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�·¥¤¸É ¢²¥´ ¶µ¤Ìµ¤ ¤²Ö Ê¸É· ´¥´¨Ö  ´µ³ ²¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ µÉ±·ÒÉÒÌ ·¥²ÖÉ¨¢¨¸É-
¸±¨Ì ¸É·Ê´ � ³¡ÊÄƒµÉµ, ¸Ëµ·³Ê²¨·µ¢ ´´µ° ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ · §³¥·´µ¸É¨
d = 4. Š²ÕÎ¥¢ Ö ¨¤¥Ö ¸µ¸Éµ¨É ¢ ¢Ò¡µ·¥ ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¸ µ¸ÓÕ ± ²¨¡·µ¢±¨,
¸¢Ö§ ´´µ° ²µ·¥´Í-¨´¢ ·¨ ´É´Ò³ µ¡· §µ³ ¸ ³¨·µ¢Ò³ ²¨¸Éµ³. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥ £·Ê¶¶  ‹µ·¥´Í 
¶·¥µ¡· §Ê¥É ³¨·µ¢µ° ²¨¸É ¢³¥¸É¥ ¸ µ¸ÓÕ ± ²¨¡·µ¢±¨ ¨ ´¥ ¸µ¶·µ¢µ¦¤ ¥É¸Ö ·¥¶ · ³¥É·¨§ Í¨-
Ö³¨. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ É¥µ·¨Ö ¸É ´µ¢¨É¸Ö ¸¢µ¡µ¤´µ° µÉ  ´µ³ ²¨° ¢ £·Ê¶¶¥ ‹µ·¥´Í  ¨ ¢ £·Ê¶¶¥
¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° ¸¨¸É¥³Ò. �µ± § ´µ, ÎÉµ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö  ¡¥²¥¢  É¨¶  ¶·¨¢µ-
¤ÖÉ ±  ²£¥¡· ¨Î¥¸±¨ ¶·µ¸Éµ° £ ³¨²ÓÉµ´µ¢µ° ³¥Ì ´¨±¥, Ê¤µ¡´µ° ¤²Ö ± ´µ´¨Î¥¸±µ£µ ±¢ ´Éµ¢ ´¨Ö.
�µ¸É·µ¥´´ Ö ±¢ ´Éµ¢ Ö É¥µ·¨Ö µ¡² ¤ ¥É ¸¶¨´-³ ¸¸µ¢Ò³ ¸¶¥±É·µ³ ¸ ·¥¤¦¥¢¸±¨³ ¶µ¢¥¤¥´¨¥³.

This paper presents an approach for elimination of anomalies in quantum theory of open NambuÄ
Goto relativistic strings, formulated in Minkowski space-time of dimension d = 4. Clue idea is
a choice of the light cone gauge, whose gauge axis is related with the world sheet in Lorentz-
invariant way. In this approach Lorentz transformations act both on the worldsheet and the gauge
axis, and they are not followed by reparametrizations. As a result, the theory becomes free of
anomalies in Lorentz group and in the group of internal symmetries of the system. It is shown that
gauge conditions of Abelian type lead to algebraically simple Hamiltonian mechanics, convenient for
canonical quantization. The constructed quantum theory possesses spin-mass spectrum with Regge-
like behaviour.

‚‚…„…�ˆ…

Œµ¤¥²Ó ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò ¡Ò²  ¶·¥¤²µ¦¥´  � ³¡Ê, • ·  ¨ ƒµÉµ
[1Ä3] ¢ ´ Î ²¥ 1970-Ì ££. ¤²Ö µ¶¨¸ ´¨Ö ¢´ÊÉ·¥´´¥° ¸É·Ê±ÉÊ·Ò ¸¨²Ó´µ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í Å  ¤·µ´µ¢. � Î ²Ó´µ° Í¥²ÓÕ ¡Ò²µ µ¡ÑÖ¸´¥´¨¥ Ô±¸¶¥-
·¨³¥´É ²Ó´µ Ê¸É ´µ¢²¥´´µ£µ ¸¢µ°¸É¢  ¤Ê ²Ó´µ¸É¨  ³¶²¨ÉÊ¤  ¤·µ´´ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨° [4Ä6],   É ±¦¥ µ¶¨¸ ´¨¥ ¸É·Ê±ÉÊ·Ò ´ ¡²Õ¤ ¥³ÒÌ ¸¶¨´-³ ¸¸µ¢ÒÌ
¸¶¥±É·µ¢  ¤·µ´µ¢. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¶µ¸É·µ¥´¨¥ ¸É·Ê´´ÒÌ ³µ¤¥²¥°  ¤·µ´µ¢
¶·µ¤µ²¦ ¥É¸Ö [7Ä14]. ˆ¤¥ ²¨§¨·µ¢ ´´ Ö É¥µ·¥É¨Î¥¸± Ö ³µ¤¥²Ó ¡Ò²  µ¸´ -
Ð¥´  ´¥µ¡Ìµ¤¨³Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¤¥É ²Ö³¨: ±¢ ·± ³¨ ´  ±µ´Í Ì ¸É·Ê´Ò,
µ¡² ¤ ÕÐ¨³¨ ³ ¸¸µ°, Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤µ³, ¸¶¨´µ³ ¨ ¤·Ê£¨³¨ ±¢ ´Éµ¢Ò³¨
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Î¨¸² ³¨; · §²¨Î´Ò³¨ ³¥Ì ´¨§³ ³¨ · §·Ò¢  ¸É·Ê´Ò, µÉ¢¥É¸É¢¥´´µ£µ §  · ¸¶ ¤
 ¤·µ´µ¢. �¡§µ· · ¡µÉ ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨ ¶·µ¢¥¤¥´ ¢ ±´¨£ Ì [15].

’¥³ ¢·¥³¥´¥³ · §¢¨É¨¥ É¥µ·¨¨ ¸É·Ê´ ¶µÏ²µ ¤·Ê£¨³ ¶ÊÉ¥³. “¦¥ ¨§ · ´´¨Ì
¨¸¸²¥¤µ¢ ´¨° [16Ä19] ¡Ò²µ ¨§¢¥¸É´µ, ÎÉµ ±¢ ´Éµ¢ ´¨¥ ³µ¤¥²¨ � ³¡ÊÄƒµÉµ
µ¡² ¤ ¥É  ´µ³ ²¨Ö³¨ ¶·¨ Ë¨§¨Î¥¸±µ° · §³¥·´µ¸É¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ d =
4 ¨ ¸¢µ¡µ¤´µ µÉ  ´µ³ ²¨° ¶·¨ d = 26. ’ ±¦¥ ¡Ò²µ µ¡´ ·Ê¦¥´µ, ÎÉµ ¢±²ÕÎ¥-
´¨¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ë¥·³¨µ´´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¢ É¥µ·¨Õ [20,21] ¸µ±· -
Ð ¥É  ´µ³ ²¨Õ ¶·¨ ³¥´ÓÏ¥³ §´ Î¥´¨¨ · §³¥·´µ¸É¨ d = 10. �µ§¦¥ ÔÉµÉ
¶µ¤Ìµ¤ ¡Ò² µ¡Ñ¥¤¨´¥´ ¸ ¤·Ê£µ° ¨¤¥¥°: Î ¸ÉÓ ¨§³¥·¥´¨° · ¸¸³ É·¨¢ ² ¸Ó
± ± ±µµ·¤¨´ ÉÒ ´  ±µ³¶ ±É´µ³ ³´µ£µµ¡· §¨¨ Ë¨§¨Î¥¸±¨ ³ ²µ£µ · §³¥· .
B ¤ ²Ó´¥°Ï¨Ì · §· ¡µÉ± Ì, µ¶¨¸ ´´ÒÌ ¢ ¸µ¢·¥³¥´´ÒÌ ÊÎ¥¡´¨± Ì ¶µ É¥µ·¨¨
¸É·Ê´ [22, 23], ¢ É¥µ·¨Õ ¢±²ÕÎ ²¨¸Ó ¡µ²¥¥ ¸²µ¦´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ¸É·Ê±-
ÉÊ·Ò, · ¸¸³ É·¨¢ ²¨¸Ó ³´µ£µ³¥·´Ò¥ · ¸Ï¨·¥´¨Ö ¸É·Ê´ (¡· ´Ò),   É ±¦¥ ¨Ì
¸Ê¶¥·¸¨³³¥É·¨Î¥¸±¨¥  ´ ²µ£¨, ¨ ¸Ëµ·³¨·µ¢ ²µ¸Ó ³µÐ´µ¥ ´ ¶· ¢²¥´¨¥ ¢ É¥-
µ·¥É¨Î¥¸±µ° Ë¨§¨±¥, ¸²Ê¦ Ð¥¥ µ¸´µ¢µ° ¤²Ö ¶µ¸É·µ¥´¨Ö É¥µ·¨¨ ¢¥²¨±µ£µ
µ¡Ñ¥¤¨´¥´¨Ö. �¤´ ±µ ÔÉµÉ ¶µ¤Ìµ¤ ´¥ ³µ¦¥É ¡ÒÉÓ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨³¥´¥´
¤²Ö ³µ¤¥²¥°  ¤·µ´µ¢, ¶·¥¤³¥Éµ³ · ¸¸³µÉ·¥´¨Ö ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ¡µ§µ´´ Ö
4-³¥·´ Ö ¸É·Ê´  � ³¡ÊÄƒµÉµ, ¢ Éµ ¢·¥³Ö ± ± ¢¢¥¤¥´¨¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ · §-
³¥·´µ¸É¥° ¨ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¢¨¤µ¨§³¥´Ö¥É ÔÉÊ ¸¨¸É¥³Ê
¸ÊÐ¥¸É¢¥´´µ.

‚µ¶·µ¸ µ ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¥´¨Ö É ±µ° É¥µ·¨¨ ¤µ ¸¨Ì ¶µ· ´¥ ¨³¥¥É µ¤-
´µ§´ Î´µ£µ µÉ¢¥É . �Ò²µ ¡Ò ¸É· ´´µ, ¥¸²¨ ¡Ò É ± Ö ÉµÎ´µ ¸Ëµ·³Ê²¨·µ¢ ´´ Ö
±² ¸¸¨Î¥¸± Ö ³µ¤¥²Ó, ± ± 4-³¥·´ Ö ³µ¤¥²Ó ¸É·Ê´Ò � ³¡ÊÄƒµÉµ, ´¥ ¤µ¶Ê¸-
± ²  ¡Ò ¶·¥¤¸É ¢²¥´¨Ö µ¶¥· Éµ· ³¨ ¢ £¨²Ó¡¥·Éµ¢µ³ ¶·µ¸É· ´¸É¢¥. �¤´ ±µ
´¥¢µ§³µ¦´µ¸ÉÓ ¥¥ ±¢ ´Éµ¢ ´¨Ö ´¥ ¡Ò²  ¤µ± § ´ . ’·Ê¤´µ¸ÉÓ É ±µ£µ ·µ¤  ¤µ-
± § É¥²Ó¸É¢ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸É·Ê±ÉÊ·  É¥µ·¨¨ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ³´µ-
£µÎ¨¸²¥´´ÒÌ ¤¥É ²¥° ¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö, É ±¨Ì ± ± ¢Ò¡µ· ± ´µ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, ¶·¥¤¸É ¢²¥´¨¥ ¨ ¶· ¢¨²  Ê¶µ·Ö¤µÎ¥´¨Ö
¤²Ö µ¶¥· Éµ·µ¢ ¨ É. ¤.

�´µ³ ²¨¨ ¡Ò²¨ ¶¥·¢µ´ Î ²Ó´µ ¶µ²ÊÎ¥´Ò ¢ µ¸Í¨²²ÖÉµ·´µ³ ¶·¥¤¸É ¢²¥-
´¨¨ É¥µ·¨¨ ¸É·Ê´ [16Ä19], ¶µ¤µ¡´µ³ ¶·¥¤¸É ¢²¥´¨Õ ¶µ²¥¢ÒÌ É¥µ·¨° µ¶¥· -
Éµ· ³¨ ·µ¦¤¥´¨Ö ¨ Ê´¨ÎÉµ¦¥´¨Ö. �µ§¦¥ ÔÉµÉ ¢Ò¢µ¤ ¡Ò² ¢µ¸¶·µ¨§¢¥¤¥´ ¢
¤·Ê£¨Ì ¶µ¤Ìµ¤ Ì [24Ä27], ±µÉµ·Ò¥, µ¤´ ±µ, µ¡² ¤ ÕÉ ¢´ÊÉ·¥´´¥° Ô±¢¨¢ ²¥´É-
´µ¸ÉÓÕ ¸ µ¸Í¨²²ÖÉµ·´Ò³ ¶·¥¤¸É ¢²¥´¨¥³. ‚ Î ¸É´µ¸É¨, ¢ [27]  ´µ³ ²¨¨ ¡Ò²¨
¶µ²ÊÎ¥´Ò ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³¥Éµ¤µ¢ £¥µ³¥É·¨Î¥¸±µ£µ ±¢ ´Éµ¢ ´¨Ö [28]. �É 
É¥Ì´¨±  ¢ µ¸´µ¢´µ³ ´¥ § ¢¨¸¨É µÉ ¢Ò¡µ·  ±µµ·¤¨´ É, §  ¨¸±²ÕÎ¥´¨¥³ ¢Ò¡µ· 
¶µ²Ö·¨§ Í¨¨ ¢ ¶·¥¤±¢ ´Éµ¢µ³ £¨²Ó¡¥·Éµ¢µ³ ¶·µ¸É· ´¸É¢¥, ¨ ¨¸¶µ²Ó§µ¢ ´¨¥
±Ô²¥·µ¢¸±µ° ¶µ²Ö·¨§ Í¨¨ ¢ [27] ¤¥² ¥É ÔÉÊ É¥µ·¨Õ Ô±¢¨¢ ²¥´É´µ° µ¸Í¨²²Ö-
Éµ·´µ°. � ¡µÉ  [29] ¡Ò² , ¶µ ¢¸¥° ¢¨¤¨³µ¸É¨, ¶¥·¢µ°, ¨¸¶µ²Ó§ÊÕÐ¥° ¤¥°-
¸É¢¨É¥²Ó´µ ±µµ·¤¨´ É´µ-´¥§ ¢¨¸¨³Ò° ¶µ¤Ìµ¤, µ¸´µ¢ ´´Ò° ´  É¥Ì´¨±¥ ±µ´-
É¨´Ê ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. ‚ [29] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ d = 26 É¥µ·¨Ö
¤µ¶Ê¸± ¥É µ¸Í¨²²ÖÉµ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥, ¢ Éµ ¢·¥³Ö ± ± ¶·¨ d �= 26 ±¢ ´Éµ¢ Ö
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É¥µ·¨Ö ¸ÊÐ¥¸É¢Ê¥É ¨ Ö¢²Ö¥É¸Ö Ô±¢¨¢ ²¥´É´µ° ´¥²¨´¥°´µ° ¶µ²¥¢µ° É¥µ·¨¨. ‚
µ¶¥· Éµ·´µ³ Ëµ·³ ²¨§³¥ § ¤ Î  ¡Ò²  ·¥Ï¥´  ¢ · ¡µÉ¥ [30], £¤¥ ¸ ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ¸¶¥Í¨ ²Ó´µ° ¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢ÒÌ ²¨¸Éµ¢ (¢·¥³¥´¨¶µ¤µ¡´µ° ± -
²¨¡·µ¢±¨) ¡Ò²  ¶µ¸É·µ¥´  ¶µ¸²¥¤µ¢ É¥²Ó´ Ö ±¢ ´Éµ¢ Ö É¥µ·¨Ö ¡¥§  ´µ³ ²¨°
¤²Ö ¸É·Ê´ � ³¡ÊÄƒµÉµ ¶·¨ d = 4. �¤´ ±µ ´¥±µÉµ·Ò¥ Ô²¥³¥´ÉÒ ¶µ¸É·µ¥´¨Ö,
¶·¥¤¸É ¢²¥´´Ò¥ ¢ ÔÉµ° · ¡µÉ¥, Ö¢²ÖÕÉ¸Ö ´¥É¨¶¨Î´Ò³¨ ¤²Ö ±¢ ´Éµ¢ ´¨Ö É¥µ-
·¨° ¸µ ¸¢Ö§Ö³¨ ¶µ „¨· ±Ê. ‚ Î ¸É´µ¸É¨, ¨§ ¶ ·Ò ±µ³¶²¥±¸´µ-¸µ¶·Ö¦¥´´ÒÌ
¸¢Ö§¥° ¢Éµ·µ£µ ·µ¤  Éµ²Ó±µ µ¤´  ¡Ò²  ´ ²µ¦¥´  ´  ¢¥±Éµ·Ò ¸µ¸ÉµÖ´¨Ö, ¸²¥-
¤ÊÖ ³¥Éµ¤Ê ƒÊ¶ÉÒÄ�²¥°²¥·  [31], ¢ Éµ ¢·¥³Ö ± ± ³¥Éµ¤ „¨· ±  ¢ ÔÉµ³ ¸²ÊÎ ¥
¶·¥¤¶µ² £ ¥É ¶µ²´ÊÕ ·¥¤Ê±Í¨Õ [32].

‚ É¥·³¨´µ²µ£¨¨ „¨· ±  É¥µ·¨Ö ¸É·Ê´ µ¡² ¤ ¥É ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ ,
¶·¥¤¸É ¢²ÖÕÐ¨³¨ ± ²¨¡·µ¢µÎ´ÊÕ ¸¨³³¥É·¨Õ Å £·Ê¶¶Ê ·¥¶ · ³¥É·¨§ Í¨°
³¨·µ¢µ£µ ²¨¸É . ˆ³¥¥É¸Ö ´¥¸±µ²Ó±µ ¶µ¤Ìµ¤µ¢ ¤²Ö ±¢ ´Éµ¢ ´¨Ö É ±¨Ì É¥µ-
·¨°. ‚ ¶¥·¢µ³, ´ §Ò¢ ¥³µ³ ±µ¢ ·¨ ´É´Ò³ ±¢ ´Éµ¢ ´¨¥³, ¢ É¥µ·¨¨ ¸µÌ· -
´ÖÕÉ¸Ö ¢¸¥ ¢µ§³µ¦´Ò¥ ¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É , ¨ Ô±¢¨¢ ²¥´É´µ¸ÉÓ
³¥¦¤Ê ´¨³¨ ·¥ ²¨§Ê¥É¸Ö ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥ ± ± ¨´¢ ·¨ ´É´µ¸ÉÓ ¢µ²´µ¢ÒÌ
ËÊ´±Í¨° µÉ´µ¸¨É¥²Ó´µ ·¥¶ · ³¥É·¨§ Í¨°. ‚µ ¢Éµ·µ³ ´ ±² ¤Ò¢ ÕÉ¸Ö ± ²¨-
¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö ¢ ¤µ¶µ²´¥´¨¥ ± ¶¥·¢¨Î´Ò³ ¸¢Ö§Ö³, ±µÉµ·Ò¥ Ë¨±¸¨·ÊÕÉ
±µ´±·¥É´ÊÕ ¶ · ³¥É·¨§ Í¨Õ ´  ³¨·µ¢µ³ ²¨¸É¥ (µ¡ÒÎ´µ · ¸¸³ É·¨¢ ÕÉ¸Ö ¶ -
· ³¥É·¨§ Í¨¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  [16] ¨ �µ·²¨Ì  [30]). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²´Ò°
´ ¡µ· ¸¢Ö§¥° ¶·¨´ ¤²¥¦¨É ±µ ¢Éµ·µ³Ê ·µ¤Ê, ³¥Ì ´¨±  ¤µ²¦´  ¡ÒÉÓ ·¥¤Ê-
Í¨·µ¢ ´  ´  ¨Ì ¶µ¢¥·Ì´µ¸ÉÓ ¸ ¶µ³µÐÓÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¶¥·¥µ¶·¥¤¥²¥´¨Ö
¸±µ¡µ± �Ê ¸¸µ´  ¨ ¶µ¸²¥ ÔÉµ£µ ³µ¦¥É ¡ÒÉÓ ¶·µ±¢ ´Éµ¢ ´ . �·µ³¥¦ÊÉµÎ´µ¥
¶µ²µ¦¥´¨¥ § ´¨³ ¥É Ëµ·³ ²¨§³ ®¶·¨¢¥¤¥´´µ£µ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ ¯ [33],
¢ ±µÉµ·µ³ ·µ²Ó Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¢Ò¶µ²´Ö¥É Ë ±Éµ·-¶·µ¸É· ´¸É¢µ µÉ´µ-
¸¨É¥²Ó´µ £·Ê¶¶Ò ± ²¨¡·µ¢µÎ´ÒÌ ¸¨³³¥É·¨°.

