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�μ± § ´μ, ÎÉμ μ¤´μ³¥·´ Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö ³μ¤¥²¨·Ê¥É¸Ö Í¥¶μÎ±μ° ±² ¸¸¨Î¥¸±¨Ì μ¸-
Í¨²²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ³¥·  ƒ¨¡¡¸  μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ³¥·μ° μ¡Ñ¥³  Ë §μ¢μ£μ
¶·μ¸É· ´¸É¢ ,   Í¥¶μÎ±  ´ Ìμ¤¨É¸Ö ¢ ´¥· ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨. Š¢ ´Éμ¢ ´´Ò¥ ¸É·Ê´Ò ¨ p-¡· ´Ò
É ±¦¥ ³μ¤¥²¨·ÊÕÉ¸Ö Ê¶μ·Ö¤μÎ¥´´Ò³¨ ¸¨¸É¥³ ³¨ μ¸Í¨²²ÖÉμ·μ¢. �μ¸É·μ¥´  ³μ¤¥²Ó μ¤´μ³¥·´μ£μ
¸Ê¶¥·¶·μ¸É· ´¸É¢ . �μ± § ´μ, ÎÉμ ¸Ê¶¥·¸É·Ê´  � ³μ´ Ä�¥¢¥Ä˜¢ ·Í  ¶μ²ÊÎ ¥É¸Ö ¢ ·¥§Ê²ÓÉ É¥
§ ±·ÊÎ¨¢ ´¨Ö ¢ ¸¶¨· ²Ó ¡μ§μ´´μ° ¸É·Ê´Ò ¢ ³´μ£μ³¥·´μ³ ¶·μ¸É· ´¸É¢¥. ”¨§¨Î¥¸±μ¥ 3-³¥·´μ¥
¶·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²Ö¥É¸Ö É·¥Ì³¥·´μ° ¸É·Ê±ÉÊ·μ°, ¶μ¸É·μ¥´´μ° ¨§ ¸Ê¶¥·¸É·Ê´ (®¸¥ÉÓ¯), ±μÉμ-
· Ö μ¶¨¸Ò¢ ¥É¸Ö ´¥±μÉμ·Ò³ ² £· ´¦¨ ´μ³. ’¥³ ¸ ³Ò³ ¤μ¸É¨£ ¥É¸Ö ¥¤¨´μ¥ μ¶¨¸ ´¨¥ ¢¸¥Ì ¢§ ¨-
³μ¤¥°¸É¢¨°, ¢±²ÕÎ Ö £· ¢¨É Í¨μ´´μ¥, ¶μ¸±μ²Ó±Ê ¢μ§¡Ê¦¤¥´¨Ö ¸Ê¶¥·¸É·Ê´ ¸μ¤¥·¦ É ¢¸¥ ¶μ²Ö.
‚¢¨¤Ê ¤¨¸±·¥É´μ¸É¨ ¨¸Ìμ¤´μ° ¸É·Ê±ÉÊ·Ò É¥μ·¨Ö ¸¢μ¡μ¤´  μÉ Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°.
�¥μÉÑ¥³²¥³Ò° Ô²¥³¥´É ³μ¤¥²¨ Å ¶μÖ¢²¥´¨¥ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ¢ £· ¢¨É Í¨μ´´ÒÌ
Ê· ¢´¥´¨ÖÌ. �·¥¤²μ¦¥´  ³μ¤¥²Ó Î¥·´μ° ¤Ò·Ò, ¤ ÕÐ Ö · §Ê³´Ò¥ ¢¥²¨Î¨´Ò ¤²Ö ¥¥ É¥³¶¥· ÉÊ·Ò
¨ Ô´É·μ¶¨¨.

It is shown that 1D quantum ˇeld theory can be considered as a chain of classical oscillators
in a thermostat under assumptions that the Gibbs distribution measures the phase space volume, and
the chain is in the non-equilibrium state. Strings and p-branes are also considered as ordered sets of
oscillators. A model of 1D superspace is given. The RamonÄNeveuÄSchwarz superstring is modeled
by a helix formed of a bosonic string in a multidimensional space. Physical 3D space is considered
as a structure made of superstrings (a 3D ®net¯); it is described by some supersymmetric Lagrangian.
In fact this model gives uniˇcation of all interactions, including gravitational one. Appearance of the
cosmological constant in the gravitational equations is a speciˇc feature of the model. A model of
black hole giving reasonable values for temperature and entropy of the latter is proposed.

PACS: 12.10.-g; 11.25.-w; 04.50.+h
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¸É ´μ¢¨É¸Ö Ö¸´μ, ÎÉμ ±²ÕÎ ± £² ¢´Ò³ ¶·μ¡²¥³ ³ ¸μ-
¢·¥³¥´´μ° Ë¨§¨±¨ (¶·¨·μ¤  ±¢ ´Éμ¢μ£μ μ¶¨¸ ´¨Ö, ±¢ ´Éμ¢ Ö £· ¢¨É Í¨Ö) ¸²¥-
¤Ê¥É ¨¸± ÉÓ ¢ Ë¨§¨±¥ ´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ. ‚ ÔÉμ³ ´ ¶· ¢²¥´¨¨ Ê¦¥
¶·μ¤¥² ´  μ£·μ³´ Ö · ¡μÉ  Å ¨³¥¥É¸Ö ¢ ¢¨¤Ê ¶·μ£· ³³  ¸Ê¶¥·¸É·Ê´ [1], ¶·¥-
É¥´¤ÊÕÐ Ö ´  ¸μ§¤ ´¨¥ É¥μ·¨¨ ®¢¸¥£μ ¸ÊÐ¥£μ¯, ¢±²ÕÎ Ö ±¢ ´Éμ¢ÊÕ É¥μ·¨Õ

∗� ¸Ï¨·¥´´Ò° ¢ ·¨ ´É ²¥±Í¨°, ¶·μÎ¨É ´´ÒÌ ´  Œ¥¦¤Ê´ ·μ¤´μ° Ï±μ²¥ Ë¨§¨±¨
¨³. ‚.�.”μ±  (‘ ´±É-�¥É¥·¡Ê·£, 2004 £.).
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£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �·μ£· ³³  ¨¸Ìμ¤¨É ¨§ £¨¶μÉ¥§Ò, ÎÉμ ´  ¶² ´±μ¢¸±¨Ì
· ¸¸ÉμÖ´¨ÖÌ l ∼ lP = 1, 6 · 10−33 ¸³ ³ É¥·¨Ö ¶·μÖ¢²Ö¥É ¸¥¡Ö ¢ Ëμ·³¥ ¸Ê¶¥·-
¸É·Ê´ Å μ¤´μ³¥·´ÒÌ μ¡Ñ¥±Éμ¢ ¢ ³´μ£μ³¥·´ÒÌ ¶·μ¸É· ´¸É¢ Ì, μ¶¨¸Ò¢ ¥³ÒÌ
¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ ² £· ´¦¨ ´μ³. „ ´´ Ö ÉμÎ±  §·¥´¨Ö ¶μ²ÊÎ¨²  ¸¥·Ó¥§´ÊÕ
¶μ¤¤¥·¦±Ê ¢ É¥μ·¨¨ Î¥·´ÒÌ ¤Ò· (¢ · ³± Ì É¥μ·¨¨ ¸Ê¶¥·¸É·Ê´ ¡Ò²μ ¶μ²ÊÎ¥´μ
¶· ¢¨²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´É·μ¶¨¨ Î¥·´μ° ¤Ò·Ò [2]). �μ¶ÒÉ±¨ ¸μ¢³¥¸É¨ÉÓ
±¢ ´Éμ¢ÊÕ É¥μ·¨Õ ¨ £· ¢¨É Í¨Õ ¶·¨¢¥²¨ ± ¤μ¢μ²Ó´μ ´¥μ¦¨¤ ´´Ò³ ¢Ò¢μ¤ ³.
„¥²μ ¢ Éμ³, ÎÉμ Ì · ±É¥·´Ò³ Ô²¥³¥´Éμ³ É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö Ö¢²ÖÕÉ¸Ö Î¥·´Ò¥
¤Ò·Ò. ‘μ£² ¸´μ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ É ±¨¥ μ¡Ñ¥±ÉÒ ³μ£ÊÉ ´¥ Éμ²Ó±μ ¶μ£²μ-
Ð ÉÓ Î ¸É¨ÍÒ, ´μ ¨ ¨¸¶Ê¸± ÉÓ ¨Ì ± ±  ¡¸μ²ÕÉ´μ Î¥·´μ¥ É¥²μ [3]. �·¨ ÔÉμ³,
μÎ¥¢¨¤´μ, É¥·Ö¥É¸Ö ¨´Ëμ·³ Í¨Ö Å ¢ ¶·μÉ¨¢μ·¥Î¨¨ ¸ μ¸´μ¢ ³¨ ±¢ ´Éμ¢μ° ³¥-
Ì ´¨±¨ (¸ ³μ¸μ¶·Ö¦¥´´Ò° £ ³¨²ÓÉμ´¨ ´ £ · ´É¨·Ê¥É Ê´¨É ·´μ¸ÉÓ μ¶¥· Éμ· 
Ô¢μ²ÕÍ¨¨). �´ ²¨§ ¶·μ¡²¥³Ò ¶·¨¢¥² 'É •μμËÉ  [4] ± ¢Ò¢μ¤Ê, ÎÉμ ´¥μ¡Ìμ¤¨³μ:
1) μ¡· É¨ÉÓ¸Ö ± É¥μ·¨¨ ´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ, 2) ¶·¥¤¶μ²μ¦¨ÉÓ ¤¨¸-
±·¥É´μ¸ÉÓ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸É·Ê±ÉÊ·, 3) ¶μ¸ÉÊ²¨·μ¢ ÉÓ ´  ¶² ´±μ¢¸±¨Ì · ¸-
¸ÉμÖ´¨ÖÌ ¤¥É¥·³¨´¨§³ (±² ¸¸¨Î¥¸±ÊÕ Ë¨§¨±Ê), 4) ¤μ¶Ê¸É¨ÉÓ ¤¨¸¸¨¶ É¨¢´Ò¥
¶·μÍ¥¸¸Ò.

‚ · ¡μÉ¥ [5] ¶·¥¤²μ¦¥´  ³μ¤¥²Ó, ¤¥³μ´¸É·¨·ÊÕÐ Ö ¢μ§³μ¦´μ¸ÉÓ ¶μÖ¢²¥-
´¨Ö ±¢ ´Éμ¢μ£μ μ¶¨¸ ´¨Ö ¢ · ³± Ì ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ (±² ¸¸¨Î¥¸± Ö ³¥-
Ì ´¨± , ¸É ´¤ ·É´ Ö É¥μ·¨Ö ¢¥·μÖÉ´μ¸É¥°). �É¶· ¢´Ò³ ¶Ê´±Éμ³ · ¡μÉÒ ¡Ò²μ
¢±²ÕÎ¥´¨¥ ¢ É¥μ·¨Õ Ô²¥³¥´É ·´μ° ¸¨¸É¥³Ò ¸ ±μ³¶ ±É´Ò³ Ë §μ¢Ò³ ¶·μ¸É· ´-
¸É¢μ³ (”�). ‚ÒÖ¸´¥´μ ¸²¥¤ÊÕÐ¥¥: 1) ¢ É¥μ·¨¨ ¶μÖ¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´ Ö
¶μ¸ÉμÖ´´ Ö · §³¥·´μ¸É¨ ¤¥°¸É¢¨Ö (μ¡Ñ¥³ ¤¢Ê³¥·´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ),
±μÉμ· Ö μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¶μ¸ÉμÖ´´μ° �² ´±  h, 2) ¥¸²¨ ”� ¥¸ÉÓ ¸Ë¥· , Éμ
¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö ¢¥·μÖÉ´μ¸É´μ¥ μ¶¨¸ ´¨¥ (´  ¸Ë¥·¥ · ¤¨Ê¸ 
R ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´μ¥ ¨´¢ ·¨ ´É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨, § ¤ ¢ ¥-
³μ¥ ¶²μÉ´μ¸ÉÓÕ p = 1/4πR2), 3) ¸¨¸É¥³  ®Î ¸É¨Í  ¸μ ¸Ë¥·¨Î¥¸±¨³ ”�¯
Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ ®£ ·³μ´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ· ¢ É¥·³μ¸É É¥¯, 4) ¸²ÊÎ °-
´Ò¥ ¢¥²¨Î¨´Ò É ±μ° ¸¨¸É¥³Ò μ¡· §ÊÕÉ ¶·μ¸É· ´¸É¢μ ”μ±  ¤²Ö μ¸Í¨²²ÖÉμ· ,
5) ¢μ§¡Ê¦¤¥´¨Ö Í¥¶μÎ±¨ ¶μ¤μ¡´ÒÌ μ¸Í¨²²ÖÉμ·μ¢ μ¶¨¸Ò¢ ÕÉ¸Ö  ³¶²¨ÉÊ¤ ³¨
¢¥·μÖÉ´μ¸É¨, 6) Î ¸É¨Í  ¥¸ÉÓ ±¢ ´É ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶μ²Ö,   ¥¥ ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö μ¶¨¸Ò¢ ¥É μ¤´μÎ ¸É¨Î´μ¥ ¢μ§¡Ê¦¤¥´¨¥ ¶μ²Ö. ‚ ¤ ²Ó´¥°Ï¥³ ¢ÒÖ¸-
´¨²μ¸Ó, ÎÉμ  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ ¶μÖ¢²ÖÕÉ¸Ö ¶·¨ μ¶¨¸ ´¨¨ ±¢ §¨· ¢´μ-
¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ (É. ¥. ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°
¸ ¡μ²ÓÏ¨³ ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨) [6].

�± §Ò¢ ¥É¸Ö, ÎÉμ ¤ ´´Ò° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É ¶μ¸É·μ¨ÉÓ ³μ¤¥²¨ ¶μ²Ö, ¸É·Ê-
´Ò, ¸Ê¶¥·¸É·Ê´Ò ¨ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  ± ± ³´μ£μ³¥·´μ° ¸¥É¨, ¸μ¸É ¢-
²¥´´μ° ¨§ ¸Ê¶¥·¸É·Ê´ (D1-¡· ´). �μ¤Î¥·±´¥³, ÎÉμ ¶·¥¤² £ ¥³ Ö ³μ¤¥²Ó ¶·μ-
¸É· ´¸É¢  ¶μ§¢μ²Ö¥É ·¥Ï¨ÉÓ ·Ö¤ É·Ê¤´ÒÌ ¶·μ¡²¥³.

1) �¥Ï ¥É¸Ö ¶·μ¡²¥³  Éμ£μ, ± ± ¸μμÉ´μ¸ÖÉ¸Ö ³¥¦¤Ê ¸μ¡μ° ¸É·Ê´Ò ¨ ¶·μ-
¸É· ´¸É¢μ (¶·μ¡²¥³  ¢ Éμ³, ÎÉμ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¸É·Ê´Ò ¤¢¨¦ÊÉ¸Ö ¢ ¶·μ-
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¸É· ´¸É¢¥, ¸ ¤·Ê£μ° Å ¸·¥¤¨ ¨Ì ¢μ§¡Ê¦¤¥´¨° ¨³¥ÕÉ¸Ö ±¢ ´ÉÒ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö).

2) ˆ¸Î¥§ ¥É ¶·μ¡²¥³  ±μ³¶ ±É¨Ë¨± Í¨¨ ¶μ¤¶·μ¸É· ´¸É¢  ¤μ¶μ²´¨É¥²Ó-
´ÒÌ · §³¥·´μ¸É¥° (¢μ§¡Ê¦¤¥´¨Ö ´¥ ³μ£ÊÉ ¶μ±¨´ÊÉÓ ¸¥ÉÓ).

3) �¥Ï ¥É¸Ö ¶·μ¡²¥³  μ¡Ñ¥¤¨´¥´¨Ö ¢¸¥Ì ¢§ ¨³μ¤¥°¸É¢¨°, ¢±²ÕÎ Ö £· ¢¨-
É Í¨μ´´μ¥ (¢μ§¡Ê¦¤¥´¨Ö ¸Ê¶¥·¸É·Ê´ ¶μ·μ¦¤ ÕÉ ¶μ²Ö ¸μ ¸¶¨´ ³¨ 1/2, 1, 2).

4) ‚¢¨¤Ê ¤¨¸±·¥É´μ¸É¨ ËÊ´¤ ³¥´É ²Ó´μ° ¸É·Ê±ÉÊ·Ò (¸Ê¶¥·¸É·Ê´Ò) ¢ É¥μ-
·¨¨ μÉ¸ÊÉ¸É¢ÊÕÉ Ê²ÓÉ· Ë¨μ²¥Éμ¢Ò¥ · ¸Ìμ¤¨³μ¸É¨.

5) �·μ¸É· ´¸É¢μ (¸¥ÉÓ) μ¶¨¸Ò¢ ¥É¸Ö ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ ² £· ´¦¨ ´μ³;
É¥³ ¸ ³Ò³ ¶·μÖ¸´Ö¥É¸Ö ¶·¨·μ¤  ¸Ê¶¥·¸¨³³¥É·¨¨.

�¨¦¥ μ¡¸Ê¦¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢μ¶·μ¸Ò. ‚ · §¤. 1 ¨§²μ¦¥´Ò μ¸´μ¢´Ò¥
³μ³¥´ÉÒ μ¶¨¸ ´¨Ö ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥. �μ-
± § ´μ, ÎÉμ · ¸¸³μÉ·¥´´ Ö ¢ [5] Í¥¶μÎ±  μ¸Í¨²²ÖÉμ·μ¢ ¢ ´¥· ¢´μ¢¥¸´μ³ ¸μ-
¸ÉμÖ´¨¨ ³μ¤¥²¨·Ê¥É μ¤´μ³¥·´ÊÕ ±¢ ´Éμ¢ÊÕ É¥μ·¨Õ ¸± ²Ö·´μ£μ ¶μ²Ö. ‚ ¸¢Ö§¨
¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ μ¡· Ð¥´¨Ö ± ±¨´¥É¨±¥ ¢¢μ¤ÖÉ¸Ö μ¡μ¡Ð¥´´Ò¥ ¸±μ¡±¨ �Ê ¸-
¸μ´ , ¤μ¶Ê¸± ÕÐ¨¥ μ¶¨¸ ´¨¥ ¶·μÍ¥¸¸  ¶·¥¢· Ð¥´¨Ö ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ-
´¨° ¸¨¸É¥³Ò ¢ · ¢´μ¢¥¸´Ò¥. Œμ¤¥²Ó ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó-
´μ£μ Î¨¸²  ¨§³¥·¥´¨°. �É¸Õ¤   ¢Éμ³ É¨Î¥¸±¨ ¶μ²ÊÎ ¥É¸Ö ³μ¤¥²Ó ¸É·Ê´Ò ± ±
±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ´  μÉ·¥§±¥. �·¨¢μ¤ÖÉ¸Ö ´¥μ¡Ìμ¤¨³Ò¥ ¸¢¥¤¥´¨Ö μ ¸É·Ê-
´ Ì ¨ ¡· ´ Ì (· §¤. 2). 	μ²¥¥ ´¥É·¨¢¨ ²Ó´μ° § ¤ Î¥° μ± §Ò¢ ¥É¸Ö ³μ¤¥²¨·μ-
¢ ´¨¥ ¸Ê¶¥·¸É·Ê´Ò. ‚ · §¤. 3 ¶μ± § ´μ, ÎÉμ ¸Ê¶¥·¸É·Ê´Ê ³μ¦´μ · ¸¸³ É·¨-
¢ ÉÓ ± ± μ¡ÒÎ´ÊÕ (¡μ§μ´´ÊÕ) ¸É·Ê´Ê, § ±·ÊÎ¥´´ÊÕ ¢ ¸¶¨· ²Ó. ˆ§ É·¥¡μ¢ ´¨Ö
Ê¸Éμ°Î¨¢μ¸É¨ ¸É·Ê´Ò (´¥μÉ·¨Í É¥²Ó´μ¸É¨ Ô´¥·£¨¨) ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢ÒÉ¥-
± ¥É ¶μÖ¢²¥´¨¥ ¢μ§¡Ê¦¤¥´¨° ¸ ³μ³¥´Éμ³ ¨³¶Ê²Ó¸  �/2. �¨§Ï¨¥ ±·Ê£μ¢Ò¥
¢μ§¡Ê¦¤¥´¨Ö ¸¶¨· ²¨ μ¶¨¸Ò¢ ÕÉ¸Ö  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨³¨ ¶¥·¥³¥´´Ò³¨. �·¨
ÔÉμ³ ¶·μÖ¸´Ö¥É¸Ö ¶·¨·μ¤  ®³μ·Ö „¨· ± ¯ ¨ · §·¥Ï ¥É¸Ö ¶ · ¤μ±¸, ¸¢Ö§ ´´Ò°
¸ Ô´¥·£¨¥° ¢ ±ÊÊ³  (Ô´¥·£¨Ö ®³μ·Ö „¨· ± ¯ μ± §Ò¢ ¥É¸Ö · ¢´μ° ´Ê²Õ). ‡ ±·Ê-
Î¥´´μ¸ÉÓ ¸¶¨· ²¨ ·¥Ï ¥É ¥Ð¥ μ¤´Ê ËÊ´¤ ³¥´É ²Ó´ÊÕ ¶·μ¡²¥³Ê Å ´ ·ÊÏ¥-
´¨¥ ±¨· ²Ó´μ° ¸¨³³¥É·¨¨; Ë¥·³¨μ´´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¨³¥ÕÉ §¤¥¸Ó ²¨ÏÓ μ¤´Ê
®¸¶¨· ²Ó´μ¸ÉÓ¯. ‚ · §¤. 4 Ë¨§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ É· ±ÉÊ¥É¸Ö ± ± 3-³¥·´ Ö
®¸¥ÉÓ¯, ¶μ¸É·μ¥´´ Ö ¨§ ¸Ê¶¥·¸É·Ê´. ‚Ò¶¨¸ ´ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ² £· ´¦¨ ´.
‘¥ÉÓ ¶·¥¤¶μ² £ ¥É¸Ö ¶μ³¥Ð¥´´μ° ¢ É¥·³μ¸É É. ’ ±¨³ μ¡· §μ³, Ë¨§¨Î¥¸±μ¥
¶·μ¸É· ´¸É¢μ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³ , Ô¢μ²ÕÍ¨Ö ±μÉμ·μ°
μ¶·¥¤¥²Ö¥É¸Ö ² £· ´¦¨ ´μ³. ‚μ§¡Ê¦¤¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò ¨ ¥¸ÉÓ ±¢ ´ÉÒ (É. ¥.
Î ¸É¨ÍÒ) ¢¸¥Ì ´ ¡²Õ¤ ¥³ÒÌ ¶μ²¥°, ¢±²ÕÎ Ö £· ¢¨É Í¨μ´´μ¥; Ë ±É¨Î¥¸±¨ ¤μ-
¸É¨£ ¥É¸Ö ¥¤¨´μ¥ μ¶¨¸ ´¨¥ ¢¸¥Ì ¶μ²¥°. �·¥¤²μ¦¥´  ³μ¤¥²Ó Î¥·´μ° ¤Ò·Ò, ¤ -
ÕÐ Ö · §Ê³´Ò¥ ¢¥²¨Î¨´Ò ¤²Ö Ô´É·μ¶¨¨, É¥³¶¥· ÉÊ·Ò •μ±¨´£  ¨ ´ ÉÖ¦¥´¨Ö
¸É·Ê´Ò (· §¤. 5). ‚¥¸Ó³  ´¥É·¨¢¨ ²Ó´Ò³ Ô²¥³¥´Éμ³ ¶·¥¤² £ ¥³μ£μ ¶μ¤Ìμ¤ ,
¨³¥ÕÐ¨³ ¤ ²¥±μ ¨¤ÊÐ¨¥ ¸²¥¤¸É¢¨Ö, Ö¢²Ö¥É¸Ö ´¥· ¢´μ¢¥¸´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¸¨-
¸É¥³Ò: ¢μ§¡Ê¦¤¥´¨¥ ¸¨¸É¥³Ò (μÉ±²μ´¥´¨¥ μÉ · ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö) ¨ ¥¸ÉÓ
Éμ, ÎÉμ ´ §Ò¢ ÕÉ ³ É¥·¨¥°,   Ô¢μ²ÕÍ¨Ö ¢μ§¡Ê¦¤¥´¨° μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ-
¤ ³¨ ¢¥·μÖÉ´μ¸É¨. �μ ´¥· ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸É·¥³ÖÉ¸Ö ± · ¢´μ¢¥¸´Ò³,
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É. ¥. ¨Ì ¢·¥³Ö ¦¨§´¨ μ¶·¥¤¥²Ö¥É¸Ö ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨ tr. �Éμ μ§´ Î ¥É,
ÎÉμ ³¨·, ±μÉμ·Ò° μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°, ¨³¥¥É ±μ´¥Î´μ¥ ¢·¥³Ö
¦¨§´¨. …¸²¨ ¥Ð¥ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ · ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥ ¤μ¸É¨£ ¥É¸Ö § 
¸Î¥É ¸¨²,  ´ ²μ£¨Î´ÒÌ ¸¨² ³ É·¥´¨Ö, Éμ ¢¸¥ ¡¥§³ ¸¸μ¢Ò¥ ¶μ²Ö ¶·¨μ¡·¥É ÕÉ
³ ¸¸Ê,   ¢ £· ¢¨É Í¨μ´´ÒÌ Ê· ¢´¥´¨ÖÌ ¶μÖ¢²Ö¥É¸Ö ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´-
´ Ö Λ ∼ t−2

r /2 (· §¤. 6).
‚ § ±²ÕÎ¨É¥²Ó´μ³ · §¤. 7 ¶μ¤¢μ¤ÖÉ¸Ö ¨Éμ£¨, μ¡¸Ê¦¤ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ

¶·μ¢¥·±¨ ´¥±μÉμ·ÒÌ ¸²¥¤¸É¢¨° ³μ¤¥²¨. ‚ ¶·¨²μ¦¥´¨¨ ¨§²μ¦¥´ ³¥Éμ¤ ±¢ ´-
Éμ¢ ´¨Ö ¸¨¸É¥³ ¸μ ¸¢Ö§Ö³¨ 2-£μ ·μ¤  (®³¥Éμ¤ ·¥¤Ê±Í¨¨¯), ¶·¨³¥´Ö¢Ï¨°¸Ö
¢ · §¤. 3.

1. Š‚��’�‚�Ÿ ’…��ˆŸ

‚ · ¡μÉ¥ [5] ¡Ò²μ ¶μ± § ´μ: ¥¸²¨ ”�-Î ¸É¨ÍÒ ¥¸ÉÓ ¸Ë¥· , Éμ É ± Ö ¸¨-
¸É¥³  ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¨²¨

1) ± ± ±² ¸¸¨Î¥¸± Ö £ ³¨²ÓÉμ´μ¢  É¥μ·¨Ö ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ, ¨²¨
2) ± ± μ¸Í¨²²ÖÉμ· ¢ É¥·³μ¸É É¥, Ì · ±É¥·¨§Ê¥³Ò° · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸ ,

¨²¨
3) ± ± ±¢ ´Éμ¢Ò° μ¸Í¨²²ÖÉμ·.
‚Ò¡μ· μ¶·¥¤¥²Ö¥É¸Ö ¶μ¸É ´μ¢±μ° § ¤ Î¨ (Ë¨§¨Î¥¸±¨³¨ Ê¸²μ¢¨Ö³¨). �Éμ

³μ¦¥É ¡ÒÉÓ § ¤ Î  μ ¤¢¨¦¥´¨¨ ±² ¸¸¨Î¥¸±μ° Î ¸É¨ÍÒ (±μ³¶ ±É´μ¥ ”�, £ -
³¨²ÓÉμ´μ¢  ³¥Ì ´¨± ) ¨²¨ § ¤ Î  μ¶¨¸ ´¨Ö μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ (¸É -
É¨¸É¨Î¥¸± Ö ³¥Ì ´¨± ). ‚ ¸²ÊÎ ¥ ¥¤¨´¸É¢¥´´μ£μ μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥
´¥É ´¨± ±μ° ´¥μ¡Ìμ¤¨³μ¸É¨ ¸¶¥Í¨ ²Ó´μ£μ ¶¥·¥Ìμ¤  ± ±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ.
�³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ μ± §Ò¢ ÕÉ¸Ö ¢μ¸É·¥¡μ¢ ´´Ò³¨ ¶·¨ μ¶¨¸ ´¨¨ ±¢ -
§¨· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ¡μ²ÓÏ¨³ ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨ [6]. ’ ±¨¥ ¸μ-
¸ÉμÖ´¨Ö ³μ£ÊÉ ¶μÖ¢¨ÉÓ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢´¥Ï´¨Ì ¢μ§¤¥°¸É¢¨° ¨²¨ Ë²Ê±ÉÊ Í¨°.
�·¥¦¤¥ Î¥³ ¶¥·¥Ìμ¤¨ÉÓ ± μ¶¨¸ ´¨Õ Í¥¶μÎ±¨ μ¸Í¨²²ÖÉμ·μ¢, ¢μ¸¶·μ¨§¢¥¤¥³
μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ μ¶¨¸ ´¨Ö ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° μ¤´μ£μ μ¸Í¨²²ÖÉμ· 
¢ É¥·³μ¸É É¥ [5, 6].

