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� ¸¸³ É·¨¢ ¥É¸Ö ¸ ³μ¸μ£² ¸μ¢ ´´ Ö ¸¨¸É¥³  ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö É¨¶  	¨ ´±¨-I (BI) ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¨ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°.
�¥²¨´¥°´Ò° Î²¥´ ¢ ² £· ´¦¨ ´¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢μ§´¨± ¥É ²¨¡μ §  ¸Î¥É ¸ ³μ¤¥°¸É¢¨Ö, ²¨¡μ ¢
·¥§Ê²ÓÉ É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¸± ²Ö·´Ò³ ¶μ²¥³. �´ § ¤ ¥É¸Ö ¢ ¢¨¤¥ ¸É¥¶¥´´μ° ËÊ´±Í¨¨ ¨´¢ ·¨-
 ´Éμ¢ I ¨ J , ¸±μ´¸É·Ê¨·μ¢ ´´ÒÌ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³ S ¨ P . —Éμ ± ¸ ¥É¸Ö ¢Ö§±μ¸É¨,
Éμ μ´  § ¢¨¸¨É ¸É¥¶¥´´Ò³ μ¡· §μ³ μÉ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε. �μ²ÊÎ¥´Ò ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ ·¥-
Ï¥´¨Ö Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ, ¸± ²Ö·´μ£μ ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²¥°. �É¨ ·¥Ï¥´¨Ö ¢Ò· ¦¥´Ò
¶μ¸·¥¤¸É¢μ³ ËÊ´±Í¨¨ τ(t), £¤¥ τ Ö¢²Ö¥É¸Ö ³ ¸ÏÉ ¡´μ° ¥¤¨´¨Í¥° μ¡Ñ¥³  ¢μ ¢¸¥²¥´´μ° É¨¶  BI.
‚Ò¢¥¤¥´  ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö τ , H ¨ ε, £¤¥ H Ö¢²Ö¥É¸Ö ±μ´¸É ´Éμ° • ¡¡² , ε Å Ô´¥·£¨Ö
¢Ö§±μ£μ ¶μÉμ± . � °¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¢Ò¡μ· Ì ´¥²¨´¥°´μ¸É¨ ¨
¢Ö§±μ¸É¨. ‚Ò¶μ²´¥´ ¶μ²´Ò° ± Î¥¸É¢¥´´Ò°  ´ ²¨§ Ô¢μ²ÕÍ¨¨ ´  £· ´¨Í Ì, ¨ ¶μ²ÊÎ¥´Ò Î¨¸²¥´´Ò¥
·¥Ï¥´¨Ö ¤²Ö ´¥±μÉμ·ÒÌ μ¸μ¡μ ¨´É¥·¥¸´ÒÌ ¸²ÊÎ ¥¢. ‚ Î ¸É´μ¸É¨, ¶μ± § ´μ, ÎÉμ ¸¨¸É¥³  ¤μ¶Ê¸± ¥É
·¥Ï¥´¨Ö É¨¶  	μ²ÓÏμ° · §·Ò¢ (big rip), ÎÉμ Ì · ±É¥·´μ ¤²Ö ¸¨¸É¥³Ò ¸ Ë ´Éμ³´μ° ³ É¥·¨¥°.

A self-consistent system of nonlinear spinor and Bianchi type-I (BI) gravitational ˇeld in presence
of a viscous 
uid and cosmological constant has been considered. The nonlinear term in the spinor
ˇeld Lagrangian appears either due to self-action or as a result of interaction with scalar ˇeld. It is
given as a power law function of invariants I and J , constructed from the bilinear spinor forms S
and P . As far as viscosity is concerned, it is given as a power law function of energy density ε.
Self-consistent solutions to the spinor, scalar and gravitational ˇelds are obtained and expressed in
terms of τ , where τ is the volume scale of BI metric. The system of equation for τ , generalized
Hubble parameter H and energy density of viscous 
uid ε has been deduced. Exact solutions to
this system have been obtained for some special choices of spinor ˇeld nonlinearity and viscosity.
Comprehensive qualitative analysis of evolution on the boundaries has been performed and numerical
solutions for some especially interesting cases have been obtained. In particular, it has been shown
that the system allows Big Rip type solution which is distinctive for phantom matters.

PACS: 03.65.Pm; 04.20.Ha

‚‚…„…�ˆ…

…Ð¥ ¢ ¤·¥¢´μ¸É¨ ²Õ¤¨, ´ ¡²Õ¤ Ö ´μÎ´μ¥ ´¥¡μ, ¶ÒÉ ²¨¸Ó ¶μ´ÖÉÓ ¶·¨·μ¤Ê
‚¸¥²¥´´μ°, ³μ¤¥²¨·μ¢ ÉÓ ¥¥ Ô¢μ²ÕÍ¨Õ. „ ¦¥ ´¥¸±μ²Ó±μ ¸Éμ²¥É¨° ´ § ¤ ²Õ¤¨
¸Î¨É ²¨, ÎÉμ ‡¥³²Ö ¶²μ¸± Ö. �·¨¸ÉμÉ¥²Ó ¶μ² £ ², ÎÉμ ‡¥³²Ö ´¥¶μ¤¢¨¦´ ,
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  ‘μ²´Í¥, ‹Ê´ , ¶² ´¥ÉÒ ¨ §¢¥§¤Ò ¢· Ð ÕÉ¸Ö ¢μ±·Ê£ ´¥¥ ¶μ ±·Ê£μ¢μ° μ·¡¨É¥.
‚ ³μ¤¥²¨ �Éμ²¥³¥Ö ‡¥³²Ö Ö¢²Ö² ¸Ó Í¥´É·μ³ ‚¸¥²¥´´μ°. ’μ²Ó±μ ¢ 1514 £. Šμ-
¶¥·´¨± ¶·¥¤²μ¦¨² ¨´ÊÕ ³μ¤¥²Ó, ¶μ³¥¸É¨¢ ¢ Í¥´É· ³¨·  ‘μ²´Í¥. �μ ¶·μÏ²μ
¶μÎÉ¨ ¸Éμ²¥É¨¥, ¶μ±  ƒ ²¨²¥° ¨ Š¥¶²¥· ´¥ ¶μ¤¤¥·¦ ²¨ ÔÉÊ ³μ¤¥²Ó, μ¶¨· Ö¸Ó
´  ´ ¡²Õ¤ É¥²Ó´Ò¥ ¤ ´´Ò¥. � μ¡ÑÖ¸´¥´¨¥ Éμ£μ, ¶μÎ¥³Ê ¶² ´¥ÉÒ μ¡· Ð ÕÉ¸Ö
¢μ±·Ê£ ‘μ²´Í , ¶μÖ¢¨²μ¸Ó Éμ²Ó±μ ¢ 1687 £. ¢ ®Œ É¥³ É¨Î¥¸±¨Ì ´ Î ² Ì ´ -
ÉÊ· ²Ó´μ° Ë¨²μ¸μË¨¨¯ ˆ¸  ±  �ÓÕÉμ´ . Œμ¤¥²Ó �ÓÕÉμ´  ¡Ò²  ¥Ð¥ ¤ ²¥± 
μÉ ¸μ¢¥·Ï¥´¸É¢  Å ¶·μ¸É· ´¸É¢μ ¨ ¢·¥³Ö ¡Ò²¨ ¢·μ¤¥  ·¥´Ò, £¤¥ · §Ò£·Ò-
¢ ¥É¸Ö ¸¶¥±É ±²Ó ¸ ÊÎ ¸É¨¥³ ‡¥³²¨, ‘μ²´Í  ¨ ¤·Ê£¨Ì ´¥¡¥¸´ÒÌ É¥². ‚·¥³Ö
¨ ¶·μ¸É· ´¸É¢μ ¢ ³μ¤¥²¨ �ÓÕÉμ´  ¡Ò²¨  ¡¸μ²ÕÉ´Ò³¨ Å ÌμÉÖ ¶μ´ÖÉ¨¥  ¡-
¸μ²ÕÉ´μ£μ ¶·μ¸É· ´¸É¢  ´¥ ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¥£μ É¥μ·¨¥°. �μ¸²¥ ¶μÖ¢²¥´¨Ö
É¥μ·¨¨ Ô²¥±É·μ³ £´¥É¨§³  Œ ±¸¢¥²² , ¢ ±μÉμ·μ° Ô²¥±É·μ³ £´¨É´Ò¥ ¢μ²´Ò
· ¸¶·μ¸É· ´ÖÕÉ¸Ö ¸μ ¸±μ·μ¸ÉÓÕ ¸¢¥É , ¡Ò²  ¸¤¥² ´  ¶μ¶ÒÉ±  ¶·¨´ÖÉÓ £¨-
¶μÉ¥§Ê ÔË¨· , ÎÉμ¡Ò ¸μ£² ¸μ¢ ÉÓ É¥μ·¨Õ Œ ±¸¢¥²²  ¸ § ±μ´ ³¨ �ÓÕÉμ´ .
�μ¶ÒÉ±¨ ¸¶ ¸É¨ É¥μ·¨Õ ÔË¨·  ´¥ Ê¢¥´Î ²¨¸Ó Ê¸¶¥Ìμ³. ’μ²Ó±μ ¢ 1905 £., ±μ-
£¤  �°´ÏÉ¥°´ ¶·¥¤²μ¦¨² ¸¢μÕ ¸¶¥Í¨ ²Ó´ÊÕ É¥μ·¨Õ μÉ´μ¸¨É¥²Ó´μ¸É¨, ¢¸Ö± Ö
´ ¤μ¡´μ¸ÉÓ ¢ ÔË¨·¥ μÉ¶ ²  ¡² £μ¤ ·Ö μÉ± §Ê μÉ  ¡¸μ²ÕÉ´μ£μ ¢·¥³¥´¨. ”Ê´¤ -
³¥´É ²Ó´Ò° ¶μ¸ÉÊ² É �°´ÏÉ¥°´ , ´ §Ò¢ ¥³Ò° ¶·¨´Í¨¶μ³ μÉ´μ¸¨É¥²Ó´μ¸É¨,
£² ¸¨É, ÎÉμ ¢¸¥ § ±μ´Ò Ë¨§¨±¨ ¤μ²¦´Ò ¡ÒÉÓ μ¤¨´ ±μ¢Ò³¨ ¤²Ö ¢¸¥Ì ¸¢μ¡μ¤´μ
¤¢¨¦ÊÐ¨Ì¸Ö ´ ¡²Õ¤ É¥²¥° ´¥§ ¢¨¸¨³μ μÉ ¨Ì ¸±μ·μ¸É¥°. ˆ ÔÉμ ¡Ò²μ ¢¥·´μ ± ±
¤²Ö § ±μ´μ¢ ¤¢¨¦¥´¨Ö �ÓÕÉμ´ , É ± ¨ ¤²Ö É¥μ·¨¨ Œ ±¸¢¥²² . ‘¶¥Í¨ ²Ó´ Ö
É¥μ·¨Ö Ìμ·μÏμ μ¡ÑÖ¸´Ö²  ¶μ¸ÉμÖ´¸É¢  ¸±μ·μ¸É¥° ¸¢¥É  ¤²Ö ¢¸¥Ì ´ ¡²Õ¤ É¥-
²¥° ¨ μ¶¨¸Ò¢ ²  Ö¢²¥´¨Ö ¶·¨ ¤¢¨¦¥´¨¨ ¸μ ¸±μ·μ¸ÉÖ³¨, ¡²¨§±¨³¨ ± ¸±μ·μ¸É¨
¸¢¥É , ´μ ¢¸¥ ¦¥ μ± § ² ¸Ó ´¥¸μ¢³¥¸É¨³  ¸ É¥μ·¨¥° ÉÖ£μÉ¥´¨Ö �ÓÕÉμ´ . �Éμ
¢Ò´Ê¤¨²μ �°´ÏÉ¥°´  ¢ 1917 £. ¶·¥¤²μ¦¨ÉÓ ¥Ð¥ μ¤´Ê ¤μ±É·¨´Ê, ±μÉμ· Ö ´ -
§Ò¢ ¥É¸Ö μ¡Ð¥° É¥μ·¨¥° μÉ´μ¸¨É¥²Ó´μ¸É¨. �μ ¤ ¦¥ ¢ ÔÉμ ¢·¥³Ö ¢¥·  ¢ ¸É -
É¨Î¥¸±ÊÕ ‚¸¥²¥´´ÊÕ ¡Ò²  μÎ¥´Ó ¸¨²Ó´  ¨ �°´ÏÉ¥°´ ¡Ò² ´ ¸Éμ²Ó±μ Ê¢¥·¥´
¢ ÔÉμ³, ÎÉμ ¢¢¥² ¢ μ¡ÐÊÕ É¥μ·¨Õ μÉ´μ¸¨É¥²Ó´μ¸É¨ É ± ´ §Ò¢ ¥³ÊÕ ±μ¸³μ²μ-
£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ. ‘μ¢·¥³¥´´ Ö ± ·É¨´  ‚¸¥²¥´´μ° ´ Î ²  ¶·μÖ¸´ÖÉÓ¸Ö
Éμ²Ó±μ ¢ 1924 £., ¶μ¸²¥ Éμ£μ ± ± �¤¢¨´ • ¡¡² ¤μ± § ² ¸ÊÐ¥¸É¢μ¢ ´¨¥ ³´μ-
£μÎ¨¸²¥´´ÒÌ £ ² ±É¨± ¢´¥ ¶·¥¤¥²μ¢ Œ²¥Î´μ£μ �ÊÉ¨. ‘ ³μ¥ ¦¥ £² ¢´μ¥ ¶·μ-
¨§μÏ²μ ´¥³´μ£μ ¶μ§¦¥, ±μ£¤  ¢ 1929 £. • ¡¡² Ô±¸¶¥·¨³¥´É ²Ó´μ ¶μ± § ², ÎÉμ
‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ¨ ´ ¢¸¥£¤  ¶μÌμ·μ´¨² ¨¤¥Õ ¸É É¨Î´μ¸É¨ ‚¸¥²¥´´μ°.
„μ²£μ¥ ¢·¥³Ö μ¸É ¢ ²μ¸Ó ´¥§ ³¥Î¥´´Ò³, ÎÉμ ¶¥·¢μ¥ ¶·¥¤¸± § ´¨¥ μ · ¸Ï¨-
·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ° ¡Ò²μ ¸¤¥² ´μ ”·¨¤³ ´μ³ ¢ 1922 £. [34]. 	μ²ÓÏÊÕ
¨§¢¥¸É´μ¸ÉÓ ÔÉ  ³μ¤¥²Ó ¶μ²ÊÎ¨²  Éμ²Ó±μ ¶μ¸²¥ ¶μÖ¢²¥´¨Ö · ¡μÉÒ �μ¡¥·É¸μ´ 
(Robertson) [59Ä61] ¨ “μ±¥·  (Walker) [88] ¨ ¸É ²  ¨§¢¥¸É´μ° ± ± ³μ¤¥²Ó
”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥·  (FriedmannÄRobertsonÄWalker (FRW) model).
‘ ¡μ²¥¥ ¶μ¤·μ¡´μ° ¨¸Éμ·¨¥° · §¢¨É¨Ö ±μ¸³μ²μ£¨¨ ³μ¦´μ μ§´ ±μ³¨ÉÓ¸Ö ¢
§´ ³¥´¨ÉÒÌ ±´¨£ Ì •μ±¨´£  [38,39].

„μ ¶μ¸²¥¤´¥£μ ¢·¥³¥´¨ ±μ¸³μ²μ£¨Ö μ¸É ¢ ² ¸Ó ¶·¥¨³ÊÐ¥¸É¢¥´´μ £¨¶μÉ¥-
É¨Î¥¸±μ° ¶μ ¸· ¢´¥´¨Õ ¸ É ±¨³¨ Ë¨§¨Î¥¸±¨³¨ ¤¨¸Í¨¶²¨´ ³¨, ± ± ±¢ ´Éμ¢ Ö
³¥Ì ´¨±  ¨ ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö, ¢ μ¸´μ¢´μ³ ¨§-§  ´¥¤μ¸É ÉμÎ´μ ¤μ¸Éμ¢¥·-
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´μ° ¡ §Ò ¤ ´´ÒÌ. � Î¨´ Ö ¸ 1998 £. ¸¨ÉÊ Í¨Ö ¢ ±μ·´¥ ¨§³¥´¨² ¸Ó. ‘Ê¶¥·-
¸μ¢·¥³¥´´Ò¥ É¥²¥¸±μ¶Ò ¶μ§¢μ²¨²¨ ¶μ²ÊÎ¨ÉÓ ±μ²¨Î¥¸É¢¥´´μ ¨ ± Î¥¸É¢¥´´μ
´μ¢Ò¥ ¤ ´´Ò¥ μ ‚¸¥²¥´´μ° ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. ‚ ·¥§Ê²ÓÉ É¥ ¶μÖ¢¨²¸Ö
´¥¡Ò¢ ²Ò° ¨´É¥·¥¸ ± ±μ¸³μ²μ£¨¨ ¨ ¢¸¥ ¡μ²ÓÏ¥ ÊÎ¥´ÒÌ ¸É ²¨ É ± ¨ ¨´ Î¥
¨§ÊÎ ÉÓ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° ¸ · §´ÒÌ ÉμÎ¥± §·¥´¨Ö. �¡§μ· ¸É ´μ¢²¥´¨Ö
¨ ¸μ¢·¥³¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ±μ¸³μ²μ£¨¨ ¤ ´ ¢ · ¡μÉ Ì ¤Ê¡´¥´¸±¨Ì Ë¨§¨±μ¢-
É¥μ·¥É¨±μ¢ [4,55].

�·¨ ¨¸¸²¥¤μ¢ ´¨¨ Ì · ±É¥·  ±μ¸³μ²μ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¢ ·¥²ÖÉ¨¢¨¸É¸±μ°
É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨¨ μ¡ÒÎ´μ ¡¥·¥É¸Ö ¢ Ëμ·³¥,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨. ‚ ÔÉμ³ ¸²ÊÎ ¥, ± ± ¡Ò²μ ¶μ± § ´μ ¢
· ¡μÉ Ì [5, 22], ¢¡²¨§¨ ´¥¨§¡¥¦´μ° ±μ¸³μ²μ£¨Î¥¸±μ° μ¸μ¡¥´´μ¸É¨ ¢²¨Ö´¨¥
³ É¥·¨¨ ¶·¥´¥¡·¥¦¨³μ ³ ²μ,   ¶μ¢¥¤¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö μ¶·¥¤¥²Ö-
¥É¸Ö Ê· ¢´¥´¨Ö³¨ �°´ÏÉ¥°´  ¢ ¶Ê¸Éμ³ ¶·μ¸É· ´¸É¢¥ ¨ μ¶¨¸Ò¢ ¥É¸Ö ¸²μ¦-
´Ò³, ¢μ§³μ¦´μ, μ¸Í¨²²¨·ÊÕÐ¨³ ·¥Ï¥´¨¥³. �·¨ ÔÉμ³ Ì · ±É¥· μ¸μ¡μ° ÉμÎ±¨
Ëμ·³ ²Ó´μ ´¥ § ¢¨¸¨É μÉ Éμ£μ, · ¸¸³ É·¨¢ ¥³ ²¨ ³Ò ¥¥ ± ± μ¸μ¡¥´´μ¸ÉÓ ¢
¡Ê¤ÊÐ¥³ ¨²¨ ± ± μ¸μ¡¥´´μ¸ÉÓ ¢ ¶·μÏ²μ³.

�·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¨¸¸²¥¤μ¢ ´¨¥ ¸É¥¶¥´¨ Ê´¨¢¥·¸ ²Ó´μ¸É¨ ÔÉ¨Ì § -
±²ÕÎ¥´¨° ¶μ μÉ´μÏ¥´¨Õ ± μ¡μ¡Ð¥´¨Ö³ Ëμ·³Ò É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ ,
ÊÎ¨ÉÒ¢ ÕÐ¨³ ¡μ²¥¥ ·¥ ²¨¸É¨Î´μ¥ μ¶¨¸ ´¨¥ ¶μ¢¥¤¥´¨Ö ³ É¥·¨¨. �¤´μ ¨§ É -
±¨Ì μ¡μ¡Ð¥´¨° ¸¢Ö§ ´μ ¸ ÊÎ¥Éμ³ ¤¨¸¸¨¶ É¨¢´ÒÌ ¶·μÍ¥¸¸μ¢, ¨¤ÊÐ¨Ì §  ¸Î¥É
¢Ö§±μ¸É¨. Œ¨§´¥· (Misner) [51,52] ¶·¥¤¶μ²μ¦¨², ÎÉμ ¸¨²Ó´ Ö ¤¨¸¸¨¶ É¨¢´μ¸ÉÓ
¨§-§  ´¥°É·μ´´μ° ¢Ö§±μ¸É¨ ³μ¦¥É ¸ÊÐ¥¸É¢¥´´μ Ê³¥´ÓÏ ÉÓ  ´¨§μÉ·μ¶¨Õ ¨§²Ê-
Î¥´¨Ö Î¥·´μ£μ É¥² .

ˆ§ μ¡Ð¨Ì ¸μμ¡· ¦¥´¨° Ö¸´μ, ÎÉμ ¢Ö§±μ¸ÉÓ ¶·μÉ¨¢μ¤¥°¸É¢Ê¥É ±μ¸³μ²μ-
£¨Î¥¸±μ³Ê ±μ²² ¶¸Ê ¨ ±μ´¥Î´Ò° ·¥§Ê²ÓÉ É § · ´¥¥ ´¥μÎ¥¢¨¤¥´. �¤´μ·μ¤´ Ö
¨ ¨§μÉ·μ¶´ Ö ±μ¸³μ²μ£¨Î¥¸± Ö ³μ¤¥²Ó ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ¦¨¤±μ¸ÉÓÕ ¸
¤ ¢²¥´¨¥³ ¨ ¢Éμ·μ° ¢Ö§±μ¸ÉÓÕ, ¡Ò²  · §¢¨É  ŒÔ·Ë¨ (Murphy) [53]. �μ²Ê-
Î¥´´Ò¥ ¨³ ·¥Ï¥´¨Ö μ¡´ ·Ê¦¨¢ ÕÉ μ¤´μ μÎ¥´Ó ¨´É¥·¥¸´μ¥ Ö¢²¥´¨¥, ±μÉμ·μ¥
§ ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ μ¸μ¡¥´´μ¸É¨ É¨¶  	μ²ÓÏμ£μ ¢§·Ò¢  ¢μ§´¨± ÕÉ ¢ ¡¥¸-
±μ´¥Î´μ Ê¤ ²¥´´μ³ ¶·μÏ²μ³, É. ¥. ¢ μ¶·¥¤¥²¥´´μ³ ¸³Ò¸²¥ ¤¥°¸É¢¨¥ ¢Ö§±μ¸É¨
Ê¸É· ´Ö¥É μ¸μ¡¥´´μ¸ÉÓ. ’μÎ´Ò¥ ·¥Ï¥´¨Ö ¨§μÉ·μ¶´μ° ¨ μ¤´μ·μ¤´μ° ±μ¸³μ-
²μ£¨¨ ¤²Ö μÉ±·ÒÉμ°, § ±·ÒÉμ° ¨ ¶²μ¸±μ° ‚¸¥²¥´´μ° ¡Ò²¨ ¶μ²ÊÎ¥´Ò ‘ ´Éμ¸
(Santos) ¸ ¸μ ¢Éμ· ³¨ [85], £¤¥ · ¸¸³ É·¨¢ ¥³ Ö ¢Éμ· Ö ¢Ö§±μ¸ÉÓ § ¤ ¢ ² ¸Ó
± ± ¸É¥¶¥´´ Ö ËÊ´±Í¨Ö μÉ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨.

�·¨·μ¤  ±μ¸³μ²μ£¨Î¥¸±¨Ì ·¥Ï¥´¨° ¤²Ö μ¤´μ·μ¤´μ° ³μ¤¥²¨ É¨¶  	¨ ´-
±¨-I (BI) ¡Ò²  ¨¸¸²¥¤μ¢ ´  ¢ · ¡μÉ¥ [6] ¸ ÊÎ¥Éμ³ ¤¨¸¸¨¶ É¨¢´ÒÌ ¶·μÍ¥¸¸μ¢,
¨¤ÊÐ¨Ì §  ¸Î¥É ¢Ö§±μ¸É¨. ‚ ÔÉμ° · ¡μÉ¥ ¶μ± § ´μ, ÎÉμ ÔËË¥±É, ¶μ²ÊÎ¥´´Ò°
ŒÔ·Ë¨, ´¥Ê¸Éμ°Î¨¢ ¨ ¨¸Î¥§ ¥É ¶·¨ ¶¥·¥Ìμ¤¥ ± ¡μ²¥¥ μ¡Ð¨³,   ¨³¥´´μ  ´¨-
§μÉ·μ¶´Ò³ ³μ¤¥²Ö³. �¢Éμ· ³¨ [6] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¤¥°¸É¢¨¥ ¢Ö§±μ¸É¨ ´¥
¸¶μ¸μ¡´μ ²¨±¢¨¤¨·μ¢ ÉÓ ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ, ´μ ¢¡²¨§¨ ´¥¥ ¶·¨-
¢μ¤¨É ± ± Î¥¸É¢¥´´μ ´μ¢μ³Ê ¶μ¢¥¤¥´¨Õ ·¥Ï¥´¨°. �·¨ ´ ²¨Î¨¨ ¤¨¸¸¨¶ Í¨¨
Ô´¥·£¨¨ ¶·μÍ¥¸¸ ±μ¸³μ²μ£¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨ ¸É ´μ¢¨É¸Ö ´¥μ¡· É¨³Ò³ ¢μ ¢·¥-
³¥´¨, ÎÉμ ¶·¨¢μ¤¨É ± ¸ÊÐ¥¸É¢¥´´μ · §²¨Î´Ò³ ± ·É¨´ ³ ¸¦ É¨Ö ¨ · ¸Ï¨·¥-



1176 ‘�•� 	., �ˆ•‚ˆ–Šˆ‰ ‚.

´¨Ö ‚¸¥²¥´´μ°. ‚¡²¨§¨ ´ Î ²Ó´μ° ±μ¸³μ²μ£¨Î¥¸±μ° μ¸μ¡¥´´μ¸É¨ ¶²μÉ´μ¸ÉÓ
Ô´¥·£¨¨ ³ É¥·¨¨ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¢μ§· ¸É Ö § É¥³ ¢ ¶·μÍ¥¸¸¥ · ¸Ï¨·¥´¨Ö.
’ ±¨³ μ¡· §μ³, ³μ¤¥²Ó, ¶·¥¤²μ¦¥´´ Ö 	¥²¨´¸±¨³ ¨ • ² É´¨±μ¢Ò³ [6], μ¡² -
¤ ¥É ¨´É¥·¥¸´Ò³ ¸¢μ°¸É¢μ³: ¢ ³μ³¥´É ¡μ²ÓÏμ£μ ¢§·Ò¢  £· ¢¨É Í¨μ´´μ¥ ¶μ²¥
·μ¦¤ ¥É ³ É¥·¨Õ. �μ± § ´μ É ±¦¥, ÎÉμ ¤¥°¸É¢¨¥ ¢Ö§±μ¸É¨ ³μ¦¥É ¶·¨¢μ¤¨ÉÓ
± ¤μ¸É ÉμÎ´μ³Ê ´ ±μ¶²¥´¨Õ Ô´É·μ¶¨¨, ÎÉμ, ¢μ§³μ¦´μ, ¨³¥¥É μÉ´μÏ¥´¨¥ ±
 ´μ³ ²Ó´μ ¢Ò¸μ±μ° Ô´É·μ¶¨¨ ´  μ¤´Ê Î ¸É¨ÍÊ ¢ ¸μ¢·¥³¥´´μ° ‚¸¥²¥´´μ°. �μ-
¤μ¡´Ò° ¢Ò¢μ¤ É ±¦¥ ¡Ò² ¸¤¥² ´ ¢ · ¡μÉ Ì [89Ä91]. ‚Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤ ,
¸¢Ö§ ´´ Ö ¸ Ë §μ¢Ò³ ¶¥·¥Ìμ¤μ³ ¢ ¢¥²¨±μ° ¥¤¨´μ° É¥μ·¨¨ [50], ³μ¦¥É ¶·¨¢μ-
¤¨ÉÓ ± ¨´Ë²ÖÍ¨μ´´μ³Ê ¸Í¥´ ·¨Õ [37, 54, 87]. �¥Ï¥´¨Ö BI ¢ ¸²ÊÎ ¥ ¦¥¸É±μ°
³ É¥·¨¨ ¸ ¢Ö§±μ¸ÉÓÕ ¶¥·¢μ£μ ·μ¤  ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ · ¡μÉ¥ [23], £¤¥ ¢ ± Î¥¸É¢¥
¢Ö§±μ¸É¨ ¡Ò²  ¢Ò¡· ´  ¸É¥¶¥´´ Ö ËÊ´±Í¨Ö μÉ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨. �´ ²μ£¨Î-
´Ò¥ ³μ¤¥²¨, ´μ ¸ ¢Ö§±μ¸ÉÓÕ ¢Éμ·μ£μ ·μ¤  ¡Ò²¨ ¨§ÊÎ¥´Ò ¢ [42]. ‚²¨Ö´¨¥
¢Ö§±μ¸É¨ ¶¥·¢μ£μ ·μ¤  ¸ § ¢¨¸ÖÐ¨³ μÉ ¢·¥³¥´¨ ±μÔËË¨Í¨¥´Éμ³ ´  Ô¢μ²ÕÍ¨Õ
FRW-³μ¤¥²¨ ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¢ ±μ´É¥±¸É¥ μÉ±·ÒÉμ° É¥·³μ¤¨´ ³¨Î¥¸±μ° ¸¨-
¸É¥³Ò ¢ · ¡μÉ¥ [29]. �Éμ ¨¸¸²¥¤μ¢ ´¨¥ ¡Ò²μ ¤ ²¥¥ · §¢¨Éμ ¢ · ¡μÉ¥ [49] ¤²Ö
 ´¨§μÉ·μ¶´ÒÌ ³μ¤¥²¥° 	¨ ´±¨. Šμ¸³μ²μ£¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¸ ´¥²¨´¥°´μ° ¢Ö§-
±μ¸ÉÓÕ ¶¥·¢μ£μ ·μ¤  ¶μ²ÊÎ¥´Ò ¢ [25]. Œμ¤¥²¨ ¸ ¢Ö§±μ¸ÉÓÕ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ
·μ¤  · ¸¸³μÉ·¥´Ò ¢ [32,35].

•μÉÖ ŒÔ·Ë¨ [53] ¨ ¶·¥É¥´¤μ¢ ² ´  Éμ, ÎÉμ ¢¢¥¤¥´¨¥ ¢Ö§±μ¸É¨ ¢Éμ·μ£μ
·μ¤  ¶μ³μ¦¥É ¨§¡¥¦ ÉÓ ´ Î ²Ó´μ° ¸¨´£Ê²Ö·´μ¸É¨ ¢ ±μ´¥Î´μ-Ê¤ ²¥´´μ³ ¶·μ-
Ï²μ³, ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ¥ [21], ¶μ± §Ò¢ ÕÉ, ÎÉμ ¢ μ¡Ð¥³ ÔÉμ
´¥ É ±, É ± ± ± Éμ²Ó±μ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¸¨´£Ê²Ö·´μ¸ÉÓ ³μ¦¥É ¢μ§´¨-
± ÉÓ ¢ ±μ´¥Î´μ³ ¶·μÏ²μ³. ˆ¸¶μ²Ó§ÊÖ É¥μ·¨Õ ´¥μ¡· É¨³μ° É¥·³μ¤¨´ ³¨±¨
ˆ§· Ô²ÖÄ‘ÉÕ ·É  (IsraelÄStewart) [43Ä45], Šμ²¥° (Coley) ¨ ¤·. [26Ä28] μ¶¨-
¸ ²¨ ¤ ¢²¥´¨¥ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¢Éμ·μ£μ ·μ¤  ¨  ´¨§μÉ·μ¶´μ¥ ´ ¶·Ö¦¥´¨¥
¢ · ³± Ì μ¤´μ£μ ±² ¸¸  ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´ÒÌ ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ-
¤¥²¥° ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. ‚ Î ¸É´μ¸É¨, ¤²Ö ¸²ÊÎ Ö ³μ¤¥²¥° BI μ´¨ ¶μ-
± § ²¨, ÎÉμ  ´¨§μÉ·μ¶´μ¥ ´ ¶·Ö¦¥´¨¥ ¶·¨¢μ¤¨É ± ³μ¤¥²Ö³, ´ ·ÊÏ ÕÐ¨³
¸² ¡Ò¥ Ô´¥·£¥É¨Î¥¸±¨¥ Ê¸²μ¢¨Ö, ¨ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ± ¢μ§´¨±´μ¢¥´¨Õ
¶¥·¨μ¤¨Î¥¸±¨Ì μ·¡¨É. ˆ´Ë²ÖÍ¨μ´´Ò¥ ±μ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ BI ¸ ¢Ö§±μ°
¦¨¤±μ¸ÉÓÕ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ·μ¤ ,   É ±¦¥ ¸ ´¥²¨´¥°´μ° ¢Ö§±μ¸ÉÓÕ ¡Ò²¨ ¨¸-
¸²¥¤μ¢ ´Ò ƒ·μ´μ³ (Gr�n) [36]. ŒÒ É ±¦¥ ÌμÉ¨³ Ê¶μ³Ö´ÊÉÓ · ¡μÉÒ �· ¤Ì ´ 
(Pradhan) ¨ ¤·. [56, 57], £¤¥  ¢Éμ·Ò · ¸¸³ É·¨¢ ²¨ ±μ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨
BI ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¨ ¶¥·¥³¥´´Ò³ Λ-Î²¥´μ³ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¶μ¢¥¤¥´¨¥
³ £´¨É´μ£μ ¶μ²Ö ¢ ±μ¸³μ²μ£¨¨ BI ¸ · ¸¶·¥¤¥²¥´¨¥³ ¢Ö§±μ¸É¨ ¢Éμ·μ£μ ·μ¤ .

‚¸¥²¥´´ Ö É¨¶  	¨ ´±¨-I, ¡Ê¤ÊÎ¨ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³ ¶²μ¸-
±μ° ¢¸¥²¥´´μ° ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥·  (FRW), Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¸ -
³ÒÌ ¶·μ¸ÉÒÌ ³μ¤¥²¥°  ´¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°, ±μÉμ· Ö μ¶¨¸Ò¢ ¥É μ¤´μ·μ¤-
´ÊÕ ¨ ¶·μ¸É· ´¸É¢¥´´μ-¶²μ¸±ÊÕ ‚¸¥²¥´´ÊÕ. ‚ μÉ²¨Î¨¥ μÉ ¢¸¥²¥´´μ° FRW,
Ê ±μÉμ·μ° ³ ¸ÏÉ ¡´Ò¥ Ë ±Éμ·Ò ¢μ ¢¸¥Ì É·¥Ì ´ ¶· ¢²¥´¨ÖÌ μ¤¨´ ±μ¢Ò, Ê BI
¢¸¥ ÔÉ¨ Ë ±Éμ·Ò · §´Ò¥, É¥³ ¸ ³Ò³ μ´  ¢¢μ¤¨É  ´¨§μÉ·μ¶¨Õ ¢ ¸¨¸É¥³Ê. 	μ-
²¥¥ Éμ£μ, ¢¡²¨§¨ ¸¨´£Ê²Ö·´μ¸É¨ μ´  ¢¥¤¥É ¸¥¡Ö ¶μÌμ¦¥ ´  ¢¸¥²¥´´ÊÕ Š §´¥· ,
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¤ ¦¥ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ³ É¥·¨¨, ¨ É¥³ ¸ ³Ò³ ¶μ¶ ¤ ¥É ¢ · ³±¨ μ¡Ð¥£μ  ´ -
²¨§  ¸¨´£Ê²Ö·´μ¸É¥°, ¶·μ¢¥¤¥´´μ£μ 	¥²¨´¸±¨³ ¨ ¸μ ¢Éμ· ³¨. …Ð¥ ¢μ ‚¸¥²¥´-
´μ°, § ¶μ²´¥´´μ° ¦¨¤±μ¸ÉÓÕ, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö p = ζ ε,
ζ < 1, ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¨§´ Î ²Ó´ Ö  ´¨§μÉ·μ¶¨Ö ¢ BI-¢¸¥²¥´´μ° ¡Ò¸É·μ
¨¸Î¥§ ¥É ¨ μ´  ¶·¥¢· Ð ¥É¸Ö ¢ FRW-¢¸¥²¥´´ÊÕ [46]. �μ¸±μ²Ó±Ê ¸μ¢·¥³¥´´ Ö
‚¸¥²¥´´ Ö Ê¤¨¢¨É¥²Ó´μ ¨§μÉ·μ¶´ , ÔÉμ ¸¢μ°¸É¢μ ¤¥² ¥É BI-¢¸¥²¥´´ÊÕ ¸ ³Ò³
¶μ¤Ìμ¤ÖÐ¨³ ± ´¤¨¤ Éμ³ ¤²Ö ¨§ÊÎ¥´¨Ö ¢μ§³μ¦´ÒÌ ÔËË¥±Éμ¢ ´ Î ²Ó´μ°  ´¨§μ-
É·μ¶¨¨ ¢ ¸¥£μ¤´ÖÏ´¨Ì ´ ¡²Õ¤¥´¨ÖÌ. ‚ ¸¢¥É¥ ¢ÒÏ¥¸± § ´´μ£μ · §´Ò¥  ¢Éμ·Ò
¨§ÊÎ ²¨ BI-¢¸¥²¥´´ÊÕ ¸ · §´ÒÌ ÉμÎ¥± §·¥´¨Ö.

‚ ´ Ï¨Ì · ¡μÉ Ì ³Ò ¨§ÊÎ ²¨ ¸ ³μ¸μ£² ¸μ¢ ´´ÊÕ ¸¨¸É¥³Ê ´¥²¨´¥°´ÒÌ
¸¶¨´μ·´ÒÌ ¨/¨²¨ ¸± ²Ö·´ÒÌ ¨ ±μ¸³μ²μ£¨Î¥¸±¨Ì (É¨¶  BI) £· ¢¨É Í¨μ´´ÒÌ
¶μ²¥°, ÎÉμ¡Ò ¢ÒÖ¸´¨ÉÓ, Ö¢²Ö¥É¸Ö ²¨ ¶·¨¸ÊÉ¸É¢¨¥ ¸¨´£Ê²Ö·´μ¸É¨ ¢´ÊÉ·¥´´¥
¶·¨¸ÊÐ¨³ ¸¢μ°¸É¢μ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° ¨²¨ ÔÉμ ¸²¥¤-
¸É¢¨¥ É¥Ì ¶·¥¤¶μ²μ¦¥´¨°, ±μÉμ·Ò¥ ¸¤¥² ´Ò ¤²Ö Ê¶·μÐ¥´¨Ö [1,2,14Ä16,20,62].
�É¨ · ¡μÉÒ ¡Ò²¨ ¤ ²¥¥ μ¡μ¡Ð¥´Ò ¢ Í¨±²¥ [63Ä65]. Š ± μ± § ²μ¸Ó, ÌμÉÖ
¢¢¥¤¥´¨¥ ´¥²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ ¶μ²¥° ¢ ¸¨¸É¥³Ê ¶μ·μ¦¤ ¥É ·¥£Ê²Ö·´Ò¥ ·¥-
Ï¥´¨Ö, ·¥£Ê²Ö·´μ¸ÉÓ ¶μ²ÊÎ ¥É¸Ö §  ¸Î¥É ´ ·ÊÏ¥´¨Ö Ê¸²μ¢¨Ö Ô´¥·£μ¤μ³¨´ ´É-
´μ¸É¨ ¢ É¥μ·¥³¥ •μÊ±¨´£ Ä�¥´·μÊ§ . ‚ ¸²¥¤ÊÕÐ¥³ Í¨±²¥ · ¡μÉ ³Ò ¢¢¥²¨ ¢
¸¨¸É¥³Ê ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ, ±μÉμ· Ö, ± ± μ± § ²μ¸Ó, ¢ § ¢¨¸¨³μ-
¸É¨ μÉ ¸¢μ¥£μ §´ ±  ¸¶μ¸μ¡´  ¶μ·μ¦¤ ÉÓ μ¸Í¨²²¨·ÊÕÐ¨° ·¥¦¨³ · ¸Ï¨·¥´¨Ö
‚¸¥²¥´´μ° [66Ä70]. � ³¨ ¡Ò²  · ¸¸³μÉ·¥´  É ±¦¥ ±μ¸³μ²μ£¨Î¥¸± Ö ³μ¤¥²Ó
BVI [69, 71]. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò Ï¨·μ±μ μ¡¸Ê¦¤ ÕÉ¸Ö
³μ¤¥²¨ ¸ Ê¸±μ·¥´´Ò³ · ¸Ï¨·¥´¨¥³, ³Ò · ¸¸³μÉ·¥²¨ ³μ¤¥²¨ BI ¸ É¥³´μ°
Ô´¥·£¨¥° [72Ä74]. ‚ · ¡μÉ Ì [75Ä77] ³Ò ¶μ± § ²¨, ÎÉμ ¸¶¨´μ·´μ¥ ¶μ²¥ ³μ¦¥É
¡ÒÉÓ ¶·¨´ÖÉμ ± ± μ¤¨´ ¨§ ¨¸ÉμÎ´¨±μ¢, ¶μ·μ¦¤ ÕÐ¨Ì Ê¸±μ·¥´´μ¥ · ¸Ï¨·¥´¨¥
‚¸¥²¥´´μ°. �μ¤μ¡´μ¥ ³´¥´¨¥ É ±¦¥ ¡Ò²μ ¢Ò¸± § ´μ ¢ · ¡μÉ¥ [58].

‚ · ¡μÉ¥ [78] ´ ³¨ ¡Ò²  · ¸¸³μÉ·¥´  ³μ¤¥²Ó BI ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¢
¶·¨¸ÊÉ¸É¢¨¨ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°, ¶μ²ÊÎ¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¢ ´¥-
±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¸²ÊÎ ÖÌ. �É  · ¡μÉ  ¤ ²¥¥ ¶μ¤·μ¡´μ ¨§ÊÎ¥´  ± Î¥-
¸É¢¥´´Ò³¨ ³¥Éμ¤ ³¨ ¢ [79]. Œμ¤¥²¨ ¸μ ¸¶¨´μ·´Ò³ ¨/¨²¨ ¸± ²Ö·´Ò³ ¶μ²¥³ ¢
¶·¨¸ÊÉ¸É¢¨¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¡Ò²¨ · ¸¸³μÉ·¥´Ò ¢ · ¡μÉ Ì [80,81,83]. –¥²Ó
ÔÉ¨Ì · ¡μÉ Å ¶μ¤·μ¡´μ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¸ ³μ¸μ£² ¸μ¢ ´´ÊÕ ¸¨¸É¥³Ê ´¥²¨-
´¥°´ÒÌ ¸¶¨´μ·´ÒÌ ¨/¨²¨ ¸± ²Ö·´ÒÌ ¶μ²¥° ¢ ¶·μ¸É· ´¸É¢¥ É¨¶  	¨ ´±¨-I,
§ ¶μ²´¥´´μ³ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ, ¸ ÊÎ¥Éμ³ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ¨
¶·μ ´ ²¨§¨·μ¢ ÉÓ ¥¥ ± Î¥¸É¢¥´´Ò³¨ ³¥Éμ¤ ³¨.

‚ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¢Ö§± Ö ¦¨¤±μ¸ÉÓ ¨£· ¥É ¢ ¦´ÊÕ ·μ²Ó ¢ Ô¢μ²ÕÍ¨¨
‚¸¥²¥´´μ° ´  · §´ÒÌ ¥¥ ÔÉ ¶ Ì, ¢ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥ ¶μÔÉ ¶´μ ¨§ÊÎ ¥É¸Ö ¥¥
¢²¨Ö´¨¥ ± ± μÉ¤¥²Ó´μ, É ± ¨ ¢³¥¸É¥ ¸ ¤·Ê£¨³¨ ¶μ²Ö³¨. �μ¸±μ²Ó±Ê ¢ ¶μ¸²¥¤´¨¥
£μ¤Ò Ï¨·μ±μ μ¡¸Ê¦¤ ¥É¸Ö ¶·μ¡²¥³  Ê¸±μ·¥´´μ£μ · ¸Ï¨·¥´¨Ö, ´ ³¨ ¢±²ÕÎ¥´μ
¢ · ¸¸³μÉ·¥´¨¥ ¢²¨Ö´¨¥ Λ-Î²¥´ .

�μ³¨³μ ÔÉμ£μ É ±¦¥ ÊÎÉ¥´μ ¶·¨¸ÊÉ¸É¢¨¥ ¸¶¨´μ·´μ£μ ¨/¨²¨ ¸± ²Ö·´μ£μ
¶μ²¥°, ±μÉμ·μ¥ μ¡μ£ Ð ¥É ¸¨¸É¥³Ê ± ± Ë¨§¨Î¥¸±¨, É ± ¨ ³ É¥³ É¨Î¥¸±¨. �·¨
ÔÉμ³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ·¥Ï¥´Ò ÉμÎ´μ ¢ ´¥±μÉμ·ÒÌ ±μ´±·¥É´ÒÌ ¸²ÊÎ ÖÌ,



1178 ‘�•� 	., �ˆ•‚ˆ–Šˆ‰ ‚.

  ¢¢¨¤Ê ¸²μ¦´μ¸É¨ ¶μ²ÊÎ¥´¨Ö É ±μ£μ ·¥Ï¥´¨Ö ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·¥¤¶·¨´ÖÉ
± Î¥¸É¢¥´´Ò°  ´ ²¨§. ’ ±μ° ¶μ¤Ìμ¤ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¨ÉÓ ±² ¸¸¨Ë¨-
± Í¨Õ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ·¥Ï¥´¨° ¢ § ¢¨¸¨³μ¸É¨ μÉ § ¤ ´´ÒÌ §´ Î¥´¨° ¶ · -
³¥É·μ¢. �Éμ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ μÉ¢¥É ´  ¢μ¶·μ¸, ± ±¨¥
§´ Î¥´¨Ö ¶ · ³¥É·μ¢ ¶·¨¢μ¤ÖÉ ± ·¥Ï¥´¨Õ, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê ¸¥£μ¤´ÖÏ´¥³Ê
¸μ¸ÉμÖ´¨Õ ‚¸¥²¥´´μ°, ¸ ¤·Ê£μ° ¸Éμ·μ´Ò, ¤ ¥É ¶·¥¤¸É ¢²¥´¨¥, ± ± μ´  ¨§³¥-
´¨² ¸Ó ¡Ò ¶·¨ ¤·Ê£¨Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢.

1. “��‚�…�ˆŸ �‰�˜’…‰�� ˆ ˆ• ��™…… �…˜…�ˆE

�μ¸±μ²Ó±Ê μ¡Ð¨° ¢¨¤, · ¢´μ ± ± ¨ μ¡Ð¥¥ ·¥Ï¥´¨¥, Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ 
´¥ É¥·¶ÖÉ ± Î¥¸É¢¥´´μ£μ ¨§³¥´¥´¨Ö ¢´¥ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, § ¤ ¥É ²¨ ¶· ¢ Ö
Î ¸ÉÓ Éμ²Ó±μ ¢Ö§±ÊÕ ¦¨¤±μ¸ÉÓ ¨²¨ ¥Ð¥ ¨ ¸¶¨´μ·´μ¥ ¶μ²¥ (¢ Éμ³ ¸³Ò¸²¥, ÎÉμ
μ¡Ð¥¥ ·¥Ï¥´¨¥ Ëμ·³ ²Ó´μ ¨³¥¥É μ¤¨´ ¨ ÉμÉ ¦¥ ¢¨¤, ÌμÉÖ ¶·¨ ¤¥É ²Ó´μ³  ´ -
²¨§¥ μ´¨, ± ± ¶· ¢¨²μ, ¸μ¢¥·Ï¥´´μ · §´Ò¥), ³Ò ´ Î´¥³ ¨³¥´´μ ¸ Ê· ¢´¥´¨Ö
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

„¥°¸É¢¨¥ ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¸¶¨´μ·´μ£μ, ¸± ²Ö·´μ£μ ¨ É¨¶  	¨ ´±¨-I
£· ¢¨É Í¨μ´´μ£μ ¶μ²¥° ¢Ò¡¥·¥³ ¢ ¢¨¤¥

S(g; ψ, ψ̄, ϕ) =
∫

L
√
−gdΩ, (1.1)

£¤¥

L = Lg + Lf . (1.2)

‡¤¥¸Ó Lf μ¶¨¸Ò¢ ¥É ¸¶¨´μ·´μ¥ ¶μ²¥ ¸ ¸ ³μ¤¥°¸É¢¨¥³ ¨²¨ ¸ ¨´¤ÊÍ¨·μ¢ ´´μ°
´¥²¨´¥°´μ¸ÉÓÕ. �μ¤·μ¡´μ ¶·μ ´¨Ì ·¥ÎÓ ¶μ°¤¥É ¢ ¶μ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì.
Lg Å £· ¢¨É Í¨μ´´μ¥ ¶μ²¥.

� ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ °, ±μ£¤  ¸¶¨´μ·´μ¥ ¨ ¸± ²Ö·´μ¥ ¶μ²Ö, É ± ¦¥ ± ±
¨ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨. ‚ ÔÉμ³ ¶·¥¤¶μ²μ¦¥´¨¨
¶·μ¸É· ´¸É¢¥´´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  · ¢´Ò ³¥¦¤Ê ¸μ¡μ°,
É. ¥. T 1

f 1 = T 2
f 2 = T 3

f 3.
‚ ´ Ï¥³ ¸²ÊÎ ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ § ¤ ¥É¸Ö ³¥É·¨±μ° É¨¶  	¨ ´-

±¨-I [10]

ds2 = dt2 − a2dx2 − b2dy2 − c2dz2. (1.3)

Œ¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ a, b ¨ c § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨ t. �¥· ¢¥´¸É¢μ
a �= b �= c ¶·¥¤¸É ¢²Ö¥É  ´¨§μÉ·μ¶¨Õ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, Éμ£¤  ± ± ¨Ì ´¥-
§ ¢¨¸¨³μ¸ÉÓ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ¤¥² ¥É ¶·μ¸É· ´¸É¢μ-¢·¥³Ö μ¤-
´μ·μ¤´Ò³. �·¨ a = b = c ³¥É·¨±  BI ¶·¥¢· Ð ¥É¸Ö ¢ μ¤´μ·μ¤´ÊÕ ¨ ¨§μÉ·μ¶-
´ÊÕ ¢¸¥²¥´´ÊÕ ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥·  (FRW).
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� Î´¥³ ¸ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ . „²Ö ³¥É·¨±¨ (1.3) ¨³¥¥³

b̈

b
+

c̈

c
+

ḃ

b

ċ

c
= κT 1

1 + Λ, (1.4 )

c̈

c
+

ä

a
+

ċ

c

ȧ

a
= κT 2

2 + Λ, (1.4¡)

ä

a
+

b̈

b
+

ȧ

a

ḃ

b
= κT 3

3 + Λ, (1.4¢)

ȧ

a

ḃ

b
+

ḃ

b

ċ

c
+

ċ

c

ȧ

a
= κT 0

0 + Λ. (1.4£)

‡¤¥¸Ó ÉμÎ±  μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ t,   T μ
ν Å É¥´§μ· Ô´¥·£¨¨-

¨³¶Ê²Ó¸  ³ É¥·¨ ²Ó´ÒÌ ¶μ²¥°. ‡ ³¥É¨³, ÎÉμ T ν
μ = T ν′

μ + T ν
μ (m), £¤¥ T ν′

μ

¨ T ν
μ (m) Å ÔÉμ É¥´§μ·Ò Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¨ (¨²¨) ¸± ²Ö·´μ£μ

¶μ²Ö ¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ. ‚ (1.4) Λ ¸ÊÉÓ ±μ¸³μ²μ£¨Î¥¸± Ö
¶μ¸ÉμÖ´´ Ö, ±μÉμ· Ö ¢¶¥·¢Ò¥ ¡Ò²  ¢¢¥¤¥´  �°´ÏÉ¥°´μ³, ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ
Ê¸Éμ°Î¨¢μ¥ ±μ¸³μ²μ£¨Î¥¸±μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö [30,
31]. ‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ³μ¤¥²¨ ‚¸¥²¥´´μ° ¸ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°
Ï¨·μ±μ ¢¸É·¥Î ÕÉ¸Ö ¢ ²¨É¥· ÉÊ·¥ ¢ ¸¢Ö§¨ ¸ Ê¸±μ·¥´´Ò³ · ¸Ï¨·¥´¨¥³.

„²Ö ´ Î ²  ³Ò ´ ¶¨Ï¥³ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢Ö§±μ° ¦¨¤±μ¸É¨.
‚²¨Ö´¨¥ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶μ¸·¥¤-

¸É¢μ³ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ . ’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢Ö§±μ° ¦¨¤±μ¸É¨
¨³¥¥É ¢¨¤ [78]

T ν
μ (m) = (ε+p′)uμuν−p′δν

μ+ηgνβ [uμ;β +uβ;μ−uμuαuβ;α−uβuαuμ;α], (1.5)

£¤¥

p′ = p −
(

ξ − 2
3
η

)
uμ

;μ. (1.6)

‡¤¥¸Ó ε Å ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨; p Å ¤ ¢²¥´¨¥; η ¨ ξ Å ±μÔËË¨Í¨¥´ÉÒ ¶¥·¢μ°
¨ ¢Éμ·μ° ¢Ö§±μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ. ‡ ³¥É¨³, ÎÉμ ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ (μ¡Ñ¥³´ Ö
¢Ö§±μ¸ÉÓ Å bulk) ¨ ¢Éμ·μ£μ (¸¤¢¨£μ¢ Ö ¢Ö§±μ¸ÉÓ Å shear) ·μ¤ , η ¨ ξ ¸μμÉ¢¥É-
¸É¢¥´´μ, ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´Ò, É. ¥.

η > 0, ξ > 0. (1.7)

‚ μ¤´μ·μ¤´ÒÌ ³μ¤¥²ÖÌ ¢¸¥ ÔÉ¨ ¢¥²¨Î¨´Ò § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨, ¶μÔÉμ³Ê
³μ¦´μ ¸Î¨É ÉÓ ¨Ì ËÊ´±Í¨Ö³¨ Éμ²Ó±μ μÉ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨:

η = |A|εα, ξ = |B|εβ. (1.8)

„ ¢²¥´¨¥ p ¸¢Ö§ ´μ ¸ ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨ ¶μ¸·¥¤¸É¢μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö.
ŒÒ · ¸¸³ É·¨¢ ¥³ ¸²ÊÎ °

p = ζε, ζ ∈ (0, 1]. (1.9)
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‡ ³¥É¨³, ÎÉμ ζ �= 0, É ± ± ± ¤²Ö ¶Ò²¨ ¤ ¢²¥´¨¥,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ É¥³¶¥· -
ÉÊ·  ¨³¥ÕÉ ´Ê²¥¢μ¥ §´ Î¥´¨¥, ÎÉμ ¶·¨¢μ¤¨É ± ¨¸Î¥§´μ¢¥´¨Õ ¢Ö§±μ¸É¨.

‚ ¸μ¶ÊÉ¸É¢ÊÕÐ¥° ¸¨¸É¥³¥ ±μμ·¤¨´ É, É. ¥. É ±μ°, ÎÉμ uμ = (1, 0, 0, 0), ¢
¶·μ¸É· ´¸É¢¥ ¸ § ¤ ´´μ° ³¥É·¨±μ° É¨¶  BI (1.3) ¨³¥ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ´¥É·¨-
¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢Ö§±μ° ¦¨¤±μ¸É¨:

T 0
0 (m) = ε, (1.10 )

T 1
1 (m) = −p′ + 2η

ȧ

a
, (1.10¡)

T 2
2 (m) = −p′ + 2η

ḃ

b
, (1.10¢)

T 3
3 (m) = −p′ + 2η

ċ

c
. (1.10£)

‚¢¥¤¥³ ¤¨´ ³¨Î¥¸±¨¥ ¸± ²Ö·Ò ¤²Ö · ¸Ï¨·¥´¨Ö (expansion) ¨ ¸¤¢¨£  (shear
scalar):

θ = uμ
;μ, σ2 =

1
2
σμνσμν , (1.11)

£¤¥

σμν =
1
2

(
uμ;αPα

ν + uν;αPα
μ

)
− 1

3
θPμν . (1.12)

‡¤¥¸Ó P Å μ¶¥· Éμ· ¶·μ¥±Í¨¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨°

P 2 = P. (1.13)

„²Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ ¸¨£´ ÉÊ·μ° (+, −, −, −) μ¶¥· Éμ· ¶·μ¥±Í¨¨ § -
¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

Pμν = gμν − uμuν , Pμ
ν = δμ

ν − uμuν . (1.14)

‚ ¸²ÊÎ ¥ ³¥É·¨±¨ BI ¤¨´ ³¨Î¥¸±¨¥ ¸± ²Ö·Ò ¨³¥ÕÉ Ëμ·³Ê

θ =
ȧ

a
+

ḃ

b
+

ċ

c
=

τ̇

τ
(1.15)

¨

2σ2 =
ȧ2

a2
+

ḃ2

b2
+

ċ2

c2
− 1

3
θ2. (1.16)

‚¥·´¥³¸Ö É¥¶¥·Ó ± Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´ . ‘ ÊÎ¥Éμ³ (1.10) ¶μ²ÊÎ¨³ ¸²¥-
¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ³¶μ´¥´Éμ¢ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶μ²´μ° ¸¨¸É¥³Ò:

T 0
0 = T 0′

0 + ε, (1.17 )

T 1
1 = T 1′

1 − p′ + 2η
ȧ

a
, (1.17¡)
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T 2
2 = T 2′

2 − p′ + 2η
ḃ

b
, (1.17¢)

T 3
3 = T 3′

3 − p′ + 2η
ċ

c
, (1.17£)

£¤¥ T 0′
0 , T 1′

1 , T 2′
2 , T 3′

3 Å ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ
¨/¨²¨ ¸± ²Ö·´μ£μ ¶μ²¥°, ¶·¨Î¥³

T 1′
1 = T 2′

2 = T 3′
3 .

Š ± ¢¨¤´μ, ¶·¨ ¢¢¥¤¥´¨¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ±μ³¶μ´¥´ÉÒ ¤ ¢²¥´¨Ö ¢ · §´ÒÌ
´ ¶· ¢²¥´¨ÖÌ ¸É ´μ¢ÖÉ¸Ö · §²¨Î´Ò³¨. ˆ³¥´´μ ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·¨¢μ¤¨É
± ¸ÊÐ¥¸É¢¥´´μ³Ê ¨§³¥´¥´¨Õ ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨°.

�·¨¸ÉÊ¶¨³ É¥¶¥·Ó ± ·¥Ï¥´¨Õ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (1.4). �¥Ï¨³ ¥¥ ³¥-
Éμ¤μ³, ¶·¥¤²μ¦¥´´Ò³ 	.‘ Ìμ° ¢ ± ´¤¨¤ É¸±μ° ¤¨¸¸¥·É Í¨¨ [18] ¨ · §¢¨ÉÒ³
¨³ ¦¥ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì · ¡μÉ Ì (´ ¶·¨³¥·, [67, 70]). Œ¥Éμ¤ ÔÉμÉ § ±²ÕÎ -
¥É¸Ö ¢ Éμ³, ÎÉμ ¢¢¨¤Ê ¸¨³³¥É·¨¨ Ê· ¢´¥´¨° (1.4 ), (1.4¡) ¨ (1.4¢) ¢Ò· ¦¥´¨Ö
³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° a, b, c ´ Ìμ¤ÖÉ¸Ö Î¥·¥§ ´μ¢ÊÕ ËÊ´±Í¨Õ

τ = abc, (1.18)

±μÉμ· Ö ´¥ ÎÉμ ¨´μ¥ ± ± ³ ¸ÏÉ ¡ μ¡Ñ¥³  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. „ ²¥¥, ¨¸-
¶μ²Ó§ÊÖ ¢¸¥ Î¥ÉÒ·¥ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (1.4),   ¨³¥´´μ ¸²μ¦¨¢ (1.4 ), (1.4¡) ¨
(1.4¢) ¸ (1.4£), Ê³´μ¦¥´´Ò³ ´  3, ´ Ìμ¤¨³ Ê· ¢´¥´¨¥ ¤²Ö μ¶·¥¤¥²¥´¨Ö τ . ‡ -
³¥É¨³, ÎÉμ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ¸¢Ö§ ´´Ò¥ ¸μ ¸¶¨´μ·´Ò³
¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨, É ±¦¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ μÉ τ , ±μÉμ·Ò¥ ¢Ò¢μ¤ÖÉ¸Ö ¨§
Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¨ ¸± ²Ö·´μ£μ ¶μ²¥°.

�·¨ ´ ²¨Î¨¨ ¦¨¤±μ¸É¨ ¨²¨ É¥³´μ° Ô´¥·£¨¨ ¨§ Éμ¦¤¥¸É¢  	¨ ´±¨ ¢Ò¢μ-
¤¨É¸Ö Ê· ¢´¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨. „ ²¥¥, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ Ê· ¢-
´¥´¨Ö ¸μ¸ÉμÖ´¨Ö, ÔÉ¨ ¤¢  Ê· ¢´¥´¨Ö ·¥Ï ¥³ ¸μ¢³¥¸É´μ.

ˆÉ ±, ¢´ Î ²¥ ¨§ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ´ Ìμ¤¨³ ¢Ò· ¦¥´¨Ö ¤²Ö ³¥É·¨Î¥-
¸±¨Ì ËÊ´±Í¨°. ‘ ÊÎ¥Éμ³ (1.17) ¨§ · §´μ¸É¨ Ê· ¢´¥´¨° (1.4 ) ¨ (1.4¡) ´ Ìμ¤¨³
¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê a ¨ b

a

b
= D1 exp

(
X1

∫
e−2κ

∫
η dt dt

τ

)
. (1.19)

�´ ²μ£¨Î´μ ¶μ²ÊÎ¨³

b

c
= D2 exp

(
X2

∫
e−2κ

∫
η dt dt

τ

)
,

c

a
= D3 exp

(
X3

∫
e−2κ

∫
η dt dt

τ

)
. (1.20)

‡¤¥¸Ó D1, D2, D3, X1, X2, X3 Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö, Ê¤μ¢²¥É¢μ·Ö-
ÕÐ¨¥

D1D2D3 = 1, X1 + X2 + X3 = 0. (1.21)
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‚¢¨¤Ê (1.21) ¨§ (1.19) ¨ (1.20) ¢Ò¢¥¤¥³ ¢Ò· ¦¥´¨Ö ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±-
Í¨° ¢ Ö¢´μ³ ¢¨¤¥ [67]

a(t) = (D1/D3)1/3τ1/3 exp
[
X1 − X3

3

∫
e−2κ

∫
η dt

τ(t)
dt

]
, (1.22 )

b(t) = (D2
1D3)−1/3τ1/3 exp

[
−2X1 + X3

3

∫
e−2κ

∫
η dt

τ(t)
dt

]
, (1.22¡)

c(t) = (D1D
2
3)

1/3τ1/3 exp
[
X1 + 2X3

3

∫
e−2κ

∫
η dt

τ(t)
dt

]
. (1.22¢)

Š ± ¢¨¤´μ ¨§ (1.22 ), (1.22¡) ¨ (1.22¢), ¤²Ö τ = tn ¶·¨ n > 1 Ô±¸¶μ´¥´É 
¸É·¥³¨É¸Ö ± ¥¤¨´¨Í¥ ¶·¨ ¡μ²ÓÏ¨Ì t,   ¸²¥¤μ¢ É¥²Ó´μ, ¶·μ¨¸Ìμ¤¨É ¶·μÍ¥¸¸
¨§μÉ·μ¶¨§ Í¨¨ ¨§´ Î ²Ó´μ  ´¨§μÉ·μ¶´μ° ³μ¤¥²¨.

„²Ö Éμ£μ ÎÉμ¡Ò ¨¸¸²¥¤μ¢ ÉÓ ¸¨´£Ê²Ö·´μ¸ÉÓ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, ¶¥·¥-
¶¨Ï¥³ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ¨Ì ¶·μ¨§¢μ¤´Ò¥ ¢ É¥·³¨´ Ì τ . ˆ§ (1.22)
´ Ìμ¤¨³

ai = Aiτ
1/3 exp

((
Yi

3

) ∫
e−2κ

∫
η dt

τ(t)
dt

)
, (1.23 )

ȧi

ai
=

Yi + 1
3

1
τ

(i = 1, 2, 3), (1.23¡)

äi

ai
=

(Yi + 1)(Yi − 2)
9

1
τ2

, (1.23¢)

É. ¥. ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ a, b, c ¨ ¨Ì ¶·μ¨§¢μ¤´Ò¥ ´ Ìμ¤ÖÉ¸Ö ¢ ËÊ´±Í¨μ´ ²Ó-
´μ° § ¢¨¸¨³μ¸É¨ μÉ τ . ‚¢¨¤Ê (1.23) ²¥£±μ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ

I1 ∝ 1
τ2

, I2 ∝ 1
τ4

, I3 ∝ 1
τ4

.

’ ±¨³ μ¡· §μ³, ³Ò ¢¨¤¨³, ÎÉμ ¢ ²Õ¡μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, £¤¥
τ = 0, ¨´¢ ·¨ ´ÉÒ I1, I2, I3,   É ±¦¥ ¸¶¨´μ·´μ¥ ¨ ¸± ²Ö·´μ¥ ¶μ²Ö ¸É -
´μ¢ÖÉ¸Ö ¡¥¸±μ´¥Î´Ò³¨, É. ¥. ¢ ¤ ´´μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ¸É ´μ¢¨É¸Ö
¸¨´£Ê²Ö·´Ò³.

„ ²¥¥ ³Ò ´ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ¤²Ö τ ¨ ¶μ¤·μ¡´μ ¨§ÊÎ¨³ ¥£μ.
ˆÉ ±, ¸Ê³³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  (1.4 ), (1.4¡), (1.4¢) ¨ É·¨¦¤Ò (1.4£)

¤ ¥É

τ̈ =
3
2
κ
(
T 0′

0 + T 1′
1 + ε − p′

)
τ + 3κητ̇ + 3Λτ, (1.24)

±μÉμ·μ¥ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ ¢¨¤¥

τ̈ − 3
2
κξτ̇ =

3
2
κ
(
T 0′

0 + T 1′
1 + ε − p

)
τ + 3Λτ. (1.25)
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‡ ³¥É¨³, ÎÉμ ¥¸²¨ ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (1.25) § ¢¨¸¨É Éμ²Ó±μ μÉ τ , Éμ μ´μ
¨³¥¥É ·¥Ï¥´¨¥ [48].

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ Éμ¦¤¥¸É¢  	¨ ´±¨

T ν
μ;ν = T ν

μ,ν + Γν
ρνT ρ

μ − Γρ
μνT ν

ρ = 0, (1.26)

±μÉμ·μ¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

1
τ

(
τT 0

0

)· − ȧ

a
T 1

1 − ḃ

b
T 2

2 − ċ

c
T 3

3 = 0, (1.27)

¨³¥¥³

Ṫ 0
0 =

τ̇

τ

(
T 1′

1 − T 0′
0 − ε − p′

)
+ 2η

(
ȧ2

a2
+

ḃ2

b2
+

ċ2

c2

)
. (1.28)

‘ ÊÎ¥Éμ³ Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö

(m − D)Ṡ0 − GṖ0 = 0

¨§ (1.27) ´ Ìμ¤¨³

ε̇ +
τ̇

τ
ω −

(
ξ +

4
3
η

)
τ̇2

τ2
+ 4η (κT 0

0 + Λ) = 0, (1.29)

£¤¥
ω = ε + p. (1.30)

Š ± ´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ¶·¨ η = 0 ¨§ (1.24) ¨ (1.28) ¶μ²ÊÎ¨³

κT 0
0 = 3H2 − Λ, (1.31)

£¤¥ H Å μ¡μ¡Ð¥´´ Ö ¶μ¸ÉμÖ´´ Ö • ¡¡² ,

τ̇

τ
=

ȧ

a
+

ḃ

b
+

ċ

c
= 3H. (1.32)

� ±μ´¥Í, Ê· ¢´¥´¨Ö (1.25) ¨ (1.29) ¸ ÊÎ¥Éμ³ (1.17) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

τ̇ = 3Hτ, (1.33 )

Ḣ =
κ

2
(
3ξH − ω

)
−

(
3H2 − κε − Λ

)
+

κ

2
(
T 0′

0 + T 1′
1

)
, (1.33¡)

ε̇ = 3H
(
3ξH − ω

)
+ 4η

(
3H2 − κε − Λ

)
− 4ηκT 0′

0 . (1.33¢)

Š ± ¡Ò²μ Ê¶μ³Ö´ÊÉμ, ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ F ± ± ËÊ´±Í¨¨ μÉ I , J ¨²¨
I ± J .
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2. ’�—�›… �…˜…�ˆŸ

‚ ÔÉμ³ · §¤¥²¥ ³Ò ¶μ¤·μ¡´μ ¨§ÊÎ¨³ ¸¨¸É¥³Ê (1.33) ¶·¨ · §²¨Î´ÒÌ Ê¸²μ-
¢¨ÖÌ. „²Ö ´ Î ²  ³Ò · ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¡¥§ ¸¶¨´μ·´μ£μ ¨ ¸± ²Ö·´μ£μ ¶μ²¥°,
§ É¥³ Å ¸¨¸É¥³Ê ¸ ´¥²¨´¥°´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¨ ¸ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨
¸¶¨´μ·´Ò³ ¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨.

2.1. ‘¨¸É¥³  ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¢¨¤Ê T 0′
0 = 0 ¨ T 1′

1 = 0
¸¨¸É¥³  (1.33) ¨³¥¥É ¢¨¤ [78]

τ̇ = 3Hτ, (2.1 )

Ḣ =
κ

2
(
3ξH − ω

)
−

(
3H2 − κε − Λ

)
, (2.1¡)

ε̇ = 3H
(
3ξH − ω

)
+ 4η

(
3H2 − κε − Λ

)
. (2.1¢)

‘ ÊÎ¥Éμ³ (1.30), (1.8) ¨ (1.9) ¸¨¸É¥³  Ê· ¢´¥´¨° (2.1) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ 
¢ ¢¨¤¥

τ̇ = 3Hτ, (2.2 )

Ḣ =
κ

2
(
3BεβH − (1 + ζ)ε

)
−

(
3H2 − κε − Λ

)
, (2.2¡)

ε̇ = 3H
(
3BεβH − (1 + ζ)ε

)
+ 4Aεα

(
3H2 − κε − Λ

)
. (2.2¢)

‘¨¸É¥³  (2.1) Ï¨·μ±μ ¨§ÊÎ ² ¸Ó ¢ ²¨É¥· ÉÊ·¥ ± ± ¢ Î ¸É´μ³ [23, 42, 53],
É ± ¨ ¢ μ¡Ð¥³ [6] ¸²ÊÎ ¥. ‚¶μ¸²¥¤¸É¢¨¨ ³Ò · ¸¸³μÉ·¨³ ¸¨¸É¥³Ê (2.1) ¶·¨
´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´μ ¢Ò¡· ´´ÒÌ ¶ · ³¥É· Ì.

2.1.1. ‘¨¸É¥³  ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¶¥·¢μ£μ ·μ¤ . � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê,
±μ£¤  ·¥ ²Ó´ Ö ¦¨¤±μ¸ÉÓ ¨³¥¥É ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤ . ‘μμÉ¢¥É¸É¢ÊÕÐÊÕ ¸¨-
¸É¥³Ê ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶μ² £ Ö η = 0 ¢ (2.1) ¨²¨ A = 0 ¢ (2.2). ‚ ÔÉμ³ ¸²ÊÎ ¥
Ê· ¢´¥´¨Ö (2.1 ) ¨ (2.1¡) μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨, Éμ£¤  ± ± Ê· ¢´¥´¨¥ (2.1¢)
¨³¥¥É ¢¨¤

ε̇ = 3H
(
3ξH − ω

)
. (2.3)

‚¢¨¤Ê (2.3) ¸¨¸É¥³  (2.1) ¤μ¶Ê¸± ¥É ¸²¥¤ÊÕÐ¨° ¶¥·¢Ò° ¨´É¥£· ²:

τ2
(
κε − 3H2 + Λ

)
= C1, C1 = const. (2.4)

ˆ§ ¸μμÉ´μÏ¥´¨Ö (2.4) ³Ò ³μ¦¥³ § ±²ÕÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥. ‚ ´ Î ²Ó´μ° ¸É -
¤¨¨ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° τ ¨ ¥¥ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε ¸Î¨É ÕÉ¸Ö ¡²¨§±¨³¨
± ´Ê²Õ ¨ ¡¥¸±μ´¥Î´μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ. ‚ ÔÉμ³ ¸³Ò¸²¥ (2.4) ´¥ ¶·μÉ¨¢μ-
·¥Î¨É ·¥ ²Ó´μ° ± ·É¨´¥. 	Ò²μ ¡Ò ¨´É¥·¥¸´μ ¶μ¸³μÉ·¥ÉÓ, ± ± ¸μμÉ´μÏ¥´¨¥
(2.4) ¶μ¢²¨Ö¥É ´  ¤ ²Ó´¥°ÏÊÕ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ°. ˆ§¢¥¸É´μ É ±¦¥, ÎÉμ ¸
· ¸Ï¨·¥´¨¥³ ‚¸¥²¥´´μ°, É. ¥. ¸ ·μ¸Éμ³ τ , ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε Ê³¥´ÓÏ ¥É¸Ö.
„μ¶Ê¸É¨³, ÎÉμ ´  ´¥±μÉμ·ÒÌ ¸É ¤¨ÖÌ · ¸Ï¨·¥´¨Ö ¢¥²¨Î¨´  τ ¸É ´μ¢¨É¸Ö ´ -
¸Éμ²Ó±μ ¡μ²ÓÏμ°, ÎÉμ τ−2 → 0 ¨ ε ¸É ´μ¢¨É¸Ö ¶·¥´¥¡·¥¦¨³μ ³ ²μ°. ’μ£¤ 
¨§ (2.4) ¸²¥¤Ê¥É, ÎÉμ

3H2 − Λ → 0. (2.5)
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‚ ¸²ÊÎ ¥ Λ = 0 ¶μ²ÊÎ¨³ H = 0, É. ¥. ¢ μÉ¸ÊÉ¸É¢¨¥ Λ-Î²¥´ , ± ± Éμ²Ó±μ
τ → ∞, ¶·μÍ¥¸¸ · ¸Ï¨·¥´¨Ö μ¸É ´ ¢²¨¢ ¥É¸Ö, ¢¥²¨Î¨´  τ Ê¦¥ ´¥ § ¢¨¸¨É μÉ
¢·¥³¥´¨ t. Š ± ¢¨¤´μ ¨§ (2.5), ¤²Ö Éμ£μ ÎÉμ¡Ò H ¨³¥²  ¸³Ò¸², Λ ¤μ²¦¥´
¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´Ò³. ‚ ¶·¨¸ÊÉ¸É¢¨¨ ¶μ²μ¦¨É¥²Ó´μ£μ Λ-Î²¥´  ¶·μÍ¥¸¸ Ô¢μ-
²ÕÍ¨¨ (· ¸Ï¨·¥´¨Ö) ´¨±μ£¤  ´¥ μ¸É ´ ¢²¨¢ ¥É¸Ö. ’ ±¨³ μ¡· §μ³ ³Ò ¢¨¤¨³,
ÎÉμ ‚¸¥²¥´´ Ö ³μ¦¥É ¡ÒÉÓ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° Éμ²Ó±μ Éμ£¤ , ±μ£¤  Λ � 0.
	μ²¥¥ Éμ£μ, ¶·¨ Λ > 0 ¨³¥¥É¸Ö ¢¥Î´μ · ¸Ï¨·ÖÕÐ Ö¸Ö ‚¸¥²¥´´ Ö. ‡ ³¥É¨³,
ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¶μ²μ¦¨É¥²Ó´ Ö Λ ¸μμÉ¢¥É¸É¢Ê¥É Ê´¨¢¥·¸ ²Ó´μ° ¸¨²¥ μÉ-
É ²±¨¢ ´¨Ö, ÎÉμ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± É¥³´ Ö Ô´¥·£¨Ö. ‚
ÔÉμ³ μÉ´μÏ¥´¨¨ (2.4) ´ Ìμ¤¨É¸Ö ¢ Ìμ·μÏ¥³ ¸μ£² ¸¨¨ ¸ ³μ¤¥²Ö³¨ Ê¸±μ·¥´´μ£μ
· ¸Ï¨·¥´¨Ö. � ¤μ § ³¥É¨ÉÓ, ÎÉμ μÉ´μÏ¥´¨¥ (2.4) ´ ² £ ¥É ´¥±μÉμ·μ¥ μ£· ´¨-
Î¥´¨¥ ´  τ ¨ ´  ε ¢ ¸²ÊÎ ¥ μÉ·¨Í É¥²Ó´μ£μ Λ, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¤μ¶μ²´¨É¥²Ó-
´μ° £· ¢¨É Í¨μ´´μ° ¸¨²¥. ‚Ò· ¦¥´¨¥ (2.5) ¢³¥¸É¥ ¸ (2.4) ¶μ± §Ò¢ ¥É, ÎÉμ ¢
¸²ÊÎ ¥ Λ > 0 · §³¥· ‚¸¥²¥´´μ° τ ´¥ ³μ¦¥É ¡ÒÉÓ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨³ (¨²¨
ε ´¥ ³μ¦¥É ¡ÒÉÓ ¶·¥´¥¡·¥¦¨³μ ³ ² ), É. ¥. τ É ±¦¥ μ£· ´¨Î¥´  ¸¢¥·ÌÊ. �Éμ
¸μμÉ¢¥É¸É¢Ê¥É μ¸Í¨²²¨·ÊÕÐ¥° Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° [67,69].

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤  μ¡· É´μ ¶·μ¶μ·Í¨μ-
´ ²Ó´  · ¸Ï¨·¥´¨Õ, É. ¥.

ξθ = C2, C2 = const. (2.6)

“Î¨ÉÒ¢ Ö, ÎÉμ θ = τ̇ /τ = 3H ,   É ±¦¥ ¸μμÉ´μÏ¥´¨Ö (2.1 ), (1.30) ¨ (1.9),
Ê· ¢´¥´¨¥ (2.3) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ε̇

C2 − (1 + ζ)ε
=

τ̇

τ
. (2.7)

ˆ§ (2.7) ´ Ìμ¤¨³

ε =
1

1 + ζ

[
C2 + C3τ

−(1+ζ)
]
, (2.8)

£¤¥ C3 Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö. „ ²¥¥, ¶μ¤¸É ¢²ÖÖ ε ¨§ (2.8) ¢
(1.25), ´ Ìμ¤¨³ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö τ .

‘ ÊÎ¥Éμ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö (1.9) ¨ ¢¢¨¤Ê (2.6) ¨ (2.8) Ê· ¢´¥´¨Ö (1.25)
¤μ¶Ê¸± ÕÉ ¸²¥¤ÊÕÐ¥¥ ·¥Ï¥´¨¥ ¢ ±¢ ¤· ÉÊ· Ì:∫

dτ√
C2

2 + C0
0 τ2 + C1

1 τ1−ζ
= t + t0, (2.9)

£¤¥ C2
2 ¨ t0 Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥. „ ²¥¥ ¡Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ t0 = 0. ‡¤¥¸Ó

C0
0 = 3κC2/(1 + ζ) − 3Λ ¨ C1

1 = 3κC3/(1 + ζ). Š ± ¢¨¤´μ, C0
0 μÉ·¨Í É¥²Ó´μ

¶·¨

Λ > κC2/(1 + ζ). (2.10)
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�Éμ §´ Î¨É, ÎÉμ ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ Λ Ê¤μ¢²¥É¢μ·ÖÕÐ Ö (2.10) (¶·¥¤¶μ²μ-
¦¨³, ÎÉμ C2 ¶μ²μ¦¨É¥²Ó´ ) ¢¥²¨Î¨´  τ ¤μ²¦´  ¡ÒÉÓ μ£· ´¨Î¥´  ¸¢¥·ÌÊ. �¥-
·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (2.9) ¢ Ëμ·³¥

τ̇ =
√

2[E − U(τ)], (2.11)

£¤¥ E = C2
2/2 ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´  ± ± Ô´¥·£¨Ö ¨ U(τ) = −0,5(C0

0τ2 +
C1

1 τ1−ζ) Å ± ± ¶μÉ¥´Í¨ ² (·¨¸. 1), ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê· ¢´¥´¨Õ (1.25). ‚
§ ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö E ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  É¨¶  ·¥Ï¥´¨°: ¶·¨ E > 0 ¨³¥ÕÉ¸Ö
´¥¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, É. ¥. ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö ´¥±μÉμ·μ£μ ³ ±¸¨³ ²Ó´μ£μ
§´ Î¥´¨Ö (´ ¶·¨³¥· τmax) ‚¸¥²¥´´ Ö ´ Î¨´ ¥É ¸¦¨³ ÉÓ¸Ö ¨ ¢ ±μ´Í¥ ±μ´Íμ¢
¶·¥¢· Ð ¥É¸Ö ¢ ÉμÎ±Ê, É ±¨³ μ¡· §μ³ ¶μ·μ¦¤ Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÊÕ
¸¨´£Ê²Ö·´μ¸ÉÓ; ¶·¨ E < 0 ³μ¤¥²Ó BI ¤μ¶Ê¸± ¥É μ¸Í¨²²¨·ÊÕÐ¨¥ ·¥Ï¥´¨Ö
¡¥§ ¸¨´£Ê²Ö·´μ¸É¥° (·¨¸. 2). �μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ¶μÉ¥´Í¨ ²  ³μ¦´μ ´ °É¨
¢ [69]. ’ ±¨³ μ¡· §μ³, ¢ ¸²ÊÎ ¥ ¢Ö§±μ¸É¨ ¶¥·¢μ£μ ·μ¤  ¶μ²μ¦¨É¥²Ó´Ò° Î²¥´
Λ μ¶¨¸Ò¢ ¥É ³μ¤¥²Ó, μ£· ´¨Î¥´´ÊÕ ¸¢¥·ÌÊ.

�¨¸. 1. ‚¨¤ ¶μÉ¥´Í¨ ²  U(τ ). ‡¤¥¸Ó
κ = 1, C2 = 1, C3 = 1, ζ = 0,33 ¨
Λ = 0,8

�¨¸. 2. �¢μ²ÕÍ¨Ö ¢¸¥²¥´´μ° BI, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ¶μÉ¥´Í¨ ²Ê ·¨¸. 1. ‚ ± Î¥¸É¢¥
´ Î ²Ó´μ£μ §´ Î¥´¨Ö ¢Ò¡· ´μ τ0 = 0,2

‚ ± Î¥¸É¢¥ ¢Éμ·μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ ¸²ÊÎ ° ¸ ζ = 1. ˆ§ (2.9) ´ Ìμ¤¨³

τ(t) =
(

exp
(√

C0
0 t

)
− C2

2 exp
(√

C0
0 t

))
/

(
2
√

C0
0

)
, C0

0 > 0, (2.12 )

τ(t) =
(

C2
2/

√
|C0

0 |
)

sin
(√

|C0
0 | t

)
, C0

0 < 0. (2.12¡)

‘ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ C0
0 > 0 ¤²Ö ²Õ¡μ° ´¥¶μ²μ¦¨É¥²Ó´μ° Λ, ¨§ (2.12 ) ¸²¥¤Ê¥É,

ÎÉμ ¢ ¸²ÊÎ ¥ Λ � 0 ‚¸¥²¥´´ Ö ³μ¦¥É ¡ÒÉÓ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° (´¥ ¸ÊÐ¥-
¸É¢Ê¥É μ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ), ÎÉμ ¸μ¢¶ ¤ ¥É ¸ ´ Ï¨³ ¶·¥¦´¨³ · ¸¸Ê¦¤¥´¨¥³.
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, C0
0 ³μ¦¥É ¡ÒÉÓ μÉ·¨Í É¥²Ó´μ Éμ²Ó±μ ¶·¨ ´¥±μÉμ·ÒÌ ¶μ-

²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ Λ. ‚ · ¡μÉ Ì [67, 69] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥
¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¶μ²μ¦¨É¥²Ó´Ò° Λ-Î²¥´ ¢¸¥£¤  ¶μ·μ¦¤ ¥É μ¸Í¨²²ÖÍ¨¨,
Éμ£¤  ± ± ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ÔÉμ ¸²ÊÎ ¥É¸Ö Éμ²Ó±μ ±μ£¤  Λ Ê¤μ-
¢²¥É¢μ·Ö¥É (2.10). ‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö ¸ ¨§²ÊÎ¥´¨¥³, ±μ£¤  BI ¤μ¶Ê¸± ¥É
¤¢  É¨¶  ·¥Ï¥´¨Ö, ¢ ¸²ÊÎ ¥ ¦¥¸É±μ° ³ É¥·¨¨ ¨³¥¥É¸Ö ·¥Ï¥´¨¥ Éμ²Ó±μ μ¤´μ£μ
¢¨¤ ,   ¨³¥´´μ ´¥¶¥·¨μ¤¨Î¥¸±μ¥, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É E > 0 ¢ ¸²ÊÎ ¥ ¸ ¨§²Ê-
Î¥´¨¥³, É ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² U(τ) = −0,5C0

0τ2 ¨³¥¥É ³ ±¸¨³Ê³
¶·¨ τ = 0.

2.1.2. ‘¨¸É¥³  ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ·μ¤ . � ¸¸³μ-
É·¨³ μ¡Ð¨° ¸²ÊÎ ° ¸ ¢Ö§±μ¸ÉÓÕ ¢Éμ·μ£μ ·μ¤  η, ¶·μ¶μ·Í¨μ´ ²Ó´μ° · ¸Ï¨·¥-
´¨Õ, É. ¥.

η ∝ θ = 3H. (2.13)

�Ê¸ÉÓ

η = − 3
2κ

H. (2.14)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ (2.1¡) ¨ (2.1¢) ´ Ìμ¤¨³

3H2 = κε + C4, C4 = const. (2.15)

ˆ§ (2.15) ¸²¥¤Ê¥É, ÎÉμ ¢ ´ Î ²Ó´μ° ¸É ¤¨¨ · ¸Ï¨·¥´¨Ö, ±μ£¤  ε ¡μ²ÓÏ Ö,
¶μ¸ÉμÖ´´ Ö • ¡¡²  Éμ¦¥ ¡μ²ÓÏ Ö ¨ ¸ · ¸Ï¨·¥´¨¥³ ‚¸¥²¥´´μ° H Ê³¥´ÓÏ -
¥É¸Ö, ± ± ¨ ε. �μ¸±μ²Ó±Ê H2 ¨ ε μ¡¥ ´¥μÉ·¨Í É¥²Ó´Ò, ³Ò § ±²ÕÎ ¥³, ÎÉμ
¶μ¸ÉμÖ´´ Ö C4 Éμ¦¥ ´¥μÉ·¨Í É¥²Ó´ . �μ¤¸É ¢²ÖÖ (2.15) ¢ (2.1¡), ´ Ìμ¤¨³∫

dH

AH2 + BH + C
= t, (2.16)

£¤¥ A = −1,5(1+ζ), B = 1,5κξ ¨ C = 0,5C4(ζ−1)−Λ. …¸²¨ ¢Ö§±μ¸ÉÓ ¢Éμ·μ£μ
·μ¤  ¶μ¸ÉμÖ´´ , É. ¥. ξ = const, Éμ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö ¤¨¸±·¨³¨´ ´É 
B2 − 4AC ¸ÊÐ¥¸É¢ÊÕÉ É·¨ É¨¶  ·¥Ï¥´¨Ö,   ¨³¥´´μ [13]:

t =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1√
B2 − 4AC

ln

∣∣∣∣∣2AH + B +
√

B2 − 4AC

2AH + B −
√

B2 − 4AC

∣∣∣∣∣ , B2 > 4AC,

2√
4AC − B2

arctg
2AH + B√
4AC − B2

, B2 < 4AC,

− 2
2AH + B

, B2 = 4AC.

(2.17)

‚¢¨¤Ê Éμ£μ, ÎÉμ A < 0 ¨ C4(ζ − 1) � 0, §´ ± C § ¢¨¸¨É μÉ §´ ±  ¨
§´ Î¥´¨Ö Λ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  ¤μ¶Ê¸± ¥É ´¥¶¥·¨μ¤¨Î¥¸±μ¥ ¨²¨ Ô±¸¶μ-
´¥´Í¨ ²Ó´μ¥ · ¸Ï¨·¥´¨¥ τ ± ± ¤²Ö ¶μ²μ¦¨É¥²Ó´μ°, É ± ¨ ¤²Ö μÉ·¨Í É¥²Ó-
´μ° Λ. Š ± ¢¨¤´μ ´  ·¨¸. 3, ¢´¥ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  Λ ³μ¤¥²Ó ¤μ¶Ê¸± ¥É
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�¨¸. 3. ‚¨¤ τ (t) ¶·¨ C4 = 0,1, ζ = 0,33,
κ = 0,1 ¨ ξ = 0,1 ¸ Λ = −0,03, Λ = 0
¨ Λ = 0,03 ¸μμÉ¢¥É¸É¢¥´´μ

�¨¸. 4. �¢μ²ÕÍ¨Ö ¢¸¥²¥´´μ° BI ¸ ¶ · ³¥-
É· ³¨ C4 = 0,1, ζ = 0,33, κ = 1 ¨ ξ = 1
¸ Λ = −0,03, Λ = 0 ¨ Λ = 0,03

·¥Ï¥´¨Ö, ±μÉμ·Ò¥ ¸´ Î ²  · ¸Ï¨·ÖÕÉ¸Ö, ¤μ¸É¨£ ÕÉ ³ ±¸¨³Ê³  ¨ ¶μ¸²¥ ÔÉμ£μ
´ Î¨´ ÕÉ ¸¦¨³ ÉÓ¸Ö, ¶μ·μ¦¤ Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ.
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸ É¥³¨ ¦¥ Λ, ´μ ¸ ¤·Ê£¨³¨ κ ¨ ξ · ¸Ï¨·¥´¨¥ ¢¸¥²¥´´μ°
BI ¶·¨´¨³ ¥É Ô±¸¶μ´¥´Í¨ ²Ó´Ò° ¢¨¤ (·¨¸. 4).

‡ ³¥É¨³, ÎÉμ ¸²ÊÎ ° ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¸ ¶μ²μ¦¨É¥²Ó´μ° Λ ¤μ¶Ê¸± ¥É
²¨¡μ μ¸Í¨²²¨·ÊÕÐ¨¥, ²¨¡μ ´¥¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, Éμ£¤  ± ± ¶·¨ μÉ·¨-
Í É¥²Ó´μ° Λ · ¸Ï¨·¥´¨¥ ¢¸¥£¤  Ô±¸¶μ´¥´Í¨ ²Ó´μ¥. ‚¢¥¤¥´¨¥ ¢Ö§±μ¸É¨ ¶μ·μ-
¦¤ ¥É ¨ ´¥¶¥·¨μ¤¨Î¥¸±μ¥, ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ ·¥Ï¥´¨¥ ´¥§ ¢¨¸¨³μ μÉ §´ ± 
Λ-Î²¥´ . ‚ ¸ ³μ³ ¤¥²¥, §´ Î¥´¨Ö κ ¨ ξ ¨£· ÕÉ ·¥Ï ÕÐÊÕ ·μ²Ó ¢ Ëμ·³¨·μ-
¢ ´¨¨ Éμ£μ ¨²¨ ¨´μ£μ É¨¶  ·¥Ï¥´¨Ö.

�·μ¨²²Õ¸É·¨·Ê¥³ Ë §μ¢Ò³¨ ¤¨ £· ³³ ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö,
μ£· ´¨Î¥´´Ò¥ ¸¢¥·ÌÊ (·¨¸. 5 ¨ 6). � ¤μ § ³¥É¨ÉÓ, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ -
· ³¥É·μ¢ ·¥Ï¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ É ±¦¥ ¨ ¸¨´Ê¸μ¨¤ ²Ó´Ò³¨. ‘²¥£±  ¤¥Ëμ·³¨-
·μ¢ ´´ Ö Ëμ·³  Ë §μ¢ÒÌ ¤¨ £· ³³ ¶μ± §Ò¢ ¥É ´¥¸¨´Ê¸μ¨¤ ²Ó´Ò° Ì · ±É¥·
·¥Ï¥´¨° ¶·¨ ¤ ´´μ³ ´ ¡μ·¥ ¶ · ³¥É·μ¢.

�¨¸. 5. ” §μ¢ Ö ¤¨ £· ³³  ·¥Ï¥´¨Ö, ¨²-
²Õ¸É·¨·μ¢ ´´μ£μ ·¨¸. 2

�¨¸. 6. ” §μ¢ Ö ¤¨ £· ³³  ·¥Ï¥´¨Ö,
¶·¥¤¸É ¢²¥´´μ£μ ´  ·¨¸. 3
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2.2. ‘¨¸É¥³  ¸ ´¥²¨´¥°´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¨ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. ‚
ÔÉμ³ ¸²ÊÎ ¥ ² £· ´¦¨ ´ ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö § ¤ ¥É¸Ö ¢ ¢¨¤¥ [80,81]

Lf =
i

2

[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mψ̄ψ + F, (2.18)

£¤¥ F Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö μÉ ¨´¢ ·¨ ´Éμ¢, ¶μ¸É·μ¥´´ÒÌ ¨§
¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³. ‚¸¥£μ ¨³¥¥É¸Ö ¶ÖÉÓ É ±¨Ì ¨´¢ ·¨ ´Éμ¢. ˆ¸-
¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ ”¨·Í  (Fierz) [7, 33, 47, 86], ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¨§ ¶ÖÉ¨
¨´¢ ·¨ ´Éμ¢ Éμ²Ó±μ I ¨ J Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¶μ¸±μ²Ó±Ê ¢¸¥ μ¸É ²Ó´Ò¥
³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ ´¨Ì: Iv = −IA = I +J ¨ IT = I −J. ‚ ¸¢¥É¥ ¢Ò-
Ï¥Ê¶μ³Ö´ÊÉμ° É¥μ·¥³Ò ³Ò ¢Ò¡¥·¥³ ´¥²¨´¥°´Ò° Î²¥´ F ¢ ¢¨¤¥ ËÊ´±Í¨¨ μÉ I
¨ J , É. ¥. F = F (I, J). ŒÒ ¸Î¨É ¥³, ÎÉμ ÔÉμÉ ¢Ò¡μ· μ¶¨¸Ò¢ ¥É ´¥²¨´¥°´μ¸ÉÓ
¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ¸ ³μ³ μ¡Ð¥³ ¢¨¤¥.

ˆ§ (2.18) ´ Ìμ¤¨³ Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö

iγμ∇μψ − mψ + Dψ + Giγ5ψ = 0, (2.19 )

i∇μψ̄γμ + mψ̄ − Dψ̄ − Giψ̄γ5 = 0, (2.19¡)

£¤¥
D = 2λS

∂F

∂I
, G = 2λP

∂F

∂J
.

‚ Ê· ¢´¥´¨ÖÌ (2.19) ∇μ Å ÔÉμ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö, ¤¥°¸É¢ÊÕÐ Ö
´  ¸¶¨´μ·´μ¥ ¶μ²¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ [9,24]:

∇μψ =
∂ψ

∂xμ
− Γμψ, ∇μψ̄ =

∂ψ̄

∂xμ
+ ψ̄Γμ, (2.20)

£¤¥ Γμ Å É ± ´ §Ò¢ ¥³Ò° ±μÔËË¨Í¨¥´É ¸¶¨´μ·´μ° ¸¢Ö§´μ¸É¨ ”μ± Äˆ¢ ´¥´±μ

Γμ =
1
4
γσ(Γν

μσγν − ∂μγσ). (2.21)

„²Ö ³¥É·¨±¨ BI ¨³¥ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ:

Γ0 = 0, Γ1 =
1
2
ȧ(t)γ̄1γ̄0, Γ2 =

1
2
ḃ(t)γ̄2γ̄0, Γ3 =

1
2
ċ(t)γ̄3γ̄0. (2.22)

�·¥¤¶μ² £ Ö, ÎÉμ ¸¶¨´μ·´μ¥ ¶μ²¥ § ¢¨¸¨É Éμ²Ó±μ μÉ t, Ê· ¢´¥´¨Ö ¤²Ö ¥£μ
±μ³¶μ´¥´Éμ¢ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

V̇1 + i(m − D)V1 − GV3 = 0, (2.23 )

V̇2 + i(m − D)V2 − GV4 = 0, (2.23¡)

V̇3 − i(m − D)V3 + GV1 = 0, (2.23¢)

V̇4 − i(m − D)V4 + GV2 = 0, (2.23£)

£¤¥ Vj(t) =
√

τψj(t), j = 1, 2, 3, 4.



1190 ‘�•� 	., �ˆ•‚ˆ–Šˆ‰ ‚.

„ ²¥¥ ³Ò ´ ¶¨Ï¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (2.23) Î¥·¥§ τ ¤²Ö ¸²¥¤ÊÕÐ¨Ì
¢Ò¡μ·μ¢ ´¥²¨´¥°´μ¸É¨.

‘²ÊÎ ° F = F (I). � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ
¶μ²Ö ¢Ò¡¨· ¥É¸Ö ± ± F = F (I). ‚ ÔÉμ³ ¸²ÊÎ ¥ ´ Ìμ¤¨³

S =
C0

τ
, C0 = const. (2.24)

Šμ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢Ò£²Ö¤ÖÉ ± ± [67]

ψ1(t) =
C1√

τ
e−iβ , ψ2(t) =

C2√
τ

e−iβ ,

(2.25)

ψ3(t) =
C3√

τ
eiβ , ψ4(t) =

C4√
τ

eiβ ,

£¤¥ Ci Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ C0 ¸μμÉ´μÏ¥´¨¥³ C0 =
C2

1 + C2
2 − C2

3 − C2
4 . ‡¤¥¸Ó β =

∫
(m − D)dt.

Šμ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ Éμ±  ¨³¥ÕÉ ¢¨¤

j0 =
1
τ

[
C2

1 + C2
2 + C2

3 + C2
4

]
, j1 =

2
aτ

[
C1C4 + C2C3

]
cos (2β),

j2 =
2
bτ

[
C1C4 − C2C3

]
sin (2β), j3 =

2
cτ

[
C1C3 − C2C4

]
cos (2β),

  ¶·μ¥±Í¨¨ ¢¥±Éμ·  ¸¶¨´  ¢¤μ²Ó X , Y ¨ Z ¢Ò£²Ö¤ÖÉ ± ±

S23,0 =
C1C2 + C3C4

bcτ
, S31,0 = 0, S12,0 =

C2
1 − C2

2 + C2
3 − C2

4

2abτ
.

�μ²´Ò° § ·Ö¤ ¸¨¸É¥³Ò, § ±²ÕÎ¥´´Ò° ¢ μ¡Ñ¥³¥ V ,

Q = [C2
1 + C2

2 + C2
3 + C2

4 ]V. (2.26)

’ ±¨³ μ¡· §μ³, ¤²Ö τ �= 0 ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ Éμ±  ¨ ¶·μ¥±Í¨¨ ¢¥±Éμ· 
¸¶¨´  ´¥ ¨³¥ÕÉ ¸¨´£Ê²Ö·´μ¸É¥°,   ¶μ²´Ò° § ·Ö¤ ¸¨¸É¥³Ò ¢ μ£· ´¨Î¥´´μ³
μ¡Ñ¥³¥ ¢¸¥£¤  μ£· ´¨Î¥´. ‡ ³¥É¨³, ÎÉμ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¢Ò· ¦¥´¨¨, ¶μ¤¸É ¢²ÖÖ
λ = 0, É. ¥. β = mt, ¶μ²ÊÎ¨³ ·¥§Ê²ÓÉ É ¤²Ö ²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö.

‘²ÊÎ ° F = F (J). � ¸¸³μÉ·¨³ ¸²ÊÎ ° ¸ F = F (J). ‡ ³¥É¨³, ÎÉμ ¢ ¥¤¨-
´μ° ´¥²¨´¥°´μ° ¸¶¨´μ·´μ° É¥μ·¨¨ ƒ¥°§¥´¡¥·£  Î²¥´ ¸ ³ ¸¸μ° μÉ¸ÊÉ¸É¢Ê¥É,
¶μ¸±μ²Ó±Ê, ¸μ£² ¸´μ ƒ¥°§¥´¡¥·£Ê, ³ ¸¸Ò Î ¸É¨Í ¤μ²¦´Ò ¶μ²ÊÎ ÉÓ¸Ö ¢ ·¥§Ê²Ó-
É É¥ ±¢ ´Éμ¢ ´¨Ö ¶· ³ É¥·¨¨ [11, 12, 40, 41]. �·¨ ´¥²¨´¥°´ÒÌ μ¡μ¡Ð¥´¨ÖÌ
Ê· ¢´¥´¨° ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²Ö ³ ¸¸μ¢Ò° Î²¥´ ´¥ ¨³¥¥É Éμ£μ ¸³Ò¸² ,
±μÉμ·Ò° μ´ ¨³¥¥É ¢ ²¨´¥°´ÒÌ ¶μ²¥¢ÒÌ Ê· ¢´¥´¨ÖÌ, ¶μ¸±μ²Ó±Ê ´¨± ± ´¥ μ¶·¥-
¤¥²Ö¥É ¶μ²´ÊÕ Ô´¥·£¨Õ (¨²¨ ³ ¸¸Ê) ´¥²¨´¥°´μ° ¶μ²¥¢μ° ¸¨¸É¥³Ò. ’ ±, ¡¥§
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¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³Ò ³μ¦¥³ · ¸¸³ É·¨¢ ÉÓ ¡¥§³ ¸¸μ¢μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥, ¶μ-
² £ Ö m = 0.

„²Ö ¨´¢ ·¨ ´É  P ´ Ìμ¤¨³

P = D0/τ, D0 = const. (2.27)

Šμ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥ÕÉ ¢¨¤

ψ1 =
1√
τ

(
D1 eiσ + iD3 e−iσ

)
, ψ2 =

1√
τ

(
D2 eiσ + iD4 e−iσ

)
,

ψ3 =
1√
τ

(
iD1 eiσ + D3 e−iσ

)
, ψ4 =

1√
τ

(
iD2 eiσ + D4 e−iσ

)
.

�μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö Di ¸¢Ö§ ´Ò ¸ D0 ¸μμÉ´μÏ¥´¨¥³ D0 = 2 (D2
1 +

D2
2 − D2

3 − D2
4). ‡¤¥¸Ó σ =

∫
Gdt.

Šμ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ Éμ±  ¢Ò£²Ö¤ÖÉ ± ±

j0 =
2
τ

[
D2

1 + D2
2 + D2

3 + D2
4

]
, j1 =

4
aτ

[
D2D3 + D1D4

]
cos (2σ),

j2 =
4
bτ

[
D2D3 − D1D4

]
sin (2σ), j3 =

4
cτ

[
D1D3 − D2D4

]
cos (2σ),

  ¶·μ¥±Í¨¨ ¢¥±Éμ·  ¸¶¨´  ¢¤μ²Ó μ¸¥° X , Y ¨ Z ¨³¥ÕÉ ¢¨¤

S23,0 =
2(D1D2 + D3D4)

bcτ
, S31,0 = 0, S12,0 =

D2
1 − D2

2 + D2
3 − D2

4

2abτ
.

Š ± ¢¨¤´μ, ¶·¨ ´¥É·¨¢¨ ²Ó´μ° τ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ Éμ±  ¨ ¶·μ¥±Í¨¨
¢¥±Éμ·  ¸¶¨´  ´¥ ¨³¥ÕÉ ¸¨´£Ê²Ö·´μ¸É¥°.

‚¥·´¥³¸Ö ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¤²Ö τ , H ¨ ε. „²Ö ÔÉμ£μ ´ ³ ´Ê¦´μ ¡Ê¤¥É
§ ¶¨¸ ÉÓ T 0′

0 ¨ T 1′
1 ¢ Ö¢´μ³ ¢¨¤¥. „²Ö ¶·μ¸ÉμÉÒ ³Ò · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤ 

F = λSn. ˆ³¥¥³

T 0′
0 = mS − λSn, T 1′

1 = λ(n − 1)Sn.

‘ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ S = C0/τ , ¶¥·¥¶¨Ï¥³ ¸¨¸É¥³Ê (1.33) ¢ ¢¨¤¥

τ̇ = 3Hτ, (2.28 )

Ḣ =
1
2
(
3BεβH − (1 + ζ)ε

)
−

(
3H2 − ε − Λ

)
+

1
2

(
m

τ
+

λ(n − 2)
τn−1

)
,

(2.28¡)

ε̇ = 3H
(
3BεβH − (1 + ζ)ε

)
+ 4Aεα

(
3H2−ε−Λ

)
−4η

[
m

τ
− λ

τn

]
, (2.28¢)

£¤¥ ¤²Ö ¶·μ¸ÉμÉÒ ¶·¥¤¶μ² £ ²μ¸Ó, ÎÉμ C0 = 1. „ ´´ Ö ¸¨¸É¥³  ¢ μ¡Ð¥³
¸²ÊÎ ¥ ÉμÎ´μ ´¥ ·¥Ï ¥É¸Ö. ŒÒ · ¸¸³μÉ·¨³ ´¥±μÉμ·Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ¸²ÊÎ ¨,
¤μ¶Ê¸± ÕÐ¨¥ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö.
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2.2.1. ‘²ÊÎ ° ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¢Éμ·μ£μ ·μ¤ . ‘´ Î ²  ¨§ÊÎ¨³ ¸²ÊÎ °,
±μ£¤  μÉ¸ÊÉ¸É¢Ê¥É ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤ , ¶μ² £ Ö η = 0. �μÉ·¥¡Ê¥³, ÎÉμ¡Ò
¢Ö§±μ¸ÉÓ ¢Éμ·μ£μ ·μ¤  ¡Ò²  μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  · ¸Ï¨·¥´¨Õ, É. ¥.

ξθ = 3ξH = C2, C2 = const. (2.29)

�μ¤¸É ¢²ÖÖ η = 0, (2.29) ¨ (1.9) ¢ (2.1¢), ´ Ìμ¤¨³

ε =
1

1 + ζ

[
C2 +

C3

τ1+ζ

]
. (2.30)

’μ£¤  ¨§ (1.25) ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¤²Ö τ :

τ̈ =
3
2
κm + 3

[
C2

2
κ + Λ

]
τ +

(1 − ζ2)τ2+ζ

C3 + C2τ1+ζ
+

λ(n − 2)
τn−1

≡ F (q, τ), (2.31)

£¤¥ q Å ³´μ¦¥¸É¢μ ¶ · ³¥É·μ¢. Š ± ¢¨¤´μ, ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (2.31)
Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° μÉ τ ,   ¸²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨¥ ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´μ ¢
±¢ ¤· ÉÊ· Ì [48]. �¥Ï¨³ Ê· ¢´¥´¨¥ (2.31) Î¨¸²¥´´μ. ‡ ³¥É¨³, ÎÉμ Ê· ¢´¥-
´¨¥ (2.31) ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´μ ± ± Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö μ¤´μ° Î ¸É¨ÍÒ.
ˆ´μ£¤  Ê¤μ¡´μ ¨ ¶μ²¥§´μ ¶μ± § ÉÓ ¶μÉ¥´Í¨ ² ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê· ¢´¥´¨Ö,
±μÉμ·Ò³ ¢ ´ Ï¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö

U(q, τ) = −2
∫

F (q, τ) dτ. (2.32)

� · ³¥É·Ò ³Ò ¢Ò¡¥·¥³ ¢ ¢¨¤¥: κ = 1, m = 1, λ = 0,5, ζ = 1/3, n = 4, C2 = 2
¨ C3 = 1. ŒÒ · ¸¸³μÉ·¨³ ¸²ÊÎ ¨ ¸ · §²¨Î´Ò³¨ Λ,   ¨³¥´´μ Λ = −2, 0, 1.
� Î ²Ó´μ¥ §´ Î¥´¨¥ τ ¡¥·¥É¸Ö ¤μ¸É ÉμÎ´μ ³ ²Ò³, ¶¥·¢ Ö ¶·μ¨§¢μ¤´ Ö μÉ ´¥£μ,
É. ¥. τ̇ , ¢ ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¨§ (1.31). �  ·¨¸. 7 ¶μ± § ´

�¨¸. 7. ‚¨¤Ò ¶μÉ¥´Í¨ ² , ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ · §´Ò³ §´ ± ³ Λ-Î²¥´ 

�¨¸. 8. �¢μ²ÕÍ¨Ö τ ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ ±μ¢ Λ-Î²¥´ 
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¶μÉ¥´Í¨ ², ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê· ¢´¥´¨Õ (2.31). ‘· §Ê ¢¨¤´μ, ÎÉμ μÉ·¨Í É¥²Ó-
´ Ö Λ ¶μ·μ¦¤ ¥É ‚¸¥²¥´´ÊÕ, μ£· ´¨Î¥´´ÊÕ ¸¢¥·ÌÊ, É. ¥. ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ -
· ³¥É·μ¢ ·¥Ï¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¨²¨ ´¥¶¥·¨μ¤¨Î¥¸±¨³¨, ¨²¨ μ¸Í¨²²¨·ÊÕÐ¨³¨.
� ¢ ¸²ÊÎ ¥ ´¥μÉ·¨Í É¥²Ó´μ° Λ ¨³¥¥É ³¥¸Éμ ¢¥Î´μ · ¸Ï¨·ÖÕÐ Ö¸Ö ‚¸¥²¥´-
´ Ö. ‚¢μ¤ ¶μ²μ¦¨É¥²Ó´μ° Λ, ÎÉμ ´  ¸ ³μ³ ¤¥²¥ Ö¢²Ö¥É¸Ö É¥³´μ° Ô´¥·£¨¥°,
¶·¨¢μ¤¨É ± Ê¸±μ·¥´´μ³Ê · ¸Ï¨·¥´¨Õ ‚¸¥²¥´´μ°. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö
¤ ´Ò ´  ·¨¸. 8.

2.2.2. ‘²ÊÎ ° ¸ ¢Ö§±μ¸ÉÓÕ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ·μ¤ . � ¸¸³μÉ·¨³ ¡μ²¥¥
μ¡Ð¨° ¸²ÊÎ °. ‘²¥¤ÊÖ [78], ¢Ò¡¥·¥³ ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤  ¶·μ¶μ·Í¨μ´ ²Ó´μ°
· ¸Ï¨·¥´¨Õ,   ¨³¥´´μ

η = − 3
2κ

H = − 1
2κ

θ. (2.33)

‚ μÉ¸ÊÉ¸É¢¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ÔÉμ ¶·¥¤¶μ²μ¦¥´¨¥ ¶·¨¢μ¤¨É ± ¸μμÉ´μÏ¥´¨Õ

3H2 = κε + C4, C4 = const. (2.34)

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (2.34) ¢ ´ Ï¥³ ¸²ÊÎ ¥ ³μ¦¥É ¡ÒÉÓ ¤μ¸É¨£-
´ÊÉμ ¶·¨ ¡¥§³ ¸¸μ¢μ³ ¸¶¨´μ·´μ³ ¶μ²¥ ¸ ´¥²¨´¥°´μ¸ÉÓÕ

F = F0S
2(κ−1)/κ.

“· ¢´¥´¨¥ ¤²Ö τ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

τ τ̈−0,5(1+ζ)τ̇2−1,5κξτ τ̇−3[Λ−0,5(1+ζ)C4−λF0τ
2(1−κ)/κ]τ2 = 0. (2.35)

�·¨ ξ = const ¨ λ = 0 ¸ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥
³μ¦´μ ´ °É¨ ¢ ¸¶· ¢μÎ´¨± Ì. �μ ¤²Ö ´¥É·¨¢¨ ²Ó´μ° λ Ê· ¢´¥´¨¥ ³μ¦´μ

�¨¸. 9. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¸ ´¥É·¨¢¨-
 ²Ó´μ° Λ ¶·¨ κ < 1

�¨¸. 10. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ · §²¨Î-
´ÒÌ §´ Î¥´¨ÖÌ Λ ¸ κ > 1
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·¥Ï ÉÓ Éμ²Ó±μ Î¨¸²¥´´μ. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¢Ö§±μ¸ÉÓ ¢Éμ·μ£μ ·μ¤ 
Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ°. ‘ ÊÎ¥Éμ³ ÔÉμ£μ ¢Ò¡¥·¥³ ¶ · ³¥É·Ò ζ = 1/3, ξ = 1,
F0 = 1, λ = 0,5 ¨ C4 = 1. � ¸¸³μÉ·¨³ ¸²ÊÎ ¨ ¸ · §²¨Î´Ò³¨ Λ ¨ κ. � 
·¨¸. 9 ¨ 10 ¨²²Õ¸É·¨·Ê¥É¸Ö Ô¢μ²ÕÍ¨Ö τ ¶·¨ κ < 1 ¨ κ > 1 ¸μμÉ¢¥É¸É¢¥´´μ. ‚
¸²ÊÎ ¥ κ < 1 ¨³¥¥³ ´¥¶¥·¨μ¤¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ¶·¨ ¢¸¥Ì Λ, Éμ£¤  ± ± ¶·¨
κ > 1 Éμ²Ó±μ μÉ·¨Í É¥²Ó´ Ö Λ ¶μ·μ¦¤ ¥É É ±μ¥ ·¥Ï¥´¨¥. �¥μÉ·¨Í É¥²Ó´ Ö Λ
¢ ÔÉμ³ ¸²ÊÎ ¥ ¤ ¥É ¢¥Î´μ · ¸Ï¨·ÖÕÐÊÕ¸Ö ± ·É¨´Ê Ô¢μ²ÕÍ¨¨.

2.3. ‘¨¸É¥³  ¸ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¸¶¨´μ·´Ò³ ¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨ ¨
¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¸ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¸¶¨´μ·´Ò³
¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨ ¢ ³μ¤¥²¨ 	¨ ´±¨-I, § ¶μ²´¥´´μ° ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. ‚
ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ [83]

Lf =
i

2

[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mψ̄ψ +

1
2
ϕ,αϕ,α(1 + λF ), (2.36)

£¤¥, ± ± ¨ · ´ÓÏ¥, F = F (I, J).
“· ¢´¥´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥É ¢¨¤ (2.19) ¸

D =
λ

2
ϕ,αϕ,α ∂F

∂S
, G =

λ

2
ϕ,αϕ,α ∂F

∂P
.

� ¤²Ö ¸± ²Ö·´μ£μ ¶μ²Ö ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥

1√−g

∂

∂xν

(√
−ggνμ(1 + λF )ϕ,μ

)
= 0. (2.37)

�¥Ï¥´¨Ö Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö ¶μ Ëμ·³¥ ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸
·¥Ï¥´¨Ö³¨ ¶·¥¤Ò¤ÊÐ¥£μ ¶Ê´±É . �μÔÉμ³Ê ³Ò ¸· §Ê ´ Î´¥³ ¨¸¸²¥¤μ¢ ÉÓ ¸¨-
¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö τ , H ¨ ε. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  F = Sn. Šμ³¶μ-
´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¢¨¤

T 0′
0 = mS +

1
2
ϕ̇2(λSn + 1), T 1′

1 =
1
2
ϕ̇2(λSn − 1),

£¤¥, ± ± ¸²¥¤Ê¥É ¨§ Ê· ¢´¥´¨Ö ¸± ²Ö·´μ£μ ¶μ²Ö,

ϕ̇ =
Csc

τ(1 + λF )
.

‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö Ê¤μ¡¸É¢  ³Ò ¶·¥¤¶μ²μ¦¨³, ÎÉμ Csc = 1.
’μ£¤  ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ S = C0/τ (§¤¥¸Ó ¤²Ö Ê¤μ¡¸É¢  ³Ò ¶μ² £ ¥³

C0 = 1), ¶¥·¥¶¨Ï¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¢ ¢¨¤¥

τ̇ = 3Hτ, (2.38 )

Ḣ =
κ

2
(
3ξH − ω

)
−

(
3H2 − κε − Λ

)
+

κ

2

(
m

τ
+

nτn−2

2(λ + τn)2

)
, (2.38¡)

ε̇ = 3H
(
3ξH − ω

)
+ 4η

(
3H2−κε − Λ

)
−4η

[
κ

(
m

τ
+

τn−2

2(λ + τn)

)]
. (2.38¢)
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„ ²¥¥ ³Ò ¨¸¸²¥¤Ê¥³ ¸¨¸É¥³Ê (2.38). Š ± ¨ · ´ÓÏ¥, · ¸¸³μÉ·¨³ ¤¢  ¸²Ê-
Î Ö, ¤μ¶Ê¸± ÕÐ¨¥ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö.

2.3.1. ‘²ÊÎ ° ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¢Éμ·μ£μ ·μ¤ . Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³
¶Ê´±É¥, · ¸¸³μÉ·¨³ ¸²ÊÎ ° ¶·¨ η = 0. �·¨ ÔÉμ³ ¶μ²ÊÎ¨³  ´ ²μ£¨Î´Ò¥ ¸μμÉ-
´μÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ ε, H ¨ τ . „²Ö μ¶·¥¤¥²¥´¨Ö τ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

τ̈ =
3
2
κm + 3

[
C2

2
κ + Λ

]
τ +

3κ(1 − ζ)
2(1 + ζ)

C2τ
1+ζ − C3

τζ
+

+
3κλn

4
τn−1

(λ + τn)2
≡ F (q, τ), (2.39)

£¤¥ q Å ¶ · ³¥É·Ò. Š ± ¨ · ´ÓÏ¥, ¢ ÔÉμ³ ¸²ÊÎ ¥ É ±¦¥ ³μ¦´μ ´ °É¨ ¢Ò· -
¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ² . „²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ³Ò ¢Ò¡¥·¥³ κ = 1, m = 1,
λ = 0,5, ζ = 1/3, n = 4, C2 = 2 ¨ C3 = 1. � ¸¸³μÉ·¨³ ¸²ÊÎ ° ¸ · §²¨Î-
´Ò³¨ §´ Î¥´¨Ö³¨ Λ,   ¨³¥´´μ Λ = −2, 0, 1. � Î ²Ó´μ¥ §´ Î¥´¨¥ τ § ¤ ¥É¸Ö
¤μ¸É ÉμÎ´μ ³ ²¥´Ó±¨³,   ¶¥·¢ Ö ¥£μ ¶·μ¨§¢μ¤´ Ö, É. ¥. τ̇ , ¢ § ¤ ´´μ° ÉμÎ±¥
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¨§ ¸μμÉ´μÏ¥´¨Ö (1.31). �  ·¨¸. 11 ¶μ± -
§ ´ ¢¨¤ ¶μÉ¥´Í¨ ² , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê· ¢´¥´¨Õ (2.39). ‘· §Ê ¢¨¤´μ, ÎÉμ
´¥§ ¢¨¸¨³μ μÉ §´ ±  Λ ¢¸¥£¤  ¨³¥¥É¸Ö · ¸Ï¨·ÖÕÐ Ö¸Ö ‚¸¥²¥´´ Ö. �μ, ± ±
¢¨¤´μ ´  ·¨¸. 12, ¶μ²μ¦¨É¥²Ó´ Ö Λ ¶·¨¢μ¤¨É ± Ê¸±μ·¥´´μ³Ê · ¸Ï¨·¥´¨Õ,
Éμ£¤  ± ± μÉ·¨Í É¥²Ó´ Ö ± § ³¥¤²¥´¨Õ.

�¨¸. 11. ‚¨¤ ¶μÉ¥´Í¨ ²  ¶·¨ · §²¨Î´ÒÌ
§´ Î¥´¨ÖÌ Λ-Î²¥´ 

�¨¸. 12. �¢μ²ÕÍ¨Ö τ ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ ±  Λ

2.3.2. ‘²ÊÎ ° ¸ ¢Ö§±μ¸ÉÓÕ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ·μ¤ . � ¸¸³μÉ·¨³ ¡μ²¥¥
μ¡Ð¨° ¸²ÊÎ °, ¢Ò¡¨· Ö ¢Ö§±μ¸ÉÓ ¶¥·¢μ£μ ·μ¤  ¢ ¢¨¤¥ (2.33). Œμ¦´μ ¶μ± § ÉÓ,
ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ É ±¦¥ ¢μ§´¨± ÕÉ ¸μμÉ´μÏ¥´¨Ö É¨¶  (2.34), ´μ Éμ²Ó±μ ¶·¨
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´Ê²¥¢μ° ³ ¸¸¥ ¸¶¨´μ·  ¸ ´¥²¨´¥°´μ¸ÉÓÕ

F =
F0S

2 − 1
λ

.

“· ¢´¥´¨¥ ¤²Ö τ É¥¶¥·Ó ¶·¨³¥É ¢¨¤

τ τ̈ − 0,5(1 − ζ)τ̇2 − 1,5κξτ τ̇ − 3
[
Λ − 0,5(1 − ζ)C4 +

κ

2F0

]
τ2 = 0. (2.40)

�·¨ ξ = const ¸ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö. ŒÒ ¶¥·¥¶¨Ï¥³
ÔÉμ Ê· ¢´¥´¨¥ ¢ É¥·³¨´ Ì H :

Ḣ = −1,5(1 + ζ)H2 + 1,5κξH +
[
Λ − 0,5(1 − ζ)C4 +

κ

2F0

]
. (2.41)

�¥Ï¥´¨Ö ¥£μ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ±¢ ¤· ÉÊ· Ì:∫
dH

AH2 + BH + C
= t, (2.42)

£¤¥ A = −1,5(1+ζ), B = 1,5κξ ¨ C = Λ−0,5(1−ζ)C4+κ/2F0. …¸²¨ ¢Ö§±μ¸ÉÓ
¢Éμ·μ£μ ·μ¤  ¢Ò¡· ÉÓ ¶μ¸ÉμÖ´´μ°, É. ¥. ¥¸²¨ ξ = const, Éμ ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ ±  ¤¨¸±·¨³¨´ ´É  B2−4AC ¸ÊÐ¥¸É¢ÊÕÉ É·¨ É¨¶  ·¥Ï¥´¨Ö,   ¨³¥´´μ [13]:

t =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1√
B2 − 4AC

ln

∣∣∣∣∣2AH + B +
√

B2 − 4AC

2AH + B −
√

B2 − 4AC

∣∣∣∣∣ , B2 > 4AC,

2√
4AC − B2

arctg
2AH + B√
4AC − B2

, B2 < 4AC,

− 2
2AH + B

, B2 = 4AC.

(2.43)

„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ³Ò ¢Ò¡¥·¥³ ¶ · ³¥É·Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
C4 = 9, ζ = 1/3 ¨ κ = 2. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ δ = B2−4AC = 9ξ2+8(Λ−2).
�μ¸²¥ ÔÉμ£μ ¢Ò¡¥·¥³ ¤²Ö Λ ¶μ²μ¦¨É¥²Ó´μ¥, É·¨¢¨ ²Ó´μ¥ ¨²¨ μÉ·¨Í É¥²Ó´μ¥
§´ Î¥´¨Ö (¢ Î ¸É´μ¸É¨, ³Ò ¢Ò¡¥·¥³ Λ = (7/8, 0,−5/2)). ‡´ Î¥´¨Ö ξ ¢Ò¡¨-
· ÕÉ¸Ö É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ³Ò ¨³¥²¨ δ = (δ1, δ2, δ3) ¶·¨ ¢¸¥Ì ¢Ò¡· ´´ÒÌ
§´ Î¥´¨ÖÌ Λ, ¸ δ1 > 0, δ2 = 0 ¨ δ3 < 0. �  ·¨¸. 13, 14 ¨ 15 ¶·¨¢¥¤¥´Ò ± ·É¨´Ò
Ô¢μ²ÕÍ¨¨ τ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ É·¨¢¨ ²Ó´μ³Ê, ¶μ²μ¦¨É¥²Ó´μ³Ê ¨ μÉ·¨Í É¥²Ó-
´μ³Ê §´ Î¥´¨Ö³ δ ¸μμÉ¢¥É¸É¢¥´´μ. Š ± ¢¨¤´μ, ¶μ¢¥¤¥´¨¥ τ § ¢¨¸¨É μÉ δ ¨ ´¥
§ ¢¨¸¨É μÉ §´ ±  Λ. �É·¨Í É¥²Ó´ Ö δ ¶μ·μ¦¤ ¥É ´¥¶¥·¨μ¤¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ
‚¸¥²¥´´μ°, ´  ·¨¸. 16 ¶·¥¤¸É ¢²¥´  ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ë §μ¢ Ö ¤¨ £· ³³ .
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�¨¸. 13. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ δ = 0
¤²Ö · §´ÒÌ Λ

�¨¸. 14. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ δ > 0
¤²Ö · §´ÒÌ Λ

�¨¸. 15. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨
δ < 0 ¤²Ö · §´ÒÌ Λ

�¨¸. 16. ” §μ¢ Ö ¤¨ £· ³³ , ¸μμÉ¢¥É¸É¢ÊÕ-
Ð Ö ¸²ÊÎ Õ ¸ δ < 0 ¶·¨ · §²¨Î´ÒÌ Λ

3. Š�—…‘’‚…��›‰ ���‹ˆ‡

–¥²ÓÕ ¶·¥¤² £ ¥³μ£μ ¶μ¤Ìμ¤  Ö¢²Ö¥É¸Ö ¸¨¸É¥³ É¨Î¥¸±¨° ¨, ¶μ ¢μ§³μ¦-
´μ¸É¨, ¢¸¥μÌ¢ ÉÒ¢ ÕÐ¨° · §¡μ· ¢ ·¨ ´Éμ¢ ¶μ¢¥¤¥´¨Ö · ¸¸³μÉ·¥´´μ° ¤¨´ -
³¨Î¥¸±μ° ¸¨¸É¥³Ò ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨° ¶ · ³¥É·μ¢. �μ´ÖÉ´μ, ÎÉμ ¸²¥-
¤Ê¥É μÉ¤¥²¨ÉÓ ¸ÊÐ¥¸É¢¥´´μ¥, ± Î¥¸É¢¥´´μ¥ ´ ²¨Î¨¥ Ì · ±É¥·´ÒÌ ÔËË¥±Éμ¢ μÉ
´¥¸ÊÐ¥¸É¢¥´´ÒÌ, ±μ²¨Î¥¸É¢¥´´ÒÌ · §²¨Î¨°. ‡¤¥¸Ó ·¥ÎÓ ¶μ°¤¥É μ ¸Í¥´ ·¨ÖÌ
Ô¢μ²ÕÍ¨¨. �¡ÒÎ´μ ´Ê¦´μ ¶μ´ÖÉÓ ÌμÉÖ ¡Ò, Î¥³ § ± ´Î¨¢ ¥É¸Ö (¨²¨ ´¨±μ£¤ 
´¥ § ± ´Î¨¢ ¥É¸Ö) Ô¢μ²ÕÍ¨Ö ¶·¨ ¢·¥³¥´ Ì, ¢μ§³μ¦´μ, ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨Ì,
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¥¸²¨ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö É ±μ¢Ò, ± ± § ¤ ´Ò. �·¨ ÔÉμ³ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö
³μ£ÊÉ ¡ÒÉÓ § ¤ ´Ò £¤¥ Ê£μ¤´μ.

�μ¤ ±μ´±·¥É´Ò³ ¶μ¢¥¤¥´¨¥³ ¡Ê¤¥³ ¶μ´¨³ ÉÓ ¸¥³¥°¸É¢μ ¨´É¥£· ²Ó´ÒÌ
±·¨¢ÒÌ, ¶μ±·Ò¢ ÕÐ¥¥ ¢¸¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ, É. ¥. Ë §μ¢Ò° ¶μ·É·¥É.

ˆ§³¥´¥´¨¥ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°, ¶·¨¢μ¤ÖÐ¥¥ ¢¸¥£μ ²¨ÏÓ ± ´¥¶·¥·Ò¢´μ³Ê
¶¥·¥Ìμ¤Ê ³¥¦¤Ê ¨´É¥£· ²Ó´Ò³¨ ±·¨¢Ò³¨, ¡Ê¤¥³ ¶μ² £ ÉÓ ¶¥·¢Ò³ ±μ²¨Î¥-
¸É¢¥´´Ò³ μÉ²¨Î¨¥³, ¶μ¸±μ²Ó±Ê ·¥ÎÓ ¨¤¥É μ ¸¥³¥°¸É¢¥ ¢ Í¥²μ³. ’ ±¨¥ ¨´-
É¥£· ²Ó´Ò¥ ±·¨¢Ò¥ ¡Ê¤ÊÉ Éμ¶μ²μ£¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò³¨ [3]. ” §μ¢μ¥ ¶·μ-
¸É· ´¸É¢μ · §¡¨¢ ¥É¸Ö ´  μ¡² ¸É¨ Å ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ Å ¢´ÊÉ·¨ ±² ¸¸ 
μ´¨ ®¢¥¤ÊÉ ¸¥¡Ö μ¤¨´ ±μ¢μ¯. Š·¨¢Ò¥ ¢´ÊÉ·¨ ±² ¸¸  ¡Ê¤ÊÉ £μ³μÉμ¶´Ò ¤·Ê£
¤·Ê£Ê („.�. ”Ê±¸ ¨ ¤·. ƒμ³μÉμ¶¨Î¥¸± Ö Éμ¶μ²μ£¨Ö. 1969) ¸ £μ³μÉμ¶¨¥°, ´¥
¢Ò¢μ¤ÖÐ¥° §  ¶·¥¤¥²Ò ±² ¸¸ .

�¥¶·¥·Ò¢´μ¥ ¨§³¥´¥´¨¥ ¶ · ³¥É·μ¢ É ±¦¥ ¡Ê¤¥³ ¸Î¨É ÉÓ ´¥¸ÊÐ¥¸É¢¥´-
´Ò³ ¨ ¡Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ μ¤´μ ¸¥³¥°¸É¢μ ¨´É¥£· ²Ó´ÒÌ ±·¨¢ÒÌ (¶μ±·Ò¢ Õ-
Ð¥¥ ¢¸¥ ¶·μ¸É· ´¸É¢μ) Ô±¢¨¢ ²¥´É´μ ¤·Ê£μ³Ê, ¥¸²¨ μ´μ ¶μ·μ¦¤ ¥É ¸¥³¥°¸É¢μ
¤¨ËË¥μ³μ·Ë¨§³μ¢, ´¥¶·¥·Ò¢´μ ¶¥·¥¢μ¤ÖÐ¥¥ ¶¥·¢μ¥ ¸¥³¥°¸É¢μ ¢μ ¢Éμ·μ¥. �Éμ
μÉ´μÏ¥´¨¥ · §¡¨¢ ¥É ´  ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ ¶·μ¸É· ´¸É¢μ ¶ · ³¥É·μ¢.

�·¨ ´¥±μÉμ·ÒÌ, ±·¨É¨Î¥¸±¨Ì, ¸μμÉ´μÏ¥´¨ÖÌ ¶ · ³¥É·μ¢ ´ ¸ÉÊ¶ ¥É ¸ÊÐ¥-
¸É¢¥´´μ¥ ¨§³¥´¥´¨¥, ¶¥·¥¸É·μ°± . �Éμ ¶μ£· ´¨Î´μ¥ ¸μμÉ´μÏ¥´¨¥ ¶ · ³¥É·μ¢
· §¡¨¢ ¥É, ± ± ¶· ¢¨²μ, ¶·μ¸É· ´¸É¢μ ¶ · ³¥É·μ¢ ´  μ¡² ¸É¨, ¢´ÊÉ·¨ ±μÉμ-
·ÒÌ ¸¨¸É¥³  μ¡² ¤ ¥É ¸Ìμ¤´Ò³, ± Î¥¸É¢¥´´μ μ¤¨´ ±μ¢Ò³ ¶μ¢¥¤¥´¨¥³. ’ ±¨³
μ¡· §μ³, §¤¥¸Ó § ¢¥·Ï ¥É¸Ö ± Î¥¸É¢¥´´ Ö ±² ¸¸¨Ë¨± Í¨Ö ·¥¦¨³μ¢ Ô¢μ²ÕÍ¨¨
¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. ’¥¶¥·Ó, § ¤ ¢ Ö¸Ó ±μ´±·¥É´Ò³¨ ¶ · ³¥É· ³¨, ³Ò
³μ¦¥³ μ¶·¥¤¥²¨ÉÓ, ± ± ±μ° μ¡² ¸É¨ ¶ · ³¥É·μ¢ μ´¨ μÉ´μ¸ÖÉ¸Ö ¨ É¥³ ¸ ³Ò³
μ¶·¥¤¥²¨ÉÓ É¨¶ ¶μ¢¥¤¥´¨Ö. � § ¤ ¢Ï¨¸Ó ¥Ð¥ ¨ ±μ´±·¥É´Ò³¨ ´ Î ²Ó´Ò³¨
Ê¸²μ¢¨Ö³¨, ¸³μ¦¥³ μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ¢ ± ±ÊÕ μ¡² ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´-
¸É¢  ¶·¨¢¥¤¥É Ô¢μ²ÕÍ¨Ö ¸¨¸É¥³Ò ¸μ ¢·¥³¥´¥³.

‚ ´ Ï¥° ±μ¸³μ²μ£¨Î¥¸±μ° ³μ¤¥²¨ Î¨¸²μ¢Ò¥ ¶ · ³¥É·Ò A, α, B, β ¶μÖ¢¨-
²¨¸Ó, ¶μ¸±μ²Ó±Ê ³Ò ¶·¨´Ö²¨, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ ¢Ö§±μ¸É¨ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ
·μ¤ , ¶·¨¸ÊÉ¸É¢ÊÕÐ¨¥ ¢ ´¥°, ¨³¥ÕÉ ¢¨¤ η = Aεα ¨ ξ = Bεβ. ŠμÔËË¨Í¨¥´ÉÒ
λ ¨ τ ¸¢Ö§ ´Ò ¸ ¢¢¥¤¥´¨¥³ ¸¶¨´μ·´μ£μ ¨ ¸± ²Ö·´μ£μ ¶μ²¥°. ˆ, ´ ±μ´¥Í, ¢
Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¢Ìμ¤¨É ¨§¢¥¸É´ Ö ±μ¸³μ²μ£¨Î¥¸± Ö ±μ´¸É ´É  Λ.

ˆ¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¢³¥¸É¥ ¸ £¨¤·μ¤¨´ ³¨Î¥¸±¨³¨ Ê· ¢´¥-
´¨Ö³¨, ¢±²ÕÎ ÕÐ¨³¨ ¢Ö§±μ¸É¨, ¸¶¨´μ·´μ¥ ¨ ¢¥±Éμ·´μ¥ ¶μ²Ö, ´ ³¨ ¸¢¥¤¥´Ò ±
¸¨¸É¥³¥ É·¥Ì μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± 
μÉ´μ¸¨É¥²Ó´μ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε, ®¶μ¸ÉμÖ´´μ°¯ • ¡¡²  (¢ ¤¥°¸É¢¨É¥²Ó´μ-
¸É¨ ¶¥·¥³¥´´μ°) H ¨ ³ ¸ÏÉ ¡´μ£μ ¶ · ³¥É·  τ (τ = abc, £¤¥ a, b, c Å
±μ³¶μ´¥´ÉÒ ³¥É·¨Î¥¸±μ£μ É¥´§μ· ). “¤μ¡´μ μ± § ²μ¸Ó § ³¥´¨ÉÓ ¶¥·¥³¥´´ÊÕ
τ ´  ¶¥·¥³¥´´ÊÕ ν ¶μ Ëμ·³Ê²¥ ν = 1/τ .

’μ, ÎÉμ ¸¨¸É¥³  ¨³¥¥É · §³¥·´μ¸ÉÓ ¡μ²¥¥ ¤¢ÊÌ, ¸¨²Ó´μ Ê¸²μ¦´Ö¥É ± Î¥-
¸É¢¥´´Ò°  ´ ²¨§. � ¶μ³´¨³, ÎÉμ ¨§¢¥¸É´ Ö ¸¨¸É¥³  ‹μ·¥´Í  É·¥Ì μ¡Ò±´μ-
¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¶μ²¨´μ³¨ ²Ó´Ò³¨ ¶· ¢Ò³¨ Î ¸ÉÖ³¨
´¥ ¢ÒÏ¥ ¢Éμ·μ° ¸É¥¶¥´¨ μ¡² ¤ ¥É ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¶ · ³¥É·μ¢ Ì μÉ¨-
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Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³, ¸É· ´´Ò³  ÉÉ· ±Éμ·μ³, ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ ´¥° μÉ¸ÊÉ-
¸É¢ÊÕÉ ¶¥·¢Ò¥ ¨´É¥£· ²Ò (É. ¥. £²μ¡ ²Ó´μ μ¶·¥¤¥²¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ), ÌμÉÖ
³´μ¦¥¸É¢μ μ¸μ¡¥´´μ¸É¥° Ê¸É·μ¥´μ ¶·μ¸Éμ Å ¨³¥¥É¸Ö ¢¸¥£μ É·¨ μ¸μ¡ÒÌ (´¥-
¶μ¤¢¨¦´ÒÌ) ÉμÎ±¨ Å ¤¢  Ëμ±Ê¸  ¨ ¸¥¤²μ. � ²¨Î¨¥ É ±μ£μ ¶·¨³¥·  ´¥ ¶μ§¢μ-
²Ö¥É ¤¥² ÉÓ μ¶É¨³¨¸É¨Î¥¸±¨¥ § ±²ÕÎ¥´¨Ö ´  μ¸´μ¢ ´¨¨ ¶·μ¸ÉμÉÒ Ê¸É·μ°¸É¢ 
´ Ï¥° ¸¨¸É¥³Ò (Éμ²Ó±μ ¶μ²¨´μ³Ò ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ ¨ μÉ¸ÊÉ¸É¢¨¥ μ¸μ¡ÒÌ ÉμÎ¥±
¢ ¨´É¥·¥¸ÊÕÐ¥° ´ ¸ μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ , ¤ ¦¥ ¨ ¤¨´ ³¨Î¥¸±¨ § ³±´ÊÉμ°).

’¥³ ´¥ ³¥´¥¥ ´  £· ´¨Í Ì ¶·μ¸É· ´¸É¢  ± ± ¶·¨ ε = 0, É ± ¨ ¶·¨ ν = 0
(τ = +∞), ±μÉμ·Ò¥ ¸ ³¨ ¤¨´ ³¨Î¥¸±¨ § ³±´ÊÉÒ, ¶μ²´ Ö ±² ¸¸¨Ë¨± Í¨Ö
¶·μ¢¥¤¥´ . „¨´ ³¨Î¥¸± Ö § ³±´ÊÉμ¸ÉÓ ÔÉ¨Ì ¶²μ¸±μ¸É¥° ¸²Ê¦¨É μ¤´μ¢·¥³¥´´μ
¶·¥¶ÖÉ¸É¢¨¥³ ¤²Ö ¶·μ´¨±´μ¢¥´¨Ö ¨§ ¨´É¥·¥¸ÊÕÐ¥£μ ´ ¸ ¶μ²μ¦¨É¥²Ó´μ£μ μ±-
É ´É  ε > 0 ∧ ν > 0 ¢ μ¡² ¸ÉÓ ¸ μÉ·¨Í É¥²Ó´Ò³¨ §´ Î¥´¨Ö³¨. �μ, ÌμÉÖ ¢
¶μ²μ¦¨É¥²Ó´μ³ μ±É ´É¥ ´¥É μ¸μ¡¥´´μ¸É¥°, ´¥¶μ¤¢¨¦´ÒÌ ÉμÎ¥± (μ´¨ ¥¸ÉÓ ´ 
£· ´¨Í Ì), ¤μ± § ÉÓ ¶·μ¸ÉμÉÊ ¶μ¢¥¤¥´¨Ö, ´ ²¨Î¨¥ ¶¥·¢ÒÌ ¨´É¥£· ²μ¢, ´ ¶·¨-
³¥·, É ± ¨ ´¥ Ê¤ ²μ¸Ó, ± ± ¨ ¨Ì μÉ¸ÊÉ¸É¢¨¥.

Š ± Ê¦¥ ¡Ò²μ ¸± § ´μ, Ê· ¢´¥´¨Ö (1.25) ¨ (1.29) ¢Ò§Ò¢ ÕÉ ¡μ²ÓÏμ° ¨´-
É¥·¥¸, ¢ ÔÉμ³ · §¤¥²¥ ³Ò ¶μ¤·μ¡´μ ± Î¥¸É¢¥´´μ ¶·μ ´ ²¨§¨·Ê¥³ ÔÉÊ ¸¨¸É¥³Ê.

3.1. ‘¨¸É¥³  ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. ‚¸²¥¤ §  	¥²¨´¸±¨³ ¨ • ² É´¨±μ-
¢Ò³ [6] ¨§ÊÎ¨³ Ì · ±É¥·Ò ·¥Ï¥´¨° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò (2.1) ¨²¨ (2.2).
„²Ö ÔÉμ£μ ¶¥·¥¶¨Ï¥³ ¸¨¸É¥³Ê (2.1) ¢ ³ É·¨Î´μ° Ëμ·³¥ [79]:

(
Ḣ
ε̇

)
=

(
κ/2 −1
3H 4η

) (
3ξH − ω

3H2 − κε − Λ

)
. (3.1)

‡ ³¥É¨³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ¸¨¸É¥³Ò, ¨§ÊÎ ¥³μ° 	¥²¨´¸±¨³ ¨ • ² É´¨±μ¢Ò³,
· ¸¸³ É·¨¢ ¥³ Ö ¸¨¸É¥³  ¸μ¤¥·¦¨É ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ Λ.

�¡Ð¨¥ ¸¢μ°¸É¢  ¸¨¸É¥³Ò. ‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ·¥Ï¥´¨¥ ´¥ ³μ¦¥É
¶¥·¥¸¥± ÉÓ μ¸Ó ε = 0, É ± ± ± ε̇|ε=0 = 0, É ± ¦¥ ± ± ¨ ¶ · ¡μ²Ê

3H2 − κε − Λ = 0, (3.2)

É ± ± ± (3.2) ¸ ³  Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´μ° ±·¨¢μ°. ’ ±¨³ μ¡· §μ³, ´ Î¨´ Ö ¸
ÉμÎ±¨ (H, ε) = (+∞, 0), ·¥Ï¥´¨Ö ´¥ ³μ£ÊÉ ¢Ìμ¤¨ÉÓ ¢ ®§ ¶·¥Ð¥´´ÊÕ §μ´Ê¯
¢´ÊÉ·¨ ¶ · ¡μ²Ò (3.2). Œμ£ÊÉ ²¨ μ´¨ ¤μ¸É¨£ ÉÓ H < 0, § ¢¨¸¨É μÉ §´ Î¥´¨Ö
Λ. …Ð¥ · § ´ ¶μ³´¨³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ¸¨¸É¥³Ò, · ¸¸³μÉ·¥´´μ° ¢ [6], ÔÉ 
¸¨¸É¥³  ¸μ¤¥·¦¨É ´¥´Ê²¥¢μ° Λ-Î²¥´.

Š·¨É¨Î¥¸±¨¥ ÉμÎ±¨ ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. a) ‚ ¸¨²Ê ²¨´¥°´μ° ´¥§ -
¢¨¸¨³μ¸É¨ ¸Éμ²¡Íμ¢ ³ É·¨ÍÒ ¢ Ê· ¢´¥´¨¨ (3.1) ±·¨É¨Î¥¸±¨¥ ÉμÎ±¨ Ö¢²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨°

3ξH − ω = 0, (3.3 )

3H2 − κε − Λ = 0, (3.3¡)
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É. ¥. μ´¨ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ²¥¦ É ´  ¶ · ¡μ²¥ (3.2). �¥Ï¥´¨Ö³¨ ¸¨¸É¥³Ò
(3.3) ¡Ê¤ÊÉ ±μ·´¨ Ê· ¢´¥´¨°

3κB2ε1+2β − (1 + ζ)2ε2 + 3ΛB2ε2β = 0, (3.4 )

H =
1 + ζ

3B
ε1−β. (3.4¡)

Šμ²¨Î¥¸É¢μ ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ·´¥° Ê· ¢´¥´¨Ö (3.4) ¶μ ¶·¨§´ ±Ê „¥± ·É 
· ¢´μ Î¨¸²Ê ¨§³¥´¥´¨Ö §´ ±μ¢ ±μÔËË¨Í¨¥´Éμ¢ Ê· ¢´¥´¨° ¨²¨ ³¥´ÓÏ¥ ÔÉμ£μ
´  Î¥É´μ¥ Î¨¸²μ. ’ ±,

¶·¨ Λ > 0 ¨ 1/2 < β < 1 (·¨¸. 18, 19)
¨²¨ Λ < 0 ¨ β < 1/2 (·¨¸. 21, 22)

Î¨¸²μ ±μ·´¥° ²¨¡μ 2, ²¨¡μ ´Ê²Ó. ‚ μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ

Λ > 0 ¨ β > 1 (·¨¸. 17),
Λ > 0 ¨ β < 1/2 (·¨¸. 20),
Λ < 0 ¨ β > 1/2 (·¨¸. 23)

¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ μ¤¨´ ±μ·¥´Ó. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ± ·É¨´Ò Ë §μ¢ÒÌ ±·¨-
¢ÒÌ ¶·μ¨²²Õ¸É·¨·μ¢ ´Ò ´  ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ ·¨¸Ê´± Ì. Š·¨É¨Î¥¸±¨¥ ÉμÎ±¨
μ¡μ§´ Î¥´Ò ¸¢¥É²Ò³¨ ±·Ê¦± ³¨. ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¥²¨ ¸²ÊÎ ° ¸ η = 0, É. ¥.
A = 0. ‚ ¸²ÊÎ ¥ η �= 0 ¸ ·μ¸Éμ³ A ¸¥¶ · É·¨¸  ¸¥¤²  ´ ±²μ´Ö¥É¸Ö ¸²¥¢ .
�¡Ð Ö ± ·É¨´  ¶·¨ A �= 0 μ¸É ¥É¸Ö ± Î¥¸É¢¥´´μ ´¥¨§³¥´´μ°, ÎÉμ ¤¥³μ´¸É·¨-
·ÊÕÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ë §μ¢Ò¥ ¶μ·É·¥ÉÒ ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ,   ¨³¥´´μ ·¨¸. 17
¶¥·¥Ìμ¤¨É ¢ ·¨¸. 24,   ·¨¸. 20 ¸μμÉ¢¥É¸É¢Ê¥É ·¨¸. 25. „²Ö Î¨¸²¥´´μ£μ · ¸-
Î¥É  ³Ò ¶μ² £ ²¨ κ = 1, ζ = 0,333 (¥¸²¨ ´¥ ¸± § ´μ ¨´μ¥). �  ·¨¸. 17Ä23
±μÔËË¨Í¨¥´É η = 0. ‡ ³¥É¨³, ÎÉμ ´  ·¨¸Ê´± Ì E ¨ T μÉ¢¥Î ÕÉ §  ε ¨ τ
¸μμÉ¢¥É¸É¢¥´´μ.

�¨¸. 17. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 1,5, Λ = 0,933,
B = 0,720

�¨¸. 18. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,75, Λ = 0,707,
B = 0,589
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�¨¸. 19. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,75, Λ = 0,707,
B = 0,667

�¨¸. 20. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,05, Λ = 0,785,
B = 0,451

�¨¸. 21. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,05, Λ = −0,317,
B = 0,933

�¨¸. 22. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,05, Λ = −0,317,
B = 0,667

�¨¸. 23. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,75, Λ = −0,337,
B = 1,169

�¨¸. 24. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 1,5, Λ = 0,933,
B = 0,720, A = 1, α = 1

�μ¸±μ²Ó±Ê Ê· ¢´¥´¨¥ ¤²Ö ε ¸μ¤¥·¦¨É Éμ²Ó±μ η, ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶·¨ ´¥-
É·¨¢¨ ²Ó´μ³ η ¸ÊÐ¥¸É¢¥´´μ ³¥´Ö¥É¸Ö, Éμ£¤  ± ± H ¨ τ μ¸É ÕÉ¸Ö Ë ±É¨Î¥¸±¨
´¥¨§³¥´´Ò³¨.
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�¨¸. 25. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ β = 0,05, Λ = 0,785,
B = 0,451, A = 1, α = 1, κ = 1

�¨¸. 26. ” §μ¢ Ö ¤¨ £· ³³  ´  HÄε-
¶²μ¸±μ¸É¨ ¶·¨ Λ = −3, ζ = 0,333,
C2 = 1, C3 = 1

�¨¸. 27. �¢μ²ÕÍ¨Ö ¢¸¥²¥´´μ° BI, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ë §μ¢μ° ¤¨ £· ³³¥, ¶·¥¤¸É ¢²¥´-
´μ° ´  ·¨¸. 26. Š ± ¢¨¤´μ, ¢¸¥²¥´´ Ö BI ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨¸¶ÒÉÒ¢ ¥É μ¸Í¨²²ÖÍ¨Õ

’¨¶Ò ±·¨É¨Î¥¸±¨Ì ÉμÎ¥±, ²¥¦ Ð¨Ì ´  ¨´É¥£· ²Ó´μ° ±·¨¢μ° (¶ · ¡μ²¥),
¶μμÎ¥·¥¤´μ ³¥´ÖÕÉ¸Ö: . . . ¸¥¤²μ, ¶·¨ÉÖ£¨¢ ÕÐ¨° Ê§¥², ¸¥¤²μ . . . �μÔÉμ³Ê ¤²Ö
μ¶·¥¤¥²¥´¨Ö É¨¶  μ¸μ¡μ° ÉμÎ±¨ ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° ¸ ³ ±¸¨-
³ ²Ó´Ò³ Î¨¸²μ³ ±μ·´¥°. �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ Ê· ¢´¥´¨Ö (2.1¢) ¨ (3.2),
¢ÒÎ¨¸²¨³

lim
ε→+∞

ε̇

3Hε
= lim

ε→+∞

√
3Bεβ

√
κε + Λ − ε(1 + ζ)

ε
=

=
√

3B
√

κε(2β−1) + Λε−2 − (1 + ζ) =

{
−(1 + ζ) < 0, β < 1/2,

+∞ > 0, β > 1/2.
(3.5)

’ ±¨³ μ¡· §μ³, ¶μ¸²¥¤´ÖÖ ±·¨É¨Î¥¸± Ö ÉμÎ±  ¶·¨ β < 1/2 Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨-
¢ ÕÐ¨³ Ê§²μ³ ¨ ¶·¨ β > 1/2 Å ¸¥¤²μ³.
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¡) �Î¥¢¨¤´μ, ÎÉμ ¥¸²¨ Λ � 0, Éμ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö £· ´¨Í Ö¢²ÖÕÉ¸Ö
±·¨É¨Î¥¸±¨³¨ ÉμÎ± ³¨

H = ±
√

Λ/3, (3.6 )

ε = 0. (3.6¡)

¢) �·¨ H < 0 ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ ±·¨É¨Î¥¸±¨¥ ÉμÎ±¨ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥,
±μ£¤  ¸Éμ²¡ÍÒ ³ É·¨ÍÒ (3.1) ²¨´¥°´μ § ¢¨¸¨³Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±·¨É¨Î¥¸±¨¥
ÉμÎ±¨ ¥¸ÉÓ ±μ·´¨ Ê· ¢´¥´¨Ö

3κ(ζ − 1)ε + 6κ2ABεα+β + 8κ2A2ε2α − 6Λ = 0 (3.7)

¨

H = −2
3
κAεα. (3.8)

‚ ¸²ÊÎ ¥ η = 0 ±μ·´¨ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

∣∣∣D(Ḣ, ε̇)
D(H, ε)

− μ
∣∣∣ = 0 (3.9)

¥¸ÉÓ

μ1,2 =
3κξ ±

√
9κ2ξ2 + 48Λ(1 + ζ)

4
. (3.10)

Š·¨É¨Î¥¸±¨¥ ÉμÎ±¨ (H, ε) = (0, −2Λ/[κ(1 − ζ)]) ¥¸ÉÓ · ¸Ìμ¤ÖÐ¨°¸Ö Ëμ±Ê¸,

¥¸²¨ Λ < − 9κ2ξ2

48(1 + ζ)
, ¨²¨ · ¸Ìμ¤ÖÐ¨°¸Ö Ê§¥², ¥¸²¨ Λ > − 9κ2ξ2

48(1 + ζ)
.

‚ ¸²ÊÎ ÖÌ, ¶·μ¨²²Õ¸É·¨·μ¢ ´´ÒÌ ·¨¸. 21 ¨ 23, H → ∞ ¨ ε → ∞ ¶·¨
t → ∞. ‚ ¸²ÊÎ ¥, ¶·¥¤¸É ¢²¥´´μ³ ´  ·¨¸. 22, ´ ¡²Õ¤ ¥É¸Ö · ¸ÉÊÐ Ö μ¸Í¨²-
²ÖÍ¨Ö, μ£· ´¨Î¥´´ Ö ¶·¨ÉÖ£¨¢ ÕÐ¥° ¶ · ¡μ²μ° (3.2).

ˆ´É¥£· ²Ó´Ò¥ ±·¨¢Ò¥. �·¨ Λ � 0 ·¥Ï¥´¨Ö, ´ Î¨´ ÕÐ¨¥¸Ö ¢ ¢¥·Ì´¥°
¶μ²Ê¶²μ¸±μ¸É¨ H > 0, ´¥ ³μ£ÊÉ ¶¥·¥°É¨ ´  ´¨¦´ÕÕ. �·¨ Λ < 0 ´¥±μÉμ·Ò¥
¨§ ·¥Ï¥´¨° ³μ£ÊÉ ¶¥·¥°É¨ ´  ´¨¦´ÕÕ ¶μ²Ê¶²μ¸±μ¸ÉÓ Î¥·¥§ ¸¥£³¥´É H = 0 ¨
0 � ε � −Λ ¨ ¡μ²ÓÏ¥ ´¥ ¢μ§¢· Ð ÕÉ¸Ö, É ± ± ± ´  ÔÉμ³ ¸¥£³¥´É¥ Ḣ|H=0 < 0.

3.2. ‘¨¸É¥³  ¸ ´¥²¨´¥°´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¨ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ.
‚¥·´¥³¸Ö ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¤²Ö τ , H ¨ ε. „²Ö Ê¤μ¡¸É¢  ¢¢μ¤¨³ ´μ-
¢ÊÕ ËÊ´±Í¨Õ ν = 1/τ . ˆ¸Ìμ¤´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° Éμ£¤  ¶¥·¥¶¨Ï¥É¸Ö ¢
¢¨¤¥ [19,82]

ν̇ = −3Hν, (3.11 )

Ḣ =
1
2
(
3BεβH−(1 + ζ)ε

)
−

(
3H2−ε − Λ

)
+

1
2
(mν + λ(n − 2)νn−1), (3.11¡)

ε̇ = 3H
(
3BεβH−(1 + ζ)ε

)
+4Aεα

(
3H2−ε − Λ

)
−4Aεα[mν − λνn]. (3.11¢)
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‡ ³¥É¨³, ÎÉμ ¢μ ¢¸¥Ì ¸¨¸É¥³ Ì ¶²μ¸±μ¸É¨ ν = 0 ¨ ε = 0 Ö¢²ÖÕÉ¸Ö ¤¨-
´ ³¨Î¥¸±¨ ¨´¢ ·¨ ´É´Ò³¨ ¶μ¤³´μ¦¥¸É¢ ³¨, ±μÉμ·Ò¥ ¤¥²ÖÉ ¶·μ¸É· ´¸É¢μ ´ 
Î¥ÉÒ·¥ ´¥¸μμ¡Ð ÕÐ¨¥¸Ö Î ¸É¨, ¶μ¸±μ²Ó±Ê

ν̇
∣∣
ν=0

= 0, ε̇
∣∣
ε=0

= 0. (3.12)

‡ ³¥É¨³ É ±¦¥, ÎÉμ ν < 0 ¡¥¸¸³Ò¸²¥´´μ, ¥¸²¨ α ¨/¨²¨ β ´¥ Ö¢²ÖÕÉ¸Ö Í¥²Ò³¨.
�²μ¸±μ¸ÉÓ ε = 0 Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³ ³´μ¦¥¸É¢μ³ ¤²Ö H > 0 ¨

μÉÉ ²±¨¢ ÕÐ¨³ ¤²Ö H < 0, ¶μ¸±μ²Ó±Ê

∂ε̇

∂ε

∣∣∣∣
ε=0

= −3H(1 + ζ). (3.13)

Šμ£¤  H > 0, ¶²μ¸±μ¸ÉÓ ε = 0 μ± §Ò¢ ¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¥°. �·¥¤¸É ¢²Ö¥É
¨´É¥·¥¸ ¢ÒÖ¸´¨ÉÓ Ì · ±É¥· ¤¢¨¦¥´¨Ö ´  ¸ ³μ° ¶²μ¸±μ¸É¨, ÌμÉÖ ¡Ò ÔÉμ ¨ ´¥
¡Ò²μ Ë¨§¨Î¥¸±¨ §´ Î¨³μ. ‚ ÔÉμ³ ¸²ÊÎ ¥, É. ¥. ¶·¨ ε = 0, ¸¨¸É¥³ , ¢±²ÕÎ ÕÐ Ö
¸¶¨´μ·´μ¥ ¶μ²¥ (2.2), ¶·¨´¨³ ¥É ¢¨¤

ν̇ = −3Hν, (3.14 )

Ḣ = −3H2 + Λ +
1
2

(
mν + λ(n − 2)νn−1

)
. (3.14¡)

�¥Ï¥´¨Ö³¨ ¸¨¸É¥³Ò (3.14) Ö¢²ÖÕÉ¸Ö ±·¨¢Ò¥

3H2 = Cν2 + mν − Λ − λ(n − 2)νn−1

n − 3
, n > 3, (3.15 )

3H2 = Cν2 + mν − Λ − ν2 ln(ν), n = 3, (3.15¡)

3H2 = Cν2 + mν − Λ, n = 2, (3.15¢)

£¤¥ C Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ±μ´¸É ´É .
• · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ´¥É·¨¢¨ ²Ó´ÒÌ μ¸μ¡ÒÌ ÉμÎ¥± ´  ¶²μ¸±μ-

¸É¨ ε = 0 ¤²Ö ¸¨¸É¥³Ò (3.14) ¶·¨´¨³ ¥É ¢¨¤

λ(n − 2)νn−1 + mν + 2Λ = 0. (3.16)

�´μ ¨³¥¥É μ¤´μ, ¤¢  ¨²¨ ´¨ μ¤´μ£μ ·¥Ï¥´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶¥·¥³¥´ §´ ±μ¢
¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ λ, m, Λ.

’·¥Ì³¥·´ Ö ¸¨¸É¥³  (2.2) ¸μ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¢ μÉ¸ÊÉ¸É¢¨¥ μ¡¥¨Ì ¢Ö§±μ-
¸É¥°, É. ¥. ¶·¨ A = 0 ¨ B = 0, ¨³¥¥É ¶¥·¢Ò¥ ¨´É¥£· ²Ò

F1 =
ε

ν1+ζ
, (3.17 )

F2 =
(3H2 − ε − Λ − mν)

ν2
+ λ

n − 2
n − 3

νn−3. (3.17¡)
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�¥·¢Ò° ¨§ ´¨Ì (3.17 ) μ¸É ¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²μ³ ¨ ¶·¨ ¢¢¥¤¥´¨¨ ¢Ö§-
±μ¸É¨ ¢Éμ·μ£μ ·μ¤  (B > 0). ‚Éμ·μ° ¶¥·¢Ò° ¨´É¥£· ² (3.17¡) ¶·¨ B > 0
¶¥·¥¸É ¥É ¡ÒÉÓ ¨´¢ ·¨ ´Éμ³ ¤¢¨¦¥´¨Ö, μ¤´ ±μ ®¢±²ÕÎ¥´¨¥¯ μ¡Ñ¥³´μ° ¢Ö§±μ-
¸É¨ ¸μ§¤ ¥É c É¥Î¥´¨¥³ ¢·¥³¥´¨ §´ ±μμ¶·¥¤¥²¥´´μ¥ ¸³¥Ð¥´¨¥ ¶μ¢¥·Ì´μ¸É¨,
μ¶¨¸Ò¢ ¥³μ° Ëμ·³Ê²μ° (3.17¡), ÎÉμ ¶μ§¢μ²Ö¥É ´  ± Î¥¸É¢¥´´μ³ Ê·μ¢´¥, É. ¥.
μ¶¨· Ö¸Ó Éμ²Ó±μ ´  ´¥¶·¥·Ò¢´μ¸ÉÓ, ¸μ¸É ¢¨ÉÓ ¶·¥¤¸É ¢²¥´¨¥ μ ¢μ§³μ¦´ÒÌ
¶ÊÉÖÌ Ô¢μ²ÕÍ¨¨.

�  ¶²μ¸±μ¸É¨ ν = 0 ¸¨¸É¥³  (3.11) ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ¥É ¸ ¸¨¸É¥³μ° (2.2).
Š² ¸¸¨Ë¨± Í¨Ö ¢ ·¨ ´Éμ¢ ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò (3.11) ´  ¶²μ¸±μ¸É¨ ν = 0
¶·¥¤¸É ¢²¥´  ¢ É ¡². 1.

3.3. ‘¨¸É¥³  ¸ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¸¶¨´μ·´Ò³ ¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨ ¨
¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¸ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¸¶¨´μ·´Ò³
¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨ ¢ ³μ¤¥²¨ 	¨ ´±¨-I, § ¶μ²´¥´´μ° ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ. Š ±
¨ · ´ÓÏ¥, ¢¢μ¤¨³ ν = 1/τ . ’μ£¤  ¨¸Ìμ¤´ Ö ¸¨¸É¥³  ¶·¨´¨³ ¥É ¢¨¤

ν̇ = −3Hν, (3.18 )

Ḣ =
κ

2
(
3ξH − ω

)
−

(
3H2 − κε + Λ

)
+

κ

2

(
mν +

nνn+2

2(1 + λνn)2

)
, (3.18¡)

ε̇ = 3H
(
3ξH − ω

)
+ 4η

(
3H2−κε + Λ

)
−4η

[
κ

(
mν +

ν2

2(1+λνn)

)]
. (3.18¢)

‚ ¶·¨¸ÊÉ¸É¢¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö ¸¨¸É¥³  (3.18) ¶·¨ ε = 0 ¨³¥¥É ¢¨¤

ν̇ = −3Hν, (3.19 )

Ḣ = −3H2 − Λ +
1
2

(
mν +

λnν2−n

2(λ + ν−n)2

)
. (3.19¡)

�¥Ï¥´¨Ö³¨ ¸¨¸É¥³Ò (3.19) Ö¢²ÖÕÉ¸Ö ±·¨¢Ò¥

H2 =
(6Cλ − 1)νn+2 + 2λmνn+1 + 2λΛνn + 6Cν2 + 2mν + 2Λ

6(λνn + 1)
, (3.20a)

£¤¥ C Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ±μ´¸É ´É .
• · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ´¥É·¨¢¨ ²Ó´ÒÌ μ¸μ¡ÒÌ ÉμÎ¥± ´  ¶²μ¸±μ-

¸É¨ ε = 0 ¤²Ö ¸¨¸É¥³Ò (3.18) ¶·¨´¨³ ¥É ¢¨¤

2mλ2ν2n+1 + 4Λλ2ν2n + λnνn+2 + 4mλνn+1 + 8Λλνn + 4Λ = 0. (3.21)

�´μ ¨³¥¥É μ¤´μ, ¤¢  ¨²¨ ´¨ μ¤´μ£μ ·¥Ï¥´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶¥·¥³¥´
§´ ±μ¢ ¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨. Š² ¸¸¨Ë¨± Í¨Ö ¢ ·¨ ´Éμ¢ ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò
(3.18) ¶·¥¤¸É ¢²¥´  ¢ É ¡². 4 ¨ 5.
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‘¨¸É¥³  (3.18) ¢ μÉ¸ÊÉ¸É¢¨¥ ¢Ö§±μ¸É¨, É. ¥. ¶·¨ η = 0 ¨ ξ = 0, ¨³¥¥É
¸²¥¤ÊÕÐ¨¥ ¨´É¥£· ²Ò:

F1 =
ε

ν1+ζ
, (3.22 )

F2 =
(6H2 − 2ε − 2Λ − 2mν)

ν2
− 1

λ(λνn + 1)
. (3.22¡)

‚Éμ·μ° ¨§ ´¨Ì (3.22¡) μ¸É ¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²μ³ ¨ ¶μ¸²¥ ¢¢¥¤¥´¨Ö
μ¡Ñ¥³´μ° ¢Ö§±μ¸É¨ ξ. �¥·¢Ò° ¦¥ ¨§ ´¨Ì, É. ¥. (3.22 ), ¶·¨ ξ �= 0 ¶¥·¥¸É ¥É
¡ÒÉÓ ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö. ’¥³ ´¥ ³¥´¥¥ ¢¢¥¤¥´¨¥ μ¡Ñ¥³´μ° ¢Ö§±μ¸É¨ ¸μ§¤ ¥É
§´ ±μμ¶·¥¤¥²¥´´μ¥ ¸³¥Ð¥´¨¥ ¶μ¢¥·Ì´μ¸É¨, § ¤ ´´μ° Ëμ·³Ê²μ° (3.22 ), ÎÉμ
¶μ§¢μ²Ö¥É ± Î¥¸É¢¥´´μ, É. ¥. μ¸´μ¢Ò¢ Ö¸Ó Éμ²Ó±μ ´  ´¥¶·¥·Ò¢´μ¸É¨, ¸μ¸É ¢¨ÉÓ
¶·¥¤¸É ¢²¥´¨¥ μ ¢μ§³μ¦´ÒÌ ¶ÊÉÖÌ Ô¢μ²ÕÍ¨¨.

�  ¶²μ¸±μ¸É¨ ν = 0 ¸¨¸É¥³  (3.18) ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ¥É ¸ ¸¨¸É¥³μ° (2.2).
Š² ¸¸¨Ë¨± Í¨Ö ¢ ·¨ ´Éμ¢ ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò (3.11) ´  ¶²μ¸±μ¸É¨ ν = 0
¶·¥¤¸É ¢²¥´  ¢ É ¡². 1.

‚ É ¡². 1 ¶·¨¢¥¤¥´  ±² ¸¸¨Ë¨± Í¨Ö ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò ´  £· ´¨Í¥ ν = 0,
±μÉμ· Ö Ö¢²Ö¥É¸Ö É ±¦¥  ¸¨³¶ÉμÉ¨±μ° ·Ö¤  ·¥¦¨³μ¢. ‚ ¸²ÊÎ ÖÌ aÄ£ ¨§³¥´¥´¨¥
¶ · ³¥É·μ¢ H ¨ ε ¢¸¥£¤  μ£· ´¨Î¥´μ, ¢ ¸²ÊÎ ¥ ¥ μ´¨ ´¥μ£· ´¨Î¥´´μ ¢μ§· -
¸É ÕÉ. ‚ ¸²ÊÎ ÖÌ a, ¡, £, ¤, ¦, §, ¨ ¨³¥ÕÉ¸Ö ±μ´¥Î´Ò¥ ¶·¥¤¥²Ó´Ò¥ ÉμÎ±¨, ±
±μÉμ·Ò³ Ô¢μ²ÕÍ¨Ö ¶·¨ÉÖ£¨¢ ¥É¸Ö ¶·¨ ¶μ¤Ìμ¤ÖÐ¥³ ¢Ò¡μ·¥ ´ Î ²Ó´ÒÌ §´ Î¥-
´¨°. �·¨ Λ > 0 ¢ ¸²ÊÎ ÖÌ £ ¨ § Ô¢μ²ÕÍ¨Ö ³μ¦¥É ¡¥§¢μ§¢· É´μ Ê°É¨ ¢ μ¡² ¸ÉÓ
H < 0, ¢ Éμ ¢·¥³Ö ± ± ¢ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ ÔÉ  μ¡² ¸ÉÓ ´¥¤μ¸ÉÊ¶´ .

‚ É ¡². 2Ä13 ¶μ± § ´Ò Ë §μ¢Ò¥ ¶μ·É·¥ÉÒ ¶μ¢¥¤¥´¨Ö ¸¨¸É¥³Ò ¸μ ¸¶¨´μ·-
´Ò³ ¶μ²¥³ ´  ¶²μ¸±μ¸É¨ ε = 0. ‚¡²¨§¨ ÔÉμ° ¶²μ¸±μ¸É¨ ¸¨¸É¥³  ¢¥¤¥É ¸¥¡Ö
¸Ìμ¤´Ò³ μ¡· §μ³, ÎÉμ ¶μ§¢μ²Ö¥É ¢μ¸¸É ´μ¢¨ÉÓ ¥¥ ¶μ¢¥¤¥´¨¥ ¢μ ¢¸¥³ ¶·μ¸É· ´-
¸É¢¥ ¶¥·¥³¥´´ÒÌ ¸μ¸ÉμÖ´¨Ö τ , H , ε.

�μ¢¥¤¥´¨¥ ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É μÉ ¶μ± § É¥²Ö ´¥²¨´¥°´μ¸É¨ n ¨ §´ ± 
¶ · ³¥É·  ´¥²¨´¥°´μ¸É¨ λ. �·¨ n = 1, λ < 0 ¢ É ¡². 2 ¶μ± § ´Ò ¤¢  É¨¶ 
¶μ¢¥¤¥´¨Ö: a, ¡, £, ±μ£¤  ± ¶·¥¤¥²Ê ν = 0 ¸¨¸É¥³  ´¥ ¸É·¥³¨É¸Ö, ¨ μ¸É ²Ó´Ò¥
¸ ¶·μÉ¨¢μ¶μ²μ¦´Ò³ ¶μ¢¥¤¥´¨¥³. �·¨ ÔÉμ³, ¢ μÉ²¨Î¨¥ μÉ μ¸É ²Ó´ÒÌ, ¢ ¸²ÊÎ ¥
¢ £¨¶¥·¡μ²¨Î¥¸± Ö ÉμÎ±  · §¡¨¢ ¥É ¶²μ¸±μ¸ÉÓ ´  Î¥ÉÒ·¥ μ¡² ¸É¨. �·¨ λ > 0,
É ¡². 3, ¢¨¤´μ, ÎÉμ ¶μ¸²¥¤´¥° μ¸μ¡¥´´μ¸É¨ ´¥É.

�·¨ n = 2 É ¡². 4 ¨ 5 ¶μ± §Ò¢ ÕÉ ¸Ìμ¤¸É¢μ ¸ 3, ´μ 4, ¤ ¨ 5, ¤, ¨ 5, ¥
· §¡¨¢ ÕÉ¸Ö ´  ¤¢¥ μ¡² ¸É¨.

‘²ÊÎ ¨ n = 3 ¨ n = 4 ¸Ìμ¤´Ò ³¥¦¤Ê ¸μ¡μ°. �·¨ λ < 0 ¢ É ¡². 6 ¨ 8
¸¨¸É¥³  ± ν = 0 ´¥ ¸É·¥³¨É¸Ö, ¢ ·¨ ´ÉÒ 6, ¨ ¨ 8, ¨ ¸μ¤¥·¦ É £¨¶¥·¡μ²¨Î¥-
¸±ÊÕ ÉμÎ±Ê, · §¡¨¢ ÕÐÊÕ ¶²μ¸±μ¸ÉÓ ´  Î¥ÉÒ·¥ Î ¸É¨. �·¨ λ > 0 ¢ É ¡². 7 ¨
9 ¤¥³μ´¸É·¨·Ê¥É¸Ö μ¡· É´μ-¢μ§¢· É´μ¥ ¶μ¢¥¤¥´¨¥. � ²¨Î¨¥ ¤μ¶μ²´¨É¥²Ó´ÒÌ
μ¸μ¡ÒÌ ÉμÎ¥± ´¥ ¨§³¥´Ö¥É ¸¨ÉÊ Í¨¨.

’ ¡². 10Ä13 ¤¥³μ´¸É·¨·ÊÕÉ ¶μ£· ´¨Î´Ò° ¸²ÊÎ ° λ = 0.
�·¨ ¢±²ÕÎ¥´´μ³ ¸± ²Ö·´μ³ ¶μ²¥ ¢ É ¡². 14Ä25 ³μ¦´μ Ê¢¨¤¥ÉÓ ¡μ²¥¥

¸²μ¦´Ò¥ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö. �·¨ λ < 0 ¢μ§´¨± ¥É Ì · ±É¥·´ Ö ¶·Ö-
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³ Ö ¨´É¥£· ²Ó´ Ö ²¨´¨Ö, ¢ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ÉμÎ±¥ · §·Ò¢ 
¶·μ¨§¢μ¤´μ° ¶μ ¢·¥³¥´¨ μÉ τ . ‘²¥¢  μÉ ´¥¥ ¢ É ¡². 14, 16, 18, 20, É. ¥. ¶·¨
Λ < 0, ´ ¡²Õ¤ ¥É¸Ö Í¨±²¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥, ¸¶· ¢  Å ´¥Í¨±²¨Î¥¸±μ¥. �·¨
Λ > 0 ¸²¥¤Ê¥É ¢¸¶μ³´¨ÉÓ μ ´ ²¨Î¨¨ ¤¢ÊÌ μ¸μ¡ÒÌ ÉμÎ¥± ´  £· ´¨Í¥ ν = 0,
´ ·ÊÏ ÕÐ¨Ì μ¦¨¤ ¥³ÊÕ Í¨±²¨Î´μ¸ÉÓ.

’ ¡²¨Í  1. Š² ¸¸¨Ë¨± Í¨Ö ± Î¥¸É¢¥´´μ · §²¨Î´ÒÌ É¨¶μ¢ Ô¢μ²ÕÍ¨¨ (Ë §μ¢ÒÌ ¶μ·-
É·¥Éμ¢) ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥É·μ¢ β, Λ ¨ (1 + ζ)/B ¢ ¶²μ¸±μ¸É¨ ν = 0
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’ ¡². 15, 17, 19 ¨ 21 ¶μ± §Ò¢ ÕÉ ¸Ìμ¤¸É¢μ ¶μ¢¥¤¥´¨Ö ¸μ ¸± ²Ö·´Ò³ ¨
¸¶¨´μ·´Ò³ ¶μ²¥³ ¸ ¶μ¢¥¤¥´¨¥³ Éμ²Ó±μ ¸μ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¶·¨ λ > 0.

’ ¡². 22Ä25 ¤¥³μ´¸É·¨·ÊÕÉ ¶μ£· ´¨Î´Ò° ¸²ÊÎ ° λ = 0 ¸ ¢±²ÕÎ¥´´Ò³¨
¸¶¨´μ·´Ò³ ¨ ¸± ²Ö·´Ò³ ¶μ²Ö³¨ [84].

�  ·¨¸. 28Ä45 ³Ò ¨²²Õ¸É·¨·Ê¥³ ³ ¸ÏÉ ¡´Ò° μ¡Ñ¥³ τ(t) (·¨¸. 28, 31, 34,
37, 40 ¨ 43), ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε(t) (·¨¸. 29, 32, 35, 38, 41 ¨ 44) ¨ Ë §μ-
¢Ò° ¶μ·É·¥É ¢ ¶·μ¸É· ´¸É¢¥ ν, H, ε (·¨¸. 30, 33, 36, 39, 42 ¨ 45). �¨¸. 28Ä39
¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ§¨Í¨Ö³ ¢, ¦, § ¨ ¨ ¢ É ¡². 3. �·¨ ÔÉμ³ ³Ò ¨¸¶μ²Ó§μ¢ ²¨
¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢: α = 4, β = 1, ζ = 0,5, A = 1, B = 1 ¨
n = 4. �μ§¨Í¨¨ § ¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ £¥μ³¥É·¨Î¥¸±¨ Í¨±²¨Î¥¸±μ³Ê ·¥¦¨³Ê, ´μ
¶μ§¨Í¨Ö § ¨³¥¥É Ë¨±¸¨·μ¢ ´´ÊÕ ÉμÎ±Ê ´  Í¨±²¨Î¥¸±μ° ¨´É¥£· ²Ó´μ° ±·¨¢μ°,
¸²¥¤μ¢ É¥²Ó´μ, ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ³¥¦ÊÉμÎ´μ³Ê ¸²ÊÎ Õ ³¥¦¤Ê ¶¥·¨μ¤¨Î¥¸±μ°
¨ ´¥¶¥·¨μ¤¨Î¥¸±μ° Ô¢μ²ÕÍ¨¥°. �μ§¨Í¨¨ ¢ ¨ ¦ ¸μμÉ¢¥É¸É¢ÊÕÉ ´¥¶¥·¨μ¤¨Î¥-
¸±μ° Ô¢μ²ÕÍ¨¨.

�¨¸. 28. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m < 0, Λ > 0, λ < 0)

�¨¸. 29. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m < 0,
Λ > 0, λ < 0)

�¨¸. 30. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m < 0, Λ > 0,
λ < 0)

�¨¸. 31. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m > 0, Λ < 0, λ > 0)

�¨¸. 32. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ > 0)

�¨¸. 33. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m > 0, Λ < 0,
λ > 0)

†¨·´ Ö Î¥·´ Ö ²¨´¨Ö ´  3D-·¨¸Ê´±¥ (·¨¸. 30, 33, 36, 39, 42 ¨ 45) ¸μ-
μÉ¢¥É¸É¢Ê¥É ËÊ´±Í¨Ö³ τ(t) ¨ ε(t), ¶·¥¤¸É ¢²¥´´Ò³ ´  ¶·¥¤Ò¤ÊÐ¨Ì ·¨¸Ê´± Ì
(·¨¸. 28, 29, 31, 32, 34, 35, 37, 38, 40, 41, 43, 44). �¨¸. 28Ä30 ¨ 37Ä39 ¸μμÉ-
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�¨¸. 34. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m > 0, Λ = 0, λ > 0)

�¨¸. 35. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ = 0, λ > 0)

�¨¸. 36. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m > 0, Λ = 0,
λ > 0)

�¨¸. 37. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m > 0, Λ < 0, λ < 0)

�¨¸. 38. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ < 0)

�¨¸. 39. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m > 0, Λ < 0,
λ < 0)

�¨¸. 40. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m > 0, Λ < 0, λ < 0)

�¨¸. 41. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ < 0)

�¨¸. 42. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m > 0, Λ < 0,
λ < 0)

¢¥É¸É¢ÊÕÉ ¸²ÊÎ Õ ¨ É ¡². 1, ·¨¸. 31Ä33 Å ¸²ÊÎ Õ § ¨ ·¨¸. 34Ä36 Å ¸²ÊÎ Õ ¥
¸μμÉ¢¥É¸É¢¥´´μ.

�  ·¨¸. 28, 29 ¨ 30 ¶μ± § ´Ò τ , ε ¨ Ë §μ¢Ò° ¶μ·É·¥É ¢ ε-, H-, ν-¶·μ-
¸É· ´¸É¢¥ ¤²Ö μÉ·¨Í É¥²Ó´μ° m (m = −0,1), ¶μ²μ¦¨É¥²Ó´μ° Λ (Λ = 0,1)
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�¨¸. 43. �¢μ²ÕÍ¨Ö ³ ¸-
ÏÉ ¡´μ£μ μ¡Ñ¥³  τ = 1/ν
(m > 0, Λ < 0, λ > 0)

�¨¸. 44. �¢μ²ÕÍ¨Ö ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ > 0)

�¨¸. 45. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H , ε (m > 0, Λ < 0,
λ > 0)

¨ μÉ·¨Í É¥²Ó´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨ λ (λ = −1). ˆ τ , ¨ ε ¨§´ Î ²Ó´μ · -
¸ÉÊÉ ¨ ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö ´¥±μÉμ·μ£μ ³ ±¸¨³Ê³  ´ Î¨´ ÕÉ Ê³¥´ÓÏ ÉÓ¸Ö ¨ ¢
±μ´Í¥ ±μ´Íμ¢ μ¸É ´ ¢²¨¢ ÕÉ¸Ö ¶·¨ ´¥±μÉμ·ÒÌ ±μ´¥Î´ÒÌ §´ Î¥´¨ÖÌ É ±, ÎÉμ
H ¸É·¥³¨É¸Ö ± −∞.

‡¤¥¸Ó ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ ¤²Ö ³ ¸¸Ò ¸¶¨´μ·´μ£μ
¶μ²Ö. �  ¸ ³μ³ ¤¥²¥ ÔÉμ μÉ´Õ¤Ó ´¥ μ§´ Î ¥É, ÎÉμ ¸¶¨´μ·´μ¥ ¶μ²¥ ¨³¥¥É
μÉ·¨Í É¥²Ó´ÊÕ ³ ¸¸Ê. ‚¢μ¤Ö μÉ·¨Í É¥²Ó´ÊÕ ³ ¸¸Ê, ³Ò ¶·μ¸Éμ ¶μ¸É ¢¨²¨
μÉ·¨Í É¥²Ó´Ò° §´ ± ¶¥·¥¤ ³ ¸¸μ¢Ò³ Î²¥´μ³ ¢ Ê· ¢´¥´¨ÖÌ (2.18) ¨ (2.36).
� ¶μ³´¨³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ² £· ´¦¨ ´  ¸± ²Ö·´μ£μ ¶μ²Ö, £¤¥ §´ ± ¶¥·¥¤
³ ¸¸μ¢Ò³ Î²¥´μ³ ¨³¥¥É ±·¨É¨Î¥¸±μ¥ §´ Î¥´¨¥, ¢ ¸²ÊÎ ¥ ¸¶¨´μ·´μ£μ ¶μ²Ö
¢¸¥ ÔÉμ ¢Ò£²Ö¤¨É ¸μ¢¥·Ï¥´´μ ¶μ-¨´μ³Ê. —Éμ¡Ò ¢Ò¢¥¸É¨ Ê· ¢´¥´¨¥ „¨· ± ,
³Ò ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψ ¶μ¤Î¨´Ö² ¸Ó Ê· ¢´¥´¨Õ Š²¥°´ Ä
ƒμ·¤μ´ 

(� − m2)ψ = 0. (3.23)

‚¸¥ ÔÉμ ´Ê¦´μ ¤²Ö Éμ£μ, ÎÉμ¡Ò ÔÉ  ËÊ´±Í¨Ö μ¶¨¸Ò¢ ²  ¸¢μ¡μ¤´ÊÕ Î ¸É¨ÍÊ
³ ¸¸μ° m, ¶μ¸±μ²Ó±Ê ÔÉμ Ê· ¢´¥´¨¥ É·¥¡Ê¥É Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ£μ μÉ´μÏ¥´¨Ö
³¥¦¤Ê Ô´¥·£¨¥° ¨ ¨³¶Ê²Ó¸μ³ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ p2 = m2c2. „²Ö Éμ£μ ÎÉμ¡Ò
ËÊ´±Í¨Ö ψ ¶μ¤Î¨´Ö² ¸Ó Ê· ¢´¥´¨Õ (3.23), ³Ò É ±¦¥ ³μ¦¥³ ¶μÉ·¥¡μ¢ ÉÓ,
ÎÉμ¡Ò μ´  Ê¤μ¢²¥É¢μ·Ö²  μ¤´μ³Ê ¨§ ¸²¥¤ÊÕÐ¨Ì Ê· ¢´¥´¨° [8]:

(iγμ∂μ + m)ψ = 0 ¨²¨ (iγμ∂μ − m)ψ = 0. (3.24)

�¡  μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ² £· ´¦¨ ´ 

L =
i

2
[ψ̄γμ∂μψ − ∂μψ̄γμψ] ± mψ̄ψ. (3.25)

’ ±¨³ μ¡· §μ³ ³Ò ¢¨¤¨³, ÎÉμ §´ ± ¶¥·¥¤ ³ ¸¸μ¢Ò³ Î²¥´μ³ ¢ ² £· ´¦¨ ´¥
(3.25) ¤ ¥É Éμ²Ó±μ ¤·Ê£μ° ´ ¡μ· Ê· ¢´¥´¨° „¨· ± , ¢ Î ¸É´μ¸É¨, Ê· ¢´¥´¨Ö
¤²Ö ψ ¨ ψ̄ ¶μ³¥´ÖÕÉ¸Ö ³¥¸É ³¨.
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�¨¸. 31, 32 ¨ 33 ¸μμÉ¢¥É¸É¢ÊÕÉ ¸²ÊÎ Õ ¸ m = 0,1, Λ = −0,1 ¨ λ = 0,1. ‚
ÔÉμ³ ¸²ÊÎ ¥ ¢ ´ Î ²Ó´μ° ¸É ¤¨¨ ¨³¥¥É¸Ö μ¸Í¨²²¨·ÊÕÐ¨° ·¥¦¨³ · ¸Ï¨·¥´¨Ö
(± ± ÔÉμ ³μ¦´μ ¡Ò²μ μ¦¨¤ ÉÓ ¶·¨ μÉ·¨Í É¥²Ó´μ° Λ), ´μ ¢ ±μ´¥Î´μ³ ¸Î¥É¥
¢¸¥ ±μ´Î ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³ (big crunch).

�¨¸. 34, 35 ¨ 36 ¸μμÉ¢¥É¸É¢ÊÕÉ ¶ · ³¥É· ³ m = 0,1, Λ = 0 ¨ λ = 0,1,
É. ¥. ¸²ÊÎ Õ ¡¥§ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°. Š ± ¢¨¤´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨ τ ,
¨ ε · ¸ÉÊÉ ¸o ¢·¥³¥´¥³. H ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶μ²μ¦¨É¥²Ó´ Ö, ¡Ò¸É·μ · ¸É¥É ¢
´ Î ²Ó´μ° ¸É ¤¨¨, ´μ Î¥·¥§ ´¥±μÉμ·μ¥ ¢·¥³Ö ¸É·¥³¨É¸Ö ± ´¥±μÉμ·μ³Ê ±μ´¥Î-
´μ³Ê §´ Î¥´¨Õ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É¸Ö ¸¨´£Ê²Ö·´μ¸ÉÓ, ¢ ¡Ê¤ÊÐ¥³ ¶μÌμ¦ Ö
´  	μ²ÓÏμ° · §·Ò¢ (big rip). �É³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨
	μ²ÓÏμ° · §·Ò¢ ¢μ§´¨± ¥É ¶·¨ ´ ²¨Î¨¨ Ë ´Éμ³´μ° É¥³´μ° Ô´¥·£¨¨ (phan-
tom dark energy), Éμ£¤  ± ± §¤¥¸Ó ÔÉμ ¶·μ¨¸Ìμ¤¨É ¡² £μ¤ ·Ö ¢Ö§±μ° ¦¨¤±μ¸É¨
¨ ¸¶¨´μ·´μ³Ê ¶μ²Õ.

�  ·¨¸. 37, 38 ¨ 39 ¶μ± § ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ ¨ ¨Ì Ë §μ¢Ò°
¶μ·É·¥É ¶·¨ m = 0,1, Λ = 0,1 ¨ λ = 0,1. Š ± ³μ¦´μ ¡Ò²μ μ¦¨¤ ÉÓ,
¶μ²μ¦¨É¥²Ó´ Ö Λ ¶·¨¢μ¤¨É ± · ¸Ï¨·¥´´μ³Ê ·¥¦¨³Ê Ô¢μ²ÕÍ¨¨, ¶·¨ ±μÉμ·μ³
¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ.

�·¨ m = 4, Λ = −1 ¨ λ = −1 ¨³¥¥³ ´¥¶¥·¨μ¤¨Î¥¸±¨° ·¥¦¨³ Ô¢μ²ÕÍ¨¨
(¸³. ·¨¸. 40). �μ ¢ μÉ²¨Î¨¥ μÉ 	μ²ÓÏμ£μ Ì·Ê¸É , ±μ£¤  ¢ ÉμÎ±¥ ¶·μ¸É· ´¸É¢¥-
´´μ-¢·¥³¥´´μ° ¸¨´£Ê²Ö·´μ¸É¨ (τ = 0) ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸É·¥³¨É¸Ö ± ∞,
¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¨³¥¥³ ³ ±¸¨³ ²Ó´μ¥, ´μ ±μ´¥Î´μ¥ §´ Î¥´¨¥ ¤²Ö
ε (¸³. ·¨¸. 41). ‘μμÉ¢¥É¸É¢ÊÕÐ¨° Ë §μ¢Ò° ¶μ·É·¥É ¨²²Õ¸É·¨·μ¢ ´ ·¨¸. 42.
Š ± ¢¨¤´μ, ´¥§ ¢¨¸¨³μ μÉ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨° ¢ Ìμ¤¥ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´ Ö
¸¦¨³ ¥É¸Ö ¢ ÉμÎ±Ê (τ → 0).

� ±μ´¥Í, ´  ·¨¸. 43, 44 ¨ 45 ¤ ´Ò τ , ε ¨ Ë §μ¢Ò° ¶μ·É·¥É ¢ ε-, H-,
ν-¶·μ¸É· ´¸É¢¥ ¶·¨ m = 1, Λ = −10 ¨ λ = 1. ‚ § ¢¨¸¨³μ¸É¨ μÉ ´ Î ²Ó-
´ÒÌ Ê¸²μ¢¨° ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ ¨²¨ ´¥¶¥·¨μ¤¨Î¥¸±¨°, ¨²¨ μ¸Í¨²²¨·ÊÕÐ¨°
·¥¦¨³ Ô¢μ²ÕÍ¨¨. ‘²ÊÎ ° ´¥¶¥·¨μ¤¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨, ± ± ¨ μ¦¨¤ ²μ¸Ó, § -
± ´Î¨¢ ¥É¸Ö ¡μ²ÓÏ¨³ Ì·Ê¸Éμ³. ‚ ¸²ÊÎ ¥ μ¸Í¨²²¨·ÊÕÐ¥£μ ·¥¦¨³  Ô¢μ²ÕÍ¨¨
¸ ±μ´¥Î´Ò³ ¨ ´¥É·¨¢¨ ²Ó´Ò³ τ ¨ ±μ´¥Î´Ò³ H ε ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨
¢ ±μ´¥Î´μ³ ¨´É¥·¢ ²¥ ¢·¥³¥´¨.

3.4. Š Î¥¸É¢¥´´Ò°  ´ ²¨§ ¶μ²´μ° ¸¨¸É¥³Ò. ’¥¶¥·Ó ¸ ¶μ³μÐÓÕ É ¡². 1,
2 ¨ 3 ¨ μ¸´μ¢Ò¢ Ö¸Ó ´  ´¥¶·¥·Ò¢´μ° § ¢¨¸¨³μ¸É¨ ¶μ²¥° ¸±μ·μ¸É¥° μÉ ±μ-
μ·¤¨´ É ν, H, ε Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , ¡Ê¤¥³ ¢μ¸¸É ´ ¢²¨¢ ÉÓ ± Î¥¸É¢¥´´μ¥
¶·¥¤¸É ¢²¥´¨¥ μ ¶·μ¸É· ´¸É¢¥´´μ³ Ë §μ¢μ³ ¶μ·É·¥É¥.

„²Ö Éμ£μ ÎÉμ¡Ò ¶μ²´μ¸ÉÓÕ μÌ¢ É¨ÉÓ ¡¥¸±μ´¥Î´μ¥ ¶·μ¸É· ´¸É¢μ, μÉμ¡· -
§¨³ ¥£μ ¢ ¶ · ²²¥²¥¶¨¶¥¤, ¶·¨³¥´¨¢  ·±É ´£¥´¸ ± ± ¦¤μ° ±μμ·¤¨´ É¥. ‚ ¶μ-
¸²¥¤ÊÕÐ¥³ ´  ·¨¸Ê´± Ì ´¨¦´ÖÖ £μ·¨§μ´É ²Ó´ Ö ¶²μ¸±μ¸ÉÓ ¡Ê¤¥É ¨§μ¡· ¦ ÉÓ
¶μ¢¥·Ì´μ¸ÉÓ ε = 0.

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ ¢¢¥¤¥´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö § ³¥É´μ Ê¸²μ¦´Ö¥É Ô¢μ-
²ÕÍ¨Õ ¸¨¸É¥³Ò. ‚ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ ¸²ÊÎ Õ ¡¥§ ¸¶¨´μ·´μ£μ ¶μ²Ö ´ Î ²Ó-
´Ò¥ Ê¸²μ¢¨Ö ¸ H < 0 Ê¦¥ ´¥ ¶·¥¶ÖÉ¸É¢ÊÕÉ ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ¶·μ´¨±´μ¢¥´¨Õ
¢ ¶μ²Ê¶·μ¸É· ´¸É¢μ H > 0 ¡² £μ¤ ·Ö ¨§³¥´¥´¨Õ ³ ¸ÏÉ ¡´μ£μ ¶ · ³¥É· , ¨
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Éμ²Ó±μ ¶μ¸²¥ ÔÉμ£μ ¸μ ¸Éμ·μ´Ò ¡μ²ÓÏ¨Ì §´ Î¥´¨° H ¨ ¶·¨ ¶·¨¡²¨¦¥´¨¨ ±
¶²μ¸±μ¸É¨ ν = 0 ¢´μ¢Ó ¶·¨Ìμ¤¨³ ± ¸Í¥´ ·¨Ö³, ±² ¸¸¨Ë¨Í¨·μ¢ ´´Ò³ ¢ É ¡². 1.
�±μ²μ £· ´¨Í ε = 0 ¨ ν = 0 ¨´É¥£· ²Ó´Ò¥ ±·¨¢Ò¥ ¡²¨§±¨ ± ¨´É¥£· ²Ó´Ò³
±·¨¢Ò³ ´  £· ´¨Í Ì. ‚¸²¥¤¸É¢¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¶μ²¥° ¸±μ·μ¸É¥° ÔÉμ ¢¸¥£¤ 
¢¥·´μ ´  ´¥±μÉμ·ÒÌ ±μ´¥Î´ÒÌ μÉ·¥§± Ì ¢·¥³¥´¨, ¢ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉμ ¢¥·´μ
¤ ¦¥ ¨ ¤²Ö ¶·μ³¥¦ÊÉ±μ¢ ¢·¥³¥´¨, ¸É·¥³ÖÐ¨Ì¸Ö ± ¡¥¸±μ´¥Î´Ò³, ¥¸²¨ Éμ²Ó±μ
¶·¨ ÔÉμ³ ¸μÌ· ´Ö¥É¸Ö ¡²¨§μ¸ÉÓ ± £· ´¨Í¥ (¶·¥¤¥²Ó´Ò¥ ÉμÎ±¨, ´ ¶·¨³¥·).

�¡Ð¨³ ¸¢μ°¸É¢μ³ ¢¸¥Ì ¸²ÊÎ ¥¢ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¢ ¶μ²Ê¶·μ¸É· ´¸É¢¥
H > 0 ¢¥±Éμ·Ò ¸±μ·μ¸É¥° ´ ¶· ¢²¥´Ò ± ¶²μ¸±μ¸É¨ ε = 0, ¢ Éμ ¢·¥³Ö ± ±
¢ ¤·Ê£μ° ¶μ²μ¢¨´¥ Å μÉ ´¥¥. ‚ ±μ´¥Î´μ³ ¸Î¥É¥, ¨´É¥£· ²Ó´Ò¥ ±·¨¢Ò¥ ¸É·¥-
³ÖÉ¸Ö ± ε = 0, ÌμÉÖ ´¥ μ¡Ö§ É¥²Ó´μ ¤μ¸É¨£ ÕÉ ¥¥.

�  ·¨¸. 48Ä55 ³Ò ¶μ± § ²¨ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε(t) (·¨¸. 46, 49, 52, 55),
³ ¸ÏÉ ¡´Ò° ¶ · ³¥É· τ(t) (·¨¸. 47, 50, 53, 56) ¨ Ë §μ¢Ò° ¶μ·É·¥É ¢ ¶·μ-
¸É· ´¸É¢¥ ν, H , ε (·¨¸. 48, 51, 54, 57) ¤²Ö α = 4, β = 1, ζ = 1/2, A = 1,
B = 1, n = 4, m = 4.

�¥¶·¥·Ò¢´ Ö ¨ ¶Ê´±É¨·´ Ö ²¨´¨¨ ´  ·¨¸. 46Ä57 ¸μμÉ¢¥É¸É¢ÊÕÉ · §²¨Î-
´Ò³ ´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³. �·¨ Λ < 0 ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  λ ¸ÊÐ¥¸É¢ÊÕÉ
¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ: (i) ¶·¨ λ < 0 ¨³¥¥É¸Ö · §¤¥²ÖÕÐ Ö ¶²μ¸±μ¸ÉÓ, ±μ-
Éμ· Ö ´¥ ¶μ§¢μ²Ö¥É ·¥Ï¥´¨Ö³, ¨³¥ÕÐ¨³ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö ¢ μ¤´μ° Î ¸É¨
¶·μ¸É· ´¸É¢ , ¶μ¶ ¸ÉÓ ