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EHRENFEST FORCE IN INHOMOGENEQOUS MAGNETIC FIELD

A.N.Sissakian, O.Yu.Shevchenko, V.N.Samoilov

The Ehrenfest force in an inhomogeneous magnetic field is calculated. It is shown
that there exist the such (very rare) topologically nontrivial physical situations when the
Gauss theorem in its classic formulation fails and, as a consequence, apart from the
usual Lorentz force an additional, purely imaginary force acts on the charged particle.
This force arises only in inhomogeneous magnetic fields of special configurations, has a
purely quantum origin, and disappears in the classical limit.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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After discovery of the so-called «topological effects» (Aharonov-Bohm effect in quantum
mechanics [1], solitons, instantons, monopoles, Chern-Simons, etc., in the field theory —
see [2] for review) we began to fully realize importance of boundary conditions and of
space topology in physics. In particular, it became clear that we often cannot neglect the
full derivative without risking to lose an important (and even the most significant) part of
relevant information. Inspired by these arguments we could attempt to look for some new
topologically nontrivial physical situations where the full derivative plays a crucial role and
gives rise to observable phenomena. For this purpose we might consider observable quantities
explicitly including space integrations (for example, some quantum-mechanical averages) with
a nonsimply-connected integration area and pay special attention to the full derivative under
the space integral symbol.
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So, let us evaluate the quantum-mechanical average force (the Ehrenfest force — see, for
example, [3], chapter 10) acting on a particle with an electrical charge ¢ which is put in an
electromagnetic (for a moment arbitrary) field E = grad Ay — (1/¢)(0A/0t), H = rotA,
or in terms of the field strength F),, = 9,4, — 0,A,: E; = Fy, H; = 1€, Fj. The
quantum-mechanical Hamiltonian of the particle has the standard form *

- 1 /o g #\?
= (5= 2A) +gp+V, 1)
2m c
where ¢ and m are the electric charge and mass of the particle, p; = —i i 0; is the momentum
operator, e p = —Ag and V are the electrostatic and nonelectrostatic parts of the interaction

potential, respectively.
The average quantum-mechanical force reads

_ dei
Fi=m—5", @)
where we use the notation
L= N/d%w*iw, N~t= /d3:m/)*z/;. 3)
In accordance with the theorem on the average value 2
dL/dt = (d/dt)(|L]yp) = N/dew* (dL/dt) ¢,
where
dL oL 1., -
—=—+—[L,H 4
dt 8t+z’h[’ b @
we have
=N [ Y )
(. dt2 b

where the operator d2#;/dt? has to be calculated by using Eq. (4) (see, for example, [4],
problem 7.3).

Calculating the simple commutators of the respective operators with the Hamiltonian (1)
one easily obtains F; = FP°" + F™*", where FF*' = —9V/dz; + E;, and

. q ~ N
Fimagn _ %[F‘ijvj —+ UjFij]a (6)

1We neglect here by the spin and relativistic effects.

2Strictly speaking, taking into account the specific nature of the material presented below, we ought to add the
term dN/dt [ d3zap* L % in r.h.s of this equation. However, we omit this term having in mind that we will use as
a starting point wave functions with conserved normalization — the wave functions of instantaneous approximation,
«frozen» at the moment when the magnetic field is switched on.
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where
1
0= — (i — =4i) )
m c
is the velocity operator 9; = di;/dt = —ih[i;, H] and EP°" and F/™*" are the operators of

potential and magnetic forces, respectively.
We will study, here, only the nontrivial magnetic part of the interaction. Thus, the

expression for the average magnetic force F"*9" = N [ d®z* E/"*9™) reads

Fimagn _ N% /d3x 7/}* [Fijﬁj + ﬁjFij] P (8)

and, evidently, transforms into the expression for the usual Lorentz force F¥ = (q/c)F;;v;
in the classical limit & — 0.

Till now all our consideration was quite standard. However, further we will show that
there exist such physical situations when the magnetic force (8) has an nontrivial purely
imaginary part that does not equal zero only in inhomogeneous magnetic fields of special
configurations and that disappears in the classical limit & — O.