1.1. �³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨. �μ± ¦¥³, ÎÉμ  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ μ¶¨-
¸Ò¢ ÕÉ Ô¢μ²ÕÍ¨Õ ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²Ö-
Éμ·  ¢ É¥·³μ¸É É¥ [6]. �Ê¸ÉÓ

G(q, p) = h−1e−βH(q,p), H =
ω

2
(p2 + q2), β = 1/kT, h = 2π/βω, (1.1)

¥¸ÉÓ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  (k Å ¶μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ ). �μ·³¨·μ¢μÎ´ Ö · §-
³¥·´ Ö ¶μ¸ÉμÖ´´ Ö h (¥¤¨´¨Í  ¶²μÐ ¤¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ) ¥¸ÉÓ Ê´¨¢¥·-
¸ ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö É¥μ·¨¨ ¨ ¥¥ ³μ¦´μ ¡Ê¤¥É μÉμ¦¤¥¸É¢¨ÉÓ ¸ ¶μ¸ÉμÖ´´μ°
�² ´±  h.

…¸²¨ · ¸¸³μÉ·¥ÉÓ £ ³¨²ÓÉμ´μ¢Ê É¥μ·¨Õ, ¢ ±μÉμ·μ° ”� ¥¸ÉÓ ¸Ë¥·  · ¤¨Ê¸ 
R (±μμ·¤¨´ ÉÒ ϕ, θ, ¤¨ËË¥·¥´Í¨ ²Ó´ Ö 2-Ëμ·³  R2 sin θdϕ∧ dθ), Éμ ¶μ³¨³μ
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¸É¥·¥μ£· Ë¨Î¥¸±μ£μ μÉμ¡· ¦¥´¨Ö ¸Ë¥·Ò ´  ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ z ¨³¥¥É¸Ö
¸²¥¤ÊÕÐ¥¥, ³¥´¥¥ É·¨¢¨ ²Ó´μ¥ μÉμ¡· ¦¥´¨¥ [5]:

|z|2 = −(1/β) ln (2βR2 sin2 θ/2), arg z = ϕ,

±μÉμ·μ¥ ¶μ·μ¦¤ ¥É 2-Ëμ·³Ê
dz̄ ∧ dz

i
e−βz̄z .

�¥·¥³¥´´Ò¥ z, z̄ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±μ³¶²¥±¸´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥-
³¥´´Ò¥ z = (q + ip)/

√
2, z̄ = (q − ip)/

√
2; Éμ£¤  ÔÉ  2-Ëμ·³  § ¤ ¥É · ¸¶·¥-

¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö £ ³¨²ÓÉμ´¨ ´  (p2 + q2)/2 ¨ ³¥·Ê ¢ ”�. …£μ μ¡Ñ¥³ · ¢¥´
4πR2 = h, É. ¥. §¤¥¸Ó h ¥¸ÉÓ ËÊ´¤ ³¥´É ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö É¥μ·¨¨, Ì · ±É¥·¨-
§ÊÕÐ Ö ”�. ’¥³ ¸ ³Ò³ · ¸¶·¥¤¥²¥´¨¥ (1.1) ¤μ¶Ê¸± ¥É ±· ¸¨¢ÊÕ £¥μ³¥É·¨Î¥-
¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ,   ¶μ¸ÉμÖ´´ Ö h ¶·¨μ¡·¥É ¥É ´ £²Ö¤´Ò° £¥μ³¥É·¨Î¥¸±¨°
¸³Ò¸².

� ¸¶·¥¤¥²¥´¨¥ (1.1) § ¤ ¥É ¸²¥¤ÊÕÐÊÕ ³¥·Ê μ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥:

dμ(q, p) =
dq ∧ dp

h
e−βω(p2+q2)/2 = dμ(z̄, z) =

dz̄ ∧ dz

ih
e−z̄z/�,

(1.2)
H = ωz̄z, � =

h

2π
.

‘É·μ£μ £μ¢μ·Ö, (1.2) ¥¸ÉÓ ¡¨¢¥±Éμ·, ´μ, ¶μ¸±μ²Ó±Ê ”� ¥¸ÉÓ μ·¨¥´É¨·Ê¥³μ¥
³´μ£μμ¡· §¨¥, ÔÉ  É¥·³¨´μ²μ£¨Î¥¸± Ö ¢μ²Ó´μ¸ÉÓ ´¥ ¶·¨¢¥¤¥É ± ´¥¤μ· §Ê³¥-
´¨Ö³. ‚ ¶·¥μ¡· §μ¢ ´¨¨

(
z̄
z

)
= Û

(
q
p

)
, Û =

1√
2

(
1 −i
1 i

)
(1.3)

³ É·¨Í  Û Ê´¨É ·´  (Û+Û = 1), ¨ H ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

H =
ω

2

(
q
p

) (
1 0
0 1

) (
q
p

)
=

ω

2

(
z̄
z

)
U∗U+

(
z̄
z

)
=

=
ω

2

(
z̄
z

) (
0 1
1 0

) (
z̄
z

)
. (1.4)

�¤´ ±μ ¸±μ¡±¨ �Ê ¸¸μ´  ¢ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¢Ò£²Ö¤ÖÉ ¨´ Î¥:

{f, g} =
(

∂f

∂q

∂g

∂p
− ∂f

∂p

∂g

∂q

)
≡ ∂(f, g)

∂(q, p)
= i

∂(f, g)
∂(z̄, z)

, (1.5)

É. ¥. ¶·¥μ¡· §μ¢ ´¨¥ (q, p) → (z̄, z) ´¥ ¥¸ÉÓ ± ´μ´¨Î¥¸±μ¥ [6]. �¥·¥Ìμ¤ ±
±μ³¶²¥±¸´Ò³ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ ¢ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¨£· ¥É
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¶·¨´Í¨¶¨ ²Ó´ÊÕ ·μ²Ó ¢ ¢ÒÖ¢²¥´¨¨ ¥¥ ¸¢Ö§¨ ¸ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°∗ [8]. ‚
¸²ÊÎ ¥ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ²¨ÏÓ μ¤´¨³ ¨§ ¤¢ÊÌ
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö

ż = {z, H} = −iωz. (1.6)

‚Éμ·μ¥ Ê· ¢´¥´¨¥ ˙̄z = iωz̄ ¶μ²ÊÎ ¥É¸Ö ±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. Š¸É É¨,
ÔÉμ Å μ¤´  ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ μ¸μ¡¥´´μ¸É¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (ŠŒ): ¤μ-
¸É ÉμÎ´μ ´ °É¨ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ψ; ψ̄ ¶μ²ÊÎ ¥É¸Ö ±μ³-
¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. �·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´μ° ¥Ð¥ μ¤´  μ¸μ¡¥´´μ¸ÉÓ ±μ³-
¶²¥±¸´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ: ±μ··¥²ÖÍ¨Ö q ¨ p ¤²Ö μ¸Í¨²²ÖÉμ· 
· ¢´  ´Ê²Õ, Éμ£¤  ± ± ±μ··¥²ÖÍ¨Ö z̄ ¨ z μÉ²¨Î´  μÉ ´Ê²Ö.

Œ¥·  (1.2) § ¤ ¥É · ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ·  ¢ É¥·³μ¸É É¥. ‹Õ¡ Ö ¤·Ê£ Ö ³¥·  μp:

dμp = p(x)dμ, (x1, x2) = (q, p), p(x) � 0,

∫
dμp = 1,

μ¶¨¸Ò¢ ¥É ´¥±μÉμ·μ¥ ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ [9, ¸. 7]. �¥· ¢´μ¢¥¸´Ò¥
· ¸¶·¥¤¥²¥´¨Ö ³μ¦´μ £¥´¥·¨·μ¢ ÉÓ · §²¨Î´Ò³¨ ¸¶μ¸μ¡ ³¨, ´ ¶·¨³¥·, ¢ ·Ó¨-
·ÊÖ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ x. �·μ¨§¢μ²Ó´ Ö ¢ ·¨ Í¨Ö δx ¶·¥¤¸É ¢²Ö¥É¸Ö
¸Ê³³μ°

δx = δx⊥ + δx‖, (1.7)

£¤¥ δx⊥, ¶μ μ¶·¥¤¥²¥´¨Õ, ¸μÌ· ´Ö¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , É. ¥.

δH = ∇Hδx⊥ = 0. (1.8)

�¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ¢¨¤

δx⊥ = Ĵ∇Hδt, (1.9)

£¤¥ Ĵ Å ´¥±μÉμ· Ö  ´É¨¸¨³³¥É·¨Î´ Ö ³ É·¨Í ,   t Å ´¥±μÉμ·Ò° ¶ · ³¥É·.

�Éμ¦¤¥¸É¢²ÖÖ t ¸μ ¢·¥³¥´¥³ ¨ ¶μ² £ Ö Ĵ =
( 0 1

−1 0

)
, ´ Ìμ¤¨³, ÎÉμ (1.9)

¸μ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ ¤¢¨¦¥´¨Ö

ẋ = {x, H}, (1.10)

É. ¥. Ĵ § ¤ ¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëμ·³Ê ¢ ³¥Ì ´¨±¥ ƒ ³¨²ÓÉμ´ .

∗®‘¨¸É¥³Ê ±μμ·¤¨´ É ¢¸¥£¤  ³μ¦´μ ¢Ò¡· ÉÓ É ±, ± ± ´ ³ § ¡² £μ· ¸¸Ê¤¨É¸Ö, μ¤´ ±μ ¶μ²¥§-
´Ò³ ¨ Ê¤μ¡´Ò³ ÔÉμÉ ¢Ò¡μ· μ± ¦¥É¸Ö Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ±μ£¤  ¢Ò¡· ´´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É
´¥±¨³ ¸¶¥Í¨ ²Ó´Ò³ μ¡· §μ³ ¸¢Ö§ ´  ¸ ¢ ¦´Ò³¨  ¸¶¥±É ³¨ · ¸¸³ É·¨¢ ¥³μ° § ¤ Î¨¯ [7, ¸. 39].
‡¤¥¸Ó ·¥ÎÓ ¨¤¥É μ ±μμ·¤¨´ É Ì ¢ ”�.
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� ¶·μÉ¨¢, ¢ ·¨ Í¨¨ δx‖ ´¥ ¸μÌ· ´ÖÕÉ · ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥. ‚§Ö¢,
´ ¶·¨³¥·, ¢ ·¨ Í¨¨ z → z + c, ´ Ìμ¤¨³

dμ(z̄, z) → dμf (z̄, z) = |fc(z)|2dμ(z̄, z), fc(z) = e−c̄z/�e−c̄c/2�. (1.11)

Œ¥·  μf (z̄, z) μ¶¨¸Ò¢ ¥É ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥, ±μÉμ·μ¥ ¸ É¥Î¥´¨¥³
¢·¥³¥´¨ ¸É·¥³¨É¸Ö ± · ¢´μ¢¥¸´μ³Ê (|fc|2 → 1).

	Ê¤¥³ · §²¨Î ÉÓ ³ ²Ò¥ ¨ ¡μ²ÓÏ¨¥ ¤¥Ëμ·³ Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ .
Œ ²Ò¥ ¤¥Ëμ·³ Í¨¨ ¶μ·μ¦¤ ÕÉ ´μ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¸μ ¸É ·Ò³ £ ³¨²Ó-

Éμ´¨ ´μ³ (¸³. (1.11)).
�μ²ÓÏ¨¥ ¤¥Ëμ·³ Í¨¨ ¶μ·μ¦¤ ÕÉ · ¸¶·¥¤¥²¥´¨Ö ¸ ´μ¢Ò³ £ ³¨²ÓÉμ-

´¨ ´μ³.
‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¨ É¥μ·¨¨ É¢¥·¤μ£μ É¥²  ¶·¨³¥·μ³ ¡μ²ÓÏ¨Ì ¤¥-

Ëμ·³ Í¨° ³μ¦¥É ¸²Ê¦¨ÉÓ Ë §μ¢Ò° ¶¥·¥Ìμ¤. ˆ ¡μ²ÓÏ¨¥, ¨ ³ ²Ò¥ ¤¥Ëμ·³ Í¨¨
· ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ³μ£ÊÉ ¶μÖ¢¨ÉÓ¸Ö ¢ ·¥§Ê²ÓÉ É¥ Ë²Ê±ÉÊ Í¨°.

�¡· É¨³¸Ö ± ³ ²Ò³ ¤¥Ëμ·³ Í¨Ö³. �É³¥É¨³ ¤¢  ¢ ¦´ÒÌ μ¡¸ÉμÖÉ¥²Ó¸É¢ .
1. „²Ö μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ ³¥·Ò μf (z̄, z) ¤μ¸É ÉμÎ´μ §´ ÉÓ Ô¢μ²ÕÍ¨Õ

ËÊ´±Í¨¨ f ¢ (1.11) [6, 10]:

ḟ = {f, H} = −iωz
df

dz
. (1.12)

2. …¸²¨ ¢·¥³Ö ·¥² ±¸ Í¨¨ tr ¢¥²¨±μ (ω−1 	 tr), Éμ ¢ ¨´É¥·¢ ²¥ ¢·¥³¥´¨
0 < t 	 tr ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ±² ¸¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (1.12).
“³´μ¦ Ö (1.12) ´  �, Ë ±É¨Î¥¸±¨ ¶·¨Ìμ¤¨³ ± Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (®¢ -
±ÊÊ³´ Ö Ô´¥·£¨Ö¯ �ω/2 §¤¥¸Ó ´¥¸ÊÐ¥¸É¢¥´´ , ¸³. ´¨¦¥).

‚ ¦´μ Ê¸É ´μ¢¨ÉÓ ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ ËÊ´±Í¨° f(z). ‚¢¥¤Ö μ¡μ§´ Î¥´¨¥
ϕ = arg z (z = |z| eiϕ) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ Ë¨±¸ Í¨Ö Ô´¥·£¨¨ Ô±¢¨¢ ²¥´É´  Ë¨±-
¸ Í¨¨ |z| (d|z| = 0), ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (1.12) ¢ ¢¨¤¥

(∂t + ω∂ϕ)f = 0.

…£μ ·¥Ï¥´¨¥³ ¡Ê¤¥É ²Õ¡ Ö ËÊ´±Í¨Ö f(ϕ− ωt). ®Š¢ ¤·¨·ÊÖ¯ ÔÉμ Ê· ¢´¥-
´¨¥, ¶μ²ÊÎ ¥³ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ´  μ±·Ê¦´μ¸É¨ |z| = const:

(∂t − ω∂ϕ)(∂t + ω∂ϕ)f = (∂2
t − ω2∂2

ϕ)f = 0.

�É¸Õ¤  ´¥³¥¤²¥´´μ § ±²ÕÎ ¥³, ÎÉμ ËÊ´±Í¨¨ f(z), μ¶¨¸Ò¢ ÕÐ¨¥ (±¢ §¨)¸É -
Í¨μ´ ·´μ¥ ¤¢¨¦¥´¨¥, ¤μ²¦´Ò ¡ÒÉÓ ¶¥·¨μ¤¨Î¥¸±¨³¨.

Š Ê¸²μ¢¨Õ ¶¥·¨μ¤¨Î´μ¸É¨ ³μ¦´μ ¶·¨°É¨ · §´Ò³¨ ¶ÊÉÖ³¨. � ¶·¨³¥·,
¤¢¨¦¥´¨Õ ¸ Î ¸ÉμÉμ° αω, £¤¥ α Å ¶·μ¨§¢μ²Ó´μ¥ Î¨¸²μ, μÉ¢¥Î ¥É ËÊ´±Í¨Ö
zα. �μ ¥¸²¨ α ´¥ ¥¸ÉÓ Í¥²μ¥ Î¨¸²μ, Éμ zα Å ´¥μ¤´μ§´ Î´ Ö ËÊ´±Í¨Ö ´ 
¶²μ¸±μ¸É¨ z, É. ¥. § ¤ ´¨¥ z (¨²¨ q, p) ´¥ Ì · ±É¥·¨§Ê¥É μ¤´μ§´ Î´μ ¸μ¸Éμ-
Ö´¨¥ μ¸Í¨²²ÖÉμ·  (ÎÉμ ¶·μÉ¨¢μ·¥Î¨É ¨¸Ìμ¤´Ò³ ¶·¨´Í¨¶ ³ £ ³¨²ÓÉμ´μ¢μ°
³¥Ì ´¨±¨).
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�μ²¥§´μ ¨ ¤·Ê£μ¥ ¸μμ¡· ¦¥´¨¥. ‚ ¸²ÊÎ ¥ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì ¨´É¥·¢ ²μ¢
¢·¥³¥´¨ t (tr 
 t 
 ω−1) ´¥¶¥·¨μ¤¨Î¥¸±¨¥ ¤¢¨¦¥´¨Ö ¡Ê¤ÊÉ ¢Ò³¨· ÉÓ (¢μ²´ 
´  μ±·Ê¦´μ¸É¨ ¤¥¸É·Ê±É¨¢´μ ¨´É¥·Ë¥·¨·Ê¥É ¸ ³  ¸ ¸μ¡μ°). � ¸¸³μÉ·¨³ ¢ ¤ÊÌ¥
Ô·£μ¤¨Î¥¸±μ° É¥μ·¨¨ ¸·¥¤´¥¥ μÉ zα(t) = zα(0) e−iαωt (T = 2π/ω):

zα(t) =
1

2N + 1

n=N∑
n=−N

zα(t + nT ) =

=
zα(t)

2N + 1

n=N∑
n=−N

e−iαn2π =
zα(t)

2N + 1
eiα2πN 1 − e−iα2π2N

1 − e−iα2π
.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¥¸²¨ α = N0 (Í¥²μ¥ Î¨¸²μ), Éμ zα(t) �= 0 ¶·¨
N → ∞. ‚μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ zα(t) = 0.

’ ±¨³ μ¡· §μ³, ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì ·¥² ±¸ Í¨¨ ¢ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ-
¸ÉμÖ´¨ÖÌ ·¥ ²¨§ÊÕÉ¸Ö ±² ¸¸¨Î¥¸±¨¥ ¤¥É¥·³¨´¨·μ¢ ´´Ò¥ ¤¢¨¦¥´¨Ö ¸ Î ¸Éμ-
É ³¨ ωn; μ´¨ ¤μ³¨´¨·ÊÕÉ ¶·¨ t 
 ω−1, tr > t.

ˆÉ ±, ËÊ´±Í¨Ö f(z) ¤μ²¦´  · §² £ ÉÓ¸Ö ¢ ·Ö¤ ‹μ· ´  (¨²¨ ¢ ·Ö¤ ”Ê·Ó¥).
…¸²¨ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò f(z) Ì · ±É¥·¨§μ¢ ²  ²Õ¡Ò¥ Ë¨§¨Î¥¸±¨¥ ¸μ¸ÉμÖ´¨Ö
μ¸Í¨²²ÖÉμ· , ¢±²ÕÎ Ö ¸μ¸ÉμÖ´¨¥ ¶μ±μÖ (ÉμÎ±  z = 0), Éμ ´Ê¦´μ μ£· ´¨Î¨ÉÓ¸Ö
·Ö¤μ³ Œ ±²μ·¥´  ¨ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ Í¥²Ò¥ ËÊ´±Í¨¨, ¤²Ö ±μÉμ·ÒÌ ÔÉμÉ
·Ö¤ ¸Ìμ¤¨É¸Ö ¢μ ¢¸¥° ¶²μ¸±μ¸É¨. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ μf ´¥ ¥¸ÉÓ ³¥·  (μ´  ´¥
³μ¦¥É ¡ÒÉÓ ´μ·³¨·μ¢ ´ ). ”Ê´±Í¨¨ f(z) ¤μ²¦´Ò ¡ÒÉÓ Í¥²Ò³¨  ´ ²¨É¨Î¥-
¸±¨³¨ ËÊ´±Í¨Ö³¨. �μ ÔÉμ£μ ´¥¤μ¸É ÉμÎ´μ. Œ¥·  (1.11) ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ
£¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ Éμ²Ó±μ Í¥²ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨° f(z) ¶μ-
·Ö¤±  ρ � 2. ”Ê´±Í¨¨ fc(z) ¤ ¦¥ ¤²Ö ¶·μ¨§¢μ²Ó´μ ³ ²ÒÌ, ´μ ±μ´¥Î´ÒÌ c̄
μ¡· §ÊÕÉ ¶¥·¥¶μ²´¥´´Ò° ¡ §¨¸ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  [11Ä13] ¸μ ¸± ²Ö·´Ò³
¶·μ¨§¢¥¤¥´¨¥³

(g(z), f(z)) =
∫

dμ(z̄, z)g(z)f(z). (1.13)

‡ ³¥É¨³, ÎÉμ ¢ ”� ¸ ³¥·μ° ƒ¨¡¡¸  ¢¸¥£¤  ³μ¦´μ ¢¢¥¸É¨ ¸± ²Ö·´μ¥ ¶·μ¨§-
¢¥¤¥´¨¥ (1.13) ¨ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ¤²Ö Ë §μ¢ÒÌ ËÊ´±Í¨° μ¡Ð¥£μ ¢¨¤ 
f(z̄, z) (¨²¨ f(q, p)) [14, 15], ´μ μ´¨ Ê¦¥ ´¥ ¡Ê¤ÊÉ  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨,
¨¡μ § ¢¨¸ÖÉ μÉ μ¡¥¨Ì ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ.

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ³ ²μ¸ÉÓ c̄ ¢ (1.11) ´¥ ´ ±² ¤Ò¢ ¥É μ£· ´¨Î¥´¨° ´  ¸μ¢μ-
±Ê¶´μ¸ÉÓ ec̄z ± ± ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  F . ˆ§¢¥¸É´μ [12],
ÎÉμ ¤²Ö ¶·μ¨§¢μ²Ó´μ ³ ²μ£μ ε > 0 ¢¥±Éμ·Ò ec̄kz , |ck| < ε, μ¡· §ÊÕÉ ¶¥-
·¥¶μ²´¥´´Ò° ¡ §¨¸ ¢ F , ¥¸²¨ ¡¥¸±μ´¥Î´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ÉμÎ¥± c̄k ¢
±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¸Ìμ¤¨É¸Ö ± ´¥±μÉμ·μ³Ê ¶·¥¤¥²Ê c̄0 (¨§ ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸É¨ ³μ¦´μ Ê¤ ²¨ÉÓ ²Õ¡μ¥ ±μ´¥Î´μ¥ Î¨¸²μ ÉμÎ¥±). �Éμ μ§´ Î ¥É, ÎÉμ
¥¸²¨ ´¥±μÉμ· Ö ËÊ´±Í¨Ö ψ(z) ∈ F μ·Éμ£μ´ ²Ó´  ¢¸¥³ ËÊ´±Í¨Ö³ ec̄kz, Éμ
ψ(z) ≡ 〈z|ψ〉 = 0. ‚ ¸ ³μ³ ¤¥²¥, ËÊ´±Í¨¨ ec̄z = 〈z|c̄〉 = c̄(z) ¨£· ÕÉ ·μ²Ó
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δ-ËÊ´±Í¨° ¢ F [5] ¨ (c̄k, ψ) = 〈ck|ψ〉 = ψ(ck) = 0, ∀k. �μ ψ(z) ¥¸ÉÓ Í¥² Ö
 ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö, ¶μÔÉμ³Ê ψ(z) = 0.

ˆÉ ±,  ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ f(z):
1) ¥¸ÉÓ Ë §μ¢Ò¥ ËÊ´±Í¨¨;
2) ¥¸ÉÓ ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥;
3) ¥¸ÉÓ ¸²ÊÎ °´Ò¥ ËÊ´±Í¨¨, ¨
4) μ´¨ ³μ£ÊÉ ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´Ò ¸  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨ (Ô²¥³¥´-

É ³¨ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ ).
ˆ§ (1.13) ¸²¥¤Ê¥É (¥¸²¨ ¡· ÉÓ μ¸Í¨²²ÖÉμ·), ÎÉμ Ê³´μ¦¥´¨¥ ËÊ´±Í¨¨ f(z)

´  z Ô±¢¨¢ ²¥´É´μ ¶·¨³¥´¥´¨Õ ± ´¥° μ¶¥· Éμ·  �d/dz̄ (¶·μ¢¥·Ö¥É¸Ö ¨´É¥-
£·¨·μ¢ ´¨¥³ ¢ (1.13) ¶μ Î ¸ÉÖ³). ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨°
f(z) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ·Ò â+f(z) ≡ z̄f(z), âf(z) ≡ �df(z)/dz̄ (É. ¥.
z ↔ â, z̄ ↔ â+), [â, â+] = �. �μ¸±μ²Ó±Ê ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ z,
z̄ ¸É ´μ¢ÖÉ¸Ö μ¶¥· Éμ· ³¨, μ¶¥· Éμ· ³¨ ¸É ´μ¢ÖÉ¸Ö ¨ ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨-
Î¨´Ò. ‚μ ¨§¡¥¦ ´¨¥ ´¥¤μ· §Ê³¥´¨° ¶μ¤Î¥·±´¥³, ÎÉμ ¢ (1.13) z, z̄, f(z), g(z)
¥¸ÉÓ μ¡ÒÎ´Ò¥ ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥ Å μ¶¥· Éμ·´Ò¥ ¸¢μ°¸É¢  ¢ÒÖ¢²ÖÕÉ¸Ö
²¨ÏÓ ¶·¨ μÉμ¦¤¥¸É¢²¥´¨¨ f(z), g(z) ¸ ¢¥±Éμ· ³¨ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  ¨ ¶·¨
 ´ ²¨§¥ ·¥§Ê²ÓÉ Éμ¢ ¨Ì Ê³´μ¦¥´¨Ö ´  ËÊ´±Í¨¨ μÉ z, z̄.

‚¥±Éμ·Ò ¸μ¸ÉμÖ´¨° Zn(z) = z̃n/
√

n! ≡ 〈z|n〉, z̃ = z/
√

�, μ¡· §ÊÕÉ μ·Éμ-
´μ·³¨·μ¢ ´´Ò° ¡ §¨¸ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  [6, 10, 12]: (Zn, Zm) = δnm,

f(z) =
∞∑

n=0

cnZn(z) (1.14)

¨

||f ||2 = (f, f) =
∞∑

n=0

|cn|2 = 1. (1.15)

�Éμ μ§´ Î ¥É, ÎÉμ Î¨¸²  |cn|2 § ¤ ÕÉ ´¥±μÉμ·μ¥ ¤¨¸±·¥É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥-
·μÖÉ´μ¸É¨ ¨ cn É ±¦¥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¨ ± ± ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥,
¨ ± ±  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨. ˆ§ Ê· ¢´¥´¨Ö (1.12) ¨³¥¥³

Zn(t) = e−iωntZn(0), f(t) =
∞∑

n=0

cn(t)Zn(0), cn(t) = cne−iωnt (1.16)

(§¤¥¸Ó Zn(t) ≡ Zn(z(t))). ‡ ¢¨¸¨³μ¸ÉÓ cn μÉ ¢·¥³¥´¨ £¥´¥·¨·Ê¥É¸Ö £ ³¨²ÓÉμ-
´¨ ´μ³

H = ω

∞∑
n=1

nc̄ncn, (1.17)

¥¸²¨ c̄n, cn · ¸¸³ É·¨¢ ÉÓ ± ± ±μ³¶²¥±¸´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¸μ
¸±μ¡±μ° �Ê ¸¸μ´ :

{f, g} = i
∞∑

n=1

∂(f, g)
∂(c̄n, cn)

, (1.18)
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Éμ£¤  ċn = {cn, H} = −iωncn. ’ ±¨³ μ¡· §μ³, ÔËË¥±É¨¢´μ ÔÉμ ¥¸ÉÓ ¤¨-
´ ³¨Î¥¸± Ö ¸¨¸É¥³  ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò (¢ ¨´É¥·¢ ²¥
¢·¥³¥´¨ 0 < t 	 tr).