�µ ¸ÊÉ¨ ÔÉ¨ ¶µ¤Ìµ¤Ò Ô±¢¨¢ ²¥´É´Ò. � · ³¥É·¨Î¥¸±¨-¨´¢ ·¨ ´É´Ò¥ ¢µ²-
´µ¢Ò¥ ËÊ´±Í¨¨ ¤µ²¦´Ò ¡ÒÉÓ ËÊ´±Í¨Ö³¨ ¶ · ³¥É·¨Î¥¸±¨Ì ¨´¢ ·¨ ´Éµ¢ ³¨-
·µ¢µ£µ ²¨¸É  (±µ³³ÊÉ¨·ÊÕÐ¨Ì ¤·Ê£ ¸ ¤·Ê£µ³). „·Ê£¨³¨ ¸²µ¢ ³¨, µ´¨ Ö¢²ÖÕÉ¸Ö
Ô²¥³¥´É ³¨ Ë ±Éµ·-¶·µ¸É· ´¸É¢  µÉ´µ¸¨É¥²Ó´µ ·¥¶ · ³¥É·¨§ Í¨° (¢ ±µÉµ·µ³
´Ê¦´µ ¢§ÖÉÓ ³ ±¸¨³ ²Ó´µ¥ ² £· ´¦¥¢¸±µ¥ ¶µ¤³´µ£µµ¡· §¨¥). ‚ ± Î¥¸É¢¥ ¡ -
§¨¸  ¢ ÔÉµ³ ¶·µ¸É· ´¸É¢¥ ³µ¦´µ ¢Ò¡· ÉÓ ´ ¡µ· ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
¤²Ö ´¥±µÉµ·µ° Î ¸É´µ° ± ²¨¡·µ¢±¨. ‚ Éµ ¦¥ ¢·¥³Ö ÉµÎ´ Ö Ô±¢¨¢ ²¥´É´µ¸ÉÓ
¤ ´´ÒÌ ¶µ¤Ìµ¤µ¢ ³µ¦¥É ¡ÒÉÓ ´ ·ÊÏ¥´  ¶·¨ ±¢ ´Éµ¢ ´¨¨ [33, 34]. �·¨Î¨´ 
ÔÉµ£µ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸É·Ê±ÉÊ·  É¥µ·¨¨ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¤¥É ²¥°
¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö, ±µÉµ·Ò¥ ³µ£ÊÉ · §²¨Î ÉÓ¸Ö ¤²Ö ¤ ´´ÒÌ ¶µ¤Ìµ¤µ¢.
� §²¨Î¨Ö ¸É ´µ¢ÖÉ¸Ö µ¸µ¡¥´´µ ±·¨É¨Î¥¸±¨³¨, ¥¸²¨ · ¸¸³ É·¨¢ ¥³Ò¥ ¶µ¤Ìµ¤Ò
¢±²ÕÎ ÕÉ Ô²¥³¥´ÉÒ, ´¥ É¨¶¨Î´Ò¥ ¤²Ö ³¥Éµ¤  „¨· ± , É ±¨¥ ± ± ´ ²µ¦¥´¨¥
Éµ²Ó±µ ¶µ²µ¢¨´Ò ±µ³¶²¥±¸´µ-¸µ¶·Ö¦¥´´ÒÌ ¸¢Ö§¥° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨.

‚ ¤ ´´µ° · ¡µÉ¥ ³Ò · ¸¸³µÉ·¨³ ¢µ¶·µ¸ µ ¢µ§³µ¦´µ¸É¨ ±¢ ´Éµ¢ ´¨Ö ¡¥§
 ´µ³ ²¨° 4-³¥·´µ° É¥µ·¨¨ ¸É·Ê´Ò � ³¡ÊÄƒµÉµ ¡¥§ µÉ±²µ´¥´¨° µÉ ¶·µÍ¥¤Ê·Ò
„¨· ± . � ´¥¥ ÔÉ  § ¤ Î  ¡Ò²  ·¥Ï¥´  ¤²Ö ´¥±µÉµ·ÒÌ ¶µ¤³´µ£µµ¡· §¨° ¢
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�¨¸. 1. ‘¶¨´-³ ¸¸µ¢Ò¥ ¸¶¥±É·Ò
¤²Ö É¥µ·¨° µ£· ´¨Î¥´´ÒÌ ±² ¸-
¸µ¢ ¤¢¨¦¥´¨Ö ¸É·Ê´, ¤µ¶Ê¸± -
ÕÐ¨Ì ¸¢µ¡µ¤´µ¥ µÉ  ´µ³ ²¨°
±¢ ´Éµ¢ ´¨¥ ¶·¨ d = 4: a) ¶·Ö-
³µ²¨´¥°´ Ö ¸É·Ê´  [35]; ¡) ¤¢ÊÌ-
¶ · ³¥É·¨Î¥¸± Ö ¸É·Ê´  [36];
¢) µ¸¥¸¨³³¥É·¨Î´ Ö ¸É·Ê´  [37]

Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ ¸É·Ê´Ò, ¶·¥¤¸É ¢²ÖÕ-
Ð¨Ì ³¨·µ¢Ò¥ ²¨¸ÉÒ ¸¶¥Í¨ ²Ó´µ° Ëµ·³Ò, É. ¥.
¤²Ö Î ¸É´ÒÌ ±² ¸¸µ¢ ¤¢¨¦¥´¨Ö ¸É·Ê´. �¥·-
¢Ò³ ¶·¨³¥·µ³ Ö¢²Ö¥É¸Ö ¶·Ö³µ²¨´¥°´ Ö ¸É·Ê´ 
[35] Å ·¥Ï¥´¨¥, ¤²Ö ±µÉµ·µ£µ ¸É·Ê´  ¨³¥¥É
Ëµ·³Ê ¶·Ö³µ£µ µÉ·¥§± , ¢· Ð ÕÐ¥£µ¸Ö µÉ´µ-
¸¨É¥²Ó´µ ¸¥·¥¤¨´Ò ¸ ¶µ¸ÉµÖ´´µ° Ê£²µ¢µ° ¸±µ-
·µ¸ÉÓÕ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸. �Éµ ·¥Ï¥-
´¨¥ ¤µ¶Ê¸± ¥É ±¢ ´Éµ¢ ´¨¥ ¡¥§  ´µ³ ²¨° ¶·¨
¶·µ¨§¢µ²Ó´µ³ §´ Î¥´¨¨ · §³¥·´µ¸É¨ d � 3.
�´µ ¶·¨´ ¤²¥¦¨É £· ´¨Í¥ ±² ¸¸¨Î¥¸±µ° µ¡² -
¸É¨ �¥¤¦¥ P 2/2π � S ¨ ¢ ±¢ ´Éµ¢µ° É¥µ-
·¨¨ ¸µµÉ¢¥É¸É¢Ê¥É ¢¥¤ÊÐ¥° É· ¥±Éµ·¨¨ �¥¤¦¥
P 2/2π = S (¸³. ·¨c. 1, a), £¤¥ P 2 Å ±¢ -
¤· É ³ ¸¸Ò, S Å µ·¡¨É ²Ó´Ò° ³µ³¥´É ¸É·Ê´Ò.
‚ [12] ÔÉ  ±¢ ´Éµ¢ Ö ³µ¤¥²Ó ¡Ò²  · ¸Ï¨·¥´ 
¸¶¨´µ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ ¨ Ô²¥±É·¨Î¥¸±¨³¨
§ ·Ö¤ ³¨ ±¢ ·±µ¢ ¨ ¸ ¥¥ ¶µ³µÐÓÕ µ¶¨¸ ´µ
¡µ²ÓÏ¨´¸É¢µ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³ÒÌ
¸µ¸ÉµÖ´¨° ¢ ¸¶¥±É·¥ ²¥£±¨Ì ³¥§µ´µ¢,   É ±¦¥
´¥±µÉµ·Ò¥ ¨§ ¨Ì · ¤¨ Í¨µ´´ÒÌ ¶¥·¥Ìµ¤µ¢.

�·Ö³µ²¨´¥°´ Ö ¸É·Ê´  Å ¸ÊÐ¥¸É¢¥´´µ
µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ ·¥Ï¥´¨¥, ¥¤¨´¸É¢¥´´Ò³
¶ · ³¥É·µ³ ¤²Ö ±µÉµ·µ£µ Ö¢²Ö¥É¸Ö ¤²¨´ 
¸É·Ê´Ò. ‚ · ¡µÉ¥ [36] · ¸¸³oÉ·¥´µ µ¡µ¡Ð¥-
´¨¥ ÔÉµ° ³¥Ì ´¨±¨ ¨ ¶µ± § ´µ, ÎÉµ ¶·µ¨§¢µ²Ó-
´µ¥ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±µ¥ ¸¥³¥°¸É¢µ ¤¢¨¦¥´¨°
¸É·Ê´Ò, ¸µ¤¥·¦ Ð¥¥ ¶·Ö³µ²¨´¥°´µ¥ ·¥Ï¥´¨¥,
¶µ¸²¥ µ¶·¥¤¥²¥´´µ£µ ¸² ¡µ£µ Éµ¶µ²µ£¨Î¥¸±µ£µ
µ£· ´¨Î¥´¨Ö ¤µ¶Ê¸± ¥É ¸¢µ¡µ¤´µ¥ µÉ  ´µ³ -
²¨° ±¢ ´Éµ¢ ´¨¥ ¶·¨ d = 4. ‚ · ¡µÉ¥ [37] · ¸-
¸³µÉ·¥´ ¸¶¥Í¨ ²Ó´Ò° ±² ¸¸ ¤¢¨¦¥´¨Ö, ¤²Ö ±µ-
Éµ·µ£µ ¸É·Ê´  ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ µ¡² ¤ ¥É
µ¸¥¢µ° ¸¨³³¥É·¨¥°, ¨ ¢Ò¶µ²´¥´µ ¸¢µ¡µ¤´µ¥ µÉ
 ´µ³ ²¨° ±¢ ´Éµ¢ ´¨¥ ÔÉµ° É¥µ·¨¨ ¶·¨ d = 4
¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ-
´Ê¸ , ¸¢Ö§ ´´µ° ¸ µ¸ÓÕ ¸¨³³¥É·¨¨. �¥ ¤µ²¦´µ
¢µ§´¨± ÉÓ ¢¶¥Î É²¥´¨Ö, ÎÉµ ¸ÊÐ¥¸É¢ÊÕÉ ´¥±µ-
Éµ·Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ®±¢ ´ÉÊ¥³Ò¥¯ ±² ¸¸Ò ¤¢¨-
¦¥´¨Ö ¸É·Ê´, ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ÔÉµ ±² ¸¸Ò
¤¢¨¦¥´¨Ö, ¤²Ö ±µÉµ·ÒÌ · ¡µÉ ÕÉ ¤µ¸É ÉµÎ´µ ¶·µ¸ÉÒ¥ ±µ´¸É·Ê±Í¨¨ [35Ä37].
�¡Ð¥° Î¥·Éµ° É ±¨Ì É¥µ·¨° Ö¢²Ö¥É¸Ö Éµ, ÎÉµ £¥´¥· Éµ·Ò £·Ê¶¶Ò �Ê ´± ·¥ ¢
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´¨Ì ¶·¥¤¸É ¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¶¥·¥³¥´´Ò³¨ ¨²¨ ¶·µ¸ÉÒ³¨ ËÊ´±Í¨Ö³¨
´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ, ÎÉµ µ¡Ê¸²µ¢²¨¢ ¥É µÉ¸ÊÉ¸É¢¨¥  ´µ³ ²¨° ¢ ±¢ ´Éµ-
¢ÒÌ É¥µ·¨ÖÌ. ‚µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö É ±¨Ì ´ ¡µ·µ¢ ¶¥·¥³¥´´ÒÌ ¸²¥¤Ê¥É
¨§ É¥µ·¥³Ò „ ·¡Ê £ ³¨²ÓÉµ´µ¢c±µ° ³¥Ì ´¨±¨ [40], ±µÉµ· Ö µ¡¥¸¶¥Î¨¢ ¥É ¶µ-
¸É·µ¥´¨¥ ± ´µ´¨Î¥¸±µ£µ ¡ §¨¸ , ´ Î¨´ Ö ¸ ¶·µ¨§¢µ²Ó´µ£µ, § · ´¥¥ § ¤ ´´µ£µ
¶µ¤³´µ¦¥¸É¢  ± ´µ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ´ ¶·¨³¥·, £¥´¥· Éµ·µ¢ £·Ê¶¶Ò �Ê-
 ´± ·¥ ¨ ¸µ¶·Ö¦¥´´ÒÌ ± ´¨³ Ê£²µ¢ÒÌ ¶¥·¥³¥´´ÒÌ. ’¥µ·¥³  „ ·¡Ê ¨³¥¥É
²µ± ²Ó´Ò° Ì · ±É¥·, ¸ÊÐ¥¸É¢ÊÕÉ · §´µµ¡· §´Ò¥ Éµ¶µ²µ£¨Î¥¸±¨¥ ¶·¥¶ÖÉ¸É¢¨Ö
¤²Ö ¥¥ · ¸¶·µ¸É· ´¥´¨Ö ´  ¢¸¥ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ. ‚ · ¡µÉ¥ [38] ¨¸¶µ²Ó-
§µ¢ ² ¸Ó ± ²¨¡·µ¢±  �µ·²¨Ì  [30] ¨ ³¥Éµ¤ ¢¸¶µ³µ£ É¥²Ó´µ° ¸¶¥±É· ²Ó´µ°
§ ¤ Î¨ [41] ¤²Ö ¶µ¸É·µ¥´¨Ö ´¥µ¡Ìµ¤¨³µ£µ ´ ¡µ·  ¶¥·¥³¥´´ÒÌ. �É  · ¡µÉ 
¶·¥¤¸É ¢²Ö¥É ¶¥·¸¶¥±É¨¢´Ò° ¶µ¤Ìµ¤ ¤²Ö ´¥ ´µ³ ²Ó´µ£µ ±¢ ´Éµ¢ ´¨Ö É¥µ·¨¨
¸É·Ê´. ’¥Ì´¨Î¥¸± Ö É·Ê¤´µ¸ÉÓ ·¥ ²¨§ Í¨¨ ÔÉµ£µ ¶µ¤Ìµ¤  ¸¢Ö§ ´  ¶·¥¦¤¥ ¢¸¥£µ
¸ É¥³, ÎÉµ ¶¥·¥³¥´´Ò¥ [38] µ¡² ¤ ÕÉ Éµ¶µ²µ£¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó´µ° µ¡² ¸ÉÓÕ
¨§³¥´¥´¨Ö. ‡¤¥¸Ó ³Ò · ¸¶·µ¸É· ´¨³ ³¥Éµ¤Ò [35Ä37] ´  ³¨·µ¢Ò¥ ²¨¸ÉÒ µ¡-
Ð¥£µ ¢¨¤ . „²Ö ÔÉµ° Í¥²¨ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ µ¶·¥¤¥²¥´´ÊÕ ³µ¤¨Ë¨± Í¨Õ
± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸ , µ¶¨¸ ´´ÊÕ ¢ · §¤. 1. ‚ · §¤. 2 ¨ 3 ¨¸¸²¥¤Ê¥³
 ²£¥¡· ¨Î¥¸±¨¥ ¨ £¥µ³¥É·¨Î¥¸±¨¥ ¸¢µ°¸É¢  ÔÉµ° ± ²¨¡·µ¢±¨. � §¤. 4 ¶µ¸¢ÖÐ¥´
±¢ ´Éµ¢ ´¨Õ É¥µ·¨¨. ‚ · §¤. 5 ¶·¨¢µ¤ÖÉ¸Ö ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. ‹��…�–-ˆ�‚��ˆ��’��Ÿ ��…‹…‚� Š�‹ˆ���‚Š�
‘‚…’�‚�ƒ� Š��“‘� (‹ˆ�Š‘Š)

ŒÒ · ¸¸³ É·¨¢ ¥³ É¥µ·¨Õ µÉ±·ÒÉµ° ¸É·Ê´Ò � ³¡ÊÄƒµÉµ. Š ²¨¡·µ¢± 
¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¸¢Ö§Ò¢ ¥É ¶ · ³¥É·¨§ Í¨Õ ³¨·µ¢µ£µ ²¨¸É  ¸ ´¥±µÉµ·Ò³
¸¢¥Éµ¶µ¤µ¡´Ò³ ¢¥±Éµ·µ³ (µ¸ÓÕ ± ²¨¡·µ¢±¨). ‚ ¸É ´¤ ·É´µ³ ¶µ¤Ìµ¤¥ ÔÉµÉ
¢¥±Éµ· Ö¢²Ö¥É¸Ö ´¥¤¨´ ³¨Î¥¸±¨³, ´ ¶·¨³¥·, nµ = (1, 1, 0, 0). �µ¸±µ²Ó±Ê ¶·¥-
µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ¨§³¥´ÖÕÉ ¶µ²µ¦¥´¨¥ ³¨·µ¢µ£µ ²¨¸É  µÉ´µ¸¨É¥²Ó´µ ÔÉµ°
µ¸¨, µ´¨ ¸µ¶·µ¢µ¦¤ ÕÉ¸Ö ·¥¶ · ³¥É·¨§ Í¨Ö³¨ ³¨·µ¢µ£µ ²¨¸É . �  ±¢ ´Éµ¢µ³
Ê·µ¢´¥ £·Ê¶¶  ·¥¶ · ³¥É·¨§ Í¨° ¨³¥¥É  ´µ³ ²¨Õ, ±µÉµ· Ö ¶µÖ¢²Ö¥É¸Ö É ±¦¥
¢ £·Ê¶¶¥ ‹µ·¥´Í  ¨ ´ ·ÊÏ ¥É ²µ·¥´Í-±µ¢ ·¨ ´É´µ¸ÉÓ É¥µ·¨¨. ‚ ÔÉµ³ ¸µ¸Éµ¨É
µ¸´µ¢´ Ö ¶·µ¡²¥³  É¥µ·¨¨ ¸É·Ê´ ¢ ¸É ´¤ ·É´µ° ± ²¨¡·µ¢±¥ ¸¢¥Éµ¢µ£µ ±µ´Ê¸ .

„²Ö Éµ£µ ÎÉµ¡Ò ¶·¥µ¤µ²¥ÉÓ ÔÉÊ ¶·µ¡²¥³Ê, ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¸²¥¤ÊÕ-
ÐÊÕ ¶·µ¸ÉÊÕ ¨¤¥Õ: µ¸Ó ± ²¨¡·µ¢±¨ ¤µ²¦´  ¡ÒÉÓ ¸¢Ö§ ´  ¸ ¸ ³¨³ ³¨·µ¢Ò³
²¨¸Éµ³. � ¶·¨³¥·, µ¸Ó ± ²¨¡·µ¢±¨ ³µ¦´µ ¸¢Ö§ ÉÓ ¸ ´¥±µÉµ·Ò³¨ ¤¨´ ³¨Î¥-
¸±¨³¨ ¢¥±Éµ· ³¨ ¢ É¥µ·¨¨ ¸É·Ê´, µ¶¨¸Ò¢ ÕÐ¨³¨ É ±¨¥ Ì · ±É¥·¨¸É¨±¨ ³¨-
·µ¢µ£µ ²¨¸É , ± ± ¶µ²´Ò° ¨³¶Ê²Ó¸, µ·¡¨É ²Ó´Ò° ³µ³¥´É ¨ ¤·. ‚ ÔÉµ³ ¸²ÊÎ ¥
¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ¶¥·¥³¥Ð ÕÉ µ¸Ó ± ²¨¡·µ¢±¨ ¢³¥¸É¥ ¸ ³¨·µ¢Ò³ ²¨-
¸Éµ³, ¨ ¶ · ³¥É·¨§ Í¨Ö ´  ³¨·µ¢µ³ ²¨¸É¥ ´¥ ³¥´Ö¥É¸Ö. ƒ·Ê¶¶  ‹µ·¥´Í  ¢
ÔÉµ³ ¶µ¤Ìµ¤¥ ¡Ê¤¥É ¸¢µ¡µ¤´  µÉ  ´µ³ ²¨°.

�¥ ²¨§ Í¨Ö ÔÉµ° ¨¤¥¨ ¢±²ÕÎ ¥É ¸²¥¤ÊÕÐ¨¥ ±µ³¶µ´¥´ÉÒ.
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ƒ¥µ³¥É·¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ³¨·µ¢µ£µ ²¨¸É  [38, 39]. �¶·¥¤¥²¥´¨¥. B¢¥-
¤¥³ ËÊ´±Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ ±µµ·¤¨´ É ³¨ ¨ ¶²µÉ´µ¸ÉÓÕ ¨³¶Ê²Ó¸  ¸É·Ê´Ò ¢Ò-
· ¦¥´¨Ö³¨

Qµ(σ) = xµ(σ) +
∫ σ

0

dσ̃ pµ(σ̃),

xµ(σ) = (Qµ(σ) + Qµ(−σ))/2,

pµ(σ) = (Q′
µ(σ) + Q′

µ(−σ))/2

(x, p Å Î¥É´Ò¥ ËÊ´±Í¨¨ σ). ‚ É¥·³¨´ Ì µ¸Í¨²²ÖÉµ·´ÒÌ ¶¥·¥³¥´´ÒÌ,
µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥³ÒÌ ¢ É¥µ·¨¨ ¸É·Ê´Ò,

Qµ(σ) = Xµ +
Pµ

π
σ +

1√
π

∑
n�=0

an
µ

in
einσ.

