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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�¡´ ·Ê¦¥´¨¥ ´μ¢ÒÌ ³¨±·μ±·¨¸É ²²¨Î¥¸±¨Ì Ëμ·³ Ê£²¥·μ¤ , μ¡² ¤ ÕÐ¨Ì Í¥²Ò³ ·Ö¤μ³ Ê´¨-
± ²Ó´ÒÌ ¸¢μ°¸É¢, ¶μÉ·¥¡μ¢ ²μ · §· ¡μÉ±¨ ´μ¢ÒÌ ¶μ¤Ìμ¤μ¢ ¤²Ö É¥μ·¥É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ¨Ì Ô²¥±-
É·μ´´μ° ¸É·Ê±ÉÊ·Ò. „²Ö ¢¸¥£μ ¸¥³¥°¸É¢  Ê£²¥·μ¤´ÒÌ ´ ´μ¸É·Ê±ÉÊ· (“�‘) ¡ §μ¢μ° ¸É·Ê±ÉÊ·μ°
Ö¢²Ö¥É¸Ö £· Ë¨Éμ¢ Ö ¶²μ¸±μ¸ÉÓ (£· Ë¥´), Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ±μÉμ·μ° ¶·¨ Ô´¥·£¨¨, ¡²¨§±μ°
± Ô´¥·£¨¨ ”¥·³¨, μ¶¨¸Ò¢ ÕÉ¸Ö ¶·¨ ¶μ³μÐ¨ É¥μ·¥É¨±μ-¶μ²¥¢μ£μ ¶μ¤Ìμ¤ . „·Ê£¨¥ É¨¶Ò Ê£²¥-
·μ¤´ÒÌ ´ ´μ¸É·Ê±ÉÊ·, É ±¨¥ ± ± ËÊ²²¥·¥´Ò, μÉ±·ÒÉÒ¥ ¨ § ±·ÒÉÒ¥ ´ ´μÉ·Ê¡±¨, ´ ´μ±μ´Ê¸Ò ¨
´ ´μÌμ·´Ò, ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ³μ¤¨Ë¨± Í¨Ö ¡ §μ¢μ° ¸É·Ê±ÉÊ·Ò, ¶μ²ÊÎ¥´´ Ö ¢¢¥¤¥´¨¥³ ¢
´¥¥ Éμ¶μ²μ£¨Î¥¸±¨Ì ¤¥Ë¥±Éμ¢ (¤¨¸±²¨´ Í¨°). ˆ¸±·¨¢²¥´¨¥ ¶μ¢¥·Ì´μ¸É¨ ÊÎ¨ÉÒ¢ ¥É¸Ö ¢ ¶μ²¥¢μ³
¶μ¤Ìμ¤¥ ¢¢¥¤¥´¨¥³ É¥É· ¤´μ£μ Ëμ·³ ²¨§³ ,   ´ ²¨Î¨¥ ¤¨¸±²¨´ Í¨° Å ¢¢¥¤¥´¨¥³ ± ²¨¡·μ¢μÎ-
´ÒÌ ¶μ²¥° ¤¢ÊÌ É¨¶μ¢. ‚ · ³± Ì É¥μ·¥É¨±μ-¶μ²¥¢μ£μ ± ²¨¡·μ¢μÎ´μ£μ Ëμ·³ ²¨§³  ¨¸¸²¥¤Ê¥É¸Ö
¶μ¢¥¤¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¤²Ö Ê£²¥·μ¤´ÒÌ ´ ´μ±μ´Ê¸μ¢, ´ ´μÌμ·´μ¢, § ±·ÒÉÒÌ Ê£²¥·μ¤´ÒÌ
´ ´μÉ·Ê¡μ±, £¨¶μÉ¥É¨Î¥¸±¨Ì ´ ´μ¸É·Ê±ÉÊ· ¢ Ëμ·³¥ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ ,   ¤²Ö ¸²ÊÎ Ö
¨±μ¸ Ô¤· ²Ó´ÒÌ (Ih)-ËÊ²²¥·¥´μ¢ ¨¸¸²¥¤ÊÕÉ¸Ö ¸¶¥±É· ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨.

A discovery of new microcrystalline forms of carbon having unique properties demands a
development of new approaches for the theoretical description of their electronic characteristics.
A single graphite plane (graphene) serves as the basic structure for the whole family of carbon
nanostructures. The electronic states of graphene at the energies close to the Fermi energy are
described by the ˇeld-theory Dirac-type model. The main known types of carbon nanostructures,
such as fullerenes, open and closed nanotubes, nanocones and nanohorns can be regarded as the
basal structure modiˇed by topological defects: ˇvefolds and sevenfolds (disclinations). The curved
surfaces of these structures are described by the tetradic formalism while the presence of disclinations
is taken into account by introduction of two types of gauge ˇelds. The density of electronic states
of the carbon nanocones, nanohorns, closed nanotubes, hypothetical one-sheet hyperboloid structures,
icosahedral (Ih) fullerenes (where the energy spectrum and eigenfunctions were also studied) was
found within the gauge-ˇeld theory model.

PACS: 73.22-f, 73.22-Dj
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μÉ±·ÒÉ¨° ±μ´Í  ¶·μÏ²μ£μ ¸Éμ²¥É¨Ö [1]. ‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¶·μ¨§μÏ¥² ¸ÊÐ¥-
¸É¢¥´´Ò° ¶·μ·Ò¢ ¢ · §¢¨É¨¨ ´ ´μÉ¥Ì´μ²μ£¨°, ¶μ§¢μ²¨¢Ï¨° ¶¥·¥°É¨ ± ¶· ±-
É¨Î¥¸±μ³Ê ¶·¨³¥´¥´¨Õ Ê£²¥·μ¤´ÒÌ ´ ´μ¸É·Ê±ÉÊ· [2]. “´¨± ²Ó´Ò¥ ³¥Ì ´¨-
Î¥¸±¨¥, Ô²¥±É·¨Î¥¸±¨¥ ¨ ³ £´¨É´Ò¥ Ì · ±É¥·¨¸É¨±¨ Ê£²¥·μ¤´ÒÌ ´ ´μÎ ¸É¨Í,
¸μÎ¥É Ö¸Ó ¸ ¨Ì ³ ²Ò³ · §³¥·μ³, μ¡Ê¸² ¢²¨¢ ÕÉ ¢μ§³μ¦´μ¸ÉÓ ¨Ì Ï¨·μ±μ£μ
¶·¨³¥´¥´¨Ö ¢ ³¨±·μÔ²¥±É·μ´¨±¥ ¢ · §²¨Î´ÒÌ Ê¸É·μ°¸É¢ Ì ´ ´μ³¥É·¨Î¥¸±μ£μ
· §³¥· : ±¢ ´Éμ¢ÒÌ ¶·μ¢μ¤´¨± Ì, É· ´§¨¸Éμ· Ì, Ô²¥³¥´É Ì ³μ²¥±Ê²Ö·´μ° ¶ -
³ÖÉ¨ ¨ ´¥²¨´¥°´μ° Ô²¥±É·μ´¨±¨ ¨ É. ¤. [3]. ‚ Î ¸É´μ¸É¨, ¡Ò²¨ μ¡´ ·Ê¦¥´Ò
¢Ò¸μ±¨¥ Ô³¨¸¸¨μ´´Ò¥ Ì · ±É¥·¨¸É¨±¨ ´ ´μÉ·Ê¡μ± ¨ ´ ´μÌμ·´μ¢ (nanohorns)
¢ ¸² ¡ÒÌ Ô²¥±É·¨Î¥¸±¨Ì ¶μ²ÖÌ [4], ÎÉμ ¶μ§¢μ²Ö¥É ÔËË¥±É¨¢´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¨Ì ¢ ± Î¥¸É¢¥ ± Éμ¤μ¢ ¤²Ö ¢ ±ÊÊ³´ÒÌ Ô²¥±É·μ´´ÒÌ Ê¸É·μ°¸É¢. ‘²¥¤Ê¥É μÉ³¥-
É¨ÉÓ, ÎÉμ Ë ±É¨Î¥¸±¨ ³Ò ¨³¥¥³ ¤¥²μ ¸ ¶¥·¢Ò³¨ Ô²¥±É·μ´´Ò³¨ Ô³¨ÉÉ¥· ³¨
 Éμ³´μ£μ ³ ¸ÏÉ ¡ . ’ ±¦¥ ´ ³¥É¨²¸Ö § ³¥É´Ò° ¶·μ£·¥¸¸ ¢ · §· ¡μÉ±¥ ´μ¢ÒÌ
³ É¥·¨ ²μ¢, ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¸μ¡μ° μ¸μ¡Ò¥ ¶μ²¨³¥·Ò, ¸±²¥¥´´Ò¥ ¸ ´ ¡μ-
·μ³ ËÊ²²¥·¥´μ¢, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ³μ¦´μ Ê¶· ¢²ÖÉÓ ¶μÉμ± ³¨ ¸¢¥É  [5].
‚ ¶¥·¸¶¥±É¨¢¥ μ¦¨¤ ¥É¸Ö, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ É ±¨Ì ³ É¥·¨ ²μ¢ ¸ÊÐ¥¸É¢¥´´μ
¶μ¢Ò¸¨É ¸±μ·μ¸ÉÓ ¶¥·¥¤ Î¨ ¤ ´´ÒÌ. „·Ê£μ¥ ¢ ¦´μ¥ ¶·¨²μ¦¥´¨¥ ¸¢Ö§ ´μ ¸ Ìμ-
·μÏ¨³¨ ¶μ£²μÐ ÕÐ¨³¨ Ì · ±É¥·¨¸É¨± ³¨ Ê£²¥·μ¤´ÒÌ ´ ´μÎ ¸É¨Í, ¢ Î ¸É´μ-
¸É¨, ¢μ¤μ·μ¤ , ÎÉμ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´μ ¶·¨ · §· ¡μÉ±¥ ´μ¢ÒÌ Éμ¶²¨¢´ÒÌ
Ê¸É·μ°¸É¢ [6]. …¸²¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¸μ¢·¥³¥´´Ò¥ ´ ´μÉ¥Ì´μ²μ£¨¨
¶μ§¢μ²ÖÕÉ ´¥¶μ¸·¥¤¸É¢¥´´ÊÕ ³ ´¨¶Ê²ÖÍ¨Õ  Éμ³ ³¨ ¨ ³μ²¥±Ê² ³¨ ¨, ÎÉμ μ¸μ-
¡¥´´μ ¢ ¦´μ, ¤μ¶Ê¸± ÕÉ ¸¡μ·±Ê ¨§ ´¨Ì ¸ ³ÒÌ · §´μμ¡· §´ÒÌ μ¡Ñ¥±Éμ¢ (± ±,
´ ¶·¨³¥·, ®£μ·μÌμ¢ÒÌ ¸É·ÊÎ±μ¢¯ Å ´ ´μÉ·Ê¡μ±, § ¶μ²´¥´´ÒÌ ¸Ë¥·¨Î¥¸±¨³¨
ËÊ²²¥·¥´ ³¨ [7]), Éμ ¸É ´μ¢ÖÉ¸Ö ¸μ¢¥·Ï¥´´μ μÎ¥¢¨¤´Ò³¨ ´¥μ£· ´¨Î¥´´Ò¥
¶μÉ¥´Í¨ ²Ó´Ò¥ ¢μ§³μ¦´μ¸É¨ ¨Ì ¶·¨³¥´¥´¨Ö. ˆ³¥´´μ ¶μ ÔÉμ° ¶·¨Î¨´¥ ¨¸-
¸²¥¤μ¢ ´¨Ö ¢ ¤ ´´μ³ ´ ¶· ¢²¥´¨¨ ¢¸¥ ¢·¥³Ö · ¸Ï¨·ÖÕÉ¸Ö [8].

�·μ¡²¥³  ¨§ÊÎ¥´¨Ö Ô²¥±É·μ´´μ° ¸É·Ê±ÉÊ·Ò Ê£²¥·μ¤´ÒÌ ´ ´μÎ ¸É¨Í ¡Ò² 
¨ ¶·μ¤μ²¦ ¥É μ¸É ¢ ÉÓ¸Ö μ¤´μ° ¨§ μ¸´μ¢´ÒÌ, ´ Î¨´ Ö ¸ ¸ ³μ£μ · ´´¥£μ ÔÉ ¶ 
¨¸¸²¥¤μ¢ ´¨° ± ± Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ, É ± ¨ É¥μ·¥É¨Î¥¸±¨Ì. Š ± ¨§¢¥¸É´μ,
Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ´ ´μ¸É·Ê±ÉÊ· μÉ²¨Î´Ò μÉ Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢ É¢¥·-
¤ÒÌ É¥². ’ ±μ¥ μÉ²¨Î¨¥ μ¶·¥¤¥²Ö¥É¸Ö ± ± ¸μ¡¸É¢¥´´μ ³ ²Ò³ · §³¥·μ³, É ±
¨ ¸¢μ°¸É¢ ³¨ ¨Ì ¸É·Ê±ÉÊ·Ò. ‚μ§´¨±´μ¢¥´¨¥ ¶·¨´Í¨¶¨ ²Ó´μ ´μ¢μ£μ ¶μ¢¥¤¥-
´¨Ö ¸¨¸É¥³ ¢ ¸²ÊÎ ¥ ´¨§±μ° · §³¥·´μ¸É¨ Ìμ·μÏμ ¨§¢¥¸É´μ ¢ Ë¨§¨±¥ É¢¥·¤μ£μ
É¥² . ‚ ± Î¥¸É¢¥ ¶·¨³¥·μ¢ ¶·¨¢¥¤¥³ μ¡· §μ¢ ´¨¥ ² ÉÉ¨´¤¦¥·μ¢¸±μ° ¦¨¤±μ¸É¨
¢ μ¤´μ³¥·´ÒÌ ¶·μ¢μ¤´¨± Ì [9], μ¸μ¡¥´´μ¸É¨, ¸¢Ö§ ´´Ò¥ ¸ ÔËË¥±Éμ³ •μ²²  ¨
¢¨£´¥·μ¢¸±μ° ±·¨¸É ²²¨§ Í¨¥° ¢ ¤¢Ê³¥·´ÒÌ ¸¨¸É¥³ Ì [10],   É ±¦¥ ®¨¸±Ê¸-
¸É¢¥´´Ò¥  Éμ³Ò¯ ¸ ±μ´É·μ²¨·Ê¥³Ò³ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³.

Š ´ ¸ÉμÖÐ¥³Ê ³μ³¥´ÉÊ Ê¤ ²μ¸Ó ¶μ²ÊÎ¨ÉÓ ¤¥É ²Ó´μ¥ É¥μ·¥É¨Î¥¸±μ¥ μ¶¨-
¸ ´¨¥ Ô²¥±É·μ´´μ£μ ¸¶¥±É·  μ¤´μ¸²μ°´ÒÌ ¨ ³´μ£μ¸²μ°´ÒÌ Ê£²¥·μ¤´ÒÌ ´ -
´μÉ·Ê¡μ±. ‚ Î ¸É´μ¸É¨, ¡Ò²  ¶·¥¤¸± § ´  ¶·Ö³ Ö § ¢¨¸¨³μ¸ÉÓ ¸μ¸ÉμÖ´¨Ö ´ -
´μÉ·Ê¡±¨ (³¥É ²² ¨²¨ ¶μ²Ê¶·μ¢μ¤´¨±) μÉ ¥¥ ¤¨ ³¥É·  ¨ Ì¨· ²Ó´μ¸É¨ [11].
‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ±μ··¥²ÖÍ¨Ö ³¥¦¤Ê Ì¨· ²Ó´μ¸ÉÓÕ ¨ ¶·μ¢μ¤ÖÐ¨³¨ ¸¢μ°-
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¸É¢ ³¨ ¡Ò²  ¶μ¤É¢¥·¦¤¥´  Ô±¸¶¥·¨³¥´É ²Ó´μ ³¥Éμ¤μ³ ÉÊ´´¥²Ó´μ° ³¨±·μ¸±μ-
¶¨¨ ¢Ò¸μ±μ£μ · §·¥Ï¥´¨Ö [12]. �¤´¨³ ¨§ Ê´¨± ²Ó´ÒÌ ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤μ¸É¨¦¥´¨° Ö¢²Ö¥É¸Ö ¨§³¥·¥´¨¥ Ô²¥±É·¨Î¥¸±μ° ¨ ³ £´¨É´μ°
¶·μ¢μ¤¨³μ¸É¨ ¨´¤¨¢¨¤Ê ²Ó´ÒÌ ´ ´μÉ·Ê¡μ± ³ ²μ£μ ¤¨ ³¥É·  [13]. Œ¥´¥¥ ¨§Ê-
Î¥´  Ô²¥±É·μ´´ Ö ¸É·Ê±ÉÊ·  ËÊ²²¥·¥´μ¢, ´ ´μÌμ·´μ¢ ¨ μ¡Ñ¥±Éμ¢ ¡μ²¥¥ ¸²μ¦-
´μ° £¥μ³¥É·¨¨, μ¤´ ±μ ¨ §¤¥¸Ó ¶μ²ÊÎ¥´ ·Ö¤ ¨´É¥·¥¸´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¨ É¥μ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éμ¢. �¸μ¡μ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ¢ ¦´ÊÕ ·μ²Ó Éμ¶μ²μ-
£¨Î¥¸±¨Ì ¤¥Ë¥±Éμ¢. � §¢¨É¨¥ Ô±¸¶¥·¨³¥´É ²Ó´μ° É¥Ì´¨±¨, ¨ ¶·¥¦¤¥ ¢¸¥£μ,
¸μ§¤ ´¨¥ Ô²¥±É·μ´´ÒÌ ³¨±·μ¸±μ¶μ¢ ¸  Éμ³´Ò³ · §·¥Ï¥´¨¥³ ¶μ§¢μ²¨²μ μ¡-
´ ·Ê¦¨ÉÓ ± ± ¸ ³¨ ¤¥Ë¥±ÉÒ ¢ ¢¨¤¥ ¶ÖÉ¨Ê£μ²Ó´¨±μ¢ (¶¥´É £μ´μ¢), É ± ¨ § ³¥É-
´μ¥ Ê¢¥²¨Î¥´¨¥ ¶²μÉ´μ¸É¨ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢¡²¨§¨ ¤¥Ë¥±É  [14], ÎÉμ
Ìμ·μÏμ ¸μ£² ¸Ê¥É¸Ö ¸ É¥μ·¥É¨Î¥¸±¨³¨ ¶·¥¤¸± § ´¨Ö³¨.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ ¢ ÔÉμ° ¸¢Ö§¨, ÎÉμ ¤¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ Ô²¥±É·μ´´μ°
¸É·Ê±ÉÊ·Ò ¢¡²¨§¨ ´ ±μ´¥Î´¨±  ´ ´μÉ·Ê¡±¨ Ö¢²Ö¥É¸Ö Î·¥§¢ÒÎ °´μ ¸²μ¦´μ°
§ ¤ Î¥°, ¶μ¸±μ²Ó±Ê Ë ±É¨Î¥¸±¨ É·¥¡Ê¥É¸Ö μ¶¨¸ ÉÓ Ô²¥±É·μ´´Ò¥ ¸μ¸ÉμÖ´¨Ö
¤¢Ê³¥·´μ° ·¥Ï¥É±¨  Éμ³μ¢ Ê£²¥·μ¤  ¸²μ¦´μ° £¥μ³¥É·¨Î¥¸±μ° Ëμ·³Ò ¸ ÊÎ¥-
Éμ³ Ì¨· ²Ó´μ¸É¨ ¨ Éμ¶μ²μ£¨Î¥¸±¨Ì ¤¥Ë¥±Éμ¢ (¤¨¸±²¨´ Í¨°). �  ¸¥£μ¤´ÖÏ-
´¨° ¤¥´Ó ¶· ±É¨Î¥¸±¨ ´¥ · §· ¡μÉ ´μ μ¡Ð¨Ì ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö É ±μ° § ¤ Î¨.
� ¸Î¥ÉÒ ´  ·¥Ï¥É±¥ μ¸´μ¢ ´Ò ´  ¶·¨¡²¨¦¥´¨¨ ¸¨²Ó´μ° ¸¢Ö§¨ ¨ ¨³¥ÕÉ ¥¸É¥-
¸É¢¥´´μ¥ μ£· ´¨Î¥´¨¥ ¶μ Î¨¸²Ê · ¸¸³ É·¨¢ ¥³ÒÌ  Éμ³μ¢, ÎÉμ μ¡Ê¸²μ¢²¥´μ
¢μ§³μ¦´μ¸ÉÖ³¨ ¨¸¶μ²Ó§Ê¥³ÒÌ ±μ³¶ÓÕÉ¥·μ¢. ‚¸¥ ¨³¥ÕÐ¨¥¸Ö ±μ´É¨´Ê ²Ó´Ò¥
³μ¤¥²¨, ¢±²ÕÎ Ö ¨ ³μ¤¥²Ó  ¢Éμ·μ¢, Ö¢²ÖÕÉ¸Ö ¶¥·¢Ò³¨ ¶μ¶ÒÉ± ³¨ Ë¥´μ³¥-
´μ²μ£¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ´¥±μÉμ·ÒÌ  ´ ²μ£¨° ¸ ³μ¤¥²Ö³¨
É¥μ·¨¨ ¶μ²Ö. ‡¤¥¸Ó Ê¤ ¥É¸Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ ¢±²ÕÎ¨ÉÓ É ±¨¥ Ë ±Éμ·Ò, ± ±
£¥μ³¥É·¨Ö, ¤¥Ë¥±ÉÒ ¨ ¢´¥Ï´¥¥ ¶μ²¥, ´μ É¥·Ö¥É¸Ö ¨´Ëμ·³ Í¨Ö μ ±μ´±·¥É´μ³
· ¸¶μ²μ¦¥´¨¨ ¤¥Ë¥±Éμ¢ ´  ¶μ¢¥·Ì´μ¸É¨. Š Éμ³Ê ¦¥ ±μ´É¨´Ê ²Ó´μ¥ μ¶¨¸ -
´¨¥ ¸¶· ¢¥¤²¨¢μ ¢ μ¡² ¸É¨ Ô´¥·£¨¨ ”¥·³¨ ¨ ´¥ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´μ
¤²Ö ¨§ÊÎ¥´¨Ö ´¨§±μ²¥¦ Ð¨Ì ¸μ¸ÉμÖ´¨° ¢ ¢ ²¥´É´μ° §μ´¥. �¥¸³μÉ·Ö ´  ÔÉμ,
¢ · ³± Ì ±μ´É¨´Ê ²Ó´ÒÌ ³μ¤¥²¥° Ê¤ ²μ¸Ó ¶μ²ÊÎ¨ÉÓ ¢ ¦´ÊÕ ¨´Ëμ·³ Í¨Õ μ
¸É·Ê±ÉÊ·¥ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢¡²¨§¨ Ô´¥·£¨¨ ”¥·³¨ ¨ ´  Ê·μ¢´¥ ”¥·³¨.
‚ Î ¸É´μ¸É¨, ¡Ò²μ ¶·¥¤¸± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´Ê²¥¢ÒÌ ³μ¤ ¢ Ô²¥±É·μ´´μ³
¸¶¥±É·¥ ¸Ë¥·¨Î¥¸±μ£μ ËÊ²²¥·¥´  [15] ¨ ¢ ¸²ÊÎ ¥ £¥μ³¥É·¨¨ £¨¶¥·¡μ²μ¨¤ ,
ÎÉμ  ±ÉÊ ²Ó´μ ¤²Ö ´ ´μÌμ·´μ¢ [16]. �É³¥É¨³, ÎÉμ ¤ ´´Ò° ÔËË¥±É ¨³¥¥É Éμ-
¶μ²μ£¨Î¥¸±ÊÕ ¶·¨·μ¤Ê ¨ ¶μ ÔÉμ° ¶·¨Î¨´¥ ¶·¨¢²¥± ¥É ± ¸¥¡¥ ¢´¨³ ´¨¥ ´¥
Éμ²Ó±μ ¢ Ë¨§¨±¥ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤, ´μ ¨ ¢ É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ ¨¸¸²¥¤μ-
¢ ´¨ÖÌ [17,18].

�·¥¤²μ¦¥´´ Ö ´ ³¨ ³μ¤¥²Ó ¨ · §· ¡μÉ ´´Ò¥ ³¥Éμ¤Ò ¥¥  ´ ²¨§  ¶μ§¢μ-
²ÖÕÉ · ¸¸Î¨ÉÒ¢ ÉÓ Ô²¥±É·μ´´Ò° ¸¶¥±É· ¢ μ±·¥¸É´μ¸É¨ ¶μ¢¥·Ì´μ¸É¨ ”¥·³¨
¤²Ö ²Õ¡μ° £¥μ³¥É·¨¨, ¶·μ¨§¢μ²Ó´μ° ³μÐ´μ¸É¨ ¤¥Ë¥±É , ¸ ¥¸É¥¸É¢¥´´Ò³ ÊÎ¥-
Éμ³ ÔËË¥±Éμ¢ ¢´¥Ï´¥£μ ¶μ²Ö. �Éμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ Ö¢´Ò° ¢¨¤ ¶²μÉ´μ¸É¨
Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨°, É. ¥. μ¤´Ê ¨§ ¢ ¦´¥°Ï¨Ì Ì · ±É¥·¨¸É¨± ³ É¥·¨ ²μ¢,
¸ÊÐ¥¸É¢¥´´μ μ¶·¥¤¥²ÖÕÐÊÕ ¨Ì Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢ , ÎÉμ, ¢ ¸¢μÕ μÎ¥·¥¤Ó,



970 Š�‹…‘�ˆŠ�‚ „.‚., �‘ˆ��‚ ‚.�.

¨³¥¥É ¢ ¦´μ¥ ¶·¨±² ¤´μ¥ §´ Î¥´¨¥ ¶·¨ ¶·μ¥±É¨·μ¢ ´¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¶·¨¡μ·μ¢ ¨ ¤²Ö · §¢¨É¨Ö ´μ¢ÒÌ É¥Ì´μ²μ£¨° ¢ ³¨±·μÔ²¥±É·μ´¨±¥.

�¸´μ¢´μ¥ ¸μ¤¥·¦ ´¨¥ μ¡§μ·  ¶·¥¤¸É ¢²¥´μ ¢ É·¥Ì · §¤¥² Ì. ‚ · §¤. 1
¢¢μ¤¨É¸Ö É¥μ·¥É¨±μ-¶μ²¥¢μ° Ëμ·³ ²¨§³ ¤²Ö μ¶¨¸ ´¨Ö Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢
μÉ¤¥²Ó´μ° £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨ ¢¡²¨§¨ Ô´¥·£¨¨ ”¥·³¨. ‘É·μ¨É¸Ö ± ²¨¡·μ-
¢μÎ´ Ö É¥μ·¥É¨±μ-¶μ²¥¢ Ö ³μ¤¥²Ó, ÊÎ¨ÉÒ¢ ÕÐ Ö ´ ²¨Î¨¥ ¢ Ê£²¥·μ¤´μ° ´ ´μ-
¸É·Ê±ÉÊ·¥ ¤¨¸±²¨´ Í¨° (Î¥·¥§ ¢¢¥¤¥´¨¥ ¤¢ÊÌ É¨¶μ¢ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°) ¨
¨¸±·¨¢²¥´¨¥ ¶μ¢¥·Ì´μ¸É¨, ¶μ·μ¦¤ ¥³μ¥ É ±¨³¨ ¤¥Ë¥±É ³¨ ·¥Ï¥É±¨. �¡¸Ê-
¦¤ ÕÉ¸Ö μ£· ´¨Î¥´¨Ö ³μ¤¥²¨ ¨ ¢μ§³μ¦´μ¸É¨ ¥¥ · ¸Ï¨·¥´¨Ö. � §¤. 2 ¶μ¸¢Ö-
Ð¥´ μ¶¨¸ ´¨Õ Ô²¥±É·μ´´ÒÌ Ì · ±É¥·¨¸É¨± Ê£²¥·μ¤´ÒÌ ´ ´μ±μ´Ê¸μ¢. ‘É·μ-
¨É¸Ö É¥μ·¥É¨±μ-¶μ²¥¢ Ö ³μ¤¥²Ó Ê£²¥·μ¤´ÒÌ ´ ´μ±μ´Ê¸μ¢ ¸ £¥μ³¥É·¨¥° ¤¢ÊÌ-
¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ . ˆ¸¸²¥¤Ê¥É¸Ö ¶μ¢¥¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢¡²¨§¨
¢¥·Ï¨´Ò ¨ ¢¤ ²¨ μÉ ´¥¥,   É ±¦¥ ·¥Ï¥´¨Ö ¶·¨ Ô´¥·£¨¨ ”¥·³¨ (´Ê²Ó-³μ¤Ò).
ˆ¸Ìμ¤Ö ¨§ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¸²ÊÎ Ö ´ ´μÌμ·´μ¢ Î¨-
¸²¥´´μ ´ Ìμ¤ÖÉ¸Ö ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¨ ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¢ μ¶·¥¤¥²¥´´μ³
¤¨ ¶ §μ´¥ Ô´¥·£¨°. „¥² ¥É¸Ö ¢Ò¢μ¤ μ ²μ± ²Ó´μ° ³¥É ²²¨§ Í¨¨ ´ ´μÌμ·´μ¢.
’ ±¦¥ ¸É·μ¨É¸Ö ³μ¤¥²Ó £¨¶μÉ¥É¨Î¥¸±¨Ì “�‘ ¸ £¥μ³¥É·¨¥° μ¤´μ¶μ²μ¸É´μ£μ £¨-
¶¥·¡μ²μ¨¤  ¨ μÉ·¨Í É¥²Ó´μ° £ Ê¸¸μ¢μ° ±·¨¢¨§´μ°. �μ± § ´μ Ê³¥´ÓÏ¥´¨¥ Î¨-
¸²¥´´μ ´ °¤¥´´μ° ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¢ μ¡² ¸É¨ ±μ²ÓÍ  ¸¥³¨Ê£μ²Ó´¨±μ¢. ‚
· §¤. 3 μ¡¸Ê¦¤ ¥É¸Ö ¶μ¸É·μ¥´¨¥ ¶μ²¥¢μ° ³μ¤¥²¨ ¤²Ö ¸Ë¥·¨Î¥¸±¨Ì ËÊ²²¥·¥´μ¢
(I)- ¨ (Ih)-É¨¶μ¢. „²Ö ¸Ë¥·¨Î¥¸±¨Ì (Ih)-ËÊ²²¥·¥´μ¢ μ¡μ¸´μ¢Ò¢ ¥É¸Ö ¢¢¥¤¥´¨¥
¤μ¶μ²´¨É¥²Ó´μ£μ, ´ ·Ö¤Ê ¸ K-¸¶¨´μ¢Ò³, · ¸Ð¥¶²¥´¨Ö, ±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É
®¨§μ¸¶¨´Ê¯, ¤ ÕÐ¥³Ê ¢±² ¤ ¢ μ¶¥· Éμ· ³μ³¥´É . „²Ö ¶·¥¤²μ¦¥´´μ° ³μ¤¥²¨
(Ih)-ËÊ²²¥·¥´μ¢ ´ °¤¥´μ ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨ ¢μ²-
´μ¢ÒÌ ËÊ´±Í¨°. � ¸¸³ É·¨¢ ¥É¸Ö ³μ¤¥²Ó Ê£²¥·μ¤´μ° ´ ´μÉ·Ê¡±¨ ¶·μ¨§¢μ²Ó-
´μ° Ì¨· ²Ó´μ¸É¨, § ±·ÒÉμ° ¶μ²μ¢¨´±μ° ¸Ë¥·¨Î¥¸±μ£μ (I)- ¨²¨ (Ih)-ËÊ²²¥·¥´ .
—¨¸²¥´´μ · ¸¸Î¨É ´  § ¢¨¸¨³μ¸ÉÓ ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μÉ Ô´¥·£¨¨
¨ ±μμ·¤¨´ ÉÒ. �¡´ ·Ê¦¥´´μ¥ ¢ Î¨¸²¥´´μ³ · ¸Î¥É¥ · §³Ò¢ ´¨¥ ¢ ´-Ìμ¢μ¢¸±¨Ì
¸¨´£Ê²Ö·´μ¸É¥° ¢¡²¨§¨ ´ ±μ´¥Î´¨±  μ¡ÑÖ¸´Ö¥É¸Ö £¥μ³¥É·¨Î¥¸±¨³ Ë ±Éμ·μ³.
‚ § ±²ÕÎ¥´¨¨ ¸Ê³³¨·μ¢ ´Ò μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, μ¡¸Ê¦¤ ¥³Ò¥ ¢ μ¡§μ·¥.