‚μ¶·μ¸. ƒ ³¨²ÓÉμ´¨ ´ (1.17) § ¢¨¸¨É μÉ ¸Î¥É´μ£μ ³´μ¦¥¸É¢  ± ´μ´¨-
Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ c̄n, cn, ÌμÉÖ · ¸¸³ É·¨¢ ¥É¸Ö ¸¨¸É¥³  ¸ μ¤´μ° ¸É¥¶¥´ÓÕ
¸¢μ¡μ¤Ò; μÉ±Ê¤  ¡¥·ÊÉ¸Ö μ¸É ²Ó´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò?

�É¢¥É. � ¸¸³ É·¨¢ ¥É¸Ö ´¥ μ¸Í¨²²ÖÉμ· ¸ ³ ¶μ ¸¥¡¥,   μ¸Í¨²²ÖÉμ· ¢ É¥·³μ-
¸É É¥. 	μ²¥¥ Éμ£μ, · ¸¸³ É·¨¢ ¥É¸Ö ¥£μ ´¥· ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥, § ¤ ¢ ¥³μ¥
ËÊ´±Í¨¥° f(z), É. ¥. ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸μ¸ÉμÖ´¨¥ μ¸Í¨²²ÖÉμ·  Ì · ±É¥·¨§Ê¥É¸Ö
¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ¶¥·¥³¥´´ÒÌ cn. ” ±É¨Î¥¸±¨ ÔÉμ ®¢·
e³¥´´Ò¥¯, ÔËË¥±-
É¨¢´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¸ÊÐ¥¸É¢¥´´Ò¥ ²¨ÏÓ ¢ ¶¥·¨μ¤, ±μ£¤  ¸¨¸É¥³  ´ Ìμ-
¤¨É¸Ö ¢ ´¥· ¢´μ¢¥¸´μ³ ±¢ §¨¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨. ‚ ¶·μÍ¥¸¸¥ ¶¥·¥Ìμ¤  ±
· ¢´μ¢¥¸´μ³Ê ¸μ¸ÉμÖ´¨Õ ¢¸¥ μ´¨ ¢Ò³¨· ÕÉ.

�¥¸²μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¥¸²¨ ¸μ¸ÉμÖ´¨¥ μ¸Í¨²²ÖÉμ·  μ¶¨¸Ò¢ ¥É¸Ö ËÊ´±-
Í¨¥° f , Éμ |(g, f)|2 ¥¸ÉÓ ¢¥·μÖÉ´μ¸ÉÓ ´ Ìμ¦¤¥´¨Ö μ¸Í¨²²ÖÉμ·  ¢ ®¸μ¸ÉμÖ´¨¨
g¯. �μ·³¨·μ¢ ´´ÊÕ ËÊ´±Í¨Õ g(z) ³μ¦´μ ¢§ÖÉÓ ¢ ± Î¥¸É¢¥ Ô²¥³¥´É  ´¥-
±μÉμ·μ£μ μ·Éμ´μ·³¨·μ¢ ´´μ£μ ¡ §¨¸ . � ¸±² ¤Ò¢ Ö f(z) ¶μ Ô²¥³¥´É ³ ÔÉμ£μ
¡ §¨¸ , ´ Ìμ¤¨³, ÎÉμ (g, f) ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ ±μ³¶²¥±¸´Ò³ Î¨¸²μ³ cg

( ´ ²μ£ cn), ¨ Éμ£¤  |cg|2 ¥¸ÉÓ ¨´É¥·¥¸ÊÕÐ Ö ´ ¸ ¢¥·μÖÉ´μ¸ÉÓ.
‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸ÉμÌ ¸É¨Î¥¸± Ö ¶μ ¸¢μ¥° ¶·¨·μ¤¥ ¢μ²´μ¢ Ö ËÊ´±-

Í¨Ö Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨Î¨´´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . „ ´´ Ö ³μ¤¥²Ó ¶·μÖ¸-
´Ö¥É ¶·¨·μ¤Ê ÔÉμ£μ Ë¥´μ³¥´ . � ¸¸³μÉ·¨³ ´¥± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥:
(z̄, z) → (ϕ, r), z = r exp (iϕ). ’μ£¤ 

{f, g} = i
∂(f, g)
∂(z̄, z)

= i
∂(f, g)
∂(ϕ, r)

∂(ϕ, r)
∂(z̄, z)

= − 1
2r

∂(f, g)
∂(ϕ, r)

.

’¥¶¥·Ó H = ωr2, ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ϕ, r ¢Ò£²Ö¤ÖÉ É ±:

ϕ̇ = −ω, ṙ = 0 (1.19)

(· §Ê³¥¥É¸Ö, μ´¨ ¨¤¥´É¨Î´Ò ¸É ´¤ ·É´μ³Ê Ê· ¢´¥´¨Õ ż = −iωz). �Éμ μ§´ -
Î ¥É, ÎÉμ ¢ ¸²ÊÎ ¥ ´¥· ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö μ¤´  ¨§ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥-
³¥´´ÒÌ (ϕ) Ê¤μ¢²¥É¢μ·Ö¥É ±² ¸¸¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ ¤¢¨¦¥´¨Ö (1.12), Éμ£¤ 
± ± ¤·Ê£ Ö ´¥ ³¥´Ö¥É¸Ö ¸μ ¢·¥³¥´¥³: ¡Ê¤ÊÎ¨ Î¨¸Éμ ¸ÉμÌ ¸É¨Î¥¸±μ°, ¶¥·¥³¥´-
´ Ö r Ì · ±É¥·¨§Ê¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨ ƒ Ê¸¸  exp (−r2/�). ‚
¢Ò· ¦¥´¨¨ ¤²Ö Ô´¥·£¨¨ En = �ω(n+1/2) ¶¥·¢Ò° Î²¥´ μÉ¢¥Î ¥É ¢±² ¤Ê ±² ¸-
¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö: ¢§Ö¢ ¢ (1.12) f = zn, ¶μ²ÊÎ¨³ ωn = nω. ‚Éμ·μ° Î²¥´
¢ ¸Ê³³¥ ¥¸ÉÓ ·¥§Ê²ÓÉ É ¢²¨Ö´¨Ö É¥·³μ¸É É ; μ´ μ¤¨´ ±μ¢ ¤²Ö ¢¸¥Ì ¸μ¸ÉμÖ´¨°.
�´¥·£¨Ö ±¢ ´ÉÊ¥É¸Ö (�ωn = n�ω) ¡² £μ¤ ·Ö ±² ¸¸¨Î¥¸±μ³Ê ¤¢¨¦¥´¨Õ!

ƒ² ¢´μ¥ μÉ²¨Î¨¥ § ¤ Î μ ±² ¸¸¨Î¥¸±μ³ £ ·³μ´¨Î¥¸±μ³ μ¸Í¨²²ÖÉμ·¥ ¨ μ
´¥· ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨ μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕ-
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Ð¥³. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ H = ωz̄z ¨

ḟ(z) = −iωz
d

dz
f(z),

¥¸²¨ f(z) ¥¸ÉÓ ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö (¤¨´ ³¨Î¥¸± Ö ¶¥·¥³¥´´ Ö). ‚μ ¢Éμ-
·μ³ ¸²ÊÎ ¥ f(z) Ì · ±É¥·¨§Ê¥É ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö μ¸Í¨²²ÖÉμ· 
¢ É¥·³μ¸É É¥ (´¥· ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥), É. ¥. ¶μ¸²¥¤´¨° ¤μ²¦¥´ ¢²¨ÖÉÓ ´  ¨§-
³¥´¥´¨¥ f(z) ¸μ ¢·¥³¥´¥³. „ ´´Ò° Ë ±É ¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ É¥¶¥·Ó f(z)
μ± §Ò¢ ¥É¸Ö ¢¥±Éμ·μ³ ¨§ ¶·μ¸É· ´¸É¢  ”μ±  ¨, ± ± ¶μ¤Î¥·±¨¢ ²μ¸Ó ¢ÒÏ¥,
¸³Ò¸² z̄, z ¢ £ ³¨²ÓÉμ´¨ ´¥ ³¥´Ö¥É¸Ö · ¤¨± ²Ó´μ Å É¥¶¥·Ó ÔÉμ μ¶¥· Éμ·Ò
(z ↔ â, z̄ ↔ â+, â+f(z) ≡ z̄f(z), âf(z) ≡ �df(z)/dz̄). Š² ¸¸¨Î¥¸±μ¥ Ê· ¢´¥-
´¨¥ ¤¢¨¦¥´¨Ö (1.12) ³μ¦´μ § ¶¨¸ ÉÓ ¢ μ¶¥· Éμ·´μ° Ëμ·³¥:

i�ḟ = Ĥclf, Ĥcl = �ωz
d

dz
.

…¸²¨ f ¥¸ÉÓ ¢¥±Éμ· £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ , Éμ ¢ H , μÎ¥¢¨¤´μ, ´Ê¦´μ ÊÎ¥¸ÉÓ
´¥±μ³³ÊÉ É¨¢´μ¸ÉÓ â+, â (¨²¨ ˆ̄z, ẑ). ”μ·³Ê²  (1.4) Ö¢´μ § ¤ ¥É ¶μ·Ö¤μ± ¸²¥¤μ-
¢ ´¨Ö μ¶¥· Éμ·μ¢ ˆ̄z, ẑ ¢ £ ³¨²ÓÉμ´¨ ´¥, É. ¥. ¢ ±² ¸¸¨Î¥¸±μ³ Ê· ¢´¥´¨¨ ¤¢¨¦¥-
´¨Ö ¶·¨ ¶¥·¥Ìμ¤¥ ± μ¶¨¸ ´¨Õ Ô¢μ²ÕÍ¨¨ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨Ö ¸²¥¤Ê¥É ¸¤¥² ÉÓ
§ ³¥´Ê

Ĥcl → Ĥ =
�ω

2
(ˆ̄zẑ + ẑ ˆ̄z) = �ω

(
z̄

d

dz̄
+

1
2

)
.

‚ÒÎ¨¸²ÖÖ ¸·¥¤´¥¥ μÉ Ĥ ¤²Ö · §²¨Î´ÒÌ ¸μ¸ÉμÖ´¨° Zn, ¥Ð¥ · § Ê¡¥¦¤ ¥³¸Ö,
ÎÉμ ¶¥·¢μ¥ ¸² £ ¥³μ¥ §¤¥¸Ó μÉ¢¥Î ¥É ¢±² ¤Ê ±² ¸¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö (�ωn),  
¢Éμ·μ¥ Å μÉ· ¦ ¥É ¢²¨Ö´¨¥ É¥·³μ¸É É  (´Ê²¥¢Ò¥ ±μ²¥¡ ´¨Ö �ω/2, ¢ ¶μ²´μ³
¸μμÉ¢¥É¸É¢¨¨ ¸ (1.19)). “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò f(z)
¢Ò£²Ö¤¨É É ±:

i�ḟ(z) = Ĥf(z).

�Éμ ¨ ¥¸ÉÓ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ μ¸Í¨²²ÖÉμ·  ¢ ¶·μ-
¸É· ´¸É¢¥ ”μ± .

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¶¥·¥Ìμ¤¥ ± ±μ´Ë¨£Ê· Í¨μ´´μ³Ê ¶·μ¸É· ´¸É¢Ê: ± ±
μÉ É¥μ·¨¨, ¸Ëμ·³Ê²¨·μ¢ ´´μ° ´  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z, ¶¥·¥°É¨ ± É¥μ·¨¨
´  μ¸¨ ±μμ·¤¨´ É q? �´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸¢μ¨³¨ §´ Î¥´¨-
Ö³¨ ´  £· ´¨Í¥, ¶μÔÉμ³Ê, ± § ²μ¸Ó ¡Ò, ¸ ÊÎ¥Éμ³  ´ ²¨É¨Î´μ¸É¨ ËÊ´±Í¨° f(z)
Í¥²Ó ¤μ¸É¨£ ¥É¸Ö ¶¥·¥Ìμ¤μ³ z → q. �μ ÔÉμ£μ ¤¥² ÉÓ ´¥²Ó§Ö. „¥²μ ¢ Éμ³, ÎÉμ
μ¶·¥¤¥²ÖÕÐ Ö ³¥·Ê Ô±¸¶μ´¥´É  e−z̄z ´¥ ¥¸ÉÓ  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö. �μ-
¸±μ²Ó±Ê ËÊ´±Í¨¨ ´  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¶·¨´ ¤²¥¦ É £¨²Ó¡¥·Éμ¢Ê ¶·μ-
¸É· ´¸É¢Ê, ·¥ÎÓ ¤μ²¦´  ¨¤É¨ μ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨° ψ(q) ´ 
μ¸¨ q. ‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ μ¶¥· Éμ·  Ĥ ¨§¢¥¸É´Ò Å ÔÉμ ËÊ´±Í¨¨ �·³¨É 
(¥¸²¨ ¶μ²μ¦¨ÉÓ ω = 1, � = 1):

Hn(q) ≡ 〈n|q〉 = (2nn!
√

π)−1/2Hn(q) e−q2/2,
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Hn(q) Å ¶μ²¨´μ³Ò �·³¨É . �É¨ ËÊ´±Í¨¨ μ¡· §ÊÕÉ μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ -
§¨¸. ‚¢¥¤Ö μ¡μ§´ Î¥´¨¥ Zn(z) = 〈z|n〉, ¶μ²ÊÎ ¥³ Ö¤·μ Ê´¨É ·´μ£μ μ¶¥· Éμ· 
U(z, q), ¸¢Ö§Ò¢ ÕÐ¥£μ μ¡  ¶·μ¸É· ´¸É¢ :

U(z, q) = 〈z|q〉 ≡
∑

n

〈z|n〉〈n|q〉 =
∑

n

Zn(z)Hn(q) =

= π−1/4exp
(
−z2 + q2

2
+
√

2qz

)
,

〈q|z̄〉 = U(q, z̄) = U(z, q)
¨

∞∫
−∞

dqU(z, q)Hn(q) = Zn(z),
∫

dμ(z̄, z)U(q, z̄)Zn(z) = Hn(q).

�Î¥¢¨¤´μ,

∫
dμ(z̄, z)U(q, z̄)U(z, q′) = δ(q − q′),

∞∫
−∞

dqU(z̄, q)U(q, z) = ez̄z.

�±¸¶μ´¥´É  ez̄z ¥¸ÉÓ Ö¤·μ ¥¤¨´¨Î´μ£μ μ¶¥· Éμ·  ¤²Ö ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö
¸ ³¥·μ° (1.2) (¶·¨ � = 1) Å ®±μ³¶²¥±¸´ Ö δ-ËÊ´±Í¨Ö¯ (¶μ¤·μ¡´¥¥ ¸³. [5, 10]).

ˆÉ ±, ¢ · ³± Ì Î¨¸Éμ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²ÊÎ ¥É¸Ö μ¶¨¸ ´¨¥ ¸ ¶μ-
³μÐÓÕ  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨ f(z) (±¢ ´Éμ¢ Ö ³¥Ì ´¨± ), ¨¡μ ¢Ò· ¦¥´¨¥
|f(z)|2 ≡ p(x) ³μ¦¥É ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´μ ¸ ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨. �Éμ
¢¥·´μ ¤²Ö ±¢ §¨¸É Í¨μ´ ·´ÒÌ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°. �·¨¸ÊÉ¸É¢ÊÕÉ ¢¸¥
´¥μ¡Ìμ¤¨³Ò¥ Ô²¥³¥´ÉÒ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨: ¶μ¸ÉμÖ´´ Ö �² ´±  h, ±μ³¶²¥±¸-
´Ò¥  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ f(z), ¶·μ¸É· ´¸É¢μ ”μ±  ¨ Ê· ¢´¥´¨¥ ˜·¥¤¨´-
£¥· . Š² ¸¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö μ¸Í¨²²ÖÉμ·  ¶μ²ÊÎ ÕÉ¸Ö Ë ±É¨-
Î¥¸±¨ ¨§ Ê¸²μ¢¨Ö ¸μÌ· ´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (μ´¨ ±μ´±·¥É¨§¨·ÊÕÉ¸Ö
¢Ò¡μ·μ³ ³ É·¨ÍÒ Ĵ ¢ (1.9)).

1.2. „¥É¥·³¨´¨§³ ¨ Ì μ¸. ‡ ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö ¥Ð¥ μ¤¨´ Ë ±É. �·-
£μ¤¨Î¥¸±¨¥ ¤¥É¥·³¨´¨·μ¢ ´´Ò¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò μ¡² ¤ ÕÉ ¸É É¨¸É¨-
Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨. �μ ¢¥·´μ ¨ μ¡· É´μ¥: Ì μ¸ ¶μ·μ¦¤ ¥É · ¸¶·¥¤¥²¥´¨¥
ƒ¨¡¡¸  (¤²Ö μ¸Í¨²²ÖÉμ· ) ¨, ¸²¥¤μ¢ É¥²Ó´μ, ±² ¸¸¨Î¥¸±ÊÕ £ ³¨²ÓÉμ´μ¢Ê ¤¨-
´ ³¨±Ê (¸³. ¶. 1.1).

� ¸¸³μÉ·¨³ ¸²ÊÎ °´Ò¥ ¶¥·¥³¥Ð¥´¨Ö Î ¸É¨ÍÒ ¶μ μ¸¨ x. �Ê¸ÉÓ F (x −
x′, t − t′) ¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ¢ ÉμÎ±¥ x ¢ ³μ-
³¥´É ¢·¥³¥´¨ t, ¥¸²¨ ¢ ³μ³¥´É t′ μ´  ´ Ìμ¤¨² ¸Ó ¢ ÉμÎ±¥ x′. ”Ê´±Í¨Ö F
Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

F (x − y, t) =

∞∫
−∞

dx′F (x − x′, t − t′)F (x′ − y, t′)
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(¸É Í¨μ´ ·´Ò° ¶·μÍ¥¸¸ ¢ μ¤´μ·μ¤´μ³ ¶·μ¸É· ´¸É¢¥). �Ê¸ÉÓ Î ¸É¨Í  ¸μ¢¥·-
Ï ¥É ¶μ¸²¥¤μ¢ É¥²Ó´μ n ¶¥·¥Ìμ¤μ¢, ± ¦¤Ò° §  ¢·¥³Ö τ , É. ¥. x1 = x(τ) −
x(0), . . . , xn = x(nτ) − x((n − 1)τ). ’μ£¤ , ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ ¶·¥¤¥²Ò

lim
n→∞

x1 + . . . + xn

n
= p

¨

lim
n→∞

(x1 + . . . + xn − np)2

n
= σ2,

Éμ ¤²Ö ξ = (x1 + . . . + xn − np)/σ
√

n ¶·¨ n → ∞ ¨³¥¥É ³¥¸Éμ · ¸¶·¥¤¥²¥´¨¥
¸ ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨ [16, ¸. 285]

p(ξ) =
1√
2π

e−ξ2/2.

„ ´´ Ö ¶·¥¤¥²Ó´ Ö É¥μ·¥³  μ¡μ¡Ð ¥É¸Ö ´  ¶·μ¸É· ´¸É¢  ¶·μ¨§¢μ²Ó´μ° ±μ´¥Î-
´μ° · §³¥·´μ¸É¨.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °´Ò¥ ¶¥·¥³¥Ð¥´¨Ö ÉμÎ±¨ ¢ Ë §μ¢μ° ¶²μ¸±μ¸É¨
(q, p). ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¥¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤ ¥É¸Ö ËÊ´±Í¨¥°

1
2π

e−(p2+q2)/2,

É. ¥. ¸μ¢¶ ¤ ¥É ¸ · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸  ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (¢
´ ¤²¥¦ Ð¨Ì ¥¤¨´¨Í Ì). �μ, ± ± ¶μ± § ´μ ¢ ¶. 1.1, ¢ ·¨ Í¨¨ ± ´μ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ, ¸μÌ· ´ÖÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³
ƒ ³¨²ÓÉμ´ .

‡ ±²ÕÎ ¥³: Î¨¸Éμ ¸ÉμÌ ¸É¨Î¥¸±¨° ¶·μÍ¥¸¸ (¸²ÊÎ °´Ò¥ ¶¥·¥³¥Ð¥´¨Ö ÉμÎ-
±¨ ¢ Ë §μ¢μ° ¶²μ¸±μ¸É¨) ¶μ·μ¦¤ ¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ ,   ±¢ §¨· ¢´μ¢¥¸-
´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¸ ¡
μ²ÓÏ¨³ ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨ μ¶¨¸Ò¢ ÕÉ¸Ö ±² ¸¸¨Î¥-
¸±¨³¨ Ê· ¢´¥´¨Ö³¨ ƒ ³¨²ÓÉμ´ . �Î¥¢¨¤´μ, ¸²ÊÎ °´Ò¥ ¶¥·¥³¥Ð¥´¨Ö ÉμÎ±¨ ¢
¡¥¸±μ´¥Î´μ³¥·´μ³ ”� ¶μ·μ¦¤ ÕÉ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö ¸Î¥É´μ£μ ³´μ-
¦¥¸É¢  ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì μ¸Í¨²²ÖÉμ·μ¢:

p ∼ exp
[
−1

2

∑
(p2

i + q2
i )

]
. (1.20)

ˆÉ ±, ¸¢Ö§Ó ³¥¦¤Ê ¸É·μ£μ ¤¥É¥·³¨´¨·μ¢ ´´μ° ¨ Ì μÉ¨Î¥¸±μ° ¤¨´ ³¨± ³¨
´¥ ¸Éμ²Ó ¶·μ¸É , ± ± ³μ¦¥É ¶μ± § ÉÓ¸Ö ´  ¶¥·¢Ò° ¢§£²Ö¤: ¤¥É¥·³¨´¨·μ¢ ´´ Ö
¤¨´ ³¨±  ¶μ·μ¦¤ ¥É Ì μ¸ (¸³. Ô·£μ¤¨Î¥¸±ÊÕ É¥μ·¨Õ),   Ì μÉ¨Î¥¸± Ö ¤¨´ ³¨± 
¶μ·μ¦¤ ¥É ¤¥É¥·³¨´¨·μ¢ ´´ÊÕ £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê (¸³. ¶. 1.1).

1.3. Š¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö. �¥· ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢μ§´¨± ÕÉ, ¢
Î ¸É´μ¸É¨, ¶·¨ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨ÖÌ Í¥¶μÎ±¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì μ¸Í¨²²ÖÉμ-
·μ¢ ¢ É¥·³μ¸É É¥. ‚μ§¡Ê¦¤¥´¨¥ μ¤´μ£μ μ¸Í¨²²ÖÉμ·  ¶¥·¥¤ ¥É¸Ö ¶μ Í¥¶μÎ±¥.
�Éμ ¨ ¥¸ÉÓ Ê¶μ³Ö´ÊÉμ¥ ¢ ´ Î ²¥ · §¤¥²  μ¡¸ÉμÖÉ¥²Ó¸É¢μ (¢´¥Ï´¥¥ Ê¸²μ¢¨¥),
¶·¥¤μ¶·¥¤¥²ÖÕÐ¥¥ ¢Ò¡μ· ¶μ¸²¥¤´¥° ¨§ É·¥Ì ¶¥·¥Î¨¸²¥´´ÒÌ ¢μ§³μ¦´μ¸É¥°.
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�¨¸. 1

“· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ³ ²ÒÌ ¢μ§³Ê-
Ð¥´¨° É ±μ° Í¥¶μÎ±¨ (·¨¸. 1), Ì · ±É¥-
·¨§Ê¥³μ° ² £· ´¦¨ ´μ³

L =
1
2

∑
j

[
q̇2
j − γ̃(qj − qj−1)2 − m2q2

j

]
, q̇ =

dq

dt
(1.21)

(¶μ¸ÉμÖ´´ Ö γ̃ > 0), ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ Š²¥°´ Ä
”μ± Äƒμ·¤μ´  (Š”ƒ)

(� − m2)ϕ = 0,

μÉ¢¥Î ÕÐ¨³ ² £· ´¦¨ ´Ê

L =
1
2

∫
dx(ϕ̇2 − ϕ′2 − m2ϕ2) (1.22)

(§¤¥¸Ó ϕ(x, t) ¥¸ÉÓ ¶·¥¤¥²Ó´μ¥ §´ Î¥´¨¥ qj/
√

a, ±μ£¤  · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¸μ-
¸¥¤´¨³¨ μ¸Í¨²²ÖÉμ· ³¨ a → 0,   j → ∞ É ±, ÎÉμ aj → x, γ̃a2 → 1 ¨
qj/

√
a → ϕ(x, t); ϕ̇ = ∂ϕ/∂t, ϕ′ = ∂ϕ/∂x). �μ²Ó ±μ³¶²¥±¸´ÒÌ  ³¶²¨-

ÉÊ¤ ¨£· ÕÉ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Š”ƒ ¸ ¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¥° ϕ+ ∼ e−iEt,
E > 0,   ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¤ ¥É¸Ö Ëμ·³Ê²μ° p(x) ∼ i(ϕ∗

+ϕ̇+−ϕ̇∗
+ϕ+) [5].

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ m → ∞ Ê· ¢´¥´¨¥ Š”ƒ ¶¥·¥Ìμ¤¨É ¢ μ¤´μ³¥·´μ¥
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ: ϕ+ = e−imtψ, iψ̇ = −ψ′′/2m,
¶·¨Î¥³ p(x) ∼ ψ∗ψ.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¶μ¸É·μ¥´´ Ö ¢ [5] ³μ¤¥²Ó μ¤´μ¢·¥³¥´´μ ¥¸ÉÓ ³μ¤¥²Ó
±¢ ´Éμ¢ ´´μ£μ ¶μ²Ö. „²Ö ¤ ²Ó´¥°Ï¥£μ ¸ÊÐ¥¸É¢¥´´Ò ¸²¥¤ÊÕÐ¨¥ μ¡¸ÉμÖÉ¥²Ó-
¸É¢ . �·¨´Í¨¶¨ ²Ó´ÊÕ ·μ²Ó ¨£· ¥É Ê¶μ·Ö¤μÎ¥´´μ¸ÉÓ μ¸Í¨²²ÖÉμ·μ¢. �·μ¨§-
¢μ²Ó´ Ö ´¥Ê¶μ·Ö¤μÎ¥´´ Ö ¸¨¸É¥³  μ¸Í¨²²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥ μ¶¨¸Ò¢ ¥É¸Ö ¢
· ³± Ì ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨. �¥μ¡Ìμ¤¨³μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö ´μ¢μ£μ  ¶¶ -
· É  μ¡´ ·Ê¦¨¢ ¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ± Í¥¶μÎ±¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì μ¸Í¨²²ÖÉμ-
·μ¢. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¢¥¤¥´¨Ö μ ¢μ§¡Ê¦¤¥´¨¨ ¸¨¸É¥³Ò § ±²ÕÎ¥´Ò ²¨ÏÓ ¢ μ¤-
´μ° ¸μ¢μ±Ê¶´μ¸É¨ ¶¥·¥³¥´´ÒÌ,   ¨³¥´´μ: qn(t) ¨§ qn(t), pn(t) (¨²¨ ϕ+(x, t) ¨§
ϕ+(x, t), π+(x, t)); ¤²Ö μ¤´μ£μ μ¸Í¨²²ÖÉμ·  ÔÉμ z (¨²¨ f(z)) ¢³¥¸Éμ z, z̄. ’μ£¤ 
¨ ¶·¨μ¡·¥É ¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (1.13). ˆ´Ëμ·³ -
Í¨Ö μ ¸¨¸É¥³¥ ¸μ¤¥·¦¨É¸Ö ¢ ËÊ´±Í¨¨ f(z),   ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°
´Ê¦´Ò ¨ z, ¨ z̄, É. ¥. ËÊ´±Í¨¨ f(z) ¨ f(z).