‹¥³³  1. K·¨¢ Ö, µ¶·¥¤¥²¥´´ Ö ËÊ´±Í¨¥° Qµ(σ) (¤ ²¥¥ ´ §Ò¢ ³ Ö
µ¶µ·´µ° ±·¨¢µ°), ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ : (i) ±·¨¢ Ö ¸¢¥Éµ¶µ¤µ¡´ :
Q′2(σ) = 0, ÔÉµ ¸¢µ°¸É¢µ Ô±¢¨¢ ²¥´É´µ ¸¢Ö§Ö³ ‚¨· ¸µ·µ ¤²Ö µ¸Í¨²²ÖÉµ·´ÒÌ
¶¥·¥³¥´´ÒÌ; (ii) ±·¨¢ Ö Ö¢²Ö¥É¸Ö ¶¥·¨µ¤¨Î¥¸±µ°: Q(σ + 2π) − Q(σ) = 2P ;
(iii) ±·¨¢ Ö ¸µ¢¶ ¤ ¥É ¸ ³¨·µ¢µ° ²¨´¨¥° µ¤´µ£µ ±µ´Í  ¸É·Ê´Ò: x(0, τ) = Q(τ);
³¨·µ¢ Ö ²¨´¨Ö ¤·Ê£µ£µ ±µ´Í  µ¶¨¸Ò¢ ¥É¸Ö Éµ° ¦¥ ±·¨¢µ°, ¸¤¢¨´ÊÉµ° ´  ¶µ-
²Ê¶¥·¨µ¤: x(π, τ) = Q(π + τ) − P ; (iv) ³¨·µ¢µ° ²¨¸É ¢µ¸¸É ´a¢²¨¢ ¥É¸Ö ¶µ
ÔÉµ° ±·¨¢µ° ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: x(σ, τ) = (Q(σ1) + Q(σ2))/2, σ1,2 = τ ± σ;
(v) ¸±µ¡±¨ �Ê ¸¸µ´  ¤²Ö ËÊ´±Í¨¨ Qµ(σ) ¨ ¸¨³¶²¥±É¨Î¥¸± Ö Ëµ·³ , ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö ÔÉ¨³ ¸±µ¡± ³:

{Qµ(σ), Qν(σ̃)} = −2gµνϑ(σ − σ̃),

Ω =
1
2

dPµ ∧ dQµ(0) +
1
4

∫ 2π

0

dσ δQ′
µ(σ) ∧ δQµ(σ);

(1)

(vi) ¸¢Ö§¨ ‚¨· ¸µ·µ £¥´¥·¨·ÊÕÉ ·¥¶ · ³¥É·¨§ Í¨¨ µ¶µ·´µ° ±·¨¢µ°: H =∫
dσF (σ)Q′2(σ)/4, Q̇µ(σ) = {Qµ(σ), H} = F (σ)Q′

µ(σ). ƒ ³¨²ÓÉµ´¨ ´ ¸
F = 1 £¥´¥·¨·Ê¥É µ¤´µ·µ¤´Ò¥ ¸¤¢¨£¨  ·£Ê³¥´É  Q(σ) → Q(τ + σ), ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ Ô¢µ²ÕÍ¨¨ ¸É·Ê´Ò ¢ ±µ´Ëµ·³´µ° ¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É :
(ẋ ± x′)2 = 0. ‡¤¥¸Ó ϑ(σ) = [σ/2π] + 1/2; [x] Å Í¥² Ö Î ¸ÉÓ x; ¶·µ¨§¢µ¤-
´ Ö ϑ(σ)′ = ∆(σ) Å ¶¥·¨µ¤¨Î¥¸± Ö ¤¥²ÓÉ -ËÊ´±Í¨Ö; Pµ Å ¶µ²´Ò° ¨³¶Ê²Ó¸
¸É·Ê´Ò.

‹¥³³  ¤µ± § ´  ¢ [38] ¨ ¤·Ê£¨³ ³¥Éµ¤µ³ Å ¢ [39].
‡ ³¥Î ´¨¥. ”µ·³ ²¨§³ ¸¨³¶²¥±É¨Î¥¸±µ° £¥µ³¥É·¨¨ [35, 40] Ê¤µ¡¥´ ¤²Ö

µ¶¨¸ ´¨Ö ¸É·Ê±ÉÊ·Ò Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢  ¢ £ ³¨²ÓÉµ´µ¢ÒÌ É¥µ·¨ÖÌ ¸µ ¸¢Ö-
§Ö³¨. ” §µ¢µ¥ ¶·µ¸É· ´¸É¢µ Å £² ¤±µ¥ ³´µ£µµ¡· §¨¥, ¸´ ¡¦¥´´µ¥ § ³±´Ê-

Éµ° ´¥¢Ò·µ¦¤¥´´µ° ¤¨ËË¥·¥´Í¨ ²Ó´µ° 2-Ëµ·³µ° Ω =
1
2
ωijdX i ∧ dXj (¢
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´¥±µÉµ·ÒÌ ²µ± ²Ó´ÒÌ ±µµ·¤¨´ É Ì X i, i = 1, . . . , 2n). ‘±µ¡±¨ �Ê ¸¸µ´ 
µ¶·¥¤¥²ÖÕÉ¸Ö ± ± {X i, Xj} = ωij , £¤¥ ‖ωij‖ Ö¢²Ö¥É¸Ö µ¡· É´µ° ± ‖ωij‖:
ωijω

jk = δk
i . � ¸¸³µÉ·¨³ ¶µ¢¥·Ì´µ¸ÉÓ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, § ¤ ´´ÊÕ

¸¢Ö§Ö³¨ ¢Éµ·µ£µ ·µ¤ : χα(X) = 0 (α = 1, . . . , r), det ‖{χα, χβ}‖ �= 0. �¥-
¤Ê±Í¨Ö ´  ÔÉÊ ¶µ¢¥·Ì´µ¸ÉÓ ¸µ¸Éµ¨É ¢ ¶µ¤¸É ´µ¢±¥ ¥¥ Ö¢´µ° ¶ · ³¥É·¨§ Í¨¨
X i = X i(ua) (a = 1, . . . , 2n − r) ¢ Ëµ·³Ê

Ω =
1
2
Ωabdua ∧ dub, Ωab =

∂X i

∂ua
ωij

∂Xj

∂ub
, det ‖Ωab‖ �= 0.

Œ É·¨Í  ‖Ωab‖, µ¡· É´ Ö ‖Ωab‖, µ¶·¥¤¥²Ö¥É ¸±µ¡±¨ �Ê ¸¸µ´  ´  ¶µ¢¥·Ì´µ-
¸É¨: {ua, ub} = Ωab. �ÉµÉ ³¥Éµ¤ Ô±¢¨¢ ²¥´É¥´ µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥³µ³Ê Ëµ·³ -
²¨§³Ê ¸±µ¡µ± „¨· ± :

{ua, ub}D = {ua, ub} − {ua, χα}Παβ{χβ, ub} = Ωab,

£¤¥ ‖Παβ‖ Ö¢²Ö¥É¸Ö µ¡· É´µ° ± ‖Παβ‖: Παβ = {χα, χβ}. ‚ É¥µ·¨¨ ¸É·Ê´
± ´µ´¨Î¥¸±¨¥ ¸±µ¡±¨ �Ê ¸¸µ´  {xµ(σ), pν(σ̃)} = gµνδ(σ − σ̃) ¸µµÉ¢¥É¸É¢ÊÕÉ

¸¨³¶²¥±É¨Î¥¸±µ° Ëµ·³¥ Ω =
∫ π

0

dσ δpµ(σ) ∧ δxµ(σ). …¥ ³µ¦´µ ¶·¥µ¡· §µ-

¢ ÉÓ ± ¢¨¤Ê (1) ¶µ¤¸É ´µ¢±µ° ¢Ò· ¦¥´¨° xµ(σ), pµ(σ) Î¥·¥§ Qµ(σ).
Œ¥Ì ´¨±  ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ [38]. ‚¢¥¤¥³ µ·Éµ´µ·³ ²Ó´ÊÕ É¥É· ¤Ê

¢¥±Éµ·µ¢, § ¢¨¸ÖÐÊÕ µÉ ¶µ²´µ£µ ¨³¶Ê²Ó¸ : Nα
µ (P ), Nα

µ Nβ
µ = gαβ, ¸ N0

µ =
Pµ/

√
P 2. � §²µ¦¨³ µ¶µ·´ÊÕ ±·¨¢ÊÕ ¶µ ÔÉµ° É¥É· ¤¥: Qµ(σ) = Nα

µ Qα(σ).
‹¥³³  2. �·µ¥±Í¨Ö µ¶µ·´µ° ±·¨¢µ° ¢ ¸. Í. ³., µ¶·¥¤¥²Ö¥³ Ö ¶·µ¸É· ´-

¸É¢¥´´µ¶µ¤µ¡´Ò³¨ ±µ³¶µ´¥´É ³¨ Qi(σ), Ö¢²Ö¥É¸Ö § ³±´ÊÉµ° ±·¨¢µ°. �µ²´ Ö
¤²¨´  ÔÉµ° ±·¨¢µ° · ¢´  2

√
P 2. �µ²´Ò° ¢¥±Éµ· ¶²µÐ ¤¨ ¤²Ö µ·¨¥´É¨·Ê¥³µ°

¶µ¢¥·Ì´µ¸É¨, ´ ÉÖ´ÊÉµ° ´  ÔÉÊ ±·¨¢ÊÕ, ´¥ § ¢¨¸¨É µÉ ¶µ¢¥·Ì´µ¸É¨ ¨ · ¢¥´
2S, £¤¥ S Å µ·¡¨É ²Ó´Ò° ³µ³¥´É∗ ¸É·Ê´Ò ¢ ¸. Í. ³.

‹¥³³  ¤µ± § ´  ¢ [38,39].
‹µ·¥´Í-¨´¢ ·¨ ´É´ Ö ± ²¨¡·µ¢±  ¸¢¥Éµ¢µ£µ ±µ´Ê¸  [37]. ‘¢Ö§¨ ‚¨· -

¸µ·µ £¥´¥·¨·ÊÕÉ ·¥¶ · ³¥É·¨§ Í¨¨ µ¶µ·´µ° ±·¨¢µ°, ± ²¨¡·µ¢±¨ ± ¸¢Ö§Ö³ ‚¨-
· ¸µ·µ Ë¨±¸¨·ÊÕÉ ±µ´±·¥É´ÊÕ ¶ · ³¥É·¨§ Í¨Õ ´  ÔÉµ° ±·¨¢µ°. �¡ÒÎ´µ · ¸-
¸³ É·¨¢ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö: σ = π(nQ)/(nP ) + const,
É. ¥. ¢ ± Î¥¸É¢¥ ¶ · ³¥É·  σ ¢Ò¡¨· ¥É¸Ö ±µ³¶µ´¥´É  Qµ ¢ ´ ¶· ¢²¥´¨¨ nµ.

∗‚ ÔÉµ° · ¡µÉ¥ ³Ò · ¸¸³ É·¨¢ ¥³ ¡µ§µ´´ÊÕ É¥µ·¨Õ ¸É·Ê´Ò ¨ ´¥ ¢¢µ¤¨³ ¤µ¶µ²´¨É¥²Ó´ÒÌ
¸¶¨´µ¢ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò. ’¥·³¨´Ò ®µ·¡¨É ²Ó´Ò° ³µ³¥´É¯, ®£¥´¥· Éµ· ¢· Ð¥´¨°¯ ¨ ®¸¶¨´¯
µ¡µ§´ Î ÕÉ µ¤´Ê ¨ ÉÊ ¦¥ ¶¥·¥³¥´´ÊÕ, ±µÉµ· Ö ¢ ±µ´¥Î´µ³ ¨Éµ£¥ µ¶·¥¤¥²Ö¥É ¸¶¨´ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í, É. ¥. ¤¨¸±·¥É´ÒÌ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨. ŒÒ ¨¸¶µ²Ó§Ê¥³ ¸¨¸É¥³Ê
¥¤¨´¨Í 2πα′ = c = � = 1, £¤¥ α′ Å ¶µ¸ÉµÖ´´ Ö, µ¶·¥¤¥²ÖÕÐ Ö ´ ÉÖ¦¥´¨¥ ¸É·Ê´Ò, c Å
¸±µ·µ¸ÉÓ ¸¢¥É , � Å ¶µ¸ÉµÖ´´ Ö �² ´± ; ³¥É·¨±  ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´±µ¢¸±µ£µ ¨³¥¥É
¸¨£´ ÉÊ·Ê (+−−−).
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‚¥±Éµ· nµ ´ §Ò¢ ¥É¸Ö µ¸ÓÕ ± ²¨¡·µ¢±¨. ‚Ò¡µ· µ¸¨ ± ²¨¡·µ¢±¨ ¢ ´ ¶· -

¢²¥´¨¨ ¶µ²´µ£µ ¨³¶Ê²Ó¸  nµ = Pµ/
√

P 2 ¸µµÉ¢¥É¸É¢Ê¥É ¢·¥³¥´¨¶µ¤µ¡´µ° ± -
²¨¡·µ¢±¥ �µ·²¨Ì  [30]. ‚Ò¡µ· µ¸¨ ± ²¨¡·µ¢±¨ ¢ ¸¢¥Éµ¶µ¤µ¡´µ³ ´ ¶· ¢²¥-
´¨¨ n2 = 0 ´ §Ò¢ ¥É¸Ö ± ²¨¡·µ¢±µ° ¸¢¥Éµ¢µ£µ ±µ´Ê¸ . ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥,
· ¸¸³ É·¨¢ Ö ¸¢¥Éµ¶µ¤µ¡´Ò¥ ¢¥±Éµ·Ò n± = (1,±n)/

√
2, n2 = 1, n2

± = 0,
n+n− = 1, µ¶·¥¤¥²ÖÖ ±µ³¶µ´¥´ÉÒ Q′

µ ¢¤µ²Ó n± ± ± Q′
± = (n∓Q′) ¨ ¶·µ-

¸É· ´¸É¢¥´´µ¶µ¤µ¡´ÊÕ ±µ³¶µ´¥´ÉÊ, µ·Éµ£µ´ ²Ó´ÊÕ n, ± ± Q′
⊥, ¢Ò¡¨· Ö µ¸Ó

± ²¨¡·µ¢±¨ ¢ ´ ¶· ¢²¥´¨¨ n−: Q′
+ = P+/π ¨ ¨¸¶µ²Ó§ÊÖ Ê¸²µ¢¨Ö Q′2 =

2Q′
+Q′

− −Q′
⊥

2 = 0, ³Ò ³µ¦¥³ ¢Ò· §¨ÉÓ µ¸É ¢ÏÊÕ¸Ö ±µ³¶µ´¥´ÉÊ ¢ É¥·³¨´ Ì
P ¨ Q′

⊥: Q′
− = π(Q′

⊥)2/2P+. „ ²¥¥, ¶µ¤¸É ¢²ÖÖ · §²µ¦¥´¨¥ ”Ê·Ó¥ ¤²Ö Q′
⊥,

³Ò ¢Ò· ¦ ¥³ ¢¸Õ ³¥Ì ´¨±Ê Î¥·¥§ ¶µ²´Ò° ¨³¶Ê²Ó¸, ¸·¥¤´ÕÕ ±µµ·¤¨´ ÉÊ ¨
±µÔËË¨Í¨¥´ÉÒ ”Ê·Ó¥ (¶µ¶¥·¥Î´Ò¥ µ¸Í¨²²ÖÉµ·´Ò¥ ¶¥·¥³¥´´Ò¥).

�¶·¥¤¥²¨³ ¸²¥¤ÊÕÐÊÕ ¶ · ³¥É·¨§ Í¨Õ ´  µ¶µ·´µ° ±·¨¢µ°:

Qα(σ) = Qα(0) +
∫ σ

0

dσ′aα(σ′),

aα(σ) =

(
π

2
√

P 2

(
P 2

π2
+ |a(σ)|2

)
,

a(σ) + a∗(σ)
2

e1+

+
a(σ) − a∗(σ)

2
ie2 +

π

2
√

P 2

(
P 2

π2
− |a(σ)|2

)
e3

)
,

£¤¥ a(σ) =
√

2/π
∑
n�=0

an e−inσ ¨ ek Å µ·Éµ´µ·³ ²Ó´Ò° ¡ §¨¸ ¢ ¸. Í. ³. ‡¤¥¸Ó

³Ò ²¥£±µ Ê§´ ¥³ ± ²¨¡·µ¢±Ê ¸¢¥Éµ¢µ£µ ±µ´Ê¸  Q+(σ) ≡ n−
µ Qµ(σ) = Q+(0) +

1/π
√

P 2/2 σ ¸ µ¸ÓÕ ± ²¨¡·µ¢±¨ n−
µ = 1/

√
2(N0

µ − N i
µei

3). �É²¨Î¨¥ µÉ
¸É ´¤ ·É´µ£µ ¶µ¤Ìµ¤  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ n−

µ É¥¶¥·Ó ¤¨´ ³¨Î¥¸±¨° ¢¥±Éµ·,
¶µ¸±µ²Ó±Ê ³Ò ¨´É¥·¶·¥É¨·Ê¥³ ek ± ± ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥.

�µ¤¸É ¢²ÖÖ ÔÉÊ ¶ · ³¥É·¨§ Í¨Õ ¢ µ¡ÐÊÕ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëµ·³Ê (1), ³Ò
¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ³¥Ì ´¨±Ê: ¡¥¸±µ´¥Î´Ò° ´ ¡µ· µ¸Í¨²²ÖÉµ·µ¢ ak, a∗

k+Pµ,
Zµ + ¢µ²Îµ± ei, S ¸µ ¸±µ¡± ³¨ �Ê ¸¸µ´ 

{Zµ, Pν} = gµν ,

{ak, a∗
n} = ikδkn, k, n ∈ Z/{0},

{Si, Sj} = −εijkSk, {Si, ej
n} = −εijkek

n

(2)

¨ Ô±¢¨¢ ²¥´É´µ° ¸¨³¶²¥±É¨Î¥¸±µ° Ëµ·³µ°

Ω = dPµ ∧ dZµ +
∑
k �=0

1
ik

da∗
k ∧ dak +

1
2
dei ∧ d(S × ei). (3)
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‡¤¥¸Ó Zµ =
1

2
√

P 2

∫ 2π

0

dσ a0(σ)
(
Qµ(σ) −

(σ

π
− 1

)
Pµ

)
+

1
2
εijkΓij

µ Sk Å

¸·¥¤´ÖÖ ±µµ·¤¨´ É , ¸µ¶·Ö¦¥´´ Ö Pµ; Γij
µ = N i

ν∂N j
ν/∂Pµ Å ¸¨³¢µ²Ò Š·¨-

¸ÉµËË¥²Ö ¨ S = −1
4

∫ 2π

0

dσ

∫ σ

0

dσ′ a(σ) × a(σ′) Å µ·¡¨É ²Ó´Ò° ³µ³¥´É

¸É·Ê´Ò ¢ ¸. Í. ³.
Œ¥Ì ´¨±  µ£· ´¨Î¥´  Î¥ÉÒ·Ó³Ö ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ :

{χ0, χi} = 0 , {χi, χj} = εijkχk,

±µÉµ·Ò¥ ¢±²ÕÎ ÕÉ Ê¸²µ¢¨¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨ ¨ É·¥¡µ¢ ´¨Ö ¢¨¤  ®¸¶¨´
¢µ²Î±  · ¢¥´ ¸¶¨´Ê ¸É·Ê´Ò¯:

χ0 =
P 2

2π
− L0 = 0, L0 =

∑
n�=0

a∗
nan,

χ3 = S3 − A3 = 0, A3 =
∑
n�=0

1
n

a∗
nan,

χ+ = S+ − A+ = 0, χ− = S− − A− = 0,

χ± = χ1 ± iχ2, S± = S1 ± iS2,

A− =
√

2π

P 2

∑
k,n,k+n�=0

1
k

akana∗
k+n,

A+ =

√
2π

P 2

∑
k,n,k+n�=0

1
k
a∗

ka∗
nak+n,

(4)

£¤¥ Si = Skek
i Å ¶·µ¥±Í¨Ö S ´  ei. ‘µ£² ¸´µ É¥µ·¨¨ „¨· ±  ³¥Ì ´¨Î¥-

¸±¨Ì ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨ [32], ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤  £¥´¥·¨·ÊÕÉ ± ²¨¡·µ¢µÎ´Ò¥
¶·¥µ¡· §µ¢ ´¨Ö:

• χ0 £¥´¥·¨·Ê¥É Ë §µ¢Ò° ¸¤¢¨£ µ¸Í¨²²ÖÉµ·´ÒÌ ¶¥·¥³¥´´ÒÌ E0: an →
an e−inτ ¨ É· ´¸²ÖÍ¨¨ ¸·¥¤´¥° ±µµ·¤¨´ ÉÒ Z → Z +Pτ/π; ÔÉ¨ ¶·¥µ¡· §µ¢ -
´¨Ö ¸¤¢¨£ ÕÉ  ·£Ê³¥´É Q(σ) → Q(σ + τ); µ´¨ ¶·µ¨§¢µ¤ÖÉ ·¥¶ · ³¥É·¨§ Í¨Õ
³¨·µ¢µ£µ ²¨¸É , µÉ¢¥Î ÕÐÊÕ Ô¢µ²ÕÍ¨¨ ¸É·Ê´Ò;

• χ3 £¥´¥·¨·Ê¥É Ë §µ¢Ò° ¸¤¢¨£ R3: an → an e−iα ¨ ¢· Ð¥´¨Ö e1,2 ¢µ±·Ê£
e3: ei → R(e3,−α)ei, i = 1, 2; ÔÉ¨ ¶·¥µ¡· §µ¢ ´¨Ö ¸µÌ· ´ÖÕÉ Q(σ) ¨ ÉµÎ±¨
´  ³¨·µ¢µ³ ²¨¸É¥;

