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ˆ.…. �·µÍ¥´±µ

”¨§¨Î¥¸±¨° ¨´¸É¨ÉÊÉ ¨³. �. �. ‹¥¡¥¤¥¢  	��, Œµ¸±¢ 

�¡¸Ê¦¤ ¥É¸Ö ¸µ¢·¥³¥´´µ¥ ¸µ¸ÉµÖ´¨¥ ¨¸¸²¥¤µ¢ ´¨° µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ·¥§µ´ ´¸´ÒÌ  Éµ-
³ ·´ÒÌ ¸·¥¤ ¨ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¨§ ´ ´µÎ ¸É¨Í ¢ ¶·µ§· Î´µ° ³ É·¨Í¥ ¶·¨ ÊÎeÉ¥ ÔËË¥±Éµ¢
²µ± ²Ó´µ£µ ¶µ²Ö ¢ ¸¢Ö§¨ ¸ § ¤ Î¥° ¶µ²ÊÎ¥´¨Ö ¢Ò¸µ±µ£µ ¨ Ê¶· ¢²Ö¥³µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö
¨ £¨£ ´É¸±µ£µ ±µÔËË¨Í¨¥´É  Ê¸¨²¥´¨Ö. �µ¸²¥¤´ÖÖ § ¤ Î  µ¡¸Ê¦¤ ¥É¸Ö ´  ¶·¨³¥·¥ ¸·¥¤Ò É·eÌ-
Ê·µ¢´¥¢ÒÌ Λ- Éµ³µ¢, ¸¨¸É¥³Ò ¸ ®¨¸±Ê¸¸É¢¥´´Ò³ ²µ± ²Ó´Ò³ ¶µ²¥³¯, ¨¸¶µ²Ó§ÊÕÐ¥° ¶¥·¥· ¸¸¥Ö-
´¨¥ ¨§²ÊÎ¥´¨Ö ¢µ ¢´¥Ï´¨° ·¥§µ´ Éµ·, ¨ £¥É¥·µ£¥´´µ° ¸·¥¤Ò ¸ ³¥É ²²¨Î¥¸±¨³¨ ´ ´µÎ ¸É¨Í ³¨, ¢
±µÉµ·µ°, ¶·¨ ´ ²¨Î¨¨ ¨¸ÉµÎ´¨±  Ô´¥·£¨¨, µ± §Ò¢ ÕÉ¸Ö ¢µ§³µ¦´Ò³¨ £¨£ ´É¸±¨¥ ±µÔËË¨Í¨¥´ÉÒ
Ê¸¨²¥´¨Ö. ‹¨´¥°´Ò¥ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¸· ¢´¨¢ ÕÉ¸Ö ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
¸¢µ°¸É¢ ³¨ ·¥§µ´ ´¸´ÒÌ  Éµ³ ·´ÒÌ ¸·¥¤;  ´ ²¨§¨·ÊÕÉ¸Ö ¶·¥¨³ÊÐ¥¸É¢  ¨ ´¥¤µ¸É É±¨ µ¡o¨Ì É¨-
¶µ¢ ¸·¥¤, ¸ ³µÊÏ¨·¥´¨¥, ·Ô²¥¥¢¸±µ¥ · ¸¸¥Ö´¨¥, Ë¨§¨Î¥¸±¨° ³¥Ì ´¨§³ ¨ · §²¨Î´Ò¥ ¸¶µ¸µ¡Ò
µ¶¨¸ ´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö.

The state-of-art of research of optical properties of resonance atomic media and heterogeneous
media of nanoparticles in the transparent matrix is discuss with an account of local ˇeld effects
in relation to the problem of the realization of high and controllable index of refraction and giant
ampliˇcation coefˇcient. The last problem is discussed with examples of the medium of three-level
Λ atoms; the medium with the ®artiˇcial local ˇeld¯ with the rescattering of the radiation into the
external cavity; the heterogeneous medium with metallic nanoparticles where, at presence of the
external energy source, a giant ampliˇcation coefˇcient became possible. Linear optical properties of
heterogeneous media are compared with respective properties of resonant atomic media; advantages
and disadvantages of media of both kinds, the self-broadening, Rayleigh scattering, the physical
mechanism and various approaches for the description of the local ˇeld are analyzed.

‚‚…„…�ˆ…

�·¨³¥´¥´¨e ±µ£¥·¥´É´µ£µ ¨§²ÊÎ¥´¨Ö ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ¸¢µ°¸É¢ ¨ Ê¶· -
¢²¥´¨Ö ³ ²Ò³¨ µ¡Ñ¥±É ³¨, ¸µ¤¥·¦ Ð¨³¨ ´¥¡µ²ÓÏµ¥ Î¨¸²µ  Éµ³µ¢, É·¥¡ÊeÉ
ÉµÎ´µ£µ ¨ ¡Ò¸É·µ£µ ±µ´É·µ²Ö ¶ · ³¥É·µ¢ ¸¢¥Éµ¢ÒÌ ¶ÊÎ±µ¢: ¨Ì ¶µ¶¥·¥Î´ÒÌ
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· §³¥·µ¢, ´ ¶· ¢²¥´¨Ö, ¤²¨´Ò ¢µ²´Ò, ¤²¨É¥²Ó´µ¸É¨ ¨ Ëµ·³Ò ¨³¶Ê²Ó¸µ¢.
’µÎ´Ò° ±µ´É·µ²Ó ¸¢¥Éµ¢µ£µ ¶ÊÎ±  ´¥µ¡Ìµ¤¨³, ´ ¶·¨³¥·, ¤²Ö ¸¶¥±É·µ¸±µ¶¨¨
µ¤¨´µÎ´ÒÌ  Éµ³µ¢ ¨ ³µ²¥±Ê² [1], ¤²Ö ËÊ´±Í¨µ´¨·µ¢ ´¨Ö ²µ£¨Î¥¸±¨Ì ÖÎ¥¥±
±¢ ´Éµ¢ÒÌ ±µ³¶ÓÕÉ¥·µ¢ [2], ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ±¢ ´Éµ¢ÒÌ ¸¢µ°¸É¢ ¸¢¥É  ¤²Ö
¸¢¥·Ì¶·¥Í¨§¨µ´´ÒÌ (´¥· §·ÊÏ ÕÐ¨Ì) ¨§³¥·¥´¨° [3], ¡¥¸ÏÊ³µ¢µ£µ Ê¸¨²¥´¨Ö
¸¢¥·Ì¸² ¡ÒÌ (±¢ ´Éµ¢ÒÌ) ¶µ²¥° [4], ±¢ ´Éµ¢µ° ±·¨¶Éµ£· Ë¨¨ [5]. ‡ ¤ Î¨
±µ´É·µ²Ö µ¶É¨Î¥¸±µ£µ ±µ£¥·¥´É´µ£µ ¨§²ÊÎ¥´¨Ö ¢Ò§Ò¢ ÕÉ · ¸ÉÊÐÊÕ ¶µÉ·¥¡-
´µ¸ÉÓ ¢ µ¶É¨Î¥¸±¨Ì ³ É¥·¨ ² Ì ¸ ´µ¢Ò³¨, ´ ¶¥·e¤ § ¤ ´´Ò³¨ ¨ Ê¶· ¢²Ö¥³Ò³¨
¸¢µ°¸É¢ ³¨ ¨ ¸É¨³Ê²¨·ÊÕÉ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨ É¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö
´µ¢ÒÌ µ¶É¨Î¥¸±¨Ì ³ É¥·¨ ²µ¢.

‘ ¨¸¸²¥¤µ¢ ´¨Ö³¨ ¶ ¸¸¨¢´ÒÌ (¶µ£²µÐ ÕÐ¨Ì) ·¥§µ´ ´¸´ÒÌ µ¶É¨Î¥¸±¨Ì
³ É¥·¨ ²µ¢, É. ¥. É ±¨Ì, ¢ ±µÉµ·ÒÌ ¸µ¡¸É¢¥´´ Ö Î ¸ÉµÉ  ±µ²¥¡ ´¨°  Éµ³´ÒÌ
Ô²¥±É·µ´µ¢ ¡²¨§±  ± Î ¸ÉµÉ¥ ±¢ §¨³µ´µÌ·µ³ É¨Î¥¸±µ£µ ¨§²ÊÎ¥´¨Ö, ¸¢Ö§ ´Ò
µÉ±·ÒÉ¨Ö § ³¥Î É¥²Ó´ÒÌ µ¸µ¡¥´´µ¸É¥° · ¸¶·µ¸É· ´¥´¨Ö ¨§²ÊÎ¥´¨Ö ¢ ¢¥Ð¥-
¸É¢¥, É ±¨Ì ± ± ¸ ³µ¨´¤ÊÍ¨·µ¢ ´´ Ö ¶·µ§· Î´µ¸ÉÓ [6], ¸ ³µËµ±Ê¸¨·µ¢±  [7],
ÔËË¥±ÉÒ ²µ± ²Ó´µ£µ ¶µ²Ö [8Ä11], Ê§±¨¥ ·¥§µ´ ´¸Ò ¢ ¤µ¶²¥·µ¢¸±¨-ÊÏ¨·¥´´µ³
£ §¥ [12,13], ¶·µ§· Î´µ¸ÉÓ, ´ ¢¥¤e´´ Ö Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³ (Electromag-
netically Induced Transparency Å EIT) [14Ä17], ±µ£¥·¥´É´Ò° § Ì¢ É ¸¶µ´É ´-
´µ£µ ¨§²ÊÎ¥´¨Ö (Coherent Population Trapping) [18], ¨ ¤·Ê£¨Ì, ¨³¥ÕÐ¨Ì ± ±
ËÊ´¤ ³¥´É ²Ó´µ¥, É ± ¨ ¶·¨±² ¤´µ¥ §´ Î¥´¨¥. �±É¨¢´Ò¥ µ¶É¨Î¥¸±¨¥ (² §¥·-
´Ò¥) ³ É¥·¨ ²Ò ³µ£ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ± ± ¤²Ö Ê¶· ¢²¥´¨Ö, É ± ¨ ¤²Ö £¥´¥· Í¨¨
±µ£¥·¥´É´µ£µ ¨§²ÊÎ¥´¨Ö. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢ ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ² §¥· Ì
¶µ²ÊÎ¥´Ò µÎ¥´Ó ¢Ò¸µ±¨¥ (¤µ 104 ¸³−1) ±µÔËË¨Í¨¥´ÉÒ Ê¸¨²¥´¨Ö [19]. �µ¢Ò-
Ï¥´¨¥ ±µÔËË¨Í¨¥´É  Ê¸¨²¥´¨Ö ¶µ§¢µ²Ö¥É ¶µ´¨§¨ÉÓ ¶µ·µ£µ¢Ò° Éµ± ´ ± Î±¨,
ÎÉµ ¶·¨¢¥¤eÉ ± Ê³¥´ÓÏ¥´¨Õ É¥¶²µ¶µÉ¥·Ó ¢ ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ³¨±·µ² §¥· Ì,
Ö¢²ÖÕÐ¨Ì¸Ö Î ¸ÉÓÕ ¨´É¥£· ²Ó´ÒÌ ¸Ì¥³. ‡ ¤ Î  Ê³¥´ÓÏ¥´¨Ö É¥¶²µ¢Ò¤¥²¥´¨Ö
Î·¥§¢ÒÎ °´µ  ±ÉÊ ²Ó´  ¤²Ö ¸µ¢·¥³¥´´µ° ³¨±·µÔ²¥±É·µ´¨±¨. pµ²ÓÏo° ±µÔË-
Ë¨Í¨¥´É Ê¸¨²¥´¨Ö ¶µ§¢µ²Ö¥É ¶µ²ÊÎ ÉÓ £¥´¥· Í¨Õ ¢ ³ ²ÒÌ µ¡Ñe³ Ì  ±É¨¢´ÒÌ
¸·¥¤ ¶·¨ ³¥´ÓÏ¥° ¤µ¡·µÉ´µ¸É¨ ·¥§µ´ Éµ· , ÎÉµ ¸´¨¦ ¥É É·¥¡µ¢ ´¨Ö ± ± -
Î¥¸É¢Ê §¥·± ² ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ¢ÒÏ ¥É ´ ¤e¦´µ¸ÉÓ ¨ ¸´¨¦ ¥É ¸Éµ¨³µ¸ÉÓ
² §¥·µ¢. ˆ§¢¥¸É´Ò ² §¥· ¡¥§ ¨´¢¥·¸¨¨ ¢ ¸¨¸É¥³ Ì Λ- Éµ³µ¢ (É¨¶  ¨¸¶µ²Ó-
§Ê¥³ÒÌ ¤²Ö EIT) [20], ´¨§±µ¶µ·µ£µ¢Ò° ¨ ¡¥¸¶µ·µ£µ¢Ò° ¶µ²Ê¶·µ¢µ¤´¨±µ¢Ò°
² §¥· ¡¥§ ¨´¢¥·¸¨¨ [21]. p¥§Ò´¢¥·¸´ Ö ¨ ¡¥¸¶µ·µ£µ¢ Ö ² §¥·´ Ö £¥´¥· Í¨Ö,
¶·¥¤¸É ¢²ÖÕÐ Ö ¨´É¥·¥¸ ¤²Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨ ¶·¨±² ¤´ÒÌ ¨¸¸²¥¤µ¢ ´¨°,
µ¡²¥£Î ¥É¸Ö ¢ ¸·¥¤¥ ¸ ¡µ²ÓÏ¨³ Ê¸¨²¥´¨¥³.

ˆ¸¶µ²Ó§µ¢ ´¨¥ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ ¤²Ö Ê¶· ¢²¥´¨Ö ² §¥·´Ò³ ¨§²ÊÎ¥´¨¥³
¢¥¸Ó³  ¶¥·¸¶¥±É¨¢´µ. 
 ¶·¨³¥·, Ï¨·µ±µ ¨§¢¥¸É´Ò µ¶É¨Î¥¸±¨¥ ¡¨¸É ¡¨²Ó-
´Ò¥ ¸·¥¤Ò ¤²Ö ¸µ§¤ ´¨Ö µ¶É¨Î¥¸±¨Ì § É¢µ·µ¢ [22]; ¶·¥¤²µ¦¥´  EIT-¸·¥¤  ¸
¢Ò¸µ±¨³ ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö (Phaseonium) [14]. ‚ ¡µ²ÓÏ¨´¸É¢¥ ·¥§µ-
´ ´¸´ÒÌ ¸·¥¤ Ô²¥³¥´É ·´µ° Î ¸É¨Í¥°, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ¶µ²¥³, Ö¢²Ö¥É¸Ö
µÉ¤¥²Ó´Ò°  Éµ³. �µ ¶·¨Î¨´ ³, ¶µ¤·µ¡´µ  ´ ²¨§¨·Ê¥³Ò³ ¢ µ¡§µ·¥ ´  ¶·¨-
³¥·¥ EIT-¸·¥¤, µ¸µ¡Ò¥ ¸¢µ°¸É¢   Éµ³ ·´ÒÌ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ ¡Ò¢ ¥É É·Ê¤´µ
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¨¸¶o²Ó§µ¢ ÉÓ ¤²Ö ¶µ²ÊÎ¥´¨Ö ¢Ò¸µ±µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¨ Ê¶· ¢²¥´¨Ö
±µ£¥·¥´É´Ò³ ¨§²ÊÎ¥´¨¥³. „µ¸É ÉµÎ´µ µÉ³¥É¨ÉÓ, ÎÉµ ³´µ£¨¥ ±µ£¥·¥´É´Ò¥ ÔË-
Ë¥±ÉÒ ¨¸Î¥§ ÕÉ ¶·¨ ¶²µÉ´µ¸ÉÖÌ £ §  ¢ÒÏ¥ 1013−1014 ¸³−3. �µÔÉµ³Ê ´¥
¸²ÊÎ °´µ, ÎÉµ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö · ¸ÉeÉ ¨´É¥·¥¸ ± ¨¸¸²¥¤µ¢ ´¨Õ µ¶É¨Î¥¸±¨Ì
¸¢µ°¸É¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤, ¢ ±µÉµ·ÒÌ Ô²¥³¥´É ·´ Ö Î ¸É¨Í  (´ ´µÎ ¸É¨Í ),
·¥§µ´ ´¸´µ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ Ö ¸ ¶µ²¥³, ¸µ¤¥·¦¨É ¡µ²ÓÏµ¥ Î¨¸²µ  Éµ³µ¢.

 ´µÎ ¸É¨Í  · §³¥·µ³ ³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò µ¶É¨Î¥¸±µ£µ ¤¨ ¶ §µ´ 
³µ¦¥É ¸µ¤¥·¦ ÉÓ ¤µ N ∼ 106  Éµ³µ¢, ¶µÔÉµ³Ê ¥e ¶µ²Ö·¨§Ê¥³µ¸ÉÓ µ± §Ò¢ ¥É¸Ö
∼ N ¨ ¶µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥ ³µ¦¥É ¡ÒÉÓ ³´µ£µ ¡µ²ÓÏ¥, Î¥³ ¶µ²Ö·¨-
§Ê¥³µ¸ÉÓ µÉ¤¥²Ó´µ£µ  Éµ³ . �µ¸²¥¤´ÖÖ £¨¶µÉ¥§  ¶µ¤É¢¥·¦¤ ¥É¸Ö, ´ ¶·¨³¥·,
 ´µ³ ²Ó´µ ¢Ò¸µ±¨³ ¶µ£²µÐ¥´¨¥³ ¢ ±² ¸É¥·´ÒÌ ¸·¥¤ Ì [23].

•µÉÖ Ë¨§¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¨§ÊÎ ÕÉ¸Ö ¤ ¢´µ, ¨¤¥Ö µ¡
¨¸¶µ²Ó§µ¢ ´¨¨ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¤²Ö Ê¶· ¢²¥´¨Ö ±µ£¥-
·¥´É´Ò³ ¨§²ÊÎ¥´¨¥³ ¢µ§´¨±²  ¸· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ [24Ä29], ´µ Ê¦¥ ¶·¨-
¢²¥±²  ¢´¨³ ´¨¥ Ô±¸¶¥·¨³¥´É Éµ·µ¢. Š ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ µ´¨ µ¡· §ÊÕÉ
´µ¢Ò° ±² ¸¸ ·¥§µ´ ´¸´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤ ¸ µ¸µ¡Ò³¨ ¸¢µ°¸É¢ ³¨.

‡ ¤ Î  ´ ¸ÉµÖÐ¥£µ µ¡§µ·  Å ¶·µ¨´Ëµ·³¨·µ¢ ÉÓ µ ´µ¢ÒÌ ÔËË¥±É Ì ¢
·¥§µ´ ´¸´ÒÌ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì, ±µÉµ·Ò¥ ¶·¨¢µ¤ÖÉ ± ·¥§±µ³Ê Ê¢¥²¨Î¥´¨Õ
¤¨¸¶¥·¸¨¨ (¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö) ¨ Ê¸¨²¥´¨Ö ¸·¥¤Ò, µ¶¨¸ ÉÓ Ë¨§¨Î¥¸±¨¥
³¥Ì ´¨§³Ò ÔÉ¨Ì ÔËË¥±Éµ¢, ¸· ¢´¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢ 
£¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¸µ ¸¢µ°¸É¢ ³¨ ·¥§µ´ ´¸´ÒÌ  Éµ³ ·´ÒÌ ¸·¥¤, Ê± § ÉÓ ´ 
¶·¥¨³ÊÐ¥¸É¢  µ¶É¨Î¥¸±¨Ì £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¨ ¶·¨¢²¥ÎÓ ± ´¨³ ¥Ðe ¡µ²Ó-
Ï¥¥ ¢´¨³ ´¨¥ Ô±¸¶¥·¨³¥´É Éµ·µ¢ ¨ ¨´¦¥´¥·µ¢. �¸µ¡µ¥ ¢´¨³ ´¨¥ ¢ µ¡§µ·¥
Ê¤¥²¥´µ ÔËË¥±É ³ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì, É ± ± ± ¨³¥´´µ
µ´¨ µ¡Ê¸²µ¢²¨¢ ÕÉ ´µ¢Ò¥ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢ . � ¸¸³µÉ·¥´¨¥ µ£· ´¨Î¨¢ -
¥É¸Ö, ¢ µ¸´µ¢´µ³, ²¨´¥°´Ò³¨ µ¶É¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨ £¥É¥·µ£¥´´ÒÌ ¸·¥¤.
�¡¸Ê¦¤ ÕÉ¸Ö É·Ê¤´µ¸É¨ ¸µ§¤ ´¨Ö ¸·¥¤ ¸ ¢Ò¸µ±¨³ ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö
¨ £¨£ ´É¸±¨³ Ê¸¨²¥´¨¥³ ¨ ¶ÊÉ¨ ¨Ì ·¥Ï¥´¨Ö.

�¥ ²¨§ Í¨Ö µ¶É¨Î¥¸±¨Ì ¸·¥¤ ¸ ¢Ò¸µ±¨³ ¨ ±µ´É·µ²¨·Ê¥³Ò³ ¶µ± § É¥²¥³
¶·¥²µ³²¥´¨Ö ¢ ¦´  ¤²Ö ³´µ£¨Ì ¶· ±É¨Î¥¸±¨Ì ¶·¨³¥´¥´¨°, ± ±, ´ ¶·¨³¥·, ¤²Ö
¶µ¢ÒÏ¥´¨Ö · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ µ¶É¨Î¥¸±¨Ì ¸¨¸É¥³. ‚ ± Î¥¸É¢¥ ¶·¨-
³¥·  · ¸¸³µÉ·¨³ ¤¨Ë· ±Í¨µ´´Ò° ¶·¥¤¥² · §·¥Ï ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ µ¶É¨Î¥-
¸±µ£µ ³¨±·µ¸±µ¶ : d = 1, 22λ/A Å ¤¨ ³¥É· ¨§µ¡· ¦¥´¨Ö ¡¥¸±µ´¥Î´µ ³ ²µ°
¸¢¥ÉÖÐ¥°¸Ö ÉµÎ±¨ (¤¨¸± �·¨), £¤¥ ¸µ¸·¥¤µÉµÎ¥´µ 84% ¢¸¥° ¸¢¥Éµ¢µ° Ô´¥·£¨¨
ÉµÎ±¨. ‡¤¥¸Ó λ Å ¤²¨´  ¢µ²´Ò µ¶É¨Î¥¸±µ£µ ¨§²ÊÎ¥´¨Ö, A = n sinu, n Å
¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö ¸·¥¤Ò ³¥¦¤Ê µ¡Ñ¥±É¨¢µ³ ¨ µ¡Ñ¥±Éµ³, u Å  ¶¥·ÉÊ·-
´Ò° Ê£µ² [30]. ’ ±¨³ µ¡· §µ³, ¶µ³¥Ð Ö ¶·µ§· Î´ÊÕ ¸·¥¤Ê ¸ n � 1 ³¥¦¤Ê
µ¡Ñ¥±É¨¢µ³ ¨ µ¡Ñ¥±Éµ³ (É. ´. ¨³³¥·¸¨µ´´ Ö ¸¨¸É¥³ ), ³µ¦´µ ¸ÊÐ¥¸É¢¥´´µ
Ê¢¥²¨Î¨ÉÓ · §·¥Ï ÕÐÊÕ ¸¶µ¸µ¡´µ¸ÉÓ µ¶É¨Î¥¸±µ£µ ³¨±·µ¸±µ¶ . ‚ ´ ¸ÉµÖÐ¥¥
¢·¥³Ö ³ ±¸¨³ ²Ó´µ ¤µ¸É¨¦¨³µ¥ A ¢ ¨³³¥·¸¨µ´´µ° ¸¨¸É¥³¥ ¸µ ¸¶¥Í¨ ²Ó´Ò³
³ ¸²µ³ ´¥ ¶·¥¢ÒÏ ¥É 1,6, ¢ Éµ ¢·¥³Ö ± ± ¤²Ö ®¸ÊÌ¨Ì¯ µ¡Ñ¥±É¨¢µ¢ A ≈ 0, 95.
Š ± ¡Ê¤¥É ¶µ± § ´µ, ¢ £¥É¥·µ£¥´´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤ Ì ¢µ§³µ¦¥´ ¶µ± § É¥²Ó
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�¨¸. 1. ”¨§¨Î¥¸±¨° ³¥Ì ´¨§³ ¢·¥³¥´´µ° ¤¨¸¶¥·¸¨¨, ±µÉµ·Ò° ¶·¨¢µ¤¨É ± ¸´¨¦¥´¨Õ
Ë §µ¢µ° ¸±µ·µ¸É¨ · ¸¶·µ¸É· ´¥´¨Ö ¨ Ê³¥´ÓÏ¥´¨Õ ¤²¨´Ò ¢µ²´Ò Ô²¥±É·µ³ £´¨É´µ£µ
¨§²ÊÎ¥´¨Ö ¢ ¸·¥¤¥

n ∼ 3−4,   ¶·¨ ´ ²¨Î¨¨ Ê¸¨²¥´¨Ö Å ¤µ 10. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ É ±¨Ì ¸·¥¤ ¢
¨³³¥·¸¨µ´´ÒÌ ¸¨¸É¥³ Ì · §·¥Ï ÕÐ Ö ¸¶µ¸µ¡´µ¸ÉÓ ¢µ§· ¸É ¥É ¢µ ³´µ£µ · §.
ˆ³³¥·¸¨µ´´Ò¥ ¸¨¸É¥³Ò ³µ£ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¨ ¤²Ö ¶µ¢ÒÏ¥´¨Ö ¶²µÉ´µ¸É¨
§ ¶¨¸¨ ¨´Ëµ·³ Í¨¨ ´  µ¶É¨Î¥¸±¨Ì ¤¨¸± Ì.

”¨§¨Î¥¸±¨° ³¥Ì ´¨§³ Ê¢¥²¨Î¥´¨Ö ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¸¢Ö§ ´ ¸ § -
¤¥·¦±µ°, ±µÉµ· Ö ¶·µ¨¸Ìµ¤¨É ¶·¨ · ¸¶·µ¸É· ´¥´¨¨ ¢ ¸·¥¤¥ ¨§-§  ¶µ£²µÐ¥´¨Ö
¨ ¶¥·¥¨§²ÊÎ¥´¨Ö  Éµ³ ³¨, ± ± ¶µ± § ´µ ´  ·¨¸. 1. „²Ö ¢µ§¡Ê¦¤¥´¨Ö  Éµ³ 
¨ ¶¥·¥¨§²ÊÎ¥´¨Ö ¨³ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö É·¥¡Ê¥É¸Ö ±µ´¥Î´µ¥ ¢·¥³Ö, ÎÉµ
¶·¨¢µ¤¨É ± ¸¤¢¨£Ê Ë § ∆φ ³¥¦¤Ê ¶µ£²µÐe´´Ò³ ¨ ¶¥·¥¨§²ÊÎe´´Ò³ ¶µ²¥³.
�ÉµÉ ¸¤¢¨£ Ë § ¶·¨¢µ¤¨É ± Ê³¥´ÓÏ¥´¨Õ ¤²¨´Ò ¢µ²´Ò ¨§²ÊÎ¥´¨Ö (·¨¸. 1).
‘¤¢¨£ Ë § ∆φ É¥³ ¡µ²ÓÏ¥, Î¥³ ¡µ²ÓÏ¥ ¤µ¡·µÉ´µ¸ÉÓ  Éµ³ , · ¸¸³ É·¨¢ ¥³µ£µ
± ± µ¸Í¨²²ÖÉµ·, ·¥§µ´ ´¸´µ ¢µ§¡Ê¦¤ ¥³Ò° ¶µ²¥³. �É³¥É¨³, ÎÉµ ¤µ¡·µÉ´µ¸ÉÓ
· ¢´  Î¨¸²Ê µ¸Í¨²²ÖÍ¨° Ô²¥±É·µ´  ³¥¦¤Ê ¢¥·Ì´¨³ ¨ ´¨¦´¨³ Ê·µ¢´Ö³¨  Éµ³ ,
¤µ ¨Ì § ÉÊÌ ´¨Ö ¢ e · §. �´ ²µ£¨Î´Ò³ µ¡· §µ³ ¢µ§´¨± ¥É Ê³¥´ÓÏ¥´¨¥ ¤²¨´Ò
¢µ²´Ò ¨§²ÊÎ¥´¨Ö, ¥¸²¨ ¢³¥¸Éµ  Éµ³  · ¸¸³ É·¨¢ ÉÓ ´ ´µÎ ¸É¨ÍÊ, ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐÊÕ ¸ ¶µ²¥³. ’ ± ± ± ´ ´µÎ ¸É¨Í  ³µ¦¥É ¸µ¤¥·¦ ÉÓ µÎ¥´Ó ¡µ²ÓÏµ¥
Î¨¸²µ  Éµ³µ¢, ¥e ¤µ¡·µÉ´µ¸ÉÓ (¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ²Ö·¨§Ê¥³µ¸ÉÓ) ³µ¦¥É µ± -
§ ÉÓ¸Ö £µ· §¤µ ¢ÒÏ¥, Î¥³ ¤µ¡·µÉ´µ¸ÉÓ (¶µ²Ö·¨§Ê¥³µ¸ÉÓ) ·¥§µ´ ´¸´µ£µ  Éµ³ .
�µ´ÖÉ¨¥ ¤µ¡·µÉ´µ¸É¨ µÉ¤¥²Ó´µ° ´ ´µÎ ¸É¨ÍÒ-µ¸Í¨²²ÖÉµ·  Ï¨·µ±µ ¨¸¶µ²Ó§Ê-
¥É¸Ö ¶·¨  ´ ²¨§¥ µ¸µ¡ÒÌ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¸·¥¤ ¸ Ë· ±É ²Ó´µ° ¸É·Ê±ÉÊ·µ°
(¸³. ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¸Ò²±¨ ¢ ¶. 3.4.1). ‘²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ, ÎÉµ ·¥§µ´ ´¸Ò,
¢µ§´¨± ÕÐ¨¥ ¢ ¸¨¸É¥³ Ì ´ ´µÎ ¸É¨Í, £µ· §¤µ Ï¨·¥, Î¥³ Ê µÉ¤¥²Ó´ÒÌ  Éµ³µ¢,
¨§-§  ¸²ÊÎ °´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°  Éµ³µ¢ ¢ ´ ´µÎ ¸É¨Í¥. ˆ§-§  ÔÉµ£µ ¶µ²Ö·¨-
§Ê¥³µ¸ÉÓ ´ ´µÎ ¸É¨ÍÒ µ± §Ò¢ ¥É¸Ö ³¥´ÓÏ¥, Î¥³ ¶·µ¸Éµ ¸Ê³³  ·¥§µ´ ´¸´ÒÌ
¶µ²Ö·¨§Ê¥³µ¸É¥° ¸µ¸É ¢²ÖÕÐ¨Ì ¥e  Éµ³µ¢, ´µ ¢¸e · ¢´µ µ´  ³µ¦¥É §´ Î¨-
É¥²Ó´µ ¶·¥¢ÒÏ ÉÓ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ µÉ¤¥²Ó´µ£µ  Éµ³ , ÎÉµ ¶µ± § ´µ ´¨¦¥ ´ 
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· §²¨Î´ÒÌ ¶·¨³¥· Ì. �É³¥É¨³ µ¡Ð¨¥ Ê¸²µ¢¨Ö ¤²Ö Éµ£µ, ÎÉµ¡Ò ¤µ¡·µÉ´µ¸ÉÓ
µ¸Í¨²²ÖÉµ·  ( Éµ³ , ´ ´µÎ ¸É¨ÍÒ), ¢µ§¡Ê¦¤ ¥³µ£µ ¢´¥Ï´¥° ¸¨²µ° (·¥§µ´ ´¸-
´Ò³ ¶µ²¥³), µ± § ² ¸Ó ¢Ò¸µ±µ°: 1) ·¥§µ´ ´¸ ¸ ¢´¥Ï´¥° ¸¨²µ°; 2) ³¨´¨³Ê³
¶µÉ¥·Ó Ô´¥·£¨¨ µ¸Í¨²²ÖÉµ· ; 3) ±µ£¥·¥´É´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê µ¸Í¨²²Ö-
Éµ·µ³ ¨ ¢µ§¡Ê¦¤ ÕÐ¥° ¸¨²µ°, É. ¥. ³¨´¨³Ê³ ¸²ÊÎ °´ÒÌ ¸¡µ¥¢ Ë §Ò µ¸Í¨²-
²ÖÉµ· . “¸²µ¢¨Ö (1) ¨ (2) ¢Ò¶µ²´¨ÉÓ ´¥¸²µ¦´µ, ¶µ¸²¥¤´¥¥ ¢Ò¶µ²´Ö¥É¸Ö § 
¸ÎeÉ ´ ± Î±¨ ¸·¥¤Ò µÉ ¢´¥Ï´¥£µ ¨¸ÉµÎ´¨±  Ô´¥·£¨¨. ’·Ê¤´¥¥ ·¥ ²¨§µ¢ ÉÓ ¤µ-
¸É ÉµÎ´µ ¢Ò¸µ±ÊÕ ¸É¥¶¥´Ó ±µ£¥·¥´É´µ¸É¨ Å Ê¸²µ¢¨¥ (3), É ± ± ± ¸¡µ¨ Ë §Ò
¢§ ¨³µ¤¥°¸É¢¨° ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì ¢µ§´¨± ÕÉ µÎ¥´Ó ²¥£±µ, µ¸µ¡¥´´µ ¶·¨
¡µ²ÓÏ¨Ì ±µ´Í¥´É· Í¨ÖÌ Î ¸É¨Í. ‘µÌ· ´¥´¨Õ ±µ£¥·¥´É´µ¸É¨ ³µ¦¥É ¸¶µ¸µ¡-
¸É¢µ¢ ÉÓ Ö¢²¥´¨¥ ®¸Ê¶¥·±µ£¥·¥´É´µ¸É¨¯ Å ¸ ³µË §¨·µ¢±¨ ±µ²¥¡ ´¨° ·¥§µ-
´ ´¸´ÒÌ ¤¨¶µ²¥° ¶µ¤ ¤¥°¸É¢¨¥³ ²µ± ²Ó´µ£µ ¶µ²Ö [24].

�µÖ¢²¥´¨¥ £¨£ ´É¸±µ£µ Ê¸¨²¥´¨Ö ¢  ±É¨¢´µ° £¥É¥·µ£¥´´µ° ¸·¥¤¥ É¥¸´µ
¸¢Ö§ ´µ ¸ ¢µ§´¨±´µ¢¥´¨¥³ ¢Ò¸µ±µ£µ ·¥§µ´ ´¸´µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö.

‚ ¶¥·¢µ³ · §¤¥²¥ µ¡§µ·  ¶·¨¢µ¤ÖÉ¸Ö ´¥±µÉµ·Ò¥ µ¸´µ¢´Ò¥ ¢¥²¨Î¨´Ò ¨
¶µ´ÖÉ¨Ö, ¨¸¶µ²Ó§Ê¥³Ò¥ ¤²Ö µ¶¨¸ ´¨Ö µ¶É¨Î¥¸±¨Ì ¸·¥¤, µ¡µ§´ Î ÕÉ¸Ö µ¡² ¸É¨
µ¶É¨Î¥¸±¨Ì Ö¢²¥´¨°, · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥, ¨ É¥, ±µÉµ·ÒÌ ³Ò
´¥ ± ¸ ¥³¸Ö. ’ ³ ¦¥ ¶µÖ¸´ÖÕÉ¸Ö · §²¨Î¨Ö ³¨±·µ¸±µ¶¨Î¥¸±¨Ì ¨ ³ ±·µ¸±µ¶¨-
Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¨ ¸·¥¤Ò.


  ¶·¨´Í¨¶¨ ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö ¸¢¥·Ì¢Ò¸µ±µ£µ ¶µ± § É¥²Ö
¶·¥²µ³²¥´¨Ö ¢ ·¥§µ´ ´¸´µ³  Éµ³ ·´µ³ £ §¥ ¡Ò²µ ¢¶¥·¢Ò¥ Ê± § ´µ ¢ [14]. ‚
· §¤. 2 µ¡¸Ê¦¤ ¥É¸Ö EIT-ÔËË¥±É ¢ ·¥§µ´ ´¸´µ° ¸·¥¤¥ Λ- Éµ³µ¢ [14Ä17], ±µ-
Éµ·Ò° É¥¸´µ ¸¢Ö§ ´ ¸ Ö¢²¥´¨¥³ ¢Ò¸µ±µ° ¤¨¸¶¥·¸¨¨ ¡¥§ ¶µ£²µÐ¥´¨Ö, ² §¥·µ³
¡¥§ ¨´¢¥·¸¨¨ [20] ¨ ´ ¡²Õ¤¥´¨¥³ ¸¢¥·ÌÊ§±¨Ì ·¥§µ´ ´¸µ¢ ¢ £ §¥, ÊÏ¨·¥´´µ³
¶µ „µ¶²¥·Ê [12,13]. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ ¸¨²Ó´ÊÕ ¤¨¸¶¥·¸¨Õ £·Ê¶¶µ¢µ° ¸±µ·µ-
¸É¨ · ¸¶·µ¸É· ´¥´¨Ö ¨³¶Ê²Ó¸µ¢ ¢ ´¥²¨´¥°´µ° ¸·¥¤¥ ¨ Ê³¥´ÓÏ¥´¨¥ £·Ê¶¶µ¢µ°
¸±µ·µ¸É¨ [25, 31]. ˆ¸¸²¥¤µ¢ ´¨Ö ÔÉ¨Ì ÔËË¥±Éµ¢ ¶µ± § ²¨, ÎÉµ ¸¨²Ó´ Ö ¤¨¸-
¶¥·¸¨Ö £·Ê¶¶µ¢µ° ¸±µ·µ¸É¨ ¸· ¢´¨É¥²Ó´µ ²¥£±µ ´ ¡²Õ¤ ¥É¸Ö ¢ ·¥§µ´ ´¸´µ³
£ §¥ Λ- Éµ³µ¢ [31].

B · §¤. 3 · ¸¸³ É·¨¢ ¥É¸Ö Ö¢²¥´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö [8Ä11] ¨ ¸µ¢·¥³¥´´µe
¸µ¸ÉµÖ´¨e ¨¸¸²¥¤µ¢ ´¨° · §²¨Î´ÒÌ ÔËË¥±Éµ¢, ¸¢Ö§ ´´ÒÌ ¸ ²µ± ²Ó´Ò³ ¶µ²¥³,
´ ¶·¨³¥·, ¡¥§·¥§µ´ Éµ·´µ° µ¶É¨Î¥¸±µ° ¡¨¸É ¡¨²Ó´µ¸É¨ [32Ä34]. �µ¶· ¢± 
²µ± ²Ó´µ£µ ¶µ²Ö ¨£· ¥É ¶·¨´Í¨¶¨ ²Ó´ÊÕ ·µ²Ó ¶·¨ µ¶¨¸ ´¨¨ £¥É¥·µ£¥´´ÒÌ
¸·¥¤, ¶µÔÉµ³Ê ¥° Ê¤¥²¥´µ µ¸µ¡µ¥ ¢´¨³ ´¨¥. �·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥ ¶µ¶· ¢±Ê
²µ± ²Ó´µ£µ ¶µ²Ö ¢ ´¥±µÉµ·µ° ¸·¥¤¥, ³Ò É¥³ ¸ ³Ò³ · ¸¸³ É·¨¢ ¥³ ¥¥ ± ±
´¥µ¤´µ·µ¤´ÊÕ. ®�²¥³¥´É ·´ Ö¯ ´¥µ¤´µ·µ¤´µ¸ÉÓ ¸·¥¤Ò ¢Ò§¢ ´  É¥³, ÎÉµ µ´ 
¸µ¸Éµ¨É ¨§ µÉ¤¥²Ó´ÒÌ  Éµ³µ¢, ¢µ§³µ¦´  ¨ ¡µ²¥¥ ±·Ê¶´µ³ ¸ÏÉ ¡´ Ö ´¥µ¤´µ-
·µ¤´µ¸ÉÓ, ¥¸²¨ ¸·¥¤  ¸µ¸Éµ¨É ¨§ ´ ´µÎ ¸É¨Í.

“ÎeÉ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ´¥µ¡Ìµ¤¨³, ¢ ¶·¨´Í¨¶¥, ¢ ²Õ¡µ° Ô²¥±-
É·µ¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³¥ ¨ ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± ¢ÒÖ¢²¥´¨Õ ´µ¢ÒÌ ÔËË¥±-
Éµ¢. 
 ¶·¨³¥·, ²µ± ²Ó´µ¥ ¶µ²¥ ³µ¦¥É ¸ÊÐ¥¸É¢¥´´µ Ê¢¥²¨Î¨¢ ÉÓ ¤¨Ë· ±Í¨Õ
¢ L-¸¨¸É¥³ Ì, · ¸¸³µÉ·¥´ÒÌ ¢ · §¤. 2 [35]. ‚ ¦´ Ö ·µ²Ó ²µ± ²Ó´µ£µ ¶µ²Ö
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¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö µ¡Ð¥¶·¨§´ ´ , ´µ ¢¸e ¥Ðe ¸ÊÐ¥¸É¢Ê¥É ³´µ£µ ¢µ¶·µ¸µ¢ ¢
¥£µ É¥µ·¥É¨Î¥¸±µ³ µ¶¨¸ ´¨¨ ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì. �µ¸²¥¤µ¢ É¥²Ó´µ¥ µ¶¨-
¸ ´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¤µ²¦´µ ¢±²ÕÎ ÉÓ ÊÎeÉ ¸ ³µÊÏ¨·¥´¨Ö ·¥§µ´ ´¸´ÒÌ
¶¥·¥Ìµ¤µ¢, ±µÉµ·µ¥ ¨³¥¥É µ¤¨´ ±µ¢ÊÕ ¶·¨·µ¤Ê ¨ µ¤¨´ ¶µ·Ö¤µ± ¢¥²¨Î¨´Ò ¸
¶µ¶· ¢±µ° ²µ± ²Ó´µ£µ ¶µ²Ö [36, 37]. �¡¸Ê¦¤ ¥É¸Ö ¶·µ¸Éµ° ¸¶µ¸µ¡ µÍ¥´±¨
¸ ³µÊÏ¨·¥´¨Ö, ± ± ¶·µ¨¸É¥± ÕÐ¥£µ ¨§ Ë²Ê±ÉÊ Í¨° ²µ± ²Ó´µ£µ ¶µ²Ö, Ê± §Ò-
¢ ¥É¸Ö ´  ¸Ìµ¤¸É¢o ¸ ³µÊÏ¨·¥´¨Ö ¨ ·Ô²¥¥¢¸±µ£µ · ¸¸¥Ö´¨Ö.

‘ÊÐ¥¸É¢¥´´  ·µ²Ó ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨ ¢µ§´¨±´µ¢¥´¨¨ ´µ¢ÒÌ µ¶É¨Î¥¸±¨Ì
ÔËË¥±Éµ¢, ´µ ¢³¥¸É¥ ¸ É¥³ ¥£µ ¸²µ¦´Ò° Ë¨§¨Î¥¸±¨° ³¥Ì ´¨§³ ¨ É·Ê¤´µ¸É¨
¸µ§¤ ´¨Ö ´ ¤e¦´µ° É¥µ·¥É¨Î¥¸±µ° ³µ¤¥²¨, ±µÉµ· Ö ¶µ§¢µ²¨²  ¡Ò ´ °É¨ ³¥Ì -
´¨§³Ò ±µ´É·µ²Ö, ¸É¨³Ê²¨·µ¢ ²¨ ¶µ¨¸± ¸¨¸É¥³, ¢ ±µÉµ·ÒÌ ÔËË¥±É, ¶µ¤µ¡´Ò°
²µ± ²Ó´µ³Ê ¶µ²Õ, ¸µ§¤ eÉ¸Ö ¨¸±Ê¸¸É¢¥´´µ ¨ ¶µ¤¤ ¥É¸Ö ±µ´É·µ²Õ. �·¨³¥·
É ±µ° ¸¨¸É¥³Ò µ¡¸Ê¦¤ ¥É¸Ö ¢ · §¤. 4 [38].

‘¨²Ó´µ¥ Ê¢¥²¨Î¥´¨¥ ¤¨¸¶¥·¸¨¨ ¢ ¸·¥¤¥ §  ¸ÎeÉ ²µ± ²Ó´µ£µ ¶µ²Ö (± É -
¸É·µË  Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ [9]) Å ¶·¨³¥· ¢§ ¨³´µ° Ë §¨·µ¢±¨ ±µ²¥¡ ´¨°
¤¨¶µ²¥° ¢ ¸·¥¤¥ §  ¸ÎeÉ ¢§ ¨³µµ¡³¥´  ËµÉµ´ ³¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö.
ˆ§¢¥¸É´Ò ¤·Ê£¨¥ ¶·¨³¥·Ò ¸ÊÐ¥¸É¢¥´´µ£µ Ê¸¨²¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨ÍÒ-
¤¨¶µ²Ö ¸ Ô²¥±É·µ³ £´¨É´Ò³ ¨§²ÊÎ¥´¨¥³ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¤·Ê£µ° Î ¸É¨ÍÒ. 
 -
¶·¨³¥·, ¢ ¸¨¸É¥³¥ ¤¨¶µ²ÓÄ³¥É ²²¨Î¥¸± Ö ¸Ë¥·  ¶·µ¨¸Ìµ¤¨É ·¥§±µ¥ Ê¢¥²¨Î¥-
´¨¥ ¸±µ·µ¸É¨ ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö ¤¨¶µ²Ö, ·µ¸É ´¥²¨´¥°´ÒÌ ¤¨Ô²¥±É·¨Î¥-
¸±¨Ì ¢µ¸¶·¨¨³Î¨¢µ¸É¥° [39] (¸³. É ±¦¥ ²¨É¥· ÉÊ·Ê, Í¨É¨·Ê¥³ÊÕ ¢ · §¤. 3).
‘µ¢µ±Ê¶´µ¸ÉÓ ¡µ²ÓÏµ£µ Î¨¸²  ¶ · ¤¨¶µ²ÓÄ³¥É ²²¨Î¥¸± Ö ¸Ë¥· , ¶µ³¥Ð¥´-
´ÒÌ ¢ ´¥±µÉµ·ÊÕ ³ É·¨ÍÊ, Å ¶·¨³¥· ¨¸±Ê¸¸É¢¥´´µ° £¥É¥·µ£¥´´µ° µ¶É¨Î¥-
¸±µ° ¸·¥¤Ò. ‚ ¦´ Ö µ¸µ¡¥´´µ¸ÉÓ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Å ´µ¢Ò¥ µ¶É¨Î¥¸±¨¥
¸¢µ°¸É¢ , ±µÉµ·Ò³¨ ´¥ µ¡² ¤ ¥É ¶µ µÉ¤¥²Ó´µ¸É¨ ´¨ µ¤´  ¨§ ¨Ì ±µ³¶µ´¥´É.
‚µ§³µ¦´µ ¸µ§¤ ´¨¥ £¥É¥·µ£¥´´µ° µ¶É¨Î¥¸±µ° ¸·¥¤Ò ¸ § ¤ ´´Ò³¨ ¸¢µ°¸É¢ ³¨
¢ § ¢¨¸¨³µ¸É¨ µÉ ¢¨¤  ¨ ¸µµÉ´µÏ¥´¨Ö ±µ´Í¥´É· Í¨° ¥¥ ±µ³¶µ´¥´É. �·¨³¥·
´µ¢ÒÌ ¸¢µ°¸É¢ £¥É¥·µ£¥´´µ° µ¶É¨Î¥¸±µ° ¸·¥¤Ò Å ³¥É ²²¨Î¥¸±¨Ì ´ ´µÏ -
·µ¢ ¢ ¶·µ§· Î´µ° ¨²¨  ±É¨¢´µ° (Ê¸¨²¨¢ ÕÐ¥°) ³ É·¨Í¥ Å · ¸¸³ É·¨¢ ¥É¸Ö
¢ · §¤. 5 [26, 27]. ‘ÊÐ¥¸É¢Ê¥É ´¥¸µ³´¥´´Ò° ¨´É¥·¥¸ Ê Ô±¸¶¥·¨³¥´É Éµ·µ¢
¨ ¨´¦¥´¥·µ¢ ± £¥É¥·µ£¥´´Ò³ µ¶É¨Î¥¸±¨³ ¸·¥¤ ³, ¸µ¸ÉµÖÐ¨³ ¨§ ´ ´µÎ ¸É¨Í,
¤²Ö ¸µ§¤ ´¨Ö ± ± ´µ¢ÒÌ ² §¥·´ÒÌ ¸·¥¤ (´ ¶·¨³¥·, ¶µ·µÏ±µµ¡· §´ Ö  ±É¨¢´ Ö
¶µ²Ê¶·µ¢µ¤´¨±µ¢ Ö ¸·¥¤  [28]), É ± ¨ ´µ¢ÒÌ ¶ ¸¸¨¢´ÒÌ µ¶É¨Î¥¸±¨Ì ³ É¥·¨ -
²µ¢ [29].

�É³¥É¨³ ´¥±µÉµ·Ò¥ ¸²µ¦´Ò¥ £¥É¥·µ£¥´´Ò¥ ¸·¥¤Ò, ±µÉµ·Ò¥ ´¥ · ¸¸³ É·¨-
¢ ÕÉ¸Ö ¢ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥, ± ±, ´ ¶·¨³¥·, ¸·¥¤Ò ¸ µ¤´µ¢·¥³¥´´µ µÉ·¨Í É¥²Ó-
´Ò³¨ ε ¨ µ [40, 41] ¨ ËµÉµ´´Ò¥ ±·¨¸É ²²Ò (”Š) [42, 43]. ‘·¥¤Ò, ¢ ±µÉµ·ÒÌ
µ¤´µ¢·¥³¥´´µ ε < 0 ¨ µ < 0, ¨´É¥·¥¸´Ò É¥³, ÎÉµ ¶·¨ µ¶·¥¤¥²e´´ÒÌ Ê¸²µ¢¨ÖÌ
µÉ¸ÊÉ¸É¢Ê¥É µÉ· ¦e´´µ¥ ¨§²ÊÎ¥´¨¥ µÉ ¨Ì £· ´¨Í, ¸ ¨Ì ¶µ³µÐÓÕ ³µ¦´µ ¸µ-
§¤ ÉÓ ²¨´§Ò, Ëµ±Ê¸¨·ÊÕÐ¨¥ ¨§²ÊÎ¥´¨¥ ¢ µ¡² ¸ÉÓ c · §³¥· ³¨ ³´µ£µ ³¥´ÓÏ¥
¤²¨´Ò ¢µ²´Ò ¨ µ¡² ¤ ÕÐ¨¥ ·Ö¤µ³ ¤·Ê£¨Ì ¸¢µ°¸É¢, ¨´É¥·¥¸´ÒÌ ¸ ÉµÎ±¨ §·¥´¨Ö
¶· ±É¨Î¥¸±¨Ì ¶·¨³¥´¥´¨°. ‚³¥¸É¥ ¸ É¥³ ¶· ±É¨Î¥¸± Ö ·¥ ²¨§ Í¨Ö É ±¨Ì ¸·¥¤
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¢ µ¶É¨Î¥¸±µ³ ¤¨ ¶ §µ´¥ ¢¸É·¥Î ¥É É·Ê¤´µ¸É¨, É ± ± ± ´¥¨§¢¥¸É´Ò µ¶É¨Î¥¸±¨¥
³ É¥·¨ ²Ò, ¢ ±µÉµ·ÒÌ µ ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î´µ µÉ ¥¤¨´¨ÍÒ.

‚ ”Š ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¶¥·¨µ¤¨Î¥¸±¨ ¨§³¥´Ö¥É¸Ö ¢ µ¤´µ³,
¤¢ÊÌ ¨²¨ É·eÌ ´ ¶· ¢²¥´¨ÖÌ, ¶µÔÉµ³Ê ¥£µ ³µ¦´µ µÉ´¥¸É¨ ± ®Ê¶µ·Ö¤µÎ¥´´Ò³¯
£¥É¥·µ£¥´´Ò³ ¸·¥¤ ³. ƒ² ¢´µ° µ¸µ¡¥´´µ¸ÉÓÕ ”Š Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢µ¢ ´¨¥ ®§ -
¶·¥Ðe´´ÒÌ¯ ¤²Ö · ¸¶·µ¸É· ´¥´¨Ö µ¶É¨Î¥¸±µ£µ ¨§²ÊÎ¥´¨Ö §µ´ ¢ ¶·µ¸É· ´¸É¢¥
¨ ¢ Î ¸ÉµÉ´µ³ ¸¶¥±É·¥. ‘ ¶µ³µÐÓÕ ”Š ³µ¦´µ ¸µ§¤ ¢ ÉÓ µ¶É¨Î¥¸±¨¥ ³¨±·µ·¥-
§µ´ Éµ·Ò:  Éµ³, ¶µ³¥Ðe´´Ò° ¢ ”Š ¸ § ¶·¥Ðe´´Ò³¨ ¤²Ö ¨§²ÊÎ¥´¨Ö §µ´ ³¨ ¢
´ ¶· ¢²¥´¨ÖÌ x ¨ y, ´µ ¸ · §·¥Ï¥´´µ° §µ´µ° ¢ ´ ¶· ¢²¥´¨¨ z, ¡Ê¤¥É ¨§²ÊÎ ÉÓ
Éµ²Ó±µ ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨.


¥µ¡Ìµ¤¨³µ µÉ³¥É¨ÉÓ ¨¸¸²¥¤µ¢ ´¨Ö µ¶É¨Î¥¸±¨Ì ¸µ²¨Éµ´µ¢ ¢ ¸¢Ö§¨ ¸ ¢ ¦-
´µ¸ÉÓÕ ¨Ì ¶· ±É¨Î¥¸±µ£µ ¶·¨³¥´¥´¨Ö ¢ ¸¨¸É¥³ Ì µ¶É¨Î¥¸±µ° ¶¥·¥¤ Î¨ ¨´-
Ëµ·³ Í¨¨ [44]. •µÉÖ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥É ¨¸¸²¥¤µ¢ ´¨° ¶µ · ¸¶·µ¸É· ´¥-
´¨Õ ¸µ²¨Éµ´µ¢ ¢ £¥É¥·µ£¥´´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤ Ì, ¶·¥¤¸É ¢²Ö¥É¸Ö, ÎÉµ É ±¨¥
¸·¥¤Ò, ¢¸²¥¤¸É¢¨¥ ¢µ§³µ¦´µ° ¢ ´¨Ì ¸¢¥·Ì¢Ò¸µ±µ° µ¶É¨Î¥¸±µ° ´¥²¨´¥°´µ¸É¨ ¨
¤¨¸¶¥·¸¨¨, ¶µ§¢µ²ÖÉ ·¥Ï¨ÉÓ ³´µ£¨¥ ¶·µ¡²¥³Ò, ¸¢Ö§ ´´Ò¥ ¸ ¶· ±É¨Î¥¸±µ° ·¥-
 ²¨§ Í¨¥° ¸µ²¨Éµ´´µ£µ ·¥¦¨³  · ¸¶·µ¸É· ´¥´¨Ö ¨³¶Ê²Ó¸µ¢ ¢ ¸¨¸É¥³ Ì µ¶É¨-
Î¥¸±µ° ¸¢Ö§¨.

1. �…Š	’	�›… •���Š’…�ˆ‘’ˆŠˆ 	�’ˆ—…‘Šˆ• ‘�…„

�¸´µ¢´µ° ³ ±·µ¸±µ¶¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±µ° µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¸·¥¤Ò
Ö¢²Ö¥É¸Ö ¥¥ ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ (¤¨Ô²¥±É·¨Î¥¸± Ö ËÊ´±Í¨Ö) ε,
±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö ± ± ±µÔËË¨Í¨¥´É ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨ ³¥¦¤Ê ¢¥±Éµ·µ³
Ô²¥±É·¨Î¥¸±µ° ¨´¤Ê±Í¨¨ D ¨ ´ ¶·Ö¦e´´µ¸ÉÓÕ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö E
[45]:

D = εE.

pµ²¥¥ µ¡Ð¥° Ì · ±É¥·¨¸É¨±µ° Ö¢²Ö¥É¸Ö É¥´§µ· ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ-
¸É¨ Di = εijEj [45], ±µÉµ·Ò° ¢¢µ¤¨É¸Ö ¤²Ö  ´¨§µÉ·µ¶´ÒÌ ¤¨Ô²¥±É·¨Î¥¸±¨Ì
¸·¥¤. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ³Ò µ£· ´¨Î¨³¸Ö  ´ ²¨§µ³ ¨§µÉ·µ¶´ÒÌ ¸·¥¤, ¶µ-
ÔÉµ³Ê ¡Ê¤¥³ ¶µ²Ó§µ¢ ÉÓ¸Ö ¸± ²Ö·´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ËÊ´±Í¨¥° ε, ±µÉµ· Ö
¨¸¶µ²Ó§Ê¥É¸Ö ¢ ²¨´¥°´ÒÌ § ¤ Î Ì; ±µ£¤  µ´  ´¥ § ¢¨¸¨É µÉ E, ³µ¦´µ ¢¢¥¸É¨
´¥²¨´¥°´ÊÕ ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ: ε = ε(E). � §²µ¦¥´¨¥ ε(E) ¢ ·Ö¤
¶µ ¸É¥¶¥´Ö³ E ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ ´¥²¨´¥°´Ò¥ ¢µ¸¶·¨¨³Î¨¢µ¸É¨, µ¶¨¸Ò¢ Õ-
Ð¨¥ ´¥²¨´¥°´µ-µ¶É¨Î¥¸±¨¥ ÔËË¥±ÉÒ. ‚ µ¡§µ·¥ µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö
²¨´¥°´Ò³ µ¶É¨Î¥¸±¨³ ¸¢µ°¸É¢ ³ £¥É¥·µ£¥´´ÒÌ ¸·¥¤, ´µ ¸¸Ò²±¨ ´  µ¸´µ¢´Ò¥
· ¡µÉÒ ¶µ ¨¸¸²¥¤µ¢ ´¨Õ ´¥²¨´¥°´ÒÌ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¨
±· É±µ¥ µ¶¨¸ ´¨¥ ¨Ì ·¥§Ê²ÓÉ Éµ¢ ¶·¨¢µ¤ÖÉ¸Ö ¢ · §¤. 3.

�´ ²µ£¨Î´µ ε ¢¢µ¤¨É¸Ö ³ £´¨É´ Ö ¶·µ´¨Í ¥³µ¸ÉÓ µ, ±µÉµ· Ö ¢ ¨§µÉ·µ¶-
´µ° ¸·¥¤¥ ¸¢Ö§Ò¢ ¥É ¢¥±Éµ· ³ £´¨É´µ° ¨´¤Ê±Í¨¨ B ¨ ´ ¶·Ö¦e´´µ¸ÉÓ ³ £´¨É-
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´µ£µ ¶µ²Ö H: B = µH. ‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ´¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ³ £´¨Éµ-
µ¶É¨Î¥¸±¨¥ Ö¢²¥´¨Ö ¨ ¶·¨´¨³ ¥É¸Ö µ = 1.

‚¥±Éµ· Ô²¥±É·¨Î¥¸±µ° ¨´¤Ê±Í¨¨ D ´¥ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨ ´ ¡²Õ¤ ¥³µ°
¢¥²¨Î¨´µ°, ÌµÉÖ µ´ Ê¤µ¡¥´ ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ. ”¨§¨Î¥¸±µ° ¢¥²¨Î¨´µ°, ¸¢Ö-
§ ´´µ° ¸ D, Ö¢²Ö¥É¸Ö ³ ±·µ¸±µ¶¨Î¥¸± Ö ¶µ²Ö·¨§ Í¨Ö ¸·¥¤Ò P, ¶·¨ ÔÉµ³
D = E+ 4πP. ‡¤¥¸Ó ¨ ¤ ²¥¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¸¨¸É¥³  ¥¤¨´¨Í ‘ƒ‘�. �µ²Ö·¨§ -
Í¨Ö ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ± P = χE, £¤¥ ±µÔËË¨Í¨¥´É χ ´ §Ò¢ ¥É¸Ö ¤¨Ô²¥±-
É·¨Î¥¸±µ° ¢µ¸¶·¨¨³Î¨¢µ¸ÉÓÕ ¢¥Ð¥¸É¢  ¨ ε = 1 + 4πχ. �µ²Ö·¨§ Í¨Ö P ¥¸ÉÓ
¸·¥¤´¨° ¤¨¶µ²Ó´Ò° ³µ³¥´É ¥¤¨´¨ÍÒ µ¡Ñe³  ¢¥Ð¥¸É¢ . ‚ µ¡§µ·¥ ³Ò µ£· ´¨Î¨-
¢ ¥³¸Ö ¤¨¶µ²Ó´Ò³ ¶·¨¡²¨¦¥´¨¥³ ¶·¨ µ¶¨¸ ´¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢¥Ð¥¸É¢  ¨
Ô²¥±É·µ³ £´¨É´µ£µ ¨§²ÊÎ¥´¨Ö, ±¢ ¤·Ê¶µ²Ó´Ò³¨ ¨ ¢Ò¸Ï¨³¨ ³µ³¥´É ³¨ ¢¸¥£¤ 
¶·¥´¥¡·¥£ ¥³, ¸Î¨É Ö · §³¥·Ò Ô²¥³¥´É ·´µ° Î ¸É¨ÍÒ, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸
¶µ²¥³, ³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò ¨§²ÊÎ¥´¨Ö.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¶µ²Ö·¨§ Í¨¨ P ¸·¥¤Ò ¸²¥¤Ê¥É ¢Ò¡· ÉÓ ¥e µ¡Ñe³ V ¤µ¸É -
ÉµÎ´µ ¡µ²ÓÏ¨³, ÎÉµ¡Ò µ´ ¸µ¤¥·¦ ² N � 1 Î ¸É¨Í ¸·¥¤Ò, É ± ÎÉµ Ë²Ê±ÉÊ Í¨¨
¶²µÉ´µ¸É¨ Î ¸É¨Í µ± § ²¨¸Ó ¡Ò ³´µ£µ ³¥´ÓÏ¥ ¸·¥¤´¥£µ §´ Î¥´¨Ö ¶²µÉ´µ¸É¨.
‚ Éµ ¦¥ ¢·¥³Ö V ¤µ²¦¥´ ¡ÒÉÓ ¤µ¸É ÉµÎ´µ ³ ²Ò³, ÎÉµ¡Ò ³µ¦´µ ¡Ò²µ ¶·¥´¥-
¡·¥ÎÓ ¨§³¥´¥´¨Ö³¨  ³¶²¨ÉÊ¤Ò ¨ Ë §Ò Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¢ V . ˆ§  ´ ²¨-
§  ³¨±·µ¸±µ¶¨Î¥¸±µ° § ¤ Î¨ µ¶·¥¤¥²Ö¥É¸Ö ¤¨¶µ²Ó´Ò° ³µ³¥´É i-° Î ¸É¨ÍÒ µi.
‚ ²¨´¥°´µ° ¨§µÉ·µ¶´µ° ¸·¥¤¥ µi = αiE, £¤¥ αi Å ¶µ²Ö·¨§Ê¥³µ¸ÉÓ Î ¸É¨ÍÒ.
’ ±¨³ µ¡· §µ³, § ¤ Î   ´ ²¨§  ¸·¥¤Ò ¸¢µ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ αi. ‚¥²¨Î¨´ 
P ¥¸ÉÓ ¸·¥¤´¨° ¤¨¶µ²Ó´Ò° ³µ³¥´É ¢¸¥Ì N Î ¸É¨Í ¨§ V , ¤¥²e´´Ò° ´  V :

P =
1
V

N∑
i=1

µi. (1)

‡¤¥¸Ó £µ·¨§µ´É ²Ó´ Ö Î¥·É  µ§´ Î ¥É Ê¸·¥¤´¥´¨¥, ±µÉµ·µ¥ ¶·µ¢µ¤¨É¸Ö ¶µ ±¢ ´-
Éµ¢Ò³ ¨ ±² ¸¸¨Î¥¸±¨³ Ë²Ê±ÉÊ Í¨Ö³ Ô²¥³¥´É ·´ÒÌ ¤¨¶µ²Ó´ÒÌ ³µ³¥´Éµ¢. ‚
± Î¥¸É¢¥ ¶·¨³¥·  ±¢ ´Éµ¢ÒÌ Ë²Ê±ÉÊ Í¨° ³µ¦´µ ¶·¨¢¥¸É¨ Ë²Ê±ÉÊ Í¨¨ ´ -
¸¥²e´´µ¸É¥° Ê·µ¢´¥° ¨ ¤¨¶µ²Ó´ÒÌ ³µ³¥´Éµ¢ ¶¥·¥Ìµ¤  ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ £ § 
¤¢ÊÌ- ¨²¨ ³´µ£µÊ·µ¢´¥¢ÒÌ  Éµ³µ¢, ·¥§µ´ ´¸´µ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¸ Ô²¥±É·µ-
³ £´¨É´Ò³ ¶µ²¥³. �·¨³¥·µ³ ±² ¸¸¨Î¥¸±¨Ì Ë²Ê±ÉÊ Í¨° Ö¢²ÖÕÉ¸Ö Ë²Ê±ÉÊ Í¨¨
¶²µÉ´µ¸É¨ (Î¨¸²  Î ¸É¨Í) ¢ µ¡Ñe³¥ V , ¶µ ±µÉµ·µ³Ê ¶·µ¢µ¤¨É¸Ö Ê¸·¥¤´¥´¨¥
(§  ¨¸±²ÕÎ¥´¨¥³ ¢¥¸Ó³  ¸¶¥Í¨ ²Ó´µ£µ, ´µ µÎ¥´Ó ¨´É¥·¥¸´µ£µ ¸²ÊÎ Ö ¡µ§¥-
±µ´¤¥´¸ É  Ìµ²µ¤´ÒÌ  Éµ³µ¢, ±µ£¤  Ë²Ê±ÉÊ Í¨¨ ¶²µÉ´µ¸É¨ ¸É ´µ¢ÖÉ¸Ö ±¢ ´-
Éµ¢Ò³¨ ¨, ¢ Î ¸É´µ¸É¨, ¶µ²´µ¸ÉÓÕ ¨¸Î¥§ ÕÉ ¤²Ö  Éµ³µ¢ ¨§ ¡µ§¥-±µ´¤¥´¸ É ).
„·Ê£µ° ¶·¨³¥· ±² ¸¸¨Î¥¸±¨Ì Ë²Ê±ÉÊ Í¨° ¥¸ÉÓ Ë²Ê±ÉÊ Í¨¨ ¸±µ·µ¸É¥° Î ¸É¨Í
£ § , Ê¸·¥¤´¥´¨¥ ¶µ ±µÉµ·Ò³, ¤²Ö ¸²ÊÎ Ö ·¥§µ´ ´¸´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ¶µ-
²¥³, ¶·¨¢µ¤¨É ± ¤µ¶²¥·µ¢¸±µ³Ê ÊÏ¨·¥´¨Õ ·¥§µ´ ´¸ . �· ¢¨²Ó´Ò° ÊÎeÉ Ë²Ê±-
ÉÊ Í¨° Î·¥§¢ÒÎ °´µ ¢ ¦¥´, É ± ± ± µ´¨ ³µ£ÊÉ ¸ÊÐ¥¸É¢¥´´µ ¨§³¥´¨ÉÓ ¤¨Ô²¥±-
É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ ¸·¥¤Ò, µ¸µ¡¥´´µ ¢ ¸²ÊÎ ÖÌ, ±µ£¤  ¨¸¸²¥¤ÊÕÉ¸Ö ·¥§µ´ ´¸-
´Ò¥ ÔËË¥±ÉÒ. 
 ¶·¨³¥·, Ë²Ê±ÉÊ Í¨¨ ¶²µÉ´µ¸É¨ ¶·¨¢µ¤ÖÉ ± ·Ô²¥¥¢¸±µ³Ê
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· ¸¸¥Ö´¨Õ ¢ ´¥·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì ¨ ± ¸ ³µÊÏ¨·¥´¨Õ ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì,
±µÉµ·Ò¥ ¡Ê¤ÊÉ µ¡¸Ê¦¤ ÉÓ¸Ö ´¨¦¥.

‘µ£² ¸´µ Ëµ·³Ê²¥ (1) ¤¨Ô²¥±É·¨Î¥¸± Ö ¢µ¸¶·¨¨³Î¨¢µ¸ÉÓ ¨ ¶µ²Ö·¨§Ê¥-
³µ¸ÉÓ ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

χ =
1
V

N∑
i=1

αi ≡ N0α, (2)

£¤¥ α Å ¸·¥¤´ÖÖ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ; N0 Å ¶²µÉ´µ¸ÉÓ Î ¸É¨Í.
‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶µ²Ö·¨§ Í¨Ö P µ¶·¥¤¥²Ö¥É¸Ö ´¥ Éµ²Ó±µ §´ Î¥´¨¥³ Ô²¥±-

É·µ³ £´¨É´µ£µ ¶µ²Ö E ¢ ¤ ´´Ò° ³µ³¥´É ¢·¥³¥´¨ t, ´µ ¨ ¥£µ ¢¥²¨Î¨´µ° ¢µ ¢¸¥
¶·¥¤Ò¤ÊÐ¨¥ ³µ³¥´ÉÒ τ ≤ t. �ÉµÉ ÔËË¥±É ´ §Ò¢ ¥É¸Ö ¢·¥³¥´´µ° ¤¨¸¶¥·¸¨¥°
¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨. �´ µ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉµ ±µ²¥¡ ´¨Ö Î ¸É¨Í
¸·¥¤Ò ¢ ¶¥·¥³¥´´µ³ Ô²¥±É·µ³ £´¨É´µ³ ¶µ²¥ µÉ¸É ÕÉ ¶µ Ë §¥ µÉ ±µ²¥¡ ´¨°
Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö (·¨¸. 1). ‘µµÉ¢¥É¸É¢¥´´µ µ¡Ð¨° ¢¨¤ ²¨´¥°´µ° § -
¢¨¸¨³µ¸É¨ ³¥¦¤Ê D(t) ¨ E(t) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ²¨´¥°´µ£µ ¨´É¥£· ²Ó´µ£µ
µ¶¥· Éµ·  [45]:

D(t) = E(t) +
∫ ∞

0

f(τ)E(t− τ)dτ

¨²¨ D = ε̂E(t), £¤¥ ε̂ Å ²¨´¥°´Ò° ¨´É¥£· ²Ó´Ò° µ¶¥· Éµ·, ¤¥°¸É¢¨¥ ±µÉµ-
·µ£µ µ¶·¥¤¥²Ö¥É¸Ö ¶·¨¢¥¤e´´Ò³ ¢ÒÏ¥ ¸µµÉ´µÏ¥´¨¥³. ŒÒ ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ,
± ± ¶· ¢¨²µ, ¢o§¤¥°¸É¢¨¥ ³µ´µÌ·µ³ É¨Î¥¸±¨Ì Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²¥° ´ 
¢¥Ð¥¸É¢µ. ‚ ÔÉµ³ ¸²ÊÎ ¥

D = ε(ω)E,

£¤¥ ω Å Î ¸ÉµÉ  ¶µ²Ö, ε(ω) Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸·¥¤Ò ¶·¨
¥e ¢§ ¨³µ¤¥°¸É¢¨¨ ¸ ³µ´µÌ·µ³ É¨Î¥¸±¨³ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³. ‘µµÉ´µ-
Ï¥´¨¥

ε(ω) = 1 +
∫ ∞

0

f(τ) eiωτdτ

Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê Ö¤·µ³ f(τ) ¨´É¥£· ²Ó´µ£µ µ¶¥· Éµ·  ε̂ ¨ ε(ω).

  ¶· ±É¨±¥ Ê¤µ¡´¥¥ µ¶·¥¤¥²ÖÉÓ ´¥ f(τ),   ε(ω) ¨§ ³¨±·µ¸±µ¶¨Î¥¸±µ° § -
¤ Î¨ ¢§ ¨³µ¤¥°¸É¢¨Ö Î ¸É¨ÍÒ ¸ ³µ´µÌ·µ³ É¨Î¥¸±¨³ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ-
²¥³. �·µÍ¥¤Ê·  ¢ÒÎ¨¸²¥´¨Ö ε(ω) ¢±²ÕÎ ¥É µ¶·¥¤¥²¥´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ α(ω)
¨§ ³¨±·µ¸±µ¶¨Î¥¸±µ° § ¤ Î¨, Ê¸·¥¤´¥´¨¥ ¶µ Î ¸É¨Í ³ ¨§ Ô²¥³¥´É ·´µ£µ µ¡Ñ-
e³ , µ¶·¥¤¥²¥´¨¥ ¶µ²Ö·¨§ Í¨¨ P (ω) ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¤¨Ô²¥±É·¨Î¥¸±µ° ¢µ¸-
¶·¨¨³Î¨¢µ¸É¨ χ(ω) ¨ § É¥³ µ¶·¥¤¥²¥´¨¥ ε(ω) ¨§ ¸µµÉ´µÏ¥´¨Ö ε(ω) = 1 +
4πχ(ω).
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„¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸·¥¤Ò ¢ ÉµÎ±¥, µ¶·¥¤¥²Ö¥³µ° · ¤¨Ê¸µ³-
¢¥±Éµ·µ³ r, ³µ¦¥É § ¢¨¸¥ÉÓ ´¥ Éµ²Ó±µ µÉ ¢¥²¨Î¨´Ò Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö
¢ ÔÉµ° ÉµÎ±¥, ´µ ¨ µÉ ¶µ²Ö ¢ ¤·Ê£¨Ì ÉµÎ± Ì ¸·¥¤Ò. �Éµ Ö¢²¥´¨¥ ´ §Ò¢ ¥É¸Ö
¶·µ¸É· ´¸É¢¥´´µ° ¤¨¸¶¥·c¨¥° [45]. �·¨ ÔÉµ³ ¤²Ö ³µ´µÌ·µ³ É¨Î¥¸±µ£µ ¶µ²Ö
c Î ¸ÉµÉµ° ω § ¢¨¸¨³µ¸ÉÓ D µÉ E µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³

D(r) = E(r) + 4π
∫

χ(ω, r′)E(r′)dV ′,

£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¢¥¤eÉ¸Ö ¶µ ¢¸¥³Ê µ¡Ñe³Ê ¸·¥¤Ò. �¤´¨³ ¨§ ¶·¨³¥·µ¢
¶·µ¸É· ´¸É¢¥´´µ° ¤¨¸¶¥·¸¨¨ Ö¢²Ö¥É¸Ö ÔËË¥±É „µ¶²¥· . „·Ê£¨³ ¶·µÖ¢²¥´¨¥³
¶·µ¸É· ´¸É¢¥´´µ° ¤¨¸¶¥·¸¨¨ Ö¢²Ö¥É¸Ö ÔËË¥±É ²µ± ²Ó´µ£µ ¶µ²Ö, ¶µ¤·µ¡´µ µ¡-
¸Ê¦¤ ¥³Ò° ¢ · §¤. 3.

„¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸·¥¤Ò ε(ω) Ö¢²Ö¥É¸Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥
±µ³¶²¥±¸´µ° ¢¥²¨Î¨´µ°:

ε(ω) = ε′(ω) + iε′′(ω).

„¥°¸É¢¨É¥²Ó´ Ö ε′(ω) ¨ ³´¨³ Ö ε′′(ω) Î ¸É¨ ε(ω) ´¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨
ËÊ´±Í¨Ö³¨, ´µ ¶µ¤Î¨´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³ Š· ³¥·¸ ÄŠ·µ´¨£  [45], ±µÉµ-
·Ò¥ µÉ· ¦ ÕÉ ¶·¨´Í¨¶ ¶·¨Î¨´´µ¸É¨: ¶µ²Ö·¨§ Í¨Ö ¸·¥¤Ò ¢ ¤ ´´Ò° ³µ³¥´É
¢·¥³¥´¨ ³µ¦¥É µ¶·¥¤¥²ÖÉÓ¸Ö §´ Î¥´¨Ö³¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö Éµ²Ó±µ ¢
ÔÉµÉ ¨²¨ ¢ ¶·¥¤Ò¤ÊÐ¨¥ ³µ³¥´ÉÒ ¢·¥³¥´¨. ‡ ³¥É¨³, ÎÉµ ¶·¨ ¢Ò¢µ¤¥ ¤¨Ô²¥±-
É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ¨§ ²Õ¡µ° ³¨±·µ¸±µ¶¨Î¥¸±µ° ³µ¤¥²¨ (¢ Éµ³ Î¨¸²¥
¨¸¶µ²Ó§Ê¥³ÒÌ ¢ ´ ¸ÉµÖÐ¥° · ¡µÉ¥) ¸µµÉ´µÏ¥´¨Ö Š· ³¥·¸ ÄŠ·µ´¨£  Ê¤µ¢²¥-
É¢µ·ÖÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨ ¨ ´¥ É·¥¡ÊÕÉ ¶·µ¢¥·±¨. �´¨ ´¥µ¡Ìµ¤¨³Ò Éµ£¤ ,
±µ£¤  ¶µ ¨§¢¥¸É´µ° ¤¥°¸É¢¨É¥²Ó´µ° (³´¨³µ°) Î ¸É¨ ε(ω) ¤²Ö ¢¸¥£µ Î ¸ÉµÉ´µ£µ
¤¨ ¶ §µ´  É·¥¡Ê¥É¸Ö ¢µ¸¸É ´µ¢¨ÉÓ ¥¥ ³´¨³ÊÕ (¤¥°¸É¢¨É¥²Ó´ÊÕ) Î ¸ÉÓ.

“· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö ¸·¥¤Ò ¡¥§ ¨¸ÉµÎ´¨±µ¢ rotE = −(1/c)∂B/∂t,
rotB = (1/c)∂D/∂t, divD = 0 ¨ ¸µµÉ´µÏ¥´¨¥ D = εE ¶·¨¢µ¤ÖÉ ± Ê· ¢´¥-
´¨Õ ¤²Ö E:

∆E − ε

c2
∂2E
∂t2

= −1
ε
grad (E grad ε), (3)

£¤¥ c Å ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥. „µ¶Ê¸É¨³, ÎÉµ ε ´¥ § ¢¨¸¨É µÉ ¶·µ¸É· ´-
¸É¢¥´´ÒÌ ±µµ·¤¨´ É, Éµ£¤  ¶· ¢ Ö Î ¸ÉÓ ÔÉµ£µ Ê· ¢´¥´¨Ö µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¨
µ´µ ¶¥·¥Ìµ¤¨É ¢ ¨§¢¥¸É´µ¥ ¢µ²´µ¢µ¥ Ê· ¢´¥´¨¥ ¤²Ö Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö.
‘²ÊÎ ° ε(r) ¡Ê¤¥É · ¸¸³µÉ·¥´ ¢ ¶. 3.2 ¨ · §¤. 4 ¢ ¸¢Ö§¨ ¸  ´ ²¨§µ³ ¸ ³µÊÏ¨·¥-
´¨Ö ¨ · ¸¸¥Ö´¨Ö. �µ¤¸É ¢²ÖÖ ¢ (3) ³µ¤Ê ¶µ²Ö ¢ ¢¨¤¥ ¶²µ¸±µ° Ô²¥±É·µ³ £´¨É-
´µ° ¢µ²´Ò E = E0 exp [i(kr − ωt)], ¶·¨Ìµ¤¨³ ± ¤¨¸¶¥·¸¨µ´´µ³Ê Ê· ¢´¥´¨Õ
¤²Ö k ≡ |k|, k(ω) = k0[ε′(ω) + iε′′(ω)]1/2, k0 ≡ ω/c. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ
¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö ¸·¥¤Ò ¥¸ÉÓ n(ω) = Re [ε′(ω) + iε′′(ω)]1/2 ¨ ¥e ±µÔË-
Ë¨Í¨¥´É ¶µ£²µÐ¥´¨Ö κ(ω) = Im [ε′(ω) + iε′′(ω)]1/2. — ¸Éµ ±µÔËË¨Í¨¥´Éµ³
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¶µ£²µÐ¥´¨Ö ´ §Ò¢ ÕÉ · §³¥·´ÊÕ ¢¥²¨Î¨´Ê k0κ(ω),   κ(ω)Å ±µÔËË¨Í¨¥´Éµ³
Ô±¸É¨´±Í¨¨ (¤²Ö ¶µ£²µÐ¥´¨Ö). “¸²µ¢¨¥ κ(ω) < 0 µ§´ Î ¥É Ê¸¨²¥´¨¥ Ô²¥±É·µ-
³ £´¨É´µ£µ ¶µ²Ö ¢ ¸·¥¤¥. „²Ö Î ¸Éµ ¢¸É·¥Î ÕÐ¥£µ¸Ö ¸²ÊÎ Ö ε′′(ω) � ε′(ω)
¶µ²ÊÎ ¥³ n2(ω) ≈ ε′(ω) ¨ κ(ω) ≈ ε′′(ω)/2.

2. ‚›‘	Šˆ‰ �	Š�‡�’…‹œ ��…‹	Œ‹…�ˆŸ
‚ “‘‹	‚ˆŸ• ��	‡��—�	‘’ˆ, ��‚…„E��	‰

�‹…Š’�	Œ�ƒ�ˆ’�›Œ �	‹…Œ

‚ µ¸´µ¢¥ ³´µ£¨Ì ´¥µ¡ÒÎ´ÒÌ ±µ£¥·¥´É´ÒÌ ÔËË¥±Éµ¢ ´ Ìµ¤ÖÉ¸Ö É ± ´ §Ò-
¢ ¥³Ò¥ ®trapped states¯ Å ´¥¶µ£²µÐ ÕÐ¨¥ ·¥§µ´ ´¸Ò, ¨²¨ ®Ée³´Ò¥ ¸µ¸ÉµÖ-
´¨Ö¯ [18, 46]. �´¨ ¶·¨¢µ¤ÖÉ, ¢ Î ¸É´µ¸É¨, ± ´ ¢¥¤e´´µ° Ô²¥±É·µ³ £´¨É´Ò³
¶µ²¥³ ¶·µ§· Î´µ¸É¨ (EIT) [47] ¨ É ± ´ §Ò¢ ¥³µ³Ê ² §¥·Ê ¡¥§ ¨´¢¥·¸¨¨ [15,20].
‚ · ¡µÉ¥ [14] ¡Ò²µ ¶·¥¤²µ¦¥´µ ¸µ§¤ ´¨¥ ¶·µ§· Î´µ° ¸·¥¤Ò ¸ ¢Ò¸µ±¨³ ¶µ± -
§ É¥²¥³ ¶·¥²µ³²¥´¨Ö ´  µ¸´µ¢¥ EIT, ¨¤¥Ö [14] · §¢¨¢ ² ¸Ó ¢ [15, 16] ¨ ¡Ò² 
¶·µ¢¥·¥´  ¢ Ô±¸¶¥·¨³¥´É¥ [17]. �¡¸Ê¤¨³ ¢µ§³µ¦´µ¸É¨ ¸µ§¤ ´¨Ö ·¥§µ´ ´¸-
´µ° ¸·¥¤Ò ¶µ ³¥Éµ¤Ê [14, 16], ¶·¨ ÔÉµ³ Ê¤µ¡´µ ´ Î ÉÓ ¸  ´ ²¨§  ¤¨¸¶¥·¸¨¨
¨ ¶µ£²µÐ¥´¨Ö ¢ ¸·¥¤¥ ¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢. •µÉÖ ¸²ÊÎ ° ¤¢ÊÌÊ·µ¢´¥¢ÒÌ
 Éµ³µ¢ Ìµ·µÏµ ¨§¢¥¸É¥´ (¸³., ´ ¶·¨³¥·, [6]), Ê¤µ¡´µ ¶·¨¢¥¸É¨ ±· É±¨° ¢Ò-
¢µ¤ ¥£µ ·¥§Ê²ÓÉ Éµ¢, ¶·¨ ÔÉµ³ ³Ò µ¶·¥¤¥²¨³ ·Ö¤ ¶ · ³¥É·µ¢ ¨ ¸µµÉ´µÏ¥´¨°,
µ¡²¥£Î ÕÐ¨Ì ¨¸¸²¥¤µ¢ ´¨¥ ¡µ²¥¥ ¸²µ¦´µ£µ ¸²ÊÎ Ö [14,16], ¶·¨¢¥¤e³ ´¥±µÉµ-
·Ò¥ ¸µµ¡· ¦¥´¨Ö, ± ¸ ÕÐ¨¥¸Ö ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ° ¢¥²¨Î¨´Ò ¶µ± § É¥²Ö
¶·¥²µ³²¥´¨Ö ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì, ¨ ¶·µ¤¥³µ´¸É·¨·Ê¥³ É¥Ì´¨±Ê · ¸ÎeÉ  ·¥-
§µ´ ´¸´µ° ¶µ²Ö·¨§Ê¥³µ¸É¨  Éµ³ .

�¨¸. 2. „¢ÊÌÊ·µ¢´¥¢Ò°  Éµ³ ¢
·¥§µ´ ´¸´µ³ ¶µ²¥

2.1. �µ²Ö·¨§Ê¥³µ¸ÉÓ ¤¢ÊÌÊ·µ¢´¥¢µ° ¸¨-
¸É¥³Ò. „µ¶Ê¸É¨³, ³µ´µÌ·µ³ É¨Î¥¸±µ¥ Ô²¥±É·µ-
³ £´¨É´µ¥ ¶µ²¥ E(t) = E0 cos (ωt+ φ) ·¥§µ-
´ ´¸´µ ¶¥·¥Ìµ¤Ê ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ |a〉 ¨ |b〉
¸·¥¤Ò ¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢ ¸ Î ¸ÉµÉµ° ¶¥·¥-
Ìµ¤  ωab (·¨¸. 2). ƒ ³¨²ÓÉµ´¨ ´ ¸¨¸É¥³Ò ¨³¥¥É
¢¨¤

H = Ĥ0 + V̂ + Γ̂,

£¤¥ Ĥ0 Å £ ³¨²ÓÉµ´¨ ´ ¤¢ÊÌÊ·µ¢´¥¢µ£µ  Éµ³ 
¡¥§ ÊÎeÉ  ¥£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ Ô²¥±É·µ³ £´¨É-
´Ò³ ¶µ²¥³; H0 ¨³¥¥É Éµ²Ó±µ ¤¨ £µ´ ²Ó´Ò¥ ³ -
É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢ ¡ §¨¸ Ì |a〉 ¨ |b〉; Ea ¨ Eb Å Ô´¥·£¨¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
¸µ¸ÉµÖ´¨°; V̂ = −µ̂E(t); µ¶¥· Éµ· ¤¨¶µ²Ó´µ£µ ³µ³¥´É  µ̂ ¨³¥¥É ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ µab = µ exp (iφab), µba = µ∗

ab; Γ̂ µ¶¨¸Ò¢ ¥É ·¥² ±¸ Í¨Õ ¤¢ÊÌÊ·µ¢-
´¥¢µ£µ  Éµ³  ¨§-§  ¥£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ µ±·Ê¦¥´¨¥³. ‚ ¶·¨¡²¨¦¥´¨¨ ³¥¤-
²¥´´µ ¨§³¥´ÖÕÐ¨Ì¸Ö  ³¶²¨ÉÊ¤ Ê· ¢´¥´¨Ö ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ³ É·¨ÍÒ
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¶²µÉ´µ¸É¨ i�&̇ = [H&] ¨³¥ÕÉ ¢¨¤

σ̇ab = (i∆− γ)σab + i
E0µ

2�
(&bb − &aa),

&̇aa = i
E0µ

2�
(σba − σab)− γsp&aa,

£¤¥ σab = &ab exp [i(ωt+ φ− φab)]; ∆ = ω − ωab; γsp Å ¢·¥³Ö ¸¶µ´É ´´µ°
·¥² ±¸ Í¨¨ ´ ¸¥²e´´µ¸É¨ ¸µ¸ÉµÖ´¨Ö a ¢ ¸µ¸ÉµÖ´¨¥ b:

γ = 0, 5γsp + Γ, (4)

Γ Å ¢·¥³Ö § ÉÊÌ ´¨Ö ¶µ²Ö·¨§ Í¨¨ ¨§-§  ¶·µÍ¥¸¸µ¢, ´¥ ¸¢Ö§ ´´ÒÌ ¸µ ¸¶µ´É ´-
´µ° ·¥² ±¸ Í¨¥°. 
¥É·Ê¤´µ ´ °É¨ ¸É Í¨µ´ ·´µ¥ §´ Î¥´¨¥ σab, § É¥³ ¸É Í¨µ-
´ ·´ÊÕ  ³¶²¨ÉÊ¤Ê ¶µ²Ö·¨§ Í¨¨ P = 2µN0σab, ¶µ¸²¥ Î¥£µ ¨§ ¸µµÉ´µÏ¥´¨°
P = χE0 ¨ χ = αN0 ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ¢µ¸¶·¨¨¨³Î¨¢µ¸ÉÓ
χ ¨ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ α. �¥§Ê²ÓÉ É ¤²Ö α ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ µ¡Ð¥³ ¢¨¤¥ ¤²Ö
¸¨¸É¥³ ·¥§µ´ ´¸´ÒÌ (´¥ µ¡Ö§ É¥²Ó´µ ¤¢ÊÌÊ·µ¢´¥¢ÒÌ)  Éµ³µ¢:

α = α0
γsp

γ
y(δ). (5)

‡¤¥¸Ó α0 =
3
4

(
λ

2π

)3

Å Ì · ±É¥·´ Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ·¥§µ´ ´¸´µ£µ  Éµ³ ;

λ Å ¤²¨´  ¢µ²´Ò ¶ ¤ ÕÐ¥£µ ¨§²ÊÎ¥´¨Ö ¢ ¢ ±ÊÊ³¥; ¡¥§· §³¥·´ Ö ËÊ´±Í¨Ö
y µÉ ¡¥§· §³¥·´µ° µÉ¸É·µ°±¨ µÉ ·¥§µ´ ´¸  δ = ∆/γ § ¢¨¸¨É µÉ ¸É·Ê±ÉÊ·Ò
·¥§µ´ ´¸´ÒÌ Ê·µ¢´¥° ¶µ£²µÐ ÕÐ¥£µ  Éµ³ , · §²¨Î´ÒÌ ¶ · ³¥É·µ¢. �·¨ ¤µ-
¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì ¨´É¥´¸¨¢´µ¸ÉÖÌ ¶ ¤ ÕÐ¥£µ ¨§²ÊÎ¥´¨Ö y § ¢¨¸¨É ¨ µÉ ¨´-
É¥´¸¨¢´µ¸É¨, É. ¥. ¢§ ¨³µ¤¥°¸É¢¨¥  Éµ³  ¨ ¶µ²Ö ¸É ´µ¢¨É¸Ö ´¥²¨´¥°´Ò³.

„²Ö ¶µ²ÊÎ¥´¨Ö ¸·¥¤Ò ¸ ¡µ²ÓÏ¨³ ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö ¶·¨´Í¨¶¨-
 ²Ó´µ ´¥µ¡Ìµ¤¨³µ χ = αN0 � 1. ‘¨²Ó´µ¥ ¶µ£²µÐ¥´¨¥, ±µÉµ·µ¥ ¢µ§´¨±a¥É ¢
É ±µ° ¸·¥¤¥, ³µ¦´µ ¸±µ³¶¥´¸¨·µ¢ ÉÓ ¸ ¶µ³µÐÓÕ ¢´¥Ï´¥£µ ¨¸ÉµÎ´¨±  Ô´¥·-
£¨¨, ± ±, ´ ¶·¨³¥·, · ¸¸³ É·¨¢ ¥É¸Ö ´¨¦¥. ‚µ¸¶·¨¨³Î¨¢µ¸ÉÓ χ ³µ¦´µ Ê¢¥-
²¨Î¨¢ ÉÓ ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨: Ê¢¥²¨Î¨¢ Ö N0 ²¨¡µ α. �¥·¢Ò° ¸¶µ¸µ¡, ± ± ¡Ê¤¥É
¶µ± § ´µ, ´¥ ¶µ§¢µ²Ö¥É ´¥¶µ¸·¥¤¸É¢¥´´µ ¤µ¸É¨ÎÓ ¡µ²ÓÏ¨Ì §´ Î¥´¨° χ � 1
¢ ¸·¥¤¥ ¤¢ÊÌ- ¨²¨ É·eÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢, É ± ± ± µ± §Ò¢ ¥É¸Ö, ÎÉµ ¨§-§  ¸ -
³µÊÏ¨·¥´¨Ö γ ∼ N0, ¥¸²¨ N0 > α−1

0 ,  , ± ± ¢¨¤´µ ¨§ ¸µµÉ´µÏ¥´¨Ö (5),
α ∼ 1/γ. ‚Éµ·µ° ¸¶µ¸µ¡ ¶µ²ÊÎ¥´¨Ö ¡µ²ÓÏ¨Ì χ Å µ¶·¥¤¥²¨ÉÓ Ê¸²µ¢¨Ö, ¶·¨
±µÉµ·ÒÌ y(δ) � 1. Š ± ¡Ê¤¥É ¶µ± § ´µ, ¶µ¸²¥¤´¥¥ ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ, ¥¸²¨
ÊÎ¥¸ÉÓ ¶µ¶· ¢±Ê ²µ± ²Ó´µ£µ ¶µ²Ö.

‘µµÉ´µÏ¥´¨¥ (5) ¶µ²ÊÎ¥´µ ¢ ·¥§Ê²ÓÉ É¥ Ê¸·¥¤´¥´¨Ö ¶µ ±¢ ´Éµ¢Ò³ Ë²Ê±-
ÉÊ Í¨Ö³. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¢¥²¨Î¨´Ò ¢ ¥£µ ¶· ¢µ° Î ¸É¨ ¨¸¶ÒÉÒ¢ ÕÉ É ±¦¥
±² ¸¸¨Î¥¸±¨¥ Ë²Ê±ÉÊ Í¨¨ ± ±, ´ ¶·¨³¥·, Ë²Ê±ÉÊ Í¨¨ δ ¨§-§  ´¥µ¤´µ·µ¤´µ£µ
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ÊÏ¨·¥´¨Ö ¨ Ë²Ê±ÉÊ Í¨¨ ¶²µÉ´µ¸É¨, É ± ÎÉµ (5) ¸²¥¤Ê¥É Ê¸·¥¤´¨ÉÓ ¨ ¶µ ±² ¸¸¨-
Î¥¸±¨³ Ë²Ê±ÉÊ Í¨Ö³. �·µÍ¥¤Ê·  Ê¸·¥¤´¥´¨Ö ¶µ Ë²Ê±ÉÊ Í¨Ö³ ¶²µÉ´µ¸É¨ · ¸-
¸³µÉ·¥´  ¢ ¶. 3.2, ´¥µ¤´µ·µ¤´µ¥ ÊÏ¨·¥´¨¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¶ÊÉe³ Ê¸·¥¤´¥´¨Ö (5)
¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö, ± ±, ´ ¶·¨³¥·, ³ ±¸¢¥²²µ¢¸± Ö
ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶µ ¸±µ·µ¸ÉÖ³ Î ¸É¨Í ¢ £ §¥∗. Š² ¸¸¨Î¥¸±¨¥ Ë²Ê±ÉÊ-
 Í¨¨ ¶·¨¢µ¤ÖÉ ± ¤µ¡ ¢µÎ´µ³Ê ÊÏ¨·¥´¨Õ ·¥§µ´ ´¸´µ£µ ¶¥·¥Ìµ¤ . „²Ö Í¥²¥°
´ ¸ÉµÖÐ¥£µ · §¤¥²  ¤µ¸É ÉµÎ´µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ÔÉµ ÊÏ¨·¥´¨¥ ¢±² ¤µ³ Γ ¢
¶µ²´ÊÕ Ï¨·¨´Ê (4).

„²Ö £ §  ¤¢ÊÌÊ·µ¢´¥¢ÒÌ ¸¨¸É¥³ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

y(δ) =
i− δ

1 + δ2 + S
, (6)

£¤¥ S = I(γsp/γ) Å ¶ · ³¥É· ´ ¸ÒÐ¥´¨Ö; I = (α0E0/µ)2 Å ¡¥§· §³¥·´ Ö
¨´É¥´¸¨¢´µ¸ÉÓ ¶ ¤ ÕÐ¥£µ ¨§²ÊÎ¥´¨Ö. Œ ±¸¨³ ²Ó´ Ö ¤¨¸¶¥·¸¨Ö ¸µµÉ¢¥É¸É¢Ê¥É
max [Re (y)] = 1/2 ¶·¨ δ = −1 ¨ ¸² ¡µ³Ê ¶µ²Õ S � 1. �·¨ ÔÉµ³ ¶µ-
£²µÐ¥´¨¥ ¢¥¸Ó³  ¢¥²¨±µ: Im (y) = 1/2 Å ¶µ·Ö¤±  ³ ±¸¨³ ²Ó´µ£µ §´ Î¥´¨Ö
max [Im (y)] = 1.

’ ±¨³ µ¡· §µ³, ¤²Ö £ §  ·¥§µ´ ´¸´ÒÌ ¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢ ¤¥°¸É¢¨É¥²Ó-
´ Ö ¨ ³´¨³ Ö Î ¸É¨ ¶µ²Ö·¨§Ê¥³µ¸É¨ α µ± §Ò¢ ÕÉ¸Ö ¶µ·Ö¤±  Ì · ±É¥·´µ£µ §´ -
Î¥´¨Ö α0 ¨²¨ ³¥´ÓÏ¥. �É  µÍ¥´±  µ¸É eÉ¸Ö ¸¶· ¢¥¤²¨¢µ° ¨ ¤²Ö ¤·Ê£¨Ì, ¡µ²¥¥
¸²µ¦´ÒÌ ¸¨¸É¥³ ³´µ£µÊ·µ¢´¥¢ÒÌ ·¥§µ´ ´¸´ÒÌ  Éµ³µ¢, ¥¸²¨ ¢ ´¨Ì ³µ¦´µ ¶·¥-
´¥¡·¥ÎÓ ±µ²²¥±É¨¢´Ò³¨ ÔËË¥±É ³¨, É ±¨³¨ ± ± ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö.
‚³¥¸É¥ ¸ É¥³ ¢µ¶·µ¸ µ Éµ³, Ö¢²Ö¥É¸Ö ²¨ ¢¥²¨Î¨´  ∼ α0 ¶·¥¤¥²Ó´Ò³ ³ ±¸¨-
³ ²Ó´Ò³ §´ Î¥´¨¥³ ¶µ²Ö·¨§Ê¥³µ¸É¨ µÉ¤¥²Ó´µ£µ ·¥§µ´ ´¸´µ£µ  Éµ³  ´¥§ ¢¨-
¸¨³µ µÉ Î¨¸²  ¨ ¸É·Ê±ÉÊ·Ò ·¥§µ´ ´¸´ÒÌ Ê·µ¢´¥°, µ¸É eÉ¸Ö µÉ±·ÒÉÒ³ ¨ ³µ-
¦¥É ¡ÒÉÓ É¥³µ° µÉ¤¥²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö, ¨´É¥·¥¸´µ£µ ¸ ÉµÎ±¨ §·¥´¨Ö µÍ¥´±¨
³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ° ¤¨¸¶¥·¸¨¨ ¨ ¶µ£²µÐ¥´¨Ö ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì. �µ-
¢¨¤¨³µ³Ê, max α < α0, ¶µ ±· °´¥° ³¥·¥, ¥¸²¨ Î¨¸²µ Ê·µ¢´¥°, ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐ¨Ì ¸ ¶µ²¥³, ´¥ ¸²¨Ï±µ³ ¢¥²¨±µ. ‡ ³¥É¨³, ÎÉµ ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥
²¨´¥°´µ° ¶µ²Ö·¨§Ê¥³µ¸É¨ ¤µ¸É¨£ ¥É¸Ö ¢ ²¨´¥°´µ³ ·¥¦¨³¥, ±µ£¤  ¶ · ³¥É·
´ ¸ÒÐ¥´¨Ö S � 1.

�¤´µ° ¨§ ¶·¨Î¨´ ¶µ¨¸±  ¢Ò¸µ±µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¢ £¥É¥·µ£¥´-
´ÒÌ ¸·¥¤ Ì Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¶·¥¤¥²Ó´µ¥ §´ Î¥´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ ¤²Ö µ¤¨-
´µÎ´µ£µ ·¥§µ´ ´¸´µ£µ  Éµ³  ¸±µ·¥¥ ¢¸¥£µ ´¥ ¶·¥¢ÒÏ ¥É α0. ‚ ÔÉµ³ ¸²Ê-
Î ¥ ¥¸É¥¸É¢¥´´Ò³ ¸¶µ¸µ¡µ³ Ê¢¥²¨Î¥´¨Ö ¶µ²Ö·¨§Ê¥³µ¸É¨ µÉ¤¥²Ó´µ° Î ¸É¨ÍÒ-
¤¨¶µ²Ö, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³, Ö¢²Ö¥É¸Ö Ê¢¥²¨Î¥-
´¨¥ Î¨¸²   Éµ³µ¢ ¢ Î ¸É¨Í¥ [24]. „¥°¸É¢¨É¥²Ó´µ, ¸Ê³³ ·´Ò° ¤¨¶µ²Ó´Ò°

∗‡ ³¥É¨³, ÎÉµ ³ ±¸¢¥²²µ¢¸± Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Ìµ·µÏµ  ¶¶·µ±¸¨³¨·Ê¥É¸Ö ¸Ê³³µ°
¤¢ÊÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ‹µ·¥´Í , ÎÉµ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ·¥§Ê²ÓÉ ÉÒ ¢  ´ ²¨É¨Î¥-
¸±µ° Ëµ·³¥ [13].
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³µ³¥´É N � 1 Î ¸É¨Í, ¸µ¸·¥¤µÉµÎ¥´´ÒÌ ¢ µ¡² ¸É¨ ¶·µ¸É· ´¸É¢  · §³¥·o³
³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò ¨§²ÊÎ¥´¨Ö λ, ³µ¦¥É ¡ÒÉÓ, ¢ ¶·¨´Í¨¶¥, ¢ N · §
¡µ²ÓÏ¥ ¤¨¶µ²Ó´µ£µ ³µ³¥´É  µ¤´µ° Î ¸É¨ÍÒ. �µ¸±µ²Ó±Ê µ¡Ñe³ µÉ¤¥²Ó´µ£µ
 Éµ³  ∼ 10−24 ¸³3, ¢ Î ¸É¨Í¥ µ¡Ñe³µ³ ∼ 10−16 ¸³3, ²¨´¥°´Ò¥ · §³¥·Ò
±µÉµ·µ° ³´µ£µ ³¥´ÓÏ¥ λ/(2π) ∼ 10−5 ¸³, ³µ¦¥É µ± § ÉÓ¸Ö ¤µ 108  Éµ³µ¢!
„¥°¸É¢¨É¥²Ó´µ, Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ¥É¸Ö  ´µ³ ²Ó´µ ¢Ò¸µ±µ¥ ¶µ£²µÐ¥-
´¨¥ ¢ ±² ¸É¥·´ÒÌ ¸·¥¤ Ì, ± ¦¤ Ö Î ¸É¨Í -¤¨¶µ²Ó ±µÉµ·ÒÌ ¸µ¸Éµ¨É ¨§ ³´µ£¨Ì
 Éµ³µ¢ [23,48]. ˆ§-§  ¡µ²ÓÏµ° ¶²µÉ´µ¸É¨  Éµ³µ¢ ¢ ´ ´µÎ ¸É¨Í¥-±² ¸É¥·¥ ³¥-
Ì ´¨§³ ¶µ£²µÐ¥´¨Ö ´ ´µÎ ¸É¨Í µÉ²¨Î¥´ µÉ ³¥Ì ´¨§³  ¶µ£²µÐ¥´¨Ö µÉ¤¥²Ó´ÒÌ
 Éµ³µ¢ ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ Ê·µ¢´¥°. ‚ ¸·¥¤ Ì ¸ ´ ´µÎ ¸É¨Í ³¨ ¶µÖ¢²ÖÕÉ¸Ö
¶² §³µ´´Ò¥ ·¥§µ´ ´¸Ò ¶µ£²µÐ¥´¨Ö [48], ¶µ£²µÐ¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸
µÉ·Ò¢µ³ ¶µ²¥³ µÉ¤¥²Ó´ÒÌ  Éµ³µ¢ µÉ ±² ¸É¥·  [23], ¢µ§³µ¦´Ò ¨ ¤·Ê£¨¥ ³¥Ì -
´¨§³Ò ¶µ£²µÐ¥´¨Ö. �·¨ ÔÉµ³ ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ¸·¥¤¥ ´ ´µÎ ¸É¨Í
µ± §Ò¢ ¥É¸Ö ¶·¨´Í¨¶¨ ²Ó´Ò³.

�¨¸. 3. �µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö n − 1
(±·¨¢ Ö 1) ¨ ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥´¨Ö
(±·¨¢ Ö 2) £ §  ·¥§µ´ ´¸´ÒÌ ¤¢ÊÌÊ·µ¢´¥-
¢ÒÌ  Éµ³µ¢ ± ± ËÊ´±Í¨¨ ¡¥§· §³¥·´µ°
µÉ¸É·µ°±¨ µÉ ·¥§µ´ ´¸  ¸ ¶·¨²µ¦¥´´Ò³
¶µ²¥³. Œ ±¸¨³ ²Ó´Ò° ¶µ± § É¥²Ó ¶·¥-
²µ³²¥´¨Ö ´ Ìµ¤¨É¸Ö ¢¡²¨§¨ ³ ±¸¨³ ²Ó-
´µ£µ ¶µ£²µÐ¥´¨Ö

‡ ¢¨¸¨³µ¸É¨ ¶µ± § É¥²Ö ¶·¥²µ³-
²¥´¨Ö n(δ) ¨ ±µÔËË¨Í¨¥´É  ¶µ£²µ-
Ð¥´¨Ö κ(δ) ¤²Ö £ §  ¤¢ÊÌÊ·µ¢´¥¢ÒÌ
 Éµ³µ¢ ¨§µ¡· ¦¥´Ò ´  ·¨¸. 3 ¤²Ö
α0 = 3 · 10−15 ¸³3, N0 = 1012 ¸³−3,
Γ/γsp = 0, 5 ¨ I = 1. Š ± ¢¨¤´µ
¨§ ·¨¸. 3, ³ ±¸¨³ ²Ó´ Ö ¤¨¸¶¥·¸¨Ö,
±µ£¤  n − 1 ∼ 10−2, ¸µ¶·µ¢µ¦¤ -
¥É¸Ö ¸¨²Ó´Ò³ ¶µ£²µÐ¥´¨¥³ κ ∼ 10−2,
ÎÉµ µ§´ Î ¥É ¶µ²´µ¥ ¶µ£²µÐ¥´¨¥
¶ ¤ ÕÐ¥£µ Ô²¥±É·µ³ £´¨É´µ£µ ¨§²Ê-
Î¥´¨Ö ¸ λ ∼ 10−4 ¸³ ´  ¤²¨´¥
∼ 0, 01λ/(2π) ∼ 10 ³±³.

2.2. „¨¸¶¥·¸¨Ö ¡¥§ ¶µ£²µÐ¥´¨Ö
¢ É·eÌÊ·µ¢´¥¢µ° Λ-¸¨¸É¥³¥. „¨¸¶¥·-
¸¨Ö ¡¥§ ¶µ£²µÐ¥´¨Ö ¢µ§³µ¦´  ¢ É·eÌ-
Ê·µ¢´¥¢µ° ¸¨¸É¥³¥, ¨§µ¡· ¦e´´µ° ´ 
·¨¸. 4. ‡¤¥¸Ó ¸² ¡µ¥ (¶·µ¡´µ¥) Ô²¥±-
É·µ³ £´¨É´µ¥ ¶µ²¥ c  ³¶²¨ÉÊ¤µ° Ep,
Î ¸ÉµÉµ° ω ¶µÎÉ¨ ·¥§µ´ ´¸´µ ¶¥·¥-
Ìµ¤Ê ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ |a〉 ¨ |b〉 ¸
Î ¸ÉµÉµ° ωab, µÉ¸É·µ°±µ° ∆ = ω −
ωab � ωab ¨ ¸¨²Ó´µ¥ ¶µ²¥ ¸  ³¶²¨-
ÉÊ¤µ° Ed (®drive¯ ) ·¥§µ´ ´¸´µ ¶¥·¥-

Ìµ¤Ê ac. „²Ö ¶·µ¸ÉµÉÒ ¶µ² £ ¥³ Î ¸ÉµÉÊ ¶µ²Ö Ed ¸µ¢¶ ¤ ÕÐ¥° ¸ Î ¸ÉµÉµ°
¶¥·¥Ìµ¤  ac. ‘±µ·µ¸ÉÓ ·¥² ±¸ Í¨¨ ¶µ²Ö·¨§ Í¨¨ ¤²Ö ¶¥·¥Ìµ¤µ¢ ab ¨ ac ¶·¥¤-
¶µ² £ ¥É¸Ö µ¤¨´ ±µ¢µ° ¨ · ¢´µ° γ, ´ ¸¥²e´´µ¸ÉÓ ¸µ¸ÉµÖ´¨Ö a ·¥² ±¸¨·Ê¥É ¢
¸µ¸ÉµÖ´¨Ö b ¨ c ¸ µ¤¨´ ±µ¢Ò³¨ ¸±µ·µ¸ÉÖ³¨ γsp, ¶¥·¥Ìµ¤ cb Ö¢²Ö¥É¸Ö ¤¨¶µ²Ó´µ
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�¨¸. 4. ’·eÌÊ·µ¢´¥¢Ò° Λ- Éµ³

§ ¶·¥Ðe´´Ò³, ¸±µ·µ¸ÉÓ ·¥² ±¸ Í¨¨ ´ ¸¥²e´´µ-
¸É¨ ¸µ¸ÉµÖ´¨Ö c ¢ b γ′

sp � γsp, ¨³¥¥É¸Ö ´¥-
±µ£¥·¥´É´ Ö ´ ± Î±  ¸ Ê·µ¢´Ö b ´  Ê·µ¢¥´Ó c
cµ ¸±µ·µ¸ÉÓÕ rγ′

sp. „²Ö ¶·µ¸ÉµÉÒ ¶·¨³¥³, ÎÉµ
µab = µ exp (iφab) ¨ µac = µ exp (iφac). ‘±µ-
·µ¸ÉÓ ·¥² ±¸ Í¨¨ ¶µ²Ö·¨§ Í¨¨ ¶¥·¥Ìµ¤  bc ¥¸ÉÓ
γ′ = 0, 5γ′

sp(1 + r). ŒÒ ¶·¥´¥¡·¥£ ¥³ ´ ¸ÒÐ¥-
´¨¥³ ¶¥·¥Ìµ¤  ab, ´µ ¶·¨´¨³ ¥³ ¢µ ¢´¨³ ´¨¥
´ ¸ÒÐ¥´¨¥ ¶¥·¥Ìµ¤  ac, É ± ± ± Ed ¢¥²¨±µ. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¸É Í¨µ´ ·´Ò¥ ¤¨ £µ´ ²Ó´Ò¥ Ô²¥-
³¥´ÉÒ ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ &ii, i = a, b, c, ¨ &ab

³µ¦´µ · ¸¸Î¨É ÉÓ, ¶µ² £ Ö, ÎÉµ ¶·µ¡´µ¥ ¶µ²¥
¢µµ¡Ð¥ µÉ¸ÊÉ¸É¢Ê¥É, § É¥³ ¶µ¤¸É ¢¨ÉÓ ÔÉ¨ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢ µ¡Ð¨¥ Ê· ¢-
´¥´¨Ö ¤²Ö ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ¨ ¶µ²ÊÎ¨ÉÓ ¨§ ´¨Ì ¸É Í¨µ´ ·´Ò¥ §´ Î¥´¨Ö ¤²Ö
&ac ¨ &bc. ’¥Ì´¨Î¥¸±¨ · ¸ÎeÉ ¶·µ¨¸Ìµ¤¨É ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ ¸²ÊÎ Õ
¤¢ÊÌÊ·µ¢´¥¢µ£µ  Éµ³ , · ¸¸³µÉ·¥´´µ£µ ¢ ¶. 2.1, ¢ ·¥§Ê²ÓÉ É¥ ´ Ìµ¤¨³, ÎÉµ ¶µ-
²Ö·¨§Ê¥³µ¸ÉÓ ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³ (5), ¢ ±µÉµ·µ³

y(δ) =
(γ′/γ − iδ)(&bb − &aa)− i(Sd/8)(&aa − &cc)

(2− iδ)(γ′/γ − iδ) + Sd/4
, (7)

£¤¥ δ = ∆/γ; Sd = Idγsp/γ Å ¶ · ³¥É· ´ ¸ÒÐ¥´¨Ö ¶¥·¥Ìµ¤  ac ¸¨²Ó´Ò³
¶µ²¥³; Id = (α0Ed/µ)2;

&aa =
(r/8)Sd

1 + r + (Sd/8)(1 + 2r + γsp/γ′
sp)

,

&cc =
r − (r + γsp/γ

′
sp)&aa

1 + r
,

&bb = 1− &cc − &aa.

‡ ¢¨¸¨³µ¸ÉÓ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö n ¨ ±µÔËË¨Í¨¥´É  ¶µ£²µÐ¥´¨Ö κ ¤²Ö
¶·µ¡´µ£µ ¶µ²Ö µÉ δ ¶µ± § ´  ´  ·¨¸. 5 ¤²Ö Id = 1, γ′

sp = 0, 05γsp, r = 0, 3 ¨
É¥Ì ¦¥ ¢¥²¨Î¨´ µ¸É ²Ó´ÒÌ ¶ · ³¥É·µ¢, ÎÉµ ¨ ¤²Ö ¸²ÊÎ Ö ·¨¸. 3. Š ± ¢¨¤´µ ¨§
·¨¸. 5, ¢ µ±·¥¸É´µ¸É¨ δ = 0 ¶µ£²µÐ¥´¨¥ ¸³¥´Ö¥É¸Ö Ê¸¨²¥´¨¥³ (¨§-§  ¶·¨¸ÊÉ-
¸É¢¨Ö ´ ± Î±¨ ´  ¶¥·¥Ìµ¤¥ bc ¨ ³ ²µ° Ï¨·¨´Ò ÔÉµ£µ ¶¥·¥Ìµ¤ ), ±µÔËË¨Í¨¥´É
¶µ£²µÐ¥´¨Ö ¶·µÌµ¤¨É Î¥·¥§ 0, ´µ ¤¨¸¶¥·¸¨Ö µ¸É eÉ¸Ö ¤µ¸É ÉµÎ´µ ¢Ò¸µ±µ°,
²¨ÏÓ ¢ ´¥¸±µ²Ó±µ · § ³¥´ÓÏ¥°, Î¥³ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö ¤¨¸¶¥·¸¨Ö £ § 
¤¢ÊÌÊ·µ¢´¥¢ÒÌ ¸¨¸É¥³ ¢ µ±·¥¸É´µ¸É¨ ·¥§µ´ ´¸ .

’ ±¨³ µ¡· §µ³, ¤¨¸¶¥·¸¨Ö £ §  Λ- Éµ³µ¢ ¢¡²¨§¨ ÉµÎ±¨ ¶·µ§· Î´µ¸É¨ µ± -
§Ò¢ ¥É¸Ö £µ· §¤µ ¡µ²ÓÏ¥°, Î¥³ ¤¨¸¶¥·¸¨Ö £ §  ¤¢ÊÌÊ·µ¢´¥¢ÒÌ ¸¨¸É¥³ ¶·¨ Éµ³
¦¥ (¡²¨§±µ³ ± 0) ±µÔËË¨Í¨¥´É¥ ¶µ£²µÐ¥´¨Ö. �Éµ ¶µ§¢µ²¨²µ  ¢Éµ· ³ [14Ä16]
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�¨¸. 5. �µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö n− 1 (±·¨-
¢ Ö 1) ¨ ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥´¨Ö (±·¨-
¢ Ö 2) ¤²Ö ¶¥·¥Ìµ¤  ab £ §  ·¥§µ´ ´¸´ÒÌ
Λ- Éµ³µ¢. ‚¡²¨§¨ ´Ê²Ö ¶µ£²µÐ¥´¨Ö ¶µ± § -
É¥²Ó ¶·¥²µ³²¥´¨Ö µ± §Ò¢ ¥É¸Ö ¶µ·Ö¤±  ³ ±-
¸¨³ ²Ó´µ ¢µ§³µ¦´µ£µ ¢ £ §¥ ¤¢ÊÌÊ·µ¢´¥¢ÒÌ
 Éµ³µ¢ (¸·. ¸ ·¨¸. 3)

¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¢ £ §¥ Λ- Éµ-
³µ¢ ¤µ¸É¨¦¨³Ò §´ Î¥´¨Ö ¶µ± § -
É¥²Ö ¶·¥²µ³²¥´¨Ö n ∼ 10 ¨ ¡µ-
²¥¥. “¢¥²¨Î¥´¨¥ ¤¨¸¶¥·¸¨¨ ¢ £ §¥
Λ- Éµ³µ¢ ´ ¡²Õ¤ ²µ¸Ó ¢ Ô±¸¶¥·¨-
³¥´É¥ [17], ´µ  ¡¸µ²ÕÉ´Ò¥ §´ Î¥-
´¨Ö n − 1 µ± § ²¨¸Ó ´¥§´ Î¨É¥²Ó-
´Ò³¨: n − 1 ∼ 10−4, É ± ± ± Ô±¸-
¶¥·¨³¥´É ¶·µ¢µ¤¨²¸Ö ¶·¨ ´¨§±¨Ì
¶²µÉ´µ¸ÉÖÌ £ §  N0 ∼ 1012 ¸³−3

(±µÉµ·Ò¥ ¨ ¡Ò²¨ ¢Ò¡· ´Ò ¶·¨ ¶µ-
¸É·µ¥´¨¨ ·¨¸. 5). ’ ±¨³ µ¡· §µ³,
Ô±¸¶¥·¨³¥´É ²Ó´µ µ¶·¥¤¥²e´´ Ö ¢¥-
²¨Î¨´  n − 1 µ± §Ò¢ ¥É¸Ö ¤ ¦¥
³¥´ÓÏ¥, Î¥³ ¸²¥¤Ê¥É ¨§ µÍ¥´µ± ¶µ
·¨¸. 5, ÎÉµ ¸¢Ö§ ´µ ¸ ¢±² ¤µ³ µÉ ¤µ-
¶²¥·µ¢¸±µ£µ ÊÏ¨·¥´¨Ö, ±µÉµ·Ò° ´¥
ÊÎ¨ÉÒ¢ ²¸Ö ¢ Ëµ·³Ê²¥ (7). �±¸-
¶¥·¨³¥´É ¨ µÍ¥´±¨, ¶·¨¢µ¤¨³Ò¥
´¨¦¥, ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶·¨ ¶²µÉ´µ-
¸ÉÖÌ N0 > 1012 ÷ 1013 ¸³−3 ¸É -
´µ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¸ ³µÊÏ¨·¥-
´¨¥, · §·ÊÏ ¥É¸Ö ±µ£¥·¥´É´µ¥ ¢§ ¨-

³µ¤¥°¸É¢¨¥ ³¥¦¤Ê  Éµ³´Ò³¨ ¶¥·¥Ìµ¤ ³¨ ¨ ¶·¨ ¤ ²Ó´¥°Ï¥³ Ê¢¥²¨Î¥´¨¨ N0

·µ¸É ¤¨¸¶¥·¸¨¨ ¡¥§ ¶µ£²µÐ¥´¨Ö ¢ Λ- Éµ³ Ì ¶·¥±· Ð ¥É¸Ö.
‚ · ¡µÉ¥ [35] µÉ³¥Î ²µ¸Ó, ÎÉµ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ³µ¦¥É ¶·¨¢µ-

¤¨ÉÓ ± Éµ³Ê, ÎÉµ ¡µ²ÓÏµ° ¶µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥ ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö
n � 1 ¢ £ §¥ Λ- Éµ³µ¢ ³µ¦¥É ¢µ§´¨± ÉÓ ¶·¨ ¸· ¢´¨É¥²Ó´µ ´¥¢Ò¸µ±¨Ì ¶²µÉ-
´µ¸ÉÖÌ £ §  N0 ∼ 1013−1014 ¸³−3, ´µ  ´ ²¨§ [35] ¡Ò² ¢Ò¶µ²´¥´ ¡¥§ ÊÎeÉ 
¸ ³µÊÏ¨·¥´¨Ö. ‚ÒÖ¸´¨³ ¢²¨Ö´¨¥ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¨ ¸ ³µÊÏ¨·¥´¨Ö
´  ¤¨¸¶¥·¸¨Õ ¢ £ §¥ Λ- Éµ³µ¢.

2.3. �µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ¨ ¸ ³µÊÏ¨·¥´¨¥ ¢ £ §¥ Λ- Éµ³µ¢. �·¨
¢ÒÎ¨¸²¥´¨¨ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ³µ-
¦¥É ÊÎ¨ÉÒ¢ ÉÓ¸Ö ¶µ Ëµ·³Ê²¥ Š² Ê§¨Ê¸ ÄŒµ¸cµÉÉ¨ (15), ¢Ò¢µ¤ ±µÉµ·µ° ¶·¨-
¢¥¤e´ ¢ ¶. 3.1. � §·¥Ï Ö (15) µÉ´µ¸¨É¥²Ó´µ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨
ε, ´ Ìµ¤¨³

ε = 1 +
4παN0

1− (4π/3)αN0
. (8)

Š ± ¸²¥¤Ê¥É ¨§ ÔÉµ° Ëµ·³Ê²Ò, ¢ ¸²ÊÎ ¥, ¥¸²¨ ¶µ£²µÐ¥´¨¥ (· ¢´µ ± ± ¨ Ê¸¨-
²¥´¨¥) ¢ ¸·¥¤¥ µÉ¸ÊÉ¸É¢ÊeÉ, ¨ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ α ¨ ε Ö¢²ÖÕÉ¸Ö, ¸²¥¤µ¢ É¥²Ó´µ,
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¤¥°¸É¢¨É¥²Ó´Ò³¨ ¢¥²¨Î¨´ ³¨, Éµ ε → ∞, ¥¸²¨ ±µ´Í¥´É· Í¨Ö  Éµ³µ¢ N0 ¸É·¥-
³¨É¸Ö ± ±·¨É¨Î¥¸±µ° ¢¥²¨Î¨´¥

N cr
0 = 3/(4πα). (9)

�¨¸. 6. �µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö n
(±·¨¢ Ö 1) ¨ ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥-
´¨Ö (±·¨¢ Ö 2) ¤²Ö ¶¥·¥Ìµ¤  ab £ § 
·¥§µ´ ´¸´ÒÌ Λ- Éµ³µ¢ ¸ ÊÎ¥Éµ³ ¶µ-
¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö. �¡² ¸ÉÓ ·¥-
§µ´ ´¸  ¸Ê¦ ¥É¸Ö,   ¶µ± § É¥²Ó ¶·¥-
²µ³²¥´¨Ö ¢µ§· ¸É ¥É ¶µ ¸· ¢´¥´¨Õ
¸ ·¨¸. 5, ¶µ¸É·µ¥´´Ò³ ¡¥§ ÊÎ¥É  ¶µ-
¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö

’ ±¨³ µ¡· §µ³, ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö
n =

√
Re ε ¸É·¥³¨É¸Ö ± ¡¥¸±µ´¥Î´µ¸É¨

¶·¨ N0 → N cr
0 . �É  µ¸µ¡¥´´µ¸ÉÓ ´ §Ò¢ -

¥É¸Ö ± É ¸É·µËµ° Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨
[9], µ´  µ¡¸Ê¦¤ ² ¸Ó ¢ [35] ¤²Ö ¸²ÊÎ Ö
£ §  Λ- Éµ³µ¢. ‘²¥¤ÊÖ [35], ¤²Ö ÊÎ¥É  ¶µ-
¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ £ §¥ É·¥ÌÊ·µ¢-
´¥¢ÒÌ ¸¨¸É¥³, ¨§µ¡· ¦¥´´ÒÌ ´  ·¨¸. 4,
´Ê¦´µ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ α, µ¶·¥¤¥²Ö¥³ÊÕ
Ëµ·³Ê²µ° (5), ¢ ±µÉµ·µ° y(δ) ¤ ¥É¸Ö ¸µ-
µÉ´µÏ¥´¨¥³ (7), ¶µ¤¸É ¢¨ÉÓ ¢ ¢Ò· ¦¥´¨¥
(8) ¤²Ö ε. 
  ·¨¸. 6 ¶·¥¤¸É ¢²¥´Ò § ¢¨¸¨-
³µ¸É¨ n ¨ κ ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö µÉ δ ¤²Ö
N0 = 0, 95N cr

0 , £¤¥ N
cr
0 = 4, 996·1014 ¸³−3

µ¶·¥¤¥²¥´µ ¨§ (9), ¢ ±µÉµ·µ³ α ¸µµÉ¢¥É-
¸É¢Ê¥É ÉµÎ±¥ ¶·µ§· Î´µ¸É¨ δ = 0, 0813, ¨
¢¥²¨Î¨´ µ¸É ²Ó´ÒÌ ¶ · ³¥É·µ¢, É ±¨Ì ¦¥,
ÎÉµ ¨ ´  ·¨¸. 3, 5. Š ± ¸²¥¤Ê¥É ¨§ ·¨¸. 6,
¶·¨ ¶·¨¡²¨¦¥´¨¨ N0 ± N cr

0 µ¡² ¸ÉÓ ·¥§µ-
´ ´¸  ¸Ê¦ ¥É¸Ö,   ¤¨¸¶¥·¸¨Ö ¨ ¶µ£²µÐ¥-
´¨¥ (Ê¸¨²¥´¨¥) ¸ÊÐ¥¸É¢¥´´µ ¢µ§· ¸É ÕÉ,
¶µ ¸· ¢´¥´¨Õ ¸ ·¨¸. 5, £¤¥ ´¥ ÊÎ¨ÉÒ¢ ² ¸Ó
¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö. Š Î¥¸É¢¥´´Ò³
µ¡· §µ³ ¨§³¥´Ö¥É¸Ö ¨ Ëµ·³  ±·¨¢ÒÌ ¶µ-
£²µÐ¥´¨Ö ¨ ¤¨¸¶¥·¸¨¨ ¢¡²¨§¨ ·¥§µ´ ´¸ .

’ ±¨³ µ¡· §µ³, ¶·¥¤¸± §Ò¢ ¥É¸Ö, ÎÉµ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨¢µ¤¨É
± ·¥§±µ³Ê ·µ¸ÉÊ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö ¢ £ §¥ Λ- Éµ³µ¢
¤ ¦¥ ¶·¨ ¸· ¢´¨É¥²Ó´µ ´¨§±¨Ì ±µ´Í¥´É· Í¨ÖÌ N0 ∼ 1014 ¸³−3 Å ± É ±µ³Ê
¢Ò¢µ¤Ê ¶·¨Ï²¨  ¢Éµ·Ò [35]. �ÉµÉ ·¥§Ê²ÓÉ É Ê± §Ò¢ ¥É ´  ¢ ¦´ÊÕ ·µ²Ó ²µ-
± ²Ó´µ£µ ¶µ²Ö ¶·¨ ¢µ§´¨±´µ¢¥´¨¨ ¢Ò¸µ±µ° ¤¨¸¶¥·¸¨¨ ¢ ¸·¥¤¥. ‚³¥¸É¥ ¸ É¥³
¢ µ¡ÒÎ´ÒÌ Ê¸²µ¢¨ÖÌ ²µ± ²Ó´µ¥ ¶µ²¥ ´¥ ¶·¨¢µ¤¨É ± ¸Éµ²Ó §´ Î¨É¥²Ó´µ³Ê ·µ-
¸ÉÊ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¢ £ §¥ Λ- Éµ³µ¢, ÎÉµ ¸¢Ö§ ´µ ¸ ¢µ§´¨±´µ¢¥´¨¥³
¸ ³µÊÏ¨·¥´¨Ö ¶·¨ ±µ´Í¥´É· Í¨ÖÌ  Éµ³µ¢ ≥ 1013−1014 ¸³−3. ‘ ³µÊÏ¨·¥-
´¨¥ ¡µ²¥¥ ¶µ¤·µ¡´µ µ¡¸Ê¦¤ ¥É¸Ö ´¨¦¥, ¢ ¶. 3.2, ¥£µ Ë¨§¨Î¥¸±¨° ³¥Ì ´¨§³ Å
¤¨¶µ²Ó-¤¨¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê ·¥§µ´ ´¸´Ò³¨  Éµ³ ³¨. ˆ§-§  Ë²Ê±-
ÉÊ Í¨° · ¸¸ÉµÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨ Ô´¥·£¨Ö ¤¨¶µ²Ó-¤¨¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ´¥±µÉµ·µ£µ  Éµ³  ¸ µ¸É ²Ó´Ò³¨ ¡Ò¸É·µ ¨§³¥´Ö¥É¸Ö, ÎÉµ ¶·¨¢µ¤¨É ±
ÊÏ¨·¥´¨Õ ·¥§µ´ ´¸´µ£µ ¶¥·¥Ìµ¤ , É¥³ ¡µ²ÓÏ¥³Ê, Î¥³ ¡µ²ÓÏ¥ ±µ´Í¥´É· Í¨Ö
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 Éµ³µ¢. �Í¥´±Ê ¸ ³µÊÏ¨·¥´¨Ö ¢ £ §¥ ·¥§µ´ ´¸´ÒÌ  Éµ³µ¢ ³µ¦´µ ¢Ò¶µ²´¨ÉÓ
¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �´¥·£¨Ö ¤¨¶µ²Ó-¤¨¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê  Éµ-
³ ³¨, · ¸¶µ²µ¦¥´´Ò³¨ ´  · ¸¸ÉµÖ´¨¨ r, ¥¸ÉÓ Vdd ∼ µ2/r3, £¤¥ µ Å ³ É·¨Î-
´Ò° Ô²¥³¥´É ¤¨¶µ²Ó´µ£µ ³µ³¥´É   Éµ³´µ£µ ¶¥·¥Ìµ¤ . �µ² £ Ö, ÎÉµ r Å ¸·¥¤-
´¥¥ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê  Éµ³ ³¨ ¨, ¸²¥¤µ¢ É¥²Ó´µ, r3 ∼ N−3

0 , ¢Ò· ¦ Ö µ2 Î¥·¥§
γsp = 4k3µ2/(3�) Å ¸¶µ´É ´´µ¥ ¢·¥³Ö ¦¨§´¨ ¢¥·Ì´¥£µ Ê·µ¢´Ö ·¥§µ´ ´¸´µ£µ
¶¥·¥Ìµ¤ , ¶µ²ÊÎ ¥³, ÎÉµ ¢¥²¨Î¨´  ¸ ³µÊÏ¨·¥´¨Ö Γself ≡ Ddd/� ∼ γspN0/k

3

¨, É ±¨³ µ¡· §µ³,

Γself = Dγsp
N0

k3
, (10)

£¤¥ D Å ¡¥§· §³¥·´Ò° ±µÔËË¨Í¨¥´É ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨. Š ± ¶µ± § ´µ
¢ [36], ¢ µ¡ÒÎ´ÒÌ Ê¸²µ¢¨ÖÌ Ë ±Éµ· D ≈ 10. �Í¥´±¨ [49] ¤²Ö ³¨´¨³ ²Ó´µ ¢µ§-
³µ¦´µ° ¢¥²¨Î¨´Ò D, ±µ£¤  ¤¢¨¦¥´¨¥  Éµ³µ¢ ¶µ²´µ¸ÉÓÕ µÉ¸ÊÉ¸É¢Ê¥É,  Éµ³Ò
¶·¥¤¸É ¢²ÖÕÉ ¸o¡o° ¡µ§¥-±µ´¤¥´¸ É ¨ ¸ ³µÊÏ¨·¥´¨¥ µ¶·¥¤¥²Ö¥É¸Ö ¢§ ¨³µ¤¥°-
¸É¢¨¥³ ·¥§µ´ ´¸´ÒÌ  Éµ³µ¢ ¶µ ‚ ´-¤¥·-‚  ²Ó¸Ê, ¤ ÕÉ D ≈ 1. ’ ±¨³ µ¡· §µ³,
1 < D ≤ 10.

�µ¤¸É ¢¨³ Γ = Γself ¢ ¢Ò· ¦¥´¨¥ (4) ¤²Ö ¶µ²´µ° Ï¨·¨´Ò ²¨´¨¨ ·¥-
§µ´ ´¸´µ£µ ¶¥·¥Ìµ¤ . ‡ ³¥É¨³, ÎÉµ É ± Ö µÍ¥´±  Ï¨·¨´Ò ²¨´¨¨ Ö¢²Ö¥É¸Ö
§ ´¨¦¥´´µ°, É ± ± ± µ´  ´¥ ÊÎ¨ÉÒ¢ ¥É ¤µ¶²¥·µ¢¸±µ£µ ÊÏ¨·¥´¨Ö ¨ ·Ö¤  ¤·Ê-
£¨Ì Ë ±Éµ·µ¢, ¢ Éµ³ Î¨¸²¥ ¸ ³µÊÏ¨·¥´¨¥ ¶¥·¥Ìµ¤µ¢ ac ¨ dc É·¥ÌÊ·µ¢´¥¢µ°
¸¨¸É¥³Ò, ¨§µ¡· ¦¥´´µ° ´  ·¨¸. 4. 
¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ ¶·¨ ÊÎ¥É¥ ¸ ³µ-
ÊÏ¨·¥´¨Ö ´  ¶¥·¥Ìµ¤¥ ab (·¨¸. 4) Ëµ·³Ê²  (9) ¤²Ö ±·¨É¨Î¥¸±µ° ±µ´Í¥´É· Í¨¨
Î ¸É¨Í, ¶·¨ ¶·¨¡²¨¦¥´¨¨ ± ±µÉµ·µ° ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö µ¡· Ð ¥É¸Ö ¢
¡¥¸±µ´¥Î´µ¸ÉÓ ¢ ÉµÎ±¥ ¶·µ§· Î´µ¸É¨, ¶·¨µ¡·¥É ¥É ¢¨¤

N cr
0

k3
=

1
2[πy(δ)−D]

. (11)

‚Ò· ¦¥´¨¥ ¢ ¶· ¢µ° Î ¸É¨ Ëµ·³Ê²Ò (11) ¤µ²¦´µ ¡ÒÉÓ ¶µ²µ¦¨É¥²Ó´Ò³, ¢ ¶·µ-
É¨¢´µ³ ¸²ÊÎ ¥ ± É ¸É·µË  Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ ´¥¢µ§³µ¦´ . ’ ± ± ± ¤²Ö £ § 
¤¢ÊÌ- ¨²¨ É·¥ÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢ § ¢¥¤µ³µ y(δ) < 1 (¸³. (6) ¨ (7)), Éµ ¤²Ö ¢Ò-
¶µ²´¥´¨Ö N cr

0 > 0 É·¥¡Ê¥É¸Ö, ± ± ³¨´¨³Ê³, D < π < 10, É. ¥. µ¸µ¡Ò¥ Ê¸²µ¢¨Ö,
±µ£¤  ¸ ³µÊÏ¨·¥´¨¥ ¶µ¤ ¢²¥´µ. “Î¨ÉÒ¢ Ö, ÎÉµ ¤²Ö ¸²ÊÎ ¥¢, ¶·¥¤¸É ¢²¥´´ÒÌ
´  ·¨¸. 5, 6, ¢ ÉµÎ±¥ ¶·µ§· Î´µ¸É¨ y(δ = 0, 0813) ≈ 0, 1, ¶µ²ÊÎ ¥³, ÎÉµ ¤²Ö ¤µ-
¸É¨¦¥´¨Ö Ê¸²µ¢¨° ± É ¸É·µËÒ Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ É·¥¡Ê¥É¸Ö D < 0, 3, ÎÉµ
´¥¢µ§³µ¦´µ ¤ ¦¥ ¶·¨ ¸ ³ÒÌ µ¶É¨³¨¸É¨Î¥¸±¨Ì µÍ¥´± Ì ¸ ³µÊÏ¨·¥´¨Ö ¤²Ö
 Éµ³µ¢, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ ¡µ§¥-±µ´¤¥´¸ É¥, ¨ ´Ê²¥¢ÒÌ Ë²Ê±ÉÊ Í¨ÖÌ ¨Ì ¶²µÉ´µ-
¸É¨. 
  ·¨¸. 7,  , ¡ ¶µ± § ´  § ¢¨¸¨³µ¸ÉÓ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¨ ±µÔËË¨-
Í¨¥´É  ¶µ£²µÐ¥´¨Ö ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö ¢ £ §¥ Λ- Éµ³µ¢ ¶·¨ É¥Ì ¦¥ Ê¸²µ¢¨ÖÌ,
ÎÉµ ¨ ¤²Ö ·¨¸. 6, ´µ ¶·¨ ÊÎ¥É¥ ¸ ³µÊÏ¨·¥´¨Ö ¶·¨ ¢¥²¨Î¨´¥ ¶ · ³¥É·  D = 1
¨ D = 10 ¸µµÉ¢¥É¸É¢¥´´µ. Š ± ¢¨¤´µ ¨§ ¸· ¢´¥´¨Ö ·¨¸. 6 ¨ 7, ¸ ³µÊÏ¨·¥-
´¨¥ ¤²Ö D = 1 ¸¨²Ó´µ ¶µ¤ ¢²Ö¥É ·µ¸É ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö, ¢Ò§¢ ´´Ò°
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�¨¸. 7. �µ± § É¥²¨ ¶·¥²µ³²¥´¨Ö n − 1 (±·¨¢Ò¥ 1 ´  ( ) ¨ (¡)) ¨ ±µÔËË¨Í¨¥´ÉÒ
¶µ£²µÐ¥´¨Ö (±·¨¢Ò¥ 2 ´  ( ) ¨ (¡)) ¤²Ö ¶¥·¥Ìµ¤  ab £ §  ·¥§µ´ ´¸´ÒÌ Λ- Éµ³µ¢ ¶·¨
ÊÎ¥É¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¨ ¸ ³µÊÏ¨·¥´¨Ö ¶¥·¥Ìµ¤  ab, ±µ£¤  ¶µ²´ Ö Ï¨·¨´  ÔÉµ£µ
¶¥·¥Ìµ¤  µ¶·¥¤¥²Ö¥É¸Ö ¶µ Ëµ·³Ê² ³ (4), (10). ” ±Éµ·Ò D = 1 ( ) ¨ D = 10 (¡),
¢¥²¨Î¨´Ò µ¸É ²Ó´ÒÌ ¶ · ³¥É·µ¢ É¥ ¦¥, ÎÉµ ¨ ¤²Ö ·¨¸. 6

²µ± ²Ó´Ò³ ¶µ²¥³,   ¤²Ö D = 10 ¶µÎÉ¨ ¶µ²´µ¸ÉÓÕ Ê´¨ÎÉµ¦ ¥É ¢²¨Ö´¨¥ ²µ-
± ²Ó´µ£µ ¶µ²Ö ´  ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ ±µ´Í¥´É· Í¨ÖÌ
N0 ¡µ²ÓÏ¨Ì, Î¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ´  ·¨¸. 7, Ê¢¥²¨Î¥´¨Ö ¶µ± § É¥²Ö ¶·¥²µ³-
²¥´¨Ö ´¥ ¶·µ¨¸Ìµ¤¨É, É ± ± ± α ∼ 1/N0 ¶·¨ DN0/k

3 > 1. �· ±É¨Î¥¸±¨
¤µ¸É¨¦¨³Ò¥ §´ Î¥´¨Ö n µ± §Ò¢ ÕÉ¸Ö ¤ ¦¥ ³¥´ÓÏ¥, Î¥³ ¸²¥¤Ê¥É ¨§ µÍ¥´µ± ¶µ
·¨¸. 7, ¡, ¨§-§  ¤µ¶²¥·µ¢¸±µ£µ ÊÏ¨·¥´¨Ö ¨ ¸ ³µÊÏ¨·¥´¨Ö ¶¥·¥Ìµ¤µ¢ ac ¨ bc.

‚³¥¸É¥ ¸ É¥³ ¤µ¸É¨¦¥´¨¥ Ê¸²µ¢¨°, ¶·¨ ±µÉµ·ÒÌ ·¥ ²¨§Ê¥É¸Ö ± É ¸É·µË 
Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ ¢ ·¥§µ´ ´¸´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤ Ì, ´¥ Ö¢²Ö¥É¸Ö ¶·¨´-
Í¨¶¨ ²Ó´µ ´¥µ¸ÊÐ¥¸É¢¨³Ò³. Š ± ³µ¦´µ § ³¥É¨ÉÓ, ¢¸¥ ¢¥²¨Î¨´Ò ¢ ¶· ¢µ°
Î ¸É¨ ¢Ò· ¦¥´¨Ö (11) ¤²Ö ±·¨É¨Î¥¸±µ° ±µ´Í¥´É· Í¨¨ ·¥§µ´ ´¸´ÒÌ Î ¸É¨Í Å
¶µ·Ö¤±  ¥¤¨´¨ÍÒ, É ± ÎÉµ µÉ´µ¸¨É¥²Ó´µ ´¥¡µ²ÓÏµ¥ ¨§³¥´¥´¨¥ ¸¢µ°¸É¢ µ¶É¨-
Î¥¸±µ£µ ³ É¥·¨ ² , ±µÉµ·µ¥ ¶µ¢²¥Î¥É ´¥¡µ²ÓÏµ¥ Ê¢¥²¨Î¥´¨¥ Ë ±Éµ·  πy(δ)
¨ (¨²¨) Ê³¥´ÓÏ¥´¨¥ D, ¶·¨¢¥¤eÉ ± Éµ³Ê, ÎÉµ N cr ¸É ´¥É ¶µ²µ¦¨É¥²Ó´Ò³. ‚
¶·¨´Í¨¶¥, Ë ±Éµ· πy(δ) ³µ¦¥É ¡ÒÉÓ Ê¢¥²¨Î¥´, ¥¸²¨ ¢ ± Î¥¸É¢¥ Ô²¥³¥´É ·-
´µ° Î ¸É¨ÍÒ, ·¥§µ´ ´¸´µ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ¶µ²¥³, ¨¸¶µ²Ó§µ¢ ÉÓ ´¥ µ¤¨´,
  ´¥¸±µ²Ó±µ  Éµ³µ¢, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ µ¡Ñ¥³¥ V � [λ/(2π)]3, £¤¥ λ Å ¤²¨´ 
¢µ²´Ò µ¶É¨Î¥¸±µ£µ ¤¨ ¶ §µ´ . ’ ± ± ± λ/(2π) ∼ 10−5 ¸³,   Ì · ±É¥·´Ò°
· §³¥·  Éµ³  10−8 ¸³, ¢ ´ ´µÎ ¸É¨Í¥ · §³¥·µ³ ∼ 10−6 � λ/(2π) ∼ 10−5 ¸³
³µ¦¥É ´ Ìµ¤¨ÉÓ¸Ö ¤µ N ∼ 106  Éµ³µ¢! �Éµ, ±µ´¥Î´µ, ´¥ µ§´ Î ¥É, ÎÉµ ¶µ²Ö-
·¨§Ê¥³µ¸ÉÓ É ±µ° ´ ´µÎ ¸É¨ÍÒ ¡Ê¤¥É ¢ N · § ¡µ²ÓÏ¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ µ¤´µ£µ
 Éµ³ , É ± ± ±  Éµ³Ò ¢ ´ ´µÎ ¸É¨Í¥ ¢§ ¨³µ¤¥°¸É¢ÊÕÉ, ÎÉµ ¶·¨¢µ¤¨É ± ÊÏ¨·¥-
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´¨Õ ·¥§µ´ ´¸  ¨ ¤ ¦¥ ± ¨§³¥´¥´¨Õ ³¥Ì ´¨§³  ¢§ ¨³µ¤¥°¸É¢¨Ö ´ ´µÎ ¸É¨ÍÒ ¸
¶µ²¥³. ‚³¥¸É¥ ¸ É¥³ µÎ¥´Ó ¸¨²Ó´µ¥ Ê¢¥²¨Î¥´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ ´ ´µÎ ¸É¨ÍÒ,
¶µ ¸· ¢´¥´¨Õ ¸ ¶µ²Ö·¨§Ê¥³µ¸ÉÓÕ ·¥§µ´ ´¸´µ£µ  Éµ³ , ¨ ´¥ É·¥¡Ê¥É¸Ö. „ ¦¥
Ê¢¥²¨Î¥´¨¥ ¶µ²Ö·¨§Ê¥³µ¸É¨ ¢ ´¥¸±µ²Ó±µ · § ³µ¦¥É ¶·¨¢¥¸É¨ ± ± É ¸É·µË¥
Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ± ·¥§±µ³Ê Ê¢¥²¨Î¥´¨Õ ¶µ± § É¥²Ö
¶·¥²µ³²¥´¨Ö.

�¸µ¡Ò¥ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´ÒÌ ¸·¥¤, ¸µ¸ÉµÖÐ¨Ì ¨§ ¶·µ§· Î-
´µ° ³ É·¨ÍÒ, ¨ ¶µ³¥Ð¥´´ÒÌ ÉÊ¤  ´ ´µÎ ¸É¨Í, ¢ Î ¸É´µ¸É¨, ¢µ§³µ¦´µ¸ÉÓ ¶µ-
²ÊÎ¥´¨Ö ¢ ´¨Ì ¢Ò¸µ±µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¨ £¨£ ´É¸±µ£µ Ê¸¨²¥´¨Ö,
¡Ê¤ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì. �É¨ ¸¢µ°¸É¢  µ¡Ê¸²µ¢²¥´Ò, ¢
¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¢§ ¨³µ¤¥°¸É¢¨¥³ ´ ´µÎ ¸É¨Í Î¥·¥§ ²µ± ²Ó´µ¥ ¶µ²¥, ±µÉµ·µ¥
¢Ò§Ò¢ ¥É ¸ ³µË §¨·µ¢±Ê ±µ²¥¡ ´¨° ¤¨¶µ²¥° Å ¸Ê¶¥·±µ£¥·¥´É´µ¸ÉÓ [24].

3. ‹	Š�‹œ�	… �	‹… ‚ ƒ…’…�	ƒ…��›• ‘�…„�•

3.1. �µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ¨ Ëµ·³Ê²  Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨. �¶·¥-
¤¥²ÖÕÐÊÕ ·µ²Ó ¶·¨ ¢µ§´¨±´µ¢¥´¨¨ µ¸µ¡ÒÌ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ £¥É¥·µ£¥´´ÒÌ
¸·¥¤ ³µ¦¥É ¨£· ÉÓ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö, ± ± ÔÉµ ¢¨¤´µ ´  ¶·¨³¥·¥, · ¸-
¸³µÉ·¥´´µ³ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥. �µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ÊÎ¨ÉÒ¢ ¥É µÉ-
²¨Î¨¥ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, ¤¥°¸É¢ÊÕÐ¥£µ ¢ ¸·¥¤¥ ´  ³¨±·µ¸±µ¶¨Î¥¸±¨Ì

³ ¸ÏÉ ¡ Ì ¶µ·Ö¤±  · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨N−1/3
0 , £¤¥ N0 Å ±µ´Í¥´É· -

Í¨Ö Î ¸É¨Í, µÉ ®¸·¥¤´¥£µ¯ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, Ê¸·¥¤´e´´µ£µ ¶µ µ¡Ñe³Ê,
¸µ¤¥·¦ Ð¥³Ê ¡µ²ÓÏµ¥ Î¨¸²µ Î ¸É¨Í. ®‘·¥¤´¥¥¯, ¨²¨ ®³ ±¸¢¥²²µ¢¸±µ¥¯, ¶µ²¥
µ¶·¥¤¥²Ö¥É¸Ö ¨§ ³ ±·µ¸±µ¶¨Î¥¸±¨Ì, É. ¥. Ê¸·¥¤´e´´ÒÌ ¶µ ³´µ£¨³ Î ¸É¨Í ³
Ê· ¢´¥´¨° Œ ±¸¢¥²² . �¢Éµ·Ò [8] ¶µ± § ²¨, ÎÉµ ¢ µ¤´µ·µ¤´µ° ¨§µÉ·µ¶´µ°
¸·¥¤¥ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö · ¢´  (4π/3)P, £¤¥ P Å ³ ±·µ¸±µ¶¨Î¥¸± Ö
¶µ²Ö·¨§ Í¨Ö ¸·¥¤Ò. ’ ±¨³ µ¡· §µ³, ¥¸²¨ ¶µ²¥ E Å ·¥Ï¥´¨¥ ³ ±·µ¸±µ¶¨Î¥-
¸±¨Ì Ê· ¢´¥´¨° Œ ±¸¢¥²² , Éµ

Eloc = E+
4π
3

P (12)

¥¸ÉÓ ¶µ²´µ¥ ¶µ²¥ ¢ ¸·¥¤¥ ¸ ÊÎeÉµ³ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö.
„²Ö Éµ£µ ÎÉµ¡Ò ¢ÒÎ¨¸²¨ÉÓ Eloc ¢ ¤ ´´µ° ÉµÎ±¥, ´Ê¦´µ ¶·¨´ÖÉÓ ¢µ ¢´¨-

³ ´¨¥ ¤¨¸±·¥É´µ¸ÉÓ ¸·¥¤Ò, É. ¥. ¸µ£² ¸´µ ¶·¨´Í¨¶Ê ¸Ê¶¥·¶µ§¨Í¨¨ ¶·µ¸Ê³³¨-
·µ¢ ÉÓ ¢±² ¤Ò µÉ ¢¸¥Ì Î ¸É¨Í ¸·¥¤Ò ¢ ÔÉµ° ÉµÎ±¥ ¨ ¤µ¡ ¢¨ÉÓ ± ÔÉµ° ¸Ê³³¥
¶µ²¥, ¶µ¸ÉÊ¶ ÕÐ¥¥ ¢ ¸·¥¤Ê ¨§¢´¥. � ¸¸Î¨É ¢ É ±¨³ µ¡· §µ³ ¶µ²´µ¥ ¶µ²¥ ¢µ
¢¸¥Ì ÉµÎ± Ì ´¥±µÉµ·µ£µ ³ ²µ£µ µ¡Ñe³ ∗, ¸²¥¤Ê¥É ¢§ÖÉÓ ¸·¥¤´¥¥ §´ Î¥´¨¥ ¶µ²Ö

∗�¡Ñe³ ¤µ²¦¥´ ¡ÒÉÓ ¤µ¸É ÉµÎ´µ ³ ²Ò³, ÎÉµ¡Ò  ³¶²¨ÉÊ¤  ¨ Ë §  ¶µ²Ö ¶·¥´¥¡·¥¦¨³µ ³ ²µ
¨§³¥´Ö²¨¸Ó ¢¤µ²Ó ´¥£µ, ´µ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³, ÎÉµ¡Ò Ë²Ê±ÉÊ Í¨¨ ¶µ²Ö µ± § ²¨¸Ó ³´µ£µ ³¥´ÓÏ¥
¸·¥¤´¥£µ ¶µ µ¡Ñe³Ê ¶µ²Ö.
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¶µ ÔÉµ³Ê µ¡Ñe³Ê. ’ ±µ° ¶µ¤Ìµ¤ ¨¸¶µ²Ó§µ¢ ´ ¢µ ³´µ£¨Ì · ¡µÉ Ì, ´ ¶·¨³¥·,
¢ [32]. „¨¸±·¥É´µ¸ÉÓ ¸·¥¤Ò ³µ¦´µ ÊÎ¥¸ÉÓ ¨ ¡µ²¥¥ ¶·µ¸ÉÒ³ ¸¶µ¸µ¡µ³, ¸²¥-
¤ÊÖ [8], ÎÉµ ¶·¨¢µ¤¨É ± Ëµ·³Ê²¥ ‹µ·¥´ÍaÄ‹µ·¥´Í  (12) ¤²Ö ¶µ²´µ£µ ¶µ²Ö
¢ ¸·¥¤¥ ¨ ± ¸µµÉ´µÏ¥´¨Õ Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ [9, 11] ¤²Ö ¤¨Ô²¥±É·¨Î¥¸±µ°
¶·µ´¨Í ¥³µ¸É¨ ¸·¥¤Ò. �µ¸±µ²Ó±Ê ¸µµÉ´µÏ¥´¨Ö (12) ¨ Ëµ·³Ê²  Š² Ê§¨Ê¸ Ä
Œµ¸¸µÉÉ¨ Ï¨·µ±µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶·¨ · ¸ÎeÉ Ì, ¶·¨¢¥¤e³ ¶·µ¸Éµ° ¢Ò¢µ¤ Ê· ¢-
´¥´¨Ö (12), ¸²¥¤ÊÖ [8], ÎÉµ ¤ ¸É ¶·¥¤¸É ¢²¥´¨¥ µ ¶·¨¡²¨¦¥´¨ÖÌ, ¢ · ³± Ì
±µÉµ·ÒÌ ¶µ²ÊÎ¥´µ (12).

�¨¸. 8. Š · ¸ÎeÉÊ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ
¶µ²Ö

� ¸¸³µÉ·¨³ ¸Ë¥·¨Î¥¸±ÊÕ, ¤µ¸É -
ÉµÎ´µ ³ ²ÊÕ µ¡² ¸ÉÓ ¸·¥¤Ò, ¢ ±µÉµ·µ°
´¥É ´¨ µ¤´µ° Î ¸É¨ÍÒ∗ (·¨¸. 8). �µ²¥
Eloc ¢ ÔÉµ° µ¡² ¸É¨ ¸±² ¤Ò¢ ¥É¸Ö ¨§
¢´¥Ï´¥£µ ¶µ²Ö E ¨ ¶µ²¥° µÉ ¤·Ê£¨Ì
Î ¸É¨Í. �µ¸²¥¤´¨¥ ¸µ§¤ ÕÉ ³ ±·µ¸±µ-
¶¨Î¥¸±ÊÕ ¶µ²Ö·¨§ Í¨Õ P ¸·¥¤Ò, ±µÉµ-
· Ö ´ ¢µ¤¨É ¶µ²¥ Esph ¢ ¸Ë¥·¨Î¥¸±µ°
¶µ²µ¸É¨. ’ ±¨³ µ¡· §µ³,

Eloc = E+Esph. (13)

’ ± ± ± ¥¤¨´¸É¢¥´´µ¥ ¢Ò¤¥²¥´´µ¥ ´ -
¶· ¢²¥´¨¥ § ¤ eÉ¸Ö ¢´¥Ï´¨³ ¶µ²¥³ E, Éµ ¶µ²¥ Esph ¤µ²¦´µ ¡ÒÉÓ ´ ¶· ¢²¥´µ
É ± ¦¥, ± ± E. � ¸¸Î¨É ¥³ Esph. �µ¢¥·Ì´µ¸É´ Ö ¶²µÉ´µ¸ÉÓ § ·Ö¤  ´  ¸É¥´-
± Ì ¶µ²µ¸É¨ ¥¸ÉÓ −P cos θ, ¨, ¸²¥¤µ¢ É¥²Ó´µ, § ·Ö¤ ±µ²ÓÍ , ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ
Ê£²Ê dθ (¸³. ·¨¸. 8), · ¢¥´

de = −2πr2 sin θdθP cos θ.

�µ²´µ¥ ¶µ²¥ µÉ ±µ²ÓÍ  ¶µ¢¥·Ì´µ¸É´ÒÌ § ·Ö¤µ¢

dEsph =
de

r2
cos θ,

  ¶µ²¥ µÉ ¢¸¥° ¶µ¢¥·Ì´µ¸É¨ ¸Ë¥·¨Î¥¸±µ° ¶µ²µ¸É¨

Esph =
∫

dEsph = 2πP
∫ 2π

0

sin θ cos 2θdθ =
4π
3
P. (14)

�µ¤¸É ¢²ÖÖ §´ Î¥´¨¥ Esph ¨§ (14) ¢ ¸µµÉ´µÏ¥´¨¥ (13), ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ê (12).
„ ´´Ò° ¢Ò¢µ¤ ¶·µ¢¥¤e´ ¤²Ö ¸É É¨Î¥¸±µ£µ ¢´¥Ï´¥£µ ¶µ²Ö, ´µ µ´ µ¸É eÉ¸Ö

¸¶· ¢¥¤²¨¢ ¨ ¤²Ö ¶¥·¥³¥´´µ£µ ¢´¥Ï´¥£µ ¶µ²Ö Å Ô²¥±É·µ³ £´¨É´µ° ¢µ²´Ò.

∗„²Ö ÔÉµ£µ µ¡Ñe³ µ¡² ¸É¨ ¤µ²¦¥´ ¡ÒÉÓ V � N−1
0 , Éµ£¤  ¢¥·µÖÉ´µ¸ÉÓ ´ °É¨ µ¤´Ê Î ¸É¨ÍÊ

¢ V ¥¸ÉÓ ∼ V N0 � 1.
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‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ Ëµ·³Ê²Ê (8) ¸²¥¤Ê¥É ¶µ¤¸É ¢¨ÉÓ ËÊ·Ó¥-±µ³¶µ´¥´ÉÒ ¶µ²¥°
¨ ¶µ²Ö·¨§ Í¨¨ [9]. „¥°¸É¢¨É¥²Ó´µ, ¤²Ö ¶µ²µ¸É¨ · §³¥·µ³ r � λ ËÊ·Ó¥-
±µ³¶µ´¥´ÉÒ E(t) ¨§³¥´ÖÕÉ¸Ö ³´µ£µ ³¥¤²¥´´¥¥, Î¥³ Ì · ±É¥·´µ¥ ¢·¥³Ö r/c
¶·µÌµ¤  ¶µ²Ö Î¥·¥§ ¶µ²µ¸ÉÓ. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ²µ± ²Ó´µ£µ
¶µ²Ö E(t) ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¸É É¨Î¥¸± Ö.

�µ²Ö·¨§ Í¨Ö P µ¶·¥¤¥²Ö¥É¸Ö ²µ± ²Ó´Ò³ ¶µ²¥³: P = χEloc. �µ¤¸É ¢²ÖÖ
¸Õ¤  ¢Ò· ¦¥´¨¥ (12) ¤²Ö Eloc, ¨¸¶µ²Ó§ÊÖ ε = 1 + 4πχ ¨ χ = N0α, ´ Ìµ¤¨³

(ε− 1)/(ε+ 2) = (4π/3)αN0. (15)

‹¥£±µ µ¡µ¡Ð¨ÉÓ (15) ´  ¸²ÊÎ ° ¸³¥¸¨ ³´µ£¨Ì ±µ³¶µ´¥´É ¸ ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³¨
αk ¨ ±µ´Í¥´É· Í¨Ö³¨ Nk:

ε− 1
ε+ 2

=
4π
3

∑
k

αkNk. (16)

‘µµÉ´µÏ¥´¨¥ (16) ´ §Ò¢ ¥É¸Ö Ëµ·³Ê²µ° Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ ¤²Ö ¤¨Ô²¥±É·¨-
Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ¸³¥¸¨ · §´ÒÌ ¸µ·Éµ¢ Î ¸É¨Í ¶·¨ ÊÎeÉ¥ ¶µ¶· ¢±¨ ²µ-
± ²Ó´µ£µ ¶µ²Ö. �´µ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¤²Ö  ´ ²¨§  £¥É¥·µ£¥´´µ° ¸·¥¤Ò
¢ · §¤. 5. Š ± ¢¨¤´µ ¨§ (16), ¶·¨ ÊÎeÉ¥ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö  ¤¤¨É¨¢-
´Ò³¨ ¢¥²¨Î¨´ ³¨ Ö¢²ÖÕÉ¸Ö ¶µ²Ö·¨§Ê¥³µ¸É¨ ±µ³¶µ´¥´É ¸³¥¸¨. ”µ·³Ê²  (16)
¶µ§¢µ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ ε ¸³¥¸¨ ¶µ ¨§¢¥¸É´Ò³ ¶µ²Ö·¨§Ê¥³µ¸ÉÖ³ ¥e ±µ³¶µ´¥´É.

‡ ¶¨¸ ¢ (16) ¤²Ö ± ¦¤µ° k-° ±µ³¶µ´¥´ÉÒ ¸³¥¸¨ ¨ É¥³ ¸ ³Ò³ ¢Ò· §¨¢ αk

Î¥·¥§ ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ¶·µ´¨Í ¥³µ¸ÉÓ εk ¤ ´´µ° ±µ³¶µ´¥´ÉÒ, ¶·¨¢µ¤¨³ (16)
± ¢¨¤Ê

εmix − 1
εmix + 2

=
∑

k

ηk
εk − 1
εk + 2

, (17)

£¤¥ ηk Å µ¡Ñe³´ Ö ±µ´Í¥´É· Í¨Ö k-° ±µ³¶µ´¥´ÉÒ; εk Å ¥e ¤¨Ô²¥±É·¨Î¥-
¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ; εmix Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸³¥¸¨. ”µ·³Ê² 
(17) Å µ¤´  ¨§ µ¸´µ¢´ÒÌ ¢ É¥µ·¨¨ µ¶É¨Î¥¸±¨Ì £¥É¥·µ£¥´´ÒÌ ¸·¥¤, · §¢¨Éµ°
¢ [26].

�É³¥É¨³, ÎÉµ ¥¸²¨ ¶µ²¥ ¶ ¤ ÕÐ¥° Ô²¥±É·µ³ £´¨É´µ° ¢µ²´Ò ¨ ¶µ²Ö·¨-
§ Í¨Ö ¶·¨´¨³ ÕÉ¸Ö ±µ³¶²¥±¸´Ò³¨,   ¸µµÉ´µÏ¥´¨¥ (12) ¶·¨³¥´Ö¥É¸Ö ¤²Ö ¨Ì
ËÊ·Ó¥-±µ³¶µ´¥´É, ¢ Ê· ¢´¥´¨¨ (16) αk ¨ ε µ± §Ò¢ ÕÉ¸Ö ±µ³¶²¥±¸´Ò³¨ ¢¥-
²¨Î¨´ ³¨, ε = ε′ + iε′′, £¤¥ ε′ µ¶¨¸Ò¢ ¥É ¤¨¸¶¥·¸¨Õ,   ε′′ Å ¶µ£²µÐ¥´¨¥
(Ê¸¨²¥´¨¥) ¶µ²Ö. �·¨ ÔÉµ³ ¢Ò¢µ¤ Ëµ·³Ê²Ò (12), ¶·¨¢¥¤e´´Ò° ¢ÒÏ¥, µ¸É eÉ¸Ö
¸¶· ¢¥¤²¨¢Ò³, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¶·¨Ìµ¤¨É¸Ö · ¸¸³ É·¨¢ ÉÓ ±µ³¶²¥±¸´Ò°
§ ·Ö¤ ¶µ¢¥·Ì´µ¸É¨ ¶µ²µ¸É¨. Šµ³¶²¥±¸´Ò° § ·Ö¤ Å É ± Ö ¦¥  ¡¸É· ±Í¨Ö, ± ±
¨ ±µ³¶²¥±¸´ Ö ¶µ²Ö·¨§ Í¨Ö Å ¤¨¶µ²Ó´Ò° ³µ³¥´É ¥¤¨´¨ÍÒ µ¡Ñe³ . �¥ ²Ó´Ò°
§ ·Ö¤ Å ÔÉµ, ± ± µ¡ÒÎ´µ, ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ µÉ ±µ³¶²¥±¸´µ£µ § ·Ö¤ .
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3.2. ‘ ³µÊÏ¨·¥´¨¥. �¡¸Ê¤¨³ ´¥±µÉµ·Ò¥ µ¡Ð¨¥ ¶µ²µ¦¥´¨Ö, ± ¸ ÕÐ¨¥¸Ö
ÔËË¥±É  ¸ ³µÊÏ¨·¥´¨Ö,   § É¥³ · ¸¸³µÉ·¨³ ¥£µ ¶·¨³¥´¨É¥²Ó´µ ± ¨´É¥·¥¸Ê-
ÕÐ¥³Ê ´ ¸ ¸²ÊÎ Õ £¥É¥·µ£¥´´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤.

”µ·³Ê²Ò (12) ¨ (16) ¶·¨´¨³ ÕÉ ¢µ ¢´¨³ ´¨¥ ¤¨¶µ²Ó-¤¨¶µ²Ó´µ¥ ¢§ ¨³µ-
¤¥°¸É¢¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨ ¸·¥¤Ò (¸³. ¡µ²¥¥ ¶µ¤·µ¡´µ¥ µ¡¸Ê¦¤¥´¨¥ ¢ [24]).
�´µ § ¢¨¸¨É µÉ · ¸¸ÉµÖ´¨Ö r ³¥¦¤Ê Î ¸É¨Í ³¨,   É ±¦¥ ∼ r−1 ¢ ¤ ²Ó´¥°
§µ´¥ ¨ ∼ r−3 ¢ ¡²¨¦´¥°∗ [50]. ”²Ê±ÉÊ Í¨¨ · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨,
± ± ¢·¥³¥´´Ò¥, É ± ¨ ¶·µ¸É· ´¸É¢¥´´Ò¥, ¶·¨¢µ¤ÖÉ ± ¸ ³µÊÏ¨·¥´¨Õ ·¥§µ-
´ ´¸´ÒÌ ²¨´¨°, ±µÉµ·µ¥ ¸É ´µ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ ¶²µÉ´µ¸ÉÖÌ Î ¸É¨Í
N0k

−3 > 1, £¤¥ k Å ¢µ²´µ¢µ° ¢¥±Éµ· Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö. „²Ö ¶µ²¥°
µ¶É¨Î¥¸±µ° µ¡² ¸É¨ ¸¶¥±É·  ¸ ³µÊÏ¨·¥´¨¥ ¸É ´µ¢¨É¸Ö ¶µ·Ö¤±  ¥¸É¥¸É¢¥´´µ°
Ï¨·¨´Ò ²¨´¨¨ ¤²Ö N0 ≥ 1013−1014 ¸³−3 ¨ ¶·¨ ¡µ²ÓÏ¨Ì ±µ´Í¥´É· Í¨ÖÌ
¢µ§· ¸É ¥É ∼ N0. ”¨§¨Î¥¸±¨° ³¥Ì ´¨§³ ¸ ³µÊÏ¨·¥´¨Ö ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì
¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕÐ¥³. „¨¶µ²Ó-¤¨¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¶·¨¢µ¤¨É ± ¸¤¢¨£Ê
Ê·µ¢´Ö ·¥§µ´ ´¸´µ£µ ¶¥·¥Ìµ¤ , ¨, ¨§-§  Ë²Ê±ÉÊ Í¨° · ¸¸ÉµÖ´¨Ö ³¥¦¤Ê Î -
¸É¨Í ³¨ ¢µ ¢·¥³¥´¨ ¨ ¢ ¶·µ¸É· ´¸É¢¥, ÔÉµÉ ¸¤¢¨£ ¨§³¥´Ö¥É¸Ö ¨ ¶·¨¢µ¤¨É ±
®· §³ÒÉ¨Õ¯ Ê·µ¢´Ö. ’ ±¨³ µ¡· §µ³, ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ¨ ¸ ³µÊÏ¨-
·¥´¨¥ ¨³¥ÕÉ µ¡ÐÊÕ ¶·¨·µ¤Ê ¨ ¤µ²¦´Ò ¶·¨´¨³ ÉÓ¸Ö ¢µ ¢´¨³ ´¨¥ µ¤´µ¢·¥-
³¥´´µ. ‘µ£² ¸´µ ³µ¤¥²¨ ¸µ ¸²ÊÎ °´Ò³ ¸¤¢¨£µ³ Ê·µ¢´Ö ¸ ³µÊÏ¨·¥´¨¥ ³µ¦´µ
µÉ´¥¸É¨ ± ´¥µ¤´µ·µ¤´µ³Ê ÊÏ¨·¥´¨Õ, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É¸Ö ´¥±µÉµ·Ò³¨ Ô±¸-
¶¥·¨³¥´É ³¨ ¶µ ¨¸¸²¥¤µ¢ ´¨Õ µ¸µ¡¥´´µ¸É¥° ¸¶¥±É·  (spectral hole burning)
¢ ¶²µÉ´ÒÌ £ § Ì [55]. ‚³¥¸É¥ ¸ É¥³ ¸ÊÐ¥¸É¢Ê¥É ³´¥´¨¥, ÎÉµ ¸ ³µÊÏ¨·¥´¨¥
Ö¢²Ö¥É¸Ö ±µ³¡¨´ Í¨¥° µ¤´µ·µ¤´µ£µ ¨ ´¥µ¤´µ·µ¤´µ£µ É¨¶µ¢ ÊÏ¨·¥´¨Ö [36].

‚¶¥·¢Ò¥ Ö¢²¥´¨¥ ¸ ³µÊÏ¨·¥´¨Ö ¡Ò²µ µÉ³¥Î¥´µ ¢ [56], µ´µ ¨¸¸²¥¤µ¢ -
²µ¸Ó ¢ · §²¨Î´ÒÌ Ô±¸¶¥·¨³¥´É Ì, ´ ¶·¨³¥·, ¶µ ¨§³¥·¥´¨Õ ±µÔËË¨Í¨¥´Éµ¢
¸ ³µÊÏ¨·¥´¨Ö [57], ¸¥²¥±É¨¢´µ£µ µÉ· ¦¥´¨Ö [55, 58] ¨ ¤·Ê£¨Ì. ‘ ³µÊÏ¨·¥-
´¨¥ ¨¸¸²¥¤µ¢ ²µ¸Ó É¥µ·¥É¨Î¥¸±¨ ¢µ ³´µ£¨Ì · ¡µÉ Ì, ´ ¶·¨³¥· [36, 59, 60],
µ¤´ ±µ ¥£µ ¸É·µ£ Ö É¥µ·¨Ö µ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ¸²µ¦´µ°, ¨ ¤µ ´ ¸ÉµÖÐ¥£µ
¢·¥³¥´¨ µ´  ´¥ ¸µ§¤ ´ . ‚ ·¥ ²Ó´ÒÌ ¸¨¸É¥³ Ì ¢±² ¤ ¢ ¸ ³µÊÏ¨·¥´¨¥ ¤ ÕÉ
³´µ£µ · §²¨Î´ÒÌ ¶·µÍ¥¸¸µ¢: ¤¨´ ³¨Î¥¸±µ¥ ¨ ¸É É¨Î¥¸±µ¥ ¤¨¶µ²Ó-¤¨¶µ²Ó´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê  Éµ³ ³¨ [36], ¸Éµ²±´µ¢¥´¨Ö ¸ ¨§³¥´¥´¨¥³ ¸±µ·µ¸É¨
³¥¦¤Ê ¸ ³¨³¨  Éµ³ ³¨ ¨ ³¥¦¤Ê  Éµ³ ³¨ ¨ ¸É¥´± ³¨ ·¥§¥·¢Ê ·  [60] ¨ ¤·Ê£¨¥
¶·µÍ¥¸¸Ò.

„²Ö ¶· ±É¨Î¥¸±¨Ì Í¥²¥° ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ¡Ò É¥µ·¨Ö ¸ ³µÊÏ¨·¥´¨Ö µ± -
§ ² ¸Ó ´¥ ¸²¨Ï±µ³ £·µ³µ§¤±µ°, ´µ ¢ Éµ ¦¥ ¢·¥³Ö ÊÎ¨ÉÒ¢ ²  ´ ¨¡µ²¥¥ ¸ÊÐ¥-
¸É¢¥´´Ò¥ µ¸µ¡¥´´µ¸É¨ Ö¢²¥´¨Ö. ‚ [49] ¡Ò² ¶·¥¤²µ¦¥´ ¶·µ¸Éµ° ¸¶µ¸µ¡ ÊÎeÉ 

∗‚ ¡²¨¦´¥° §µ´¥ ¸ÊÐ¥¸É¢Ê¥É É ±¦¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ‚ ´-¤¥·-‚  ²Ó¸ , ¶·µ¶µ·Í¨µ´ ²Ó´µ¥
r−6 [51], ±µÉµ·µ¥ ¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ ¢ ¸É·µ£µ° É¥µ·¨¨ ²µ± ²Ó´µ£µ ¶µ²Ö [36, 52]. �É³¥Î ² ¸Ó
¨¤¥´É¨Î´ Ö Ë¨§¨Î¥¸± Ö ¶·¨·µ¤  ¸¨² ‚ ´-¤¥·-‚  ²Ó¸  ¨ ¸¨² Š §¨³¨·  Å ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê
Î ¸É¨Í ³¨ Î¥·¥§ ¢§ ¨³µµ¡³¥´ ËµÉµ´ ³¨ ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö [53, 54].
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¸ ³µÊÏ¨·¥´¨Ö, ¶·µ¨¸É¥± ÕÐ¥£µ ¨§ Ë²Ê±ÉÊ Í¨° · ¸¸ÉµÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨.
�·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ³¥Éµ¤  · ¸ÎeÉ  [39] ¶µ¤Ìµ¤ [49] ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨³¥-
´¨³ ¤²Ö µ¶¨¸ ´¨Ö ¸ ³µÊÏ¨·¥´¨Ö ¢ £¥É¥·µ£¥´´ÒÌ µ¶É¨Î¥¸±¨Ì ¸·¥¤ Ì. �·¨
ÔÉµ³, ¸²¥¤ÊÖ [36], ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸·¥¤Ò ε ¢ÒÎ¨¸²Ö¥É¸Ö ¶µ
Ëµ·³Ê²¥ (16) Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨,   § É¥³ ¶·¨´¨³ ÕÉ¸Ö ¢µ ¢´¨³ ´¨¥ Ë²Ê±-
ÉÊ Í¨¨ ¶²µÉ´µ¸É¨ Î ¸É¨Í N0.

„µ¶Ê¸É¨³, ÎÉµ ³µ´µÌ·µ³ É¨Î¥¸±µ¥ ¶µ²¥ Eêx e−i(ωt−kz), ¶µ²Ö·¨§µ¢ ´´µ¥
¢¤µ²Ó µ¸¨ x ¸ ¥¤¨´¨Î´Ò³ ¢¥±Éµ·µ³ êx, · ¸¶·µ¸É· ´Ö¥É¸Ö ¢¤µ²Ó µ¸¨ z ¢ µ¡Ñ-
e³¥ V ¸·¥¤Ò, ¸µ¸ÉµÖÐ¥° ¨§ ¤¨Ô²¥±É·¨Î¥¸±µ° ³ É·¨ÍÒ ¨ ´ ´µÎ ¸É¨Í (´ ´µ-
Ï ·µ¢) ¸ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸ÉÓÕ εmix + δε(r), £¤¥ δε(r) Å Ë²Ê±-
ÉÊ Í¨¨ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨, ¸¢Ö§ ´´Ò¥ ¸ Ë²Ê±ÉÊ Í¨Ö³¨ ¶²µÉ-
´µ¸É¨ ¸·¥¤Ò. 
 Ï  § ¤ Î  Å µ¶·¥¤¥²¨ÉÓ ¢±² ¤ Ë²Ê±ÉÊ Í¨° δε ¢ ¶µÉ¥·¨
¶ ¤ ÕÐ¥£µ ¨§²ÊÎ¥´¨Ö ¨ ¢ ¥£µ ¤¨¸¶¥·¸¨Õ. Œ¥Ì ´¨§³ ¶µÉ¥·Ó ¶ ¤ ÕÐ¥£µ ¨§-
²ÊÎ¥´¨Ö ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¥£µ · ¸¸¥Ö´¨¥ ´  Ë²Ê±ÉÊ Í¨ÖÌ ¶²µÉ´µ¸É¨.
� ¸¸³µÉ·¨³ ¶µ²¥ E′(r) e−iωt c Éµ° ¦¥ Î ¸ÉµÉµ°, ÎÉµ ¨ ¶ ¤ ÕÐ¥¥, · ¸¸¥Ö´´µ¥
´  Ë²Ê±ÉÊ Í¨ÖÌ δε(r). „µ¶Ê¸É¨³, ÎÉµ ¸·¥¤  ¨§µÉ·µ¶´ , ¨ · ¸¸¥Ö´¨¥ ¶·µ¨¸-
Ìµ¤¨É ´  Ë²Ê±ÉÊ Í¨ÖÌ ¸± ²Ö·´ÒÌ ¢¥²¨Î¨´ Å ¶²µÉ´µ¸É¨ ¨ · §³¥·µ¢ ´ ´µ-
Ï ·µ¢, É ± ÎÉµ εmix ¨ δε(r) Å ¸± ²Ö·Ò. ˆ§ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¸²¥¤Ê¥É
Ê· ¢´¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò Etot(r) = Eêx eikz + E′(r) ¶µ²´µ£µ ¶µ²Ö ¢ ¸·¥¤¥:
rot rot [Etot(r)] = k2

0Dtot(r), £¤¥ Dtot(r) = [εmix + δε(r)]Etot(r) Å ¢¥±Éµ· Ô²¥±-
É·¨Î¥¸±µ° ¨´¤Ê±Í¨¨; k0 = ω/c; cÅ ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥. ’ ±¨³ µ¡· §µ³,

rot rot [Eêx eikz +E′(r)] = k2
0 [εmix + δε(r)][Eêx eikz +E′(r)]. (18)

�¡µ§´ Î¨³ 〈...〉 Å Ê¸·¥¤´¥´¨¥ ¶µ Ë²Ê±ÉÊ Í¨Ö³. “¸·¥¤´ÖÖ Ê· ¢´¥´¨¥ (18),
ÊÎ¨ÉÒ¢ Ö, ÎÉµ 〈E′(r)〉 = 0, 〈δε(r)〉 = 0, 〈E〉 = Eêx eikz , ¶ ¤ ÕÐ¥¥ ¶µ²¥ ¶µ¶¥-
·¥Î´µ, É ± ÎÉµ rot rot(êx eikz) = −k2êx eikz , ¨ · §¤¥²ÖÖ Ê· ¢´¥´¨Ö ¤²Ö ¸·¥¤´¨Ì
¨ Ë²Ê±ÉÊ Í¨°, ´ Ìµ¤¨³, ÎÉµ ¥¤¨´¸É¢¥´´ Ö µÉ²¨Î´ Ö µÉ ´Ê²Ö x-±µ³¶µ´¥´É 
¸·¥¤´¥£µ ¶µ²Ö

(k2 − k2
0εmix)E e

ikz = k2
0〈δε(r)E′

x(r)〉. (19)

’ ±¨³ µ¡· §µ³, ¤µ¸É ÉµÎ´µ µ¶·¥¤¥²¨ÉÓ Éµ²Ó±µ ±µ³¶µ´¥´ÉÊ E′
x(r). ‚ ¸µµÉ¢¥É-

¸É¢¨¨ ¸ Ê· ¢´¥´¨Ö³¨ (18) ¨ (19) ¤µ²¦´µ ¡ÒÉÓ

rot rot [E′(r)] = k2
0 [εmixE

′(r) + δε(r)Eêx eikz + δε(r)E′(r)− 〈δε(r)E′(r)〉].
(20)


 °¤e³ ¶·¨¡²¨¦e´´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° (19), (20), ¶·¥´¥¡·¥£ Ö ¢±² ¤µ³
· §´µ¸É¨ δε(r)E′(r)− 〈δε(r)E′(r)〉 ¶µ ¸· ¢´¥´¨Õ ¸ ¢±² ¤µ³ ¶¥·¢ÒÌ ¤¢ÊÌ ¸² -
£ ¥³ÒÌ ¢ (20):

rot rot [E′(r)] ≈ k2
0 [εmixE

′(r) + δε(r)Eêx eikz ]. (21)
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‡ ³¥´¨³ ¢ ²¥¢µ° Î ¸É¨ (21) rot rotn[E′(r)] = graddiv [E′(r)] − ∆[E′(r)].

 °¤e³ div [E′(r)], ¨¸¶µ²Ó§ÊÖ

div [Dtot(r)] ≡ div {[εmix + δε(r)][Eêx eikz +E′(r)]} ≈
≈ εmix div [E′(r)] +E div [δε(r)êx eikz ] = 0,

µÉ±Ê¤  div [E′(r)] = −(E/εmix) eikz ∂/∂x [ δ ε(r)] ¨ x-±µ³¶µ´¥´É 
{grad div [E′(r)]}x = −(E/εmix) eikz ∂2/∂x2[ δ ε(r)]. ’ ±¨³ µ¡· §µ³, ¤²Ö
x-±µ³¶µ´¥´ÉÒ · ¸¸¥Ö´´µ£µ ¨§²ÊÎ¥´¨Ö ¨³¥¥³

−[∆ + k2
0/εmix]E

′
x(r) ≈

{
1
εmix

∂2[δε(r)]
∂x2

+ k2
0δε(r)

}
E eikz . (22)

� §²µ¦¨³ E′
x(r) ¢ ·Ö¤ ”Ê·Ó¥ ¶µ ¶·µ¸É· ´¸É¢¥´´µ° ±µµ·¤¨´ É¥ ¢ µ¡Ñe³¥ V :

E′
x(r) =

∑
k′ E′

x(k
′) eik

′r ¨ ¶µ¤¸É ¢¨³ ÔÉµ · §²µ¦¥´¨¥ ¢ (22). ˆ¸¶µ²Ó§ÊÖ

¸¢µ°¸É¢µ µ·Éµ£µ´ ²Ó´µ¸É¨
∫

V d3r ei(k
′−k)r = V δk′k, £¤¥ δkk = 1, δk′k = 1,

k′ �= k, ¶µ²ÊÎ ¥³ ¤²Ö ËÊ·Ó¥-±µÔËË¨Í¨¥´É 

E′
x(k

′) =
ε−1
mixδ̈ε(k

′,k) + k2
0δε(k

′,k)
(k′)2 − εmixk2

0

E, (23)

£¤¥ δε(k′,k) = V −1
∫

V
d3rδε(r) ei(kz−k′r) ¨ δ̈ε(k′,k) = V −1

∫
V
d3r{∂2[δε(r)]/

∂x2} ei(kz−k′r). �µ¤¸É ¢²ÖÖ ËÊ·Ó¥-· §²µ¦¥´¨¥ ¤²Ö · ¸¸¥Ö´´µ£µ ¨§²ÊÎ¥´¨Ö ¢
(19) ¨ ¨¸¶µ²Ó§ÊÖ É ³ ¸¢µ°¸É¢µ µ·Éµ£µ´ ²Ó´µ¸É¨ ËÊ·Ó¥-±µ³¶µ´¥´É ¨ ·¥§Ê²ÓÉ É
(23), ¶·¨Ìµ¤¨³ ± ¤¨¸¶¥·¸¨µ´´µ³Ê Ê· ¢´¥´¨Õ

k2 − εmixk
2
0 = k2

0J,

J ≡
∑
k′

k2
0〈δε(k,k′)δε(k′,k)〉
(k′)2 − εmixk2

0

+
∑
k′

〈δε(k,k′)δ̈ε(k′,k)〉
εmix[(k′)2 − εmixk2

0 ]
≡ J1 + J2. (24)

� ¸¸Î¨É ¥³ J1. ‡ ³¥´¨³ ¢ J1 ¸Ê³³¨·µ¢ ´¨¥ ¨´É¥£·¨·µ¢ ´¨¥³ ¶µ d3k′:

J1 ≈ k2
0

V

∫
d3k′

(2π)3

∫
V

d3rd3r′〈δε(r)δε(r′)〉 e
i[k(z−z′)−k′(r−r′)]

(k′)2 − εmixk2
0

. (25)

�·¥¤¶µ²µ¦¨³, ÎÉµ ¢¥²¨Î¨´  k′ ¢µ²´µ¢µ£µ ¢¥±Éµ·  ³µ¤Ò · ¸¸¥Ö´´µ£µ ¨§²ÊÎ¥-
´¨Ö ¡²¨§±  ±

√
εmixk0, Éµ£¤  µ¸´µ¢´µ° ¢±² ¤ ¢ ¨´É¥£· ² ¶µ d3k′ ¡Ê¤¥É ¤ ¢ ÉÓ

¶µ²Õ¸ ¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ k′ =
√
εmixk0. �·¥¤¶µ²µ¦¨³ É ±¦¥,

ÎÉµ ±µ··¥²ÖÍ¨µ´´ Ö ¤²¨´  ¤²Ö Ë²Ê±ÉÊ Í¨° δε(r) ³´µ£µ ³¥´ÓÏ¥ k−1, Éµ£¤ 
Ô±¸¶µ´¥´ÉÊ ¢ ¶µ¤Ò´É¥£· ²Ó´µ³ ¢Ò· ¦¥´¨¨ ¢ (25) ³µ¦´µ § ³¥´¨ÉÓ ´  1. ‚Ò-
Î¨¸²ÖÖ ¨´É¥£· ² ¢ (25) ¢ ÔÉ¨Ì ¶·¨¡²¨¦¥´¨ÖÌ, ´ Ìµ¤¨³

J1 ≈ 4πk2
0

V

∫ ∞

0

(k′)2dk′

(2π)3
〈δε2V 〉

(k′)2 − εmixk2
0

= ± i
√
εmixk

3
0

2πV
〈δε2V 〉, (26)
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£¤¥ 〈δε2V 〉 =
∫

V d3rd3r′〈δε(r)δε(r′)〉. „²Ö · ¸¸¥Ö´¨Ö ¢ ¶µ£²µÐ ÕÐ¥° ¸·¥¤¥,
±µ£¤  Im

√
εmix > 0 ¨ ¶µ²Õ¸ k′ =

√
εmixk0 ´ Ìµ¤¨É¸Ö ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸-

±µ¸É¨, ¢ ¢Ò· ¦¥´¨¨ (26) ¸²¥¤Ê¥É ¢§ÖÉÓ §´ ± ®+¯ . „²Ö Ê¸¨²¨¢ ÕÐ¥° ¸·¥¤Ò,
Im

√
εmix < 0, ¶µ²Õ¸ ´ Ìµ¤¨É¸Ö ¢ ´¨¦´¥° ¶µ²Ê¶²µ¸±µ¸É¨ ¨ ¢ (26) ¸²¥¤Ê¥É

¢Ò¡· ÉÓ §´ ± ®−¯ .
�·¨¡²¨¦¥´¨Ö, ¸¤¥² ´´Ò¥ ¶·¨ ¢Ò¢µ¤¥ ·¥§Ê²ÓÉ É  (26), Ô±¢¨¢ ²¥´É´Ò ¶·¥¤-

¶µ²µ¦¥´¨Õ µ ¤¥²ÓÉ -±µ··¥²¨·µ¢ ´´µ¸É¨ Ë²Ê±ÉÊ Í¨° δε(r). „¥°¸É¢¨É¥²Ó´µ,
¶µ² £ Ö ¢ (25)

〈δε(r)δε(r′)〉 = V −1〈δε2V 〉δ(r − r′), (27)

¶·¨Ìµ¤¨³ ± ·¥§Ê²ÓÉ ÉÊ (26). ‚µ¸¶µ²Ó§Ê¥³¸Ö ¸µµÉ´µÏ¥´¨¥³ (27) ¤²Ö ¢ÒÎ¨¸²¥-
´¨Ö J2. Š ± ¨ ¤²Ö J1, § ³¥´¨³ ¸Ê³³¨·µ¢ ´¨¥ ¨´É¥£·¨·µ¢ ´¨¥³ ¶µ d3k′:

J2 ≈ 1
εmixV

∫
d3k′

(2π)3

∫
V

d3rd3r′
{

∂2

∂(x′)2
〈δε(r)δε(r′)〉

}
ei[k(z−z′)−k′(r−r′)]

(k′)2 − εmixk2
0

,

(28)

£¤¥ ³Ò ¨§³¥´¨²¨ ¶µ·Ö¤µ± ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¥£µ ¶µ Ë²Ê±ÉÊ Í¨Ö³ ¨ ¤¨ËË¥·¥´-
Í¨·µ¢ ´¨Ö. �µ²Ó§ÊÖ¸Ó (27), ³µ¦´µ § ¶¨¸ ÉÓ

J2 ≈ 〈δε2V 〉
εmixV 2

∫
d3k′

(2π)3

∫
V

d3rd3r′
{

∂2

∂(x′)2
δ(r − r′)

}
ei[k(z−z′)−k′(r−r′)]

(k′)2 − εmixk2
0

.

(29)

Œµ¦´µ ¤µ± § ÉÓ ¸µµÉ´µÏ¥´¨¥∫
dx

∫
dy

[
∂µ+ν

∂xµ∂yµ
δ(x− y)

]
f(x, y) = (−1)µ+ν

∫
dx

[
∂µ+ν

∂xµ∂yµ
f(x, y)

]
x=y

.

(30)

ˆ¸¶µ²Ó§ÊÖ (30), ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ²Ò ¢ (29):

J2 ≈ − 〈δεV 〉
εmixV 2

∫
d3k′

(2π)3
(k′)2 sin2 θ cos2 ϕ
(k′)2 − εmixk2

0

= ∓ i
√
εmixk

3
0

6πV
〈δε2V 〉. (31)

’ ±¨³ µ¡· §µ³, ¤¨¸¶¥·¸¨µ´´µ¥ Ê· ¢´¥´¨¥ (24) ¶·¨µ¡·¥É ¥É ¢¨¤

k2 − εmixk
2
0 = ± i

√
εmixk

5
0

3πV
〈δε2V 〉. (32)


 °¤e³ 〈δε2V 〉. „µ¶Ê¸É¨³, ÎÉµ Ë²Ê±ÉÊ Í¨¨ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ-
¸É¨ ¢Ò§¢ ´Ò, ¢ µ¸´µ¢´µ³, Ë²Ê±ÉÊ Í¨Ö³¨ µ¡Ñe³  ¨ ±µ´Í¥´É· Í¨¨ ´ ´µÏ -
·µ¢, ¨ ¶·¥´¥¡·¥¦e³ ¢±² ¤µ³ Ë²Ê±ÉÊ Í¨° ¶²µÉ´µ¸É¨ ³ É·¨ÍÒ. ‚ ÔÉµ³ ¸²ÊÎ ¥
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δε = (∂εmix/∂η)δη, £¤¥ η Å µ¡Ñe³´ Ö ±µ´Í¥´É· Í¨Ö ´ ´µÏ ·µ¢. ’ ± ± ± εmix,
· ¸¸³ É·¨¢ ¥³µ¥ ¡¥§ ÊÎeÉ  Ë²Ê±ÉÊ Í¨°, ´¥ § ¢¨¸¨É µÉ r, ¶·µ¨§¢µ¤´ Ö ∂εmix/∂η
Éµ¦¥ ´¥ § ¢¨¸¨É µÉ r. ’ ±¨³ µ¡· §µ³, 〈δε2V 〉 = (∂εmix/∂η)2〈δη2

V 〉, £¤¥ δηV =∫
V d3rδη(r). ’ ± ± ± η = VbNb, £¤¥ Vb ¨ Nb, ¸µµÉ¢¥É¸É¢¥´´µ, µ¡Ñe³ ´ ´µÏ -
·µ¢ ¨ ¨Ì ±µ´Í¥´É· Í¨Ö, δη = NbδVb+VbδNb, £¤¥ Vb ¨ Nb Å ¸·¥¤´¨¥ §´ Î¥´¨Ö,
´¥ § ¢¨¸ÖÐ¨¥ µÉ r. ˆ´É¥£·¨·ÊÖ δη ¶µ V , ´ Ìµ¤¨³ δηV = δVbV + VbδNbV , £¤¥
δVbV , δNbV Å Ë²Ê±ÉÊ Í¨¨ ¶µ²´µ£µ µ¡Ñe³  ¨ ¶µ²´µ£µ Î¨¸²  ´ ´µÏ ·µ¢ ¢ V
¸µµÉ¢¥É¸É¢¥´´µ. �µ² £ Ö, ÎÉµ ÔÉ¨ Ë²Ê±ÉÊ Í¨¨ ¶Ê ¸¸µ´µ¢¸±¨¥, ³µ¦´µ § ¶¨¸ ÉÓ
〈δV 2

bV 〉 = NbV 〈δVb〉 ¨ 〈δN2
bV 〉 = NbV . �¡µ§´ Î¨¢ 〈δVb〉 = (p − 1)V 2

b , £¤¥
p− 1 Å ¤¨¸¶¥·¸¨Ö Ë²Ê±ÉÊ Í¨° µÉ´µ¸¨É¥²Ó´µ£µ µ¡Ñe³  ´ ´µÏ ·µ¢, ¶µ²ÊÎ ¥³
〈δε2V 〉 = pV η2(∂εmix/∂η)2/Nb ¨ Ö¢´Ò° ¢¨¤ ¤¨¸¶¥·¸¨µ´´µ£µ Ê· ¢´¥´¨Ö:

k2 = k2
0εmix

[
1± ipk3

0η
2

3πNb
√
εmix

(
∂εmix
∂η

)2
]
, (33)

£¤¥ εmix µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö (17), ¢ ±µÉµ·µ³ ¸²¥¤Ê¥É ¶µ²µ¦¨ÉÓ k = 1, 2;
η1 = η, ε1 = εb ¤²Ö ´ ´µÏ ·µ¢ ¨ η2 = 1− η, ε2 = εm ¤²Ö ³ É·¨ÍÒ. ‡´ ± ®+¯
¢Ò¡¨· ¥É¸Ö ¤²Ö ¶µ£²µÐ ÕÐ¥° ¸·¥¤Ò, §´ ± ®−¯ Å ¤²Ö Ê¸¨²¨¢ ÕÐ¥°.

”µ·³Ê²  (33) ³µ¦¥É ¶·¨³¥´ÖÉÓ¸Ö ¤²Ö µ¶¨¸ ´¨Ö ¸ ³µÊÏ¨·¥´¨Ö ¶² §³µ´-
´ÒÌ ·¥§µ´ ´¸µ¢ ³¥É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í ¢ ¶·µ§· Î´µ° ³ É·¨Íe ¨§-§  ·Ô²¥-
¥¢¸±µ£µ · ¸¸¥Ö´¨Ö ¶µ²Ö ´  ´ ´µÎ ¸É¨Í Ì. ‚³¥¸É¥ ¸ É¥³ ¶µ¤Ìµ¤, ¨¸¶µ²Ó§µ-
¢ ´´Ò° ¶·¨ ¢Ò¢µ¤¥ (33), ³µ¦¥É ¶·¨³¥´ÖÉÓ¸Ö ¨ ¤²Ö  ´ ²¨§  ¸ ³µÊÏ¨·¥´¨Ö ¢
¸²ÊÎ ¥, ±µ£¤  Ô²¥³¥´É ·´µ° Î ¸É¨Í¥°, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ¶µ²¥³, Ö¢²Ö¥É¸Ö
·¥§µ´ ´¸´Ò°  Éµ³.

3.3. ”µ·³Ê²  Œ ±¸¢¥²² -ƒ ·´¥É  ¤²Ö ²µ± ²Ó´µ£µ ¶µ²Ö. ”µ·³Ê²  Š² Ê-
§¨Ê¸ ÄŒµ¸¸µÉÉ¨ (17) ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¸¶µ¸µ¡µ³ µ¶¨¸ ´¨Ö ²µ± ²Ó-
´µ£µ ¶µ²Ö ¢ £¥É¥·µ£¥´´µ° ¸·¥¤¥. �´  ´¥ Ö¢²Ö¥É¸Ö  ¡¸µ²ÕÉ´µ ¸É·µ£µ°, ¢ Î ¸É-
´µ¸É¨, ¨§-§  Éµ£µ, ÎÉµ ¶·¨ ¢Ò¤¥²¥´¨¨ ¸Ë¥·¨Î¥¸±µ° ¶µ²µ¸É¨, ¶·¨ ¢Ò¢µ¤¥ (17),
¶·¥¤¶µ² £ ²µ¸Ó, ÎÉµ ¢ ´¥° ´¥É Î ¸É¨Í,   É ±¦¥ ¨§-§  ¶·¨¡²¨¦e´´µ£µ µ¶¨¸ -
´¨Ö ¶µ²¥° µÉ Î ¸É¨Í, µ±·Ê¦ ÕÐ¨Ì ¶µ²µ¸ÉÓ, Î¥·¥§ ³ ±·µ¸±µ¶¨Î¥¸±ÊÕ ¶µ²Ö-
·¨§ Í¨Õ ¸·¥¤Ò P. ‘ ¶µ³µÐÓÕ ³¨±·µ¸±µ¶¨Î¥¸±µ° ¶·µÍ¥¤Ê·Ò ¸Ê³³¨·µ¢ ´¨Ö
¨§²ÊÎ¥´¨Ö µÉ µÉ¤¥²Ó´ÒÌ ¤¨¶µ²¥° ¶µ± § ´µ, ÎÉµ ¤²Ö ·¥§µ´ ´¸´ÒÌ ¸·¥¤ ¤¢ÊÌ-
Ê·µ¢´¥¢ÒÌ  Éµ³µ¢ ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö, ± ± ¢ Ê· ¢´¥´¨¨ (12), ¢ ÉµÎ-
´µ¸É¨ ¸µµÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ Éµ´±µ° ¶²e´±¨, Éµ²Ð¨´µ° ³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò
¢µ²´Ò ¶ ¤ ÕÐ¥£µ ¨§²ÊÎ¥´¨Ö [33]. —¨¸²¥´´Ò¥ · ¸ÎeÉÒ ¤²Ö ·¥§µ´ ´¸´ÒÌ ¸·¥¤
· §²¨Î´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ±µ´Ë¨£Ê· Í¨° ¶µ± §Ò¢ ÕÉ ´¥±µÉµ·Ò¥ µÉ±²µ´¥´¨Ö
µÉ ·¥§Ê²ÓÉ É  (17). ‘¸Ò²±¨ ´  ²¨É¥· ÉÊ·Ê ¶µ É¥µ·¥É¨Î¥¸±µ³Ê ¨¸¸²¥¤µ¢ ´¨Õ
²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨¢µ¤ÖÉ¸Ö ´¨¦¥, ¢ ÔÉµ³ · §¤¥²¥ µ¡¸Ê¤¨³ ´ ¨¡µ²¥¥ ¶µ¶Ê-
²Ö·´ÊÕ ¨§  ²ÓÉ¥·´ É¨¢´ÒÌ (17) Ëµ·³Ê²Ê Œ ±¸¢¥²² -ƒ ·´¥É  [10, 48]. �·¥¤-
² £ ¥³Ò° ´¨¦¥ ¢Ò¢µ¤ µ¸´µ¢ ´ ´  ¨É¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·¥, ¢ ±µÉµ·µ° Ëµ·-
³Ê²  Œ ±¸¢¥²² -ƒ ·´¥É  ¶µ²ÊÎ ¥É¸Ö ± ± ¶¥·¢µ¥ ¶·¨¡²¨¦¥´¨¥ ¶µ µÉ´µÏ¥´¨Õ
± ¢±² ¤Ê ´ ´µÎ ¸É¨Í ¢ ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ¶·µ´¨Í ¥³µ¸ÉÓ £¥É¥·µ£¥´´µ° ¸·¥¤Ò.
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�·¥¤¸É ¢¨³ Ëµ·³Ê²Ê Œ ±¸¢¥²² -ƒ ·´¥É  [27] ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

εmix − εm
εmix + 2εm

=
∑

k

ηk
εbk − εm
εbk + 2εm

, (34)

£¤¥ εmix Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸³¥¸¨ ´ ´µÎ ¸É¨Í ´¥¸±µ²Ó±¨Ì
¸µ·Éµ¢, ¶µ³¥Ðe´´ÒÌ ¢ ³ É·¨ÍÊ ¸ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸ÉÓÕ εm, ¨
εbk Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ´ ´µÎ ¸É¨Í k-£µ ¸µ·É . Œµ¦´µ ¶·¥¤-
²µ¦¨ÉÓ ¸²¥¤ÊÕÐ¨° ¢Ò¢µ¤ Ëµ·³Ê²Ò (34) ¤²Ö ¶·µ¸Éµ£µ ¸²ÊÎ Ö ´ ´µÏ ·µ¢ µ¤-
´µ£µ ¸µ·É .

� ¸¸³µÉ·¨³ £¥É¥·µ£¥´´ÊÕ ¸·¥¤Ê, ¸µ¸ÉµÖÐÊÕ ¨§ ³ É·¨ÍÒ ¸ ¤¨Ô²¥±É·¨Î¥-
¸±µ° ¶·µ´¨Í ¥³µ¸ÉÓÕ εm ¨ ´ ´µÏ ·µ¢ · ¤¨Ê¸µ³ r ¨§ ³ É¥·¨ ²  ¸ ¤¨Ô²¥±É·¨-
Î¥¸±µ° ¶·µ´¨Í ¥³µ¸ÉÓÕ εb. ‚Ò¤¥²¨³ ¢ ¸·¥¤¥ ¸Ë¥·¨Î¥¸±ÊÕ µ¡² ¸ÉÓ · ¤¨Ê¸µ³
R ¸ Í¥´É·µ³ ¢ ¸²ÊÎ °´µ ¢Ò¡· ´´µ° ÉµÎ±¥ A. „µ¶Ê¸É¨³, ÎÉµ r � R � Rons, λ,
£¤¥ Rons Å · ¤¨Ê¸ �´¸ £¥· , µ¶·¥¤¥²Ö¥³Ò° ¨§ Ê¸²µ¢¨Ö (4π/3)R3

onsNb = 1;
Nb Å ±µ´Í¥´É· Í¨Ö ´ ´µÏ ·µ¢; λ Å ¤²¨´  ¢µ²´Ò ¨§²ÊÎ¥´¨Ö. �·¨ ¸²ÊÎ °-
´µ³ ¢Ò¡µ·¥ ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ ´ ¨¡µ²¥¥ ¢¥·µÖÉ´Ò ¤¢  ¸²ÊÎ Ö: µ¡² ¸ÉÓ ´¥
¸µ¤¥·¦¨É ´¨ µ¤´µ£µ ´ ´µÏ ·  ¨²¨ µ¡² ¸ÉÓ ¸µ¤¥·¦¨É ¥¤¨´¸É¢¥´´Ò° ´ ´µÏ ·.
‚ ¸¨²Ê Ê¸²µ¢¨Ö R � Rons ¢¥·µÖÉ´µ¸ÉÓ ´ °É¨ ¢ ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ ¤¢  ´ -
´µÏ ·  ¨ ¡µ²¥¥ ¶·¥´¥¡·¥¦¨³µ ³ ² . �¡µ§´ Î¨³ ε Å ¶µ²Ö·¨§Ê¥³µ¸ÉÓ £¥É¥·µ-
£¥´´µ° ¸·¥¤Ò ¨ · ¸¸Î¨É ¥³ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ α ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ ³¥Éµ¤µ³
¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶µ µÉ´µÏ¥´¨Õ ± ε− εm. ‚ ´Ê²¥¢µ³ ¶·¨¡²¨-
¦¥´¨¨ ε = εm. ‚ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¸·¥¤Ò
¢µ±·Ê£ ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ ¶µ² £ ¥É¸Ö · ¢´µ° εm,   ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¸ ³µ°
µ¡² ¸É¨ § ¢¨¸¨É µÉ Éµ£µ, ¶µ¶ ²  ÉÊ¤  ´ ´µÎ ¸É¨Í  ¨²¨ ´¥É. ’ ±¨³ µ¡· §µ³,
¶µ²Ö·¨§Ê¥³µ¸ÉÓ α(A) ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ ¢µ±·Ê£ ÉµÎ±¨ A · ¢´  ¶µ²Ö·¨§Ê¥-
³µ¸É¨ ´ ´µÏ ·  ¢ ¸·¥¤¥ εm, ¥¸²¨ ¢ µ¡² ¸ÉÓ ¶µ¶ ²  ´ ´µÎ ¸É¨Í , É. ¥.

α(A) = r3 εb − εm
εb + 2εm

(35)

¸µ£² ¸´µ [45]∗. �µ² £ Ö ¢ (35) εb = εm, ¶µ²ÊÎ ¥³, ÎÉµ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¸Ë¥-
·¨Î¥¸±µ° µ¡² ¸É¨ ¢ ³ É·¨Í¥ · ¢´  ´Ê²Õ, ¥¸²¨ É ³ ´¥É ´ ´µÎ ¸É¨Í. ‘²¥-
¤µ¢ É¥²Ó´µ, ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ ε − εm ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¸Ë¥·¨Î¥¸±µ°
µ¡² ¸É¨, Ê¸·¥¤´e´´ Ö ¶µ ³´µ£¨³ ¸²ÊÎ °´µ ¢Ò¡· ´´Ò³ ÉµÎ± ³ A = A1, A2, ...,
· ¢´ 

α =Wr3 εb − εm
εb + 2εm

,

£¤¥ W Å ¢¥·µÖÉ´µ¸ÉÓ µ¡´ ·Ê¦¨ÉÓ ´ ´µÏ · ¢ ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨. „²Ö ³ -
²µ° µ¡² ¸É¨ W � 1 ¨ Éµ£¤  W ≈ VRNb, £¤¥ VR = (4π/3)R3 Å µ¡Ñe³ ¸Ë¥-
·¨Î¥¸±µ° µ¡² ¸É¨; N−1

b Å µ¡Ñe³, ¶·¨Ìµ¤ÖÐ¨°¸Ö ´  µ¤¨´ ´ ´µÏ ·. ’ ±¨³

∗’ ± ± ± R, r � λ, ¶·¨ µ¶·¥¤¥²¥´¨¨ ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ³µ¦´µ ¶µ²Ó§µ¢ ÉÓ¸Ö
Ô²¥±É·µ¸É É¨Î¥¸±µ° É¥µ·¨¥°, ± ± ¢ [45].
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µ¡· §µ³, ¸·¥¤´ÖÖ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ £¥É¥·µ£¥´´µ° ¸·¥¤Ò ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨
¶µ ε− εm ¥¸ÉÓ

α = R3η
εb − εm
εb + 2εm

, (36)

£¤¥ η = (4π/3)r3Nb Å µÉ´µ¸¨É¥²Ó´ Ö µ¡Ñe³´ Ö ±µ´Í¥´É· Í¨Ö ´ ´µÏ ·µ¢.
Š ± ¢¨¤´µ, ¸·¥¤´ÖÖ ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ¸Ë¥·¨Î¥¸±µ° µ¡² ¸É¨ £¥É¥·µ£¥´´µ°

¸·¥¤Ò ´¥ · ¢´  ´Ê²Õ ¢ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö µ¤´µ·µ¤´µ° (£µ³µ£¥´´µ°) ¸·¥¤Ò.
…¸²¨ ¦¥ oÌ · ±É¥·¨§µ¢ ÉÓ £¥É¥·µ£¥´´ÊÕ ¸·¥¤Ê ¥e ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥-
³µ¸ÉÓÕ ε, Éµ ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ ε− εm ¤²Ö ¶µ²Ö·¨§Ê¥³µ¸É¨ ¸Ë¥·¨Î¥-
¸±µ° µ¡² ¸É¨ ³µ¦´µ § ¶¨¸ ÉÓ

α = R3 ε− εm
ε+ 2εm

. (37)

�·¨· ¢´¨¢ Ö ¸µµÉ´µÏ¥´¨Ö (36) ¨ (37), ¶µ²ÊÎ ¥³ Ëµ·³Ê²Ê (34) Œ ±¸¢¥²² -
ƒ ·´¥É  ¤²Ö µ¤´µ£µ ¸µ·É  ´ ´µÎ ¸É¨Í ¢ ³ É·¨Í¥. �´  ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³
µ¡µ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ³´µ£¨Ì ¸µ·Éµ¢ ´ ´µÎ ¸É¨Í.

�¡µ§´ Î¨³ ε = ε1 Å ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ¶·µ´¨Í ¥³µ¸ÉÓ ¸³¥¸¨, ´ °¤¥´-
´ÊÕ ¢ ¶¥·¢µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ ε − εm. 
¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ ¢µ ¢Éµ·µ³
¶·¨¡²¨¦¥´¨¨ ε = ε2, £¤¥ ε2 Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ

ε2 − ε1
ε2 + 2ε1

= (1 − η)
εm − ε1
εm + 2ε1

+ η
εb − ε1
εb + 2ε1

. (38)

�¥·¢µ¥ ¸² £ ¥³µ¥ ¢ ¶· ¢µ° Î ¸É¨ (38) ¸µµÉ¢¥É¸É¢Ê¥É ¶µ²Ö·¨§Ê¥³µ¸É¨ ¸Ë¥-
·¨Î¥¸±µ° µ¡² ¸É¨ ¡¥§ ´ ´µÏ · , ±µÉµ· Ö ¢µ ¢Éµ·µ³ ¶·¨¡²¨¦¥´¨¨ ¶µ ε − εm
µÉ²¨Î´  µÉ ´Ê²Ö. 
¥µ¡Ìµ¤¨³Ò³ Ê¸²µ¢¨¥³ ¶·¨³¥´¨³µ¸É¨ Ëµ·³Ê²Ò Œ ±¸¢¥²² -
ƒ ·´¥É  ¤²Ö ¥¤¨´¸É¢¥´´µ£µ ¸µ·É  ´ ´µÏ ·µ¢ Ö¢²Ö¥É¸Ö, ¸²¥¤µ¢ É¥²Ó´µ, ε2 < ε1.
�É³¥É¨³, ÎÉµ ¢ ¸²ÊÎ ¥ ε1 → 1 Ëµ·³Ê²  (38) ¶¥·¥Ìµ¤¨É ¢ Ëµ·³Ê²Ê Š² Ê§¨Ê¸ Ä
Œµ¸¸µÉÉ¨ ¤²Ö ¥¤¨´¸É¢¥´´µ£µ ¸µ·É  ´ ´µÏ ·µ¢. 
 ³¨ ¡Ò²¨ ¶·µ¢¥¤¥´Ò Î¨-
¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ, ¢ ±µÉµ·ÒÌ ¢ÒÎ¨¸²Ö²¨¸Ó ¡µ²¥¥ ¢Ò¸µ±¨¥ ¨É¥· Í¨¨ ¨
´ °¤¥´µ ¤¢  ¶·¥¤¥²Ó´ÒÌ §´ Î¥´¨Ö ε. �¤´µ ¸µµÉ¢¥É¸É¢Ê¥É ¤¨Ô²¥±É·¨Î¥¸±µ°
¶·µ´¨Í ¥³µ¸É¨ ¸¶²µÏ´µ° £¥É¥·µ£¥´´µ° ¸·¥¤Ò, ± ÔÉµ³Ê §´ Î¥´¨Õ ¸É·¥³¨É¸Ö
ε2,   ¤·Ê£µ¥ Å ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ¸·¥¤Ò ¢¡²¨§¨ ¶Ê¸Éµ° ¸Ë¥·¨-
Î¥¸±µ° ¶µ²µ¸É¨, ± ÔÉµ³Ê §´ Î¥´¨Õ ¸É·¥³¨É¸Ö ε1.

‚ · ¡µÉ Ì [26, 27] µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´ÒÌ ¸·¥¤ ¨¸¸²¥¤µ¢ -
²¨¸Ó, ¸µµÉ¢¥É¸É¢¥´´µ, ¸ ¶µ³µÐÓÕ Ëµ·³Ê² Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ ¨ Œ ±¸¢¥²² -
ƒ ·´¥É . 
¥¸³µÉ·Ö ´  ´¥±µÉµ·µ¥ ±µ²¨Î¥¸É¢¥´´µ¥ · §²¨Î¨¥ ·¥§Ê²ÓÉ Éµ¢, µ¡¥
Ëµ·³Ê²Ò ¶·¥¤¸± §Ò¢ ÕÉ ± Î¥¸É¢¥´´µ µ¤¨´ ±µ¢Ò¥ ÔËË¥±ÉÒ (¸³. · §¤. 5). 
 ¨-
¡µ²¥¥ ¶·¨´Í¨¶¨ ²Ó´µ¥ Ö¢²¥´¨¥, ±µÉµ·µ¥ ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
µ¡¥¨Ì Ëµ·³Ê², Å ¸ ³µÊÏ¨·¥´¨¥. �Éµ ³µ¦´µ ¸¤¥² ÉÓ É ±, ± ± ¶µ± § ´µ ¢
¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.
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3.4. 	¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´ÒÌ ¸·¥¤, µ¡Ê¸²µ¢²¥´´Ò¥ ²µ± ²Ó-
´Ò³ ¶µ²¥³: ¸µ¢·¥³¥´´µ¥ ¸µ¸ÉµÖ´¨¥ ¨¸¸²¥¤µ¢ ´¨°. ‡¤¥¸Ó ¶·¨¢µ¤ÖÉ¸Ö ¸¸Ò²±¨
¨ µ¡¸Ê¦¤ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ´¥±µÉµ·ÒÌ · ¡µÉ, ¢ ±µÉµ·ÒÌ ¨¸¸²¥¤µ¢ ²µ¸Ó ²µ± ²Ó-
´µ¥ ¶µ²¥ ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì. Š ± µÉ³¥Î ²µ¸Ó, ¶µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö
É¥¸´µ ¸¢Ö§a´  ¸µ ¸É·Ê±ÉÊ·µ° ¢¥Ð¥¸É¢ , ¤¨¶µ²Ó-¤¨¶µ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³
³¥¦¤Ê ¥£µ ³¨±·µ±µ³¶µ´¥´É ³¨ (´ ´µÎ ¸É¨Í ³¨, µÉ¤¥²Ó´Ò³¨  Éµ³ ³¨) · §³¥-
·µ³ ³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò.

‹µ± ²Ó´µ¥ ¶µ²¥ ³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´µ ³µ¤¨Ë¨Í¨·µ¢ ´µ ´ ´µÎ ¸É¨-
Í ³¨. �É³¥É¨³ ´¥±µÉµ·Ò¥ É¥µ·¥É¨Î¥¸±¨¥ · §· ¡µÉ±¨ ¨ Ô±¸¶¥·¨³¥´ÉÒ, ± ¸ -
ÕÐ¨¥¸Ö ²µ± ²Ó´µ£µ ¶µ²Ö, ¢Ò¶µ²´¥´´Ò¥ ¤²Ö £¥É¥·µ£¥´´ÒÌ ¸·¥¤, ¸µ¸ÉµÖÐ¨Ì ¨§
´ ´µÎ ¸É¨Í, ±² ¸É¥·µ¢, Ë· ±É ²Ó´ÒÌ ¸É·Ê±ÉÊ· ¨ ËÊ²²¥·¥´µ¢.

3.4.1. ‹µ± ²Ó´µ¥ ¶µ²¥ ¢ ±² ¸É¥·´ÒÌ ¸·¥¤ Ì, ¢ Éµ³ Î¨¸²¥ ¸ Ë· ±É ²Ó´µ°
¸É·Ê±ÉÊ·µ°. pÒ²µ ¶µ± § ´µ, ÎÉµ ¸¨²Ó´Ò¥ Ë²Ê±ÉÊ Í¨¨ ²µ± ²Ó´µ£µ ¶µ²Ö ³µ£ÊÉ
¶·¨¢¥¸É¨ ± µÎ¥´Ó ¡µ²ÓÏ¨³ µ¶É¨Î¥¸±¨³ ´¥²¨´¥°´µ¸ÉÖ³ ±µ³¶µ§¨Éµ¢ (±² ¸É¥-
·µ¢) ³ ²ÒÌ Î ¸É¨Í. ‚ ±² ¸É¥·´µ° ¸·¥¤¥ ¸ÊÐ¥¸É¢¥´´µ ¶µ¢ÒÏ ÕÉ¸Ö ÔËË¥±-
É¨¢´µ¸É¨ Î¥ÉÒ·eÌ¢µ²´µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö, £¥´¥· Í¨¨ É·¥ÉÓ¥° £ ·³µ´¨±¨,
· ³ ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö, ´¥²¨´¥°´µ° ¤¨¸¶¥·¸¨¨ ¨ ¶µ£²µÐ¥´¨Ö ¢ ¸·¥¤ Ì ¸
±¥··µ¢¸±µ° ´¥²¨´¥°´µ¸ÉÓÕ. �¸µ¡¥´´µ ¢¥²¨±¨ Ë²Ê±ÉÊ Í¨¨ ²µ± ²Ó´µ£µ ¶µ²Ö
¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ´¥²¨´¥°´Ò¥ ÔËË¥±ÉÒ ¢ ¸·¥¤ Ì ±² ¸É¥·µ¢ ¸ Ë· ±É ²Ó´µ°
¸É·Ê±ÉÊ·µ°. “¸¨²¥´¨¥ µ¶É¨Î¥¸±¨Ì Ö¢²¥´¨° ¢ É ±¨Ì ¸·¥¤ Ì µ¶¨¸Ò¢ ¥É¸Ö Î¥-
·¥§ ·¥§µ´ ´¸´µ¥ ²¨´¥°´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ (¶µ£²µÐ¥´¨¥) ¶µ²Ö ±µ²²¥±É¨¢´µ°
¤¨¶µ²Ó´µ° ³µ¤µ° ±² ¸É¥·  ¸ µ¶·¥¤¥²e´´µ° ¤µ¡·µÉ´µ¸ÉÓÕ q ¶·¨ ²¨´¥°´µ³
¢§ ¨³µ¤¥°¸É¢¨¨ q = q1. �µ± § ´µ, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢µ¸¶·¨¨³Î¨¢µ¸É¨
±µ³¶µ§¨É  ¶·µ¶µ·Í¨µ´ ²Ó´Ò q3 ¤²Ö · ³ ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ¨ ±¥··µ¢¸±µ°
´¥²¨´¥°´µ¸É¨ ¨ q4, q6 ¤²Ö £¥´¥· Í¨¨ É·¥ÉÓ¥° £ ·³µ´¨±¨ ¨ Î¥ÉÒ·eÌ¢µ²´µ¢µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö ¸µµÉ¢¥É¸É¢¥´´µ [61].

�·¥¤¸± § ´µ £¨£ ´É¸±µ¥ Ê¢¥²¨Î¥´¨¥ ´¥²¨´¥°´ÒÌ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° ¶·¨-
³¥¸¥°, ¢±²ÕÎe´´ÒÌ ¢µ Ë· ±É ²Ó´Ò¥ ¸É·Ê±ÉÊ·Ò, µ¡ÑÖ¸´Ö¥³µ¥ ¢µ§¤¥°¸É¢¨¥³
¸¨²Ó´µ£µ ²µ± ²Ó´µ£µ ¶µ²Ö Ë· ±É ²Ó´ÒÌ ¸É·Ê±ÉÊ· ´  ¶·¨³¥¸¨. ‚ ¦´µ¥ §´ Î¥-
´¨¥ ¨³¥¥É ´¥µ¤´µ·µ¤´Ò° Ì · ±É¥· ÊÏ¨·¥´¨Ö ¸¶¥±É·  Ë· ±É ²Ó´ÒÌ ¸É·Ê±ÉÊ·
¨, ¸²¥¤µ¢ É¥²Ó´µ, Î ¸É¨Î´µ¥ ¸µÌ· ´¥´¨¥ ¸¢µ°¸É¢ ³µ´µ³¥·µ¢, ¸µ¸É ¢²ÖÕÐ¨Ì
Ë· ±É ². Š ¦¤Ò° ³µ´µ³¥· ³µ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ·¥§µ´ Éµ·, ¨ Ê¢¥²¨Î¥-
´¨¥ ´¥²¨´¥°´ÒÌ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° ¶·µ¶µ·Í¨µ´ ²Ó´µ Q-Ë ±Éµ·Ê ÔÉµ£µ ·¥§µ-
´ Éµ· . “¸¨²¥´¨¥ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° § ¢¨¸¨É µÉ Ì Ê¸¤µ·Ëµ¢c±µ° · §³¥·´µ¸É¨
Ë· ±É ²µ¢ ¨ Ê³¥´ÓÏ ¥É¸Ö, ±µ£¤  ¶µ¸²¥¤´ÖÖ ¸É ´µ¢¨É¸Ö É·¨¢¨ ²Ó´µ° (Í¥²µÎ¨-
¸²¥´´µ°) [62].

�±¸¶¥·¨³¥´É ²Ó´µ ¨¸¸²¥¤µ¢ ²¨¸Ó µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  Ë· ±É ²Ó´ÒÌ ´ -
´µ¸É·Ê±ÉÊ· ¢ ³¨±·µ·¥§µ´ Éµ· Ì. ‚µ-¶¥·¢ÒÌ, ²µ± ²Ó´µ¥ ¶µ²¥ ¸ÊÐ¥¸É¢¥´´µ
Ê¸¨²¨¢ ²µ¸Ó ¢¡²¨§¨ ´ ´µ¸É·Ê±ÉÊ· · §³¥·µ³ ³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò µ¶É¨-
Î¥¸±µ£µ ¨§²ÊÎ¥´¨Ö, ¢µ-¢Éµ·ÒÌ, µ¶É¨Î¥¸±¨¥ ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ²µ± ²Ó´Ò³
¶µ²¥³, ¢µ§· ¸É ²¨ ¨§-§  ´ ²¨Î¨Ö ³¨±·µ·¥§µ´ Éµ· . ‚ Ô±¸¶¥·¨³¥´É Ì ¸ ¨¸-
¶µ²Ó§µ¢ ´¨¥³ µÎ¥´Ó ¸² ¡µ£µ ² §¥·´µ£µ ¨§²ÊÎ¥´¨Ö ³µÐ´µ¸ÉÓÕ ´¨¦¥ 1 ³‚É ´ -
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¡²Õ¤ ²µ¸Ó Ê¸¨²¥´¨¥ · ³ ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ¨§²ÊÎ¥´¨Ö Ë· ±É ²Ó´Ò³¨ ¸É·Ê±-
ÉÊ· ³¨ [63].

�µ¸É·µ¥´  ³ ¸ÏÉ ¡´µ-¨´¢ ·¨ ´É´ Ö É¥µ·¨Ö ²¨´¥°´ÒÌ µ¶É¨Î¥¸±¨Ì
¸¢µ°¸É¢ ´¥É·¨¢¨ ²Ó´ÒÌ Ë· ±É ²µ¢ ¢ µ¡² ¸É¨ ±µ²²¥±É¨¢´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸
¶µ²¥³, É. ¥. µ±µ²µ Í¥´É·  ²¨´¨¨ ¶µ£²µÐ¥´¨Ö. ˆ¸¸²¥¤µ¢ ´Ò ¸¨²Ó´Ò¥ Ë²Ê±ÉÊ -
Í¨¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ´¥É·¨¢¨ ²Ó´ÒÌ Ë· ±É ² Ì, ¶·¨¢µ¤ÖÐ¨¥ ± £¨£ ´É¸±µ³Ê
Ê¸¨²¥´¨Õ · ³ ´µ¢¸±µ£µ ¨ ´¥²¨´¥°´µ£µ ¶ · ³¥É·¨Î¥¸±µ£µ · ¸¸¥Ö´¨Ö ¸¢¥É .
� ¸¸Î¨É ´ ¶µ·µ£ ¸¶¥±É· ²Ó´µ-¸¥²¥±É¨¢´µ° ¨ ¶µ²Ö·¨§ Í¨µ´´µ-¸¥²¥±É¨¢´µ° Ëµ-
Éµ³µ¤¨Ë¨± Í¨¨ Ë· ±É ²µ¢ [64]. ‚ [65] µÉ³¥Î ²¨¸Ó £¨£ ´É¸±¨¥ Ë²Ê±ÉÊ Í¨¨
¨´É¥´¸¨¢´µ¸É¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¢µ Ë· ±É ²Ó´ÒÌ ±² ¸É¥· Ì, ¸¢Ö§ ´´Ò¥ ¸ ¢Ò¸µ-
±µ° ¤µ¡·µÉ´µ¸ÉÓÕ (´¨§±¨³¨ ¶µÉ¥·Ö³¨) µ¶É¨Î¥¸±¨Ì ·¥§µ´ ´¸µ¢. �µ± § ´µ, ÎÉµ
 ´µ³ ²¨¨ ´¥²¨´¥°´µ-µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ë· ±É ²µ¢ ¸¢Ö§ ´Ò ¨³¥´´µ ¸ Ë²Ê±-
ÉÊ Í¨Ö³¨,   ´¥ ¸ ¡µ²ÓÏ¨³ ¸·¥¤´¨³ §´ Î¥´¨¥³ ²µ± ²Ó´µ£µ ¶µ²Ö. � ¸¸Î¨É ´ 
ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö, ¢ ´¥° ´ °¤¥´  ´µ¢ Ö § ¢¨¸¨³µ¸ÉÓ
µÉ Ì · ±É¥·´µ£µ ³ ¸ÏÉ ¡ .

’¥µ·¥É¨Î¥¸±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ µ±·¥¸É´µ¸É¨ µ¤´µ£µ ¨²¨
¶ ·Ò ³¥É ²²¨Î¥¸±¨Ì ±² ¸É¥·µ¢ ¢Ò¶µ²´¥´µ ¢ [66], É¥µ·¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ¢
¸¨¸É¥³ Ì ´ ´µÎ ¸É¨Í, · §· ¡µÉ ´´ Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¤¨ £· ³³´µ° É¥Ì´¨±¨,
¶·¥¤¸É ¢²¥´  ¢ [67].

�É³¥Î ²µ¸Ó, ÎÉµ Ê¸¨²¥´¨¥ · ³ ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ¨ Ë²Êµ·¥¸Í¥´Í¨¨ ¢Ò-
§¢ ´µ, ¢¶µ²´¥ ¢µ§³µ¦´µ, ¸¨²Ó´Ò³ ²µ± ²Ó´Ò³ ¶µ²¥³, ¢µ§´¨± ÕÐ¨³ ¶·¨ ¶ ¤¥-
´¨¨ Ô²¥±É·µ³ £´¨É´µ° ¢µ²´Ò λ ∼ 200−1200 ´³ ´  ¶µ¢¥·Ì´µ¸ÉÓ ¶µ³¥Ðe´´µ° ¢
¢µ¤Ê ³¨±·µ¸Ë¥·Ò ¨§ ¡² £µ·µ¤´µ£µ ³¥É ²²  (Ag, Cu ¨ Au) · ¤¨Ê¸µ³ 0÷300 ´³.

 ¨¡µ²ÓÏ¨° ÔËË¥±É ¢µ§´¨± ², ±µ£¤  Î ¸ÉµÉ  ¶µ²Ö ¸µ¢¶ ¤ ²  ¸ Î ¸ÉµÉµ° ¤¨-
¶µ²Ó´µ£µ ¨²¨ ³Ê²ÓÉ¨¶µ²Ó´µ£µ ¶² §³µ´´µ£µ ·¥§µ´ ´¸  ³¨±·µ¸Ë¥·Ò [68].

�ÊÉe³ · ¸ÎeÉµ¢ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ëµ·³ ²¨§³  Œ ±¸¢¥²² -ƒ ·´¥É  ¶·¥¤-
¸± § ´µ ¨§³¥´¥´¨¥ §´ ±  ´¥²¨´¥°´µ£µ ¶µ£²µÐ¥´¨Ö §µ²µÉÒÌ Î ¸É¨Í ¢ ¢µ¤¥,
ÌµÉÖ ´¥²¨´¥°´µ¥ ¶µ£²µÐ¥´¨¥ ¶µ²µ¦¨É¥²Ó´µ ¤²Ö ± ¦¤µ° ¨§ ±µ³¶µ´¥´É ¸³¥¸¨
¢ µÉ¤¥²Ó´µ¸É¨. �Éµ µ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉµ ¶² §³µ´´Ò° ·¥§µ´ ´¸ ¶·¨µ¡·¥É ¥É
³´¨³ÊÕ ±µ³¶µ´¥´ÉÊ ¨§-§  ¸¤¢¨£  Ë § ³¥¦¤Ê ¶·¨²µ¦¥´´Ò³ ¶µ²¥³ ¨ ²µ± ²Ó-
´Ò³ ¶µ²¥³ ¢´ÊÉ·¨ Î ¸É¨ÍÒ [69].

� §¢¨É  ´¥²¨´¥°´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¤²Ö µ¶¨¸ ´¨Ö µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢
´¥²¨´¥°´µ° ³ É·¨ÍÒ ¸ Î ¸É¨Í ³¨ ¨ ¶µ²ÊÎ¥´  µ¡Ð Ö Ëµ·³Ê²  ¤²Ö ¢ÒÎ¨¸²¥-
´¨Ö ´¥²¨´¥°´ÒÌ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° ¤µ ¶ÖÉµ£µ ¶µ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´µ. ’¥µ-
·¨Ö ¶·¨³¥´¨³  ¤²Ö ¤¢Ê³¥·´ÒÌ ¨ É·eÌ³¥·´ÒÌ ¸¨¸É¥³. ‚ ¤¢Ê³¥·´µ³ ¸²ÊÎ ¥
· ¸¸³ É·¨¢ ²¨¸Ó Î ¸É¨ÍÒ ¢ ¢¨¤¥ Í¨²¨´¤·µ¢ ¨ ±µ´Í¥´É·¨Î¥¸±¨Ì Í¨²¨´¤·µ¢,
¶µ¸²¥¤´¨° ¸²ÊÎ ° µ¡µ¡Ð ²¸Ö ´  ¸·¥¤Ê ¸ Î ¸É¨Í ³¨ Å Ô²²¨¶É¨Î¥¸±¨³¨ Í¨-
²¨´¤· ³¨. ‚Ò¢¥¤¥´  µ¡Ð Ö Ëµ·³Ê²  ¤²Ö ÔËË¥±É¨¢´µ° ´¥²¨´¥°´µ° ¢µ¸¶·¨-
¨³Î¨¢µ¸É¨ ±µ³¶µ§¨É  ¨§ ¸²ÊÎ °´µ µ·¨¥´É¨·µ¢ ´´ÒÌ Ô²²¨¶É¨Î¥¸±¨Ì Í¨²¨´-
¤·µ¢ ¢ ²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ³ É·¨Í¥. „²Ö É·eÌ³¥·´µ° § ¤ Î¨ · ¸¸³µÉ-
·¥´Ò ¸Ë¥·¨Î¥¸±¨¥ Î ¸É¨ÍÒ ¨ ¸Ë¥·¨Î¥¸±¨¥ Î ¸É¨ÍÒ ¸ ¶µ±·ÒÉ¨¥³ ¨§ ¤·Ê£µ£µ
³ É¥·¨ ² . �¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ´¥²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¢µ¸¶·¨¨³-
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Î¨¢µ¸É¨ ¶µ²ÊÎ¥´µ ¢¶²µÉÓ ¤µ ¢µ¸¶·¨¨³Î¨¢µ¸É¥° ¶ÖÉµ£µ ¶µ·Ö¤± . „²Ö Î ¸É¨Í
¸ ¶µ±·ÒÉ¨¥³ ³µ¦´µ ¶µ¤µ¡· ÉÓ µ¶É¨³ ²Ó´Ò¥ Ê¸²µ¢¨Ö Ê¸¨²¥´¨Ö ´¥²¨´¥°´µ-
µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢, ¢ ·Ó¨·ÊÖ ³ É¥·¨ ²Ò ¶µ±·ÒÉ¨Ö ¨ Î ¸É¨Í, Éµ²Ð¨´Ê ¶µ-
±·ÒÉ¨Ö ¨ É. ¤. [70].

�·¥¤¸± §Ò¢ ¥É¸Ö, ÎÉµ ¶·¨ Ë¥³Éµ¸¥±Ê´¤´µ³ ¢µ§¡Ê¦¤¥´¨¨ ¸²ÊÎ °´µ · ¸-
¶µ²µ¦¥´´ÒÌ ±² ¸É¥·µ¢, ±µ³¶µ§¨Éµ¢ ¨²¨ Ï¥·µÌµ¢ ÉÒÌ ¶µ¢¥·Ì´µ¸É¥° ¢ µ¶É¨-
Î¥¸±µ³ ²¨´¥°´µ³ ·¥¦¨³¥ ¢µ§´¨±´ÊÉ ¸¢¥·Ì¡Ò¸É·Ò¥ £¨£ ´É¸±¨¥ Ë²Ê±ÉÊ Í¨¨
²µ± ²Ó´ÒÌ ¶µ²¥°. �É¨ Ë²Ê±ÉÊ Í¨¨ ¢Ò§µ¢ÊÉ ¶¥·¥Ìµ¤´Ò¥ ·¥¦¨³Ò (´  ³ ¸-
ÏÉ ¡ Ì ¢·¥³¥´¨ ¶µ·Ö¤±  ´ ´µ¸¥±Ê´¤), ¶·¨ ±µÉµ·ÒÌ ¢µ§´¨±´ÊÉ ¸¨²Ó´Ò¥ ¶µ²Ö
¢ µ¡² ¸ÉÖÌ ¶·µ¸É· ´¸É¢  · §³¥· ³¨ ¶µ·Ö¤±  ´ ´µ³¥É·µ¢. �·µ¸É· ´¸É¢¥´´µ¥
· ¸¶·¥¤¥²¥´¨¥ É ±¨Ì ¶µ²¥° ¸¨²Ó´µ µÉ²¨Î ¥É¸Ö µÉ Éµ£µ, ±µÉµ·µ¥ ¢µ§´¨± ¥É ¢
¸É Í¨µ´ ·´µ³ ·¥¦¨³¥ [71].

� §· ¡µÉ ´  É¥µ·¨Ö ²¨´¥°´ÒÌ ¨ ´¥²¨´¥°´ÒÌ µ¶É¨Î¥¸±¨Ì ¢µ¸¶·¨¨³Î¨¢µ-
¸É¥° ¢ ´¥Ê¶µ·Ö¤oÎ¥´´ÒÌ ±µ³¶µ§¨É Ì ´ ´µÎ ¸É¨Í ¢ ¤¨Ô²¥±É·¨Î¥¸±¨Ì ³ É·¨Í Ì,
¡ §¨·ÊÕÐ Ö¸Ö ´  ¸¶¥±É· ²Ó´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¢ · ³± Ì ¤¨¶µ²Ó´µ£µ ¶·¨¡²¨-
¦¥´¨Ö. �·µ¢¥¤¥´Ò Î¨¸²¥´´Ò¥ · ¸ÎeÉÒ ¨ ¶µ²ÊÎ¥´  ²¨´¥°´ Ö ¤¨Ô²¥±É·¨Î¥¸± Ö
ËÊ´±Í¨Ö ¨ ´¥²¨´¥°´ Ö £¨¶¥·¢µ¸¶·¨¨³Î¨¢µ¸ÉÓ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¤²Ö µ¡Ñe³-
´ÒÌ ±µ´Í¥´É· Í¨° ´ ´µÎ ¸É¨Í µÉ 0,001 ¤µ 0,12. ‚ µ¶·¥¤¥²e´´ÒÌ µ¡² ¸ÉÖÌ
¸¶¥±É·  ¢µ§´¨± ¥É ¸¨²Ó´µ¥ Ê¢¥²¨Î¥´¨¥ ´¥²¨´¥°´ÒÌ £¨¶¥·¢µ¸¶·¨¨³Î¨¢µ¸É¥°
(¤µ 103 ¤²Ö ¸¥·¥¡·Ö´ÒÌ ´ ´µÎ ¸É¨Í). �É³¥Î ¥É¸Ö, ÎÉµ É¥µ·¨¨ ¸·¥¤´¥£µ ¶µ²Ö
µ¡¥¸¶¥Î¨¢ ÕÉ ¤µ¸É ÉµÎ´µ ÉµÎ´Ò¥ ¶·¥¤¸± § ´¨Ö Éµ²Ó±µ ¤²Ö ³ ²ÒÌ µ¡Ñe³´ÒÌ
±µ´Í¥´É· Í¨° Å ¤µ 0,001, É ± ± ± µ´¨ ´¥ ÊÎ¨ÉÒ¢ ÕÉ Ë²Ê±ÉÊ Í¨¨ ²µ± ²Ó´µ£µ
¶µ²Ö [72].

ˆ¸¸²¥¤µ¢ ²µ¸Ó ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¶·µÍ¥¸¸ ¢µ§´¨±´µ¢¥´¨Ö µ¶É¨-
Î¥¸±µ£µ ¶·µ¡µÖ ¢ ³¥É ²²¨Î¥¸±¨Ì ³¨±·µ¸É·Ê±ÉÊ· Ì [73].

� ¸¸Î¨ÉÒ¢ ² ¸Ó ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ¤²Ö ±µ³¶µ§¨É-
´µ° ¸·¥¤Ò ´¥Ê¶µ·Ö¤oÎ¥´´ÒÌ ´ ´µÎ ¸É¨Í · §²¨Î´µ° Ëµ·³Ò (±·Ê£²Ò¥ ¤¨¸±¨,
±¢ ¤· É´Ò¥ ¶² ¸É¨´±¨, ¨£µ²±¨). �·¥¤¶µ²a£ ²µ¸Ó, ÎÉµ ¸·¥¤  ¶µ³¥Ðe´  ¢ ¶µ-
¸ÉµÖ´´µ¥ ¨²¨ É¥¶²µ¢µ¥ (Ë²Ê±ÉÊ¨·ÊÕÐ¥¥) Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥; ¶µ± § ´µ, ÎÉµ
²µ± ²Ó´µ¥ ¶µ²¥ ¢ ±µ³¶µ§¨É¥ ¡Ê¤¥É ¨¸¶ÒÉÒ¢ ÉÓ ¸¨²Ó´Ò¥ ¶·µ¸É· ´¸É¢¥´´Ò¥
Ë²Ê±ÉÊ Í¨¨. �·¨ · ¸ÎeÉ Ì ·¥Ï ²µ¸Ó ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¢ Î ¸É´ÒÌ
¶·µ¨§¢µ¤´ÒÌ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ÔËË¥±É¨¢´µ° ¨ ÉµÎ´µ° É¥Ì´¨±¨ ¨´É¥£· ²Ó-
´ÒÌ Ê· ¢´¥´¨°. ‚ ¸²ÊÎ ¥ ¤¨¸±µ¢ ¨ ¶·Ö³µÊ£µ²Ó´ÒÌ ¶² ¸É¨´µ± ËÊ´±Í¨Ö · ¸-
¶·¥¤¥²¥´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ¨³¥¥É ¤¢  ¶¨± . �Éµ µ§´ Î ¥É, ÎÉµ Ë²Ê±ÉÊ Í¨¨
²µ± ²Ó´µ£µ ¶µ²Ö ´¥ ³µ£ÊÉ ¡ÒÉÓ Ìµ·µÏµ µ¶¨¸ ´Ò Éµ²Ó±µ ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·-
¸¨¨ (¢Éµ·ÒÌ ³µ³¥´Éµ¢). ‚ ¸²ÊÎ ¥ ¨£µ²µ± · ¸¶·¥¤¥²¥´¨¥ ¨³¥¥É µ¤¨´ ¶¨±, ´µ
¥£µ ³µ³¥´ÉÒ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥, Î¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
³µ³¥´ÉÒ ¤²Ö ¤¨¸±µ¢ ¨²¨ ±¢ ¤· É´ÒÌ ¶² ¸É¨´µ± [74].

3.4.2. �¥±µÉµ·Ò¥ Ô±¸¶¥·¨³¥´ÉÒ. �É³¥É¨³ ´¥±µÉµ·Ò¥ ¨´É¥·¥¸´Ò¥ Ô±¸¶¥-
·¨³¥´ÉÒ ¶µ ¨¸¸²¥¤µ¢ ´¨Õ ¸¢µ°¸É¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤, µ¡Ê¸²µ¢²¥´´ÒÌ ²µ± ²Ó-
´Ò³ ¶µ²¥³.
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�±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ² ¸Ó µ¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ ¢ ¸¨¸É¥³¥
¸Ë¥·¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í CdS, ¶µ±·ÒÉÒÌ ¸¥·¥¡·µ³. p¨¸É ¡¨²Ó´µ¸ÉÓ ¢µ§´¨-
± ²  §  ¸ÎeÉ ´¥²¨´¥°´µ¸É¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¢ Ö¤·¥ CdS ¨ Ê¸¨²¨¢ ² ¸Ó
¸¥·¥¡·Ö´Ò³ ¶µ±·ÒÉ¨¥³ §  ¸ÎeÉ ¸¨²Ó´µ£µ ¢µ§· ¸É ´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ´ 
Î ¸ÉµÉ Ì, ¡²¨§±¨Ì ± Î ¸ÉµÉ¥ ¶² §³µ´´µ£µ ·¥§µ´ ´¸ . ’µ²Ð¨´  ¸¥·¥¡·Ö´µ£µ
¶µ±·ÒÉ¨Ö ¶µ¤¡¨· ² ¸Ó É ±, ÎÉµ¡Ò ¶² §³µ´´Ò° ·¥§µ´ ´¸ ¢µ§´¨± ² ´  ¤²¨´¥
¢µ²´Ò 514,5 ´³ ¨¸¶µ²Ó§Ê¥³µ£µ  ·£µ´´µ£µ ¨µ´´µ£µ ² §¥·  ³µÐ´µ¸ÉÓÕ 2 ‚É.
�¥§Ê²ÓÉ ÉÒ ¶µ± § ²¨ ¸¨²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ Ì · ±É¥·¨¸É¨± µ¶É¨Î¥¸±µ° ¡¨¸É -
¡¨²Ó´µ¸É¨ µÉ Éµ²Ð¨´Ò ¸¥·¥¡·Ö´µ£µ ¶µ±·ÒÉ¨Ö, µ´¨ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸
¶·¥¤¸± § ´¨Ö³¨ É¥µ·¨¨ µ¶É¨Î¥¸±µ° ¡¨¸É ¡¨²Ó´µ¸É¨ ¢ £¥É¥·µ£¥´´ÒÌ ¶µ²Ê¶·µ-
¢µ¤´¨±µ¢ÒÌ ¸·¥¤ Ì [75].

’¥µ·¥É¨Î¥¸±¨ ¨ Ô±¸¶¥·¨³¥´É ²Ó´µ ¨¸¸²¥¤µ¢ ²¨¸Ó £¨¶¥·¶µ²Ö·¨§Ê¥³µ¸É¨
 Éµ³µ¢ ¨ Í¥´É· ²Ó´µ-¸¨³³¥É·¨Î´ÒÌ ³µ²¥±Ê², ´ ¢¥¤e´´Ò¥ ¤ ²Ó´µ¤¥°¸É¢ÊÕ-
Ð¨³¨ ¸¨² ³¨ ¶·¨ ¸Éµ²±´µ¢¥´¨ÖÌ [76]. �¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ, ¸¢Ö§ ´-
´ Ö ¸ ²µ± ²Ó´Ò³ ¶µ²¥³, ´ ¡²Õ¤ ² ¸Ó ¢ ¸É¥±²¥ ¸ ¶·¨³¥¸Ö³¨ Yb3+ ¨ Tm3+

¶·¨ ±µ³´ É´µ° É¥³¶¥· ÉÊ·¥. ‚ ¢µ²´µ¢µ¤´ÒÌ ² §¥· Ì ¨§ ÔÉ¨Ì ³ É¥·¨ ²µ¢
´ ¡²Õ¤ ²¨¸Ó ´¥Ê¸Éµ°Î¨¢µ¸É¨ [77]. “ÎeÉ ÔËË¥±Éµ¢ ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨¢µ¤¨É
± ²ÊÎÏ¥³Ê ¸µµÉ¢¥É¸É¢¨Õ ·¥§Ê²ÓÉ Éµ¢ Ô±¸¶¥·¨³¥´Éµ¢ ¨ É¥µ·¥É¨Î¥¸±¨Ì · ¸-
ÎeÉµ¢ ¸¶¥±É·µ¢ ¶µÉ¥·Ó Ô´¥·£¨¨ [78].

�±¸¶¥·¨³¥´É ²Ó´µ ¨¸¸²¥¤µ¢ ²¨¸Ó µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  Ë· ±É ²Ó´ÒÌ ´ -
´µ¸É·Ê±ÉÊ· ¢ ³¨±·µ·¥§µ´ Éµ· Ì [62].

‚ Ô±¸¶¥·¨³¥´É¥ µ¶·¥¤¥²Ö² ¸Ó ¸¨³³¥É·¨Ö ²µ± ²Ó´µ£µ Ô²¥±É·¨Î¥¸±µ£µ ¶µ-
É¥´Í¨ ²  ¢ ËÊ²²¥·¥´ Ì ¸ ¶µ³µÐÓÕ É ± ´ §Ò¢ ¥³µ£µ ®· cÐ¥¶²¥´¨Ö ´Ê²¥¢Ò³
¶µ²¥³¯ Å ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê ËÊ²²¥·¥´ ³¨ ¨  Éµ³ ³¨  §µÉ  ¨²¨ Ëµ¸Ëµ· ,
¶µ³¥Ðe´´Ò³¨ ¢ ´¨Ì ¸ ¶µ³µÐÓÕ ¨µ´´µ° ¡µ³¡ ·¤¨·µ¢±¨. ’ ± ± ± ¶µ¤µ¡´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ µÉ¸ÊÉ¸É¢Ê¥É ¢ Î¨¸Éµ³ 60C ¢ ¸¨²Ê ¸¨³³¥É·¨¨, ³µ£ÊÉ ¡ÒÉÓ § -
Ë¨±¸¨·µ¢ ´Ò ¤ ¦¥ ³ ²Ò¥ ÔËË¥±ÉÒ, É ±¨¥ ± ± ¤²¨´´µ³ ¸ÏÉ ¡´Ò° ¶µ·Ö¤µ±
±·¨¸É ²²¨Î¥¸±µ° Ë §Ò. ˆ§ÊÎ ²¸Ö Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¶¥·¢µ£µ ·µ¤  ¢ 60C, ¶µ-
± § ´  ¢µ§³µ¦´µ¸ÉÓ ¤¥É¥±É¨·µ¢ ´¨Ö ¸²¥¤µ¢ ¶ · ³ £´¨É´µ° Ë §Ò ¶µ Ë²Ê±ÉÊ -
Í¨Ö³ ¢§ ¨³µ¤¥°¸É¢¨Ö ³ £´¨É´ÒÌ ¤¨¶µ²¥° [79].

�·µ¢¥¤¥´  Ô±¸¶¥·¨³¥´É ²Ó´ Ö µÍ¥´±  § ¢¨¸¨³µ¸É¨ µ¶É¨Î¥¸±¨Ì Ì · ±-
É¥·¨¸É¨± ¶²e´µ± µÉ ²µ± ²Ó´µ£µ ¶µ²Ö ¶µ ¨§³¥·¥´¨Ö³ ¶µ± § É¥²Ö ¶·¥²µ³²¥-
´¨Ö [80], ¨¸¸²¥¤µ¢ ²¸Ö µÉ±²¨± ´  ¢µ§¤¥°¸É¢¨¥ ·¥§µ´ ´¸´Ò³ ¨§²ÊÎ¥´¨¥³ ¶²µÉ-
´µ£µ  Éµ³ ·´µ£µ £ §  (potassium) ¢ Ê¸²µ¢¨ÖÌ, ±µ£¤  ¸ÊÐ¥¸É¢¥´´Ò ÔËË¥±ÉÒ,
¸¢Ö§ ´´Ò¥ ¸ ²µ± ²Ó´Ò³ ¶µ²¥³. �¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´Éµ¢ ´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µ-
Ï¥³ ¸µ£² ¸¨¨ ¸ É¥µ·¨¥°, µ¡´ ·Ê¦¥´ ¸¤¢¨£ ·¥§µ´ ´¸´µ° ²¨´¨¨ £ § , ¨´¤ÊÍ¨-
·µ¢ ´´Ò° ¸Éµ²±´µ¢¥´¨Ö³¨ [81]. ‚ Ô±¸¶¥·¨³¥´É¥ ´ ¡²Õ¤ ² ¸Ó ÎeÉ± Ö § ¢¨¸¨-
³µ¸ÉÓ ¸±µ·µ¸É¨ ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö µÉ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¸·¥¤Ò ¶·¨
ÊÎ ¸É¨¨ ÔËË¥±Éµ¢ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ¸²ÊÎ ¥ ¨§²ÊÎ¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì ¤¨¶µ-
²¥°, ´µ ÔËË¥±ÉÒ ²µ± ²Ó´µ£µ ¶µ²Ö ´¥ ¤ ¢ ²¨ ¢±² ¤ ¢  ´ ²µ£¨Î´Ò° ¶·µÍ¥¸¸
¶·¨ ¨§²ÊÎ¥´¨¨ ³ £´¨É´ÒÌ ¤¨¶µ²¥° [82].
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3.4.3. ‹µ± ²Ó´µ¥ ¶µ²¥ ¢ Éµ´±¨Ì ¶²e´± Ì ¨ ¸·¥¤ Ì É·eÌÊ·µ¢´¥¢ÒÌ Λ-¸¨-
¸É¥³. pµ²ÓÏµ° ¨´É¥·¥¸ ¢Ò§Ò¢ ¥É ¨¸¸²¥¤µ¢ ´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ Éµ´±¨Ì
¶²e´± Ì ¨ µ±µ²µ ¶µ¢¥·Ì´µ¸É¥°, £¤¥ µ´µ ¸¨²Ó´µ ¢²¨Ö¥É ´  µÉ· ¦e´´µ¥ ¨§²ÊÎ¥-
´¨¥. ” ±É¨Î¥¸±¨ ¨§²ÊÎ¥´¨¥, µÉ· ¦e´´µ¥ µÉ ¶µ¢¥·Ì´µ¸É¨, ¢Ò§¢ ´µ ²µ± ²Ó´Ò³
¶µ²¥³ ¢ µ¡² ¸É¨ ¢¥Ð¥¸É¢  ¨§ ¶µ¢¥·Ì´µ¸É´µ£µ ¸²µÖ Éµ²Ð¨´µ° ∼ λ. ‚ Éµ´±¨Ì
¶²e´± Ì ³µ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö µ¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ §  ¸ÎeÉ ²µ± ²Ó´µ£µ
¶µ²Ö ¨ ¤·Ê£¨¥ ÔËË¥±ÉÒ (¸³. ´¨¦¥).

ˆ¸¸²¥¤µ¢ ²µ¸Ó ²µ± ²Ó´µ¥ ¶µ²¥ ¢¡²¨§¨ ¶µ¢¥·Ì´µ¸É¥°. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ,
ÎÉµ Ï¥·µÌµ¢ É Ö ¶µ¢¥·Ì´µ¸ÉÓ ¥¸ÉÓ ¶·¨³¥· ¤¢Ê³¥·´µ° £¥É¥·µ£¥´´µ° ¸·¥¤Ò.
� ¸¸³ É·¨¢ ²µ¸Ó, ¢ Î ¸É´µ¸É¨, Ê¸¨²¥´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¢¡²¨§¨ Ï¥·µÌµ¢ -
Éµ° ¶µ¢¥·Ì´µ¸É¨ ¨§-§  ¶µ¢¥·Ì´µ¸É´ÒÌ ¶² §³µ´µ¢ µ¶·¥¤¥²e´´µ£µ É¨¶ . �Éµ
²µ± ²Ó´µ¥ ¶µ²¥ ³µ¦¥É ¶·¨¢µ¤¨ÉÓ ± ¸ÊÐ¥¸É¢¥´´Ò³ ¨§³¥´¥´¨Ö³ ´¥²¨´¥°´ÒÌ
¸¢µ°¸É¢ ³µ²¥±Ê²,  ¡¸µ·¡¨·µ¢ ´´ÒÌ ´  ¶µ¢¥·Ì´µ¸É¨ [83].

ˆ§ÊÎ ²µ¸Ó ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¸¢¥·Ì¨§²ÊÎ¥´¨¥ ¶²e´±¨ É·¥ÌÊ·µ¢-
´¥¢ÒÌ  Éµ³µ¢ (Λ- Éµ³µ¢) ¶·¨ ´ Î ²Ó´µ° ±µ£¥·¥´É´µ¸É¨ ´  ¶¥·¥Ìµ¤¥ ³¥¦¤Ê
¤¢Ê³Ö ´¨¦´¨³¨ Ê·µ¢´Ö³¨. �µ± § ´µ, ÎÉµ ²µ± ²Ó´µ¥ ¶µ²¥ ³µ¦¥É ¶·¨¢µ¤¨ÉÓ
± ±µ£¥·¥´É´µ³Ê · ³ ´µ¢¸±µ³Ê ¶¥·¥Ìµ¤Ê ³¥¦¤Ê ¶µ¤Ê·µ¢´Ö³¨ ´¨¦´¥£µ ¤Ê¡²¥-
É  [84]. � ¸¸³ É·¨¢ ²µ¸Ó ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¡¥§Ò´¢¥·¸´µ¥ ¸¢¥·Ì-
¨§²ÊÎ¥´¨¥ ¶²e´±¨ É·eÌÊ·µ¢´¥¢ÒÌ Λ- Éµ³µ¢ [85]. 
 °¤¥´Ò Ê¸²µ¢¨Ö ¸¢¥·Ì¨§-
²ÊÎ¥´¨Ö ¡¥§ ¨´¢¥·¸¨¨ ¢ ¸¨¸É¥³ Ì É·eÌÊ·µ¢´¥¢ÒÌ Λ- Éµ³µ¢ ¶·¨ ¢µ§¤¥°¸É¢¨¨
´¨§±µÎ ¸ÉµÉ´µ£µ ¶µ²Ö ´  ´¨¦´ÕÕ ¶ ·Ê Ê·µ¢´¥°  Éµ³µ¢ ¨ ÊÎeÉ¥ ¶µ¶· ¢±¨
²µ± ²Ó´µ£µ ¶µ²Ö [86]. �·¥¤¸± § ´µ Ê¢¥²¨Î¥´¨¥ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö § 
¸ÎeÉ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ÉµÎ±¥ ¶·µ§· Î´µ¸É¨ £ §  Λ- Éµ³µ¢ [35] ¨ ®¶Ó¥§µËµ-
Éµ´´µ¥ ¶¥·¥±²ÕÎ¥´¨¥¯ ³¥¦¤Ê ¶µ£²µÐ¥´¨¥³ ¨ Ê¸¨²¥´¨¥³ Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö [87].

‘ ¶µ³µÐÓÕ É¥Ì´¨±¨ ËÊ´±Í¨° ƒ·¨´  · ¸¸Î¨ÉÒ¢ ²µ¸Ó ´¥²¨´¥°´µ¥ µÉ· -
¦¥´¨¥ ¨ ¢ÒÌµ¤´µ° ¸¨£´ ² Î¥ÉÒ·eÌ¢µ²´µ¢µ£µ ¸³¥Ï¥´¨Ö ¸ ¢·¥³¥´´Ò³ · §·¥-
Ï¥´¨¥³ µÉ ³µ´µ¸²µÖ ³µ²¥±Ê². �·¥¤¸± § ´  ±µ£¥·¥´É´µ¸ÉÓ ³µ²¥±Ê² ³µ´µ¸²µÖ
¸ ¤²¨´µ° ±µ£¥·¥´É´µ¸É¨ ¶µ·Ö¤±  ¤²¨´Ò ¢µ²´Ò. �·¥¤¸± § ´ ¤µ¡ ¢µÎ´Ò° ¶¨±
· ¸¸¥Ö´¨Ö, ´¥ ¸²¥¤ÊÕÐ¨° ¨§ É¥µ·¨°, ¨¸¶µ²Ó§ÊÕÐ¨Ì ¶·¨¡²¨¦¥´¨¥ ²µ± ²Ó´µ£µ
¶µ²Ö, ¨ ´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¶·µÉ¨¢µ·¥Î¨Ö ¸ ÔÉ¨³¨ É¥µ·¨Ö³¨ [88]. �·¥¤¸± -
§ ´  µ¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ, µ¡Ê¸²µ¢²¥´´ Ö ²µ± ²Ó´Ò³ ¶µ²¥³, ¢ Éµ³ Î¨-
¸²¥ ¢ ¨§²ÊÎ¥´¨¨, µÉ· ¦e´´µ³ µÉ ¸·¥¤Ò ¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢, £¤¥ ¢µ§³µ¦´Ò
É ±¦¥ ¶µ·µ£µ¢Ò° ·¥¦¨³ ®µ¶É¨Î¥¸±µ£µ ¶¥·¥±²ÕÎ É¥²Ö¯ ¨ ±µ²¥¡ É¥²Ó´Ò¥ ·¥-
¦¨³Ò [89]. �¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ ¢ £¥É¥·µ£¥´´µ° ¸·¥¤¥ Ô±¸¶¥·¨³¥´-
É ²Ó´µ ´ ¡²Õ¤ ² ¸Ó ¢ [75].

3.4.4. ‚²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¶ · ³¥É·Ò µ¶É¨Î¥¸±¨Ì ¸·¥¤ ¨ Ê¸É-
·µ°¸É¢. ˆ¸¸²¥¤µ¢ ²µ¸Ó ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  Ì · ±É¥·¨¸É¨±¨ µ¶É¨Î¥-
¸±¨Ì ¸·¥¤ ¨ ¶·¨¡µ·µ¢, ´ ¶·¨³¥·, ´  ¸±µ·µ¸ÉÓ ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö, § Ì¢ É
¨§²ÊÎ¥´¨Ö, ² §¥·´Ò° ¶µ·µ£.

’¥µ·¥É¨Î¥¸±¨ ¨¸¸²¥¤µ¢ ²µ¸Ó ¢²¨Ö´¨¥ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¸¶µ´-
É ´´µ¥ ¨§²ÊÎ¥´¨¥ ¢ ¶µ£²µÐ ÕÐ¥³ ¤¨Ô²¥±É·¨±¥ ¸ ¤¨Ë· ±Í¨¥° ¸ ¨¸¶µ²Ó§µ-
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¢ ´¨¥³ ³¨±·µ¸±µ¶¨Î¥¸±µ° ±¢ ´Éµ¢µ-Ô²¥±É·µ¤¨´ ³¨Î¥¸±µ° É¥µ·¨¨ ¶¥·¥¤ Î¨
Ô´¥·£¨¨ ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ ¸·¥¤ Ì. �Éµ ¶µ§¢µ²¨²µ ´¥¶µ¸·¥¤¸É¢¥´´µ ÊÎ¥¸ÉÓ
ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ¤¨¸±·¥É´µ¸ÉÓÕ ¸·¥¤Ò, ¢ Éµ³ Î¨¸²¥ ²µ± ²Ó´µ¥ ¶µ²¥,
¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö ¸±µ·µ¸É¥° ·¥² ±¸ Í¨¨ [90, 91]. �¥·¥´µ·³¨·µ¢±  ¸±µ·µ-
¸É¥° ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö ¢ ¤¨Ô²¥±É·¨±¥ ¢Ò¶µ²´¥´  ´  µ¸´µ¢ ´¨¨ ³¨±·µ-
¸±µ¶¨Î¥¸±¨Ì ³´µ£µÎ ¸É¨Î´ÒÌ µ¶¥· Éµ·´ÒÌ Ê· ¢´¥´¨° Œ ±¸¢¥²² Äp²µÌ  ¤²Ö
¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢ ¢ ²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ³ É·¨Í¥ ¸ ¶µ£²µÐ¥´¨¥³
¨ ¤¨¸¶¥·¸¨¥°. �µ²ÊÎ¥´´µ¥ Ê¢¥²¨Î¥´¨¥ ¸±µ·µ¸É¥° ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö § 
¸ÎeÉ ²µ± ²Ó´µ£µ ¶µ²Ö ³¥´ÓÏ¥, Î¥³ ¢ ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì · ¡µÉ Ì [92]. „¥-
É ²Ó´ Ö É¥µ·¨Ö ¶¥·¥´µ·³¨·µ¢ ´´µ° ¸±µ·µ¸É¨ ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö  Éµ³  ¢
¤¨Ô²¥±É·¨±¥ ¸ ÊÎeÉµ³ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¥¤¸É ¢²¥´  ¢ [93].

‡ Ì¢ É ±µ£¥·¥´É´µ£µ ¨§²ÊÎ¥´¨Ö ¢ ¶²µÉ´µ° ¸·¥¤¥ ¶·¨ ÊÎeÉ¥ ¶µ¶· ¢±¨ ²µ-
± ²Ó´µ£µ ¶µ²Ö ¨¸¸²¥¤µ¢ ²¸Ö ¢ [94] ¸ ¶µ³µÐÓÕ ¢±²ÕÎ¥´¨Ö ¶µ¶· ¢µ± ²µ± ²Ó-
´µ£µ ¶µ²Ö ¢ Ê· ¢´¥´¨Ö ¤²Ö ³ É·¨ÍÒ ¶²µÉ´µ¸É¨ ¨ ¶µ¸²¥¤ÊÕÐ¥£µ Î¨¸²¥´´µ£µ
 ´ ²¨§ . �µ± § ´µ, ÎÉµ ¸µ¸ÉµÖ´¨¥ ¸ § Ì¢ Î¥´´Ò³ ¨§²ÊÎ¥´¨¥³ ¸² ¡µ § ¢¨¸¨É µÉ
¶µ¶· ¢µ± ²µ± ²Ó´µ£µ ¶µ²Ö, ´µ ± ´¨³ ¢¥¸Ó³  ÎÊ¢¸É¢¨É¥²Ó´Ò ¸µ¸ÉµÖ´¨Ö, ¡²¨§-
±¨¥ ± § Ì¢ ÉÊ ¨§²ÊÎ¥´¨Ö. ‹µ± ²Ó´µ¥ ¶µ²¥ § ³¥¤²Ö¥É ¶¥·¥Ìµ¤ ± ¸µ¸ÉµÖ´¨Õ
§ Ì¢ É . �¥§Ê²ÓÉ ÉÒ µ¡µ¡Ð¥´Ò ´  ¸²ÊÎ ° ² §¥·´µ° £¥´¥· Í¨¨ ¡¥§ ¨´¢¥·¸¨¨ ¢
¶²µÉ´ÒÌ ¸·¥¤ Ì Λ-¸¨¸É¥³.

�·¥¤¸± § ´µ ¶µ´¨¦¥´¨¥ ®¢Éµ·µ£µ ¶µ·µ£ ¯ ² §¥·  §  ¸ÎeÉ ²µ± ²Ó´µ£µ ¶µ²Ö
¶·¨ µÉ·¨Í É¥²Ó´µ° µÉ¸É·µ°±¥ µÉ ·¥§µ´ ´¸  [95]. �·¨ ±µ´Í¥´É· Í¨ÖÌ Î ¸É¨Í
∼ 1017 ¸³−3 ²µ± ²Ó´µ¥ ¶µ²¥ ¸¨²Ó´µ ¨§³¥´Ö¥É ¶·µË¨²Ó ¸¶¥±É· ²Ó´ÒÌ ²¨´¨°
¨§-§  ¨´É¥·Ë¥·¥´Í¨¨ ±¢ ´Éµ¢ÒÌ ¶¥·¥Ìµ¤µ¢ [96].

�µ± § ´µ, ÎÉµ ¢µ§³µ¦´µ ¤¥¸ÖÉ¨±· É´µ¥ Ê¢¥²¨Î¥´¨¥ ÔËË¥±É  ¢· Ð¥´¨Ö
¶µ²Ö·¨§ Í¨¨ ¸¢¥Éµ¢µ° ¢µ²´Ò §  ¸ÎeÉ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ´¥¶·µ¢µ¤´¨± Ì (É ±¨Ì
± ± ±¢ ·Í ¨ Se), ÌµÉÖ ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¤·Ê£¨¥ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢ 
ÔÉ¨Ì ¢¥Ð¥¸É¢ ´¥ ¶·¥¢ÒÏ ¥É 10 %. ˆ´É¥·¥¸´µ µÉ³¥É¨ÉÓ, ÎÉµ ÔÉµÉ ÔËË¥±É,
¸¢Ö§ ´´Ò° ¸ ¢¥±Éµ·´Ò³ Ì · ±É¥·µ³ Ô²¥±É·µ³ £´¨É´µ£µ ¨§²ÊÎ¥´¨Ö, ¢Ò§Ò¢ ¥É¸Ö
¸± ²Ö·´Ò³ ²µ± ²Ó´Ò³ ¶µ²¥³ [97].

‘ÊÐ¥¸É¢¥´´µ ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  ¶·µÍ¥¸¸Ò · ³ ´µ¢¸±µ£µ ¨ ·Ô²¥-
¥¢¸±µ£µ · ¸¸¥Ö´¨Ö ¨§²ÊÎ¥´¨Ö. ‚ Î ¸É´µ¸É¨, µÉ³¥Î ² ¸Ó ·µ²Ó ²µ± ²Ó´µ£µ ¶µ²Ö
¢ Ê¢¥²¨Î¥´¨¨ ¸¥Î¥´¨Ö · ³ ´µ¢¸±µ£µ · ¸¸¥Ö´¨Ö ¶µ£²µÐ ÕÐ¨Ì ³µ²¥±Ê² [98].
� ¸¸¥Ö´¨¥ Ô²¥±É·µ³ £´¨É´µ£µ ¨§²ÊÎ¥´¨Ö ¢ ´¥µ¤´µ·µ¤´µ° ¶µ²Ö·¨§Ê¥³µ° ¸·¥¤¥
¸ ÊÎeÉµ³ ÔËË¥±Éµ¢ ²µ± ²Ó´µ£µ ¶µ²Ö, · ¸¸³ É·¨¢ ¥³ÒÌ ¢µ ¢Éµ·µ³ ¶µ·Ö¤±¥ É¥µ-
·¨¨ ¢µ§³ÊÐ¥´¨°, ¨¸¸²¥¤µ¢ ²µ¸Ó ¢ [99]. ˆ§ÊÎ ²µ¸Ó ¨§µÉ·µ¶´µ¥ ¨  ´¨§µÉ·µ¶´µ¥
·Ô²¥¥¢¸±µ¥ · ¸¸¥Ö´¨¥ ¢ ¦¨¤±µ¸ÉÖÌ, ¶µ²ÊÎ¥´Ò ¨´É¥´¸¨¢´µ¸É¨  ´¨§µÉ·µ¶´µ£µ
· ¸¸¥Ö´¨Ö ± ± ËÊ´±Í¨¨ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö. „²Ö · §¤¥²¥´¨Ö · ¸¸¥Ö´¨Ö
´  µÉ¤¥²Ó´ÒÌ ³µ²¥±Ê² Ì ¨ · ¸¸¥Ö´¨Ö ¶·¨ ¸Éµ²±´µ¢¥´¨ÖÌ ¨ ¨§-§  ¸É É¨Î¥¸±¨Ì
¶ ·´ÒÌ ±µ·¥²²ÖÍ¨° ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¸¶¥±É·µ¸±µ¶¨Î¥¸±¨¥ ³¥Éµ¤Ò. �·¨ · ¸-
¸¥Ö´¨¨ ´  µÉ¤¥²Ó´ÒÌ ³µ²¥±Ê² Ì ¡µ²ÓÏÊÕ ·µ²Ó ¨£· ÕÉ ÔËË¥±ÉÒ ²µ± ²Ó´µ£µ
¶µ²Ö ¢¡²¨§¨ ³µ²¥±Ê². �¥§Ê²ÓÉ ÉÒ Ô±¸¶¥·¨³¥´Éµ¢ ¸· ¢´¨¢ ²¨¸Ó ¸ ·¥§Ê²ÓÉ É ³¨
É¥µ·¥É¨Î¥¸±µ£µ  ´ ²¨§  ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ¦¨¤±µ¸ÉÖÌ ¢ · ³± Ì · §²¨Î´ÒÌ ³µ-



136 ‡�‰Œˆ„���ƒ� �.�., ‘�Œ�‰‹�‚ ‚.
., ���–…
Š� ˆ.….

¤¥²¥°, ¤²Ö ¢¸¥Ì ³µ¤¥²¥° ¶µ± § ´  Ô±¢¨¢ ²¥´É´µ¸ÉÓ ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö
¢ Î¥É¢e·Éµ³ ¶µ·Ö¤±¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ ¶µ¶· ¢±¨, · ¸¸Î¨É ´´µ° ¶µ Ë²Ê±-
ÉÊ Í¨Ö³ ¤¨Ô²¥±É·¨Î¥¸±µ° ËÊ´±Í¨¨. �µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö, ¢ÒÎ¨¸²¥´´ Ö
¶µ Ô²²¨¶¸µ¨¤ ²Ó´µ° ³µ¤¥²¨ �´¸ £¥· Ä˜µ²É¥, ¸µ£² ¸Ê¥É¸Ö ¸µ ¢¸¥³¨ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ [100].

3.4.5. ’¥µ·¥É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö. ‹µ± ²Ó´µ³Ê ¶µ²Õ
¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì ¶µ¸¢ÖÐ¥´µ ¡µ²ÓÏµ¥ Î¨¸²µ ËÊ´¤ ³¥´É ²Ó´ÒÌ É¥µ·¥É¨-
Î¥¸±¨Ì · §· ¡µÉµ± ¨ µ¡§µ·µ¢. �¡§µ· · §²¨Î´ÒÌ ÔËË¥±Éµ¢, ¸¢Ö§ ´´ÒÌ ¸ ·¥-
§µ´ ´¸´Ò³ ¤¨¶µ²Ó-¤¨¶µ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ Î ¸É¨Í ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ
¸·¥¤ Ì, ¤ ´, ´ ¶·¨³¥·, ¢ [101], £¤¥ µÉ³¥Î ² ¸Ó ¢ ¦´µ¸ÉÓ ÊÎeÉ  ²µ± ²Ó´µ£µ
¶µ²Ö ¶·¨  ´ ²¨§¥ · §²¨Î´ÒÌ ¸¢µ°¸É¢ µ¶É¨Î¥¸±¨Ì ³ É¥·¨ ²µ¢, ¢ Éµ³ Î¨¸²¥
Éµ´±¨Ì ¶²e´µ±.

�¡§µ· ¨ ¢¢¥¤¥´¨¥ ¢ ¶·µ¡²¥³Ê ²µ± ²Ó´µ£µ ¶µ²Ö ¢ ¤¨Ô²¥±É·¨± Ì ¢Ò¶µ²´¥´Ò
¢ [102]. �¡¸Ê¦¤ ÕÉ¸Ö ³¨±·µ¸±µ¶¨Î¥¸±¨¥  ¸¶¥±ÉÒ ¶·µ¡²¥³Ò, ¶·¥¤¸É ¢²¥´Ò
·¥§Ê²ÓÉ ÉÒ, ± ¸ ÕÐ¨¥¸Ö Ô²¥±É·µ´-Ëµ´µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ±¢ §¨¤¢Ê³¥·-
´ÒÌ ¸¨¸É¥³ Ì, ¢ Éµ³ Î¨¸²¥ ¢ ¢Ò¸µ±µÉ¥³¶¥· ÉÊ·´ÒÌ ¸¢¥·Ì¶·µ¢µ¤´¨± Ì.

‚ É¥µ·¨¨, · ¸¸³ É·¨¢ ÕÐ¥° É¥·³µ¤¨´ ³¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ · §Ê¶µ-
·Ö¤oÎ¥´´ÒÌ ¸¨¸É¥³ Ô²¥±É·µ- ¨²¨ ³ £´¨Éµ¤¨¶µ²Ó´ÒÌ ³µ³¥´Éµ¢, ¢§ ¨³µ¤¥°-
¸É¢¨¥ ³¥¦¤Ê ¸µ¸¥¤´¨³¨ Î ¸É¨Í ³¨ µ¶¨¸Ò¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ ¸²ÊÎ °´µ£µ ²µ-
± ²Ó´µ£µ ¶µ²Ö. � ¸¶·¥¤¥²¥´¨¥ ¶µ¸²¥¤´¥£µ ´ Ìµ¤¨É¸Ö ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· -
§µ³ ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ ¢±² ¤Ò µÉ¤¥²Ó´ÒÌ Î ¸É¨Í ¸É É¨¸É¨Î¥¸±¨ ´¥§ ¢¨-
¸¨³Ò. ’ ±¨³ µ¡· §µ³, Ê¤ eÉ¸Ö Ö¢´µ ÊÎ¥¸ÉÓ É¥³¶¥· ÉÊ·´Ò¥ Ë²Ê±ÉÊ Í¨¨ ²µ-
± ²Ó´µ£µ ¶µ²Ö ¨ ¶µ²ÊÎ¨ÉÓ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¢Éµ·ÒÌ ¢¨·¨ ²Ó´ÒÌ ±µÔËË¨-
Í¨¥´Éµ¢ ¢µ¸¶·¨¨³Î¨¢µ¸É¨ ¨ É¥¶²µe³±µ¸É¨ [103].

� ¸¶·µ¸É· ´¥´¨¥ ¶ ¤ ÕÐ¥° ¨ µÉ· ¦e´´µ° ¢µ²´ ¢ ¤¨Ô²¥±É·¨±¥ ³µ¦¥É
¡ÒÉÓ µ¶¨¸ ´µ ¸ ¶µ³µÐÓÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¶·¨³¥´¥´¨Ö ¶·¨´Í¨¶  ¸Ê¶¥·-
¶µ§¨Í¨¨. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥É¸Ö ´¥§ ¢¨¸¨³µ¥ µÉ ±µ´±·¥É´µ° ³µ¤¥²¨ ¸·¥¤Ò
¢Ò· ¦¥´¨¥ ¤²Ö ²µ± ²Ó´µ£µ ¶µ²Ö [104].

’¥µ·¨Ö ÔËË¥±É¨¢´µ£µ ¶µ²Ö ¢ ¡¥¸±µ´¥Î´µ° ´¥³ £´¨É´µ° ´¥µ¤´µ·µ¤´µ°
¸·¥¤¥ ¶·¥¤¸É ¢²¥´  ¢ [105]. �µ²ÊÎ¥´µ ¸ ³µ¸µ£² ¸µ¢ ´´µ¥ ¨´É¥£·µ¤¨ËË¥·¥´-
Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶µ²Ö ¢ ± ¦¤µ° ÉµÎ±¥ ¸·¥¤Ò, ÊÎ¨ÉÒ¢ -
ÕÐ¥¥ · ¸¸¥Ö´¨¥ ¢ ²Õ¡µ° µ¡² ¸É¨ ¸·¥¤Ò. �Éµ Ê· ¢´¥´¨¥ ·¥Ï ¥É¸Ö ¶ÊÉ¥³ ¨É¥-
· Í¨°, ¶·¥¤¸É ¢²ÖÖ ÔËË¥±É¨¢´µ¥ ¶µ²¥ ¢ ¢¨¤¥ ¸É¥¶¥´´µ£µ ·Ö¤  ¨´É¥£· ²Ó´ÒÌ
µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕÐ¨Ì ´  ÔËË¥±É¨¢´µ¥ ¶µ²¥, µ¶·¥¤¥²e´´µ¥ ¤²Ö µ¤´µ·µ¤-
´µ° ¸·¥¤Ò. ˆ§ ¤¢ÊÌ ¸µ·Éµ¢ µ¶¥· Éµ·µ¢ µ¤´¨ ¤ ÕÉ ¢±² ¤ ¢ ÔËË¥±É¨¢´µ¥ ¶µ²¥
É¨¶  ¢±² ¤  µÉ ¡·Ô££µ¢¸±µ£µ · ¸¸¥Ö´¨Ö (É. ¥. § ¢¨¸ÖÐ¨° µÉ ¢µ²´µ¢µ£µ ¢¥±Éµ· 
³µ¤Ò), ¤·Ê£¨¥ Å µ¤´µ·µ¤´Ò° ¢±² ¤ ¢µ ¢¸¥ ³µ¤Ò ¨ Ëµ·³¨·ÊÕÉ ®¡ §µ¢µ¥¯
ÔËË¥±É¨¢´µ¥ ¶µ²¥. �µ¸²¥¤´¥¥ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ÔËË¥±É¨¢´µ°
¤¨Ô²¥±É·¨Î¥¸±µ° ¶µ¸ÉµÖ´´µ°, ÎÉµ ¸¶· ¢¥¤²¨¢µ ¤²Ö ¸·¥¤, Ë²Ê±ÉÊ Í¨¨ ¢ ±µÉµ-
·ÒÌ ´¥ ±µ·p¥²¨·µ¢ ´Ò ´  ¤²¨´ Ì ¡xµ²ÓÏ¨Ì, Î¥³ ¤²¨´  ¢µ²´Ò µ¶É¨Î¥¸±µ£µ
¨§²ÊÎ¥´¨Ö.
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‚ [106] ¸· ¢´¨¢ ²¨¸Ó · §²¨Î´Ò¥ ¢Ò¢µ¤Ò ¸µµÉ´µÏ¥´¨Ö Š² Ê§¨Ê¸ ÄŒµ¸¸µÉ-
É¨ ¨ ¢Ò¶µ²´¥´ · ¸ÎeÉ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ³¥Éµ¤ ³¨ ¸É É¨¸É¨Î¥¸±µ° ³¥Ì ´¨±¨
¤²Ö ¸¨¸É¥³Ò ±² ¸¸¨Î¥¸±¨Ì £ ·³µ´¨Î¥¸±¨Ì µ¸Í¨²²ÖÉµ·µ¢, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì
Î¥·¥§ ±Ê²µ´µ¢¸±¨° ¶µÉ¥´Í¨ ². ‚Ò¶µ²´¥´  ´ ²¨§ ¶·¨¡²¨¦¥´¨° ¨ µ¡² ¸É¨ ¶·¨-
³¥´¨³µ¸É¨, ¤²Ö ±µÉµ·ÒÌ ¸¶· ¢¥¤²¨¢µ ¸µµÉ´µÏ¥´¨¥ Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨.

‚ÒÎ¨¸²Ö²¨¸Ó ¶µ¶· ¢±¨ ± ¸µµÉ´µÏ¥´¨Õ Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨, ¸¢Ö§ ´´Ò¥
¸µ ¸É·Ê±ÉÊ·´Ò³¨ ±µ·p¥²ÖÍ¨Ö³¨ ¢ ¤¨Ô²¥±É·¨±¥, ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ µ¡µ¡Ðe´-
´µ£µ ³¥Éµ¤  �´¸ £¥· , ¶·¥¤¸± § ´  Ì · ±É¥·´ Ö ¸É·Ê±ÉÊ·  · ¸¶·¥¤¥²¥´¨Ö ²µ-
± ²Ó´µ£µ ¶µ²Ö ¸ ¤¢Ê³Ö ¶¨± ³¨ [107,108]. �É  ¸É·Ê±ÉÊ·  ´ °¤¥´   ´ ²¨É¨Î¥¸±¨
¢ [109], µ´  ¢µ§´¨± ¥É ± ± ±µ´¢µ²ÕÍ¨Ö · ¸¶·¥¤¥²¥´¨°, ¸¢Ö§ ´´ÒÌ ¸ ¢§ ¨³µ-
¤¥°¸É¢¨¥³ ¡²¨¦ °Ï¨Ì ¸µ¸¥¤¥°, ¨ £ Ê¸¸µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö, ¸¢Ö§ ´´µ£µ ¸
¢§ ¨³µ¤¥°¸É¢¨¥³ µ¸É ²Ó´ÒÌ Î ¸É¨Í.

3.4.6. ‹µ± ²Ó´µ¥ ¶µ²¥ ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì ¸ ¶¥·¨µ¤¨Î¥¸±µ° ¨ ±¢ §¨-
¶¥·¨µ¤¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ°. �ËË¥±ÉÒ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì
¸ ¶¥·¨µ¤¨Î¥¸±µ° ¨²¨ ±¢ §¨¶¥·¨µ¤¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ° ³µ£ÊÉ ¨³¥ÉÓ ·Ö¤ µ¸µ-
¡¥´´µ¸É¥° ¶µ ¸· ¢´¥´¨Õ ¸ ´¥Ê¶µ·Ö¤oÎ¥´´Ò³¨ £¥É¥·µ£¥´´Ò³¨ ¸·¥¤ ³¨. � ¸-
¸³ É·¨¢ ² ¸Ó, ´ ¶·¨³¥·, ¶¥·¨µ¤¨Î¥¸± Ö ¤¢Ê³¥·´ Ö ·¥ÏeÉ±  ¤¨Ô²¥±É·¨Î¥¸±¨Ì
¸Ë¥· ´  ¶²µ¸±µ° ¶µ¤²µ¦±¥ ¨ · ¸¸Î¨ÉÒ¢ ²¸Ö ¥e µÉ±²¨± ´  ¶ ¤ ÕÐÊÕ ¶²µ¸±ÊÕ
Ô²¥±É·µ³ £´¨É´ÊÕ ¢µ²´Ê. ‘ÊÐ¥¸É¢¥´´µ° µ¸µ¡¥´´µ¸ÉÓÕ É ±µ° ¸¨¸É¥³Ò Ö¢²Ö-
¥É¸Ö ¢µ§´¨±´µ¢¥´¨¥ ·¥§µ´ ´¸´ÒÌ ³µ¤ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, ¸¢Ö§ ´´ÒÌ ¸
²µ± ²¨§µ¢ ´´Ò³¨ ³µ¤ ³¨ · ¸¸³ É·¨¢ ¥³µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¸É·Ê±ÉÊ·Ò. �·¨
¢µ§¡Ê¦¤¥´¨¨ ·¥§µ´ ´¸´ÒÌ ³µ¤ ²µ± ²Ó´µ¥ ¶µ²¥ µ±µ²µ ¸Ë¥·Ò Ê¸¨²¨¢ eÉ¸Ö,
ÎÉµ ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢¥´´Ò³ ¨§³¥´¥´¨Ö³ · §²¨Î´ÒÌ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢
µ¡· §Í . � ¸¸Î¨É ´Ò Ë ±Éµ· Ê¸¨²¥´¨Ö ¤²Ö ¸¶¥±É·  ·Ô²¥¥¢¸±µ£µ · ¸¸¥Ö´¨Ö ¨
¶·¥¤¸± § ´  µ¶É¨Î¥¸± Ö ¡¨¸É ¡¨²Ó´µ¸ÉÓ ¶·¨ ´¨§±µ° ³µÐ´µ¸É¨ ¶ ¤ ÕÐ¥£µ ¨§-
²ÊÎ¥´¨Ö [110].

‚ [111] · §· ¡µÉ ´  É¥µ·¨Ö Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¢ ¸·¥¤¥, · ¸¸ÉµÖ´¨¥
³¥¦¤Ê Ô²¥³¥´É ·´Ò³¨ ¨§²ÊÎ É¥²Ö³¨ ±µÉµ·µ° ´¥ Ö¢²Ö¥É¸Ö ³ ²Ò³ ¶µ ¸· ¢-
´¥´¨Õ ¸ ¤²¨´µ° ¢µ²´Ò ¨§²ÊÎ¥´¨Ö. „¨¸±·¥É´µ¸ÉÓ ¸·¥¤Ò · ¸¸³ É·¨¢ ¥É¸Ö
± ± ±µ²¨Î¥¸É¢¥´´µ ¨§³¥·¨³Ò° ¶ · ³¥É·. �·µÉ¨¢µ·¥Î¨¥ ¸ § ±µ´µ³ ¸µÌ· -
´¥´¨Ö Ô´¥·£¨¨, ¢µ§´¨± ÕÐ¥¥ ¶·¨ ÊÎeÉ¥ · ¤¨ Í¨µ´´µ£µ § ÉÊÌ ´¨Ö ¢ Ëµ·³Ê²¥
‹µ·¥´ÍaÄ‹µ·¥´Í , · §·¥Ï ¥É¸Ö ¶ÊÉe³ ¶· ¢¨²Ó´µ£µ µ¶¨¸ ´¨Ö ¤¨¸±·¥É´µ¸É¨
¸·¥¤Ò. � ¸¸Î¨É ´Ò ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö ¨ ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í -
¥³µ¸ÉÓ ¸·¥¤Ò, ¶·µ¢¥¤¥´µ ¸· ¢´¥´¨¥ £ §µ¢µ°, £¥²¥¶µ¤µ¡´µ° ¨ É¢e·¤µÉ¥²Ó´µ°
¸·¥¤ ¸ ±Ê¡¨Î¥¸±µ° ±·¨¸É ²²¨Î¥¸±µ° ·¥ÏeÉ±µ°. �¡¸Ê¦¤ ¥É¸Ö ¶·¨³¥´¥´¨¥ É¥µ-
·¨¨ ¤²Ö ¸²ÊÎ Ö ´¥Ê¶µ·Ö¤oÎ¥´´ÒÌ ¸·¥¤. ’¥µ·¨Ö [111] ¶·¨³¥´¨³  ¤²Ö · ¸ÎeÉµ¢
µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¸¨²Ó´µ µÌ² ¦¤e´´ÒÌ £ §µ¢, ±µ³¶µ§¨É´ÒÌ ³ É¥·¨ ²µ¢ ¨
¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ¸·¥¤ ¸ ±¢ ´Éµ¢Ò³¨ ÉµÎ± ³¨.

3.4.7. ‹µ± ²Ó´µ¥ ¶µ²¥ ¢ É¢e·¤µÉ¥²Ó´ÒÌ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì. pµ²ÓÏµ¥
Î¨¸²µ · ¡µÉ ¶µ¸¢ÖÐ¥´µ ¨¸¸²¥¤µ¢ ´¨Õ ²µ± ²Ó´µ£µ ¶µ²Ö ¢ É¢e·¤µÉ¥²Ó´ÒÌ £¥É¥-
·µ£¥´´ÒÌ ¸É·Ê±ÉÊ· Ì, ¢ Éµ³ Î¨¸²¥ ±¢ ´Éµ¢ÒÌ Ö³ Ì [112], É¢¥·¤µÉ¥²Ó´ÒÌ ³ É¥-
·¨ ² Ì [113]. �µ¶· ¢±  ²µ± ²Ó´µ£µ ¶µ²Ö ÊÎ¨ÉÒ¢ ² ¸Ó ¢ µ¡µ¡Ðe´´ÒÌ Ê· ¢´¥-
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´¨ÖÌ Œ ±¸¢¥²² Äp²µÌ  ¤²Ö ¶µ²Ê¶·µ¢µ¤´¨±µ¢ [114]. � §· ¡µÉ ´  É¥µ·¨Ö ¶µ²Ê-
¶·µ¢µ¤´¨±µ¢, ÊÎ¨ÉÒ¢aÕÐ Ö ³´µ£µÎ ¸É¨Î´Ò¥ ¶µ¶· ¢±¨ ± µ¤´µÎ ¸É¨Î´Ò³ Ô´¥·-
£¨Ö³ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¶µ²Ö·¨§ Í¨¨. „²Ö ´¨§±µÎ ¸ÉµÉ´µ° µ¡² ¸É¨ ¶µ¶· ¢±¨
²µ± ²Ó´µ£µ ¶µ²Ö Ê³¥´ÓÏ ÕÉ ε, ¢ Éµ ¢·¥³Ö ± ± ÊÎeÉ µ¡³¥´´µ-±µ·p¥²ÖÍ¨µ´´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö Ê¢¥²¨Î¨¢ ¥É ¸¨²Ê µ¸Í¨²²ÖÉµ· . � ¸¸³ É·¨¢ ¥³Ò¥ ÔËË¥±ÉÒ ¸Ê-
Ð¥¸É¢¥´´µ ¨§³¥´ÖÕÉ ¢¨¤ ¶² §³µ´´µ£µ ·¥§µ´ ´¸  ¢ ËÊ´±Í¨¨ ¶µÉ¥·Ó [115]. �¥-
·¥´µ·³¨·µ¢±  §µ´ ¢ ¶µ²Ê¶·µ¢µ¤´¨± Ì ¶·¨ ¨§³¥´¥´¨¨ ±µ´Í¥´É· Í¨¨ Ô²¥±É·µ-
´µ¢, ¸¢Ö§ ´´ Ö ¸ ¶µ¶· ¢±µ° ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨ ±Ê²µ´µ¢¸±µ³ ¢§ ¨³µ¤¥°¸É¢¨¨
Ô²¥±É·µ´µ¢, ¨¸¸²¥¤µ¢ ² ¸Ó ¢ [34].

ˆ§ÊÎ ²µ¸Ó ²µ± ²Ó´µ¥ ¶µ²¥ ¢ ¨µ´´ÒÌ ±·¨¸É ²² Ì [116,117], £¤¥ µÉ³¥Î ²µ¸Ó
¸² ¡µ¥ (µ±µ²µ 2 %) µÉ±²µ´¥´¨e µÉ Ëµ·³Ê²Ò ‹µ·¥´ÍaÄ‹µ·¥´Í  ¨ Š² Ê§¨Ê¸ Ä
Œµ¸¸µÉÉ¨ ¨§-§  Ô±¸¶µ´¥´Í¨ ²Ó´µ° § ¢¨¸¨³µ¸É¨ µÉ · ¤¨Ê¸µ¢ ¨µ´µ¢, ¨ ¢ ¨µ´´ÒÌ
¶·µ¢µ¤´¨± Ì [118].

ˆ¸¸²¥¤µ¢ ²µ¸Ó ÔËË¥±É¨¢´µ¥ ¶µ²¥ ¤²Ö ¶·¨³¥¸´ÒÌ Í¥´É·µ¢ ¢ ±·¨¸É ²² Ì,
¶µ³¥Ðe´´ÒÌ ¢µ ¢´¥Ï´¥¥ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥. �µ± § ´µ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥
µ¶¨¸ ´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ¶µ Ëµ·³Ê²¥ ‹µ·¥´ÍaÄ‹µ·¥´Í , ± ± ¶· ¢¨²µ, ´¥-
¸¶· ¢¥¤²¨¢µ. „²Ö ¶·¨³¥¸´ÒÌ Í¥´É·µ¢ ¡µ²ÓÏµ£µ · ¤¨Ê¸  ÔËË¥±É¨¢´µ¥ ¶µ²¥
¶·¨¡²¨§¨É¥²Ó´µ ¸µ¢¶ ¤ ¥É ¸ ¢´¥Ï´¨³ ¶µ²¥³, ´µ ¢µ ¢¸¥Ì ¤·Ê£¨Ì ¸²ÊÎ ÖÌ ÔÉ¨
¤¢  ¶µ²Ö · §²¨Î´Ò. �¶¶·µ±¸¨³ Í¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ¶µ Ëµ·³Ê²¥ ‹µ·¥´ÍaÄ
‹µ·¥´Ía µ± §Ò¢ ¥É¸Ö ¸¶· ¢¥¤²¨¢µ° Éµ²Ó±µ ¤²Ö ¤µ¸É ÉµÎ´µ ³ ²ÒÌ ¶·¨³¥¸´ÒÌ
Í¥´É·µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ±·¨É¥·¨° µ¶·¥¤¥²e´ ¢ [119].

Šµ´Í¥¶Í¨Ö ²µ± ²Ó´µ£µ ¶µ²Ö ¨³¥¥É ¡µ²ÓÏµ¥ §´ Î¥´¨¥ ´¥ Éµ²Ó±µ ¶·¨ ¨¸-
¸²¥¤µ¢ ´¨¨ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³ É¥·¨ ²µ¢, ´µ ¨ ¢ ¤·Ê£¨Ì µ¡² ¸ÉÖÌ Ë¨§¨±¨.

 ¶·¨³¥·, µ´  ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µ¶¨¸ ´¨Ö ¸¨¸É¥³ ¸¨²Ó´µ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì
Ë¥·³¨µ´µ¢ [120], ¶·¨  ´ ²¨§¥ ¸µ²¨Éµ´µ¢ [121], ¶µ¶· ¢±¨ ²µ± ²Ó´µ£µ ¶µ²Ö
¸ÊÐ¥¸É¢¥´´Ò ¶·¨ · ¸ÎeÉ Ì · ¸¸¥Ö´¨Ö ¢ § ¤ Î Ì Ö¤¥·´µ° Ë¨§¨±¨ ¨ Ë¨§¨±¨
Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í [122], ¸ÊÐ¥¸É¢¥´´  ·µ²Ó ²µ± ²Ó´µ£µ ¶µ²Ö ¶·¨ ¸Ê¦¥´¨¨
²¨´¨¨ ³ £´¨É´µ£µ ·¥§µ´ ´¸  [123, 124]. ‚§ ¨³µ¤¥°¸É¢¨¥ ³ £´¨É´ÒÌ ¤¨¶µ²¥°
¸¨¸É¥³ ³ ²ÒÌ Î ¸É¨Í É¥µ·¥É¨Î¥¸±¨ ¨§ÊÎ ²µ¸Ó ¢ [125], · ¸¸Î¨ÉÒ¢ ² ¸Ó ¤¨-
Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ £ §  ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì Ô²¥±É·µ´µ¢ ¸ ÊÎeÉµ³
²µ± ²Ó´µ£µ ¶µ²Ö [126], ²µ± ²Ó´µ¥ ¶µ²¥ ¢ ¶² §³¥ ¨¸¸²¥¤µ¢ ²µ¸Ó ¢ [127,128].

4. ‚›‘	Šˆ‰ �	Š�‡�’…‹œ ��…‹	Œ‹…�ˆŸ ‚ ‘ˆ‘’…Œ…
‘ ‚�…˜�ˆŒ �…‡	��’	�	Œ

Š ± µÉ³¥Î ²µ¸Ó ¢ ¶. 2.3, Ëµ·³Ê²  (12) Ëµ·³ ²Ó´µ ¤µ¶Ê¸± ¥É ε → ∞
¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¶µ£²µÐ¥´¨Ö ¨²¨ Ê¸¨²¥´¨Ö ¢ ¸·¥¤¥ (¤¥°¸É¢¨É¥²Ó´µ³ α) ¨ ¶·¨
N0 = N cr

0 , µ¶·¥¤¥²Ö¥³µ³ (9). ‚³¥¸É¥ ¸ É¥³ ¢ ·¥§µ´ ´¸´ÒÌ ¸·¥¤ Ì ¤¢ÊÌ- ¨²¨
É·eÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢ ¢Ò¶µ²´¨ÉÓ Ê¸²µ¢¨¥ (9) ´¥ Ê¤ eÉ¸Ö ¨§-§  ¸ ³µÊÏ¨·¥´¨Ö:
¶·¨ N0 ≥ (λ/2π)3 µ± §Ò¢ ¥É¸Ö α ∼ N−1

0 . —Éµ¡Ò µ¡µ°É¨ ÔÉÊ É·Ê¤´µ¸ÉÓ, ¢
· ¡µÉ Ì [38] ¶·¥¤²µ¦¥´  ¨¤¥Ö ¸µ§¤ ´¨Ö ®¨¸±Ê¸cÉ¢¥´´µ£µ¯ ²µ± ²Ó´µ£µ ¶µ²Ö ¸
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¶µ³µÐÓÕ · ¸¸¥Ö´¨Ö ¤¨Ë· £¨·ÊÕÐ¥£µ (¶·µ¡´µ£µ) ¶µ²Ö ¢µ ¢´¥Ï´¨° ·¥§µ´ Éµ·
¸ Ê¸¨²¥´¨¥³ ¨ ¶¥·¥· ¸¸¥Ö´¨¥³ ¶µ²Ö ¨§ ³µ¤Ò ·¥§µ´ Éµ·  µ¡· É´µ ¢ ¶·µ¡´µ¥
¶µ²¥.

�¨¸. 9. ‘Ì¥³  Ê¢¥²¨Î¥´¨Ö ¨ ±µ´É·µ²Ö ¶µ± -
§ É¥²Ö ¶·¥²µ³²¥´¨Ö ¸ ¶µ³µÐÓÕ ¢´¥Ï´¥£µ ·¥-
§µ´ Éµ· : 1 Å ¸·¥¤ , ¶µ± § É¥²Ó ¶·¥²µ³²¥-
´¨Ö ±µÉµ·µ° ±µ´É·µ²¨·Ê¥É¸Ö; 2 Å Ê¸¨²¨¢ Õ-
Ð Ö ¸·¥¤ ; 3Å §¥·± ² , µ¡· §ÊÕÐ¨¥ ·¥§µ´ Éµ·
¤²¨´µ° L

�¤´  ¨§ ¢µ§³µ¦´ÒÌ ¸Ì¥³
·¥ ²¨§ Í¨¨ ¶·¥¤²µ¦¥´¨Ö [38]
¶·¥¤¸É ¢²¥´  ´  ·¨¸. 9. �·µ¡´µ¥
¶µ²¥ Ep(r, t), ¶·µÌµ¤Ö Î¥·¥§ p-
¸·¥¤Ê, · ¸¸¥¨¢ ¥É¸Ö ¢ ´¥°. — ¸ÉÓ
· ¸¸¥Ö´´µ£µ ¨§²ÊÎ¥´¨Ö ¶µ¸ÉÊ¶ ¥É
¢ ³µ¤Ò ·¥§µ´ Éµ·  ¨ ¸µ§¤ eÉ É ³
¶µ²¥ Ec(r, t), ±µÉµ·µ¥ Ê¸¨²¨¢ -
¥É¸Ö ¨ · ¸¸¥¨¢ ¥É¸Ö µ¡· É´µ ¢
¶·µ¡´µ¥ ¶µ²¥. �µ± § É¥²Ó ¶·¥-
²µ³²¥´¨Ö ¶·µ¡´µ£µ ¶µ²Ö Ê¢¥²¨-
Î¨¢ ¥É¸Ö ¨ ³µ¦¥É ±µ´É·µ²¨·µ-
¢ ÉÓ¸Ö §  ¸ÎeÉ ¶¥·¥· ¸¸¥Ö´´µ£µ
¨§²ÊÎ¥´¨Ö. “£µ² ³¥¦¤Ê ¶·µ¡´Ò³ ¶·µ²¥³ ¨ ¶µ²¥³ ·¥§µ´ Éµ·  ³µ¦¥É ¡ÒÉÓ
²Õ¡Ò³, ÌµÉÖ ´  ·¨¸. 9 ÔÉµ ¶·Ö³µ° Ê£µ².

�µ²ÊÎ¨³ ¤¨¸¶¥·¸¨µ´´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö. �·¥¤¸É ¢¨³ ¶µ²-
´µ¥ ¶µ²¥ ¢ p-¸·¥¤¥ ¢ ¢¨¤¥

E(r, t) = E(r) exp (−iωt), (39)

£¤¥ E(r) Ê¤o¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ Œ ±¸¢¥²² 

∇ · ∇ · E(r)− k2
0

(
1 + i4π

σ

ω

)
E(r) = 4πk2

0P(r), (40)

¢ ±µÉµ·µ³ P(r) = χ(r)E(r) ¨ σ µ¶¨¸Ò¢ ¥É ¶µÉ¥·¨, ´¥ ÊÎ¨ÉÒ¢ ¥³Ò¥ ³´¨³µ°
Î ¸ÉÓÕ ¤¨Ô²¥±É·¨Î¥¸±µ° ¢µ¸¶·¨¨³Î¨¢µ¸É¨ χ, ´ ¶·¨³¥·, ¶µÉ¥·¨ ´  §¥·± ² Ì,
¤¨Ë· ±Í¨Ö ¨§-§  ±µ´¥Î´ÒÌ · §³¥·µ¢ p-¸·¥¤Ò. �·¥¤¶µ²µ¦¨³, ÎÉµ

χ = χa + χp + δχ(r), (41)

£¤¥ χa ¶µ¸ÉµÖ´´  ¢ Ê¸¨²¨¢ ÕÐ¥° ¸·¥¤¥ ¨ · ¢´  ´Ê²Õ ¢µ ¢¸e³ µ¸É ²Ó´µ³ ¶·µ-
¸É· ´¸É¢¥; χp ¶µ¸ÉµÖ´´  ¨ ´¥ · ¢´  Éµ¦¤¥¸É¢¥´´µ ´Ê²Õ Éµ²Ó±µ ¢ p-¸·¥¤¥ ¨
δχ(r)Å Éµ¦¤¥¸É¢¥´´Ò° ´Ê²Ó ¢´¥ p-¸·¥¤Ò. “· ¢´¥´¨¥ (40) ´¥ ³µ¦¥É ¡ÒÉÓ ¸¢¥-
¤¥´µ ± ¢µ²´µ¢µ³Ê Ê· ¢´¥´¨Õ ¨§-§  ±µµ·¤¨´ É´µ° § ¢¨¸¨³µ¸É¨ δχ(r), ±µÉµ· Ö
¶·¨¢µ¤¨É ± ∇E(r) �= 0. �·¥¤¸É ¢¨³

E(r) = E0(r) + δE(r), ∇E0(r) = 0, (42)

£¤¥ δE(r) µ¡Ê¸²µ¢²¥´  Ë²Ê±ÉÊ Í¨Ö³¨ δχ(r). �·¥¤¶µ² £ Ö δχ(r) � χ(r) ¨
¶·¥´¥¡·¥£ Ö ¢ Ê· ¢´¥´¨¨ ∇D(r) ≡ ∇[1 + 4πχ(r)E(r)] = 0 ³ ²Ò³ ¸² £ ¥³Ò³
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∼ δχ(r)δE(r), ¶µ²ÊÎ ¥³

δE(r) = −4π
ε
δχ(r)E0(r) +∇ ·C, ε = 1 + 4π(χa + χp), (43)

£¤¥ C Å ¶·µ¨§¢µ²Ó´Ò° ¢¥±Éµ·, ±µÉµ·Ò° ³µ¦´µ ¸Î¨É ÉÓ · ¢´Ò³ ´Ê²Õ. ˆ¸-
¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ (43) ¨ Ê· ¢´¥´¨¥ (40), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

∇2E0(r)− k2
0

(
ε+ i4π

σ

ω

)
E0(r) = −4π

ε
∇ · ∇ · [δχ(r)E0(r)] . (44)

�¥£Ê²Ö·´ Ö Î ¸ÉÓ E0(r) ¶µ²´µ£µ ¶µ²Ö E(r) ¢ p-¸·¥¤¥ ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ Î ¸É¥° Å
¶·µ¡´µ£µ ¶µ²Ö Ep(r) ¨ ¶µ²Ö ·¥§µ´ Éµ·  Ec(r):

E0(r) = Ep(r) +Ec(r), Ep(r) = EpUp(r), Ec(r) = EcUc(r), (45)

£¤¥ ËÊ´±Í¨¨ Up(r) ¨ U(r) µ·Éµ£µ´ ²Ó´Ò ¢ µ¡Ñe³¥ p-¸·¥¤Ò.
�¶·¥¤¥²¨³ Ep. “³´µ¦ Ö µ¡¥ Î ¸É¨ Ê· ¢´¥´¨Ö (44) ´  Uc(r) ¨ ¨´É¥£·¨·ÊÖ

¶µ µ¡Ñe³Ê ·¥§µ´ Éµ· , ´ Ìµ¤¨³

Ec =
1

∆− i/Q
(RccEc +RpcEp) , (46)

£¤¥

∆ =
(
1− ω2

c

ω2

)
εaVac + εpVpc

Vcc
,

1
Q
=

ε′′aVac + ε′′pVpc

Vcc
+ 4π

σ

ω

Va

Vcc
, (47)

Rpc =
1
Vcc

∫
p

jp(r)Uc(r)dr, Rcc =
1
Vcc

∫
p

jc(r)Uc(r)dr,

jp,c(r) =
4π
εp

∇ · ∇ · [δχ(r)Up,c(r)] , εa,p = 1 + 4πχa,p, (48)

Vcc =
∫

c

|Uc(r)|2 dr, Vpc =
∫

p

|Uc(r)|2 dr, Va =
∫

a

|Uc(r)|2 dr.

ˆ´¤¥±¸Ò c, a ¨ p Ê ¨´É¥£· ²µ¢ µ§´ Î ÕÉ, ¸µµÉ¢¥É¸É¢¥´´µ, ¨´É¥£·¨·µ¢ ´¨¥
¶µ µ¡Ñe³Ê ·¥§µ´ Éµ· , µ¡Ñe³a³ Ê¸¨²¨¢ ÕÐ¥° ¸·¥¤Ò ¨ p-¸·¥¤Ò. ‘µ¡¸É¢¥´´ Ö
Î ¸ÉµÉ  ·¥§µ´ Éµ·  ωc µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö(

c20∇2 + ω2
c ε

′)Uc(r) = 0, (49)

£¤¥ c0 Å ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥, ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨°.
�µ¤¸É ¢¨³ Ec, µ¶·¥¤¥²Ö¥³µ¥ Ê· ¢´¥´¨¥³ (46), ¢ ¶¥·¢µ¥ ¨§ ¸µµÉ´µÏ¥´¨° (45)
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¨ § É¥³ E0(r) ¨§ (45) ¢ (44) ¨ Ê¸·¥¤´¨³ (44) ¶µ Ë²Ê±ÉÊ Í¨Ö³ ¤¨Ô²¥±É·¨Î¥¸±µ°
¢µ¸¶·¨¨³Î¨¢µ¸É¨ p-¸·¥¤Ò, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¶µ²ÊÎ¨³

〈(∇2 + k2
0εp)E0(r)〉 = −〈jp(r)Ep〉 −

1
∆− i/Q

〈jc(r)RpcEp〉. (50)

�·¨ ¢ÒÎ¨¸²¥´¨ÖÌ 〈jp(r)Ep〉 ¨ 〈jc(r)RpcEp〉 ¶·¥¤¶µ²µ¦¨³, ÎÉµ ¸²ÊÎ °´ Ö ËÊ´±-
Í¨Ö ±µµ·¤¨´ É δχ(r) δ-±µ·p¥²¨·µ¢ ´ ∗:

〈δχ(r)〉 = 0, 〈δχ(r)δχ(r′)〉 = S0δ(r − r′), (51)

£¤¥ S0 Å ±µ³¶²¥±¸´ Ö ¶µ¸ÉµÖ´´ Ö, § ¢¨¸ÖÐ Ö µÉ · ¸¸¥¨¢ ÕÐ¨Ì ¸¢µ°¸É¢ ³ -
É¥·¨ ²  p-¸·¥¤Ò. � §¤¥²ÖÖ ¸·¥¤´¨¥ ¨ Ë²Ê±ÉÊ¨·ÊÕÐ¨¥ Î ¸É¨:

Ep,cUp,c = 〈Ep,cUp,c〉+ δ(Ep,cUp,c), (52)

³Ò ³µ¦¥³ ¶·¥´¥¡·¥ÎÓ ³ ²Ò³¨ ¸² £ ¥³Ò³¨ 〈δ(Ep,cUp,c)δχ(r)δχ(r′)〉 ¶·¨ ¢Ò-
Î¨¸²¥´¨¨ ¸·¥¤´¨Ì ¢ Ê· ¢´¥´¨¨ (50). —Éµ¡Ò Ê¶·µ¸É¨ÉÓ ¤ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥-
´¨Ö, ¶·¥¤¶µ²µ¦¨³, ÎÉµ ¶·µ¡´µ¥ ¶µ²¥ ¨ ¶µ²¥ ¢ ·¥§µ´ Éµ·¥ ¶µ²Ö·¨§µ¢ ´Ò ¢¤µ²Ó
µ¸¨ y, ¶µ¸²¥ Î¥£µ ¢¥±Éµ·´Ò¥ µ¡µ§´ Î¥´¨Ö Ê ¶µ²¥° ¢ (50) ³µ¦´µ µ¶Ê¸É¨ÉÓ.
�·¥¤¸É ¢¨³

Ep(r) = Fp(r) exp (ikpz), Ec(r) = Fc(r) cos (ikcx), (53)

£¤¥ k2
c = (ωc/c0)εp ¨ Fp,c(r) Å ³¥¤²¥´´µ ¨§³¥´ÖÕÐ¨¥¸Ö ËÊ´±Í¨¨ ¶µ ¸· ¢´¥-

´¨Õ ¸ exp (ikpz) ¨ cos (ikcx). ‹¥£±µ ¶µ²ÊÎ¨ÉÓ[
∇2 + k2

0εp + k2
pKg(r, x) + ik0κ

]
〈Ep(r)〉 = 0, (54)

£¤¥

g(r, x) = |Fc(r)|2
[
1 + (1 + 4k2

c/k
2
p) cos (2kcx)

]
. (55)

�µ¤·µ¡´Ò¥ ¢ÒÎ¨¸²¥´¨Ö, ¶·¨¢µ¤ÖÐ¨¥ ± ·¥§Ê²ÓÉ ÉÊ (54), µ¶Ê¡²¨±µ¢ ´Ò ¢ · -
¡µÉ¥ [38].

�·¨´¨³ Ö 〈Ep(r)〉 = X(r) exp (ikpz), £¤¥ X(r) Å ³¥¤²¥´´µ ¨§³¥´Ö-
ÕÐ Ö¸Ö  ³¶²¨ÉÊ¤ , ¢ ¸· ¢´¥´¨¨ ¸ exp (ikpz), ¨ ¶µ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ ¤²Ö
¶·µ¡´µ£µ ¶µ²Ö ¢ Ê· ¢´¥´¨¥ (54), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤¨¸¶¥·¸¨µ´´µ¥ Ê· ¢´¥´¨¥
¤²Ö ¢¥²¨Î¨´Ò ¢µ²´µ¢µ£µ ¢¥±Éµ·  ¶·µ¡´µ£µ ¶µ²Ö kp:

k2
p − k2

0εp = k2
pK(ξ) + ik0κ, (56)

∗„ ´´µ¥ ¶·¥¤¶µ²µ¦¥´¨¥ ¸¶· ¢¥¤²¨¢µ ¤µ É¥Ì ¶µ·, ¶µ±  Ë²Ê±ÉÊ Í¨¨ Î¨¸²  Î ¸É¨Í ¢ Ô²¥³¥´-
É ·´µ³ µ¡Ñe³¥ ¸·¥¤Ò ³µ¦´µ ¸Î¨É ÉÓ ¶Ê ¸¸µ´µ¢¸±¨³¨, ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö ¶·¨ µ¡ÒÎ´ÒÌ Ê¸²µ¢¨ÖÌ.
� ¢Ò¡µ·¥ Ô²¥³¥´É ·´µ£µ µ¡Ñe³  ¸³. · §¤. 1.
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£¤¥ K(ξ) = K ′(ξ) + iK ′′(ξ); εp = ε′p + ε′′p ¨ S = S′ + iS′′;

K ′ = G
Aξ −B

ξ2 + 1
, K ′′ = G

Bξ +A

ξ2 + 1
, ξ = Q∆,

G = 8π2 k
2
c

k2
0

Vcp

VccVpp
Q, A = Re

(
S

ε2p

)
, B = Im

(
S

ε2p

)
.

(57)


¨¦¥, ¤²Ö ¶·µ¸ÉµÉÒ, ¶·¨´¨³ ¥É¸Ö (kc − k0)/k0 � 1 ¨ kc/k0 ≈ 1.
„²Ö Éµ£µ ÎÉµ¡Ò p-¸·¥¤  µ± § ² ¸Ó ¶·µ§· Î´µ°, kp ¤µ²¦´µ ¡ÒÉÓ ¤¥°¸É¢¨-

É¥²Ó´Ò³, ÎÉµ ¨³¥¥É ³¥¸Éµ, ¥¸²¨

k2
pK

′′(ξ) + k2
0ε

′′
p + k0κ = 0, (58)

¨ Éµ£¤ 

k2
p =

k2
0ε

′
p

1−K ′(ξ)
. (59)

”µ·³Ê²  (59) Ëµ·³ ²Ó´µ ¤µ¶Ê¸± ¥É kp → ∞ ¶·¨ K ′ → 1, ´µ ¤ ´´ Ö É¥µ·¨Ö
´¥ ÊÎ¨ÉÒ¢ ¥É ´¥²¨´¥°´ÒÌ ÔËË¥±Éµ¢ ¤²Ö ¶·µ¡´µ£µ ¶µ²Ö, ±µÉµ·Ò¥ µ£· ´¨Î É
·µ¸É kp.

�µ¤¸É ¢²ÖÖ kp ¨§ (59) ¢ (58), ¶µ²ÊÎ ¥³

K ′′(ξ) +
1
ε′p

(
ε′′p +

κ

k0

)
(1−K ′) = 0.

‚ Ê¸²µ¢¨ÖÌ, ±µ£¤  kp ³ ±¸¨³ ²Ó´µ ¨ K ′ ≈ 1, ¶·¥´¥¡·¥£ Ö ¢ ¶µ¸²¥¤´¥³ ¢Ò· -
¦¥´¨¨ ¸² £ ¥³Ò³ ∼ (1 −K ′), ¶µ²ÊÎ ¥³, ÎÉµ Ê¸²µ¢¨¥ ¶·µ§· Î´µ¸É¨ ¸¢µ¤¨É¸Ö
± K ′′ ≈ 0, ÎÉµ, ± ± ¸²¥¤Ê¥É ¨§ ¸µµÉ´µÏ¥´¨° (57), Ô±¢¨¢ ²¥´É´µ

A = −Bξ, K ′ = −GB,

É. ¥. B ¤µ²¦¥´ ¡ÒÉÓ µÉ·¨Í É¥²Ó´Ò³.

 ¸±µ²Ó±µ ¡²¨§±¨³ ± ¥¤¨´¨Í¥ ³µ¦¥É ¡ÒÉÓ K ′? Š ± ¸²¥¤Ê¥É ¨§ ¸µµÉ´µ-

Ï¥´¨° (57), K ′(ξ) ¶·µ¶µ·Í¨µ´ ²Ó´µ Q ¨ S. ” ±Éµ· Q µ¶·¥¤¥²Ö¥É¸Ö ±µ³-
¶¥´¸ Í¨¥° ¶µÉ¥·Ó §  ¸ÎeÉ Ê¸¨²¥´¨Ö, ¥£µ ¢¥²¨Î¨´  µ£· ´¨Î¥´  Ë²Ê±ÉÊ Í¨Ö³¨
´ ± Î±¨  ±É¨¢´µ° ¸·¥¤Ò. ‚ ¸²ÊÎ ¥ ¶Ê ¸¸µ´µ¢¸±¨Ì Ë²Ê±ÉÊ Í¨° ´ ± Î±¨

1
Qmax

=
1
Vcc

√
4πβaε′′pVpc.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  µÍ¥´¨³ Qmax ¤²Ö ¶µ²Ê¶·µ¢µ¤´¨±µ¢µ°  ±É¨¢´µ° ¸·¥¤Ò.
„²Ö GaAs βa ≈ 2 · 10−20 ¸³3. �µ² £ Ö χ′′

p ≈ 2 · 10−2, Vcc ≈ 1 ¸³3,
Vpc ≈ 10−3 ¸³3, ¶µ²ÊÎ ¥³ Qmax ≈ 1012. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¸¶¥±É· ²Ó´ Ö
µ¡² ¸ÉÓ ¶·µ¡´µ£µ ¶µ²Ö, ÊÎ ¸É¢ÊÕÐ Ö ¢ ¶·µÍ¥¸¸¥ ¶¥·¥· ¸¸¥Ö´¨Ö ¸ Ê¸¨²¥´¨¥³,
µ£· ´¨Î¥´  ¢¥²¨Î¨´µ° ω/Q.
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�¨¸. 10. ‡ ¢¨¸¨³µ¸ÉÓ ¶ · ³¥É·µ¢ A/(b6Nb)
¨ B/(b6Nb) µÉ ε′′b ¤²Ö εm = 10, ε′b = 2

„²Ö µ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·µ¢,
¶·¨ ±µÉµ·ÒÌ ¢µ§³µ¦´µ Ê¢¥²¨Î¥´¨¥
¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö p-¸·¥¤Ò,
É·¥¡Ê¥É¸Ö Ê¸É ´µ¢¨ÉÓ ¸µµÉ´µÏ¥´¨¥
³¥¦¤Ê S ¨ εp, ±µÉµ·µ¥ § ¢¨¸¨É µÉ
±µ´±·¥É´µ° ¸·¥¤Ò. ‡¤¥¸Ó ³Ò · ¸-
¸³µÉ·¨³ Éµ²Ó±µ ¸²ÊÎ ° £¥É¥·µ£¥´-
´µ° p-¸·¥¤Ò, ¸µ¸ÉµÖÐ¥° ¨§ ¶·µ-
§· Î´µ° ³ É·¨ÍÒ ¨ ´ ´µÎ ¸É¨Í,
´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¸·¥¤Ò · ¸¸³µ-
É·¥´Ò ¢ [38]. ‚ ± Î¥¸É¢¥ ¶·µ§· Î-
´µ° ³ É·¨ÍÒ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó-
§µ¢ ´  ¦¨¤±µ¸ÉÓ ¨²¨ É¢e·¤µ¥ ¢¥Ð¥-
¸É¢µ: ¸É¥±²µ, ¶µ²¨³¥·, ±·¨¸É ²².
‚µ§³µ¦´µ ¨¸¶µ²Ó§µ¢ ´¨¥ £¥É¥·µ-
£¥´´µ° ¶µ²Ê¶·µ¢µ¤´¨±µ¢µ° ¸·¥¤Ò É¨¶  ±¢ ´Éµ¢ÒÌ ÉµÎ¥± [129]. ‚ ¸²ÊÎ ¥
¦¨¤±µ° ³ É·¨ÍÒ ´ ´µÎ ¸É¨ÍÒ ¤¢¨£ ÕÉ¸Ö ¢ ¦¨¤±µ¸É¨ §  ¸ÎeÉ ¤¨ËËÊ§¨¨, ¨ ÔÉµ
¤¢¨¦¥´¨¥ µ£· ´¨Î¨¢ ¥É ³ ±¸¨³ ²Ó´µ ¤µ¸É¨¦¨³Ò° Q-Ë ±Éµ·:

Q < 2π
c̄λ

D
, (60)

£¤¥ c̄ Å ¸·¥¤´ÖÖ ¸±µ·µ¸ÉÓ ¸¢¥É  ¢ ·¥§µ´ Éµ·¥; D Å ±µÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨
´ ´µÎ ¸É¨Í. �µ¸±µ²Ó±Ê D µ¡ÒÎ´µ µÎ¥´Ó ³ ²µ, µ£· ´¨Î¥´¨¥ (60) Ö¢²Ö¥É¸Ö
³ ²µ¸ÊÐ¥¸É¢¥´´Ò³. �Ô²¥¥¢¸±µ¥ · ¸¸¥Ö´¨¥ ¸¢¥É  ´  ±¢ ´Éµ¢ÒÌ ÉµÎ± Ì ¨ ´ -
´µÏ · Ì ¡Ò²µ ¨¸¸²¥¤µ¢ ´µ ¢ [130] (¸³. É ±¦¥ ¸²¥¤ÊÕÐ¨° · §¤¥²), £¤¥ ¡Ò²µ
¶µ± § ´µ, ÎÉµ ¢ µ¡² ¸É¨ ¶·µ§· Î´µ¸É¨ £¥É¥·µ£¥´´µ£µ ³ É¥·¨ ²  ¸ ±¢ ´Éµ¢Ò³¨
ÉµÎ± ³¨

S = (δα)3Nb, δα = b3
εb − εm
εb + 2εm

, (61)

£¤¥ b Å · ¤¨Ê¸ ±¢ ´Éµ¢µ° ÉµÎ±¨; εb, εm Å ¤¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ³ -
É¥·¨ ²µ¢ ±¢ ´Éµ¢µ° ÉµÎ±¨ ¨ ³ É·¨ÍÒ ¸µµÉ¢¥É¸É¢¥´´µ; Nb Å ±µ´Í¥´É· Í¨Ö
±¢ ´Éµ¢ÒÌ ÉµÎ¥±. „µ¶Ê¸É¨³, b ≈ 100 ´³, Nb ≈ 1014 ¸³−3 ¨ µÉ´µÏ¥´¨¥ µ¡-
Ð¥£µ µ¡Ñe³ , § ´ÖÉµ£µ ´ ´µÎ ¸É¨Í ³¨, ± µ¡Ñe³Ê ³ É·¨ÍÒ, ¸¢µ¡µ¤´µ³Ê µÉ
´ ´µÎ ¸É¨Í, · ¢´µ 2/3, Éµ£¤  εp ≈ 0, 4εb + 0, 6εm. ’ ± ± ± ¶ · ³¥É·Ò A ¨
B Å ËÊ´±Í¨¨ É·eÌ ´¥§ ¢¨¸¨³ÒÌ ¢¥²¨Î¨´, ¸ÊÐ¥¸É¢Ê¥É ³´µ£µ ±µ³¡¨´ Í¨°,
¶·¨ ±µÉµ·ÒÌ £¥É¥·µ£¥´´ Ö ¸·¥¤  ¸É ´µ¢¨É¸Ö ¶·µ§· Î´µ° ¶·¨ ¢Ò¸µ±µ³ ¶µ± § -
É¥²¥ ¶·¥²µ³²¥´¨Ö. 
  ·¨¸. 10 ¶µ± § ´Ò § ¢¨¸¨³µ¸É¨ ¶ · ³¥É·µ¢ A/(b6Nb) ¨
B/(b6Nb) µÉ ε′′b ¤²Ö ε

′
b = 2, εm = 10. Š ± ¢¨¤´µ, ´¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ B < 0

³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´µ.
�·µ§· Î´Ò¥ ³ É·¨ÍÒ É¨¶  µ¶É¨Î¥¸±µ£µ ¸É¥±²  µ¡² ¤ ÕÉ εm ≈ 2,   §´ -

Î¥´¨¥ ε′b ≈ 10 xapa±É¥·´µ ¤²Ö ¶µ²Ê¶·µ¢µ¤´¨±µ¢ [19]. „²Ö ¡µ²ÓÏ¨´¸É¢  ¶µ²Ê-
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¶·µ¢µ¤´¨±µ¢, ¨¸¶µ²Ó§Ê¥³ÒÌ ¢ É¥Ì´µ²µ£¨¨ ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ² §¥·µ¢, ¢¥²¨-
Î¨´  ±µÔËË¨Í¨¥´É  ¶µ£²µÐ¥´¨Ö ´  ³¥¦§µ´´µ³ ¶¥·¥Ìµ¤¥ ¡²¨§±  ± ´¥¸±µ²Ó±¨³
¥¤¨´¨Í ³ ´  104 ¸³−1 [19], ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ´¥¸±µ²Ó±¨³ ¥¤¨´¨Í ³ ε′′b . „²Ö
b = 10−5 ¸³, Nb = 1014 ¸³−3 ¨ Q ≈ 1012 µ± §Ò¢ ¥É¸Ö K ′ = 10−5 ÷ 10−4. ‚
¸²ÊÎ ¥ ³¥É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í ¢µ§³µ¦´µ εp ≈ 2, ε′′p ≈ 10, ÎÉµ ¶µ§¢µ²Ö¥É
¤µ¸É¨ÎÓ K ′ ≈ 0, 5 · 10−2, ÎÉµ ¢¸e ¥Ðe ¤ ²¥±µ µÉ ¥¤¨´¨ÍÒ.

‘ÊÐ¥¸É¢¥´´µ¥ Ê¢¥²¨Î¥´¨¥ ÔËË¥±É¨¢´µ¸É¨ ¶·µÍ¥¸¸µ¢ ¶¥·¥· ¸¸¥Ö´¨Ö ¢µ§-
³µ¦´µ, ¥¸²¨ ¢³¥¸Éµ ¶²µ¸±µ£µ ·¥§µ´ Éµ·  ¨¸¶µ²Ó§µ¢ ÉÓ ·¥§µ´ Éµ· ¸ §¥·± ² ³¨
¢ ¢¨¤¥ ¶µ²µ£µ Í¨²¨´¤· , ¢´ÊÉ·¨ ±µÉµ·µ£µ ¶µ³¥Ð¥´  p-¸·¥¤ , ¨²¨ ¸Ë¥·¨Î¥-
¸±¨° ·¥§µ´ Éµ· ¸ §¥·± ² ³¨, µÌ¢ ÉÒ¢ ÕÐ¨³¨ É¥²¥¸´Ò° Ê£µ² ∼ 2π. �²µ¸±¨°
·¥§µ´ Éµ·, · ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥, ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ¶·µÍ¥¸¸¥ ¶¥·¥· ¸-
¸¥Ö´¨Ö Éµ²Ó±µ ³ ²ÊÕ Î ¸ÉÓ ¨§²ÊÎ¥´¨Ö ¶·µ¡´µ£µ ¶µ²Ö, · ¸¸¥Ö´´µ£µ ¢ p-¸·¥¤¥.
‚ ¸²ÊÎ ¥ Í¨²¨´¤·¨Î¥¸±µ£µ ·¥§µ´ Éµ·  ±µ²¨Î¥¸É¢µ ¶¥·¥· ¸¸¥Ö´´µ£µ ¨§²ÊÎ¥-
´¨Ö Ê¢¥²¨Î¨¢ ¥É¸Ö ¢ 2πR/λ · §,   ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±µ£µ Å ¢ (2πR/λ)2 · §,
£¤¥ R Å · ¤¨Ê¸ Í¨²¨´¤·¨Î¥¸±µ£µ ¨²¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¸Ë¥·¨Î¥¸±µ£µ µ¡· §Ía
p-¸·¥¤Ò. �·¨ R ≈ 0, 1 ¸³ ¨ λ = 1 ÷ 5 ³±³ ÔËË¥±É¨¢´µ¸ÉÓ ¶¥·¥· ¸¸¥Ö-
´¨Ö ¤²Ö Í¨²¨´¤·¨Î¥¸±µ£µ ·¥§µ´ Éµ·  ¢µ§· ¸É ¥É ¢ 104 · § ¶µ ¸· ¢´¥´¨Õ ¸
²¨´¥°´Ò³ ·¥§µ´ Éµ·µ³,   ¤²Ö ¸Ë¥·¨Î¥¸±µ£µ Å £µ· §¤µ ¢ÒÏ¥. �Í¥´±¨ ¶µ-
± §Ò¢ ÕÉ, ÎÉµ ¸Ë¥·¨Î¥¸±¨° ¨²¨ ¤ ¦¥ Í¨²¨´¤·¨Î¥¸±¨° ·¥§µ´ Éµ· ¶µ§¢µ²ÖeÉ,
¶·¨ · §Ê³´ÒÌ ±µÔËË¨Í¨¥´É Ì Ê¸¨²¥´¨Ö, ¸±µ³¶¥´¸¨·µ¢ ÉÓ ¶µÉ¥·¨ ¢ p-¸·¥¤¥
¨ ¶µ²ÊÎ¨ÉÓ ¢ ´¥° ±µ´É·µ²¨·Ê¥³Ò¥ ¢Ò¸µ±¨¥ §´ Î¥´¨Ö ¶µ± § É¥²Ö ¶·¥²µ³²¥-
´¨Ö. ‚³¥¸É¥ ¸ É¥³ ¨¸¸²¥¤µ¢ ´¨¥ ¸Ì¥³ ¸µ ¸Ë¥·¨Î¥¸±¨³ ¨²¨ Í¨²¨´¤·¨Î¥¸±¨³
·¥§µ´ Éµ·o³ ¡µ²¥¥ ¸²µ¦´µe, Î¥³ ¸ ²¨´¥°´Ò³ ·¥§µ´ Éµ·µ³, É ± ± ± É·¥¡Ê¥É¸Ö
ÊÎ¥¸ÉÓ ¸ÊÐ¥¸É¢¥´´ÊÕ ´¥µ¤´µ·µ¤´µ¸ÉÓ ¶µ¶¥·¥Î´µ£µ · ¸¶·¥¤¥²¥´¨Ö ¨§²ÊÎ¥´¨Ö
¢ ·¥§µ´ Éµ· Ì. ‡ ¤ Î  µ± §Ò¢ ¥É¸Ö ³´µ£µ³µ¤µ¢µ°; ³µ¤Ò, ±µ´Í¥´É·¨·ÊÕÐ¨¥¸Ö
¶·¥¨³ÊÐ¥¸É¢¥´´µ Ê ¶µ¢¥·Ì´µ¸É¨ §¥·± ², ´¥¶·¨£µ¤´Ò ¤²Ö ¶¥·¥· ¸¸¥Ö´¨Ö, ¶µ-
É·¥¡Ê¥É¸Ö · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ É¥ ³µ¤Ò, ±µÉµ·Ò¥ ¨³¥ÕÉ ³ ±¸¨³Ê³Ò ¢ Í¥´É·¥
¸Ë¥·Ò (Í¨²¨´¤· ).

’ ±¨³ µ¡· §µ³,  ´ ²¨§ [38] ¶µ± § ² ¶·¨´Í¨¶¨ ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ ¸µ§¤ -
´¨Ö ¢Ò¸µ±µ£µ ¨ ±µ´É·µ²¨·Ê¥³µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¢ ¸Ì¥³¥ ¸ ¢´¥Ï´¨³
·¥§µ´ Éµ·µ³ ´  ¶·¨³¥·¥ ¸· ¢´¨É¥²Ó´µ ¶·µ¸Éµ£µ ¸²ÊÎ Ö ²¨´¥°´µ£µ ·¥§µ´ -
Éµ·  ¨ ¢µ§³µ¦´µ¸ÉÓ ¶· ±É¨Î¥¸±µ° ·¥ ²¨§ Í¨¨ ¤ ´´µ° ¨¤¥¨ ¢ ¡µ²¥¥ ¸²µ¦´ÒÌ
¸Ì¥³ Ì ¸µ ¸Ë¥·¨Î¥¸±¨³ ¨²¨ Í¨²¨´¤·¨Î¥¸±¨³ ·¥§µ´ Éµ·o³, ¨¸¸²¥¤µ¢ ´¨¥ ±µ-
Éµ·ÒÌ ¡Ê¤eÉ ¶·µ¢µ¤¨ÉÓ¸Ö ¢ ¡²¨¦ °Ï¥¥ ¢·¥³Ö.

5. ‚›‘	Šˆ‰ �	Š�‡�’…‹œ ��…‹	Œ‹…�ˆŸ ˆ ƒˆƒ��’‘Š	…
“‘ˆ‹…�ˆ… ‚ ƒ…’…�	ƒ…��	‰ 	�’ˆ—…‘Š	‰ ‘�…„…

‘ Œ…’�‹‹ˆ—…‘ŠˆŒˆ ���	—�‘’ˆ–�Œˆ

‘²¥¤ÊÖ [26] · ¸¸³µÉ·¨³ µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´µ° ¸·¥¤Ò ¨§ ³¥-
É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í (´ ´µÏ ·µ¢), ¶µ³¥Ðe´´ÒÌ ¢ ¶·µ§· Î´ÊÕ ³ É·¨ÍÊ.
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�¨¸. 11. „¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¸¥·¥¡·  ¨ µ¶É¨Î¥¸±µ£µ ¸É¥±² 

�¨¸. 12. „¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ ε′mix(λ) ¤¨Ô²¥±É·¨Î¥¸±µ° ËÊ´±Í¨¨ £¥É¥·µ£¥´´µ° ¸·¥¤Ò
(±·¨¢Ò¥ 1, 3, 5) ¨ ¥e ³´¨³ Ö Î ¸ÉÓ ε′′mix(λ) (±·¨¢Ò¥ 2, 4, 6) ¤²Ö η = 0, 2 (1, 2); 0,4 (3, 4)
¨ 0,6 (5, 6)

�·¥¤¶µ²µ¦¨³, ÎÉµ ³ É¥·¨ ²Ò ´ ´µÏ ·µ¢ ¨ ³ É·¨ÍÒ ´¥ ¨³¥ÕÉ µ¶É¨Î¥¸±¨Ì
·¥§µ´ ´¸µ¢ ¢ · ¸¸³ É·¨¢ ¥³µ° µ¡² ¸É¨ Î ¸ÉµÉ. �¡µ§´ Î¨³ εmix(λ), εb(λ) ¨
εm(λ) Å ¤¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ £¥É¥·µ£¥´´µ° ¸·¥¤Ò ¨ ³ É¥·¨ ²µ¢ ´ ´µ-
Î ¸É¨Í ¨ ³ É·¨ÍÒ ¸µµÉ¢¥É¸É¢¥´´µ, η Å µ¡Ñe³´ Ö ±µ´Í¥´É· Í¨Ö ´ ´µÎ ¸É¨Í.
’µ£¤  ¸µ£² ¸´µ Ê· ¢´¥´¨Õ (17) É·¨ ¤¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¸¢Ö§ ´Ò ¸µµÉ-
´µÏ¥´¨¥³

εmix(λ)− 1
εmix(λ) + 2

= η
εb(λ)− 1
εb(λ) + 2

+ (1− η)
εm(λ)− 1
εm(λ) + 2

≡ ηFb(λ) + (1− η)Fm(λ).

(62)

ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (62) ¤²Ö Î ¸É´µ£µ ¸²ÊÎ Ö ¸¥·¥¡·Ö´ÒÌ ´ ´µÎ ¸É¨Í ¢
¶·µ§· Î´µ³ µ¶É¨Î¥¸±µ³ ¸É¥±²¥. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨
εb(λ) ≡ ε′b(λ) + ε′′b (λ) ¨ εm(λ) ≡ ε′m(λ) µ¶·¥¤¥²¥´Ò ¢ [131, 132] (·¨¸. 11).
„¨Ô²¥±É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ εb(λ), · ¸¸Î¨É ´´Ò¥ ¨§ Ê· ¢´¥´¨Ö (62) ¤²Ö · §²¨Î-
´ÒÌ η, ¶µ± § ´Ò ´  ·¨¸. 12. ‚ µÉ²¨Î¨e µÉ ³µ´µÉµ´´µ£µ ¨§³¥´¥´¨Ö ¤¨Ô²¥±-
É·¨Î¥¸±¨Ì ËÊ´±Í¨° ³ É¥·¨ ²µ¢ ´ ´µÎ ¸É¨Í ¨ ³ É·¨ÍÒ, ¶·¥¤¸É ¢²¥´´ÒÌ ´ 
·¨¸. 11, ¤¨Ô²¥±É·¨Î¥¸± Ö ËÊ´±Í¨Ö £¥É¥·µ£¥´´µ° ¸·¥¤Ò ´  ·¨¸. 12 ¨³¥¥É Ö·±µ
¢Ò· ¦¥´´Ò° ·¥§µ´ ´¸, ¢ µ±·¥¸É´µ¸É¨ ±µÉµ·µ£µ ε′mix(λ) ¨ ε′′mix(λ) ¸ÊÐ¥¸É¢¥´´µ
¢µ§· ¸É ÕÉ.

�µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö nmix(λ) = Re [εmix(λ)]1/2 ¨ ±µÔËË¨Í¨¥´É ¶µ-
£²µÐ¥´¨Ö κmix(λ) = Im [εmix(λ)]1/2 £¥É¥·µ£¥´´µ° ¸·¥¤Ò, µ¶·¥¤¥²e´´Ò¥ ¤²Ö
· §²¨Î´ÒÌ η, ¶µ± § ´Ò ´  ·¨¸. 13. „²Ö η = 0, 4 ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥
max [nmix] ≈ 10. ‘¶· ¢  µÉ ³ ±¸¨³Ê³  ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¥£µ ¢¥²¨Î¨´ 
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�¨¸. 13. �µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö nmix(λ) (±·¨¢Ò¥ 2, 5), ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥´¨Ö
κmix(λ) (1, 4) ¨ ±µÔËË¨Í¨¥´É Ô±¸É¨´±Í¨¨ ·Ô²¥¥¢¸±µ£µ · ¸¸¥Ö´¨Ö h(λ) (3, 6) ¤²Ö η =
0, 2 (±·¨¢Ò¥ 1, 2, 3) ¨ η = 0, 4 (4, 5, 6)

�¨¸. 14. „²¨´  ¢µ²´Ò λr, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ·¥§µ´ ´¸Ê ¢ £¥É¥·µ£¥´´µ° ¸·¥¤¥, ± ± ËÊ´±-
Í¨Ö µ¡Ñe³´µ° ±µ´Í¥´É· Í¨¨ ´ ´µÎ ¸É¨Í

¢¸e ¥Ðe ¤µ¸É ÉµÎ´µ ¢¥²¨± , nmix ∼ 4÷6, ¢ Éµ ¢·¥³Ö ± ± ¶µ£²µÐ¥´¨¥ µ± §Ò¢ -
¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¥, Î¥³ ¢¡²¨§¨ ·¥§µ´ ´¸ . „²¨´  ¢µ²´Ò λr ¨§²ÊÎ¥´¨Ö,
¸µµÉ¢¥É¸É¢ÊÕÐ Ö ·¥§µ´ ´¸Ê, µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö ε′mix(λ) = 0, ±µÉµ·µ¥
Ô±¢¨¢ ²¥´É´µ · ¢¥´¸É¢Ê

η = ηr(λ) ≡ 0, 5[−P (λ) +
√
P 2(λ) +Q(λ)], (63)

£¤¥

P (λ) =
[ReFb(λ) − Fm(λ)][2Fm(λ) − 0, 5]
[ReFb(λ)− Fm(λ)]2 + [ReFb(λ)]2

,

Q(λ) =
2[2Fm(λ) − 1][1− Fm(λ)]

[ReFb(λ)− Fm(λ)]2 + [ImFb(λ)]2
.

„²Ö § ¤ ´´µ£µ η ¢¥²¨Î¨´  λr µ¶·¥¤¥²Ö¥É¸Ö ¶µ £· Ë¨±Ê ·¨¸. 14.
�Í¥´¨³ ±µÔËË¨Í¨¥´É Ô±¸É¨´±Í¨¨ η(λ) ·Ô²¥¥¢¸±µ£µ · ¸¸¥Ö´¨Ö ¢ £¥É¥·µ-

£¥´´µ° ¸·¥¤¥. ‘µ£² ¸´µ Ëµ·³Ê²¥ (120.1) ¨§ [45]

η(λ) =
(2π)2

3λ3
V 〈δεmix(λ)δε∗mix(λ)〉. (64)

‡¤¥¸Ó δεmix(λ) Å Ë²Ê±ÉÊ Í¨¨ ¤¨Ô²¥±É·¨Î¥¸±µ° ËÊ´±Í¨¨ ¢ µ¡Ñe³¥ V £¥É¥·µ-
£¥´´µ° ¸·¥¤Ò ¨ 〈...〉 µ§´ Î ¥É ¸É É¨¸É¨Î¥¸±µ¥ Ê¸·¥¤´¥´¨¥. ‚¥²¨Î¨´  δεmix(λ)
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µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö (62):

δεmix(λ) = η
εb(λ) − 1
εb(λ) + 2

+ (1− η)
εm(λ) − 1
εm(λ) + 2

≡ ηFb(λ) + (1 − η)Fm(λ), (65)

£¤¥ Nm Å ±µ´Í¥´É· Í¨Ö  Éµ³µ¢ ¢ ³ É¥·¨ ²¥ ³ É·¨ÍÒ ¨ δNm Å Ë²Ê±ÉÊ Í¨Ö
±µ´Í¥´É· Í¨¨  Éµ³µ¢ ³ É·¨ÍÒ ¢ µ¡Ñe³¥ V . �·¥¤¶µ²µ¦¨³, ÎÉµ Ë²Ê±ÉÊ Í¨¨ δη
¨ δNm ¸É É¨¸É¨Î¥¸±¨ ´¥§ ¢¨¸¨³Ò, ¨ ¢Ò¶µ²´¨³ Ê¸·¥¤´¥´¨¥ ¶µ Ë²Ê±ÉÊ Í¨Ö³.
„²Ö ¸²ÊÎ Ö ¶Ê ¸¸µ´µ¢¸±¨Ì Ë²Ê±ÉÊ Í¨° ¶µ²´µ£µ Î¨¸²  NmV = V Nm  Éµ³µ¢
³ É·¨ÍÒ ¢ V ¨³¥¥³ 〈δN2

mV 〉 = NmV ¨, ¸²¥¤µ¢ É¥²Ó´µ, 〈δN2
m〉 = NmV /V .

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥, ÎÉµ δη = ηVbNb, £¤¥ Vb Å ¸·¥¤´¨° µ¡Ñe³ ´ ´µÎ -
¸É¨ÍÒ, ¶µ²ÊÎ ¥³ δη = (Vb/V )δNbV + (1/V )δbV , £¤¥ NbV ≡ NbV Å ¶µ²´µ¥
Î¨¸²µ ´ ´µÎ ¸É¨Í ¨ VbV = NbV V Å µ¡Ñe³, § ´¨³ ¥³Ò° ¨³¨ ¢ V . �·¥¤-
¶µ² £ Ö ¶Ê ¸¸µ´µ¢¸±¨¥ Ë²Ê±ÉÊ Í¨¨ NbV ¨ VbV , ¶µ²ÊÎ ¥³ 〈δN2

bV 〉 = NbV ¨
〈δV 2

bV 〉 = NbV 〈δV 2
b 〉. „²Ö Ë²Ê±ÉÊ Í¨° δV 2

b µ¡Ñe³  ´ ´µÎ ¸É¨Í ³µ¦´µ § ¶¨-
¸ ÉÓ 〈δV 2

b 〉 ≡ (p−1)V 2
b = (p−1)η2/N2

b , £¤¥ p ≥ 1 Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·.
�µ¤¸É ¢²ÖÖ δεmix(λ) ¨§ Ê· ¢´¥´¨Ö (65) ¢ (64) ¨ ¢Ò¶µ²´ÖÖ Ê¸·¥¤´¥´¨¥ ¶µ Ë²Ê±-
ÉÊ Í¨Ö³, ¶µ²ÊÎ ¥³

η(λ) =
(2π)2

3λ3

|εmix(λ) − 1|4
[εm(λ) + 2]2

{
η2p

Np

∣∣∣∣ εb(λ)− εm(λ)
εb(λ) + 2

∣∣∣∣
2

+
(1 − η)2

9Nm
[εm(λ) − 1]2

}
.

(66)

‡ ¢¨¸¨³µ¸É¨ η(λ) ¶µ± § ´Ò ´  ·¨¸. 13 (±·¨¢Ò¥ 3, 6) ¤²Ö Nb = 1020 ¸³−3 ¨
p = 1, 1. Š ± ¸²¥¤Ê¥É ¨§ ·¨¸. 13, ¤²Ö η = 0, 2 ·Ô²¥¥¢¸±µ¥ · ¸¸¥Ö´¨¥ £µ· §¤µ
¸² ¡¥¥, Î¥³ ¶µ£²µÐ¥´¨¥, ´µ ¤²Ö η = 0, 4 ³ ±¸¨³Ê³ ·Ô²¥¥¢¸±µ£µ · ¸¸¥Ö´¨Ö
¸ÊÐ¥¸É¢¥´´µ ¶·¥¢ÒÏ ¥É ³ ±¸¨³Ê³ ¶µ£²µÐ¥´¨Ö ¨ ±·¨¢ Ö η(λ) ¨³¥¥É ÎeÉ±µ
¢Ò· ¦¥´´Ò° ·¥§µ´ ´¸. �·¨ Ê¢¥²¨Î¥´¨¨ · ¤¨Ê¸  ´ ´µÎ ¸É¨ÍÒ ·Ô²¥¥¢¸±µ¥ · ¸-
¸¥Ö´¨¥ Ê¢¥²¨Î¨¢ ¥É¸Ö.

‘¨²Ó´µ¥ ¶µ£²µÐ¥´¨¥ ¢ £¥É¥·µ£¥´´µ° ¸·¥¤¥ ³µ¦¥É ¡ÒÉÓ ¶µ¤ ¢²¥´µ ¸ ¶µ-
³µÐÓÕ  ±É¨¢´µ° ³ É·¨ÍÒ. „µ¶Ê¸É¨³, ÎÉµ ¢ ³ É·¨ÍÊ ¤µ¡ ¢²¥´µ ´¥±µÉµ·µ¥
±µ²¨Î¥¸É¢µ  ±É¨¢´ÒÌ  Éµ³µ¢, ±µ´Í¥´É· Í¨Ö ±µÉµ·ÒÌ ³´µ£µ ³¥´ÓÏ¥ ±µ´Í¥´É-
· Í¨¨  Éµ³µ¢ ³ É·¨ÍÒ, É ± ÎÉµ Ô²¥±É·µ³ £´¨É´µ¥ ¨§²ÊÎ¥´¨¥ ³µ¦¥É Ê¸¨²¨-
¢ ÉÓ¸Ö ´  ´¥±µÉµ·µ° ¤²¨´¥ ¢µ²´Ò λ0. �·¥¤¶µ²µ¦¨³ ¤²Ö ¶·µ¸ÉµÉÒ, ÎÉµ ±·¨¢Ò¥
Ê¸¨²¥´¨Ö ¨ ¤¨¸¶¥·¸¨¨ ¢ ³ É·¨Í¥ ¡¥§ ´ ´µÎ ¸É¨Í ¨³¥ÕÉ ²µ·¥´Íe¢¸±ÊÕ Ëµ·³Ê
¨ ¤¨Ô²¥±É·¨Î¥¸± Ö ËÊ´±Í¨Ö  Éµ³µ¢ ³ É¥·¨ ²  ³ É·¨ÍÒ µ¸É eÉ¸Ö Éµ° ¦¥, ÎÉµ
¶·¨¢¥¤¥´  ´  ·¨¸. 11. „¨Ô²¥±É·¨Î¥¸± Ö ËÊ´±Í¨Ö ¤ ´´µ° É·eÌ±µ³¶µ´¥´É´µ°
¸·¥¤Ò µ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸µµÉ´µÏ¥´¨Ö

εmix(λ)− 1
εmix(λ) + 2

= η
εb(λ)− 1
εb(λ) + 2

+ (1− η)
[
εm(λ) − 1
εm(λ) + 2

+
G

δ(λ)/γ + i

]
≡ F (λ), (67)



148 ‡�‰Œˆ„���ƒ� �.�., ‘�Œ�‰‹�‚ ‚.
., ���–…
Š� ˆ.….

£¤¥ δ(λ) = 2πc(λ−1 − λ0) Å µÉ¸É·µ°±  µÉ ·¥§µ´ ´¸  Ê¸¨²¥´¨Ö; c Å ¸±µ·µ¸ÉÓ
¸¢¥É  ¢ ¸¢µ¡µ¤´µ³ ¶·µ¸É· ´¸É¢¥; γ Å Ï¨·¨´  ²¨´¨¨  ±É¨¢´µ£µ ¶¥·¥Ìµ¤  ¢
¶·¨³¥¸´ÒÌ  Éµ³ Ì ¢ ³ É·¨Í¥; ¶ · ³¥É· G µ¶¨¸Ò¢ ¥É Ê¸¨²¥´¨¥.

�¶·¥¤¥²¨³ Ê¸²µ¢¨Ö, ¶·¨ ±µÉµ·ÒÌ  ±É¨¢´ Ö £¥É¥·µ£¥´´ Ö ¸·¥¤  ´¥ ¶µ£²µ-
Ð ¥É, ´µ µ¡² ¤ ¥É ¢Ò¸µ±µ° ¤¨¸¶¥·¸¨¥°: nmix � 1. � §·¥Ï Ö Ê· ¢´¥´¨¥ (67)
µÉ´µ¸¨É¥²Ó´µ εmix(λ), ´ Ìµ¤¨³

εmix(λ) =
1 + 2F (λ)
1− F (λ)

. (68)

ˆ§ Ê· ¢´¥´¨Ö (68) ¸²¥¤Ê¥É, ÎÉµ εmix(λ) ¤¥°¸É¢¨É¥²Ó´µ, ¥¸²¨ Im [F (λ)] = 0.
„²Ö λ = λ0 ¶µ¸²¥¤´¥¥ Ê¸²µ¢¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¤²Ö G = Gtr:

Gtr =
η

1− η
Im

[
εb(λ)− 1
εb(λ) + 2

]
. (69)

„µ¶Ê¸É¨³, ÎÉµ G = Gtr, Éµ£¤  εmix(λ)� 1, ¥¸²¨ F (λ0) ≡ Re [F (λ0)]→ 1, ÎÉµ
¨³¥¥É ³¥¸Éµ, ¥¸²¨

η → η∞ ≡ 3
[εm(λ0) + 2]Re {[εb(λ0)− 1]/[εb(λ0) + 2]}

, η < η∞. (70)


¥µ¡Ìµ¤¨³µ¥ Ê¸²µ¢¨¥ 0 < ηmix < 1 ¢Ò¶µ²´Ö¥É¸Ö, ¥¸²¨ Re {[εb(λ0) − 1]/
[εb(λ0) + 2]} > 1, ÎÉµ ¸¶· ¢¥¤²¨¢µ ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° εb(λ), ¶·¥¤¸É ¢-
²¥´´ÒÌ ´  ·¨¸. 11. ’ ±¨³ µ¡· §µ³, £¥É¥·µ£¥´´ Ö ¸·¥¤  µ± §Ò¢ ¥É¸Ö ¶µ²´µ-
¸ÉÓÕ ¶·µ§· Î´µ° ¤²Ö ¨§²ÊÎ¥´¨Ö µ¶·¥¤¥²e´´µ° ¤²¨´Ò ¢µ²´Ò, ¥¸²¨ G ≈ Gtr ¨
η ≈ ηinf . 
  ·¨¸. 15 ¶µ± § ´Ò § ¢¨¸¨³µ¸É¨ nmix(λ) ¨ κmix(λ), µ¶·¥¤¥²e´´Ò¥
¤²Ö G = 1, 01Gtr, 1, 01Gtr = 0, 135, λ0 = 3750 A, γ = 10−13 ¸−1, η = 0, 98η∞
¨ η∞ = 0, 193. ‚ ÔÉ¨Ì Ê¸²µ¢¨ÖÌ ·Ô²¥¥¢¸±¨³ · ¸¸¥Ö´¨¥³ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ,
É ±, Ê¦¥ ¶·¨ η = 0, 2 µ´µ ¶·¥´¥¡·¥¦¨³µ ³ ²µ ¶µ ¸· ¢´¥´¨Õ ¸ ¶µ£²µÐ¥´¨¥³
¢ ¶ ¸¸¨¢´µ° £¥É¥·µ£¥´´µ° ¸·¥¤¥ (¸·. ±·¨¢Ò¥ 1 ¨ 3 ´  ·¨¸. 13). „²Ö λ = λ0

 ±É¨¢´ Ö £¥É¥·µ£¥´´ Ö ¸·¥¤  µ± §Ò¢ ¥É¸Ö  ¡¸µ²ÕÉ´µ ¶·µ§· Î´µ°, ¨ ¥e ¶µ± -
§ É¥²Ó ¶·¥²µ³²¥´¨Ö nmix(λ0) = 10, 6 ¤²Ö η = 0, 96η∞ ¨ nmix(λ0) = 15 ¤²Ö
η = 0, 98η∞.

„²Ö G > Gtr ¢ ´¥±µÉµ·µ° µ±·¥¸É´µ¸É¨ λ0 ¢  ±É¨¢´µ° £¥É¥·µ£¥´´µ° ¸·¥¤¥
³µ¦¥É ¢µ§´¨±´ÊÉÓ £¨£ ´É¸±µ¥ Ê¸¨²¥´¨¥ ·¥§µ´ ´¸´µ£µ Ô²¥±É·µ³ £´¨É´µ£µ ¨§-
²ÊÎ¥´¨Ö. 
  ·¨¸. 16 ¶µ± § ´Ò § ¢¨¸¨³µ¸É¨ nmix(λ) ¨ κmix(λ) ¤²Ö η = 0, 96η∞,
G = 1, 1Gtr ¶·¨ ¢¥²¨Î¨´ Ì µ¸É ²Ó´ÒÌ ¶ · ³¥É·µ¢, ± ± ¤²Ö ·¨¸. 15. “¸¨²¥´¨¥ ¢
µ±·¥¸É´µ¸É¨ ·¥§µ´ ´¸  ¸¨²Ó´µ ¢µ§· ¸É ¥É ¢ ¸· ¢´¥´¨¨ ¸ Ê¸¨²¥´¨¥³ ¢  ±É¨¢´µ°
³ É·¨Í¥ ¡¥§ ´ ´µÎ ¸É¨Í. 
  ·¨¸. 16 ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥ ε′′mix = −989, 2, ¢
Éµ ¢·¥³Ö ± ± ¢  ±É¨¢´µ° ³ É·¨Í¥ ¡¥§ ´ ´µÎ ¸É¨Í ε′′mix = −1, 7. ‘²¥¤Ê¥É µÉ³¥-
É¨ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ±·¨É¨Î¥¸± Ö ÉµÎ±  λ = λcr, µ¶·¥¤¥²Ö¥³ Ö ¨§ Ê· ¢´¥´¨Ö
ε′′mix(λ) = 0. ‚ ÔÉµ° ÉµÎ±¥, ¶·¨ Ê¸²µ¢¨¨ ε′mix(λcr) < 0, ¶µ± § É¥²Ó ¶·¥²µ³²¥-
´¨Ö £¥É¥·µ£¥´´µ° ¸·¥¤Ò µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ£¥´´µ°
¸·¥¤Ò ¢ µ±·¥¸É´µ¸É¨ λcr É·¥¡ÊÕÉ ¸¶¥Í¨ ²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö.
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�¨¸. 15. �µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö nmix(λ) ¨ ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥´¨Ö κmix(λ)  ±É¨¢-
´µ° £¥É¥·µ£¥´´µ° ¸·¥¤Ò; ÉµÎ±¨, £¤¥ κmix(λ) = 0, ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²´µ° ¶·µ§· Î´µ¸É¨
¸·¥¤Ò

�¨¸. 16. ƒ¨£ ´É¸±µ¥ Ê¸¨²¥´¨¥ ¢ £¥É¥·µ£¥´´µ° ¸·¥¤¥: ε′′mix(λ) < 0 ¨ |ε′′mix(λ)| � 1

„²Ö ¤µ¸É¨¦¥´¨Ö ·¥¦¨³µ¢ ¶·µ§· Î´µ¸É¨ ¨²¨ £¨£ ´É¸±µ£µ Ê¸¨²¥´¨Ö ¢  ±-
É¨¢´µ° £¥É¥·µ£¥´´µ° ¸·¥¤¥ ¢ · ¸¸³µÉ·¥´´µ³ ¶·¨³¥·¥ É·¥¡Ê¥É¸Ö µ¡¥¸¶¥Î¨ÉÓ
¢¥²¨Î¨´Ê ¶ · ³¥É·  Ê¸¨²¥´¨Ö G ≈ Gtr = 0, 135, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¤²¨´¥
Ê¸¨²¥´¨Ö ¢  ±É¨¢´µ° ³ É·¨Í¥ ¡¥§ ´ ´µÎ ¸É¨Í ≈ 0, 2 ³±³. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥
Ê¸¨²¥´¨¥ ¢ ´¥¸±µ²Ó±µ · § ¡µ²ÓÏ¥, Î¥³ ³ ±¸¨³ ²Ó´µ¥ Ê¸¨²¥´¨¥, ¤µ¸É¨£´ÊÉµ¥
± ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ ¢ ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ² §¥· Ì. ‚³¥¸É¥ ¸ É¥³ µÍ¥´±¨
¶µ± §Ò¢ ÕÉ, ÎÉµ É·¥¡Ê¥³µ¥ Ê¸¨²¥´¨¥ ³µ¦¥É ¡ÒÉÓ Ê³¥´ÓÏ¥´µ ¢ ´¥¸±µ²Ó±µ · §
¶ÊÉ¥³ ¶µ¤¡µ·  µ¶É¨³ ²Ó´ÒÌ ³ É¥·¨ ²µ¢ ´ ´µÎ ¸É¨Í ¨ ³ É·¨ÍÒ ¶·¨ ¢ ·Ó¨-
·µ¢ ´¨¨ £¥µ³¥É·¨Î¥¸±µ° Ëµ·³Ò ´ ´µÎ ¸É¨Í, ¨¸¶µ²Ó§µ¢ ´¨Ö ´ ´µÎ ¸É¨Í ¨§
· §²¨Î´ÒÌ ³ É¥·¨ ²µ¢, ¶µ³¥Ðe´´ÒÌ ¢ µ¤´Ê ³ É·¨ÍÊ, ´ ´µÎ ¸É¨Í-±µ³¶µ§¨Éµ¢
(É. ¥. ¸ ¶µ±·ÒÉ¨¥³ ¨§ ¤·Ê£µ£µ ³ É¥·¨ ² ), Ê¶µ·Ö¤µÎ¨¢ ´¨Ö · ¸¶µ²µ¦¥´¨Ö ´ -
´µÎ ¸É¨Í ¢ ³ É·¨Í¥ ¨ ³´µ£¨³¨ ¤·Ê£¨³¨ ¸¶µ¸µ¡ ³¨.

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³ ¤¢¥ µ¸´µ¢´Ò¥ µ¸µ¡¥´´µ¸É¨ £¥É¥·µ£¥´´µ° ¸·¥¤Ò,
±µÉµ·Ò¥ ¶·¨¢µ¤ÖÉ ± ¢Ò¸µ±µ³Ê ¶µ± § É¥²Õ ¶·¥²µ³²¥´¨Ö ¨ £¨£ ´É¸±µ³Ê Ê¸¨-
²¥´¨Õ. ‚µ-¶¥·¢ÒÌ, ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö, ±µÉµ·µ¥ ÊÎ¨ÉÒ¢ ²µ¸Ó ¢ · ³± Ì
¸µµÉ´µÏ¥´¨Ö Š² Ê§¨Ê¸ ÄŒµ¸¸µÉÉ¨ (17). ‚ · ¡µÉ¥ [27] ²µ± ²Ó´µ¥ ¶µ²¥ ¢ £¥É¥-
·µ£¥´´µ° ¸·¥¤¥ ¨§ ¸¥·¥¡·Ö´ÒÌ ´ ´µÎ ¸É¨Í ¢ ¸É¥±²Ö´´µ° ³ É·¨Í¥ ÊÎ¨ÉÒ¢ ²µ¸Ó
¶µ Ëµ·³Ê²¥ Œ ±¸¢¥²² -ƒ ·´¥É  (34), ÎÉµ ¶·¨¢¥²µ ± ·¥§Ê²ÓÉ É ³, ± Î¥¸É¢¥´´µ
 ´ ²µ£¨Î´Ò³ ´ °¤¥´´Ò³ ¢ [26]. ‚µ-¢Éµ·ÒÌ, É·¥¡Ê¥É¸Ö ¢Ò¶µ²´¥´¨¥ Ê¸²µ¢¨Ö
ε′b < 0, ÎÉµ ¨³¥¥É ³¥¸Éµ ¤²Ö ³¥É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í. �µ¸²¥¤´¥¥ Ê¸²µ-
¢¨¥ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´µ ¤²Ö ´ ´µÎ ¸É¨Í, ¸µ¸ÉµÖÐ¨Ì ¨§ ´¥¡µ²ÓÏµ£µ Î¨¸² 
·¥§µ´ ´¸´ÒÌ  Éµ³µ¢ ¨²¨ ¤²Ö ®¸µ¸É ¢´µ°¯ ´ ´µÎ ¸É¨ÍÒ, ¸µ¸ÉµÖÐ¥° ¨§ ³¥É ²-
²¨Î¥¸±µ£µ ´ ´µÏ ·  ¨ ·¥§µ´ ´¸´µ£µ  Éµ³ , ¶µ³¥Ðe´´µ£µ ´  ³ ²µ³ (³´µ£µ
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³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò ¨§²ÊÎ¥´¨Ö) · ¸¸ÉµÖ´¨¨ µÉ ´¥e. ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥
´ ´µÏ · ¨£· ¥É ·µ²Ó ·¥§µ´ Éµ· , ¶µ¢ÒÏ Ö ¤µ¡·µÉ´µ¸ÉÓ ¨§²ÊÎ É¥²Ö- Éµ³ .

‡�Š‹C—…�ˆ…

‚ µ¡§µ·¥ µ¸´µ¢´µ¥ ¢´¨³ ´¨¥ ¡Ò²µ Ê¤¥²¥´µ µ¶É¨Î¥¸±¨³ ¸¢µ°¸É¢ ³ £¥É¥·µ-
£¥´´ÒÌ ¨ ·¥§µ´ ´¸´ÒÌ  Éµ³ ·´ÒÌ ¸·¥¤ ¢ Ê¸²µ¢¨ÖÌ, ±µ£¤  ¶µ²Ö·¨§ Í¨Ö ¸·¥¤Ò,
´ ¢¥¤e´´ Ö Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³, ²¨´¥°´µ § ¢¨¸¨É µÉ  ³¶²¨ÉÊ¤Ò ¶µ¸²¥¤-
´¥£µ. ‹¨´¥°´Ò¥ ¸¢µ°¸É¢  ¶µ²´µ¸ÉÓÕ µ¶¨¸Ò¢ ÕÉ¸Ö ¶µ± § É¥²¥³ ¶·¥²µ³²¥´¨Ö
n ¨ ±µÔËË¨Í¨¥´Éµ³ ¶µ£²µÐ¥´¨Ö κ ¸·¥¤, ¨ § ¤ Î , É ±¨³ µ¡· §µ³, ¸¢µ¤¨É¸Ö ±
±µ´É·µ²Õ §  n ¨ κ.

�Í¥´±¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¡µ²ÓÏ¨¥ ¶µ± § É¥²¨ ¶·¥²µ³²¥´¨Ö ¢·Ö¤ ²¨ ³µ-
£ÊÉ ¡ÒÉÓ ·¥ ²¨§µ¢ ´Ò ¢ ¸·¥¤ Ì ±µ´¥Î´µÊ·µ¢´¥¢ÒÌ  Éµ³µ¢. �·µ ´ ²¨§¨·µ¢ ´ 
¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö ¢Ò¸µ±µ£µ ¨ ±µ´É·µ²¨·Ê¥³µ£µ ¶µ± § É¥²Ö ¶·¥²µ³²¥-
´¨Ö ¢ ¸·¥¤¥ É·¥ÌÊ·µ¢´¥¢ÒÌ Λ- Éµ³µ¢ ¨ ¶µ± § ´µ, ÎÉµ ¸¥·Óe§´Ò³ ¶·¥¶ÖÉ¸É¢¨¥³
Ö¢²Ö¥É¸Ö ¸ ³µÊÏ¨·¥´¨¥. �·¥¤²µ¦¥´  µÍ¥´±  ¸ ³µÊÏ¨·¥´¨Ö ± ± · ¸¸¥Ö´¨Ö ´ 
Ë²Ê±ÉÊ Í¨ÖÌ ¶²µÉ´µ¸É¨ ·¥§µ´ ´¸´ÒÌ  Éµ³µ¢. ’ ±¨³ µ¡· §µ³, µ¸´µ¢´µ° ¶·µ-
¡²¥³µ° Ö¢²Ö¥É¸Ö ¸µ§¤ ´¨¥ ¸·¥¤Ò ¨§ Î ¸É¨Í, ²¨´¥°´ Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ±µÉµ-
·ÒÌ ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥, Î¥³ ²¨´¥°´ Ö ¶µ²Ö·¨§Ê¥³µ¸ÉÓ ·¥§µ´ ´¸´ÒÌ ¤¢ÊÌ-
¨²¨ ´¥¸±µ²Ó±µÊ·µ¢´¥¢ÒÌ  Éµ³µ¢. ‚ É ±¨Ì ¸·¥¤ Ì ¢µ§³µ¦´Ò ¡µ²ÓÏ¨¥ ¨ ±µ´-
É·µ²¨·Ê¥³Ò¥ ¢¥²¨Î¨´Ò n ¨ κ.

�¤´µ° ¨§ ¶µ¤Ìµ¤ÖÐ¨Ì ¸·¥¤ µ± §Ò¢ ¥É¸Ö £¥É¥·µ£¥´´ Ö ¸·¥¤  ¨§ ¶·µ§· Î´µ°
³ É·¨ÍÒ ¨ ¶µ³¥Ðe´´ÒÌ ¢ ´¥e ³¥É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í, · §³¥·Ò ±µÉµ·ÒÌ
³´µ£µ ³¥´ÓÏ¥ ¤²¨´Ò ¢µ²´Ò Ô²¥±É·µ³ £´¨É´µ£µ ¨§²ÊÎ¥´¨Ö. „¢¨¦¥´¨¥ ¸¢µ-
¡µ¤´ÒÌ Ô²¥±É·µ´µ¢ ¢ ´ ´µÎ ¸É¨Í¥ µ£· ´¨Î¥´µ ¥e · §³¥· ³¨, ¶µÔÉµ³Ê Ï¨·¨´ 
¶² §³µ´´µ£µ ·¥§µ´ ´¸  § ¢¨¸¨É µÉ · §³¥·µ¢ Î ¸É¨ÍÒ. �µ¸±µ²Ó±Ê ´ ´µÎ -
¸É¨Í  ¸µ¤¥·¦¨É ¡µ²ÓÏµ¥ Î¨¸²µ ¸¢µ¡µ¤´ÒÌ Ô²¥±É·µ´µ¢, ¥e ¶µ²Ö·¨§Ê¥³µ¸ÉÓ
¢¡²¨§¨ ¶² §³µ´´µ£µ ·¥§µ´ ´¸  ³µ¦¥É µ± § ÉÓ¸Ö ¢ÒÏ¥, Î¥³ Ê µÉ¤¥²Ó´µ£µ ·¥§µ-
´ ´¸´µ£µ  Éµ³ . �µ³¨³µ ³¥É ²²¨Î¥¸±¨Ì ´ ´µÎ ¸É¨Í ¢µ§³µ¦´µ ¨¸¶µ²Ó§µ¢ ´¨¥
¤·Ê£¨Ì, ´ ¶·¨³¥· ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ, ´ ´µÎ ¸É¨Í ¸ Ï¨·¨´µ° § ¶·¥Ðe´´µ°
§µ´Ò ¢¡²¨§¨ Î ¸ÉµÉÒ ¶·¨²µ¦¥´´µ£µ ¶µ²Ö. �µ£²µÐ¥´¨¥ ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì
³µ¦¥É ¡ÒÉÓ ¸±µ³¶¥´¸¨·µ¢ ´µ §  ¸ÎeÉ ¤µ¡ ¢²¥´¨Ö ÉÊ¤   ±É¨¢´ÒÌ  Éµ³µ¢. �µ
µÍ¥´± ³ ¤²Ö ¶µ²´µ° ±µ³¶¥´¸ Í¨¨ ¶µ£²µÐ¥´¨Ö É·¥¡Ê¥É¸Ö Ê¸¨²¥´¨¥ ¶µ·Ö¤± 
³ ±¸¨³ ²Ó´µ ¤µ¸É¨¦¨³µ£µ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢ ¶µ²Ê¶·µ¢µ¤´¨±µ¢ÒÌ ² §¥·´ÒÌ
¸·¥¤ Ì. ’·¥¡Ê¥³Ò¥ ±µÔËË¨Í¨¥´ÉÒ Ê¸¨²¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ Ê³¥´ÓÏ¥´Ò ¶·¨ µ¶É¨-
³ ²Ó´µ³ ¢Ò¡µ·¥ ³ É¥·¨ ²  ´ ´µÎ ¸É¨Í ¨ ³ É·¨ÍÒ. ‘ÊÐ¥¸É¢Ê¥É µ¡² ¸ÉÓ ¶ -
· ³¥É·µ¢, ¶·¨ ±µÉµ·ÒÌ ·Ô²¥¥¢¸±¨³ · ¸¸¥Ö´¨¥³ ¢ £¥É¥·µ£¥´´ÒÌ ¸·¥¤ Ì ³µ¦´µ
¶·¥´¥¡·¥ÎÓ, ´µ ¶µ± § É¥²Ó ¶·¥²µ³²¥´¨Ö ¨ ±µÔËË¨Í¨¥´É ¶µ£²µÐ¥´¨Ö µ± §Ò-
¢ ÕÉ¸Ö ¢¥¸Ó³  ¡µ²ÓÏ¨³¨.

pµ²ÓÏµ¥ §´ Î¥´¨¥ ¤²Ö ¶µÖ¢²¥´¨Ö µ¸µ¡ÒÌ µ¶É¨Î¥¸±¨Ì ¸¢µ°¸É¢ £¥É¥·µ£¥´-
´ÒÌ ¸·¥¤ ¨³¥¥É ÔËË¥±É ²µ± ²Ó´µ£µ ¶µ²Ö. �·¨¢¥¤¥´  ¡¨¡²¨µ£· Ë¨Ö · ¡µÉ,
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¶µ¸¢ÖÐe´´ÒÌ ¥£µ ¨¸¸²¥¤µ¢ ´¨Õ, µ¡¸Ê¦¤ ² ¸Ó Ë¨§¨Î¥¸± Ö ¸ÊÐ´µ¸ÉÓ Ö¢²¥´¨Ö
¨ · §²¨Î´Ò¥ ¥£µ É¥µ·¥É¨Î¥¸±¨¥ ³µ¤¥²¨, ²µ± ²Ó´µ¥ ¶µ²¥ ¢ · §²¨Î´ÒÌ ¸·¥¤ Ì,
¢ Éµ³ Î¨¸²¥ ±² ¸É¥·´ÒÌ ¨ ¸·¥¤ Ì ¸ Ë· ±É ²Ó´µ° ¸É·Ê±ÉÊ·µ°, Éµ´±¨Ì ¶²e´± Ì
¨ ¸·¥¤ Ì ·¥§µ´ ´¸´ÒÌ ¤¢ÊÌÊ·µ¢´¥¢ÒÌ  Éµ³µ¢, ´¥²¨´¥°´µ-µ¶É¨Î¥¸±¨¥ ¨ ¤·Ê£¨¥
Ö¢²¥´¨Ö ¢ ¶·¨¸ÊÉ¸É¢¨¨ ²µ± ²Ó´µ£µ ¶µ²Ö, ¢²¨Ö´¨¥ ²µ± ²Ó´µ£µ ¶µ²Ö ´  · ¡µÉÊ
µ¶É¨Î¥¸±¨Ì Ê¸É·µ°¸É¢. �·µ ´ ²¨§¨·µ¢ ´  ¸¨¸É¥³  ¸ ±µ´É·µ²¨·Ê¥³Ò³  ´ ²µ-
£µ³ ²µ± ²Ó´µ£µ ¶µ²Ö, ¢±²ÕÎ ÕÐ Ö ¢´¥Ï´¨° ·¥§µ´ Éµ· ¸ Ê¸¨²¨¢ ÕÐ¥° ¸·¥¤µ°
¨ ¨¸¶µ²Ó§ÊÕÐ Ö ·Ô²¥¥¢¸±µ¥ · ¸¸¥Ö´¨¥.

�Ö¤ Ö¢²¥´¨°, ¸¢Ö§ ´´ÒÌ ¸ ²µ± ²Ó´Ò³ ¶µ²¥³ ¨ µ¸É ¢Ï¨Ì¸Ö §  · ³± ³¨ ´ -
¸ÉµÖÐ¥£µ µ¡§µ· , É·¥¡ÊÕÉ ¸¶¥Í¨ ²Ó´µ£µ µ¡¸Ê¦¤¥´¨Ö, ´ ¶·¨³¥·, ´¥²¨´¥°´Ò¥
ÔËË¥±ÉÒ. 
¥²¨´¥°´Ò¥ ¢µ¸¶·¨¨³Î¨¢µ¸É¨ ±µ³¶µ§¨É´ÒÌ ¸·¥¤ ³µ£ÊÉ Ê¢¥²¨Î¨-
¢ ÉÓ¸Ö ´  ³´µ£µ ¶µ·Ö¤±µ¢ §  ¸Î¥É ²µ± ²Ó´µ£µ ¶µ²Ö, ÎÉµ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ
¤²Ö · §²¨Î´ÒÌ ¶·¨²µ¦¥´¨°, ´ ¶·¨³¥·, ¤²Ö ±µ´É·µ²Ö ¤¨¸¶¥·¸¨¨ ¢ µ¶É¨Î¥-
¸±¨Ì ¢µ²´µ¢µ¤ Ì ¨ ¶µ¢ÒÏ¥´¨Ö ¶·µ¶Ê¸± ÕÐ¥° ¸¶µ¸µ¡´µ¸É¨ µ¶É¨Î¥¸±¨Ì ²¨´¨°
¸¢Ö§¨. ˆ´É¥·¥¸´Ò³¨ µ¶É¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨ ³µ£ÊÉ µ¡² ¤ ÉÓ £¥É¥·µ£¥´´Ò¥
¸·¥¤Ò ¸ Ê¶µ·Ö¤oÎ¥´´Ò³ · ¸¶µ²µ¦¥´¨¥³ ´ ´µÎ ¸É¨Í.

�É¤¥²Ó´µ£µ µ¡§µ·  § ¸²Ê¦¨¢ ÕÉ ±¢ ´Éµ¢µ-µ¶É¨Î¥¸±¨¥ ¸¢µ°¸É¢  £¥É¥·µ-
£¥´´ÒÌ ¸·¥¤ ¨ ±¢ ´Éµ¢Ò¥ ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ²µ± ²Ó´Ò³ ¶µ²¥³. „¨¶µ²Ó-
¤¨¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê  Éµ³ ³¨, ²¥¦ Ð¥¥ ¢ µ¸´µ¢¥ ÔËË¥±É  ²µ± ²Ó-
´µ£µ ¶µ²Ö, Î·¥§¢ÒÎa°´µ ¢ ¦´µ ¤²Ö ¸µ§¤ ´¨Ö ²µ£¨Î¥¸±¨Ì Ô²¥³¥´Éµ¢ ±¢ ´Éµ¢µ£µ
±µ³¶ÓÕÉ¥· . ‚µ§³µ¦´µ, ÎÉµ µ¸µ¡¥´´µ ¨´É¥·¥¸´Ò³ µ± ¦¥É¸Ö ¨¸¶µ²Ó§µ¢ ´¨¥
¢Ò¸µ±µ¢µ§¡Ê¦¤e´´ÒÌ ·¨¤¡¥·£µ¢¸±¨Ì ¸µ¸ÉµÖ´¨°  Éµ³µ¢, ¤¨¶µ²Ó-¤¨¶µ²Ó´µ¥ ¢§ -
¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê ±µÉµ·Ò³¨ µÎ¥´Ó ¢¥²¨±µ (∼ 100 ŒƒÍ), ¢ Éµ ¢·¥³Ö ± ± Ï¨-
·¨´  ²¨´¨¨ ¨§-§  ¸¶µ´É ´´µ£µ ¨§²ÊÎ¥´¨Ö §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥ (∼ 10 ±ƒÍ). �Éµ
¶µ§¢µ²¨É ¸µ§¤ ÉÓ Ô²¥³¥´É ·´ÊÕ ±¢ ´Éµ¢ÊÕ ²µ£¨Î¥¸±ÊÕ ÖÎ¥°±Ê (É¨¶  Ê¶· ¢-
²Ö¥³µ£µ ®CNOT¯) ¨§ ¤¢ÊÌ ¨²¨ ´¥¸±µ²Ó±¨Ì  Éµ³µ¢, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ ¤¨¶µ²Ó´ÒÌ
µ¶É¨Î¥¸±¨Ì ²µ¢ÊÏ± Ì ´  · ¸¸ÉµÖ´¨¨ ∼ 3−6 ³±³ ¸ ¡Ò¸É·µ¤¥°¸É¢¨¥³ ∼ 10 ³±¸.
‚µ§³µ¦´µ, ÎÉµ µ¤´µ° ¨§ ¸Ì¥³ µ·£ ´¨§ Í¨¨ ±¢ ´Éµ¢µ£µ ±µ³¶ÓÕÉ¥·  ¸É ´¥É
±¢ ´Éµ¢ Ö £¥É¥·µ£¥´´ Ö ¸·¥¤  ¨§ Ê¶µ·Ö¤µÎ¥´´ÒÌ ®± ¶¥²Ó¯ ¨§ ´¥¸±µ²Ó±¨Ì  Éµ-
³µ¢, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ ¸µ¸ÉµÖ´¨¨ ¡µ§¥-±µ´¤¥´¸ É , ±µ£¤  Ë²Ê±ÉÊ Í¨¨ ¶²µÉ´µ¸É¨
 Éµ³µ¢ ¶· ±É¨Î¥¸±¨ · ¢´Ò ´Ê²Õ. ‚§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê  Éµ³ ³¨ ¡Ê¤¥É µ¸Ê-
Ð¥¸É¢²ÖÉÓ¸Ö Î¥·¥§ ²µ± ²Ó´µ¥ ¶µ²¥, ±µÉµ·µ¥ ¡Ê¤¥É ®¢±²ÕÎ ÉÓ¸Ö¯ ¶·¨ ¢µ§¡Ê-
¦¤¥´¨¨  Éµ³µ¢ ¢ ·¨¤¡¥·£µ¢¸±¨¥ ¸µ¸ÉµÖ´¨Ö ¢´¥Ï´¨³ ¨³¶Ê²Ó¸µ³ Ô²¥±É·µ³ £-
´¨É´µ£µ ¨§²ÊÎ¥´¨Ö É¨¶  2π-¨³¶Ê²Ó¸ . �·µÍ¥¸¸ ±¢ ´Éµ¢ÒÌ ¢ÒÎ¨¸²¥´¨° ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘´ Î ²  ¨¸Ìµ¤´ Ö ¨´Ëµ·³ Í¨Ö § ¶¨¸Ò¢ -
¥É¸Ö É¥³ ¨²¨ ¨´Ò³ ¸¶µ¸µ¡µ³ ¢ ´¨¦´¨¥ ¤µ²£µ¦¨¢ÊÐ¨¥ ¸µ¸ÉµÖ´¨Ö (´ ¶·¨³¥·,
¸µ¸ÉµÖ´¨Ö ¸¢¥·ÌÉµ´±µ° ¸É·Ê±ÉÊ·Ò)  Éµ³µ¢. ‡ É¥³ ¢´¥Ï´¥¥ ¶µ²¥ ¢µ§¡Ê¦¤ ¥É
 Éµ³Ò ¢ ·¨¤¡¥·£µ¢¸±¨¥ ¸µ¸ÉµÖ´¨Ö, ¨ ¢§ ¨³µ¤¥°¸É¢¨¥ ³¥¦¤Ê ÔÉ¨³¨ ¸µ¸ÉµÖ-
´¨Ö³¨ Î¥·¥§ ²µ± ²Ó´µ¥ ¶µ²¥ µ¸ÊÐ¥¸É¢²Ö¥É ²µ£¨Î¥¸±¨¥ µ¶¥· Í¨¨ ±¢ ´Éµ¢ÒÌ
¢ÒÎ¨¸²¥´¨°. 
 ±µ´¥Í,  Éµ³Ò É¥³ ¦¥ ¨³¶Ê²Ó¸µ³ ¶µ²Ö ¢µ§¢· Ð ÕÉ¸Ö µ¡· É´µ
¢ ´µ¢Ò¥ ´¨¦´¨¥ ¤µ²£µ¦¨¢ÊÐ¨¥ ¸µ¸ÉµÖ´¨Ö, ¨§ ±µÉµ·ÒÌ ¸Î¨ÉÒ¢ ¥É¸Ö ·¥§Ê²ÓÉ É
±¢ ´Éµ¢ÒÌ ¢ÒÎ¨¸²¥´¨°.
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