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‚. ‚. � ¶µÖ´∗

…·¥¢ ´¸±¨° £µ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, �·³¥´¨Ö

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

�¡§µ· ¶µ¸¢ÖÐ¥´ ±· É±µ³Ê ¨§²µ¦¥´¨Õ É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö ‰µ·¤ ´ Ä�· ´-
¸ Ä„¨±±¥. �¡¸Ê¦¤ ÕÉ¸Ö ¥¥ ²µ£¨±µ-É¥µ·¥É¨Î¥¸±¨¥ µ¸´µ¢Ò, ¨ ´ °¤¥´ ´ÓÕÉµ´µ¢¸±¨° ¶·¥¤¥². �µ-
± § ´µ, ÎÉµ É¥µ·¨Ö ¨³¥¥É ¤¢  ±µ´Ëµ·³´µ ¸¢Ö§ ´´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö Å ®¸µ¡¸É¢¥´´µ¥¯ ¨ ®Ô°´-
ÏÉ¥°´µ¢¸±µ¥¯. �µ¸²¥¤´¥¥ ¶µ¸²¥ ¶¥·¥µ¡µ§´ Î¥´¨Ö ±µ´¸É ´ÉÒ ÉÖ£µÉ¥´¨Ö ¶·¥¢· Ð ¥É¸Ö ¢ É¥µ·¨Õ
�°´ÏÉ¥°´  ¸ ¤µ¶µ²´¨É¥²Ó´Ò³ ¨¸ÉµÎ´¨±µ³ ¢ ¢¨¤¥ ³¨´¨³ ²Ó´µ ¸¢Ö§ ´´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö. Šµ´-
Ëµ·³´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö £¥´¥· Í¨¨ ´µ¢ÒÌ ÉµÎ´ÒÌ ·¥Ï¥´¨°. �µ¶ÊÉ´µ ¶µ²ÊÎ¥´µ
´µ¢µ¥ Î¥ÉÒ·¥Ì¶ · ³¥É·¨Î¥¸±µ¥ ¸É Í¨µ´ ·´µ¥ ·¥Ï¥´¨¥ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨, ±µÉµ·µ¥
¢ · §²¨Î´ÒÌ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ¸µ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³¨. � ¸¸³ É·¨¢ ¥É¸Ö Ô¢µ²ÕÍ¨µ´´ Ö (¢·¥³¥´-
´ Ö) § ¤ Î , ¨ ´ °¤¥´µ Ê¸²µ¢¨¥ ¥¥ ¨´É¥£·¨·Ê¥³µ¸É¨. ‘Ëµ·³Ê²¨·µ¢ ´  ¨ ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ·¥Ï¥´ 
±µ¸³µ²µ£¨Î¥¸± Ö § ¤ Î  ¸ ±µ¸³µ²µ£¨Î¥¸±¨³ ¸± ²Ö·µ³, ±µÉµ·Ò° ¢¢µ¤¨É¸Ö ¢ É¥µ·¨Õ  ´ ²µ£¨Î´µ
¢¢¥¤¥´¨Õ ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ° ¢ É¥µ·¨Õ �°´ÏÉ¥°´ .

The JordanÄBransÄDicke tensor-scalar theory of gravitation is brie	y outlined. Its logical and
theoretical basic principles are discussed, and the Newton limit is found. The theory is shown to have
two conformally connected representations Å ®proper¯ and ®Einstein¯ ones. After redeˇnition of the
gravity constant the Einstein representation turns into the Einstein theory with an additional source as
a minimally coupled scalar ˇeld. The conformal correspondence is used for generation of new exact
solutions. A new four-parameter stationary GR solution is obtained which in different particular cases
coincides with the known ones. The evolution (time) problem is treated and the condition for its
integrability is found. The cosmological problem with the cosmological scalar, which is introduced in
the theory by analogy with the cosmological constant in the Einstein theory, is formulated and solved
in particular cases.

1. ‚‚…„…�ˆ…. �’ ˆ„…‰ Š�‹“–›
Š ’…�‡����-‘Š�‹Ÿ���‰ ’…��ˆˆ ’Ÿƒ�’…�ˆŸ

”¨§¨Î¥¸± Ö É¥µ·¨Ö  ¤¥±¢ É´  ·¥ ²Ó´µ³Ê ³¨·Ê, ¥¸²¨ ¢ · ³± Ì µ¶¨¸Ò¢ ¥-
³µ£µ ¥Õ ±·Ê£  Ö¢²¥´¨° ´¥É ´¨ µ¤´µ£µ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ Ë ±É , ¶·µÉ¨¢µ·¥-
Î Ð¥£µ ¥¥ ¢Ò¢µ¤ ³. ’¥µ·¨Ö £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¢¢¨¤Ê Î·¥§¢ÒÎ °´µ ³ ²µ°
¨´É¥´¸¨¢´µ¸É¨ £· ¢¨É Í¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥ ¨³¥¥É ¤µ¸É ÉµÎ´µ ´ ¤¥¦-
´µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ¡ §Ò. �¥¶µ¸·¥¤¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö ¢Ò¶µ²´¥´Ò ²¨ÏÓ
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¤²Ö ¸² ¡ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° ¢ ¶·¥¤¥² Ì ‘µ²´¥Î´µ° ¸¨¸É¥³Ò,   ¢µ§¤¥°-
¸É¢¨¥ ¸¨²Ó´µ° £· ¢¨É Í¨¨ ´ ¡²Õ¤ ÕÉ ±µ¸¢¥´´µ ¶µ Ö¢²¥´¨Ö³, ·¥ ²¨§Ê¥³Ò³ ¢
³ ¸ÏÉ ¡ Ì ‚¸¥²¥´´µ°. �µÔÉµ³Ê ¤²Ö É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö ¸ÊÐ¥¸É¢¥´´Ò³¨ ¸É -
´µ¢ÖÉ¸Ö ¥¥ ²µ£¨Î¥¸± Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸ÉÓ ¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶·¨´Í¨¶Ò,
¨¸É¨´´µ¸ÉÓ ±µÉµ·ÒÌ ¸²¥¤Ê¥É ¨§ Ìµ·µÏµ ¶µ¤É¢¥·¦¤¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´µ
É¥µ·¨° ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶µ²¥°.

…¸²¨ ¢ ± Î¥¸É¢¥ ³¥·Ò ¨´É¥´¸¨¢´µ¸É¨ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö ¶·¨´ÖÉÓ ¡¥§-
· §³¥·´µ¥ µÉ´µÏ¥´¨¥ rg/r = 2GM/c2R (M Å ³ ¸¸ , R Å Ì · ±É¥·´Ò°
· §³¥· ¨¸ÉµÎ´¨±  ¶µ²Ö, G Å ±µ´¸É ´É  ´ÓÕÉµ´µ¢¸±µ£µ ÉÖ£µÉ¥´¨Ö), Éµ ¤²Ö
¸² ¡ÒÌ rg/r � 1 (¢ ¶·¥¤¥² Ì ‘µ²´¥Î´µ° ¸¨¸É¥³Ò) ¨ Ê³¥·¥´´ÒÌ rg/r ≤ 1/3 (¢
µ±·¥¸É´µ¸É¨ ¶Ê²Ó¸ ·µ¢) £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° É¥µ·¨Ö ÉÖ£µÉ¥´¨Ö �°´ÏÉ¥°´ 
Ìµ·µÏµ ¸µ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ É¥¸É ³¨ [1]. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò,

1) µ¸´µ¢Ò¢ Ö¸Ó ´  µ¡µ¡Ð¥´¨¨ ¡µ²ÓÏµ£µ ±µ²¨Î¥¸É¢  Ë ±Éµ¢ ´ ¡²Õ¤ É¥²Ó-
´µ°  ¸É·µË¨§¨±¨, ‚. �. �³¡ ·ÍÊ³Ö´ ¸Ëµ·³Ê²¨·µ¢ ² ±µ¸³µ£µ´¨Î¥¸±ÊÕ
±µ´Í¥¶Í¨Õ [2, 3] µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¸É É¨Î¥¸±¨Ì ¤µ§¢¥§¤´ÒÌ É¥² ¸
rg/r∼ 1, ±µÉµ· Ö ´¥ ¶µ²ÊÎ¨²  µ¡ÑÖ¸´¥´¨Ö ¨, ¸±µ·¥¥ ¢¸¥£µ, ´¥ ³µ¦¥É
¡ÒÉÓ µ¡ÑÖ¸´¥´  ¢ · ³± Ì µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (�’�);

2) ¸µ£² ¸´µ ‚. ‹. ƒ¨´§¡Ê·£Ê [4] ®. . .´¥µ¡Ìµ¤¨³µ¸ÉÓ  ´ ²¨§  ¶·¨³¥´¨³µ¸É¨
µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¢ ¸¨²Ó´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²ÖÌ, µ¸µ-
¡¥´´µ ¢¡²¨§¨ ¸¨´£Ê²Ö·´µ¸É¨, ´¥ ¢Ò§Ò¢ ¥É ¸µ³´¥´¨°¯;

3) ¨§ÊÎ¥´¨¥ ¤¨´ ³¨±¨ Î¥·´ÒÌ ¤Ò· µ¡´ ·Ê¦¨¢ ¥É ¶µ¢¥¤¥´¨¥, ´¥ ¸¢µ°¸É¢¥´-
´µ¥ ³¥É·¨Î¥¸±¨³ É¥µ·¨Ö³ (¸³., ´ ¶·¨³¥·, [5, 6]), ¨´ Î¥ £µ¢µ·Ö, ¶µ-
¢¨¤¨³µ³Ê, ¢ Ê¸²µ¢¨ÖÌ ¸¨²Ó´µ° £· ¢¨É Í¨¨ �’� ¸É ´µ¢¨É¸Ö ¢´ÊÉ·¥´´¥
¶·µÉ¨¢µ·¥Î¨¢µ°.

�¥·¥Î¨¸²¥´´µ¥ ¶µ§¢µ²Ö¥É ¶µ² £ ÉÓ, ÎÉµ ·¥§Ê²ÓÉ ÉÒ �’� ³µ¦´µ ¸Î¨É ÉÓ
´ ¤¥¦´Ò³¨ ¢ µ¡² ¸É¨ ¸² ¡ÒÌ ¨ Ê³¥·¥´´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥°, Éµ£¤  ± ±
¢ ¸¨²Ó´ÒÌ ¶µ²ÖÌ ¥¥ ¶·¨³¥´¨³µ¸ÉÓ ¸µ³´¨É¥²Ó´ . CÊÐ¥¸É¢¥´´µ° É·Ê¤´µ¸ÉÓÕ
�’� µ¸É ¥É¸Ö É ±¦¥ ¶·µ¡²¥³  Ô´¥·£¨¨, ±µÉµ· Ö, Ö¢²ÖÖ¸Ó ¶·¥¤³¥Éµ³ ¤¨¸±Ê¸-
¸¨¨ ¨ ¸¥£µ¤´Ö [7Ä11], ¶µ·µ¤¨²  ´¥¸±µ²Ó±µ ¤µ¸É ÉµÎ´µ ¦¨§´¥¸¶µ¸µ¡´ÒÌ ´¥-
Ô°´ÏÉ¥°´µ¢¸±¨Ì ¢ ·¨ ´Éµ¢ É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö [12Ä21]. � ¸ÉµÖÐ¨° µ¡§µ· ¶µ-
¸¢ÖÐ¥´ ¢ µ¸´µ¢´µ³ É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö (’‘’’) ‰µ·¤ ´ Ä
�· ´¸ Ä„¨±±¥ (‰�„), ±µÉµ· Ö Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ · §· ¡µÉ ´´µ° ¨, ´  ´ Ï
¢§£²Ö¤, ´ ¨¡µ²¥¥ ¡²¨§±µ° ³µ¤¨Ë¨± Í¨¥° �’�. �¸É ´µ¢¨³¸Ö ¢±· ÉÍ¥ ´  µ¸´µ-
¢µ¶µ²a£ ÕÐ¨Ì ¨¤¥ÖÌ ÔÉµ° É¥µ·¨¨, µÉ¸Ò² Ö Î¨É É¥²Ö §  ¶µ¤·µ¡´µ¸ÉÖ³¨ ± · -
¡µÉ ³ [15Ä21].

‚ ¸µ¢·¥³¥´´µ° É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥ ¶·µ¡²¥³a µ¡Ñ¥¤¨´¥´¨Ö ¨§¢¥¸É´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° § ´¨³ ¥É µ¤´Ê ¨§ ±²ÕÎ¥¢ÒÌ ¶µ§¨Í¨°. �  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó
³µ¦´µ ¸Î¨É ÉÓ µ¡µ¸´µ¢ ´´Ò³ ¢¥¸Ó³  ¶· ¢¤µ¶µ¤µ¡´µ¥ § ±²ÕÎ¥´¨¥, ¸µ£² ¸´µ
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±µÉµ·µ³Ê Ë¨§¨Î¥¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Ö¢²ÖÕÉ¸Ö ¶·µÖ¢²¥´¨¥³ ¢¸¥ ¡µ²¥¥ ¢Ò¸µ-
±¨Ì · §³¥·´µ¸É¥° ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �¥·¢µ¥ ¤µ¸É¨¦¥´¨¥, ¨²²Õ¸É·¨·ÊÕ-
Ð¥¥ ÔÉÊ ¨¤¥Õ, ¶·¨´ ¤²¥¦¨É Œ¨´±µ¢¸±µ³Ê, ±µÉµ·Ò°, · ¸¸³ É·¨¢ Ö É·¥Ì³¥·-
´µ¥ ¶·µ¸É· ´¸É¢µ ¨ ¢·¥³Ö ± ± 4D ¶¸¥¢¤µ¥¢±²¨¤µ¢Ò° ±µ³¶²¥±¸, ¶µ± § ², ÎÉµ
¶·¨ ÔÉµ³ 3D-¢¥±Éµ·Ò ´ ¶·Ö¦¥´´µ¸É¥° Ô²¥±É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ²¥°
µ¡Ñ¥¤¨´ÖÕÉ¸Ö ¢ É¥´§µ· Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö.

� §³ÒÏ²ÖÖ ´ ¤ ®¶µ¤¶µ·Î¥´´Ò³¯ ¸Ìµ¤¸É¢µ³ µ¶·¥¤¥²¥´¨° ´ ¶·Ö¦¥´´µ¸É¥°
Ô²¥±É·µ³ £´¨É´µ£µ

Fµν =
∂Aν

∂xµ
− ∂Aµ

∂xν

¨ £· ¢¨É Í¨µ´´µ£µ

Γαβγ =
1
2

(
∂gαγ

∂xβ
+

∂gβγ

∂xα
− ∂gαβ

∂xγ

)

¶µ²¥° Î¥·¥§ ¶µÉ¥´Í¨ ²Ò Aµ = {ϕ,A} ¨ gαβ(xα), Š ²ÊÍ  [22] ¢¸²¥¤ §  Œ¨´-
±µ¢¸±¨³ ¶·¥¤²µ¦¨² ¸¶µ¸µ¡ µ¡Ñ¥¤¨´¥´¨Ö Ô°´ÏÉ¥°´µ¢¸±µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö ¨
É¥µ·¨¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö Œ ±¸¢¥²² , µ¸´µ¢ ´´Ò° ´  ¢¢¥¤¥´¨¨ ¤µ¶µ²-
´¨É¥²Ó´µ°, ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´µ° ±µµ·¤¨´ ÉÒ

xA = {xα, x5}, α = 0, 1, 2, 3, A = α, 5.

’¥µ·¨Ö Š ²ÊÍÒÄŠ²¥°´  [22Ä24] ¸Ëµ·³Ê²¨·µ¢ ´  ¢ ¤ÊÌ¥ µ¡Ð¥° É¥µ·¨¨ µÉ´µ-
¸¨É¥²Ó´µ¸É¨ ¨ ¸µ¤¥·¦¨É ¸²¥¤ÊÕÐ¨¥ ¥¸É¥¸É¢¥´´Ò¥ ¶·¥¤¶µ²µ¦¥´¨Ö:

1. Œ¥É·¨Î¥¸± Ö Ëµ·³ 

dΣ2 = GABdxAdxB

¤µ²¦´  ¡ÒÉÓ ±µ¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ ¶·¥µ¡· §µ¢ ´¨°

xα = xα(x́β)

¨ ¶·¥µ¡· §µ¢ ´¨° ¤µ¶µ²´¨É¥²Ó´µ° ±µµ·¤¨´ ÉÒ

x5 = x5(x́α, x́5).

�Éµ É·¥¡µ¢ ´¨¥ ¶µ§¢µ²Ö¥É · ¸Ð¥¶¨ÉÓ 5-³¥·´ÊÕ ³¥É·¨Î¥¸±ÊÕ Ëµ·³Ê É ±,
ÎÉµ¡Ò

dΣ2 = ds2 − dλ2 = gαβdxαdxβ − λAλBdxAdxB,

gαβ = Gαβ − G5αG5β

G55
, λα = − G5α√

−G55

, λ5 =
√
−G55.

2. ƒ¥µ³¥É·¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ´¥ ¤µ²¦´Ò § ¢¨¸¥ÉÓ µÉ ¤µ¶µ²´¨É¥²Ó´µ°, ¶Ö-
Éµ° ±µµ·¤¨´ ÉÒ: ∂/∂x5 = 0. �Éµ É·¥¡µ¢ ´¨¥ ¸Ê¦ ¥É ±² ¸¸ µ¡Ð¨Ì ¶·¥µ¡· -
§µ¢ ´¨° x5 ¤µ

x́5 = x5 + f(xα),
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ÎÉµ ¶·¨¢µ¤¨É ± ± ²¨¡·µ¢µÎ´Ò³ ¶·¥µ¡· §µ¢ ´¨Ö³ Ô²¥±É·µ¤¨´ ³¨±¨

Áα = Aα − c2

2
√

G

∂f

∂xα
, £¤¥ Aα =

c2

2
√

G

λα

λ5
.

3. „²Ö Éµ£µ ÎÉµ¡Ò ¶·¨ ·¥¤Ê±Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·¨¥ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê Ê· ¢-
´¥´¨° Œ ±¸¢¥²²  ¨ Ô°´ÏÉ¥°´µ¢¸±µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö, Š ²ÊÍ  ¢Ò´Ê¦¤¥´ ¡Ò²
¶µ²µ¦¨ÉÓ G55 = −1. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µ³¶µ´¥´ÉÒ É¥´§µ·  Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö Fαβ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¸ÉµÖ´´µ° ¸µ¢¶ ¤ ÕÉ ¸ ±µ³¶µ´¥´É ³¨ 5-³¥·´µ£µ
¸¨³¢µ²  Š·¨¸ÉµËË¥²Ö:

Fαβ =
c2

√
G

Γα5β .

� ¸¸³ É·¨¢ Ö ¸¢µ°¸É¢  ¸¨³³¥É·¨¨ É¥µ·¨¨ Š ²ÊÍÒÄŠ²¥°´ , ‰µ·¤ ´ [15]
¶·¨Ï¥² ± § ±²ÕÎ¥´¨Õ µ¡ µ£· ´¨Î¥´´µ¸É¨ µ¤´µ£µ ¨§ ¶·¥¤¶µ²µ¦¥´¨° Š ²ÊÍÒ,
¢ÒÖ¸´¨¢, ÎÉµ ±µ³¶µ´¥´É  G55 ´¥ ±µ´¸É ´É ,   ¸± ²Ö·. „ ²¥¥, ¢ ·¥ ²¨§ Í¨Õ
¨§¢¥¸É´µ° £¨¶µÉ¥§Ò „¨· ±  [25,26] µ ®¤·ÖÌ²¥ÕÐ¥° £· ¢¨É Í¨¨¯, ‰µ·¤ ´ ¶·¥¤-
¶µ²µ¦¨², ÎÉµ ¢ ± ¦¤µ° ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ° ÉµÎ±¥ ÔÉµÉ ¸± ²Ö· y(xα)
(¥£µ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ £· ¢¨É Í¨µ´´Ò³ ¸± ²Ö·µ³) § ³¥´Ö¥É ´ÓÕÉµ´µ¢¸±ÊÕ
±µ´¸É ´ÉÊ ÉÖ£µÉ¥´¨Ö G, ¶·¨Î¥³ y ∼ 1/G, ÎÉµ ¶µ§¢µ²¨²µ ¥³Ê ¸Ëµ·³Ê²¨·µ¢ ÉÓ
µÉ²¨Î´ÊÕ µÉ �’� É¥µ·¨Õ ÉÖ£µÉ¥´¨Ö:

W =
1
c

∫ √
−g

[
− y

2κ

(
(4)R − ζ

yµyµ

y2

)
+ Lm

]
d4x, κ =

8π

c4
, (1.1)

£¤¥ ζ Å ¡¥§· §³¥·´ Ö ±µ´¸É ´É  ¸¢Ö§¨ ¸± ²Ö·´µ£µ ¶µ²Ö y(xα) ¸ ¢¥Ð¥¸É¢µ³ ¨
´¥£· ¢¨É Í¨µ´´Ò³¨ ¶µ²Ö³¨. ‚ 1961 £. „¨±±¥ ¨ �· ´¸ [17,18], ¨¸¶µ²Ó§ÊÖ Ô¢·¨-
¸É¨Î¥¸±ÊÕ ¨¤¥Õ Œ Ì  µ ¢²¨Ö´¨¨ Ê¤ ²¥´´ÒÌ ³ ¸¸ ´  ¶·µ¨¸Ìµ¦¤¥´¨¥ ¨´¥·Í¨¨,
É. ¥. ¨¸¶µ²Ó§ÊÖ Ë¨§¨Î¥¸±¨¥ ¶·¥¤¶µ¸Ò²±¨, µÉ²¨Î´Ò¥ µÉ °µ·¤ ´µ¢¸±¨Ì, ¶·¨Ï²¨
± ´¥µ¡Ìµ¤¨³µ¸É¨ Ëµ·³Ê²¨·µ¢±¨ É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö, ¶µ-
²¥¢Ò¥ Ê· ¢´¥´¨Ö ±µÉµ·µ° ¢ ÉµÎ´µ¸É¨ ¸µ¢¶ ¤ ÕÉ ¸ ¶µ²¥¢Ò³¨ Ê· ¢´¥´¨Ö³¨
É¥µ·¨¨ ‰µ·¤ ´ . •µ¤ ¨Ì · ¸¸Ê¦¤¥´¨° ³µ¦´µ ¶·µ¨²²Õ¸É·¨·µ¢ ÉÓ ¶·µ¸Éµ°
µÍ¥´±µ°: Î ¸É¨Í  ¶ ¤ ¥É ´  É¥²µ ³ ¸¸µ° m c Ê¸±µ·¥´¨¥³ a ∼ Gm/r2, ¸ ¤·Ê-
£µ° ¸Éµ·µ´Ò, ¨¸Ìµ¤Ö ¨§ ³ Ìµ¢¸±µ£µ ¶·¨´Í¨¶  ¨ ¨§ · §³¥·´ÒÌ ¸µµ¡· ¦¥´¨°
a ∼ c2/r ∼ c2mR/rMr, £¤¥ M Å ¸µ¢µ±Ê¶´ Ö ³ ¸¸  Ê¤ ²¥´´ÒÌ µ¡Ñ¥±Éµ¢,
  R Å · ¸¸ÉµÖ´¨¥ ¤µ ¨Ì Í¥´É·  ³ ¸¸. ‘· ¢´¨¢ Ö ÔÉ¨ ¢Ò· ¦¥´¨Ö, ¶µ²ÊÎae³
¨§¢¥¸É´µ¥ ¸µµÉ´µÏ¥´¨¥ ˜ ³Ò [27]

GM

c2R
∼ 1, (1.2)

¸µ£² ¸´µ ±µÉµ·µ³Ê · §³¥·Ò ´ ¡²Õ¤ ¥³µ° Î ¸É¨ ‚¸¥²¥´´µ° ¶µ·Ö¤±  ¥¥ £· ¢¨-
É Í¨µ´´µ£µ · ¤¨Ê¸ . ˆ¸Ìµ¤Ö ¨§ ÔÉµ£µ ³µ¦´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ µ¤´µ·µ¤´ Ö
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�¨¸. 1

· ¸Ï¨·ÖÕÐ Ö¸Ö ‚¸¥²¥´´ Ö Ö¢²Ö¥É¸Ö £¨£ ´É¸±µ° ¸²¥¤ÖÐ¥° ¸¨¸É¥³µ° ¸ µ¡· É-
´µ° ¸¢Ö§ÓÕ, ¶µ¤£µ´ÖÕÐ¥° §´ Î¥´¨Ö Ë¨£Ê·¨·ÊÕÐ¨Ì ¢ (1.2) ¢¥²¨Î¨´ ± ¶·¥¤-
¶¨¸ ´´Ò³ §´ Î¥´¨Ö³. �Éµ, ¢ Î ¸É´µ¸É¨, µ§´ Î ¥É, ÎÉµ ¢ ¶·µ¨§¢µ²Ó´µ° ÉµÎ±¥
´ ¡²Õ¤¥´¨Ö ¢¥²¨Î¨´  G ¶¥·¥³¥´´  ¨ µ¶·¥¤¥²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ¢¥Ð¥¸É¢ ,
ÎÉµ ²¥£±µ µ¡´ ·Ê¦¨ÉÓ, ¶¥·¥¶¨¸ ¢ (1.2) ¢ ¢¨¤¥ ¸¨³¢µ²¨Î¥¸±µ£µ ¸µµÉ´µÏ¥´¨Ö

1/G(r) =
∑

mi/c2(r − ri),

µÉ±Ê¤  ¨ ¸²¥¤Ê¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ § ³¥´Ò ±µ´¸É ´ÉÒ ÉÖ£µÉ¥´¨Ö £· ¢¨É Í¨µ´´Ò³
¸± ²Ö·µ³.

‚ É¥µ·¨¨ ‰µ·¤ ´ Ä�· ´¸ Ä„¨±±¥ £· ¢¨É Í¨µ´´Ò° ¸± ²Ö· ¶µ·µ¦¤ ¥É¸Ö
¢¥Ð¥¸É¢µ³ ¨ ´¥£· ¢¨É Í¨µ´´Ò³¨ ¶µ²Ö³¨,   ÉµÎ´¥¥, ¶µ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ
É¨¶  ¢µ²´µ¢µ£µ ¸ ¨¸ÉµÎ´¨±µ³ ¢ ¢¨¤¥ ¸²¥¤  É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ 
¨ ´¥£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° (¶ÊÉÓ 1 ´  ·¨¸. 1):

∇αyα =
κT

3 + 2ζ
. (1.3)

‡¤¥¸Ó ∇α Å ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ¢ ³¥É·¨±¥ gµν(xα) ·¨³ ´µ¢  ¶·µ-
¸É· ´¸É¢ ;

yα = gαβyβ = gαβ ∂y

∂xβ
.

ƒ· ¢¨É Í¨µ´´Ò° ¸± ²Ö· ¢³¥¸É¥ ¸ ¢¥Ð¥¸É¢µ³ ¨ ´¥£· ¢¨É Í¨µ´´Ò³¨ ¶µ-
²Ö³¨ £¥´¥·¨·Ê¥É ³¥É·¨±Ê gµν(xα) (¶ÊÉ¨ 2 ´  ·¨¸. 1) ¸µ£² ¸´µ

Gµ
ν =

κ

y
T µ

ν +
∇νyµ

y
+ ζ

yνyµ

y2
− δµ

ν

(
∇αyα

y
+

ζ

2
yαyα

y2

)
, (1.4)

¶·¨Î¥³ ¢²¨Ö´¨¥ ¸± ²Ö·´µ£µ ¶µ²Ö ´  ¤¢¨¦¥´¨¥ Î ¸É¨Í ¶·µÖ¢²Ö¥É¸Ö ´¥ §  ¸Î¥É
´¥¶µ¸·¥¤¸É¢¥´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö,   ¡² £µ¤ ·Ö µ¡Ê¸²µ¢²¥´´Ò³ ÔÉ¨³ ¶µ²¥³
¨§³¥´¥´¨Ö³ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  (¶ÊÉÓ 3 ´  ·¨¸. 1).
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’¥´§µ·´µ-¸± ²Ö·´ Ö É¥µ·¨Ö ÉÖ£µÉ¥´¨Ö ‰�„ ¸Ëµ·³Ê²¨·µ¢ ´  É ±, ÎÉµ¡Ò
¸µÌ· ´¨ÉÓ µ¤´µ ¨§ ¤µ¸É¨¦¥´¨° �’� Å ¨§ Ê· ¢´¥´¨° ¶µ²Ö ¸²¥¤Ê¥É µ¡· Ð¥-
´¨¥ ¢ ´Ê²Ó ±µ¢ ·¨ ´É´µ° ¤¨¢¥·£¥´Í¨¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨
´¥£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥°:

∇µGµ
ν = 0 =⇒ ∇µT µ

ν = 0,

ÎÉµ µ¡¥¸¶¥Î¨¢ ¥É ¸µ£² ¸¨¥ ¸ É·¥¡µ¢ ´¨¥³ ¸² ¡µ£µ ¶·¨´Í¨¶  Ô±¢¨¢ ²¥´É´µ-
¸É¨ Å ¢ µÉ¸ÊÉ¸É¢¨¥ ´¥£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° ³¥É·¨±  ¶·¥¤¶¨¸Ò¢ ¥É ¶·µ¡´Ò³
´¥§ ·Ö¦¥´´Ò³ ¡¥c¸¶¨´µ¢Ò³ Î ¸É¨Í ³ ¨ ²ÊÎ ³ ¸¢¥É  ¤¢¨¦¥´¨¥ ¶µ £¥µ¤¥§¨Î¥-
¸±¨³

d2xα

ds2
+ Γα

βγ

dxβ

ds

dxγ

ds
= 0.

• ‡ ³¥Î ´¨¥ 1. ‚¥Ð¥¸É¢µ ¨ ´¥£· ¢¨É Í¨µ´´Ò¥ ¶µ²Ö ¢ É¥µ·¨¨ £· ¢¨É Í¨¨
¶·¥¤¸É ¢²¥´Ò É¥´§µ·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ±µÉµ·Ò° µ¶·¥¤¥²Ö¥É¸Ö ¢ ·Ó¨·µ¢ -
´¨¥³ Wm

δWm = δ

∫
Lm

√
−gd4x =

1
2

∫
Tαβδgαβ√−gd4x,

£¤¥ Lm Å ² £· ´¦¥¢  ¶²µÉ´µ¸ÉÓ ³ É¥·¨¨. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö É¥´§µ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¨³¥¥³

Tαβ = 2
δLm

δgαβ
− gαβLm ≡ 2√−g

δ(
√−gLm)
δgαβ

.

(�¥¸³µÉ·Ö ´  Éµ¦¤¥¸É¢¥´´µ¸ÉÓ µ¶·¥¤¥²¥´¨°, ¢Éµ·µ¥ ¶·¥¤¶µÎÉ¨É¥²Ó´¥¥, É ±
± ± ¸· §Ê ¢Ò¤ ¥É ¸¨³³¥É·¨Î´Ò° ·¥§Ê²ÓÉ É.)

‚ £¨¤·µ¤¨´ ³¨Î¥¸±µ³ ¶·¨¡²¨¦¥´¨¨, É. ¥. ¶·¨ Ê¸²µ¢¨¨ ²µ± ²Ó´µ£µ É¥·-
³µ¤¨´ ³¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö ¢ ¸·¥¤¥, µ¡ÒÎ´µ ¶·¨´¨³ ÕÉ, ÎÉµ ¢¥Ð¥¸É¢µ Å
¨¤¥ ²Ó´ Ö ¦¨¤±µ¸ÉÓ ¸ ¨§µÉ·µ¶´Ò³¨ ¤ ¢²¥´¨¥³ P ¨ ¶²µÉ´µ¸ÉÓÕ Ô´¥·£¨¨ ε,
³ ±·µ¸±µ·µ¸ÉÓ ¶¥·¥³¥Ð¥´¨Ö Ô²¥³¥´É  4-µ¡Ñ¥³  ±µÉµ·µ° ¥¸ÉÓ uα, ¶·¨Î¥³
uαuα = 1. …¸²¨ ¤²Ö ¶²µÉ´µ¸É¨ ËÊ´±Í¨¨ ‹ £· ´¦  É ±µ£µ ¢¥Ð¥¸É¢  Ëµ·-
³ ²Ó´µ ¶·¨´ÖÉÓ

Lm =
1
2
[P (1 + uαuβgαβ) − ε(1 − uαuβgαβ)],

Éµ

δLm =
1
2
δgαβ(P + ε)uαuβ

(¸µµÉ´µÏ¥´¨¥ uαuβgαβ = 1 ¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ Éµ²Ó±µ ¶µ¸²¥ ¢ ·Ó¨·µ¢ ´¨Ö),
¨ ¤²Ö É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¶µ²ÊÎ¨³

Tαβ = (ε + P )uαuβ − Pgαβ. (1.5)
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’¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¸¥Ì ¨§¢¥¸É´ÒÌ ±² ¸¸¨Î¥¸±¨Ì Ëµ·³ ³ É¥·¨¨ ¶µ¤Î¨-
´Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ Ê¸²µ¢¨Ö³ Ô´¥·£µ¤µ³¨´ ´É´µ¸É¨:

1. C ÉµÎ±¨ §·¥´¨Ö ²Õ¡µ£µ ¶·¨Î¨´´µ£µ ´ ¡²Õ¤ É¥²Ö, ³¨·µ¢ Ö ²¨´¨Ö ±µ-
Éµ·µ£µ § ¤ ¥É¸Ö ¢¥±Éµ·µ³ tµ, ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ Ë¨§¨Î¥¸±µ° ¸¨¸É¥³Ò ¤µ²¦´ 
¡ÒÉÓ ´¥µÉ·¨Í É¥²Ó´ , ¶µÔÉµ³Ê

Tµνtµtν ≥ 0.

2. �É´µ¸¨É¥²Ó´µ ¶·¨Î¨´´µ£µ ´ ¡²Õ¤ É¥²Ö (tµtµ ≥ 0) ¶²µÉ´µ¸ÉÓ ¶µÉµ± 
Ô´¥·£¨¨ ¤µ²¦´  µ¶¨¸Ò¢ ÉÓ¸Ö ´¥ ¶·µ¸É· ´¸É¢¥´´µ¶µ¤µ¡´Ò³ ¢¥±Éµ·µ³, ÎÉµ
¶·¨¢µ¤¨É ±

T µνTµσtνtσ ≥ 0.

�É³¥É¨³, ÎÉµ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¨§-§  ¶µ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  Ê¸²µ¢¨Ö Ô´¥·£µ-
¤µ³¨´ ´É´µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ´ ·ÊÏ¥´Ò.

“¸²µ¢¨¥ Ô´¥·£µ¤µ³¨´ ´É´µ¸É¨ ´ ±² ¤Ò¢ ¥É µ£· ´¨Î¥´¨Ö ´  Ë¨£Ê·¨·ÊÕ-
Ð¨¥ ¢ ¢Ò· ¦¥´¨¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ ¨
¤ ¢²¥´¨¥:

ε ≥ 0, − ε ≤ P ≤ ε.

