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‹ ¡µ· Éµ·¨Ö É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ¨³. �. �. �µ£µ²Õ¡µ¢ 

C ¶µ³µÐÓÕ ³¥Éµ¤   ´§ Í  �¥É¥ ¶µ²ÊÎ¥´Ò ÉµÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö  ¸¨³³¥É·¨Î´µ£µ ² ¢¨´´µ£µ
¶·µÍ¥¸¸  ´  ±µ²ÓÍ¥. ‘·¥¤´ÖÖ ¸±µ·µ¸ÉÓ ¶µÉµ±  Î ¸É¨Í v ¶µ²ÊÎ¥´  ± ± ËÊ´±Í¨Ö ¢¥·µÖÉ´µ¸É¥° µ¸Ò-
¶ ´¨Ö ¨ ¶²µÉ´µ¸É¨ Î ¸É¨Í ρ. �·¨ Ê¢¥²¨Î¥´¨¨ ρ ¸¨¸É¥³  µ¡´ ·Ê¦¨¢ ¥É ¶¥·¥Ìµ¤ µÉ ¶·¥·Ò¢¨¸Éµ£µ
¶µÉµ±  ± ´¥¶·¥·Ò¢´µ³Ê,   v · ¸Ìµ¤¨É¸Ö ¢ ±·¨É¨Î¥¸±µ° ÉµÎ±¥ ρc ¸ Ô±¸¶µ´¥´Éµ° α = 2.

The Bethe ansatz method is used to obtain exact results for an asymmetric avalanche process on
a ring. The average velocity of particle 	ow, v, is derived as a function of the toppling probabilities
and the density of particles, ρ. As ρ increases, the system shows a transition from intermittent to
continuous 	ow, and v diverges at the critical point ρc with exponent α = 2.

