¨ ¶·µÍ¥¸¸ ³¨ · §·Ò¢ . ‚ Î ¸É´µ¸É¨,
£² ¤±¨° ³¨·µ¢µ° ²¨¸É ³µ¦¥É ¢µ§´¨±´ÊÉÓ Éµ²Ó±µ ¢ ·¥§Ê²ÓÉ É¥ · §·Ò¢  µ¸µ¡µ£µ
³¨·µ¢µ£µ ²¨¸É  ¶µ µ¤´µ° ¨§ µ¸µ¡ÒÌ ÉµÎ¥±. �ÉµÉ Ë ±É ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ-
¸É·µ¥´¨Ö ³µ¤¥²¥° · ¸¶ ¤  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í, ¢ ±µÉµ·ÒÌ £² ¤±¨¥ ³¨·µ¢Ò¥
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²¨¸ÉÒ µ¶¨¸Ò¢ ÕÉ ¤µ²£µ¦¨¢ÊÐ¨¥ Î ¸É¨ÍÒ, ¢ Éµ ¢·¥³Ö ± ± µ¸µ¡Ò¥ ³¨·µ¢Ò¥
²¨¸ÉÒ · ¸¶ ¤ ÕÉ¸Ö ¢ ±µ´¥Î´µ³ ¨Éµ£¥ ´  £² ¤±¨¥ ¢ ·¥§Ê²ÓÉ É¥ ¶µ¸²¥¤µ¢ É¥²Ó-
´µ¸É¨ · §·Ò¢µ¢ ¶µ µ¸µ¡Ò³ ÉµÎ± ³. � §³¥·´µ¸É¨ d = 3, 4 ¥¸É¥¸É¢¥´´Ò³ µ¡· -
§µ³ ¢Ò¤¥²¥´Ò ¤²Ö É ±¨Ì ³µ¤¥²¥°, ± ± Éµ²Ó±µ É¥ §´ Î¥´¨Ö · §³¥·´µ¸É¨, ¶·¨
±µÉµ·ÒÌ ´  ³¨·µ¢ÒÌ ²¨¸É Ì ¸ÊÐ¥¸É¢ÊÕÉ Ê¸Éµ°Î¨¢Ò¥ µ¸µ¡Ò¥ ÉµÎ±¨. � ¸¸³µ-
É·¥´¨¥ É ±¨Ì ³µ¤¥²¥° ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥ ¢µ§³µ¦´µ, ¶µ ±· °´¥° ³¥·¥, ¤²Ö
¶µ¤³´µ¦¥¸É¢ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  [10Ä12], ±¢ ´Éµ¢ ´¨¥ ±µÉµ·ÒÌ ¸¢µ¡µ¤´µ
µÉ  ´µ³ ²¨° ¶·¨ d = 3, 4.

�·¨²µ¦¥´¨¥

‡¤¥¸Ó ³Ò ¶·¨¢µ¤¨³ ¤µ± § É¥²Ó¸É¢  ¸Ëµ·³Ê²¨·µ¢ ´´ÒÌ ¢ÒÏ¥ É¥µ·¥³.
T1. �Ê¸ÉÓ x(σ, τ) Å Ô±¸É·¥³ ²Ó´ Ö ¶µ¢¥·Ì´µ¸ÉÓ, ¶·¨¢¥¤¥´´ Ö ¢ µ±·¥¸É-

´µ¸É¨ ·¥£Ê²Ö·´µ° ÉµÎ±¨ (σ0, τ0) ± ±µ´Ëµ·³´µ° ¶ · ³¥É·¨§ Í¨¨: ẋ2 = −x′2 >
0, ẋx′ = 0. � ¸¸³µÉ·¨³ ²µ± ²Ó´ÊÕ ¢ ·¨ Í¨Õ x → x + εδx, É. ¥. δx ∈ C∞,
µ¡· Ð ÕÐÊÕ¸Ö ¢ ´Ê²Ó ¸´ ·Ê¦¨ ³ ²µ° µ±·¥¸É´µ¸É¨ ÉµÎ±¨ (σ0, τ0). ‡ ³¥É¨³,
ÎÉµ ¶ · ³¥É·¨§ Í¨Ö ¢µ§³ÊÐ¥´´µ° ¶µ¢¥·x´µ¸É¨ ¡µ²¥¥ ´¥ Ö¢²Ö¥É¸Ö ±µ´Ëµ·³-
´µ°. ‚ÒÎ¨¸²¨³ ¢ ·¨ Í¨Õ ¶²µÐ ¤¨:

δ((ẋx′)2 − ẋ2x′2)1/2 = ε δL1 + ε2δL2 + O(ε3),
δL1 = ẋδẋ − x′δx′,

δL2 = (ẋ2(δẋ2 − δx′2) + ((ẋ − x′)(δx′ − δẋ))((ẋ + x′)(δx′ + δẋ)))/2ẋ2.