Šµ¢ ·¨ ´É´µ¥ ¶µ¸ÉµÖ´¸É¢µ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸µ¤¥·¦¨É ¤µ¸É ÉµÎ´µ
¡µ£ ÉÊÕ ¨´Ëµ·³ Í¨Õ µ ¤¢¨¦¥´¨¨ ³ É¥·¨¨. �·µ¤¥³µ´¸É·¨·Ê¥³ ÔÉµ ´  ¶·¨-
³¥·¥ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  (1.5), ¶µ¤¸É ¢¨¢ ¥£µ ¢ ∇αT α

β = 0. ‚
·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³

P,β = (P + ε),α uαuβ + (P + ε)(uβ∇αuα + uα∇αuβ).

‘¶·µ¥±É¨·µ¢ ¢ ÔÉµ ¢Ò· ¦¥´¨¥ ´  uβ ¨ ÊÎ¨ÉÒ¢ Ö

uαuα = 1 ¨ uβ∇αuβ = 0,

¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´µ¸É¨

∇αuα = − uβεβ

P + ε
. (1.6)

‘¶·µ¥±É¨·Ê¥³ É¥¶¥·Ó Éµ ¦¥ ¢Ò· ¦¥´¨¥ ´  £¨¶¥·¶µ¢¥·Ì´µ¸ÉÓ, µ·Éµ£µ´ ²Ó´ÊÕ
uβ, ¨¸¶µ²Ó§ÊÖ ¶·µ¥±Éµ·

Lβ
ν = δβ

ν − uβuν , Lβ
νuν = Lβ

νuβ = 0.

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥ �°²¥· 

uα∇αuβ =
P,β −uαuβP,α

P + ε
. (1.7)
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�¤´µ ¨§ ¢µ§³µ¦´ÒÌ ¨¸Éµ²±µ¢ ´¨° ¶·¨´Í¨¶  Ô±¢¨¢ ²¥´É´µ¸É¨ ²µ± ²Ó´µ
¨¸±²ÕÎ ¥É £· ¢¨É Í¨Õ ± ± ¸¨²µ¢µ¥ ¢µ§¤¥°¸É¢¨¥, É· ±ÉÊÖ £· ¢¨É Í¨µ´´Ò¥ ¸¨²Ò
± ± ¨´¥·Í¨ ²Ó´Ò¥, ¨¸±²ÕÎ Ö É¥³ ¸ ³Ò³ ¶ ¸¸¨¢´ÊÕ £· ¢¨É Í¨µ´´ÊÕ ³ ¸¸Ê,
§ ³¥´ÖÖ ¥¥ ¨´¥·É´µ°. �²ÓÉ¥·´ É¨¢´Ò³ Ö¢²Ö¥É¸Ö ³ Ìµ¢¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥,
¸µ£² ¸´µ ±µÉµ·µ³Ê ¨´¥·Í¨Ö ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± £· ¢¨É Í¨µ´´µ¥ ¢§ ¨³µ-
¤¥°¸É¢¨¥. �±¢¨¢ ²¥´É´µ¸ÉÓ ¨´¥·Í¨¨ ¨ ÉÖ£µÉ¥´¨Ö, ¶µ Œ ÌÊ, µ§´ Î ¥É, ÎÉµ
¸¨²Ò ¨´¥·Í¨¨ ¸¢µ¤ÖÉ¸Ö ± £· ¢¨É Í¨µ´´Ò³,   ¨´¥·É´ Ö ³ ¸¸  Å ± £· ¢¨É -
Í¨µ´´µ° ¨ ¨¸±²ÕÎ ¥É¸Ö ¨§ · ¸¸³µÉ·¥´¨Ö. …¸²¨ ¶·¨´Í¨¶ Œ Ì  ¸¶· ¢¥¤²¨¢,
Éµ ¸µ£² ¸´µ �°´ÏÉ¥°´Ê [28] ®¨´¥·É´µ¸ÉÓ ´¥±µÉµ·µ£µ É¥²  ¤µ²¦´  ¢µ§· ¸É¨,
¥¸²¨ ¶µ¡²¨§µ¸É¨ µÉ ´¥£µ ¸±µ´Í¥´É·¨·ÊÕÉ¸Ö ÉÖ¦¥²Ò¥ ³ ¸¸Ò¯. ‚ �’� ²Õ¡µ¥
²µ± ²¨§µ¢ ´´µ¥ · ¸¶·¥¤¥²¥´¨¥ ³ ¸¸ ¸µ§¤ ¥É £· ¢¨É Í¨µ´´µ¥ ¶µ²¥, ±µÉµ·µ³Ê
 ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸µµÉ¢¥É¸É¢Ê¥É ¶²µ¸±µ¥ ¶·µ¸É· ´¸É¢µ ¨ ±µÉµ·µ¥ ¢ µ¡² ¸ÉÖÌ,
Ê¤ ²¥´´ÒÌ µÉ ¢¥Ð¥¸É¢ , ¢ ¶·µÉ¨¢µ¢¥¸ ¶·¨´Í¨¶Ê Œ Ì , µ¡² ¤ ¥É  ¡¸µ²ÕÉ´Ò³¨
¨´¥·É´Ò³¨ ¸¢µ°¸É¢ ³¨. ‚ É¥µ·¨¨ ‰�„ ¸¨ÉÊ Í¨Ö ¨´ Ö Å ¸± ²Ö·´µ¥ ¶µ²¥ µ¡Ê-
¸²µ¢²¨¢ ¥É ¶·¨ÉÖ¦¥´¨¥, ¶·¨³¥·´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¸¨² ³ £· ¢¨É Í¨¨ [29].

‘µ£² ¸´µ „¨±±¥ [30], ¤²Ö Éµ£µ ÎÉµ¡Ò ¡ÒÉÓ ¸¶· ¢¥¤²¨¢µ°, É¥µ·¨Ö ÉÖ£µÉ¥´¨Ö
¤µ²¦´  ¡ÒÉÓ

1) ¶µ²´µ°; ÔÉµ µ§´ Î ¥É, ÎÉµ  ´ ²¨§ ·¥§Ê²ÓÉ Éµ¢ ²Õ¡ÒÌ ¤µ¸Éµ¢¥·´ÒÌ Ô±¸-
¶¥·¨³¥´Éµ¢ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´ ´  µ¸´µ¢¥ ®¶¥·¢ÒÌ ¶·¨´Í¨¶µ¢¯;

2) ¸ ³µ¸µ£² ¸µ¢ ´´µ°, ¨´ Î¥ £µ¢µ·Ö, ¶·¥¤¸± § ´¨Ö ·¥§Ê²ÓÉ Éµ¢ ²Õ¡µ£µ
Ô±¸¶¥·¨³¥´É , ¶µ²ÊÎ¥´´ÒÌ · §´Ò³¨ ¸¶µ¸µ¡ ³¨, ¤µ²¦´Ò ¸µ¢¶ ¤ ÉÓ;

3) ·¥²ÖÉ¨¢¨¸É¸±µ°, É. ¥. ´¥£· ¢¨É Í¨µ´´Ò¥ § ±µ´Ò Ë¨§¨±¨ ¶·¨ ¢Ò±²ÕÎ¥´-
´µ° £· ¢¨É Í¨¨ ¤µ²¦´Ò ¸¢µ¤¨ÉÓ¸Ö ± § ±µ´µ³¥·´µ¸ÉÖ³ ‘’�;

4) ¸¶· ¢¥¤²¨¢µ° ¢ ´ÓÕÉµ´µ¢¸±µ³ ¶·¥¤¥²¥.
C Í¥²ÓÕ Ê¸É ´µ¢¨ÉÓ ´ÓÕÉµ´µ¢¸±¨° ¶p¥¤¥² É¥µp¨¨ ‰�„ · ¸¸³µÉ·¨³ ¸²ÊÎ °

¸² ¡ÒÌ £p ¢¨É Í¨µ´´ÒÌ ¶µ²¥° Gm/c2r� 1 ¨ ³¥¤²¥´´ÒÌ ¤¢¨¦¥´¨° v2/c2 � 1:

g00 ≈ 1 +
2ϕ

c2
= 1 − 2Gm

c2r
, g0i = 0, gik = −δik.

“p ¢´¥´¨Ö É¥µp¨¨ ‰�„, ¥¸²¨ ¨¸± ÉÓ ¨Ì p¥Ï¥´¨Ö ¢ ¢¨¤¥

y ≈ y0(1 + σ), g00 ≈ c2(1 + g),

¤ ÕÉ


σ =
4πρ

c2
(−y0(3 + 2ζ)), 
g =

4πρ

c2

4(2 + ζ)
y0(3 + 2ζ)

.

�µ¸±µ²Ó±Ê g = 2ϕ/c2,   £· ¢¨É Í¨µ´´Ò° ¶µÉ¥´Í¨ ² Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ
�Ê ¸¸µ´  
ϕ = 4πGρ, Éµ

y0 =
2(2 + ζ)

G(3 + 2ζ)
, σ = − ϕ

c2(2 + ζ)
= − g

2(2 + ζ)
, g = −2Gm

c2r
. (1.8)
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“· ¢´¥´¨¥

∇αyα = AT, A =
8π

c4(3 + 2ζ)
,

±µÉµ·µ³Ê Ê¤µ¢²¥É¢µ·Ö¥É £· ¢¨É Í¨µ´´Ò° ¸± ²Ö·, ¶µ§¢µ²Ö¥É £·Ê¡µ µÍ¥´¨ÉÓ
¸·¥¤´¥¥ §´ Î¥´¨e y, ¢ÒÎ¨¸²¨¢ Í¥´É· ²Ó´Ò° ¶µÉ¥´Í¨ ² ¸Ë¥·Ò ¸ ±µ¸³µ²µ£¨Î¥-
¸±µ° ¶²µÉ´µ¸ÉÓÕ ρ ∼ 10−29 £/¸³3 ¨ ¸ · ¤¨Ê¸µ³, · ¢´Ò³ · ¤¨Ê¸Ê ´ ¡²Õ¤ ¥³µ°
Î ¸É¨ ‚¸¥²¥´´µ° R ∼ 1028 ¸³:

〈y〉 ∼ AρR2 ∼ A · 1027 £/¸³ ∼ 4, 7 · 106

3 + 2ζ

£ · ¸2

¸³3
.

„µ¶Ê¸É¨¢ É¥¶¥·Ó, ÎÉµ ¢¥²¨Î¨´  y0 ¨³¥¥É ¶µ·Ö¤µ±, ¸· ¢´¨³Ò° ¸ 〈y〉, ¤²Ö ¡¥§-
· §³¥·´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¶µ²ÊÎ¨³ ζ ∼ 50.

‹¥£±µ § ³¥É¨ÉÓ, ÎÉµ limζ→∞ y0 = 1/G, ¸ ¤·Ê£µ° ¸Éµ·µ´Ò, Ö¸´µ, ÎÉµ ¢
¶·¥¤¥²¥ y = y0 ¨ ζ → ∞ ¤¥°¸É¢¨¥ É¥µ·¨¨ ‰�„ (1.1) µ¡· Ð ¥É¸Ö ¢ ¤¥°¸É¢¨¥
�’�, ¶µÔÉµ³Ê ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ �’� ¢ ´¥±µÉµ·µ³ ¸³Ò¸²¥ Ö¢²Ö¥É¸Ö
Î ¸É´Ò³ ¸²ÊÎ ¥³ É¥µ·¨¨ ‰�„.

�±¸¶¥·¨³¥´ÉÒ ¢ ¶·¥¤¥² Ì ‘µ²´¥Î´µ° ¸¨¸É¥³Ò ¤ ÕÉ ¤²Ö µÉ´µÏ¥´¨Ö ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ¢¥Ð¥¸É¢µ Å ¸± ²Ö·´µ¥ ¶µ²¥ ± ±µ´¸É ´É¥ ¸¢Ö§¨ ¢¥Ð¥¸É¢µÄ³¥É·¨-
±  ³ ²ÊÕ ¢¥²¨Î¨´Ê (< 10−3), ÎÉµ ¶· ±É¨Î¥¸±¨ ³µ¦´µ · ¸Í¥´¨ÉÓ ± ± £· -
´¨Î ÐÊÕ ¸ µÉ¸ÊÉ¸É¢¨¥³ ³ ²µ¸ÉÓ ¸± ²Ö·´µ£µ ¶µ²Ö. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¸Ê-
Ð¥¸É¢ÊÕÉ µ¶·¥¤¥²¥´´Ò¥ µ¸´µ¢ ´¨Ö ¤²Ö Éµ£µ, ÎÉµ¡Ò ¸Î¨É ÉÓ ·µ²Ó ¸± ²Ö·´µ£µ
¶µ²Ö ¢ · ´´¥° ‚¸¥²¥´´µ° ¸ÊÐ¥¸É¢¥´´µ°,   · §²¨Î¨¥ ³¥¦¤Ê ¶·¥¤¸± § ´¨Ö³¨
É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö ¨ �’� § ³¥É´Ò³¨, µ¤´ ±µ ¢ Ìµ¤¥ Ô¢µ-
²ÕÍ¨¨ ‚¸¥²¥´´µ° ¨´É¥´¸¨¢´µ¸ÉÓ ¸± ²Ö·´µ£µ ¶µ²Ö Ê³¥´ÓÏ¨² ¸Ó ¤µ ¸¥£µ¤´ÖÏ-
´¥£µ §´ Î¥´¨Ö. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢ ¤µ¸ÉÊ¶´ÒÌ ´ ¡²Õ¤¥´¨Ö³ ¸² ¡ÒÌ £· -
¢¨É Í¨µ´´ÒÌ ¶µ²ÖÌ (¢ ¶µ¸É´ÓÕÉµ´µ¢¸±µ³ ¶·¨¡²¨¦¥´¨¨) ¢²¨Ö´¨¥ ¸± ²Ö·´µ£µ
¶µ²Ö ¸· ¢´¨É¥²Ó´µ ³ ²µ, ´µ ¢ ¸¨²Ó´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²ÖÌ (Î¥·´Ò¥ ¤Ò·Ò,
¸¨´£Ê²Ö·´µ¸É¨, £· ¢¨É Í¨µ´´Ò¥ ¢µ²´Ò) µ´µ ³µ¦¥É µ± § ÉÓ¸Ö § ³¥É´Ò³. �É³¥-
É¨³, ÎÉµ ’‘’’, ¢ µÉ²¨Î¨¥ µÉ �’�, ¶·¥¤¸± §Ò¢ ¥É £· ¢¨É Í¨µ´´µ¥ ¨§²ÊÎ¥´¨¥
³µ´µ¶µ²Ó´µ£µ (µÉ ¸Ë¥·¨Î¥¸±¨Ì µ¡Ñ¥±Éµ¢) ¨ ¤¨¶µ²Ó´µ£µ (¢ ¤¢µ°´ÒÌ ¸¨¸É¥-
³ Ì) Ì · ±É¥· , ÎÉµ ¢ ¸¢Ö§¨ ¸ ¶·µ¥±Éµ³ ¶µ § ¶Ê¸±Ê µ¡¸¥·¢ Éµ·¨¨ ´  ² §¥·´ÒÌ
¨´É¥·Ë¥·µ³¥É· Ì ¸ Í¥²ÓÕ µ¡´ ·Ê¦¥´¨Ö £· ¢¨É Í¨µ´´ÒÌ ¢µ²´ ¶µ§¢µ²¨É É¥¸É¨-
·µ¢ ÉÓ ’‘’’ ¨ ¢Ò§¢ ²µ ´µ¢ÊÕ ¢µ²´Ê ¨¸¸²¥¤µ¢ ´¨° ´¥¸É Í¨µ´ ·´ÒÌ Ö¢²¥´¨°
¢ ´¥Ô°´ÏÉ¥°´µ¢¸±¨Ì ¢ ·¨ ´É Ì £· ¢¨É Í¨µ´´ÒÌ É¥µ·¨°.

2. Š��”��Œ��… ‘��’‚…’‘’‚ˆ… ’…��ˆ‰ ‰�„ ˆ �’�

�µ²Ó ±µ´Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢ £· ¢¨É Í¨µ´´ÒÌ É¥µ·¨ÖÌ µ¡¸Ê¦¤ -
² ¸Ó ‚¥°²¥³ [31], � Ê²¨ [32], �¥É·µ¢Ò³ [33], „¨±±¥ [34] ¨ ¤·. ‚ ´ ¸ÉµÖÐ¥³
¨ ¸²¥¤ÊÕÐ¥³ · §¤¥² Ì ´  µ¸´µ¢ ´¨¨ ·¥§Ê²ÓÉ Éµ¢ [35,36] ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ
�’� ¨ ’‘’’ ´ Ìµ¤ÖÉ¸Ö ¢ ±µ´Ëµ·³´µ³ ¸µµÉ¢¥É¸É¢¨¨.
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�Ê¸ÉÓ ¢ µ¤´µ³ ¨ Éµ³ ¦¥ ³´µ£µµ¡· §¨¨ § ¤ ´Ò ¤¢  ±µ´Ëµ·³´µ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¶·µ¸É· ´¸É¢  V4 ¨ V̄4, ´ ¤¥²¥´´ÒÌ ·¨³ ´µ¢µ° ¸É·Ê±ÉÊ·µ°

ds̄2 = σ2(x)ds2 = σ2(x)gµνdxµdxν , ḡµν = σ2(x)gµν . (2.1)

�µ³¨³µ ¨§¢¥¸É´µ£µ ³ É¥³ É¨Î¥¸±µ£µ ¸µ¤¥·¦ ´¨Ö, ±µ´Ëµ·³´Ò³ ¶·¥µ¡· §µ¢ -
´¨Ö³ (2.1) ³µ¦´µ ¶·¨¤ ÉÓ É ±¦¥ ¨ µ¶·¥¤¥²¥´´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸², ¸¢Ö§Ò¢ Ö
¨Ì ¸ ³ ¸ÏÉ ¡´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨ ¥¤¨´¨Í ¨§³¥·¥´¨Ö. ˆ¤¥Ö µ ¸¢Ö§¨ ¨¸-
¶µ²Ó§µ¢ ´¨Ö · §²¨Î´ÒÌ ¸¨¸É¥³ ¥¤¨´¨Í ¨§³¥·¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ ²µ-
± ²Ó´Ò³¨ ±µ´Ëµ·³´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨ ¢µ¸Ìµ¤¨É ± · ¡µÉ ³ ‚¥°²Ö [31],
�¤¤¨´£Éµ´  [37] ¨ „¨±±¥ [34]. …¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¶·¨ ±µ´-
Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨ÖÌ ´¥¨§³¥´´Ò³¨ µ¸É ÕÉ¸Ö ËÊ´¤ ³¥´É ²Ó´Ò¥ Ë¨§¨-
Î¥¸±¨¥ ±µ´¸É ´ÉÒ Å ¸±µ·µ¸ÉÓ ¸¢¥É  c (¤²Ö µ¡¥¸¶¥Î¥´¨Ö ²µ± ²Ó´µ° ²µ·¥´Í-
¨´¢ ·¨ ´É´µ¸É¨ É¥µ·¨¨), ¶µ¸ÉµÖ´´ Ö �² ´±  � ¨ Ô²¥³¥´É ·´Ò° § ·Ö¤ e. �·¨-
´Ö¢ ÔÉµ, ²¥£±µ Ê¸É ´µ¢¨ÉÓ, ± ± ¸¢Ö§ ´Ò ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö · §²¨Î´ÒÌ Ë¨§¨-
Î¥¸±¨Ì ¢¥²¨Î¨´ ¢ ±µ´Ëµ·³´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·µ¸É· ´¸É¢ Ì. ‚ Î ¸É´µ¸É¨,

• ¤²Ö ¥¤¨´¨Í ¨§³¥p¥´¨Ö · ¸¸ÉµÖ´¨° l̄ = σl,
• ¤²Ö ¥¤¨´¨Í ¨§³¥p¥´¨Ö ¢·¥³¥´¨ t̄ = σt,
• ¤²Ö ¥¤¨´¨Í ¨§³¥p¥´¨Ö ³ ¸¸Ò m̄ = σ−1m,
• ¤²Ö ¥¤¨´¨Í ¨§³¥p¥´¨Ö ¶²µÉ´µ¸É¨ Ô´¥·£¨¨ ε̄ = σ−4ε ¨ É. ¶.

�·¨³¥³ É ±¦¥, ÎÉµ ¶·¥µ¡· §µ¢ ´¨Ö (2.1) ´¥ § É· £¨¢ ÕÉ 1-Ëµ·³Ê Aµ Å
¶µÉ¥´Í¨ ² Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, É. ¥. Aµ = Āµ (´µ Āµ = ḡµνĀν =
(σ)−2Aµ), ¢ Éµ ¢·¥³Ö ± ± ±µ³¶µ´¥´ÉÒ ¢¥±Éµ·  4-¸±µ·µ¸É¨, ´ ¶·¨³¥·, ¶·¥-
µ¡· §ÊÕÉ¸Ö ¸µ£² ¸´µ

uµ =
dxµ

ds
=

dxµ

σ−1ds̄
= σūµ, uµ = gµνuν = σ−1ūµ

(± ± ¨ ¤µ²¦´µ ¡Ò²µ ¡ÒÉÓ ¢ ¶·µ¸É· ´¸É¢¥ V̄4, ūµūµ = 1).
„µ¶Ê¸É¨³, ÎÉµ ³¥É·¨Î¥¸±¨° É¥´§µ· ¶·µ¸É· ´¸É¢  V4 ¶µ¤Î¨´Ö¥É¸Ö Ê· ¢´¥-

´¨Ö³ É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ £· ¢¨É Í¨¨, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¢ ·Ó¨·µ-
¢ ´¨¥³ ¤¥°¸É¢¨Ö

W =
∫ √

−g

[
−F (φ)R +

1
2
Φ(φ)gµνφµφν + Lm

]
d4x. (2.2)

�¥·¥°¤¥³ ¢ ±µ´Ëµ·³´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·µ¸É· ´¸É¢µ V̄4 ¸µ£² ¸´µ

ḡµν =
F (φ)
F0

gµν F0 = const,

Éµ£¤ 

W̄ =
∫ √

−ḡ

[
−F0R̄ +

1
2
ḡµνψµψν + L̄m

]
d4x, (2.3)
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£¤¥

ψα = φα

√
3F0

F́ 2

F 2
+ F0

Φ
F

, F́ =
∂F

∂φ
.

CµµÉ¢¥É¸É¢ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ¢¨¤

Ḡαβ =
1

2F0
(T̄ m

αβ + T̄ s
αβ), ḡαβ∇αψβ = 0,

T̄ s
αβ = ψαψβ − 1

2
ḡαβ ḡµνψµψν .

‚Ò¡¥·¥³ F0 = c4/16πG, ÎÉµ ¶µ§¢µ²Ö¥É ¸Ëµ·³Ê²¨·µ¢ ÉÓ
• “É¢¥·¦¤¥´¨¥ 1. ’¥´§µ·´µ-¸± ²Ö·´Ò¥ É¥µ·¨¨ £· ¢¨É Í¨¨ (2.2) ¢ ±µ´-

Ëµ·³´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶·µ¸É· ´¸É¢¥ ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³

ḡµν = (F (φ)/F0)gµν

±µ´Ëµ·³´µ-Ô±¢¨¢ ²¥´É´Ò �’� ¸ ¨¸ÉµÎ´¨±µ³ ¢ ¢¨¤¥ ³¨´¨³ ²Ó´µ ¸¢Ö§ ´´µ£µ
¸± ²Ö·´µ£µ ¶µ²Ö.

„µ¶Ê¸É¨³ É¥¶¥pÓ, ÎÉµ ³¥É·¨Î¥¸±¨° É¥´§µ· gµν(x) ¶·µ¸É· ´¸É¢  V4 ¶µ¤Î¨-
´Ö¥É¸Ö Ê· ¢´¥´¨Ö³ É¥µ·¨¨ ‰�„ (1.3), (1.4). ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¤¥°¸É¢¨¥ (1.1)
¥¸ÉÓ Î ¸É´Ò° ¸²ÊÎ ° (2.2) ¶·¨ F = y/2κ, Φ = ζy/8π, φµ = yµ/y ¨ ¶·¥¢· Ð -
¥É¸Ö ¢ ¤¥°¸É¢¨¥ ƒ¨²Ó¡¥·É Ä�°´ÏÉ¥°´  ¶·¨ y = y0 ¨ ζ → ∞. ‚ ±µ´Ëµ·³´µ
¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶·µ¸É· ´¸É¢¥ Ṽ4 ¸ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³

g̃µν =
(

y

y0

)n

gµν (2.4)

¢³¥¸Éµ (1.1) ¨³¥¥³

W̃ =
∫ √

−g̃

[
− 1

2κ

(
y

y0

)1−n(
R̃ − A

2
g̃αβ yαyβ

y2

)
+ L̃m

]
d4x, (2.5)

£¤¥ ¢¢¥¤¥´Ò µ¡µ§´ Î¥´¨Ö

A = (3 + 2ζ) − 3(1 − n)2, n = 1 −
√

3 + 2ζ − A

3
. (2.6)

‚ ·Ó¨·ÊÖ ¤¥°¸É¢¨¥ (2.5), ¶µ²ÊÎae³

G̃α
β = κ

(
y

y0

)n−1

T̃ α
β +

(
A

2
− n(1 − n)

)
yβyα̃

y2
+ δα

β (n(1 − n) −

− A/4)
yµyµ̃

y2
+

1 − n

y
[∇̃βyα̃ − δα

β ∇̃µyµ̃]. (2.7)
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(1 − n)R̃ − A(1 + n)
yαyα̃

2y2
+ A

∇̃αyα̃

y
= 0. (2.8)

Šµ³¡¨´¨·ÊÖ ¸¢¥·É±Ê (2.7)

−R̃ = κ

(
y

y0

)n−1

T̃ −
(

A

2
− 3n(1 − n)

)
yαyα̃

y2
− 3(1 − n)

∇̃αyα̃

y

¸ (2.8), ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ £· ¢¨É Í¨µ´´Ò° ¸± ²Ö·:

∇̃αyα̃

y
− n

yα̃yα

y2
= κ(1 − n)

(
y

y0

)n−1
T̃

3 + 2ζ
. (2.9)

’ ±¨³ µ¡· §µ³, ¢ ·¥§Ê²ÓÉ É¥ ±µ´Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶µ²¥¢Ò¥ Ê· ¢´¥´¨Ö
(1.3) ¨ (1.4) ¢ ¶·µ¸É· ´¸É¢¥ Ṽ4 ¶·¥¢· Ð ÕÉ¸Ö ¢ (2.9) ¨ (2.7).

• ‡ ³¥Î ´¨¥ 2. �¥·¥µ¶·¥¤¥²¨³ £· ¢¨É Í¨µ´´Ò° ¸± ²Ö· É¥µ·¨¨ ‰�„ É ±,
ÎÉµ¡Ò

ỹ

y0
=
(

y

y0

)1−n

, (2.10)

¨ ¢¢¥¤¥³ ´µ¢ÊÕ ¡¥§· §³¥·´ÊÕ ±µ´¸É ´ÉÊ ¸¢Ö§¨

ζ̃ =
A

2(1 − n)2
= −3

2
+

3 + 2ζ

2(1 − n)2
. (2.11)

‚ ´µ¢ÒÌ µ¡µ§´ Î¥´¨ÖÌ ¤¥°¸É¢¨¥ (2.5) ¶·¨´¨³ ¥É ¢¨¤

W̃ =
∫ √

−g̃

[
− ỹ

16π

(
R̃ − ζ̃

ỹµỹµ

ỹ2

)
+
(

ỹ

y0

)1−n2

Lm

]
d4x.

‘µ¤¥·¦ ´¨¥ ÔÉµ£µ § ³¥Î ´¨Ö ¤µ± §Ò¢ ¥É
• “É¢¥·¦¤¥´¨¥ 2. “· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ

±µ´Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (2.4) ¤²Ö ²Õ¡ÒÌ n �= 1, ¥¸²¨ ¶¥·¥µ¶·¥¤¥²¨ÉÓ
£· ¢¨É Í¨µ´´Ò° ¸± ²Ö· ¨ ¶¥·¥µ¡µ§´ Î¨ÉÓ ±µ´¸É ´ÉÊ ¸¢Ö§¨ ¸µ£² ¸´µ (2.10) ¨
(2.11) (¶·¨ n = 2, ζ̃ = ζ).

3. �‰�˜’…‰��‚‘Š�… ��…„‘’�‚‹…�ˆ… ’…��ˆˆ ‰�„

� ¸¸³µÉ·¨³ Î ¸É´Ò° ¸²ÊÎ ° ¤¥°¸É¢¨Ö (2.5) ¸ ¶µ± § É¥²¥³ ¸É¥¶¥´¨ ±µ´-
Ëµ·³´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö (2.4) n = 1 (A = 3 + 2ζ). ‚¢¥¤¥³

φα =
yα

y

√
(3 + 2ζ)y0

16π
(3.1)
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¨ ¶¥·¥¶¨Ï¥³ ¤¥°¸É¢¨¥ (2.5) ¢ ¢¨¤¥

W̃ =
∫ √

−g̃

[
− R̃

2κ
+

1
2
g̃αβφαφβ + L̃m

]
d4x. (3.2)

‡¤¥¸Ó

2κ =
16π

y0
=

8πG(3 + 2ζ)
2 + ζ

. (3.3)

„¥°¸É¢¨Õ (3.2) ¸µµÉ¢¥É¸É¢ÊÕÉ Ê· ¢´¥´¨Ö

G̃αβ = κ(T̃ m
αβ + T̃ s

αβ), T̃ s
αβ = φαφβ − 1

2
g̃αβ g̃µνφµφν , (3.4)

g̃αβ∇̃αφβ = 0. (3.5)

�É³¥É¨³, ÎÉµ Ê· ¢´¥´¨¥ (3.5) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ É ± ¦¥, ± ± ¸²¥¤¸É¢¨¥ ±µ-
¢ ·¨ ´É´µ£µ ¶µ¸ÉµÖ´¸É¢  G̃αβ ¨ Ë¨§¨Î¥¸±µ£µ É·¥¡µ¢ ´¨Ö µ¡· Ð¥´¨Ö ¢ ´Ê²Ó
±µ¢ ·¨ ´É´µ° ¤¨¢¥·£¥´Í¨¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨ ´¥£· ¢¨É -
Í¨µ´´ÒÌ ¶µ²¥°; Ô°´ÏÉ¥°´µ¢¸± Ö ±µ´¸É ´É  ÉÖ£µÉ¥´¨Ö ¶¥·¥´µ·³¨·µ¢ ´  ¢ ¸µ-
µÉ¢¥É¸É¢¨¨ ¸ (3.3).

’ ±¨³ µ¡· §µ³, ³µ¦´µ ¸Î¨É ÉÓ ¤µ± § ´´Ò³
• “É¢¥·¦¤¥´¨¥ 3. “· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ ¢ ·¥§Ê²ÓÉ É¥ ±µ´Ëµ·³´µ£µ

¶·¥µ¡· §µ¢ ´¨Ö (2.4) ¸ n = 1 ¶·¥¢· Ð ÕÉ¸Ö ¢ Ê· ¢´¥´¨Ö �’� ¸ ¶¥·¥µ¡µ-
§´ Î¥´´µ° Ô°´ÏÉ¥°´µ¢¸±µ° ±µ´¸É ´Éµ° ÉÖ£µÉ¥´¨Ö ¨ ¨¸ÉµÎ´¨±µ³ ¢ ¢¨¤¥
¸Ê³³Ò É¥´§µ·µ¢ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨ ´¥£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° ¨
³¨´¨³ ²Ó´µ ¸¢Ö§ ´´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö.

ˆ´ Î¥ £µ¢µ·Ö, ±µ´Ëµ·³´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö (2.4) ¸ n = 1 ¶¥·¥¢µ¤ÖÉ É¥µ-
·¨Õ ‰�„ ¨§ ¸µ¡¸É¢¥´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¢ Ô°´ÏÉ¥°´µ¢¸±µ¥. �·¨Î¥³ ¥¸²¨ ¢
¸µ¡¸É¢¥´´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¶·µ¶µ·Í¨µ´ ²Ó´µ £· ¢¨É Í¨µ´´µ³Ê ¸± ²Ö·Ê µÉ
ÉµÎ±¨ ± ÉµÎ±¥ ¨§³¥´Ö¥É¸Ö ±µ´¸É ´É  ÉÖ£µÉ¥´¨Ö G, ´µ µ¸É ÕÉ¸Ö ´¥¨§-
³¥´´Ò³¨ Ê´¨¢¥·¸ ²Ó´Ò¥ ±µ´¸É ´ÉÒ c, � ¨ ³ ¸¸Ò Î ¸É¨Í, Éµ ¢ Ô°´ÏÉ¥°-
´µ¢¸±µ³ ¶·¥¤¸É ¢²¥´¨¨ G, c ¨ � ¶µ¸ÉµÖ´´Ò, ´µ ³ ¸¸Ò Î ¸É¨Í ¢ · §´ÒÌ
¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ ÉµÎ± Ì · §²¨Î´Ò: m̃ = (y/y0)−1/2m.

ˆ¸¶µ²Ó§ÊÖ ·¥§Ê²ÓÉ É �¥±¥´ÏÉ¥°´  [38], ¶¥·¥°¤¥³ ¢ ¤·Ê£µ¥ ¶·µ¸É· ´¸É¢µ
V̆4 ¸µ£² ¸´µ

ğµν =
1
4
z(n+1)/n[1 + z−n]2gµν , (3.6)

ψ =
6
κ̃

zn − 1
zn + 1

, n =

√
3 + 2ζ

3
, z = (y/y0)n. (3.7)
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‚ ÔÉµ³ ¸²ÊÎ ¥ (1.1) ¶·¥µ¡· §Ê¥É¸Ö ¢

W̆ =
∫ √

−ğ

[
− 1

2κ
R̆

(
1 − 1

6
κψ2

)
+

1
2
ğαβψαψβ + L̆m

]
d4x, (3.8)

ÎÉµ ¤µ± §Ò¢ ¥É
• “É¢¥·¦¤¥´¨¥ 4. “· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ ¶·¥µ¡· §µ¢ ´¨Ö³¨ (3.6), (3.7)

¶·¨¢µ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Ö³ �’� ¸ ¨¸ÉµÎ´¨±µ³ ¢ ¢¨¤¥ ´¥£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥°
¨ ±µ´Ëµ·³´µ ¸¢Ö§ ´´µ£µ ¡¥§³ ¸¸µ¢µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ψ, Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ
Ê· ¢´¥´¨Õ �¥´·µÊ§ Ä—¥·´¨±µ¢ Ä’ £¨·µ¢  [39, 40]

ğαβ∇̆αψβ − 1
6
R̆ψ = 0. (3.9)

• ‡ ³¥Î ´¨¥ 3. �É¡·µ¸¨³ ¢ ¤¥°¸É¢¨¨ (3.8) ¸² £ ¥³µ¥ (−R̆/2κ) ¨ ¤µ¡ ¢¨³
Ì¨££¸µ¢¸±¨° ¶µÉ¥´Í¨ ² (λψ4/12). �µ²ÊÎ¥´´µ¥ ¢ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥

W̆ =
∫ √

−ğ

[
1
12

R̆ψ2 +
1
2
ğαβψαψβ − 1

12
λψ4 + L̆m

]
d4x, (3.10)

±µÉµ·µ¥ ¶µ ¸ÊÉ¨ µ¶·¥¤¥²Ö¥É ¤¥°¸É¢¨¥ ±µ´Ëµ·³´µ ¸¢Ö§ ´´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö
´  Ëµ´¥ ¨¸±·¨¢²¥´´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ ¤µ¡ ¢²¥´´Ò³ Ì¨££¸µ¢¸±¨³
¶µÉ¥´Í¨ ²µ³, ¶·¥µ¡· §Ê¥³ ±µ´Ëµ·³´µ, ¶µ¤µ¡· ¢ ±µ´Ëµ·³´Ò° Ë ±Éµ· É ±,
ÎÉµ¡Ò ¢ ·¥§Ê²ÓÉ É¥ ¶µÉ¥´Í¨ ² ¸± ²Ö·´µ£µ ¶µ²Ö µ¡· É¨²¸Ö ¢ ±µ´¸É ´ÉÊ,   ®±¨-
´¥É¨Î¥¸±¨°¯ Î²¥´ ¶µ£²µÉ¨²¸Ö ¤µ¡ ¢± ³¨, µ¡Ê¸²µ¢²¥´´Ò³¨ ±µ´Ëµ·³´Ò³ Ë ±-
Éµ·µ³. �É¨³ Ê¸²µ¢¨Ö³ Ê¤µ¢²¥É¢µ·Ö¥É ¶·¥µ¡· §µ¢ ´¨¥

ψ̂ = ψ/χ = ε = const, ψ = εχ, ĝαβ = χ2ğαβ . (3.11)

‚¢¥¤¥³ ¤ ²¥¥

κ̂ = − 6
ε2

Λ =
1
2
λε2,

Éµ£¤ 

Ŵ =
∫ √

−ĝ

[
− 1

2κ̂
(R̂ + 2Λ) + L̂m

]
d4x. (3.12)

‚ ´¥¸±µ²Ó±µ ± É¥£µ·¨Î´µ° Ëµ·³¥ ÔÉµÉ ·¥§Ê²ÓÉ É ³µ¦´µ ¨´É¥p¶p¥É¨·µ¢ ÉÓ
¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ¢¸²¥¤¸É¢¨¥ ´ ·ÊÏ¥´¨Ö ±µ´Ëµ·³´µ° ¸¨³³¥É·¨¨ ±µ´-
Ëµ·³´µ ¸¢Ö§ ´´µ¥ ¸± ²Ö·´µ¥ ¶µ²¥ ¨´¤ÊÍ¨·Ê¥É £· ¢¨É Í¨Õ (¸³. É ±¦¥ [41]).