• χ1,2 £¥´¥·¨·ÊÕÉ ¢· Ð¥´¨Ö ¡ §¨¸  ei µÉ´µ¸¨É¥²Ó´µ µ¸¥° e1,2 ¨ ´¥±µÉµ-
·Ò¥ ´¥²¨´¥°´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö µ¸Í¨²²ÖÉµ·´ÒÌ ¶¥·¥³¥´´ÒÌ; ÔÉ¨ ¶·¥µ¡· §µ-
¢ ´¨Ö ¨§³¥´ÖÕÉ ´ ¶· ¢²¥´¨¥ µ¸¨ ± ²¨¡·µ¢±¨ ¨ ¶·µ¨§¢µ¤ÖÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
·¥¶ · ³¥É·¨§ Í¨¨ µ¶µ·´µ° ±·¨¢µ° ¨ ³¨·µ¢µ£µ ²¨¸É ; ¡µ²¥¥ ¤¥É ²Ó´µ ÔÉ¨ ¶·¥-
µ¡· §µ¢ ´¨Ö ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò ¢ · §¤. 3.
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‚ ´ Ï¥³ ¶µ¸É·µ¥´¨¨ ³Ò ¢¢¥²¨ Ï¥¸ÉÓ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ (ei,S),
µ¡· §ÊÕÐ¨Ì ³¥Ì ´¨±Ê ¢µ²Î± , ¨ É·¨ ¸¢Ö§¨ ¶¥·¢µ£µ ·µ¤ , ±µÉµ·Ò¥ ´¥¶µ¸·¥¤-
¸É¢¥´´µ ¨¸±²ÕÎ ÕÉ É·¨ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò ¨ £¥´¥·¨·ÊÕÉ ± ²¨¡·µ¢µÎ´Ò¥ ¶·¥-
µ¡· §µ¢ ´¨Ö, µÉµ¦¤¥¸É¢²ÖÕÐ¨¥ É·¨ ¤·Ê£¨Ì. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ ³Ò ¶µ²ÊÎ ¥³
Ô±¢¨¢ ²¥´É´ÊÕ ³¥Ì ´¨Î¥¸±ÊÕ ¸¨¸É¥³Ê. ƒ² ¢´µ¥ µÉ²¨Î¨¥ ÔÉµ° ³¥Ì ´¨±¨ µÉ
¸É ´¤ ·É´µ£µ µ¶¨¸ ´¨Ö ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ¸Ó
± ²¨¡·µ¢±¨ ¢±²ÕÎ¥´  ¢ ´ ¡µ· ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ. …¥ ¶µ²µ¦¥´¨¥ ¢
¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ µ¶¨¸Ò¢ ¥É¸Ö ¥¤¨´¨Î´Ò³ 3-¢¥±Éµ·µ³ e3, ¢ Éµ ¢·¥³Ö ± ±
µ¸Ó ± ²¨¡·µ¢±¨ ¢ ¶·µ¸É· ´¸É¢¥ Œ¨´±µ¢¸±µ£µ Å ÔÉµ µ¶·¥¤¥²¥´´Ò° ¢ÒÏ¥ ¸¢¥-
Éµ¶µ¤µ¡´Ò° 4-¢¥±Éµ· n−

µ .
ƒ¥´¥· Éµ·Ò £·Ê¶¶Ò ‹µ·¥´Í  [38] µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨¥³

Mµν =
∫ π

0

dσ(xµpν − xνpµ) = XµPν − XνPµ + εijkN i
µN j

νSk,

Xµ = Zµ − 1
2
εijkΓij

µ Sk,

(5)

µ´¨ £¥´¥·¨·ÊÕÉ ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ¸¨¸É¥³Ò ±µµ·¤¨´ É (N0
µ, Nk

µek
i ), ¶µ

±µÉµ·µ° µ¶µ·´ Ö ±·¨¢ Ö · §²µ¦¥´  ¸µ ¸± ²Ö·´Ò³¨ ±µÔËË¨Í¨¥´É ³¨. ’ ±¨³
µ¡· §µ³, Mµν £¥´¥·¨·Ê¥É ®¦¥¸É±¨¥¯ ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ³¨·µ¢µ£µ ²¨-
¸É , ´¥ ¨§³¥´ÖÕÐ¨¥ ¥£µ ¶ · ³¥É·¨§ Í¨Õ. ƒ¥´¥· Éµ·Ò ‹µ·¥´Í  ´ Ìµ¤ÖÉ¸Ö ¢
¨´¢µ²ÕÍ¨¨ ¸µ ¸¢Ö§Ö³¨: {Mµν, χ0,i} = 0. �Éµ µ§´ Î ¥É µ¤´µ¢·¥³¥´´µ, ÎÉµ
£¥´¥· Éµ·Ò ± ²¨¡·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° χ0,i ²µ·¥´Í-¨´¢ ·¨ ´É´Ò ¨ £¥´¥-
· Éµ·Ò £·Ê¶¶Ò ‹µ·¥´Í  Mµν ± ²¨¡·µ¢µÎ´µ-¨´¢ ·¨ ´É´Ò.

ƒ¥´¥· Éµ·Ò ‹µ·¥´Í  µ¶¨¸Ò¢ ÕÉ¸Ö ¶·µ¸ÉÒ³¨ ËÊ´±Í¨Ö³¨ ¶¥·¥³¥´´ÒÌ
(Z, P,S), ±µÉµ·Ò¥ ¢ ´ Ï¥³ ¶µ¤Ìµ¤¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, É. ¥. ¨Ì ±¢ ´-
Éµ¢Ò¥ ±µ³³ÊÉ Éµ·Ò ¶µ¸ÉÊ²¨·ÊÕÉ¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ ¸±µ¡µ± �Ê ¸¸µ´ .

‹¥³³  3. �·¨ ÔÉ¨Ì Ê¸²µ¢¨ÖÌ ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ±µ³³ÊÉ Éµ·Ò
[Mµν , Mρσ], [Mµν , Qρ] ¸¢µ¡µ¤´Ò µÉ  ´µ³ ²¨°.

‹¥³³  ¤µ± §Ò¢ ¥É¸Ö ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ [35]. �ÉµÉ ·¥§Ê²ÓÉ É ¢¶µ²´¥
¥¸É¥¸É¢¥´´Ò°, ¶µ¸±µ²Ó±Ê £¥´¥· Éµ·Ò ¢· Ð¥´¨° ¢ ¸. Í. ³. ¸É ²¨ ´¥§ ¢¨¸¨³Ò³¨
± ´µ´¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ ¶µ¸²¥ ¢Ò¶µ²´¥´´ÒÌ Ëµ·³ ²Ó´ÒÌ ¶µ¤¸É ´µ¢µ±.
�  ¤ ´´µ³ ÔÉ ¶¥  ´µ³ ²¨¨ ¥Ð¥ ´¥ Ê¸É· ´¥´Ò ¨§ É¥µ·¨¨, ´µ ¶¥·¥´¥¸¥´Ò ¨§
 ²£¥¡·Ò ‹µ·¥´Í  ¢  ²£¥¡·Ê ¸¢Ö§¥° χi. ‘¢Ö§¨ Ö¢²ÖÕÉ¸Ö ±Ê¡¨Î¥¸±¨³¨ ¶µ µ¸-
Í¨²²ÖÉµ·´Ò³ ¶¥·¥³¥´´Ò³, ¨ ¶·¨ ±¢ ´Éµ¢ ´¨¨ ¨Ì  ²£¥¡·  ¶·¨µ¡·¥É ¥É ÉÊ ¦¥
¸ ³ÊÕ  ´µ³ ²¨Õ, ±µÉµ· Ö · ´¥¥ ¡Ò²  ¢ £·Ê¶¶¥ ‹µ·¥´Í . —Éµ¡Ò · §·¥Ï¨ÉÓ ÔÉÊ
¶·µ¡²¥³Ê, ³Ò ¤µ²¦´Ò ¶·µ¤µ²¦¨ÉÓ Ê¸É· ´¥´¨¥ ± ²¨¡·µ¢µÎ´ÒÌ ¸É¥¶¥´¥° ¸¢µ-
¡µ¤Ò ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨, ´ ² £ Ö ¤µ¶µ²´¨É¥²Ó´Ò¥ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö
´  χi. �É¨ Ê¸²µ¢¨Ö Ô±¢¨¢ ²¥´É´Ò Ë¨±¸ Í¨¨ µ¸¨ ± ²¨¡·µ¢±¨ e3 µÉ´µ¸¨É¥²Ó´µ
¤·Ê£¨Ì ¤¨´ ³¨Î¥¸±¨Ì ¢¥±Éµ·µ¢ ¢ ¸¨¸É¥³¥. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ° ¶·µÍ¥¤Ê·Ò ± -
²¨¡·µ¢µÎ´Ò° ¶·µ¨§¢µ² ¢ É¥µ·¨¨ ¡Ê¤¥É Ê³¥´ÓÏ¥´, ¨ µ¸É Éµ± ´¥ ¡Ê¤¥É ¨³¥ÉÓ
 ´µ³ ²¨°.
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‚´ Î ²¥ ³Ò ¶·¥¤¸É ¢¨³ ¶·Ö³µ²¨´¥°´µ¥ ·¥Ï¥´¨¥ [35] ¢ ¶µ¸É·µ¥´´µ° ± -
²¨¡·µ¢±¥ ¸¢¥Éµ¢µ£µ ±µ´Ê¸ . „²Ö ÔÉµ£µ ·¥Ï¥´¨Ö ¶·µ¥±Í¨Ö µ¶µ·´µ° ±·¨¢µ° ¢
¸. Í. ³. Ö¢²Ö¥É¸Ö µ±·Ê¦´µ¸ÉÓÕ. �Éµ ¸µµÉ¢¥É¸É¢Ê¥É µ¤´µ° ¢µ§¡Ê¦¤¥´´µ° ³µ¤¥
a1, ¤²Ö µ¸¨ ± ²¨¡·µ¢±¨ e3, ´ ¶· ¢²¥´´µ° ¢¤µ²Ó ¸¶¨´  S:

an = 0, n �= 1, S± = 0, P 2/2π = S = S3 = |a1|2. (6)

„ ²¥¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉµÉ ¸²ÊÎ ° ¸¥¢¥·´Ò³ ¶µ²Õ¸µ³ ·¥Ï¥´¨Ö (¢ Éµ
¢·¥³Ö ± ± µ±·Ê¦´µ¸ÉÓ Q(σ) µ¶·¥¤¥²Ö¥É Ô±¢ Éµ·). ˆ³¥¥É¸Ö ± ²¨¡·µ¢µÎ´µ-
Ô±¢¨¢ ²¥´É´µ¥ µ¤´µ³µ¤µ¢µ¥ ·¥Ï¥´¨¥ ¸ ¢µ§¡Ê¦¤¥´´µ° (a−1)-³µ¤µ° ¨ e3, ¶·µ-
É¨¢µ¶µ²µ¦´Ò³ S (Õ¦´Ò° ¶µ²Õ¸). „·Ê£¨¥ ´ ¶· ¢²¥´¨Ö µ¸¨ ± ²¨¡·µ¢±¨ ¤²Ö
¶·Ö³µ²¨´¥°´µ° ¸É·Ê´Ò ¤ ÕÉ ¡¥¸±µ´¥Î´µ-³µ¤µ¢Ò¥ ·¥Ï¥´¨Ö. „ ²¥¥ ³Ò ¡Ê-
¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ·¥Ï¥´¨¥ (6) ¤²Ö ¨§ÊÎ¥´¨Ö ¸É·Ê±ÉÊ·Ò µ¡Ð¥° É¥µ·¨¨ ¢ ¥£µ
µ±·¥¸É´µ¸É¨.

„µ¶µ²´¨É¥²Ó´Ò¥ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö ¨³¥ÕÉ ¢¨¤

as + a−s = 0, a∗
s + a∗

−s = 0 (7)

¤²Ö ´¥±µÉµ·µ£µ s > 0. �·Ö³µ²¨´¥°´µ¥ ·¥Ï¥´¨¥ (6) Ê¤µ¢²¥É¢µ·Ö¥É ÔÉ¨³ Ê¸²µ-
¢¨Ö³ ¶·¨ s > 1. „ ²¥¥, ¢ · §¤. 3 ³Ò ¶µ± ¦¥³, ÎÉµ Ê¸²µ¢¨Ö (7) ³µ£ÊÉ ¡ÒÉÓ
´ ²µ¦¥´Ò ´  ²Õ¡µ¥ ·¥Ï¥´¨¥ É¥µ·¨¨ ¸É·Ê´Ò.

Š ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ¸µÌ· ´ÖÕÉ¸Ö ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ R3. �´¨
´¥ ¸µÌ· ´ÖÕÉ¸Ö ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ E0, µ¤´ ±µ ¨³¥¥É¸Ö µ¸É Éµ± E0-¸¨³³¥É-
·¨¨, ¤¨¸±·¥É´µ¥ ¶·¥µ¡· §µ¢ ´¨¥

D2s : an → an e−inπ/s,

¸µÌ· ´ÖÕÐ¥¥ (7): as + a−s = 0 → −as − a−s = 0. �µÔÉµ³Ê R3,
D2s-¸¨³³¥É·¨¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢ É¥µ·¨¨ ¶µ¸²¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨.

�µ¤¸É ¢²ÖÖ (7) ¢ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëµ·³Ê (3), ³Ò ¢¨¤¨³, ÎÉµ a±s-Î²¥´Ò

¸µ±· Ð ÕÉ ¤·Ê£ ¤·Ê£ :
1
is

(da∗
s ∧ das − da∗

−s ∧ da−s) = 0. �µ¸²¥ ·¥¤Ê±Í¨¨ ³Ò

¶µ²ÊÎ ¥³ ÉµÉ ¦¥ ¸ ³Ò° ± ´µ´¨Î¥¸±¨° ¡ §¨¸ (2), ´µ ¡¥§ a±s-µ¸Í¨²²ÖÉµ·µ¢.
—Éµ¡Ò ¨§ÊÎ¨ÉÓ ÔÉµ ¸¢µ°¸É¢µ ¡µ²¥¥ ¶µ¤·µ¡´µ, ³Ò ¢¢µ¤¨³ ¶¥·¥³¥´´Ò¥

q1 = Re (as + a−s)/2, q2 = −Im (as + a−s)/2, p1 = Im (as − a−s)/2, p2 =
Re (as − a−s)/2 ¨ ¶¥·¥¶¨¸Ò¢ ¥³ a±s-Î²¥´Ò ¸¨³¶²¥±É¨Î¥¸±µ° Ëµ·³Ò ± ±
4
s
(dp1 ∧ dq1 − dp2 ∧ dq2). Š ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ¶¥·¥¶¨¸Ò¢ ÕÉ¸Ö ± ±

q1 = q2 = 0, É¥¶¥·Ó ³Ò ¢¨¤¨³, ÎÉµ ¶¥·¥³¥´´Ò¥ p1,2, ± ´µ´¨Î¥¸±¨ ¸µ¶·Ö-
¦¥´´Ò¥ ± q1,2, ¢Ò¶ ¤ ÕÉ ¨§ ¸¨³¶²¥±É¨Î¥¸±µ° Ëµ·³Ò. �¥·¥³¥´´Ò¥ p1,2 ´¥-
µ¡Ìµ¤¨³µ ¢Ò· §¨ÉÓ Î¥·¥§ ¤·Ê£¨¥ ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¨§ χ-¸¢Ö§¥°, ¨,
´¥§ ¢¨¸¨³µ µÉ ¸²µ¦´µ¸É¨ ÔÉ¨Ì ¢Ò· ¦¥´¨°, ¸±µ¡±¨ �Ê ¸¸µ´  ¢ ¤ ´´µ° ³¥-
Ì ´¨±¥ µ¸É ÕÉ¸Ö ¶·µ¸ÉÒ³¨. �Éµ ¨¸±²ÕÎ¨É¥²Ó´µ¥ ¸¢µ°¸É¢µ ¸²¥¤Ê¥É ¨§ Éµ£µ,
ÎÉµ ¤¢  ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨Ö (7) ´ Ìµ¤ÖÉ¸Ö ¢ ¨´¢µ²ÕÍ¨¨ ¤·Ê£ ¸ ¤·Ê£µ³:
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{as + a−s, a
∗
s + a∗

−s} = 0, É. ¥. £¥´¥·¨·ÊÕÉ  ¡¥²¥¢Ê £·Ê¶¶Ê ¶·¥µ¡· §µ¢ ´¨°.
„ ´´µ¥ ¸¢µ°¸É¢µ µÉ²¨Î ¥É ´ Ï ¶µ¤Ìµ¤ µÉ ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µ±, · ¸¸³µ-
É·¥´´ÒÌ ¢ [42, Î. I], ±µÉµ·Ò¥ µ¡² ¤ ÕÉ ¸²µ¦´Ò³¨ ¸±µ¡± ³¨ �Ê ¸¸µ´ .

„ ²¥¥ ³Ò ¢¨¤¨³, ÎÉµ ¢±² ¤ a±s ¢ A3 É ±¦¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó:
1
s
(|as|2 −

|a−s|2) = 0, ¢ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ a±s-Î²¥´Ò É ±¦¥ ¢Ò¶ ¤ ÕÉ ¨§ χ3 = S3 − A3.
�ÉµÉ ·¥§Ê²ÓÉ É ¸²¥¤Ê¥É ¨§ Éµ£µ, ÎÉµ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ¸µÌ· ´ÖÕÉ¸Ö
¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ R3 ¨ ¶µÔÉµ³Ê ´ Ìµ¤ÖÉ¸Ö ¢ ¨´¢µ²ÕÍ¨¨ ¸ χ3.

Š ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ´¥ ´ Ìµ¤ÖÉ¸Ö ¢ ¨´¢µ²ÕÍ¨¨ ¸ χ0, ¨ a±s-Î²¥´Ò
¢ L0 ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó: |as|2+ |a−s|2 = 2|as|2. ‘±µ¡±¨ �Ê ¸¸µ´  (7) ¸ χ±
É ±¦¥ ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. ŒÒ § ±²ÕÎ ¥³, ÎÉµ (7) Ö¢²Ö¥É¸Ö ± ²¨¡·µ¢±µ°
± (χ±, χ0), ¨ a±s ¤µ²¦´Ò ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¨§ ÔÉ¨Ì É·¥Ì ¸¢Ö§¥°.

2. �‹ƒ…���ˆ—…‘Šˆ… ‘‚�‰‘’‚� ‹ˆ�Š‘Š

ˆ§µ²¨·ÊÖ ¢±² ¤ a±s-µ¸Í¨²²ÖÉµ·µ¢ ¢ (4) ¨ ¨¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ a−s =
−as, ³Ò ¶µ²ÊÎ ¥³

a2
sd +

1
2
asa

∗
sd

∗ + asf + a∗
sg + Σ− −

√
P 2

2π
S− = 0,

a∗2
s d∗ +

1
2
asa

∗
sd + a∗

sf
∗ + asg

∗ + Σ+ −
√

P 2

2π
S+ = 0,

P 2

2π
= L

(s)
0 + 2asa

∗
s,

(8)

£¤¥

d = d+ − d−, f = f+ − f−, g = g− − g+,

d+ = a∗
2s/s, d− = a∗

−2s/s, L
(s)
0 =

∑′
a∗

kak,

g− =
∑′ 1

k
akas−k, g+ =

∑′ 1
k

aka−s−k,

f+ =
∑′

(
1
s

+
1
k

)
aka∗

s+k,

f− =
∑′

(
−1

s
+

1
k

)
aka∗

−s+k,

Σ− =
∑′ 1

k
akana∗

k+n, Σ+ =
∑′ 1

k
a∗

ka∗
nak+n,

Σ∗
− = Σ+.

(9)
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‡¤¥¸Ó ¢ ¸Ê³³ Ì
∑′

¨¸±²ÕÎ ÕÉ¸Ö Î²¥´Ò ¸ a
(∗)
0 ¨ a

(∗)
±s . ‚¢µ¤Ö µ¡µ§´ Î¥´¨Ö

λ =

√
P 2

2π
, ns = (λ2 − L

(s)
0 )/2,

k = Σ− +
1
2
nsd

∗ − λS−,

³Ò · ¸¸³ É·¨¢ ¥³ (8) ± ± ¶¥·¥µ¶·¥¤¥²¥´´ÊÕ ¶µ²¨´µ³¨ ²Ó´ÊÕ ¸¨¸É¥³Ê ´ 
´¥¨§¢¥¸É´Ò¥ (as, a

∗
s) ¶·¨ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ±µÔËË¨Í¨¥´Éµ¢ (d, f, g, k, ns):

a2
sd + asf + a∗

sg + k = 0,

a∗2
s d∗ + a∗

sf
∗ + asg

∗ + k∗ = 0,

asa
∗
s − ns = 0.