1. ‚‚…„…�ˆ… ˆ ”��Œ“‹ˆ��‚Š� Œ�„…‹ˆ

‹ ¢¨´´ Ö ¤¨´ ³¨±  Å ÔÉµ µ¸´µ¢´µ° ¸Í¥´ ·¨° ·¥² ±¸ Í¨¨ ´¥¸É ¡¨²Ó´ÒÌ
¸µ¸ÉµÖ´¨° ¢ Ô±¸É·¥³ ²Ó´ÒÌ ¸¨¸É¥³ Ì, £¤¥ ± ¦¤Ò° ¶µ¤¢¨¦´Ò° Ô²¥³¥´É ´ Ìµ-
¤¨É¸Ö µ±µ²µ ¶µ·µ£  ¸É ¡¨²Ó´µ¸É¨. ’¨¶¨Î´µ¥ · ¸¶·¥¤¥²¥´¨¥ ² ¢¨´, ¨³¥ÕÐ¥¥
Ì · ±É¥·´µ¥ ¸É¥¶¥´´µ¥ Ê¡Ò¢ ´¨¥, ¢¥¤¥É ± ¢µ§´¨±´µ¢¥´¨Õ ¤¨¸¶¥·¸´µ£µ É· ´¸-
¶µ·É  Î ¸É¨Í, ¢µ¢²¥Î¥´´ÒÌ ¢ ² ¢¨´Ê [1]. Œ´µ£¨¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö, É ±¨¥
± ± · ¸¶·µ¸É· ´¥´¨¥ Ë·µ´Éµ¢ [2] ¨²¨ §¥³²¥É·Ö¸¥´¨Ö [3], ³µ£ÊÉ · ¸¸³ É·¨-
¢ ÉÓ¸Ö ¢ É¥·³¨´ Ì ² ¢¨´´µ° ¤¨´ ³¨±¨ [4]. �¤´ ±µ ´ ¨¡µ²¥¥ ¶µ¤Ìµ¤ÖÐ¨°
¶·¨³¥· Å £· ´Ê²Ö·´Ò¥ ¸¨¸É¥³Ò, ±µÉµ·Ò¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ·µ¦¤ ÕÉ ¶·¥-
·Ò¢¨¸ÉÒ¥ ² ¢¨´Ò ¨, É ±¨³ µ¡· §µ³, Ô¢µ²ÕÍ¨µ´¨·ÊÕÉ ¢ ±·¨É¨Î¥¸±µ¥ ¸µ¸ÉµÖ-
´¨¥ [5]. ‚ · ¡µÉ¥ ¶·¥¤²µ¦¥´  ³µ¤¥²Ó  ¸¨³³¥É·¨Î´µ£µ ² ¢¨´´µ£µ ¶·µÍ¥¸¸ ,
±µÉµ·Ò° Ö¢²Ö¥É¸Ö ¨´É¥£·¨·Ê¥³Ò³ ¶·¨³¥·µ³ ¸¨¸É¥³, £¤¥ ¸¶µ´É ´´µ ´ Î¨´ Õ-
Ð¨¥¸Ö ² ¢¨´Ò µ¡¥¸¶¥Î¨¢ ÕÉ ¢µ§´¨±´µ¢¥´¨¥ ±·¨É¨Î¥¸±µ£µ §´ Î¥´¨Ö ¶²µÉ´µ-
¸É¨ Î ¸É¨Í, ¶·¨ ±µÉµ·µ³ É¥·³µ¶·¥¤¥²Ó´µ¥ §´ Î¥´¨¥ ¸·¥¤´¥° ¸±µ·µ¸É¨ ¶¥·¥-
´µ¸  µ± §Ò¢ ¥É¸Ö ¡¥¸±µ´¥Î´Ò³. ‚ µÉ²¨Î¨¥ µÉ ·¥Ï¥´¨° ¶µ¤µ¡´ÒÌ ³µ¤¥²¥° [6],
· ¸¸³ É·¨¢ ¢Ï¨Ì¸Ö ¢ É¥µ·¨¨ ¸ ³µµ·£ ´¨§µ¢ ´´µ° ±·¨É¨Î´µ¸É¨, ¶·¥¤² £ ¥³µ¥
ÉµÎ´µ¥ ·¥Ï¥´¨¥ ¸¢µ¡µ¤´µ µÉ ¶·¥¤¶µ²µ¦¥´¨° µ¡ µÉ¸ÊÉ¸É¢¨¨ ³¥¦Ê§¥²Ó´ÒÌ ±µ·-
·¥²ÖÍ¨°.
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� ¸¸³µÉ·¨³ ·¥Ï¥É±Ê L ¨§ N Ê§²µ¢ ¸ Í¨±²¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨-
Ö³¨ L = {i mod N : i ∈ Z}. ‚ Ê§² Ì ·¥Ï¥É±¨ ´ Ìµ¤ÖÉ¸Ö p < N Î ¸É¨Í.
‘µ¸ÉµÖ´¨¥ C ¸¨¸É¥³Ò ¢ ²Õ¡µ° ³µ³¥´É ¢·¥³¥´¨ § ¤ ¥É¸Ö ´µ³¥· ³¨ Ê§²µ¢,
§ ´ÖÉÒÌ Î ¸É¨Í ³¨, ±µÉµ·Ò¥ ³Ò ¢¸¥£¤  ¡Ê¤¥³ · ¸¶µ² £ ÉÓ ¢ ¶µ·Ö¤±¥ ¢µ§· -
¸É ´¨Ö C = {xk : k = 1, . . . , p ; x1 � x2 � . . . � xp}. �¢µ²ÕÍ¨Ö ¸¨¸É¥³Ò
¢µ ¢·¥³¥´¨ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¶· ¢¨² ³¨. …¸²¨ ¢ ³µ-
³¥´É ¢·¥³¥´¨ t ¢ ²Õ¡µ³ Ê§²¥ ´ Ìµ¤¨É¸Ö ´¥ ¡µ²¥¥ µ¤´µ° Î ¸É¨ÍÒ, Éµ ± ¦¤ Ö
Î ¸É¨Í  ´¥§ ¢¨¸¨³µ ¸µ¢¥·Ï ¥É ´ ¶· ¢²¥´´µ¥ ¶Ê ¸¸µ´µ¢¸±µ¥ ¡²Ê¦¤ ´¨¥, É. ¥.
§  ³ ²Ò° ¨´É¥·¢ ² ¢·¥³¥´¨ dt Î ¸É¨Í  ¢ Ê§²¥ xk ¸ ¢¥·µÖÉ´µ¸ÉÓÕ dt ¶¥·¥Ìµ-
¤¨É ¢ Ê§¥² xk + 1. ’ ±µ° ³¥¤²¥´´Ò° ¶Ê ¸¸µ´µ¢¸±¨° ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö
¤µ É¥Ì ¶µ·, ¶µ±  ¤¢¥ Î ¸É¨ÍÒ ´¥ § °³ÊÉ µ¤¨´ Ê§¥². …¸²¨ ÔÉµ ¶·µ¨§µÏ²µ,
Ê§¥² ¸É ´µ¢¨É¸Ö ´¥¸É ¡¨²Ó´Ò³ ¨ ´ Î¨´ ÕÉ ¤¥°¸É¢µ¢ ÉÓ ¶· ¢¨²  ¡Ò¸É·µ° ² -
¢¨´´µ° ¤¨´ ³¨±¨. ‹ ¢¨´  · §¢¨¢ ¥É¸Ö ¤¨¸±·¥É´Ò³¨ Ï £ ³¨ ¨ ¢ ³ ¸ÏÉ ¡¥
¶Ê ¸¸µ´µ¢¸±µ£µ ¢·¥³¥´¨ ¶·µ¨¸Ìµ¤¨É ³£´µ¢¥´´µ. …¸²¨ ´  ´¥±µÉµ·µ³ Ï £¥ ·¥-
² ±¸ Í¨µ´´µ£µ ¶·µÍ¥¸¸  ¢ Ê§²¥ i µ± § ²µ¸Ó n > 1 Î ¸É¨Í, ´  ¸²¥¤ÊÕÐ¥³ Ï £¥
·¥² ±¸ Í¨Ö ³µ¦¥É ¶·µ¨¸Ìµ¤¨ÉÓ ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨:

1) ¸ ¢¥·µÖÉ´µ¸ÉÓÕ µn (0 � µn < 1) n Î ¸É¨Í ¶¥·¥Ìµ¤ÖÉ ¨§ Ê§²  i ¢ Ê§¥²
(i + 1);

2) ¸ ¢¥·µÖÉ´µ¸ÉÓÕ 1−µn (n−1) Î ¸É¨Í ¶¥·¥Ìµ¤ÖÉ ¨§ Ê§²  i ¢ Ê§¥² (i+1).
�Ò¸É·Ò° ·¥² ±¸ Í¨µ´´Ò° ¶·µÍ¥¸¸ ¶·µ¤µ²¦ ¥É¸Ö ¤µ É¥Ì ¶µ·, ¶µ±  ¢¸¥

Ê§²Ò ´¥ ¸É ´ÊÉ ¸É ¡¨²Ó´Ò³¨, É. ¥. ¢ ²Õ¡µ³ ¨§ ´¨Ì ¡Ê¤¥É ´¥ ¡µ²¥¥ µ¤´µ°
Î ¸É¨ÍÒ. ’ ±¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¶· ¢¨² , ´¥¸³µÉ·Ö ´  ¸¢µÕ ¶·µ¸ÉµÉÊ, ¤µ-
¸É ÉµÎ´Ò ¤²Ö ¶µ²ÊÎ¥´¨Ö ´¥É·¨¢¨ ²Ó´µ° ² ¢¨´´µ° ¤¨´ ³¨±¨. �Ê ¸¸µ´µ¢¸±¨°
¶·µÍ¥¸¸ ¨£· ¥É ·µ²Ó É¥¶²µ¢µ£µ ·¥§¥·¢Ê ·  Å ¶µ¸É ¢Ð¨±  ³¨±·µË²Ê±ÉÊ Í¨°,
¢µ§¡Ê¦¤ ÕÐ¨Ì ³ ±·µ¸±µ¶¨Î¥¸±¨¥ ·¥² ±¸ Í¨µ´´Ò¥ ¶·µÍ¥¸¸Ò. ‚¥·µÖÉ´µ¸É¨
µn Å ÔÉµ ¢´¥Ï´¨¥ ¶ · ³¥É·Ò, Ì · ±É¥·¨§ÊÕÐ¨¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê Î -
¸É¨Í ³¨.

2. �‘��‚��… Šˆ�…’ˆ—…‘Š�… “��‚�…�ˆ… ˆ ��‡�– �…’…

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¨Ì Ì · ±É¥·¨¸É¨± ¸¨¸É¥³Ò É·¥¡Ê¥É¸Ö µ¶·¥¤¥²¨ÉÓ ¢¥-
·µÖÉ´µ¸É´ÊÕ ³¥·Ê ´  ¶·µ¸É· ´¸É¢¥ ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò. �¡µ§´ Î¨³ P (C, t) ≡
P (x1, . . . , xp, t) ¢¥·µÖÉ´µ¸ÉÓ ±µ´Ë¨£Ê· Í¨¨ C = {x1, . . . , xp} ¢ ³µ³¥´É ¢·¥-
³¥´¨ t (¤ ²¥¥ § ¢¨¸¨³µ¸ÉÓ µÉ t ¢¥§¤¥ µ¶ÊÐ¥´ ). �¶¨¸ ´´Ò° ¤¨´ ³¨Î¥¸±¨°
¶·µÍ¥¸¸ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ³ ·±µ¢¸±¨° ¶·µÍ¥¸¸ ¢ ´¥¶·¥·Ò¢´µ³ ¢·¥³¥´¨. �µ-
ÔÉµ³Ê, · ¸¸³ É·¨¢ Ö ²¨ÏÓ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê ¸É ¡¨²Ó´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¢¨¤ 
C = {xk : k = 1, . . . , p ; x1 < x2 < . . . < xp} ¨ ÊÎ¨ÉÒ¢ Ö ´¥¸É ¡¨²Ó´Ò¥
±µ´Ë¨£Ê· Í¨¨ ± ± ¶·µ³¥¦ÊÉµÎ´Ò¥, ³µ¦´µ § ¶¨¸ ÉÓ ¤²Ö ´¥£µ µ¸´µ¢´µ¥ ±¨´¥-
É¨Î¥¸±µ¥ Ê· ¢´¥´¨¥. �·¨ ÔÉµ³ ¢¥·µÖÉ´µ¸ÉÓ ±µ´Ë¨£Ê· Í¨¨, ¢ ±µÉµ·µ° ´¥É ´¨
µ¤´µ° ¶ ·Ò Î ¸É¨Í, § ´¨³ ÕÐ¨Ì ¸µ¸¥¤´¨¥ Ê§²Ò, ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö µ¡ÒÎ´Ò³
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Ê· ¢´¥´¨¥³ ´ ¶· ¢²¥´´µ£µ ¤·¥°Ë , É. ¥.

∂tP (x1, . . . , xp) = eγ

p∑
i=1

P (. . . , xi − 1, . . . ) − pP (x1, . . . , xp). (1)

� ¸¸³µÉ·¨³ É¥¶¥·Ó ±µ´Ë¨£Ê· Í¨Õ, ¸µ¤¥·¦ ÐÊÕ µ¤´Ê ¶ ·Ê Î ¸É¨Í ¢ ¸µ-
¸¥¤´¨Ì Ê§² Ì. �¥·¥¶¨¸ ¢ Ëµ·³ ²Ó´µ Ê· ¢´¥´¨¥ (1), ³Ò ¶µ²ÊÎ¨³ Î²¥´
P (. . . , x, x, . . . ), ²¥¦ Ð¨° §  £· ´¨Í¥° · §·¥Ï¥´´µ° µ¡² ¸É¨. …³Ê ³µ¦´µ ¶·¨-
¤ ÉÓ ¸³Ò¸², § ¤ ¢ ¤²Ö ´¥£µ ·¥±Ê··¥´É´µ¥ ¸µµÉ´µÏ¥´¨¥

P (. . . , x, x, . . . ) = (1 − µ2)eγP (. . . , x − 1, x, . . . ) +

+ µ2e2γP (. . . , x − 1, x − 1, . . . ). (2)