1. ’…��…’ˆŠ�-��‹…‚�‰ ”��Œ�‹ˆ‡Œ

1.1. “· ¢´¥´¨¥ „¨· ±  ¢ “�‘. �¤´μ¸²μ°´μ° Ê£²¥·μ¤´μ° ´ ´μ¸É·Ê±ÉÊ·μ°,
¨²¨ ¶·μ¸Éμ Ê£²¥·μ¤´μ° ´ ´μ¸É·Ê±ÉÊ·μ°, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸É·Ê±ÉÊ·Ê, ±μÉμ· Ö:

1) ¸μ¸Éμ¨É ¨§  Éμ³μ¢ Ê£²¥·μ¤ , ¸μ¥¤¨´ÖÕÐ¨Ì¸Ö ¸¢Ö§Ö³¨ sp2-É¨¶  É ±, ÎÉμ
± ¦¤Ò°  Éμ³ Ê£²¥·μ¤  ¸μ¥¤¨´¥´ ¸ É·¥³Ö ¤·Ê£¨³¨ (É ±¨³ μ¡· §μ³, ²μ± ²Ó´μ
·¥Ï¥É±  “�‘ ¶·¥¤¸É ¢²Ö¥É¸Ö Ô±¢¨¢ ²¥´É´μ° ¤¢Ê³¥·´μ° Ï¥¸É¨Ê£μ²Ó´μ° ·¥-
Ï¥É±¥);

2) ¶μ³¨³μ Ï¥¸É¨Ê£μ²Ó´ÒÌ ³μ¦¥É ¸μ¤¥·¦ ÉÓ ¤·Ê£¨¥, ´ ¶·¨³¥·, ¶ÖÉ¨ ¨/¨²¨
¸¥³¨Ê£μ²Ó´Ò¥ ±μ²ÓÍ ;
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3) ¨³¥¥É μ¤¨´  Éμ³´Ò° ¸²μ°, ±μÉμ·μ³Ê ³μ¦´μ ¸μ¶μ¸É ¢¨ÉÓ ¶μ¢¥·Ì´μ¸ÉÓ
¸ μ¶·¥¤¥²¥´´μ° ³¥É·¨±μ°, ¶·¨ ÔÉμ³ ´¥É ²μ± ²Ó´ÒÌ · §·Ò¢μ¢ Ì¨³¨Î¥¸±¨Ì
¸¢Ö§¥°.

�  μ¸´μ¢ ´¨¨ ÔÉμ£μ μ¶·¥¤¥²¥´¨Ö ²Õ¡ Ö “�‘ (± Î¨¸²Ê ±μÉμ·ÒÌ μÉ´μ¸ÖÉ¸Ö
μ¤´μ¸²μ°´Ò¥ ËÊ²²¥·¥´Ò ¨ ´ ´μÉ·Ê¡±¨, ´ ´μ±μ´Ê¸Ò ¨ ´ ´μÌμ·´Ò) ³μ¦¥É ¡ÒÉÓ
μ¶¨¸ ´  ± ± ¨¸±·¨¢²¥´´ Ö ¤¢Ê³¥·´ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¸ Éμ¶μ²μ£¨Î¥¸±¨³¨ ¤¥Ë¥±-
É ³¨ Å ¤¨¸±²¨´ Í¨Ö³¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶ÖÉ¨Ê£μ²Ó´¨± ³ ¨ ¸¥³¨Ê£μ²Ó´¨-
± ³ ¢ ·¥Ï¥É±¥. �μ²Ó Éμ¶μ²μ£¨Î¥¸±¨Ì ¤¥Ë¥±Éμ¢ ¸ÊÐ¥¸É¢¥´´  ± ± ¢ μ¡² ¸É¨
¢¡²¨§¨ ¤¥Ë¥±É , É ± ¨ ´  §´ Î¨É¥²Ó´μ³ Ê¤ ²¥´¨¨ μÉ ´¥£μ. �·μ¸É¥°Ï¨³ ¶·¨-
³¥·μ³ ¶²μ¸±μ° “�‘ Ö¢²Ö¥É¸Ö μÉ¤¥²Ó´ Ö £· Ë¨Éμ¢ Ö ¶²μ¸±μ¸ÉÓ Å £· Ë¥´.

�¨¸. 1. �²¥³¥´É ·´ Ö ÖÎ¥°±  ·¥Ï¥É±¨
£· Ë¥´ , ¸μ¸ÉμÖÐ Ö ¨§ ¤¢ÊÌ É¨¶μ¢  Éμ-
³μ¢: A ¨ B

�¨¦¥ ¡Ê¤¥É ¶·¨¢¥¤¥´ ¢Ò¢μ¤ Ê· ¢´¥-
´¨Ö, μ¶¨¸Ò¢ ÕÐ¥£μ ´¨§±μÔ´¥·£¥É¨Î¥-
¸±¨¥ Ô²¥±É·μ´´Ò¥ ¸μ¸ÉμÖ´¨Ö, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ π-Ô²¥±É·μ´´Ò³ ¢μ§¡Ê¦¤¥-
´¨Ö³ É ±μ° ¸É·Ê±ÉÊ·Ò, ¸μ£² ¸´μ · -
¡μÉ¥ [19].

ˆ§¢¥¸É´μ, ÎÉμ Ô²¥³¥´É ·´ Ö ÖÎ¥°± 
¶²μ¸±μ° Ï¥¸É¨Ê£μ²Ó´μ° ·¥Ï¥É±¨ £· -
Ë¨É  ¢±²ÕÎ ¥É ¤¢   Éμ³  Ê£²¥·μ¤ 
(·¨¸. 1). �¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ Ö¢²Ö¥É¸Ö
¤¢Ê±· É´μ ¢Ò·μ¦¤¥´´Ò³, ÎÉμ ¸μμÉ¢¥É-
¸É¢Ê¥É ¤¢Ê³ ËÊ´±Í¨Ö³ 	²μÌ , ²μ± ²¨-
§μ¢ ´´Ò³ ´  μ¤´μ° ¨§ ¤¢ÊÌ ¶μ¤·¥Ï¥-
Éμ± (·¨¸. 2). ˆ¸¸²¥¤μ¢ ´¨¥ ¶·μ¸É¥°Ï¨Ì
Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢ ¨ ¤¨¸¶¥·¸¨μ´´μ£μ

�¨¸. 2. Œ¨±·μ¸±μ¶¨Î¥¸±¨¥ ËÊ´±Í¨¨ 	²μÌ  ΨS
1 (K, r), ΨS

2 (K, r). Š ¦¤ Ö ¨§ ËÊ´±-
Í¨° μÉ²¨Î´  μÉ ´Ê²Ö Éμ²Ó±μ ´  ¸¢μ¥° ¶μ¤·¥Ï¥É±¥. ‡¤¥¸Ó t = ei2π/3, ¶Ê¸Éμ° ±·Ê¦μ±
¸μμÉ¢¥É¸É¢Ê¥É ´Ê²¥¢μ³Ê §´ Î¥´¨Õ
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¸μμÉ´μÏ¥´¨Ö ¢ £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨ ¡Ò²μ ¶·¥¤¶·¨´ÖÉμ ¢ · ¡μÉ Ì [20Ä22].
„¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨ ¢ ¶·¨¡²¨¦¥´¨¨ ¸¨²Ó-
´μ° ¸¢Ö§¨ μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

Ek = ±γ1

√√√√1 + 4 cos

(√
3aky

2

)
cos

(
akx

2

)
+ 4 cos2

(
akx

2

)
, (1)

�¨¸. 3. „¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö £· -
Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨ (1). ‘²¥¢  ¶μ± § ´  μ¤´ 
¨§ Ï¥¸É¨ (¨²¨ ¨§ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ) K-ÉμÎ¥±

£¤¥ γ1 Å ¨´É¥£· ² ¶¥·¥±·ÒÉ¨Ö;
a Å ¶μ¸ÉμÖ´´ Ö ·¥Ï¥É±¨. ƒ· -
Ë¨Î¥¸±¨ ¶μ¢¥¤¥´¨¥ ¤¨¸¶¥·¸¨μ´-
´μ£μ ¸μμÉ´μÏ¥´¨Ö ¶μ± § ´μ ´ 
·¨¸. 3. �´¥·£¨¨ ”¥·³¨ ¸μμÉ-
¢¥É¸É¢ÊÕÉ ¤¢¥ ´¥§ ¢¨¸¨³Ò¥ K-
ÉμÎ±¨ ¢ §μ´¥ 	·¨²²ÕÔ´ , μ¡ÒÎ´μ
μ¡μ§´ Î ¥³Ò¥ ± ± K+ (¨²¨ K)
¨ K− (£¤¥ K− = −K) ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·μÉ¨¢μ¶μ²μ¦-
´Ò³ ¢¥·Ï¨´ ³ Ï¥¸É¨Ê£μ²Ó´¨± .
‚¡²¨§¨ ÔÉ¨Ì ÉμÎ¥± § ±μ´ ¤¨¸¶¥-
·¸¨¨ Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ¨ μ¶·¥-
¤¥²Ö¥É¸Ö ²¨ÏÓ μ¤´μ° ±μ´¸É ´-
Éμ° Å ¸±μ·μ¸ÉÓÕ ”¥·³¨ VF :

E − EF = �VF |κ|, (2)

£¤¥ κ = k − K. �Éμ ¶μ§¢μ-
²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ (k · p)-¶·¨-
¡²¨¦¥´¨¥ (2) ¨ § ¶¨¸ ÉÓ ¢μ²´μ-
¢ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥

Ψ(k, r)=fK
1 (κ) eiκrΨS

1 (K, r) + fK
2 (κ) eiκrΨS

2 (K, r) + . . . , (3)

£¤¥ ΨS
1,2 Å ³¨±·μ¸±μ¶¨Î¥¸±¨¥ ËÊ´±Í¨¨ 	²μÌ  (¸³. ·¨¸. 2) ¨ ³´μ£μÉμÎ¨¥ ¶μ¤-

· §Ê³¥¢ ¥É  ´ ²μ£¨Î´Ò¥ ¸² £ ¥³Ò¥ ¤²Ö K−. “· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨³¥¥É
¢¨¤

ĤΨ(k, r) = EΨ(k, r),

£¤¥ ´ ¤μ ÊÎ¥¸ÉÓ, ÎÉμ

ĤΨS
1,2(K, r) = EF ΨS

1,2(K, r).

‘μÌ· ´ÖÖ ¢ ¨¸Ìμ¤´μ³ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  ²¨´¥°´Ò¥ ¶μ κ ¸² £ ¥³Ò¥, ¶·¨-
Ìμ¤¨³ ± ¸¥±Ê²Ö·´μ³Ê Ê· ¢´¥´¨Õ, μ¶¨¸Ò¢ ÕÐ¥³Ê ³¥¤²¥´´μ³¥´ÖÕÐ¨¥¸Ö  ³-
¶²¨ÉÊ¤Ò ËÊ´±Í¨° 	²μÌ 

�

m
κ

(
p11 p12

p21 p22

)(
f1(κ)
f2(κ)

)
= (E(k) − EF )

(
f1(κ)
f2(κ)

)
.
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‡¤¥¸Ó pij =
∫

ΨS∗
i (K, r) p̂ ΨS

j (K, r)dr. …¸²¨ ¶¥·¥°É¨ μÉ ¨³¶Ê²Ó¸´μ£μ ¶·¥¤-

¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ± ±μμ·¤¨´ É´μ³Ê, Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ³ É·¨ÍÊ
¢ ²¥¢μ° Î ¸É¨ ¶μ¸²¥¤´¥£μ Ê· ¢´¥´¨Ö, ¶·¥¤¸É ¢²¥´´ÊÕ ¢ ¢¨¤¥(

0 e1 − ie2

e1 + ie2 0

)
.

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¸μ ¸É ´¤ ·É´Ò³¨ ³ É·¨Í ³¨ � Ê²¨ ¢
²¥¢μ° Î ¸É¨

−iσi∂iψ(r) = Eψ(r), (4)

£¤¥ ψ = (fK
1 (r); fK

2 (r))T Å  ³¶²¨ÉÊ¤Ò ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥,   σi,
i = 1, 2, Å ³ É·¨ÍÒ � Ê²¨. ‡¤¥¸Ó ¨ ¤ ²¥¥ (¥¸²¨ ´¥ μÉ³¥Î¥´μ μ¸μ¡μ) ¶μ² -
£ ¥É¸Ö ¸¨¸É¥³  ¥¤¨´¨Í � = 1, VF = 1, EF = 0. 	¥§ ÊÎ¥É  ¤μ¶μ²´¨É¥²Ó´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨° ¨ ¤¥Ë¥±Éμ¢ Ê· ¢´¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤, μÉ´μ¸ÖÐ¨Ì¸Ö ± K ¨ K−,
¸¢μ¤ÖÉ¸Ö ± μ¤´μ³Ê ¨ Éμ³Ê ¦¥ ¢¨¤Ê. ‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ Ê· ¢´¥´¨¥ (4)
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¡¥§³ ¸¸μ¢μ¥ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ „¨· ±  ¢ ¤¢ÊÌ ¶·μ-
¸É· ´¸É¢¥´´ÒÌ ¨§³¥·¥´¨ÖÌ,   ψ Å ¤¢Ê³¥·´Ò° ¸¶¨´μ·, ¶·¥μ¡· §ÊÕÐ¨°¸Ö ¶μ
£·Ê¶¶¥ SU(2). „¥°¸É¢¨¥ ³ É·¨ÍÒ σ3 ´  ¸¶¨´μ· ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ·¥Ï¥-
´¨Ö ¸ ¶·μÉ¨¢μ¶μ²μ¦´μ° Ô´¥·£¨¥° σ3ψE = ψ−E , É. ¥. ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨
¸¶¥±É· ¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ ¨§³¥´¥´¨Ö §´ ±  Ô´¥·£¨¨.

	μ²¥¥ μ¡Ð¥¥ ¨§²μ¦¥´¨¥ ¤ ´´μ£μ ¶μ¤Ìμ¤  ³μ¦´μ ´ °É¨ ¢ · ¡μÉ¥ [23], £¤¥
¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ § ¶¨¸ ´  ¢ ¢¨¤¥

Ψ(r) = ψA(K, r)FK
A (r) + eiχ1 ψB(K, r)FK

B (r)+

+ eiχ2 ψA(K−, r)FK−
A (r) + eiχ3 ψB(K−, r)FK−

B (r). (5)

‡¤¥¸Ó ψA,B(K±, r) Å ËÊ´±Í¨¨ 	²μÌ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¤´μ° ¨§ ¶μ¤·¥Ï¥Éμ±

A ¨²¨ B, É. ¥. μ¶·¥¤¥²¥´´Ò¥ ¶·¨ r = RA,B ,   F
K±
A,B(r) Å ¨Ì ³¥¤²¥´´μ³¥´Ö-

ÕÐ¨¥¸Ö  ³¶²¨ÉÊ¤Ò, μ¶·¥¤¥²¥´´Ò¥ ´  r ∈ R
2. �É³¥É¨³, ÎÉμ ËÊ´±Í¨¨ 	²μÌ 

μ¶·¥¤¥²¥´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´ÒÌ Ë § χ. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¸Éμ²-
¡¥Í, ¸μ¸É ¢²¥´´Ò° ¨§  ³¶²¨ÉÊ¤ F , ¢¥¤¥É ¸¥¡Ö ¶·¨ ¶μ¢μ·μÉ Ì ± ± ¸¶¨´μ· ¨, ¢
Î ¸É´μ¸É¨, ³¥´Ö¥É §´ ± ¶·¨ ¶μ¢μ·μÉ¥ ´  2π.

ˆ´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨°
£· Ë¥´ . ‚ ¸²ÊÎ ¥ · §³¥·´μ¸É¨, · ¢´μ° ¤¢Ê³, ¶μ ¨§¢¥¸É´μ° Ëμ·³Ê²¥ (¸³.,
´ ¶·¨³¥·, [24]) ¶μ²ÊÎ ¥³

DoS (E) =
gV

4π2

∮
ε=E

dS

|gradk ε(k)| . (6)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ (2) ¨³¥¥³

DoS (E) =
gV |E|

2π
, (7)
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£¤¥ g (g = 4 ¢ ´ Ï¥³ ¸²ÊÎ ¥) Å ¢Ò·μ¦¤¥´´μ¸ÉÓ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨°;
V Å μ¡Ñ¥³ ÖÎ¥°±¨. …¸²¨ ¨§³¥·ÖÉÓ DoS (E) ¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨´¨Í Ì, Éμ
¤²Ö ¶²μ¸±μ¸É¨ DoS (E) ∼ |E|. ’ ±¨³ μ¡· §μ³, £· Ë¥´ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
¶μ²Ê³¥É ²² ¸ ´Ê²¥¢μ° § ¶·¥Ð¥´´μ° §μ´μ°.

‚ ¤ ²Ó´¥°Ï¥³ ³Ò μ¡μ¡Ð¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô²¥±É·μ´´ÒÌ ¸μ-
¸ÉμÖ´¨° ¢ ¸²ÊÎ ¥ ¸É·Ê±ÉÊ·Ò ¸ ¨¸±·¨¢²¥´´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ. �·¨ ÔÉμ³ ¡Ê¤¥É
· ¸¸Î¨ÉÒ¢ ÉÓ¸Ö ²μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° (LDoS (E, x)), É. ¥. ¶²μÉ´μ¸ÉÓ
¸μ¸ÉμÖ´¨° ´  ¥¤¨´¨ÍÊ ¶μ¢¥·Ì´μ¸É¨, ¨³¥ÕÐ Ö ¸³Ò¸² ¢¥·μÖÉ´μ¸É¨ ´ Ìμ¦¤¥´¨Ö
±¢ §¨Î ¸É¨ÍÒ ´  Ô²¥³¥´É ·´μ° ¶μ¢¥·Ì´μ¸É¨ ¢ ¤ ´´μ° ÉμÎ±¥ x ¢ ¤¨ ¶ §μ´¥
Ô´¥·£¨° μÉ E ¤μ E + dE. �μ ¸ÊÉ¨, LDoS (E, x) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±¢ -
¤· É ³μ¤Ê²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³ ´μ·³¨·μ¢ ´´μ° (¤²Ö ¤¨¸±·¥É´μ£μ ¨²¨
´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· ) ¢μ²´μ¢μ° ËÊ´±Í¨¨:

LDoS (E, x) = Σk|ψk(x)|2δ(ε(k) − E),

£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ±¢ ´Éμ¢Ò³ ¸μ¸ÉμÖ´¨Ö³ k ¶·μ¨§¢μ¤¨É¸Ö ¡² £μ¤ ·Ö ´ ²¨-
Î¨Õ ¤¥²ÓÉ -ËÊ´±Í¨¨. �Î¥¢¨¤´μ, ÎÉμ ¢ ±μ´É¨´Ê ²Ó´μ³ ¶·¥¤¥²¥ ¶·μ¨´É¥£·¨·μ-
¢ ´´ Ö ¶μ ¶μ¢¥·Ì´μ¸É¨ ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¤ ¸É μ¡ÒÎ´μ¥ μ¶·¥¤¥²¥´¨¥ (6). ‚
· ¡μÉ¥ [25] ¨¸¶μ²Ó§Ê¥É¸Ö μ¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ± ± ³´¨³μ° Î ¸É¨
ËÊ´±Í¨¨ ƒ·¨´  Im Tr GE(x, x). ’ ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É ¤μ¸É ÉμÎ´μ ¶·μ¸Éμ
· ¸¸Î¨É ÉÓ ¢±² ¤ ±·¨¢¨§´Ò ¨ ¢´¥Ï´¨Ì ¶μ²¥° ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨°. �μ §¤¥¸Ó ³Ò ¨¸¶μ²Ó§Ê¥³ ¶·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨°
¨§ ´ °¤¥´´ÒÌ Î¨¸²¥´´μ ¨²¨  ´ ²¨É¨Î¥¸±¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. �¥μ¡Ìμ¤¨³μ
É ±¦¥ ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ ¢ ¤·Ê£¨Ì ¶μ¤Ìμ¤ Ì ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ³μ¦¥É ¨³¥ÉÓ
¨´μ¥ μ¶·¥¤¥²¥´¨¥, ´ ¶·¨³¥·, ¢ ab initio · ¸Î¥É Ì ¨ · ¸Î¥É Ì ±¢ ´Éμ¢μ° Ì¨³¨¨
¶·¨¢μ¤¨É¸Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ´   Éμ³.

1.2. “Î¥É ¢²¨Ö´¨Ö ¤¨¸±²¨´ Í¨° ´  Ô²¥±É·μ´´ÊÕ ¸É·Ê±ÉÊ·Ê “�‘: ± ²¨-
¡·μ¢μÎ´Ò¥ ¶μ²Ö. Š ± μÉ³¥Î¥´μ ¢ÒÏ¥, ¢±²ÕÎ¥´¨¥ ¢ Ï¥¸É¨Ê£μ²Ó´ÊÕ ·¥Ï¥É±Ê
Ê£²¥·μ¤´μ° ´ ´μ¸É·Ê±ÉÊ·Ò ¶ÖÉ¨- ¨²¨ ¸¥³¨Ê£μ²Ó´μ£μ ±μ²ÓÍ  ¸ ÉμÎ±¨ §·¥´¨Ö É¥-
μ·¨¨ ¤¥Ë¥±Éμ¢ ¸μμÉ¢¥É¸É¢Ê¥É ¸μ§¤ ´¨Õ ¤¨¸±²¨´ Í¨¨. �·¨ ÔÉμ³ ¤¨¸±²¨´ Í¨Ö
¶μ·μ¦¤ ¥É ± ± ¨¸±·¨¢²¥´¨¥ ¶μ¢¥·Ì´μ¸É¨ “�‘, É ± ¨ (¢ · ³± Ì ¨¸¶μ²Ó§Ê¥³μ£μ
¶μ¤Ìμ¤ ) ¤¢  ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²Ö. �¤´μ ¨§ ÔÉ¨Ì ¶μ²¥° ¸²¥¤Ê¥É ¨§ ± ²¨¡·μ-
¢μÎ´μ° É¥μ·¨¨ Ê¶·Ê£μ£μ ±μ´É¨´ÊÊ³  ¸ ¤¨¸²μ± Í¨Ö³¨ ¨ ¤¨¸±²¨´ Í¨Ö³¨ [26],
  ¤·Ê£μ¥ ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ´¥É·¨¢¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ±μÉμ·Ò³ ¶μ¤Î¨-
´Ö¥É¸Ö ¸¶¨´μ·´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö [27, 28]. � °¤¥³ ¢Éμ·μ¥ ¶μ²¥ ³¥Éμ¤μ³,
μ¶¨¸ ´´Ò³ ¢ [29].

‚ Ëμ·³Ê²¥ (5) ¸² £ ¥³Ò¥ ¸ K+ ¨ K− Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¢ Éμ³
¸³Ò¸²¥, ÎÉμ ²Õ¡μ¥ Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ É¨¶  ψ → Uψ, £¤¥ U Å Ê´¨-
É ·´ Ö ³ É·¨Í , ¤¨ £μ´ ²Ó´ Ö ¶μ A/B-¸μ¸ÉμÖ´¨Ö³, ´¥ ¨§³¥´Ö¥É Ê· ¢´¥´¨¥ (4).
‚¢¥¤¥³ ®¨§μ¸¶¨´μ¢Ò¥¯ ³ É·¨ÍÒ τ , ¸³¥Ï¨¢ ÕÐ¨¥ K+/K−-¸μ¸ÉμÖ´¨Ö ¶μ  ´ -
²μ£¨¨ ¸ ³ É·¨Í ³¨ σ, ¸³¥Ï¨¢ ÕÐ¨³¨ A/B-¸μ¸ÉμÖ´¨Ö. Œμ¦´μ § ³¥É¨ÉÓ, ÎÉμ
¶·¨ ¶μ¢μ·μÉ¥ ´  Ê£μ² π ¶μ¤·¥Ï¥É±  A ¶¥·¥Ìμ¤¨É ¢ ¶μ¤·¥Ï¥É±Ê B ¨ ´ μ¡μ·μÉ
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(ÎÉμ ³μ¦´μ § ¶¨¸ ÉÓ ± ± RA,B− = R(π)RB,A). ‡ ¶¨Ï¥³ (5) ¤²Ö ¶μ¢¥·´ÊÉμ£μ
´  π ¢¥±Éμ·  R, ´μ Éμ²Ó±μ ¤²Ö ¸² £ ¥³ÒÌ, ¸μ¤¥·¦ Ð¨Ì K−:

Ψ(r) = ψA(K, r)FK
A (r) + eiχ1 ψB(K, r)FK

B (r)+

+ eiχ2 ψA(K, r−)FK−
A (r−) + eiχ3 ψB(K, r−)FK−

B (r−), (8)

£¤¥ r = RA,B. Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ (8) ´¥ ¸μ¤¥·¦¨É ¢ Ö¢´μ³ ¢¨¤¥ K−. � 
¶μ¤·¥Ï¥É± Ì A, B ³¨±·μ¸±μ¶¨Î¥¸± Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

ΨA(RA) = exp (iKRA)FK
A (RA) + eiχ3 exp (iKRB−)FK−

B (RB−),

ΨB(RB) = eiχ1 exp (iKRB)FK
B (RB) + eiχ2 exp (iKRA−)FK−

A (RA−).
(9)

�Ê¸ÉÓ É¥¶¥·Ó ¢ ¨¸Ìμ¤´μ° Ï¥¸É¨Ê£μ²Ó´μ° ·¥Ï¥É±¥ ¢ ´ Î ²¥ ±μμ·¤¨´ É ¶·¨-
¸ÊÉ¸É¢Ê¥É ¥¤¨´¨Î´ Ö π/3-¤¨¸±²¨´ Í¨Ö. �μ¢ÊÕ ·¥Ï¥É±Ê ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§
¸É ·μ°, ¢Ò·¥§ Ö ¨§ ¶μ¸²¥¤´¥° ¸¥±Éμ· π/3 ¨ ®¸±²¥¨¢ Ö¯ ±· Ö ¸¥±Éμ· . ˆ§³¥-
´¥´¨¥³ Ëμ·³Ò ¨ ¶μ²μ¦¥´¨° Ê§²μ¢ ·¥Ï¥É±¨ ¶μ±  ¶·¥´¥¡·¥£ ¥³, É. ¥. ¡Ê¤¥³
¶μ² £ ÉÓ, ¸²¥¤ÊÖ [27], ÎÉμ ³Ò μ¶¨¸Ò¢ ¥³ μ¡² ¸ÉÓ, ¤²Ö ±μÉμ·μ° ¶μ²Ö·´ Ö ±μ-
μ·¤¨´ É  ¨§³¥´Ö¥É¸Ö ¢ ¶·¥¤¥² Ì 0 � φ < 5π/3. ‘μμÉ¢¥É¸É¢¥´´μ, £· ´¨Î´μ¥
Ê¸²μ¢¨¥ ¶·¨³¥É ¢¨¤ Ψ(5π/3) = Ψ(0) (·¨¸. 4). �·¨ ÔÉμ³ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö
¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° (9) (¸³¥Ï¨¢ ÕÐ¨¥ A/B-¶μ¤·¥Ï¥É±¨) ¶·¨´¨³ ÕÉ ¢¨¤

ΨA,B(R′
A,B) = ΨB,A(RB,A), R′

A,B = R

(
5π

3

)
(RB,A − R) + R. (10)

�¨¸. 4. � §¢¥·É±  £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨, ¨§ ±μÉμ·μ° ¢Ò·¥§ ´ Ê£μ² 60◦. ‹¥£±μ ¢¨¤¥ÉÓ,
ÎÉμ ¢ §μ´¥ ¢Ò·¥§  ¶μ¤·¥Ï¥É±  A (¡¥²μ£μ Í¢¥É ) ¸μ¥¤¨´Ö¥É¸Ö ¸  Éμ³ ³¨ ¶μ¤·¥Ï¥É±¨ A,
É. ¥. ¶·μ¨¸Ìμ¤¨É ¸³¥Ï¨¢ ´¨¥ ¶μ¤·¥Ï¥Éμ±
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Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ ¶·¨¸ÊÉ¸É¢¨¥ ¤¨¸±²¨´ Í¨¨ ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ ´¥É·¨¢¨ ²Ó-
´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ¨, É ±¨³ μ¡· §μ³, ±  ´¨§μÉ·μ¶¨¨ Ê£²μ¢μ£μ · ¸¶·¥-
¤¥²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨. ‘É ´¤ ·É´Ò³ ¸¶μ¸μ¡μ³ μ¸ÊÐ¥¸É¢¨³ ¶·μÍ¥¤Ê·Ê
¶¥·¥Ìμ¤  μÉ ´¥É·¨¢¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ± É·¨¢¨ ²Ó´Ò³ ¶ÊÉ¥³ ¢¢¥¤¥-
´¨Ö ¢¨Ì·¥¢μ£μ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö. �¶¥· Éμ· £· ´¨Î´ÒÌ Ê¸²μ¢¨° μ¶·¥¤¥²¥´
Î¥·¥§ Ê· ¢´¥´¨¥ F (R′) = M̂60F (R). Œμ¦´μ ¢Ò¡· ÉÓ Ë §Ò χ É ±¨³ μ¡· §μ³,
ÎÉμ¡Ò ¨¸±μ³Ò° μ¶¥· Éμ· ¨³¥² ¢¨¤

M̂60 = −iτ2 exp
(
−iπσ3

6

)
, (11)

£¤¥ Ô±¸¶μ´¥´É , ¸μ¤¥·¦ Ð Ö σ3, ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¶¥· Éμ· ¶μ¢μ·μÉ  ¸¶¨-
´μ·  ´  5π/3. �μ¸²¥ Éμ£μ ± ± £· ´¨ÍÒ · §·¥§  ®¸±²¥¥´Ò¯, ³μ¦´μ ¢¢¥¸É¨
¶μ²Ö·´ÊÕ ±μμ·¤¨´ ÉÊ ϕ (0 � ϕ < 2π), ¨ Éμ£¤  ¸¶¨´μ·´ Ö ¢μ²´μ¢ Ö ËÊ´±-

Í¨Ö ψ = (FK
A ; FK

B ; FK−
A ; FK−

B ) = ψ(ϕ) ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö,
μ¶·¥¤¥²Ö¥³Ò¥ μ¶¥· Éμ·μ³ £μ²μ´μ³¨¨:

ψ(ϕ + 2π) = −T̂ψ(ϕ), T̂ = iτ2 = eiπτ2/2. (12)

‡¤¥¸Ó μ¶¥· Éμ· T̂ , ¢ μÉ²¨Î¨¥ μÉ M̂60, ´¥ ¸μ¤¥·¦¨É σ-³ É·¨Í (É. ¥. ¤¨ £μ´ ²¥´
¶μ A/B-±μ³¶μ´¥´É ³),   ¸μ¤¥·¦¨É Éμ²Ó±μ τ -³ É·¨ÍÒ. Š ²¨¡·μ¢μÎ´μ¥ ¶μ²¥
a, ´¥μ¡Ìμ¤¨³μ¥ ¤²Ö ±μ³¶¥´¸ Í¨¨ ¤¥°¸É¢¨Ö μ¶¥· Éμ·  T̂ , ¡Ê¤¥É μ¶·¥¤¥²ÖÉÓ¸Ö
Ê¸²μ¢¨¥³ ∮

a dr =
π

2
τ2, T̂ = exp

(
i

∮
a dr

)
. (13)

�´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ³μ¦´μ ¶·μ¢¥¸É¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  ¤¥Ë¥±Éμ¢,
· ¸¶μ²μ¦¥´´ÒÌ ¢ · §´ÒÌ ÉμÎ± Ì ·¥Ï¥É±¨ (´μ ¶μ¸²¥ ¶¥·¥Ìμ¤  ± ±μ´É¨´ÊÊ³Ê
μ´¨ ¤μ²¦´Ò ®¸ÉÖ£¨¢ ÉÓ¸Ö¯ ¢ μ¤´Ê ÉμÎ±Ê). „²Ö ÔÉμ£μ ´Ê¦´μ ¢¢¥¸É¨ μ¶¥· -
Éμ· ¸¤¢¨£ , μ¶¨¸Ò¢ ÕÐ¨° ¨§³¥´¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶·¨ ¸¤¢¨£¥ ´  ¢¥±Éμ·
e1n + e2m, £¤¥ ei Å ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò ·¥Ï¥É±¨, Ê£μ² ³¥¦¤Ê ±μÉμ·Ò³¨ ¸μ-
¸É ¢²Ö¥É π/3. …£μ μ¡Ð¨° ¢¨¤ ¥¸ÉÓ

T̂ (n, m) = exp
(

i
2π

3
τ3(n − m)

)
. (14)

’μ£¤  μ¶¥· Éμ·, ¸μ§¤ ÕÐ¨° ¤¥Ë¥±É ¢ ¶μ§¨Í¨¨ (n, m), ¶·¨´¨³ ¥É ¢¨¤

M̂60(n, m) = T̃ (−n,−m)M̃60T̂ (n, m) = T̂ (−n,−m)M̂60. (15)

�¡Ð¨° μ¶¥· Éμ·, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶·¨¸ÊÉ¸É¢¨Õ ¤¥Ë¥±Éμ¢ ¢ ´ Î ²¥ ±μμ·¤¨-
´ É ¨ ÉμÎ±¥ (n, m), ¥¸ÉÓ

M̂ = M̂60(−n,−m)M̂60 = exp
(

iπ

(
1 − 2

3
(n − m)

)
τ3

)
exp

(
−i

π

3
σ3

)
. (16)
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…³Ê ¸μμÉ¢¥É¸É¢Ê¥É ± ²¨¡·μ¢μÎ´μ¥ ¶μ²¥∮
a dr = π

(
1 − 2

3
(n − m)

)
τ3. (17)

„²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  N ¤¨¸±²¨´ Í¨° ¨¸±μ³Ò° μ¶¥· Éμ· ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤
M̂60(n′, m′)M̂N−1

60 , £¤¥ (n′, m′) Å ´¥±μÉμ·Ò° ¢¥±Éμ·, μ¶·¥¤¥²Ö¥³Ò° ¶·μÍ¥-
¤Ê·μ°, μ¶¨¸ ´´μ° ¢ [27, 28]. „²Ö μ¶¥· Éμ·  M̂ ¥¸ÉÓ ¸²¥¤ÊÕÐ¥¥ ´ £²Ö¤´μ¥

�¨¸. 5. ‘Ë¥·  ¢ ¶·μ¸É· ´¸É¢¥ (Z1, Z2, Z3).
� Î ²Ó´Ò° ¢¥±Éμ· ²¥¦¨É ´  μ¸¨ Z1 (ÉμÎ± 
A), ± ¦¤μ¥ ¶·¨³¥´¥´¨¥ μ¶¥· Éμ·  M̂60 ¶μ-
¢μ· Î¨¢ ¥É ¢¥±Éμ· ´  π/2 ¢μ±·Ê£ μ¸¨ Z2

(ÉμÎ±¨ A′, A′′). �·¨³¥´¥´¨¥ μ¶¥· Éμ· 
T̂ (n, m) ¶μ¢μ· Î¨¢ ¥É ¢¥±Éμ· ´  ±2π/3 ¢μ-
±·Ê£ μ¸¨ Z3 (ÉμÎ±¨ B, B′)

¶·¥¤¸É ¢²¥´¨¥: ¢ τ -¶·μ¸É· ´¸É¢¥ R
3

¢Ò¤¥²¨³ ¥¤¨´¨Î´ÊÕ ¸Ë¥·Ê S
2 ¨ ¢Ò-

¡¥·¥³ ´¥±μÉμ·Ò° ´ Î ²Ó´Ò° · ¤¨Ê¸-
¢¥±Éμ· ´  ÔÉμ° ¸Ë¥·¥ (·¨¸. 5).
‹Õ¡μ° μ¶¥· Éμ· ¢¨¤  exp (iφτn),
(|n| = 1) ¥¸ÉÓ ³´¨³ Ö Î ¸ÉÓ ±¢ -
É¥·´¨μ´  ¢¨¤  Σi(iτi)zi, i = 1, 2, 3,
£¤¥ iτi Å  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨¥ ³´¨-
³Ò¥ ¥¤¨´¨ÍÒ,   zi ∈ R. …³Ê ³μ¦´μ
¸μ¶μ¸É ¢¨ÉÓ ¢¥±Éμ·, ¶μ¢¥·´ÊÉÒ° ´ 
Ê£μ² φ = φn μÉ´μ¸¨É¥²Ó´μ ¨¸Ìμ¤-
´μ£μ. �¶¥· Éμ· ³ M̂60, T̂ (n, m) ¡Ê-
¤ÊÉ ¸μμÉ¢¥É¸É¢μ¢ ÉÓ ¢¥±Éμ·Ò, ¶μ¢¥·-
´ÊÉÒ¥ ´  90◦ ¢μ±·Ê£ ¢Éμ·μ° (ÉμÎ±¨
A′, A′′) ¨ ´  ((n + m)mod 3) 120◦

¢μ±·Ê£ É·¥ÉÓ¥° μ¸¨ (ÉμÎ±¨ B, B′) ¸μ-
μÉ¢¥É¸É¢¥´´μ. “£μ² ³¥¦¤Ê ¨¸Ìμ¤´Ò³
¨ ¶μ¢¥·´ÊÉÒ³ ¢¥±Éμ· ³¨ μ¶·¥¤¥²¨É
¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ±  Ë §Ê ¢ Í¨·±Ê-
²ÖÍ¨¨ ¢¥±Éμ·  a (17). �μ ¥¸²¨ Î¨-
¸²μ N ´¥Î¥É´μ, É. ¥. ¢¥±Éμ· ¶μ¢¥·´ÊÉ
´  90◦ ¢μ±·Ê£ ¢Éμ·μ° μ¸¨, ¶·¨³¥-
´¥´¨¥ μ¶¥· Éμ·  T̂ (¶μ¢μ·μÉ ¢μ±·Ê£
É·¥ÉÓ¥° μ¸¨) ´¥ ¨§³¥´¨É Ë §Ê: ¡Ê¤¥³ ¨³¥ÉÓ M̂ = exp (iπNτn/2), N = 1, 3, . . .
„¥°¸É¢¨É¥²Ó´μ, ¤²Ö ´¥Î¥É´μ£μ Î¨¸²  ¤¥Ë¥±Éμ¢ Í¨·±Ê²ÖÍ¨Ö ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤∮

a dr = N
π

2
τ2, (18)

  ¤²Ö Î¥É´μ£μ ∮
a dr = π

(
N

2
+

2M

3

)
τ3, (19)

£¤¥ Î¨¸²μ M , μ¶¨¸Ò¢ ÕÐ¥¥ ÔËË¥±É¨¢´Ò° ¸¤¢¨£, ¶·¨´¨³ ¥É §´ Î¥´¨Ö
M = 0,±1. �  ·¨¸. 5 ¢¨¤´μ, ÎÉμ ¤²Ö ¤¢ÊÌ ¤¥Ë¥±Éμ¢ · §´¨Í  Ë § (Ê£μ² ³¥¦¤Ê
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ÉμÎ± ³¨ A ¨ B, B′ ´  ¸Ë¥·¥) · ¢´  ±π/3, É. ¥. ±(π + 2π/3) ¸ ÉμÎ´μ¸ÉÓÕ
¤μ 2π, ¢ ¸μ£² ¸¨¨ ¸ Ëμ·³Ê²μ° (19).

�É³¥É¨³, ÎÉμ ¢ÒÏ¥¶·¨¢¥¤¥´´Ò° Ëμ·³ ²¨§³ ¢¢¥¤¥´¨Ö ± ²¨¡·μ¢μÎ´μ£μ
¶μ²Ö ´¨± ± ´¥ ¸¢Ö§ ´ ¸ Ê¶·Ê£¨³¨ ¸¢μ°¸É¢ ³¨ ¤¢Ê³¥·´μ° ¶μ¢¥·Ì´μ¸É¨. Š ±
¶· ¢¨²μ, £μ¢μ·¨É¸Ö μ ¶·¥¤¥²¥  ¡¸μ²ÕÉ´μ ¦¥¸É±μ° ¶μ¢¥·Ì´μ¸É¨, É ± ÎÉμ ¢Ò-
·¥§ ´¨¥ ¸¥±Éμ·  ¶·¨¢μ¤¨É ± μ¡· §μ¢ ´¨Õ ±² ¸¸¨Î¥¸±μ£μ ±μ´Ê¸ . �·¨ ¡μ²¥¥
·¥ ²¨¸É¨Î´μ³ · ¸¸³μÉ·¥´¨¨ ¸²¥¤Ê¥É ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ Ê¶·Ê£¨¥ Ì · ±É¥-
·¨¸É¨±¨ ¶μ¢¥·Ì´μ¸É¨. �·¨ μ¶¨¸ ´¨¨ ¤¨¸±²¨´ Í¨° ¢ Ê¶·Ê£μ° ¸·¥¤¥ ´ ¨¡μ²¥¥
¶μ¤Ìμ¤ÖÐ¥° ¤²Ö ´ Ï¨Ì Í¥²¥° Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´ Ö É¥μ·¨Ö ¤¨¸²μ± Í¨° ¨
¤¨¸±²¨´ Í¨°, ¶·¥¤²μ¦¥´´ Ö ¢ [30]. ‚ · ³± Ì ¤ ´´μ° É¥μ·¨¨, ³μ¤¨Ë¨Í¨·μ-
¢ ´´μ° ¤²Ö ¤¢Ê³¥·´μ£μ ¸²ÊÎ Ö ¢ [31], ¶·μ¸É· ´¸É¢¥´´ Ö £·Ê¶¶  SO(2) � T (2)
· ¸¸³ É·¨¢ ¥É¸Ö ± ± ²μ± ²Ó´ Ö ± ²¨¡·μ¢μÎ´ Ö £·Ê¶¶ . �·¨ ÔÉμ³ ±μ³¶¥´¸¨-
·ÊÕÐ¨¥ ¢¥±Éμ·´Ò¥ ¶μ²Ö W, ¸¢Ö§ ´´Ò¥ ¸ ´¥μ¤´μ·μ¤´Ò³ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò
¢· Ð¥´¨° SO(2), ¸μμÉ¢¥É¸É¢ÊÕÉ Ê¶·Ê£¨³ ¶μ²Ö³ ¤¨¸²μ± Í¨°.

�¡μ¡Ð¥´¨¥ É¥μ·¨¨ ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ ¨¸±·¨¢²¥´´μ° ¶μ¢¥·Ì´μ¸É¨
¸¤¥² ´μ ¢ [32]. �¥ μ¸É ´ ¢²¨¢ Ö¸Ó ´  ¤¥É ²ÖÌ É¥μ·¨¨ μÉ³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥
μ¤´μ° ¤¨¸±²¨´ Í¨¨ ¸ ¨´¤¥±¸μ³ ”· ´±  ν (ν = Δφ/2π, £¤¥ Δφ Å ¢Ò·¥§ ´´Ò°
Ê£μ²) Ê· ¢´¥´¨¥ ¤²Ö ¶μ²Ö W ¨³¥¥É ¢¨¤ [32]

W k = −νεkλDλG(x, y), (20)

£¤¥

DμDμG(x1, x2) =
2πδ2(x1, x2)

√
g

, (21)

£¤¥ g = Det gμν , x1, x2 Å ±μμ·¤¨´ ÉÒ ´  ³´μ£μμ¡· §¨¨ Σ ¨ εμk =
√

gεμk Å
¥¤¨´¨Î´Ò°  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·: ε12 = −ε21 = 1. „ ´´μ¥ μ¶·¥¤¥-
²¥´¨¥ ³μ¦¥É ¸²Ê¦¨ÉÓ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¢¨¤  ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, ¸¢Ö§ ´-
´ÒÌ ¸ ¤¨¸±²¨´ Í¨¥°. ‚ ¸²ÊÎ ¥, ±μ£¤  ¨¸ÉμÎ´¨±μ³ ¶μ²Ö Ö¢²Ö¥É¸Ö ´¥ÉμÎ¥Î´Ò°
®¤¨¸±²¨´ Í¨μ´´Ò° § ·Ö¤¯, Ê· ¢´¥´¨¥ (21) ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´μ § ³¥´μ°
δ2(x1, x2) → ρ(x1, x2), £¤¥ ρ Å ´¥±μÉμ· Ö ËÊ´±Í¨Ö, μ¡μ§´ Î ÕÐ Ö ¶²μÉ´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨Ö ®¤¨¸±²¨´ Í¨μ´´μ£μ § ·Ö¤ ¯. �·¨ ÔÉμ³ ¢μ¶·μ¸ μ¡  ´ ²μ£¨Î-
´μ³ Ê· ¢´¥´¨¨ ¤²Ö ´¥ ¡¥²¥¢  ¶μ²Ö aμ ¸ · ¸¶·¥¤¥²¥´´Ò³ § ·Ö¤μ³ μ¸É ¥É¸Ö
μÉ±·ÒÉÒ³.

‚ ¸²ÊÎ ¥ Ï¥¸É¨Ê£μ²Ó´μ° ·¥Ï¥É±¨ ¤ ´´μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶μ²¥ μ¶·¥¤¥²Ö-
¥É¸Ö Ê¸²μ¢¨¥³ ∮

W dr = 2π
N

6
. (22)

�É³¥É¨³, ÎÉμ ¢¢¥¤¥´¨¥ ÔÉμ£μ ¶μ²Ö ¶·Ö³μ ´¥ ¸¢Ö§ ´μ ¸μ ¸É·Ê±ÉÊ·μ° Ô²¥±É·μ´-
´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. �´μ ¶·μ¨¸Ìμ¤¨É ¶·¨ μ¶¨¸ ´¨¨ ¤¨¸±²¨´ Í¨° ¢ Ê¶·Ê-
£¨Ì ¸·¥¤ Ì ¨ Ì · ±É¥·¨§Ê¥É ¨Ì ¢¨Ì·¥¢μ° Ì · ±É¥·. � ¨³¥´´μ, ¤¨¸±²¨´ Í¨¨
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³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¢¨Ì·¨ ¢ Ê¶·Ê£μ³ ±μ´É¨´ÊÊ³¥. ‚ÒÏ¥¶·¨¢¥¤¥´´μ¥ ¢Ò-
· ¦¥´¨¥ μ¶¨¸Ò¢ ¥É Éμ¶μ²μ£¨Î¥¸±ÊÕ ¶·¨·μ¤Ê É ±¨Ì ¢¨Ì·¥°. �¤´¨³ ¨§ ¢ ¦´ÒÌ
Ë¨§¨Î¥¸±¨Ì ¸²¥¤¸É¢¨° ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¨ Ö¢²Ö¥É¸Ö ¢μ§´¨±´μ¢¥´¨¥ ¤μ-
¶μ²´¨É¥²Ó´μ° Ë §Ò   ·μ´μ¢-¡μ³μ¢¸±μ£μ É¨¶  Ê Ô²¥±É·μ´´μ° ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¤¨¸±²¨´ Í¨¨ [33]. ‘²¥¤Ê¥É μ¸μ¡μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¤ ´´μ¥
¶μ²¥ ¸ÊÐ¥¸É¢Ê¥É ¨, ¡μ²¥¥ Éμ£μ, ¸μÌ· ´Ö¥É ¸¢μ° ¢¨¤ ¨ ¢ ¶·¥¤¥²¥  ¡¸μ²ÕÉ´μ
¦¥¸É±μ° ¶μ¢¥·Ì´μ¸É¨.

1.3. “Î¥É ±·¨¢¨§´Ò ¶μ¢¥·Ì´μ¸É¨ “�‘. “ÎÉ¥³ ¨¸±·¨¢²¥´¨¥ ¶μ¢¥·Ì´μ¸É¨
“�‘, ¸²¥¤ÊÖ [26]: ¢¢¥¤¥³ ´ ¡μ· μ·Éμ£μ´ ²Ó´ÒÌ ¢¥±Éμ·μ¢ eα ´  ³´μ£μμ¡· §¨¨,
μ¶¨¸Ò¢ ¥³μ³ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ gμν , ¶·¥μ¡· §ÊÕÐ¨Ì¸Ö ¶μ £·Ê¶¶¥ SO(2),

eα → e′α = Λβ
αeβ, Λβ

α ∈ SO(2). (23)

�É¸Õ¤  ¸²¥¤Ê¥É gμν = eα
μeβ

ν δαβ , £¤¥ eα
μ Å ¤¨ ¤´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ( ´ ²μ£

É¥É· ¤´ÒÌ), α, β = 1, 2 Å μ·Éμ´μ·³ ²Ó´Ò¥,   μ, ν = 1, 2 Å ±μμ·¤¨´ É-
´Ò¥ ¨´¤¥±¸Ò. „¨ ¤Ò [34] ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ± ²¨¡·μ¢±¨,
¶·¨¢μ¤ÖÐ¥° ± ¶μÖ¢²¥´¨Õ so(2)-¶μ²Ö ωμ, Ö¢²ÖÕÐ¥£μ¸Ö ¸¶¨´μ¢μ° ¸¢Ö§´μ¸ÉÓÕ.
�´  ¤μ²¦´  ¶μ¤Î¨´ÖÉÓ¸Ö Ê¸²μ¢¨Õ,  ´ ²μ£¨Î´μ³Ê Ê¸²μ¢¨Õ ¤²Ö ³¥É·¨Î¥¸±μ£μ
É¥´§μ·  ¡¥§ ±·ÊÎ¥´¨Ö:

Dμea
ν := ∂μea

ν − Γλ
μνea

λ + (ωμ)a
be

b
ν = 0, (24)

(Ê¤²¨´¥´´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¢Ò· ¦¥´¨Ö, ¨³¥ÕÐ¥£μ ³¥É·¨Î¥¸±¨¥ ¨ ¸¶¨´μ¢Ò¥
¨´¤¥±¸Ò, Ëμ·³ ²Ó´μ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ Dμ = ∂μ + Γμ + ωμ), μÉ±Ê¤ 
¸¶¨´μ¢ Ö ¸¢Ö§´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö ± ±

(ωμ)ab = ea
νDμebν . (25)

’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ „¨· ±  (4) ´  ±·¨¢μ° ¶μ¢¥·Ì´μ¸É¨ ¶·¨´¨³ ¥É ¢¨¤

iγaeμ
a(∇μ − iak

μ − iWμ)ψk = Eψk, (26)

£¤¥ ak
μ, k = K, K− ¨ Wμ Å ± ²¨¡·μ¢μÎ´Ò¥ ¶μ²Ö, μ¶·¥¤¥²ÖÕÐ¨¥¸Ö Ëμ·³Ê-

² ³¨ (18), (19) ¨ (22), γa Å ¤¢¥ su(2)-³ É·¨ÍÒ · §³¥·´μ¸É¨ 2 × 2, ±μÉμ·Ò¥
³μ¦´μ ¢Ò¡· ÉÓ, ´ ¶·¨³¥·, ¢ ¢¨¤¥ γi = −σi, ¨ ∇μ = ∂μ + Ωμ, £¤¥

Ωμ =
1
8
ωa

μ
b[γa, γb]. (27)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ Ê· ¢´¥´¨¨ (26) τ -³ É·¨ÍÒ ¤¨ £μ´ ²¨§μ¢ ´Ò, É. ¥. Ë ±-
É¨Î¥¸±¨ (26) ¶·¥¤¸É ¢²Ö¥É ¤¢  μÉ¤¥²Ó´ÒÌ Ê· ¢´¥´¨Ö. ‚ ¤ ²Ó´¥°Ï¥³ ¨´¤¥±¸ k
¡Ê¤¥É μ¶ÊÐ¥´, ÎÉμ ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ §´ ±  ®±¯ ¶¥·¥¤ aμ.
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1.4. �£· ´¨Î¥´¨Ö ³μ¤¥²¨ ¨ ¢μ§³μ¦´μ¸É¨ ¥¥ · ¸Ï¨·¥´¨Ö. ‘ÊÐ¥¸É¢ÊÕÉ
É·¨ μ¸´μ¢´ÒÌ ¶μ¤Ìμ¤  ± μ¶¨¸ ´¨Õ Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢ “�‘. �¥·¢Ò° ¶μ¤-
Ìμ¤ ¢±²ÕÎ ¥É Ô³¶¨·¨Î¥¸±¨¥ ³¥Éμ¤Ò, É ±¨¥ ± ± ¶·¨¡²¨¦¥´¨Ö ¨¤¥ ²Ó´μ£μ Ô²¥±-
É·μ´´μ£μ £ §  ¨ ¸¨²Ó´μ° ¸¢Ö§¨ [35]. ‚Éμ·μ° ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ¨¸¶μ²Ó§μ¢ ´¨¨
ab initio ¢ÒÎ¨¸²¥´¨° ¨ ³¥Éμ¤μ¢ ±¢ ´Éμ¢μ° Ì¨³¨¨ [36]. ’·¥É¨° ¶μ¤Ìμ¤, ± ±μ-
Éμ·μ³Ê μÉ´μ¸¨É¸Ö ¨ ± ²¨¡·μ¢μÎ´ Ö É¥μ·¥É¨±μ-¶μ²¥¢ Ö ³μ¤¥²Ó, ¢±²ÕÎ ¥É ±μ´-
É¨´Ê ²Ó´Ò¥ ³μ¤¥²¨, ¨¸¶μ²Ó§ÊÕÐ¨¥ ¶·¨¡²¨¦¥´¨¥ ÔËË¥±É¨¢´μ° ³ ¸¸Ò [37].
�¸´μ¢´Ò³¨ μÉ²¨Î¨Ö³¨ É·¥ÉÓ¥£μ ¶μ¤Ìμ¤  Ö¢²ÖÕÉ¸Ö (± ± ¨ ¢ ¤·Ê£¨Ì ±μ´É¨´Ê-
 ²Ó´ÒÌ ³μ¤¥²ÖÌ) μ£· ´¨Î¥´¨Ö ´  · §³¥· ´ ´μ¸É·Ê±ÉÊ·Ò ¨ Ô´¥·£¨Õ.

ˆ¸¶μ²Ó§Ê¥³ Ö É¥μ·¥É¨±μ-¶μ²¥¢ Ö ³μ¤¥²Ó ¸²Ê¦¨É ¤²Ö μ¶¨¸ ´¨Ö Ô²¥±É·μ-
´μ¢ π-É¨¶ , ¤ ÕÐ¨Ì ¢±² ¤ ¢ μ¡ÐÊÕ ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¢¡²¨§¨ Ô´¥·£¨¨
”¥·³¨. �¸´μ¢´μ¥ ¶·¨¡²¨¦¥´¨¥ (2) ¸¶· ¢¥¤²¨¢μ ¶·¨ Ô´¥·£¨ÖÌ ¶μ·Ö¤±  0,1 Ô‚
(± Î¥¸É¢¥´´μ Å ¤μ ¥¤¨´¨Í Ô‚) [19,20]. �μ¸±μ²Ó±Ê �VF = 5,39 Ô‚ · �A, ÔÉμ ¸μ-
μÉ¢¥É¸É¢Ê¥É Ì · ±É¥·´μ³Ê · ¸¸ÉμÖ´¨Õ 5Ä50 �A. „μ¶μ²´¨É¥²Ó´μ¥ μ£· ´¨Î¥´¨¥
´  μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ´ ² £ ¥É ± ²¨¡·μ¢μÎ´ Ö É¥μ·¨Ö ¤¨¸±²¨´ Í¨°, ±μ-
Éμ· Ö ´¥ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¢¡²¨§¨ Ö¤·  ¤¨¸±²¨´ Í¨¨ (ÌμÉÖ ÔÉμ μ£· -
´¨Î¥´¨¥ ¤²Ö ·¥² ±¸¨·ÊÕÐ¥° ¨§-§  ¨§£¨¡  ¤¢Ê³¥·´μ° ¶μ¢¥·Ì´μ¸É¨ Ö¢²Ö¥É¸Ö,
¶μ-¢¨¤¨³μ³Ê, ¡μ²¥¥ ¸² ¡Ò³).

’ ±¨³ μ¡· §μ³, ¶μ²¥¢ Ö ³μ¤¥²Ó ¶μ§¢μ²Ö¥É  ¤¥±¢ É´μ μ¶¨¸ ÉÓ Ë¨§¨Î¥¸±ÊÕ
¸¨ÉÊ Í¨Õ ´  μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ¨ ¶·¨ ´¥¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ
¶μ ¸· ¢´¥´¨Õ ¸ Ô´¥·£¨¥° ”¥·³¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ab initio ¶μ¤Ìμ¤ ¨¸¶μ²Ó-
§Ê¥É ¸²μ¦´Ò¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò · ¸Î¥É  ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨³¥¥É ¸¥·Ó¥§´Ò¥
μ£· ´¨Î¥´¨Ö ¶μ Î¨¸²Ê · ¸¸³ É·¨¢ ¥³ÒÌ  Éμ³μ¢, É. ¥. ¶μ · §³¥·Ê ¸É·Ê±ÉÊ·Ò.
’¥μ·¥É¨±μ-¶μ²¥¢ Ö ³μ¤¥²Ó, ¨¸¶μ²Ó§ÊÕÐ Ö ¶·μ¸Éμ° ¶μ´ÖÉ¨°´Ò°  ¶¶ · É ± -
²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, Ö¢²Ö¥É¸Ö Ìμ·μÏ¨³ ¤μ¶μ²´¥´¨¥³ ± ¤·Ê£¨³ ³¥Éμ¤ ³ ¨ ¶μ-
§¢μ²Ö¥É ´ £²Ö¤´μ ¶μ± § ÉÓ ¨ μ¡ÑÖ¸´¨ÉÓ ¸²¥¤¸É¢¨¥ É¥Ì ¨²¨ ¨´ÒÌ ÔËË¥±Éμ¢.
Š·μ³¥ Éμ£μ, · §¢¨ÉÒ° Ëμ·³ ²¨§³ É¥μ·¨¨ ¶μ²Ö ¶μ§¢μ²Ö¥É ÊÎ¥¸ÉÓ · §²¨Î´Ò¥
¤μ¶μ²´¨É¥²Ó´Ò¥ Ë ±Éμ·Ò μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒ³ ¨ ¨§¢¥¸É´Ò³ ¸¶μ¸μ¡μ³.

�·¨³¥· ³¨ É ±¨Ì Ë ±Éμ·μ¢ Ö¢²ÖÕÉ¸Ö ¢´¥Ï´¨¥ Ô²¥±É·¨Î¥¸±¨¥ ¨ ³ £´¨É-
´Ò¥ ¶μ²Ö [27,28,38], Ô²¥±É·μ´-Ëμ´μ´´μ¥ [39Ä41] ¨ Ô²¥±É·μ´-Ô²¥±É·μ´´μ¥ [42]
¢§ ¨³μ¤¥°¸É¢¨Ö. �¥·¢Ò° É¨¶ ¢§ ¨³μ¤¥°¸É¢¨° ¢±²ÕÎ ¥É¸Ö ¸É ´¤ ·É´μ ¶μ¸·¥¤-
¸É¢μ³ Ê¤²¨´¥´¨Ö ¶·μ¨§¢μ¤´μ° ¨ ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ É·¥Ì³¥·´μ¥ Ô²¥±É·μ³ £´¨É-
´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¢´¥Ï´¨³ ¤²Ö ¤¢Ê³¥·´μ° ¨¸±·¨¢²¥´´μ° ¶μ¢¥·Ì´μ¸É¨ “�‘.
Œ £´¨É´μ¥ ¶μ²¥ ¶·¨¢μ¤¨É ²¨¡μ ± ¢μ§´¨±´μ¢¥´¨Õ Ê·μ¢´¥° ‹ ´¤ Ê ¤²Ö ´¥-
μ£· ´¨Î¥´´ÒÌ ´ ´μ¸É·Ê±ÉÊ· (´ ¶·¨³¥·, Ê£²¥·μ¤´Ò° ´ ´μ±μ´Ê¸) ¨²¨ · ¸Ð¥¶-
²¥´¨Õ ¸μ¸ÉμÖ´¨° ¢ μ£· ´¨Î¥´´ÒÌ “�‘ ¸ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ (´ ¶·¨³¥·,
ËÊ²²¥·¥´Ò). ‚Éμ·μ° É¨¶ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢§ ¨³μ¤¥°¸É¢¨¥
¸ ´ ¡μ·μ³ Ëμ´μ´´ÒÌ ³μ¤, ¨§ ±μÉμ·ÒÌ ´ ¨¡μ²ÓÏ¥¥ ¢²¨Ö´¨¥ μ± §Ò¢ ¥É ¸ ³ Ö
´¨§±μÎ ¸ÉμÉ´ Ö (± ± ¶· ¢¨²μ, É ± ´ §Ò¢ ¥³ Ö breahting mode, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð Ö ¶¥·¨μ¤¨Î¥¸±μ³Ê ¨§³¥´¥´¨Õ · §³¥·μ¢ “�‘). �´¥·£¨¨ Ëμ´μ´´ÒÌ ³μ¤ ´¥
¸¢Ö§ ´Ò ¸ Ô´¥·£¨¥° ”¥·³¨ Ô²¥±É·μ´μ¢ ¨ ¶μÉμ³Ê · §·ÊÏ ÕÉ μ¶¨¸ ´´ÊÕ ¢ÒÏ¥
¸¨³³¥É·¨Õ μÉ´μ¸¨É¥²Ó´μ EF . �²¥±É·μ´-Ô²¥±É·μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¶·¨¢μ-
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¤¨É ± ¸³¥Ï¨¢ ´¨Õ ¸μ¸ÉμÖ´¨° · §²¨Î´ÒÌ ± ´ ²μ¢ ¢ “�‘ ¨, ± ± ¸²¥¤¸É¢¨¥,
¢²¨Ö¥É ¢ ¶¥·¢ÊÕ μÎ¥·¥¤Ó ´  ¶·μ¢μ¤¨³μ¸ÉÓ [43], ¶·¨¢μ¤Ö ¢ μ¶·¥¤¥²¥´´ÒÌ ¸²Ê-
Î ÖÌ ± ±Ê²μ´μ¢¸±μ° ¡²μ± ¤¥.

2. “ƒ‹…��„�›… ����Š��“‘› ˆ ����•���›

2.1. �²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ´ ´μ±μ´Ê¸μ¢. “£²¥·μ¤´Ò¥ ´ ´μ±μ´Ê¸Ò Å ÔÉμ
“�‘, μ¡· §μ¢ ´´Ò¥ ¢¢¥¤¥´¨¥³ ¢ £· Ë¨Éμ¢ÊÕ ¶²μ¸±μ¸ÉÓ μÉ μ¤´μ° ¤μ ¶ÖÉ¨ ¡²¨§-
±μ· ¸¶μ²μ¦¥´´ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ ¤¨¸±²¨´ Í¨° (¶ÖÉ¨Ê£μ²Ó´ÒÌ ±μ²¥Í). ’ ±μ¥
Î¨¸²μ ¤¨¸±²¨´ Í¨° ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ¸É·Ê±ÉÊ·Ò ¸ ¶μÎÉ¨ ±μ´¨Î¥¸±μ° £¥μ-
³¥É·¨¥°, Ê ±μÉμ·μ° ¶μ²μ¦¨É¥²Ó´ Ö £ Ê¸¸μ¢  ±·¨¢¨§´  ¸μ¸·¥¤μÉμÎ¥´  ¢¡²¨§¨
¢¥·Ï¨´Ò,   ¶·¨ Ê¤ ²¥´¨¨ μÉ ¢¥·Ï¨´Ò μ´  ¸É·¥³¨É¸Ö ± ´Ê²Õ. ‚¤ ²¨ μÉ ¢¥·-
Ï¨´Ò ·¥Ï¥É±  ²μ± ²Ó´μ ¡²¨§±  ¶μ Ëμ·³¥ ¸ ¶²μ¸±μ° ·¥Ï¥É±μ°, ÎÉμ ¶μ§¢μ²Ö¥É
¶·¥¤¶μ²μ¦¨ÉÓ ¸Ìμ¤¸É¢μ Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢.