(10)

‚ [42] ÔÉ  ¸¨¸É¥³  ¡Ò²  ·¥Ï¥´   ´ ²¨É¨Î¥¸±¨ c ¨¸¶µ²Ó§µ¢ ´¨¥³ É¥Ì´¨±¨
¡ §¨¸µ¢ ƒ·¥¡´¥·  [44]. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ÕÉ¸Ö ¶µ²¨´µ³¨ ²Ó´µ¥ Ê¸²µ¢¨¥
¸µ¢³¥¸É´µ¸É¨ ¤²Ö ¸¨¸É¥³Ò (10) ¨ · Í¨µ´ ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö as. “¸²µ¢¨¥
¸µ¢³¥¸É´µ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¤¨· ±µ¢¸±ÊÕ ¸¢Ö§Ó, µ¸É ¢ÏÊÕ¸Ö ¶µ¸²¥ ´ ²µ¦¥´¨Ö
¤¢ÊÌ ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (7) ´  É·¨ ¨¸Ìµ¤´Ò¥ ¸¢Ö§¨ χ0, χ±, ÔÉµ ¶µ²¨-
´µ³¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ 8-£µ ¶µ·Ö¤±  ¶µ λ =

√
P 2/2π, ¢Ò¶µ²´ÖÕÐ¥¥ ·µ²Ó

´µ¢µ£µ Ê¸²µ¢¨Ö ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨. �Ê¤ÊÎ¨ ¨¸¶µ²Ó§Ê¥³Ò³ ¢ ± Î¥¸É¢¥ £ -
³¨²ÓÉµ´¨ ´ , µ´µ £¥´¥·¨·Ê¥É ¶· ¢¨²Ó´ÊÕ Ô¢µ²ÕÍ¨Õ ¸É·Ê´Ò, ¸µ¸ÉµÖÐÊÕ ¨§
¸¤¢¨£µ¢ σ → σ + τ ¨ É ±¨Ì ·¥¶ · ³¥É·¨§ Í¨°, ±µÉµ·Ò¥ ¶µ¤¤¥·¦¨¢ ÕÉ ± ²¨-
¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ¶µ¸ÉµÖ´´µ ¢Ò¶µ²´¥´´Ò³¨. „ ²Ó´¥°Ï¨°  ´ ²¨§ ÔÉµ°
³¥Ì ´¨±¨ ³µ¦´µ ´ °É¨ ¢ [42].

„²Ö ¶µ¸É·µ¥´¨Ö ±¢ ´Éµ¢µ° É¥µ·¨¨ ¡µ²¥¥ Ê¤µ¡´  ¤·Ê£ Ö Ëµ·³  ³¥Ì ´¨±¨,
¨¸¶µ²Ó§ÊÕÐ Ö · §²µ¦¥´¨¥ ·¥Ï¥´¨° ¢ µ±·¥¸É´µ¸É¨ ¶·Ö³µ²¨´¥°´µ° ¸É·Ê´Ò (6).

�¥Ï¥´¨Ö ¢ µ±·¥¸É´µ¸É¨ ¶·Ö³µ²¨´¥°´µ° ¸É·Ê´Ò. �·¨¢¥¤¥´´Ò¥ ´¨¦¥
²¥³³Ò 4Ä14 ¤µ± § ´Ò ¢ [42].

‹¥³³  4. �·¨ s = 2 ¢ µ±·¥¸É´µ¸É¨ ¶·Ö³µ²¨´¥°´µ£µ ·¥Ï¥´¨Ö ´  ¸¥-
¢¥·´µ³ ¶µ²Õ¸¥ (6) ¸¨¸É¥³  (8) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥, ¶·¥¤¸É ¢¨³µ¥ ¢
¢¨¤¥ C∞-£² ¤±µ°  ´ ²¨É¨Î¥¸±µ° ËÊ´±Í¨¨ ±µÔËË¨Í¨¥´Éµ¢ ¸¨¸É¥³Ò.

‹¥³³  5 (¸É·Ê±ÉÊ·´ Ö). P §²µ¦¥´¨¥ a2 ¢ µ±·¥¸É´µ¸É¨ (6) ¨³¥¥É ¢¨¤

a2 =
∑
n�1

Pna2
1

|a1|4n
, (11)

£¤¥ Pn Å ¶µ²¨´µ³Ò µÉ a1, Σ−, S−, d, f, g′, ¨Ì ¸µ¶·Ö¦¥´´ÒÌ ¨ γ, γ−1. ‡¤¥¸Ó

g′− = g− − a2
1, g′ = g′− − g+, γ = (L(2)

0 )−1/2. �µ²¨´µ³Ò µ¡² ¤ ÕÉ ¸²¥-
¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨: (i) ± ¦¤Ò° ³µ´µ³ ¢ Pn ¸µ¤¥·¦¨É, ¸Î¨É Ö ¸É¥¶¥´¨, n
¶¥·¥³¥´´ÒÌ ¨§ £·Ê¶¶Ò (Σ−, S−, d, f, g′ ¨ ¨Ì ¸µ¶·Ö¦¥´´Ò¥) ¨ 2(n−1) ¶¥·¥³¥´-
´ÒÌ ¨§ £·Ê¶¶Ò (a1, a

∗
1); (ii) ± ¦¤Ò° ³µ´µ³ ¸µ¤¥·¦¨É, ¶µ ±· °´¥° ³¥·¥, µ¤´Ê
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¶¥·¥³¥´´ÊÕ ¨§ £·Ê¶¶Ò (Σ±, S±); (iii) ¶¥·¥³¥´´Ò¥ a1 ¨ a∗
1 ¢Ìµ¤ÖÉ ¢ Î¥É´ÒÌ ¸É¥-

¶¥´ÖÌ; (iv) ± ¦¤Ò° ³µ´µ³, ¸µ¤¥·¦ Ð¨° S−, É ±¦¥ ¸µ¤¥·¦¨É (a∗
1)

2k ¸ k � 1;
(v) Pn = O(γ−[(n+1)/2]) ¶·¨ γ → 0; (vi) ¶·¥µ¡· §µ¢ ´¨¥ D4: an → ani−n

¸µÌ· ´Ö¥É ³µ´µ³Ò Pn, ¶·¥µ¡· §µ¢ ´¨¥ R3: an → an e−iα, S± → S± e±iα

Ê³´µ¦ ¥É ³µ´µ³Ò ´  eiα.
�É¨ ¸¢µ°¸É¢  ¢ ¦´Ò ¤²Ö  ´ ²¨§  ¸É·Ê±ÉÊ·Ò ·¥Ï¥´¨° ¢ ±¢ ´Éµ¢µ° ³¥Ì -

´¨±¥. „²Ö Í¥²¥° ¤ ²Ó´¥°Ï¥£µ · ¸¸³µÉ·¥´¨Ö Ê¤µ¡´µ ¨§¢²¥ÎÓ ¨§ a2 µ¡Ð¨° Ë §µ-
¢Ò° ³´µ¦¨É¥²Ó a2

1/|a1|2 ¨ µ¶·¥¤¥²¨ÉÓ a2 = α2 ·a2
1/|a1|2, É ± ÎÉµ |a2| = |α2| ¨

α2 =
∑
n�1

Pn

|a1|4n−2
,

P 2

2π
= L

(2)
0 + 2|α2|2. (12)

Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶¥·¢ÒÌ É·¥Ì ¶µ²¨´µ³µ¢ Pn ¨³¥ÕÉ ¢¨¤

P1 = −Σ+ + S+/γ,

P2 = a∗
1
2f∗Σ− + a2

1g
′∗Σ+ − a∗

1
2f∗S−/γ − a2

1g
′∗S+/γ,

P3 = −a∗
1
4f∗g′Σ− − a2

1a
∗
1
2f∗g′

∗Σ− − a∗
1
4d∗Σ2

−−

− a2
1a

∗
1
2ff∗Σ+ − a4

1g
′∗2

Σ+ − a2
1a

∗
1
2dΣ−Σ+/2+

+ a∗
1
4f∗g′S−/γ + a2

1a
∗
1
2f∗g′

∗
S−/γ + 2a∗

1
4d∗Σ−S−/γ+

+ a2
1a

∗
1
2dΣ+S−/2γ − a∗

1
4d∗S2

−/γ2 + a2
1a

∗
1
2ff∗S+/γ+

+ a4
1g

′∗2
S+/γ + a2

1a
∗
1
2dΣ−S+/2γ + a2

1a
∗
1
2γΣ−Σ+S+−

− a2
1a

∗
1
2dS−S+/2γ2 − a2

1a
∗
1
2Σ+S−S+ − a2

1a
∗
1
2Σ−S2

++

+ a2
1a

∗
1
2S−S2

+/γ.

3. ƒ…�Œ…’�ˆ—…‘Šˆ… ‘‚�‰‘’‚� ‹ˆ�Š‘Š

O¶¨Ï¥³ ¶µ¤·µ¡´µ ¶·¥µ¡· §µ¢ ´¨Ö, £¥´¥·¨·Ê¥³Ò¥ ¸¢Ö§Ö³¨ χ0, χi. ‚´ -
Î ²¥ ¢¢¥¤¥³ ´¥¸±µ²Ó±µ µ¶·¥¤¥²¥´¨°.

� ¸¸³µÉ·¨³ ¢ 3-³¥·´µ³ ¶·µ¸É· ´¸É¢¥ £² ¤±ÊÕ § ³±´ÊÉÊÕ ±·¨¢ÊÕ Q(σ) ¸
µÉ³¥Î¥´´µ° ÉµÎ±µ° O ¨ ¥¤¨´¨Î´Ò³ ¢¥±Éµ·µ³ e3. ‚¢¥¤¥³ ¶¥·¥³¥´´Ò¥

an =
1

2
√

2π

∮
dQ(σ) exp

[
2πin

Lt
(L(σ) − (Q(σ) − Q(0))e3)

]
, (13)

£¤¥ L(σ) Å ¤²¨´  ¤Ê£¨ ³¥¦¤Ê ÉµÎ± ³¨ O ¨ Q(σ) ¢¤µ²Ó ±·¨¢µ°; Lt Å ¶µ²-
´ Ö ¤²¨´  ±·¨¢µ°. „¢  ¸¢µ°¸É¢  µÎ¥¢¨¤´µ ¸²¥¤ÊÕÉ ¨§ µ¶·¥¤¥²¥´¨Ö: a−n =
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a∗
n, a0 = 0. � §²µ¦¨³ ¢¥±Éµ·Ò an ´  ±µ³¶µ´¥´ÉÒ, ¶ · ²²¥²Ó´Ò¥ ¨ µ·Éµ£µ-

´ ²Ó´Ò¥ e3: an = an3e3 + an⊥, ¨ µ¡µ§´ Î¨³ ¢¥Ð¥¸É¢¥´´Ò¥ ¨ ³´¨³Ò¥ Î ¸É¨
an⊥ Î¥·¥§ qn⊥ ¨ pn⊥: an⊥ = qn⊥+ipn⊥. ‡ Ë¨±¸¨·Ê¥³ ´¥±µÉµ·µ¥ n = s > 0
¨ § ¶¨Ï¥³ qs⊥ = q ¨ ps⊥ = p. ”Ê´±Í¨¨ q(e3),p(e3) µ¶·¥¤¥²ÖÕÉ £² ¤±¨¥
¢¥±Éµ·´Ò¥ ¶µ²Ö ´  ¥¤¨´¨Î´µ° ¸Ë¥·¥ e3 (± ¸ É¥²Ó´Ò¥ ± ¸Ë¥·¥). ‚ ¸¨²Ê Éµ-
¶µ²µ£¨Î¥¸±µ° É¥µ·¥³Ò ®µ ¥¦¥¯, ÔÉ¨ ¶µ²Ö ¨³¥ÕÉ µ¸µ¡Ò¥ ÉµÎ±¨ ´  ¸Ë¥·¥, ¢
±µÉµ·ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¶µ²¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ´ ¶·¨³¥·, q = 0.

‡ ³¥Î ´¨¥. K·¨¢ Ö Q Ö¢²Ö¥É¸Ö ¶·µ¥±Í¨¥° µ¶µ·´µ° ±·¨¢µ° ¢ ¸. Í. ³. �¸Ó
± ²¨¡·µ¢±¨ e3 ¸¢Ö§Ò¢ ¥É ¸ ÔÉµ° ±·¨¢µ° ¸²¥¤ÊÕÐÊÕ ¶ · ³¥É·¨§ Í¨Õ:

σ =
2π

Lt
(L(σ) − Q3(σ) + Q3(0)), (14)

£¤¥ Q3 = Qe3. ’¥¶¥·Ó ³Ò Ê§´ ¥³ ¢ (13) ËÊ·Ó¥-³µ¤Ò ËÊ´±Í¨¨ a(σ) = Q′(σ),
£¤¥ σ Å ¶ · ³¥É· ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  (14). �Éµ ¢Ò· ¦¥´¨¥ § ¶¨¸ ´µ
¢ ¶ · ³¥É·¨Î¥¸±¨-¨´¢ ·¨ ´É´µ³ ¢¨¤¥ ± ± ¨´É¥£· ² Í¨·±Ê²ÖÍ¨¨. ‚¥±Éµ·Ò an⊥
¸¢Ö§ ´Ò ¸ ¢¢¥¤¥´´Ò³¨ · ´¥¥ µ¸Í¨²²ÖÉµ·´Ò³¨ ¶¥·¥³¥´´Ò³¨ an ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

an⊥ = an1e1 + an2e2,

an1 = (an + a∗
−n)/2, an2 = i(an − a∗

−n)/2.

‹¥³³  6. χ3 £¥´¥·¨·Ê¥É ¶·¥µ¡· §µ¢ ´¨Ö, ¸µÌ· ´ÖÕÐ¨¥ e3 ¨ an⊥; χ1,2 £¥-
´¥·¨·ÊÕÉ ¢· Ð¥´¨Ö e3 ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨§³¥´¥´¨Ö an⊥ ¶µ Ëµ·³Ê²¥ (13).
Š ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö (7) ¸µµÉ¢¥É¸É¢ÊÕÉ µ¸µ¡Ò³ ÉµÎ± ³ q = 0. �¢µ²Õ-
Í¨Ö, £¥´¥·¨·Ê¥³ Ö χ0, ¶·¥¤¸É ¢²Ö¥É¸Ö Ë §µ¢Ò³ ¢· Ð¥´¨¥³ an⊥ → an⊥ e−inτ ,

�¨¸. 2. �¶·¥¤¥²¥´¨¥ ¢¥±Éµ·´ÒÌ ¶µ-
²¥° q(e3),p(e3)

Ô±¢¨¢ ²¥´É´Ò³ ¤¢¨¦¥´¨Õ ¢¥±Éµ·µ¢ q ¨ p
¶µ Ô²²¨¶¸Ê, ¶µ± § ´´µ³Ê ´  ·¨¸. 2 ¸¶· ¢ .
‚ É¥Î¥´¨¥ Ô¢µ²ÕÍ¨¨ ¢¥±Éµ· ω = q × p
¸µÌ· ´Ö¥É¸Ö, ¨ µ¸µ¡Ò¥ ÉµÎ±¨ q = 0 ¤¢¨-
£ ÕÉ¸Ö ¶µ ±·¨¢Ò³ ´Ê²¥¢µ£µ Ê·µ¢´Ö ËÊ´±-
Í¨¨ F (e3) = ωe3 = 0. �  ÔÉ¨Ì ±·¨¢ÒÌ
Ô²²¨¶¸, ¶µ± § ´´Ò° ´  ·¨¸. 2 ¸¶· ¢ , ¢Ò-
·µ¦¤ ¥É¸Ö ¢ µÉ·¥§µ±.

�É  ²¥³³  µ§´ Î ¥É, ÎÉµ ± ²¨¡·µ¢µÎ-
´Ò¥ Ê¸²µ¢¨Ö (7) ³µ£ÊÉ ¡ÒÉÓ ´ ²µ¦¥´Ò ´ 

²Õ¡µ¥ ·¥Ï¥´¨¥ ¢ É¥µ·¨¨ ¸É·Ê´Ò,   ¨³¥´´µ: ¤²Ö ²Õ¡µ° ±·¨¢µ° Q(σ) ÔÉ¨³
Ê¸²µ¢¨Ö³ ³µ¦´µ Ê¤µ¢²¥É¢µ·¨ÉÓ, ´ ¶· ¢²ÖÖ µ¸Ó ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸ 
e3 ¢ µ¸µ¡ÊÕ ÉµÎ±Ê q(e3) = 0 ¢¥±Éµ·´µ£µ ¶µ²Ö ´  ¸Ë¥·¥, ¶µ¸É·µ¥´´µ£µ ¶µ ÔÉµ°
±·¨¢µ°.

‚ µ¡Ð¥³ ¶µ²µ¦¥´¨¨ ¢¥±Éµ·´Ò¥ ¶µ²Ö ´  ¸Ë¥·¥ ¨³¥ÕÉ Î¥É´µ¥ Î¨¸²µ µ¸µ-
¡ÒÌ ÉµÎ¥±, ±µÉµ·µ¥ � 2. �¥¢Ò·µ¦¤¥´´Òe µ¸µ¡Òe ÉµÎ±¨ ¤¢Ê³¥·´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²¥° [45] ¶µ± § ´Ò ´  ·¨¸. 3.
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�¨¸. 3. �¥¢Ò·µ¦¤¥´´Ò¥ µ¸µ¡Ò¥ ÉµÎ±¨
¤¢Ê³¥·´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö

�¶·¥¤¥²¥´¨¥ 1. „²Ö ± ¦¤µ£µ É¨¶  ¨´¤¥±¸ µ¸µ¡¥´´µ¸É¨ µ¶·¥¤¥²¥´ ± ±
 ²£¥¡· ¨Î¥¸±µ¥ Î¨¸²µ ¢· Ð¥´¨° ¢¥±Éµ·  q(e3) ¶·¨ µ¡Ìµ¤¥ e3 ¢µ±·Ê£ µ¸µ¡µ°
ÉµÎ±¨ (¡µ²ÓÏ¥ ´Ê²Ö, ¥¸²¨ ´ ¶· ¢²¥´¨Ö ¢· Ð¥´¨° q ¨ e3 ¸µ¢¶ ¤ ÕÉ; ³¥´ÓÏ¥
´Ê²Ö ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥). „²Ö ÉµÎ¥± É¨¶  Í¥´É·, Ê§¥², Ëµ±Ê¸ ÔÉµ Î¨¸²µ · ¢´µ
+1, ¤²Ö ¸¥¤²  −1.

‘Ê³³  ¢¸¥Ì ¨´¤¥±¸µ¢ · ¢´  Ô°²¥·µ¢¸±µ° Ì · ±É¥·¨¸É¨±¥ ¶µ¢¥·Ì´µ¸É¨,
µ¶·¥¤¥²¥´´µ° ± ± ®Î¨¸²µ ¢¥·Ï¨´ Ä Î¨¸²µ ·¥¡¥· + Î¨¸²µ £· ´¥°¯ ¤²Ö ²Õ¡µ£µ
· §¡¨¥´¨Ö ¶µ¢¥·Ì´µ¸É¨. „²Ö ¸Ë¥·Ò ÔÉ  Ì · ±É¥·¨¸É¨±  · ¢´Ö¥É¸Ö ¤¢Ê³, É -
±¨³ µ¡· §µ³, ´  ¸Ë¥·¥ ¢¥±Éµ·´µ¥ ¶µ²¥ µ¡Ð¥£µ ¢¨¤  ¨³¥¥É ¤¢¥ µ¸µ¡Ò¥ ÉµÎ±¨
¨´¤¥±¸  +1 ¨ ¶·µ¨§¢µ²Ó´µ¥ Î¨¸²µ ±µ³¶¥´¸¨·ÊÕÐ¨Ì¸Ö ¶ · (+1,−1). ‚ ¸¶¥-
Í¨ ²Ó´ÒÌ ¸²ÊÎ ÖÌ ³µ£ÊÉ ¢µ§´¨± ÉÓ ¢Ò·µ¦¤¥´´Ò¥ µ¸µ¡¥´´µ¸É¨ ¡µ²¥¥ ¸²µ¦´µ°
Ëµ·³Ò, ´ ¶·¨³¥·, ³Ê²ÓÉ¨¸¥¤² , ¶µ²ÊÎ¥´´Ò¥ ¶·¨ µ¡Ñ¥¤¨´¥´¨¨ ´¥¸±µ²Ó±¨Ì
¸¥¤¥².

� ²¨Î¨¥ ´¥¸±µ²Ó±¨Ì µ¸µ¡ÒÌ ÉµÎ¥± q(e3) = 0 ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ µ·-
¡¨É  ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò, £¥´¥·¨·Ê¥³ Ö χ-¸¢Ö§Ö³¨, ¶¥·¥¸¥± ¥É ¶µ¢¥·Ì´µ¸ÉÓ

�¨¸. 4. ƒ·¨¡µ¢¸±¨¥ ±µ-
¶¨¨: µ·¡¨É  ± ²¨¡·µ¢µÎ´µ°
£·Ê¶¶Ò G ¶¥·¥¸¥± ¥É ¶µ¢¥·Ì-
´µ¸ÉÓ ± ²¨¡·µ¢µÎ´µ£µ Ê¸²µ-
¢¨Ö F ¢ ´¥¸±µ²Ó±¨Ì ÉµÎ± Ì

± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (7) ¢ ´¥¸±µ²Ó±¨Ì ÉµÎ-
± Ì Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ . �µ¸±µ²Ó±Ê ÔÉ¨ ÉµÎ±¨
± ²¨¡·µ¢µÎ´µ-Ô±¢¨¢ ²¥´É´Ò, ³¥Ì ´¨±  µ¡² ¤ ¥É
¤¨¸±·¥É´µ° ± ²¨¡·µ¢µÎ´µ° ¸¨³³¥É·¨¥°. �Éµ
Ö¢²¥´¨¥ É ±¦¥ ¢¸É·¥Î ¥É¸Ö ¢ É¥µ·¨¨ ´¥ ¡¥²¥-
¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°, £¤¥ µ´µ ¡Ò²µ ¨§ÊÎ¥´µ
‚. �. ƒ·¨¡µ¢Ò³ [43]. ‚ ¶µ²´µ° µ¡Ð´µ¸É¨ ÔÉµÉ
¢µ¶·µ¸ · ¸¸³ É·¨¢ ²¸Ö ¢ · ¡µÉ¥ [33]. ŒÒ ¡Ê-
¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ Ô±¢¨¢ ²¥´É´Ò¥ ÉµÎ±¨ £·¨-
¡µ¢¸±¨³¨ ±µ¶¨Ö³¨ (·¨¸. 4).

‘²¥¤ÊÕÐ¨° Éµ¶µ²µ£¨Î¥¸±¨° ¨´¢ ·¨ ´É ³µ-
¦¥É ¡ÒÉÓ ¢¢¥¤¥´ ¤²Ö £·¨¡µ¢¸±¨Ì ±µ¶¨°.

�¶·¥¤¥²¥´¨¥ 2. �Ê¸ÉÓ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ
M Ö¢²Ö¥É¸Ö £² ¤±¨³ µ·¨¥´É¨·Ê¥³Ò³ ³´µ£µµ¡· -
§¨¥³. �Ê¸ÉÓ µ·¡¨É  ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò G ¨ ¶µ¢¥·Ì´µ¸ÉÓ ± ²¨¡·µ¢µÎ´µ£µ
Ê¸²µ¢¨Ö F Ö¢²ÖÕÉ¸Ö ¥£µ £² ¤±¨³¨ µ·¨¥´É¨·Ê¥³Ò³¨ ¶µ¤³´µ£µµ¡· §¨Ö³¨ ¸
dim (G) = codim (F ). �Ê¸ÉÓ P Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¨Ì É· ´¸¢¥·¸ ²Ó´µ£µ ¶¥-
·¥¸¥Î¥´¨Ö. �Éµ µ§´ Î ¥É, ÎÉµ ¢ ÉµÎ±¥ P ± ¸ É¥²Ó´Ò¥ ¶·µ¸É· ´¸É¢  ± G ¨ F
²¨´¥°´µ ¶µ·µ¦¤ ÕÉ ± ¸ É¥²Ó´µ¥ ¶·µ¸É· ´¸É¢µ ± M . �Ê¸ÉÓ τ (F, P ), τ (G, P )
¨ τ (M, P ) Å ¡ §¨¸Ò ¢ ± ¸ É¥²Ó´ÒÌ ¶·µ¸É· ´¸É¢ Ì, µ¶·¥¤¥²ÖÕÐ¨¥ µ·¨¥´É -
Í¨Õ F , G ¨ M ¢ ÉµÎ±¥ P . ˆ´¤¥±¸ ¶¥·¥¸¥Î¥´¨Ö F ¨ G ¢ ÉµÎ±¥ P µ¶·¥¤¥²¥´ ± ±
Î¨¸²µ ν, · ¢´µ¥ +1, ¥¸²¨ ¡ §¨¸Ò τ (F, P ), τ (G, P ) ¨³¥ÕÉ É ±ÊÕ ¦¥ µ·¨¥´É -
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Í¨Õ, ± ± ¡ §¨¸ τ (M, P ), ¨ · ¢´µ¥ −1, ¥¸²¨ ÔÉ¨ µ·¨¥´É Í¨¨ ¶·µÉ¨¢µ¶µ²µ¦´Ò.
‹¥³³  7 (Éµ¶µ²µ£¨Î¥¸±¨¥ § ·Ö¤Ò). „²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ¤ ´´µ°

· ¡µÉ¥ £·¨¡µ¢¸±¨Ì ±µ¶¨° µ¶·¥¤¥²¥´¨Ö 1 ¨ 2 ¸µ¢¶ ¤ ÕÉ.
‚ ‹ˆ�Š‘Š ±µ¶¨¨ ¶·¥¤¸É ¢²ÖÕÉ · §²¨Î´Ò¥ ´ ¡µ·Ò µ¸Í¨²²ÖÉµ·´ÒÌ ¶¥·¥-

³¥´´ÒÌ {an}, ±µÉµ·Ò¥ ¢µ¸¶·µ¨§¢µ¤ÖÉ µ¤´¨ ¨ É¥ ¦¥, ´µ ¶µ-· §´µ³Ê ¶ · ³¥É·¨-
§µ¢ ´´Ò¥ ±·¨¢Ò¥ Q(σ). ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ £·¨¡µ¢¸±¨¥ ±µ¶¨¨ ¸µµÉ¢¥É¸É¢ÊÕÉ
¤¨¸±·¥É´µ° ·¥¶ · ³¥É·¨§ Í¨¨ ³¨·µ¢µ£µ ²¨¸É . —Éµ¡Ò µÉµ¦¤¥¸É¢¨ÉÓ Ô±¢¨¢ -
²¥´É´Ò¥ ¸µ¸ÉµÖ´¨Ö, ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ ¤µ²¦´µ
¡ÒÉÓ Ë ±Éµ·¨§µ¢ ´µ ¶µ ÔÉµ° ¸¨³³¥É·¨¨. �´ ²µ£¨Î´Ò¥ ¶·µÍ¥¤Ê·Ò ³µ£ÊÉ ¡ÒÉÓ
¶·¨³¥´¥´Ò ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥, ´ ¶·¨³¥·, ¸ ¶µ³µÐÓÕ ¶µ¸É·µ¥´¨Ö ´¥¶·¨-
¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¤²Ö µ¶¥· Éµ·µ¢, µ¡² ¤ ÕÐ¨Ì ÔÉµ° ¤¨¸±·¥É´µ° ¸¨³³¥-
É·¨¥°, ¨ Ëµ·³Ê²¨·µ¢±¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶· ¢¨² µÉ¡µ· . �¤´ ±µ ´  ±¢ ´Éµ-
¢µ³ Ê·o¢´¥ ¤¨¸±·¥É´ Ö ´¥²¨´¥°´ Ö ·¥¶ · ³¥É·¨§ Í¨Ö ³¨·µ¢µ£µ ²¨¸É  ³µ¦¥É
¸µ¶·µ¢µ¦¤ ÉÓ¸Ö  ´µ³ ²¨Ö³¨, ¨¸±²ÕÎ ÕÐ¨³¨ ÔÉÊ ¸¨³³¥É·¨Õ ¨§ É¥µ·¨¨.

Ÿ¢´Ò¥ Ëµ·³Ê²Ò ¤²Ö ¢¥±Éµ·´ÒÌ ¶µ²¥° ¤ ÕÉ¸Ö (13). ˆ³¥¥É¸Ö ´¥¸±µ²Ó±µ
¨´µ¥ µ¶·¥¤¥²¥´¨¥:

an =
1

2
√

2π

∮
dQ(σ) exp

[
2πin

Lt
(L(σ) − (Q(σ) − X)e3)

]
, (15)

£¤¥ X =
∮

dL(σ)Q(σ)/Lt µ¶·¥¤¥²Ö¥É ¸·¥¤´¥¥ ¶µ²µ¦¥´¨¥ ±·¨¢µ° Q(σ) ¨ ¸µ-
¢¶ ¤ ¥É ¸ µ¶·¥¤¥²¥´¨¥³ ¸·¥¤´¥° ±µµ·¤¨´ ÉÒ (5), ¸¶·µ¥Í¨·µ¢ ´´µ° ¢ ¸. Í. ³.
�É²¨Î¨¥ (13) ¨ (15) ¸µ¸Éµ¨É ¢ e3-§ ¢¨¸¨³µ³ Ë §µ¢µ³ ³´µ¦¨É¥²¥ einϕ(e3),
ϕ(e3) = 2π(X−Q(0))e3/Lt. �µ¸±µ²Ó±Ê Ô¢µ²ÕÍ¨Ö an Ö¢²Ö¥É¸Ö Ë §µ¢Ò³ ¢· -
Ð¥´¨¥³, ÔÉµÉ ³´µ¦¨É¥²Ó Ë ±É¨Î¥¸±¨ ¢¢µ¤¨É · §²¨Î¨¥ ®²µ± ²Ó´µ£µ ¢·¥³¥´¨¯
¤²Ö Ô¢µ²ÕÍ¨¨ ¢¥±Éµ·´ÒÌ ¶µ²¥° ´  ¸Ë¥·¥. �ÉµÉ ³´µ¦¨É¥²Ó ¸µÌ· ´Ö¥É µ·¡¨ÉÒ
£·¨¡µ¢¸±¨Ì ±µ¶¨° ¨ ¨§³¥´Ö¥É ¨Ì Ô¢µ²ÕÍ¨µ´´Ò° ¶ · ³¥É· µÉ ±µ´Ê¸´µ£µ (14)
± ´ ÉÊ· ²Ó´µ³Ê (¤²¨´  ±·¨¢µ°). ‚ ¸²¥¤ÊÕÐ¥° ²¥³³¥ ³Ò ¨¸¶µ²Ó§Ê¥³ µ¶·¥¤¥-
²¥´¨¥ (15), ¡µ²¥¥ Ê¤µ¡´µ¥ ¤²Ö µ¶¨¸ ´¨Ö Ô¢µ²ÕÍ¨¨ £·¨¡µ¢¸±¨Ì ±µ¶¨°.

‹¥³³  8 (¸É·Ê±ÉÊ·  £·¨¡µ¢¸±¨Ì ±µ¶¨° ¢¡²¨§¨ ¶·Ö³µ²¨´¥°´µ£µ ·¥-
Ï¥´¨Ö). „²Ö ¶·Ö³µ²¨´¥°´µ° ¸É·Ê´Ò Q0(σ) = (cosσ, sin σ, 0) ¢¥±Éµ·´µ¥ ¶µ²¥
qs⊥(e3) ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ µ¸µ¡Ò¥ ÉµÎ±¨: ¶·¨ s = 1 ¤¢  Ê§²  ´  Ô±¢ Éµ·¥; ¶·¨
s = 2 ¸¥¤²  ´  ¸¥¢¥·´ÒÌ ¨ Õ¦´ÒÌ ¶µ²Õ¸ Ì ¨ Î¥ÉÒ·¥ Ê§²  ´  Ô±¢ Éµ·¥; ¶·¨
s > 2 ³Ê²ÓÉ¨¸¥¤²  ´  ¸¥¢¥·´ÒÌ ¨ Õ¦´ÒÌ ¶µ²Õ¸ Ì ¨ 2s Ê§²µ¢ ´  Ô±¢ Éµ·¥.
�·¨ Ô¢µ²ÕÍ¨¨ Ê§²Ò ¤¢¨£ ÕÉ¸Ö ¶µ Ô±¢ Éµ·Ê, ¢ Éµ ¢·¥³Ö ± ± µ¸µ¡Ò¥ ÉµÎ±¨ ´ 
¶µ²Õ¸ Ì µ¸É ÕÉ¸Ö ´¥¶µ¤¢¨¦´Ò³¨ ¨ ¶µ²¥¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢· Ð ÕÉ¸Ö ¢µ-
±·Ê£ ´¨Ì. �µ¸²¥ ³ ²µ° ¤¥Ëµ·³ Í¨¨ ¸É·Ê´Ò µÉ ¶·Ö³µ²¨´¥°´µ° ±µ´Ë¨£Ê· Í¨¨
Q(σ) = Q0(σ) + δQ(σ) Ê§²Ò ¤¢¨£ ÕÉ¸Ö ¶µ µ¡Ð¥° É· ¥±Éµ·¨¨ ¢ µ±·¥¸É´µ¸É¨
Ô±¢ Éµ· ; ¶·¨ s = 2 ¸¥¤²  ¤¢¨£ ÕÉ¸Ö ¶µ ³ ²Ò³ § ³±´ÊÉÒ³ ±µ´ÉÊ· ³ ¢¡²¨§¨
¶µ²Õ¸µ¢; ¶·¨ s > 2 ³Ê²ÓÉ¨¸¥¤²  · ¸¶ ¤ ÕÉ¸Ö ´  (s−1) ´¥¢Ò·µ¦¤¥´´ÒÌ ¸¥¤¥²,
¤¢¨£ ÕÐ¨Ì¸Ö ¢¡²¨§¨ ¶µ²Õ¸µ¢. �µ ¨¸É¥Î¥´¨¨ ¢·¥³¥´¨ ∆τs = π/s = (¶¥·¨µ¤
Ô¢µ²ÕÍ¨¨)/2s ¢¥±Éµ·´µ¥ ¶µ²¥ µ¡· Ð ¥É ¸¢µ¥ ´ ¶· ¢²¥´¨¥, ¨ · ¸¶·¥¤¥²¥´¨¥
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µ¸µ¡¥´´µ¸É¥° ¢µ§¢· Ð ¥É¸Ö ¢ ¨¸Ìµ¤´µ¥ ¸µ¸ÉµÖ´¨¥ (D2s-¸¨³³¥É·¨Ö). ‚ É¥Î¥-
´¨e ÔÉµ£µ ¢·¥³¥´¨ Ô±¢ Éµ·¨ ²Ó´Ò¥ µ¸µ¡¥´´µ¸É¨ ¶¥·¥³¥Ð ÕÉ¸Ö ¢ ¸µ¸¥¤´¨¥,
¶µ²Õ¸´Ò¥ µ¸µ¡¥´´µ¸É¨ ¶·¨ s = 2 ¢Ò¶µ²´ÖÕÉ µ¤¨´ µ¡µ·µÉ ¢¤µ²Ó § ³±´ÊÉÒÌ
±µ´ÉÊ·µ¢.

4. Š‚��’�‚�Ÿ Œ…•��ˆŠ�

Š ´µ´¨Î¥¸±¨¥ µ¶¥· Éµ·Ò µ¡² ¤ ÕÉ ¸²¥¤ÊÕÐ¨³¨ ±µ³³ÊÉ Í¨µ´´Ò³¨ ¸µ-
µÉ´µÏ¥´¨Ö³¨:

[Zµ, Pν ] = −igµν ,

[ak, a+
n ] = kδkn, k, n �= 0,±s,

[Si, Sj ] = iεijkSk, [Si, ek
j ] = iεikle

l
j ,

[Si, Sj ] = −iεijkSk, [Si, e
k
j ] = −iεijle

k
l ,

[Si, Sj ] = 0, ek
i ek

j = δij , Si = ej
iS

j .

(16)

�·µ¸É· ´¸É¢µ ¸µ¸ÉµÖ´¨° Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¶·µ¨§¢¥¤¥´¨¥³ É·¥Ì ¸²¥¤ÊÕÐ¨Ì
±µ³¶µ´¥´É:

�·µ¸É· ´¸É¢µ ËÊ´±Í¨° Ψ(P ) ¸ µ¶·¥¤¥²¥´¨¥³ Z = −i∂/∂P .
�·µ¸É· ´¸É¢µ ”µ±  ¸ ¢ ±ÊÊ³µ³

ak

∣∣0〉
= 0, k > 0, a+

k

∣∣0〉
= 0, k < 0 (17)

¨ ¸µ¸ÉµÖ´¨Ö³¨, ¶µ·µ¦¤ ¥³Ò³¨ ¨§ ¢ ±ÊÊ³  µ¶¥· Éµ· ³¨∣∣{nk}
〉

=
∏

k>0,k �=s

1√
knknk!

(a+
k )nk

∏
k<0,k �=−s

1√
(−k)nknk!

(ak)nk
∣∣0〉

.

� ¶·¨³¥·, ³Ò ¡Ê¤¥³ § ¶¨¸Ò¢ ÉÓ
∣∣112−1

〉
=

1√
2
a+
1 a2

−1

∣∣0〉
¨ É. ¤. ’ ± µ¶·¥-

¤¥²¥´´Ò¥ ¢¥±Éµ·Ò ¸µ¸ÉµÖ´¨Ö ¨³¥ÕÉ ¶µ²µ¦¨É¥²Ó´ÊÕ ´µ·³Ê. —¨¸²  § ¶µ²´¥´¨Ö

nk =
1
|k| : a+

k ak : =
1
|k|

{
a+

k ak, k > 0
aka+

k , k < 0
= 0, 1, 2 . . .

‡ ³¥Î ´¨¥. O¤´µ±µ³¶µ´¥´É´Ò¥ µ¸Í¨²²ÖÉµ·´Ò¥ ¶¥·¥³¥´´Ò¥ ak, ¨¸¶µ²Ó§Ê-
¥³Ò¥ ¢ ¤ ´´µ° · ¡µÉ¥, ¸¢Ö§ ´Ò ¸ µ¡ÒÎ´µ ¶·¨³¥´Ö¥³Ò³¨ ¤¢Êx±µ³¶µ´¥´É´Ò³¨
µ¸Í¨²²ÖÉµ· ³¨ ak1,2 Ëµ·³Ê² ³¨ ¨§ · §¤. 3, ±µÉµ·Ò¥ ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥
¸É ´µ¢ÖÉ¸Ö: ak = ak1 − iak2, a+

k = a−k1 + ia−k2. �¡· É´Ò¥ Ëµ·³Ê²Ò:
ak1 = (ak + a+

−k)/2, ak2 = i(ak − a+
−k)/2. ‡¤¥¸Ó ¨§ ¤¢ÊÌ ´ ¡µ·µ¢ µ¸Í¨²-

²ÖÉµ·´ÒÌ ¶¥·¥³¥´´ÒÌ aki, i = 1, 2, µ¡² ¤ ÕÐ¨Ì ¸¢µ°¸É¢µ³ a+
ki = a−ki, ³Ò
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¸É·µ¨³ µ¤¨´ ´ ¡µ· ¡¥§ ÔÉµ£µ ¸¢µ°¸É¢ . ˆ¸¶µ²Ó§µ¢ ´¨¥ µ¤´µ±µ³¶µ´¥´É´ÒÌ
µ¸Í¨²²ÖÉµ·µ¢ Ê¶·µÐ ¥É ¢ÒÎ¨¸²¥´¨Ö. ‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ µ¶·¥¤¥²¥´¨¥ ¢ -
±ÊÊ³  (17) Ô±¢¨¢ ²¥´É´µ ¸É ´¤ ·É´µ³Ê aki

∣∣0〉
= 0, k > 0, ¨ ¸µ¸ÉµÖ´¨Ö

∣∣{nk}
〉

Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨
∏

k>0(a
+
k1)

nk1(a+
k2)

nk2
∣∣0〉

.
Š¢ ´Éµ¢Ò° ¢µ²Îµ±: ¶·µ¸É· ´¸É¢µ ¸µ¸ÉµÖ´¨° µ¡· §µ¢ ´µ ËÊ´±Í¨Ö³¨

Ψ(e), ej
i ∈ SO(3). „²Ö £·Ê¶¶Ò ¢· Ð¥´¨° ¢µ§³µ¦´Ò ¤¢  ¶·¥¤¸É ¢²¥´¨Ö: µ¤-

´µ§´ Î´µ¥ ¨ ¤¢Ê§´ Î´µ¥ [46]. ‘¶¨´ µ¶·¥¤¥²Ö¥É¸Ö ± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· Si = −iεijkej

l ∂/∂ek
l , ¢ Éµ ¢·¥³Ö ± ± ¶·µ¥±Í¨Ö ¸¶¨´  ´  ¸¨¸É¥³Ê

±µµ·¤¨´ É ei · ¢´  Si = iεijkel
j∂/∂el

k. �¶¥· Éµ· Si £¥´¥·¨·Ê¥É ¢· Ð¥´¨Ö ¸¨-
¸É¥³Ò ±µµ·¤¨´ É ei ¢µ ¢´¥Ï´¥³ ¶·µ¸É· ´¸É¢¥, ¢ Éµ ¢·¥³Ö ± ± Si £¥´¥·¨·Ê¥É
¢· Ð¥´¨Ö µÉ´µ¸¨É¥²Ó´µ µ¸¥° ei. �É¨ ¶·¥µ¡· §µ¢ ´¨Ö ¤¥°¸É¢ÊÕÉ ´  · §²¨Î´Ò¥
¨´¤¥±¸Ò ¢ ek

j . �´¨ ±µ³³ÊÉ¨·ÊÕÉ, ¶µÔÉµ³Ê S3 ¨ S3 µ¤´µ¢·¥³¥´´µ ´ ¡²Õ¤ -
¥³Ò. Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ±µ³¶µ´¥´É ¸¶¨´  ´¥ § ¢¨¸ÖÉ µÉ ¶·¥¤¸É ¢²¥´¨Ö
 ²£¥¡·Ò ¨ ¨³¥ÕÉ ¨§¢¥¸É´Ò° ¢¨¤ [48]:〈

S(S3 − 1)S3
∣∣S+

∣∣SS3S
3
〉

=
√

S(S + 1) − S3(S3 − 1),〈
S(S3 + 1)S3

∣∣S−
∣∣SS3S

3
〉

=
√

S(S + 1) − S3(S3 + 1),

¤·Ê£¨¥ Ô²¥³¥´ÉÒ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. Šµ´±·¥É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±¢ ´Éµ¢µ£µ
¢µ²Î±  µ¶¨¸Ò¢ ¥É¸Ö ËÊ´±Í¨Ö³¨ ‚¨£´¥·  [47,48]:∣∣SS3S

3
〉

= DS
S3S3(e), S3, S

3 = −S,−S + 1, . . . , S.