�Ê¸ÉÓ ¢ · ¸¶·¥¤¥²¥´¨¨ ƒ¨¡¡¸  e−βH Ë¨£Ê·¨·Ê¥É £ ³¨²ÓÉμ´¨ ´

H =
1
2

∑
n

(
p2

n

μ
+ γ̃(qn − qn−1)2 + γq2

n

)
. (1.23)
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‚ ´μ·³ ²Ó´ÒÌ ±μμ·¤¨´ É Ì u(k), p(k)

qn =

Δ∫
−Δ

dku(k)ϕ∗
n(k),

pn =

Δ∫
−Δ

dkp(k)ϕn(k), (1.24)

ϕn(k) =
1√
2Δ

exp
(

iπn

Δ
k

)
, Δ =

π

a
,

£¤¥

Δ∫
−Δ

dkϕ∗
n(k)ϕn′(k) = δnn′ , £ ³¨²ÓÉμ´¨ ´ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H =
1
2

Δ∫
−Δ

dk

(
p(k)p(−k)

μ
+ μω2

ku(k)u(−k)
)

=

=
1
2

Δ∫
−Δ

dkωk (ã∗(k)ã(k) + ã(k)ã∗(k)) , (1.25)

§¤¥¸Ó ω2
k = γ/μ + 4(γ̃/μ) sin2(πk/2Δ), u(k) = (ã∗(k) + ã(−k))/

√
2μωk,

p(k) = i(ã∗(k)− ã(−k))
√

μωk/2. ˆ³¥Ö ¢ ¢¨¤Ê ¶μ¸²¥¤ÊÕÐ¨° ¶¥·¥Ìμ¤ ± μ¶¥· -
Éμ· ³, ¸μÌ· ´Ö¥³ ®¥¸É¥¸É¢¥´´Ò°¯ ¶μ·Ö¤μ± ¸²¥¤μ¢ ´¨Ö ã∗, ã ¢ (1.25). �¥·¥Ìμ¤
μÉ ¸¨¸É¥³Ò ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì μ¸Í¨²²ÖÉμ·μ¢ ± Í¥¶μÎ±¥ ¸ £ ³¨²ÓÉμ´¨ -
´μ³ (1.23), (1.25) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ·¥§Ê²ÓÉ É ¡μ²ÓÏμ° ¤¥Ëμ·³ Í¨¨
· ¸¶·¥¤¥²¥´¨Ö. �μ ¥¸²¨ É¥¶¥·Ó ¶μ  ´ ²μ£¨¨ ¸ (1.1), (1.2) ´ ¶¨¸ ÉÓ ³¥·Ê ¢
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥

∏
k

dã∗
k ∧ dãk exp

(
−β

∫
dkωkã∗

kãk

)
, (1.26)

Éμ ¶μ·μ¦¤ ¥³μ¥ ¥Õ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ( ´ ²μ£ (1.13)) ¡Ê¤¥É μÉ²¨Î ÉÓ¸Ö
μÉ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  ¸ ³¥·μ°

∏
k

da∗
k ∧ dak exp

(
−βω

∫
dka∗

kak

)
. (1.27)

‡ ³¥´  ¶¥·¥³¥´´ÒÌ ¢ ¨´É¥£· ²¥ (1.26) ãk = ak

√
ω/ωk ¤ ¥É ¶· ¢¨²Ó´ÊÕ ³¥·Ê,

´μ ¶·¨ ÔÉμ³, ± § ²μ¸Ó ¡Ò, ³¥´Ö¥É¸Ö ¨ £ ³¨²ÓÉμ´¨ ´, É. ¥. Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö.
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‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¨³¥´´μ §¤¥¸Ó ¢ ¶μ²´μ° ³¥·¥ ¸± §Ò¢ ¥É¸Ö ¸¤¥² ´´μ¥ ¢ÒÏ¥
§ ³¥Î ´¨¥ μ · §´μ° ·μ²¨ ±μ³¶²¥±¸´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¢ ¨´É¥£· ²¥
(1.13) ¨ ¢ £ ³¨²ÓÉμ´¨ ´¥. ‚ ¢Ò· ¦¥´¨¨ ¤²Ö ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö

(Φ̃1, Φ̃2) =
∫ ∏

k

dã∗
k ∧ dãk exp

(
−β

∫
dkωkã∗

kãk

)
Φ̃1[ã]Φ̃2[ã] (1.28)

³μ¦´μ ¶·μ¨§¢μ²Ó´μ ³¥´ÖÉÓ ¶¥·¥³¥´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö, ´ ¶·¨³¥·, ¶¥·¥Ìμ¤Ö
± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ ak = ãk

√
λk, λk = ωk/ω. ‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤²Ö

ËÊ´±Í¨μ´ ²μ¢ Φ1, Φ2 ¶·¨μ¡·¥É ¥É ¸É ´¤ ·É´Ò° ¢¨¤:

(Φ1, Φ2) =
∫ ∏

k

da∗
k ∧ dak exp

(
−

∫
dka∗

kak/�

)
Φ1[a]Φ2[a], (1.29)

£¤¥ Φ[a] = Φ̃[λ−1/2
k a] = Φ̃[ã]. �μ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ËÊ´±Í¨μ´ ²  Φ[a]

´¥ ³¥´ÖÕÉ¸Ö: ¥£μ Ô¢μ²ÕÍ¨Ö ¢μ ¢·¥³¥´¨ ¶μ-¶·¥¦´¥³Ê μ¶·¥¤¥²Ö¥É¸Ö £ ³¨²Ó-
Éμ´¨ ´μ³ (1.25). ‚ ¶·¥¤¥²¥ ¶·¨ a → 0, Δ → ∞ Ëμ·³Ê²  (1.29) § ¤ ¥É
¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  μ¤´μ³¥·´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö. Š ¦¤Ò° μ¸Í¨²²ÖÉμ· ¢ Í¥¶μÎ±¥ ´  ·¨¸. 1 ±¢ ´Éμ¢ ´ (¸³. [5]), ¶μÔÉμ³Ê ´¥
Ê¤¨¢¨É¥²Ó´μ, ÎÉμ É ± Ö Í¥¶μÎ±  ³μ¤¥²¨·Ê¥É μ¤´μ³¥·´ÊÕ ±¢ ´Éμ¢ÊÕ É¥μ·¨Õ
¶μ²Ö. …Ð¥ · § ¶μ¤Î¥·±´¥³, ÎÉμ ¶μÖ¢²¥´¨¥ μ¶¨¸ ´¨Ö ¸ ¶μ³μÐÓÕ  ³¶²¨ÉÊ¤
¢¥·μÖÉ´μ¸É¨ ¸¢Ö§ ´μ ¸ μ¶¨¸ ´¨¥³ · ¸¶·μ¸É· ´¥´¨Ö ¢μ§³ÊÐ¥´¨°, É. ¥. μÉ±²μ-
´¥´¨° ¸¨¸É¥³Ò μÉ · ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö.

�¥§Õ³¨·Ê¥³: μ¤´μ³¥·´ Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¸± ²Ö·´μ£μ ¶μ²Ö ³μ¤¥²¨·Ê¥É¸Ö
Í¥¶μÎ±μ° ±² ¸¸¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ³¥· 
ƒ¨¡¡¸  μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ³¥·μ° μ¡Ñ¥³  Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ,   Í¥¶μÎ± 
´ Ìμ¤¨É¸Ö ¢ ´¥· ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨.

Œμ¤¥²Ó ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´  ³´μ£μ³¥·´Ò° ¸²ÊÎ °. � ¶·¨³¥·, ¥¸²¨ μ¸-
Í¨²²ÖÉμ·Ò · ¸¶μ²μ¦¥´Ò ¢ Ê§² Ì D-³¥·´μ° ·¥Ï¥É±¨, D > 1, Éμ ¢ ¶·¥¤¥²¥
¶·¨ a → 0 ¶μ²ÊÎ ¥É¸Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¸± ²Ö·´μ£μ ¶μ²Ö ¢ ¶·μ¸É· ´¸É¢¥
· §³¥·´μ¸É¨ D. ‚¥¸Ó³  ¸ÊÐ¥¸É¢¥´´μ Éμ, ÎÉμ · ¸¸³μÉ·¥´´ Ö ¸É·Ê±ÉÊ·  ³μ-
¤¥²¨·Ê¥É Ë¨§¨Î¥¸±μ¥ 1D-¶·μ¸É· ´¸É¢μ: ¶·μ¸É· ´¸É¢μ μ¡· §μ¢ ´μ ³¥Ì ´¨Î¥-
¸±μ° ¸¨¸É¥³μ°, Ì · ±É¥·¨§Ê¥³μ° ² £· ´¦¨ ´μ³. �¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ Í¥¶μÎ±¨
¥¸ÉÓ ¢ ±ÊÊ³ (®¶Ê¸Éμ¥ ¶·μ¸É· ´¸É¢μ¯), μ¤´μÎ ¸É¨Î´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¶μ²Ö Å
Î ¸É¨ÍÒ, μ¶¨¸Ò¢ ¥³Ò¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°. „²Ö ¶μ²ÊÎ¥´¨Ö ¡μ²¥¥ ·¥ ²¨¸É¨-
Î¥¸±μ° ³μ¤¥²¨ ¸²¥¤Ê¥É ¶¥·¥°É¨ ± ¸Ê¶¥·¸É·Ê´ ³ (ÎÉμ¡Ò ¢±²ÕÎ¨ÉÓ Ë¥·³¨μ´Ò),
¶μ³¥¸É¨ÉÓ ¨Ì ¢ ³´μ£μ³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¨ ¶μ¸É·μ¨ÉÓ ¨§ ´¨Ì ³´μ£μ³¥·´ÊÕ
¸¥ÉÓ (¸³. · §¤. 4).

1.4. �¡μ¡Ð¥´¨¥ ¸±μ¡μ± �Ê ¸¸μ´ . “· ¢´¥´¨¥ (1.12) ¤ ¥É ¶·¨¡²¨¦¥´-
´μ¥ μ¶¨¸ ´¨¥ Ô¢μ²ÕÍ¨¨ ±¢ §¨¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö. ’μÎ´μ¥ Ê· ¢´¥´¨¥
¤μ²¦´μ μ¶¨¸Ò¢ ÉÓ ±¨´¥É¨±Ê, ¶¥·¥Ìμ¤ ´¥· ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ · ¢´μ¢¥¸-
´μ¥. �·μ¸É¥°Ï¨° ¸¶μ¸μ¡ ¤μ¡¨ÉÓ¸Ö ÔÉμ£μ Å ¢¢¥¸É¨ ¢ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö
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μ¸Í¨²²ÖÉμ·  ´¥ÎÉμ ¢·μ¤¥ ¸¨² É·¥´¨Ö:

q̈ + ω2q = 0 −→ q̈ + 2αq̇ + ω2q = 0, α > 0. (1.30)

�Î¥¢¨¤´μ, tr ∼ 1/α. Œμ¦´μ ¢¢¥¸É¨ É·¥´¨¥ ¨ ¢ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨-
¦¥´¨Ö (1.10) ¶μ¤¸É ´μ¢±μ° ẋ → ẋ + αx. �¤´ ±μ ¢¸¥ ÔÉμ ¢Ò£²Ö¤¨É ± ± ·¥Í¥¶É
ad hoc. �¶¨¸ ´¨¥ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¥¸ÉÓ · §¤¥² ±² ¸¸¨Î¥¸±μ° Ë¨-
§¨±¨, ¨ ¢ · ³± Ì £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ ¤μ²¦¥´ ¸ÊÐ¥¸É¢μ¢ ÉÓ ¡μ²¥¥ μ¡Ð¨°
¶μ¤Ìμ¤ ± ¤ ´´μ° ¶·μ¡²¥³¥. ˆÉ ±, É·¥¡Ê¥É¸Ö μ¶¨¸ ÉÓ Ô¢μ²ÕÍ¨Õ ´¥· ¢´μ¢¥¸-
´μ£μ · ¸¶·¥¤¥²¥´¨Ö.

‚ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¥ μ¸Í¨²²ÖÉμ·μ¢ ¨³¥¥É¸Ö ¤¢  ËÊ´¤ ³¥´É ²Ó´ÒÌ
É¥´§μ· . �¥·¢Ò° Å  ´É¨¸¨³³¥É·¨Î´Ò°, μ´ μ¶·¥¤¥²Ö¥É ¸¨³¶²¥±É¨Î¥¸±μ¥ Ë -
§μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¨ ¸±μ¡±¨ �Ê ¸¸μ´ :

ω2(q, p) =
n∑

k=1

ω−1
k (q, p)dqk ∧ dpk, {f, g} =

n∑
k=1

ωk(q, p)
∂(f, g)

∂(qk, pk)
. (1.31)

‚Éμ·μ° Å ¸¨³³¥É·¨Î´Ò°; ¢ ¸²ÊÎ ¥ n μ¸Í¨²²ÖÉμ·μ¢ μ´ μ¶·¥¤¥²Ö¥É ¨Ì £ ³¨²Ó-
Éμ´¨ ´

H(x) =
1
2

n∑
k=1

∑
ij

hk
ijx

k
i xk

j , i, j = 1, 2. (1.32)

„²Ö μ¤´μ£μ μ¸Í¨²²ÖÉμ·   ´É¨¸¨³³¥É·¨Î´ Ö ¨ ¸¨³³¥É·¨Î´ Ö ³ É·¨ÍÒ ¥¸ÉÓ,
¸μμÉ¢¥É¸É¢¥´´μ, Ĵ , Ĵij = εij = −εji, ε12 = 1 ¨ hij = ωδij . �¶¨¸ ´¨¥ ±¨´¥É¨±¨
É·¥¡Ê¥É ÊÎ¥É  ¢ ·¨ Í¨¨ δx‖ ¢ · ¢¥´¸É¢¥ (1.7). �É¨ ¢ ·¨ Í¨¨ ®¶ · ²²¥²Ó´Ò¯
∇H , ¨ ¸²¥¤ÊÕÐ¥¥ μ¡μ¡Ð¥´¨¥ ¸±μ¡μ± �Ê ¸¸μ´  ¢Ò£²Ö¤¨É ¶μÎÉ¨ μÎ¥¢¨¤´Ò³:

{f, g} → {f, g}α
def= {f, g}− + {f, g}+, (1.33)

£¤¥ {f, g}− ≡ {f, g},  

{f, g}+ = −α
n∑

k=1

1
2

∑
ij

hij
k ∇k

i f∇k
j g, hilhlj = δi

j . (1.34)

‚Éμ·μ° Î²¥´ ¢ (1.33) ÊÎ¨ÉÒ¢ ¥É ¢ ·¨ Í¨¨, ³¥´ÖÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ .
“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢Ò£²Ö¤ÖÉ É ±:

ḟ = {f, H}− + {f, H}+, (1.35)

¨ ¥¸²¨ k = 1, Éμ
δxi

‖ = −αhij∇jHδt. (1.36)

„²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¨³¥¥³ hij =
1
ω

δij . “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

q̇ = ωp − αq, ṗ = −ωq − αp
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É¥¶¥·Ó ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

Dq = ωp, Dp = −ωq, D ≡ ∂t + α. (1.37)

�·¨³¥´ÖÖ μ¶¥· Éμ· D ± ¶¥·¢μ³Ê Ê· ¢´¥´¨Õ (1.37), ¶μ²ÊÎ ¥³

q̈ + 2αq̇ + (ω2 + α2)q = 0, α 	 ω. (1.38)

‚ ·¥§Ê²ÓÉ É¥ ω2 ¶μ²ÊÎ ¥É ¤μ¡ ¢±Ê α2. ˆÉ ±, ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ·  ÔËË¥±É É·¥´¨Ö ÊÎ¨ÉÒ¢ ¥É¸Ö ¶μ¤¸É ´μ¢±μ° ¢ Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö:

∂t → D = ∂t + α. (1.39)

�É³¥É¨³, ÎÉμ: 1) É¥¶¥·Ó ¶·¨´Í¨¶ ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö ´¥¶·¨³¥´¨³, ¨¡μ
·¥ÎÓ ¨¤¥É μ¡ μ¶¨¸ ´¨¨ ±¨´¥É¨±¨, 2) §´ Î¥´¨¥ α ¢ (1.34), (1.38) ¶μ²μ¦¨É¥²Ó´μ;
¸±μ¡±  (1.33) ¸ α < 0 μ¶¨¸Ò¢ ¥É ¶·μÉ¨¢μ¶μ²μ¦´Ò° ¶·μÍ¥¸¸ Å · §¢¨É¨¥
´¥· ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö. �μÖ¢²¥´¨¥ α ¢ (1.38) ¨ ¨§³¥´¥´¨¥ Î ¸ÉμÉÒ ¨³¥ÕÉ
¤ ²¥±μ ¨¤ÊÐ¨¥ ¶μ¸²¥¤¸É¢¨Ö ¢ £· ¢¨É Í¨¨ ¨ ±μ¸³μ²μ£¨¨. ‡ ³¥´  ω2 → ω2+α2

μ§´ Î ¥É ¶μÖ¢²¥´¨¥ ³ ¸¸Ò Ê £· ¢¨Éμ´ , É. ¥. ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  Λ = α2/2
¢ £· ¢¨É Í¨μ´´ÒÌ Ê· ¢´¥´¨ÖÌ (¸³. · §¤. 6). ‘² £ ¥³μ¥ 2αq̇ ¢ (1.38) (®É·¥´¨¥¯)
¢¥¤¥É ± § ÉÊÌ ´¨Õ ¢¸¥Ì ¢μ§¡Ê¦¤¥´¨° ¸¨¸É¥³Ò.

2. ‘’�“�› ˆ ����›

2.1. ‘É·Ê´Ò. ‘É·Ê´  ± ± μ¤´μ³¥·´Ò° ±¢ ´Éμ¢ ´´Ò° μ¡Ñ¥±É ±μ´¥Î´μ°
¤²¨´Ò (¶μ ¸ÊÐ¥¸É¢Ê, ÔÉμ ¥¸ÉÓ ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö ´  μÉ·¥§±¥) ¶μ²ÊÎ -
¥É¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìμ¤  μÉ μ¸¨ ± μÉ·¥§±Ê (¸³. ·¨¸. 2, ÉμÎ±¨ ¨§μ¡· ¦ ÕÉ
§ ±·¥¶²¥´´Ò¥ ±μ´ÍÒ ¸É·Ê´Ò). ‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ÔÉÊ ¸¨¸É¥³Ê ³μ¦´μ · ¸-
¸³ É·¨¢ ÉÓ ± ± ¸É·Ê´Ê ¢ ¶·μ¸É· ´¸É¢¥ M2 × R1 (x, t ¨ ¶μ¶¥·¥Î´Ò¥ ¢μ§-
³ÊÐ¥´¨Ö ϕ). �¥É·Ê¤´μ ´ ¶¨¸ ÉÓ ² £· ´¦¨ ´ ¡μ§μ´´μ° ¸É·Ê´Ò ¨ ¢ ¶·μ-
¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ Md. ‚ · §¤. 1 Î ¸É¨Í  Ô²¥³¥´É ·´μ° ¸¨¸É¥³Ò ¶μ-
² £ ² ¸Ó ´¥·¥²ÖÉ¨¢¨¸É¸±μ°; ²¨ÏÓ ¢ ¶·¥¤¥²¥ ¶·¨ a → 0 ² £· ´¦¨ ´ (1.21)

�¨¸. 2

¶·¨μ¡·¥É ² ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¨´¢ ·¨ ´É-
´μ¸ÉÓ. ‚ ¶·¨´Í¨¶¥, μ¤´ ±μ, ³μ¦´μ ¸ ¸ -
³μ£μ ´ Î ²  ¸Î¨É ÉÓ Ô²¥³¥´É ·´ÊÕ ¸¨-
¸É¥³Ê ®·¥²ÖÉ¨¢¨¸É¸±μ°¯ ¢ Éμ³ ¸³Ò¸²¥,
ÎÉμ ¢³¥¸Éμ qi ¡¥·¥É¸Ö qμ

i → zμ(σ) Å
¢¥±Éμ· ¢ Md (¸ ³¥É·¨±μ° ημν(+ − . . .−), μ = 0, 1, . . . , d − 1; ¸·. ³μ-
¤¥²Ó ®·¥²ÖÉ¨¢¨¸É¸±μ£μ μ¸Í¨²²ÖÉμ· ¯ ¢ [17]). ‡ ±μ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ¸¥¤¥°
¨ ² £· ´¦¨ ´ ³μ¦´μ ¢Ò¡· ÉÓ É ±, ÎÉμ¡Ò ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¶μ²ÊÎ ²¸Ö,
´ ¶·¨³¥·, ² £· ´¦¨ ´ � ³¡ÊÄƒμÉμ:

SNG =
∫

d2uLNG = −c

∫
d2u

√
(żz′)2 − ż2z′2, c = const. (2.1)
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‡¤¥¸Ó zμ = zμ(u) = zμ(τ, σ) (u1 = τ, u2 = σ, ż = ∂z/∂τ , z′ = ∂z/∂σ).
„¥°¸É¢¨¥ (2.1) ¨ ¤¥°¸É¢¨¥ �μ²Ö±μ¢ 

SP =
∫

d2uLP = − c

2

∫
d2u

√
−gημνgijzμ

,iz
ν
,j,

(2.2)
z,i = ∂z/∂ui, i = 1, 2, g = det gij ,

¤ ÕÉ μ¤´¨ ¨ É¥ ¦¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö zμ, ¥¸²¨ ¢ (2.2) ¢ ·Ó¨·μ¢ ÉÓ ¶μ
gij ¨ zμ (¢ ·Ó¨·μ¢ ´¨¥ ¶μ gij ¤ ¥É ¸¢Ö§¨). �μ ¤¥°¸É¢¨¥ (2.2) μ¶¨¸Ò¢ ¥É Í¥-
¶μÎ±Ê ®·¥²ÖÉ¨¢¨¸É¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢¯ ¢ ¶·μ¸É· ´¸É¢¥ Md, É. ¥. ³Ò ¶·¨Ìμ¤¨³
± § ¤ Î¥ ¨§ · §¤. 1. ’¥³ ¸ ³Ò³ ¶·μÖ¸´Ö¥É¸Ö Ë¨§¨Î¥¸±μ¥ ¸μ¤¥·¦ ´¨¥ ±¢ ´Éμ-
¢ ´´μ° ¸É·Ê´Ò: É¥¶¥·Ó ± ¦¤ Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò zμ(τ, σ) ¢ ´¥±μÉμ·μ° ÉμÎ±¥
σ μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨. � §Ê³¥¥É¸Ö, ¶·¨ ÔÉμ³ ¸²¥¤Ê¥É ¢ÒÖ¢¨ÉÓ
Ë¨§¨Î¥¸±¨¥ ¨ ´¥Ë¨§¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò (ÊÎ¥¸ÉÓ ¸¢Ö§¨) [17].

2.2. �· ´Ò. �´ ²μ£¨Î´Ò¥ ¸μμ¡· ¦¥´¨Ö ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö p-¡· ´.
„¥°¸É¢¨¥

S = −c

∫
dmu

√
|g|, gij = ημνgijzμ

,iz
ν
,j,

(2.3)
i, j = 1, 2, . . . , m, p = m − 1,

Ô±¢¨¢ ²¥´É´μ ¡¨²¨´¥°´μ³Ê ¶μ ¸±μ·μ¸ÉÖ³ ¤¥°¸É¢¨Õ

S̃ = − c

2

∫
dmu

√
|g|[ημνgijzμ

,iz
ν
,j + (2 − m)]. (2.4)

�μ± ¦¥³, ÎÉμ ¶¥·¥Ìμ¤ μÉ ¤¥°¸É¢¨Ö ®SNG¯ ± ¤¥°¸É¢¨Õ ®SP ¯ ³μ¦´μ É· ±-
Éμ¢ ÉÓ ± ± ¢ ·¨ ´É ¶¥·¥Ìμ¤  ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê ¢ ¶·μ¸É· ´¸É¢¥
(n + l)-¨§³¥·¥´¨° (n = d [18]).

‚ ¤μ¶μ²´¥´¨¥ ± Xμ(u), μ = 1, . . . , n, ¢¢¥¤¥³ ξa(u), a = n+1, . . . , n+l, É. ¥.
p-¡· ´  ¤¢¨¦¥É¸Ö ¢ (n + l)-³¥·´μ³ ¶·μ¸É· ´¸É¢¥. ˆ´¤ÊÍ¨·μ¢ ´´ Ö ³¥É·¨±  ¨
¤¥°¸É¢¨¥ É ±μ¢Ò:

g∗ij = ξa
,iξ

a
,j + ημνXμ

,iX
ν
,j ≡ g̃ij + gij , i, j = 1, . . . , m, (2.5)

S∗ = −c

∫
dmu

√
(−1)pg∗, g∗ = det g∗ij . (2.6)

� §²μ¦¨³ g∗ ¶μ ¸É¥¶¥´Ö³ gij :

g∗ = g̃ +
∂g∗

∂g̃ij
gij + . . . = g̃(1 + g̃ijgij + . . .) (dg = ggijdgij). (2.7)

’μ£¤  ¨³¥¥³ ¶·¨¡²¨¦¥´´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö S∗:

S∗ ≈ −c

∫
dmu

√
(−1)pg̃

(
1 +

1
2
g̃ij(u)ημνXμ

,iX
ν
,j

)
≡ S̃. (2.8)
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‚ ·Ó¨·ÊÖ (2.8) ¶μ g̃ij ¨ Xμ, ´ Ìμ¤¨³

δS̃

δg̃ij
=

c
√

(−1)pg̃

2

[
g̃ij

(
1 +

1
2
g̃klημνXμ

,kXν
,l

)
− ημνXμ

,iX
ν
,j

]
= 0, (2.9)

δS̃

δXμ
=

c

2
∂

∂ui

(√
(−1)pg̃g̃ij ∂

∂uj
Xμ

)
= 0. (2.10)

ˆÐ¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (2.9) ¢ ¢¨¤¥

g̃ij = f(u)ημνXμ
,iX

ν
,j,

£¤¥ f(u) Å ´¥¨§¢¥¸É´ Ö ËÊ´±Í¨Ö. �μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ (2.9), ´ Ìμ¤¨³

g̃ij

(
1 +

1
2
g̃klf−1g̃kl

)
− f−1g̃ij = 0,

É. ¥. f−1 = 1 + m/(2f) ¨ f = (2 − m)/2. ’ ±¨³ μ¡· §μ³,

g̃ij =
2 − m

2
gij (2.11)

¨ Ê· ¢´¥´¨Ö (2.10) ¶·¥¢· Ð ÕÉ¸Ö ¢ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö p-¡· ´Ò, ¢ÒÉ¥± ÕÐ¨¥
¨§ ¤¥°¸É¢¨Ö (2.3). �μ¤¸É ´μ¢±  (2.11) ¢ (2.8) ¤ ¥É

S̃|g̃ij=fgij = − c

2

(
2

2 − m

)(2−m)/2

×

×
∫

dmu
√

(−1)pg[gijημνXμ
,iX

ν
,j + (2 − m)], (2.12)

ÎÉμ, §  ¨¸±²ÕÎ¥´¨¥³ ´¥ ¢²¨ÖÕÐ¥£μ ´  Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³´μ¦¨É¥²Ö ¶¥·¥¤
¨´É¥£· ²μ³, ¸μ¢¶ ¤ ¥É ¸ ¤¥°¸É¢¨¥³ (2.4) (¢±²ÕÎ Ö ¸² £ ¥³μ¥ (2−m)). ‚ ÔÉμ³
¸²ÊÎ ¥ ¶μ¸ÉμÖ´´ Ö c ¶·¨μ¡·¥É ¥É § ¢¨¸¨³μ¸ÉÓ μÉ m:

c → c

(
2

2 − m

)(2−m)/2

.

ˆ§ Ê¸²μ¢¨Ö ¢¥Ð¥¸É¢¥´´μ¸É¨ ² £· ´¦¨ ´  ¨ ¶· ¢¨²Ó´μ£μ §´ ±  ¶·¨ ´¥³ Ö¸´μ,
ÎÉμ ¶·¨ m � 2 É ±¨¥ ¡· ´Ò ¸ÊÐ¥¸É¢ÊÕÉ ²¨ÏÓ ¢ ¶·μ¸É· ´¸É¢ Ì ¸ · §³¥·´μ-
¸ÉÖ³¨

m = 4r + 2, r = 0, 1, . . . ,

É. ¥. ¶·¨ m = 2, 6, 10, . . . , 26, . . ., p = 1, 5, 9, . . . , 25, . . .
� §Ê³¥¥É¸Ö, ¶·¨ ¦¥² ´¨¨ ¶¥·¥Ìμ¤ ± (n + l)-³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê ³μ¦¥É

· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± Ô¢·¨¸É¨Î¥¸±¨° ¶·¨¥³, ÌμÉÖ §  ´¨³, ¢μ§³μ¦´μ, ¸Éμ¨É ´¥-
ÎÉμ ¡μ²ÓÏ¥¥. ‚ · §¤. 4 μÉ³¥Î ¥É¸Ö, ÎÉμ p-¡· ´Ò, p � 2, ¤μ¶Ê¸É¨³μ É· ±Éμ¢ ÉÓ
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´¥ ± ± ËÊ´¤ ³¥´É ²Ó´Ò¥,   ± ± ¸²μ¦´Ò¥ ¸μ¸É ¢´Ò¥ μ¡Ñ¥±ÉÒ, ¶μ¸É·μ¥´´Ò¥
¨§ ¸É·Ê´ ¨ D1-¡· ´. ’μ£¤  ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ¤¥°¸É¢¨¥³ (2.2). �μ¤·μ¡-
´¥¥ μ ¶·¥¤¸É ¢²¥´¨¨ ¸É·Ê´ ¨ ¡· ´ ¤¨¸±·¥É´Ò³¨ ³´μ¦¥¸É¢ ³¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì
Î ¸É¨Í ¸³. ¢ [19, 20].