Let us calculate the imaginary part of the average magnetic force F;"*?" (if any) which
we denote by AF™""9":

AFimagn —iIm F—;magn. ©)]

Conjugating Eq. (8) and using the explicit form of the velocity operator (7) we get

magn * q A% A% * ~magn th *
(Fi g ) :NQ—C/d?’SC"LZ) [Fijvj +’UjFij]l/) :FWZ 9 +%N/d3:r8j (’LZ) wl/})

and, therefore

b [0, (0 Fyy)

2me [ dBzyrp
One can see that the integrand in (10) is a full derivative and at first sight it seems evident
that in accordance with the Gauss theorem

/dg:caiai:/dﬁc’i(a) (11)

\% P

AF™9" — (10)

r.h.s. of Eq. (10) equals zero if the wave functions decrease at the space infinity fast enough.
However, we will show, further, that r.h.s. of (10) may differ from zero even if the wave
functions decrease at infinity exponentially. But, first of all, let us consider mathematical
example illuminating the essence of the problem.

Paradox

Let us consider the following mathematical object

I:/d%ai [p(2®)(z; Fy)] (4,7 =1,2,3) (12)
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where p is an arbitrary function of #2. Using the equality

dp /
22y _ — =2
0ip(Z°) = 2, T = 2x;p (2%)

and the identity F;; = 0 we get, instead of (12), the equation
I = /ddm |:2p,(f2) (JciF,-jacj) +p(f2)$j (&FU)} .

However, because of the antisymmetry of the tensor Fj; we have x;Fj;x; = 0, and the first
term in r.h.s of the last equation equals zero identically. Thus, we have

I= /d% p(@*)z; (0;Fij) . (13)
Let us remember, now, that the field strength Fj; satisfies the Maxwell equations
0;Fij = (votH); = T, (14)

where the generalized current density J = (47/c)j + (1/c) OE /Ot is the sum of the usual
and displacement current densities. Making use of (14) we immediately get, instead of (13),
the equation

= /d3xp(£'2)(ijj), (15)

and the statement is that this expression does not always equal zero even if one chooses here
as p(72) such perfectly decreasing at infinity function as the Gaussian exponential:

p(@) = e F  (a>0). (16)

Let us present two examples proving this statement.

First example (quasi-stationary case).
It is easy to see that if the displacement current (1/c) E /&t would not present in the Maxwell
equation (14), then, choosing as an ; in (14), (15) the usual expression

-

j(t, @) = qu(t) 6 (7 — 7(t)) (17

for the current density of a charge ¢ moving with a velocity ©(¢) = dr/dt along the trajectory
7(t), one at once would obtain nonzero result I = (4mq/c) exp(—ar?(t)) (v(t)7(t)). How-
ever, the question immediately arises — could the displacement current contribution cancel
this expression?

Let us consider now, as an example, the case of a charged particle moving with a
nonrelativistic constant velocity and see that in this case the cancellation does not occur. We
will follow here to the textbooks by L.D. Landau and E.M. Lifshitz [5] (chapter 5, section 38)
and by V.G. Levich [6] (chapter 3, sections 19, 20), where it is shown that electrodynamical
description of a single charge ¢ moving with a nonrelativistic constant velocity ¥(t) = v

just reduces to the particular case of the well-known (see, for example [6], chapter 3) and
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widely used quasi-stationary approximation, where one, from the very beginning, omits the
displacement current (1/¢)OE /0t and the term —(1/c)H /Ot in the respective Maxwell
equations for rotH and rotE and the sources j and p depend on ¢ as on a parameter.