‡¤¥¸Ó S Ì · ±É¥·¨§Ê¥É ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ µ¶¥· Éµ·  Š §¨³¨·  S2 =
SiSi = SiSi = S(S + 1), ±µ³³ÊÉ¨·ÊÕÐ¥£µ ¸µ ¢¸¥³¨ ¸¶¨´µ¢Ò³¨ ±µ³¶µ´¥´-
É ³¨. S Å Í¥²µ¥ Î¨¸²µ ¤²Ö µ¤´µ§´ Î´µ£µ ¶·¥¤¸É ¢²¥´¨Ö SO(3) ¨ ¶µ²ÊÍ¥²µ¥
Î¨¸²µ ¤²Ö ¤¢Ê§´ Î´µ£µ. ‚ ¤ ²Ó´¥°Ï¥³ ¸¢Ö§Ó S3 = A3 ∈ Z µÉ¡¥·¥É Éµ²Ó±µ
Í¥²Ò¥ §´ Î¥´¨Ö S. ‚ · ¡µÉ¥ [42, Î. III] µ¡ÑÖ¸´Ö¥É¸Ö ¡µ²¥¥ ¶µ¤·µ¡´µ, ¶µÎ¥³Ê ¢
¤ ´´µ° § ¤ Î¥ ¨³¥ÕÉ¸Ö Éµ²Ó±µ Í¥²Ò¥ §´ Î¥´¨Ö S. ‘¢Ö§¨, ¡Ê¤ÊÎ¨ ËÊ´±Í¨Ö³¨
Si ¨ µ¸Í¨²²ÖÉµ·´ÒÌ ¶¥·¥³¥´´ÒÌ, ±µ³³ÊÉ¨·ÊÕÉ ¸ S2, ¶µÔÉµ³Ê µ¶·¥¤¥²¥´¨¥
³ ¸¸µ¢µ£µ ¸¶¥±É·  ³µ¦¥É ¶·µ¨§¢µ¤¨ÉÓ¸Ö µÉ¤¥²Ó´µ ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö S.

ƒ¥´¥· Éµ·Ò £·Ê¶¶Ò ‹µ·¥´Í  µ¶·¥¤¥²¥´Ò ¢Ò· ¦¥´¨Ö³¨ (5). �É¨ µ¶¥· -
Éµ·Ò Ô·³¨Éµ¢Ò ¨ µ¡· §ÊÕÉ § ³±´ÊÉÊÕ  ²£¥¡·Ê ‹µ·¥´Í  ¢ ¸¨²Ê ²¥³³Ò 3.

‘¢Ö§¨ χ3

∣∣Ψ〉
= H

∣∣Ψ〉
= 0 ´ ²µ¦¥´Ò ´  ¸µ¸ÉµÖ´¨Ö ¸µ£² ¸´µ É¥µ·¨¨ „¨-

· ±  ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨ [32]. ‡¤¥¸Ó χ3 = S3 − A
(s)
3 ,

A
(s)
3 =

∑
k �=0,±s

1
k

: a+
k ak : =

∑
k �=0,±s

signk · nk,

L
(s)
0 =

∑
k �=0,±s

: a+
k ak : =

∑
k �=0,±s

|k| · nk,

¨ £ ³¨²ÓÉµ´¨ ´ H Å Ê¸²µ¢¨¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ¶µ¸É·µ¥´´µ¥ ´¨¦¥.
�¶¥· Éµ·Ò χ3 ¨ H Ô·³¨Éµ¢Ò. „²Ö µ¶¥· Éµ·µ¢, ¢Ìµ¤ÖÐ¨Ì ¢ £ ³¨²ÓÉµ´¨ ´,
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d±, f±, g±, Σ± ¨ ¨Ì ¸µ¶·Ö¦¥´´ÒÌ ³Ò ¨¸¶µ²Ó§Ê¥³ É¥·³¨´ Ô²¥³¥´É ·´Ò¥ µ¶¥-
· Éµ·Ò. �´¨ µ¶·¥¤¥²ÖÕÉ¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ ±² ¸¸¨Î¥¸±¨³ ¢Ò· ¦¥´¨Ö³
(9), ¸ § ³¥´µ° ±µ³¶²¥±¸´µ£µ ¸µ¶·Ö¦¥´¨Ö ´  Ô·³¨Éµ¢µ. �É¨ µ¶·¥¤¥²¥´¨Ö ´¥
¨³¥ÕÉ ´¥µ¤´µ§´ Î´µ¸É¥° Ê¶µ·Ö¤µÎ¥´¨Ö.

‹¥³³  9. „²Ö ¸µ¸ÉµÖ´¨° ¸ ±µ´¥Î´Ò³ Î¨¸²µ³ § ¶µ²´¥´´ÒÌ ³µ¤ ³ É·¨Î-
´Ò¥ Ô²¥³¥´ÉÒ

〈
{n′

k}
∣∣op

∣∣{nk}
〉

Ô²¥³¥´É ·´ÒÌ µ¶¥· Éµ·µ¢ op µ¶¨¸Ò¢ ÕÉ¸Ö ±µ-
´¥Î´Ò³¨ ¸Ê³³ ³¨.

‘¨³³¥É·¨¨ R3, D2s ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ £¥´¥·¨·ÊÕÉ¸Ö µ¶¥· Éµ· ³¨

R3 = e−iχ3α, D̃2s = eiL0π/s,

£¤¥ É¨²Ó¤  Ê± §Ò¢ ¥É, ÎÉµ ¸¨³³¥É·¨Ö ¤¥°¸É¢Ê¥É ¢ ¶·µ¸É· ´¸É¢¥ ¢´ÊÉ·¥´´¨Ì
¶¥·¥³¥´´ÒÌ, ´¥ ¢±²ÕÎ ÕÐ¥³ ¸·¥¤´ÕÕ ±µµ·¤¨´ ÉÊ X (Éa± ±a± ¢ £¥´¥· Éµ·¥
µ¶ÊÐ¥´ P 2). “¤µ¡´µ ¢¢¥¸É¨ ¶µ´ÖÉ¨¥ (∆S3, ∆A3, ∆L0)-§ ·Ö¤µ¢ ¤²Ö µ¶¥· Éµ-
·µ¢, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¸µµÉ´µÏ¥´¨Ö³ [S3, op] = ∆S3 ·op, [A3, op] = ∆A3 ·op,
[L0, op] = ∆L0 · op, É. ¥. µ¶¥· Éµ·µ¢, ±µÉµ·Ò¥ Ê¢¥²¨Î¨¢ ÕÉ ¨²¨ Ê³¥´ÓÏ ÕÉ

±¢ ´Éµ¢Ò¥ Î¨¸²  (S3, A
(s)
3 , L

(s)
0 ) ´  (∆S3, ∆A3, ∆L0) ¥¤¨´¨Í:

op
∣∣S3, A

(s)
3 , L

(s)
0

〉
=

∣∣S3 + ∆S3, A
(s)
3 + ∆A3, L

(s)
0 + ∆L0

〉
.

‚ Î ¸É´µ¸É¨, ∆S3(an) = 0, ∆A3(an) = −1, ∆L0(an) = −n. �·³¨Éµ¢µ
¸µ¶·Ö¦¥´¨¥ µ¶¥· Éµ·µ¢ µ¡· Ð ¥É §´ ± ¨Ì § ·Ö¤µ¢. �²¥³¥´É ·´Ò¥ µ¶¥· Éµ·Ò
¨³¥ÕÉ ∆S3 = 0 ¨ µ¶·¥¤¥²¥´´Ò¥ (∆A3, ∆L0)-§ ·Ö¤Ò (¸³. É ¡². 1). „¨¸±·¥É´ Ö

¸¨³³¥É·¨Ö D2s Ì · ±É¥·¨§Ê¥É¸Ö § ·Ö¤µ³ Q = L
(s)
0 mod 2s, É ± ÎÉµ ¶µ¤¶·µ-

¸É· ´¸É¢  ¸ § ¤ ´´Ò³ Q Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¶·µ¸É· ´¸É¢ ³¨ D̃2s

∣∣Q〉
=

eiπQ/s
∣∣Q〉

, ¨ D2s-¸¨³³¥É·¨Î´Ò¥ µ¶¥· Éµ·Ò µ¸É ¢²ÖÕÉ ÔÉ¨ ¶µ¤¶·µ¸É· ´¸É¢ 
¨´¢ ·¨ ´É´Ò³¨.

„²Ö ¸¶¨´µ¢ÒÌ ±µ³¶µ´¥´É ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö (16) ¸µµÉ¢¥É-
¸É¢ÊÕÉ ¶µ¢ÒÏ ÕÐ¨³ ¨ ¶µ´¨¦ ÕÐ¨³ µ¶¥· Éµ· ³

S± = S1 ± iS2, [S3, S±] = ±S±, [S+, S−] = 2S3,

S± = S1 ± iS2, [S3, S±] = ∓S±, [S+, S−] = −2S3,

É. ¥. ∆S3(S±) = ±1, ∆S3(S±) = ∓1. ‚ ¤ ²Ó´¥°Ï¥° ³¥Ì ´¨±¥ ÊÎ ¸É-
¢ÊÕÉ Éµ²Ó±µ µ¶¥· Éµ·Ò ¸ ´¨¦´¨³ ¨´¤¥±¸µ³ Si. ‹¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨
l± = λ1S± + λ2Σ± ´¥ ¨³¥ÕÉ µ¶·¥¤¥²¥´´ÒÌ ∆S3- ¨ ∆A3-§ ·Ö¤µ¢, ´µ ¨³¥ÕÉ
µ¶·¥¤¥²¥´´Ò° ∆χ3 = ∆S3−∆A3 = ∓1. �µ¸±µ²Ó±Ê ±² ¸¸¨Î¥¸±¨¥ ¸¨³³¥É·¨¨
µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ²¨´µ³¨ ²Ó´µ° ¸É·Ê±ÉÊ·µ°, µ´¨ ¸µÌ· ´ÖÕÉ¸Ö ´  ±¢ ´Éµ¢µ³
Ê·µ¢´¥. ‚ Î ¸É´µ¸É¨, ±¢ ´Éµ¢Ò° £ ³¨²ÓÉµ´¨ ´ µ¡² ¤ ¥É R3, D2s-¸¨³³¥É·¨¥°,
¢ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ ¥£µ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ µ¡· §ÊÕÉ ´¥´Ê²¥¢Ò¥ ¡²µ±¨, · ¸-
¶µ²µ¦¥´´Ò¥ ´  (χ3Q)-¤¨ £µ´ ²¨:

〈
χ3 = 0, Q

∣∣H∣∣χ3 = 0, Q
〉
.
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Š¢ ´Éµ¢Ò° £ ³¨²ÓÉµ´¨ ´. „ ²¥¥ ³Ò § Ë¨±¸¨·Ê¥³ s = 2. Š¢ ´Éµ¢Ò°
 ´ ²µ£ (12) ¸É·µ¨É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

α2 =
∑
n�1

ñ−2n+1
1 : Pn :, (18)

£¤¥ ñ1 = a+
1 a1 + c1. ‡¤¥¸Ó ³Ò ¢¢µ¤¨³ ¶µ¸ÉµÖ´´Ò° Î²¥´ c1, ¢±² ¤ ±µÉµ·µ£µ

µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´  ±² ¸¸¨Î¥¸±µ³ Ê·µ¢´¥ (¢ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì Î¨¸¥² § -
¶µ²´¥´¨Ö a+

1 a1), ¨ ¤µ¡ ¢²Ö¥³  ´ ²µ£¨Î´Ò¥ Î²¥´Ò ¢ ±¢ ´Éµ¢µ¥ µ¶·¥¤¥²¥´¨¥

γ = (L(2)
0 + c2)−1/2 ¨ ¢ µ¶·¥¤¥²¥´¨¥ Ê¸²µ¢¨Ö ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨, ±µÉµ·µ¥

³Ò § Ë¨±¸¨·Ê¥³ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

P 2

2π
= L

(2)
0 + 2α2α

+
2 + c3. (19)

�¶¥· Éµ· α2 ¨³¥¥É § ·Ö¤Ò ∆χ3 = −1, ∆Q = 0, ¢ Éµ ¢·¥³Ö ± ± ¤²Ö P 2

∆χ3 = 0, ∆Q = 0. �µ²¨´µ³Ò Pn µ¶·¥¤¥²¥´Ò ¢Ò· ¦¥´¨Ö³¨ ¨§ · §¤. 2, ¢
±µÉµ·Ò¥ ³Ò ¶µ¤¸É ¢²Ö¥³ µ¶·¥¤¥²¥´¨Ö (9) Ô²¥³¥´É ·´ÒÌ µ¶¥· Éµ·µ¢ ¨ Ë¨±¸¨-

·Ê¥³ Ê¶µ·Ö¤µÎ¥´¨¥, ¶µ± § ´´µ¥ ¢ É ¡². 1. �Éµ Ê¶µ·Ö¤µÎ¥´¨¥ ¶µ³¥Ð ¥É L
(2)
0 -

¶µ´¨¦ ÕÐ¨¥ Ô²¥³¥´É ·´Ò¥ µ¶¥· Éµ·Ò ¸¶· ¢  µÉ L
(2)
0 -¶µ¢ÒÏ ÕÐ¨Ì, É ±¨³

µ¡· §µ³ µ¡¥¸¶¥Î¨¢ Ö ²ÊÎÏ¨¥ ¸¢µ°¸É¢  ¸Ìµ¤¨³µ¸É¨ ¤²Ö · §²µ¦¥´¨Ö (18). ‚

Î ¸É´µ¸É¨, ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ α2 ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ ¸ ±µ´¥Î´Ò³¨ L
(2)
0 ¤ -

ÕÉ¸Ö ±µ´¥Î´Ò³¨ ¸Ê³³ ³¨, ¨ Î²¥´Ò ¸ ¡µ²ÓÏ¨³¨ n ¢ (18) ¢´µ¸ÖÉ ¢±² ¤ Éµ²Ó±µ

¢ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¸ ¡µ²ÓÏ¨³¨ L
(2)
0 ¢ ¸¨²Ê ¸²¥¤ÊÕÐ¥° ²¥³³Ò.

’ ¡²¨Í  1. L
(2)
0 -´µ·³ ²Ó´µ Ê¶µ·Ö¤µÎ¥´´Ò¥ Ô²¥³¥´É ·´Ò¥ µ¶¥· Éµ·Ò

a+
1 (d−)+ d+ (f−)+ f+ (g′−)+ g+ Σ− Σ+ (g+)+ g′− (f+)+ f− (d+)+ d− a1

∆L
(2)
0 1 4 4 2 2 2 2 0 0 Ä2 Ä2 Ä2 Ä2 Ä4 Ä4 Ä1

∆A
(2)
3 1 Ä1 1 0 0 2 Ä2 Ä1 1 2 Ä2 0 0 Ä1 1 Ä1

‹¥³³  10 (¸Ìµ¤¨³µ¸ÉÓ).
〈
L

(2)
0 = N1, S

∣∣ : Pn :
∣∣L(2)

0 = N2, S
〉

= 0, ¥¸²¨
n > min {1 + (N1 + N2)/2, (4 + 2(N1 + N2) + 4S)/5}.

‚ ¶·µ¨§¢¥¤¥´¨ÖÌ ¸¶¨´µ¢ÒÌ ±µ³¶µ´¥´É S±, ±µ³³ÊÉ¨·ÊÕÐ¨Ì ¸ Ô²¥³¥´É ·-
´Ò³¨ µ¶¥· Éµ· ³¨, ³Ò ¢Ò¡¨· ¥³ Ê¶µ·Ö¤µÎ¥´¨¥ S+S−, É ± ÎÉµ S3-¶µ¢ÒÏ Õ-
Ð¨° µ¶¥· Éµ· S− ¸Éµ¨É ¸¶· ¢  ¨  ´´Ê²¨·Ê¥É ¸µ¸ÉµÖ´¨¥ ¸ ³ ±¸¨³ ²Ó´µ° ¶·µ-
¥±Í¨¥° ¸¶¨´  S3 = S. ŒÒ ´ ¶µ³¨´ ¥³, ÎÉµ ±² ¸¸¨Î¥¸±¨ S3 = S = P 2/2π
µÉ¢¥Î ¥É µ¤´µ³µ¤µ¢µ³Ê ·¥Ï¥´¨Õ (¶·Ö³µ²¨´¥°´µ° ¸É·Ê´¥), ¸µµÉ¢¥É¸É¢ÊÕÐ¥³Ê
¢¥¤ÊÐ¥° ·¥¤¦¥¢¸±µ° É· ¥±Éµ·¨¨.
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‚¢¥¤¥´´µ¥ Ê¶µ·Ö¤µÎ¥´¨¥ µ¡² ¤ ¥É ¤·Ê£µ° µ¸µ¡¥´´µ¸ÉÓÕ, Ê¤µ¡´µ° ¤²Ö ¢Ò-
Î¨¸²¥´¨°: ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ´µ·³ ²Ó´µ Ê¶µ·Ö¤µÎ¥´´ÒÌ µ¶¥· Éµ·µ¢, µ£· -
´¨Î¥´´ÒÌ ¢ ±µ´¥Î´µ³¥·´Ò¥ ¶µ¤¶·µ¸É· ´¸É¢ , ¢¥¤ÊÉ ¸¥¡Ö ·¥£Ê²Ö·´µ ¶·¨ Ê¢¥²¨-
Î¥´¨¨ · §³¥·´µ¸É¨ ¶µ¤¶·µ¸É· ´¸É¢,   ¨³¥´´µ: ³ É·¨Í  ¢ ¡µ²ÓÏ¥³ ¶·µ¸É· ´-
¸É¢¥ ¢±²ÕÎ ¥É ³ É·¨ÍÊ ¢ ³¥´ÓÏ¥³ ¶·µ¸É· ´¸É¢¥ ± ± ÉµÎ´ÊÕ ¶µ¤³ É·¨ÍÊ. �¥§
´µ·³ ²Ó´µ£µ Ê¶µ·Ö¤µÎ¥´¨Ö ÔÉµ ¶·µ¸Éµ¥ ¶µ¢¥¤¥´¨¥ ¡Ò²µ ¡Ò ´ ·ÊÏ¥´µ.

‹¥³³  11. �Ê¸ÉÓ opi(N) =
〈
L

(2)
0 � N, S

∣∣opi

∣∣L(2)
0 � N, S

〉
Å µ£· ´¨Î¥-

´¨Ö Ô²¥³¥´É ·´ÒÌ µ¶¥· Éµ·µ¢ opi ¢ ±µ´¥Î´µ³¥·´µ¥ ¶·µ¸É· ´¸É¢µ L
(2)
0 � N

¶·¨ § ¤ ´´µ³ S. �Ê¸ÉÓ : P (opi) : µ¡µ§´ Î ¥É L
(2)
0 -´µ·³ ²Ó´µ Ê¶µ·Ö¤µ-

Î¥´´Ò° ¶µ²¨´µ³ µÉ opi. ’µ£¤  (i) ¶·¨ N1 < N2 ³ É·¨Í  : P (opi(N1)) :
Ö¢²Ö¥É¸Ö ¶µ¤³ É·¨Í¥° : P (opi(N2)) : ¨ (ii) : P (opi(N)) :=

〈
L

(2)
0 � N, S

∣∣ :
P (opi) :

∣∣L(2)
0 � N, S

〉
. �· ±É¨Î¥¸±¨ ³Ò ¢ÒÎ¨¸²Ö¥³ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Ô²¥-

�¨¸. 5. ‘¶¥±É· (L
(2)
0 , A

(2)
3 )

³¥´É ·´ÒÌ µ¶¥· Éµ·µ¢ ¢ (L(2)
0 � N, S)-

¶µ¤¶·µ¸É· ´¸É¢¥. � §³¥·´µ¸ÉÓ ÔÉµ£µ
¶µ¤¶·µ¸É· ´¸É¢  ¡Ò¸É·µ · ¸É¥É ¸ N, S,
´ ¶·¨³¥·, dim = 281216 ¤²Ö N =
20, S = 6, É ± ÎÉµ Ô²¥³¥´É ·-
´Ò¥ µ¶¥· Éµ·Ò ¶·¥¤¸É ¢²¥´Ò ³ É·¨-
Í ³¨ µÎ¥´Ó ¡µ²ÓÏµ£µ · §³¥·  (dim ×
dim). �É¨ ³ É·¨ÍÒ ¨³¥ÕÉ µÎ¥¢¨¤´ÊÕ
¡²µÎ´ÊÕ ¸É·Ê±ÉÊ·Ê, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ
¨Ì (∆S3, ∆A3, ∆L0)-§ ·Ö¤µ¢Ò³ ¸¢µ°-
¸É¢ ³. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ ´¥´Ê²¥¢Ò¥ ³ -
É·¨Î´Ò¥ Ô²¥³¥´ÉÒ α2, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö
¢ÒÎ¨¸²¥´¨Ö P 2, · ¸¶µ²µ¦¥´Ò ¢ ¡²µ± Ì〈
S3 = A

(2)
3 , Q

∣∣α2

∣∣S3 = A
(2)
3 +1, Q

〉
, ¢ Éµ

¢·¥³Ö ± ± ¸ ³ P 2 · ¸¶µ²µ¦¥´ ¢
〈
S3 =

A
(2)
3 , Q

∣∣P 2
∣∣S3 = A

(2)
3 , Q

〉
. ‚ ¤µ¶µ²´¥-

´¨¥ ± ÔÉ¨³ ¸¢µ°¸É¢ ³ ³Ò ¨¸¶µ²Ó§Ê¥³
ÉµÉ Ë ±É, ÎÉµ Ô²¥³¥´É ·´Ò¥ ³ É·¨ÍÒ

¢´ÊÉ·¨ (S3, A
(2)
3 , L

(2)
0 )-¡²µ±µ¢ Ö¢²ÖÕÉ¸Ö

Î·¥§¢ÒÎ °´µ · §·¥¦¥´´Ò³¨ (¶·¨ ¡µ²Ó-
Ï¨Ì N, S ¨Ì ´¥´Ê²¥¢µ¥ ¸µ¤¥·¦¨³µ¥ § -
´¨³ ¥É ³¥´¥¥ 1 % ¡²µ±µ¢), ¨ ·¥ ²¨-
§Ê¥³ ¸¶¥Í¨ ²Ó´Ò¥  ²£µ·¨É³Ò ¢ÒÎ¨¸²¥-
´¨° ¸ · §·¥¦¥´´Ò³¨ ¡²µÎ´Ò³¨ ³ É·¨-
Í ³¨, µ¶¨¸ ´´Ò¥ ¡µ²¥¥ ¤¥É ²Ó´µ ¢ [42]. ‚ ±µ´¥Î´µ³ ¨Éµ£¥, ³Ò µ¶·¥¤¥²Ö¥³
¸¶¥±É· P 2/2π ¢¶²µÉÓ ¤µ §´ Î¥´¨° N = 20, S = 6 ¨ Î¨¸²  Î²¥´µ¢ ¢ · §²µ¦¥-
´¨¨ (18) n = 3. �µ²ÊÎ¥´´Ò° ¸¶¥±É· (P 2/2π, S) ¶µ± § ´ ´  ·¨¸. 6. ‘¶¥±É·

¨³¥¥É µ¡Ð¨¥ Î¥·ÉÒ ¸ ¢¥·Ì´¥° Î ¸ÉÓÕ ¸¶¥±É·  (L(2)
0 , A

(2)
3 ), ¶µ± § ´´µ£µ ´ 
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�¨¸. 6. ‘¶¥±É· (P 2/2π, S)

·¨¸. 5. � Î ²µ ¸¶¥±É·  (P 2/2π, S) ¸µ¸Éµ¨É ¨§ É·¥Ì ¶µÎÉ¨ ²¨´¥°´ÒÌ ·¥¤¦¥¢-
¸±¨Ì É· ¥±Éµ·¨°. Œ¥¦¤Ê ¶¥·¢µ° ¨ ¢Éµ·µ° É· ¥±Éµ·¨Ö³¨ ¨³¥¥É¸Ö ¶·µ³¥¦ÊÉµ±
¢ ¤¢¥ ¥¤¨´¨ÍÒ. ’·¥ÉÓÖ É· ¥±Éµ·¨Ö ´ Î¨´ ¥É¸Ö ¸ S = 1 Ê·µ¢´Ö. „²Ö ¸²¥¤Ê-
ÕÐ¨Ì É· ¥±Éµ·¨° ¢Ò·µ¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö ·¨¸. 5 ¸É ´µ¢ÖÉ¸Ö · ¸Ð¥¶²¥´´Ò³¨
´  ·¨¸. 6. ‘µ¸ÉµÖ´¨Ö ¢ (P 2/2π, S) = (3, 1) ¨ (4, 0) ¶·¥¤¸É ¢²ÖÕÉ ¤¢¥ Î¨-
¸²¥´´µ ¡²¨§±¨¥ ¶ ·Ò ¸ P 2/2π = 3; 3,0046 ¨ P 2/2π = 4; 4,0066, ¢ Éµ ¢·¥³Ö
± ± ¤·Ê£¨¥ ¸µ¸ÉµÖ´¨Ö ´  ·¨¸. 6 Ö¢²ÖÕÉ¸Ö ´¥¢Ò·µ¦¤¥´´Ò³¨ (´¥ ÊÎ¨ÉÒ¢ ÕÉ¸Ö
É·¨¢¨ ²Ó´Ò¥ ¢Ò·µ¦¤¥´¨Ö ¶µ ¢¥·Ì´¥³Ê ¨´¤¥±¸Ê S3 = −S · · ·S ¨ ´ ¶· ¢²¥´¨Õ
Pµ). ‘¶¥±É· ¢ÒÎ¨¸²¥´ ¤²Ö §´ Î¥´¨° c1 = 2, c2 = 4, c3 = 0. Œ¥´ÓÏ¨¥ §´ Î¥-
´¨Ö c1, c2 ¸µµÉ¢¥É¸É¢ÊÕÉ ¡	µ²ÓÏ¨³ ´¥²¨´¥°´µ¸ÉÖ³ ¢ ¸¶¥±É·¥, ¢ Éµ ¢·¥³Ö ± ±
¡	µ²ÓÏ¨¥ §´ Î¥´¨Ö c1, c2 ¤¥² ÕÉ ¸¶¥±É· ¡µ²¥¥ ²¨´¥°´Ò³ ¨ ¡²¨§±¨³ ± ¸¶¥±É·Ê

(L(2)
0 , A

(2)
3 � 0). �Éµ ¶µ¢¥¤¥´¨¥ Ì · ±É¥·¨§Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ²¥³³ ³¨, £¤¥

¤²Ö Ö¸´µ¸É¨ Ëµ·³Ê²¨·µ¢µ± ³Ò § Ë¨±¸¨·µ¢ ²¨ c3 = 0.
‹¥³³  12. Cµ¸ÉµÖ´¨Ö ¨§ É ¡². 2  ´´Ê²¨·ÊÕÉ¸Ö α+

2 ¨ ¨³¥ÕÉ Í¥²µÎ¨¸²¥´-
´Ò° P 2/2π.

’ ¡²¨Í  2. Cµ¡¸É¢¥´´Ò¥ ¢¥±Éµ·Ò ¸ P 2/2π ∈ Z

P 2/2π = L
(2)
0 S = S3 = A

(2)
3

∣
∣{nk}

〉

0 0
∣
∣0
〉

2 0
∣
∣111−1

〉

4 0
∣
∣212−1

〉

1 1
∣∣11

〉

3 1
∣∣13

〉
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‹¥³³  13 (¢¥¤ÊÐ¨° Î²¥´). CµÌ· ´¨³ ¢ α+
2 Éµ²Ó±µ ¢¥¤ÊÐ¨° (1/ñ1)-Î²¥´:

α+
2 |n=1 = (−Σ− + S−/γ)/ñ1. ‘µ¸ÉµÖ´¨Ö ¸ ¶¥·¢ÒÌ ¤¢ÊÌ ·¥¤¦¥¢¸±¨Ì É· -

¥±Éµ·¨°  ´´Ê²¨·ÊÕÉ¸Ö α+
2 |n=1. ‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¶¥·¢Ò¥ ¤¢¥ ·¥¤¦¥¢-

¸±¨¥ É· ¥±Éµ·¨¨ µ¡² ¤ ÕÉ Í¥²µÎ¨¸²¥´´Ò³ P 2/2π ¨ Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨:
P 2/2π = S + k, k = 0, 2.

‹¥³³  14. B ¶·¥¤¥²¥ 1 	 c2
1 	 c2 	 c4

1 ¸¶¥±É· (P 2/2π, S) ¸É·¥³¨É¸Ö ±

¸¶¥±É·Ê (L(2)
0 , A

(2)
3 � 0).

‡ ³¥Î ´¨¥. �¥·¢ Ö ·¥¤¦¥¢¸± Ö É· ¥±Éµ·¨Ö ¸µµÉ¢¥É¸É¢Ê¥É ¶·Ö³µ²¨´¥°-
´µ³Ê ·¥Ï¥´¨Õ ´  ¸¥¢¥·´µ³ ¶µ²Õ¸¥ (6), ¤ ²Ó´¥°Ï¨¥ É· ¥±Éµ·¨¨ ¸µµÉ¢¥É-
¸É¢ÊÕÉ · §²µ¦¥´¨Õ (11) ¢ µ±·¥¸É´µ¸É¨ ¸¥¢¥·´µ£µ ¶µ²Õ¸ . Š² ¸¸¨Î¥¸±¨ ¨³¥-
ÕÉ¸Ö ± ²¨¡·µ¢µÎ´µ-Ô±¢¨¢ ²¥´É´Ò¥ ·¥Ï¥´¨Ö ¢¡²¨§¨ Õ¦´µ£µ ¶µ²Õ¸  ¨ Ô±¢ -
Éµ· , ±µÉµ·Ò¥ µ¡² ¤ ÕÉ É¥³¨ ¦¥ ¸ ³Ò³¨ (P 2, S). ‚ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ³Ò
´¥ ¢¨¤¨³ ÔÉ¨Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ ·¥Ï¥´¨° ¢ ¸¶¥±É·¥. ‚ Î ¸É´µ¸É¨, ¶¥·¢ Ö ·¥¤-
¦¥¢¸± Ö É· ¥±Éµ·¨Ö Ö¢²Ö¥É¸Ö ´¥¢Ò·µ¦¤¥´´µ°. ŒÒ § ±²ÕÎ ¥³, ÎÉµ Ô±¢¨¢ ²¥´É-
´µ¸ÉÓ ³¥¦¤Ê ÔÉ¨³¨ ·¥Ï¥´¨Ö³¨ É¥·Ö¥É¸Ö ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥. ‘¶¥±É·Ò ¤²Ö
¤µ¶µ²´¨É¥²Ó´ÒÌ ·¥Ï¥´¨° ³µ£ÊÉ ¡ÒÉÓ ¸³¥Ð¥´Ò ¢ µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì ³ ¸¸, ±¢ ´-
Éµ¢Ò¥ · §²µ¦¥´¨Ö (18) ³µ£ÊÉ ¤ ¦¥ · ¸Ìµ¤¨ÉÓ¸Ö ´  ÔÉ¨Ì ·¥Ï¥´¨ÖÌ. „¥°¸É¢¨-
É¥²Ó´µ, ±² ¸¸¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¢ µ±·¥¸É´µ¸É¨ ¸¥¢¥·´µ£µ ¶µ²Õ¸  (6) µ¡² ¤ ÕÉ
¡µ²ÓÏ¨³ n1 ¨ ³ ²Ò³¨ nk, k ∈ Z/{0, 1,±2}, µ¡¥¸¶¥Î¨¢ Ö ¸Ìµ¤¨³µ¸ÉÓ (1/n1)-
· §²µ¦¥´¨Ö (11). ‚ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¸Ìµ¤¨³µ¸ÉÓ · §²µ¦¥´¨Ö (18) µ¡¥¸¶¥-

Î¨¢ ¥É¸Ö ±µ´¥Î´Ò³ Î¨¸²µ³ § ¶µ²´¥´´ÒÌ ³µ¤ ¢ (L(2)
0 � N)-¶·µ¸É· ´¸É¢ Ì ¨

´µ·³ ²Ó´Ò³ Ê¶µ·Ö¤µÎ¥´¨e³ µ¶¥· Éµ·µ¢. „²Ö ·¥Ï¥´¨° ¢¡²¨§¨ Õ¦´µ£µ ¶µ²Õ¸ 
n1 → 0, ¨ ¨¸¶µ²Ó§µ¢ ´¨e (1/n1)-· §²µ¦¥´¨° ¶·µ¡²¥³ É¨Î´µ. Œµ¦´µ ¨¸¶µ²Ó-
§µ¢ ÉÓ (1/n−1)-· §²µ¦¥´¨Ö ¨ ¶µ¸É·µ¨ÉÓ Ê¸²µ¢¨¥ ³ ¸¸µ¢µ° ¶µ¢¥·Ì´µ¸É¨,  ²Ó-
É¥·´ É¨¢´µ¥ (19), µ¤´ ±µ ÔÉ¨ µ¶·¥¤¥²¥´¨Ö ¡Ê¤ÊÉ ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î ÉÓ¸Ö ´ 
±¢ ´Éµ¢µ³ Ê·µ¢´¥ ¨ Ë ±É¨Î¥¸±¨ ¸µ§¤ ¤ÊÉ ¤¢¥ · §²¨Î´Òe É¥µ·¨¨. „²Ö ·¥Ï¥-
´¨° ´  Ô±¢ Éµ·¥ ¢µ§¡Ê¦¤¥´µ ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ µ¸Í¨²²ÖÉµ·´ÒÌ ³µ¤, ¨ ¤²Ö
ÔÉ¨Ì ·¥Ï¥´¨° ¸Ìµ¤¨³µ¸ÉÓ · §²µ¦¥´¨° ´¥ £ · ´É¨·Ê¥É¸Ö ´¨ ´  ±² ¸¸¨Î¥¸±µ³,
´¨ ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥. �É   ·£Ê³¥´É Í¨Ö µ¡ÑÖ¸´Ö¥É, ¶µÎ¥³Ê ¨¸¶µ²Ó§µ¢ ´¨¥
(1/n1)-· §²µ¦¥´¨° ¢ µ±·¥¸É´µ¸É¨ ¸¥¢¥·´µ£µ ¶µ²Õ¸  ¸µÌ· ´Ö¥É Éµ²Ó±µ µ¤´Ê
£·¨¡µ¢¸±ÊÕ ±µ¶¨Õ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨.

‡�Š‹�—…�ˆ…

‚ ¤ ´´µ° · ¡µÉ¥ ³Ò ¶µ¸É·µ¨²¨ ±¢ ´Éµ¢ÊÕ É¥µ·¨Õ µÉ±·ÒÉµ° ¸É·Ê´Ò
� ³¡ÊÄƒµÉµ ¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ · §³¥·´µ¸É¨ d = 4. �¡Ð¨° ¶µ¤Ìµ¤
¸µ¸Éµ¨É ¢ ¢Ò¡µ·¥ ± ²¨¡·µ¢±¨ ¸¢¥Éµ¢µ£µ ±µ´Ê¸  ¸ µ¸ÓÕ ± ²¨¡·µ¢±¨, ¸¢Ö§ ´´µ°
²µ·¥´Í-¨´¢ ·¨ ´É´Ò³ µ¡· §µ³ ¸ ³¨·µ¢Ò³ ²¨¸Éµ³. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥ £·Ê¶¶  ‹µ-
·¥´Í  ¶·¥µ¡· §Ê¥É ³¨·µ¢µ° ²¨¸É ¢³¥¸É¥ ¸ µ¸ÓÕ ± ²¨¡·µ¢±¨ ¨ ´¥ ¸µ¶·µ¢µ¦¤ -
¥É¸Ö ·¥¶ · ³¥É·¨§ Í¨Ö³¨. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ É¥µ·¨Ö ¸É ´µ¢¨É¸Ö ¸¢µ¡µ¤´µ°
µÉ  ´µ³ ²¨° ± ± ¢ £·Ê¶¶¥ ‹µ·¥´Í , É ± ¨ ¢ £·Ê¶¶¥ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°
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¸¨¸É¥³Ò. �µ¸É·µ¥´´ Ö ±¢ ´Éµ¢ Ö É¥µ·¨Ö µ¡² ¤ ¥É ¸¶¨´-³ ¸¸µ¢Ò³ ¸¶¥±É·µ³ ¸
·¥¤¦¥¢¸±¨³ ¶µ¢¥¤¥´¨¥³.

�¥±µÉµ·Ò¥ ¶·µ¡²¥³Ò ¢¸¥ ¥Ð¥ ¨³¥ÕÉ¸Ö ¢ ÔÉµ° É¥µ·¨¨, ±µÉµ·Ò¥, ¢¶·µ-
Î¥³, ´¥ ¶·¥¶ÖÉ¸É¢ÊÕÉ ¥¥ ¨¸¶µ²Ó§µ¢ ´¨Õ, ´ ¶·¨³¥·, ¤²Ö ¶µ¸É·µ¥´¨Ö ¸É·Ê´-
´ÒÌ ³µ¤¥²¥°  ¤·µ´µ¢. �µ²ÊÎ¥´´Ò¥ ¢ ¤ ´´µ° É¥µ·¨¨ ·¥§Ê²ÓÉ ÉÒ § ¢¨¸ÖÉ µÉ
Ê¶µ·Ö¤µÎ¥´¨Ö µ¶¥· Éµ·µ¢ ¨ ¤·Ê£¨Ì ¤¥É ²¥° ¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö. ’¥µ·¨Ö
´¥ ¸µ¤¥·¦¨É  ²£¥¡· ¨Î¥¸±¨Ì  ´µ³ ²¨°, ´µ µ¡² ¤ ¥É µ¸µ¡¥´´µ¸ÉÖ³¨, ±µÉµ-
·Ò¥ ³µ¦´µ ´ §¢ ÉÓ ¸¶¥±É· ²Ó´Ò³¨  ´µ³ ²¨Ö³¨. ‚ Î ¸É´µ¸É¨, £ ³¨²ÓÉµ´¨ ´
P 2/2π, ±² ¸¸¨Î¥¸±¨ ¶·µ¨§¢µ¤ÖÐ¨° 2π-¶¥·¨µ¤¨Î¥¸±ÊÕ Ô¢µ²ÕÍ¨Õ, ¢ ±¢ ´Éµ-
¢µ° É¥µ·¨¨ § ¢¨¸¨É µÉ ¶· ¢¨² Ê¶µ·Ö¤µÎ¥´¨Ö ¨ ´¥ µ¡² ¤ ¥É ¸É·µ£µ Ô±¢¨¤¨¸É ´É-
´Ò³ ¸¶¥±É·µ³. „ ´´µ¥ ¸¢µ°¸É¢µ ´¥ ¸µ§¤ ¥É ¶·µ¡²¥³ ¤²Ö  ¤·µ´´ÒÌ ³µ¤¥²¥°, ¢
±µÉµ·ÒÌ ÔÉµÉ ¸¶¥±É· ¶µ¤¢¥·£ ¥É¸Ö Ë¥´µ³¥´µ²µ£¨Î¥¸±¨³ ¶µ¶· ¢± ³ ¨ Ô±¸¶¥-
·¨³¥´É ²Ó´µ É ±¦¥ ´¥ Ö¢²Ö¥É¸Ö ¸É·µ£µ Ô±¢¨¤¨¸É ´É´Ò³. Š·µ³¥ Éµ£µ, É¥µ·¨Ö
µ¡² ¤ ¥É Éµ¶µ²µ£¨Î¥¸±¨³ ¤¥Ë¥±Éµ³, ¶·µÖ¢²ÖÕÐ¨³¸Ö ± ± ¤¨¸±·¥É´ Ö ± ²¨¡·µ-
¢µÎ´ Ö ¸¨³³¥É·¨Ö, µÉµ¦¤¥¸É¢²ÖÕÐ Ö ÉµÎ±¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ (£·¨¡µ¢-
¸±¨¥ ±µ¶¨¨). �É  ±² ¸¸¨Î¥¸± Ö ¸¨³³¥É·¨Ö ¸¢Ö§ ´  ¸ ¤¨¸±·¥É´µ° ´¥²¨´¥°´µ°
·¥¶ · ³¥É·¨§ Í¨¥° ³¨·µ¢µ£µ ²¨¸É  ¨ ´¥ ¸µÌ· ´Ö¥É¸Ö ´  ±¢ ´Éµ¢µ³ Ê·µ¢´¥.
‚ ´ Ï¥³ ¶µ¸É·µ¥´¨¨ ³Ò ¨¸¶µ²Ó§µ¢ ²¨ · §²µ¦¥´¨e ¢ µ±·¥¸É´µ¸É¨ µ¤´µ° £·¨-
¡µ¢¸±µ° ±µ¶¨¨, É ±¨³ µ¡· §µ³ ¢Ò¤¥²¨¢ ¥¥ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨. ŒÒ É ±¦¥
¶µ± § ²¨, ÎÉµ ¢¥¤ÊÐ¥£µ Î²¥´  · §²µ¦¥´¨Ö, ±µÉµ·Ò° ¨³¥¥É ³¨´¨³ ²Ó´ÊÕ ´¥-
µ¤´µ§´ Î´µ¸ÉÓ Ê¶µ·Ö¤µÎ¥´¨Ö ¨ ´ ¨¡µ²¥¥ ¶·µ¸É ¤²Ö ¢ÒÎ¨¸²¥´¨°, ¤µ¸É ÉµÎ´µ,
ÎÉµ¡Ò ¢µ¸¶·µ¨§¢¥¸É¨ ·¥¤¦¥¢¸±µ¥ ¶µ¢¥¤¥´¨¥ ¸¶¥±É· . �· ±É¨Î¥¸±¨ ³µ¦´µ ¸µ-
Ì· ´¨ÉÓ ÔÉµÉ Î²¥´ ¤²Ö µ¶¨¸ ´¨Ö µ¸´µ¢´µ£µ ÔËË¥±É  ¨ ¢±²ÕÎ¨ÉÓ ¤ ²Ó´¥°-
Ï¨¥ Î²¥´Ò ¢ ¢¨¤¥ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶µ¶· ¢µ±, ´ ·Ö¤Ê ¸ ¢±² ¤ ³¨ ¤·Ê£µ£µ
·µ¤  [7Ä15], ¨¸ÉµÎ´¨± ³¨ ±µÉµ·ÒÌ Ö¢²ÖÕÉ¸Ö ´¥´Ê²¥¢ Ö Éµ²Ð¨´  £²Õµ´´µ°
É·Ê¡±¨, ³ ¸¸Ò ¨ § ·Ö¤Ò ±¢ ·±µ¢, ¸¶¨´-µ·¡¨É ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¨ É. ¤.
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