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The functional integral method for studying the superconducting pairing of quarks with the
formation of the diquarks as well as the quark-antiquark pairing in dense QCD is presented. The
dynamical equations for the superconducting order parameters are the nonlinear integral equations for
the composite quantum fields describing the quark-quark or quark-antiquark systems. These composite
fields are the bilocal fields if the pairing is generated by the gluon exchange, while for the instanton
induced pairing interactions they are the local ones. The expressions of the free energy densities are
derived. The binding of three quarks is also discussed.

Ipencrt BreH MeTon (PYHKIMOH JIBHOTO MHTErpupoB Hus B p MK X KXJI mig u3ydeHus sBie-
HHS CBEPXIPOBOJLIILIETO CII PHB HUS KB PKOB B IUIOTHOW cpele ¢ oOp 30B HUEM NUKB PKOB M KB PK-
HTUKB PKOBBIX I p. [IMH MHYECKUMH yp BHEHHSMH I I P METPOB IOPSAK CBEPXIPOBOJUMOCTU
SBJIIOTCS HEJIMHEHHbIE UHTETP JIbHbIE YP BHEHMS [UIS COCT BHBIX KB HTOBBIX IIOJIEH, OIMKCHIB IOIIUX
KB PK-KB PKOBbIE WIH KB PK- HTHKB DKOBbIE CHCTEMbI. [l HHbIE COCT BHBIE IIOJISI SBISIOTCS OHIIO-
K JIbHBIMH B CJIyd €, €CIIU CIl PUB HUE IeHEpUpYeTCs [MIOOHHBIM OOMEHOM, U JIOK JIbHBIMH, €CJIH I p-
HOE B3 MMOJICHCTBHE BBI3BIB €TCS WHCT HTOHOM. [ToNydeHB! BBIp XEeHHs I IUIOTHOCTeH CBOOGOTHOI
sHeprunl. T KxXe 0OCyX] eTcd CUCTeM TpeX KB PKOB.

INTRODUCTION

The superconducting pairing of quarks due to the gluon exchange in QCD
with the formation of the diquark condensate was proposed by Barrois [1] and
Frautschi [2] since more than two decades and then studied by Bailin and Love
[3], Donoglue and Sateesh [4], Iwasaki and Iwado [5]. Recently, in a series of
papers [6-21] there was aroused a new interest to the existence of the diquark
Bose condensate in the QCD dense matter — the color superconductivity. The
connection between the color superconductivity and the chiral phase transition
in QCD was studied by Berges and Rajagopal [22], Harada and Shibata [23].
There exists also the spontaneous parity violation, as it was shown by Pisarski
and Rischke [24].

*Lectures at the VI International School in Theoretical Physics, Vung Tau, 27 December 1999 —
8 January 2000.
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For the study of many-body systems of relativistic particles with the internal
degrees of freedom as well as with the virtual creation and annihilation of the
particle-antiparticle pairs the functional integral technique is a powerful mathe-
matical tool. This method was applied to the study of the color superconductivity
as well as the quark-antiquark pairing [25-28].

In this series of lectures we present the basics of the functional integral
method for the study of the color superconductivity in QCD at finite temperature
and density (the so-called dense QCD or thermal QCD). As the physical origin
of the superconducting pairing of quarks we consider two different commonly
discussed mechanisms: the direct local four-fermion interactions of the quark
field and the quark-quark nonlocal interaction due to the gluon exchange. The
direct four-quark interaction might be induced by the instantons [11, 12].

We follow the general method of the functional integral approach in the
theory of superconductivity [29, 30]. We start from the expressions of the
partition functions of the systems of interacting quarks and antiquarks with some
local or nonlocal quark-quark interactions. Then we introduce the local or bilocal
composite fields describing the diquarks or quark-antiquark pairs, establish the
effective action of these composite fields and derive their field equations. The
order parameters of the ground state of the diquark or quark-antiquark condensate
are the expectation values of the composite fields in the corresponding state of the
system. Due to the translational invariance of the ground state these expectation
values are coordinate-independent (for the local fields) or depend only on the
difference of the coordinates (for the bilocal ones). The equations for the order
parameters are the special cases of the field equations. The expressions of the
free energy density in the corresponding phases are also derived.

We work in the imaginary time formalism and write briefly

r=(x,7), /dm-/BdT/dX, 5:%7

k is the Boltzmann constant and 7T is the temperature. We denote 14, wA the
quark field and its Dirac conjugate, where A = («,a,4) is the set consisting of
the Dirac spinor index o = 1,2, 3,4, the flavor index i = 1,2, 3, ..., Ny and the
color one a = 1,2,3,..., N.. The internal symmetry groups are assumed to be
SU(Ny); and SU (Nc),.. The partition function of the system of free quarks
and antiquarks with the chemical potential y and at the temperature 7' can be
expressed in the form of the functional integral

Zo = / (Dy] [DY] exp{— / a2 () L5y (x)}, (1)
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where

. o B
LY =567 [74 (E_ )+7V+M} , )

and M is the bare quark mass.
Introduce the generating functional

Zoln,m) = / [DY] [DY] exp{— / daiy” (x) L (w)} x
< en{- [t @u@ T @ne]} o

with anticommuting parameters 74 () and 7 (2). The 2n-point Green functions
are expressed in terms of the functional derivatives of Zj[n,7] at the special
value 14 () =7 (z) = 0:

Blv~~~7Bn . —
GAh___,A,,/ (xla X2, .0y Ty Y1, Y2, 7yn) -

(T {was (@) as (@2) wtbn, (@) B () B (02) 07 () }) =

L 3> Zy [, 7] @
Zo 5777 (21) 07" (20) 0013, () 015, (1) |, __,
In particular
GGy = Ee-y»=(T{ea@3" w})=
_ 1 6% Zo [n,7) )
Zo 07" (x) mm (9) |
Denote
SE (w—y) = 655188 (v —y) = 650/ 85 (x —y, 7 — 0), ©
Six-y,7—0)="Sap(x -y, T—0)
the solution of the equation
LESE (v —y) =040 (z —y), -

r=x7), y=(y,0), d(x—y)=0x—-y)d(r—o0),

d
{74 <§ - u> +7V+M] Spy(x—y, T—0) =
ap

=000 (x—y)d(T—0). (8)
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Shifting the functional integration variables
o (2) — 5 (o) + / dySE (z — y)np ().
) - T+ / 4% (2) SA (2 — )

in the r.h.s. of the formula (1), we derive the explicit expression of the generating
functional (3)

Zo 0,7 = Zo exp { / dx / dyi* () S§ (x — y)np (y)} : 9)

Substituting this expression into the r.h.s. of the formula (5), we obtain the
two-point Green function

G-y = (T{ea@3" W)}) =85 @-v). (10)

Similarly, from the formulae (4) and (9) it follows the Wick theorem for the
2n-point Green functions of the free fermionic fields.
Introduce the Fourier transform Sy (p) =Sas (P, em) Of Sap () =Sap (x,7):

1 . 1 L~
Sas (x,7) = = e”’"t—/d e S5 (P, em),
s (x,7) 3 Em ] P 5 (Piem)

(11)
Y
Em = (2m + 1) 5,
m being the integers m = 0, £1, 42, ... From Eq. (8) it follows that
~ 1 (—=ip+M),4
S, = = =" 12
w0 = (5531) = v (12)
with the notations
p=(em+im)u+vp, p*=(em+ip)’+p> (13)

In the calculations we shall use also the expression §(y5 (—p) = §ag (=p, —&m)-
For the convenience we write it in the form

- 1 (ip) + M)
Sap (—p) = (qi> =— (14)
—ip'+M) 4 PP+ M
where
P =(em—ip)yat+p, P 2= (em—ip) +p* (15)

To study the color superconductivity we consider the quark-quark pairing
in QCD with the formation of the diquark condensate. Then we investigate the
quark-antiquark pairing. The corresponding composite fields are the meson ones.
We discuss also the possibility of extending our reasonings to the study of the
binding of three quarks. The composite particles in this case are the baryons.
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1. QUARK-QUARK PAIRING

For the simplicity in writing the formulae we begin our study by considering
the superconducting quark-quark pairing due to some direct four-fermion coupling
of quarks with the interaction Lagrangian

1—a, —c
VA& =VEP = VI = -ViP.

The partition function of the system equals

7 = / [DY][DY] eXp{— / deA(:c)LﬁwB(x)} x

1 —A, —C
< o {5 [ Wi @ @VE @ | a7
Introduce the antisymmetric bispinor local fields ®c 4 (), 3¢ (x)
—CA AC
(.13) =- (l‘) y ‘I)AC (.13) = _(I)CA (J)) y (18)

and the functional integral

— 1 —AC
Ze = /[Dtb] [D®] exp {—5 /da@ () VEP (x —y)®pp (x)} . (19
By shifting the functional integration variables

®pp(x) — Ppp(x)+vp(x)Yp(2),
AC —AC —

30 - @)Y @8 (@),

we establish the Hubbard—Stratonovich transformation
1 —A —C
esp {3 [0 @T 0 VE v (00 (o)} =

!

- Zigb / [D2] [D2] exp{ 5 / d23" () VEP D (:v)} X

—C

cesp{ =5 [ do[E" @) vp @) 00 (@) + 7 @7 @ Aca@] ). €O

where

BD —AC
®

A (2) = (@) VEY,  Acalz)=VE ®pp (2), 1)
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A7 @) =8 @), Aac@)=-Bcale), 22)
and rewrite the partition function (17) in the form
7= Zig) / [D®] [DF] exp {Serr [@,F] ) 23)
with the effective action
Setr [®, D] ——/d 5" Vg ®ca (z)+ W [AA], (24)

exp {W [AA]} =1+ ir@’") [AA] =

=
_ <T {exp{_%/dx [EA (@)% (2) x
xAca(z) + A7 (2) Y () s (:c)} H > . (25)
Calculations give
r® [A,A] =W® [AA] /dml/dng Y (@) SG2 (w1 — w2) X

X AC2A2 (1‘2) S}? (332 - 371)7 (26)
I [A,A] = % (w® [AN)2 +W® [AA], @7)

_ 1 ——A.Cy :
w® [AA] = 1 /dml... /dmA (x1) ng (1 — 22) Ay a, (x2) X

A3C3

x SY0 (w2 — a3) A (23) SG! (3 — 24) Ay, (22) SY (24— 21),  (28)

1 ~1)*
V188 =5 (W aF) +
+ WO AR WD [AR] + WO [AR], (29

W /d.l?l /dﬂ?eAAlCl J)l S (1‘1 —332) AC2A2 (332) X

X SZA2 (xg2 — x3) ... At )Sc (x5 — 26) Acg s (T6) SAAG (w6 — 21)
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with
STA (xy — 29) = Sp (x2 — x1).
We have then
W ARl =) W [AA]. 31)
n=1

From the variational principle for the effective action we derive the field
equation

SWen [AA
_ACA DZ SAPD )}
n=1

Using the explicit expressions of T/ (2 [A,Z] , we obtain

(32)

Aca (z) = ng{/dmsgz (z — 22) Agya, (22) SF*2 (22 — 7) —

- /dxg... /deg2 (x — x2) Acya, (T2) 52?2 (x9 — x3) X

—A3C3
X A (w3) SGE (w3 — w4) Agya, (w4) ST (24 — ) +
+ /dxg... /dngg2 (x — x2) Acya, (T2) 52?2 (xo — x3) X

—A3C
x A (23) SEI (w3 — 74) .. Acga, (w6) S (26 — 7) — } (33)
In the special class of the constant solutions

—BD —BD
Aca(z) =Aca =VEL®ps, A" (z)=A CyBp (34

we have the extended BCS gap equation
V.BD 1
Voa 5 Z dp %

X lg (p7 Em) A§T (—P7 _5m) !