Indeed, using the condition v < ¢, one can keep in the expansion in powers of v/c of
the exact expression for the electric field created by the moving charge

. qR 1—v?/c?
Re (1 —sin0 1)2/02)3/2’

where 6 is the angle between R=7— ¢t and 7, only the main contribution
- Z—ut
EF=q——

FTE

(14+0®W?/c?)).
Thus, the expression for the magnetic field
H=(1/c) (7 x E)

up to corrections of order O(v3/c?) reads (see [5], chapter 5, section 38)

54
H=2 18
¢ |7t (1%
However, the last expression is nothing else but the solution® of the equation
- 3 dr 3= =
rotH = — q0 6" (& — ot), (19)
c

and we arrive at nonzero r.h.s. of Eq. (13) (as if we, in the spirit of the quasi-stationary
approximation, at once omit the displacement current in (14) and would deal with (17) for
the particular choice 7(t) = (t)¢) :

I =4mq(v/c)vt exp(—av?t?)+0(v*/c?) (20)

because the corrections in the expansion in powers of a small dimensionless parameter can
never cancel the main contribution.
Second example (stationary case).

To avoid even the slightest doubt in correctness of application of the quasi—stationary approx-
imation (actually, one can make any expansion under the symbol of a convergent integral
— factor exp(—ai?) in the integral I) in the just considered case, let us consider another
example. We will try to find the configuration of the fields and currents providing r.h.s. of
Eq. (13) differing from zero in the purely stationary case (8}/ Ot = 0), when no displacement
current whatever is present in r.h.s. of Eq. (14).

3The proof that (18) is the solution of (19) is easily performed using the vector potentials in the Coulomb
gauge divA = 0 (see, for example [6], chapter 3, sections 19,20)
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It is easy to check that the configuration* of the form
Hy =0, Hjz= f(z1,22),
c c
— 0 jp = ——20 jg =0
An 2 fa J2 dr 1 fa J3

H =

J1 21

satisfies the stationary Maxwell equations rotH = (47/c)j, divH = 0, and the stationarity
condition divjy = 0. Eq. (13) with the choice (16), for configuration (21), looks as

—

I = /d?’ac e—o& xj(ratH)j
4 =2
= ?ﬂ- /dBI eiax [Ilag — x261] f(Il,IQ). (22)

Let us now choose function f in the form (see the

Xy A P Figure)
S A R
LAURRRERE

) ! where R is an arbitrary function of p = /2% + x2,
R R —— xl' satisfying the condition (see below)
M o
i [ oo e R 20 e
0

Fig. 1. Cross-section in plane orthogo-
nal to the x3 — axis, showing the re-
gion where 6(xz1/x2 — 1) differs from
zero. The shaded and blank regions are
the regions where 6(z1/x2 — 1) equals
one and zero, respectively

and, 6 is the usual step-function with the derivative
df(z)/dx = §(x).

Using the equality

9 _dF 99 _

oz Flg(z1, ..., xn)]

Rl ’[ ]@
i=1,.n  dg Ox; g ox;

one easily gets

619(I1/$2 — 1) = (1/I2) (5(I1/$2 — 1),

629(551/:52 — 1) = —(.ﬁl/.ﬁ%)é(Il/xg — 1), (25)

(26)

and
($182 — Igal) R (\/I% + I%) =0.

4The idealized current (21) is not restricted in z direction and, certainly, cannot be created in reality (just as,
for example, the well-known idealized stationary current j(z,v,z) = 2V &(x)5(y) flowing inside infinitely long
and infinitely thin wire placed along z-axis). However, it absolutely does not matter for existence of the contra-
example (showing violation of the Gauss theorem under special conditions) whether we can create experimentally
the appropriate magnetic fields and currents or not (the integral (12) is a formal mathematical object — just the test
object for the Gauss theorem). So, we even could allow divH # 0 (some unphysical monopole-like fields but
with nonzero curls) and maintain only the equation rotH = (47 /c) . Nevertheless, having in mind the following
material in this paper, we will provide for both Maxwell equations being valid for a stationary field H. Notice also,
that in the rest of the paper it is shown that it is possible to find the proper current restricted in all the space.
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Making use of (23)—(26) in (22), one obtains nonzero result

oo oo
4 o
I = —— dxs e "3 dxo X
c
— 00 — 00

i 2
oo / day e " R <\/:c% + :c%) <x—§ + 1> ) (ﬂ - 1)
Ty i)
—0o0
8 (oo} oo
= —%1/2 /dxg o /dan eam?R(\/x? +I§) [|x2|0(z1 — 22)]

8t |m T 2
= T JT [dpp e RGp) 20, @7)
C o
0

where we use the usual properties of the J-function

X

517 = (11f o)) 8w —z0),  f(x) 6z —20) = f(z0) 8l — o)

in the second line, integrating with respect to x1, and use the fact that the integrand is the
even function of x5 in the third line.

So, we conclude, eventually, that the purely stationary configuration (21),(23), satisfying
the full set of the Maxwell equations, yields the nonzero result for the basic integral (12).

Thus, we see that in the general case the integral (12) differs from zero. On the other
hand, however, if we started with application of the Gauss theorem to this integral and chose
p in the form (16) then, evidently, we would obtain zero.

So, what is the matter? Let us stress that to obtain (13) we use nothing but the field
strength antisymmetry and such absolutely legal operations as differentiation and use of the
Maxwell equations. Thus, equation (13) seems to be valid without any doubts. Then why
does the Gauss theorem fail in this case?

To understand this apparent contradiction one must remember that the Gauss theorem
(11) is proved in mathematics only for continuous integrands (see, for example, [7]) and,
therefore, the Gauss theorem (11) may be not valid® for the discontinuous integrands, like the
integrands we just deal with in two considered examples.

Let us now stress that the second considered example is especially interesting because,
on the one hand, it is directly connected with the rest material of the paper, and, on the other
hand, the arguments may be present that the nonzero result in this case ought to be regarded
as a ropological phenomenon. Indeed, first of all, one can see that it is not sufficient to have
just a #-like discontinuity of the magnetic field for the Gauss theorem violation®. The nonzero

5However, and it seems to be even amazing now, despite this circumstance the Gauss theorem in its classical
formulation (11) occurs very stable and, as a rule, holds even for discontinuous integrands — see below.

60n the contrary, this is rare enough situation (Gauss theorem occurs really very stable!). The identity
z; Fyjx; = 0 plays the crucial role in (12). For example, if you change x; F}; in the test integral (12) to n; F5;,
where 77 is a constant vector, then you obtain zero result.
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result is a consequence of the nontrivial space-field composition (the test object (12) already
implicitly contains the such composition — the presence of the term x;F;; in the integrand
plays the crucial role for the nonzero result (see footnote 6)). So, to obtain nonzero result one
must either consider the object similar to (12), where the magnetic field enters in a nontrivial
manner, or look for some very special configuration of the magnetic field, satisfying the
proper restriction (like the orthogonality condition x1 Hs — z9H; = 0 in the rest of this paper,
playing the same role as the identity x; F;;x; = 0 for the test integral (12)). Moreover, even if
the respective orthogonality condition is satisfied, it is not still sufficient for a nonzero result
and one must look for still more specific magnetic field configurations. So, for example,
the replacement of 6(z1/x2 — 1) by 6(x1 — z2) in (23) (or in (41) — see below) would
immediately give rise to zero. Thus, only very rare configurations of the magnetic field yield
nonzero result (27). On the other hand, however, it is well known, that namely the presence
of the magnetic fields of the special configurations (remember Dirack string, Aharonov—Bohm
solenoid, etc.) can make the space nonsimply-connected (topologically nontrivial), and this is
just what happens in the considered case.