‡¤¥¸Ó ´¥Ë¨§¨Î¥¸±¨° Î²¥´ P (. . . , x, x, . . . ) ¢Ò· ¦¥´ Î¥·¥§ Ë¨§¨Î¥¸±¨° Î²¥´
P (. . . , x − 1, x, . . . ) ¨ ´¥Ë¨§¨Î¥¸±¨° Î²¥´ P (. . . , x − 1, x − 1, . . . ), ±µÉµ·Ò°,
¢ ¸¢µÕ µÎ¥·¥¤Ó, ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ÔÉÊ ¦¥ ·¥±Ê··¥´É´ÊÕ Ëµ·³Ê²Ê. �·¨³¥-
´ÖÖ ·¥±Ê·¸¨Õ ¤µ ¡¥¸±µ´¥Î´µ¸É¨, ³Ò ¶µ²ÊÎ¨³ ¡¥¸±µ´¥Î´ÊÕ ¸Ê³³Ê, ¸µ¸ÉµÖÐÊÕ
Éµ²Ó±µ ¨§ ¢¥·µÖÉ´µ¸É¥° ¸É ¡¨²Ó´ÒÌ ±µ´Ë¨£Ê· Í¨°. …¸²¨ ´  ·¥Ï¥É±¥ ¡µ²ÓÏ¥
Î¥³ ¤¢¥ Î ¸É¨ÍÒ, É·¥¡Ê¥É¸Ö ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¶µ¤µ¡´Ò¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö
¢¥·µÖÉ´µ¸É¨ É·¥Ì ¨ ¡µ²¥¥ Î ¸É¨Í, µ± § ¢Ï¨Ì¸Ö ¢ µ¤´µ³ Ê§²¥. �¤´ ±µ Ê¸²µ¢¨¥
¤¢ÊÌÎ ¸É¨Î´µ° ¶·¨¢µ¤¨³µ¸É¨, ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ±¨´¥É¨Î¥-
¸±µ£µ Ê· ¢´¥´¨Ö, É·¥¡Ê¥É, ÎÉµ¡Ò ¢¸¥ µ´¨ ¸¢µ¤¨²¨¸Ó ± ¤¢ÊÌÎ ¸É¨Î´µ³Ê (2).
�¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ÔÉµ ¢µ§³µ¦´µ Éµ²Ó±µ ¢ ¸²ÊÎ ¥, ¥¸²¨ ¢¥·µÖÉ´µ¸É¨ µn

µ¶·¥¤¥²ÖÕÉ¸Ö ·¥±Ê··¥´É´Ò³ ¸µµÉ´µÏ¥´¨¥³

µ2 ≡ µ, µn = µ(1 − µn−1). (3)

‚¢¥¤¥´¨¥ ¢ Ê· ¢´¥´¨¥ ¤µ¶µ²´¨É¥²Ó´µ£µ Î²¥´  eγ ¶µ§¢µ²Ö¥É · ¸¸³ É·¨¢ ÉÓ
ËÊ´±Í¨Õ P (C) ± ± ¶·µ¨§¢µ¤ÖÐÊÕ ËÊ´±Í¨Õ ¸Ê³³ ·´µ£µ ¶ÊÉ¨ Y (t), ¶·µ°¤¥´-
´µ£µ Î ¸É¨Í ³¨ [7]. ’µ£¤  ¢¸¥ ¸¥³¨¨´¢ ·¨ ´ÉÒ ¶·µ°¤¥´´µ£µ ¶ÊÉ¨, ¢ Î ¸É´µ-
¸É¨ ¸·¥¤´ÖÖ ¸±µ·µ¸ÉÓ Î ¸É¨Í v, ¡Ê¤ÊÉ ¢Ò· ¦ ÉÓ¸Ö Î¥·¥§ ¶·µ¨§¢µ¤´Ò¥ ¶µ γ µÉ
³ ±¸¨³ ²Ó´µ£µ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö Λ(γ) ¢ ÉµÎ±¥ γ = 0:

v = lim
t→∞

〈Y (t)〉
t

=
1
p

dΛ
dγ

∣∣∣∣
γ=0

. (4)

„²Ö ·¥Ï¥´¨Ö ¶µ²ÊÎ¥´´ÒÌ Ê· ¢´¥´¨° ³Ò ¨¸¶µ²Ó§Ê¥³  ´§ Í �¥É¥ Å µ¡µ¡-
Ð¥´¨¥ ³¥Éµ¤  ”Ê·Ó¥ ´  ¸²ÊÎ ° ¸¨¸É¥³ ³´µ£¨Ì Î ¸É¨Í ¸µ ¢§ ¨³µ¤¥°¸É¢¨¥³ [8].
�Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ¢ ¢¨¤¥

P (x1, . . . , xp) = eΛt
∑

σ(1,... ,p)

A(zσ1 , . . . , zσp) z−x1
σ1

. . . z−xp
σp

. (5)
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‡¤¥¸Ó ¸Ê³³¨·µ¢ ´¨¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö ¶µ ¢¸¥³ ¶¥·¥¸É ´µ¢± ³ σ(1,...,p) ¨´¤¥±-
¸µ¢ 1, 2, . . . , p. �µ¤¸É ´µ¢±  ·¥Ï¥´¨Ö ¢ Ê· ¢´¥´¨¥ (1) ¤ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö
¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö

Λ(γ) = eγ
P∑

i=1

zi − p . (6)

‘µµÉ´µÏ¥´¨¥ (2) ¸µ¢³¥¸É´µ ¸ Í¨±²¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¶·¨¢µ¤¨É
± ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° �¥É¥

zN
k = (−1)p−1

p∏
j=1

1 − (1 − µ)eγzk − µe2γzjzk

1 − (1 − µ)eγzj − µe2γzjzk
. (7)

ˆ´É¥·¥¸ÊÕÐ¥¥ ´ ¸ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ³ ±¸¨³ ²Ó´µ³Ê ¸µ¡-
¸É¢¥´´µ³Ê §´ Î¥´¨Õ Λ(0) = 0, µÉ¢¥Î ¥É ·¥Ï¥´¨Õ ÔÉµ° ¸¨¸É¥³Ò, ¤²Ö ±µÉµ·µ£µ
¶·¨ γ → 0 ¢¸¥ ±µ·´¨ ¸É·¥³ÖÉ¸Ö ± ¥¤¨´¨Í¥: zj → 1.

3. “��‚�…�ˆŸ �…’… ‚ ’…�Œ�„ˆ��Œˆ—…‘Š�Œ ��…„…‹…

�µ¸²¥ § ³¥´Ò zk = (1−xk)/(1+µxk)e−γ ¨ ²µ£ ·¨Ë³¨·µ¢ ´¨Ö Ê· ¢´¥´¨Ö
(7) ¶·¨¢µ¤ÖÉ¸Ö ± ¢¨¤Ê

p0(xk) = −πi

N
(p − 1) +

1
N

p∑
j=1

Θ(xk/xj) + γ, (8)

£¤¥

p0(x) = ln
(

1 − x

1 + µx

)
, Θ(y/x) = ln

(
x + µy

y + µx

)
. (9)

Š ¦¤µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° �¥É¥ ¸µµÉ¢¥É¸É¢Ê¥É µ¶·¥¤¥²¥´´µ³Ê ¢Ò¡µ·Ê ¢¥É¢¥°
²µ£ ·¨Ë³  ¢ ËÊ´±Í¨ÖÌ p0(x) ¨ Θ(x). ‚ Î ¸É´µ¸É¨, µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ
¸µµÉ¢¥É¸É¢Ê¥É µ¶·¥¤¥²¥´¨¥ ÔÉ¨Ì ËÊ´±Í¨° ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¸ · §·¥-
§ ³¨, ÊÌµ¤ÖÐ¨³¨ ´  ¡¥¸±µ´¥Î´µ¸ÉÓ ¢¤µ²Ó ¢¥Ð¥¸É¢¥´´µ° µ¸¨, ´  ±· ÖÌ ±µÉµ-
·ÒÌ ³´¨³ Ö Î ¸ÉÓ ËÊ´±Í¨° ¶·¨´¨³ ¥É §´ Î¥´¨Ö 0 ¨ 2π. ‹¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ
±µ·´¨ xj , ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ, ¶·¨ γ = 0 · ¢´µ³¥·´µ · ¸-
¶·¥¤¥²¥´Ò ´  µ±·Ê¦´µ¸É¨, · ¸¶µ²µ¦¥´´µ° ¢ ³ ²µ° µ±·¥¸É´µ¸É¨ ÉµÎ±¨ x = 0.
� ¸¸³µÉ·¥´¨¥ Î ¸É´µ£µ ¸²ÊÎ Ö µ = 0, N = 2p, ±µ£¤  Ê· ¢´¥´¨Ö �¥É¥ ¸¢µ-
¤ÖÉ¸Ö ± ±¢ ¤· É´µ³Ê Ê· ¢´¥´¨Õ, ¶µ± §Ò¢ ¥É, ÎÉµ ¶·¨ µÉ±²µ´¥´¨¨ γ µÉ ´Ê²Ö
µ±·Ê¦´µ¸ÉÓ ¤¥Ëµ·³¨·Ê¥É¸Ö ¢  ¸¨³³¥É·¨Î´Ò° ±µ´ÉÊ·. �·¨ ÔÉµ³ Ì · ±É¥·-
´Ò° · ¤¨Ê¸ ±µ´ÉÊ·  ´¥ ´ ²¨É¨Î´µ § ¢¨¸¨É µÉ γ É ±¨³ µ¡· §µ³, ÎÉµ ¢ ¶·¥¤¥²¥
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N → ∞, p → ∞, p/N = ρ §´ Î¥´¨Õ γ = +0 ¸µµÉ¢¥É¸É¢Ê¥É ±µ´ÉÊ· ±µ´¥Î´µ£µ
· §³¥· .