1 +Z§(p75m) A§T (_pa _Em) DB

, (39)

where S (p,em), ST(—p,—em). A and A are the matrices with the elements
= = —AC
SE (pa 5m) B SEB (_p7 _5m) 5 ACA) and A
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At the values of the superconducting order parameters A4 and AP satis-
fying the extended BCS gap equation the effective action equals

Seff [@,6} = (% — i) /d:[,’l /d:[,’4 Tr [ZS ((L’l — LL'Q) AST ((L’Q — 1'3) X
x A S (23 —24) AST (24 —21)] —

— (%— %) /dl‘l /dJ?GTI‘ @S(Jﬁl —.ITQ)AST (.1?2—.133) X
X ...ZS($5—$6)AST (xg—xl)] + ... (36)

Denote F [x; A] the free energy density of the condensate. The effective action
is expressed in terms of this free energy density in the following manner

Seft [@,5] = —B/dXF [x; Al 37

Comparing (36) with (37), we obtain

F[x; A]—F[A]——%Z(Qi)g/dpx

<te{(3-1) [B5p.en 05T (p—en] -

2 4
- (% - %) {Zg(p,am) AST (—p, —Em)]S +
N (% _ %) [35(p.cn) AST (-p—e)] ' - } (38)

Summing up the infinite series, we write the r.h.s of the formula (38) in the
compact form

Flx; Al = %Zﬁ/dp%ﬂ S (p,em) AST (=p, —em) A x

1
>< J—

1 + g(p, 5m) AET (_p7 _5m) A

1
—/da = 1~ — . (39)
J 14+ aS (p,em) AST (—p,—em) A
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Let us discuss the general form of the superconducting order parameters.
Consider first the constants A 4. We have

Aac = A(am)(ckv) - (’750)@7 A?ai)(ck’) + (C)a'y Agzi)(ck)’ (40)

where A(Sai)( ck) are the scalar constants while the A{;i) (ck) are the pseudoscalar
ones. If the parity is conserved, then all pseudoscalar constants A@i)(ck) must

be zero. The existence of nonvanishing pseudoscalar constants Agz i) (ck) would

signify the spontaneous breaking of the parity conservation. Because of the
condition (22) the constants Afai) (ck) and Agu.) (ck) Must have the property

S S
Aleryai) = Doy Dlokyan) = Dlaner): (41

This means, in particular, that if they are symmetric (antisymmetric) with respect
to the flavor indices ¢ and j, they must be also symmetric (antisymmetric) with
respect to the color ones a and b.

For the study of the quark-quark pairing due to the gluon exchange we start
from the partition function in the form

2= [wapiles {~ [ wi*@5ento)}
coxp{; [ do [ @i WVE (o - ) unlveta |, @

where
BD 9’ B D 1
1% —y) = ——— A LR A
cx (@ —y) 53 EI (Ve @ A1) g (Ve @ A1) P

B b j b d 1 1
o A0% = () Q0o 32 Ol O = 5 oot — .

27
(43)

Ar are the Gell-Mann matrices of the color symmetry group. In order to de-
scribe the diquark systems we introduce some composite bilocal bispinor fields

®pp (z,y) ,5'40 (z,y) obeying the Fermi-Dirac statistics

CA —AC
(ya J)) =-9

®pp (y,7) = —Ppp (v,y), @ (z,y), (44)

and the functional integral over these bosonic fields

25 = [ 100 (D8] exp {3 [ e [ @ (@) VEP (@ = ) 00 1) }.
(45)
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By means of the shift of the functional integration variables

®pp (y,r) — ‘1>DB( )+¢D(y)¢3($)a
e W),

@y - @y +d @)

we can establish the Hubbard—Stratonovich transformation

exp{5 [ dn [ 45" 0T W VED (0~ 000 ) v )} =

—Z%/[ch] [DF] exp{—l/dfc/dﬁm(x,y)V(?,f(x—y)fpr(y,fc)} x
x exp{__/dx/dy (2, 9)0 ()5 ()

T st | @)

Aca(y,z) =VEL (x —y) ®pp (v, 2),

_ 47
A" (@,y) =T (2,9) VEP (z — ),

Aac (z,y) = —Doa (), AT (ya)=-B""(z,y), ©48)

and rewrite the partition function

Z = Zl‘l’ / [D®] [DP] exp{ da / YVEP (x—y) x

X ®pp (y,fc)}/ ] [DY] eXp{ dap” (x) Lvg (2 )} X
cexp{ =5 [ a5 ) m () vn (@) +
ST @ W 8ea o) | @)
in the form (23) with the effective action

— 1 — —_
Sa [0, = =5 [ do [ " (@.0) VED (2~ )0 (v0) + WA, B].
(50)
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exp {W [A, A]} —1+Zr<2"> A A] =

< [exp{——/dﬂ?/dy (z, y)¥p(Y)¥e(x) +
ST @ deatn ) ] ). 6D

Calculations give

r®[A A =wW® [A, 4] / day / dy / dxy / dys x

—ACq
) AT (w1, 1) S (1 — v2) Ay a, (Y2, w2) S (22 — 1), (52)
S (20 — 21) = S5 (21 — 22),, (53)
_ 1 2 _
r [a, 3] = 5 (W [a,3]) + W [a, 5], (54)

W(4) [A A ——/dl‘l/dyl/dl‘g/dyg/d$3/dy3/d$4/dy4 X

A1C1
x AT (w1,01) SE (11 — y2) Acy a, (Y2, 02) S22 (w2 — 3) X
—A3C3
x A (w,y3) SGE (U3 — ya) Acya, (a, ma) SKM (w4 — 11), (59

PO [a,3] = 5 (W(Q’ A, Z])3+
+ W@ (A, B WD [A,B] + WO [AR], (56)

W(G) A A /dﬂ?l/dyl/dl‘g/dyg /dx5/dy5/dx6/dy6><

x A (21,41) SE2 (Y1 — y2) Acya, (Y2, 22) SY22 (w2 — @3) X

—A3C3
x A ($37y3) SC3 (y3 - y4) AC4A4 (y4,$4) SZA (1‘4 - 1‘5) X
A

——As5Cs
x A (w5,y5) 5g6 (Y5 — y6) Acgas (Ys, To) S,El (x6 —x1), (57)

r® [A, A] = % (W<2> A, Z])4 + % (W<2> A, Z])2W<4> (A, A] +
1
2

b3 (WO A E]) WO (A K WO [A K]+ WO [A K], (58)
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(8) A :——/dl‘l/dyl/dxg/dyg /d$7/dy7/dl‘g/dy8><

x A ($17y1) SE2 (y1 — y2) Acya, (Y2, 22) Sy (22 — 23) %
x A (x3,v3) 5'(;3 (y3 — ya) Acya, (Ya,T4) SI{?“ (x4 — x5) X
x A (z5,95) ng (ys — v6) Acsa, (Y6, Z6) 52‘36 (x6 — x7) X
x B (z7,y7) SE2 (y7 — ys) Aceas (ys, ws) S4° (w5 — 1),
............................. (59)
It is easy to verify that
WA, A] = i wen A, A]. (60)

n=1

From the variational principle for the effective action we derive the field equation

1 > 5Wen [A, A
“Aoa(yn) =VEP -y Y ©1)
2 o ; 5B (2,y)

It has the explicit form
Aca(y,z) =

G (@ —y) {/dm? /dy2Sg2 (y — y2) Acya, (Y2, 2) SE*2 (22 — 1) —

/dxg /dyg /dx4/dy45 (= 2) Acyay (2 22) S22 (25 — 23)
x N (5, 55) S (ys — ya) Acya, (s, 2a) SE (24— 2) +
/dfﬂz/dyz /dxﬁ/dyGS (Y — y2) Acya, (y2,$2)5 ? (g — w3) X
x B (23, 3) SEL (ys — ya) Acya, (ya, xa) S (24 — 25) X
x A (w5, 5) SE (s — y6) Acsa, (Y6, 76) S (26 — 1) —

- /dxz/dyzm /dxs/dyssg2 (y — y2) Acya, (Y2, 22) SH02 (22 — 23) X

—A7Cr
X ... A (x7,y7)5'gf (y7 — Ys)Acyaq (ys, 78) S5 s — @) + } (62)
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Considering the solutions of this equation in the special class of functions de-
pending only on the difference of the coordinates

BD

Aca(y,z) =Aca(y—2), A (a:,y):ZBD

(z—y), (63)

performing the Fourier transformations

AC’A (y —X,0 — 6 Z emlomT) ——— 27'(' /dp eip(yix)ECA (pv 6'm) )

m

—BD 1 ; oy 1 Sixv = BP
A (X Y, 7T U) = B Z ewm'@— ) (2 P=yIA (p; 5m) ,

m

(64)
1
VEL(x—y,7—0) =3 > etemlos T) /dp P VLB (D, wi),
0 T
2m+1) = Wm = 2m—,

and introducing matrices A (p, £n)s A (D, €m) S (D €m)» ST (=P, —em) with the
BD

elements Aga (Pyem)s & (Dyem)s SB (P,em), SEA (—p, —em), we derive
the extended BCS gap equation for the superconducting quark-quark pairing in
QCD

1 -
ACA p75m 5 Z 71')3 /quC]’BAD (p —qQ,Em — 5n) X

x [§<q, e B e)ST (g —2n)

X = 1~ . (65)

1+A (Qa 5n) § ((L En) A (q; 5n) §T (_Qa _En) DB

At the values of the fields Aca (y,x) and AP (z,y) satisfying the equation
(62) the effective action (50) equals



FUNCTIONAL INTEGRAL APPROACH IN THE THEORY 85

Set [8,3] =W [A, A /dx/dyA Nl WA A

ZAC (,y)

<___>/dx1/dy1 /dx4/dy4Tr (21,91) S (41 — y2) A (g2, 2) X

x ST (22 —23) A(23,3) S (Ys — ya) A (ya,24) ST (w4 — 21)] +

(--—)/dml/dyl /dxﬁ/dyﬁ K (@1,91) S (1 — y2) A (v, 22)

x ST (z2 — 23) ... A(25,Y5) S (Y5 — y6) A (v, 76) ST (x6 — 1)) —

_(___>/dx1/dy1 /dxg/dys A (21,91) S (g1 — y2) A (o, 29) x

x ST (zy —x3) ... A(w7,y7) S (y7 — ys8) A (ys, x8) ™ (x5 — x1)] + ...,  (66)

where A (y,z), A(y,x), S(z—1vy), ST(x —y) denote the matrices with the
elements Ac (y,z), At (z,y), SE (x —y), SK (x — y). In the case of the
special class (63) of the solutions Aca (y — ), A (z — y) the effective action
is expressed in terms of the free energy by means of the formula (37). Comparing

the expressions (37) and (66) and performing the Fourier transformation, we
obtain

Fx,Al=F[A] = Z /

m

ol (% _ i) R (p.20) 8 (pren) B (pren) 5T (-pu )] -
1 1\ = 5 x oT 3
- (5 — 6) {A (P em) S (Psem) A(P,em) S (=P, —Em)} +

+(3-5) B30 Ao 8 p-e)] -} @)

This series can be also written in the compact form of the integral representation

-3 Z (271r /dP Tr {S (P, em) A (Pyem) ST (=P, —em) A (Ps Em) X

1
X = —
{ 1+ S p; 5m (P7 Em) ST (_p7 _5m) A (P7 Em)

N /da _ L _ H (68)
0 1 +OtS (p,em)A(p,Em) ST (—p,—em)A(p,Em)
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In order to simplify the expression for A ¢ (p, &) We introduce 4-vector
p,, with the fourth component ps = €,,, and denote A ¢ (p, em )by Aac (p). The
condition (48) is now written in the form

Apa(—p) =—-Aap (D). (69)

The bispinors A 45 (p) are expressed in terms of the Dirac bispinors

AaB (P) = Ataia)vi8) (1) = (15C) 0 Aluiy o) (P) + (C)ap Aluiyy) (@) +
+ (115C) 0 AY iy i) (0) + (V) o Aﬁ(m‘)(bj) (p) +
+ (0750 0 Db (aiy vy P) - (70)

From the conditions (69) it follows that under the interchange (ai) < (bj) and
the inversion p — —p the scalar, pseudoscalar and vector functions are invariant
while the pseudovector and tensor functions change their sign

S, P o S, P A4 _ 1%
A (i) (7P) = Alaiwn) ) Ay iyan (TP) = A (aiy ) (P);

(71
A% e (TP) = =Dy e ) Al e (TP) = Al aiyes) -

In general, the existence of nonvanishing superconducting order parameters
which are not the singlets of the color and/or flavor groups and lower, the free
energy would mean the spontaneous breaking of the color and/or flavor symme-
tries. For the systems with the isomorphic color and flavor groups SU(N),. and
SU(N)y, there may exist the superconducting order parameters which are the irre-
ducible spinor representations of the groups SU(N). and SU(N) but the singlet
of the «diagonal» SU(N) subgroup of the direct product SU(N). ® SU(N)y.
In this case we have the «color-flavor locking».

2. QUARK-ANTIQUARK PAIRING

The direct four-fermion coupling of the quark fields with the interaction
Lagrangian (16) or the nonlocal interaction of the quark fields with the effective
action given in the r.h.s of the formula (42) are also the origins of the quark-
antiquark pairing. In the case of the quark-antiquark pairing due to the direct
four-fermion coupling of the quark field we use the interaction Lagrangian in the
form

1—a —C
Ling = 51# (@) g (x) USEY ™ (x)¢p (2),
UER = ~URR = ~UBE = USRS,

(72)
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where instead of the constants VZP in (16) we use the new notations
UsE =VEL (73)

The partition function of the system equals
2= [ (] exp{ - [ s @) L0 0}
< exp{ [ a5 @) @ UEETE @) (x)} a9
Introducing the local hermitian fields ®% () and the functional integral

Zg:/[Dq)]exp{—%/da:‘I)A () UBD®G (x )}, (75)

we establish the Hubbard—Stratonovich transformation

exp {5 [ 5" (@) v () URETE ()0 ()} =

1

=75 [DCI)]eXp{ ;/dxtbA( YUBDDG (¢ )} X

ce{~ [ai @u@aT@]. a0

AR (2) =UZE®G (z), (77)

and rewrite the partition function in the form

Z
Z =7z | D3 exp (Serr [2]) (78)
with the effective action
1
Sur (8] = = [ dod (0) UER DG () + W (A, (79

exp{W[A]} =1+ irw [A] =

_ <T [exp{_ / N T (m)H > (30)
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Calculations give

[A] = i W [A], (81)

W [A] = / dzAf () S5 (0), (82)

1 .
DAl = -3 /dml /dxg A]Asi (xl)ng (1 — x2) X

x AR (22) S5} (w2 —21),  (83)

1
A] = g/dxl... /dxg, AR (1) S57 (21 — 22) AT (22) ¥
x Sp2 (wg — w3) AL (23) SR! (w3 — 21),  (84)

n+1
W [A] /dm /d:anB1 ry) Sél( T1 — T2) Az( 2) X
X Sg; (X2 —x3) ... A]j: (zn) Sgn (xn —21). (85)

From the variational principle

5 Ser ()
———— =0 (86)
0 ®F) ()
we derive the field equation
oW [A
AR (5) = VB §im o = UERS (2.0), )

where S4 (y,z)is the two-point Green function of the quark field in the presence
of the pairing interaction

S (0:0) = 53 =)~ [ dnaSE (5= 00) A% () 84, (o1 - 2) +
/dml /deS —z1)A (xl) Séf (x1 — x2) Aﬁz (x2) Séz (2 — ) —

/dl‘l /d$35 — 1‘1) A (1‘1) ng (J)l — 1‘2) Ai; (332) X

X Sp2 (w2 — w3) AB? (23) S, (w3 — 2) + .. (88)
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It satisfies the Schwinger—Dyson equation

S4(0) =53 -2)~ [ =55 (s - ) AR ()SH (s0). (89)
In the special class of the constant solutions of the field equation (87)
A%(z) = A = const (90)
S4(y, =) depends only on the coordinate difference
S5 (y,2) =S5 (y—x). (CIY

For its Fourier transform we have then an algebraic equation. Denote A the
matrix with the elements Af{’. From the equation (89) it follows that

S(P.em) = S (Prem) — S (Prem) AS (P, em) (92)
and

v A 93)
S(p,em)  S(P,em)

With the field satisfying the equation (87) the effective action equals

Sert [P] = ——/d MB[(A]) = (1 — %) /dmﬁ (z) S5 (0)+

<_ - _> /dml/dxg /dm 52 (21 — m2) AL (22) x

(332 )AA (1‘3) Sg (333 —331)

_ (_ _ _) / di... / dy A 42 (2 — 22) AR (1)

x SS; (2 — x3) ... AZ (24) 534 (x4 —21) + ... =

“n(1-1) /M@S(OH
F(5-0) Jan fan fanstsion -

XA 332 (2—1‘3)A($3)S(3—$1)

_<___>/dx1 /m (1) S (w1 — 22) A (1) x

><S(l‘g—J)g)...A(JM)S(J)‘l—$1)+...}, 94)
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where A (z) is the matrix with elements A% (). It follows that in the case of the
constant solutions (90) of the field equations (87) we have the following formula
determining the free energy density F' [x; Al:

F[x;A] = F[A] = (1-%) AR S5 (0) +
+ (%—%)/dy/dzAf;sg(x—y)Agsg(y—z)Ags;é(z—x)—
— G—%)/dy/dz/deﬁsg(x—y)Agsfg(y—z)x
><Agsg(z—w)AgSf}(w—x)—i—...:ﬂ{(l—%)AS(O)+

+<%—%)A/dy/sz(x—y)AS(y—z)AS(z—x)—

_G_%)A/dy/dz/de(x—y)AS(y—Z)X
X AS(z—w)AS(w—x)+...}:
:%Zﬁ/dp'ﬂ“{(l—%)Ag(Pﬁm)"'

n (% _ %) {Ag(p,gm)r _ G _ %) [Ag(p,am)r ¥ } (95)

Summing up the infinite series, we obtain

1 1 ~ / ~ 1~
(96)

where S (p, ¢,,) satisfies the equation (93) and S (p,¢,,) is determined by a
similar one with the replacement of A by £A:

1 1
= == +EA. 7
S¢(p.em) S (Prem)
The order parameters A% have the form
B _ A(b38) _ S(b4) B AP®])
AL = Ay =080 + (s)a Ay 98)
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The nonvanishing order parameters A ()J ) lowering the free energy would mean
the spontaneous parity conservation v101at10n. If M = 0 and the interaction
Lagrangian (104) is invariant under the chiral transformations, then the existence

of nonvanishing order parameters A (a S )j ) and/or A ( ()J ) lowering the free energy

bJ)

would signify the spontaneous breaking of the chiral invariance. If A and/or

A{;(z)j) are not the singlets of the color and/or flavor group, then the color

and/or flavor symmetries are spontaneously broken. For the system with the
isomorphic color and flavor groups SU(N). and SU(N); there may exist the
superconducting order parameters which are the irreducible spinor representations
of the groups SU(N). and SU(N)y but the singlet of the «diagonal» SU(N)
subgroup of the direct product SU(N).® SU(N)s. In this case we have the
«color-flavor locking».

Now we consider the quark-antiquark pairing generated by the effective non-
local interaction of the quark fields due to the gluon exchange. For this purpose
we rewrite the partition function (42) in the appropriate form

/ DY) (DY) exp{ / doi” (2) LEvp (a >}><
<oxp {3 [do [ 5" @00n U @0 - 0T en @)} ©9)

with the new notations
ULE (¢ —y) = =Vid (x =), (100)

VEE (z — y) being given in formula (43). Introduce the hermitian bilocal bosonic
fields ®4 (z,) and the functional integral

Zy = /[DfI)} exp{—%/dx/dy@é (2,y) USE (x —y) @5 (y,x)}- (101)

By shifting the functional integration variables, we obtain
—C
exp {5 [ o [ a5 (@) om ) U (0 - )T ) )} =
1
Zq)/[m]exp{——/dx/dy% 20) U2 (0= )05 (1.0) } x

Xexp{ /dx/dyu) )AA(xy)}, (102)

AR (z,y) =URE (z —y) 5 (y, 2), (103)

where
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and rewrite the partition function in the form (78) with the effective action

Senl@] =~ [ do [ dy® (2,0) URE (2 = )85 (o) + WA, (104

exp{W[A]} =1+ iﬂ") [A] =

:< [exp{ /dx/dW (y) A% (=, y>H> (105)

Calculations give

rMal = /dm/dyAB z,y) Sp (y — ), (106)

A = (W(l [A])2 W@ A, (107)

1
W(Q) [A] = _E/dxl /dyl/dxg/dygAﬁi (ml,yl)ng (yl —332) X

x A2 (22, y2) SB! (y2 — 21),  (108)

N}Ir—\

G [A] = % (W<1> [A])3 WO AW [A] + WO [A], (109)

/dml/dyl /dmg/dy3AA1 $1,y1)531 (yl — T2) X

x AR (22,12) S52 (y2 — m3) A (23,3) Sp! (y3 — 21)

.............. (110)
The field equation is derived from the variational principle
0 Sefr [P

8l ® |, (111)

6(I>D (ya J))

and has the form
oW [A

A (y.2) = UBE (v — 1) ot (112)

OAE (z,y)
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Using the expressions for T (") [A], we obtain the explicit equation
AL () = UES (o =) {S3 - 2) -
— /dazg/dygsgz (y — z2) Aﬁz (x2,92) S§2 (y2 — ) +
+/dx2/dy2/dx3/dy35g2 (y — x2) Aﬁi (2,y2) X

X Séj (y2 — x3) Aﬁg (xg,y3)5§3 (ys —x) + } . (113)

Introduce the two-point Green function of quark field in the presence of the
quark-antiquark pairing

Si (y,7) = Sg (y —z) —
dxy /dyz Sp? (y — x2) A2 (22,12) S, (y2 — @) +

+/dx2/dy2/dx3/dy3 ng (y—xg)Aﬁi (2,Y2) ng (y2 — x3) X
x A (3,y3) SB, (ys — 2) + ... (114)

It satisfies the Schwinger—Dyson equation

S .0) =53 o)~ [ ds [dwSE -2 A2 cw)Sh(wa). (15)
Then the field equation (113) becomes
AZ (y,2) = UEX (¢ —y) S5 (y, ) . (116)

Consider the solution of this field equation in the special class of functions
depending only on the difference of the coordinates

AR (zy) =A% (z—y). (117)

In this case the function S]‘;‘, (x,y) depends also only on the difference of the
coordinates

S (v.y) =Sp (z— ). (118)
Performing the Fourier transformation
1 i —o 1 ip(x—y) A
Aflx—y,m—0o) =5 el Tk /dpe PEYIAL (P em),

em = (2m+1)

(119)

Y

I3
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and introducing the matrices ﬁ(p, €m) with the elements ﬁﬁ (P, em), We rewrite
the integral relation (114) and the integral equation (115) in the form of the

algebraic ones:

S(P.em) =S (Prem) — S (Prem) A (Pyem) S (Pyem) +

+ S (em) A(Pyem) S (Prem) A (Prem) S (Dyem) + .-

and

S(P,em) =S (P,em) — S (Prem) A(P,em) S (Psem)

or
1 1 ~
= = = + A (p7 Em) .
S (pa 5m) S (p7 Em)

The field equation (116) becomes

AR ,Em) = /d U JEm — En s4 JEn) s
¢ (p 52 oy ) (P—a )S% (a,2n)

where Ugf (P — Q,&m — €r) is the Fourier transform of UL% (z — y),

1 o—T
UER(x—y,m=0) =5 e )271—)
m

x / dp e TEE (puiom), =2

(120)

(121)

(122)

(123)

(124)

Using the field equation (112), we obtain the value of the effective action

(104)

SWA]

Se 8] = W(A) - 5 [ do [ @yl @ S

_ <1——>/dm/dyAﬁ(w,y)Sé(y—xH

(— - —) /dml/dyl /da?g/d?JBA 371;91)531 (y1 — @2) X

x AL (22,12) (y x3) A (xz,ys)SA (ys —x1) —

_ <_ _ _> /dml/dm /dx4/dy4A (21,51) S52 (11 — w2) %

X AAz (z2,92) -- AA4 (%4,y) Sp! S (Yo — 1)+ =

:’H{(l—%)/dm/dyA(x,y)S(y—a:)—i—
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+ (%—1> /dml/dyl... /dx3/dy3A(x1,y1)S(y1—x2) x

X A(z2,92) S (Y2 — x3) A(x3,y3) S (y3 — 1) —

— (_ - _) /dxl/dyl /da:4/dy4A 21,91) S (y1 — @2) X

X A(x2,Y2) ... A(xa,y4) S (ya — x1) + }7 (125)

where A (x,y) is the matrix with the elements A% (z,y). For the fields in the

special class (117) the effective action is expressed in terms of the free energy
density F[x; Al

Sef[P] = —ﬁ/dxF[x; Al. (126)

It follows that

ool =Fla] = (1-3) [anak - i+

(_ - —) /dy/darg/dyz /dxg/dyzAAl (z = 1) S5? (31 — w2) x

< AR (23— y2) 552 (y2 — w3) A2 (23 — y3) Spl (ys — ) —

_ (___) /dy/dxg/dyz /dx4/dy4A y1) S3 (41 — 2)

XAB( —y2).. SS(Z/?,—M)AA( y4)S (ya—a)+ ... =

:’I‘r{<1—%>/dyA(x—y)S(y—x)+
+ (1—1)/dy/dx2/dy2 /dxg/dygA(x—yl)S(yl—xg) x

X A(xa —y2) S (y2 —x3) A(xz —y3) S (ys — ) —

—<———> /dy/dxg/dyg /dx4/dy4Ax—y1 S(y1 — 2) %

X A(ry —y2)... S(y3 — 24) A (4 — ya) S(ya — ) + } =
= lZﬁ/dPH{(l - %) A(p,em)S(prem) +

+(3-3) [Bw.cnSmen)] -
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_ G _ %) [5 (];,,gm)§(p,am)}4 + } . (127)

Summing up the infinite series, we obtain

FIS =53 o [T {A e [0 emic- 150},
(128)

where S¢ (P, &m) is determined by the equation of the form (122) with the re-
placement of A (p,&.,) by €A (p,em)
1 1

. == +EA (p,em) .- (129)
S¢(p,em)  S(p,em)

Introduce 4-vector p, with p; = €, and denote Elj (p,em) by ﬁﬁ(p). These
order parameters have following most general form

_ . o o
AR (p) = S5ALE () + ()0 AL () + () A58 (0) +

X A(bj X t(bj
+ (3us)e A (p) + (o) AN (p). (130)
The existence of the nonvanishing order parameters with definite transformation
properties would mean the spontaneous breaking of the corresponding symmetries.

3. FORMATION OF TRIQUARKS

It is straightforward to generalize the method presented in preceding Sections
for applying to the problem of the formation of triquarks — the bound states
of three quarks. We note that the fundamental interaction mechanisms in QCD
(instanton induced, gluon exchange, etc.) always lead to some effective (non-
local, in general) six-fermion interaction between quark fields with the effective
interaction action of the general form

S = é/dx/dy/dz/du/dv/dwf (W) D" ()" (u) x

x VB (u,v,w;y2,y,2) Ya (2) U5 (y) Yo (2),

CBA . _ CAB . _
VDEF (U,’U,’LU,Z,y,J)) - _VDEF (U7U7w72’7y,$) -

= —VEEH (uv,wiz,y,2) = ... (131)
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The formfactors VSB4 (u,v,w;2,y,z) depend only on the differences of the
space-time coordinates. The partition function of the many-quark system with
this effective six-quark interaction equals

2= [106 (D8 exp { - [ a0 (0)L0m )}
xexp{é/dx/dy/dz/du/dv/dwf(w)f )" (u) x
< VRt 20000) 0 (0) 6 1) v ()} (132)

In order to describe the triquarks we introduce some trispinor trilocal field
. . —CBA
D apc (z,y, z) as well as its conjugate P (z,y,z) and set

zy = /[D@][DE}exp{%/dx/dy/dz/du/dv/dw><

6FED (wa v, ’LL) VYDCEBI;4 (U, U, W5 2,Y, J)) (I>ABC (J?, Y, Z)} (133)

By shifting the functional integration variables

®apc (v,y,2) — Papo (%y,z)‘F%i/)A (z) Y5 (y) Yo (2),

5 (wv) — B (w0 u>+%‘l’< w)° (0) 3" (W),

we establish the Hubbard—Stratonovich transformation

exp{%/da:/dy/dz/du/dv/dwEF (W) P ()" (u) x

X VEBA (0,0 2,9, 2) ¥4 (2) Y3 () o <z>} -

= —/D<I> D<I>exp{——/dm/dy/dz/du/dv/dw><

% B (1w, 0,0) VSBA (0,005 2,1, 2) Bao (2,1, >}x
« exp{_%l_g / da / dy / dz [ZCBA (2,9, 2) ¥a (2) s () Yo () +
—C A

& W)Y (@) Aape (2,y, z)] } (134)
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where
—CBA —F —E
B )= [ [ v [ @ @d" @7 @VSER vz p.0)
Baclay,2)= [ du [ dv [ dwVSE v wizpa)bo (@) (o)
(135)
and transform, after lengthy calculations, the partition function (132) into the
form (23) of a functional integral over the trilocal fields ®apc(x,y,z) and

—CBA : . .
@ (z,y,x) with the effective action

_ 1 _
Seff [(I)a Q)} = _g /dx/dy/dZ(I)FDE (w,v,u) VvDCEBI:jl (u,v,w;z,y,x) X
X ®ape (v,y,2) + W [AA] - (136)
and the functional W [A, A] of the form

AA] =) WA A], (137)
n=1

where W (27) [A,Z] is a functional of the n-th order with respect to each type
of trilocal fields Aapc (z,y, z)and ACPA (z,y, ), for example,

w® /dx/dy/dz/du/dv/dwx

xZFE (w,v,u) S (w — 2)SB(v — y)Sp(u — 2)Aapc(z,y,2), (138)

WA A] =——/da:1/dy1/dz1 /duQ/dUQ/deX

——F1E1D FyE>D
x A v 1(W17U1,U1)A 2 2(U)2,U2,U2)SF2 (’LUQ—Zl)Sgl (Ul—yl)
X Sg; (Ul — J?l)Sglz (w1 — 22)5522 ('UQ — yg) SD? (Ug — 1‘2) X

X AAQBQCQ (.132, Y2, 22) AAlBlcl (xla Y1, Zl) ’

From the variational principle we derive the field equation

1
—AABC (z,y,2 /du/dv/dw fBEcp (u,v,w; z,y,x) X

2N oW [AA]

X —_ . (140)
z:l SA"EP (w, v, u)
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Using explicit expression of W (™) [A,A], we have shown that up to the 6th order
of the pertubation theory there exists the following system of integral equations

Aapc (z,y, 2) :/du/dv/dw/dm'/dy'/dz'Vf]fcp (u, v, w; 2,y,T) X

x GS (w,2) GE (0,y) G (u,2") Awper (2,y,2"),  (141)

GR (2,u) = S (x —u) + / dy / d=5% (@ — ) £ (4, 2) G2 (zow),  (142)

»E (z,w) = /da:/dy/du/deFED (w,v,u) X

X Gg (U, CL’) Gg (’U, y) AABC' ((L’, Y, Z) . (143)

It is easy to verify that G (z,u) is the two-point Green function of the quark field
in the presence of its interaction with the «external» trilocal fields A apc (2, y, 2)

and AP (w,v,u). It is determined by the Schwinger-Dyson equation repre-
sented by the Feynman diagram in Fig. 1 with the self-energy part (143) reprsented
by the Feynman diagram in Fig. 2.

>— - +>H
L]

Fig. 1.

Fig. 2.

The solutions of the system of integral equations (141)—(143) in the class of
the fields depending only on the differences of the coordinates can be considered
as the anticommuting order parameters of the ground state of the many-quark sys-
tem with the binding of the quarks into the triquarks. This means that in the QCD
dense quark matter there might exist a phase transition with the anticommuting
order parameters. Note that there is no condensation of the triquarks, because
these composite particles are fermions.
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