‹¨´¥°´Ò¥ ¶µ δx Î²¥´Ò ¤ ÕÉ ¢±² ¤ δA1 = ε
∫
δL1dτdσ = ε

∫
(−ẍ+x′′)δxdτdσ =

0 (§¤¥¸Ó £· ´¨Î´Ò° Î²¥´ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¶µ¸±µ²Ó±Ê δx ²µ± ²Ó´ , ẍ = x′′ Å
Ê¸²µ¢¨¥ Ô±¸É·¥³Ê³  ¢ ±µ´Ëµ·³´µ° ¶ · ³¥É·¨§ Í¨¨). � ¸¸³µÉ·¨³ ¢ ·¨ Í¨¨
¸¶¥Í¨ ²Ó´µ£µ ¢¨¤ : δx(σ, τ) = (0, 0, F (σ, τ), 0, . . .) ¢ ¸¨¸É¥³¥ ±µµ·¤¨´ É, £¤¥
ẋ(σ0, τ0) = (c, 0, 0, . . .), x′(σ0, τ0) = (0, c, 0, . . .), É. ¥. ¢ ·¨ Í¨¨, µ·Éµ£µ´ ²Ó-
´Ò¥ ± ¸ É¥²Ó´µ° ¶²µ¸±µ¸É¨ ± ³¨·µ¢µ³Ê ²¨¸ÉÊ ¢ ÉµÎ±¥ (σ0, τ0). „²Ö É -
±¨Ì ¢ ·¨ Í¨° δL2 = (F ′2 − Ḟ 2)R/2, £¤¥ R = 1 + (ẋ2

2 − x′2
2 )/ẋ2. ‚ ¸¨²Ê

ẋ2 = −x′2 > 0, ẋx′ = 0 ³Ò ¨³¥¥³ ´¥· ¢¥´¸É¢µ R � 0, ¨ ¶µ¸±µ²Ó±Ê R0 = 1
¢ ÉµÎ±¥ (σ0, τ0), ³Ò ¨³¥¥³ R > 0 ¢ µ±·¥¸É´µ¸É¨ ÔÉµ° ÉµÎ±¨. “¦¥ ¸¥°Î ¸
Ö¸´µ, ÎÉµ δL2 ´¥ Ö¢²Ö¥É¸Ö ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´µ°, µ¤´ ±µ ¨³¥¥É¸Ö ¢µ§-
³µ¦´µ¸ÉÓ, ÎÉµ δA2 ¸É ´¥É ¶µ²µ¦¨É¥²Ó´µ° ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö. � ¸¸³µ-
É·¨³ Ö¢´Ò° ¶·¨³¥·: F (σ, τ) = f(σ2/a2 + τ2/b2), £¤¥ f(ρ) ∈ C∞ ³µ´µ-
Éµ´´  ¢ ρ ∈ [0, 1] ¨ f(ρ) = 0 ¤²Ö ρ > 1. ‚ ¶·¥¤¥²¥ ³ ²ÒÌ a, b ³Ò ¨³¥¥³

δA2 = ε2
∫

δL2dτdσ = 2πε2ab(a−2 − b−2)I , £¤¥ I =
∫ 1

0
f ′2ρ3dρ > 0, É ± ÎÉµ

δA2 < 0 ¤²Ö a > b > 0 (³ ±¸¨³Ê³) ¨ δA2 > 0 ¤²Ö 0 < a < b (³¨´¨³Ê³) (¸³.
·¨¸. 1).