�¡µ¡Ð Ö ÔÉ¨ ¸¢µ°¸É¢  ´  ¸²ÊÎ ° ¶·µ¨§¢µ²Ó´ÒÌ µ ¨ ρ, ¶·¥¤¶µ²µ¦¨³, ÎÉµ
·¥Ï¥´¨Ö Ê· ¢´¥´¨° �¥É¥, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ, · ¸¶µ²µ-
¦¥´Ò ´  £² ¤±µ³ ±µ´ÉÊ·¥ Γ, ¸¨³³¥É·¨Î´µ³ µÉ´µ¸¨É¥²Ó´µ ·¥ ²Ó´µ° µ¸¨, ¸
¶²µÉ´µ¸ÉÓÕ R(x) = limN→∞ 1/(N(xk+1 −xk)) [9]. ’µ£¤ , ¶µ¸²¥ ¶¥·¥Ìµ¤  µÉ
¸Ê³³Ò ± ¨´É¥£· ²Ê ¢ Ê· ¢´¥´¨¨ (8), ³Ò ¶µ²ÊÎ¨³ ¨´É¥£· ²Ó´µ¥ Ê· ¢´¥´¨¥ ¤²Ö
¶²µÉ´µ¸É¨ ±µ·´¥°:

p0(x) = −iπρ + γ +
∫

Γ

Θ(y/x)R(y)dy. (10)

…¤¨´¸É¢¥´´Ò° ¸²ÊÎ ° Ê· ¢´¥´¨Ö (10), ¶µ¤¤ ÕÐ¨°¸Ö  ´ ²¨É¨Î¥¸±µ³Ê ·¥Ï¥-
´¨Õ, ¸µµÉ¢¥É¸É¢Ê¥É § ³±´ÊÉµ³Ê ±µ´ÉÊ·Ê Γ, ±µ´ÍÒ ±µÉµ·µ£µ x0 = x̄0 ²¥¦ É ´ 
µÉ·¨Í É¥²Ó´µ° Î ¸É¨ ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨. ’µ£¤  Ê· ¢´¥´¨¥ (10) ¨³¥¥É ¥¤¨´-
¸É¢¥´´µ¥ ·¥Ï¥´¨¥,  ´ ²¨É¨Î¥¸±µ¥ ¢ µ±·¥¸É´µ¸É¨ x = 0, Ê¤µ¢²¥É¢µ·ÖÕÐ¥¥
Ê¸²µ¢¨Õ ´µ·³¨·µ¢±¨

∫
Γ

R(x) = ρ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ γ = 0:

R0(x) =
1

2πi

(
ρ

x
+

1
1 − x

)
. (11)

„²Ö Éµ£µ ÎÉµ¡Ò µÉµ°É¨ µÉ §´ Î¥´¨Ö γ = 0, ´¥µ¡Ìµ¤¨³µ · ¸¸³µÉ·¥ÉÓ
· §µ³±´ÊÉÒ° ±µ´ÉÊ· Γ, ±µ´ÍÒ ±µÉµ·µ£µ ¨³¥ÕÉ ³ ²ÊÕ ³´¨³ÊÕ Î ¸ÉÓ x0 =
|x0|ei(π−ε) [10]. �·¥¤¶µ² £ Ö · §²µ¦¨³µ¸ÉÓ R(x) ¢ ·Ö¤ ¶µ ε, ³µ¦´µ ·¥Ï ÉÓ
Ê· ¢´¥´¨¥ (10) ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¨¸¶µ²Ó§ÊÖ ËÊ´±Í¨Õ (11) ± ± ´Ê²¥¢µ¥
¶·¨¡²¨¦¥´¨¥. ’µ£¤  ¢ ¶¥·¢ÒÌ É·¥Ì ¶µ·Ö¤± Ì ¶µ²ÊÎ¨³

R(x) = R0(x) +
1

2πi

(
ε2x0

6x

(1 + x0)
(1 − x0)3

+

+
ε3

3π(1 − x0)2

∞∑
s�=0,s=−∞

(x0

x

)s+1 s(−µ)|s|

1 − (−µ)|s|

)
, (12)

ÎÉµ ¤ ¥É ¢±² ¤ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¢ γ = −ε3x0/(3π(1−x0)2)+O(ε5). �·¨ ÔÉµ³
¤²Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö ´¥µ¡Ìµ¤¨³µ ¢Ò¶µ²´¥´¨¥ Ê¸²µ¢¨Ö x0 = ρ/(ρ− 1),
µ¤´µ§´ Î´µ Ë¨±¸¨·ÊÕÐ¥£µ ¶µ²µ¦¥´¨¥ ±µ´Íµ¢ ±µ´ÉÊ·  Γ. �µ²Ó§ÊÖ¸Ó ¶µ²Ê-
Î¥´´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö R(x), ³Ò ³µ¦¥³ ¢ÒÎ¨¸²¨ÉÓ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥
Λ(γ) É ±¦¥ ¤µ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¶µ ε:

Λ(γ)
N

= −(µ + 1)
∫

Γ

xR(x)
1 + µx

dx =

= ε3
(µ + 1)x0

3π(1 − x0)2

(
x0

(1 + x0µ)2
−

∞∑
s=1

s(−µ)2s−1xs
0

1 − (−µ)s

)
, (13)
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¶µ¸²¥ Î¥£µ ¢ÒÎ¨¸²¥´¨¥ ¸±µ·µ¸É¨ ¸¢µ¤¨É¸Ö ± ¢§ÖÉ¨Õ ¶·¥¤¥²  v = lim
ε→0

Λ(γ)/γp:

v =
(1 − ρ)(1 + µ)
(1 − ρ(1 + µ))2

+
1 + µ

µρ

∞∑
s=1

sµ2s

1 − (−µ)s

(
ρ

ρ − 1

)s

. (14)

ˆ§ ¶µ²ÊÎ¥´´µ£µ ¢Ò· ¦¥´¨Ö ¤²Ö ¸·¥¤´¥° ¸±µ·µ¸É¨ ¢¨¤´µ, ÎÉµ ¸±µ·µ¸ÉÓ
¸É ´µ¢¨É¸Ö ¡¥¸±µ´¥Î´µ° ¶·¨ ¶·¨¡²¨¦¥´¨¨ ± ±·¨É¨Î¥¸±µ° ¶²µÉ´µ¸É¨

ρc =
1

1 + µ
. (15)

‘ ÉµÎ±¨ §·¥´¨Ö Ë¨§¨±¨ ´¥· ¢´µ¢¥¸´ÒÌ ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨° µ¸´µ¢´µ° ¨´-
É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É §´ Î¥´¨¥ ±·¨É¨Î¥¸±¨Ì Ô±¸¶µ´¥´É, Ì · ±É¥·¨§ÊÕÐ¨Ì · ¸-
Ìµ¤¨³µ¸É¨ ¸·¥¤´¨Ì ¢ ¸¨¸É¥³¥, ¶·¨ ¶·¨¡²¨¦¥´¨¨ ¶ · ³¥É·  ¶µ·Ö¤±  ± ±·¨-
É¨Î¥¸±µ³Ê §´ Î¥´¨Õ. ˆ§ Ëµ·³Ê²Ò (14) ¢¨¤´µ, ÎÉµ ¸·¥¤´ÖÖ ¸±µ·µ¸ÉÓ ´¨¦¥
±·¨É¨Î¥¸±µ° ÉµÎ±¨ ¢¥¤¥É ¸¥¡Ö ± ±

v ∼ |ρ − ρc|−ν , ν = 2. (16)

Š·µ³¥ Éµ£µ, ¸·¥¤´ÖÖ ¸±µ·µ¸ÉÓ ² ¢¨´´µ£µ ¶·µÍ¥¸¸  ³µ¦¥É É· ±Éµ¢ ÉÓ¸Ö ± ±
¸·¥¤´¥¥ Î¨¸²µ Î ¸É¨Í, ¶¥·¥´µ¸¨³ÒÌ ² ¢¨´µ°. �µÔÉµ³Ê ¶µ²ÊÎ¥´´ Ö ±·¨É¨-
Î¥¸± Ö Ô±¸¶µ´¥´É  Ì · ±É¥·¨§Ê¥É § ±µ´ ¨§³¥´¥´¨Ö ¸·¥¤´¥£µ · §³¥·  ² ¢¨´Ò
¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨.
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