�¨¸. 6. “£²¥·μ¤´Ò° ´ ´μ±μ´Ê¸, ¶μ-
²ÊÎ¥´´Ò° ¢¢¥¤¥´¨¥³ ¤¢ÊÌ 60◦-Ì
¤¨¸±²¨´ Í¨° ¢ £· Ë¨Éμ¢ÊÕ ¶²μ¸-
±μ¸ÉÓ (³μ¤¥²Ó). Œ¨´¨³¨§ Í¨Ö ¸É -
É¨Î¥¸±¨Ì ´ ¶·Ö¦¥´¨° (¶·¨ ¸μÌ· -
´¥´¨¨ ¶μ¸ÉμÖ´´μ° ¤²¨´Ò ¸¢Ö§¨)
¶·¨¢μ¤¨É ± ±μ´Ê¸μμ¡· §´μ°  ¸¨³-
¶ÉμÉ¨±¥ ¨ ¶² ¢´μ³Ê ¨§³¥´¥´¨Õ
±·¨¢¨§´Ò ¢¡²¨§¨ ¢¥·Ï¨´Ò

�·μ¸É¥°Ï Ö ³μ¤¥²Ó, ¶·¨³¥´ÖÕÐ Ö É¥μ·¥É¨±μ-¶μ²¥¢μ° ¶μ¤Ìμ¤ ± Ê£²¥·μ¤-
´Ò³ ´ ´μ±μ´Ê¸ ³, ¡Ò²  · ¸¸³μÉ·¥´  ¢ [27,28] ¨ [44] ¢ ¶·¥¤¶μ²μ¦¥´¨¨  ¡¸μ-
²ÕÉ´μ° ¦¥¸É±μ¸É¨ ·¥Ï¥É±¨. ‚ ÔÉμ° ³μ¤¥²¨ ¶μ¢¥·Ì´μ¸ÉÓ Ö¢²Ö¥É¸Ö ¢ ÉμÎ´μ¸É¨
±μ´Ê¸μ³, ¨ ¢¡²¨§¨ ¥£μ ¢¥·Ï¨´Ò ´ ¡²Õ¤ ¥É¸Ö Ê¢¥²¨Î¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ-
´¨°, ¶·¨ ÔÉμ³ ¢¤ ²¨ μÉ ¢¥·Ï¨´Ò ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¢¥¤¥É ¸¥¡Ö É ± ¦¥, ± ± ¨
¢ ¸²ÊÎ ¥ £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨. �¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ¤ ´´ Ö £¥μ³¥É·¨Ö
¨³¥¥É ´Ê²¥¢ÊÕ £ Ê¸¸μ¢Ê ±·¨¢¨§´Ê ¢¥§¤¥, ±·μ³¥ ¢¥·Ï¨´Ò. Œμ¤¥²Ó ¤μ¶Ê¸± ¥É
ÉμÎ´μ¥ ·¥Ï¥´¨¥, ¶μ± §Ò¢ ÕÐ¥¥, ÎÉμ ¢ ÔÉμ° μ¡² ¸É¨ ´ ¡²Õ¤ ¥É¸Ö Ê¢¥²¨Î¥´¨¥
¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨°. ‚³¥¸É¥ ¸ É¥³ ·¥ ²Ó´Ò¥ ´ ´μ±μ´Ê¸Ò ¨³¥ÕÉ ¢¡²¨§¨ ¢¥·-
Ï¨´Ò ¡μ²¥¥ ¶² ¢´μ¥ ¨§³¥´¥´¨¥ ±·¨¢¨§´Ò ¢¸²¥¤¸É¢¨¥ ¤¥°¸É¢¨Ö Ê¶·Ê£¨Ì ¸¨²
(·¨¸. 6). 	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ³μ¤¥²Ó, ¢ ±μÉμ·μ° ¶μ¢¥·Ì´μ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° μ¤´Ê ¨§ Î ¸É¥° ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ . ‚¥·Ì´ÖÖ Î ¸ÉÓ £¨¶¥·¡μ-
²μ¨¤  ¢¢μ¤¨É¸Ö ¶·¨ ¶μ³μÐ¨ ³¥É·¨±¨ ¢¨¤ 

(χ, ϕ) → (a sinh χ cos ϕ, a sinh χ sin ϕ, c cosh χ).
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�É¸Õ¤  ²¥£±μ ¶μ²ÊÎ¨ÉÓ ³¥É·¨Î¥¸±¨° É¥´§μ· ¨ ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö ¢ ¢¨¤¥

gχχ = a2 coshχ2 + c2 sinh χ2, gϕϕ = a2 sinh χ2, gχϕ = 0, (28)

Γχ
χχ =

(a2 + c2) sinh 2χ

2gχχ
, Γχ

ϕϕ = −a2 sinh 2χ

2gχχ
, Γϕ

χϕ = Γϕ
ϕχ = cothχ, (29)

¶·¨ ÔÉμ³ μ¸É ²Ó´Ò¥ ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö · ¢´Ò ´Ê²Õ.
‚Ò¡¥·¥³ (¢ μ¶·¥¤¥²¥´´μ° ± ²¨¡·μ¢±¥) ¤¨ ¤´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¢ ¢¨¤¥

e1
χ =

√
gχχ cosϕ, e2

χ =
√

gχχ sinϕ,
(30)

e1
ϕ = −a sinh χ sinϕ, e2

ϕ = a sinhχ cosϕ,

ÎÉμ, ¢¢¨¤Ê (25) ¨ (27), ¤ ¥É ¤²Ö ¸¶¨´μ¢μ° ¸¢Ö§´μ¸É¨

ω12
χ = ω21

χ = 0, ω12
ϕ = −ω21

ϕ =
1
2

[
1 − a coshχ

√
gχχ

]
= ω (31)

¨ Ωϕ = iωσ3 ¸μμÉ¢¥É¸É¢¥´´μ.
Š ²¨¡·μ¢μÎ´Ò¥ ¶μ²Ö ¨³¥ÕÉ ¨¸ÉμÎ´¨±μ³ ÉμÎ±Ê χ = 0, ¨, ¢ ¸μ£² ¸¨¨

¸ (18), (19) ¨ (22), ¤²Ö N ¤¥Ë¥±Éμ¢ ¡Ê¤¥³ ¨³¥ÉÓ Wχ = aχ = 0, Wϕ = N/6 = ν,
aϕ = ±(N/4 + 2M/3) (²¨´¥ ·¨§ Í¨Ö ¶μ τ ¶·μ¨§¢¥¤¥´  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
¨´¤¥±¸ μ¶ÊÐ¥´). ’ ±¨³ μ¡· §μ³, μ¶¥· Éμ· „¨· ±  ¤²Ö £¨¶¥·¡μ²μ¨¤  ¶·¨´¨-
³ ¥É ¢¨¤

D̂ =

⎡⎢⎢⎣ 0 e−iϕ

(
− ∂χ√

gχχ
+

1
a sinh χ

(i∂ϕ + ν + aϕ + ω)
)

eiϕ

(
∂χ√
gχχ

+
1

a sinh χ
(i∂ϕ + ν + aϕ − ω)

)
0

⎤⎥⎥⎦ .

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ μ¶¥· Éμ· Ö¢²Ö¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³: D̂ = D̂†.
�μ¤¸É ´μ¢±¨

ψ =
1√
2π

(
u eijϕ

v ei(j+1)ϕ

)
, j = 0,±1, . . . ,

¨ (
ũ
ṽ

)
=

(
u
v

)√
sinh χ

¸¢μ¤ÖÉ (26) ± ¸¨¸É¥³¥ ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± 

∂χũ −
√

coth2 χ + b2 Φũ = Ẽṽ,

−∂χṽ −
√

coth2 χ + b2 Φṽ = Ẽũ,

(32)
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£¤¥ Ẽ = √
gχχ E, b = c/a, ¨ Φ = j − N/6 + 1/2 ∓ N/4 − M/3,   M =

−1, 0, 1 Å ¢¥²¨Î¨´ , μ¶·¥¤¥²Ö¥³ Ö ³μ·Ëμ²μ£¨¥° ¤¥Ë¥±Éμ¢. ‚ Î ¸É´μ¸É¨, ± ±
¡Ò²μ ¶μ± § ´μ ¢ÒÏ¥, ¢ ¸²ÊÎ ¥ ´¥Î¥É´ÒÌ §´ Î¥´¨° N ¨³¥¥³ M = 0.

2.2. “£²¥·μ¤´Ò¥ ´ ´μÌμ·´Ò. ‹μ± ²Ó´ Ö ³¥É ²²¨§ Í¨Ö. �¸´μ¢´μ° Ì -
· ±É¥·¨¸É¨±μ° “�‘, ¸ÊÐ¥¸É¢¥´´μ μ¶·¥¤¥²ÖÕÐ¥° ¥¥ Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢ ,
Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¨²¨ μÉ¸ÊÉ¸É¢¨¥ ´μ·³¨·Ê¥³ÒÌ ·¥Ï¥´¨° ¶·¨ Ô´¥·£¨¨ ”¥·³¨,
É ± ´ §Ò¢ ¥³ÒÌ ´Ê²¥¢ÒÌ ³μ¤. „²Ö ´ Ìμ¦¤¥´¨Ö ´Ê²¥¢μ° ³μ¤Ò ¶μ²μ¦¨³ E = 0
¢ (32). ’μ£¤  ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¨³¥ÕÉ ¢¨¤

ũ0(χ) = A

[
(k cosh χ + Δ)2k Δ − coshχ

Δ + coshχ

]Φ/2

,

ṽ0(χ) = A

[
(k coshχ + Δ)2k Δ − coshχ

Δ + coshχ

]−Φ/2

,

(33)

£¤¥ k =
√

1 + b2, Δ = Δ(χ) =
√

1 + k2 sinh2 χ ¨ A Å ´μ·³¨·ÊÕÐ¨° ³´μ-
¦¨É¥²Ó.

�μ¢¥·Ì´μ¸ÉÓ ´ ´μ±μ´Ê¸  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ·¥§Ê²ÓÉ É ·¥² ±¸ Í¨¨
£· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨, ¢ ±μÉμ·ÊÕ ¢¢¥²¨ ¡²¨§±μ · ¸¶μ²μ¦¥´´Ò¥ ¶μ²μ¦¨É¥²Ó-
´Ò¥ ¤¨¸±²¨´ Í¨¨. �Î¥¢¨¤´μ, ÎÉμ ¢¤ ²¨ μÉ ¤¨¸±²¨´ Í¨° ¶μ¢¥·Ì´μ¸ÉÓ ¨³¥¥É

�¨¸. 7. “£²¥·μ¤´Ò° ´ ´μÌμ·´

±μ´Ê¸´ÊÕ Ëμ·³Ê. �μ¸±μ²Ó±Ê ¸É É¨Î¥¸±¨¥
´ ¶·Ö¦¥´¨Ö ¡Ò¸É·μ ¸¶ ¤ ÕÉ ¨ ¶· ±É¨Î¥¸±¨
¶μ²´μ¸ÉÓÕ ¨¸Î¥§ ÕÉ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ-
´¨ÖÌ μÉ ¤¥Ë¥±É , ³¥¦¤Ê ¶ · ³¥É·μ³ k ¨ Î¨-
¸²μ³ ¤¥Ë¥±Éμ¢ ¸ÊÐ¥¸É¢Ê¥É ¶·Ö³ Ö § ¢¨¸¨-
³μ¸ÉÓ ¢¨¤  k = 1/(1 − N/6), ± ± ¨ ¢ ¸²ÊÎ ¥
μÉ¸ÊÉ¸É¢¨Ö · ¸ÉÖ¦¥´¨Ö. �·¨´¨³ Ö ¢μ ¢´¨-
³ ´¨¥ ÔÉμ Ê¸²μ¢¨¥, ³μ¦´μ ´ °É¨, ÎÉμ ¢ (33)
Éμ²Ó±μ ±μ³¶μ´¥´É  ṽ0 ³μ¦¥É ¡ÒÉÓ ´μ·³¨-
·μ¢ ´ , ¨ Éμ²Ó±μ ¤²Ö j = 2 ¨ 4 < N < 6.
�·¨ ÔÉμ³ ¢Éμ·ÊÕ (´¥´μ·³¨·Ê¥³ÊÕ) ±μ³¶μ-
´¥´ÉÊ ¸¶¨´μ·  ´¥μ¡Ìμ¤¨³μ § ´Ê²¨ÉÓ. ’ ±¨³
μ¡· §μ³, ´Ê²¥¢ Ö ³μ¤  ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¢
¸²ÊÎ ¥ ¶ÖÉ¨ ¤¨¸±²¨´ Í¨°, É. ¥. ¤²Ö ¸¶¥Í¨ ²Ó-
´μ£μ ±² ¸¸  ´ ´μ±μ´Ê¸μ¢, ´μ¸ÖÐ¨Ì ¸¶¥Í¨-
 ²Ó´μ¥ ´ §¢ ´¨¥ Å ´ ´μÌμ·´Ò [45]. �É³¥-
É¨³, ÎÉμ ´ ´μÌμ·´Ò (·¨¸. 7) Ö¢²ÖÕÉ¸Ö ¤μ¸É -
ÉμÎ´μ ¸É ¡¨²Ó´Ò³ ¢¨¤μ³ ´ ´μ±μ´Ê¸μ¢, ±μÉμ-
·Ò° ¢¸É·¥Î ¥É¸Ö ¢ ¢¥·Ì´¨Ì Î ¸ÉÖÌ § ±·ÒÉÒÌ
Ê£²¥·μ¤´ÒÌ ´ ´μÉ·Ê¡μ±,   É ±¦¥ ¢ ¢Ò· Ð¥´-
´ÒÌ ´  ¶²¥´μÎ´μ° ¶μ¤²μ¦±¥ ³ ¸¸¨¢ Ì “�‘. �μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ¨³¥¥É
¨´É¥·¥¸´μ¥ Ë¨§¨Î¥¸±μ¥ ¸²¥¤¸É¢¨¥. � ²¨Î¨¥ ´Ê²¥¢μ° ³μ¤Ò μ§´ Î ¥É ¶·¨¸ÊÉ-
¸É¢¨¥ ±μ´¥Î´μ° ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ´  Ê·μ¢´¥ ”¥·³¨, É. ¥. ³¥É ²²¨§ Í¨Õ.
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‚ ´ Ï¥³ ¸²ÊÎ ¥ ³Ò ¨³¥¥³ ®³¥É ²²¨§ Í¨Õ¯ ´  μ¤´μ° ¨§ ¤¢ÊÌ £· Ë¨Éμ¢ÒÌ
¶μ¤·¥Ï¥Éμ±, É. ¥. ¸ÊÐ¥¸É¢¥´´μ ¡μ²¥¥ ¸² ¡ÊÕ, Î¥³ ¢ ¸²ÊÎ ¥ ³¥É ²²¨Î¥¸±¨Ì ´ -
´μÉ·Ê¡μ±. „¥°¸É¢¨É¥²Ó´μ, Ô±¸¶¥·¨³¥´ÉÒ ¶μ Ìμ²μ¤´μ° Ô³¨¸¸¨¨ Ô²¥±É·μ´μ¢ ¸
´ ´μÌμ·´μ¢ ¨ ´ ´μÉ·Ê¡μ± [46] ¶μ± §Ò¢ ÕÉ, ÎÉμ Ô³¨¸¸¨μ´´Ò° Éμ± ¸ ´ ´μÌμ·-
´μ¢ § ³¥É´μ ´¨¦¥, ÎÉμ ¸μ£² ¸Ê¥É¸Ö ¸ ´ Ï¨³ · ¸¸³μÉ·¥´¨¥³.

� ¸¸³μÉ·¨³  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¢¤ ²¨ μÉ ¢¥·Ï¨´Ò (¶·¨ ¡μ²ÓÏμ³
χ, ±μ£¤ 

√
gχχ � a). “· ¢´¥´¨Ö (32) Éμ£¤  ¶·¨³ÊÉ ¢¨¤

∂rũ − (Φk/r)ũ = Ekṽ, (34)

−∂rṽ − (Φk/r)ṽ = Ekũ, (35)

£¤¥ r = a eχ/2 > 0 Å ¶μ²Ö·´ Ö ±μμ·¤¨´ É , ¢¢¥¤¥´´ Ö ¤²Ö ±μ´Ê¸  ¢ [27,28].
�¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

u∞ =

√
2r

a
(C1J|Φk−1/2|(Ekr) + C2J−|Φk−1/2|(Ekr)),

v∞ =

√
2r

a
(C1J|Φk+1/2|(Ekr) + C2J−|Φk+1/2|(Ekr)).

(36)

�·¨ r → ∞ ·¥Ï¥´¨¥ (36) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ũ∞ ≈ C cos (Ekr + ϕ0), ṽ∞ ≈ C sin (Ekr + ϕ0). (37)

Š ± ¢¨¤´μ ¨§ (37), ũ2
∞ + ṽ2

∞ ≈ C2 = const. �É¸Õ¤  ³μ¦´μ μÍ¥´¨ÉÓ § -
¢¨¸¨³μ¸ÉÓ ´μ·³¨·μ¢μÎ´μ° ±μ´¸É ´ÉÒ C μÉ Ô´¥·£¨¨: ´μ·³¨·ÊÖ ´  ±μ´¥Î´μ³

´ ´μÌμ·´¥ ¡μ²ÓÏμ£μ · §³¥· , ¨§ Ê¸²μ¢¨Ö C2

∫
(u2+v2)

√
gds = 1 ¡Ê¤¥³ ¨³¥ÉÓ

C ∼ 1/
√
|E|.

‘Ëμ·³Ê²¨·Ê¥³ ¶·μÍ¥¤Ê·Ê, ¶μ§¢μ²ÖÕÐÊÕ ¶·¨¡²¨¦¥´´μ μ¶¨¸ ÉÓ ¸μ¸ÉμÖ-
´¨Ö ¢¡²¨§¨ Ô´¥·£¨¨ ”¥·³¨, §´ Ö ´Ê²¥¢Ò¥ ³μ¤Ò. �μ¤¸É ´μ¢± 

ũ(χ) = ũ0(χ)U(χ), ṽ(χ) = ṽ0(χ)V(χ)

¸¢μ¤¨É (32) ±

∂χU = ξΔV ṽ0

ũ0
, ∂χV = −ξΔU ũ0

ṽ0
, ξ = aE. (38)

’¥¶¥·Ó U ¨ V ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨É¥· Í¨μ´´μ° ¶·μÍ¥-
¤Ê·Ò, ±μÉμ· Ö ¸¶· ¢¥¤²¨¢  ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ Δξ � 1.

�μ¸±μ²Ó±Ê Éμ²Ó±μ μ¤´  ±μ³¶μ´¥´É  ¢ (33) ´μ·³¨·Ê¥³ , ¶μ²μ¦¨³
U (0) = 0. ’μ£¤  ¢ ²¨¤¨·ÊÕÐ¥³ ¶·¨¡²¨¦¥´¨¨ ¶μ²ÊÎ ¥³ ¨§ (38)

ũ(χ) = ξũ0(χ)

⎛⎝U (1)(0) + V(0)

χ∫
0

Δ(η)
ṽ0(η)
ũ0(η)

dη

⎞⎠ , ṽ(χ) = V(0)ṽ0(χ), (39)
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£¤¥ ¢¥²¨Î¨´  U (1)(0) = −V(0)

∞∫
0

Δ(η)(ṽ0(η)/ũ0(η)) dη ¢Ò¡· ´  É ±, ÎÉμ¡Ò (39)

¸Ìμ¤¨²μ¸Ó ¶·¨ ξ → 0 (¸´ Î ²  É·¥¡Ê¥³ ¸Ìμ¤¨³μ¸É¨,   ¶μÉμ³ ¤μ³´μ¦ ¥³ ´ 
¡¥¸±μ´¥Î´μ ³ ²ÊÕ ξ). ˆ¸¶μ²Ó§ÊÖ ¤ ´´Ò° ¶μ¤Ìμ¤, ³μ¦´μ ·¥Ï¨ÉÓ Î¨¸²¥´´μ
Ê· ¢´¥´¨Ö (32) ¸ (39) ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°.

�¥§Ê²ÓÉ É Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 8, £¤¥ ¶μ± -
§ ´  § ¢¨¸¨³μ¸ÉÓ ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μÉ ±μμ·¤¨´ ÉÒ ¨ Ô´¥·£¨¨.
‚¨¤´μ, ÎÉμ ¶·¨ Ô´¥·£¨¨ ”¥·³¨ ¶·¨¸ÊÉ¸É¢Ê¥É ±μ´¥Î´ Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨°,
Ê³¥´ÓÏ ÕÐ Ö¸Ö ¶·¨ Ê¤ ²¥´¨¨ μÉ ¢¥·Ï¨´Ò ´ ´μÌμ·´ . �Éμ ´¥¶μ¸·¥¤¸É¢¥´´μ
¸²¥¤Ê¥É ¨§ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´Ê²¥¢μ° ³μ¤Ò (33). ‚¡²¨§¨ ¢¥·Ï¨´Ò ¶²μÉ´μ¸ÉÓ
¸μ¸ÉμÖ´¨° ·¥§±μ ¢μ§· ¸É ¥É ¸ Ê¢¥²¨Î¥´¨¥³ Ô´¥·£¨¨. „ ´´Ò° ·¥§Ê²ÓÉ É ³μ¦´μ
¸· ¢´¨ÉÓ ¸ ¢Ò¢μ¤ ³¨ · ¡μÉÒ [47], ¢ ±μÉμ·μ° ³¥Éμ¤μ³ ‹Š�� ¡Ò²  ´ °¤¥´ 
¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¤²Ö ¶ÖÉ¨ ¶ÖÉ¨Ê£μ²Ó´ÒÌ ±μ²¥Í ´ ´μÌμ·´  (μ¸É ²Ó´Ò¥
 Éμ³Ò ¸Î¨É ²¨¸Ó ¨³¥ÕÐ¨³¨ ¸É ´¤ ·É´ÊÕ ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨°). ‚ ÔÉμ³ ¶μ¤-
Ìμ¤¥ ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° § ¢¨¸¨É μÉ ³μ·Ëμ²μ£¨¨, ÎÉμ μÉ²¨Î ¥É¸Ö μÉ ¨¸¶μ²Ó-
§Ê¥³μ° É¥μ·¥É¨±μ-¶μ²¥¢μ° ³μ¤¥²¨, £¤¥ ¤ ²Ó´¨¥ ¶μ²Ö ¶ÖÉ¨ ¤¨¸±²¨´ Í¨° (18)
´¥ § ¢¨¸ÖÉ μÉ · ¸¶μ²μ¦¥´¨Ö ¤¥Ë¥±Éμ¢. ‚³¥¸É¥ ¸ É¥³ ¤²Ö ²Õ¡μ° ¢Ò¡· ´´μ°
³μ·Ëμ²μ£¨¨ ´ ¡²Õ¤ ¥É¸Ö § ³¥É´μ¥ Ê¢¥²¨Î¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¶·¨ Ê¤ -
²¥´¨¨ μÉ Ô´¥·£¨¨ ”¥·³¨,   É ±¦¥ ¶μ ¸· ¢´¥´¨Õ ¸μ ¸É ´¤ ·É´μ° ¶²μÉ´μ¸ÉÓÕ
¸μ¸ÉμÖ´¨° ´  ¢¸¥Ì  Éμ³ Ì, ´¥ ¢Ìμ¤ÖÐ¨Ì ¢ ¶ÖÉ¨Ê£μ²Ó´Ò¥ ±μ²ÓÍ .

�¨¸. 8. ‹μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ´ ´μÌμ·´  ¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨´¨Í Ì, § ¢¨¸Ö-
Ð Ö μÉ ±μμ·¤¨´ ÉÒ (¢ ¥¤¨´¨Í Ì a) ¨ Ô´¥·£¨¨ (¢ ¥¤¨´¨Í Ì �VF /a)

2.3. “�‘ ¸ μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´μ°: μ¤´μ¶μ²μ¸É´Ò° £¨¶¥·¡μ²μ¨¤.
”μ·³  “�‘ ¶·Ö³μ μ¶·¥¤¥²Ö¥É¸Ö ´ ²¨Î¨¥³ ¨ · ¸¶μ²μ¦¥´¨¥³ ¤¨¸±²¨´ Í¨°.
‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¡Ò²μ ¶μ± § ´μ, ± ± ¢¢¥¤¥´¨¥ ¶μ²μ¦¨É¥²Ó´ÒÌ ¤¨¸±²¨-
´ Í¨° ¶·¨¢μ¤¨É ± ·¥² ±¸ Í¨¨ £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨ ¨ ¶μÖ¢²¥´¨Õ ¶μ²μ¦¨-
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É¥²Ó´μ° ±·¨¢¨§´Ò. �¤´ ±μ ¶μ³¨³μ ¶·μ¸ÉÒÌ ¢Ò¶Ê±²ÒÌ ¸É·Ê±ÉÊ· ³μ£ÊÉ ¸ÊÐ¥-
¸É¢μ¢ ÉÓ ¨ ¸É·Ê±ÉÊ·Ò ¸ μÉ·¨Í É¥²Ó´μ° £ Ê¸¸μ¢μ° ±·¨¢¨§´μ°. ’ ±¨¥ ¸É·Ê±ÉÊ·Ò
´ ¡²Õ¤ ²¨¸Ó ¢¶¥·¢Ò¥ ¢ [48] ¶·¨ ¸¨´É¥§¥ μ¤´μ¸É¥´μÎ´ÒÌ Ê£²¥·μ¤´ÒÌ ´ ´μÉ·Ê-
¡μ±. ‚μ§³μ¦´Ò³ ¨¸ÉμÎ´¨±μ³ ¶·μ¨¸Ìμ¦¤¥´¨Ö μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´Ò Ö¢²Ö-
ÕÉ¸Ö μÉ·¨Í É¥²Ó´Ò¥ ¤¨¸±²¨´ Í¨¨, ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¸μ¡μ° ±μ²ÓÍ  ¨§ ¸¥³¨

�¨¸. 9. �¶¨¸Ò¢ ¥³ Ö £¨¶μ-
É¥É¨Î¥¸± Ö “�‘, μ¡· §μ¢ ´-
´ Ö ¢¢¥¤¥´¨¥³ ¤¢ÊÌ μÉ·¨Í -
É¥²Ó´ÒÌ ¤¨¸±²¨´ Í¨° (¸¥·Ò¥
¸¥³¨Ê£μ²Ó´Ò¥ ±μ²ÓÍ ) ¢ ´ ´μ-
É·Ê¡±Ê

(¨²¨ ¡μ²ÓÏ¥£μ Î¨¸² )  Éμ³μ¢ Ê£²¥·μ¤  [49].
�¨¦¥ ¡Ê¤¥É ¶μ¸É·μ¥´  ¶·μ¸É Ö ³μ¤¥²Ó “�‘ ¸
μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´μ°.

� ¸¸³μÉ·¨³ ¤¢¥ μÉ·¨Í É¥²Ó´Ò¥ ¤¨¸±²¨´ -
Í¨¨ · ¢´μ° ³μÐ´μ¸É¨ (¤²Ö μ¶·¥¤¥²¥´´μ¸É¨, ¸¥-
³¨Ê£μ²Ó´Ò¥ ±μ²ÓÍ ), ¸¨³³¥É·¨Î´μ · ¸¶μ²μ¦¥´-
´Ò¥ ¢´ÊÉ·¨ É·Ê¡±¨ (·¨¸. 9). �Ê¸ÉÓ · ¸¶μ²μ¦¥-
´¨¥ ¸¥³¨Ê£μ²Ó´¨±μ¢ É ±μ¢μ, ÎÉμ ¶μ²ÊÎ¨¢Ï Ö¸Ö
¶μ¢¥·Ì´μ¸ÉÓ Ö¢²Ö¥É¸Ö  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ°
μÉ´μ¸¨É¥²Ó´μ Í¥´É· ²Ó´μ° μ¸¨ ¨ §¥·± ²Ó´μ ¸¨³-
³¥É·¨Î´μ° μÉ´μ¸¨É¥²Ó´μ ¶²μ¸±μ¸É¨ ±μ²ÓÍ , ÎÉμ
¸¶· ¢¥¤²¨¢μ ¤²Ö Î¥É´μ£μ Î¨¸²  ¤¥Ë¥±Éμ¢. ’μ-
£¤  ÔÉ  ¶μ¢¥·Ì´μ¸ÉÓ ¡Ê¤¥É ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ
Ö¢²ÖÉÓ¸Ö μ¤´μ¶μ²μ¸É´Ò³ £¨¶¥·¡μ²μ¨¤μ³.

�μ¢¥·Ì´μ¸ÉÓ μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ 
μ¶¨Ï¥³ ¢ ¢¨¤¥

(χ, ϕ) →
→ (a cosh χ cos ϕ, a cosh χ sin ϕ, c sinh χ).

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö
¶·¨³ÊÉ ¢¨¤,  ´ ²μ£¨Î´Ò° (33) ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
§ ³¥´Ò sinh ⇔ cosh. Š ²¨¡·μ¢μÎ´Ò¥ ¶μ²Ö ´ -
Ìμ¤ÖÉ¸Ö ¨§ Ê¸²μ¢¨° (18), (19) ¨ (22). „²Ö Ê¶·μ-
Ð¥´¨Ö (¨ ¸μÌ· ´¥´¨Ö  ±¸¨ ²Ó´μ° ¸¨³³¥É·¨¨ § -
¤ Î¨) ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ®¤¨¸±²¨´ Í¨μ´´Ò° § -

·Ö¤¯ · §³ § ´ ¶μ ±μ²ÓÍÊ, μÌ¢ ÉÒ¢ ÕÐ¥³Ê Ê§±ÊÕ Î ¸ÉÓ £¨¶¥·¡μ²μ¨¤ . ’ ±
± ± N Î¥É´μ, ρ(χ, ϕ) = (1/2π)δ(χ) ¢ (21). �É¸Õ¤  ¤²Ö  ¡¥²¥¢  ¶μ²Ö ¡Ê¤¥³
¨³¥ÉÓ Wχ = 0, Wϕ = ν sign (χ)/2, £¤¥ sign μ¡μ§´ Î ¥É §´ ± ¸¢μ¥£μ  ·£Ê³¥´É ,
ν = −N/6 Å ¸Ê³³ ·´Ò° ¨´¤¥±¸ ”· ´±  (³μÐ´μ¸ÉÓ) ¤¨¸±²¨´ Í¨¨. ‚Éμ·μ¥
(´¥ ¡¥²¥¢μ) ¶μ²¥ ¨³¥¥É ¡² £μ¤ ·Ö ²¨´¥°´μ°,   ´¥ ¶μ¢¥·Ì´μ¸É´μ° · §³ §±¥ ®§ -
·Ö¤ ¯  ´ ²μ£¨Î´Ò° ¢¨¤ aχ = 0, aϕ = sign χ(6−N/2)τ2/4, ¥¸²¨ N/2 ´¥Î¥É´μ,
¨²¨ aϕ = sign χτ3((6−N/2)/4+M(sign χ)/3) ¤²Ö Î¥É´μ£μ N/2. ‚¨¤¨³, ÎÉμ
§¤¥¸Ó aϕ § ¢¨¸¨É μÉ signχ. �μ¤¸É ´μ¢±  ψ̃ = ψ

√
cosh χ ¸¢μ¤¨É (26) ±

∂χũ −
√

th2χ + b2 Φũ = Ẽṽ,

−∂χṽ −
√

th2χ + b2 Φṽ = Ẽũ,

(40)
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£¤¥ Ẽ = √
gχχ E, b = c/a, ¨ Φ = Φ(sign χ) = j + 1/2 + N/12 sign (χ)∓ ((6−

N/2)/4 + M(signχ)/3) signχ. ‡¤¥¸Ó ÊÎ¨ÉÒ¢ ÕÐ¨° ³μ·Ëμ²μ£¨Õ Ë ±Éμ· M
§ ¢¨¸¨É μÉ signχ, ´μ, ± ± ¨ · ´¥¥, ¤²Ö ´¥Î¥É´μ£μ N/2 ¨³¥¥³ M = 0. � 
¡μ²ÓÏμ³ · ¸¸ÉμÖ´¨¨ μÉ ±μ²ÓÍ  ¤¨¸±²¨´ Í¨° (χ → ±∞)  ¸¨³¶ÉμÉ¨±  Ê· ¢´¥-
´¨° (40) ¨³¥¥É ¢¨¤,  ´ ²μ£¨Î´Ò° (37), ¨ ũ2+ṽ2 ≈ C2

± = const, £¤¥ C± Å ´μ·-
³¨·μ¢μÎ´ Ö ±μ´¸É ´É , μ¶·¥¤¥²ÖÕÐ Ö ¶μ¢¥¤¥´¨¥  ¸¨³¶ÉμÉ¨±¨ ¶·¨ χ → ±∞
(¸³. [26Ä28]). ‘μμÉ¢¥É¸É¢¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨° (40) ¶·¨
¡μ²ÓÏμ³ ¶μ²μ¦¨É¥²Ó´μ³ ¨ μÉ·¨Í É¥²Ó´μ³ χ ¶μ§¢μ²Ö¥É ´ ³ ¶μ¸ÉÊ²¨·μ¢ ÉÓ
´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¤²Ö ¤ ²Ó´¥°Ï¥£μ μÉ¡μ·  Î¨¸²¥´´ÒÌ ·¥Ï¥´¨°: C2

+ = C2
−.