There exists still one important argument confirming this statement. Indeed, in one-
dimensional (topologically trivial) space, the analog of the integral (12), where under the
symbol of the derivative in the integrand stays 6-function and some well decreasing at infinity
function like (16), looks as I(y—1) = [ dwd/dz[f(x)exp(—az?)f(x)], where f(z) is a
continuous function satisfying the condition lim|;| o f(2) exp(—az?) = 0. Then, using the
usual properties of the 6- and J-functions, one obtains zero result:

Ig=1) = / dx §(z)d/dzlexp(—ax?) f(z)] + /d:c d/dz]exp(—az?) f(x)] = 0.
oo 0

Notice, that this circumstance, even apart from the Gauss theorem (11), could lead one
to the wrong conclusion that the initial three-dimensional test integral (12), at the choice
(16),(21),(23), also equals zero. The incorrect logical chain would look as: «At the choice
(16),(21),(23) there is nothing more dangerous than the discontinuous 6-function in the square
brackets of (12), and the rest is a well decreasing at infinity continuous function. Therefore,
this case just reduces to the above considered one-dimensional case (the last equation), and
one obtains zero for every of the three terms in r.h.s. of (12), containing 0, 0> and Js in the
integrands, respectively». However, we know that the correct calculation leads to the nonzero
result (27) just in this case. Thus, we conclude that there exist the selected situations, when
even the presence under the full derivative symbol of such «innocent» in the trivial one-
dimensional space quantity as f-function, can make three-dimensional space multiconnected
and give rise to a nonzero result.

Let us now return to equation (10) for A F™agn Tt is obvious that to perform a rigorous
calculation one must know the exact form of the wave functions entering in (10). However,
the task of solving the Schrodinger equation for a charged particle in a magnetic field was till
now exactly solved only in the case of a homogeneous magnetic field (see, for example, [7])
and we have to look for some approximation to deal with the inhomogeneous magnetic field.
Fortunately, such a wide spread in quantum mechanics approximation as the instantaneous
approximation (see, for example, [8]) turns out to be quite adequate for our aim — finding the
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physical situations where AFma9m would differ from zero. Let us briefly remind the essence
of this approximation. Let 1(¢) be the wave function to be found at the time moment ¢, if
the wave function v (¢g) at the time moment ¢ is known. The Hamiltonian of the system
H (t) explicitly depends on time and changes its value from H (¢y) at the moment to to H(t)
at the moment ¢ during the time interval At =t — to. Then ¢(t) = U(¢,t0)¥(to), where the
evolution operator U (¢, ) is uniquely determined and satisfies the integral equation

U(t,t()) =1 + ’Llh /dTH(T)U(t,t()). (28)

In the limit of «very fast» transition At — 0 the second term in r.h.s of (28) disappears
and thus U(t,tg) — 1 and 9(t) ~ (o), i.e., we can consider the dynamical state of the
system during such «very fast» transition to be constant. The words «very fast transition»
mathematically mean that the transition time At must satisfy the criterion of validity of the
instantaneous approximation

At < h/AT, (29)

where in terms of the dimensionless variable s = 7 — ¢y /At and of the operators
H(s)=H(t) = H(to + sAt), H= /dsH /dTH

the root-mean-square deviation A takes the form (AH)? = (o) H2[1(0))— (¥0) | H|¥(0))>-

Thus, we can now reformulate our task as follows. Let no magnetic field be present
at the initial time moment ¢, and, thus, the charged particle state |¢)(g)) = [¢(to)) at the
moment ¢y corresponds to a purely potential interaction gy + W, where W is the potential
of some self-consistent field corresponding to the concrete many-particle system when the
many-particle task is reduced to the one-particle one in the Hartree-Fock method. Suppose
now that we can create such experimental conditions that the intensive strong-inhomogeneous
magnetic field switches on very fast, namely, so fast that the field H and the respective current
density achieve their stationary (or quasi-stationary — see footnote 11 below) configuration
during the time Aty = t; — to which is less than the time interval Aty = to — t; satisfying the
criterion of validity of the instantaneous approximation (29). Thus, during the time interval
t1 < t < to the instantaneous approximation is still valid (i.e. we deal with the «frozen»
wave functions 1 q)) and, simultaneously, the magnetic field and the respective current take

their stationary values (i.e. the displacement current (1/c)0E /0t is already absent”). Then,
in correspondence with the instantaneous approximation, we can rewrite the expression for
AF™a9™ (10) in the form®

magn o 3
AF; ti<t<ts _Z /d 2 0; O)F‘Jw(() } ‘ (30)

7or gives the small corrections in the quasi-stationary case — see footnote 11 below.
8Here we consider the initial states normalized to 1.
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Therefore, our goal, now, is to find the such physical situations, i.e. such initial quantum-
mechanical states «prepared» by the experimenter and such stationary configurations of the
magnetic fields and currents, that the expression for AF,"*Y" (30) turns out to be different
from zero.