4. ‘’�–ˆ�����›… ƒ��‚ˆ’�–ˆ���›… ��‹Ÿ

‘µ¢·¥³¥´´Ò¥ É¥µ·¨¨ £· ¢¨É Í¨¨ Å ÔÉµ ´ ¡µ· ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²¥°,
±µÉµ·Ò¥ ¢±²ÕÎ ÕÉ, ¢µ-¶¥·¢ÒÌ, ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¶µ¤µ-
¡· ´´Ò³¨  ¤¥±¢ É´µ Ë¨§¨Î¥¸±µ° § ¤ Î¥ £· ´¨Î´Ò³¨ ¨ ´ Î ²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨
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¨, ¢µ-¢Éµ·ÒÌ,  ²£µ·¨É³Ò ¶¥·¥¢µ¤  ³ É¥³ É¨Î¥¸±¨Ì ¢Ò¢µ¤µ¢ ´  Ö§Ò± ¸µ¤¥·¦ -
É¥²Ó´ÒÌ ¢Ò¸± §Ò¢ ´¨° µÉ´µ¸¨É¥²Ó´µ Ë¨§¨Î¥¸±µ° ± ·É¨´Ò. ƒ· ¢¨É Í¨µ´´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ Ê´¨¢¥·¸ ²Ó´µ, ¶µÔÉµ³Ê ¨¸¸²¥¤µ¢ ´¨¥ ¢µ§¤¥°¸É¢¨Ö £· ¢¨É Í¨¨
´  ¢¥Ð¥¸É¢µ ¨ ¤·Ê£¨¥ ¶µ²Ö µÉ´µ¸¨É¸Ö ± · §·Ö¤Ê ¶·µ¡²¥³, ±µÉµ·Ò¥ ´¥ É¥-
·ÖÕÉ ¸¢µ¥°  ±ÉÊ ²Ó´µ¸É¨. �¥µ¡Ìµ¤¨³µ° µ¸´µ¢µ° É ±µ£µ ¨§ÊÎ¥´¨Ö Ö¢²Ö¥É¸Ö
¶µ¸É·µ¥´¨¥ · §´µµ¡· §´ÒÌ ¸¥³¥°¸É¢ ·¥Ï¥´¨° Ê· ¢´¥´¨° £· ¢¨É Í¨µ´´ÒÌ É¥-
µ·¨°. �¸µ¡¥´´µ ¢ ¦´µ ¨³¥ÉÓ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö, ¶µ¸±µ²Ó±Ê µ´¨ ¶µ§¢µ²ÖÕÉ ¢Ò-
Ö¸´¨ÉÓ ± Î¥¸É¢¥´´Ò¥ µ¸µ¡¥´´µ¸É¨ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î. “· ¢´¥´¨Ö ¨§¢¥¸É-
´ÒÌ É¥µ·¨° ÉÖ£µÉ¥´¨Ö ¸ÊÐ¥¸É¢¥´´µ ´¥²¨´¥°´Ò, ÎÉµ, ´¥¸µ³´¥´´µ, § É·Ê¤´Ö¥É
¨Ì ÉµÎ´Ò¥ ·¥Ï¥´¨Ö. ’¥³ ´¥ ³¥´¥¥ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨§¢¥¸É´µ §´ Î¨É¥²Ó´µ¥
±µ²¨Î¥¸É¢µ ÉµÎ´ÒÌ ·¥Ï¥´¨° �’� (¸³., ´ ¶·¨³¥·, [42]) ¨ ¸· ¢´¨É¥²Ó´µ ´¥-
¡µ²ÓÏµ¥ Î¨¸²µ ·¥Ï¥´¨° É¥µ·¨¨ ‰�„ [21]. Š ¸µ¦ ²¥´¨Õ, ¡µ²ÓÏ Ö Î ¸ÉÓ ÔÉ¨Ì
·¥Ï¥´¨° ²¨Ï¥´  Ë¨§¨Î¥¸±µ£µ ¸³Ò¸²  ¨ ²¨ÏÓ ¨Ì ³ ² Ö Î ¸ÉÓ ¸µÎ¥É ¥É¸Ö ¸ ¨¸-
É¨´´µ Ë¨§¨Î¥¸±¨³¨ ¶·µ¡²¥³ ³¨. Š ± ¶· ¢¨²µ, ´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¸ ÉµÎ±¨
§·¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¨ µ¸µ¡¥´´µ  ¸É·µË¨§¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨° ¶·¥¤¸É ¢²ÖÕÉ
§ ¤ Î¨, ¸¢Ö§ ´´Ò¥ ¸ ¨¸¸²¥¤µ¢ ´¨¥³ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥°, ´ ¤¥²¥´´ÒÌ µ¶·¥-
¤¥²¥´´µ° ¸¨³³¥É·¨¥°. — Ð¥ ¢¸¥£µ ÔÉµ ¶µ²Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸É Í¨µ´ ·´µ³Ê
¨²¨ ¸É É¨Î¥¸±µ³Ê  ±¸¨ ²Ó´µ- ¨²¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ³Ê ¶·µ¸É· ´¸É¢Ê-
¢·¥³¥´¨.

“· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ µ¡Ð¥±µ¢ ·¨ ´É´Ò, É. ¥. £· ¢¨É Í¨µ´´Ò° ¸± ²Ö·
¨ ±µ³¶µ´¥´ÉÒ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ²¥¢Ò³¨ Ê· ¢´¥´¨Ö³¨ ¸
ÉµÎ´µ¸ÉÓÕ ¤µ ¶·µ¨§¢µ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ±µµ·¤¨´ É, ¨´ Î¥ £µ¢µ·Ö, ¥¸²¨
y(x) ¨ gµν(x) Å ·¥Ï¥´¨Ö ± ±µ°-²¨¡µ § ¤ Î¨, Éµ ·¥Ï¥´¨¥³ Éµ° ¦¥ § ¤ Î¨
Ö¢²Ö¥É¸Ö ý(x́) ¨ ǵµν(x́). ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ  ´¥µ¤´µ§´ Î´µ¸ÉÓ Ê¸É· ´Ö¥É¸Ö
¢Ò¡µ·µ³ Î¥ÉÒ·¥Ì ËÊ´±Í¨°, Ë¨±¸¨·ÊÕÐ¨Ì ¶·¥µ¡· §µ¢ ´¨¥ ±µµ·¤¨´ É, ÎÉµ
µ¡ÒÎ´µ ¨³¥´ÊÕÉ ¢Ò¡µ·µ³ ±µµ·¤¨´ É´ÒÌ Ê¸²µ¢¨° ¨²¨, ¶µ  ´ ²µ£¨¨ ¸ Ô²¥±-
É·µ¤¨´ ³¨±µ°, ± ²¨¡·µ¢±µ°.

• ‡ ³¥Î ´¨¥ 4. ‘µ£² ¸´µ ”µ±Ê [43] ´ ¨¡µ²¥¥ ¶µ¤Ìµ¤ÖÐ¨³¨ ±µµ·¤¨´ É-
´Ò³¨ Ê¸²µ¢¨Ö³¨ Ö¢²ÖÕÉ¸Ö Ê¸²µ¢¨Ö £ ·³µ´¨Î´µ¸É¨. “¤µ¢²¥É¢µ·ÖÕÐ¨¥ ÔÉ¨³
Ê¸²µ¢¨Ö³ ±µµ·¤¨´ ÉÒ ´ §Ò¢ ÕÉ £ ·³µ´¨Î¥¸±¨³¨. ‚ ± Î¥¸É¢¥ £ ·³µ´¨Î¥¸±¨Ì
±µµ·¤¨´ É ³µ£ÊÉ ¸²Ê¦¨ÉÓ ²Õ¡Ò¥ Î¥ÉÒ·¥ ´¥§ ¢¨¸¨³Ò¥ ¢¥²¨Î¨´Ò, ±µÉµ·Ò¥ Ê¤µ-
¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ „'�² ³¡¥·  ¨ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ  ¸¨³¶ÉµÉ¨Î¥-
¸±¨ ¸µ¢¶ ¤ ÕÉ ¸ ±µµ·¤¨´ É ³¨ ¶²µ¸±µ£µ ³¨· .

�Ê¸ÉÓ {xβ} Å ´ ¡µ· ¶·µ¨§¢µ²Ó´ÒÌ ±µµ·¤¨´ É, ¢ ±µÉµ·ÒÌ ´ °¤¥´µ ·¥-
Ï¥´¨¥ § ¤ Î¨ ± ±µ°-²¨¡µ ³¥É·¨Î¥¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥
£ ·³µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ {x̄β} ³µ¦´µ ´ °É¨ ± ± ·¥Ï¥´¨e Ê· ¢´¥´¨Ö

1√−g

∂

∂xα

(√
−ggαβ ∂x̄γ

∂xβ

)
= 0, (4.1)

Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥ Ê¸²µ¢¨Õ  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¥¢±²¨¤µ¢µ¸É¨. ˆ§ (4.1) ¸²¥¤Ê¥É,
ÎÉµ ±µµ·¤¨´ ÉÒ {x̄α} ¡Ê¤ÊÉ £ ·³µ´¨Î¥¸±¨³¨, ¥¸²¨ ¢Ò¶µ²´¥´Ò Ê¸²µ¢¨Ö



�—…�Š ’…�‡����-‘Š�‹Ÿ���‰ ’…��ˆˆ ’Ÿƒ�’…�ˆŸ 205

∂

∂x̄α

(√
−ḡḡαβ

)
= 0 ¨²¨ · ¢´µ¸¨²Ó´µ¥ ¥³Ê Γα ≡ ḡβγΓ̄α

βγ = 0, (4.2)

±µÉµ·Ò¥ ´ §Ò¢ ÕÉ Ê¸²µ¢¨Ö³¨ £ ·³µ´¨Î´µ¸É¨.

ƒ· ¢¨É Í¨µ´´Ò° ¸± ²Ö· y(x) Å ¤µ¶µ²´¨É¥²Ó´ Ö ¶µ ¸· ¢´¥´¨Õ ¸ �’�
Ì · ±É¥·¨¸É¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö É¥µ·¨¨ ‰�„. ˆ´É¥·¥¸´µ ¢ÒÖ¸´¨ÉÓ,
³µ¦´µ ²¨, ¢Ò· §¨¢ Ë ±Éµ· σ(x) ±µ´Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ḡµν = σ2gµν

Î¥·¥§ £· ¢¨É Í¨µ´´Ò° ¸± ²Ö·, ¶µ¤µ¡· ÉÓ ÔÉÊ ¸¢Ö§Ó É ±, ÎÉµ¡Ò ¢ µ¤´µ³ ¨§ ±µ´-
Ëµ·³´µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·µ¸É· ´¸É¢ ¡Ò²¨ Ê¤µ¢²¥É¢µ·¥´Ò Ê· ¢´¥´¨Ö �’�,  
¢ ¤·Ê£µ³ Å É¥µ·¨¨ ‰�„. ˆ´ Î¥ £µ¢µ·Ö, ¸ÊÐ¥¸É¢Ê¥É ²¨ É ± Ö ¸¢Ö§Ó ³¥¦¤Ê σ(x)
¨ y(x), ±µÉµ· Ö ¢ ·¥§Ê²ÓÉ É¥ ±µ´Ëµ·³´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶·¥¢· Ða¥É Ê· ¢´¥-
´¨Ö ‰�„ ¢ Ê· ¢´¥´¨Ö �’�. ‚ · ¡µÉ Ì [44,45] ¶µ± § ´µ, ÎÉµ ¢ ¸É Í¨µ´ ·´µ³
 ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¨ ¢ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ -
É Ì ‚¥°²Ö ³µ¦´µ ¤µ¡¨ÉÓ¸Ö ¶µ²´µ£µ ¸µ¢¶ ¤¥´¨Ö ¢¨¤  Î ¸É¨ Ê· ¢´¥´¨° �’� ¨
É¥µ·¨¨ ‰�„. ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ £· ¢¨É Í¨µ´´Ò° ¸± -
²Ö·, ¨´É¥£·¨·Ê¥É¸Ö ´¥§ ¢¨¸¨³µ µÉ µ¸É ²Ó´ÒÌ,   µ¸É ¢Ï¨¥¸Ö Ê· ¢´¥´¨Ö ¶·¨
¨§¢¥¸É´µ³ y(x) ¸¢µ¤ÖÉ¸Ö ± ±¢ ¤· ÉÊ· ³. ‘²¥¤ÊÖ [44, 45], ¶·µ¤¥³µ´¸É·¨·Ê¥³,
± ± ÔÉµ µ¸ÊÐ¥¸É¢¨ÉÓ.

‘É Í¨µ´ ·´Ò¥  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò¥ £· ¢¨É Í¨µ´´Ò¥ ¶µ²Ö ¤µ¶Ê¸± ÕÉ
£·Ê¶¶Ê ¤¢¨¦¥´¨° ¸ ¤¢Ê³Ö ±µ³³ÊÉ¨·ÊÕÐ¨³¨ ¨ ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨ ¢¥±Éµ-
· ³¨ Š¨²²¨´£  ξ, η. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¸¨³³¥É·¨¥° § ¤ Î¨ ¢Ò¡¥·¥³ ±µµ·¤¨-
´ ÉÒ É ±, ÎÉµ¡Ò

xµ = (t, x1, x2, ϕ), µ, ν = 0, 1, 2, 3,

£¤¥ ϕ Å  §¨³ÊÉ ²Ó´Ò° Ê£µ². ’µ£¤ 

ξ = ξµ∂/∂xµ, ξµ = δµ
0 , η = ην∂/∂xν , ην = δν

3 ,

  ³¥É·¨±  ¸É Í¨µ´ ·´µ£µ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¢
¸ ³µ³ µ¡Ð¥³ ¢¨¤¥ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

ds2 = ds2
I − ds2

II,

ds2
I = e2α (dt − qdϕ)2 − e2γdϕ2,

(4.3)
ds2

II = e2β
(
dx1 − ldx2

)2
+ e2µ(dx2)2,

√
−g = eα+β+γ+µ.

”Ê´±Í¨¨ α, q, γ, β, l, µ § ¢¨¸ÖÉ Éµ²Ó±µ µÉ ®¸ÊÐ¥¸É¢¥´´ÒÌ¯ ±µµ·¤¨´ É x1, x2.
’ ± Ö ³¥É·¨±  ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ

1) ¶·¥µ¡· §µ¢ ´¨Ö

xa = αa
b x́b, αa

b = const, a, b, = 0, 3,

±µÉµ·µ¥, ¢ Î ¸É´µ¸É¨, ¢±²ÕÎ ¥É ¨´¢¥·¸¨Õ (t, ϕ) �→ (−t,−ϕ);
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2) µ¡Ð¨Ì ¶·¥µ¡· §µ¢ ´¨°

xi = xi(x́k), i, k = 1, 2,

´  ¤¢Ê³¥·´µ° ¶µ¢¥·Ì´µ¸É¨ x1x2.

ˆ´¢ ·¨ ´É´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ §¥·± ²Ó´µ£µ µÉ· ¦¥´¨Ö (t, ϕ) �→ (−t,−ϕ) Ë¨-
§¨Î¥¸±¨ µ§´ Î ¥É, ÎÉµ ¤¢¨¦¥´¨¥ ¨¸ÉµÎ´¨±  £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö
Î¨¸ÉÒ³ ¢· Ð¥´¨¥³ ¢µ±·Ê£ µ¸¨ ¸¨³³¥É·¨¨, É. ¥. ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ÔÉµ° ³¥É·¨±¥
¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¸¢Ö§ ´µ ¸ ¢· Ð ÕÐ¨³¸Ö É¥²µ³.

�·Éµ´µ·³¨·µ¢ ´´Ò¥ É¥É· ¤Ò µ¡Ð¥£µ ¨ ±µµ·¤¨´ É´µ£µ ¡ §¨¸µ¢ ³¥É·¨±¨
(4.3) µ¶·¥¤¥²ÖÕÉ¸Ö ¸µ£² ¸´µ

ds2 = η(α)(β)ω
(α)ω(β), ω(α) = L

(α)
β dxβ , dxα = Lα

(µ)ω
(µ),

¶·¨Î¥³

η(α)(β) = diag {1,−1,−1,−1}, L
(α)
β Lβ

(γ) = δ
(α)
(γ) ,

¨ ¨³¥ÕÉ ¢¨¤

L(µ)
υ =




eα 0 0 −q eα

0 eβ −l eβ 0
0 0 eµ 0
0 0 0 eγ


 ,

Lυ
(µ) =




e−α 0 0 q e−γ

0 e−β l e−µ 0
0 0 e−µ 0
0 0 0 e−γ


 .

(4.4)

ˆ¸¶µ²Ó§ÊÖ ¸¢µ¡µ¤Ê ¢ ¢Ò¡µ·¥ ®¸ÊÐ¥¸É¢¥´´ÒÌ¯ ±µµ·¤¨´ É x1, x2, ¶·¨³¥³ ¢
± Î¥¸É¢¥ µ¤´µ£µ ¨§ ±µµ·¤¨´ É´ÒÌ Ê¸²µ¢¨° l = 0, Éµ£¤  (4.3) ¶¥·¥¶¨Ï¥É¸Ö ¢
¢¨¤¥

ds2 = e2α (dt − qdϕ)2 − e2β
(
dx1

)2
+ e2µ

(
dx2

)2 − e2γdϕ2. (4.5)

�·¥µ¡· §Ê¥³ ±µ´Ëµ·³´µ ³¥É·¨±Ê (4.5) ¸µ£² ¸´µ

ḡµν =
y

y0
gµν

¨ ¨¸¶µ²Ó§Ê¥³ µ¸É ¢ÏÊÕ¸Ö ± ²¨¡·µ¢µÎ´ÊÕ ¸¢µ¡µ¤Ê ¤²Ö Éµ£µ, ÎÉµ¡Ò µ±µ´Î -
É¥²Ó´µ ¸¶¥Í¨ ²¨§¨·µ¢ ÉÓ ±µµ·¤¨´ ÉÒ x1 ¨ x2 ¢Ò¡µ·µ³ β̄ = µ̄. ’µ£¤  µ¤´ 
¨§ ±µ³¡¨´ Í¨° ¶µ²¥¢ÒÌ Ê· ¢´¥´¨° ‰�„ ¤²Ö ËÊ´±Í¨¨ D̄ = y eα+γ ¶·¥¢· -
Ð ¥É¸Ö ¢ µ¡ÒÎ´µ¥ Ê· ¢´¥´¨¥ ‹ ¶² ¸ . ‚¢¥¤¥³, ¢¸²¥¤ §  ‚¥°²¥³ [46], x́2 =
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ρ(x1, x2) = D̄ ¨ ¸µ¶·Ö¦¥´´ÊÕ ¥° £ ·³µ´¨Î¥¸±ÊÕ ËÊ´±Í¨Õ x́1 = z(x1, x2) ¢
± Î¥¸É¢¥ ´µ¢ÒÌ ±µµ·¤¨´ É, ´ §¢ ¢ ¨Ì, ¶µ  ´ ²µ£¨¨ ¸ �’�, ± ´µ´¨Î¥¸±¨³¨. ‚
·¥§Ê²ÓÉ É¥ ¢³¥¸Éµ (4.5) ¶µ²ÊÎ¨³

ds̄2 = Ψ (dt − qdϕ)2 − Φ2

Ψ
(
dz2 + dρ2

)
− ρ2

Ψ
dϕ2,

(4.6)
Ψ = y e2α, Φ = y eα+β .

‚ ¶·µ¸É· ´¸É¢¥ ¸ ³¥É·¨±µ° (4.6) Ô²¥±É·µ¢ ±ÊÊ³´Ò¥ Ê· ¢´¥´¨Ö É¥µ·¨¨ ‰�„
¶·¨µ¡·¥É ÕÉ ¤µ¸É ÉµÎ´µ ¶·µ¸Éµ° ¢¨¤:

∇ (∇y/y) = 0,

2
ρ

(ln Φy),1 = y,1y,2/y2, (4.7)

4
ρ

(ln Φy),2 = (y2
,2 − y2

,1)/y2;

∇
(
∇Ψ
Ψ

)
+

Ψ2

ρ2
∇q∇q =

2
ρ
(∇A∇A −∇B∇B),

∇
(

Ψ2

ρ2
∇q

)
=

4
ρ
(A,2B,1 − A,1B,2),

(4.8)
2
ρ

(ln Φ0),1 =
Ψ,1Ψ,2

Ψ2
+

Ψ2

ρ2
q,1q,2 −

4
Ψ

(A,1A,2 + B,1B,2),

4
ρ

(ln Φ0),2 =
Ψ2

,2 − Ψ2
,1

Ψ2
− Ψ2

ρ2

(
q2
,2 − q2

,1

)
− 4

Ψ
(A2

,2 − A,12 + B2
,2 − B2

,1);

∇
(
∇A

Ψ

)
=

1
ρ
(q,1B,2 − q,2B,1),

∇
(
∇B

Ψ

)
=

1
ρ
(q,2A,1 − q,1A,2).

(4.9)

‡¤¥¸Ó

∇ = ez
∂

∂z
+ eρ

∂

∂ρ

¨ ¢³¥¸Éµ Φ = y eα+β ¶µ¤¸É ¢²¥´µ

Φ = Φ0 · Φ(3+2ζ)
y .
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ˆÉ ±, ¸¨¸É¥³  ¶µ²¥¢ÒÌ Ê· ¢´¥´¨° É¥µ·¨¨ ‰�„ ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¸É -
Í¨µ´ ·´ÒÌ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° Ô²¥±É·µ¢ ±ÊÊ³ 
· ¸¶ ¤ eÉ¸Ö ´  É·¨ £·Ê¶¶Ò Ê· ¢´¥´¨°. �¥·¢ Ö £·Ê¶¶  (4.7) ¸µ¤¥·¦¨É Ê· ¢´¥-
´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ¶µ¢¥¤¥´¨¥ £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö·  ¨ ¸¢Ö§ ´´µ° ¸ ´¨³
ËÊ´±Í¨¨ Φy, ¨ ¨´É¥£·¨·Ê¥É¸Ö ´¥§ ¢¨¸¨³µ µÉ µ¸É ²Ó´ÒÌ Ê· ¢´¥´¨° ¸¨¸É¥³Ò.
‚Éµ· Ö £·Ê¶¶  (4.8) Å ÔÉµ Ê· ¢´¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ±µ³¶µ´¥´ÉÒ ³¥É·¨Î¥-
¸±µ£µ É¥´§µ·  ¢ (4.6). ˆ, ´ ±µ´¥Í, É·¥ÉÓÖ £·Ê¶¶  (4.9) ¶·¥¤¸É ¢²Ö¥É Ê· ¢´¥´¨Ö
Œ ±¸¢¥²²  ¢´¥ ¨¸ÉµÎ´¨±µ¢ ¸ ´¥É· ¤¨Í¨µ´´µ µ¶·¥¤¥²¥´´Ò³¨ ®¶µÉ¥´Í¨ ² ³¨¯(

A,1

B,1

)
= eα+β

(
F(01)

F(23)

)
,

(
A,2

B,2

)
= eα+µ

(
F(02)

F(31)

)
,

(4.10)

±µÉµ·Ò¥ ¸¢Ö§ ´Ò ¸ µ¡ÒÎ´µ ¢¢µ¤¨³Ò³ ¶µÉ¥´Í¨ ²µ³ Aµ = {At, 0, 0, Aϕ} ¸µ-
£² ¸´µ

A,1 = −∂At

∂z
, A,2 = −∂At

∂ρ
,

(4.11)

B,1 =
Ψ
ρ

(
Aϕ

∂ρ
+ q

At

∂ρ

)
, B,2 = −Ψ

ρ

(
Aϕ

∂z
+ q

At

∂z

)
.

�µ ¢¨¤Ê Ê· ¢´¥´¨Ö (4.8) ¨ (4.9) ´¥ µÉ²¨Î ÕÉ¸Ö µÉ Ê· ¢´¥´¨° ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥° § ¤ Î¨ �’� ¸ Éµ° · §´¨Í¥°, ÎÉµ ¢ Ê· ¢´¥´¨ÖÌ ‰�„ Ë¨£Ê·¨·Ê¥É Φ0

¢³¥¸Éµ Φ ¢  ´ ²µ£¨Î´ÒÌ Ê· ¢´¥´¨ÖÌ �’�, µ¤´ ±µ Ê· ¢´¥´¨Ö (4.7) ¶µ§¢µ²ÖÕÉ

µ¶·¥¤¥²¨ÉÓ Φy ¨ É¥³ ¸ ³Ò³ ¢µ¸¸É ´µ¢¨ÉÓ Φ = Φ0 · Φ(3+2ζ)
y . �Éµ ´ ¡²Õ¤¥´¨¥

¸²Ê¦¨É ¤µ¸É ÉµÎ´Ò³ µ¸´µ¢ ´¨¥³ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¢Ò¸± § ÉÓ
• “É¢¥·¦¤¥´¨¥ 5. …¸²¨ ¸µ¢µ±Ê¶´µ¸ÉÓ y, e2α, e2β , q, A, B Ö¢²Ö¥É¸Ö ·¥-

Ï¥´¨¥³ ¸Ëµ·³Ê²¨·µ¢ ´´µ° ¢ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì ‚¥°²Ö ¸É Í¨µ´ ·´µ°
 ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° Ô²¥±É·µ¢ ±ÊÊ³´µ° § ¤ Î¨ É¥µ·¨¨ ‰�„, Éµ ·¥Ï¥-
´¨¥³  ´ ²µ£¨Î´µ° § ¤ Î¨ �’� ¡Ê¤¥É

ḡ00 = y e2α, ḡ11 = ḡ22 = −y e2β/Φ3+2ζ
y ,

(4.12)
ḡ33 = −ρ2 e−2α/y, ḡ03 = q, Ā = A, B̄ = B.

‚¥·´µ ¨ µ¡· É´µ¥ ÊÉ¢¥·¦¤¥´¨¥: ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (4.12) ¶µ ¨§¢¥¸É´µ³Ê ·¥-
Ï¥´¨Õ �’� ³µ¦¥É ¡ÒÉÓ ´ °¤¥´µ ·¥Ï¥´¨¥  ´ ²µ£¨Î´µ° § ¤ Î¨ É¥µ·¨¨ ‰�„,
¥¸²¨ ¶·¥¤¢ ·¨É¥²Ó´µ ´ °¤¥´Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (4.7) Å y(z, ρ) ¨ Φy(z, ρ).

‘¨¸É¥³  (4.7)Ä(4.9) ¸¨³³¥É·¨Î´  µÉ´µ¸¨É¥²Ó´µ µ¤´µ¢·¥³¥´´µ° § ³¥´Ò
A ↔ B ¨ q − q. �Éµ § ³¥Î ´¨¥ ¶µ§¢µ²Ö¥É ¸Ëµ·³Ê²¨·µ¢ ÉÓ

• “É¢¥·¦¤¥´¨¥ 6. …¸²¨ ´ °¤¥´µ Ô²¥±É·µ¸É É¨Î¥¸±µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° ‰�„ (A �= 0, q = 0, B = 0), Éµ § ³¥´µ° A ´  B ¥£µ ³µ¦´µ
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¶¥·¥¶¨¸ ÉÓ ¤²Ö ³ £´¨Éµ¸É É¨Î¥¸±µ£µ ¸²ÊÎ Ö (A = 0, q = 0, B �= 0), ¨
´ µ¡µ·µÉ.

‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸²ÊÎ Õ Î¨¸Éµ£µ ¢· Ð¥´¨Ö (At = Aϕ = 0) ¨²¨ ³ £´¨Éµ¸É -
É¨Î¥¸±µ³Ê ¸²ÊÎ Õ (q = At = 0) (±µÉµ·Ò° ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÊÉ¢¥·¦¤¥´¨¥³ 2
Ô±¢¨¢ ²¥´É¥´ Ô²¥±É·µ¸É É¨Î¥¸±µ³Ê) Ê· ¢´¥´¨Ö ‰�„ ¶·¨µ¡·¥É ÕÉ ¤µ¢µ²Ó´µ
±µ³¶ ±É´Ò° ¢¨¤. „¥°¸É¢¨É¥²Ó´µ, ¢¢¥¤¥³

eσ =
(

y√
y

)
, eν =

(
y e2α

√
yeα

)
, ω =

(
q

iAϕ

)
, eλ =

(
y eβ

(y eβ)1/4

)
(4.13)

¨ Ê¸²µ¢¨³¸Ö ¢¥·Ì´ÕÕ ¸É·µÎ±Ê ¸Éµ²¡Íµ¢ (4.13) µÉ´µ¸¨ÉÓ ± ¸É Í¨µ´ ·´µ° ¢ -
±ÊÊ³´µ° § ¤ Î¥,   ´¨¦´ÕÕ Å ± ³ £´¨Éµ¸É É¨Î¥¸±µ³Ê ¸²ÊÎ Õ. �¥É·Ê¤´µ
Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¢ ÔÉ¨Ì µ¡µ§´ Î¥´¨ÖÌ Ê· ¢´¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ·¥Ï¥´¨Ö µ¡¥¨Ì
§ ¤ Î, § ¶¨¸Ò¢ ÕÉ¸Ö ¥¤¨´µµ¡· §´µ:


σ ≡ ∂2σ

∂z2
+

∂2σ

∂ρ2
+

1
ρ

∂σ

∂ρ
= 0,


ν +
e2ν

ρ2
∇ω∇ω = 0,

∇
(

e2ν

ρ2
∇ω

)
= 0, (4.14)

2λ,1/ρ = ν,1ν,2 − e2νω,1ω,2/ρ2 + (3 + 2ζ)σ,1σ,2,

4λ,2/ρ =
(
ν2

,2 − ν2
,1

)
−
(
ω2

,2 − ω2
,1

)
e2ν/ρ2 + (3 + 2ζ)(σ2

,2 − σ2
,1),

Î¥³ ¤µ± §Ò¢ ¥É¸Ö
• “É¢¥·¦¤¥´¨¥ 7. …¸²¨ ´ °¤¥´µ ¸É Í¨µ´ ·´µ¥  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ¥

·¥Ï¥´¨¥ ¢ ±ÊÊ³´µ° § ¤ Î¨ É¥µ·¨¨ ‰�„ y, e2α, q, e2β , Éµ ¥£µ ³µ¦´µ ¶¥·¥¶¨-
¸ ÉÓ ¤²Ö ³ £´¨Éµ¸É É¨Î¥¸±µ° (Ô²¥±É·µ¸É É¨Î¥¸±µ°) § ¤ Î¨ ¢ ¢¨¤¥

√
y, eα,

iAϕ, eβ/2.

Œ £´¨Éµ¸É É¨Î¥¸±µ¥ (Ô²¥±É·µ¸É É¨Î¥¸±µ¥) ¨ ¸É Í¨µ´ ·´µ¥ ¢ ±ÊÊ³´µ¥ ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨° ‰�„ ¢§ ¨³µ£¥´¥·¨·Ê¥³Ò. “É¢¥·¦¤¥´¨¥ 7 ¤¥°¸É¢¨É¥²Ó´µ ¨ ¢
�’� (σ = const), ¢ · ³± Ì ±µÉµ·µ° ¸Ëµ·³Ê²¨·µ¢ ´µ �µ´´µ·µ³ [47].

’ ±¨³ µ¡· §µ³, ±µ´Ëµ·³´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö Ö¢²ÖÕÉ¸Ö ¤¥°¸É¢¥´´Ò³ ¨´-
¸É·Ê³¥´Éµ³ ¤²Ö ¢§ ¨³´µ° £¥´¥· Í¨¨ ·¥Ï¥´¨° ± ± ¢ ¶·¥¤¥² Ì ¸ ³µ° É¥µ·¨¨
‰�„ (¸³. ÊÉ¢¥·¦¤¥´¨Ö 6 ¨ 7), É ± ¨ ³¥¦¤Ê ¥Õ ¨ �’� (¸³. ÊÉ¢¥·¦¤¥´¨¥ 5).

• ‡ ³¥Î ´¨¥ 5. �·¥µ¡· §Ê¥³ ±µ´Ëµ·³´µ ¨¸Ìµ¤´ÊÕ ³¥É·¨±Ê (4.5), ¶¥·¥-
¶¨¸ ¢ ¥¥ ¢ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì ‚¥°²Ö É ±, ÎÉµ¡Ò

ds̃2 = e−pσ[eν (dt − qdϕ)2 − e2λ−ν
(
dz2 + dρ2

)
− ρ2 e−νdϕ2], (4.15)
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£¤¥

p =
√

3 + 2ζ.