—¨¸²¥´´ Ö μÍ¥´±  ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (40) ¶μ± §Ò¢ ¥É Ê³¥´ÓÏ¥´¨¥ ¶²μÉ´μ-
¸É¨ ¸μ¸ÉμÖ´¨° ¢ μ¡² ¸É¨ ¢¡²¨§¨ ±μ²ÓÍ  ¤¨¸±²¨´ Í¨° (¶·¨ ³ ²ÒÌ χ). �Éμ
¸μ£² ¸Ê¥É¸Ö ¸ ·¥§Ê²ÓÉ É ³¨, ¶μ²ÊÎ¥´´Ò³¨ ¢ · ³± Ì ¤·Ê£¨Ì ¶μ¤Ìμ¤μ¢. ‚ Î ¸É-
´μ¸É¨, ¸´¨¦¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¢¡²¨§¨ μÉ·¨Í É¥²Ó´ÒÌ ¤¥Ë¥±Éμ¢ ¡Ò²μ
¶·¥¤¸± § ´μ ¢ · ¡μÉ¥ [50].

3. ”“‹‹…�…�› ˆ ‡�Š�›’›… ����’�“	Šˆ

3.1. ‘Ë¥·¨Î¥¸±¨¥ ËÊ²²¥·¥´Ò: ³μ¤¥²Ó. ”Ê²²¥·¥´ ³¨ ´ §Ò¢ ÕÉ¸Ö “�‘
¸Ë¥·¨Î¥¸±μ° ¨²¨ ¸Ë¥·μ¨¤ ²Ó´μ° Ëμ·³Ò, ¸μ¤¥·¦ Ð¨¥ ´  ¶μ¢¥·Ì´μ¸É¨ ·μ¢´μ
¤¢¥´ ¤Í ÉÓ ¶ÖÉ¨Ê£μ²Ó´¨±μ¢. ‚ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ° ¶μ²¨£μ´¨§ Í¨¨ ¶μ¢¥·Ì-
´μ¸É¨ ¸¶· ¢¥¤²¨¢  ¨§¢¥¸É´ Ö É¥μ·¥³  �°²¥· , ±μÉμ·ÊÕ ¤²Ö ´ Ï¥£μ ¸²ÊÎ Ö
¡ §μ¢ÒÌ Ï¥¸É¨Ê£μ²Ó´¨±μ¢ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

2N4 + N5 − N7 − 2N8 − . . . = 12(1 − g), (41)

£¤¥ Nk Å Î¨¸²μ k-Ê£μ²Ó´¨±μ¢ (k = 4, 5, 7, 8) ¢ ¸É·Ê±ÉÊ·¥,   g Å Éμ¶μ²μ£¨Î¥-
¸± Ö Ì · ±É¥·¨¸É¨±  (genus) ¶μ¢¥·Ì´μ¸É¨. ˜¥¸É¨Ê£μ²Ó´¨±¨ ´¥ ¢´μ¸ÖÉ ¢±² ¤
¢ ±·¨¢¨§´Ê ¨ ¶μ ÔÉμ° ¶·¨Î¨´¥ ´¥ ¢Ìμ¤ÖÉ ¢ (41). g = 0 ¤²Ö ¸Ë¥·Ò ¨, ±
¶·¨³¥·Ê, g = 1 ¤²Ö Éμ· . ‚ μ¡Ð¥³ ¸²ÊÎ ¥ g Ì · ±É¥·¨§Ê¥É Î¨¸²μ ¤Ò·μ± ¢
¸É·Ê±ÉÊ·¥. ‚ É ±¨Ì ¸É·Ê±ÉÊ· Ì ³μ£ÊÉ ¢μ§´¨± ÉÓ ¶μ¢¥·Ì´μ¸É¨ ¸ μÉ·¨Í É¥²Ó-
´μ° ±·¨¢¨§´μ° [51]. …¸²¨ ¦¥ ³Ò ¨³¥¥³ ¶μ¢¥·Ì´μ¸ÉÓ ¸ £¥μ³¥É·¨¥° ¸Ë¥·Ò
(¨²¨ Ô±¢¨¢ ²¥´É´ÊÕ ¥°), ¸μ¸É ¢²¥´´ÊÕ Éμ²Ó±μ ¨§ Ï¥¸É¨- ¨ ¶ÖÉ¨Ê£μ²Ó´¨±μ¢,
Éμ, ¸μ£² ¸´μ (41), É ± Ö ¶μ¢¥·Ì´μ¸ÉÓ ¤μ²¦´  ¸μ¤¥·¦ ÉÓ ·μ¢´μ ¤¢¥´ ¤Í ÉÓ ¶Ö-
É¨Ê£μ²Ó´¨±μ¢ (·¨¸. 10).

ˆ§ ¤ ´´μ£μ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ ¸Ë¥·¨Î¥¸±¨¥ ËÊ²²¥·¥´Ò ¨³¥ÕÉ ¨±μ¸ -
Ô¤· ²Ó´ÊÕ ¸¨³³¥É·¨Õ, Éμ¦¤¥¸É¢¥´´μ ¶·¥μ¡· §ÊÕÐÊÕ ·¥Ï¥É±Ê ËÊ²²¥·¥´μ¢ ¢
¸¥¡Ö ¶·¨ ¶μ¢μ·μÉ¥ ¢μ±·Ê£ ²Õ¡μ£μ ¨§ ¤¢¥´ ¤Í É¨ ¤¥Ë¥±Éμ¢. Š·μ³¥ Éμ£μ, ¢ ´¥-
±μÉμ·ÒÌ ¸²ÊÎ ÖÌ μ´¨ ³μ£ÊÉ É ±¦¥ ¨³¥ÉÓ ¸¨³³¥É·¨Õ μÉ· ¦¥´¨Ö ¢ ¶²μ¸±μ¸É¨,
· ¢´μÊ¤ ²¥´´μ° μÉ ²Õ¡ÒÌ ¤¢ÊÌ ¸μ¸¥¤´¨Ì ¤¥Ë¥±Éμ¢. �Î¥¢¨¤´μ, ÎÉμ μ¸´μ¢´μ°
£¥μ³¥É·¨Î¥¸±μ° Ì · ±É¥·¨¸É¨±μ° ËÊ²²¥·¥´  ¡Ê¤¥É Ö¢²ÖÉÓ¸Ö ¢¥±Éμ·, μ¶·¥¤¥-
²ÖÕÐ¨° · §´¨ÍÊ ¶μ²μ¦¥´¨° ¤¢ÊÌ ¡²¨¦ °Ï¨Ì ¤¥Ë¥±Éμ¢ ´  ·¥Ï¥É±¥,   É ±¦¥
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�¨¸. 10. ˆ²²Õ¸É· Í¨Ö ¸¨³³¥É·¨¨ ¢ ¸Ë¥·¨Î¥¸±¨Ì ËÊ²²¥·¥´ Ì. ‘¨³³¥É·¨Ö ·¥Ï¥É±¨
ËÊ²²¥·¥´  C140 (¸²¥¢ ) ´¥ ¢±²ÕÎ ¥É μÉ· ¦¥´¨¥ ¢ ¶²μ¸±μ¸É¨, · ¢´μÊ¤ ²¥´´μ° μÉ ¤¢ÊÌ
¡²¨¦ °Ï¨Ì ¤¥Ë¥±Éμ¢, ¨ ¶μÉμ³Ê μ´ μÉ´μ¸¨É¸Ö ± ±² ¸¸Ê (I). ”Ê²²¥·¥´ C240 μÉ´μ¸¨É¸Ö ±
±² ¸¸Ê (Ih), ¥£μ ·¥Ï¥É±  μ¡² ¤ ¥É ± ± ¨±μ¸ Ô¤· ²Ó´μ° ¸¨³³¥É·¨¥°, É ± ¨ ¸¨³³¥É·¨¥°
μÉ´μ¸¨É¥²Ó´μ §¥·± ²Ó´μ£μ μÉ· ¦¥´¨Ö

μ·¨¥´É Í¨Ö Ï¥¸É¨Ê£μ²Ó´¨±μ¢ μÉ´μ¸¨É¥²Ó´μ ÔÉμ£μ ¢¥±Éμ·  (¶μ  ´ ²μ£¨¨ ¸ ¤²¨-
´μ° μ±·Ê¦´μ¸É¨ ¨ Ì¨· ²Ó´μ¸ÉÓÕ ´ ´μÉ·Ê¡±¨).

‚ · ³± Ì É¥μ·¥É¨±μ-¶μ²¥¢μ£μ ¶μ¤Ìμ¤  Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ¸Ë¥·¨Î¥-
¸±¨Ì ËÊ²²¥·¥´μ¢ ¡Ò²¨ ¨¸¸²¥¤μ¢ ´Ò ¢ · ¡μÉ Ì [40,41], £¤¥ ´ ²¨Î¨¥ ¤¢¥´ ¤Í É¨
¶ÖÉ¨Ê£μ²Ó´¨±μ¢ ÊÎ¨ÉÒ¢ ¥É¸Ö Ë¥´μ³¥´μ²μ£¨Î¥¸±¨ ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ¨§μÉ·μ¶´μ£μ

�¨¸. 11. ‚ÒÎ¨¸²¥´¨¥ Ë ±Éμ·  M
¤²Ö (Ih)-ËÊ²²¥·¥´ . ‚¢¨¤Ê §¥·± ²Ó-
´μ° ¸¨³³¥É·¨¨ M ≡ 0

¶μ²Ö, ¨¸ÉμÎ´¨±μ³ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ®³ £-
´¨É´Ò° ³μ´μ¶μ²Ó¯, ¶μ³¥Ð¥´´Ò° ¢ Í¥´É·
¸Ë¥·Ò. �É³¥É¨³, ÎÉμ μ¶¨¸ ´´Ò° ¢ · §¤. 1
Ëμ·³ ²¨§³ ¶μ§¢μ²Ö¥É ¶·μ¨§¢¥¸É¨ ¡μ²¥¥
¶μ¸²¥¤μ¢ É¥²Ó´μ¥ · ¸¸³μÉ·¥´¨¥, ¶·¨¢μ¤Ö-
Ð¥¥ ± ´¥¸±μ²Ó±μ μÉ²¨Î´μ° μÉ [40] ³μ¤¥²¨.

“Î¥É ¢²¨Ö´¨Ö ¤¨¸±²¨´ Í¨° ¶·μ¨§¢μ-
¤¨É¸Ö ¢¢¥¤¥´¨¥³ ¶μ²¥° (18), (19) ¨ (22).
�¥μ¡Ìμ¤¨³μ · ¸¸³μÉ·¥ÉÓ ¢¸¥ ¤¥Ë¥±ÉÒ ¨¸-
¸²¥¤Ê¥³μ£μ ËÊ²²¥·¥´ , ¶μ¤¸Î¨É ÉÓ Ë ±Éμ·
M ¤²Ö ± ¦¤μ° £·Ê¶¶Ò ¤¥Ë¥±Éμ¢ ¨ ¶μ¸É·μ-
¨ÉÓ ¶μ²¥, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ¢¸¥³ ¸μμÉ´μ-
Ï¥´¨Ö³ ¢¨¤  (18). �·¨³¥·Ò ¶μ¤¸Î¥É  ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤ , ¢¢¥¤¥´´μ£μ ¢ [27],
³μ¦´μ ¢¨¤¥ÉÓ ´  ·¨¸. 11, 12.

�  ·¨¸. 11 ´  ·¥Ï¥É±¥ ¸É·μ¨É¸Ö ±μ´-
ÉÊ·, μ¡Ìμ¤ÖÐ¨° ´¥¸±μ²Ó±μ ¤¥Ë¥±Éμ¢, ¨

¶μ¤¸Î¨ÉÒ¢ ¥É¸Ö Î¨¸²μ Ï £μ¢ (Î¥·´Ò¥ ¸É·¥²±¨) ¢ ´ ¶· ¢²¥´¨¨ ¡ §¨¸  (¨§μ¡· -
¦ ¥³μ£μ Éμ´±μ° ¸É·¥²±μ°) e1 ± 120 ◦ ¨ Î¨¸²μ Ï £μ¢ ¢ ´ ¶· ¢²¥´¨¨ ¶μ¢μ·μÉ 
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´  (60± 120) ◦ (¸¥·Ò¥ ¸É·¥²±¨), É. ¥. ¢¥²¨Î¨´  n− m. �·¨ ¶·μ¢¥¤¥´¨¨ É ±μ°
¶·μÍ¥¤Ê·Ò ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò É ±¦¥ ¶¥·¥³¥Ð ÕÉ¸Ö ¶μ ±μ´ÉÊ·Ê. �  ·¨¸. 11
¢¨¤´μ, ÎÉμ ±μ´ÉÊ·Ê, ¸¨³³¥É·¨Î´μ³Ê μÉ´μ¸¨É¥²Ó´μ ¶²μ¸±μ¸É¨, ¸μ¸É ¢²ÖÕÐ¥°
§¥·± ²Ó´ÊÕ ¸¨³³¥É·¨Õ (h)-·¥Ï¥É±¨, ¸μμÉ¢¥É¸É¢Ê¥É μ¤¨´ ±μ¢μ¥ Î¨¸²μ Ï £μ¢
¢ ¶μ²μ¦¨É¥²Ó´μ³ ¨ μÉ·¨Í É¥²Ó´μ³ ´ ¶· ¢²¥´¨ÖÌ, É. ¥. n − m = 0. �É¸Õ¤ 
´¥É·Ê¤´μ § ±²ÕÎ¨ÉÓ, ÎÉμ ¤²Ö ²Õ¡μ£μ Î¨¸²  ¤¥Ë¥±Éμ¢ (Ih)-ËÊ²²¥·¥´  ¢¸¥£¤ 
¡Ê¤¥³ ¨³¥ÉÓ M = 0, ÎÉμ ¶·Ö³μ ¸²¥¤Ê¥É ¨§ ´ ²¨Î¨Ö §¥·± ²Ó´μ° ¸¨³³¥É·¨¨.

�  ·¨¸. 12 ¶μ± § ´  ´ ²μ£¨Î´Ò° ±μ´ÉÊ· ¤²Ö (I)-ËÊ²²¥·¥´ , ±μÉμ·Ò°,
μ¤´ ±μ, ´¥ ³μ¦¥É ¡ÒÉÓ ¸¨³³¥É·¨Î¥´ ¢¢¨¤Ê μÉ¸ÊÉ¸É¢¨Ö §¥·± ²Ó´μ° ¸¨³³¥É·¨¨

�¨¸. 12. ‚ÒÎ¨¸²¥´¨¥ Ë ±Éμ·  M ¤²Ö (I)-
ËÊ²²¥·¥´ : ±μ´ÉÊ· ¢±²ÕÎ ¥É ¤¢  ¤¥Ë¥±É . —¨-
¸²μ Ï £μ¢ ¢ ¶μ²μ¦¨É¥²Ó´μ³ ¨ μÉ·¨Í É¥²Ó´μ³
´ ¶· ¢²¥´¨ÖÌ (¸¢¥É²μ-¸¥·Ò¥ ¨ É¥³´μ-¸¥·Ò¥
¸É·¥²±¨) · §²¨Î ¥É¸Ö

·¥Ï¥É±¨. ˆ§ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ
n 
= m, É. ¥. ¤²Ö (I)-ËÊ²²¥·¥´μ¢ ¢
μ¡Ð¥³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ-
¢ ÉÓ ±μ´¥Î´μ¥ §´ Î¥´¨¥ M . 	μ²¥¥
¶μ¤·μ¡´μ ÔÉμÉ ¢μ¶·μ¸ ¡Ê¤¥É · ¸-
¸³μÉ·¥´ ¢ ¶. 3.2,   §¤¥¸Ó μ¸É ´μ-
¢¨³¸Ö ´  (Ih)-ËÊ²²¥·¥´ Ì.

‡ ¤ Î  ´ Ìμ¦¤¥´¨Ö ¶μ²Ö, Ê¤μ-
¢²¥É¢μ·ÖÕÐ¥£μ Ê¸²μ¢¨Ö³ (18) ¤²Ö
¢¸¥Ì ±μ´ÉÊ·μ¢, μ¡Ìμ¤ÖÐ¨Ì ¶·μ¨§-
¢μ²Ó´μ¥ (¨§ ¤¢¥´ ¤Í É¨) Î¨¸²μ ¤¥-
Ë¥±Éμ¢ ËÊ²²¥·¥´ , ¸ ³  ¶μ ¸¥¡¥
Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¸²μ¦´μ°. 	Ê-
¤¥³ ¤²Ö Ê¶·μÐ¥´¨Ö ¸Î¨É ÉÓ, ÎÉμ
¨¸ÉμÎ´¨± ³¨ ¶μ²Ö Ö¢²ÖÕÉ¸Ö ´¥
12 μÉ¤¥²Ó´ÒÌ ®§ ·Ö¤μ¢¯,   ´¥¶·¥-
·Ò¢´μ ¨ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´-
´Ò° § ·Ö¤, Ô±¢¨¢ ²¥´É´Ò° ¸Ê³³¥
¢¸¥Ì 12 § ·Ö¤μ¢. �Ê¸ÉÓ ¶μ¢¥·Ì-
´μ¸ÉÓ ¸Ë¥·Ò, ±μÉμ·ÊÕ ³Ò ¸Î¨-
É ¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶μ¢¥·Ì´μ-
¸É¨ ËÊ²²¥·¥´ , ¨³¥¥É Ê¸²μ¢´μ ¥¤¨-
´¨Î´Ò° · ¤¨Ê¸. ’μ£¤  Í¨·±Ê²ÖÍ¨Ö ¶μ²Ö a ¶μ ±μ´ÉÊ·Ê Γ, μÌ¢ ÉÒ¢ ÕÐ¥³Ê
¶²μÐ ¤Ó S, 0 � S � 4π, ¡Ê¤¥É · ¢´  ±3S/2. Šμ£¤  S = π/3, 2π/3, . . ., Í¨·-
±Ê²ÖÍ¨Ö a · ¢´ , ¢ ¸μ£² ¸¨¨ ¸ (18), ±(2π/4, 2π/2 . . .) ¨ É. ¤. ‚ ¸Ë¥·¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì

(θ, ϕ) → (sin θ cos ϕ, sin θ sin ϕ, cos θ), 0 � θ < π, 0 � ϕ < 2π,

¶²μÐ ¤Ó, μÌ¢ ÉÒ¢ ¥³ Ö ±μ´ÉÊ·μ³ θ = const (¨§³¥·Ö¥³ Ö, ± ¶·¨³¥·Ê, ¸ ¸¥¢¥·-
´μ£μ ¶μ²Õ¸  ¸Ë¥·Ò), · ¢´  2π(1 − cos θ). ˆ¸¶μ²Ó§ÊÖ ÔÉÊ Ëμ·³Ê²Ê, ³μ¦´μ
´ °É¨ Ö¢´Ò° ¢¨¤ ¶μ²Ö a, μ¤´ ±μ §¤¥¸Ó ¢¸É ¥É ¨´ Ö ¶·μ¡²¥³ . �μ²¥ a Ö¢²Ö¥É¸Ö
¢¥±Éμ·´Ò³, ¨ ¢ ¸μ£² ¸¨¨ ¸ ¨§¢¥¸É´μ° É¥μ·¥³μ° 	· ÊÔ·  (¸³., ´ ¶·¨³¥·, [52])



990 Š�‹…‘�ˆŠ�‚ „.‚., �‘ˆ��‚ ‚.�.

¥£μ ´¥²Ó§Ö ®¶·¨Î¥¸ ÉÓ¯ ´  ¸Ë¥·¥, É. ¥. Ê ´¥£μ ¡Ê¤¥É μ¸μ¡ Ö ÉμÎ±  (¶·¨ · ¸¸³μ-
É·¥´´μ³ ¢ÒÏ¥ ¢Ò¡μ·¥ ±μ´ÉÊ·  Å ÉμÎ±  θ = π). Š ± ¨ ¢ [40], ¤²Ö Ê¸É· ´¥´¨Ö
μ¸μ¡μ° ÉμÎ±¨ ¢¢¥¤¥³ ¤μ¶μ²´¨É¥²Ó´μ¥ ®¨§μ¸¶¨´μ¢μ¥¯ ¶·μ¸É· ´¸É¢μ ¨ ¸¢Ö§ ´-
´Ò¥ ¸ ´¨³ ³ É·¨ÍÒ τ ′ (´¥ ¶ÊÉ ÉÓ ¸ K-¶·μ¸É· ´¸É¢μ³ ¨ ¥£μ τ -³ É·¨Í ³¨).
‚ É¥μ·¨¨ ¤¥Ë¥±Éμ¢ É ±μ¥ ¢¢¥¤¥´¨¥ ¡Ò²μ ¨§¢¥¸É´μ · ´¥¥ (´ ¶·¨³¥·, ¢ · -
¡μÉ¥ [53] ¤²Ö ÉμÎ¥Î´μ£μ ®³μ´μ¶μ²Ó´μ£μ¯ Éμ¶μ²μ£¨Î¥¸±μ£μ ¤¥Ë¥±É ). ’ ±¨³
μ¡· §μ³, ¶μ²¥ Ô±¢¨¢ ²¥´É´μ ¶μ²Õ Éμ¶μ²μ£¨Î¥¸±μ£μ (É'•μËÉ Ä�μ²Ö±μ¢ ) ³ £-
´¨É´μ£μ ³μ´μ¶μ²Ö § ·Ö¤  A, ¨ μ¶¥· Éμ· Ê£²μ¢μ£μ ³μ³¥´É  ¸μ¤¥·¦¨É (´ ·Ö¤Ê
¸ ³ É·¨Í¥° σ) ¨§μ¸¶¨´μ¢ÊÕ ³ É·¨ÍÊ τ ′:

Jz = −i(∇ϕ − iAτ ′
2 cos θ) +

σz

2
cos θ + A cos θτ ′

2, (42)

μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉμ Ê£²μ¢μ° ³μ³¥´É Ö¢²Ö¥É¸Ö Í¥²Ò³. ‚Ò· ¦¥´¨Ö ¤²Ö ¶μ²¥° a
¨ W Éμ£¤  ¨³¥ÕÉ ¢¨¤

aθ = 0, aϕ = ±3
2

cos θ, Wθ = 0, Wϕ = − cos θ. (43)

�·¨ ¸²μ¦¥´¨¨ μ´¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ²Õ ³μ´μ¶μ²Ö ¸ § ·Ö¤μ³ A = ±(ak
ϕ +

Wϕ)/ cos θ = ±1/2,±5/2. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ³μ¦´μ ¶μ´¨³ ÉÓ (42) ¨ (43)
¨´ Î¥. � ¨³¥´´μ, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ¶μ²Ö ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶²μÐ ¤¨, ¨§-
³¥·Ö¥³μ° μÉ μ¤´μ£μ ¨§ ¶μ²Õ¸μ¢ S = ±2π(±1 + cos θ),   ³μ³¥´É Ö¢²Ö¥É¸Ö
¶μ²ÊÍ¥²Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±μ´¸É ´É  ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¶²μÐ ¤¨ ¨ ³μ³¥´É
±μ³¶¥´¸¨·ÊÕÉ ¤·Ê£ ¤·Ê£ , ¨ ¶·¨¤¥³ ±  ´ ²μ£¨Î´Ò³ Ê· ¢´¥´¨Ö³.

3.2. ‘Ë¥·¨Î¥¸±¨¥ (Ih)-ËÊ²²¥·¥´Ò: ÉμÎ´μ¥ ·¥Ï¥´¨¥. „²Ö ¸Ë¥·Ò ³¥É·¨± 
¨ ¤¨ ¤´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¨³¥ÕÉ ¢¨¤

gθθ = 1, gϕϕ = sin2 θ, e1
θ = 1, e2

ϕ = sin θ.

‘²¥¤μ¢ É¥²Ó´μ, μ¶¥· Éμ· „¨· ±  ¶·¨´¨³ ¥É ¢¨¤

D̂ = −iσx

(
∂θ +

cot θ

2

)
− i

σy

sin θ
(∂ϕ − iA cos θ) .

�μ¤¸É ´μ¢±  ¢¨¤ (
ψA

ψB

)
=

∑
j

eijϕ

√
2π

(
uj(θ)
vj(θ)

)
, j = 0,±1,±2, . . . ,

¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Ö³ ´  uj ¨ vj

−i

[
∂θ +

(
1
2
− A

)
cot θ +

j

sin θ

]
vj(θ) = Euj(θ),

−i

[
∂θ +

(
1
2

+ A

)
cot θ − j

sin θ

]
uj(θ) = Evj(θ).

(44)
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Œμ¦´μ § ¶¨¸ ÉÓ ±¢ ¤· É μ¶¥· Éμ·  „¨· ± 

D̂2 = −
[
σx

(
∂θ +

cot θ

2

)
+ i

σy

sin θ
(j − A cos θ)

]2

= − 1
sin θ

∂θ sin θ∂θ+

+
1
4

+

1
4

+ j2 + σzA

sin2 θ
− cot θ

sin θ
(σzj + 2jA) + A2 cot2 θ (45)

¨, ¸μμÉ¢¥É¸É¢¥´´μ, ±¢ ¤·¨·μ¢ ´´μ¥ Ê· ¢´¥´¨¥ D̂2ψ = E2ψ. “¤μ¡´μ ¨¸¶μ²Ó-
§μ¢ ÉÓ ¶μ¤¸É ´μ¢±Ê x = cos θ. ’μ£¤  Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤⎡⎢⎣∂x(1 − x2)∂x −

(j − Ax)2 − jσzx +
1
4

+ σzA

1 − x2

⎤⎥⎦×

×
(

uj(x)
vj(x)

)
= −

(
E2 − 1

4

)(
uj(x)
vj(x)

)
. (46)

“Î¨ÉÒ¢ Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¸¶¨´μ·´ÒÌ ËÊ´±Í¨° ¶·¨ x → ±1, ¶μ-
²ÊÎ ¥³μ¥ ¨§ (44), ¨¸¶μ²Ó§Ê¥³ ¶μ¤¸É ´μ¢±Ê(

uj

vj

)
=

(
(1 − x)α(1 + x)β ũj(x)
(1 − x)γ(1 + x)δ ṽj(x)

)
,

£¤¥

α =
1
2

∣∣∣∣j − A − 1
2

∣∣∣∣ , γ =
1
2

∣∣∣∣j − A +
1
2

∣∣∣∣ ,
(47)

β =
1
2

∣∣∣∣j + A +
1
2

∣∣∣∣ , δ =
1
2

∣∣∣∣j + A − 1
2

∣∣∣∣ .
�É¸Õ¤  Ê· ¢´¥´¨¥ (46) ¤²Ö ũj ¶·¨³¥É ¢¨¤

(1 − x2)∂2
xũj + (2(β − α) − 2(α + β + 1)x)∂xũj+

+
[
−2αβ − α − β − 1

2

(
j2 − A2 +

1
4
− A

)
+ E2 − 1

4

]
ũj = 0. (48)

�´ ²μ£¨Î´μ¥ Ê· ¢´¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¤²Ö ṽj . �μ ¸É·Ê±ÉÊ·¥ ÔÉ¨ Ê· ¢´¥´¨Ö
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ê· ¢´¥´¨¥ Ÿ±μ¡¨

(1 − x2)y′′ + (B −A− (A + B + 2)x)y′ + λny = 0,
(49)

λn = n(n + A + B + 1),
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£¤¥ A = 2α, B = 2β ¨ n Å ±¢ ´Éμ¢μ¥ Î¨¸²μ, ¶·¨´¨³ ÕÐ¥¥ Í¥²Ò¥ ´¥μÉ·¨Í -
É¥²Ó´Ò¥ §´ Î¥´¨Ö. ‚¢¨¤Ê (48) ¨ (49) ¨³¥¥³ Ê¸²μ¢¨Ö ±¢ ´Éμ¢ ´¨Ö

λn = n(n + 2(α + β) + 1) = −2αβ − α − β−

− 1
2

(
j2 − A2 +

1
4
− A

)
+ E2 − 1

4
. (50)

“Î¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨¥ (47), ¶μ²ÊÎ¨³ Ô´¥·£¥É¨Î¥¸±¨¥ Ê·μ¢´¨ E2
n = (n + α +

β + 1/2)2 − A2. …¸²¨ A = 0, ¨³¥¥³ α = (1/2)|j − 1/2|, β = (1/2)|j + 1/2|,
¨ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¢μ¤¨É¸Ö ± ´ °¤¥´´μ³Ê ¢ [54] ¤²Ö ·¨³ ´μ¢μ° ¸Ë¥·Ò
¡¥§ ³μ´μ¶μ²Ó´μ£μ § ·Ö¤ .

’ ±¨³ ¦¥ μ¡· §μ³ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ Ê· ¢´¥´¨¥ ¤²Ö ṽ. �·μ¤¥² ¢  ´ -

²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö, ¶μ²ÊÎ¨³ ¸¶¥±É· ¢¨¤  E2
n =

(
n + γ + δ +

1
2

)2

− A2.

’¥¶¥·Ó ¶·μ¢¥·¨³ μ¡  ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨Ö (¤²Ö ũ ¨ ṽ) ´  ¸μμÉ¢¥É¸É¢¨¥ ¨Ì
¨¸Ìμ¤´Ò³ Ê· ¢´¥´¨Ö³ (44). �Éμ ¢μ§³μ¦´μ, Éμ²Ó±μ ¥¸²¨ ²¨¡μ ¢Ò¶μ²´Ö¥É¸Ö
Ê¸²μ¢¨¥ α + β = γ + δ, ²¨¡μ ÌμÉÖ ¡Ò μ¤´μ ¨§ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Ô´¥·£¨¨
¤²Ö u ¨²¨ ¤²Ö v · ¢´μ ´Ê²Õ.

� ¸¸³μÉ·¨³ ¶¥·¢Ò° ¸²ÊÎ °. ‡´ Î¥´¨Ö ³μ³¥´É  j, ±μ£¤  ¸¶· ¢¥¤²¨¢μ Ê¸²μ-
¢¨¥ ¸Ê³³Ò, μ¶·¥¤¥²ÖÕÉ¸Ö ´¥· ¢¥´¸É¢μ³ |j| � ||A|+ 1/2|. „²Ö ¶μ²μ¦¨É¥²Ó´μ°
Ô´¥·£¨¨ ¨³¥¥³ ¸¶¥±É·

E2
n = (n + |j| + 1/2)2 − A2. (51)

�É³¥É¨³, ÎÉμ ¸¶¥±É· ¸¨³³¥É·¨Î¥´ μÉ´μ¸¨É¥²Ó´μ Ô´¥·£¨¨ ”¥·³¨, É. ¥. μ¶¨¸ ´-
´ Ö ¢ · §¤. 1 ¸¨³³¥É·¨Ö ´¥ ´ ·ÊÏ ¥É¸Ö. ‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨³¥ÕÉ ¢¨¤

uj = Cu(1 − x)α(1 + x)βP 2α,2β
n ,

vj = Cv(1 − x)γ(1 + x)δP 2γ,2δ
n .