Let us consider as an example the simplest quantum-mechanical system — hydrogen
atom in an external magnetic field (actually, the procedure given below suits any central-
symmetrical initial states of a charged particle). As the initial states we consider only
completely spherically symmetrical electron bound states”, i.e. the states with zero angular
momentum ! = 0:

1
1/1(0) = 1/}7(:8!0) = Rnoo(T)K)o(@a éf)) = ﬁRno(T), (31

o2 = @(r). (32)

Let us, now, note that for the effect to occur it is quite sufficient, if even only one of the
components of AF™*9" for example AF;"“9" turns out to be different from zero. Making

use of Egs. (30), (32) and the identity 9;®(r) = x;(®'(r)/r) one easily gets
eh

magn __ .~
AF; = —ig— I + 1], (33)
where
I = /d% q):r) (z;Fs;), (34)
L = /d%cb(r) (ajF3j)E/d3x@(r)(r6tﬁ)3. (35)

Thus (remember the paradox), one can see that to provide for the value AF;"*" to differ
from zero it suffices to find such stationary magnetic field configurations for which the integral
I> would not equal zero and, simultaneously, the orthogonality condition x;F3; = 0 would
be valid. It is easy to verify that the choice

x
Hy =z fi +x2fo, Ho=m2f1 +332x—2f27 (36)
1

where fi; and fy are arbitrary functions of &, satisfies the orthogonality condition, and our
task, now, is to look for the functions f; and f; providing a nonzero value of the integral
I> (35). Using the arbitrariness in the choice of f; and fo we can simplify the task and set
one of the functions, for example, f», equal to zero in the general expression (36) for the
appropriate magnetic field configuration. Then we obtain

Hy=umxf, Hy=uzaf, (37)
I = /d% (I)y) (x1Ho — 20H)) =0 38)

9For example, the ground state reads Yoy = 7l/2 e,
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and

AF™ = 42@—;; I = 4% Bz D(r) (2201 — 2105) f. 39)

The order of action is now the following. We first have to find a proper function f

providing for r.h.s. of Eq. (39) to differ from zero. If we manage to do this and to find the

such function f and, therefore, using (37) to find the respective H; and Hy components of

the magnetic field, then we would easily reproduce the remaining third component!® solving
the Maxwell equation divH = 0 with respect to Hs:

Hs = 7/d$3 (81H1 + agHQ). (40)
0

Then, one easily restores the respective current density j from the stationary (or quasi-
stationary — see footnote 11 below) Maxwell equation rotH = (47/c) j.
Thus, let us choose the function f entering (39) in the form

4
J(@) = Z-F(\fa3 + a3, 23) 01 /22 = 1), )

where F' is an arbitrary function of p = /2% + 22 and w3 = 2 variables, satisfying the
condition (see below)

/dpp / dz ®(\/p? + 22) F(p,z) # 0. (42)
0 —o0

It is very important that, using the arbitrariness in the choice, one can take as an F' in (37),
(41) the function well decreasing in the p and z directions, which makes all the components
of the respective magnetic field and current density completely restricted'! in the space.

10Note that H3 is uniquely fixed by this way. Otherwise, we would have H #* rotA and thus H would not
be the physical (experimentally created) magnetic field.