T2. K ¸ É¥²Ó´ Ö ¶²µ¸±µ¸ÉÓ ± µÉ±·ÒÉµ³Ê ³¨·µ¢µ³Ê ²¨¸ÉÊ ´  ±· ¥ ´ ÉÖ´ÊÉ 
´  ¤¢  ¢¥±Éµ·  (Q′, Q′′) ¨ ¨§µÉ·µ¶´  ¢ ¸¨²Ê Q′2 = Q′Q′′ = 0. Š ¸ É¥²Ó´Ò°
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¢¥±Éµ· ± ¸É·Ê´¥ x′, ¶µ²ÊÎ¥´´µ° ± ± ¸·¥§ ³¨·µ¢µ£µ ²¨¸É  ¶²µ¸±µ¸ÉÓÕ ¶µ¸ÉµÖ´-
´µ£µ ¢·¥³¥´¨ x′

0 = 0, ¸µ¤¥·¦¨É¸Ö ¢ ± ¸ É¥²Ó´µ° ¶²µ¸±µ¸É¨ ± ³¨·µ¢µ³Ê ²¨¸ÉÊ
¨ ´  ±· ¥ µ·Éµ£µ´ ²¥´ Q′: x′Q′ = 0 ⇒ x′Q′ = 0, É ± ÎÉµ ´ ¶· ¢²¥´¨¥
¸É·Ê´Ò ´  ±µ´Í¥ ¨ ¸±µ·µ¸ÉÓ ±µ´Í  µ·Éµ£µ´ ²Ó´Ò.

T3. K·¨¢Ò¥, ±µÉµ·Ò¥ ´¥ ´ Ìµ¤ÖÉ¸Ö ¢ µ¡Ð¥³ ¶µ²µ¦¥´¨¨, µ¡· §ÊÕÉ
§ ³±´ÊÉµ¥ ¸É· É¨Ë¨Í¨·µ¢ ´´µ¥ ¶µ¤³´µ£µµ¡· §¨¥ ¶·µ¸É· ´¸É¢  ³Ê²ÓÉ¨¸É·Ê°

2J
3(S1,Rn) [30], ±µ· §³¥·´µ¸ÉÓ ±µÉµ·µ£µ ¡µ²ÓÏ¥, Î¥³ · §³¥·´µ¸ÉÓ · ¸¸³ -

É·¨¢ ¥³µ£µ µÉµ¡· ¦¥´¨Ö. ‚ ¸¨²Ê ±·¨É¥·¨¥¢, ¶·¨¢¥¤¥´´ÒÌ ¢ [31], ÔÉµÉ ¸²ÊÎ °
³µ¦´µ Ê¸É· ´¨ÉÓ ³ ²µ° ¢ ·¨ Í¨¥° µÉµ¡· ¦¥´¨Ö. “É¢¥·¦¤¥´¨¥ É¥µ·¥³Ò ¸²¥-
¤Ê¥É ¨§ É¥µ·¥³Ò É· ´¸¢¥·¸ ²Ó´µ¸É¨ ’µ³  [25,32], µ¡µ¡Ð¥´´µ° ¢ ¶·µ¸É· ´¸É¢µ
³Ê²ÓÉ¨¸É·Ê° ¢ [30].

T4. Hµ·³ ²Ó´Ò¥ Ëµ·³Ò µ¶·¥¤¥²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨ Î²¥´ ³¨
´¨§Ï¥£µ ¶µ·Ö¤±  ¢ · §²µ¦¥´¨¨ ’¥°²µ·  ³¨·µ¢µ£µ ²¨¸É  ¢ µ±·¥¸É´µ¸É¨ µ¸µ-
¡µ° ÉµÎ±¨ ± ¦¤µ£µ É¨¶ . –¥´É· ²Ó´ Ö Î ¸ÉÓ É¥µ·¥³Ò ¸µ¸Éµ¨É ¢ ¤µ± § É¥²Ó-
¸É¢¥ Éµ£µ, ÎÉµ Î²¥´Ò ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ´¥ ¨§³¥´ÖÕÉ ¸É·Ê±ÉÊ·Ê µ¸µ¡¥´´µ¸É¨
¨ ³µ£ÊÉ ¡ÒÉÓ ¸±µ³¶¥´¸¨·µ¢ ´Ò LR-¤¨ËË¥µ³µ·Ë¨§³ ³¨. � ¶·¨³¥·, · §²µ¦¥-
´¨¥ ’¥°²µ·  ³¨·µ¢µ£µ ²¨¸É  ¤²Ö ¸²ÊÎ Ö (c), § ¶¨¸ ´´µ¥ ¢ ± ²¨¡·µ¢±¥ �µ·-
²¨Ì  ¢ ¸¢¥Éµ¢ÒÌ ±µµ·¤¨´ É Ì, ¸¢Ö§ ´´ÒÌ ¸ ´ ¶· ¢²¥´¨¥³ Q′

1 = Q′
2, ¸µ¤¥·-

¦¨É ±·µ³¥ ´µ·³ ²Ó´µ° Ëµ·³Ò (x0, x2, x−) = (v, u2, u3) ¤µ¡ ¢±¨ ¢ x2, x−-
±µ³¶µ´¥´ÉÒ ¢¨¤  vkun ¸µ ¸²¥¤ÊÕÐ¨³ ³´µ¦¥¸É¢µ³ ¢µ§³µ¦´ÒÌ ¨´¤¥±¸µ¢:
(k, n) ∈ {k � 2, n = 0} ∪ {k = 0, n � 3} ∪ {k � 1, n � 2}, £¤¥ Î²¥´ ¸
k = 0, n = 3 ¢Ìµ¤¨É Éµ²Ó±µ ¢ x2-±µ³¶µ´¥´ÉÊ. �É¨ Î²¥´Ò ³µ¦´µ ¶·¥¤¸É -

¢¨ÉÓ ± ± fkn = xk
0x

n/2
2 ¤²Ö Î¥É´ÒÌ n ¨ fkn = xk

0x−x
(n−3)/2
2 ¤²Ö ´¥Î¥É´ÒÌ

n (µ´¨ ¶·¨´ ¤²¥¦ É ¨¤¥ ²Ê, ´ ÉÖ´ÊÉµ³Ê ´  ³µ´µ³Ò v, u2, u3), ¶µÔÉµ³Ê ¨Ì
¤µ¡ ¢²¥´¨¥ Ô±¢¨¢ ²¥´É´µ £² ¤±µ³Ê µÉµ¡· ¦¥´¨Õ x → x + fkn(x). ‚¸¥ ÔÉ¨
µÉµ¡· ¦¥´¨Ö ¨³¥ÕÉ ¥¤¨´¨Î´ÊÕ ³ É·¨ÍÊ Ÿ±µ¡¨ ¶·¨ x = 0, §  ¨¸±²ÕÎ¥´¨¥³
¸²ÊÎ Ö k = 0, n = 3, ±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É ´¥¢Ò·µ¦¤¥´´µ³Ê ²¨´¥°´µ³Ê
µÉµ¡· ¦¥´¨Õ: (x0, x2, x−) → (x0, x2 + cx−, x−), ¸µÌ· ´ÖÕÐ¥³Ê ´ ¶· ¢²¥-
´¨Ö (1, 0, 0) ¨ (0, 1, 0). ‘Ìµ¤¨³µ¸ÉÓ ·Ö¤  ’¥°²µ· 

∑
cknvkun ¸µµÉ¢¥É¸É¢ÊeÉ

¸Ìµ¤¨³µ¸É¨
∑

cknfkn(x), ¶µÔÉµ³Ê ¶µ¸É·µ¥´´µ¥ µÉµ¡· ¦¥´¨¥ ¨ ¥£µ µ¡· É´µ¥
 ´ ²¨É¨Î´Ò. ’ ±¨³ µ¡· §µ³, ¶µ¶· ¢±¨ ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ± ´µ·³ ²Ó´µ°
Ëµ·³¥ (c) ³µ¦´µ ¸±µ³¶¥´¸¨·µ¢ ÉÓ  ´ ²¨É¨Î¥¸±¨³ L-¤¨ËË¥µ³µ·Ë¨§³µ³, ¸µ-
Ì· ´ÖÕÐ¨³ ¸¢¥Éµ¶µ¤µ¡´µ¥ ´ ¶· ¢²¥´¨¥ ¨ ¸¢Ö§ ´´ÊÕ ¸ ´¨³ ¨§µÉ·µ¶´ÊÕ ¶²µ¸-
±µ¸ÉÓ. ‚ ¸²ÊÎ ¥ (S) : (v, u2, vu3) Î²¥´Ò u2n+1 ´¥ ³µ£ÊÉ ¡ÒÉÓ ¸±µ³¶¥´¸¨·µ-
¢ ´Ò L-¤¨ËË¥µ³µ·Ë¨§³µ³ (µ´¨ ´¥ ¶·¨´ ¤²¥¦ É ¨¤¥ ²Ê). �·¥¶ÖÉ¸É¢¨¥³ §¤¥¸Ó
Ö¢²Ö¥É¸Ö ²¨´¨Ö ¸ ³µ¶¥·¥¸¥Î¥´¨Ö, ¶µ²µ¦¥´¨¥ ±µÉµ·µ° ´  ¶²µ¸±µ¸É¨ ¶ · ³¥-
É·µ¢ v = 0 ¨´¢ ·¨ ´É´µ µÉ´µ¸¨É¥²Ó´µ L-¤¨ËË¥µ³µ·Ë¨§³µ¢, ´µ ³µ¦¥É ¡ÒÉÓ
¨§³¥´¥´µ ¶·¨ ¤µ¡ ¢²¥´¨¨ u2n+1. �¥É·Ê¤´µ ¤µ± § ÉÓ, ÎÉµ ÔÉ¨ Î²¥´Ò ³µ¦´µ
Ê¸É· ´¨ÉÓ ¸ ¶µ³µÐÓÕ  ´ ²¨É¨Î¥¸±¨Ì R-¤¨ËË¥µ³µ·Ë¨§³µ¢ (·¥¶ · ³¥É·¨§ -
Í¨°). ’ ±¨³ ¦¥ µ¡· §µ³ ¶·¥µ¡· §µ¢ ´¨¥ ± ´µ·³ ²Ó´µ° Ëµ·³¥ ¶·µ¨§¢µ¤¨É¸Ö
¤²Ö µ¸µ¡¥´´µ¸É¥° ¤·Ê£µ£µ É¨¶ . ‚ ± ¦¤µ³ ¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ
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¶µ¸É·µ¥´´µ¥ µÉµ¡· ¦¥´¨¥  ´ ²¨É¨Î´µ ¨ ¥£µ ²¨´¥°´ Ö Î ¸ÉÓ µ¶·¥¤¥²Ö¥É¸Ö ´¥-

¢Ò·µ¦¤¥´´µ° ³ É·¨Í¥° Ÿ±µ¡¨ ¢¥·Ì´¥É·¥Ê£µ²Ó´µ£µ ¢¨¤ : J =


 ∗ ∗ ∗

0 ∗ ∗
0 0 ∗


.

�µ¸²¥¤´¥¥ ¸¢µ°¸É¢µ µ§´ Î ¥É, ÎÉµ ²¨´¥°´ Ö Î ¸ÉÓ ¶µ¸É·µ¥´´µ£µ µÉµ¡· ¦¥-
´¨Ö ¸µÌ· ´Ö¥É ¸¢¥Éµ¶µ¤µ¡´µ¥ ´ ¶· ¢²¥´¨¥ ¨ ¨§µÉ·µ¶´ÊÕ ¶²µ¸±µ¸ÉÓ, ¶¥·¢µ´ -
Î ²Ó´µ ¸¢Ö§ ´´ÊÕ ¸ Q′

1 = Q′
2.

T5. E¸²¨ ¤¢  £µ¤µ£· Ë  ´  µ±·Ê¦´µ¸É¨ S1 ´¥ ¨³¥ÕÉ ¶¥·¥¸¥Î¥´¨Ö, Éµ µ¤¨´
¨§ ´¨Ì ¤µ²¦¥´ ¶µ±·Ò¢ ÉÓ ¤Ê£Ê ¸ Ê£²µ¢Ò³ · §³¥·µ³ ∆ϕ < π. �Éµ ´¥¢µ§³µ¦´µ
¢ ¸¨²Ê Ê¸²µ¢¨Ö

∮
dσ eiϕ = 0, Ô±¢¨¢ ²¥´É´µ£µ § ³±´ÊÉµ¸É¨ ±·¨¢µ° Q(σ).

T6. B ± ²¨¡·µ¢±¥ �µ·²¨Ì  Éµ¶µ²µ£¨Î¥¸±¨° § ·Ö¤ ± ¸¶  µ¶·¥¤¥²Ö¥É¸Ö µ·¨-
¥´É Í¨¥° ¶ ·Ò (Q′

1,Q
′′
1 +Q′′

2) ¨ · ¢¥´ sign (ϕ′
1+ϕ′

2). �Éµ Î¨¸²µ Ö¢²Ö¥É¸Ö Î ¸É-
´Ò³ ¸²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥£µ Éµ¶µ²µ£¨Î¥¸±µ£µ ¨´¢ ·¨ ´É . � ¸¸³µÉ·¨³ µÉµ¡· -
¦¥´¨¥ S1 ×S1 → S1, µ¶·¥¤¥²¥´´µ¥ ËÊ´±Í¨¥° f(σ1, σ2) = −ϕ1(σ1)+ ϕ2(σ2).
‹¨´¨Ö ± ¸¶µ¢ (c) Ö¢²Ö¥É¸Ö ´Ê²¥¢Ò³ Ê·µ¢´¥³ f(σ1, σ2) = 0. ‚¥±Éµ· (−ϕ′

1, ϕ
′
2)

Ö¢²Ö¥É¸Ö ´µ·³ ²Ó´Ò³ Ô²¥³¥´Éµ³,   (ϕ′
2, ϕ

′
1) Å ± ¸ É¥²Ó´Ò³ Ô²¥³¥´Éµ³ ±

(c), ±µÉµ·Ò° ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¢¢¥¤¥´¨Ö µ·¨¥´É Í¨¨ ´  (c). � ¸¸³µ-
É·¨³ ¤·Ê£µ° µ·¨¥´É¨·µ¢ ´´Ò° ±µ´ÉÊ· (k) ´  Éµ·¥, ¸ ± ¸ É¥²Ó´Ò³ Ô²¥³¥´Éµ³
(dσ1, dσ2), ¶¥·¥¸¥± ÕÐ¨° (c) ¢ ´¥±µÉµ·µ° ÉµÎ±¥. —¨¸²µ ν = sign (−ϕ′

1dσ1 +
ϕ′

2dσ2) ¢ ÔÉµ° ÉµÎ±¥ ´ §Ò¢ ¥É¸Ö ¨´¤¥±¸µ³ ¶¥·¥¸¥Î¥´¨Ö. � ¸¸³µÉ·¨³ É ±¦¥
µÉµ¡· ¦¥´¨¥ S1 → S1, µ¶·¥¤¥²¥´´µ¥ ¸ ¶µ³µÐÓÕ µ£· ´¨Î¥´¨Ö f(σ1, σ2) ´ 
±µ´ÉÊ· (k). ’µ ¦¥ ¸ ³µ¥ Î¨¸²µ ν = sign (df), ¢ÒÎ¨¸²¥´´µ¥ ¢ ¶·µµ¡· §¥ ÉµÎ±¨
0 ¤²Ö ÔÉµ£µ µÉµ¡· ¦¥´¨Ö (É. ¥. ¢ (c)∩(k)), ´ §Ò¢ ¥É¸Ö ¸É¥¶¥´ÓÕ µÉµ¡· ¦¥´¨Ö.
‚ ¸¨²Ê É¥µ·¥³, ¶·¨¢¥¤¥´´ÒÌ ¢ [26], ¸Ê³³  É ± µ¶·¥¤¥²¥´´ÒÌ Î¨¸¥² ¶µ ¢¸¥³
ÉµÎ± ³ ¶¥·¥¸¥Î¥´¨Ö (c)∩(k) ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ £µ³µÉµ¶¨° µÉµ¡· ¦¥-
´¨Ö f ¨ ±µ´ÉÊ·  (k). ‚ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉµÉ ¨´¢ ·¨ ´É · ¢¥´ −n1(k)+n2(k), £¤¥
ni(k) Å Î¨¸²  µ¡µ·µÉµ¢ ϕi(σi), ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶µ²´µ³Ê µ¡Ìµ¤Ê (k). “É¢¥·-
¦¤¥´¨¥ É¥µ·¥³Ò ¸µµÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ, ±µ£¤  (k) Ö¢²Ö¥É¸Ö ¸·¥§µ³ ³¨·µ¢µ£µ ²¨-
¸É  ¶²µ¸±µ¸ÉÓÕ ¶µ¸ÉµÖ´´µ£µ ¢·¥³¥´¨: (σ1, σ2) = (τ0 − σ, τ0 + σ), σ ∈ [0, 2π],
É ± ÎÉµ ν = sign (ϕ′

1+ϕ′
2) ¨

∑
νi = n1+n2, £¤¥ ni Å Î¨¸²  µ¡µ·µÉµ¢ ϕi ¢¤µ²Ó

¡ §¨¸´ÒÌ Í¨±²µ¢ Éµ· . „·Ê£µ° ¨´¢ ·¨ ´É n1−n2, · ¢´Ò° ¨´¤¥±¸Ê ¶¥·¥¸¥Î¥´¨Ö
(c) ¸ É· ¥±Éµ·¨¥° ÉµÎ±¨ σ0 ´  ¸É·Ê´¥: (σ1, σ2) = (τ − σ0, τ + σ0), τ ∈ [0, 2π],
¶·¥¤¸É ¢²Ö¥É ¶µ²´µ¥ Î¨¸²µ µ¡µ·µÉµ¢ ²¨´¨¨ ± ¸¶µ¢ ¢µ±·Ê£ Í¨²¨´¤·  ³¨·µ¢µ£µ
²¨¸É  § ³±´ÊÉµ° ¸É·Ê´Ò.

T7. E¸²¨ ËÊ´±Í¨¨ ϕi ³µ´µÉµ´´Ò ¨ sign ϕ′
1 = sign ϕ′

2, Éµ ´  ¸·¥§ Ì
¶²µ¸±µ¸ÉÖ³¨ ¶µ¸ÉµÖ´´µ£µ ¢·¥³¥´¨ ³Ò ¨³¥¥³ ËÊ´±Í¨Õ f(σ) = −ϕ1(τ0 −σ)+
ϕ2(τ0 + σ), ±µÉµ· Ö É ±¦¥ ³µ´µÉµ´´  ¨ ¨³¥¥É ¨´É¥·¢ ² ¨§³¥´¥´¨Ö f(2π) −
f(0) = 2π(n1 + n2). ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ f(σ) = 2πk, k ∈ Z ¨³¥¥É ´ 
¨´É¥·¢ ²¥ σ ∈ [0, 2π) ¢ ÉµÎ´µ¸É¨ |n1 + n2| ¨§µ²¨·µ¢ ´´ÒÌ ·¥Ï¥´¨°. „·Ê£¨¥
ÊÉ¢¥·¦¤¥´¨Ö É¥µ·¥³Ò ¸²¥¤ÊÕÉ ¨§ T6.

T8. �¥·¥¸¥Î¥´¨¥ ²¨´¨¨ ± ¸¶µ¢ ¸µµÉ¢¥É¸É¢Ê¥É ¸¥¤²µ¢µ° ÉµÎ±¥ ËÊ´±Í¨¨
f(σ1, σ2) = −ϕ1(σ1) + ϕ2(σ2) ´  Ê·µ¢´¥ f = 0. Œ ²Ò¥ ¢ ·¨ Í¨¨ ¶·¥µ¡· -
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§ÊÕÉ ²¨´¨Õ ± ¸¶µ¢  ´ ²µ£¨Î´µ ·¥±µ³¡¨´ Í¨¨ £¨¶¥·¡µ² x2 − y2 = c, ±µ£¤ 
c ¶·µÌµ¤¨É Î¥·¥§ 0. ‡ É¥³, ¨¸¶µ²Ó§ÊÖ Ê¸²µ¢¨Ö ϕ′

1 + ϕ′
2 = 0, d(ϕ′

1 + ϕ′
2) =

(ϕ′′
1 − ϕ′′

2 )dσ1 	= 0, dσ2 = −dσ1, ¸¶· ¢¥¤²¨¢Ò¥ ¢ ÉµÎ±¥ W , ³Ò ¢¨¤¨³, ÎÉµ
ËÊ´±Í¨Ö ϕ′

1 +ϕ′
2 ¨§³¥´Ö¥É §´ ± ¶·¨ ¶·µÌµ¤¥ Î¥·¥§ ÔÉÊ ÉµÎ±Ê, ¶µÔÉµ³Ê ¸µ§¤ ´-

´Ò¥ ± ¸¶Ò ¨³¥ÕÉ ¶·µÉ¨¢µ¶µ²µ¦´Ò¥ Éµ¶µ²µ£¨Î¥¸±¨¥ § ·Ö¤Ò, ¢ Éµ ¢·¥³Ö ± ±
¸±µ·µ¸É¨ Q′

1,2 · ¢´Ò.
T9. B´ÊÉ·¥´´¨¥ µ¡² ¸É¨ ÊÎ ¸É±µ¢ {1, 1′, 1′′, . . .}, {2, 2′, 2′′, . . .}, 3 ¶µ¸É·µ-

¥´Ò ¶µ ¶· ¢¨²Ê x(σ1, σ2) = (Q(σ1) + Q(σ2))/2, ¶µÔÉµ³Ê ¢ ´¨Ì ¢Ò¶µ²´ÖÕÉ¸Ö
Ê· ¢´¥´¨Ö ‹ £· ´¦ Ä�°²¥·  ∂ipi = 0. �¥µ¡Ìµ¤¨³µ Éµ²Ó±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ
Ê¸²µ¢¨¥ ∆I = ∆piεijdσj = 0 ¢Ò¶µ²´Ö¥É¸Ö ´  ²¨´¨ÖÌ ¸ÉÒ±µ¢±¨ (Ì · ±É¥·¨-
¸É¨± Ì), É. ¥. ¶µÉµ± ¨³¶Ê²Ó¸ , ¢ÒÉ¥± ÕÐ¨° ¨§ µ¤´µ£µ ÊÎ ¸É± , · ¢¥´ ¶µÉµ±Ê
¨³¶Ê²Ó¸ , ¢É¥± ÕÐ¥³Ê ¢ ¤·Ê£µ° ÊÎ ¸Éµ±. ‡¤¥¸Ó ∆pi Å · §·Ò¢ ¨³¶Ê²Ó¸  ´  Ì -
· ±É¥·¨¸É¨± Ì. ‚ÒÎ¨¸²ÖÖ pi: p1 = Q′(σ2), p2 = Q′(σ1) (¸³. [18]), ³Ò ¨³¥¥³
∆I = −∆Q′(σ1)dσ1 + ∆Q′(σ2)dσ2, £¤¥ ∆Q′(σi) Å · §·Ò¢Ò ± ¸ É¥²Ó´µ£µ
¢¥±Éµ·  ± µ¶µ·´µ° ±·¨¢µ°. „ ²¥¥, ¶µ¸±µ²Ó±Ê · §·Ò¢ ∆Q′(σi) 	= 0 · ¸¶·µ-
¸É· ´Ö¥É¸Ö ¢¤µ²Ó Ì · ±É¥·¨¸É¨±¨ dσi = 0 ¸ É¥³ ¦¥ i, ³Ò ¨³¥¥³ ∆I = 0.
” ±É¨Î¥¸±¨ · §·Ò¢ ¢µ§´¨± ¥É Éµ²Ó±µ ¢ ±µ³¶µ´¥´É Ì ¨³¶Ê²Ó¸ , ± ¸ É¥²Ó´ÒÌ
Ì · ±É¥·¨¸É¨± ³. �µÉµ± ¨³¶Ê²Ó¸  Î¥·¥§ ¸¢µ¡µ¤´Ò° ±· ° µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó
¢ ¸¨²Ê Éµ¦¤¥¸É¢ Q′(σ1) = Q′(σ2), dσ1 = dσ2. „ ²¥¥, · ¸¸³ É·¨¢ Ö ±µ´ÉÊ·Ò,
µÉ¤¥²ÖÕÐ¨¥ ÉµÎ±Ê · §·Ò¢  ¨ ÉµÎ±¨ (A, C′, . . .), ¢ ±µÉµ·ÒÌ Ì · ±É¥·¨¸É¨±¨ ¶¥-
·¥¸¥± ÕÉ ±· Ö (¸³. ·¨¸. 20), ³Ò ¢¨¤¨³, ÎÉµ ¶µÉµ± ¨³¶Ê²Ó¸  Î¥·¥§ ÔÉ¨ ±µ´ÉÊ·Ò
´¥ ³¥´Ö¥É¸Ö ¶·¨ ´¥¶·¥·Ò¢´µ³ ¸ÉÖ£¨¢ ´¨¨ ÔÉ¨Ì ±µ´ÉÊ·µ¢ ¢ ÉµÎ±¨. ˆ¸¶µ²Ó§ÊÖ
ÉµÉ Ë ±É, ÎÉµ pi µ£· ´¨Î¥´Ò: |pi| < const (¤ ¦¥ ¢ µ¸µ¡ÒÌ ÉµÎ± Ì ³¨·µ¢µ£µ
²¨¸É ), ³Ò ¢¨¤¨³, ÎÉµ ¶µÉµ± ¨³¶Ê²Ó¸  µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ÔÉµ³ ¶·¥¤¥²¥,
¸²¥¤µ¢ É¥²Ó´µ, ´¥ ¨³¥¥É ÊÉ¥Î±¨ ¢ ÔÉ¨Ì ÉµÎ± Ì.

T10. CÉ·Ê´  É¥·¶¨É · §·Ò¢ ¢ µ¸µ¡µ° ÉµÎ±¥, ±µ£¤  ± ¸ É¥²Ó´Ò¥ ¢¥±Éµ·Ò ±
µ¶µ·´µ° ±·¨¢µ° ¢ ÉµÎ± Ì A, C ¶ · ²²¥²Ó´Ò. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶¥·¨µ¤¨Î¥¸±µ¥
¶·µ¤µ²¦¥´¨¥ ±·¨¢ÒÌ CA ¨ A′′C′ ´  ·¨¸. 21, § Ö¢²Ö¥É¸Ö C1-£² ¤±¨³.
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