(52)

…¤¨´¨ÍÒ ¨§³¥·¥´¨Ö Ô´¥·£¨¨ §¤¥¸Ó �VF /R, £¤¥ VF Å ¸±μ·μ¸ÉÓ ”¥·³¨,  
R Å · ¤¨Ê¸ ËÊ²²¥·¥´ . �¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ (51) ¢Ò·μ¦¤¥´´μ¸ÉÓ
¢¸¥Ì Ê·μ¢´¥° ´¥μ¡Ìμ¤¨³μ ¸μ±· É¨ÉÓ ¢ ¤¢  · § . „¥°¸É¢¨É¥²Ó´μ, ¸μ£² ¸´μ (44),
¢¥²¨Î¨´Ò Cu ¨ Cv ¢ (52) ´¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¤·Ê£ μÉ ¤·Ê£ . „²Ö j > 0,
± ¶·¨³¥·Ê, ¨³¥¥³

i[(1 − x2)∂x − 2γ − 2βx]CvP 2γ,2β−1
n = En(1 + x)CuP 2γ−1,2β

n ,

i[(1 − x2)∂x + 2β − 2γx]CuP 2γ−1,2β
n = En(1 − x)CvP 2γ,2β−1

n .
(53)

�μ² £ Ö x = 1 ¢ ¶¥·¢μ³ Ê· ¢´¥´¨¨ ¨ ¨¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥

P a,b
n (1) =

Γ(a + n + 1)
Γ(a + 1)n!

, En = ±
√

(2γ + n)(2β + n),
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¡Ê¤¥³ ¨³¥ÉÓ ¤²Ö ¸²ÊÎ Ö j > 0

Cu = −iCv signEn

(
n + j − A + 1/2
n + j + A + 1/2

)1/2

. (54)

‚ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´ÒÌ §´ ±μ¢ E ¨ j ¶μ²ÊÎ¨³

Cu = −(i)sign (jEn)Cv

(
n + |j| − A + 1/2
n + |j| + A + 1/2

)1/2

. (55)

�·¨ ÔÉμ³ § ³¥´  j → −j, A → −A Ô±¢¨¢ ²¥´É´  § ³¥´¥ u → v, v → u
(¸³. (44)). ’ ±¨³ μ¡· §μ³, ¨¸±Ê¸¸É¢¥´´μ ¢¢¥¤¥´´ Ö ¨§-§  Éμ¶μ²μ£¨Î¥¸±¨Ì
¸¢μ°¸É¢ ¸Ë¥·Ò ®¨§μ¸¶¨´μ¢ Ö¯ ¢Ò·μ¦¤¥´´μ¸ÉÓ ¸μ±· Ð ¥É¸Ö.

‚μ ¢Éμ·μ³ ¸²ÊÎ ¥, ±μ£¤  μ¤´  ¨§ ¸μ¡¸É¢¥´´ÒÌ Ô´¥·£¨° ±¢ ¤·¨·μ¢ ´´ÒÌ
Ê· ¢´¥´¨° · ¢´  ´Ê²Õ, j ¨ n μ¶·¥¤¥²ÖÕÉ¸Ö Ê¸²μ¢¨¥³ |j| � ||A| − 1/2|, n = 0.
‘ÊÐ¥¸É¢Ê¥É ·μ¢´μ μ¤´  ´Ê²¥¢ Ö ³μ¤  ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ j ¨ ¶μ²μ¦¨É¥²Ó´μ£μ
Ë¨±¸¨·μ¢ ´´μ£μ A:

u0 = 0, v0 = Cv(1 − x)γ(1 + x)δ , (56)

£¤¥ ³Ò ÊÎ²¨ ¸μμÉ´μÏ¥´¨¥ P 2γ,2δ
0 (x) = const. �´ ²μ£¨Î´Ò° ¢Ò¢μ¤ ¸¶· ¢¥¤²¨¢

¨ ¶·¨ A < 0, ±μ£¤  ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ´¥´Ê²¥¢ Ö u0. ’ ±¨³ μ¡· §μ³, ¤²Ö ¢¸¥Ì
¶μ¤Ìμ¤ÖÐ¨Ì §´ Î¥´¨° j ¨ ¢¸¥Ì ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ¢¥²¨Î¨´Ò A ¸ÊÐ¥-
¸É¢Ê¥É Ï¥¸É¨±· É´μ ¢Ò·μ¦¤¥´´ Ö ´Ê²¥¢ Ö ³μ¤  v0. �ÉμÉ ¢Ò¢μ¤ ¸μ£² ¸Ê¥É¸Ö ¸
·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì ³μ¤¥²¥° ¤²Ö (Ih)-ËÊ²²¥·¥´μ¢ [40, 41]. Š·μ³¥ Éμ£μ, ± ±

�¨¸. 13. �¥·¢Ò° ´¥§ ¶μ²´¥´´Ò° Ê·μ¢¥´Ó (Gap Energy), Ô´¥·£¨Ö ”¥·³¨ (LUMO) ¨
¶μ¸²¥¤´¨° § ¶μ²´¥´´Ò° Ê·μ¢¥´Ó (HOMO) ¸Ë¥·¨Î¥¸±¨Ì (Ih)-ËÊ²²¥·¥´μ¢ C60n2 ¢ § ¢¨-
¸¨³μ¸É¨ μÉ Î¨¸²  n. �μ · ¡μÉ¥ [57]
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Ë ±É ¸ÊÐ¥¸É¢μ¢ ´¨Ö ®±¢ §¨´Ê²¥¢ÒÌ ³μ¤¯, É ± ¨ ¨Ì Ï¥¸É¨±· É´μ¥ ¢Ò·μ¦¤¥-
´¨¥ ¶μ¤É¢¥·¦¤ ÕÉ¸Ö ¢ÒÎ¨¸²¥´¨Ö³¨, ¶·μ¢¥¤¥´´Ò³¨ ¤·Ê£¨³¨ ³¥Éμ¤ ³¨ (¸³.,
´ ¶·¨³¥·, [55Ä57]).

“Î¨ÉÒ¢ Ö ¢ÒÏ¥¶·¨¢¥¤¥´´Ò¥ ¸μμ¡· ¦¥´¨Ö ¨ Ëμ·³Ê²Ê (51), ¶μ²ÊÎ¨³, ÎÉμ
Ô´¥·£¨¨ (¢ ¥¤¨´¨Í Ì �VF /R) ¨ ¢Ò·μ¦¤¥´´μ¸É¨ ¶¥·¢ÒÌ Î¥ÉÒ·¥Ì Ê·μ¢´¥° ¤²Ö
(Ih)-ËÊ²²¥·¥´μ¢ ¡Ê¤ÊÉ · ¢´Ò E = 0, 1,41, 2,45, 3,46 ¨ g = 6, 2, 6, 6 ¸μμÉ-
¢¥É¸É¢¥´´μ. ’ ±μ° ´ ¡μ· Ô´¥·£¨° (μÉ²¨Î´Ò° μÉ ·¥§Ê²ÓÉ Éμ¢ [40,41]) Ö¢²Ö¥É¸Ö
±μ³¡¨´ Í¨¥° ¸¶¥±É·μ¢ ¤¢ÊÌ ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ |A| = 1/2, 5/2, ÎÉμ, ¢
¸¢μÕ μÎ¥·¥¤Ó, Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¢±²ÕÎ¥´¨Ö ¢ É¥μ·¨Õ ¤¢ÊÌ · §²¨Î´ÒÌ ± -
²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°. ‚¸¥ Ê·μ¢´¨ Ô´¥·£¨¨, μÉ¸Î¨ÉÒ¢ ¥³Ò¥ μÉ Ô´¥·£¨¨ ”¥·³¨,
¢ · ³± Ì ¨¸¶μ²Ó§Ê¥³μ° ³μ¤¥²¨ ¨§³¥´ÖÕÉ¸Ö ¸ ¨§³¥´¥´¨¥³ · ¤¨Ê¸  R ËÊ²-
²¥·¥´  ± ± 1/R, ÎÉμ ¶μ¤É¢¥·¦¤ ¥É¸Ö ¨ ¤·Ê£¨³¨ ³¥Éμ¤ ³¨ [58]. �  ·¨¸. 13
¶μ± § ´  · ¸¸Î¨É ´´ Ö ³¥Éμ¤μ³ HOMO-LUMO § ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ ”¥·³¨
¨ ¤¢ÊÌ ¡²¨¦ °Ï¨Ì Ê·μ¢´¥° Ô´¥·£¨¨ ¤²Ö ¸Ë¥·¨Î¥¸±¨Ì (Ih)-ËÊ²²¥·¥´μ¢ C60n2 .
‚¨¤´μ, ÎÉμ ¥¸²¨ ÊÎ¥¸ÉÓ ¨§³¥´¥´¨¥ Ê·μ¢´Ö ”¥·³¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ n, ¶μ¸É·μ-
¥´´Ò¥ Ê·μ¢´¨ ¡Ê¤ÊÉ ¸¨³³¥É·¨Î´Ò³¨ ¨ ¢ Í¥²μ³ Ê¤μ¢²¥É¢μ·ÖÉ ¶μ²ÊÎ¥´´μ° ¢
É¥μ·¥É¨±μ-¶μ²¥¢μ° ³μ¤¥²¨, μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ° § ¢¨¸¨³μ¸É¨ μÉ · ¤¨-
Ê¸ . ‚³¥¸É¥ ¸ É¥³ ¤²Ö ¶μ²ÊÎ¥´¨Ö ¡μ²¥¥ ÉμÎ´ÒÌ ¤ ´´ÒÌ μ ¸¶¥±É·¥ ËÊ²²¥·¥´ 
´¥μ¡Ìμ¤¨³μ ¢±²ÕÎ¨ÉÓ ¢ · ¸¸³μÉ·¥´¨¥ Ô²¥±É·μ´-Ëμ´μ´´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥,
± ± ÔÉμ ¤¥² ¥É¸Ö, ´ ¶·¨³¥·, ¢ · ¡μÉ¥ [40].

3.3. “£²¥·μ¤´Ò¥ ´ ´μÉ·Ê¡±¨: ¶·μ¸É¥°Ï¨¥ Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ¨ ³μ-
¤¥²Ó ¶μ²Ê¸Ë¥·¨Î¥¸±μ° ±·ÒÏ±¨. “£²¥·μ¤´Ò¥ ´ ´μÉ·Ê¡±¨, ¸¨´É¥§¨·μ¢ ´´Ò¥
¢¶¥·¢Ò¥ ¢ [48], ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 14. �μ ¢¨¤Ê ·¥Ï¥É±¨ μ´¨ · §¤¥²ÖÕÉ¸Ö
´  É·¨ É¨¶ : ®§¨£§ £¯ (zig-zag), ±·¥¸²μ (armchair) ¨ ¸¶¨· ²Ó´Ò¥ (Ì¨· ²Ó´Ò¥,
chiral). ‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ É¨¶Ò Ê£²¥·μ¤´ÒÌ ´ ´μÉ·Ê¡μ± ³μ¦´μ ¸³μ¤¥²¨-
·μ¢ ÉÓ ¶ÊÉ¥³ ¸¢μ· Î¨¢ ´¨Ö £· Ë¨Éμ¢μ° ¶·Ö³μÊ£μ²Ó´μ° ²¥´ÉÒ ¸ ¶μ¸²¥¤ÊÕ-
Ð¨³ ¸μ¥¤¨´¥´¨¥³ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ±· ¥¢. �·¨ ÔÉμ³ ²¥´É  § ¤ ´  ¢¥±Éμ·μ³
T = ne1 + me2, £¤¥ e1,2 Å ¡ §¨¸ ·¥Ï¥É±¨. …¸²¨ ¸¶·μ¥Í¨·μ¢ ÉÓ ²¨´¨¨, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ μ¤´μ³¥·´μ³Ê ¤¨¸¶¥·¸¨μ´´μ³Ê ¸μμÉ´μÏ¥´¨Õ, ´  ¤¢Ê³¥·´ÊÕ
μ¡· É´ÊÕ ·¥Ï¥É±Ê £· Ë¨Éμ¢μ° ¶²μ¸±μ¸É¨, Éμ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ Ì · ±É¥· ´ -
´μÉ·Ê¡±¨ (·¨¸. 15). � ¨³¥´´μ, ¥¸²¨ ¤¢¥ ¢¥·Ï¨´Ò §μ´Ò 	·¨²²ÕÔ´  ¶μ¶ ¤ ÕÉ
´  ²¨´¨Õ, Éμ É ±μ° ± ´ ² Ö¢²Ö¥É¸Ö ³¥É ²²¨Î¥¸±¨³ ¨ μ¶·¥¤¥²Ö¥É ³¥É ²²¨Î¥-
¸±¨° Ì · ±É¥· É·Ê¡±¨.

‚ · ³± Ì É¥μ·¥É¨±μ-¶μ²¥¢μ£μ ¶μ¤Ìμ¤  Ô²¥±É·μ´´ Ö ¸É·Ê±ÉÊ·  μÉ±·ÒÉÒÌ
Ê£²¥·μ¤´ÒÌ ´ ´μÉ·Ê¡μ± ¡Ò²  ¨¸¸²¥¤μ¢ ´  ¢ [60]. �É³¥É¨³, ÎÉμ ¨¸¶μ²Ó§Ê¥³Ò°
´ ³¨ Ëμ·³ ²¨§³ ³μ¦¥É ¡ÒÉÓ ²¥£±μ ¶·¨³¥´¥´ ¨ ± ´ ´μÉ·Ê¡± ³: ¶·¨ ¸¡μ·±¥
´ ´μÉ·Ê¡±¨ Ê¸²μ¢¨Ö, ´ ±² ¤Ò¢ ¥³Ò¥ ´  ¸¶¨´μ·, μÉ²¨Î ÕÉ¸Ö μÉ É·¨¢¨ ²Ó´ÒÌ
§  ¸Î¥É μ¶¥· Éμ·  É· ´¸²ÖÍ¨¨, ¢¢¥¤¥´´μ£μ ¢ cμμÉ´μÏ¥´¨¨ (14). �¶¥· Éμ·Ê
É· ´¸²ÖÍ¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ¢¨Ì·¥¢μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶μ²¥, ´ ¶· ¢²¥´´μ¥ ¢¤μ²Ó
¢¥±Éμ·  É· ´¸²ÖÍ¨¨ T. ‚ Í¨²¨´¤·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì (z, ϕ) ¶μ²¥ ´  É·Ê¡±¥
¨³¥¥É ¢¨¤ aϕ = ±M/3, £¤¥ M = (n − m)mod3 ¢ ¸μ£² ¸¨¨ ¸ [61]. „²Ö
´ ´μÉ·Ê¡±¨ ¸É·μ£μ Í¨²¨´¤·¨Î¥¸±μ° Ëμ·³Ò ¸¶¨´μ¢ Ö ¸¢Ö§´μ¸ÉÓ · ¢´  ´Ê²Õ.
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�¨¸. 14. ’¨¶Ò ´ ´μÉ·Ê¡μ±: ®§¨£§ £¯, ±·¥¸¥²Ó´Ò¥ ¨ ±¨· ²Ó´Ò¥ (¸²¥¢  ´ ¶· ¢μ). �μ
· ¡μÉ¥ [11]

�¨¸. 15. �²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  ´ ´μÉ·Ê¡μ±, μ¶·¥¤¥²ÖÕÐ¨¥¸Ö μ·¨¥´É Í¨¥° ÖÎ¥°±¨
	·¨²²ÕÔ´  ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¶·¨ ¸¢¥¤¥´¨¨ ± μ¤´μ³¥·´μ³Ê ¸²ÊÎ Õ. Œ¥-
É ²²¨Î¥¸± Ö (10,10) (a), ¶μÎÉ¨ ³¥É ²²¨Î¥¸± Ö (12,0) (¡) ¨ ¶μ²Ê¶·μ¢μ¤ÖÐ¨¥ (¢, £) ´ ´μ-
É·Ê¡±¨. ŸÎ¥°±  	·¨²²ÕÔ´  ¶μ¢¥·´ÊÉ  ´  Ê£μ² η μÉ´μ¸¨É¥²Ó´μ μ¸¨ z (¸³. ·¨¸. 16). �μ
· ¡μÉ¥ [59]
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�¨¸. 16. ƒ· Ë¨Éμ¢ Ö ¶²μ¸±μ¸ÉÓ, ¨§ ±μÉμ·μ° ¸¢¥·ÉÒ¢ ´¨¥³ ÉμÎ¥±, μÉ¸ÉμÖÐ¨Ì ´  ¢¥±Éμ·
É· ´¸²ÖÍ¨¨ T, ¶μ²ÊÎ ¥É¸Ö Ê£²¥·μ¤´ Ö ´ ´μÉ·Ê¡± . �¸Ó Z ¶μ¢¥·´ÊÉ  ´  Ê£μ² η μÉ-
´μ¸¨É¥²Ó´μ ¨¸Ìμ¤´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É, μ·¨¥´É¨·μ¢ ´´μ° ¶μ Ô²¥³¥´É ·´μ° ÖÎ¥°±¥
(¡ §¨¸´μ³Ê ¢¥±Éμ·Ê e1)

�μ¸²¥ ¢¢¥¤¥´¨Ö ¶μ¤¸É ´μ¢±¨

ψ =
eijϕ

√
2π

(
u(z)
v(z)

)
, j = 0,±1,±2, . . . ,

μ¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

−iσ1∂zψ(z) + σ2mψ(z) = Eψ, (57)

£¤¥ ψ(z) = (u(z), v(z))T , Ô´¥·£¨Ö E ¨§³¥·Ö¥É¸Ö ¢ ¥¤¨´¨Í Ì �VF /Rt ¨ Rt Å
· ¤¨Ê¸ É·Ê¡±¨. Œμ³¥´É §¤¥¸Ó Ö¢²Ö¥É¸Ö Í¥²Ò³,   ´¥ ¶μ²ÊÍ¥²Ò³, É ± ± ± £· -
´¨Î´Ò¥ Ê¸²μ¢¨Ö ³μ£ÊÉ ¤μ¸É¨£ ÉÓ¸Ö Éμ²Ó±μ ¸¤¢¨£μ³ ¶μ ·¥Ï¥É±¥,   ´¥ ¶μ¢μ·μÉμ³
¢μ±·Ê£ ± ±μ£μ-²¨¡μ Ê§² . ‚¥²¨Î¨´  m, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³ ¸¸¥ ¢ μ¤´μ³¥·´μ³
Ê· ¢´¥´¨¨ „¨· ± , μ¶·¥¤¥²Ö¥É¸Ö ± ± m = −(j − aϕ)/Rt. ’ ±¨³ μ¡· §μ³,
¥¸²¨ (n − m)mod 3 = 0, Éμ É·Ê¡±  Ö¢²Ö¥É¸Ö ³¥É ²²¨Î¥¸±μ°, ¨´ Î¥ Å ¶μ²Ê-
¶·μ¢μ¤ÖÐ¥°. ˆ¸¶μ²Ó§ÊÖ Ê· ¢´¥´¨¥ (57), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ μ¡ÒÎ´μ¥ μ¤´μ³¥·´μ¥
¤¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ£μ É¨¶ 

E = ±
√

k2 + m2

¨ ¢Ò· ¦¥´¨¥ ¤²Ö μ¤´μ³¥·´μ° ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨°

DoS (E) ∼
(

∂E(k)
∂k

)−1∣∣∣∣
E2=k2+m2

=
E√

E2 − m2
. (58)

Š ± ¢¨¤¨³, ¢¡²¨§¨ μ¸μ¡μ° ÉμÎ±¨ E = m ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¸¨´£Ê²Ö·´ :
E ∼ (E − m)−1/2. ’ ±μ¥ ¶μ¢¥¤¥´¨¥ ´ §Ò¢ ¥É¸Ö ¢ ´-Ìμ¢μ¢¸±μ° ¸¨´£Ê²Ö·´μ-
¸ÉÓÕ [62,63]. �²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° (58), ¶·μ¸Ê³³¨·μ¢ ´´ Ö ¶μ ³μ³¥´É ³ j,
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�¨¸. 17. �²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¤²Ö ³¥É ²²¨Î¥¸±¨Ì (¸¶²μÏ´ Ö ²¨´¨Ö) ¨ ¶μ²Ê¶·μ¢μ¤ÖÐ¨Ì
(¶Ê´±É¨·´ Ö ²¨´¨Ö) ´ ´μÉ·Ê¡μ± ¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨´¨Í Ì. �´¥·£¨Ö ¨§³¥·Ö¥É¸Ö ¢
¥¤¨´¨Í Ì �VF /Rt

¶·¥¤¸É ¢²¥´  ´  ·¨¸. 17. ’ ±¨³ μ¡· §μ³, Ê£²¥·μ¤´ Ö ´ ´μÉ·Ê¡± , ± ± ¨ ¤·Ê-
£¨¥ μ¤´μ³¥·´Ò¥ ¸É·Ê±ÉÊ·Ò, ¨³¥¥É ³´μ¦¥¸É¢μ ¢ ´-Ìμ¢μ¢¸±¨Ì ¸¨´£Ê²Ö·´μ¸É¥°.
�·¨ ÔÉμ³ ¨¸É¨´´μ ¸¨´£Ê²Ö·´μ¥ ¶μ¢¥¤¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¨³¥¥É ³¥-
¸Éμ Éμ²Ó±μ ¤²Ö ¡¥¸±μ´¥Î´μ° ´ ´μÉ·Ê¡±¨ ¨ ¢ μ¤´μÔ²¥±É·μ´´μ³ ¶·¨¡²¨¦¥´¨¨.
�£· ´¨Î¥´´μ¸ÉÓ ¤²¨´Ò É·Ê¡±¨ ¨ · §²¨Î´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨¢μ¤ÖÉ ± · §-
³Ò¢ ´¨Õ ¸¨´£Ê²Ö·´μ¸É¥°, ¶·¥¢· Ð Ö ¨Ì ¢ ¶¨±¨ ±μ´¥Î´μ£μ · §³¥· .

�μ¸É·μ¨³ ³μ¤¥²Ó, ¢ ±μÉμ·μ° ÊÎ¨ÉÒ¢ ¥É¸Ö ¢²¨Ö´¨¥ Ï¥¸É¨ ¤¨¸±²¨´ Í¨°
´  ±·ÒÏ±¥ ´ ´μÉ·Ê¡±¨. 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ±·ÒÏ±  ¶·¥¤¸É ¢²Ö¥É ¨§ ¸¥¡Ö
¶μ²μ¢¨´±Ê ¸Ë¥·¨Î¥¸±μ£μ ËÊ²²¥·¥´ ,   ´ ´μÉ·Ê¡±  ¨³¥¥É ¶·μ¨§¢μ²Ó´ÊÕ Ì¨-
· ²Ó´μ¸ÉÓ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ É ±¦¥ · ¸¸³ É·¨¢ ÉÓ ¨ (I)-ËÊ²²¥·¥´Ò ¢
± Î¥¸É¢¥ ±·ÒÏ¥± ¤²Ö ´¥±μÉμ·ÒÌ ´ ´μÉ·Ê¡μ± (¢ Î ¸É´μ¸É¨, Ì¨· ²Ó´ÒÌ). ‚¥²¨-
Î¨´Ê M ¤²Ö · §²¨Î´ÒÌ ËÊ²²¥·¥´μ¢ ³μ¦´μ · ¸¸Î¨É ÉÓ ¸¶μ¸μ¡μ³, ¶μ± § ´´Ò³
´  ·¨¸. 12. �± §Ò¢ ¥É¸Ö, ÎÉμ (I)-ËÊ²²¥·¥´Ò ³μ¦´μ · §¤¥²¨ÉÓ ´  ¤¢  ±² ¸¸ 
¶μ §´ Î¥´¨Õ ¢¥²¨Î¨´Ò M2 (Ë ±Éμ·  M ¤²Ö ²Õ¡μ° ¶ ·Ò ¤¥Ë¥±Éμ¢). „²Ö ¶¥·-
¢μ£μ ±² ¸¸  (´ ¶·¨³¥·, ¤²Ö C140) M2 = 0, ¨ ¤²Ö ²Õ¡μ£μ ¤·Ê£μ£μ Î¥É´μ£μ
Î¨¸²  ¤¥Ë¥±Éμ¢ ÔÉμÉ Ë ±Éμ· · ¢¥´ ´Ê²Õ (M4 = M6 = 0). „²Ö ¢Éμ·μ£μ ±² ¸¸ 
(I)-ËÊ²²¥·¥´μ¢ (¶·¨³¥·μ³ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö C420) M2 = 1 ¨ §´ ± ³μ¦´μ
¢Ò¡· ÉÓ ¶·μ¨§¢μ²Ó´μ,   É ±¦¥ ¢¸¥£¤  ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö M4 = 0,
M6 = −M2. �μ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥ ³μ¦´μ μ¡μ¸´μ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· -
§μ³. � ¸¸³μÉ·¨³ · §¢¥·É±Ê ¶·μ¨§¢μ²Ó´μ£μ (I)-ËÊ²²¥·¥´  (·¨¸. 18). �  ·¨¸. 18
¶μ± § ´Ò Î¥ÉÒ·¥ ¤¥Ë¥±É  P1ÄP4 ´  ¶μ¢¥·Ì´μ¸É¨ ËÊ²²¥·¥´ . � ³ ´¥μ¡Ìμ-
¤¨³μ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ· (16) ¤²Ö Î¥ÉÒ·¥Ì ¶·¥¤¸É ¢²¥´´ÒÌ ¤¥Ë¥±Éμ¢. 	Ê¤¥³
¨³¥ÉÓ |P1P2| = |P2P3| = |P3P4|,   ±μ´ÉÊ· Γ (¶·μ¨§¢μ²Ó´Ò°, ´μ ¶·μÌμ¤Ö-
Ð¨° Î¥·¥§ P1ÄP4) μ¶·¥¤¥²Ö¥É ¶ÊÉÓ, ¶μ ±μÉμ·μ³Ê ¤¢¨¦¥É¸Ö ¡ §¨¸ (e1, e2). ’ ±
± ± ÉμÎ±¨ P1ÄP4 ¸μμÉ¢¥É¸É¢ÊÕÉ ¶ÖÉ¨Ê£μ²Ó´Ò³ ±μ²ÓÍ ³ ´  ·¥Ï¥É±¥, ¶·¨ ± -
¦¤μ³ ¶·μÌμ¦¤¥´¨¨ É ±μ° ÉμÎ±¨ ¡ §¨¸ (e1, e2) ¶μ¢μ· Î¨¢ ¥É¸Ö ´  Ê£μ² ±60 ◦.
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�Ê¸ÉÓ P1P2 = T(n, m). ’μ£¤  P2P3 ¢ μ¶¥· Éμ·¥ ¤ ¸É ¤μ¡ ¢±Ê, Ô±¢¨¢ ²¥´É-
´ÊÕ −T, É. ¥. ¤²Ö ´¥£μ ¸Ê³³  ±μμ·¤¨´ É ¢ ¡ §¨¸¥ e ¡Ê¤¥É ¶·μÉ¨¢μ¶μ²μ¦´ :
n′ − m′ = −(n − m). � ¢¥±Éμ· P3P4 ¸μμÉ¢¥É¸É¢¥´´μ ¤ ¸É ¤μ¡ ¢±Ê, · ¢´ÊÕ
n − m. ’μ£¤  ¨¸±μ³Ò° μ¶¥· Éμ· ¤²Ö Î¥ÉÒ·¥Ì ¤¥Ë¥±Éμ¢ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

M̂ = M̂2
60T̂ (n, m)M̂60T̂ (−n,−m)M̂60T̂ (n, m) = T̂ (3n, 3m)M̂4

60. (59)

�¨¸. 18. �μ¢¥·Ì´μ¸ÉÓ (I)-ËÊ²²¥-
·¥´ . ‚ ÉμÎ± Ì P1ÄP4 ´ Ìμ¤ÖÉ¸Ö Î¥-
ÉÒ·¥ ¤¨¸±²¨´ Í¨¨, ¨§μ¡· ¦ ¥³Ò¥
¶ÖÉ¨Ê£μ²Ó´¨± ³¨. 	 §¨¸ (e1, e2)
¶¥·¥³¥Ð ¥É¸Ö ¶μ ±μ´ÉÊ·Ê Γ, ¶·¨
ÔÉμ³ ¢ ÉμÎ± Ì P2 ¨ P3 μ´ ¶μ¢μ· -
Î¨¢ ¥É¸Ö ´  60 ◦

�μ¸±μ²Ó±Ê ¸Ê³³  3n − 3m ±· É´  É·¥³,
Î ¸ÉÓ μ¶¥· Éμ· , ¸¢Ö§ ´´ Ö ¸ É· ´¸²ÖÍ¨¥°,
³μ¦¥É ¡ÒÉÓ μ¶ÊÐ¥´ . 	² £μ¤ ·Ö ¨±μ¸ -
Ô¤· ²Ó´μ° ¸¨³³¥É·¨¨ ËÊ²²¥·¥´ , ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ¸¨³³¥É·¨¨ ¢· Ð¥´¨Ö ´  60 ◦ μÉ-
´μ¸¨É¥²Ó´μ ²Õ¡μ£μ ¤¥Ë¥±É  ´  · §¢¥·É±¥,
¤ ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢¥·´μ ¤²Ö ²Õ¡ÒÌ Î¥-
ÉÒ·¥Ì ¤¥Ë¥±Éμ¢. �´ ²μ£¨Î´μ¥ ¸μμÉ´μÏ¥´¨¥
³μ¦´μ § ¶¨¸ ÉÓ ¨ ¤²Ö Ï¥¸É¨ ¤¥Ë¥±Éμ¢. �·¨
ÔÉμ³, ¥¸²¨ ÔÉ¨ ¤¥Ë¥±ÉÒ ¸μ¸·¥¤μÉμÎ¥´Ò ´ 
μ¤´μ° ¶μ²Ê¸Ë¥·¥, ± ± ¢ · ¸¸³ É·¨¢ ¥³μ³
¸²ÊÎ ¥, ¡Ê¤¥³ ¨³¥ÉÓ ¢±² ¤, ¶·μ¶μ·Í¨μ´ ²Ó-
´Ò° −(n − m).

‚ ´ Ï¥³ ¸²ÊÎ ¥ ¶μ²μ¢¨´±  ËÊ²²¥-
·¥´  £· ´¨Î¨É ¸ ¢¥·Ì´¥° Î ¸ÉÓÕ É·Ê¡±¨.
�μÔÉμ³Ê ¢¥²¨Î¨´  M6 ¤μ²¦´  ¸μ¢¶ -
¤ ÉÓ ¸ ¢¥²¨Î¨´μ° (n − m), Ì · ±É¥·¨-
§ÊÕÐ¥° ´ ´μÉ·Ê¡±Ê (É· ´¸²ÖÍ¨Ö, μ¡· §Ê-
ÕÐ Ö ´ ´μÉ·Ê¡±Ê ¨ μ¡Ìμ¤ Ï¥¸É¨ ¤¥-
Ë¥±Éμ¢ ¢ ¶μ²μ¢¨´±¥ ËÊ²²¥·¥´ , ¸μμÉ¢¥É-
¸É¢Ê¥É μ¤´μ³Ê ±μ´ÉÊ·Ê). ’ ±¨³ μ¡· -
§μ³, ³¥É ²²¨Î¥¸±¨¥ (¨ ¶μÎÉ¨ ³¥É ²²¨-
Î¥¸±¨¥) ´ ´μÉ·Ê¡±¨ § ±·Ò¢ ÕÉ¸Ö Éμ²Ó±μ
(Ih)-ËÊ²²¥·¥´ ³¨ ¨ (I)-ËÊ²²¥·¥´ ³¨ ¶¥·¢μ-
£μ É¨¶ , ¢ Éμ ¢·¥³Ö ± ± ¶μ²Ê¶·μ¢μ¤ÖÐ¨¥ Å
Éμ²Ó±μ (I)-ËÊ²²¥·¥´ ³¨ ¢Éμ·μ£μ É¨¶ .

„²Ö Éμ£μ, ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ¶μ²Ö a ¨
W, ¢¥·´¥³¸Ö ± ¸Ì¥³¥, μ¶¨¸Ò¢ ÕÐ¥° ´ ¡¥£ Ë §Ò Î¥·¥§ ¶μ¢μ·μÉ ¢ K-¸¶¨´μ¢μ³
¶·μ¸É· ´¸É¢¥, ¢¢¥¤¥´´μ° ¢ · §¤. 1. „¥°¸É¢¨¥ μ¶¥· Éμ·  £μ²μ´μ³¨¨ T̂ ¸μμÉ-
¢¥É¸É¢Ê¥É ¢· Ð¥´¨Õ ´  2πN/4 ¢μ±·Ê£ ¢Éμ·μ° μ¸¨ ¨ § É¥³ Å ´  2πM/3 ¢μ-
±·Ê£ É·¥ÉÓ¥° μ¸¨. Š ± ¨ · ´¥¥, ¢¢¥¤¥³ ÔËË¥±É¨¢´Ò°, · ¢´μ³¥·´μ · ¸¶·¥¤¥-
²¥´´Ò° ¨¸ÉμÎ´¨± ¶μ²Ö, ±μÉμ·Ò° ¢±²ÕÎ ¥É É ±¦¥ ¢· Ð¥´¨¥ ¢μ±·Ê£ É·¥ÉÓ¥°
μ¸¨, É. ¥. M -Ë ±Éμ·. �Ê¸ÉÓ ΓS ¥¸ÉÓ ±μ´ÉÊ· ´  ¶μ²Ê¸Ë¥·¥ ¥¤¨´¨Î´μ£μ · -
¤¨Ê¸ , μ±·Ê¦ ÕÐ¨° ¶²μÐ ¤Ó S (0 < S � 2π), ¢±²ÕÎ ÕÐÊÕ ¢ ¸¥¡Ö ¸¥¢¥·-
´Ò° ¶μ²Õ¸ ¶μ²Ê¸Ë¥·Ò (·¨¸. 19). Š ± ¨ · ´¥¥, μ¶¥· Éμ· ¢· Ð¥´¨Ö ¢ ¨§μ-
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�¨¸. 19. �μ¢¥·Ì´μ¸ÉÓ, ¸ ¶μ³μÐÓÕ ±μÉμ·μ° ¶·μ¨§¢μ¤¨É¸Ö μ¶¨¸ ´¨¥ § ±·ÒÉμ° É·Ê¡±¨.
Šμ´ÉÊ· ΓS μ£· ´¨Î¨¢ ¥É ¶μ¢¥·Ì´μ¸ÉÓ S. �¸Ó Z ´ ¶· ¢²¥´  ¢´¨§

¶·μ¸É· ´¸É¢¥ ¢μ±·Ê£ ¢Éμ·μ° μ¸¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¸³¥Ï¨¢ ´¨Õ ¶μ¤·¥Ï¥-
Éμ±, ¨³¥¥É ¢¨¤ exp (iτ23S/2). „¥°¸É¢¨É¥²Ó´μ, Ï¥¸ÉÓ ¤¥Ë¥±Éμ¢, ± ¦¤Ò° ¨§
±μÉμ·ÒÌ ¤μ¡ ¢²Ö¥É ¶μ¢μ·μÉ ´  2π/4, ´¥¶·¥·Ò¢´μ ®· §³ § ´Ò¯ ´  ¶²μÐ ¤¨
2π. “£μ² ¶μ¢μ·μÉ  ¢μ±·Ê£ ¢Éμ·μ° μ¸¨ · ¢¥´ ΦM = 3S/2. ” ±Éμ·, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨° É· ´¸²ÖÍ¨¨, ³μ¦´μ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥
M(S) = −M2 cos (3(S − 2π)/4). ’ ±μ¥ μ¶·¥¤¥²¥´¨¥ ¸μ£² ¸Ê¥É¸Ö ¸μ ¸¢μ°-
¸É¢ ³¨ Ë ±Éμ·  M : M(2π/3) = M2, M(4π/3) = 0, M(2π) = −M2. “£μ²
¶μ¢μ·μÉ  ¢μ±·Ê£ É·¥ÉÓ¥° μ¸¨ Éμ£¤  ¶·¨³¥É ¢¨¤

ΦT = −2π

3
M2 cos (3(S − 2π)/4). (60)

�¶¥· Éμ· £μ²μ´μ³¨¨ T̂ ¢¨¤ 

T̂ = exp (iτ3ΦT ) exp (iτ2ΦM ) (61)

¸μμÉ¢¥É¸É¢Ê¥É ¶μ¢μ·μÉÊ ´  Ê£μ² Φ, μ¶·¥¤¥²Ö¥³Ò° ¸μμÉ´μÏ¥´¨¥³

cos Φ(S) = cos ΦM (S) cos ΦT (S). (62)

’ ±¨³ μ¡· §μ³, Í¨·±Ê²ÖÍ¨Ö ¶μ²Ö a ¶μ ±μ´ÉÊ·Ê ΓS ¨³¥¥É ¢¨¤∮
ΓS

aμ dxμ = ±Φ(S). (63)
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�  Ô±¢ Éμ·¥ (¶μ²Ê)¸Ë¥·Ò μ¡Ð¥¥ ¨§³¥´¥´¨¥ Ë §Ò · ¢´μ Φ(2π) = 3π+2πM2/3.
’ ± ± ± ´  Ô±¢ Éμ·¥ ¶μ²Ê¸Ë¥·  £· ´¨Î¨É ¸ É·Ê¡±μ°, Í¨·±Ê²ÖÍ¨Ö ¶μ²Ö a ¶μ
±μ´ÉÊ·Ê Γ2π ¤μ²¦´  ¸μ¢¶ ¤ ÉÓ ¤²Ö É·Ê¡±¨ ¨ ¶μ²Ê¸Ë¥·Ò. ‚ μ¡² ¸É¨ ¸Ï¨¢±¨
É·Ê¡±¨ ¨ ¶μ²Ê¸Ë¥·Ò Ëμ·³Ê²  ¤²Ö Í¨·±Ê²ÖÍ¨¨ a ¨³¥¥É ¢¨¤∮

ΓS

aϕdϕ = ±Φ(S), (64)

2π∫
0

aϕdϕ = ±
(

3π − 2πM2

3

)
. (65)

“¸²μ¢¨¥ ¸μμÉ¢¥É¸É¢¨Ö É¨¶  É·Ê¡±¨ É¨¶Ê ËÊ²²¥·¥´  Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥³ ¸ ³μ-
¸μ£² ¸μ¢ ´´μ¸É¨ ³μ¤¥²¨. �·¨ ÔÉμ³ Ë ±Éμ· 3π ¢ (65) ³μ¦¥É ¡ÒÉÓ ¨¸±²ÕÎ¥´
¶¥·¥μ¶·¥¤¥²¥´¨¥³ ³μ³¥´É  j (¸³. ´¨¦¥), É ± ÎÉμ Í¨·±Ê²ÖÍ¨Ö ¶μ É·Ê¡±¥ (65)
μ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´μ° −M2 ¢ ¸μ£² ¸¨¨ ¸ [60]. „²Ö ¸²ÊÎ Ö ³¥É ²²¨Î¥¸±¨Ì
´ ´μÉ·Ê¡μ±, § ±·ÒÉÒÌ Î ¸ÉÖ³¨ (Ih)-ËÊ²²¥·¥´μ¢ ¨ (I)-ËÊ²²¥·¥´μ¢ ¸ M2 = 0,
¨³¥¥³ Φ = ΦM = 3S/2, ÎÉμ ¸μ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éμ³ ¶. 3.2 ¨ · ´¥¥ ¶·¥¤²μ-
¦¥´´ÒÌ ³μ¤¥²¥° (¸³. [40]).

‚ μ¡² ¸É¨ ±·ÒÏ±¨ (¶μ²Ê¸Ë¥·Ò) Í¨·±Ê²ÖÍ¨Ö ¶μ²Ö Wϕ ¨³¥¥É ¢¨¤ (¸³. [15])∮
ΓS

Wμdxμ = −S,

  ¢ μ¡² ¸É¨ É·Ê¡±¨ ¥£μ Í¨·±Ê²ÖÍ¨Ö · ¢´  −2π ¨ ³μ¦¥É ¡ÒÉÓ μ¶ÊÐ¥´ .
3.4. ‡ ±·ÒÉÒ¥ Ê£²¥·μ¤´Ò¥ ´ ´μÉ·Ê¡±¨: Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢ . �μ¸É -

¢¨³ § ¤ ÎÊ μ¡ Ô²¥±É·μ´´μ° ¶²μÉ´μ¸É¨ ¢ § ±·ÒÉÒÌ ´ ´μÉ·Ê¡± Ì É ±, ± ± ÔÉμ
¡Ò²μ ¸¤¥² ´μ ´ ³¨ ¢ [64]. „²Ö μ¶¨¸ ´¨Ö § ±·ÒÉμ° Ê£²¥·μ¤´μ° ´ ´μÉ·Ê¡±¨
¢¢¥¤¥³ ¸²¥¤ÊÕÐÊÕ (¥¤¨´ÊÕ ¤²Ö É·Ê¡±¨ ¨ ±·ÒÏ±¨) ¶μ¢¥·Ì´μ¸ÉÓ:

R(ρ(z) cos ϕ, ρ(z) sin ϕ, z), ρ(z) = Rt

√
1 − exp (−2Λ), (66)

£¤¥

Λ =
z + Rf

Rf
, α =

Rt

Rf
, z � −Rf , 0 � ϕ < 2π.

�·¨ ÔÉμ³ Rf Ì · ±É¥·¨§Ê¥É · §³¥· μ¡² ¸É¨ ±·ÒÏ±¨,   Rt Å · ¤¨Ê¸ É·Ê¡±¨.
„²Ö μ¡Ð´μ¸É¨ ¸Î¨É ¥³, ÎÉμ Rf ³μ¦¥É μÉ²¨Î ÉÓ¸Ö μÉ Rt. ‚¥·Ì´ÖÖ Î ¸ÉÓ
¶μ¢¥·Ì´μ¸É¨ ¡²¨§±  ¶μ Ëμ·³¥ ± ¶μ²Ê¸Ë¥·¥. �μÔÉμ³Ê ¤²Ö Ê¶·μÐ¥´¨Ö ¡Ê¤¥³
¸Î¨É ÉÓ ¶²μÐ ¤Ó, μÌ¢ Î¥´´ÊÕ ±μ´ÉÊ·μ³ ¢ ¢¨¤¥ S = 2πΛ, ± ± ¤²Ö ¸Ë¥·Ò
· ¤¨Ê¸  Rf . Œ¥É·¨Î¥¸±¨° É¥´§μ· ¨³¥¥É ¢¨¤

gzz = α2 e−4Λ

1 − e−2Λ
+ 1, gϕϕ = ρ2(z), gzϕ = 0. (67)
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�É²¨Î´Ò¥ μÉ ´Ê²Ö ±μÔËË¨Í¨¥´ÉÒ ³¥É·¨Î¥¸±μ° ¸¢Ö§´μ¸É¨ ¨³¥ÕÉ ¢¨¤

Γz
zz =

−1
Rfgzz

(
2(gzz − 1) +

e2Λ

α2
(gzz − 1)2

)
,

(68)

Γz
ϕϕ = −R2

t e−2Λ

Rfgzz
, Γϕ

zϕ = Γϕ
ϕz =

R2
t e−2Λ

Rfgϕϕ
.

„¨ ¤´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶·¥¤¸É ¢¨³ ¢ É ±μ° ± ²¨¡·μ¢±¥, ÎÉμ¡Ò μ´¨ ¡Ò²¨
¤¨ £μ´ ²Ó´Ò: e1

z =
√

gzz, e2
ϕ = ρ(z). �É¸Õ¤  ¸¶¨´μ¢ Ö ¸¢Ö§´μ¸ÉÓ ¶·¨³¥É ¢¨¤

ω12
ϕ = −ω21

ϕ = αRt e−2Λ/(ρ(z)
√

gzz). ’ ±¨³ μ¡· §μ³, ¡ §μ¢μ¥ Ê· ¢´¥´¨¥ (26)
¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ¸² £ ¥³μ¥ ¢¨¤ 

Ωϕ =
iσ3αRt e−2Λ

2ρ(z)
√

gzz
. (69)

�·¨ ÔÉμ³ ¢ μ¡² ¸É¨ −Rf < z < 0 ± ²¨¡·μ¢μÎ´Ò¥ ¶μ²Ö μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê-
²μ° (64),   ¤²Ö z > 0 Å Ëμ·³Ê²μ° (65). �μ¸²¥ ¶μ¤¸É ´μ¢±¨ ψ = (u, v)T eijϕ

Ê· ¢´¥´¨¥ „¨· ±  (26) ¶·¨´¨³ ¥É ¢¨¤

−i

(
∂z√
gzz

+
1

ρ(z)

(
j − αRt e−2Λ

ρ(z)
√

gzz
− Wϕ − aϕ

))
v = Eu,

−i

(
∂z√
gzz

− 1
ρ(z)

(
j +

αRt e−2Λ

ρ(z)
√

gzz
− Wϕ − aϕ

))
u = Ev.

(70)

�É³¥É¨³, ÎÉμ ³μ³¥´É j ¢Ìμ¤¨É ¢ (70) Éμ²Ó±μ ¢ ±μ³¡¨´ Í¨¨ j − aϕ. ‚ μ¡² ¸É¨
É·Ê¡±¨ ´ Ï¨ Ê· ¢´¥´¨Ö ¤μ²¦´Ò ¸μ¢¶ ¸ÉÓ ¸ ·¥§Ê²ÓÉ Éμ³, ¶μ²ÊÎ¥´´Ò³ · ´¥¥

¢ [60]. „¥°¸É¢¨É¥²Ó´μ, ¤μ¡ ¢¨¢ ±3/2 ± j ¨ aϕ, ¶μ²ÊÎ¨³ ¢ (65)

2π∫
0

aϕdϕ =

±2πM2/3. ’ ± Ö Í¨·±Ê²ÖÍ¨Ö ¶μ²´μ¸ÉÓÕ ¸μμÉ¢¥É¸É¢Ê¥É ·¥§Ê²ÓÉ É ³ [60] ¤²Ö
¢¢¥¤¥´´μ£μ É ³ ÔËË¥±É¨¢´μ£μ ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ² .

�·¨ ¡μ²ÓÏ¨Ì z ¨³¥¥³ Wϕ = 0, aϕ = M2/3,
√

gzz → 1, ρ(z) → Rt,
Ωϕ → 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ (70) ¶·¨´¨³ ¥É ¨§¢¥¸É´Ò° ¢¨¤ −iσ1∂zψ+σ2mψ = Eψ
(¸³. [60]), £¤¥ E = ±

√
m2 + k2 ¨ ®μ¤´μ³¥·´ Ö ³ ¸¸ ¯ m = −(j −M2/3)/Rt.

‚ ÔÉμ³ ¶·¥¤¥²¥ μ¡Ð¥¥ ·¥Ï¥´¨¥ (70) ¨³¥¥É ¢¨¤

ψk = C

(
1

(k − im)/E

)
eikz , (71)

£¤¥ C Å ¶μ¸ÉμÖ´´ Ö, μ¶·¥¤¥²ÖÕÐ Ö ´μ·³¨·μ¢±Ê. �Éμ³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É-
¸É¢Ê¥É ¶²μ¸± Ö ¢μ²´  ¸ ´¥´Ê²¥¢Ò³ Éμ±μ³ jz = ψ̄σ1ψ, ÎÉμ ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ
¤²Ö ¡¥¸±μ´¥Î´μ° É·Ê¡±¨. ‚ ´ Ï¥³ ¸²ÊÎ ¥ É·Ê¡±  ¸ μ¤´μ£μ ±μ´Í  Ö¢²Ö¥É¸Ö § -
±·ÒÉμ°, ¨ Éμ± ´  ¢¸¥° É·Ê¡±¥ μ¡Ö§ ´ ¡ÒÉÓ · ¢´Ò³ ´Ê²Õ ¶μ § ±μ´Ê ¸μÌ· ´¥´¨Ö



1002 Š�‹…‘�ˆŠ�‚ „.‚., �‘ˆ��‚ ‚. �.

¶μÉμ± . “Î¨ÉÒ¢ Ö Ê¸²μ¢¨¥ jz = 0, ¶μ²ÊÎ¨³ ¨§ (71) ·¥Ï¥´¨¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
¸ÉμÖÎ¥° ¢μ²´¥ (ψ0 = ψk + ψ−k) ¸ ´Ê²¥¢Ò³ Éμ±μ³

ψ0 = 2C

(
cos (kz + φ)

i (k sin (kz + φ) − m cos (kz + φ) )/E

)
. (72)

’¥¶¥·Ó · ¸¸³μÉ·¨³ μ¡² ¸ÉÓ ±·ÒÏ±¨. �·¨ ³ ²ÒÌ Λ ¨³¥¥³ ρ = Rt

√
2Λ,√

gzz = α/
√

2Λ, Wϕ = −1, aϕ = ±3/2, ¨ Ê· ¢´¥´¨Ö (70) ¶·¨´¨³ ÕÉ ¢¨¤

−i

(√
2Λ∂Λ +

1√
2Λ

(
j − B − 1

2

))
v = εu,

−i

(√
2Λ∂Λ − 1√

2Λ

(
j − B +

1
2

))
u = εv,

(73)

£¤¥ B = −1 ± 3/2, ε = ERt. Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ Ê· ¢´¥´¨Ö (73) ¸μ¢¶ -
¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨ (44) ¤²Ö ¸Ë¥·¨Î¥¸±μ£μ ËÊ²²¥·¥´  [15]. �·¨ Λ ≈ 0 μ¡Ð¥¥
·¥Ï¥´¨¥ ¤²Ö u ¨ v μ¶·¥¤¥²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨± ³¨ ¨ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¸É¥-
¶¥´´μ³ ¢¨¤¥ C1Λα + C2Λ−α, α � 1/2. ’ ± ± ± ¢Éμ·μ¥ ¸² £ ¥³μ¥ · ¸Ìμ¤¨É¸Ö
¶·¨ Λ → 0, ´¥μ¡Ìμ¤¨³μ ¶μ²μ¦¨ÉÓ C2 = 0.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸¨¸É¥³  (70) ¡Ò²  ¨¸¸²¥¤μ¢ ´  Î¨¸²¥´´μ. ‚ ± Î¥¸É¢¥ ´ -
Î ²Ó´ÒÌ Ê¸²μ¢¨° ¨¸¶μ²Ó§Ê¥³ (72) ¶·¨ z � Rf . �·¨ ÔÉμ³ ¸Ìμ¤¨³μ¸ÉÓ ¢μ²´μ-
¢μ° ËÊ´±Í¨¨ ¢ ÉμÎ±¥ z = −Rf ¤μ¸É¨£ ¥É¸Ö ¨§³¥´¥´¨¥³ Ë §Ò φ É ±¨³ μ¡· §μ³,
ÎÉμ¡Ò C2 ¡Ò²  · ¢´  (¸ ¢ÒÎ¨¸²¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ) ´Ê²Õ. ‚ μ¡² ¸É¨ É·Ê¡±¨
¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´μ·³¨·μ¢ ´  ´  δ-ËÊ´±Í¨Õ ¢ ´¥¶·¥·Ò¢´μ³ ¸¶¥±É·¥, ÎÉμ
μ§´ Î ¥É C =

√
DoS0(E), £¤¥ DoS0(E) = (∂E/∂k)−1 Å ¶μ²´ Ö ¶²μÉ´μ¸ÉÓ

Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° ¤²Ö ¡¥¸±μ´¥Î´μ° É·Ê¡±¨. �¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸-
Î¥Éμ¢ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 20 ¨ 21. �  ·¨¸. 20 ¶μ± § ´  ²μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ
Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° (LDoS) ± ± ËÊ´±Í¨Ö Ô´¥·£¨¨ ¢ É·¥Ì μ¡² ¸ÉÖÌ: ¢¤ ²¨
μÉ ¢¥·Ï¨´Ò, ¢ §μ´¥ ¸μ¥¤¨´¥´¨Ö É·Ê¡±¨ ¸ ±·ÒÏ±μ° ¨ μ±μ²μ ¢¥·Ï¨´Ò Å ¤²Ö
³¥É ²²¨Î¥¸±¨Ì ¨ ¶μ²Ê¶·μ¢μ¤ÖÐ¨Ì ´ ´μÉ·Ê¡μ±. ‚¨¤´μ, ÎÉμ ¶¨±¨ ¶μÖ¢²ÖÕÉ¸Ö
¶·¨ Ô´¥·£¨ÖÌ ¡μ²ÓÏ¨Ì, Î¥³ ¶μ·μ£μ¢ Ö Ô´¥·£¨Ö m, £¤¥ mRt = 0,±1,±2, . . . Å
¤²Ö ³¥É ²²¨Î¥¸±¨Ì ¨ mRt = ±1/3,±2/3,±4/3, . . . Å ¤²Ö ¶μ²Ê¶·μ¢μ¤ÖÐ¨Ì
´ ´μÉ·Ê¡μ±. Š·μ³¥ μ¸´μ¢´ÒÌ ¶¨±μ¢, ¶·¨¸ÊÉ¸É¢ÊÕÉ É ±¦¥ ¢Éμ·¨Î´Ò¥ (³¥´Ó-
Ï¨¥) ¶¨±¨. „²Ö ³¥É ²²¨Î¥¸±¨Ì É·Ê¡μ± ¶μ¸ÉμÖ´´ Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨°, ¸μμÉ-
¢¥É¸É¢ÊÕÐ Ö ³¥É ²²¨Î¥¸±μ³Ê ± ´ ²Ê, ¶·¨¸ÊÉ¸É¢Ê¥É ¶·¨ Ô´¥·£¨¨ ´¨¦¥ ¶¥·¢μ°
¶μ·μ£μ¢μ°. �  ·¨¸. 21 ¶μ± § ´  ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ± ± ËÊ´±Í¨Ö Ô´¥·£¨¨
¨ ±μμ·¤¨´ ÉÒ. ‚¥²¨Î¨´  LDoS μÉ´μ¸¨É¸Ö ± Ê¸·¥¤´¥´´μ° ¶μ μ¡¥¨³ ¶μ¤·¥-
Ï¥É± ³ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨. ‚ §μ´¥ ±·ÒÏ±¨ LDoS
§´ Î¨É¥²Ó´μ Ê³¥´ÓÏ ¥É¸Ö ± ± ¤²Ö ³¥É ²²¨Î¥¸±μ£μ ± ´ ² , É ± ¨ ¤²Ö ¶¨±μ¢.
Š ± ¢¨¤´μ ¨§ ·¨¸. 21, a, ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ ¨³¥¥É ³¥¸Éμ £ ·³μ´¨Î¥¸± Ö
§ ¢¨¸¨³μ¸ÉÓ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μÉ ±μμ·¤¨´ ÉÒ, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥-
´¨Õ (72).
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�¨¸. 20. ‹μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° (´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨, ¢ ¶·μ-
¨§¢μ²Ó´ÒÌ ¥¤¨´¨Í Ì) ¢ §μ´¥ ±·ÒÏ±¨ (¤, ¥), μ±μ²μ ±·ÒÏ±¨ (¢, £) ¨ ¢¤ ²¨ μÉ ±·ÒÏ±¨
( , ¡). �¥§Ê²ÓÉ ÉÒ ¤²Ö ³¥É ²²¨Î¥¸±¨Ì ´ ´μÉ·Ê¡μ± ¶μ± § ´Ò ¸²¥¢ , ¤²Ö ¶μ²Ê¶·μ¢μ¤Ö-
Ð¨Ì Å ¸¶· ¢ . ‡¤¥¸Ó 1/α = 0,9 ¨ Ô´¥·£¨Ö E ¨§³¥·¥´  ¢ ¥¤¨´¨Í Ì �VF /Rt

�¨¸. 21. ‹μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° (´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨, ¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨-
´¨Í Ì) ± ± ËÊ´±Í¨Ö Ô´¥·£¨¨ (¢ ¥¤¨´¨Í Ì �VF /Rt) ¨ ±μμ·¤¨´ ÉÒ (¢ ¥¤¨´¨Í Ì Rt) ¤²Ö
³¥É ²²¨Î¥¸±¨Ì ( ) ¨ ¶μ²Ê¶·μ¢μ¤ÖÐ¨Ì (¡) ´ ´μÉ·Ê¡μ±
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� ¨¡μ²¥¥ ¨´É¥·¥¸´Ò³ ·¥§Ê²ÓÉ Éμ³ Î¨¸²¥´´μ£μ · ¸Î¥É  Ö¢²Ö¥É¸Ö ´¥¸¨´£Ê-
²Ö·´μ¥ ¶μ¢¥¤¥´¨¥ LDoS ¢¡²¨§¨ Ô´¥·£¨° E = m, £¤¥ LDoS § ¢¨¸¨É μÉ Ô´¥·-
£¨¨ ²¨´¥°´μ. 	μ²¥¥ Éμ£μ, ± ± ¢¨¤´μ ¨§ ·¨¸. 20 ¨ 21, ¶μ§¨Í¨¨ ¸£² ¦¥´´ÒÌ
¶¨±μ¢ ¸¤¢¨´ÊÉÒ ¢ μ¡² ¸ÉÓ ¡μ²ÓÏ¨Ì Ô´¥·£¨° ¶μ ¸· ¢´¥´¨Õ ¸ ¶μ²μ¦¥´¨¥³
¢ ´-Ìμ¢μ¢¸±¨Ì ¸¨´£Ê²Ö·´μ¸É¥°. ‚ ´ Ï¥° ³μ¤¥²¨ ¤¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥
¨³¥¥É ¢¨¤ E =

√
k2 + m2 ¨, ± ± ¨ ¡Ò²μ μÉ³¥Î¥´μ · ´¥¥, DoS0(E) · ¸Ìμ¤¨É¸Ö

± ± (E − m)−1/2 ¶·¨ ¶·¨¡²¨¦¥´¨¨ ± ¶μ·μ£μ¢μ° Ô´¥·£¨¨ m. �É¸Õ¤  ³μ¦´μ
§ ±²ÕÎ¨ÉÓ, ÎÉμ LDoS ¤μ²¦´  ¡ÒÉÓ ¸¨´£Ê²Ö·´  ¶·¨ ¶μ·μ£μ¢μ° Ô´¥·£¨¨, μ¤´ ±μ
ÔÉμ£μ ´¥ ´ ¡²Õ¤ ¥É¸Ö ¶·¨ · ¸Î¥É Ì. …¤¨´¸É¢¥´´Ò° ¶ÊÉÓ ¨¸±²ÕÎ¨ÉÓ ¸¨´£Ê²Ö·-
´μ¸ÉÓ ¨§  ´ ²¨É¨Î¥¸±μ£μ ·¥§Ê²ÓÉ É  Å ÔÉμ ¶μ²μ¦¨ÉÓ φ = ±π/2 ¢ (72). „¥°-
¸É¢¨É¥²Ó´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ μ¡¥ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·  Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ¶·¨
E ≈ m, ¶μ¸±μ²Ó±Ê ± ± u, É ± ¨ v ¸É ´μ¢ÖÉ¸Ö ¶·μ¶μ·Í¨μ´ ²Ó´Ò³¨ k. ’ ±¨³
μ¡· §μ³, Î¨¸²¥´´Ò°  ´ ²¨§ μ¤´μ§´ Î´μ Ê± §Ò¢ ¥É, ÎÉμ ¤²Ö Ë §Ò ¢Ò¶μ²´Ö¥É¸Ö
¸μμÉ´μÏ¥´¨¥ ¢¨¤ 

lim
E→m+0

φ(E) = ±π/2. (74)

„μ± ¦¥³ ÔÉμ ¸μμÉ´μÏ¥´¨¥  ´ ²¨É¨Î¥¸±¨. �·¨ ¶·¨¡²¨¦¥´¨¨ ± ±·ÒÏ±¥ · -
¤¨Ê¸ É·Ê¡±¨ ´ Î¨´ ¥É Ê³¥´ÓÏ ÉÓ¸Ö, ÎÉμ ¶·¨¢μ¤¨É ± ·μ¸ÉÊ ¢¥²¨Î¨´Ò ®μ¤´μ-
³¥·´μ° ³ ¸¸Ò¯. �μ¤¸É ´μ¢±  ψ = f(Λ)ψ̃, £¤¥ f(Λ) = exp (−α e−2Λ/2), ¶μ-
§¢μ²Ö¥É ¨¸±²ÕÎ¨ÉÓ Î²¥´ ¸μ ¸¶¨´μ¢μ° ¸¢Ö§´μ¸ÉÓÕ ¢ ¨¸Ìμ¤´μ³ Ê· ¢´¥´¨¨. �·¨
· §²μ¦¥´¨¨ Ê· ¢´¥´¨Ö (70) ¶·¨ ¡μ²ÓÏ¨Ì Λ ¢¶²μÉÓ ¤μ ¶μ·Ö¤±  e−2Λ ¡Ê¤¥³
¨³¥ÉÓ

−i
(
∂Λ ∓ μ(1 + e−2Λ/2)

)( ũ
ṽ

)
= ε

(
ũ
ṽ

)
, (75)

£¤¥ ε = ERt/α, μ = (M2/3−j)/α. „ ´´ Ö ¸¨¸É¥³  ²¥£±μ ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´ 
± ¤¢Ê³ Ê· ¢´¥´¨Ö³ ¢Éμ·μ£μ ¶μ·Ö¤±  ¢¨¤ 

∂2
ΛΨ + (A e−2Λ + κ2)Ψ = 0, (76)

£¤¥ κ2 = ε2 − μ2, A = −(μ2 ± μ), ¨ §´ ± ®¶²Õ¸¯ (®³¨´Ê¸¯) ¸μμÉ¢¥É¸É¢Ê¥É
±μ³¶μ´¥´É¥ ¸¶¨´μ·  ũ (ṽ). �μ¸±μ²Ó±Ê ¶ · ³¥É·Ò ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö M2 =
0,±1/3, j = ±1,±2, . . . ¨ α ≈ 1, ±μ´¸É ´ÉÒ A ¤²Ö ±μ³¶μ´¥´É ũ ¨ ṽ ¢¸¥£¤ 
¨³¥ÕÉ · §²¨Î´Ò¥ §´ ±¨. „²Ö ¶μ²μ¦¨É¥²Ó´μ£μ §´ Î¥´¨Ö A (±μÉμ·μ¥, ± ¶·¨-
³¥·Ê, ¸μμÉ¢¥É¸É¢Ê¥É ṽ) ¶μ¤¸É ´μ¢±  x =

√
Av e−Λ ¢ Ê· ¢´¥´¨¥ (76) ¶·¨¢μ¤¨É

± Ê· ¢´¥´¨Õ 	¥¸¸¥²Ö, ·¥Ï¥´¨Ö³¨ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨¨ 	¥¸¸¥²Ö ¨´-
¤¥±¸  iκ

x2ṽ′′ + xṽ′ + (x2 + κ2)ṽ = 0. (77)

�´ ²μ£¨Î´μ, ¤²Ö ũ ¡Ê¤¥³ ¨³¥ÉÓ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ Ê· ¢´¥´¨¥ 	¥¸¸¥²Ö ¨ ¢ ± -
Î¥¸É¢¥ ·¥Ï¥´¨Ö ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ËÊ´±Í¨¨ 	¥¸¸¥²Ö Éμ£μ ¦¥ ¨´¤¥±¸  (§¤¥¸Ó
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 ·£Ê³¥´É ¡Ê¤¥É x = i
√
|Au| e−Λ). ’ ± ± ± ·¥Ï¥´¨Ö ´¥ ¤μ²¦´Ò · ¸Ìμ¤¨ÉÓ¸Ö

¶·¨ z → ∞ (x → 0), μ´¨ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ 	¥¸¸¥²Ö ¨ ³μ¤¨Ë¨Í¨-
·μ¢ ´´Ò³¨ ËÊ´±Í¨Ö³¨ 	¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ :

ṽ = CvJik(x), ũ = CuIik(x).

„²Ö ³ ²ÒÌ k (´μ kz � 1) ¢ ²¨¤¨·ÊÕÐ¥³ ¶μ·Ö¤±¥ ¶μ k ¨³¥¥³

ṽ ≈ iCvκ logx = iCvkz,

ũ ≈ iCuκ logx = iCukz.
(78)

�μ¤¸É ¢¨¢ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö ¢ (75), ¶μ²ÊÎ¨³ ¸¢Ö§Ó ³¥¦¤Ê  ³¶²¨ÉÊ¤ ³¨ ¢
¢¨¤¥ iCv = Cu ¨²¨ iv = u ¢ (72), ÎÉμ μ¤´μ§´ Î´μ Ë¨±¸¨·Ê¥É Ë §Ê ¶·¨
E → m ± ± φ = π/2. …¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ Ë §  φ £² ¤±μ § -
¢¨¸¨É μÉ Ô´¥·£¨¨ ¢ (72). �É¸Õ¤  ¸· §Ê ¶μ²ÊÎ ¥³ ± ± ¢Ò¸μ±¨° ¶¨± ¶·¨
E > m, É ± ¨ ²¨´¥°´ÊÕ § ¢¨¸¨³μ¸ÉÓ LDoS ¢¡²¨§¨ E = m. Š·μ³¥ Éμ£μ,
 ³¶²¨ÉÊ¤  ¶¨±μ¢ ¤μ²¦´  ¢μ§· ¸É ÉÓ ¸ ·μ¸Éμ³ z, ÎÉμ ¶μ²´μ¸ÉÓÕ ¸μ£² ¸Ê¥É¸Ö
¸ ·¨¸. 21.

�É¨ ·¥§Ê²ÓÉ ÉÒ ³μ¦´μ ¸· ¢´¨ÉÓ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶μ ¨§³¥-
·¥´¨Õ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° § ±·ÒÉμ° Ê£²¥·μ¤´μ° ´ ´μÉ·Ê¡±¨. ‚ · ¡μÉ¥ [62]
¡Ò²  ¨§³¥·¥´  ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨° ¢ ´ ´μÉ·Ê¡±¥ ¢μ§²¥ ±·ÒÏ±¨ (·¨¸. 22). � 
·¨¸. 22 ¶·¨¢¥¤¥´  ¶²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨°, ¶μ²ÊÎ¥´´ Ö ¶·¨ ¨§³¥·¥´¨¨ ¶²μÉ´μ¸É¨
Éμ±  Ô³¨¸¸¨¨ ¨§ μ¡² ¸É¨ ¢¡²¨§¨ ±·ÒÏ±¨ ³¥É ²²¨Î¥¸±μ° ´ ´μÉ·Ê¡±¨. ‚¨¤´μ,
ÎÉμ ¢ Í¥²μ³ ¢ ´-Ìμ¢μ¢¸±¨¥ ¸¨´£Ê²Ö·´μ¸É¨ Ö¢²ÖÕÉ¸Ö ¸£² ¦¥´´Ò³¨ ¨ · ¸¶μ²μ-
¦¥´Ò ¶·¨ ¡μ²ÓÏ¥° Ô´¥·£¨¨, ´¥¦¥²¨ ¸¨´£Ê²Ö·´μ¸É¨ ¡¥¸±μ´¥Î´ÒÌ ´ ´μÉ·Ê¡μ±
(´¨¦´¨¥ ±·¨¢Ò¥). ‚ · ¡μÉ¥ [62] É ±μ¥ ¶μ¢¥¤¥´¨¥ μ¡ÑÖ¸´Ö¥É¸Ö ¢²¨Ö´¨¥³ ¶μ²Ö,
¸¢Ö§ ´´μ£μ ¸ ´¥¸Ë¥·¨Î´μ¸ÉÓÕ ±·ÒÏ±¨. �É³¥É¨³, ÎÉμ £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ·

�¨¸. 22. �²μÉ´μ¸ÉÓ ¸μ¸ÉμÖ´¨°, ¨§³¥·¥´´ Ö ¢ · ¡μÉ¥ [62] (¢¥·Ì´ÖÖ ±·¨¢ Ö). Œμ¤¥²Ó´Ò¥
¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¤²Ö ¡¥¸±μ´¥Î´ÒÌ (13,7)- ¨ (12,6)-´ ´μÉ·Ê¡μ± (´¨¦´¨¥ ±·¨¢Ò¥)
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É ±¦¥ ³μ¦¥É ¨£· ÉÓ §¤¥¸Ó ¢ ¦´ÊÕ ·μ²Ó. 	μ²¥¥ Éμ£μ, ¶·¨¢¥¤¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ
¢ Í¥²μ³ ´¥ ¶·μÉ¨¢μ·¥Î É £¨¶μÉ¥§¥ μ ¸£² ¦¨¢ ´¨¨ ¢ ´-Ìμ¢μ¢¸±¨Ì ¸¨´£Ê²Ö·´μ-
¸É¥° §  ¸Î¥É £¥μ³¥É·¨Î¥¸±μ£μ Ë ±Éμ· .

‡�Š‹
—…�ˆ…

Š· É±μ ¸Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ Ï¥£μ · ¸¸³μÉ·¥´¨Ö.
�  μ¸´μ¢¥ É¥μ·¥É¨±μ-¶μ²¥¢μ£μ ¶μ¤Ìμ¤ , ¢±²ÕÎ ÕÐ¥£μ ÊÎ¥É ±·¨¢¨§´Ò ¶μ-

¢¥·Ì´μ¸É¨ ¨ ¤¢  ¢¨¤  ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, ¶μ¸É·μ¥´  ³μ¤¥²Ó, μ¶¨¸Ò¢ ÕÐ Ö
Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  Ê£²¥·μ¤´ÒÌ ´ ´μ±μ´Ê¸μ¢. �μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´ ¸²ÊÎ °
´ ´μÌμ·´μ¢, ¤μ± § ´  ²μ± ²Ó´ Ö ³¥É ²²¨§ Í¨Ö ´ ´μÌμ·´μ¢ ¢¡²¨§¨ ¢¥·Ï¨´Ò
¨ Î¨¸²¥´´μ ´ °¤¥´  § ¢¨¸¨³μ¸ÉÓ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μÉ Ô´¥·£¨¨ ¨ ±μμ·¤¨-
´ ÉÒ, ¶μ± § ´ §´ Î¨É¥²Ó´Ò° ·μ¸É ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¢¡²¨§¨ ¢¥·Ï¨´Ò. �μ-
¸É·μ¥´  ³μ¤¥²Ó ¨ ¢Ò¶μ²´¥´μ Î¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ Ô²¥±É·μ´´ÒÌ ¸¢μ°¸É¢
£¨¶μÉ¥É¨Î¥¸±μ° ´ ´μ¸É·Ê±ÉÊ·Ò ¸ £¥μ³¥É·¨¥° μ¤´μ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤ ,
¶μ± § ´μ Ê³¥´ÓÏ¥´¨¥ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° ¢ §μ´¥ ±μ²ÓÍ  ¸¥³¨Ê£μ²Ó´¨±μ¢.

„²Ö ¸Ë¥·¨Î¥¸±¨Ì (Ih)-ËÊ²²¥·¥´μ¢ ¶μ¸É·μ¥´  ¶μ²¥¢ Ö ³μ¤¥²Ó ´  μ¸´μ¢¥
¨¸¶μ²Ó§Ê¥³μ£μ ¶μ¤Ìμ¤  ¢ ¶·¨¡²¨¦¥´¨¨, ÊÎ¨ÉÒ¢ ÕÐ¥³ § ³¥´Ê ÉμÎ¥Î´μ£μ ¨¸-
ÉμÎ´¨±  ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö ´  · ¸¶·¥¤¥²¥´´Ò° (¶·¨¡²¨¦¥´¨¥ ®· §³ § ´-
´μ£μ ¶μ²Ö¯). 	Ò²μ ´ °¤¥´μ ÉμÎ´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ (Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨) ¤²Ö ¤ ´´μ° ³μ¤¥²¨.

�  μ¸´μ¢¥ ¶·¨¡²¨¦¥´¨Ö ®· §³ § ´´μ£μ ¶μ²Ö¯ ¶μ¸É·μ¥´  ³μ¤¥²Ó, μ¶¨¸Ò¢ -
ÕÐ Ö Ô²¥±É·μ´´Ò¥ ¸¢μ°¸É¢  Ê£²¥·μ¤´μ° ´ ´μÉ·Ê¡±¨ ¶·μ¨§¢μ²Ó´μ° Ì¨· ²Ó´μ-
¸É¨, § ±·ÒÉμ° ¶μ²μ¢¨´±μ° ¸Ë¥·¨Î¥¸±μ£μ (I)- ¨²¨ (Ih)-ËÊ²²¥·¥´ . —¨¸²¥´´μ¥
¨¸¸²¥¤μ¢ ´¨¥ § ¢¨¸¨³μ¸É¨ ¶²μÉ´μ¸É¨ ¸μ¸ÉμÖ´¨° μÉ Ô´¥·£¨¨ ¶μ± § ²μ · §³Ò-
¢ ´¨¥ ¢ ´-Ìμ¢μ¢¸±¨Ì ¸¨´£Ê²Ö·´μ¸É¥° ¢ É·Ê¡±¥ ¢¡²¨§¨ ¶¥·¥Ìμ¤  ¢ ±·ÒÏ±Ê.
�´ ²¨§  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° ¶μ§¢μ²¨² μ¡ÑÖ¸´¨ÉÓ · §³Ò¢ ´¨¥ ¸¨´£Ê²Ö·-
´μ¸É¥° ´  £· ´¨Í Ì §μ´ ¢²¨Ö´¨¥³ £¥μ³¥É·¨¨ É·Ê¡±¨.

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ, ¶μ³¨³μ Ê£²¥·μ¤´ÒÌ, ¤·Ê£¨³¨ ¨§¢¥¸É´Ò³¨
¶·¨³¥· ³¨ ´ ´μ¸É·Ê±ÉÊ· Ö¢²ÖÕÉ¸Ö ³¥É ²²¨Î¥¸±¨¥ ±² ¸É¥·Ò ¨ ´ ´μ¶²¥´±¨ [65,
66], ´ ´μÎ ¸É¨ÍÒ, ´ ´μÉ·Ê¡±¨ ¨ ±¢ ´Éμ¢Ò¥ ÉμÎ±¨ ´  μ¸´μ¢¥  ·¸¥´¨¤  £ ²²¨Ö
(GaAs/AlGaAs) [67Ä69], · §²¨Î´μ£μ ·μ¤  ´ ´μ¢±²ÕÎ¥´¨Ö ¢ ±μ³¶μ§¨É´ÒÌ ³ -
É¥·¨ ² Ì [70], ´ ´μÉ·Ê¡±¨ ´  μ¸´μ¢¥ ¡μ·  [71,72] ¨ ±·¥³´¨Ö [73,74]. �¸´μ¢-
´Ò³ ³¥Éμ¤μ³ ¶μ²ÊÎ¥´¨Ö ´ ´μ¸É·Ê±ÉÊ· ¢ §´ Î¨É¥²Ó´ÒÌ ±μ²¨Î¥¸É¢ Ì Ö¢²Ö¥É¸Ö
¸ ³μ¸¡μ·±  (self-assembling) [75]. �·¨ ÔÉμ³ ¢´¥Ï´¨¥ Ê¸²μ¢¨Ö ¶μ¤¡¨· ÕÉ¸Ö
É ±, ÎÉμ¡Ò μ´¨ ¸¶μ¸μ¡¸É¢μ¢ ²¨ μ¡· §μ¢ ´¨Õ ¦¥² É¥²Ó´μ£μ É¨¶  ´ ´μ¸É·Ê±-
ÉÊ·. �  ÔÉμ³ ¶·¨´Í¨¶¥ μ¸´μ¢Ò¢ ÕÉ¸Ö ± ± ¶¥·¢ Ö Ê¸É ´μ¢±  ¤²Ö ¶μ²ÊÎ¥´¨Ö
ËÊ²²¥·¥´μ¢, ¶·¥¤²μ¦¥´´ Ö ‘³μ²²¨ [1], É ± ¨ Ê¸É ´μ¢±  ¸ ¤Ê£μ¢Ò³ · §·Ö¤μ³
Š·¥Î³¥· Ä• ËË³ ´  [76]. Œ¥Éμ¤Ò ¶μ²ÊÎ¥´¨Ö ´ ´μ¸É·Ê±ÉÊ·, μÉ´μ¸ÖÐ¨¥¸Ö ±
É¨¶Ê ®¸´¨§Ê ¢¢¥·Ì¯, É ±¦¥ ¶μ²ÊÎ ÕÉ · §¢¨É¨¥ [77], ´μ μ´¨ Ö¢²ÖÕÉ¸Ö ³¥´¥¥ ÔË-
Ë¥±É¨¢´Ò³¨ ¤²Ö μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒÌ ¸É·Ê±ÉÊ·. �²¥±É·μ´´Ò¥ ³¨±·μ¸±μ¶Ò
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¶·¨ ÔÉμ³ ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥ ¤²Ö ¸¡μ·±¨ ¸É·Ê±ÉÊ·,   ¤²Ö ³ ´¨¶Ê²ÖÍ¨¨ £μÉμ¢Ò³¨
¸É·Ê±ÉÊ· ³¨ [78] ¨ ¨¸¸²¥¤μ¢ ´¨Ö ¸¢μ°¸É¢ ¶μ¸²¥¤´¨Ì [14]. ’ ±¦¥ ¥¸ÉÓ ³¥-
Éμ¤Ò ¶μ²ÊÎ¥´¨Ö ´ ´μ¸É·Ê±ÉÊ·, ¡²¨§±¨¥ ± ³¥Éμ¤Ê ¸ ³μ¸¡μ·±¨ ¨ Ö¢²ÖÕÐ¨¥¸Ö
¶μ ¸ÊÉ¨ Ì¨³¨Î¥¸±¨³¨ [79]. ‘¢μ°¸É¢  ´ ´μ¸É·Ê±ÉÊ· ¨ ³ ¸¸¨¢μ¢ ¨§ ´¨Ì μ¶·¥-
¤¥²ÖÕÉ μ¡² ¸É¨ ¨Ì ¶·¨³¥´¥´¨Ö. ’ ±, ¢Ò¸μ± Ö Ê¤¥²Ó´ Ö ¶μ¢¥·Ì´μ¸ÉÓ ¨ ¸μ·¡-
Í¨μ´´ Ö ¸¶μ¸μ¡´μ¸ÉÓ ¶μ§¢μ²ÖÕÉ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥Ê¶μ·Ö¤μÎ¥´´μ¥ £· Ë¨Éμ¢μ¥ ¨
´ ´μÉ·Ê¡μÎ´μ¥ ¢μ²μ±´μ ¢ ± Î¥¸É¢¥ Ë¨²ÓÉ·μ¢, ¸·¥¤Ò ¤²Ö Ì· ´¥´¨Ö ¦¨¤±μ£μ
¢μ¤μ·μ¤ , Ì¨³¨Î¥¸±¨Ì ¸¥´¸μ·μ¢,   ¨Ì ¨¸±²ÕÎ¨É¥²Ó´Ò¥ ³¥Ì ´¨Î¥¸±¨¥ ¸¢μ°-
¸É¢  (³μ¤Ê²Ó 
´£  ³´μ£μ¸É¥´μÎ´ÒÌ Ê£²¥·μ¤´ÒÌ ´ ´μÉ·Ê¡μ± ¶·¨ · ¸ÉÖ¦¥´¨¨
¡μ²ÓÏ¥, Î¥³ Ê ¦¥²¥§ ) Å ¢ ± Î¥¸É¢¥ ±μ³¶μ´¥´Éμ¢ ¢ ²¥£±¨Ì ¨ ¢Ò¸μ±μ¶·μÎ´ÒÌ
±μ³¶μ§¨É Ì [2]. “�‘ É ±¦¥ ³μ£ÊÉ Ì¨³¨Î¥¸±¨ ¶·¨¸μ¥¤¨´ÖÉÓ ± ¸¥¡¥  Éμ³Ò,
μ¡· §μ¢Ò¢ ÉÓ ³´μ£μ¸²μ°´Ò¥ ¸É·Ê±ÉÊ·Ò ¶·¨ ¶μ³μÐ¨ Ì¨³¨Î¥¸±¨Ì ¸¢Ö§¥°,  
ËÊ²²¥·¥´Ò ³μ£ÊÉ § ±²ÕÎ ÉÓ ¢ ¸¥¡¥ · §²¨Î´Ò¥  Éμ³Ò ¨ £·Ê¶¶Ò  Éμ³μ¢. ‚¸¥
ÔÉμ μ§´ Î ¥É, ÎÉμ ¢¶¥·¥¤¨ ´ ¸ μ¦¨¤ ¥É ¤ ²Ó´¥°Ï¨° ·μ¸É Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¨ É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨° ¢ μ¡² ¸É¨ ´ ´μË¨§¨±¨ ¨ § ³¥É´Ò° ¶·μ£·¥¸¸ ¢
· §¢¨É¨¨ ¸μ¢·¥³¥´´ÒÌ ´ ´μÉ¥Ì´μ²μ£¨°.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ Ëμ´¤Ê �””ˆ (£· ´É 05-07-17721) § 
Ë¨´ ´¸μ¢ÊÕ ¶μ¤¤¥·¦±Ê ¤ ´´ÒÌ ¨¸¸²¥¤μ¢ ´¨°.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. ‘³μ²²¨ �. …. �É±·Ò¢ Ö ËÊ²²¥·¥´Ò (´μ¡¥²¥¢¸± Ö ²¥±Í¨Ö) // “”�. 1998. ’. 168.
‘. 324.

2. Baughman R. H., Zakhidov A. A., de Heer W. A. Carbon Nanotubes Å the Route toward
Applications // Science. 2002. V. 297. P. 787.

3. Dekker C. Carbon Nanotubes as Molecular Quantum Wires // Physics Today. 1999.
V. 52. P. 22.

4. Bonard J.-M. et al. Field Emission Properties of Carbon Nanohorn Films // J. Appl.
Phys. 2002. V. 91. P. 10107.

5. Chen Q. et al. Ultrafast Nonresonant Third-Order Optical Nonlinearity of Fullerene-
Containing Polyurethane Films at Telecommunication Wavelengths // Appl. Phys. Lett.
2003. V. 83. P. 2115.

6. Li J. et al. Theoretical Evaluation of Hydrogen Storage Capacity in Pure Carbon
Nanostructures // J. Chem. Phys. 2003. V. 119. P. 2376.

7. Cambedouzou J. et al. Low-Frequency Excitations of C60 Chains Inserted Inside
Single-Walled Carbon Nanotubes // Phys. Rev. B. 2005. V. 71. P. 041403.

8. Roco M. C. International Strategy for Nanotechnology Research // J. Nanoparticle Res.
2004. V. 3. P. 353.

9. Luttinger J. M. An Exactly Soluble Model of a Many Fermion System // J. Math.
Phys. 1963. V. 4. P. 1154.



1008 Š�‹…‘�ˆŠ�‚ „.‚., �‘ˆ��‚ ‚. �.

10. Ando T., Fowler A. B., Stern F. Electronic Properties of Two-Dimensional Systems //
Rev. Mod. Phys. 1982. V. 54. P. 437.

11. Terrones H. et al. New Metallic Allotropes of Planar and Tubular Carbon // Phys.
Rev. Lett. 2000. V. 84. P. 1716.

12. Hartschuh A. et al. High-Resolution Near-Field Raman Microscopy of Single-Walled
Carbon Nanotubes // Phys. Rev. Lett. 2003. V. 90. P. 095503.

13. Ebbesen T.W. et al. Electrical Conductivity of Individual Carbon Nanotubes // Nature.
1996. V. 382. P. 54.

14. An B. et al. Single Pentagon in a Hexagonal Carbon Lattice Revealed by Scanning
Tunneling Microscopy // Appl. Phys. Lett. 2001. V. 78. P. 3696.

15. Kolesnikov D. V., Osipov V. A. The Continuum Gauge Field-Theory Model for Low-
Energy Electronic States of Icosahedral Fullerenes // Europhys. J. B. 2006. V. 49.
P. 465.

16. Kolesnikov D. V., Osipov V. A. Electronic Structure of Carbon Nanohorns near the
Fermi Level // �¨¸Ó³  ¢ †�’”. 2004. ’. 79. ‘. 660.

17. Volovik G. E. Super�uid Analogies of Cosmological Phenomena // Phys. Rep. 2001.
V. 351. P. 195.

18. Gusynin V. P., Sharapov S.G., Carbotte J. P. AC Conductivity of Graphene: from
Tight-Binding Model to 2 + 1-Dimensional Quantum Electrodynamics // Intern. J.
Mod. Phys. B. 2007. V. 21. P. 4611.

19. DiVincenzo D. P., Mele E. J. Self-Consistent Effective-Mass Theory for Intralayer
Screening in Graphite Intercalation Compounds // Phys. Rev. B. 1984. V. 29. P. 1685.

20. Wallace P. R. The Band Theory of Graphite // Phys. Rev. 1946. V. 71. P. 622.

21. Painter G. S., Ellis D. E. Electronic Band Structure and Optical Properties of Graphite
from Variational Approach // Phys. Rev. B. 1970. V. 1. P. 4747.

22. Slonczevski J. C., Weiss P. R. Band Structure of Graphite // Phys. Rev. 1958. V. 109.
P. 272.

23. Matsumura H., Ando T. Effective-Mass Theory of Carbon Nanotube Junctions // J.
Phys. Soc. Japan. 1998. V. 67. P. 3542.

24. „ ¢Ò¤μ¢ �. ‘. ’¥μ·¨Ö É¢¥·¤μ£μ É¥² . Œ.: � Ê± , 1976.

25. Cortijo A., Vozmediano M. A. H. Electronic Properties of Curved Graphene Sheet //
Europhys. Lett. 2007. V. 77. P. 47002.

26. Osipov V. A., Kochetov E. A., Pudlak M. Electronic Structure of Carbon Nanoparticles //
JETP. 2003. V. 96. P. 140.

27. Lammert P. E., Crespi V.H. Graphene Cones: Classiˇcation by Fictitious Flux and
Electronic Properties // Phys. Rev. B. 2004. V. 69. P. 035406.

28. Lammert P. E., Crespi V. H. Topological Phases in Graphitic Cones // Phys. Rev. Lett.
2000. V. 85. P. 5190.

29. Osipov V. A., Kolesnikov D. V. Electronic Properties of Curved Carbon Nanostruc-
tures // Roman. J. Phys. 2005. V. 50. P. 457.



’…��…’ˆŠ�-��‹…‚�‰ ��„•�„ Š ��ˆ‘��ˆ
 �‹…Š’����›• ‘‚�‰‘’‚ 1009

30. Š ¤¨Î �., �¤¥²¥´ „. Š ²¨¡·μ¢μÎ´ Ö É¥μ·¨Ö ¤¨¸²μ± Í¨° ¨ ¤¨¸±²¨´ Í¨°. Œ.: Œ¨·,
1987.

31. Osipov V. A. A Monopole-Like Solution for Static Disclinations in Continuum Media //
Phys. Lett. A. 1990. V. 146. P. 67.

32. Kochetov E. A., Osipov V. A. Gauge Theory of Disclinations on Fluctuating Elastic
Surfaces // J. Phys. A: Math. Gen. 1999. V. 32. P. 1961.

33. Osipov V. A. AharonovÄBohm Effect in Planar Systems with Disclination Vortices //
Phys. Lett. A. 1992. V. 164. P. 327.

34. ‚¥°´¡¥·£ ‘. ƒ· ¢¨É Í¨Ö ¨ ±μ¸³μ²μ£¨Ö. Œ.: Œ¨·, 1975.

35. Gallup G. A. The Application of Zero-Range Potentials to the Electronic Properties of
Footballene, C60 // Chem. Phys. Lett. 1991. V. 187. P. 187.

36. Manousakis E. Electronic Structure of C60 within the Tight-Binding Approximation //
Phys. Rev. B. 1991. V. 44. P. 10991.

37. Mintmire J. W. et al. Local-Density-Functional Calculation of Photoelectron Spectra
of Fullerenes // Ibid. V. 43. P. 14281.

38. Pudlak M., Pincak R., Osipov V. A. Electronic Structure of Spheroidal Fullerenes in
a Weak Uniform Magnetic Field: a Continuum Field-Theory Model // Phys. Rev. A.
2007. V. 75. P. 025201.

39. Suzura H., Ando T. Phonons and ElectronÄPhonon Scattering in Carbon Nanotubes //
Phys. Rev. B. 2002. V. 65. P. 235412.

40. Gonz�alez J., Guinea F., Vozmediano M. A. H. The Electronic Spectrum of Fullerenes
from the Dirac Equation // Nucl. Phys. B. 1993. V. 406. P. 771.

41. Gonz�alez J., Guinea F., Vozmediano M. A. H. Continuum Approximation to Fullerene
Molecules // Phys. Rev. Lett. 1992. V. 69. P. 172.

42. Kane C. L., Mele E. J. Electron Interactions and Scaling Relations for Optical Excita-
tions in Carbon Nanotubes // Phys. Rev. Lett. 2004. V. 93. P. 197402.

43. Bellucci S., Gonzalez J., Onorato P. Crossover from the Luttinger-Liquid to Coulomb-
Blockade Regime in Carbon Nanotubes // Phys. Rev. Lett. 2005. V. 95. P. 186403.

44. Osipov V. A., Kochetov E. A. Dirac Fermions on Graphite Cones // JETP Lett. 2001.
V. 73. P. 631.

45. Charlier J.-C., Rignanese G.-M. Electronic Structure of Carbon Nanocones // Phys.
Rev. Lett. 2001. V. 86. P. 5970.

46. Bonard J.-M. et al. Field Emission Properties of Carbon Nanohorn Films // J. Appl.
Phys. 2002. V. 91. P. 10107.

47. Berber S., Kwon Y.-K., Tomanek D. Electronic and Structural Properties of Carbon
Nanohorns // Phys. Rev. B. 2000. V. 62. P. R2291.

48. Iijima S., Ayayan P. M., Ichihashi T. Growth Model for Carbon Nanotubes // Phys.
Rev. Lett. 1992. V. 69. P. 3100.

49. Terrones H., Terrones M. Curved Nanostructured Materials // New J. Phys. 2005. V. 5.
P. 1261.



1010 Š�‹…‘�ˆŠ�‚ „.‚., �‘ˆ��‚ ‚. �.

50. Tamura R., Tsukada M. Disclinations of Monolayer Graphite and Their Electronic
States // Phys. Rev. B. 1994. V. 49. P. 7697.

51. Terrones H., Terrones M. Quasiperiodic Icosahedral Graphite Sheets and High-Genus
Fullerenes with Nonpositive Gaussian Curvature // Phys. Rev. B. 1997. V. 55. P. 9969.

52. ƒ·¨´ Œ., ˜¢ ·Í „¦., ‚¨ÉÉ¥´ �. ’¥μ·¨Ö ¸Ê¶¥·¸É·Ê´. ’. 2. Œ.: Œ¨·, 1990.

53. Osipov V. A. Extension of Kadi
cÄEdelen Gauge Model: Electronic Properties of Defect
Systems // Physica A. 1991. V. 175. P. 369.

54. Abrikosov A. A., Jr. Fermion States on the Sphere S2 // Intern. J. Mod. Phys. A. 2005.
V. 17. P. 85.

55. Manousakis E. Electronic Structure of C60 within the Tight-Binding Approximation //
Phys. Rev. B. 1991. V. 44. P. 10991.

56. Lin Y.-L., Nori F. Quantum Interference on the Kagome' Lattice // Phys. Rev. B. 1994.
V. 50. P. 15953.

57. Tang A. C., Huang F.Q., Liu R. Z. Electronic Structures of Fullerenes Cn with Ih
Symmetry and n = 20k2 // Phys. Rev. B. 1996. V. 53. P. 7442.

58. P�erez-Garrido A., Alhama F., Katada D. J. Electronic Structure of Fullerenes with
Defects // Chem. Phys. 2002. V. 278. P. 71.

59. Dai H. Carbon Nanotubes: Opportunities and Challenges // Surface Sci. 2002. V. 500.
P. 218.

60. Kane C. L., Mele E. J. Size, Shape, and Low Energy Electronic Structure of Carbon
Nanotubes // Phys. Rev. Lett. 2007. V. 78. P. 1932.

61. …²¥Í±¨° �. ‚. “£²¥·μ¤´Ò¥ ´ ´μÉ·Ê¡±¨ // “”�. 1997. ’. 167. ‘. 945.

62. Kim P. et al. Electronic Density of States of Atomically Resolved Single-Walled
Carbon Nanotubes: Van Hove Singularities and End States // Phys. Rev. Lett. 1999.
V. 82. P. 1225.

63. Rubio A. Spectroscopic Properties and STM Images of Carbon Nanotubes // Appl.
Phys. A. 1999. V. 68. P. 275.

64. Kolesnikov D. V., Osipov V. A. Geometry-Induced Smoothing of van Hove Singularities
in Capped Carbon Nanotubes // Europhys. Lett. 2007. V. 78. P. 47002.

65. Chern R.-L., Liu X.-X., Chang C.-C. Particle Plasmons of Metal Nanospheres: Appli-
cation of Multiple Scattering Approach // Phys. Rev. E. 2007. V. 76. P. 016609.

66. Trice J. et al. Pulsed-Laser-Induced Dewetting in Nanoscopic Metal Films: Theory
and Experiments // Phys. Rev. B. 2007. V. 75. P. 235439.

67. Persson A. I. et al. Solid-Phase Diffusion Mechanism for GaAs Nanowire Growth //
Nature Materials. 2004. V. 3. P. 677.

68. Prinz V. Ya. et al. A Technique for Fabricating InGaAs/GaAs Nanotubes of Precisely
Controlled Lengths // Nanotechnology. 2002. V. 13. P. 231.

69. Kammerer C. Photoluminescence Up-Conversion in Single Self-Assembled InAs/GaAs
Quantum Dots // Phys. Rev. Lett. 2001. V. 87. P. 207401.



’…��…’ˆŠ�-��‹…‚�‰ ��„•�„ Š ��ˆ‘��ˆ
 �‹…Š’����›• ‘‚�‰‘’‚ 1011

70. Ruiz-Hitzky E. et al. Nanocomposite Materials with Controlled Ion Mobility // Adv.
Mater. 2004. V. 7. P. 180.

71. Sen R. B-C-N, C-N and B-N Nanotubes Produced by the Pyrolysis of Precursor
Molecules over Co Catalysts // Chem. Phys. Lett. 1998. V. 287. P. 671.

72. Rubio A., Corkill J. L., Cohen M. L. Theory of Graphitic Boron Nitride Nanotubes //
Phys. Rev. B. 1994. V. 49. P. 5081.

73. Zhang M. et al. Why Silicon Nanotubes Stably Exist in Armchair Structure // Chem.
Phys. Lett. 2003. V. 379. P. 81.

74. Singh A. K. et al. Magnetism in Transition-Metal-Doped Silicon Nanotubes // Phys.
Rev. Lett. 2003. V. 91. P. 146802.

75. Whitesides G.M., Grzybowski B. Self-Assembly at All Scales // Science. 2002. V. 295.
P. 2418.

76. McHenry M. E. et al. Superparamagnetism in Carbon-Coated Co Particles Produced
by the Kratschmer Carbon Arc Process // Phys. Rev. B. 1994. V. 49. P. 11358.

77. � ²Ò±¨´ ‚.ˆ. �Éμ³´μ-¶·μ¥±Í¨μ´´ Ö ¶ · ²²¥²Ó´ Ö Ë ¡·¨± Í¨Ö ´ ´μ¸É·Ê±ÉÊ· //
“”�. 2007. ’. 177. ‘. 780.

78. Liu R. S. et al. Assembling Ferromagnetic Single-Electron Transistors by Atomic Force
Microscopy // Nanotechnology. 2007. V. 18. P. 055302.

79. Parthangal P.M., Cavicchi R. E., Zachariah M. R. A Generic Process of Growing
Aligned Carbon Nanotube Arrays on Metals and Metal Alloys // Ibid. P. 185605.