11 Besides, it is very important to stress that it is quite enough for a nonzero result to create not purely stationary
configuration (37), (41) but the quasi-stationary one (and it gives us the additional experimental possibilities). Let
us remind that for an arbitrary system of slowly moving charges, the condition of the quasi-stationarity reads
(see [6], chapter 3, section 19) V ~ L/T <« ¢, where L is the average dimension of the system, T is the
characteristic period of movement and V' ~ L/T is interpreted as the average velocity of the charges in the system

So, one can allow the function F' in (41) to depend also on time as on a parameter F = F( z% + a:%,a:3|t),
having in mind that the quasi-stationarity condition must be satisfied. Then, in the spirit of the quasi-stationary
approximation [6], one just omits the displacement current (1/c)8]§/8t and the term —(1/c)8ﬁ/8t in the respective
Maxwell equations for rotH and rotE, neglecting the terms of highest orders in powers of a small dimensionless
parameter V/c (which just transforms to the parameter v/c < 1 in the particular case [5,6] of the quasi-stationary
approximation — alone charge moving with a constant nonrelativistic velocity ¥(t) = ¥, considered above, in the
paradox formulation). Thus, up to corrections of highest orders in powers of V/c, one again deals with the equation
(ratﬁ)3: (w201 — 2102) f(Z|t) = (47/c)js(Z|t), where f = F(1/2? + 22, x3]t) 6(z1/22 — 1) depends on ¢
only as on a parameter, and, therefore, again arrives at nonzero result (44) for AFg 9™
powers of a small dimensionless parameter cannot cancel the main contribution.

, because the corrections in
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So, using the obvious identity

(33162 —x901) F (\/33% + m%,xg) =0, 43)

the relations (25), and making use of the usual properties of the J-function integrating with
respect to x1, one literally repeats the chain of operations leading to Eq. (27) of the paradox

formulation, and gets from (39), (41) the nonzero result for AF;"*9":

| dme [T y
AFgrmgn _ _thT;i da?g/dJJQ |x2|¢(m) F( 233%,1‘3)

4 o0 o0
= fiﬁiz/dz/dppCI)(\/pQJer) F(p,z) #0, (44)
me
—00 0

where ® is the squared wave function (32) and F' is some well decreasing function of
p = /2% + 3 and z variables, satisfying the condition (42).

While the components H; and H are given by (37), where function f has the form (41),
the Hs component of the magnetic field is restored from (40). Using (25) it is easy to show
that

(mlag + $261)9($/$2 -1)=0 45)

and

/ OF (p, 2
(2104 +x282)F( x%er%,z)pr). (46)

Substituting (37), (41) to (40), and making use of (45), (46), one obtains for H3 the expression
a z
0

where p = /2% + 2.

At last, knowing all the components of the magnetic field H, one easy restores the
respective stationary (or quasi-stationary) current density 5 (that, evidently has the d—like
singularity in the plane x; = x2), making use of the stationary (or quasi-stationary — see
footnote 11) Maxwell equation rotH = (47 /c)J.

Thus, we have found one of the possible configurations of the fields and currents resulting
(at least, at the moment when the magnetic field switches on) in the quantum-mechanical,
purely imaginary addition AFmagn (44) to the usual Lorentz force differing from zero.

Certainly, this is a very unusual result. What does it mean and what would happen with
a particle under such (very special) conditions providing for A Fmagn # 07 It is reasonable
to suppose that, besides the obvious and rather science-fiction scenario, there may exist some
much less exotic and hither to unknown explanation of the phenomenon (perhaps this is
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just an indication of some instability!? of a charged particle in such strong, inhomogeneous,
«instantly» switched on magnetic fields of certain special configurations?). In any case, it
seems to us that the results presented here (for example, violation of the Gauss theorem
in some, very rare, topologically—nontrivial physical situations) can shed new light on our
understanding of the role of nontrivial space topology and the problem of hermiticity in
quantum mechanics.
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12Here it is relevant to remind that in the case of a usual, purely potential interaction the appearance of
an imaginary part of the energy in the Schrodinger equation points to an instability of a composite particle and
determines its decay width. Certainly, this is very indirect analogy, because in this paper we consider a stable, in the
usual treatment, quantum-mechanical particle (like the proton or electron) put in very special external conditions.



