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We study the lepton number violating (µ−, e+) conversion in nuclei mediated by the exchange of
virtual light Majorana neutrinos. We found that a previously overlooked imaginary part of this amplitude
plays an important role. The numerical calculation has been made for the experimentally interesting
(µ−, e+) conversion in 48Ti using realistic renormalized proton-neutron QRPA wave functions. We
also discuss the very similar case of the neutrinoless double beta decay of 48Ca. The ratio of (µ−, e−)
conversion over the total µ− absorption has been computed taking into account the current constraints
from neutrino oscillation phenomenology. We compare our results with the experimental limits as well
as with previous theoretical predictions. We have found that the Majorana neutrino mode of (µ−, e+)
conversion in 48Ti is too small to be measurable in the foreseeable future.

ˆ¸¸²¥¤Ê¥É¸Ö ´ ·ÊÏ ÕÐ Ö § ±µ´ ¸µÌ· ´¥´¨Ö ²¥¶Éµ´´µ£µ Î¨¸²  (µ−, e+)-±µ´¢¥·¸¨Ö ´  Ö¤· Ì,
µ¡Ê¸²µ¢²¥´´ Ö µ¡³¥´µ³ ²¥£±¨Ì ¢¨·ÉÊ ²Ó´ÒÌ ³ °µ· ´µ¢¸±¨Ì ´¥°É·¨´µ. �¡´ ·Ê¦¥´µ, ÎÉµ ´¥¤µµÍ¥-
´¥´´ Ö · ´¥¥ ³´¨³ Ö Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò ÔÉµ£µ ¶·µÍ¥¸¸  ¨£· ¥É ¢ ¦´ÊÕ ·µ²Ó. „²Ö Ô±¸¶¥·¨³¥´É ²Ó´µ
¨´É¥·¥¸´µ° (µ−, e+)-±µ´¢¥·¸¨¨ ´  Ö¤·¥ 48Ti ¢Ò¶µ²´¥´Ò Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ´  ¡ §¥ ·¥ ²¨¸É¨-
Î¥¸±¨Ì ¶¥·¥´µ·³¨·µ¢ ´´ÒÌ ¶·µÉµ´-´¥°É·µ´´ÒÌ QRPA-¢µ²´µ¢ÒÌ ËÊ´±Í¨°. �¡¸Ê¦¤ ¥É¸Ö ¡²¨§±¨°
¸²ÊÎ ° ¡¥§´¥°É·¨´´µ£µ ¤¢µ°´µ£µ ¡¥É -· ¸¶ ¤  Ö¤·  48Ca. �É´µ¸¨É¥²Ó´ Ö ¢¥·µÖÉ´µ¸ÉÓ ÔÉµ£µ · ¸-
¶ ¤  ¢ÒÎ¨¸²¥´  ¸ ÊÎ¥Éµ³ ¸µ¢·¥³¥´´ÒÌ µ£· ´¨Î¥´¨°, ¶µ²ÊÎ¥´´ÒÌ ¨§ µ¸Í¨²²ÖÉµ·´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢.
�¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¸· ¢´¨¢ ÕÉ¸Ö ¸ ¨³¥ÕÐ¨³¨¸Ö µ£· ´¨Î¥´¨Ö³¨ ¨ ¶·¥¤Ò¤ÊÐ¨³¨ É¥µ·¥É¨Î¥-
¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨. �¡´ ·Ê¦¥´µ, ÎÉµ ¢¥·µÖÉ´µ¸ÉÓ (µ−, e+)-±µ´¢¥·¸¨¨ ´  Ö¤·¥ 48Ti §  ¸Î¥É
³ °µ· ´µ¢¸±¨Ì ´¥°É·¨´µ ¸²¨Ï±µ³ ³ ² , ÎÉµ¡Ò ¡ÒÉÓ § ·¥£¨¸É·¨·µ¢ ´´µ° ¢ ¡²¨¦ °Ï¥³ ¡Ê¤ÊÐ¥³.

INTRODUCTION

Lepton number (L) conservation is one of the most obscure sides of the standard model
(SM) not supported by an underlying principle and following from an accidental interplay
between gauge symmetry and ˇeld content. Any deviation from the SM structure may
introduce L non-conservation (L/). Over the years the possibility of lepton number non-
conservation has been attracting a great deal of theoretical and experimental efforts since any
positive experimental L/ signal would request physics beyond the SM. In addition it would
also show that neutrinos are Majorana particles [1].

Recent neutrino oscillation experiments practically established the presence of non-zero
neutrino masses, a fact that in itself points to physics beyond the SM. However neutrino

1On leave of absence from the Joint Institute for Nuclear Research, Dubna, Russia.
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oscillations are not sensitive to the nature of neutrino masses: they can be either Majorana or
Dirac masses leading to the same observables.

The principal question if neutrinos are Majorana or Dirac particles can be answered
only by studying the lepton number violating processes since ∆L = 2 is a generic tag of
Majorana neutrinos. Various lepton number violating processes have been discussed in the
literature in this respect (for recent review see [2]). They offer the possibility of probing

different entries of the Majorana neutrino mass matrix M
(ν)
ij . Among them there are a few L/

nuclear processes having prospects for experimental searches: neutrinoless double beta decay
(0νββ), muon-to-positron (µ−, e+) conversion and, probably, muon-to-antimuon (µ−, µ+)
conversion [3]. They probe M

(ν)
ee , M

(ν)
µe and M

(ν)
µµ matrix elements respectively. Currently

the most sensitive experiment intended to distinguish the Majorana nature of neutrinos are
those searching for neutrinoless 0νββ decay [4Ä6]. The nuclear theory side [7, 8] of this
process has been signiˇcantly improved in the last decade [8] allowing reliable extraction of
fundamental particle physics parameters from experimental data. Muon-to-positron nuclear
conversion (µ−, e+) is another L/ nuclear process with good experimental prospects.

The important role of muon as a test particle in the search for new physics beyond the
standard model has been recognized a long time ago. When negative muons penetrate into
matter they can be trapped to atomic orbits. Then the bound muon can disappear either
decaying into an electron and two neutrinos or being captured by the nucleus, i.e., due
to ordinary muon capture. These two processes conserving both total lepton number and
lepton �avors have been well studied both theoretically and experimentally. However, there
are two other not yet observed channels of muon capture: the muon-electron (µ−, e−) and
muon-positron (µ−, e+) conversions in nuclei [9Ä15]:

(A, Z) + µ−
b → e− + (A, Z)∗, (1)

(A, Z) + µ−
b → e+ + (A, Z − 2)∗.

Apparently, the (µ−, e+) and (µ−, e−) conversion processes violate the lepton number L and
lepton �avor Lf conservation respectively. Additional differences between the (µ−, e−) and
(µ−, e+) lie on the nuclear physics side. The ˇrst process can proceed on one nucleon of
participating nucleus while the second process involves two nucleons as dictated by charge
conservation [10, 11]. Note also that the (µ−, e−) conversion amplitude is quadratic and
(µ−, e+) amplitude linear in the neutrino mass. Thus the second process looks more sensitive
to the light neutrino masses. The present experimental limit on the (µ−, e+) conversion
branching ratio in 48Ti is [16,17]

Rµe+(Ti) =
Γ(µ− + 48Ti → e+ + 40Ca)
Γ(µ− + 48Ti → νµ + 48Sc)

< 4.3 · 10−12. (2)

In the present paper we study the light Majorana neutrino mechanism for the (µ−, e+)
conversion. Despite the fact that the previous rough estimates [2] indicate a very small
branching ratio for this mode of (µ−, e+) conversion, by far below the experimental bound
(2), we undertake a detailed study of this mode for several reasons. First, the nuclear theory
of (µ−, e+) conversion is not yet sufˇciently elaborated, as in the case of 0νββ decay, and
requires further development. Second, (µ−, e+) conversion may receive contribution from
other mechanisms offered by various models beyond the SM, such as the R-parity violating
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supersymmetric models, the leptoquark extensions of the SM, etc. Some of these mechanisms
may involve the light neutrino exchange and, therefore, from the viewpoint of nuclear structure
calculations they resemble the ordinary light neutrino mechanism. Thus our present study can
be viewed as a ˇrst step towards a more general description of (µ−, e+) conversion including
all the possible mechanisms.

Below we develop a detailed nuclear structure theory for the light neutrino exchange
mechanism of this process on the basis of the nuclear proton-neutron renormalized Quasi-
particle Random Phase Approximation (pn-QRPA) wave functions [18, 19]. We perform a
realistic calculation of the width of this process for the nuclear target 48Ti using limits on
neutrino masses and mixings from neutrino oscillation phenomenology. A comparison with
the previous estimations of Rµe+ will also be presented [7,11].

The paper is organized as follows. The possible values of Majorana neutrino masses and
mixings are discussed in Sect. 1. The amplitude and width of (µ−, e+) conversion are derived
in Sect. 2. The details of the calculation for the case of (µ−, e+) conversion in 48Ti and our
results are given in Sect. 3.

1. MAJORANA NEUTRINO MASS MATRIX

The ˇnite masses of neutrinos are tightly related to the problem of lepton �avor/number
violation. The Dirac, Majorana and DiracÄMajorana neutrino mass terms in the Lagrangian
offer different neutrino mixing schemes and allow various lepton number/�avor violating
processes [20Ä22]. The favored neutrino mixing schemes have to accommodate present
neutrino phenomenology in a natural way, in particular, to answer the question of the smallness
of neutrino masses compared to the charged lepton ones. The most prominent guiding
principle in this problem is the see-saw mechanism, which can be realized in various models
beyond the SM. A generic neutrino mass term is given by the formula

LD+M = −
∑

l,l′=e,µ,τ

[
1
2

(ν′
l′L)c (MM

L )l′l ν′
lL+

+
1
2

ν′
l′R (MM

R )l′l (ν′
lR)c + ν′

l′R (MD)l′l ν′
lL

]
+ h.c. (3)

The ˇrst two terms do not conserve the total lepton number L. Here, ν′
L and ν′

R are the
weak doublet and singlet �avor eigenstates. The indices L and R refer to the left-handed
and right-handed chirality states, respectively, and the superscript c refers to the operation of
charge conjugation. MM

L and MM
R are complex non-diagonal symmetrical 3×3 matrices. The

�avor neutrino ˇelds are superpositions of six Majorana ˇelds νi with deˇnite masses mi.
Yanagida, Gell-Mann, Ramond and Slansky suggested that the elements of MD and MM

L be
comparable with the masses of charged leptons and the hypothetical scale of lepton number
violation (MLNV ≈ 1012 GeV), respectively. Then by diagonalization of the DiracÄMajorana
mass term one ends up with the three very light and three very heavy neutrino eigenstates.
This is the celebrated see-saw mechanism. Enlarging the number of the right-handed neutrino
states νR, one can introduce sterile light mass eigenstates which may play a certain role in the
explanation of the complete set of the neutrino oscillation data including the LSND results.
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However the active-sterile neutrino oscillations as a dominant channel seem to be disfavored
according to a recent Superkamiokande global analysis [23] and work in Téubingen [34].

Sticking to the three-neutrino scenario, one may try to reconstruct the corresponding mass
matrix from the neutrino oscillation data. This requires certain assumptions on its structure
or additional experimental data. Solar, atmospheric and LSND neutrino data give information
on the neutrino mass square differences ∆m2

ij as well as on the mixing angles of the unitary
matrix U [24Ä27,34] relating the weak ν′

lL and mass νiL neutrino eigenstates:

ν′
lL =

3∑
i=1

U
(ν)
li νiL (l = e, µ, τ). (4)

This information can be used to restore the neutrino mass matrix inverting its diagonalization
as

Mph = U (ν) · diag (m1, m2, m3) · U (ν)T , (5)

if additional assumptions about the overall mass scale as well as about the CP phases ζ
(i)
CP

of the neutrino mass eigenstates are made. This matrix can be identiˇed with the 3 × 3
Majorana mass terms MM

L in (3) and used in various phenomenological applications, for
instance, in analysis of lepton number violating processes. The recent literature contains many
sophisticated studies made in this direction (see, for instance, [28] and references therein).

The elements of the Majorana mass matrix are related to the effective Majorana neutrino
masses 〈mν〉αβ (α, β = e, µ, τ ) as

Mth
αβ ≡ 〈mν〉αβ =

3∑
k

U
(ν)
αk U

(ν)
βk ζ

(k)
CPmk, (6)

neglecting mixing with heavy neutral states if they exist in the neutrino mass spectrum.
The amplitudes of lepton number violating processes are proportional to the corresponding
effective neutrino masses [2, 20]. Thus the 0νββ-decay amplitude is proportional to 〈mν〉ee,
the so-called effective electron neutrino mass [7, 8]. From the currently most stringent lower
limit on the 0νββ-decay half-life of 76Ge T 0ν

1/2 � 1.1·1025 y [4] one obtains 〈mν〉ee < 0.62 eV

[29, 30]. The effective Majorana muon neutrino mass 〈mν〉µµ is related with the light
neutrino exchange modes of muonic analog of 0νββ decay [3], semileptonic decay of kaon
K+ → π−µ+µ+ [31,32], etc. 〈mν〉µe enters the amplitude of the (µ−, e+) conversion [10,11]
and of the kaon decay into a muon and a positron (K+ → π−µ+e+). Some other elements
of Mth are associated with rare β decays [33].

In Ref. [34] the maximal allowed values for the elements of Mph have been deduced
from solar, atmospheric, LSND data and the restriction coming from 0νββ decay. The result
is 

 〈mν〉ee 〈mν〉eµ 〈mν〉eτ

〈mν〉µe 〈mν〉µµ 〈mν〉µτ

〈mν〉τe 〈mν〉τµ 〈mν〉ττ


 �


 0.60 0.97 0.85

0.97 0.76 0.80
0.85 0.80 1.17


 eV. (7)

Thus in our analysis of the light neutrino exchange mode of the (µ−, e+) conversion process
we shall assume |〈mν〉µe| � 0.97 eV.
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We shall also use a more conservative model-independent estimate of the effective neutrino
mass. Atmospheric and solar neutrino oscillation data show up ∆m2 
 (1 eV)2, suggesting
that all the neutrino mass eigenstates are approximately degenerate at the 1 eV scale [35].
This observation, in combination with the tritium beta decay endpoint, allows one to set upper
bounds on masses of all the three neutrinos [35] me,µ,τ � 3 eV. Thus in the three-neutrino
scenario one derives |〈mν〉ij | � 9 eV for i, j = e, µ, τ [2, 32].

2. THE (µ−, e+) CONVERSION MEDIATED BY LIGHT NEUTRINOS

The process of (µ−, e+) conversion is very similar to that of the 0νββ decay. Both
processes violate lepton number by two units and take place only if the neutrino is a Majorana

Fig. 1. The direct (a) and crossed (b) Feyn-
man diagrams of the (µ−, e+) conversion in

nuclei mediated by Majorana neutrinos

particle with non-zero mass. However, there are
other important differences: i) The available en-
ergies for these two processes differ considerably.
In addition, the number of leptons in ˇnal states is
different. These facts result in signiˇcantly differ-
ent phase space integrals. ii) The emitted positron
in the (µ−, e+) conversion has a large momentum
and therefore the long-wave approximation is not
valid. iii) As will be shown below, in the case of
light neutrino exchange there is a singular behav-
ior of the (µ−, e+) nuclear matrix element which
is an additional source of difˇculties for the nu-
merical integration. iv) In the case of the (µ−, e+)
conversion there is a great number of nuclear ˇ-
nal states. Nevertheless, the major contribution is
here assumed to come from the transition to the
ground state of the ˇnal nucleus.

We shall discuss the amplitude and width of
(µ−, e+) conversion in nuclei mediated by light
Majorana neutrinos. This process is shown in
Fig. 1. We concentrate only on the nuclear transi-
tion connecting the ground states of the initial and
ˇnal nuclei, which is favored from the experimen-
tal point of view due to the minimal background.
In this case the e+ spectrum has a peak at the energy

Ee+ = mµ − εb − (Ef − Ei). (8)

Here, mµ, εb, Ei and Ef are the mass of muon, the muon atomic binding energy (for 48Ti
εb = 1.45 MeV), the energies of initial and ˇnal ground states, respectively. Later on we
assume that the kinetic energy of the ˇnal nucleus is negligible.

The weak interaction Hamiltonian in the neutrino mass eigenstate basis has the standard
form

Hweak(x) = U
(ν)
li

GF√
2

[
l̄L(x)γα(1 + γ5)νiL(x)

]
jα(x) + h.c. (l = e, µ, τ), (9)
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where jα(x) is the charged hadron current. The neutrino mixing matrix U
(ν)
li is deˇned in

Eq. (4).
In second order of the weak interaction we get for the (µ−, e+) conversion the following

matrix element:

〈f|S(2)|i〉 = i

(
GF√

2

)2

〈mν〉µe
1

(2π)3/2

1√
4Eµ−Ee+

uT (ke+)C−1(1 + γ5)u(kµ−) ×

× 2memµ

4πmµR
g2

AMΦ
〈mν〉µe

2πδ(Eµ− + Ei − Ef − Ee+), (10)

where

MΦ
〈mν〉µe

=
MΦ

F

g2
A

− MΦ
GT, (11)

with

MΦ
F =

4πR
(2π)3

∫
dq
2q

×

×
∑

n

(
〈0+

i |
∑

l τ+
l e−ike+rl e−iqrl |n〉〈n|

∑
m τ+

m eiqrmΦ(rm)|0+
f 〉

q − Eµ− + En − Ei + iεn
+

+
〈0+

i |
∑

m τ+
m eiqrmΦ(rm)|n〉〈n|

∑
l τ

+
l e−ike+rl e−iqrl |0+

f 〉
q + Ee+ + En − Ei + iεn

)
, (12)

MΦ
GT =

4πR
(2π)3

∫
dq
2q

×

×
∑

n

(
〈0+

i |
∑

l τ+
l σl e−ike+rl e−iqrl |n〉〈n|

∑
m τ+

mσm eiqrmΦ(rm)|0+
f 〉

q − Eµ− + En − Ei + iεn
+

+
〈0+

i |
∑

m τ+
mσm eiqrmΦ(rm)|n〉〈n|

∑
l τ

+
l σl e−ike+rl e−iqrl |0+

f 〉
q + Ee+ + En − Ei + iεn

)
. (13)

Here, R = r0A
1/3 is the mean nuclear radius, with r0 = 1.1 fm, and me is the mass of

electron; ri is a coordinate of the ith nucleon; Eµ− (kµ− ) and Ee+ (ke+ ) denote energies
(four-momenta) of the bound muon (Eµ− = mµ − εb) and the emitted positron, respectively;
En and εn are respectively energy and width of the intermediate nuclear state; Φ(r) is the
radial part of bound muon in its orbit (see Appendix A).

In the derivation of the nuclear matrix element MΦ
〈mν〉µe

we neglected the contribution
from higher-order terms of nucleon current (weak magnetism, induced pseudoscalar coupling),
which are expected to play a less important role. Following the analysis in Ref. [29], their
consideration can reduce the value of MΦ

〈mν〉µµ
by an amount of about 20 % by analogy to

the 0νββ decay.
We have normalized the nuclear matrix element MΦ

〈mν〉µe
in the same manner that the

corresponding 0νββ-decay matrix element is usually normalized. We note that the denomi-
nators in the expressions for the (µ−, e+) conversion and the 0νββ decay exhibit a different
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behavior. This is because the energy of the bound muon Eµ− is large. The two denominators
in Eq. (13) can be associated with the direct and the crossed Feynman diagrams shown in
Fig. 1. One notes that the value of (−Eµ− + En − Ei) is negative. This fact implies that the
widths of the nuclear states play an important role and that the imaginary part of the nuclear
matrix element can be large. This point was not discussed in previous publications [7, 9Ä11]
and is one of the motivations of our (µ−, e+) conversion calculation. The question is that if
this singular behavior of the amplitude can lead to an enhancement of the (µ−, e+) conversion
branching ratio or not. In order to simplify the numerical calculations we complete the sum
over virtual intermediate nuclear states by closure after replacing En, εn by some average
values 〈En〉, ε, respectively:

∑
n

|n〉〈n|
q − Eµ− + En − Ei + iεn

=
1

q − Eµ− + 〈En〉 − Ei + iε
,

∑
n

|n〉〈n|
q + Ee+ + En − Ei + iεn

=
1

q + Ee+ + 〈En〉 − Ei + iε
. (14)

Next we assume that the muon wave function varies very little inside the nuclear system,
i.e., the following approximation is used:

|MΦ
〈mν〉µe

|2 = 〈Φµ〉2 |M〈mν〉µe
|2. (15)

The explicit form of 〈Φµ〉2 is given in Appendix B.
For the the width of (µ−, e+) conversion we obtain

Γ〈mν〉µe
=

1
π

Ee+ke+F (Z − 2, Ee+)cµe〈Φµ〉2|M〈mν〉µe
|2

∣∣∣∣ 〈mν〉µ e

me

∣∣∣∣
2

, (16)

where cµe = 2G4
F[(memµ)/(4πmµR)]2g4

A and ke+ = |ke+ |. The nuclear matrix element
M〈mν〉µe

can be decomposed into the contributions coming from the direct and crossed
Feynman diagrams, presented in Fig. 1, as

M〈mν〉µe
= Mdir + M cro, (17)

where

Mdir = 〈0+
i |

∑
kl

τ+
k τ+

l 4π
∑

λ

(−1)λ
√

2λ + 1 jλ(ke+Rkl) {Yλ(Ωr) ⊗ Yλ(ΩR)}0 ×

× R
π

∫ ∞

0

j0(qrkl)jλ(ke+rkl/2)
q − Eµ− + En − Ei + iε

(
σkσlf

2
A(q2) − f2

V(q2)
g2
A

)
qdq |0+

f 〉,

M cro = 〈0+
i |

∑
kl

τ+
k τ+

l 4π
∑

λ

(−1)λ
√

2λ + 1 jλ(ke+Rkl) {Yλ(Ωr) ⊗ Yλ(ΩR)}0 ×

× R
π

∫ ∞

0

j0(qrkl)jλ(ke+rkl/2)
q + Ee+ + En − Ei + iε

(
σkσlf

2
A(q2) − f2

V(q2)
g2
A

)
qdq |0+

f 〉, (18)

rij = ri − rj , rij = |rij |, Rij = ri + rj , Rij = |Rij |. (19)

For the normalized nucleon form factors we use the conventional dipole form fV(q2) =
1/(1 + q2/Λ2

V)2 [Λ2
V = 0.71 (GeV)2], fA(q2) = 1/(1 + q2/Λ2

A)2 [ΛA = 1.09 GeV].
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Table 1. Nuclear matrix elements of the light Majorana neutrino exchange mode of the (µ−, e+)

conversion in 48Ti (see Eqs. (17) and (18)). The calculations have been performed within pn-RQRPA
with and without consideration of two-nucleon short-range correlations (s.r.c.)

with s.r.c without s.r.c

gpp Mcro R(Mdir) I(Mdir) |M〈mν 〉µe
| Mcro R(Mdir) I(Mdir) |M〈mν〉µe

|
[10−2] [10−2] [10−2] [10−2] [10−2] [10−2] [10−2] [10−2]

0.80 9.65 0.23 8.83 13.2 4.88 −7.99 4.98 5.87
1.00 7.71 3.36 5.88 12.5 3.40 −4.03 2.37 2.45
1.20 5.05 9.09 1.78 14.2 1.30 2.71 −1.32 4.22

3. RESULTS AND DISCUSSIONS

The nuclear matrix elements of the (µ−, e+) conversion process have been calculated
within the proton-neutron renormalized Quasiparticle Random Phase Approximation [18, 19,
36, 37]. The considered single-particle model space for both protons and neutrons has been
as follows: The full 0 − 3�ω shells plus 2s1/2, 0g7/2 and 0g9/2 levels. The single-particle
energies were obtained by using a Coulomb-corrected WoodsÄSaxon potential. Two-body
G-matrix elements were calculated from the Bonn one-boson exchange potential within the
Brueckner theory. The pairing interactions have been adjusted to ˇt the empirical pairing
gaps [38]. The particle-particle and particle-hole channels of the G-matrix interaction of
the nuclear Hamiltonian H are renormalized by introducing the parameters gpp and gph,
respectively. The calculations have been performed for gpp = 1.0 and gph = 0.8, 1.0, 1.2.
The two-nucleon correlation effect has been considered in the same way as in Ref. [29,37].

In calculation of the (µ−, e+) conversion nuclear matrix elements we have used the fact
that the widths of the low-lying nuclear states are negligible in comparison with their energies.
Therefore we have carried out the calculation in the limit ε → 0, using the formula

1
α + iε

= P 1
α
− iπδ(α), (20)

which allows one to separate the real and imaginary parts of the (µ−, e+) conversion ampli-
tude.

Table 1 presents nuclear matrix elements of the light Majorana neutrino exchange mech-
anism of the (µ−, e+) conversion in 48Ti. The adopted value of 〈En〉 − Ei was 10 MeV.
We have found that our results depend weakly on this average value of the nuclear states
within the interval 2 � (〈En〉 − Ei) � 15 MeV. However, they depend signiˇcantly on the
details of nuclear model, in particular, on the renormalization of the particle-particle channel
of the nuclear Hamiltonian, and on the two-nucleon short-range correlation effect (s.r.c.). A
new feature of this (µ−, e+) conversion calculation is that the imaginary part of |M〈mν〉µe

|
is signiˇcant, i.e., cannot be neglected. This fact was not noticed in the previous (µ−, e+)
calculations [7, 9Ä11].

In the further analysis we shall consider the nuclear matrix element |M〈mν〉µe
| obtained

for gpp = 1.0 by considering the two-nucleon short-range correlations. It is interesting to
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compare its value with the value of 0νββ-decay matrix elements for the A = 48 nuclear
system. We have

|M〈mν〉µe+ | = 2.45 · 10−2, |M〈mν〉ee
| = 0.82. (21)

We see that the matrix element for the (µ−, e+) conversion is strongly suppressed in com-
parison with the 0νββ-decay matrix element by a factor of about 400. It is mostly due to the
large momentum of the outgoing positron in the (µ−, e+) conversion process.

One can compare also the width of the (µ−, e+) conversion in 48Ti with the width of the
0νββ decay of 48Ca. We get

Γ〈mν〉µe+

Γ〈mν〉ee

=
ln (2)
G01

1
π

Ee+Ke+F (Z − 2, Ee+)cµe〈Φµ〉2
|M〈mν〉µe

|2

|M〈mν〉ee
|2

∣∣∣∣〈mν〉µe

〈mν〉ee

∣∣∣∣
2

=

= 1.97 · 105 |M〈mν〉µe
|2

|M〈mν〉ee
|2

∣∣∣∣ 〈mν〉µe

〈mν〉ee

∣∣∣∣
2

= 176
∣∣∣∣〈mν〉µe

〈mν〉ee

∣∣∣∣
2

. (22)

The width of the (µ−, e+) conversion is enhanced mostly due to the larger available energy
for this process. A comparison with the width of the 0νββ decay shows that it is disfavored
by smaller coulombic factor F (Z, E) (∼ 0.623/1.8) and by a signiˇcantly smaller value
of the associated nuclear matrix element (∼ (0.0245/0.82)2). If we assume the effective
neutrino masses < mν >µe and 〈mν〉ee to be comparable (see Eq. (7)), we ˇnd that Γ〈mν〉µe+

is enhanced by a factor of about 200 as compared with Γ〈mν〉ee
. We have used G01 =

8.031 · 10−14 y−1 [39].
From the experimental point of view it is interesting to compare the (µ−, e+) conversion

width with the width of ordinary muon capture rate. We have

Γ〈mν〉µe

Γµ
= 2

Ee+ke+

m2
µ

cµµ

G2
F

|M〈mν〉µe
|2F (Z − 2, Ee+)

[G2
V + 3G2

A + G2
P − 2GAGP]Zf(Z, A)

∣∣∣∣ 〈mν〉µe

me

∣∣∣∣
2

=

= 2.24 · 10−22|M〈mν〉µe
|2

∣∣∣∣ 〈mν〉µe

me

∣∣∣∣
2

= 1.34 · 10−25

∣∣∣∣ 〈mν〉µe

me

∣∣∣∣
2

. (23)

If we use the prediction for 〈mν〉µe coming from neutrino oscillation phenomenology, i.e.,
〈mν〉µe � 0.97 eV and more conservative bound 〈mν〉µe � 9 eV (see Eq. (7)), we end up
with

Γ〈mν〉µe

Γµ
= 4.8 · 10−37, 4.2 · 10−35. (24)

This value is about ten orders of magnitude smaller than the estimated one for the (µ−, e+)
conversion in 32S by Doi et al. [7]. There could be various reasons for this difference. First,
the 〈mν〉µe nuclear matrix element calculated by Doi et al. contains contributions from all
the ˇnal nuclear states and not only from the 0+

g.s. → 0+
g.s. transition as in our case. It can be

that the experimentally interesting g.s. → g.s. transition exhausts only a small part from all
the allowed nuclear transitions. Second, in the simpliˇed calculation of Doi et al. the nuclear
matrix elements were evaluated by summing the ˇnal nuclear states with closure. This usually
leads to overestimation of the results as we know from calculation of ordinary muon capture.
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Third, the nuclear matrix elements of Ref. [7] have been evaluated by using the long-wave
approximation. Our comparison of the (µ−, e+) conversion and the 0νββ decay (long-wave
approximation is used) matrix elements shows that it can lead to overestimation of M〈mν〉µe

by a factor of up to 102. Fourth, the problem of the ground and short-range correlations
has been not addressed in Ref. [7]. We have found that the M〈mν〉µe

matrix element for
the A = 48 nuclear system is strongly suppressed by both of them. It is not clear whether
this effect is due to the chosen target. However, we note that the M〈mν〉µe

conversion in
48Ti consists of transition to the doubly closed shell nucleus 48Ca, which, e.g., in the case of
0νββ decay is less favored. To clarify this issue, calculations of the 〈mν〉µe conversion for
other nuclear systems are necessary.

It is worthwhile to notice that our result is in relatively good agreement with the calcu-
lations performed by Leontaris and Vergados [11] for the (µ−, e+) conversion in 58Ni. By
using the same value for the effective Majorana neutrino mass 〈mν〉µe as in this article, the
result of Ref. [11] corresponds to a branching ratio equal to 3.2 · 10−36 relative to the total
absorption of the muon for the ground state to ground state transition. The difference of
about one order with our result for A = 48 can be attributed to the nuclear physics aspect of
the (µ−, e+) conversion, i.e., to a given nuclear system and the chosen nuclear model. We
also remark that in Ref. [11] the imaginary part of the (µ−, e+) conversion amplitude was
not considered.

SUMMARY AND OUTLOOK

In summary, the lepton number violating process of (µ−, e+) conversion in nuclei has
been studied. The light Majorana neutrino-exchange mechanism of this process has been
considered. A detailed analysis of this mode of the (µ−, e+) conversion has been performed.
The ˇrst realistic calculation of the 0+

g.s. → 0+
g.s. channel of this process, which is most

favored for experimental studies, is presented. The relevant matrix elements for the A = 48
nuclear system have been calculated within the pn-RQRPA. The effects of the ground state
and two-nucleon short-range correlations have been analyzed. It was found that by inclusion
of them the value of (µ−, e+) conversion matrix elements is strongly suppressed. We are the
ˇrst, to our knowledge, to show that the imaginary part of the nuclear matrix element is large
and should be taken into account. Further, a comparison of different relevant aspects with the
0νββ-decay process is presented. It is shown that the width of the (µ−, e+) conversion is by
a factor of about 200 larger than that of the 0νββ decay by assuming predictions for effective
neutrino masses coming from neutrino oscillation phenomenology. Nevertheless, the studied
neutrino-exchange mode of the lepton number violating (µ−, e+) conversion is not suitable
for experimental study being extremely small compared to the ordinary muon capture. This
fact, however, does not disfavor further experimental study of the (µ−, e+) conversion in
nuclei as some other lepton number violating mechanisms, e.g., those coming from GUTs and
SUSY models, can dominate this process. Therefore, they should be carefully examined too.
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APPENDIX A

The bound muon wave function (1S-state) is

Ψµ(x) = Φµ(x) e−iEµ− x0
us

µ√
2Eµ−

, (25)

where

Φµ(x) =
Z3/2

(πa3
µ)1/2

e−Z|x|/aµ , us
µ =

(
χs

0

) √
2Eµ− (26)

with aµ = 4π/(mµe2) (aµ/ae ≈ me/mµ ≈ 5 · 10−3) mµ is the reduced mass of the muon
nucleus system.

APPENDIX B

The width for the ordinary muon capture reaction µ− + (Z, A) → νµ + (Z − 1, A) can be
written in the Primakoff form [40]

Γµ =
1
2π

m2
µ(GF cos θc)2〈Φµ〉2Z[G2

V + 3G2
A + G2

P − 2GAGP]f(Z, A), (27)

where the muon average probability density over the nucleus is

〈Φµ〉2 ≡
∫
|Φµ(x)|2ρ(x)d3x∫

ρ(x)d3x
. (28)

Here ρ(x) is the nuclear density. To a good approximation it has been found that

〈Φµ〉2 =
α3m3

µ

π

Z4
eff

Z
, (29)

i.e., the deviation from the behavior of the wave function at the origin has been taken into
account by the effective proton number Zeff . The values of this effective charge have been
calculated for the nuclear systems of interest in Ref. [12]. In particular, one ˇnds Zeff = 17.6
for Z = 22. The quadratic combination of the weak coupling constants is

[G2
V + 3G2

A + G2
P − 2GAGP] ≈ 5.9. (30)

The function f(Z, A) takes into account the two-nucleon correlations given by [11]:

f(A, Z) = 1 − 0.03
A

2Z
+ 0.25

(
A

2Z
− 1

)
+ 3.24

(
Z

2A
− 1

2
−

∣∣∣∣ 1
8Z

− 1
4A

∣∣∣∣
)

. (31)

This Pauli blocking factor for 48Ti takes the value f(22, 48) = 0.11.
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