3. Œ�„…‹œ ‘“�…�‘ˆŒŒ…’�ˆ—��‰ ‘’�“�›

3.1. ‘Ê¶¥·¸¨³³¥É·¨Ö. ‘Ê¶¥·¸¨³³¥É·¨Ö Å μ¤´μ ¨§ ¢ ¦´¥°Ï¨Ì ¶μ´Ö-
É¨°, ¶μÖ¢¨¢Ï¨Ì¸Ö ¢ Ë¨§¨±¥ §  ¶μ¸²¥¤´¨¥ É·¨ ¸ ¶μ²μ¢¨´μ° ¤¥¸ÖÉ¨²¥É¨Ö [21Ä
24]. ”μ·³ ²Ó´μ μ´  ¸¢μ¤¨É¸Ö ± ¢¢¥¤¥´¨Õ ´ ·Ö¤Ê ¸ μ¡ÒÎ´Ò³¨ ±μμ·¤¨´ -
É ³¨ xμ, μ = 0, 1, 2, 3, É ±¦¥ ¨ £· ¸¸³ ´μ¢ÒÌ ( ´É¨±μ³³ÊÉ¨·ÊÕÐ¨Ì) ¶¥·¥-
³¥´´ÒÌ θα, [θα, θβ ]+ = 0, α = 1, . . . , 4. �·¨ ÔÉμ³ ± £¥´¥· Éμ· ³ £·Ê¶¶Ò
�Ê ´± ·¥ Pμ, Mμν ¤μ¡ ¢²ÖÕÉ¸Ö £¥´¥· Éμ·Ò Qα ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¸¤¢¨£μ¢:
xμ → xμ − iε̄γμθ, θα → θα + εα, £¤¥ γμ Å ³ É·¨ÍÒ „¨· ± , εα Å  ´É¨-
±μ³³ÊÉ¨·ÊÕÐ¨¥ ¶ · ³¥É·Ò ¶·¥μ¡· §μ¢ ´¨Ö, ε̄ = εC, C Å ´¥±μÉμ· Ö  ´É¨-
¸¨³³¥É·¨Î´ Ö ³ É·¨Í . • · ±É¥·´μ° μ¸μ¡¥´´μ¸ÉÓÕ ´μ¢μ°  ²£¥¡·Ò Ö¢²Ö¥É¸Ö
¶·μ¶μ·Í¨μ´ ²Ó´μ¸ÉÓ  ´É¨±μ³³ÊÉ Éμ·  Qα, Qβ ¢¥±Éμ·Ê Ô´¥·£¨¨-¨³¶Ê²Ó¸ :

[Qα, Qβ ]+ = 2(γμC)αβPμ. (3.1)

�μ²Ö É¥¶¥·Ó § ¢¨¸ÖÉ μÉ x ¨ θ. �·¨·μ¤  ¶·μ¸É· ´¸É¢  ¸ ±μμ·¤¨´ É ³¨ {x, θ}
¨ ¥£μ ¸Ê¶¥·¸¨³³¥É·¨¨ μ¸É ¥É¸Ö § £ ¤±μ°. �μ± ¦¥³, ± ± ¢ · ³± Ì ¶μ¤Ìμ¤  [5],
¶·μ²¨¢ ÕÐ¥£μ ¸¢¥É ´  ¶·¨·μ¤Ê ±¢ ´Éμ¢μ£μ μ¶¨¸ ´¨Ö, ³μ¦´μ ¶μ¸É·μ¨ÉÓ ³μ-
¤¥²Ó μ¤´μ³¥·´μ£μ ¸Ê¶¥·¸¨³³¥É·¨Î´μ£μ ¶·μ¸É· ´¸É¢ .

‘¶¨´μ·Ò ¢¢μ¤ÖÉ¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³. � ¸¸³μÉ·¨³ ¤¢Ê³¥·´μ¥ ¶¸¥¢¤μ¥¢-
±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ ¸ £·Ê¶¶μ° ¸¨³³¥É·¨¨ SO(1, 1). �¶·¥¤¥²¨³ x± = t±x.
’μ£¤  ¶·¨ ¶μ¢μ·μÉ Ì x′

± = exp (∓ϑ)x±. „²Ö ¤ ²Ó´¥°Ï¥£μ ¢ ¦´Ò ¸²¥¤ÊÕÐ¨¥
μ¡¸ÉμÖÉ¥²Ó¸É¢ :

1) ¢¸¥ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò SO(1, 1) μ¤´μ³¥·´Ò;

2) x
1/2
± (≡ u±) ¶·¥μ¡· §ÊÕÉ¸Ö ± ± ¸¶¨´μ·Ò: u′

± = exp (∓ϑ/2)u±;

3) ®É¥´§μ·´Ò¥¯ ¶·¥¤¸É ¢²¥´¨Ö ¤ ÕÉ¸Ö xp
±,   ®¸¶¨´-É¥´§μ·´Ò¥¯ Å x

p+1/2
± ,

£¤¥ p ∈ N ;
4) ËÊ´±Í¨¨ μÉ x± ¥¸ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö

(∂2
t − ∂2

x)f(x±) = ∂+∂−f(x±) = 0. (3.2)

ˆ³¥ÕÉ¸Ö ¤¢  ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö f1(x+) ¨ f2(x−), μ¶¨¸Ò¢ ÕÐ¨Ì ¤¢¨¦¥´¨¥
¢μ²´ ´ ²¥¢μ (L) ¨ ´ ¶· ¢μ (R). �Ê¸ÉÓ μ´¨ μÉ¢¥Î ÕÉ ¢μ§³ÊÐ¥´¨Ö³ Í¥¶μÎ±¨
Ô²¥³¥´É ·´ÒÌ ¸¨¸É¥³, μ¶¨¸ ´´μ° ¢ [5] ¨ ¢ ¶. 1.3 (·¨¸. 1). ‚ ´¥¶·¥·Ò¢´μ³
¶·¥¤¥²¥ ² £· ´¦¨ ´ É ±μ° ¸¨¸É¥³Ò ¤ ¥É¸Ö ¨´É¥£· ²μ³ (1.22) (m = 0). � -
¶μ³´¨³, ÎÉμ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ μ¤´μ¢·¥³¥´´μ Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤ ³¨
¢¥·μÖÉ´μ¸É¨.
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�¶·¥¤¥²¨³ μ¶¥· Éμ·Ò σ± ¤²Ö ¸¶¨´μ·μ¢: σ−u+ = u−, σ+u− = u+,
σ+u+ = σ−u− = 0 (É. ¥. σ−L = R, σ+R = L). �Î¥¢¨¤´μ, (σ±)2 = 0 ¨

σ+σ− + σ−σ+ = 1, (3.3)

É. ¥. ÔÉ¨ μ¶¥· Éμ·Ò ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ μ¶¥· Éμ· ³¨ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ-
¦¥´¨Ö ¤²Ö Ë¥·³¨μ´´μ£μ (£· ¸¸³ ´μ¢ ) μ¸Í¨²²ÖÉμ· .

�¥·¥Ìμ¤Ö μÉ ´¥¶·¨¢μ¤¨³ÒÌ ¸¶¨´μ·μ¢ u± ± ¶·¨¢μ¤¨³Ò³: u1 = (u− +
u+)/2, u2 = (u− − u+)/2, ¨ ¢¢μ¤Ö ¤¢ÊÌ±μ³¶μ´¥´É´Ò° ¸¶¨´μ· u = (u1, u2),
μ¶·¥¤¥²Ö¥³ ³ É·¨ÍÒ „¨· ± : γ1 = σ− − σ+ = −iσ2, γ0 = (σ− + σ+)γ1 =
σ1γ1 = σ3 (σ1,2,3 Å ³ É·¨ÍÒ � Ê²¨). ˆÉ ±, ūγ1u ≡ uγ0γ1u = −2u1u2 =
−(u2

− − u2
+)/2 = x, ūγ0u = u2

1 + u2
2 = (u2

− + u2
+)/2 = t, É. ¥. ūγau, a = 0, 1,

¥¸ÉÓ ¢¥±Éμ·. ‘¶¨´μ· u Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ „¨· ± 

γa∂au = 0, (3.4)

±μÉμ·μ¥ ¶μ²ÊÎ ¥É¸Ö ¢ ·Ó¨·μ¢ ´¨¥³ ¤¥°¸É¢¨Ö

S =
∫

dtdxūiγa∂au. (3.5)

�É³¥É¨³, ¢¶·μÎ¥³, ÎÉμ ÔÉμ³Ê Ê· ¢´¥´¨Õ Ê¤μ¢²¥É¢μ·Ö¥É ¨ ®¸¶¨´μ·¯, ¶μ¸É·μ-
¥´´Ò°  ´ ²μ£¨Î´Ò³ μ¡· §μ³ ¨§ ²Õ¡ÒÌ ¸É¥¶¥´¥° uk

+, uk
−.

”¥·³¨μ´Ò ³μ¤¥²¨·ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‡ ³±´¥³ Í¥¶μÎ±Ê, ¨§μ¡· -
¦¥´´ÊÕ ´  ·¨¸. 2, ¢ ±μ²ÓÍμ ¤μ¸É ÉμÎ´μ ³ ²μ£μ · ¤¨Ê¸  R (¶Ê¸ÉÓ R ∼ lP ; ¶·¨
ÔÉμ³ Î¨¸²μ NR μ¡· §ÊÕÐ¨Ì ¥¥ μ¸Í¨²²ÖÉμ·μ¢ ¶μ-¶·¥¦´¥³Ê ¢¥²¨±μ, NR 
 1;
´  ·¨¸. 3, a ¨§μ¡· ¦¥´  ¸¨¸É¥³  ±μ²¥Í). Šμ²ÓÍμ Å Ê¶μ·Ö¤μÎ¥´´ Ö ¸¨¸É¥³  μ¸-
Í¨²²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥, ¶μÔÉμ³Ê ¤¢¨¦¥´¨¥ ¶μ ´¥³Ê μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ°
³¥Ì ´¨±μ° (¢ ¨´É¥·¢ ²¥ ¢·¥³¥´¨ 0 < t 	 tr). ƒ·Ê¶¶  ¸¨³³¥É·¨¨ ¶²μ¸±μ-
¸É¨ ±μ²ÓÍ  (y1, y2) ¥¸ÉÓ SO(2). �¥·¥Ìμ¤Ö ± ±μ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³ ζ =
y1 + iy2 = ρ eiφ, ´ Ìμ¤¨³ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ζ ¶·¨ ¶μ¢μ·μÉ Ì: ζ′ = eiαζ;
³μ¦´μ ¢¢¥¸É¨ ®É¥´§μ·Ò¯ Tn = ζn, T ′

n = (eiα)nTn, n = 0,±1,±2, . . . , ¨ ®¸¶¨-
´μ·Ò¯ v± = ζ±1/2, v′± = e±iα/2v±. ‚¸¥ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò
SO(2) μ¤´μ³¥·´Ò.

�¨¸. 3
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ˆ³¶Ê²Ó¸ p É¥¶¥·Ó ¥¸ÉÓ ¤¢Ê³¥·´Ò° ¢¥±Éμ· ¢ ¶²μ¸±μ¸É¨ ±μ²ÓÍ . ‚ ¸²ÊÎ ¥
Ê· ¢´¥´¨Ö Š”ƒ ¸ ³ ¸¸μ° m = 0 ¸¢Ö§Ó Ô´¥·£¨¨ ¸ ¨³¶Ê²Ó¸μ³ ¤ ¥É¸Ö · ¢¥´¸É¢μ³
E2 = p2c2

R, £¤¥ cR Å ¸±μ·μ¸ÉÓ · ¸¶·μ¸É· ´¥´¨Ö ¢μ§³ÊÐ¥´¨Ö ¶μ Í¥¶μÎ±¥.
‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ÔÉμ · ¢¥´¸É¢μ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ Ĥ2/c2

R = −�
2Δ,

Δ Å ¤¢Ê³¥·´Ò° μ¶¥· Éμ· ‹ ¶² ¸ . �¶¨¸ ´¨¥ ¤¢¨¦¥´¨Ö ¶μ ±μ²ÓÍÊ ¸¢μ¤¨É¸Ö ±
§ ¤ Î¥ μ ±¢ ´Éμ¢ ´¨¨ ¸¨¸É¥³Ò ¸μ ¸¢Ö§Ö³¨ ¢Éμ·μ£μ ·μ¤  (¸¢Ö§Ó y2

1 + y2
2 = R2).

‚ ¶μ²Ö·´ÒÌ ±μμ·¤¨´ É Ì ¨³¥¥³

−�
2Δ = P̂ 2

r +
(

P̂ 2
φ − �

2

4

)
1

R2
, (3.6)

£¤¥ P̂r, P̂φ Å μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸μ¢ · ¤¨ ²Ó´μ£μ P̂r = −i�r−1/2(∂/∂r)r1/2 ¨

Ê£²μ¢μ£μ P̂φ = −i�∂/∂φ ¤¢¨¦¥´¨°. ”¨§¨Î¥¸±¨¥ ¸μ¸ÉμÖ´¨Ö ψph ¶μ¤Î¨´ÖÕÉ¸Ö

Ê¸²μ¢¨Õ P̂rψph = 0 (μÉ¸ÊÉ¸É¢¨¥ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö, ¸³. ¶·¨²μ¦¥´¨¥).
� ¸¸³μÉ·¨³ ¸´ Î ²  ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ ° (Ĥ = −�

2Δ/2).
‚ ¦´¥°Ï¨¥ μ¸μ¡¥´´μ¸É¨ ¤¢¨¦¥´¨Ö ¢μ²´Ò ¶μ ±μ²ÓÍÊ · ¤¨Ê¸  R É ±μ¢Ò:
1) ´ ²¨Î¨¥ μÉ·¨Í É¥²Ó´μ£μ ®±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ² ¯ Vq = −�

2/8R2 <
0 [25, 26];

2) ´ ²¨Î¨¥ ¤¢ÊÌ (¢Ò·μ¦¤¥´´ÒÌ) ¸μ¸ÉμÖ´¨° ¤¢¨¦¥´¨Ö ´  ±μ²ÓÍ¥: ®¶· ¢μ-
£μ¯ (R) ¨ ®²¥¢μ£μ¯ (L);

3) ¤¨¸±·¥É´Ò° ¸¶¥±É· ¨³¶Ê²Ó¸  P̂ ≡ R−1P̂φ: P̂ψn = pnψn, pn = n�/R;
4) ¡μ²ÓÏ¨¥ ¨´É¥·¢ ²Ò ³¥¦¤Ê Ê·μ¢´Ö³¨ Ô´¥·£¨¨ ¤²Ö ³ ²ÒÌ R (En ∼

(n�/R)2).
Šμ²ÓÍμ ³μ¤¥²¨·Ê¥É μ¸´μ¢´Ò¥ Î¥·ÉÒ ®μ¤´μË¥·³¨μ´´μ°¯ ¸¨¸É¥³Ò:  ) μÉ-

·¨Í É¥²Ó´ Ö Ô´¥·£¨Ö ´¨§Ï¥£μ ¸μ¸ÉμÖ´¨Ö (¶¥·¢μ¶·¨Î¨´  ¶μÖ¢²¥´¨Ö ®¶μ¤¢ ² 
„¨· ± ¯); ¡) ¤¢  ¸μ¸ÉμÖ´¨Ö ®¶μ²Ö·¨§ Í¨¨¯ (R, L); ¢) ¶μÖ¢²¥´¨¥ £· ¸¸³ ´μ¢ÒÌ
¶¥·¥³¥´´ÒÌ (¶·¨´Í¨¶ � Ê²¨).

�μÖ¸´¨³ ¶μ¸²¥¤´¨° ¶Ê´±É ´  ¶·¨³¥·¥ μ¸Í¨²²ÖÉμ· . �¶¥· Éμ·Ò ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö ¤²Ö ´¥£μ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ³ É·¨Í ³¨:

â+ =

⎛
⎜⎜⎜⎜⎝

0 0 0 0 . . .√
1 0 0 0 . . .

0
√

2 0 0 . . .
0 0

√
3 0 . . .

. . . . . . . . . . . . . . . .

⎞
⎟⎟⎟⎟⎠ , â =

⎛
⎜⎜⎜⎜⎝

0
√

1 0 0 . . .
0 0

√
2 0 . . .

0 0 0
√

3 . . .
0 0 0 0 . . .
. . . . . . . . . . . . . . . .

⎞
⎟⎟⎟⎟⎠ . (3.7)

…¸²¨ ¨´É¥·¢ ² ³¥¦¤Ê Ê·μ¢´Ö³¨ Ô´¥·£¨¨ μ¸Í¨²²ÖÉμ·  ¢¥²¨± ¨²¨ ¢¥·μÖÉ´μ¸ÉÓ
¢μ§¡Ê¦¤¥´¨Ö ¢Ò¸Ï¨Ì Ê·μ¢´¥° ³ ² , Éμ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ¶μ³¨³μ μ¸´μ¢-
´μ£μ ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ÊÎ¥Éμ³ ²¨ÏÓ ¶¥·¢μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö.
’μ£¤  ¢³¥¸Éμ ³ É·¨Í (3.7) ¤μ¸É ÉμÎ´μ μ£· ´¨Î¨ÉÓ¸Ö ³ É·¨Í ³¨ 2 × 2, ¸ÉμÖ-
Ð¨³¨ ¢ ¨Ì ²¥¢ÒÌ ¢¥·Ì´¨Ì Ê£² Ì:(

0 0
1 0

)
≡ f̂+,

(
0 1
0 0

)
≡ f̂ , ââ+ − â+â = 1, f̂+f̂ + f̂ f̂+ = � (3.8)
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(¢  ´É¨±μ³³ÊÉ Éμ· ¢¢¥¤¥´  § ¢¨¸¨³μ¸ÉÓ μÉ ¶μ¸ÉμÖ´´μ° �² ´±  �). �¶¥· Éμ·Ò
â, â+ ¶μ²ÊÎ ÕÉ¸Ö ¨§ ±μ³¶²¥±¸´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ z = (q+ip)/

√
2

¨ z̄ = (q − ip)/
√

2 ¸μ ¸±μ¡±μ° �Ê ¸¸μ´  {z, z̄} = −i ¢ ¶·μÍ¥¸¸¥ ®±¢ ´Éμ¢ -
´¨Ö¯: z → ẑ, [ẑ, ẑ+] = i�{z, z̄} = �. �¥·¥Ìμ¤Ö ¢  ´É¨±μ³³ÊÉ Éμ·¥ (3.8)
± ¶·¥¤¥²Ê � → 0, ¶μ²ÊÎ ¥³ ®±² ¸¸¨Î¥¸±¨¥¯ Ë¥·³¨μ´´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò
f̂+ → θ̄, f̂ → θ, θ̄θ + θθ̄ = 0. ’¥¶¥·Ó ± ´μ´¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ ¡Ê¤ÊÉ
μ¡· §ÊÕÐ¨¥  ²£¥¡·Ò ƒ· ¸¸³ ´ .

‘Î¨É ¥É¸Ö, ÎÉμ É¥μ·¨Ö μ¡² ¤ ¥É ¸Ê¶¥·¸¨³³¥É·¨¥°, ¥¸²¨ £ ³¨²ÓÉμ´¨ ´ ¨´-
¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò â ↔ f̂ , â+ ↔ f̂+, ÉμÎ´¥¥, ¥¸²¨ μ´ ±μ³³Ê-
É¨·Ê¥É ¸ μ¶¥· Éμ· ³¨ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ¶·¥μ¡· §μ¢ ´¨° âf̂+, â+f̂ . �Éμ³Ê
Ê¸²μ¢¨Õ Ê¤μ¢²¥É¢μ·Ö¥É £ ³¨²ÓÉμ´¨ ´

Ĥ = ω(â+â + f̂+f̂).

3.2. ‘Ê¶¥·¸É·Ê´ . � ¸¸³μÉ·¨³ Í¥¶μÎ±Ê ±μ²¥Í (·¨¸. 3,  ). „μ¶Ê¸É¨³, ÎÉμ
¢μ§¡Ê¦¤¥´¨Ö ³μ£ÊÉ ¶¥·¥¤ ¢ ÉÓ¸Ö μÉ ±μ²ÓÍ  ± ±μ²ÓÍÊ. ‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ
¶·¨³¥·  É ±μ° ¸É·Ê±ÉÊ·Ò ¢μ§Ó³¥³ ¸¶¨· ²Ó, μ¡· §μ¢ ´´ÊÕ ¨§ ±μ²¥Í (·¨¸. 3, ¡).
‚μ§³μ¦´Ò ¤¢  É¨¶  ¢μ§¡Ê¦¤¥´¨°: 1) ¢μ§¡Ê¦¤¥´¨Ö, ¶¥·¥³¥Ð ÕÐ¨¥¸Ö ¶μ ¸¶¨-
· ²¨ μÉ μ¸Í¨²²ÖÉμ·  ± μ¸Í¨²²ÖÉμ·Ê, 2) ¶μ¶¥·¥Î´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¸¶¨· ²¨ ± ±
Í¥²μ£μ, ¶¥·¥³¥Ð ÕÐ¨¥¸Ö μÉ ±μ²ÓÍ  ± ±μ²ÓÍÊ (±μ²¥¡ ´¨Ö Í¥´É·μ¢ ±μ²¥Í ¢
¨Ì ¶²μ¸±μ¸É¨). ‘¶¨· ²Ó ³μ¦¥É ¸²Ê¦¨ÉÓ ³μ¤¥²ÓÕ ¸Ê¶¥·¸É·Ê´Ò, ¨¡μ ¤μ¶Ê¸± ¥É
¤¢  É¨¶  ¤¢¨¦¥´¨°: Ë¥·³¨μ´´Ò¥ (±·Ê£μ¢Ò¥ ¤¢¨¦¥´¨Ö ¶μ ±μ²ÓÍ ³) ¨ ¡μ§μ´´Ò¥
(±μ²¥¡ ´¨Ö Í¥´É·μ¢ ±μ²¥Í).

—Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉμ³, μ¡· É¨³¸Ö ± ·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¤¢¨¦¥´¨Õ ¶μ ¸¶¨-
· ²¨. ‚ Í¨²¨´¤·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì r, φ, z ¶¥·¥³¥´´Ò¥ · §¤¥²ÖÕÉ¸Ö. „¢¨¦¥-
´¨¥ ¶μ ¸¶¨· ²¨ ¸¢μ¤¨É¸Ö ± ¶¥·¥³¥Ð¥´¨Õ ¢μ§³ÊÐ¥´¨Ö ¶μ μ±·Ê¦´μ¸É¨ ¨ ¸³¥-
Ð¥´¨Õ ¢¤μ²Ó μ¸¨ z, ¶μÔÉμ³Ê ¶μ²´μ¸ÉÓÕ ¶·¨³¥´¨³  ´ ²¨§ ¤¢¨¦¥´¨Ö ¶μ ±μ²ÓÍÊ
¨§ ¶·¥¤Ò¤ÊÐ¥£μ ¶Ê´±É . �  Ë¨§¨Î¥¸±¨Ì ¢¥±Éμ· Ì ¸μ¸ÉμÖ´¨° (P̂rψph = 0)
¨³¥¥³

Ĥ2 = c2
R

(
P̂ 2 − �

2

4R2

)
= cR

(
P̂ − �

2R

)
cR

(
P̂ +

�

2R

)
≡ Ĥ+Ĥ−. (3.9)

�¨¸. 4

‘μ¡¸É¢¥´´Ò° ¢¥±Éμ· μ¶¥· Éμ·  P̂ ¸ ´Ê²¥¢Ò³ ¸μ¡¸É¢¥´-
´Ò³ §´ Î¥´¨¥³ (P̂ψ0 = 0) μÉ¢¥Î ¥É μÉ·¨Í É¥²Ó´μ³Ê §´ -
Î¥´¨Õ ±¢ ¤· É  Ô´¥·£¨¨ Ĥ2. „ ´´Ò° Ë ±É ¥¸É¥¸É¢¥´´μ
Éμ²±μ¢ ÉÓ ± ± Ê± § ´¨¥ ´  ´¥Ê¸Éμ°Î¨¢μ¸ÉÓ ´¥¢μ§¡Ê¦¤¥´´μ£μ
±μ²ÓÍ . �μÔÉμ³Ê ¤μ¶Ê¸É¨³Ò ²¨ÏÓ ¤¢¨¦¥´¨Ö ¸ p � �/2R. ‚
¸²ÊÎ ¥ μ¤´μ£μ ±μ²ÓÍ  ¸μ¸ÉμÖ´¨¥ ¸ ´Ê²¥¢μ° Ô´¥·£¨¥° ´¥¢μ§-
³μ¦´μ (´¥μ¡Ìμ¤¨³ ¨³¶Ê²Ó¸ p = �/2R); É ±μ¥ ¸μ¸ÉμÖ´¨¥ ¢μ§³μ¦´μ ²¨ÏÓ, ¥¸²¨
¢§ÖÉÓ ¸¶¨· ²Ó ¨§ ¤¢ÊÌ ¢¨É±μ¢, ¸μ¥¤¨´¨¢ ±μ´ÍÒ ¸¶¨· ²¨ (¸¤¢μ¥´´Ò¥ ±μ²ÓÍ ,
·¨¸. 4).
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‘¶¥±É·Ò μ¶¥· Éμ·μ¢ ¨³¶Ê²Ó¸  P̂± ¤¢¨¦¥´¨Ö ¶μ ±μ²ÓÍÊ É ±μ¢Ò:

p±n = ±n
�

R
, n = 0, 1, 2, . . . (3.10)

ˆ§ Ê· ¢´¥´¨Ö (Ĥ2−p2c2
R)ψ = 0 ¢ÒÉ¥± ¥É ¢μ§³μ¦´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¸ Ô´¥·£¨Ö³¨

±
√

E2. ‚Ò¡¨· ¥³ ¢ ± Î¥¸É¢¥ μ¶¥· Éμ·  Ô´¥·£¨¨

Ĥ+ =
(

P̂+ − �

2R

)
cR. (3.11)

ˆ§ (3.10), (3.11) ´ Ìμ¤¨³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê Ê·μ¢´Ö³¨ Ô´¥·£¨¨ ±·Ê£μ¢μ£μ ¤¢¨-
¦¥´¨Ö: ΔEn = cR�/R. …¸²¨ ¤²¨´  ¸¶¨· ²¨ · ¢´  L (É. ¥. 0 � z � L), Éμ
Ì · ±É¥·´Ò° ¸¶¥±É· Ô´¥·£¨¨ ²¨´¥°´μ£μ ¤¢¨¦¥´¨Ö ¸É ´¤ ·É¥´: En = cH�n/L,
£¤¥ cH Å ¸±μ·μ¸ÉÓ ¶¥·¥³¥Ð¥´¨Ö ¢μ§³ÊÐ¥´¨Ö ¢¤μ²Ó ¸¶¨· ²¨, ¨ ΔEn ≡ �ΩH =
cH�/L. �É¸Õ¤  ´ Ìμ¤¨³

ΔEn

ΔEn
≡ Ω

ΩH
=

cR

cH

L

R

 1. (3.12)

„¥°¸É¢¨É¥²Ó´μ, cH < cR, ¶μ¸±μ²Ó±Ê cH ¸¢Ö§ ´  ¸ ±μ²¥¡ ´¨Ö³¨ μÉ´μ¸¨É¥²Ó´μ
¡μ²ÓÏ¨Ì ³ ¸¸ (¶μ·Ö¤±  ³ ¸¸Ò ±μ²ÓÍ ), ¨ Ω/ΩH 
 1, ¥¸²¨ L 
 R.