‘µ¸É ¢¨³ ¨§ ³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ (4.15) ³ É·¨ÍÊ

g̃ = eν−pσ

(
1 −q

−q q2 − ρ2e−2ν

)
, (4.16)

¢¢¥¤¥³ É ±¦¥ ³ É·¨ÍÊ f̃ ¸µ£² ¸´µ

f̃,i = g̃−1 · g̃i, i, k = z, ρ. (4.17)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¤²Ö ¸É Í¨µ´ ·´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° (Aµ = 0)
´¥§ ¢¨¸¨³Ò¥ Ô²¥³¥´ÉÒ ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö

∇
(
g̃−1 · ∇g̃

)
= 0 (4.18)

¸µ¢¶ ¤ ÕÉ ¸µ ¢Éµ·Ò³ ¨ É·¥ÉÓ¨³ Ê· ¢´¥´¨Ö³¨ ¸¨¸É¥³Ò (4.14),   ¸Ê³³  ¤¨ £µ-
´ ²Ó´ÒÌ Ô²¥³¥´Éµ¢ (4.18) Å ¸ ¶¥·¢Ò³ Ê· ¢´¥´¨¥³ ÔÉµ° ¸¨¸É¥³Ò. �¸É ¢ÏaÖ¸Ö
¶ ·  Ê· ¢´¥´¨° (4.14) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ± ±

(g̃ik),z =
1
2
ρ Sp (f,z · f,ρ),

(g̃ik),ρ = −1
ρ

+
ρ

4
Sp (f2

,ρ − f2
,z).

(4.19)

”µ·³ ²Ó´µ (4.18) ¨ (4.19) ¨³¥ÕÉ ¢¨¤, ¸µ¢¶ ¤ ÕÐ¨° ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ Ê· ¢-
´¥´¨Ö³¨ �’� (¤²Ö ¸· ¢´¥´¨Ö ¸³. [48Ä50]). „²Ö Ô²¥±É·µ¢ ±ÊÊ³´µ° § ¤ Î¨ ¶·¨
Ê¸²µ¢¨¨ FµνFµν = 0 (Fµν Å É¥´§µ· Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö) Ê· ¢´¥´¨Ö
(4.18) ¨ (4.19) ´¥ ³¥´ÖÕÉ ¸¢µ¥° Ëµ·³Ò, ¥¸²¨ ¢³¥¸Éµ g̃ ¢¢¥¸É¨ · ¸Ï¨·¥´´ÊÕ
³ É·¨ÍÊ

G̃ =

(
gµν + e−pσAµAν e−pσAµ

e−pσAν e−pσ

)
.

Œ É·¨Î´ Ö Ëµ·³  Ê· ¢´¥´¨° É¥µ·¨¨ ‰�„ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö
¨Ì ·¥Ï¥´¨Ö, ¸ µ¤´µ° ¸Éµ·µ´Ò, ³¥Éµ¤Ò µ¡· É´µ° § ¤ Î¨ · ¸¸¥Ö´¨Ö, · §· -
¡µÉ ´´Ò¥ ¤²Ö  ´ ²µ£¨Î´ÒÌ § ¤ Î �’� ¢ [48Ä51] ¨ Ê¸µ¢¥·Ï¥´¸É¢µ¢ ´´Ò¥
�²¥±¸¥¥¢Ò³ [52, 53],   ¸ ¤·Ê£µ° Å ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥µ¡· §µ¢ ´¨Ö �Ô±²Ê´¤ ,
±µÉµ·Ò¥ · ¡µÉ ÕÉ ¶µ¤µ¡´µ ´¥²¨´¥°´Ò³ µ¶¥· Éµ· ³ ·µ¦¤¥´¨Ö, £¥´¥·¨·ÊÕ-
Ð¨³ £· ¢¨É Í¨µ´´Ò¥ ¶µ²Ö ´  ¶·µ¨§¢µ²Ó´µ ¢Ò¡· ´´µ³ (Î Ï¥ ¢¸¥£µ ¶²µ¸±µ³)
Ëµ´¥ [54,55].
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• ‡ ³¥Î ´¨¥ 6. ‚ ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì z ¨ ρ £·Ê¶¶  Ê· ¢´¥´¨°
(4.7) ¨´É¥£·¨·Ê¥É¸Ö ´¥§ ¢¨¸¨³µ. �Ò²µ ¶µ± § ´µ, ÎÉµ ¢ Ô²¥±É·µ¢ ±ÊÊ³´µ³ ¸²Ê-
Î ¥ ¶µ¤¸É ´µ¢±µ° y = eσ Ê· ¢´¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ ¶µ¢¥¤¥´¨¥ £· ¢¨É Í¨µ´-
´µ£µ ¸± ²Ö· , ¸¢µ¤¨É¸Ö ± ¤¢Ê³¥·´µ³Ê Ê· ¢´¥´¨Õ ‹ ¶² ¸ 


σ = 0.

�¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¥¸²¨ ¨§¢¥¸É´µ ± ±µ¥-²¨¡µ ·¥Ï¥´¨¥ σ0 ÔÉµ£µ Ê· ¢´¥-
´¨Ö, Éµ ³µ¦´µ ´ °É¨ Í¥²Ò° ±² ¸¸ ´µ¢ÒÌ ·¥Ï¥´¨° ¸µ£² ¸´µ

σ = σ0 + AnLnσ0, Ln = k2 ∂n

∂zn
, k = const.

„¥°¸É¢¨É¥²Ó´µ, µ¶¥· Éµ· ‹ ¶² ¸  ±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ·µ³ Ln, ¶µÔÉµ³Ê σ
´ ·Ö¤Ê ¸ Ëµ´µ¢Ò³ σ0 ¡Ê¤¥É ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ‹ ¶² ¸ . �· ±É¨Î¥¸±¨ ¶·¥¤-
²µ¦¥´´Ò°  ²£µ·¨É³ Ô±¸¶²Ê É¨·Ê¥É ¨§¢¥¸É´µ¥ ¸¢µ°¸É¢µ £ ·³µ´¨Î¥¸±¨Ì ËÊ´±-
Í¨° Å ¶·µ¨§¢µ¤´ Ö £ ·³µ´¨Î¥¸±µ° ËÊ´±Í¨¨ ¥¸ÉÓ £ ·³µ´¨Î¥¸± Ö ËÊ´±Í¨Ö.

�·¨³¥·. ‚ ± Î¥¸É¢¥ Ëµ´µ¢µ£µ ¢µ§Ó³¥³

σ0 = a0/
√

z2 + ρ2.

�µ ¨´¤Ê±Í¨¨ ²¥£±µ ¤µ± § ÉÓ, ÎÉµ

∂n

∂zn

1√
z2 + ρ2

= (−1)n n!
(z2 + ρ2)(n+1)/2

Pn

(
z√

z2 + ρ2

)
.

’¥¶¥·Ó Ö¸´µ, ÎÉµ ¢Ò· ¦¥´¨¥

σ =
∞∑

n=0

anPn(cos θ)
rn+1

, r =
√

z2 + ρ2,

µ¶·¥¤¥²Ö¥É ¶µ¢¥¤¥´¨¥ £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö·  y = eσ.
‚ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ ¨´É¥£·¨·µ¢ ´¨¥ ¸¨¸É¥³Ò (4.7) µ¡²¥£Î ¥É¸Ö ¢¢¥¤¥-

´¨¥³ ±µ³¶²¥±¸´µ° ¶¥·¥³¥´´µ° ξ = z + iρ, ÎÉµ ¢³¥¸Éµ (4.7) ¤ ¥É

2
∂2σ

∂ξ∂ξ∗
=

1
ξ − ξ∗

(
∂σ

∂ξ
− ∂σ

∂ξ∗

)
,

4
ξ − ξ∗

∂ ln Φy

∂ξ
=
(

∂σ

∂ξ

)2

,

4
ξ − ξ∗

∂ ln Φy

∂ξ∗
= −

(
∂σ

∂ξ∗

)2

.
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5. ‘’�’ˆ—…‘Šˆ… ƒ��‚ˆ’�–ˆ���›… ��‹Ÿ

‘µ£² ¸´µ [57] ·¥Ï¥´¨¥ Ê· ¢´¥´¨° É¥µ·¨¨ ‰�„ ¤²Ö ¸É É¨Î¥¸±¨Ì ¸Ë¥·¨Î¥¸-
±¨-¸¨³³¥É·¨Î´ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ds2 =
(

ξ − 1
ξ + 1

)1/η

dt2 −
(

ξ + 1
ξ − 1

)(1−a)/η

[dξ2 + (ξ2 − 1)dΩ2],

y = y0

(
ξ + 1
ξ − 1

)a/2η

, |ξ| > 1, a, η = const, y0 =
2(2 + ζ)

G(3 + 2ζ)
, (5.1)

η2 = (a − 1)2 + a +
ζ

2
a2.

‚ ±µµ·¤¨´ É Ì ±·¨¢¨§´Ò xµ = {t, r, θ, ϕ}

r = r0

√
ξ2 − 1

(
ξ + 1
ξ − 1

)(1−a)/2η

,

ds2 =
(

ξ − 1
ξ + 1

)1/η

dt2 − ξ2 − 1
(ξ − (1 − a)/η)2

dr2 − r2dΩ2.

�¥·¥¶¨Ï¥³ ¶µ¸²¥¤´¥¥ ¢ ¶ · ³¥É·¨Î¥¸±µ³ ¢¨¤¥, ¨§¢¥¸É´µ³ ± ± ·¥Ï¥´¨¥ ƒ¥±-
³ ´  (¸³. [15]), ¨¸¶µ²Ó§ÊÖ

τ =
(

ξ − 1
ξ + 1

)1/2h

, h = η/2(1 − a).

�µ¸²¥ ¶·µ¸ÉÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶µ²ÊÎ¨³

r =
2r0√

τ (τ−h − τh)
, y = y0τ

−ha/η,

(
ξ − 1
ξ + 1

)1/η

= τ2h/η,

ξ2 − 1

(ξ − (1 − a)/η)2
=

16h2

[τh(1 + 2h) − τ−h(1 − 2h)]2
.

‚ µ¤´µ·µ¤´ÒÌ ±µµ·¤¨´ É Ì xµ = {t, R, θ, ϕ}

R

R0
= ξ +

√
ξ2 − 1, ξ =

1 + (R0/R)2

2R0/R
,

¨³¥¥³

y = y0

(
1 + R0/R

1 − R0/R

)a/η

,

(5.2)

ds2=
(

1 − R0/R

1 + R0/R

)2/η

−
(

1 +
R0

R

)4(1 − R0/R

1 + R0/R

)2(a−1+η)/η

(dR2 + R2dΩ2).
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• ‡ ³¥Î ´¨¥ 7. „²Ö µ¶·¥¤¥²¥´¨Ö ±µ´¸É ´É a ¨ η ¢Ò¶¨Ï¥³ Ê· ¢´¥´¨Ö ‰�„
¢´ÊÉ·¨ ¸É É¨Î¥¸±µ° ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ° ¸ ³µ£· ¢¨É¨·ÊÕÐ¥° ±µ´Ë¨£Ê-
· Í¨¨, ¢¥Ð¥¸É¢µ ±µÉµ·µ° Å ¨¤¥ ²Ó´ Ö ¦¨¤±µ¸ÉÓ ¸ ¶²µÉ´µ¸ÉÓÕ Ô´¥·£¨¨ ε ¨
¤ ¢²¥´¨¥³ P . ‚ µ¤´µ·µ¤´ÒÌ ±µµ·¤¨´ É Ì

ds2 = e2α(R)dt2 − e2β(R)(dR2 + R2dΩ2)

¶µ²¥¢Ò¥ Ê· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

χ1

χ
=

vχ

R2
e−(α+β), α1 =

mχ

R2
e−(α+β), β1 = −uχ

R2
e−(α+β), χ =

8π

y
,

v1 = R2 eα+3β ε − 3P

3 + 2ζ
, m1 = R2 eα+3β ε(2 + ζ) + 3P (1 + ζ)

3 + 2ζ
,

u1 = R2 eα+3β ε(1 + ζ) − ζP

3 + 2ζ
+

m − (u + v)
R

.

ˆ´É¥£·¨·ÊÖ ¨Ì ¢´¥ · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸ (ε = P = 0) ¸ ÊÎ¥Éµ³ µ¡µ§´ Î¥´¨°

v(R) = vs, m(R) = ms, R ≥ Rs

(¨´¤¥±¸µ³ s ¸´ ¡¦¥´Ò §´ Î¥´¨Ö ¢¥²¨Î¨´ ´  £· ´¨Í¥ ±µ´Ë¨£Ê· Í¨¨ Rs), ¶µ²Ê-
Î¨³ ¢´¥Ï´¥¥ ·¥Ï¥´¨¥ § ¤ Î¨ ¢ Ê¦¥ ¨§¢¥¸É´µ³ ¢¨¤¥ (5.2), ´µ c µ¶·¥¤¥²¥´´Ò³
§´ Î¥´¨¥³ ±µ´¸É ´É

a =
vs

ms
¨ R0 =

ηms

2
, η2 = (a − 1)2 + a +

ζ

2
a2.

‘¨¸É¥³  ÔÉ¨Ì Ê· ¢´¥´¨° ¶µ§¢µ²Ö¥É ´ °É¨ ± ± ³ ¸¸Ê ¨¸ÉµÎ´¨±  ¶µ²Ö

M = 4π

∫ Rs

0

R2 eα+3β

[
ε + 3P

1 + ζ

3 + 2ζ

]
dR +

4π(3 + 2ζ)
2 + ζ

m(0),

£¤¥

m(0) = lim
R→0

α1
R2

χ
eα+β ,

É ± ¨ ³ ¸¸Ê, Ô±¢¨¢ ²¥´É´ÊÕ Ô´¥·£¨¨ ¸± ²Ö·´µ£µ ¶µ²Ö, µ¶·¥¤¥²¨¢ ¥¥ É ±, ÎÉµ¡Ò

χR→∞ ≈ χ0

(
1 − 2Msc.f

R

)
.

’µ£¤ 

Msc.f =
4π

2(2 + ζ)

∫ Rs

0

R2 eα+3β [ε − 3P ]dR +
2π(3 + 2ζ)

2 + ζ
v(0),
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£¤¥

v(0) = lim
R→0

χ1

χ

R2

χ
eα+β .

�¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ Ëµ·³Ê²Ê ¤²Ö ³ ¸¸Ò ¸ ³µ£· ¢¨É¨·ÊÕÐ¥£µ µ¡Ñ¥±É  ¶µ
· ¸¶·¥¤¥²¥´¨Õ ¤ ¢²¥´¨Ö ¢´ÊÉ·¨ ´¥£µ. „¥°¸É¢¨É¥²Ó´µ, ¨§ (5.2) ¨ (1.8) ¸²¥¤Ê¥É

eα+β

χ
= − B

2R2
+

1
χ0,

,

£¤¥

B =
2R2

0

χ0
=

Gη2M2(2 + ζ)
8π(3 + 2ζ)

, R0 =
ηGM

2c2
, χ =

8π

y
.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, Ê· ¢´¥´¨Ö ¢´ÊÉ·¥´´¥° § ¤ Î¨ (¸³. ´ Î ²µ ÔÉµ£µ § ³¥Î ´¨Ö)
¤ ÕÉ

B ≡ R3 d

dR

(
eα+β

χ

)
= 2

∫ Rs

0

PR3 eα+3βdR,

µÉ±Ê¤ 

M2 =
16π(3 + 2ζ)
η2G(2 + ζ)

∫ Rs

0

PR3 eα+3βdR,

ÎÉµ ¢ ¶·¥¤¥²¥ η → 1, ζ → ∞ ¸µ¢¶ ¤ ¥É ¸ Ëµ·³Ê²µ°, ¶µ²ÊÎ¥´´µ° ¤²Ö  ´ ²µ-
£¨Î´µ£µ ¸²ÊÎ Ö �’� [56].

‚¶¥·¢Ò¥ ·¥Ï¥´¨¥ (5.2) ¡Ò²µ ´ °¤¥´µ �· ´¸µ³ [18], µ¤´ ±µ ± ± �· ´¸, É ±
¨ ‰µ·¤ ´ [15] µÏ¨¡µÎ´µ ¶·¥¤¶µ² £ ²¨ a Ê´¨¢¥·¸ ²Ó´µ° ±µ´¸É ´Éµ° É¥µ·¨¨,
¢ Éµ ¢·¥³Ö ± ± µ´  ³¥´Ö¥É¸Ö µÉ ±µ´Ë¨£Ê· Í¨¨ ± ±µ´Ë¨£Ê· Í¨¨ ¢³¥¸É¥ ¸
¶ · ³¥É·µ³ ¸¥³¥°¸É¢  ¸ ³µ£· ¢¨É¨·ÊÕÐ¨Ì É¥² (Î Ð¥ ¢¸¥£µ ¢ ± Î¥¸É¢¥ É ±µ£µ
¶ · ³¥É·  ¢Ò¡¨· ÕÉ Í¥´É· ²Ó´µ¥ §´ Î¥´¨¥ Î¨¸²  ¡ ·¨µ´µ¢ ¨²¨ Í¥´É· ²Ó´ÊÕ
¶²µÉ´µ¸ÉÓ).

Š ± ¡Ò²µ µÉ³¥Î¥´µ, �’� Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ É¥µ·¨¨ ‰�„ ¢ ¶·¥-
¤¥²¥ ζ → ∞ ¨ y = y0. �¥É·Ê¤´µ § ³¥É¨ÉÓ, ÎÉµ ¶·¨ y = y0 ËÊ´±Í¨Ö v,   ¢³¥¸É¥
¸ ´¥° ¨ a ¸É ´µ¢ÖÉ¸Ö · ¢´Ò³¨ ´Ê²Õ. ’ ±¨³ µ¡· §µ³, ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ, ÎÉµ
·¥Ï¥´¨¥ É¥µ·¨¨ ‰�„ (5.2) ¶·¨ a = 0 ¨ η = 1 ¶·¥¢· Ð ¥É¸Ö ¢ ·¥Ï¥´¨¥ �’�,
¨´ Î¥ £µ¢µ·Ö, ·¥Ï¥´¨Ö �’� Å ÔÉµ Î ¸É´Ò¥ ·¥Ï¥´¨Ö É¥µ·¨¨ ‰�„ ¶·¨ ζ → ∞
¨ y = y0 ¨²¨ a = 0 ¨ η = 1.

‚ £ ·³µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì xµ = {t, r̄, θ, ϕ} Ê· ¢´¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥
±µµ·¤¨´ ÉÊ r̄ Î¥·¥§ ξ, ¶µ¸²¥ ´¥¸²µ¦´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, ¨¸¶µ²Ó§ÊÕÐ¨Ì Î ¸ÉÓ
¶µ²¥¢ÒÌ Ê· ¢´¥´¨° É¥µ·¨¨ (¸³. [57]), ¶·¨¢µ¤¨É¸Ö ± ¢¨¤Ê

(ξ2 − 1)
d2r̄

dξ2
+ (2ξ + a/η)

dr̄

dξ
− 2r̄ = 0,

Î ¸É´µ¥ ·¥Ï¥´¨¥ ±µÉµ·µ£µ ¥¸ÉÓ

r̄ = ξ +
a

2η
,
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¶µÔÉµ³Ê µ¡Ð¨³ ·¥Ï¥´¨¥³ ¡Ê¤¥É (¸³., ´ ¶·¨³¥·, [58])

r̄ =
(

ξ +
a

2η

)[
C1 + C2

∫ (
ξ + 1
ξ − 1

)a/2η
dξ

(ξ2 − 1)(ξ + a/2η)

]
.

‚ �’� (a = 0, η = 1)

r̄ = ξ

[
C1 +

C2

2
ln
(

ξ − 1
ξ + 1

)]
.

• ‡ ³¥Î ´¨¥ 8. ‚ · ¡µÉ¥ [43] ¢ ·¥Ï¥´¨¨ ¸É É¨Î¥¸±¨Ì Ê· ¢´¥´¨° �’�
¤²Ö ¸µ¸·¥¤µÉµÎ¥´´µ° ³ ¸¸Ò ¸µ¤¥·¦¨É¸Ö ´¥ÉµÎ´µ¸ÉÓ Å ±µ´¸É ´É  C2 ¶·¥¤Ò-
¤ÊÐ¥£µ ¸µµÉ´µÏ¥´¨Ö ¶µ²µ¦¥´  · ¢´µ° ´Ê²Õ. �Ï¨¡µÎ´µ¸ÉÓ ÔÉµ£µ ¤µ¶ÊÐ¥´¨Ö
µ¡¸Ê¦¤ ² ¸Ó �¸ ´µ¢Ò³ [59] ¨ ´¥§ ¢¨¸¨³µ µÉ ´¥£µ �¢ ±Ö´µ³ [60], ±µÉµ·Ò°
¶µ± § ², ÎÉµ ¢ £ ·³µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì ¢´ÊÉ·¥´´¥¥ ¨ ¢´¥Ï´¥¥ ·¥Ï¥´¨Ö
¸Ï¨¢ ÕÉ¸Ö Éµ²Ó±µ ¶·¨ C2 �= 0.

�¤´µ·µ¤´Ò¥ ±µµ·¤¨´ ÉÒ xµ = {t, R, θ, ϕ}, ¶µ³¨³µ ÉµÎ´µ£µ ·¥Ï¥´¨Ö,
µ¶¨¸Ò¢ ÕÐ¥£µ £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¸µ¸·¥¤µÉµÎ¥´´µ° ´¥°É· ²Ó´µ° ³ ¸¸Ò,
¶µ§¢µ²ÖÕÉ ´ °É¨ É ±¦¥ ÉµÎ´µ¥ Ô²¥±Épµ¢ ±ÊÊ³´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° É¥µ·¨¨
‰�„ ¤²Ö ¸²ÊÎ Ö, ±µ£¤  ¨¸ÉµÎ´¨±µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö Ö¢²Ö¥É¸Ö § ·Ö¦¥´-
´µ¥ É¥²µ ( ´ ²µ£ ·¥Ï¥´¨Ö �¥°¸´¥· Ä�µ·¤¸É·¥³  �’�) [61, 62]. �µ¤¸É ¢¨¢
³¥É·¨±Ê

ds2 = e2α(R)dt2 − e2β(R)
[
dR2 + R2

(
dθ2 + sin2 θdϕ2

)]
¢ Ê· ¢´¥´¨Ö ‰�„, ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê

Φ1 + ΨΦ = 0,

Ψ1 + Ψ2 − Ψ/R = 0,

Z1 + Ψ (Z − 1/R) = 0, (5.3)

Z1 − β1Φ + α2
1 + (Z − Φ)/R − ζΦ2/2 = 0,

Φ =
y1

y
, Z = α1 + β1 + 2/R, Ψ = Z + Φ,

¸ ·¥Ï¥´¨¥³

y = y0

(
R + R0

R − R0

)a/η

,

e2α =
1

F 2

(
R − R0

R + R0

)1/η

,
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e2β = F 2

(
1 − R2

0

R2

)2 (
R − R0

R + R0

)2(a−1)/η

,

2R0 = η
√

m2 − Q2, q = 1 +

√
1 − η2Q2

R2
0(1 − a)2

, (5.4)

2F = q + (2 − q)
(

R − R0

R + R0

)(2−a)/η

.

� °¤¥³ £ ·³µ´¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ x̄µ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥É·¨Î¥¸±µ°
Ëµ·³¥ (4.6) ¸ µÉ¡·µÏ¥´´Ò³ ´¥¤¨ £µ´ ²Ó´Ò³ ¸² £ ¥³Ò³ (q = 0). �µ¤¸É ¢¨¢
³¥É·¨±Ê (4.6) ¢ Ê· ¢´¥´¨¥ (4.1), ¶µ²ÊÎ¨³ x̄0 = t, x̄3 = ϕ,   µ¸É ²Ó´Ò¥ x̄i

(i = 1, 2) ¶µ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ


x̄i = ∇x̄i ∇y

y
, (5.5)

¤²Ö ·¥Ï¥´¨Ö ±µÉµ·µ£µ ´¥µ¡Ìµ¤¨³µ ¨³¥ÉÓ ¶µ¤Ìµ¤ÖÐ¥¥ y ¨§ 
σ ≡ 
(ln y) = 0
(¸³. § ³¥Î ´¨¥ 5). ‚ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·µ¨¤ ²Ó´ÒÌ ±µµ·¤¨´ É Ì(

u
v

)
= (r+ ± r−)/2k, r2

± = (z + k)2 + ρ2,

(5.6)
z = kuv, ρ2 = k2(u2 − 1)(1 − v2), k = const,

·¥£Ê²Ö·´µ¥ ¶·¨ v = ±1 ·¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢´¥´¨Ö ¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³
σ(u → ∞, v = 0) = 0 ¨³¥¥É ¢¨¤

σ(u, v) =
∞∑

l=0

alQl(u)Pl(v), |u| < 1, |v| ≤ 1,

Pl ¨ Ql Å ¶µ²¨´µ³Ò ‹¥¦ ´¤·  1-£µ ¨ 2-£µ ·µ¤ . �·¨´Ö¢ al≥1 = 0 ¨ ¶µ¤¸É ¢¨¢

y = y0

(
u + 1
u − 1

)a0/2

¢ (5.5), ¶µ¸²¥ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¨ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ µ¶·¥¤¥²¥´¨¥³ £ ·-
³µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É (¸³. § ³¥Î ´¨¥ 3) ¶µ²ÊÎ¨³

x̄1 = A
(
u +

a0

2

)
, x̄2 = v = cos θ.

Šµ´¸É ´ÉÒ A ¨ a0 ³µ¦´µ µ¶·¥¤¥²¨ÉÓ, ¨¸¶µ²Ó§ÊÖ (4.1) ¨ ·¥Ï¥´¨¥ (5.2) ± ±
µ¶µ·´µ¥, ÎÉµ ¤ ¥É

x̄1 ≡ r̄ = R

(
1 +

R2
0

R2

)
+

a

η
R0 = 2R0

(
u +

a

2η

)
. (5.7)
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‚ÒÏ¥¸± § ´´µ¥ ¶µ§¢µ²Ö¥É, ¢µ-¶¥·¢ÒÌ, ±µ´±·¥É¨§¨·µ¢ ÉÓ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ
k ¸Ë¥·µ¨¤ ²Ó´ÒÌ ±µµ·¤¨´ É ¢ (5.6):

k = 2R0

¨, ¢µ-¢Éµ·ÒÌ, ¢¢¥¸É¨ ±µµ·¤¨´ ÉÊ

x = r̄ + 2R0 −
aR0

η
,

±µÉµ·ÊÕ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³µ¤¨Ë¨Í¨·µ¢ ´´µ° ±µµ·¤¨´ Éµ° ±·¨¢¨§´Ò, ¶µ¸±µ²Ó-
±Ê ¶·¨ ¶¥·¥Ìµ¤¥ ± �’� (a = 0, η = 1) ¨ · ¢´µ³ ´Ê²Õ § ·Ö¤¥ µ´  ¶·¥¢· Ð -
¥É¸Ö ¢ · ¤¨ ²Ó´ÊÕ ±µµ·¤¨´ ÉÊ ·¥Ï¥´¨Ö ˜¢ ·ÍÏ¨²Ó¤ .

�¥·¥¶¨Ï¥³ É¥¶¥·Ó (5.4) ¢ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·µ¨¤ ²Ó´ÒÌ ±µµ·¤¨´ É Ì u, v:

y = y0f
−a/2η,

ds2 =
1

F 2
f1/ηdt2 − k2F 2f (a−1)/η

[
du2 +

u2 − 1
1 − v2

dv2 + (u2 − 1)(1 − v2)dϕ2

]
,

(5.8)

f =
u − 1
u + 1

, k = 2R0 = η
√

m2 − Q2, 2F = q + (2 − q)f (2−a)/2η,

q = 1 +
√

1 + (2ηQ/k(2 − a))2, E =
1

F 2

Q

k2(u2 − 1)
f (1−a)/η.

‡¤¥¸Ó E Å ¥¤¨´¸É¢¥´´ Ö ´¥¨¸Î¥§ ÕÐ Ö ±µ³¶µ´¥´É  ´ ¶·Ö¦¥´´µ¸É¨ Ô²¥±É·¨-
Î¥¸±µ£µ ¶µ²Ö, ¸¢Ö§Ó ±µµ·¤¨´ É u, v ¸ £ ·³µ´¨Î¥¸±µ° ±µµ·¤¨´ Éµ° r̄, ³µ¤¨Ë¨-
Í¨·µ¢ ´´µ° ±µµ·¤¨´ Éµ° ±·¨¢¨§´Ò x, µ¤´µ·µ¤´µ° ±µµ·¤¨´ Éµ° R ¨ ± ´µ´¨-
Î¥¸±¨³¨ ±µµ·¤¨´ É ³¨ ‚¥°²Ö z, ρ § ¤ ¥É¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

ku = r̄ − ak

2η
= x − k = R

(
1 +

R2
0

R2

)
=

r+ + r−
2

, v = cos θ,

± ± ¨ ¶·¥¦¤¥, r± = (z ± k)2 + ρ2.
• ‡ ³¥Î ´¨¥ 9. ‚ �’� ·¥Ï¥´¨¥ �e°¸´¥· Ä�µ·¤¸É·¥³  ¢ ±µµ·¤¨´ É Ì

±·¨¢¨§´Ò ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ É ±¦¥ ¨ ¢ ¢¨¤¥

ds2 =
(r − m)2 − 4r2

0

r2
dt2 − r2

(r − m)2 − 4r2
0

dr2 − r2(dθ2 + sin2 θdϕ2),

E =
Q

r2
, 2r0 =

√
m2 − Q2.

Šµµ·¤¨´ É  ±·¨¢¨§´Ò �’� r ¨ µ¤´µ·µ¤´ Ö ±µµ·¤¨´ É  R ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥-
´¨¥³

r = R

(
1 +

Gm

2R

)2

, R =
r − Gm

2


1 ±

√
1 −

(
Gm

r − Gm

)2

 .
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�¨¸. 2

‚ ÉµÎ±¥ R0 = Gm/2 ËÊ´±Í¨Ö r =
r(R) ¨³¥¥É ³¨´¨³Ê³ (ÉµÎ±  ³ ±¸¨³Ê³ 
R0 = −Gm/2 ´ Ìµ¤¨É¸Ö ¢ ´¥Ë¨§¨Î¥-
¸±µ° µ¡² ¸É¨), ¶µÔÉµ³Ê (¸³. ·¨¸. 2)

R =

{
0, r ¶·¨ r → ∞,

Gm/2 ¶·¨ r = 2Gm.

’ ±¨³ µ¡· §µ³, µ¡² ¸ÉÓ 2Gm ≤ r < ∞
¢ µ¤´µ·µ¤´ÒÌ ±µµ·¤¨´ É Ì µÉµ¡· ¦ -
¥É¸Ö ¤¢ ¦¤Ò,   µ¡² ¸ÉÓ 0 ≤ r < 2Gm
´¥ µÉµ¡· ¦ ¥É¸Ö ¢µ¢¸¥.

6. ƒ…�…��–ˆŸ ��‚›• �…˜…�ˆ‰

�·µ¨²²Õ¸É·¨·Ê¥³ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥²µ¢ ¶·¨³¥· ³¨ £¥´¥· -
Í¨¨ ´µ¢ÒÌ ·¥Ï¥´¨° �’� ¶µ ¨§¢¥¸É´Ò³ ·¥Ï¥´¨Ö³ É¥µ·¨¨ ‰�„.

1. …¸²¨ ¤¥°¸É¢µ¢ ÉÓ ¸µ£² ¸´µ ¸µ¤¥·¦ ´¨Õ ÊÉ¢¥·¦¤¥´¨Ö 3, Éµ ±µ´Ëµ·³´µ¥
¶·¥µ¡p §µ¢ ´¨¥ ·¥Ï¥´¨Ö (5.8) ¢Ò¤ ¸É ´µ¢µ¥ ·¥Ï¥´¨¥ �’� ¤²Ö £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö § ·Ö¦¥´´µ£µ ¸Ë¥·¨Î¥¸±µ£µ É¥²  ¸ ³¨´¨³ ²Ó´µ ¸¢Ö§ ´´Ò³ ¸± ²Ö·-
´Ò³ ¶µ²¥³:

ds̄2 =
fn

F 2
dt2 − k2F 2f−n(u2 − 1)

[
du2

u2 − 1
+ dΩ2

]
, dΩ2 = dθ2 + sin2 θdϕ2,

£¤¥

f =
u − 1
u + 1

, F = (1 + m/k) + (1 − m/k) fn, k2 = m2 − Q2.

‚ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ τ = kt, x = − ln f/2,   É ±¦¥ ¸ H = kF µ´µ ¶¥·¥¶¨-
¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

ds̄2 =
e−2nx

H2
dτ2 − H2 e2nx

sh2x

[
dx2

sh2x
+ dΩ2

]
, (6.1)

¶·¨Î¥³ ¶µÉ¥´Í¨ ² ¸± ²Ö·´µ£µ ¶µ²Ö

Φ = 2x
√

1 − n2, n ≤ 1.

‚ Î ¸É´µ³ ¸²ÊÎ ¥ n = 1 (6.1) ¸µ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ �e°¸´¥· Ä�µ·¤¸É·¥³ ,  
¢ µÉ¸ÊÉ¸É¢¨¥ § ·Ö¤  (H = k) Å ¸ ·¥Ï¥´¨¥³ ‘É ´Õ±µ¢¨Î  ¨ Œ¥²Ó´¨±µ¢  [63].

2. „·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ £¥´¥· Í¨¨ ´µ¢µ£µ ·¥Ï¥´¨Ö �’� ¶·¥¤µ¸É ¢²Ö¥É¸Ö
¸µ¤¥·¦ ´¨¥³ ÊÉ¢¥·¦¤¥´¨Ö 5. ‚ ± Î¥¸É¢¥ ¨§¢¥¸É´µ£µ ·¥Ï¥´¨Ö É¥µ·¨¨ ‰�„, ± ±
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¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥, ¢Ò¡¥·¥³ (5.8). „¥°¸É¢ÊÖ ¸µ£² ¸´µ ÊÉ¢¥·¦¤¥´¨Õ 5,
¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó µ¶·¥¤¥²¨³ ËÊ´±Í¨Õ Φy, ¶·µ¨´É¥£·¨·µ¢ ¢ Ê· ¢´¥´¨Ö (4.7),
¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö·  ¨§ (5.8), ÎÉµ ¤ ¥É

Φ2(3+2ζ)
y =

(
R̄2 − k2

r+ − r−

)1−n2

,

R̄ =
r+ + r−

2
, r± = (z ± k)2 + ρ2, k̄ =

√
m2 − Q2

n
,

¶µ¸²¥ Î¥£µ ¶·¥¤¶¨¸ ´¨Ö ÊÉ¢¥·¦¤¥´¨Ö 5 ¶µ§¢µ²ÖÕÉ ¡¥§ ¢¸Ö±µ£µ É·Ê¤  ´ °É¨
´µ¢µ¥ Ô²¥±É·µ¢ ±ÊÊ³´µ¥ ·¥Ï¥´¨¥ �’� [64]:

ds̄2 =
k2

F 2
fn

R̄dt2 − F 2

k2
f−n

R̄

[(
R̄2 − k2

r+ − r−

)n

(dz2 + dρ2) + ρ2dϕ2

]
(6.2)

¸ ´ ¶·Ö¦¥´´µ¸ÉÓÕ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö

E =
k2Q

F 2(R̄2 − k2)

(
R̄ − k

R̄ + k

)n(
R̄2 − k2

r+r−

)(1−n2)/2

,

£¤¥

fR̄ =
R̄ − k

R̄ + k
, F =

2r0 + m

2n

[
1 +

2r0 − m

2r0 + m

(
R̄ − k

R̄ + k

)n]
.

Š ± ¨ ¤µ²¦´µ ¡Ò²µ ¡ÒÉÓ, ¶·¨ n = 1 µ´µ µ¡· Ð ¥É¸Ö ¢ ·¥Ï¥´¨¥ �e°¸´¥· Ä
�µ·¤¸É·¥³ ,   ¢ µÉ¸ÊÉ¸É¢¨¥ § ·Ö¤  Q = 0 ¸µ¢¶ ¤ ¥É ¸  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î-
´Ò³ ·¥Ï¥´¨¥³ ‡¨¶µÖ [65], ÎÉµ ¸²Ê¦¨É µ¸´µ¢ ´¨¥³ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¸Î¨É ÉÓ
(6.2)  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò³. �Éµ ¶µ¤É¢¥·¦¤ ¥É¸Ö ´ ²¨Î¨¥³ ±¢ ¤·Ê¶µ²Ó-
´µ£µ ³µ³¥´É  D ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¶µ¢¥¤¥´¨¨ g00 ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ:

g00 = 1 − 2m

r
+

Q2

r2
+

D

r3
P2(cos θ) + . . ., D =

8r2
0

3
n2 − 1

n2
m.

‚ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·µ¨¤ ²Ó´ÒÌ ±µµ·¤¨´ É Ì x, y, ±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¸µ-
£² ¸´µ

k̄(x2 − 1)(1 − y2) = r2

(
1 − 2m

r
+

Q2

r2

)
sin2 θ,

k̄xy = (r − m) cos θ, r = R̄ + m,

·¥Ï¥´¨¥ (6.2) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

ds̄2 =
1

F 2

(
x − 1
x + 1

)n

dt2 − F 2

(
x + 1
x − 1

)n

(x2 − 1)(1 − y2)dϕ2 −

− F 2

(
x + 1
x − 1

)n(
x2 − 1
x2 − y2

)n2

(x2 − y2)
[

dx2

x2 − 1
+

dy2

1 − y2

]
, (6.3)
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£¤¥

F =
2r0 + m

2n

[
1 +

2r0 − m

2r0 + m

(
x − 1
x + 1

)n]
,

E =
Q

F 2(x2 − 1)

(
x − 1
x + 1

)n(
x2 − 1
x2 − y2

)(1−n2)/2

.

• ‡ ³¥Î ´¨¥ 10. �¥Ï¥´¨¥ (6.3) ¢Ò¢µ¤¨É¸Ö É ±¦¥ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³¥Éµ¤ 
�·´¸É  [66, 67], ÎÉµ ²¨Ï´¨° · § ¶µ¤É¢¥·¦¤ ¥É ¸¶· ¢¥¤²¨¢µ¸ÉÓ ÊÉ¢¥·¦¤¥´¨Ö
5. „¥°¸É¢¨É¥²Ó´µ, ¸µ£² ¸´µ �·´¸ÉÊ ·¥Ï¥´¨¥³ § ³±´ÊÉµ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°
�’� (Ê· ¢´¥´¨Ö (4.8) ¶·¨ q = 0 ¨ y = y0)

ψ
ψ = ∇ψ∇ψ + 2ψ∇At∇At,

ψ∇At = ∇ψ∇At

Ö¢²Ö¥É¸Ö

ψ =
ξ2 − 1

(ξ + 1/
√

1 − B2)2
, At =

B√
1 − B2 + 1

,

£¤¥ B Å ±µ´¸É ´É ,   ξ Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö �·´¸É 

(ξ2 − 1)
ξ = 2ξ∇ξ∇ξ.

‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¶µ¸²¥¤´¥³Ê Ê· ¢´¥´¨Õ Ê¤µ¢²¥É¢µ·Ö¥É

ξ =
(x + 1)n + (x − 1)n

(x + 1)n − (x − 1)n
,

±µÉµ·µ¥ ¶·¨¢µ¤¨É ± (6.3). (“· ¢´¥´¨Õ �·´¸É  Ê¤µ¢²¥É¢µ·Ö¥É É ±¦¥ ¨ ξ = u,
¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨Õ �e°¸´¥· Ä�µ·¤¸É·¥³ .)

7. ��‚�… �…˜…�ˆ… ‘’�–ˆ������‰ ‡�„�—ˆ �’�

�Éµ¦¤¥¸É¢²¥´¨¥ ¶Ê²Ó¸ ·µ¢ ¸ ¢· Ð ÕÐ¨³¨¸Ö ¸¢¥·Ì¶²µÉ´Ò³¨ §¢¥§¤ ³¨
¸Î¨É ¥É¸Ö Ê¸É ´µ¢²¥´´Ò³ Ë ±Éµ³, ¶µÔÉµ³Ê  ±ÉÊ ²Ó´µ¸ÉÓ § ¤ Î¨ µ £· ¢¨É -
Í¨µ´´µ³ ¶µ²¥ ¸É Í¨µ´ ·´µ ¢· Ð ÕÐ¥°¸Ö §¢¥§¤Ò ´¥ ¢Ò§Ò¢ ¥É ¸µ³´¥´¨°. � 
¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ÔÉÊ § ¤ ÎÊ ´¥²Ó§Ö µÉ´¥¸É¨ ± · §·Ö¤Ê ÉµÎ´µ ·¥Ï ¥³ÒÌ. �¥-
§Ê²ÓÉ ÉÒ ¶·¨¡²¨¦¥´´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, · ¸¸³ É·¨¢ ÕÐ¨Ì ¢· Ð¥´¨¥ ± ± ³ -
²µ¥ ¢µ§³ÊÐ¥´¨¥ [68Ä72], ¢Ò§Ò¢ ÕÉ ¸±¥¶É¨Î¥¸±µ¥ µÉ´µÏ¥´¨¥ ÌµÉÖ ¡Ò ¶µÉµ³Ê,
ÎÉµ ¢ ´¥²¨´¥°´ÒÌ É¥µ·¨ÖÌ ³¥Éµ¤ ¢µ§³ÊÐ¥´¨° É ¨É ¢ ¸¥¡¥ ¸±·ÒÉÒ¥ µ¶ ¸´µ¸É¨,
¢ Î ¸É´µ¸É¨, ¸ÊÐ¥¸É¢¥´´Ò° ¢µ¶·µ¸ µ ¸Ìµ¤¨³µ¸É¨ ·Ö¤  ¶µ ¶ · ³¥É·Ê ¢µ§³ÊÐ¥-
´¨Ö µ¸É ¥É¸Ö µÉ±·ÒÉÒ³. �·¨£µ¤´µ¸ÉÓ ¶·¨¡²¨¦¥´´ÒÌ ³¥Éµ¤µ¢ ³µ¦´µ µÍ¥´¨ÉÓ,
¨³¥Ö ÉµÎ´µ¥ ·¥Ï¥´¨¥ ¶·µ¡²¥³Ò, ¶·¨Î¥³, ¤²Ö Éµ£µ ÎÉµ¡Ò ¨³¥ÉÓ Ë¨§¨Î¥¸±¨°
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¸³Ò¸², µ´µ ¤µ²¦´µ ¡ÒÉÓ ·¥£Ê²Ö·´Ò³ ´  µ¸¨ ¸¨³³¥É·¨¨ ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨-
¶²µ¸±¨³ ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ µÉ ¨¸ÉµÎ´¨± , ±·µ³¥ Éµ£µ, ¢´ÊÉ·¥´´¥¥ ¨
¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¢´¥Ï´¥¥ ·¥Ï¥´¨Ö ¤µ²¦´Ò ´¥¶·¥·Ò¢´µ ¸Ï¨¢ ÉÓ¸Ö ´  £· -
´¨Í¥ ±µ´Ë¨£Ê· Í¨¨. �¨ µ¤´µ ¨§ µ£· ´¨Î¥´´µ£µ Î¨¸²  ¨§¢¥¸É´ÒÌ ¸¥£µ¤´Ö ·¥-
Ï¥´¨° ÔÉ¨³¨ ¸¢µ°¸É¢ ³¨ ´¥ µ¡² ¤ eÉ. �µ¶ÒÉ±¨ ¸Ï¨ÉÓ ¶µ¶Ê²Ö·´µ¥ ·¥Ï¥´¨¥
Š¥··  [73] ¸ ± ±¨³-²¨¡µ ¢´ÊÉ·¥´´¨³ ´ É ²±¨¢ ÕÉ¸Ö ´  ¸ÊÐ¥¸É¢¥´´Ò¥ É·Ê¤-
´µ¸É¨ [74]. � ¤µ ¶µ² £ ÉÓ, ÎÉµ ·¥Ï¥´¨¥ Š¥··  ³µ¦¥É ¡ÒÉÓ ¸Ï¨Éµ ²¨ÏÓ ¸
¢´ÊÉ·¥´´¨³ ·¥Ï¥´¨¥³ ¤²Ö ¢· Ð ÕÐ¥£µ¸Ö Ï · , É. ¥. µ¶¨¸Ò¢ ¥É ¥£µ ¢´¥Ï´¥¥
£· ¢¨É Í¨µ´´µ¥ ¶µ²¥ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ²¥ ¸¡·µ¸¨¢Ï¥£µ ®¢µ²µ¸Ò¯ ¸±µ²² -
¶¸¨·µ¢ ¢Ï¥£µ µ¡Ñ¥±É . Œ¥´¥¥ ¨§¢¥¸É´Ò° ±² ¸¸ ·¥Ï¥´¨° ’µ³¨³ É¸ÊÄ‘ Éµ [75]
¢ µÉ¸ÊÉ¸É¢¨¥ ¢· Ð¥´¨Ö ¸µÌ· ´Ö¥É  ±¸¨ ²Ó´ÊÕ ¸¨³³¥É·¨Õ, ¸±µ·¥¥ ¢¸¥£µ ¸¢Ö-
§ ´´ÊÕ ¸ µ¸É ÉµÎ´Ò³¨ ´ ¶·Ö¦¥´¨Ö³¨ ¢´ÊÉ·¨ §¢¥§¤Ò, ÎÉµ ´¥ ¶µ¤¤ ¥É¸Ö · §Ê³-
´µ° Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨.

‚ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ ´  µ¸´µ¢ ´¨¨ ·¥§Ê²ÓÉ Éµ¢ [76Ä78] ¶µ²ÊÎ¥´µ ´µ¢µ¥
·¥Ï¥´¨¥ µ¸¥¸¨³³¥É·¨Î´µ° ¸É Í¨µ´ ·´µ° § ¤ Î¨ �’�. • · ±É¥·´Ò³ §¤¥¸Ó
Ö¢²Ö¥É¸Ö ´¥µ¡ÒÎ´Ò° ¢Ò¡µ· ±µµ·¤¨´ É ¨ ¶·¥¤¶µ²µ¦¥´¨¥ µ ¶µÉ¥´Í¨ ²Ó´µ¸É¨
¶µ²Ö ¢¥±Éµ·  Ê£²µ¢µ° ¸±µ·µ¸É¨ ±µ´£·ÊÔ´Í¨¨ ³¨·µ¢ÒÌ ²¨´¨°, µ¡· §ÊÕÐ¨Ì
¸µ¶ÊÉ¸É¢ÊÕÐÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É .

�·¨ ·¥Ï¥´¨¨ ¸É Í¨µ´ ·´ÒÌ µ¸¥¸¨³³¥É·¨Î´ÒÌ § ¤ Î ³¥É·¨±Ê ± ²¨¡·ÊÕÉ,
· ¸¸Î¨ÉÒ¢ Ö ¨¸¶µ²Ó§µ¢ ÉÓ Ìµ·µÏµ · §· ¡µÉ ´´Ò¥ ³¥Éµ¤Ò [42, 48Ä55, 66, 67],
¶·¨Î¥³ É· ¤¨Í¨µ´´µ Ê¤µ¡´Ò³ ¸Î¨É ¥É¸Ö ¢Ò¡µ· ± ´µ´¨Î¥¸±¨Ì ±µµ·¤¨´ É ‚¥°-
²Ö. „²Ö ¢´ÊÉ·¥´´¨Ì § ¤ Î, ±µÉµ·Ò¥ µ¡ÒÎ´µ ·¥Ï ÕÉ¸Ö Î¨¸²¥´´µ, ¢¥°²¥¢¸±¨¥
±µµ·¤¨´ ÉÒ É¥·ÖÕÉ ¸¢µÕ ¥¸É¥¸É¢¥´´µ¸ÉÓ. �¤´µ ¨§ ´¥³´µ£¨Ì ÉµÎ´ÒÌ ·¥Ï¥´¨°
¤²Ö ´¥¸¦¨³ ¥³µ° ¦¨¤±µ¸É¨ ¸ É¢¥·¤µÉ¥²Ó´Ò³ ¢· Ð¥´¨¥³ ´ °¤¥´µ ‚ ²±¢¨-
¸Éµ³ [79] ¢ µ¡µ¡Ð¥´´ÒÌ Ô²²¨¶¸µ¨¤ ²Ó´ÒÌ ±µµ·¤¨´ É Ì. �µ´ ´µ¸ ¨ ‘±² ¢¥-
´¨É¨¸ [80,81] ¶·¥¤²µ¦¨²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¸¢µ¡µ¤Ê ± ²¨¡·µ¢±¨ É ±, ÎÉµ¡Ò Î ¸ÉÓ
³¥É·¨Î¥¸±¨Ì ±µÔËË¨Í¨¥´Éµ¢ ¨£· ²  ·µ²Ó ±µµ·¤¨´ É. ‚Ò¡¥·¥³ ¢¸²¥¤ §  ´¨³¨
®¸ÊÐ¥¸É¢¥´´Ò¥¯ ±µµ·¤¨´ ÉÒ É ±, ÎÉµ¡Ò

x1 ≡ ρ = g33, x2 ≡ Φ = g00, (7.1)

¨ ¶¥·¥¶¨Ï¥³ (4.3) ¢ ÔÉ¨Ì ±µµ·¤¨´ É Ì:

ds2 = Φ2(dt − qdϕ)2 − e2α(ρ,Φ)(dρ − ldΦ)2 − e2β(ρ,Φ)dΦ2 − ρ2dϕ2,
(7.2)

q = q(ρ, ϕ), l = l(ρ, ϕ).

�¥É·Ê¤´µ ¶µ´ÖÉÓ, ÎÉµ É ±µ° ¢Ò¡µ· ±µµ·¤¨´ É ¤µ¸É ÉµÎ´µ ¥¸É¥¸É¢¥´¥´. „¥°-
¸É¢¨É¥²Ó´µ, ¢ ¸² ¡ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ²ÖÌ Φ ≈ 1 + 2ψ ¨ µ± §Ò¢ ¥É¸Ö ¶·µ-
¶µ·Í¨µ´ ²Ó´Ò³ ´ÓÕÉµ´µ¢¸±µ³Ê ¶µÉ¥´Í¨ ²Ê ψ,   ρ ²µ± ²Ó´µ ¸µ¢¶ ¤ ¥É ¸ Í¨-
²¨´¤·¨Î¥¸±µ° ±µµ·¤¨´ Éµ° ¶²µ¸±µ£µ ³¨· . Šµµ·¤¨´ ÉÒ µ¡¥¸¶¥Î¨¢ ÕÉ ´Ê³¥-
· Í¨Õ · §²¨Î´ÒÌ ÉµÎ¥±-¸µ¡ÒÉ¨°,   ¢Ò¡µ· Éµ° ¨²¨ ¨´µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É
¤¨±ÉÊ¥É¸Ö ¸µµ¡· ¦¥´¨Ö³¨ Ê¤µ¡¸É¢ . Šµ³¶µ´¥´ÉÒ ¢¥±Éµ·´ÒÌ ¨²¨ É¥´§µ·´ÒÌ
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¢¥²¨Î¨´, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö µ¡Ñ¥±É ³¨ É¥µ·¨¨, § ¢¨¸ÖÉ µÉ ¸¶µ¸µ¡  ´Ê³¥· Í¨¨
ÉµÎ±¨, É. ¥. µÉ ¨¸¶µ²Ó§Ê¥³µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É. „²Ö ¸µ¶µ¸É ¢²¥´¨Ö ÔÉ¨Ì
±µ³¶µ´¥´É ¸ ´ ¡²Õ¤ ¥³Ò³¨ ¢¥²¨Î¨´ ³¨ ´¥µ¡Ìµ¤¨³µ § ¤ ÉÓ ¸¨¸É¥³Ê µÉ¸Î¥É .
�¡ÒÎ´µ ±µµ·¤¨´ É´ Ö ¸¨¸É¥³  ¤ ´´µ£µ ¢¨¤  ³¥É·¨±¨ ¢Ò¡µ·µ³ µ¶·¥¤¥²¥´´µ°
±µ´£·ÊÔ´Í¨¨ ¢·¥³¥´¨¶µ¤µ¡´ÒÌ ²¨´¨° ¶·¨¢Ö§Ò¢ ¥É¸Ö ± ¸¨¸É¥³¥ µÉ¸Î¥É . ‚
¸µ¶ÊÉ¸É¢ÊÕÐ¥° ¸¨¸É¥³¥ µÉ¸Î¥É  (‘�) Ë¨§¨Î¥¸±¨ ¨§³¥·¨³Ò¥ ¢¥²¨Î¨´Ò (´ -
¡²Õ¤ ¥³Ò¥) ´¥ ³¥´ÖÕÉ¸Ö ¶·¨ § ³¥´¥ µ¤´µ£µ ´ ¡µ·  Î ¸µ¢ ¤·Ê£¨³, É. ¥. Ì·µ-
´µ³¥É·¨Î¥¸±¨ ¨´¢ ·¨ ´É´Ò,   4-¸±µ·µ¸ÉÓ ¨³¥¥É ¥¤¨´¸É¢¥´´ÊÕ µÉ²¨Î´ÊÕ µÉ
´Ê²Ö ±µ³¶µ´¥´ÉÊ

uµ =
{

1
Φ

, 0, 0, 0
}

,

¶µÔÉµ³Ê µ´  µ± §Ò¢ ¥É¸Ö ¶µ¤Ìµ¤ÖÐ¥° ¶·¨ ·¥Ï¥´¨¨ Ï¨·µ±µ£µ ±·Ê£  § ¤ Î.
� ¸¸³µÉ·¨³ ±µ´Ë¨£Ê· Í¨Õ, ±µÉµ· Ö ¢· Ð ¥É¸Ö ¸ ¶µ¸ÉµÖ´´µ° Ê£²µ¢µ° ¸±µ-

·µ¸ÉÓÕ Ω = dϕ/dt ¢µ±·Ê£ µ¸¨, ¸µ¢¶ ¤ ÕÐ¥° ¸ µ¸ÓÕ ¸¨³³¥É·¨¨. �·¥¤¶µ²µ-
¦¨³, ÎÉµ ¢¥Ð¥¸É¢µ ±µ´Ë¨£Ê· Í¨¨ Ä ¨¤¥ ²Ó´ Ö ¦¨¤±µ¸ÉÓ ¸

T µ
ν = (ε + P )uµuν − Pδµ

ν

¨ µ¤´µ¶ · ³¥É·¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ ¸µ¸ÉµÖ´¨Ö

P = P (ε).

‚ ³¥É·¨±¥ (7.2) ¨ ¢ ¸µ¶ÊÉ¸É¢ÊÕÐ¥° ‘� ¨§ Ê¸²µ¢¨Ö µ¡· Ð¥´¨Ö ¢ ´Ê²Ó ±µ¢ ·¨-
 ´É´µ° ¤¨¢¥·£¥´Í¨¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸²¥¤Ê¥É

∂P

∂ρ
= 0,

∂P

∂Φ
= −ε + P

Φ
, (7.3)

µÉ±Ê¤  ¶µ²ÊÎ ¥³, ÎÉµ P = P (Φ) ¨ ε = ε(Φ). ˆ´ Î¥ £µ¢µ·Ö, ¨§µ¡ ·¨Î¥¸± Ö
(P = const) ¶µ¢¥·Ì´µ¸ÉÓ ¸µ¢¶ ¤ ¥É ¸ ¶µ¢¥·Ì´µ¸ÉÓÕ ¶µ¸ÉµÖ´´µ£µ §´ Î¥´¨Ö
Φ = Φ0, ÎÉµ ´ £²Ö¤´µ ¤¥³µ´¸É·¨·Ê¥É ¶·¥¨³ÊÐ¥¸É¢  ¨¸¶µ²Ó§Ê¥³ÒÌ ±µµ·¤¨´ É
¨ ¸µ¶ÊÉ¸É¢ÊÕÐ¥° ‘�. ’ ±¨³ µ¡· §µ³, ¨§µ¡ ·¨Î¥¸± Ö ¶µ¢¥·Ì´µ¸ÉÓ ¥¸ÉÓ ¸Ë¥· 
· ¤¨Ê¸µ³ Φ0,   ÔÉµ µ§´ Î ¥É, ÎÉµ  ¡¸µ²ÕÉ´ Ö ¢¥²¨Î¨´  Ê¸±µ·¥´¨Ö ¸¢µ¡µ¤´µ£µ
¶ ¤¥´¨Ö ¶·µ¡´µ£µ É¥²  (¸³. [82])

a =
√

FµFµ =
e−β

Φ
, Fµ = 2uαu[µ,α]

´  ¶µ¢¥·Ì´µ¸É¨ Φ = Φ0 É ±¦¥ ¶µ¸ÉµÖ´´ , ¶µÔÉµ³Ê ¨ β = β(Φ). ‚¢¥¤¥³ ´µ¢Ò°
¶µÉ¥´Í¨ ² ψ = ψ(ρ, Φ) ¸µ£² ¸´µ

q,1 = bρ(ψ,2 + lψ,1) eα−β/Φ3,
(7.4)

q,2 + lq,1 = bρψ,1eβ−α/Φ3, b = const.
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’µ£¤  ¤²Ö ¢¥±Éµ·  Ê£²µ¢µ° ¸±µ·µ¸É¨ ±µ´£·ÊÔ´Í¨¨ ³¨·µ¢ÒÌ ²¨´¨°, µ¡· §ÊÕ-
Ð¨Ì ¸µ¶ÊÉ¸É¢ÊÕÐÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É  [82]

ωα ≡ −1
2
εαβγδ

(
u[β,γ] + u[βFγ]

)
uδ,

¨³¥¥³

ωi =
bψ,i

2Φ2
, i = 1, 2 (7.5)

(§¤¥¸Ó (. . . ),1 = ∂(. . . )/∂ρ, (. . . ),2 = ∂(. . . )/∂Φ), ÎÉµ ¶·¥¢· Ð ¥É ¢ Éµ¦¤¥¸É¢µ
µ¤´µ ¨§ Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨ ¤ ¥É

bψ,1

Φ3
=

∂ω2

∂ρ
− ∂ω1

∂Φ
,

µÉ±Ê¤ , µ¸´µ¢Ò¢ Ö¸Ó ´  ¶·¥¤¶µ²µ¦¥´¨¨ µ ¶µÉ¥´Í¨ ²Ó´µ¸É¨ ¶µ²Ö ¢¥±Éµ·  ω,
¶µ²ÊÎ¨³

ψ,1 = 0, ω = be−βψ,2/2Φ2, q,2 + lq,1 = 0. (7.6)

“Î¥É ¶·¥¤Ò¤ÊÐ¨Ì ¸µµÉ´µÏ¥´¨° ¨ ¤¢ÊÌ ¸²¥¤ÊÕÐ¨Ì Ë¨§¨Î¥¸±¨Ì É·¥¡µ¢ ´¨°:
1) ¢ ³ ²µ° µ±·¥¸É´µ¸É¨ µ¸¨ ¸¨³³¥É·¨¨ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¤µ²¦´µ ¡ÒÉÓ

¶¸¥¢¤µ¥¢±²¨¤µ¢Ò³ (Ê¸²µ¢¨¥ ·¥£Ê²Ö·´µ¸É¨ µ¸¨):

e−2α(ρ − qq,1Φ2)2 + e−2β(lρ − q2Φ)2

ρ2 − q2Φ2

∣∣∣∣
ρ→0

−→1;

2) c ÉµÎ±¨ §·¥´¨Ö Ê¤ ²¥´´µ£µ ¶µ±µÖÐ¥£µ¸Ö ´ ¡²Õ¤ É¥²Ö Ê£²µ¢ Ö ¸±µ·µ¸ÉÓ
²µ± ²Ó´µ ´¥ ¢· Ð ÕÐ¨Ì¸Ö ´ ¡²Õ¤ É¥²¥° ¤µ²¦´  ¡ÒÉÓ ±µ´¥Î´µ° ´  µ¸¨ ¢· -
Ð¥´¨Ö (Ê¸²µ¢¨¥ ±µ´¥Î´µ¸É¨ Ê£²µ¢µ° ¸±µ·µ¸É¨):

g03

g33
=

qΦ2

ρ2 − q2Φ2
= const =⇒ q(ρ → 0) ∼ ρ2

¶µ§¢µ²Ö¥É §´ Î¨É¥²Ó´µ Ê¶·µ¸É¨ÉÓ ¸¨¸É¥³Ê Ô°´ÏÉ¥°´µ¢¸±¨Ì Ê· ¢´¥´¨° § ¤ Î¨
¨ ¶¥·¥¶¨¸ ÉÓ ¨Ì ¢ ¢¨¤¥

β,2 = L(Φ) + 2Φ e2β [ω2 − 2π(ε + 3P )]; (7.7)

L,2 − L
{
L/2 + 1/Φ + 2Φ e2β [ω2 − 2π(ε + 3P )]

}
=

= 2 e2β[ω2 − 4π(ε + P )], (7.8)

ω,2/ω + L − 1/Φ = 0, (7.9)
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q,1 = −2ρeαω/Φ, q,2 + lq,1 = 0, (7.10)

dP

dΦ
= −(ε + P)/Φ; (7.11)

e−2α = 1 − ρ2f(Φ), l =
1
2
ρL(Φ),

(7.12)
f(Φ) = −8πP − ω2 + L e−2β(4 + LΦ)/4Φ.

ˆÉ ±, ·¥Ï¥´¨¥ ¸É Í¨µ´ ·´µ° µ¸¥¸¨³³¥É·¨Î´µ° § ¤ Î¨ �’� ¢´ÊÉ·¨ · ¸¶·¥¤¥-
²¥´¨Ö ³ ¸¸ ³µ¦´µ ´ °É¨ ± ± ·¥§Ê²ÓÉ É ¨´É¥£·¨·µ¢ ´¨Ö ¸¨¸É¥³Ò µ¡Ò±´µ¢¥´-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢µ£µ ¶µ·Ö¤±  (7.7)Ä(7.11), ÊÎ¨ÉÒ¢ Ö  ²-
£¥¡·a¨Î¥¸±¨¥ ¸µµÉ´µÏ¥´¨Ö (7.12) ¨ Ê· ¢´¥´¨¥ ¸µ¸ÉµÖ´¨Ö ¢¥Ð¥¸É¢  P = P(ε).

� °¤¥³ ¢ ±ÊÊ³´µ¥ (ε = P = 0) ·¥Ï¥´¨¥. Š²ÕÎ¥¢µ¥ Ê· ¢´¥´¨¥ (7.8) ¶µ¤-
¸É ´µ¢±µ° y = L

√
a4 − b2Φ4/Φ ¸¢µ¤¨É¸Ö ± Ê· ¢´¥´¨Õ �¨±± É¨

y,2 =
Φ(y2 + 4b2)
2
√

a4 − b2Φ4
,

¨´É¥£·¨·ÊÖ ±µÉµ·µ¥ ¤²Ö L = L(Φ) ´ °¤¥³

L =
2Φ√

a4 − b2Φ4

a2(1 − k2b2) + (1 + k2b2)
√

a4 − b2Φ4

2ka2 − (1 + k2b2)φ2
, (7.13)

£¤¥ a ¨ k Å ´µ¢Ò¥ ±µ´¸É ´ÉÒ. ˆ¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (7.13) ¨ Ê· ¢´¥´¨Ö (7.7)
¨ (7.10), ²¥£±µ ¶µ²ÊÎ¨ÉÓ

eβ = 2Ca2 1 + k2b2

√
a4 − b2Φ4

×

× (1 − k2b2)
√

a4 − b2Φ4 + a2(1 + k2b2) − 2kb2Φ2

[2ka2 − (1 + k2b2)Φ2]2
, (7.14)

q =
bC(1 + k2b2)

ka2
(e−α − 1). (7.15)

‚¢¥¤¥³ ´µ¢ÊÕ ¶¥·¥³¥´´ÊÕ R ¸µ£² ¸´µ

dρ − ldΦ = ρd(ln R), (7.16)

Éµ£¤ 

ρ2 =
R2eβ

√
a4 − b2Φ4

4Ca2(1 + k2b2)
, (7.17)
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¢ ·¥§Ê²ÓÉ É¥

ds2 = Φ2(dt − qdϕ)2 − e2βdΦ2 −

− ρ2

R2

[(
1 − kR2

2C2a2(1 + k2b2)

)−1

dR2 + R2dϕ2

]
, (7.18)

q =
bC(1 + k2b2)

ka2

(√
1 − kR2

2C2a2(1 + k2b2)
− 1

)
, (7.19)

eβ =
C(1 + k2b2)

2ka2

√
a4 − b2Φ4

[
L2

4
+

L

Φ
− b2Φ2

a4 − b2Φ4

]
. (7.20)

‚Ò· ¦¥´¨Ö (7.18)Ä(7.20) ¶·¥¤¸É ¢²ÖÕÉ ´µ¢µ¥ ·¥Ï¥´¨¥ ¸É Í¨µ´ ·´µ°  ±¸¨ ²Ó-
´µ-¸¨³³¥É·¨Î´µ° ¢ ±ÊÊ³´µ° § ¤ Î¨ �’�.

‘É É¨Î¥¸±¨¥ ¶µ²Ö (b = 0)
1. �µ²µ¦¨³ 2ka2 = 1 ¨ ¶¥·¥°¤¥³ ± ±µµ·¤¨´ É ³ r ¨ ϑ, É ± ÎÉµ¡Ò

Φ2 = 1 − 2M

r
, R = 2M sin ϑ, M = Ca2.

’µ£¤  ¨§ (7.18)Ä(7.20) ¶µ²ÊÎ¨³ ¨§¢¥¸É´µ¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤ .
2. �µ²µ¦¨³ 2ka2 = 0 ¨ ¢¢¥¤¥³ z = 1/Φ2. ‚ ÔÉµ³ ¸²ÊÎ ¥

ds2 =
dt2

z
− z2(dR2 + R2dϕ2) − 4C2a4zdz2,

¨²¨, ¢ Ô±¢¨¢ ²¥´É´µ° Ëµ·³¥,

ds2 = eu/2Ca2
dt2 − e−u/Ca2

(dx2 + dy2) − e−3u/2Ca2
du2,

dx2 + dy2 = dR2 + R2dϕ2, u = 4Ca2 ln Φ.

�Éµ ·¥Ï¥´¨¥ ¸µ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ ’ Ê¡  [83], µ¶¨¸Ò¢ ÕÐ¥£µ £· ¢¨É Í¨µ´-
´µ¥ ¶µ²¥ ¶²µ¸±µ£µ µ¤´µ·µ¤´µ£µ ¸²µÖ.

3. �µ²µ¦¨³ 2ka2 = −1 ¨ ¢¢¥¤¥³

z =
2Ca2

1 + Φ2
, R = 2Ca2 sh r.

‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²ÊÎ¨³

ds2 =
(

2Ca2

z
− 1
)

dt2 − dz2

(2Ca2/z − 1)
− z2(dr2 + sh2 rdϕ2).
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4. �¥¸¦¨³ ¥³ Ö ¦¨¤±µ¸ÉÓ. �µ²µ¦¨³ p = P/ε0, £¤¥ ε0 = const. ˆ´É¥£·¨-
·ÊÖ Ê¸²µ¢¨¥ £¨¤·µ¸É É¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö, ¶µ²ÊÎ¨³

1 + p =
Φs

Φ
, pc =

Φs

Φc
− 1.

ˆ´¤¥±¸ c µ¡µ§´ Î ¥É ¢¥²¨Î¨´Ò ¢ Í¥´É·¥,   ¨´¤¥±¸ s Å ´  £· ´¨Í¥ · ¸¶·¥¤¥-
²¥´¨Ö ³ ¸¸. ‚¢¥¤¥³

x = 3Φs − 2Φ ¨ u = e−2β ,

ÎÉµ ¢³¥¸Éµ Ê· ¢´¥´¨° (7.7), (7.8) ¤ ¥É

uuxx =
3
4
ux

2 + 4πε0x(ux + πε0x) − u(ux + 4πε0Φs)
3Φs − x

.

— ¸É´µ¥ ·¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢´¥´¨Ö ¥¸ÉÓ

u =
2π

3
ε0(1 − x2).

‘²¥¤µ¢ É¥²Ó´µ,

e2α =

[
1 − 8πε0

3
ρ2

1 − (3Φs − 2Φ)2

]−1

,

e−2β =
2π

3
ε0

[
1 − (3Φs − 2Φ)2

]
, (7.21)

l =
2ρ(3Φs − 2Φ)

1 − (3Φs − 2Φ)2
.

�¥Ï¥´¨¥ (7.21) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ±µµ·¤¨´ É Ì ±·¨¢¨§´Ò, ¶µ¤¸É ¢¨¢ ¢³¥¸Éµ
Φ ¨ ρ ±µµ·¤¨´ ÉÒ r ¨ ϑ ¸µ£² ¸´µ

3Φs − 2Φ =

√
1 − 2M

r
, ρ = r sin ϑ

¨ ÊÎ¨ÉÒ¢ Ö

Φc =
3Φs − 1

2
=

Φs

1 + pc
, M =

4π

3
ε0rs

3.

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ ¢´ÊÉ·¥´´¥¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  [84], ¥¤¨´¸É¢¥´-
´µ¸ÉÓ ±µÉµ·µ£µ ¤µ± § ´  ¢ [85].

�É¨ Î ¸É´Ò¥ ·¥Ï¥´¨Ö (§  ¨¸±²ÕÎ¥´¨¥³ ¶µ¸²¥¤´¥£µ) ¸µ£² ¸´µ ±² ¸¸¨Ë¨-
± Í¨¨ [42] µÉ´µ¸ÖÉ¸Ö ± ·¥Ï¥´¨Ö³ ±² ¸¸  A ¤²Ö ¸É É¨Î¥¸±¨Ì ¢Ò·µ¦¤¥´´ÒÌ
£· ¢¨É Í¨µ´´ÒÌ ¶µ²¥° ¢´¥ ¨¸ÉµÎ´¨± .
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Œµ¤¨Ë¨Í¨·µ¢ ´´µ¥ ·¥Ï¥´¨¥ �“’ ¨ ·¥Ï¥´¨¥ Š¥·· . ”¨§¨Î¥¸± Ö ¨´-
É¥·¶·¥É Í¨Ö µ¤´µ£µ ¨§ ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨° �’� Å ·¥Ï¥´¨Ö �“’ [86] Å
´ É ²±¨¢ ¥É¸Ö ´  ¸ÊÐ¥¸É¢¥´´Ò¥ É·Ê¤´µ¸É¨ [87, 88], ÎÉµ, ´  ´ Ï ¢§£²Ö¤, µ¡Ê-
¸²µ¢²¥´µ ´ ·ÊÏ¥´¨¥³ Ê¸²µ¢¨°

1) ·¥£Ê²Ö·´µ¸É¨ ´  µ¸¨ ¸¨³³¥É·¨¨,
2)  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶¸¥¢¤µ¥¢±²¨¤µ¢µ¸É¨.