�¡Ñ¥¤¨´¥´¨¥ NH ¸¤¢μ¥´´ÒÌ ±μ²¥Í ¢ ¸¶¨· ²Ó ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ (NH+1)-
Ê·μ¢´¥° Ô´¥·£¨¨ ¢ ¨´É¥·¢ ²¥ [−�cR/2R, 0]. �·¨ NH → ∞ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê
Ê·μ¢´Ö³¨ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ. …¸²¨ ¢¸¥ ¶ ·Ò ±μ²¥Í ´ Ìμ¤ÖÉ¸Ö ¢ ¶¥·¢μ³ ¢μ§-
¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨ (É. ¥. ¥¸²¨ ¶μ²´ Ö Ô´¥·£¨Ö ¸¶¨· ²¨ · ¢´  ´Ê²Õ), Éμ ÔÉμ
μÉ¢¥Î ¥É ¶μ²´μ¸ÉÓÕ § ¶μ²´¥´´μ³Ê ®¶μ¤¢ ²Ê¯, ±μ£¤  ¢¸¥ (NH + 1)-Ê·μ¢´¥°
¸¶¨· ²¨ ¢μ§¡Ê¦¤¥´Ò. ‚μ§¡Ê¦¤¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê·μ¢´¥° ¸¤¢μ¥´´ÒÌ ±μ²¥Í μÉ-
¢¥Î ¥É Ë¥·³¨μ´´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³ ¸ ¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¥°. ‘²¥¤Ê¥É μ¦¨-
¤ ÉÓ, ÎÉμ ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ° Ô´¥·£¨¨ ¸É·Ê´  ³μ¦¥É · §·ÊÏ¨ÉÓ¸Ö.

ˆ§ (3.11) ¸²¥¤Ê¥É:
1) Ê£²μ¢μ° ³μ³¥´É ¤¢¨¦¥´¨Ö (y×p, |y×p| = pR), μÉ¢¥Î ÕÐ¥£μ ´Ê²¥¢μ°

Ô´¥·£¨¨ (p = �/2R), · ¢¥´ �/2 (®¸¶¨´¯ 1/2); ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¸μ¡¸É¢¥´´Ò°
¢¥±Éμ· exp (is/2R), s = Rφ (P̂ = �d/ds), ¶·¥μ¡· §Ê¥É¸Ö ± ± ¸¶¨´μ· ζ1/2;

2) ¸¶¥±É· μ¶¥· Éμ·  P̂+cR  ´ ²μ£¨Î¥´ ¸¶¥±É·Ê μ¸Í¨²²ÖÉμ· : p+
n cR =

n�Ω, Ω = cR/R, É. ¥. ³μ¦´μ ¢¢¥¸É¨ Ëμ·³ ²¨§³ ¶μ¢ÒÏ ÕÐ¨Ì ¨ ¶μ´¨¦ ÕÐ¨Ì
μ¶¥· Éμ·μ¢ â+, â (3.7), É ±¨Ì, ÎÉμ P̂+ = �Ωâ+â;

3) ÊÎ¨ÉÒ¢ Ö (3.12) ¨ ¶¥·¥Ìμ¤Ö ¸μ£² ¸´μ (3.8) ± μ¶¥· Éμ· ³ f̂+, f̂ : â+ →
f̂+, â → f̂ , ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö μ¶¥· Éμ·  Ô´¥·£¨¨ Ĥ+:

Ĥ+ = �Ω
(

â+â − 1
2

)
→ Ω

(
f̂+f̂ − 1

2

)
=

Ω
2

(f̂+f̂ − f̂ f̂+). (3.13)

�¶¥· Éμ· (3.13) ¥¸ÉÓ ¸É ´¤ ·É´Ò° μ¶¥· Éμ· Ô´¥·£¨¨ Ë¥·³¨μ´´μ° ¸É¥¶¥´¨ ¸¢μ-
¡μ¤Ò. “Î¨ÉÒ¢ Ö, ÎÉμ Ĥ+ ¥¸ÉÓ ´Ê²¥¢ Ö ±μ³¶μ´¥´É  2-¢¥±Éμ·  ¨ ÎÉμ μ¶¥· Éμ·
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Ĥ+ ¡¨²¨´¥¥´ ¢ f̂+, f̂ , § ±²ÕÎ ¥³: μ¸Í¨²²ÖÉμ·´Ò¥ ¶¥·¥³¥´´Ò¥ f̂+, f̂ ¤μ²¦´Ò
¶·¥μ¡· §μ¢Ò¢ ÉÓ¸Ö ± ± ¸¶¨´μ·Ò. �ÉμÉ ¦¥ ·¥§Ê²ÓÉ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¤·Ê£¨³
¶ÊÉ¥³. ‘¶¨´μ·´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ±μ²ÓÍ  μ¶¨¸Ò¢ ÕÉ¸Ö ² £· ´¦¨ ´μ³ (3.5) ¨
£ ³¨²ÓÉμ´¨ ´μ³ ¢ ¢¨¤¥ ¸Ê³³Ò Î²¥´μ¢ É¨¶  (3.13). ’ ± ± ± ±μ²ÓÍμ ´ Ìμ¤¨É¸Ö
¢ É¥·³μ¸É É¥, £ ³¨²ÓÉμ´¨ ´ ¤μ²¦¥´ ¡ÒÉÓ μ¶¥· Éμ·μ³. ˆ§ Ê¸²μ¢¨Ö ´¥μÉ·¨Í -
É¥²Ó´μ¸É¨ Ô´¥·£¨¨ ¢ÒÉ¥± ¥É  ´É¨±μ³³ÊÉ É¨¢´μ¸ÉÓ f̂ , f̂+. ‚¥¸Ó³  ¸ÊÐ¥¸É¢¥´
¨ ÉμÉ Ë ±É, ÎÉμ Ì · ±É¥· ¸¶¨· ²¨ (²¥¢Ò° ¨²¨ ¶· ¢Ò° ¢¨´É) ¶·¥¤μ¶·¥¤¥²Ö¥É
²¥¢ÊÕ ¨²¨ ¶· ¢ÊÕ ®¶μ²Ö·¨§ Í¨Õ¯ ¢μ§¡Ê¦¤¥´¨°, É. ¥. ¨³¥¥É ³¥¸Éμ ¸¶μ´É ´´μ¥
´ ·ÊÏ¥´¨¥ ±¨· ²Ó´μ° ¸¨³³¥É·¨¨.

�É´μ¸¨É¥²Ó´μ ¤¨´ ³¨±¨ ¸¶¨· ²¥° ¸³. É ±¦¥ [27].
Œμ¤¥²Ó ¸Ê¶¥·¸É·Ê´Ò � ³μ´ Ä�¥¢¥Ä˜¢ ·Í  ¶μ²ÊÎ ¥É¸Ö, ¥¸²¨ ¶·¥¤¶μ²μ-

¦¨ÉÓ, ÎÉμ Í¥¶μÎ±  ±μ²¥Í, ¨§μ¡· ¦¥´´ Ö ´  ·¨¸. 3,  , ´ Ìμ¤¨É¸Ö ¢ ¶¸¥¢¤μ¥¢±²¨-
¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ · §³¥·´μ¸É¨ d ¸ ±μμ·¤¨´ É ³¨ Xμ. “± § ´´Ò³ ¢ÒÏ¥ É¨-
¶ ³ ¢μ§¡Ê¦¤¥´¨°, · ¸¶·μ¸É· ´ÖÕÐ¨Ì¸Ö ¶μ Í¥¶μÎ±¥, ¸μ¶μ¸É ¢¨³ ¶¥·¥³¥´´Ò¥:
Sμ
± (±·Ê£μ¢Ò¥ ¤¢¨¦¥´¨Ö, ±μÉμ·Ò¥ ¶¥·¥¤ ÕÉ¸Ö μÉ ±μ²ÓÍ  ± ±μ²ÓÍÊ ¸¶¨· ²¨ ¨

μ¶¨¸Ò¢ ÕÉ¸Ö  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨³¨ ¶¥·¥³¥´´Ò³¨) ¨ Xμ (¢μ§¡Ê¦¤¥´¨Ö, É ±¦¥
¶¥·¥³¥Ð ÕÐ¨¥¸Ö ¢¤μ²Ó ¸¶¨· ²¨, ´μ μ¶¨¸Ò¢ ÕÐ¨¥ ±μ²¥¡ ´¨Ö Í¥´É·μ¢ ±μ²¥Í).

‚¢μ¤Ö ¨´¢ ·¨ ´É´Ò° ¶ · ³¥É· τ (®¢·¥³Ö¯) ¨ μ¡μ§´ Î Ö ¶·¥¤¥² ΔLn
(ΔL → 0, n → ∞, ΔL Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ±μ²ÓÍ ³¨) Î¥·¥§ σ, ¨³¥¥³ ¤¢ 
É¨¶  ¢μ§¡Ê¦¤¥´¨°:

Xμ(τ ± σ) ¨ Sμ
±(τ ± σ).

‡ ±·ÊÎ¥´´ Ö ¢ ¸¶¨· ²Ó Í¥¶μÎ±  ±μ²¥Í, ¨§μ¡· ¦¥´´ Ö ´  ·¨¸. 3, ¡, ³μ¤¥²¨·Ê¥É
¸Ê¶¥·¸É·Ê´Ê � ³μ´ Ä�¥¢¥Ä˜¢ ·Í . „¥°¸É¢¨É¥²Ó´μ, ¸¢μ¡μ¤´Ò¥ ¡μ§μ´´μ¥ ¶μ²¥
Xμ ¨ Ë¥·³¨μ´´μ¥ ( ´É¨±μ³³ÊÉ¨·ÊÕÐ¥¥) ¢¥±Éμ·´μ¥ ¶μ²¥ Sμ

α μ¶¨¸Ò¢ ÕÉ¸Ö
¸μ£² ¸´μ (3.2), (3.4) ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ ² £· ´¦¨ ´μ³ [22]

L =
∫

dτdσ

(
−∂Xμ

∂σ+

∂Xμ

∂σ−
+ S̄μiγa∂aSμ

)
, σ± = τ ± σ, a = 0, 1. (3.14)

’¥³ ¸ ³Ò³ ¶·μÖ¸´Ö¥É¸Ö ¶·¨·μ¤   ´É¨±μ³³ÊÉ¨·ÊÕÐ¥£μ ¢¥±Éμ·´μ£μ ¶μ²Ö Sμ ¢
¸É·Ê´¥ � ³μ´ Ä�¥¢¥Ä˜¢ ·Í . ‚ ¶·μ¸É· ´¸É¢¥ Md μ¶¥· Éμ·Ò â+, â (3.7) ¸É -
´μ¢ÖÉ¸Ö ¢¥±Éμ· ³¨ âμ+, âμ. ‘²¥¤μ¢ É¥²Ó´μ, ¨  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨¥ μ¶¥· Éμ·Ò
f̂+, f̂ ¸É ´μ¢ÖÉ¸Ö ¢¥±Éμ· ³¨ f̂μ+, f̂μ. �É¨ ¶μ¸²¥¤´¨¥ ¨ μ¡· §ÊÕÉ  ´É¨±μ³³Ê-
É¨·ÊÕÐ¥¥ ¶μ²¥ Sμ.

‹Õ¡μ¥ ·¥Ï¥´¨¥ (3.2) ³μ¦´μ · §²μ¦¨ÉÓ ¶μ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³
£·Ê¶¶Ò SO(1, 1). �Éμ ®É¥´§μ·´Ò¥¯ ·¥Ï¥´¨Ö

Sμ(σ±) =
∑

dμ
kσk

±,

±μÉμ·Ò¥ μ¡· §ÊÕÉ ¸¥±Éμ· � ³μ´  [28], ¨ ®¸¶¨´-É¥´§μ·´Ò¥¯

Sμ(σ±) =
∑

bμ
kσ

k+1/2
± ,

μ¡· §ÊÕÐ¨¥ ¸¥±Éμ· �¥¢¥Ä˜¢ ·Í  [29].
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�É³¥É¨³, ÎÉμ ¶·¨ R → 0 ¸¶¨· ²Ó ³μ¤¥²¨·Ê¥É μ¤´μ³¥·´μ¥ ¸Ê¶¥·¸¨³-
³¥É·¨Î´μ¥ ¶·μ¸É· ´¸É¢μ. ‘³¥Ð¥´¨¥ ¢¤μ²Ó μ¸¨ ¸¶¨· ²¨ ¢μ§³μ¦´μ ¤¢Ê³Ö ¸¶μ-
¸μ¡ ³¨: 1) ¶¥·¥³¥Ð¥´¨¥³ ´¥¶μ¸·¥¤¸É¢¥´´μ μÉ ±μ²ÓÍ  ± ±μ²ÓÍÊ, 2) ¶¥·¥³¥Ð¥-
´¨¥³ ¶μ ¢¨É±Ê. �μ¸±μ²Ó±Ê Ë¨§¨Î¥¸±μ¥ ¤¢¨¦¥´¨¥ ¶μ ±μ²ÓÍÊ ¢ ±² ¸¸¨Î¥¸±μ³
¶·¥¤¥²¥ � → 0 μ¶¨¸Ò¢ ¥É¸Ö £· ¸¸³ ´μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ θ, Ö¸´μ, ÎÉμ ¸¤¢¨£
θ → θ+ε £¥´¥·¨·Ê¥É ¸¤¢¨£ δxμ = −iε̄γμθ. ‚ μ¸´μ¢¥ ¸Ê¶¥·¶·μ¸É· ´¸É¢  ²¥¦¨É
´¥É·¨¢¨ ²Ó´ Ö ¸É·Ê±ÉÊ· .

…¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¶μ ±μ²ÓÍÊ ¶¥·¥³¥Ð ÕÉ¸Ö ¸¶¨´μ·´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö
(¸¶¨´μ·Ò ¶·μ¸É· ´¸É¢  Md), Éμ ¶μ²ÊÎ ¥É¸Ö ¸É·Ê´  ƒ·¨´ Ä˜¢ ·Í  [30, 31].
‡ ±²ÕÎ ¥³: ¨§μ¡· ¦¥´´ Ö ´  ·¨¸. 3, ¡ ¸¨¸É¥³  ³μ¤¥²¨·Ê¥É ¸Ê¶¥·¸É·Ê´Ê.

4. Œ�„…‹œ ���‘’���‘’‚�

� §¢¨¢ ¥³Ò° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É Ê¢¨¤¥ÉÓ ³¥¸Éμ ¸Ê¶¥·¸É·Ê´Ò ¢ ± ·É¨´¥
³¨· . „¥°¸É¢¨É¥²Ó´μ, ¤μ¶Ê¸± Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ D-¡· ´, ¤¢Ê³¥·´μ¥ ¶·μ¸É· ´-
¸É¢μ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ, ´ ¶·¨³¥·, ± ± ®¶ ·±¥É¯, ¨§μ¡· ¦¥´´Ò° ´  ·¨¸. 5.
‚¸¥ ²¨´¨¨ ´  ´¥³ Å ¸Ê¶¥·¸É·Ê´Ò ¨²¨ D1-¡· ´Ò. ‚ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³ ¶·¥-
¤¥²¥ (Ì · ±É¥·´Ò° ³ ¸ÏÉ ¡ L = lim an, n → ∞, a → 0, £¤¥ n Å Î¨¸²μ ±μ´-
Íμ¢ ¸É·Ê´ ´  ¨´É¥·¢ ²¥ L D1-¡· ´Ò, a Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´¨³¨ ¢ ³¥É·¨±¥
d-³¥·´μ£μ ¶·μ¸É· ´¸É¢ ), ¶·¨Ìμ¤¨³ ± ±¢ ´Éμ¢μ-¶μ²¥¢μ° ± ·É¨´¥ ¤¢Ê³¥·´μ£μ
³¨· . ‹¥£±μ ¶μ²ÊÎ¨ÉÓ ¨ É·¥Ì³¥·´Ò° ³¨·, É. ¥. É¥μ·¨Õ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨
(3+1). „²Ö ÔÉμ£μ ´ ¤μ ¢§ÖÉÓ ¸Î¥É´μ¥ ³´μ¦¥¸É¢μ ®·¥Ï¥Éμ±¯, ¨§μ¡· ¦¥´´ÒÌ ´ 
·¨¸. 5, ¨ · ¸¶μ²μ¦¨ÉÓ ¨Ì ¶ · ²²¥²Ó´μ ¤·Ê£ ¤·Ê£Ê ´  μ¤¨´ ±μ¢ÒÌ · ¸¸ÉμÖ´¨ÖÌ
(¸± ¦¥³, É ±, ÎÉμ¡Ò ¨ ®£μ·¨§μ´É ²Ó´Ò¥¯ ¸É·Ê´Ò ´  ·¨¸. 5 ¡Ò²¨ ¶ · ²²¥²Ó´Ò).

�¨¸. 5

’μ£¤ , ¸μ¥¤¨´ÖÖ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ £μ-
·¨§μ´É ²Ó´Ò¥ ¸É·Ê´Ò · §´ÒÌ ¸²μ¥¢
¸ ¢¥·É¨± ²Ó´μ · ¸¶μ²μ¦¥´´Ò³¨ ¸É·Ê-
´ ³¨, ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¶μ²Ê-
Î ¥³ ³μ¤¥²Ó ¸Ê¶¥·¶·μ¸É· ´¸É¢ .

�μ ¸ÊÐ¥¸É¢Ê, μ´  ¡Ê¤¥É Ö¢²ÖÉÓ ¸μ-
¡μ° ³μ¤¥²Ó, ¢ ±μÉμ·μ° ¥¤¨´Ò³ μ¡· -
§μ³ μ¶¨¸Ò¢ ÕÉ¸Ö ¢¸¥ ¢§ ¨³μ¤¥°¸É¢¨Ö,
¢±²ÕÎ Ö £· ¢¨É Í¨μ´´μ¥. ‚ ¸ ³μ³

¤¥²¥, ¢ ±·Ê¶´μ³ ¸ÏÉ ¡´μ° ± ·É¨´¥ (¡μ²ÓÏ¨¥ · ¸¸ÉμÖ´¨Ö) ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´
¡Ê¤ÊÉ ¢Ò£²Ö¤¥ÉÓ ± ± ²μ± ²Ó´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¶μ²¥°. �μ ¢¸¥ ¨§¢¥¸É´Ò¥ ¶μ²Ö,
¢±²ÕÎ Ö £· ¢¨É Í¨μ´´μ¥, ¸ÊÉÓ ¢μ§¡Ê¦¤¥´¨Ö ¸Ê¶¥·¸É·Ê´, ¶μÔÉμ³Ê É ± Ö ³μ¤¥²Ó
¥¸ÉÓ ¶·¨³¥· μ¡Ñ¥¤¨´¥´¨Ö ¢¸¥Ì ¢§ ¨³μ¤¥°¸É¢¨°, ¢ Éμ³ Î¨¸²¥ ¨ £· ¢¨É Í¨μ´-
´μ£μ. ‚¸Ö ±μ´¸É·Ê±Í¨Ö ¶μ³¥Ð ¥É¸Ö ¢ ¶·μ¸É· ´¸É¢μ ¡ó²ÓÏ¥° · §³¥·´μ¸É¨ (d
· ¢´μ 10 ¨²¨ 26). �·¨ ÔÉμ³  ¢Éμ³ É¨Î¥¸±¨ ¸´¨³ ¥É¸Ö ¶·μ¡²¥³  ±¢ ´Éμ-
¢μ£μ μ¶¨¸ ´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (¢¢¨¤Ê ¤¨¸±·¥É´μ¸É¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ
¸É·Ê±ÉÊ·).
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4.1. ‹ £· ´¦¨ ´. ‚Ò¶¨Ï¥³ ² £· ´¦¨ ´ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É·Ê±ÉÊ·Ò.
� Î´¥³ ¸ μ¤´μ³¥·´μ£μ ¶·μ¸É· ´¸É¢ . �Ê¸ÉÓ ¤²¨´  ¸É·Ê´Ò ¥¸ÉÓ l. ’μ£¤  μ¤-
´μ³¥·´ÊÕ É¥μ·¨Õ ¸± ²Ö·´μ£μ ¶μ²Ö ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸μ¢μ±Ê¶´μ¸ÉÓ
¶μ¸²¥¤μ¢ É¥²Ó´μ ¸μ¥¤¨´¥´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³ ¸É·Ê´. Š ¦¤μ° ¸É·Ê´¥ ¸μ¶μ¸É -
¢¨³ Í¥²μ¥ Î¨¸²μ N : ÉμÎ±  Nl ¥¸ÉÓ ®´ Î ²μ¯ ¸É·Ê´Ò, É. ¥. ÉμÎ±  ¸μ¥¤¨´¥´¨Ö
¤ ´´μ° ¸É·Ê´Ò ¸ ¶·¥¤Ò¤ÊÐ¥°. �Ê¸ÉÓ LN Å ² £· ´¦¨ ´ ¤¢ÊÌ ¸É·Ê´ ¸ μ¡Ð¥°

ÉμÎ±μ° Nl: LN =

lN∫
l(N−1)

dxL+

l(N+1)∫
lN

dxL, £¤¥ L Å ² £· ´¦¨ ´ ¸Ê¶¥·¸É·Ê´Ò.

’μ£¤  ² £· ´¦¨ ´ ¢¸¥° ¸μ¢μ±Ê¶´μ¸É¨ ¸É·Ê´ ¥¸ÉÓ L =
1
2

N=∞∑
N=−∞

LN . Œ´μ-

¦¨É¥²Ó 1/2 ¶¥·¥¤ ¸Ê³³μ° ÊÎ¨ÉÒ¢ ¥É ÉμÉ Ë ±É, ÎÉμ ± ¦¤ Ö ¸É·Ê´  ¢Ìμ¤¨É ¢
¸Ê³³Ê ¤¢ ¦¤Ò. �¡μ¡Ð¥´¨¥ ´  ¸É·Ê±ÉÊ·Ê ¶·μ¨§¢μ²Ó´μ° ®· §³¥·´μ¸É¨¯ É·¨¢¨-
 ²Ó´μ. Š ¦¤Ò° Ê§¥² Ì · ±É¥·¨§Ê¥É¸Ö Í¥²Ò³ ¢¥±Éμ·μ³ N(N1, . . . , Nk). …¸²¨
¢ Ê§²¥ É·¨ ¸É·Ê´Ò, Éμ ¢ LN ¢Ìμ¤ÖÉ É·¨ Î²¥´  ¸ ¶·¥¤¥² ³¨ ¨´É¥£·¨·μ¢ ´¨Ö
(l(Ni − 1), lNi), (lNi, l(Ni + 1)) ¨ (lNj , l(Nj + 1)), i �= j; ² £· ´¦¨ ´ ¶·μ-
¸É· ´¸É¢  É ±μ¢:

L =
1
2

∑
N

LN. (4.1)

…¸²¨ Ê§¥² ¥¸ÉÓ μ¡Ð Ö ÉμÎ±  r ±μ´Íμ¢ ¸É·Ê´, Éμ LN ¥¸ÉÓ ¸Ê³³  r ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì Î²¥´μ¢. ”· £³¥´É ¤μ¶·¥¤¥²Ó´μ£μ ² £· ´¦¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö, μ¶¨¸Ò-
¢ ÕÐ¨° ¸ÉÒ±, ´ ¶·¨³¥·, É·¥Ì ¸É·Ê´ ¢ ÉμÎ±¥ x0, ¥¸ÉÓ

Lint =
1
2
[
. . .+(x0 −x−1)2

]
+

1
2
[
(x1 −x0)2 + . . .

]
+

1
2
[
(y1−x0)2 + . . .

]
. (4.2)

�Î¥¢¨¤´μ, §¤¥¸Ó D1-¡· ´  ¸μ¸É ¢²Ö¥É¸Ö ¨§ ¤¢ÊÌ ¸É·Ê´, É. ¥. ¢ ¤ ´´μ° ³μ¤¥²¨
´¥É ¶·¨´Í¨¶¨ ²Ó´μ° · §´¨ÍÒ ³¥¦¤Ê ¸É·Ê´μ° ¨ D1-¡· ´μ°, ¶μ¸±μ²Ó±Ê ¥¥ ´¥É
¢ ¤μ¶·¥¤¥²Ó´μ° (¤¨¸±·¥É´μ°) ³μ¤¥²¨.

4.2. �· ´  ± ± ¸¥ÉÓ. ‚ ¶·¥¤² £ ¥³μ³ ¶μ¤Ìμ¤¥ p-¡· ´Ò (p � 2) ³μ¦´μ
¸Î¨É ÉÓ ´¥ Ô²¥³¥´É ·´Ò³¨ (ËÊ´¤ ³¥´É ²Ó´Ò³¨) μ¡Ñ¥±É ³¨,   ¸μ¸É ¢´Ò³¨,
¶μ¸É·μ¥´´Ò³¨ ¨§ ¸É·Ê´ ¨ D1-¡· ´ ¶μ¤μ¡´μ Éμ³Ê, ± ± ¸É·μ¨²¨¸Ó 2- ¨ 3-
³¥·´Ò¥ ¶·μ¸É· ´¸É¢ , É. ¥. ¶μ¸²¥¤´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¡¥¸±μ´¥Î´Ò¥
(¨²¨ μÎ¥´Ó ¡μ²ÓÏ¨¥) 2- ¨ 3-¡· ´Ò. �Î¥¢¨¤´μ, ¢ É ±μ° ± ·É¨´¥ ´¥É ¸¢μ¡μ¤´ÒÌ
μÉ±·ÒÉÒÌ ¨ ¸¢μ¡μ¤´ÒÌ § ³±´ÊÉÒÌ ¸É·Ê´ (μ´¨ ¢´¥ ¤¢Ê- ¨²¨ É·¥Ì³¥·´μ£μ ¶·μ-
¸É· ´¸É¢). Šμ´ÍÒ ²Õ¡μ° ¸É·Ê´Ò ¤μ²¦´Ò ¢¸¥£¤  ¶·¨´ ¤²¥¦ ÉÓ D1-¡· ´ ³.
”¥·³¨μ´´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¶μ¸²¥¤´¨Ì ³μ£ÊÉ μ¡² ¤ ÉÓ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨
±¢ ·±  ¨  ´É¨±¢ ·± , ¨ ¤ ´´ÊÕ ±μ´Ë¨£Ê· Í¨Õ ³μ¦´μ ¸Î¨É ÉÓ ¶·μμ¡· §μ³
³¥§μ´ . ‡ ³±´ÊÉ Ö ¸É·Ê´  ¥¸ÉÓ ±μ´ÉÊ· ®Ô²¥³¥´É ·´μ° ÖÎ¥°±¨¯, ¶·¥¤¸É ¢²¥´-
´μ° ´  ·¨¸. 5. ®�¥·¥³¥Ð¥´¨¥¯ § ³±´ÊÉμ° ¸É·Ê´Ò ¥¸ÉÓ ¶¥·¥´μ¸ ¢μ§¡Ê¦¤¥´¨Ö μÉ
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¤ ´´μ° ÖÎ¥°±¨ ± ¸μ¸¥¤´¥°. Šμ³¶ ±É´Ò¥ p-¡· ´Ò (p � 2) ¢ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³
¶·¥¤¥²¥ ¥¸ÉÓ ±μ³¶ ±É´Ò¥ ¶·μ¸É· ´¸É¢ .

ˆÉ ±, ¢ ¤ ´´μ° ³μ¤¥²¨ ´¥É ¶·¨´Í¨¶¨ ²Ó´μ° · §´¨ÍÒ ³¥¦¤Ê ¸É·Ê´μ° ¨
D1-¡· ´μ°. …¸É¥¸É¢¥´´Ò³ μ¡· §μ³ · §·¥Ï ¥É¸Ö ¨ ¸²¥¤ÊÕÐ Ö ¨§¢¥¸É´ Ö É·Ê¤-
´μ¸ÉÓ É¥μ·¨¨ ¸Ê¶¥·¸É·Ê´: ¸ μ¤´μ° ¸Éμ·μ´Ò, £· ¢¨Éμ´Ò ¥¸ÉÓ ¢μ§¡Ê¦¤¥´´Ò¥
¸μ¸ÉμÖ´¨Ö ¸Ê¶¥·¸É·Ê´ ¨ ¤μ²¦´Ò Ëμ·³¨·μ¢ ÉÓ Ë¨§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ, ¸
¤·Ê£μ° ¸Éμ·μ´Ò, ¸É·Ê´Ò ± ± ¡Ê¤Éμ ¢ ´¥³ ¨ ¸ÊÐ¥¸É¢ÊÕÉ. ‚ ¤ ´´μ° ³μ¤¥²¨
ÔÉμ° ¶·μ¡²¥³Ò ´¥É. ‘É·Ê´Ò ¸ÊÐ¥¸É¢ÊÕÉ ¢ μ¡Ñ¥³²ÕÐ¥³ ¶·μ¸É· ´¸É¢¥ · §-
³¥·´μ¸É¨ 10 (¨²¨ 26),   ¢¸¥ ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´ (¢±²ÕÎ Ö £· ¢¨Éμ´Ò) ¥¸ÉÓ
¢μ§¡Ê¦¤¥´¨Ö ¸¥É¨.

Œμ¤¥²Ó μ¡² ¤ ¥É ¥Ð¥ μ¤´¨³ ¢ ¦´Ò³ ± Î¥¸É¢μ³: ¢ ´¥° ´¥É ¶·μ¡²¥³Ò ±μ³-
¶ ±É¨Ë¨± Í¨¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¨§³¥·¥´¨° (¢ · ³± Ì ¨¤¥¨ Š ²ÊÍÒÄŠ²¥°´ Ä
Œ ´¤¥²ÖÄ”μ±  [32Ä35]). ®Œ É¥·¨Ö¯ (¢μ§¡Ê¦¤¥´¨¥ ¸É·Ê´) ´¥μÉ¤¥²¨³  μÉ ¸¥É¨.

Šμ´¥Î´μ, ¸É·Ê´Ò ³μ¦´μ ´ ¤¸É· ¨¢ ÉÓ ¢ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¨§³¥·¥´¨ÖÌ;
¶·¨ ÔÉμ³ μ´¨ ³μ£ÊÉ μ± ´Î¨¢ ÉÓ¸Ö ¨ ´  ®¶·μ¸É· ´¸É¢μμ¡· §ÊÕÐ¨Ì¯ ¸É·Ê´ Ì
(D1-¡· ´ Ì), É. ¥. ´  ¸É·Ê´ Ì, ¨§ ±μÉμ·ÒÌ μ´¨ ¨¸Ìμ¤ÖÉ. …¸²¨ ¸Î¨É ÉÓ, ÎÉμ
· §³¥· ¶μ¸²¥¤´¨Ì l Ì · ±É¥·¨§Ê¥É¸Ö ¤²¨´μ° �² ´±  lP , Éμ É ±¨³ ¦¥ ¤μ²¦¥´
¡ÒÉÓ ¨ ³ ¸ÏÉ ¡ ±μ³¶ ±É¨Ë¨Í¨·μ¢ ´´ÒÌ ¸É·Ê´. �μ¤μ¡´Ò¥ ¸É·Ê±ÉÊ·Ò, ¢¶·μ-
Î¥³, ÌμÉÖ ¨ ¢μ§³μ¦´Ò, ´μ ´¥ μ¡Ö§ É¥²Ó´Ò. � §Ê³¥¥É¸Ö, ¢ ÔÉμ³ ¤μ¶μ²´¨É¥²Ó´μ³
¶μ¤¶·μ¸É· ´¸É¢¥ ³μ£ÊÉ μ¡· §μ¢Ò¢ ÉÓ¸Ö ¨ ³´μ£μ³¥·´Ò¥ ±μ³¶ ±É´Ò¥ ¸É·Ê±ÉÊ·Ò
(p-¡· ´Ò).

5. Œ�„…‹œ —…���‰ „›�›

‚ ¶·¥¤² £ ¥³μ³ ¶μ¤Ìμ¤¥ ¸Éμ²Ó ¦¥ ¥¸É¥¸É¢¥´´μ ³μ¤¥²¨·ÊÕÉ¸Ö Î¥·´Ò¥
¤Ò·Ò. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ± ±μ°-Éμ μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  ¨§¡ÒÉμÎ´ Ö Ô´¥·-
£¨Ö ¸É·Ê´ ¶·¨¢¥²  ± ¨Ì · §·ÊÏ¥´¨Õ (´ ¶·¨³¥·, μ´¨ · ¸¶ ²¨¸Ó ´  Ë· £³¥´ÉÒ,
¶μ£·Ê¦¥´´Ò¥ ¢ É¥·³μ¸É É ¨ ´¥ ¸¢Ö§ ´´Ò¥ ¸ ´¥¶μ¢·¥¦¤¥´´μ° ¸¥ÉÓÕ) ¨²¨ ¤²¨´Ò
¢μ§¡Ê¦¤¥´´ÒÌ ¸É·Ê´ ´¥±μÉμ·μ° ÖÎ¥°±¨ ¨ ¥¥ ¸μ¸¥¤¥° μ± § ²¨¸Ó ¸Éμ²Ó ¡μ²Ó-
Ï¨³¨, ÎÉμ μ´¨ ¸Ëμ·³¨·μ¢ ²¨ ¸²μ°, μ¡· §ÊÕÐ¨° ¶μ¢¥·Ì´μ¸ÉÓ Î¥·´μ° ¤Ò·Ò.
’μ£¤  ¸²μ¢μ ®¤Ò· ¯ ¶·¨μ¡·¥É ¥É ¡Ê±¢ ²Ó´Ò° ¸³Ò¸². ‘É·Ê´Ò, μ¡· §ÊÕÐ¨¥
£· ´¨ÍÊ ÔÉμ£μ ¤¥Ë¥±É  ¶·μ¸É· ´¸É¢ , ´ Ìμ¤ÖÉ¸Ö ¢ ´¥μ¡ÒÎ´μ³ ¸μ¸ÉμÖ´¨¨ ¶μ
¸· ¢´¥´¨Õ ¸ μ¸É ²Ó´Ò³¨ ¸É·Ê´ ³¨. —¥·¥§ £· ´¨ÍÊ ¤Ò·Ò ´¥ ³μ¦¥É ¶·μ°É¨
¢μ§¡Ê¦¤¥´¨¥ ¨§ ¢´¥Ï´¥£μ ¶·μ¸É· ´¸É¢ . �´μ ¶μ£²μÐ ¥É¸Ö ¸É·Ê´ ³¨ £· ´¨ÍÒ.

ˆÉ ±, ¥¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ Î¥·´ Ö ¤Ò·  ³μ¤¥²¨·Ê¥É¸Ö ¸¥É±μ°
¨§ ¸É·Ê´ (D1-¡· ´), ¶μ±·Ò¢ ÕÐ¥° ¸Ë¥·Ê · ¤¨Ê¸  rg = 2l2M , £¤¥ l = lP ,
M Å ³ ¸¸  Î¥·´μ° ¤Ò·Ò (®¤¢Ê³¥·´ Ö ±μ³¶ ±É´ Ö ¸¥É±  ¸ Éμ¶μ²μ£¨¥° ¨ ¸¨³-
³¥É·¨¥° ¸Ë¥·Ò¯; ¨¸¶μ²Ó§Ê¥É¸Ö ¸¨¸É¥³  ¥¤¨´¨Í � = c = 1). ‚μ§¡Ê¦¤¥´¨¥
¸É·Ê´Ò ¸¢Ö§ ´μ ¸ ¥¥ · ¸ÉÖ¦¥´¨¥³. �μ±·ÒÉ¨¥ ¸Ë¥·Ò ¸¥É±μ° ¨§ ¸É·Ê´ μÉ²¨-
Î ¥É¸Ö μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶μ±·ÒÉ¨Ö Î ¸É¨ ¶²μ¸±μ¸É¨, ¶μÔÉμ³Ê ¸É·Ê´Ò ¢
ÔÉμ³ ¸²ÊÎ ¥ ¤μ²¦´Ò ´ Ìμ¤¨ÉÓ¸Ö ¢ ¢μ§¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨ ¸μ ¸·¥¤´¥° Ô´¥·-
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£¨¥° Es, Ì · ±É¥·¨§Ê¥³μ° É¥³¶¥· ÉÊ·μ° T (T μÉ²¨Î´  μÉ É¥³¶¥· ÉÊ·Ò É¥·³μ-
¸É É  ¢ · §¤. 2). �μ¤¸Î¨É ¥³ Ô´É·μ¶¨Õ ¨ É¥³¶¥· ÉÊ·Ê ¸¥É±¨ ¤²Ö ´¥§ ·Ö¦¥´´μ°
´¥¢· Ð ÕÐ¥°¸Ö Î¥·´μ° ¤Ò·Ò, ¶μ² £ Ö, ÎÉμ Î¨¸²μ ¥¥ ´¥§ ¢¨¸¨³ÒÌ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò · ¢´μ Î¨¸²Ê ¸É·Ê´ N . —¨¸²μ ÖÎ¥¥± ¸¥É±¨ ¶·μ¶μ·Í¨μ´ ²Ó´μ N , ¶μ-
ÔÉμ³Ê ¶²μÐ ¤Ó ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò A ¥¸ÉÓ

A = c1l
2N, c1 = const. (5.1)

�μ² £ Ö ¤ ²¥¥, ÎÉμ ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ ¸É·Ê´Ê ¢ μ¤´μ³ ¨§ ¢μ§³μ¦´ÒÌ
¸μ¸ÉμÖ´¨° · ¢´  p, ¨³¥¥³ ¤²Ö ¢¥·μÖÉ´μ¸É¨ P ´ °É¨ ¸¥É±Ê ¢ ¤ ´´μ³ ¸μ¸ÉμÖ´¨¨
P ∼ exp (N ln p). ’μ£¤  Ô´É·μ¶¨Ö (S = − ln P ) ¤ ¥É¸Ö Ëμ·³Ê²μ°

S = cc1N = c
A

l2
, c = const. (5.2)

“Î¨ÉÒ¢ Ö, ÎÉμ A = 4πr2
g , ¨§ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¸μμÉ´μÏ¥´¨Ö dM = TdS

´ Ìμ¤¨³ ¢Ò· ¦¥´¨¥ ¤²Ö É¥³¶¥· ÉÊ·Ò Î¥·´μ° ¤Ò·Ò:

T =
dM

dS
=

dM

d(cA/l2)
=

1
c · 16πrg

. (5.3)

ˆ§ (5.2) ¨ (5.3) ¢¨¤´μ, ÎÉμ ¶·¨ c = 1/4 Ô´É·μ¶¨Ö Î¥·´μ° ¤Ò·Ò ¸μ¢¶ ¤ ¥É
¸ Ô´É·μ¶¨¥° 	¥±¥´ÏÉ¥°´ Ä•μ±¨´£  SBH = A/4l2,   ¥¥ É¥³¶¥· ÉÊ·  Å ¸
É¥³¶¥· ÉÊ·μ° •μ±¨´£  TH = 1/4πrg.

…¸²¨ ¥Ð¥ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¸μμÉ´μÏ¥´¨¥³

M = N〈Es〉, (5.4)

£¤¥ 〈Es〉 Å ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¸É·Ê´Ò, ¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¸¢Ö§Ó ¸ É¥³¶¥· ÉÊ-
·μ° É ± Ö ¦¥, ± ± Ê ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ¢ ¤¢Ê³¥·´μ³ ¶·μ¸É· ´¸É¢¥, É. ¥.
〈Es〉 = 2T , Éμ ¨§ (5.1) ¨ (5.3) ¨³¥¥³

M = 2
A

c1l2
T =

M

cc1
,

É. ¥. cc1 = 1 ¨ c1 = 4 ¶·¨ c = 1/4. �μ²ÊÎ¥´´μ¥ Î¨¸²μ ´¥ ¶·μÉ¨¢μ·¥Î¨É
¨³¥ÕÐ¨³¸Ö ¢ ²¨É¥· ÉÊ·¥ ¤ ´´Ò³ (´ ¶·¨³¥·, ¸μ£² ¸´μ [36, 37] c1 = 4 ln 2).
�É³¥É¨³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ M = 2TN = N/(4πl2M) ¨ ¤²Ö § ·Ö¦¥´´ÒÌ
¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò· ±¢ ¤· É Ô±¸É·¥³ ²Ó´μ£μ § ·Ö¤  (¢ £ Ê¸¸ Ì) ¨ Ô±¸-
É·¥³ ²Ó´Ò° Ê£²μ¢μ° ³μ³¥´É · ¢´Ò q2 = |J| = l2M2 = N/4π. �É³¥É¨³ É ±¦¥,
ÎÉμ ¶·¨ N = 1 Ô±¸É·¥³ ²Ó´Ò° Ê£²μ¢μ° ³μ³¥´É · ¢¥´ |J| = h/4π = �/2 ¨
ÎÉμ ¢Ò· ¦¥´¨¥ q2 = 1/4π ¸²¥¤Ê¥É ¸μμÉ´¥¸É¨ ¸ ¶μ¸ÉμÖ´´μ° ‚¥²¨±μ£μ μ¡Ñ¥¤¨-
´¥´¨Ö αGUT ≈ 1/25 [38]: αGUT ≈ αextr/2, É. ¥. q2

GUT = αGUT�c ≈ q2/2 =
αextr(�/2)c (§¤¥¸Ó c Å ¸±μ·μ¸ÉÓ ¸¢¥É ).
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� ±μ´¥Í, ¶·¥¤² £ ¥³ Ö ³μ¤¥²Ó ¶μ§¢μ²Ö¥É μÍ¥´¨ÉÓ ´ ÉÖ¦¥´¨¥ ¸É·Ê´Ò Θ.
�μ² £ Ö ¢ (5.4), ÎÉμ Ô´¥·£¨Ö ¢μ§¡Ê¦¤¥´´μ° ¸É·Ê´Ò ¶·μ¶μ·Í¨μ´ ²Ó´  ¥¥ · ¸ÉÖ-
¦¥´¨Õ ΔL: 〈Es〉 = ΘΔL, ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ ΔL ∼ rg/N (²¨´¥°´Ò¥ · §³¥·Ò
¸É·Ê´ · ¸ÉÊÉ ¶·μ¶μ·Í¨μ´ ²Ó´μ rg ,   · ¸ÉÖ¦¥´¨¥ μÉ¤¥²Ó´μ° ¸É·Ê´Ò ¸μ¸É ¢²Ö¥É
Î ¸ÉÓ 1/N μ¡Ð¥£μ · ¸ÉÖ¦¥´¨Ö), ´ Ìμ¤¨³

M =
rg

2l2P
∼ NΘ

rg

N
,

É. ¥. Θ ∼ 1/l2P . �Éμ μ§´ Î ¥É, ÎÉμ £· ´¨Í  Î¥·´μ° ¤Ò·Ò μ¡· §μ¢ ´  ¸Ê¶¥·¸É·Ê-
´ ³¨,   ¶ · ³¥É·, Ì · ±É¥·¨§ÊÕÐ¨° ´ ÉÖ¦¥´¨¥ ¸Ê¶¥·¸É·Ê´Ò, μ¶·¥¤¥²Ö¥É¸Ö
£· ¢¨É Í¨μ´´μ° ¶μ¸ÉμÖ´´μ°.

‡ ±²ÕÎ ¥³: ³μ¤¥²Ó ¶·μ¸É· ´¸É¢  ± ± ¸¥É¨, μ¡· §μ¢ ´´μ° ¨§ ¸Ê¶¥·¸É·Ê´,
¨ ³μ¤¥²Ó Î¥·´μ° ¤Ò·Ò ¸μ£² ¸μ¢ ´Ò ¨ ¤ ÕÉ · §Ê³´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

6. Š�‘Œ�‹�ƒˆ—…‘Š�Ÿ ��‘’�Ÿ���Ÿ

�·¥¤¸É ¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³, ÎÉμ ¶·¥¤² £ ¥³ Ö ³μ¤¥²Ó ±¢ ´Éμ¢μ° ³¥-
Ì ´¨±¨ ¶μ§¢μ²Ö¥É ¶μ-´μ¢μ³Ê ¢§£²Ö´ÊÉÓ ´  ¶·μ¡²¥³Ê ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ-
¸ÉμÖ´´μ° (®É¥³´ Ö Ô´¥·£¨Ö¯) ¢ É¥μ·¨¨ £· ¢¨É Í¨¨. �± §Ò¢ ¥É¸Ö, ÎÉμ ÊÎ¥É
´¥¸É Í¨μ´ ·´μ¸É¨ μ¶¨¸Ò¢ ¥³ÒÌ  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μ¸Í¨²-
²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥ ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ ¢μ ¢¸¥Ì ¶μ²¥¢ÒÌ Ê· ¢´¥´¨ÖÌ ¤μ-
¡ ¢μÎ´ÒÌ Î²¥´μ¢, μ§´ Î ÕÐ¨Ì, ¢ Î ¸É´μ¸É¨, ¶μÖ¢²¥´¨¥ ³ ¸¸ Ê ¡¥§³ ¸¸μ¢ÒÌ
¶μ²¥° [39].

‚ ¦´μ, ÎÉμ ¶· ¢¨²μ ¶¥·¥Ìμ¤  ± ±¨´¥É¨±¥ (1.39) ¶·¨£μ¤´μ É ±¦¥ ¨ ¤²Ö
¶μ²¥°, ¶μÉμ³Ê ÎÉμ ¶μ²Ö ¥¸ÉÓ Ê¶μ·Ö¤μÎ¥´´Ò¥ ´ ¡μ·Ò £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²Ö-
Éμ·μ¢. ƒ ³¨²ÓÉμ´¨ ´ ¸Î¥É´μ£μ ³´μ¦¥¸É¢  μ¸Í¨²²ÖÉμ·μ¢ μ¤´μ³¥·´μ° É¥μ·¨¨ ¢
´ ¤²¥¦ Ð¨Ì ¥¤¨´¨Í Ì ¨³¥¥É ¢¨¤ (¸³. ¶. 1.3)

H =

π∫
−π

dkω(k)a∗(k)a(k), ω(k)2 = m2 + 4 sin2 k

2
≈ m2 + k2, (6.1)

¨ ¸μ£² ¸´μ (1.38) ³ ¸¸Ò ³¥´ÖÕÉ¸Ö: m2 → m2 + α2. �É³¥É¨³, ¢¶·μÎ¥³,
ÎÉμ ω(k) ¢ (6.1) ´¥ ¨³¥¥É ¶·Ö³μ° ¸¢Ö§¨ ¸ ω ¢ (1.1): ¶μ¸²¥¤´¥¥ μÉ´μ¸¨É¸Ö ±
®¶¥·¢¨Î´Ò³¯ μ¸Í¨²²ÖÉμ· ³ (ÔÉμ ω ¢Ìμ¤¨É ¢ μ¶·¥¤¥²¥´¨¥ � = 1/βω), Éμ£¤ 
± ± ω(k) Ì · ±É¥·¨§Ê¥É ±μ²²¥±É¨¢´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¨Ì ²¨´¥°´ÒÌ ³´μ¦¥¸É¢.
” ±É¨Î¥¸±¨ ω(k) 
 α.

ˆÉ ±, ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ (1.39) ¡¥§³ ¸¸μ¢Ò¥ ¶μ²Ö ¸É ´μ¢ÖÉ¸Ö ®³ ¸¸¨¢´Ò-
³¨¯. � ¶·¨³¥·, ¢ ¸²ÊÎ ¥ ¸± ²Ö·´μ£μ ¶μ²Ö φ ¨³¥¥³

(� − m2)φ = 0 −→ [� − 2α∂t − (m2 + α2)]φ = 0 (� = −∂2
t + Δ). (6.2)
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‚  Éμ³´μ° ¨ ¸Ê¡ Éμ³´μ° Ë¨§¨±¥ ¢²¨Ö´¨¥ α Î·¥§¢ÒÎ °´μ ³ ²μ (¥¸²¨ tr ¢§ÖÉÓ
¶μ·Ö¤±  ¢·¥³¥´¨ ¦¨§´¨ ‚¸¥²¥´´μ° TU ∼ 1010 ²¥É, Éμ α ∼ 10−33 Ô‚).

Œμ¦¥É ¶μ± § ÉÓ¸Ö, ÎÉμ ÔÉμ ¢ ¦´μ ¤²Ö ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, ¨¡μ ³ ¸-
¸μ¢Ò¥ Î²¥´Ò ¢ ² £· ´¦¨ ´¥ ´ ·ÊÏ ÕÉ ± ²¨¡·μ¢μÎ´ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ. ‚
¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¸¨ÉÊ Í¨Ö ´¥ ¸Éμ²Ó ¶·μ¸É .

1) �μ¤¸É ´μ¢±Ê (1.39) ´¥²Ó§Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¢ ² £· ´¦¨ ´ Ì. � ¶·¨³¥·, ¢
¸²ÊÎ ¥ μ¸Í¨²²ÖÉμ·  ² £· ´¦¨ ´ L = (q̇2/ω − ωq2)/2 ¶·¥¢· Ð ¥É¸Ö ¢

L′ = L +
α

ω
q̇q +

α2

2ω
q2 (6.3)

¸ Ê· ¢´¥´¨¥³ ¤¢¨¦¥´¨Ö
q̈ + (ω2 − α2)q = 0, (6.4)

μÉ²¨Î´Ò³ μÉ (1.38) (μÉ¸ÊÉ¸É¢¨¥ É·¥´¨Ö, ®´¥¶· ¢¨²Ó´μ¥¯ ¨§³¥´¥´¨¥ Î ¸ÉμÉÒ).
�Î¥¢¨¤´μ, ÔÉμ ¥¸ÉÓ ¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¢ ·¨ Í¨μ´´Ò° ¶·¨´-
Í¨¶ ƒ ³¨²ÓÉμ´  Ê¦¥ ´¥¶·¨³¥´¨³ (´¥¶·¨³¥´¨³μ¸ÉÓ É¥μ·¥³Ò ‹¨Ê¢¨²²Ö, ±¨´¥-
É¨± ).

2) �μ¤¸É ´μ¢±  ´ ·ÊÏ ¥É ²μ·¥´Í¥¢Ê ¨´¢ ·¨ ´É´μ¸ÉÓ É¥μ·¨¨ (¢Éμ·μ° Î²¥´
¢ Ê· ¢´¥´¨¨ (6.2) ´¥ ¥¸ÉÓ ¨´¢ ·¨ ´É). �Éμ ´¥²Ó§Ö ¸Î¨É ÉÓ ´¥¤μ¸É É±μ³, ¨¡μ
É¥¶¥·Ó ¢·¥³Ö ¨ ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ É¥·ÖÕÉ ¸¢μÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ.
�μÖ¢²Ö¥É¸Ö  ¡¸μ²ÕÉ´μ¥ ¢·¥³Ö. „ ´´Ò° Ë ±É μÉ· ¦ ¥É ¸ÊÐ¥¸É¢μ ³μ¤¥²¨.

�É¸ÊÉ¸É¢¨¥ ² £· ´¦¥¢  Ëμ·³ ²¨§³  ¤¥² ¥É ¡¥¸¸³Ò¸²¥´´Ò³ É·¥¡μ¢ ´¨¥
®± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨¯. � §Ê³´μ° ¶·¥¤¸É ¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ Ö ¸É· -
É¥£¨Ö: ¢ ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¨ ¨¸±²ÕÎ ÕÉ¸Ö ¢¸¥ ´¥Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´-
´Ò¥ [17],   § É¥³ ¢ Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö ¤¥² ¥É¸Ö ¶μ¤¸É ´μ¢±  (1.39). ‚¶·μ-
Î¥³, ³μ¦´μ ¶μ²Ó§μ¢ ÉÓ¸Ö Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¢ ¶·μ¨§¢μ²Ó´μ° ± ²¨¡·μ¢±¥.
� ¶·¨³¥·, ¤²Ö ¸¢μ¡μ¤´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ± ²¨¡·μ¢±¥ ”¥°´³ ´ 
¶μ²ÊÎ ¥³  ´ ²μ£ (6.2):

(� − 2α∂t − α2)Aμ = 0. (6.5)

Œ ¸¸  ËμÉμ´  ¸É ´μ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´μ° ²¨ÏÓ ¶·¨ μÎ¥´Ó ´¨§±¨Ì Ô´¥·£¨ÖÌ,
E ∼ 10−33 Ô‚.

‘¨ÉÊ Í¨Ö ³¥´Ö¥É¸Ö ¢ £· ¢¨É Í¨¨. ƒ· ¢¨É Í¨μ´´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ³¥É·¨-
Î¥¸±μ£μ É¥´§μ·  gμν É ±¦¥ ¸μ¤¥·¦ É ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¢·¥³¥´¨, ¶μÔÉμ³Ê

Gμν = Rμν − 1
2
Rgμν → Gμν − α∂tgμν − α2

2
gμν + . . . (6.6)

ŠμÔËË¨Í¨¥´É ¶·¨ gμν ¢ ¶μ¸²¥¤´¥³ Î²¥´¥ ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ±μ¸³μ²μ£¨Î¥-
¸± Ö ¶μ¸ÉμÖ´´ Ö ¢ Ê· ¢´¥´¨ÖÌ �°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É  (Λ = α2/2). ‚±²ÕÎ¥´¨¥
¢ É¥μ·¨Õ ±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  ´¥ ´ ·ÊÏ ¥É μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸É¨ É¥μ·¨¨.
ˆ³¥´´μ μ´ μ¡ÑÖ¸´Ö¥É ´¥¤ ¢´μ μ¡´ ·Ê¦¥´´Ò° ÔËË¥±É Ê¸±μ·¥´¨Ö · §¡¥£ ´¨Ö
Ê¤ ²¥´´ÒÌ £ ² ±É¨± [40] (¸³. É ±¦¥ μ¡§μ· [41]).
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Š·μ³¥ Éμ£μ, ¶μ¸ÉμÖ´´ Ö α ¶μ§¢μ²Ö¥É μÍ¥´¨ÉÓ ¢·¥³Ö ¦¨§´¨ ‚¸¥²¥´´μ°
TU ∼ tr ∼ 1/α. ˆ§ ´¥· ¢¥´¸É¢  α 	 ω ³μ¦´μ μÍ¥´¨ÉÓ ¸´¨§Ê É¥³¶¥· ÉÊ·Ê
É¥·³μ¸É É : ω = T (¢ ¥¤¨´¨Í Ì � = k = 1), É. ¥. α 	 T . ‚§Ö¢ TU ∼ 1/α,
¶μ²ÊÎ ¥³ α ∼ 10−29 K, ¸²¥¤μ¢ É¥²Ó´μ, T 
 10−29 K.

ˆÉ ±, ¢ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö ¶μÖ¢²Ö¥É¸Ö
± ± ¥¥ ´¥¶·¥³¥´´Ò°  É·¨¡ÊÉ [39]. Œμ¦´μ ¸± § ÉÓ ¤ ¦¥ É ±: ¥¸²¨ ¡Ò Ô±¸¶¥-
·¨³¥´É ¨¸±²ÕÎ ² ¸ÊÐ¥¸É¢μ¢ ´¨¥ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°, Éμ ÔÉμ ¸¢¨¤¥-
É¥²Ó¸É¢μ¢ ²μ ¡Ò μ ¨´μ° ¶·¨Î¨´¥ ¶μÖ¢²¥´¨Ö  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨ ¢ ´ Ï¥³
³¨·¥. ‚ ¦´μ, ÎÉμ ®¢ ±ÊÊ³´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨¯, ±μÉμ·ÊÕ ¨³¨É¨·Ê¥É Λ, ´¥
¨³¥¥É ´¨Î¥£μ μ¡Ð¥£μ ¸ ¢ ±ÊÊ³´μ° ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨ ³ É¥·¨¨. 	Ê¤ÊÎ¨ ³ ¸-
¸μ° £· ¢¨Éμ´ , α ¶·¥¢· Ð ¥É ¶μÉ¥´Í¨ ² �ÓÕÉμ´  ¢ ¶μÉ¥´Í¨ ² �± ¢Ò, ÎÉμ
¤ ¥É ´ £²Ö¤´μ¥ μ¡ÑÖ¸´¥´¨¥ ÔËË¥±ÉÊ Ê¸±μ·¥´¨Ö · §¡¥£ ´¨Ö Ê¤ ²¥´´ÒÌ £ ² ±-
É¨± [40] Å ¸¨²Ò ÉÖ£μÉ¥´¨Ö ´  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ Ê¡Ò¢ ÕÉ Ô±¸-
¶μ´¥´Í¨ ²Ó´μ. ‡ ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö ¨ ÉμÉ Ë ±É, ÎÉμ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ
É¥μ·¨ÖÌ ¢ ±ÊÊ³´ Ö Ô´¥·£¨Ö ¸É·Ê´, ¶μ²¥° · ¢´  ´Ê²Õ.

7. ��‘“†„…�ˆ…

�·¥¤² £ ¥³ Ö ³μ¤¥²Ó ¶μ± §Ò¢ ¥É, ± ±¨³ μ¡· §μ³ ³μ£ÊÉ ¶μÖ¢¨ÉÓ¸Ö ¢¥·μÖÉ-
´μ¸É´Ò¥ É¥μ·¨¨ ¸μ ®¢¸¶μ³μ£ É¥²Ó´Ò³¨ ËÊ´±Í¨Ö³¨¯ ( ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ-
¸É¥°), Î¥·¥§ ±μÉμ·Ò¥ ¢Ò· ¦ ÕÉ¸Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°. �μÖ¢²¥´¨¥ É ±¨Ì
®±μ³¶²¥±¸´ÒÌ ¢¥·μÖÉ´μ¸É¥°¯ Å ¸²¥¤¸É¢¨¥ ¸¶¥Í¨Ë¨±¨ Ô²¥³¥´É ·´ÒÌ ¸¨¸É¥³
¨ μ¸μ¡¥´´μ¸É¥° μ¡· §Ê¥³ÒÌ ¨³¨ ¸²μ¦´ÒÌ ¸É·Ê±ÉÊ·. ”μ·³ ²Ó´μ ±¢ ´Éμ¢ÊÕ
³¥Ì ´¨±Ê ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Î¨¸Éμ É¥Ì´¨Î¥¸±μ¥ μ¡μ¡Ð¥´¨¥ ¸É ´¤ ·É-
´μ£μ  ¶¶ · É  É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥° ¤²Ö μ¶¨¸ ´¨Ö ¸²μ¦´ÒÌ ¸¨¸É¥³ ¸¶¥Í¨ ²Ó-
´μ£μ ¢¨¤ ; ¥£μ ¶μÖ¢²¥´¨¥, μ¤´ ±μ, ¤¨±ÉÊ¥É¸Ö μ¸μ¡¥´´μ¸ÉÖ³¨ § ¤ Î¨. ”¨§¨-
Î¥¸±¨ ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  (±¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö) ¶μÖ¢²Ö¥É¸Ö ¶·¨ μ¶¨¸ ´¨¨
¢μ§¡Ê¦¤¥´¨° (É. ¥. ´¥¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨°) Í¥¶μÎ±¨ £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²-
²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ³¥·  ƒ¨¡¡¸  μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ³¥·μ°
μ¡Ñ¥³  Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ . �μ¢Ò°  ¶¶ · É ´¥ ´ Ìμ¤¨É¸Ö ¢ ¶·μÉ¨¢μ·¥Î¨¨
¸μ ¸É ´¤ ·É´μ° É¥μ·¨¥° ¢¥·μÖÉ´μ¸É¥° ¨ ´¥ ´ ±² ¤Ò¢ ¥É μ£· ´¨Î¥´¨° ´  ¢μ§-
³μ¦´μ¸É¨ ¢¥·μÖÉ´μ¸É´μ£μ μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸μ¢ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ [5].
‚ É¥μ·¨¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´ Ö �² ´±  h, ¶·¨Î¥³
¸É ´μ¢¨É¸Ö Ö¸´Ò³ ¥¥ Ë¨§¨Î¥¸±¨° ¸³Ò¸² (¸³. · §¤. 1). …Ð¥ · § ¶μ¤Î¥·±´¥³
£² ¢´Ò¥ μ¸μ¡¥´´μ¸É¨ ³μ¤¥²¨.

1. �¶¨¸ ´¨¥ ¸ ¶μ³μÐÓÕ  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨ ¢μ§´¨± ¥É ¢ ®´¥· ¢´μ-
¢¥¸´μ° £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¥¯ £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢ ¢ É¥·³μ¸É É¥
¸ ¡μ²ÓÏ¨³ ¢·¥³¥´¥³ ·¥² ±¸ Í¨¨; Ì · ±É¥·´Ò¥ Î¥·ÉÒ ³μ¤¥²¨: ±μ³¶²¥±¸´Ò¥
± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, ³ ²Ò¥ μÉ±²μ´¥´¨Ö μÉ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö. ‚
ÔÉμ³ ¶¥·¥Î´¥ ¢¸¥ ¢ ¦´μ:
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a) £ ·³μ´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ·: ¢¸¥ ¶μ²Ö ¨ ¸É·Ê´Ò ¥¸ÉÓ ¸μ¢μ±Ê¶´μ¸É¨ £ ·-
³μ´¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢;

¡) ±μ³¶²¥±¸´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ z̄, z: μ´¨ ¶μ·μ¦¤ ÕÉ ±μ³-
¶²¥±¸´Ò¥  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨;

¢) É¥·³μ¸É É: ¨¸ÉμÎ´¨± Ì μ¸ ;
£) ´¥· ¢´μ¢¥¸´Ò¥ · ¸¶·¥¤¥²¥´¨Ö: μ¶¨¸ ´¨¥ ¸ ¶μ³μÐÓÕ  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ-

´μ¸É¨ ¶μÖ¢²Ö¥É¸Ö ¢ ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¥ Éμ²Ó±μ ¤²Ö ´¥· ¢´μ¢¥¸´ÒÌ
¸μ¸ÉμÖ´¨°;

¤) ¡μ²ÓÏμ¥ ¢·¥³Ö ·¥² ±¸ Í¨¨ (tr 
 ω−1): ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  ³μ¦¥É
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ±¢ §¨¸É Í¨μ´ ·´ Ö ¨ ³μ¦´μ ¶μ²μ¦¨ÉÓ tr = ∞;

¥) ³ ²μ¸ÉÓ μÉ±²μ´¥´¨° μÉ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö: ¶·μ¨§¢μ²Ó´Ò¥ μÉ±²μ´¥-
´¨Ö ³μ£ÊÉ · ¤¨± ²Ó´μ ¨§³¥´¨ÉÓ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¨ ±² ¸¸¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö.

’ ±¨³ ¶ÊÉ¥³ ¶μ²ÊÎ ¥É¸Ö É¥μ·¨Ö ¸ ¶μ¸ÉμÖ´´μ° �² ´±  h, ¶·μ¸É· ´¸É¢μ³
”μ±  ¨ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· . ƒ ·³μ´¨Ö ¶μ·Ö¤±  (Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· )
¨ Ì μ¸  (¢¥·μÖÉ´μ¸É¨), Ì · ±É¥·´ Ö ¤²Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¥¸ÉÓ ¸²¥¤¸É¢¨¥
Éμ£μ Ë ±É , ÎÉμ ¢ ¶ ·¥ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ϕ, r μ¤´  (ϕ) Å Ë ±É¨Î¥¸±¨
Î¨¸Éμ ±² ¸¸¨Î¥¸± Ö (´¨± ±μ£μ ¢²¨Ö´¨Ö É¥·³μ¸É É , Ê· ¢´¥´¨¥ (1.19)), Éμ£¤ 
± ± ¤·Ê£ Ö (r) Å Î¨¸Éμ ¸ÉμÌ ¸É¨Î¥¸± Ö (μ´  Ì · ±É¥·¨§Ê¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³
ƒ¨¡¡¸ ). „ ´´Ò° Ë ±É μ¤´μ¢·¥³¥´´μ ¶·μÖ¸´Ö¥É ¸¶¥Í¨Ë¨±Ê ¸¶¥±É·  Ô´¥·£¨¨
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  En = �ω(n + 1/2): ¶¥·¢Ò° Î²¥´ �ωn μÉ¢¥Î ¥É
±² ¸¸¨Î¥¸±μ³Ê ¤¢¨¦¥´¨Õ (żn = −iωnzn), Éμ£¤  ± ± ®¢ ±ÊÊ³´ Ö Ô´¥·£¨Ö¯
�ω/2 Ê´¨¢¥·¸ ²Ó´  ¨ μ¡Ö§ ´  ¸¢μ¨³ ¶·μ¨¸Ìμ¦¤¥´¨¥³ É¥·³μ¸É ÉÊ.

2. �·¥¤¸É ¢²Ö¥É¸Ö Ê¤μ¢²¥É¢μ·¨É¥²Ó´Ò³, ÎÉμ £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¤μ-
¶Ê¸± ¥É μ¡μ¡Ð¥´¨¥ ´  ±¨´¥É¨±Ê (Ê· ¢´¥´¨Ö (1.33)Ä(1.35)).

3. Š¢ ´Éμ¢μ¥ μ¶¨¸ ´¨¥ ¶μÖ¢²Ö¥É¸Ö Éμ²Ó±μ ¢ ´¥¸É ¡¨²Ó´ÒÌ ¸¨¸É¥³ Ì. � -
§Ê³¥¥É¸Ö, ÔÉμ ´¥ μ¡¥¸Í¥´¨¢ ¥É ¸É ´¤ ·É´ÊÕ ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê: ¶μ¸²¥¤´ÖÖ
³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´  ± ± ¸ ³μ¸μ£² ¸μ¢ ´´ Ö É¥μ·¨Ö, ´μ ¢ · ³± Ì ±² ¸¸¨-
Î¥¸±μ° É¥μ·¨¨ μ´  ¶μÖ¢²Ö¥É¸Ö ± ± ±¨´¥É¨± .

4. …Ð¥ μ¤´  ¶μ²μ¦¨É¥²Ó´ Ö Î¥·É  ¶μ¤Ìμ¤  Å ´¥¸É ¡¨²Ó´μ¸ÉÓ. ‚¸¥²¥´´ Ö
´¥¸É Í¨μ´ ·´ , ¨ ÔÉμ ¸μ£² ¸Ê¥É¸Ö ¸ É·¥¡μ¢ ´¨¥³ ¥¥ ´¥¸É ¡¨²Ó´μ¸É¨. „μ¢μ²Ó´μ
´¥μ¦¨¤ ´´μ ¢ É¥μ·¨¨ ¶μÖ¢²Ö¥É¸Ö ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö Λ, ±μÉμ· Ö
μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ α2/2. �Éμ ¶μ§¢μ²Ö¥É μÍ¥´¨ÉÓ α−1 ∼ 1010 ²¥É.

5. ‚¸¥ ¢μ§¡Ê¦¤¥´¨Ö μ¸Í¨²²ÖÉμ·μ¢ (¨ ¶μ²¥°) § ÉÊÌ ÕÉ ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨
(t → ∞). �·¥¤¸É ¢²Ö¥É¸Ö, ÎÉμ ´ Ï ³¨· ¥Ð¥ ³¥´¥¥ ¸É ¡¨²¥´, Î¥³ ÔÉμ ¸²¥¤Ê¥É
¨§ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨.

6. ‹ £· ´¦¥¢ Ëμ·³ ²¨§³ É¥·Ö¥É ¸³Ò¸². ‚ ·¥§Ê²ÓÉ É¥ ²μ·¥´Í-¨´¢ ·¨ ´É-
´μ¸ÉÓ, ± ²¨¡·μ¢μÎ´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ, μ¡Ð Ö ±μ¢ ·¨ ´É´μ¸ÉÓ É ±¦¥ É¥·ÖÕÉ
¸³Ò¸² (¨²¨ ¶μ¤²¥¦ É ³μ¤¨Ë¨± Í¨¨).

7. �·μ¡²¥³  ¢ ±ÊÊ³´μ° Ô´¥·£¨¨ ¶μ±  μ¸É ¥É¸Ö ´¥·¥Ï¥´´μ°. …¥ ·¥Ï¥´¨¥
§ ¢¨¸¨É μÉ ±μ´±·¥É´μ° ³μ¤¥²¨ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ . …¸²¨ ³μ¤¥²¨·μ¢ ÉÓ
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3D-¶·μ¸É· ´¸É¢μ ¸¥ÉÓÕ, ¶μ¸É·μ¥´´μ° ¨§ ¸Ê¶¥·¸É·Ê´, Éμ ¢ ±ÊÊ³´ Ö Ô´¥·£¨Ö
¸Ê¶¥·¸É·Ê´ · ¢´  ´Ê²Õ.

�¡¸Ê¤¨³ É¥¶¥·Ó ¢μ§³μ¦´μ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ° ¶·μ¢¥·±¨ ¶·¥¤² £ ¥-
³μ£μ ¶μ¤Ìμ¤ . � §Ê³¥¥É¸Ö, Ô±¸¶¥·¨³¥´É ²Ó´μ¥ ¨§ÊÎ¥´¨¥ Ë¨§¨±¨ ´  ¶² ´±μ¢-
¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ Å ¤¥²μ ¢¥¸Ó³  ¤ ²¥±μ£μ ¡Ê¤ÊÐ¥£μ. �  ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¨²¨
¸É·μÖÐ¨Ì¸Ö Ê¸±μ·¨É¥²ÖÌ ¢μ§³μ¦´  ¶·μ¢¥·±  ²¨ÏÓ ¸²¥¤¸É¢¨° ³μ¤¥²¨. ‚³¥-
¸É¥ ¸ É¥³ ³μ¤¥²Ó ¸μ¤¥·¦¨É ¶·¨´Í¨¶¨ ²Ó´μ¥ ÊÉ¢¥·¦¤¥´¨¥, ¤²Ö ¢ÒÖ¸´¥´¨Ö ¨¸-
É¨´´μ¸É¨ ±μÉμ·μ£μ ¤μ¸É ÉμÎ´μ ¶μ¸É ¢¨ÉÓ ¸· ¢´¨É¥²Ó´μ ¶·μ¸Éμ° μ¶ÒÉ. �Éμ
μÉμ¦¤¥¸É¢²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Î ¸É¨ÍÒ ¸ ËÊ´±Í¨¥°, μ¶¨¸Ò¢ ÕÐ¥° μ¤´μ-
Î ¸É¨Î´μ¥ ¢μ§¡Ê¦¤¥´¨¥ ¶μ²Ö. �¥¶μ¸·¥¤¸É¢¥´´Ò³ ¸²¥¤¸É¢¨¥³ ¤ ´´μ£μ ÊÉ¢¥·¦-
¤¥´¨Ö Ö¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ®¤·μ¡¨ÉÓ¯ ±¢ ´ÉÒ (Î ¸É¨ÍÒ). „¥°¸É¢¨É¥²Ó´μ,
¥¸²¨ Î ¸É¨Í  ¥¸ÉÓ ¢μ§¡Ê¦¤¥´¨¥ ¶μ²Ö,   · §³¥·Ò μ¡² ¸É¨ ¢μ§¡Ê¦¤¥´¨Ö Ì -
· ±É¥·¨§ÊÕÉ ¥¥ ¤²¨´Ê ±μ£¥·¥´É´μ¸É¨, Éμ ¢ ¶·¨´Í¨¶¥ ´¨ÎÉμ ´¥ § ¶·¥Ð ¥É
· §¤¥²¨ÉÓ ÔÉμ ¢μ§¡Ê¦¤¥´¨¥, ¸± ¦¥³, ´  ¤¢¥ Î ¸É¨ (¸ ¶μ³μÐÓÕ ³ ±·μÉ¥²).
ˆ³¥´´μ É ±¨³ μ¡· §μ³, ¸ ¶·¥¤² £ ¥³μ° ÉμÎ±¨ §·¥´¨Ö, ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ
Ë¥´μ³¥´ ¤·μ¡´μ£μ ±¢ ´Éμ¢μ£μ ÔËË¥±É  •μ²²  [42] ¨ ¸μμ¡Ð¥´¨Ö μ ´ ¡²Õ¤¥-
´¨¨ μ¡Ñ¥±Éμ¢ ¸ ¤·μ¡´Ò³¨ Ô²¥±É·¨Î¥¸±¨³¨ § ·Ö¤ ³¨ [43]. � §Ê³¥¥É¸Ö, É ±¨¥
μ¶ÒÉÒ ¢μ§³μ¦´Ò ´¥ Éμ²Ó±μ ¸ Ô²¥±É·μ´ ³¨. ‚ [5] ¡Ò² ¶·¥¤²μ¦¥´ μ¶ÒÉ ¸
ËμÉμ´ ³¨. Œμ¦´μ ¶μ¸É ¢¨ÉÓ Ô±¸¶¥·¨³¥´É ¨ ¸ Ê²ÓÉ· Ìμ²μ¤´Ò³¨ ´¥°É·μ´ ³¨.
…¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ´ ¶·¨³¥·, ÎÉμ ¶·¨ ®¤¥²¥´¨¨ ´¥°É·μ´ ¯ ¶μ¶μ-
² ³ ¸ ¶μ³μÐÓÕ ¸¶²¨ÉÉ¥·  ( ´ ²μ£  ¶μ²Ê¶·μ§· Î´μ£μ §¥·± ² ) ¶μ¸ÉμÖ´´ Ö
Ô²¥±É·μ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²μ¢¨´μ± (§ ·Ö¦¥´´Ò° Éμ±) ¨ ¨Ì Ô´¥·£¨¨
¡Ê¤ÊÉ ¢ ¤¢  · §  ³¥´ÓÏ¥. ‚¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¶μ¸²¥¤´¨Ì ¶·μ¶μ·Í¨μ´ ²Ó´ 
(g/MW )4(mn − mp)5, É. ¥. ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¶μ²μ¢¨´±¨ Ê³¥´ÓÏ ¥É¸Ö ¢
25 · § (g → g/2, MW → MW /2, mn,p → mn,p/2, ¨ ÔÉ  ¶μ²μ¢¨´±  ¡Ê¤¥É ¦¨ÉÓ
¢ 32 · §  ¤μ²ÓÏ¥). ‚ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨ ¶μÖ¢²ÖÕÉ¸Ö ¶μ²μ¢¨´±¨ ¶·μÉμ´ ,
Ô²¥±É·μ´  ¨  ´É¨´¥°É·¨´μ.

ˆÉ ±, ¶·¥¤² £ ¥³ Ö ³μ¤¥²Ó ´¥ Éμ²Ó±μ μ¡ÑÖ¸´Ö¥É ¶·¨·μ¤Ê ±¢ ´Éμ¢μ£μ ¶μ-
¢¥¤¥´¨Ö ®Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í¯, ´μ ¨ ¤ ¥É ¶·¨³¥· ¤¥°¸É¢¨É¥²Ó´μ ¥¤¨´μ°
É¥μ·¨¨, ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¡Ñ¥¤¨´ÖÕÐ¥° ¨ ¸¨²Ó´μ¥, ¨ Ô²¥±É·μ¸² ¡μ¥, ¨
£· ¢¨É Í¨μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨Ö. �¤´μ¢·¥³¥´´μ ³μ¤¥²¨·Ê¥É¸Ö ¶·μ¸É· ´¸É¢μ.
‚¢¨¤Ê ¤¨¸±·¥É´μ¸É¨ ¨¸Ìμ¤´μ° ¸É·Ê±ÉÊ·Ò É¥μ·¨Ö ¸¢μ¡μ¤´  μÉ Ê²ÓÉ· Ë¨μ²¥Éμ-
¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°.

��ˆ‹�†…�ˆ…

Š¢ ´Éμ¢ ´¨¥ ¸¨¸É¥³ ¸μ ¸¢Ö§Ö³¨ 2-£μ ·μ¤ . ‚ μÉ²¨Î¨¥ μÉ ¸¢Ö§¥° 1-£μ
·μ¤  ±¢ ´Éμ¢ ´¨¥ ¸¨¸É¥³ ¸μ ¸¢Ö§Ö³¨ 2-£μ ·μ¤  ¢¸É·¥Î ¥É¸Ö ¸ É·Ê¤´μ¸ÉÖ³¨.
‘ÊÉÓ ¶·μ¡²¥³Ò ¢ ¸²¥¤ÊÕÐ¥³. �μ ¸ÊÐ¥¸É¢Ê, ¸¢Ö§¨ 1-£μ ·μ¤  ¥¸ÉÓ Ê¸²μ¢¨Ö, ´ -
±² ¤Ò¢ ¥³Ò¥ ´  ¨³¶Ê²Ó¸Ò, ¸± ¦¥³, ps = 0. �·¨ ±¢ ´Éμ¢ ´¨¨ ÔÉ¨ · ¢¥´¸É¢ 
´¥²Ó§Ö ¶·¥¢· É¨ÉÓ ¢ μ¶¥· Éμ·´Ò¥ (Éμ£¤  ´ ·ÊÏ É¸Ö ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ-
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´μÏ¥´¨Ö [q̂k, p̂s] = i�δks). „μ¸É ÉμÎ´μ ¶μÉ·¥¡μ¢ ÉÓ ¢Ò¶μ²´¥´¨Ö ¸¢Ö§¥° ´ 
¢¥±Éμ· Ì Ë¨§¨Î¥¸±μ£μ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢  p̂sψph = 0. ‘¢Ö§¨ 2-£μ ·μ¤ 
¥¸ÉÓ, ¶μ ¸ÊÐ¥¸É¢Ê, Ê¸²μ¢¨Ö, ´ ±² ¤Ò¢ ¥³Ò¥ ´  ±μμ·¤¨´ ÉÒ ¨ ± ´μ´¨Î¥¸±¨
¸μ¶·Ö¦¥´´Ò¥ ¨³ ¨³¶Ê²Ó¸Ò (qs = ps = 0). ’¥¶¥·Ó ´¥²Ó§Ö ¤ ¦¥ ¶μÉ·¥¡μ¢ ÉÓ,
ÎÉμ¡Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¶¥· Éμ·Ò μ¡· Ð ²¨¸Ó ¢ ´Ê²Ó ´  ¢¥±Éμ· Ì ψph Å
²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ÔÉμ ¶·μÉ¨¢μ·¥Î¨É ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³. 	Ò²μ
¶·¥¤²μ¦¥´μ ´¥¸±μ²Ó±μ ·¥Í¥¶Éμ¢ ±¢ ´Éμ¢ ´¨Ö (¸³.  ´ ²¨§ ¢ [44]). � ¶·¨-
³¥·, „¨· ± [45] ¶·¥¤²μ¦¨² ¢¨¤μ¨§³¥´¨ÉÓ ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ´¥Ë¨§¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ. „·Ê£μ° ³¥Éμ¤ (® ¡¥²¥¢μ° ±μ´¢¥·¸¨¨¯ [46]) § ±²ÕÎ ¥É¸Ö ¢ Ê¤¢μ-
¥´¨¨ Î¨¸²  ´¥Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¨ Î¨¸²  ¸¢Ö§¥° ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ
¨¸Ìμ¤´Ò¥ ¸¢Ö§¨ ³μ¦´μ ¶·¥¢· É¨ÉÓ ¢ ¸¢Ö§¨ 1-£μ ·μ¤ . � ¨¡μ²¥¥ ¥¸É¥¸É¢¥´ É ±
´ §Ò¢ ¥³Ò° ®³¥Éμ¤ Éμ´±μ£μ ¸²μÖ¯ [25], ¢ ±μÉμ·μ³ ¢³¥¸Éμ ¶μ¢¥·Ì´μ¸É¨, ¢Ò-
¤¥²Ö¥³μ° ¸¢Ö§Ö³¨, · ¸¸³ É·¨¢ ¥É¸Ö Éμ´±¨° ¸²μ°, Éμ²Ð¨´  ±μÉμ·μ£μ ¢ ±μ´Í¥
¢ÒÎ¨¸²¥´¨° ¸É·¥³¨É¸Ö ± ´Ê²Õ. Š ¸μ¦ ²¥´¨Õ, Ê¦¥ ¢ ¸²ÊÎ ¥ ¶·μ¸É¥°Ï¥° § -
¤ Î¨ ¢¸¥ É·¨ ³¥Éμ¤  ¤ ÕÉ · §´Ò¥ ·¥§Ê²ÓÉ ÉÒ [44]. �Éμ μ§´ Î ¥É, ÎÉμ, ¶μ
±· °´¥° ³¥·¥, ¤¢  ¨§ ÔÉ¨Ì ³¥Éμ¤μ¢ ´¥±μ··¥±É´Ò ¨ ÎÉμ ´¥²Ó§Ö ¶·μ¨§¢μ²Ó´μ
³¥´ÖÉÓ £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê ´¥Ë¨§¨Î¥¸±μ£μ ¸¥±Éμ· . ‚ · §¤. 3 ¨¸¶μ²Ó§μ¢ ´
³¥Éμ¤ ·¥¤Ê±Í¨¨ ± ¸¢Ö§Ö³ 1-£μ ·μ¤  [26], Ê¤μ¡´Ò° ¤²Ö ¶·¨²μ¦¥´¨°. …£μ ¸ÊÉÓ ¢
¸²¥¤ÊÕÐ¥³.

�Ê¸ÉÓ Qs ¨ qi Å ±μμ·¤¨´ ÉÒ ¢ RN (i = 1, 2, . . . , n; s = 1, 2, . . . , m;
n + m = N ), É ±¨¥, ÎÉμ Ê¸²μ¢¨Ö Qs − Cs = 0, Cs = const μ¶·¥¤¥²ÖÕÉ
£¨¶¥·¶μ¢¥·Ì´μ¸ÉÓ ¢ RN . �Ê¸ÉÓ, ¤ ²¥¥, Ps Å ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò¥ Qs

¨³¶Ê²Ó¸Ò, ¶μ¤Î¨´ÖÕÐ¨¥¸Ö Ê¸²μ¢¨Ö³ Ps = 0, É. ¥. Qs − Cs ¨ Ps Å ¸¢Ö§¨ 2-£μ
·μ¤ . Œ¥Éμ¤ μ¸´μ¢ ´ ´  § ³¥Î ´¨¨, ÎÉμ ¥¸²¨ μ£· ´¨Î¨ÉÓ¸Ö Ê¸²μ¢¨Ö³¨

P̂sψph = 0 (�.1)

(É. ¥. ÊÎ¥¸ÉÓ Éμ²Ó±μ ¸¢Ö§¨ Ps = 0), Éμ ¤²Ö ¢¥±Éμ·μ¢ ψph Ê¦¥ ´¥¸ÊÐ¥¸É¢¥´´μ,
± ±¨¥ §´ Î¥´¨Ö ¨³¥ÕÉ Qs, ¶μ¸±μ²Ó±Ê ¸μ£² ¸´μ (�.1) ψph, ¶μ ¸ÊÐ¥¸É¢Ê, μÉ Qs

´¥ § ¢¨¸ÖÉ ¨ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¢¥·μÖÉ´μ¸É¥° (¨²¨ ¸·¥¤´¨Ì) ¶μ ´¨³ ´¥ ¨´É¥-
£·¨·ÊÕÉ¸Ö. ‚ μ¶¥· Éμ· Ì ¦¥ ¸²¥¤Ê¥É ¸´ Î ²  ¢¸¥ P̂s ¶¥·¥´¥¸É¨ ´ ¶· ¢μ μÉ
μ¸É ²Ó´ÒÌ μ¶¥· Éμ·μ¢ (¸ ÊÎ¥Éμ³ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°) ¨ ¶μ²μ¦¨ÉÓ
¨Ì · ¢´Ò³¨ ´Ê²Õ (¨¡μ μ¶¥· Éμ·Ò ¶·¨³¥´ÖÕÉ¸Ö ²¨ÏÓ ± Ë¨§¨Î¥¸±¨³ ¸μ¸ÉμÖ-
´¨Ö³ ψph). �¥·¥³¥´´Ò¥ Qs ¢ μ¶¥· Éμ· Ì (¨ ¢ Ö±μ¡¨ ´ Ì) ¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ
· ¢´Ò³¨ Cs, ¶μ¸±μ²Ó±Ê É¥¶¥·Ó ÔÉμ ´¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥,   ¢´¥Ï´¨¥
¶ · ³¥É·Ò. ‚ Ê¸²μ¢¨ÖÌ ´μ·³¨·μ¢±¨

∫
dqn√gph |ψph|2 = 1 (�.2)

¨´É¥£·¨·Ê¥É¸Ö Éμ²Ó±μ ¶μ Ë¨§¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ qi. ”¨§¨Î¥¸±¨ ÔÉ¨ Ê¸²μ¢¨Ö
¥¸É¥¸É¢¥´´Ò,   ¸ ³ ³¥Éμ¤ ¶·μ§· Î¥´: É·¥¡μ¢ ´¨¥ (�.1) ¨¸±²ÕÎ ¥É ¤¢¨¦¥´¨¥,
´μ·³ ²Ó´μ¥ ± £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Qs = Cs,   ÊÎ¥É ÔÉμ£μ ¶μ¸²¥¤´¥£μ Ê¸²μ¢¨Ö
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¢ μ¶¥· Éμ· Ì ¨ Ö±μ¡¨ ´ Ì £ · ´É¨·Ê¥É, ÎÉμ ¤¢¨¦¥´¨¥ ¶·μ¨¸Ìμ¤¨É ¨³¥´´μ
´  £¨¶¥·¶μ¢¥·Ì´μ¸É¨. �·μ¢¥·±  ¶μ± §Ò¢ ¥É, ÎÉμ ¤ ´´Ò° ³¥Éμ¤ ¤ ¥É É¥ ¦¥
·¥§Ê²ÓÉ ÉÒ, ÎÉμ ¨ ³¥Éμ¤ Éμ´±μ£μ ¸²μÖ [25] (¸³. [47, 48]).
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