‚ ±ÊÊ³´µ¥ ·¥Ï¥´¨¥ (7.18)Ä(7.20) ¢ Î ¸É´µ³ ¸²ÊÎ ¥

2ka2 = 1 + k2b2, M2 = C2(a4 − b2), n = Cb

²¨Ï¥´µ ÔÉ¨Ì ´¥¤µ¸É É±µ¢ ¨ ¶µ ¸ÊÉ¨ µ± §Ò¢ ¥É¸Ö ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ ·¥Ï¥-
´¨¥³ �“’. „¥°¸É¢¨É¥²Ó´µ, ¶¥·¥°¤¥³ ± ±µµ·¤¨´ É ³

Φ2 =
r2 − 2Mr − n2

r2 + n2
, ρ2 = (r2 + n2) sin2 ϑ,

r =
M +

√
M2 + n2(1 − Φ4)
1 − Φ2

,

Éµ£¤ , ÊÎ¨ÉÒ¢ Ö ¢¸¶µ³µ£ É¥²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥

(
1 − k2b2

)2
= 4k2(a4 − b2),

¶µ²ÊÎ¨³

ds2 =
(

r2 − 2Mr − n2

r2 + n2

)
(dt + qdϕ)2 −

(
r2 + n2

r2 − 2Mr − n2

)
dr2 −

− (r2 + n2)(dϑ2 + sin2 ϑdϕ2), (7.22)

q = 2n(1 − | cos ϑ|).

‚´¥Ï´¥¥ ¸Ìµ¤¸É¢µ (7.22) ¸ ·¥Ï¥´¨¥³ �“’ ¸²Ê¦¨É µ¸´µ¢ ´¨¥³ ¤²Ö Éµ£µ, ÎÉµ¡Ò
´ §¢ ÉÓ ¥£µ Œ�“’ (³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ �“’), ´µ ¢ µÉ²¨Î¨¥ µÉ �“’ µ´µ ´¥-
¨§³¥´´µ ¶·¨ § ³¥´¥ ϑ → π−ϑ ¨ ·¥£Ê²Ö·´µ ´  µ¸¨. �¥É·Ê¤´µ ¶µ´ÖÉÓ ¶·¨Î¨´Ê
É ±µ£µ µÉ²¨Î¨Ö Å ¶·¨ ¢Ò¢µ¤¥ (7.18)Ä(7.20), Î ¸É´Ò³ ¸²ÊÎ ¥³ ±µÉµ·µ£µ Ö¢²Ö-
¥É¸Ö ·¥Ï¥´¨¥ Œ�“’, ÊÎÉ¥´µ É·¥¡µ¢ ´¨¥ ²µ± ²Ó´µ° ¶¸¥¢¤µ¥¢±²¨¤µ¢µ¸É¨ ´ 
µ¸¨ ¸¨³³¥É·¨¨. ’ ±¨³ µ¡· §µ³, µ¤¨´ ¨§ ´¥¤µ¸É É±µ¢ ·¥Ï¥´¨Ö �“’, ¸±µ-
·¥¥ ¢¸¥£µ, µ¡Ê¸²µ¢²¥´ ¶·¥´¥¡·¥¦¥´¨¥³ Ë¨§¨Î¥¸±¨ µ¡µ¸´µ¢ ´´Ò³ Ê¸²µ¢¨¥³
·¥£Ê²Ö·´µ¸É¨. �µÔÉµ³Ê ¶µ¶ÒÉ±¨ Ë¨§¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨ ·¥Ï¥´¨Ö �“’
µ± §Ò¢ ÕÉ¸Ö ¡¥§Ê¸¶¥Ï´Ò³¨. —Éµ ± ¸ ¥É¸Ö µÉ¸ÊÉ¸É¢¨Ö  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶¸¥¢-
¤µ¥¢±²¨¤o¢µ¸É¨, Éµ ÔÉ¨³ ´¥¤µ¸É É±µ³ µ¡² ¤ ¥É É ±¦¥ ³µ¤¨Ë¨Í¨·µ¢ ´´µ¥ ·¥-
Ï¥´¨¥. �  ´ Ï ¢§£²Ö¤, ÔÉµ ¸¢Ö§ ´µ ¸ Ê¶·µÐ ÕÐ¨³ ·¥Ï¥´¨¥ § ¤ Î¨ ¢Ò¡µ·µ³
¸µ¶ÊÉ¸É¢ÊÕÐ¥° ‘�, ¨´ Î¥ £µ¢µ·Ö, Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ g03 ´¥ µ¡· Ð ¥É¸Ö ¢
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´Ê²Ó ´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ, ³µ¦´µ µ¡ÑÖ¸´¨ÉÓ ²µ± ²Ó´Ò³ ÔËË¥±Éµ³ ®¢· -
Ð¥´¨Ö¯ ¨¸¶µ²Ó§Ê¥³µ° ‘�.

• ‡ ³¥Î ´¨¥ 11. Œ¥É·¨Î¥¸±µ° Ëµ·³¥ (4.3) ¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ ¶·¥¤¶µ-
Î¨É ÕÉ

ds̄2 = ds̄2
I − ds̄2

II, ds̄2
I = e2ᾱdt̄2 − e2γ̄(dϕ̄ − q̄dt̄)2, ds̄2

II = ds2
II.

�É³¥É¨³, ÎÉµ ¢Ò· ¦¥´¨¥ ds̄2
I ¶µ²ÊÎ ¥É¸Ö ¨§ (4.3) ¢ ·¥§Ê²ÓÉ É¥ Ëµ·³ ²Ó´µ°

§ ³¥´Ò ®´¥¸ÊÐ¥¸É¢¥´´ÒÌ¯ ±µµ·¤¨´ É:

t = iϕ̄, ϕ = it̄, α = γ̄, q = q̄, γ = ᾱ.

‘µµÉ¢¥É¸É¢ÊÕÐ Ö ds̄2 É¥É· ¤  ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ ¨³¥¥É ¢¨¤

L̄(µ)
υ =




eᾱ 0 0 0
0 eβ −le−β 0
0 0 eµ 0

−q̄eγ̄ 0 0 eγ̄


 ,

L̄υ
(µ) =




e−ᾱ 0 0 0
0 e−β le−µ 0
0 0 e−µ 0

q̄e−ᾱ 0 0 e−γ̄


 ,

  ±µ³¶µ´¥´ÉÒ 4-¸±µ·µ¸É¨
Å ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥

ū0 =
dt̄

ds̄
=

e−α

√
1 − V̄ 2

, ūi = v̄iū0, v̄i =
dxi

dt̄
, ū3 =

dϕ̄

ds̄
= Ω̄ū0,

V̄ 2 = e2β−2ᾱ(v̄1 − lv̄2)2 + e2µ−2ᾱ(v̄2)2 + e2γ̄−2ᾱ(Ω̄ − q̄)2, Ω̄ =
dϕ̄

dt
;

Å ¢ É¥É· ¤´µ³ ¡ §¨¸¥ ū(µ) = L̄
(µ)
ν uν

ū(0) =
1√

1 − V̄ 2
, ū(1) = eβ−ᾱ (v̄1 − lv̄2)√

1 − V̄ 2
, ū(2) = eµ−ᾱ V̄ 2

√
1 − V̄ 2

,

ū(3) = eγ̄−ᾱ(Ω̄ − q̄)ū(0).

‘· ¢´¨¢ Ö ÔÉ¨ ¢Ò· ¦¥´¨Ö, § ±²ÕÎ ¥³, ÎÉµ
Å ÉµÎ± , µ¶¨¸Ò¢ ÕÐ Ö ±·Ê£µ¢ÊÕ µ·¡¨ÉÊ, ¸µ¡¸É¢¥´´ Ö ¤²¨´  ±µÉµ·µ°

2πeγ̄ , ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥É ¸±µ·µ¸ÉÓ Ω̄,   ¢ ²µ± ²Ó´µ-¨´¥·Í¨ ²Ó´µ°
¸¨¸É¥³¥ µÉ¸Î¥É  ¢· Ð ¥É¸Ö ¸ Ê£²µ¢µ° ¸±µ·µ¸ÉÓÕ

eγ̄−ᾱ(Ω̄ − q̄),
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Å ÉµÎ± , ¶µ±µÖÐ Ö¸Ö ¢ ²µ± ²Ó´µ-¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³¥ (ū(1) = ū(2) =
ū(3) = 0), ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥É Ê£²µ¢ÊÕ ¸±µ·µ¸ÉÓ

Ω̄ = q̄,

É. ¥. ²µ± ²Ó´µ-¨´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  µÉ¸Î¥É  ¢µ¢²¥± ¥É¸Ö ¢µ ¢· Ð¥´¨¥ ³ -
É¥·¨´¸±µ£µ É¥²  (Ê¢²¥Î¥´¨¥ ¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò µÉ¸Î¥É ), ÎÉµ ¸µ¸É ¢²Ö¥É
¸µ¤¥·¦ ´¨¥ Ö¢²¥´¨Ö, ¨§¢¥¸É´µ£µ ± ± ÔËË¥±É ‹¥´§¥Ä’¨··¨´£ , ±µÉµ·Ò° ´¥
¨³¥¥É  ´ ²µ£  ± ± ¢ ´ÓÕÉµ´µ¢¸±µ° É¥µ·¨¨, É ± ¨ ¢ ¸¶¥Í¨ ²Ó´µ° É¥µ·¨¨ µÉ´µ-
¸¨É¥²Ó´µ¸É¨. � ¡µ· ±µµ·¤¨´ É ¢ ³¥É·¨± Ì ¸ Î¥·Éµ° ¨ ¡¥§ Î¥·ÉÒ µ¤¨´ ¨ ÉµÉ
¦¥, ¶µÔÉµ³Ê

q̄ = −q
e2α

e2γ − q2e2α
.

Ÿ¸´µ, ÎÉµ µ¡¥ ³¥É·¨Î¥¸±¨¥ Ëµ·³Ò µ¶¨¸Ò¢ ÕÉ µ¤´µ ¨ Éµ ¦¥ ¶·µ¸É· ´¸É¢µ-
¢·¥³Ö, ´µ ¸ ÉµÎ±¨ §·¥´¨Ö · §´ÒÌ ‘�.

�Ê¸ÉÓ ω2 Å Ê£²µ¢ Ö ¸±µ·µ¸ÉÓ Ê¢²¥Î¥´¨Ö ²µ± ²Ó´µ-¨´¥·Í¨ ²Ó´µ° ¸¨¸É¥³Ò
(CO2) µÉ´µ¸¨É¥²Ó´µ ´¥¶µ¤¢¨¦´µ£µ ´ ¡²Õ¤ É¥²Ö (��), ¶·¨Î¥³ ¥¸²¨ ω2 ∼
2I/R3 (I Å ³µ³¥´É ¨³¶Ê²Ó¸ , R Å · ¸¸ÉµÖ´¨¥ µÉ ¨¸ÉµÎ´¨±  ¶µ²Ö), Éµ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·µ¸É· ´¸É¢µ-¢·¥³Ö ¡Ê¤¥É  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨³ [89]. „µ-
¶Ê¸É¨³, ÎÉµ ·¥Ï¥´¨¥ Œ�“’ ¶µ²ÊÎ¥´µ ¢ ¸¨¸É¥³¥ µÉ¸Î¥É  CO0, ¢· Ð ÕÐ¥°¸Ö
µÉ´µ¸¨É¥²Ó´µ �� ¸ Ê£²µ¢µ° ¸±µ·µ¸ÉÓÕ ω0. �·¥µ¡· §µ¢ ´¨¥³

dϕ = dϕ́ + ω1dt, ω1 =
qΦ2

(r2 + n2) sinϑ2 − q2Φ2

·¥Ï¥´¨¥ Œ�“’ ³µ¦´µ ²µ± ²Ó´µ ¶·¨¢¥¸É¨ ± ¢¨¤Ê ¸ ¨¸Î¥§ ÕÐ¨³ ³¥É·¨Î¥¸±¨³
±µÔËË¨Í¨¥´Éµ³ g03. �Éµ µ§´ Î ¥É ¶¥·¥Ìµ¤ ± ´µ¢µ° ¸¨¸É¥³¥ µÉ¸Î¥É  CO1,
±µÉµ· Ö ®¢· Ð ¥É¸Ö¯ µÉ´µ¸¨É¥²Ó´µ ‘�0 ¸ Ê£²µ¢µ° ¸±µ·µ¸ÉÓÕ ω1. �µ´ÖÉ´µ,
ÎÉµ Ê£²µ¢Ò¥ ¸±µ·µ¸É¨ ‘�0, ‘�1 ¨ ‘�2 ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ ω2 = ω0 + ω1,
¶µÔÉµ³Ê ‘�0, ¢ ±µÉµ·µ° ¢Ò¢¥¤¥´µ ·¥Ï¥´¨¥ Œ�“’, ¢ ± ¦¤µ° ÉµÎ±¥ (r, ϑ)
®¢· Ð ¥É¸Ö¯ µÉ´µ¸¨É¥²Ó´µ �� ¸ Ê£²µ¢µ° ¸±µ·µ¸ÉÓÕ

ω0 = ω2 − ω1.

�  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ω2 ∼ 1/R3,   ω1 ∼ 1/R2, ¸²¥¤µ¢ É¥²Ó´µ, ²¨´¥°´ Ö
¸±µ·µ¸ÉÓ v0 = ω0R ¤¢¨¦¥´¨Ö ± ¦¤µ° ÉµÎ±¨ ‘�0 µÉ´µ¸¨É¥²Ó´µ �‘� ¸É·¥-
³¨É¸Ö ± ´Ê²Õ ´  ¡¥¸±µ´¥Î´µ¸É¨,   ÔÉµ µ§´ Î ¥É, ÎÉµ ‘�0 ³µ¦¥É ¡ÒÉÓ µ¸ÊÐ¥-
¸É¢²¥´  ·¥ ²Ó´Ò³¨ É¥² ³¨, É. ¥. ·¥Ï¥´¨¥ Œ�“’ Ê¤µ¢²¥É¢µ·Ö¥É Ë¨§¨Î¥¸±¨³
É·¥¡µ¢ ´¨Ö³, ¶·¥¤ÑÖ¢²Ö¥³Ò³ ± ¸É Í¨µ´ ·´Ò³ µ¸¥¸¨³³¥É·¨Î´Ò³ ·¥Ï¥´¨Ö³
¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ .

‘É Í¨µ´ ·´µ¥ ¢ ±ÊÊ³´µ¥ ·¥Ï¥´¨¥ (7.18)Ä(7.20) ¤µ¶Ê¸± ¥É ¥Ð¥ µ¤´µ Î ¸É-
´µ¥ ·¥Ï¥´¨¥. �µ²µ¦¨³ 2ka2 = 1 ¨ ¶¥·¥µ¡µ§´ Î¨³ ±µ´¸É ´ÉÒ Ca2 = A,
b/a2 = B, Éµ£¤  ¢³¥¸Éµ (7.18)Ä(7.20) ¨³¥¥³

e2α = [1 − ρ2f(Φ)]
−1

,
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f(Φ) =
[
A eβ

(
1 +

B2

4

)√
1 − B2Φ4

]−1

,

q = 2AB

(
1 +

B2

4

)(
e−α − 1

)
, l =

1
2
ρL(Φ),

eβ = A

(
1 +

B2

4

)√
1 − B2Φ4

[
L2

4
+

L

Φ
− B2Φ2

1 + B2Φ4

]
,

L(Φ) =
2Φ√

1 − B2Φ4

(
1 − B2

4

)
+
(

1 +
B2

4

)√
1 − B2Φ4

1 −
(

1 +
B2

4

)
Φ2

.

�¥·¥¶¨Ï¥³ ¡²µ± (t, ϕ) ¨¸Ìµ¤´µ° ³¥É·¨Î¥¸±µ° Ëµ·³Ò ¢ Ô±¢¨¢ ²¥´É´µ³
¢¨¤¥

dσ2 =
ρ2Φ2

ρ2 − q2Φ2
dt2 − (ρ2 − q2Φ2)(dϕ + ωdt)2,

£¤¥

ω =
qΦ2

ρ2 − q2Φ2
.

�µ¢Éµ·ÖÖ · ¸¸Ê¦¤¥´¨Ö, ±µÉµ·Ò¥ ¶µ§¢µ²¨²¨ µ¸ÊÐ¥¸É¢¨ÉÓ ¶¥·¥¡·µ¸ ·¥Ï¥´¨Ö
Œ�“’ ¢ ´µ¢ÊÕ ‘�, ¶·¥µ¡· §Ê¥³ dσ2, ¨¸¶µ²Ó§ÊÖ

dϕ́ = dϕ + (ω − ωk)dt, ωk =
2aMr

(r2 + a2)R2 + 2Ma2r sin2 ϑ
,

R2 = r2 + a2 cos2 ϑ.

�µ¤¸É ¢¨¢ ¤ ²¥¥

Φ2 = 1 − 2Mr

R2
,

ρ2 = r2 + a2

(
1 − 2Mr

R2 − 2Mr
+

2Mr sin2 ϑ

R2

)
,

¶µ²ÊÎ¨³ ·¥Ï¥´¨¥ Š¥··  [73].

8. ‚�…Œ…���Ÿ ‡�„�—� (‡�„�—� ’�‹Œ…��)

�’� Ê¸É ´ ¢²¨¢ ¥É µ£· ´¨Î¥´¨¥ ´  ¶·¥¤¥²Ó´µ¥ §´ Î¥´¨¥ ³ ¸¸Ò ¡¥²ÒÌ
± ·²¨±µ¢ ¨ ´¥°É·µ´´ÒÌ §¢¥§¤. „²Ö ³µ¤¥²¥° ¸ · §²¨Î´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢¥Ð¥-
¸É¢  ±·¨É¨Î¥¸± Ö ³ ¸¸  M±· ∼ 1, 5M�÷3M� [90]. �·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ ¥¸²¨
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§¢¥§¤  £² ¢´µ° ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸ ³ ¸¸µ° M > M±· ¢ Ìµ¤¥ ¸¢µ¥° Ô¢µ²ÕÍ¨¨
´¥ ¸¡·µ¸¨É ¨§²¨Ï¥± ³ ¸¸Ò δM = M −M±·, Éµ ¶µ¸²¥ ¨¸Î¥·¶ ´¨Ö ¨¸ÉµÎ´¨±µ¢
Ö¤¥·´µ£µ £µ·ÕÎ¥£µ ´ Î´¥É¸Ö ¥¥ ± É ¸É·µË¨Î¥¸±µ¥ ¸¦ É¨¥, ¢ ·¥§Ê²ÓÉ É¥ ±µ-
Éµ·µ£µ µ¡· §Ê¥É¸Ö Î¥·´ Ö ¤Ò· . ’ ±µ¥ § ¢¥·Ï¥´¨¥ £· ¢¨É Í¨µ´´µ£µ ±µ²² ¶¸ 
µ¡Ê¸²µ¢²¥´µ ¸É·Ê±ÉÊ·µ° Ê· ¢´¥´¨° �’� Å ¢µ§´¨± ÕÐ¨¥ ¢ Ìµ¤¥ ¸¦ É¨Ö Ê¶·Ê-
£¨¥ ¸¨²Ò ´¥ ³µ£ÊÉ ¶·µÉ¨¢µ¸ÉµÖÉÓ ¸¨² ³ ÉÖ£µÉ¥´¨Ö. (“³¥¸É´µ § ³¥É¨ÉÓ, ÎÉµ
¢ ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ ‹µ£Ê´µ¢  [13] ¢ µ¡² ¸É¨, ¡²¨§±µ° ± £µ-
·¨§µ´ÉÊ ¸µ¡ÒÉ¨°, ´ Î¨´ ¥É · ¡µÉ ÉÓ  ´É¨£· ¢¨É Í¨µ´´Ò° ³¥Ì ´¨§³, ±µ²² ¶¸
µ¸É ´ ¢²¨¢ ¥É¸Ö ¨ ¸¦ É¨¥ ¸³¥´Ö¥É¸Ö · ¸Ï¨·¥´¨¥³.)

‘± ²Ö·´µ¥ ¶µ²¥ É¥µ·¨¨ ‰�„ ´¥ ³µ¦¥É ´¥ µ± § ÉÓ ¢²¨Ö´¨Ö ± ± ´  ¤¨-
´ ³¨±Ê ¸ ³µ£· ¢¨É¨·ÊÕÐ¨Ì µ¡Ñ¥±Éµ¢, É ± ¨ ´  Ê¸Éµ°Î¨¢µ¸ÉÓ · ¢´µ¢¥¸´ÒÌ
³µ¤¥²¥°. ‚µ¶·µ¸ µ¡ Ëµ·³¨·µ¢ ´¨¨ Î¥·´ÒÌ ¤Ò· ¢ ÔÉµ° É¥µ·¨¨ µ¡¸Ê¦¤ ²¸Ö ¢
· ¡µÉ Ì [91Ä94]). ’ ±, ¢ · ¡µÉ¥ [91] ÊÉ¢¥·¦¤ ¥É¸Ö, ÎÉµ ¢ É¥µ·¨¨ ‰�„, É ±
¦¥ ± ± ¨ ¢ �’�, £· ¢¨É Í¨µ´´Ò° ±µ²² ¶¸ § ¢¥·Ï ¥É¸Ö µ¡· §µ¢ ´¨¥³ Î¥·´µ°
¤Ò·Ò. �Éµ § ±²ÕÎ¥´¨¥ µ¸´µ¢ ´µ ´  ¸²¥¤ÊÕÐ¨Ì ¸µµ¡· ¦¥´¨ÖÌ:

1) ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¥¸ÉÓ ÉµÎ´µ¥ ·¥Ï¥´¨¥ É¥µ·¨¨ ‰�„ ¸ ¶µ¸ÉµÖ´-
´Ò³ ¸± ²Ö·´Ò³ ¶µ²¥³,

2) ¸± ²Ö·´µ¥ ¶µ²¥ ¶·¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ³ ±µ²² ¶¸¥ ¸É·¥³¨É¸Ö ±
¶µ¸ÉµÖ´´µ³Ê §´ Î¥´¨Õ ¶·¨ t → ∞.
‘ ¤·Ê£µ° ¸Éµ·µ´Ò, Œ É¸Ê¤  [92], µ¸´µ¢Ò¢ Ö¸Ó ´  ·¥§Ê²ÓÉ É Ì · ¡µÉÒ [95],
¶µ± § ², ÎÉµ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  Ö¢²Ö¥É¸Ö ÉµÎ´Ò³, ´µ ´¥ ¥¤¨´¸É¢¥´´Ò³
·¥Ï¥´¨¥³ É¥µ·¨¨ ‰�„ ¢ ¶·¥¤¥²¥ ¶µ¸ÉµÖ´´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ¨ ¶µÔÉµ³Ê
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò° ±µ²² ¶¸ ¢ ÔÉµ° É¥µ·¨¨ ´¥ µ¡Ö§ É¥²Ó´µ ¶·¨¢µ¤¨É
± µ¡· §µ¢ ´¨Õ Î¥·´µ° ¤Ò·Ò. „µ¶µ²´¨É¥²Ó´Ò¥ ¸µµ¡· ¦¥´¨Ö µ ¢µ§³µ¦´µ¸É¨
Ëµ·³¨·µ¢ ´¨Ö Î¥·´ÒÌ ¤Ò· ¢ É¥µ·¨¨ ‰�„ ³µ¦¥É ¤ ÉÓ ± Î¥¸É¢¥´´Ò°  ´ ²¨§
¶·µ¡²¥³Ò. �Ê¤¥³ ¸²¥¤µ¢ ÉÓ · ¸¸Ê¦¤¥´¨Ö³  ´ ²µ£¨Î´µ£µ  ´ ²¨§  ¤²Ö ¸²ÊÎ Ö
�’�, ¨§²µ¦¥´´µ£µ ¢ [96]. � ¸¸³µÉ·¨³ · ¸¶·µ¸É· ´¥´¨¥ ¸¢¥É  ¨ ¸¢µ¡µ¤´µ¥
¤¢¨¦¥´¨¥ ®¶·µ¡´ÒÌ¯ Î ¸É¨Í ¢ · ¤¨ ²Ó´µ³ ´ ¶· ¢²¥´¨¨ (θ, φ = const) ¢ £· -
¢¨É Í¨µ´´µ³ ¶µ²¥ ¸É É¨Î¥¸±µ£µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ É¥²  ³ ¸¸µ° M .
‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¨´É¥·¢ ²  ¢ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·µ¨¤ ²Ó´ÒÌ ±µµ·¤¨-
´ É Ì ¨³¥¥É ¢¨¤ (5.8)

ds2 = g00c
2dt2 − g11du2, g00 = τ2h/η , g11 = k2τ2h(a−1)/η.

‡¤¥¸Ó k = ηM , h = η/2(1 − a), τ Å ¶ · ³¥É· ·¥Ï¥´¨Ö ƒ¥±³ ´  (¸³. [15])

τ =
(

u − 1
u + 1

)1/2h

,

¸¢Ö§Ó ±µÉµ·µ£µ ¸ · ¤¨ ²Ó´µ° ¶¥·¥³¥´´µ° ±µµ·¤¨´ É ±·¨¢¨§´Ò µ¶·¥¤¥²Ö¥É¸Ö
¸µµÉ´µÏ¥´¨¥³

r = 2ηM
τh−1/2

1 − τ2h
.
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�¥·¥°¤¥³ ± ´µ¢Ò³ ±µµ·¤¨´ É ³ T ¨ R, É ± ÎÉµ¡Ò

cdT = cdt + f
√

g11/g00du, dR = cdt +
1
f

√
g11/g00du.

Ÿ¸´µ, ÎÉµ

cdt =
cdT − f2dR

1 − f2
, du = f

dR − cdT

1 − f2

√
g00/g11.

‚Ò¡¥·¥³ f2 = 1 − g00, ÎÉµ ¶µ§¢µ²Ö¥É ¨§¡ ¢¨ÉÓ¸Ö µÉ µ¸µ¡¥´´µ¸É¨ ¨ ¶¥·¥°É¨ ¢
¸¨´Ì·µ´´ÊÕ ¸¨¸É¥³Ê µÉ¸Î¥É , Éµ£¤ 

ds2 = c2dT 2 −
(
1 − τ2h/η

)
, R − cT = ηM

∫
τah/η

√
1 − τ2h/η

du.

‚ ´µ¢ÒÌ ±µµ·¤¨´ É Ì ³¥É·¨±  ´¥¸É Í¨µ´ ·´ , ±µµ·¤¨´ É  R ¢¸Õ¤Ê ¶·µ¸É· ´-
¸É¢¥´´ Ö,   T Å ¢·¥³¥´´ Ö. ‹¨´¨¨ ¢·¥³¥´¨, ± ± ¨ ¢µ ¢¸Ö±µ° ¸¨´Ì·µ´´µ°
¸¨¸É¥³¥ µÉ¸Î¥É , Ö¢²ÖÕÉ¸Ö £¥µ¤¥§¨Î¥¸±¨³¨, É. ¥. ¶µ±µÖÐ¨¥¸Ö ¢ ¢Ò¡· ´´µ° ¸¨-
¸É¥³¥ µÉ¸Î¥É  ®¶·µ¡´Ò¥¯ Î ¸É¨ÍÒ Å ÔÉµ Î ¸É¨ÍÒ, ¸¢µ¡µ¤´µ ¤¢¨¦ÊÐ¨¥¸Ö ¢
· ¸¸³ É·¨¢ ¥³µ³ ¶µ²¥. ”¨±¸¨·µ¢ ´´Ò¥ §´ Î¥´¨Ö ±µµ·¤¨´ ÉÒ r (¨²¨, ÎÉµ Éµ
¦¥, ¶ · ³¥É·  τ ) ¶ · ³¥É·¨§ÊÕÉ ¸¥³¥°¸É¢µ ³¨·µ¢ÒÌ ²¨´¨° R − cT = const
(ÔÉµ ´ ±²µ´´Ò¥ ¶·Ö³Ò¥ ´  ¤¨ £· ³³¥ {cT, R}, µ¤´  ¨§ ±µÉµ·ÒÌ, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ Ö r = 0, ¶·µÌµ¤¨É Î¥·¥§ ´ Î ²µ ±µµ·¤¨´ É). Œ¨·µ¢Ò¥ ²¨´¨¨ ®¶·µ¡-
´ÒÌ¯ Î ¸É¨Í, ¶µ±µÖÐ¨Ì¸Ö ¢ ¢Ò¡· ´´µ° ¸¨¸É¥³¥ µÉ¸Î¥É , ´  Éµ° ¦¥ ¤¨ £· ³³¥
¨§µ¡· ¦ ÕÉ¸Ö ¢¥·É¨± ²Ö³¨, ¶ · ²²¥²Ó´Ò³¨ µ¸¨ cT . „²Ö ¸¢¥Éµ¢ÒÌ ¸¨£´ -
²µ¢, · ¸¶·µ¸É· ´ÖÕÐ¨Ì¸Ö ¢ · ¤¨ ²Ó´µ³ ´ ¶· ¢²¥´¨¨, Ê· ¢´¥´¨¥ ds2 = 0
¤ ¥É

cdT

dR
= ±

√
1 − τ2h/τ

(¤¢  §´ ±  ¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢Ê³ £· ´¨Í ³ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¸ ¢¥·Ï¨´µ° ¢ § -
¤ ´´µ° ³¨·µ¢µ° ÉµÎ±¥).

‚ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥ �’� (η = 1, a = 0, h = 1/2)

r =
2M

1 − τ
,

µÉ±Ê¤  Ö¸´µ, ÎÉµ ¨´É¥·¢ ² −∞ < τ ≤ 0 µÉµ¡· ¦ ¥É¸Ö ¢ r ∈ {0, 2M},  
0 ≤ τ < 1 Å ¢ r ∈ {2M,∞}. �µÔÉµ³Ê ¨§

cdT

dR
= ±

√
1 − τ ,

§ ³¥É¨¢, ÎÉµ ¨´É¥·¢ ²Ê r ∈ {0, 2M} ¸µµÉ¢¥É¸É¢Ê¥É |cdT/dR| > 1,   ¨´-
É¥·¢ ²Ê r ∈ {2M,∞} Å ´¥· ¢¥´¸É¢µ |cdT/dR| < 1, § ±²ÕÎ ¥³: ³¨·µ¢ Ö
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²¨´¨Ö ¶µ±µÖÐ¥°¸Ö Î ¸É¨ÍÒ ¢´¥ µ¡² ¸É¨ r = 2M ¶µ¶ ¤ ¥É ¢ ¸¢¥Éµ¢µ° ±µ-
´Ê¸,   ¢´ÊÉ·¨ ÔÉµ° µ¡² ¸É¨ Å ´¥É, ¨´ Î¥ £µ¢µ·Ö, ¶µ¸±µ²Ó±Ê ³¨·µ¢Ò¥ ²¨-
´¨¨ ²Õ¡ÒÌ ¶·¨Î¨´´µ-¸¢Ö§ ´´ÒÌ ¸µ¡ÒÉ¨° ´¥ ³µ£ÊÉ ´ Ìµ¤¨ÉÓ¸Ö ¢´¥ ¸¢¥Éµ-
¢µ£µ ±µ´Ê¸ , Éµ ¢ µ¡² ¸É¨ r ≤ 2M ´¥ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ¶µ±µÖÐ¨Ì¸Ö Î -
¸É¨Í.

„²Ö  ´ ²µ£¨Î´µ£µ  ´ ²¨§  ¢ É¥µ·¨¨ ‰�„ ´¥µ¡Ìµ¤¨³Ò µÍ¥´µÎ´Ò¥ ¢¥²¨-
Î¨´Ò Ë¨£Ê·¨·ÊÕÐ¨Ì ¢ Ëµ·³Ê² Ì ±µ´¸É ´É. ‘µ£² ¸´µ ¤ ´´Ò³ ´ ¡²Õ¤¥´¨°
¡¥§· §³¥·´ Ö ±µ´¸É ´É  ¸¢Ö§¨ ζ Å ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ, ´¥ ¶·¥¢ÒÏ ÕÐ¥¥
500 [1]. ˆ¸¶µ²Ó§ÊÖ ÔÉµ §´ Î¥´¨¥ ¨ ¶µ²ÊÎ¥´´ÊÕ ¢ÒÏ¥ Ëµ·³Ê²Ê (¸³. § ³¥Î -
´¨¥ 7), ¸¢Ö§Ò¢ ÕÐÊÕ ±µ´¸É ´ÉÒ η, a ¨ ζ, § ±²ÕÎ ¥³, ÎÉµ η2 > 1 ¤²Ö ²Õ¡ÒÌ
a �= 0. � ¡²Õ¤ É¥²Ó´Ò¥ µÍ¥´±¨ ¶µ¸É´ÓÕÉµ´µ¢¸±µ£µ ¶ · ³¥É·  γ = 1−a ¤ ÕÉ
¤²Ö ¥£µ ¢¥²¨Î¨´Ò §´ Î¥´¨¥, ¡²¨§±µ¥ ± ¥¤¨´¨Í¥, ´µ ´¥ · ¢´µ¥ ¥°. �¥§Ê²ÓÉ ÉÒ
Î¨¸²¥´´µ£µ · ¸Î¥É  [97] ¶µ§¢µ²ÖÕÉ Ê¸É ´µ¢¨ÉÓ µ£· ´¨Î¥´¨¥ |h| > 1/2. ˆÉ ±,
¤²Ö µÉ²¨Î´ÒÌ µÉ ´Ê²Ö §´ Î¥´¨° a, § ±²ÕÎ¥´´ÒÌ ¢ ¨´É¥·¢ ²¥ −1 < a < 1,
¨³¥¥³

h >
1
2

¶·¨ η > 1 ¨ h < −1
2

¶·¨ η < −1.

‚ ¶¥·¢µ³ ¸²ÊÎ ¥ (h > 1/2) ¢¸Ö µ¡² ¸ÉÓ 0 ≤ r < ∞ µÉµ¡· ¦ ¥É¸Ö ¢ 0 ≤ τ < 1,
¶·¨ ÔÉµ³ |cdT/dR| < 1, É. ¥. ³¨·µ¢Ò¥ ²¨´¨¨ ¶µ±µÖÐ¨Ì¸Ö Î ¸É¨Í ¤²Ö ¢¸¥Ì r
´ Ìµ¤ÖÉ¸Ö ¢´ÊÉ·¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸ . ‚ ¸²ÊÎ ¥ h < −1/2 ¨´É¥·¢ ²Ê 1 ≤ τ < ∞
¸µµÉ¢¥É¸É¢Ê¥É 0 ≤ r < ∞,   |cdT/dR| < 1, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥,
É. ¥. ´¥ ¢µ§´¨± ¥É ´¨± ±¨Ì  ´µ³ ²¨°. ’ ±¨³ µ¡· §µ³, ± Î¥¸É¢¥´´Ò°  ´ ²¨§
¶µ§¢µ²¨² ¢ÒÖ¢¨ÉÓ µÉ²¨Î¨Ö ¢ ¶µ¢¥¤¥´¨¨ ®¶·µ¡´ÒÌ¯ Î ¸É¨Í ¢ £· ¢¨É Í¨µ´´µ³
¶µ²¥ ¸É É¨Î¥¸±µ£µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ É¥²  ¢ �’� ¨ É¥µ·¨¨ ‰�„,
µ¤´ ±µ ÔÉµ ´¥ ³µ¦¥É ¸²Ê¦¨ÉÓ ¤µ¸É ÉµÎ´Ò³ µ¸´µ¢ ´¨¥³ ¤²Ö µ±µ´Î É¥²Ó´µ£µ
§ ±²ÕÎ¥´¨Ö µ ¶·¥¤¸± § ´¨ÖÌ É¥µ·¨¨ ‰�„ ¶µ ¢µ¶·µ¸Ê µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ Î¥·´ÒÌ
¤Ò·. �É¢¥É ´  ÔÉµÉ ¢µ¶·µ¸ ³µ¦´µ ¡Ê¤¥É ¶µ²ÊÎ¨ÉÓ Éµ²Ó±µ ¶µ¸²¥ ·¥Ï¥´¨Ö
¢·¥³¥´´µ° § ¤ Î¨, ±µÉµ· Ö, ¶µ ·¥§Ê²ÓÉ É ³ · ¡µÉ [98, 99], ¸Ëµ·³Ê²¨·µ¢ ´  ¢
´ ¸ÉµÖÐ¥³ · §¤¥²¥.

�·¥µ¡· §µ¢ ´¨¥³ ±µµ·¤¨´ É ´ ¨µ¡Ð¥£µ ¢Ò· ¦¥´¨Ö ³¥É·¨±¨ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ [100] µ¡· É¨³ ¢ ´Ê²Ó ¥¤¨´¸É¢¥´´ÊÕ ´¥-
¤¨a£o´ ²Ó´ÊÕ ±µ³¶µ´¥´ÉÊ ³¥É·¨±¨ ¨ ¶¥·¥°¤¥³ ¢ ¸µ¶ÊÉ¸É¢ÊÕÐÊÕ ¸¨¸É¥³Ê µÉ-
¸Î¥É , ÎÉµ ¤ ¥É

ds2 = e2α(r,t)dt2 − e2β(r,t)dr2 − R2(r, t)dΩ2,

uµ = {ut, 0, 0, 0}, α̇ = − u̇t

ut
.

�µ¤¸É ¢¨¢ ÔÉµ ¢ Ê· ¢´¥´¨Ö (1.3), (1.4), ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¢·¥³¥´´µ°
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ° § ¤ Î¨ É¥µ·¨¨ ‰�„, ±µÉµ·Ò¥ ¤²Ö ±· É±µ¸É¨ ¡Ê¤¥³
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´ §Ò¢ ÉÓ ¢·¥³¥´´Ò³¨ Ê· ¢´¥´¨Ö³¨:

e−2α

[
ÿ

y
+

ẏ

y

(
β̇ − α̇ +

2Ṙ

R

)]
−

− e−2β

[
y′′

y
+

y′

y

(
α′ − β′ +

2R′

R

)]
=

8π(ε − 3P )
y(3 + 2ζ)

,

e−2α

[
Ṙ

R

(
Ṙ

R
+ 2β̇

)
+

ẏ

y

(
β̇ +

2Ṙ

R

)]
+

1
R2

− ζ

2y2

(
e−2αẏ2 + e−2βy′2)−

− e−2β

[
2R′′

R
+

R′

R

(
R′

R
− 2β′

)
+

y′′

y
+

y′

y

(
2R′

R
− β′

)]
=

8πε

y
,

e−2α

[
2R̈

R
+

Ṙ

R

(
Ṙ

R
− 2α̇

)
+

ÿ

y
+

ẏ

y

(
2Ṙ

R
− α̇

)]
+

1
R2

−

− e−2β

[
R′

R

(
R′

R
+ 2α′

)
+

y′

y

(
α′ +

2R′

R

)]
+

+
ζ

2y2

(
e−2αẏ2 + e−2βy′2) = −8πP

y
,

2Ṙ′

R
− α′

(
2Ṙ

R
+

ẏ

y

)
− β̇

(
2R′

R
+

y′

y

)
+

ẏ′

y
+ ζ

ẏy′

y2
= 0.

�·¨ ·¥Ï¥´¨¨ ¢´ÊÉ·¥´´¨Ì § ¤ Î Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ É ±¦¥ § ±µ´ ¸µÌ· ´¥´¨Ö
Î¨¸²  ¡ ·¨µ´µ¢ ∇µ(nuµ) = 0 (n Å ¶²µÉ´µ¸ÉÓ Î¨¸²  ¡ ·¨µ´µ¢) ¨ ¢ÒÉ¥± ÕÐ¨¥
¨§ (1.6) ¨ (1.7) Ê· ¢´¥´¨Ö

ε̇

ε + P
=

ṅ

n
= −

(
β̇ +

2Ṙ

R

)
,

P ′

ε + P
= −α′. (8.1)

‡¤¥¸Ó ÉµÎ±  µ¡µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¢·¥³¥´¨,   ÏÉ·¨Ì Å ¶µ ±µ-
µ·¤¨´ É¥ r.

• ‡ ³¥Î ´¨¥ 12. ‚ �’�, ± ± ¸²¥¤¸É¢¨¥ É¥µ·¥³Ò �¨·±£µË , ³ ¸¸  ¸É -
É¨Î¥¸±µ£µ É¥²  ¨ É ±µ£µ ¦¥ É¥² , µ¸Í¨²²¨·ÊÕÐ¥£µ · ¤¨ ²Ó´µ, ¨³¥¥É µ¤´Ê ¨
ÉÊ ¦¥ ¢¥²¨Î¨´Ê. ‚ É¥µ·¨¨ ‰�„  ´ ²µ£¨Î´µ¥ ÊÉ¢¥·¦¤¥´¨¥ ´¥ ¸¶· ¢¥¤²¨¢µ,
¶µ¸±µ²Ó±Ê ẏ �= 0. �¤´ ±µ ¢¥¸Ó³  ¶· ¢¤µ¶µ¤o¡´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·¥¤¶µ²µ-
¦¥´¨¥ µ Éµ³, ÎÉµ ¢·¥³¥´´Ò¥ ¨§³¥´¥´¨Ö ¸± ²Ö·´µ£µ ¶µ²Ö ¶·µ¨¸Ìµ¤ÖÉ §  ¢·¥³Ö,
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¸· ¢´¨³µ¥ ¸ ±µ¸³µ²µ£¨Î¥¸±¨³. ˆ¸Ìµ¤Ö ¨§ ÔÉµ£µ ¶·¨ · ¸¸³µÉ·¥´¨¨ ¤¨´ ³¨±¨
¨§µ²¨·µ¢ ´´µ£µ µ¡Ñ¥±É  Í¥²¥¸µµ¡· §´µ ¸Î¨É ÉÓ ẏ = 0. …¸²¨ ¶·¨´ÖÉÓ ÔÉµ
¶·¥¤¶µ²µ¦¥´¨¥ ¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¢Ò¸¢µ¡µ¤¨¢Ï¥¥¸Ö ±µµ·¤¨´ É´µ¥ Ê¸²µ¢¨¥ (¢´¥
É¥²  u0 Å ¥¤¨´¸É¢¥´´ Ö ´¥¨¸Î¥§ ÕÐ Ö ±µ³¶µ´¥´É  4-¸±µ·µ¸É¨) ¤²Ö ¢Ò¡µ· 
R = r, Éµ ¨§ Ê· ¢´¥´¨Ö ¸µ ¸³¥Ï ´´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ ¢·¥³¥´´µ° ¸¨¸É¥³Ò
´ °¤¥³

β̇

(
2
r

+
y′

y

)
= 0.

�µ¤¸É ¢¨¢ ¢ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¥£µ ¶µ¢¥¤¥-
´¨¥ £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö·  ¢´¥ · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸ y′ = const eβ−α/r2 ¶·¨
β̇ �= 0, ¶µ²ÊÎ¨³ y = −const eβ−α/2r ¸ ´¥Ë¨§¨Î¥¸±µ°  ¸¨³¶ÉµÉ¨±µ°. �µÔÉµ³Ê
´¥µ¡Ìµ¤¨³µ ¸Î¨É ÉÓ β̇ = 0. ’µ£¤  ¨§ ¢Ò¶¨¸ ´´µ° ¢ÒÏ¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°
¸²¥¤Ê¥É, ÎÉµ ¨ α̇ = 0. ’ ±¨³ µ¡· §µ³, ¥¸²¨ ¶·¥´¥¡·¥ÎÓ ¢·¥³¥´´µ° § ¢¨¸¨-
³µ¸ÉÓÕ £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö· , Éµ ¢´¥ · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸ ¨§µ²¨·µ¢ ´´µ£µ
É¥²  ¸Ë¥·¨Î¥¸±µ° Ëµ·³Ò £· ¢¨É Í¨µ´´µ¥ ¶µ²¥ µ± §Ò¢ ¥É¸Ö É ±¨³ ¦¥, ± ± Ê
¸É É¨Î¥¸±µ£µ É¥² , É ± ± ± ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨Ö³¨ § ¤ Î¨ y = y(r),
α = α(r), β = β(r).
‘µ£² ¸´µ ¢Ò¢µ¤ ³ ÊÉ¢¥·¦¤¥´¨Ö 3 ±µ´Ëµ·³´µ¥ ¶·¥µ¡· §µ¢ ´¨¥

g̃µν =
y

y0
gµν

¶¥·¥¢µ¤¨É Ê· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ ¨§ ¸µ¡¸É¢¥´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¢ Ô°´ÏÉ¥°-
´µ¢¸±µ¥, ÎÉµ ¶µ§¢µ²Ö¥É, µÉ¡·µ¸¨¢ É¨²Ó¤Ê, § ¶¨¸ ÉÓ ¨Ì ¢ ¡µ²¥¥ ±µ³¶ ±É´µ³
¢¨¤¥

∂

∂t

(
σ̇R2eβ−α

)
− ∂

∂r

(
σ′R2eα−β

)
= 0, (8.2)

e−2α Ṙ

R

(
Ṙ

R
+ 2β̇

)
− e−2β

[
2R′′

R
+

R′

R

(
R′

R
− 2β′

)]
+

+
1

R2
=

8π

y0
(ε + ε∗), (8.3)

e−2α

[
2R̈

R
+

Ṙ

R

(
Ṙ

R
− 2α̇

)]
− e−2β R′

R

(
R′

R
+ 2α̇

)
+

+
1

R2
= −8π

y0
(P + P ∗), (8.4)

Ṙ′

R
− α′ Ṙ

R
− β̇

R′

R
= −σ̇σ′. (8.5)
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‡¤¥¸Ó

ε∗ = P ∗ =
y0

8π
(e−2ασ̇2 + e−2βσ′2), y = e

√
2/(3+2ζ)σ. (8.6)

‘¨¸É¥³  Ê· ¢´¥´¨° (8.2)Ä(8.5) ¤µ¶Ê¸± ¥É ¤ ²Ó´¥°Ï¥¥ Ê¶·µÐ¥´¨¥, ¥¸²¨ ¢¢¥¸É¨

M =
R

2

(
1 + e−2αṘ2 − e−2βR′2

)
. (8.7)

’µ£¤  ¢³¥¸Éµ ±µ³¡¨´ Í¨¨ Ê· ¢´¥´¨° (8.3)Ä(8.5) ¶µ²ÊÎ¨³

M ′ =
4π

y0
(ε + ε∗)R2R′ − R2Ṙσ̇σ′, (8.8)

Ṁ = −4π

y0
(P + P ∗)R2Ṙ + R2R′σ̇σ′. (8.9)

„µ¡ ¢¨¢ ± (8.7)Ä(8.9) Ê· ¢´¥´¨Ö (8.2), (8.5), (8.1) ¨ Ê· ¢´¥´¨¥ ¸µ¸ÉµÖ´¨Ö ¢¥-
Ð¥¸É¢ , ¶µ²ÊÎ¨³ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê ¤²Ö ·¥Ï¥´¨Ö ¢·¥³¥´´µ° § ¤ Î¨ É¥µ·¨¨
‰�„.

• ‡ ³¥Î ´¨¥ 13. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ σ = const, ε = P = 0 ¸¨¸É¥³  ¢·¥³¥´-
´ÒÌ Ê· ¢´¥´¨° ‰�„ ¶·¥¢· Ð ¥É¸Ö ¢ Ê· ¢´¥´¨Ö �’�. ‡ °³¥³¸Ö µ¡¸Ê¦¤¥´¨¥³
¨´É¥£·¨·Ê¥³µ¸É¨ ¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° ¢·¥³¥´´µ° § ¤ Î¨ �’�. �·¨³¥Î -
É¥²Ó´µ, ÎÉµ ¢´¥ · ¸¶·¥¤¥²¥´¨Ö ³ ¸¸ ¢¥²¨Î¨´  M , µ¶·¥¤¥²Ö¥³ Ö ¸µµÉ´µÏ¥-
´¨¥³ (8.7), µ± §Ò¢ ¥É¸Ö ±µ´¸É ´Éµ°. „¥°¸É¢¨É¥²Ó´µ, (8.8) ¨ (8.9), ¶µ²ÊÎ¥´´Ò¥
± ± ±µ³¡¨´ Í¨¨ Ê· ¢´¥´¨° ¢·¥³¥´´µ° § ¤ Î¨, ¢ �’� ¸¢µ¤ÖÉ¸Ö ± M ′ = 0 ¨
Ṁ = 0, ¶µÔÉµ³Ê

dM = Ṁdt + M ′dr = 0 =⇒ M = const.

�Éµ µ§´ Î ¥É, ÎÉµ ¸¨¸É¥³  Ê· ¢´¥´¨° ¢·¥³¥´´µ° § ¤ Î¨ �’� Ô±¢¨¢ ²¥´É´ 
¤¢Ê³ ´¥§ ¢¨¸¨³Ò³ Ê· ¢´¥´¨Ö³ Å ®¤¨´ ³¨Î¥¸±µ³Ê¯ Ê· ¢´¥´¨Õ

Ṙ′

R
− α′ Ṙ

R
− β̇

R′

R
= 0 (8.10)

¨ Ê· ¢´¥´¨Õ ®¸¢Ö§¨¯

2M = R
(
1 + e−2αṘ2 − e−2βR′2

)
. (8.11)

�µ¸²¥¤´¥³Ê ³µ¦´µ ¶·¨¶¨¸ ÉÓ ¶·µ¸Éµ° £¥µ³¥É·¨Î¥¸±¨° ¸³Ò¸²: ®Ë §µ¢µ¥ ¶·µ-
¸É· ´¸É¢µ¯ · ¸¸³ É·¨¢ ¥³µ° ¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³Ò ¥¸ÉÓ £¨¶¥·¡µ²µ¨¤

2M

R
− γ2 + δ2 = 1, £¤¥ γ = e−αṘ, δ = e−βR′.
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’ ± Ö ¨´É¥·¶·¥É Í¨Ö ¤µ¶Ê¸± ¥É ¤¢  ¢ ·¨ ´É  ¶ · ³¥É·¨§ Í¨¨, ¥¸²¨ ¢³¥¸Éµ
É·¥Ì ´¥¨§¢¥¸É´ÒÌ ¢¢¥¸É¨ ¤¢¥ ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥.

1. �Ê¸ÉÓ 0 ≤ R < 2M . ‚¢¥¤¥³ v(r, t) ¨ ψ(r, t) É ±, ÎÉµ¡Ò µ¡· É¨ÉÓ
Ê· ¢´¥´¨¥ ¸¢Ö§¨ ¢ Éµ¦¤¥¸É¢µ:

2M

R
= ch2 v, γ = e−αṘ = sh v ch ψ, δ = e−βR′ = sh v sh ψ;

R =
2M

ch2 u
, eα =

4M

chψ

v̇

ch3 v
, eβ =

4M

shψ

v′

ch3 v
,

¶µ¸²¥ Î¥£µ ¢³¥¸Éµ Ê· ¢´¥´¨Ö (8.10) ¶µ²ÊÎ ¥³

v̇′ − ch2 v − 3 sh2 v

cos v sin v
v̇ · v′ − (ln chψ)′v̇ − (ln sh ψ)v̇′ = 0,

±µÉµ·µ¥ ¶µ¤¸É ´µ¢±µ°

ω = f(v) = ln |th v| + 1
2

th2 v =
1
2

ln
∣∣∣∣1 − R

2M

∣∣∣∣− 1
2

(
1 − R

2M

)
(8.12)

µ¡· Ð ¥É¸Ö ¢

ω̇′ − (ln ch ψ)′ω̇ − (ln sh ψ)ω̇′ = 0. (8.13)

ˆ¸¸²¥¤ÊÖ (8.12), § ±²ÕÎ ¥³, ÎÉµ µ¡² ¸É¨ ¤µ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ω < −1/2
¸µµÉ¢¥É¸É¢ÊÕÉ ¤¢  ·¥Ï¥´¨Ö

R1(ω) ≥ 2M(1 + 2ω) ≥ R2(ω).

2. �Ê¸ÉÓ R ≥ 2M > 0. ‚¢¥¤¥³ u(r, t) ¨ ψ(r, t) É ±, ÎÉµ¡Ò µ¡· É¨ÉÓ
Ê· ¢´¥´¨¥ ¸¢Ö§¨ ¢ Éµ¦¤¥¸É¢µ:

2M

R
= cos2 u, γ = e−αṘ = sin u shψ, δ = e−βR′ = sin u chψ,

R =
2M

cos2 u
, eα =

4M

sh ψ

u̇

cos3 u
, eβ =

4M

ch ψ

u′

cos3 u
,

¶µ¸²¥ Î¥£µ ¢³¥¸Éµ Ê· ¢´¥´¨Ö (8.10) ¶µ²ÊÎ ¥³

u̇′ − cos2 u − 3 sin2 u

cos u sin u
u̇ · u′ − (ln sh ψ)′u̇ − (ln ch ψ)u̇′ = 0,

±µÉµ·µ¥ ¶µ¤¸É ´µ¢±µ°

ω = f(u) = ln |tg u| + 1
2
tg2 u =

1
2

[
ln
(

R

2M
− 1

)
+
(

R

2M
− 1

)]
(8.14)
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¶·¨¢µ¤¨É¸Ö ± ¢¨¤Ê

ω̇′ − (ln sh ψ)′ω̇ − (ln chψ)ω̇′ = 0. (8.15)

„²Ö ²Õ¡µ£µ §´ Î¥´¨Ö ω ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´Ò° ±µ·¥´Ó R = R(ω) Ê· ¢´¥´¨Ö
(8.14), ¶µÔÉµ³Ê ± ¦¤µ³Ê ·¥Ï¥´¨Õ u(r, t) Ê· ¢´¥´¨Ö (8.15) ¶·¨ ²Õ¡µ° § ¤ ´-
´µ° ËÊ´±Í¨¨ ψ(r, t) ¸µµÉ¢¥É¸É¢Ê¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ¢·¥³¥´´µ° § ¤ Î¨
�’� α(r, t), β(r, t), R(r, t).

‚ µ¡µ¨Ì ¸²ÊÎ ÖÌ ËÊ´±Í¨Ö ψ(r, t) Å ¶·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö, ´¨± ± ´¥
µ£· ´¨Î¥´´ Ö Ê· ¢´¥´¨Ö³¨ �°´ÏÉ¥°´ .

’ ±¨³ µ¡· §µ³, Ê¤ ²µ¸Ó, ¢µ-¶¥·¢ÒÌ, ´ °É¨ ¶·¥µ¡· §µ¢ ´¨Ö, ²¨´¥ ·¨§ÊÕ-
Ð¨¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ , ¶µ¸²¥ Î¥£µ µ´¨ ¸¢µ¤ÖÉ¸Ö ± ²¨´¥°´µ³Ê Ê· ¢´¥´¨Õ
¢Éµ·µ£µ ¶µ·Ö¤±  (8.13) ¨²¨ (8.15), ¨, ¢µ-¢Éµ·ÒÌ, ¶µ± § ÉÓ, ÎÉµ ¢ · ¸¸³ É·¨¢ -
¥³µ³ ¸²ÊÎ ¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´  § ¢¨¸ÖÉ µÉ µ¤´µ° ¶·µ¨§¢µ²Ó´µ°
ËÊ´±Í¨¨ ψ(r, t) ¨ ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° C1(t) ¨ C2(r) µ¤´µ£µ  ·£Ê³¥´É , ±µ-
Éµ·Ò¥ µ¶·¥¤¥²ÖÕÉ ¶·µ¨§¢µ² ³´µ¦¥¸É¢  ·¥Ï¥´¨° ²¨´¥°´µ£µ Ê· ¢´¥´¨Ö (8.13)
¨²¨ (8.15) ¶·¨ § ¤ ´´ÒÌ ψ(r, t). ˆÉ ±, ¥¸ÉÓ ¢¸¥ µ¸´µ¢ ´¨Ö ¤²Ö Éµ£µ, ÎÉµ¡Ò
¸Î¨É ÉÓ µ¡µ¸´µ¢ ´´Ò³

• “É¢¥·¦¤¥´¨¥ 8. �¥Ï¥´¨¥ ¸¨¸É¥³Ò ¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ ,
±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ° ³¥É·¨±¥ ´ ¨µ¡Ð¥£µ ¢¨-
¤ , ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ²¨´¥°´µ£µ £¨¶¥·¡µ²¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö ¢Éµ·µ£µ ¶µ-
·Ö¤±  (8.13) ¨²¨ (8.15) ¸ ¶·µ¨§¢µ²Ó´µ Ë¨±¸¨·µ¢ ´´µ° ËÊ´±Í¨¥° ψ(r, t).

9. Š�‘Œ�‹�ƒˆ—…‘Šˆ… �…˜…�ˆŸ

Š ± ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ  ¸É·µË¨§¨Î¥¸±¨¥ ´ ¡²Õ¤¥´¨Ö, ¢ ³ ¸ÏÉ ¡ Ì
∼ 108 ¸¢. ²¥É ¨ ¡µ²¥¥ ‚¸¥²¥´´ Ö µ¤´µ·µ¤´  ¨ ¨§µÉ·µ¶´ . ‘ ±·Ê¶´µ³ ¸ÏÉ ¡´µ°
ÉµÎ±¨ §·¥´¨Ö £ ² ±É¨±¨ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ®Î ¸É¨Î±¨¯ § ¶µ²´ÖÕÐ¥°
‚¸¥²¥´´ÊÕ µ¤´µ·µ¤´µ°, ¨§µÉ·µ¶´µ°, ´¥¶·¥·Ò¢´µ° ¸·¥¤Ò, ¶·¨´ÖÉµ° ³µ¤¥²ÓÕ
±µÉµ·µ° ¸²Ê¦¨É ¨¤¥ ²Ó´ Ö ¦¨¤±µ¸ÉÓ ¸ É¥´§µ·µ³ Ô´¥·£¨¨-¨³¶Ê²Ó¸  (1.5). …¸²¨
¢ ´¥±µÉµ·Ò° ³µ³¥´É ¢·¥³¥´¨ t0 ´  É·¥Ì³¥·´µ° ¶·µ¸É· ´¸É¢¥´´µ° £¨¶¥·¶µ-
¢¥·Ì´µ¸É¨ § ¤ ´  ´ Î ²Ó´ Ö £¥µ³¥É·¨Ö, É. ¥. ¢ ´ Î ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ ¢
´¥±µÉµ·µ° µ¶·¥¤¥²¥´´Ò³ µ¡· §µ³ ¢Ò¡· ´´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É ¨§¢¥¸É´Ò

γik(xl) = gik(t0, xl), i, k = 1, 2, 3,

Éµ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢ ²Õ¡µ° ³µ³¥´É ¢·¥³¥´¨, ± ± ¸²¥¤¸É¢¨¥ µ¤´µ·µ¤´µ¸É¨
¨ ¨§µÉ·µ¶´µ¸É¨ ¸·¥¤Ò, ¶·µ¸É· ´¸É¢¥´´Ò¥ ±µ³¶µ´¥´ÉÒ ³¥É·¨±¨ ¨§³¥´ÖÕÉ¸Ö ¢
¸µµÉ¢¥É¸É¢¨¨ ¸

gik(t, xl) = a2(t)γik(xl).

” ±Éµ· a(t) Ì · ±É¥·¨§Ê¥É ¨§³¥´¥´¨¥ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö ³¨·µ¢Ò³¨ ²¨-
´¨Ö³¨ §  ¢·¥³Ö t− t0 ¨ ´ §Ò¢ ¥É¸Ö ±µ¸³¨Î¥¸±¨³ ³ ¸ÏÉ ¡´Ò³ Ë ±Éµ·µ³ ¨²¨
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±µ¸³¨Î¥¸±¨³ ³ ¸ÏÉ ¡µ³. Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ ³µ¤¥²¨ µ¤´µ·µ¤´µ° ¨ ¨§µ-
É·µ¶´µ° ‚¸¥²¥´´µ°  ¤¥±¢ É´  £¥µ³¥É·¨Ö ¸ ³¥É·¨±µ° ”·¨¤³ ´ Ä�µ¡¥·É¸µ´ Ä
“µ±¥·  (”�“)

ds2 = dt2 − a2(t)
[

dr2

1 − kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, k = −1, 0, +1. (9.1)

ˆ´µ£¤  ¢³¥¸Éµ r ¢¢µ¤ÖÉ χ, É ± ÎÉµ¡Ò

r = Σ(χ) =




sin χ ¶·¨ k = 1,

χ ¶·¨ k = 0,

sinh χ ¶·¨ k = −1,

Éµ£¤  dr2/(1 − kr2) = dχ2 ¨

ds2 = dt2 − a2(t)[dχ2 + Σ2(χ)(dθ2 + sin2 θdϕ2)]. (9.2)

‚ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ±µ´Ëµ·³´µ¥ ¢·¥³Ö

dη =
dt

a(t)
,

ÎÉµ ¤ ¥É

ds2 = a2(t)[dη2 − (dχ2 + Σ2(χ)(dθ2 + sin2 θdϕ2))]. (9.3)

� ¤¨ ²Ó´Ò¥ ±µµ·¤¨´ ÉÒ ³¥É·¨±¨ ”�“ Å r ¨ ¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É Å R
¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

r =
R

1 + kR2/4
,

¶µÔÉµ³Ê ¢ ¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì (9.1) ¶·¨µ¡·¥É ¥É ¢¨¤

ds2 = dt2 − a2(t)
dR2 + R2(dθ2 + sin2 θdϕ2)

(1 + kR2/4)2
, (9.4)

  ¢ ¤¥± ·Éµ¢ÒÌ

ds2 = dt2 − a2(t)
dx2 + dy2 + dz2

(1 + kR2/4)2
. (9.5)

ˆÉ ±, ¢ ±µ¸³µ²µ£¨Î¥¸±¨Ì § ¤ Î Ì µ¡ÒÎ´µ ¨¸¶µ²Ó§ÊÕÉ ³¥É·¨Î¥¸±¨° É¥´§µ· ¸
±µ³¶µ´¥´É ³¨

g00 = 1, gik = −a2(t)γik, g00 = 1,

gik = −γik/a2(t),
√
−g = a3(t)

√
γ,
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¶·¨Î¥³
• ¢ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É Ì {x, y, z}

γik =
δik

F 2
, γik = F 2 · δikF 2,

F = 1 +
kR2

4
, R2 = x2 + y2 + z2,

√
γ =

1
F 3

;

• ¢ ¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É Ì {R, θ, ϕ}

γ11 =
1

γ11
=

1
F 2

, γ22 =
1

γ22
=

R2

F 2
,

γ33 =
1

γ33
=

R2 sin2 θ

F 2
,

√
γ =

R2 sin θ

F 3
;

• ¢ ±µµ·¤¨´ É Ì ”�“ {r, θ, ϕ}

γ11 =
1

γ11
=

1
1 − kr2

, γ22 =
1

γ22
= r2,

γ33 =
1

γ33
= r2 sin2 θ,

√
γ =

r2 sin θ√
1 − kr2

;

• ¸¨³¢µ²Ò Š·¨¸ÉµËË¥²Ö

Γ0
ik = ȧaγik, Γi

0l =
ȧ

a
δi
l , Γi

kl =
1
2
γim

(
∂γmk

∂xl
+

∂γml

∂xk
− ∂γkl

∂xm

)
;

• ±µ³¶µ´¥´ÉÒ É¥´§µ·  �¨³ ´ 

R0
i0k = äaγik, Ri

00k =
ä

a
δi
k,

Ri
klm = ȧ2(δi

lγkm − δi
mγkl) + (3)Ri

klm, (3)Ri
klm = k(δi

lγkm − δi
mγkl);

• ±µ³¶µ´¥´ÉÒ É¥´§µ·  �¨ÎÎ¨

R00 = −3ä

a
, Rik = γik(aä + 2ȧ2) + (3)Rik, (3)Rik = 2kγik,

R = −6
(

ä

a
+

ȧ2

a2
+

k

a2

)
, (3)R = 6k,

R0
0 = −3ä

a
, Ri

k = −δi
k

(
ä

a
+

2ȧ2

a2
+

2k

a2

)
;
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• ±µ³¶µ´¥´ÉÒ É¥´§µ·  �°´ÏÉ¥°´ 

G0
0 = 3

(
ȧ2

a2
+

k

a2

)
, Gi

k = δi
k

(
2ä

a
+

ȧ2

a2
+

k

a2

)
.

�¥¤ ¢´¥¥ µÉ±·ÒÉ¨¥ Ê¸±µ·¥´´µ£µ · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´µ° [101,102] ¢Ò´Ê-
¦¤ ¥É ¶¥·¥¸³µÉ·¥ÉÓ Ê¸É ´µ¢¨¢Ï¨¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö µ ¥¥ ¸µ¸É ¢¥ ¨ Ì · ±É¥·¥
Ô¢µ²ÕÍ¨¨. �·¨ ÔÉµ³ ¶µ-¶·¥¦´¥³Ê ¶µ¶Ê²Ö·´Ò³ µ¸É ¥É¸Ö ¶·¥¤¶µ²µ¦¥´¨¥ µ
´¥µ¡Ìµ¤¨³µ¸É¨ ¢±²ÕÎ¥´¨Ö ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ° ¢ Ê· ¢´¥´¨Ö £· ¢¨-
É Í¨µ´´µ£µ ¶µ²Ö (µ ¶·µ¡²¥³¥ ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ° ¸³. µ¡§µ· [103]),
ÎÉµ, ± ± ¡Ê¤¥É ¶µ± § ´µ ´¨¦¥, Ô±¢¨¢ ²¥´É´µ · ¸¸³µÉ·¥´¨Õ ´¥´Ê²¥¢µ° Ô´¥·£¨¨
¢ ±ÊÊ³  ¨ ¸¢Ö§ ´´µ£µ ¸ ´¥° µÉ·¨Í É¥²Ó´µ£µ ¤ ¢²¥´¨Ö [104Ä106]. �²ÓÉ¥·´ -
É¨¢´Ò³ µ¡ÑÖ¸´¥´¨¥³ ´ ¡²Õ¤ ¥³µ£µ Ê¸±µ·¥´¨Ö Ö¢²Ö¥É¸Ö £¨¶µÉ¥§  µ ¸ÊÐ¥¸É¢µ-
¢ ´¨¨ ¢µ ‚¸¥²¥´´µ° µ¸µ¡µ° ¸Ê¡¸É ´Í¨¨ Å ±¢¨´ÉÔ¸¸¥´Í¨¨ [107] ¸ Ê· ¢´¥´¨¥³
¸µ¸ÉµÖ´¨Ö

Pq = −(1 − ν)εq, 0 < ν < 2/3.

‚ ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ ‹µ£Ê´µ¢  [13] ´ ²¨Î¨¥ ±¢¨´ÉÔ¸¸¥´Í¨¨
¶·¨¢µ¤¨É ± ¨´É¥·¥¸´Ò³ ¶µ¸²¥¤¸É¢¨Ö³ Å Ê¸±µ·¥´¨¥ ‚¸¥²¥´´µ° ¸³¥´Ö¥É¸Ö § -
³¥¤²¥´¨¥³ ¸ ¶µ¸²¥¤ÊÕÐ¥° µ¸É ´µ¢±µ°, ¶µ¸²¥ Î¥£µ ´ Î¨´ ¥É¸Ö ¸¦ É¨¥ ¤µ ´¥-
±µÉµ·µ£µ ³¨´¨³ ²Ó´µ£µ §´ Î¥´¨Ö ³ ¸ÏÉ ¡´µ£µ Ë ±Éµ· , § É¥³ ¸²¥¤Ê¥É ´µ¢Ò°
Í¨±² · ¸Ï¨·¥´¨Ö [108]. �É³¥É¨³, ÎÉµ ¨¤¥Ö µ¡ µ¸Í¨²²¨·ÊÕÐ¥³ Ì · ±É¥·¥ Ô¢µ-
²ÕÍ¨¨ ‚¸¥²¥´´µ° ¢Ò¤¢¨£ ² ¸Ó ¨ · ´¥¥, ´µ ¶·¥¨³ÊÐ¥¸É¢¥´´µ ¨§ Ë¨²µ¸µË¸±¨Ì
¸µµ¡· ¦¥´¨° [109,110], ¶µ¸±µ²Ó±Ê ¢ § ±·ÒÉµ° ³µ¤¥²¨ ”·¨¤³ ´  µ¸Í¨²²¨·Ê-
ÕÐ¥³Ê ·¥¦¨³Ê ¶·¥¶ÖÉ¸É¢Ê¥É ·µ¸É Ô´É·µ¶¨¨ µÉ Í¨±²  ± Í¨±²Ê ¨ ¶¥·¥Ìµ¤ Î¥·¥§
±µ¸³µ²µ£¨Î¥¸±ÊÕ µ¸µ¡¥´´µ¸ÉÓ [111,112].

• ‡ ³¥Î ´¨¥ 14. ‚¢¥¤¥³ ±µ¸³µ²µ£¨Î¥¸±ÊÕ ¶µ¸ÉµÖ´´ÊÕ ¢ ¤¥°¸É¢¨¥ ƒ¨²Ó-
¡¥·É Ä�°´ÏÉ¥°´ :

W =
∫ [

− 1
2κ0

(R + 2Λ) + Lm

]√
−gd4x, κ0 = 8πG.

�¡· É¨¢ ¢ ´Ê²Ó ¥£µ ¢ ·¨ Í¨Õ ¶µ gαβ, ¶µ²ÊÎ¨³ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ 

Gαβ = κ0

(
Tαβ +

Λ
κ0

gαβ

)
, Λ ≥ 0.

‚ ±µ¸³µ²µ£¨Î¥¸±¨Ì § ¤ Î Ì ¸µ¸ÉµÖ´¨¥ ¢¥Ð¥¸É¢  µ¶¨¸Ò¢ ÕÉ Ê· ¢´¥´¨¥³

P = αε, α =



−1 ³µ¤¥²Ó ¢ ±ÊÊ³ ,

0 Ô·  ¶·¥µ¡² ¤ ´¨Ö ¢¥Ð¥¸É¢ ,

1/3 ¤µ³¨´ ´É´µ¸ÉÓ ¨§²ÊÎ¥´¨Ö,
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  É¥´§µ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¸µ¶ÊÉ¸É¢ÊÕÐ¥° ¸¨¸É¥³¥ µÉ¸Î¥É  u1 = u2 = u3 =
0, u0u0 = 1 ¨³¥eÉ ±µ³¶µ´¥´ÉÒ

T 0
0 = ε, T 1

1 = T 2
2 = T 3

3 = −P, T = ε − 3P.

‘ ÊÎ¥Éµ³ ÔÉµ£µ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¢ ³¥É·¨±¥ ”�“ ¶·¨µ¡·¥É ÕÉ ¢¨¤

ȧ2

a2
+

k

a2
=

κ0ε + Λ
3

, (9.6)

2ä

a
+

ȧ2

a2
+

k

a2
= −κ0P + Λ. (9.7)

„²Ö Éµ£µ ÎÉµ¡Ò Ë¨§¨Î¥¸±¨ µ¸³Ò¸²¨ÉÓ ´ ²¨Î¨¥ Λ-Î²¥´ , · ¸¸³µÉ·¨³ ¶·µ¸ÉÊÕ
³µ¤¥²Ó. �Ê¸ÉÓ ´  ¶µ¢¥·Ì´µ¸É¨ ¨ ¢ Í¥´É·¥ ³Ò¸²¥´´µ ¢Ò¤¥²¥´´µ£µ ¢ ¶·µ-
¸É· ´¸É¢¥ Ï ·¨±  ³ ²µ£µ · ¤¨Ê¸  r0 ´ Ìµ¤ÖÉ¸Ö ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ®¶·µ¡-
´Ò¥¯ Î ¸É¨ÍÒ. Š ± ¡Ê¤¥É ³¥´ÖÉÓ¸Ö · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Í¥´É·µ³ ÔÉµ£µ Ï ·¨± 
¨ ± ±µ°-²¨¡µ ÉµÎ±µ° ¥£µ ¶µ¢¥·Ì´µ¸É¨? �¤´µ ¨§ ±µ¸³µ²µ£¨Î¥¸±¨Ì Ê· ¢´¥´¨°
�°´ÏÉ¥°´  ¸ Λ-Î²¥´µ³ ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

d2(ar0)
dt2

=
1
3
Λ(ar0) −

GM

(ar0)2
,

£¤¥ a Å ³ ¸ÏÉ ¡´Ò° Ë ±Éµ·; M = 4π(ar0)3(ε + 3P )/3 Å ³ ¸¸  Ï ·¨± . �µ
¢¨¤Ê ÔÉµ£µ Ê· ¢´¥´¨Ö ²¥£±µ § ±²ÕÎ¨ÉÓ, ÎÉµ ´ ²¨Î¨¥ ±µ¸³µ²µ£¨Î¥¸±µ£µ Î²¥´ 
¶·¨¢µ¤¨É ± ¤¥°¸É¢¨Õ ¸¨²Ò

FΛ =
1
3
Λ(ar0),

¶µ²¥ ±µÉµ·µ° Ö¢²Ö¥É¸Ö £²µ¡ ²Ó´Ò³ ¨ µ¤´µ·µ¤´Ò³, ¶·¨Î¥³ ¸¨²  · ¸É¥É ¸ Ê¢¥-
²¨Î¥´¨¥³ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨³¨ ®¶·µ¡´Ò³¨¯ Î ¸É¨Í ³¨
(¸¨ÉÊ Í¨Ö ´ ¶µ³¨´ ¥É ± ·É¨´Ê ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢!). �·¨ Λ > 0 ¸¨² 
FΛ ¸µµÉ¢¥É¸É¢Ê¥É µÉÉ ²±¨¢ ´¨Õ.

‚ ±¢ ´Éµ¢µ° É¥µ·¨¨ Ô´¥·£¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ±ÊÊ³  µÉ²¨Î´  µÉ
´Ê²Ö:

T ¢ ±
µν ≡ 〈¢ ±|Tµν |〉 = ε¢ ±gµν ,

¶µÔÉµ³Ê Λ/κ0 ³µ¦´µ ¸Î¨É ÉÓ ¸·¥¤´¥° ¶²µÉ´µ¸ÉÓÕ Ô´¥·£¨¨ ¢ ±ÊÊ³  (ÔÉµ ¶·¥¤-
¶µ²µ¦¥´¨¥ ¶µ¤±·¥¶²Ö¥É¸Ö É ±¦¥ ¨ É¥³, ÎÉµ µ¡¥ ¢¥²¨Î¨´Ò ²µ·¥´Í-¨´¢ ·¨ ´É-
´Ò). ‡ ³¥É¨³, ÎÉµ ¥¸²¨ ¢ ¢Ò· ¦¥´¨¨ É¥´§µ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  (’�ˆ) ¨¤¥-
 ²Ó´µ° ¦¨¤±µ¸É¨

Tµν = (P + ε)uµuν − Pgµν

¶µ²µ¦¨ÉÓ P = −ε, Éµ ¢Ò· ¦¥´¨Ö ¤²Ö ’�ˆ ¢ ±ÊÊ³  ¨ ’�ˆ ¨¤¥ ²Ó´µ° ¦¨¤-
±µ¸É¨ ¸µ¢¶ ¤ ÕÉ, ¥¸²¨ ¸Î¨É ÉÓ, ÎÉµ ε = Λ/κ0, É. ¥. ³µ¦´µ ¶µ² £ ÉÓ, ÎÉµ ’�ˆ
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¨¤¥ ²Ó´µ° ¦¨¤±µ¸É¨ ¸ Ê· ¢´¥´¨¥³ ¸µ¸ÉµÖ´¨Ö P = −ε Ö¢²Ö¥É¸Ö Ê¤µ¢²¥É¢µ·¨-
É¥²Ó´µ° ³µ¤¥²ÓÕ ’�ˆ ¢ ±ÊÊ³ .

„µ¶Ê¸É¨³, ÎÉµ Ê· ¢´¥´¨¥ ¸µ¸ÉµÖ´¨Ö § ¶¨¸ ´µ ¢ ´¥Ö¢´µ° Ëµ·³¥

P = P (n), ε = ε(n),

£¤¥ n = 1/V Å ¶²µÉ´µ¸ÉÓ Î¨¸²  Î ¸É¨Í ¢ ¥¤¨´¨Í¥ µ¡Ñ¥³ . �µ¸±µ²Ó±Ê dE ≡
d(ε/n) = −PdV , Éµ

dε

dn
=

(ε + P )
n

,

¸²¥¤µ¢ É¥²Ó´µ,
ε ∼ n4/3 ¶·¨ P = ε/3,
ε ∼ n ¶·¨ P = 0,
dε/dn = 0 ¶·¨ P = −ε.

�·¨ P = −ε ´¨ ε, ´¨ P µÉ n ´¥ § ¢¨¸ÖÉ, É. ¥. ´¥ ¸ÊÐ¥¸É¢Ê¥É ¶ · ³¥É·µ¢,
³¥´ÖÖ ±µÉµ·Ò¥ ³µ¦´µ ¨§³¥´¨ÉÓ ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨. ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¢ É -
±¨Ì ¸·¥¤ Ì ¶·¨ ¨§³¥´¥´¨¨ µ¡Ñ¥³  ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ µ¸É ¥É¸Ö ¶µ¸ÉµÖ´´µ°.
„¥°¸É¢¨É¥²Ó´µ, dE ≡ d(εV ) = −PdV , ¸²¥¤µ¢ É¥²Ó´µ, V dε = −(ε + P )dV ¨
¶·¨ ε = −P ¶²µÉ´µ¸ÉÓ Ô´¥·£¨¨ ε = const, ¥¸²¨ dV �= 0. ’ ±¨³ µ¡· §µ³, ¥¸ÉÓ
¢¸¥ µ¸´µ¢ ´¨Ö ¤²Ö ÊÉ¢¥·¦¤¥´¨Ö: ¶·¨ ε > 0 ¢ ¸·¥¤ Ì ¸ Ê· ¢´¥´¨¥³ ¸µ¸ÉµÖ´¨Ö
ε = −P ³µ¦¥É ¶·µÖ¢¨ÉÓ¸Ö  ´É¨£· ¢¨É Í¨µ´´Ò° ³¥Ì ´¨§³.

‘²¥¤¸É¢¨¥³ £¨¤·µ¤¨´ ³¨Î¥¸±µ£µ ¸µµÉ´µÏ¥´¨Ö (1.6) ¢ ±µ¸³µ²µ£¨Î¥¸±µ°
§ ¤ Î¥ Ö¢²Ö¥É¸Ö

ε̇ = −3ȧ

a
(ε + P ) (9.8)

¨²¨ Ô±¢¨¢ ²¥´É´µ¥ ¥³Ê

Ṗ a3 = − d

dt
[a3(ε + P )]. (9.9)

�µ¸±µ²Ó±Ê ¸µ¸ÉµÖ´¨¥ ¢¥Ð¥¸É¢  ¶µ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ P = αε, ·¥Ï¥´¨¥
(9.8) ¤²Ö · §´ÒÌ §´ Î¥´¨° α § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

ε(t) = ε0

(a0

a

)m

, £¤¥ m = 3(1 + α) =




0 ¶·¨ α = −1,
3 ¶·¨ α = 0,
4 ¶·¨ α = 1/3.

(9.10)

ˆ´¤¥±¸µ³ 0 ¸´ ¡¦¥´Ò ¢¥²¨Î¨´Ò ¢ Ë¨±¸¨·µ¢ ´´Ò° ³µ³¥´É t0, ±µÉµ·Ò° µ¡ÒÎ-
´µ µÉ´µ¸ÖÉ ± É¥±ÊÐ¥³Ê ³µ³¥´ÉÊ.

�µ²ÓÏ¨´¸É¢µ ±µ¸³µ²µ£µ¢, µ¸´µ¢Ò¢ Ö¸Ó ´  ¤ ´´ÒÌ ¸µ¢·¥³¥´´ÒÌ ´ ¡²Õ-
¤¥´¨° (¸³. ¶·¨²µ¦¥´¨¥), ¸±²µ´ÖÕÉ¸Ö ± ³Ò¸²¨ µ ±¢ §¨¥¢±²¨¤µ¢µ³ Ì · ±É¥·¥
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£¨¶¥·¶µ¢¥·Ì´µ¸É¨ t = const ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¸¢Ö§ ´´µ£µ ¸ ³µ¤¥²ÓÕ µ¤-
´µ·µ¤´µ° ¨ ¨§µÉ·µ¶´µ° ‚¸¥²¥´´µ°. �µÔÉµ³Ê ¶µ²µ¦¨³ k = 0 ¢ (9.6) ¨ (9.7),
¶µ¤¸É ¢¨¢ § É¥³ ¶¥·¢µ¥ ¢µ ¢Éµ·µ¥, ¶µ²ÊÎ¨³

ä = − b2

am−1
+

Λ
3

a, £¤¥ b2 =
κ0

6
(1 + 3α)ε0a

m
0 , (9.11)

·¥Ï¥´¨¥³ ±µÉµ·µ£µ ¶·¨ α = −1 ¡Ê¤¥É

a = a0 eH0(t−t0), H0 =

√
κ0ε0 + Λ

3
=

ȧ

a

∣∣∣∣
t=t0

. (9.12)

„²Ö Éµ£µ ÎÉµ¡Ò ´ °É¨ ·¥Ï¥´¨Ö ¢µ Ë·¨¤³ ´µ¢¸±ÊÕ Ô¶µÌÊ, ¢¢¥¤¥³ f(a) = ȧ
¢ (9.11):

f = ȧ =

√
(m − 2)Λam + 6b2

3(m − 2)am−2
,

µ¡µ§´ Î¨¢ § É¥³ u = am, ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥

u̇ = m

√
Λ
3

√
u2 + u

6b2

Λ(m − 2)

¸ ·¥Ï¥´¨¥³

2u

√
1 +

1
u

6b2

Λ(m − 2)

[
1 +

√
1 +

1
u

6b2

Λ(m − 2)

]
= em

√
Λ/3(t0−t).

�·¨ Λ = 0 ¢ · ¤¨ Í¨µ´´µ-¤µ³¨´ ´É´ÊÕ Ô·Ê

a(t) = a0 (2H0t)
1/2

,

  ¤²Ö ¶Ò²¥¢¨¤´µ° ‚¸¥²¥´´µ° (¢ Ô·Ê ¶·¥µ¡² ¤ ´¨Ö ¢¥Ð¥¸É¢ )

a(t) = a0

(
3
2
H0t

)2/3

,

£¤¥ H0 Å ¶µ¸ÉµÖ´´ Ö • ¡¡²  (¸³. ¶·¨²µ¦¥´¨¥).

�·£Ê³¥´ÉÒ ¢ ¶µ²Ó§Ê ¢¢¥¤¥´¨Ö ±µ¸³µ²µ£¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ° ¢ �’� ³µ¦´µ
¸Î¨É ÉÓ ¤µ¸É ÉµÎ´µ Ê¡¥¤¨É¥²Ó´Ò³¨, ¶µÔÉµ³Ê ¶µ¶·µ¡Ê¥³ ¢¢¥¸É¨  ´ ²µ£¨Î´ÊÕ
¢¥²¨Î¨´Ê ¢ É¥µ·¨Õ ‰�„. �·¥¤¶µ²µ¦¨³ ¶·¨ ÔÉµ³, ÎÉµ ´µ¢µ¥ ¶µ²¥ ¤µ²¦´µ ¡ÒÉÓ
¸± ²Ö·´Ò³, ´µ ´¥ ³µ¦¥É ¡ÒÉÓ ¤¨´ ³¨Î¥¸±¨³ Å ¥£µ ¨§³¥´¥´¨Ö ¤µ²¦´Ò Ê¶· -
¢²ÖÉÓ¸Ö £· ¢¨É Í¨µ´´Ò³ ¸± ²Ö·µ³ y = y(xµ). �·¨´Ö¢ ÔÉµ, ¢¢¥¤¥³ ¢ ¤¥°¸É¢¨¥
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É¥µ·¨¨ ‰�„ ®±µ¸³µ²µ£¨Î¥¸±¨°¯ ¸± ²Ö· φ = φ(y)  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ¢¢µ-
¤¨É¸Ö ±µ¸³µ²µ£¨Î¥¸± Ö ¶µ¸ÉµÖ´´ Ö ¢ ¤¥°¸É¢¨¥ �’�. ”Ê´±Í¨µ´ ²Ó´ÊÕ § ¢¨-
¸¨³µ¸ÉÓ φ(y) ³µ¦´µ ¡Ê¤¥É Ê¸É ´µ¢¨ÉÓ, ¨¸Ìµ¤Ö ¨§ Ë ±É  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ®¸µ¡-
¸É¢¥´´µ£µ¯ ¨ ®Ô°´ÏÉ¥°´µ¢¸±µ£µ¯ ¶·¥¤¸É ¢²¥´¨° É¥µ·¨¨ ‰�„ ¢ ±µ´Ëµ·³´µ
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·µ¸É· ´¸É¢ Ì (¸³. ÊÉ¢¥·¦¤¥´¨¥ 3), É·¥¡ÊÖ, ÎÉµ¡Ò ¢ ®Ô°´-
ÏÉ¥°´µ¢¸±µ³¯ ¶·¥¤¸É ¢²¥´¨¨ φ(y) µ¡· Ð ²µ¸Ó ¢ ±µ¸³µ²µ£¨Î¥¸±ÊÕ ¶µ¸ÉµÖ´-
´ÊÕ. „¥°¸É¢ÊÖ ¢ É ±µ³ ¤ÊÌ¥, ¤²Ö É¥µ·¨¨ ‰�„ ¸ ±µ¸³µ²µ£¨Î¥¸±¨³ ¸± ²Ö·µ³
φ = φ(y) ´ °¤¥³

W =
∫ √

−g

[
− y

16π

(
R + 2φ(y) − ζ

yµyµ

y2

)
+ Lm

]
d4x, (9.13)

∇αyα =
8πT

3 + 2ζ
+

2y

3 + 2ζ

(
φ − y

∂φ

∂y

)
, (9.14)

Gµ
ν =

8π

y

(
T µ

ν − δµ
ν

T

3 + 2ζ

)
+

∇νyµ

y
+ ζ

(
yνyµ

y2
− 1

2
δµ
ν

yαyα

y2

)
+

+
δµ
ν

3 + 2ζ

[
(1 + 2ζ)φ + 2y

∂φ

∂y

]
. (9.15)

‘µ£² ¸´µ (9.14) ±µ¸³µ²µ£¨Î¥¸±¨° ¸± ²Ö· φ = φ(y) Ö¢²Ö¥É¸Ö µ¤´¨³ ¨§ ¨¸ÉµÎ-
´¨±µ¢, ¶µ·µ¦¤ ÕÐ¨Ì y = y(xµ). ‚ ²µ£¨Î¥¸±µ³ ¶² ´¥ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ
¢Ò£²Ö¤¨É ´¥Ê¡¥¤¨É¥²Ó´µ. …¸É¥¸É¢¥´´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨²¨ µÉ¸ÊÉ¸É¢¨¥ ¸² £ -
¥³µ£µ ¸ φ(y) ¢ (9.14), ÎÉµ ¢µ§³µ¦´µ ¶·¨ φ = const · y, ¨²¨ µ¡· Ð¥´¨¥ ¥£µ
¢ ±µ´¸É ´ÉÊ ¶·¨ φ = const/y. ‘Ëµ·³Ê²¨·µ¢ ´´µ¥ ¢ÒÏ¥ É·¥¡µ¢ ´¨¥ µ¡· -
Ð¥´¨Ö ¸± ²Ö·  φ(y) ¢ ±µ¸³µ²µ£¨Î¥¸±ÊÕ ¶µ¸ÉµÖ´´ÊÕ Λ ¢ ®Ô°´ÏÉ¥°´µ¢¸±µ³¯
¶·¥¤¸É ¢²¥´¨¨ É¥µ·¨¨ ¤ ¥É µ¦¨¤ ¥³Ò° ·¥§Ê²ÓÉ É

φ(y) = Ay, A =
3 + 2ζ

2(2 + ζ)
Λ
y0

. (9.16)

‚ ³¥É·¨±¥ ”�“ (¸ ¶¥·¥µ¡µ§´ Î¥´´Ò³ ¢µ ¨§¡¥¦ ´¨¥ ¶ÊÉ ´¨ÍÒ ¸ �’� ³ ¸-
ÏÉ ¡´Ò³ Ë ±Éµ·µ³ Å R(t) ¢³¥¸Éµ a(t)) Ê· ¢´¥´¨Ö (9.14) ¨ (9.15) ¢³¥¸É¥
¸ (9.8) ¶·¥¢· Ð ÕÉ¸Ö ¢ ¸¨¸É¥³Ê, µ¶·¥¤¥²ÖÕÐÊÕ ·¥Ï¥´¨¥ ±µ¸³µ²µ£¨Î¥¸±µ°
§ ¤ Î¨ É¥µ·¨¨ ‰�„:

3

(
Ṙ2

R2
+

k

R2

)
=

8π

y
ε +

ζ

2
ẏ2

y2
− 3Ṙ

R

ẏ

y
+

3 + 2ζ

2(2 + ζ)
Λ
y0

y, (9.17)

1
R3

d(ẏR3)
dt

=
8π

(3 + 2ζ)
ε(1 − 3α), (9.18)

d(εR3(1+α))
dt

= 0. (9.19)
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‘µ£² ¸´µ ÊÉ¢¥·¦¤¥´¨Õ 3 ¢ ®Ô°´ÏÉ¥°´µ¢¸±µ³¯ ¶·¥¤¸É ¢²¥´¨¨ ¶µ¸²¥ ±µ´Ëµ·³-
´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (9.17)Ä(9.19) µ¡· Ð ÕÉ¸Ö ¢ Ê· ¢´¥´¨Ö �’� ¸ ³¨´¨-
³ ²Ó´µ ¸¢Ö§ ´´Ò³ ¸± ²Ö·´Ò³ ¶µ²¥³ ¨ ¶¥·¥µ¡µ§´ Î¥´´µ° ±µ´¸É ´Éµ° ÉÖ£µ-
É¥´¨Ö:

3
(

ȧ2

a2
+

k

a2

)
= κ

(
ε +

1
2
ψ̇2

)
+ Λ, a =

√
y

y0
R, κ =

8π

y0
, (9.20)

d

dt

(
a3ψ̇

)
= 0, ψ̇ =

√
3 + 2ζ

2κ

ẏ

y
, (9.21)

d(εa3(1+α))
dt

= 0 =⇒ ε = ε0

(a0

a

)3(1+α)

. (9.22)

„²Ö ·¥Ï¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò ¨¸±²ÕÎ¨³ ψ̇, ¸²µ¦¨¢ (9.20) ¸ µ¸É ¢Ï¨³¸Ö Ê· ¢´¥-
´¨¥³ ®Ô°´ÏÉ¥°´µ¢¸±µ£µ¯ ¶·¥¤¸É ¢²¥´¨Ö É¥µ·¨¨

2ä

a
+

ȧ2

a2
+

k

a2
= −κ

(
αε +

1
2
ψ̇2

)
+ Λ,

ÎÉµ ¸ ÊÎ¥Éµ³ (9.22) ¤ ¥É

a3(1+α)

[
ä

a
+ 2

(
ȧ2

a2
+

k

a2

)
− Λ

]
= E0, E0 =

κ

2
(1 − α)ε0a

3(1+α)
0 . (9.23)

�µ¸²¥ µ¤´µ±· É´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¨³¥¥³

ȧ = a

√
Λ
3
− k

a2
+

2E0

3(1 − α)
a−3(1+α). (9.24)

ˆ´É¥£·¨·ÊÖ ¶µ¸²¥¤´¥¥ ¤²Ö ¸²ÊÎ Ö α = −1, ¶µ²ÊÎae³

a +
√

a2 − k/χ2 = a0

(
1 +

H

χ

)
e−χ(t0−t), (9.25)

£¤¥

χ2 =
κε0 + Λ

3
, κ =

4πG(3 + 2ζ)
2 + ζ

, H2 = χ2 − k

a2
0

.

„²Ö ¶µÉ¥´Í¨ ²  ³¨´¨³ ²Ó´µ ¸¢Ö§ ´´µ£µ ¸± ²Ö·´µ£µ ¶µ²Ö ®Ô°´ÏÉ¥°´µ¢¸±µ£µ¯
¶·¥¤¸É ¢²¥´¨Ö ¨§ (9.21) ¶·¨ k = 0 ´ °¤¥³

ψ = ψ0 e3χ(t0−t), (9.26)

  ¤²Ö £· ¢¨É Í¨µ´´µ£µ ¸± ²Ö· 

y = y0 eη(ψ−ψ0), η =
√

2κ

3 + 2ζ
, (9.27)
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ÎÉµ ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ±µ¸³µ²µ£¨Î¥¸±¨° ¸± ²Ö· (9.16), ³ ¸ÏÉ ¡´Ò° Ë ±-
Éµ· ¢ ®¸µ¡¸É¢¥´´µ³¯ ¶·¥¤¸É ¢²¥´¨¨ É¥µ·¨¨ ‰�„

R =
y0

y
a = A(t) e−χ(t0−t), A(t) = a0 e−η(ψ−ψ0) (9.28)

¨ É¥³ ¸ ³Ò³ ´ °É¨  ´ ²µ£ ·¥Ï¥´¨Ö ¤¥ ‘¨ÉÉ¥·  [115] ¢ É¥µ·¨¨ ‰�„.
�µ²µ¦¨¢ ¢ (9.24) Λ = 0, É ±¨³ ¦¥ ¶ÊÉ¥³ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö,

 ´ ²µ£¨Î´Ò¥ Ë·¨¤³ ´µ¢¸±¨³.
‘¨¸É¥³  (9.17)Ä(9.19) ¸µ¸Éµ¨É ¨§ µ¤´µ£µ Ê· ¢´¥´¨Ö ¢Éµ·µ£µ ¶µ·Ö¤±  ¨

¤¢ÊÌ Ê· ¢´¥´¨° ¶¥·¢µ£µ ¶µ·Ö¤± , ¶µÔÉµ³Ê µ¶·¥¤¥²¥´¨¥ É·¥Ì ´¥¨§¢¥¸É´ÒÌ
ËÊ´±Í¨° R(t), y(t), ε(t) É·¥¡Ê¥É § ¤ ´¨Ö ´Ò´¥Ï´¥£µ §´ Î¥´¨Ö Î¥ÉÒ·¥Ì ¢¥-
²¨Î¨´, ¸± ¦¥³ R0, Ṙ0, y0 ¨ ε0, ¢ Éµ ¢·¥³Ö ± ± ¢ �’� ¤µ¸É ÉµÎ´µ §´ ´¨Ö
¤¢ÊÌ. �µ² £ Ö, ÎÉµ ¢¸¥ ·¥Ï¥´¨Ö ¨³¥ÕÉ ¸¨´£Ê²Ö·´µ¸ÉÓ ¶·¨ R = 0 ¢ ±µ´¥Î´Ò°
³µ³¥´É ¢·¥³¥´¨ (t = t0 ¨²¨ t = 0), ·¥Ï¥´¨¥ (9.18) ³µ¦´µ § ¶¨¸ ÉÓ ± ±

ẏ(t)R3(t) =
8π

3 + 2ζ

∫ t0

t

ε(t′)(1 − 3α)R3(t′)dt′ + C.

�µ²µ¦¨¢ C = 0, ¶µ²ÊÎ¨³
ẏR3

∣∣
R→0

−→ 0,

Éµ£¤  ¸¥³¥°¸É¢µ ·¥Ï¥´¨° ¸¨¸É¥³Ò (9.17)Ä(9.19) ¡Ê¤¥É É·¥Ì¶ · ³¥É·¨Î¥¸±¨³.
�·¨ C �= 0 ¶·¨Ìµ¤¨É¸Ö ¶·¨¢²¥± ÉÓ ±µ¸¢¥´´Ò¥ ¸µµ¡· ¦¥´¨Ö, ¢ Î ¸É´µ¸É¨,
¢µ§³µ¦´µ, ¶µ²¥§´µ° µ± ¦¥É¸Ö § ²µ¦¥´´ Ö ¢ µ¸´µ¢Ê É¥µ·¨¨ ¨¤¥Ö µ § ³¥´¥
´ÓÕÉµ´µ¢¸±µ° ¶µ¸ÉµÖ´´µ° ÉÖ£µÉ¥´¨Ö £· ¢¨É Í¨µ´´Ò³ ¸± ²Ö·µ³, É ± ÎÉµ¡Ò ¢
± ¦¤µ° ÉµÎ±¥ y ∼ 1/G, ¶µ²µ¦¨¢ ¤ ²¥¥ y(t) = 2(2 + ζ)/(3 + 2ζ)G(t), ³µ¦´µ
¡Ò²µ ¢Ò¡· ÉÓ

C = −2(2 + ζ)
3 + 2ζ

R3
0

G0
k0, k0 =

Ġ

G

∣∣∣∣
t=t0

.

(“³¥¸É´µ µÉ³¥É¨ÉÓ, ÎÉµ ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¨³¥ÕÉ¸Ö ¤ ´´Ò¥ µ ³¥¤²¥´´ÒÌ Å
´  Ê·µ¢´¥ 10−10 ²¥É−1 Å ¢ ·¨ Í¨ÖÌ £· ¢¨É Í¨µ´´µ° ±µ´¸É ´ÉÒ ¸µ ¢·¥³¥´¥³
[113, 114].) „·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ ¸µ¸Éµ¨É ¢ ¸µ£² ¸ÊÕÐ¥³¸Ö ¸ ¸µµÉ´µÏ¥´¨¥³
˜ ³Ò (1.2) ¢Ò¡µ·¥ ²µ£ ·¨Ë³¨Î¥¸±¨Ì ¸±µ·µ¸É¥° Ê¡Ò¢ ´¨Ö £· ¢¨É Í¨µ´´µ£µ
¸± ²Ö·  ¨ · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´µ° ¶·µ¶µ·Í¨µ´ ²Ó´Ò³¨ ¤·Ê£ ¤·Ê£Ê [116]:

ẏ

y
∼ − Ṙ

R
.

� §Ê³¥¥É¸Ö, ÉµÎ´ Ö ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ¢¥²¨Î¨´ ³¨ ¤µ²¦´  ¡ÒÉÓ ¶µ¤µ¡· ´  ¢
¸µµÉ¢¥É¸É¢¨¨ ¸ ¸¨¸É¥³µ° Ê· ¢´¥´¨° § ¤ Î¨.

Šµ¸³µ²µ£¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö É¥µ·¨¨ ‰�„ µ¡² ¤ ÕÉ ¤µ¢µ²Ó´µ Éµ´±¨³¨
¸¢µ°¸É¢ ³¨, ¨ ²¨ÏÓ ¢ ·¥¤±¨Ì ¸²ÊÎ ÖÌ Ê¤ ¥É¸Ö ·¥Ï¨ÉÓ ¨Ì  ´ ²¨É¨Î¥¸±¨. ‚ Î ¸É-
´µ¸É¨, ¶µ¶ÒÉ±¨ ´ °É¨  ´ ²¨É¨Î¥¸±µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (9.17)Ä(9.19) ¤ ¦¥
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¢ ¶·µ¸Éµ³ ¸²ÊÎ ¥ µÉ¸ÊÉ¸É¢¨Ö ¢¥Ð¥¸É¢  ¨ ¶·¨ k = 0 µ± §Ò¢ ÕÉ¸Ö ¡¥§·¥§Ê²ÓÉ É-
´Ò³¨. „¥°¸É¢¨É¥²Ó´µ, ¢¢¥¤¥³

H = Ṙ/R, ψ = ẏ/y,

Éµ£¤  ¢³¥¸Éµ (9.17)Ä(9.19) ¶µ²ÊÎ¨³

ψ̇ + ψ2 = −3Hψ, 2Ḣ + ζψ2 = 4Hψ.

ˆ¸±²ÕÎ¨³ H ¨ ¶µ¸²¥ ·Ö¤  ¶·¥µ¡· §µ¢ ´¨° ´ °¤¥³

ẏ

y
=

√
y
(
C1y

χ + C2y
−χ
)
, χ =

√
3(3 + 2ζ)

2
.

’¥¶¥·Ó Ö¸´µ, ÎÉµ ¤²Ö µ¶·¥¤¥²¥´¨Ö § ¢¨¸¨³µ¸É¨ y(t) ¨ R(t) ´¥µ¡Ìµ¤¨³µ ¨¸-
¶µ²Ó§µ¢ ÉÓ Î¨¸²¥´´Ò¥ ³¥Éµ¤Ò. �¤´ ±µ ¥¸²¨ ¸Ê§¨ÉÓ ±² ¸¸ ·¥Ï¥´¨°, ´ ²µ¦¨¢
´  ÔÉµ³ ÔÉ ¶¥ É·¥¡µ¢ ´¨¥

ẏ
∣∣
ζ→∞= 0,

Éµ § ¤ Î  Ê¶·µÐ ¥É¸Ö ¨ ¤µ¶Ê¸± ¥É  ´ ²¨É¨Î¥¸±µ¥ ·¥Ï¥´¨¥.

‡�Š‹	—…�ˆ…

�¡§µ· ¶² ´¨·µ¢ ²¸Ö ± ± ±· É±µ¥ µ¶¨¸ ´¨¥ µ¸´µ¢´ÒÌ ¶µ²µ¦¥´¨° ¨ ´¥-
±µÉµ·ÒÌ ·¥§Ê²ÓÉ Éµ¢ É¥´§µ·´µ-¸± ²Ö·´µ° É¥µ·¨¨ ÉÖ£µÉ¥´¨Ö ‰µ·¤ ´ Ä�· ´¸ Ä
„¨±±¥, ÎÉµ  ¤¥±¢ É´µ µÉ· ¦¥´µ ¢ ¥£µ ´ §¢ ´¨¨. �µ¤·µ¡´µ¥ µ¡¸Ê¦¤¥´¨¥ ¨§²µ-
¦¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¶·¨¢¥²µ ¡Ò ± §´ Î¨É¥²Ó´µ³Ê Ê¢¥²¨Î¥´¨Õ µ¡Ñ¥³  · ¡µÉÒ
¨ ´¥ ¢Ìµ¤¨²µ ¢ ´ Ï¨ ¶² ´Ò. � ¸±µ²Ó±µ Ê¤ ²µ¸Ó µ¸ÊÐ¥¸É¢¨ÉÓ § ¤Ê³ ´´µ¥ Å
¸Ê¤¨ÉÓ Î¨É É¥²Õ.

�·¨²µ¦¥´¨¥

���‹	„�…Œ›… Š�‘Œ�‹�ƒˆ—…‘Šˆ… ����Œ…’�›

1. � · ³¥É· • ¡¡² 

H(t) =
ȧ

a
, H(t)

∣∣
t=0

= H0 Å ¶µ¸ÉµÖ´´ Ö • ¡¡² 

(¨´¤¥±¸µ³ 0 ¸´ ¡¦¥´Ò ¢¥²¨Î¨´Ò ¢ ´ ¸ÉµÖÐ¨° ³µ³¥´É). ‘µ¢·¥³¥´´Ò¥ ¨§³¥-
·¥´¨Ö (Ô±¸¶¥·¨³¥´É WMAP [117]) ¤ ÕÉ

H0 = h(9, 7778 · 109 ²¥É)−1, h = 0, 71 ± 0, 07,

H0 = 65 ± 7 ±³/(¸ · Œ¶±), 1 ¶± = 3, 0857 · 1016 ²¥É.
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‚µ§· ¸É ‚¸¥²¥´´µ°, µ¶·¥¤e²¥´´Ò° ¢ Éµ³ ¦¥ Ô¸±¶¥·¨³¥´É¥ WMAP,

t0 = (13, 7 ± 0, 2) · 109 ²¥É.

2. � · ³¥É· § ³¥¤²¥´¨Ö

q(t) = −aä

ȧ2
, q(t) |t=0 = q0.

3. Š·¨É¨Î¥¸± Ö ¶²µÉ´µ¸ÉÓ (´¥ Ô´¥·£¨¨!)

ρ±· =
3H2

0

8πG
.

4. ‘µ¢·¥³¥´´ Ö ¶²µÉ´µ¸ÉÓ ¢¸¥Ì É¨¶µ¢ ³ É¥·¨¨

ρ0 =
3

8πG

(
k

a2
0

+ H2
0

)
,

k

a2
0

= (2q0 − 1)H2
0 , 2q0 =

ρ0

ρ
.

�±¸¶¥·¨³¥´É WMAP ¤ ¥É

2q0 = 1, 02 ± 0, 02.

5. � · ³¥É· ±· ¸´µ£µ ¸³¥Ð¥´¨Ö

z =
λ0 − λ1

λ1
=

a(t0)
a(t1)

− 1,
λ0

λ1
=

ν1

ν0
.

ˆ´¤¥±¸ 0 µÉ´µ¸¨É¸Ö ± ´ ¡²Õ¤ ¥³µ° ¢ É¥±ÊÐ¨° ³µ³¥´É ¢¥²¨Î¨´¥,   ¨´¤¥±¸
1 Å ± Éµ° ¦¥ ¢¥²¨Î¨´¥ ¢ ³µ³¥´É ¨§²ÊÎ¥´¨Ö t1.

6. �¥²¨±Éµ¢Ò° Ëµ´
“¸É ´µ¢²¥´µ ´ ²¨Î¨¥ ¢ ¢Ò¸Ï¥° ¸É¥¶¥´¨ ¨§µÉ·µ¶´µ£µ Ô²¥±É·µ³ £´¨É´µ£µ

Ëµ´µ¢µ£µ ¨§²ÊÎ¥´¨Ö ¸ ¶² ´±µ¢¸±µ° Ëµ·³µ° ¸¶¥±É· 

70 ¸³ > λ > 1 ³³, T ∼ 3 K.
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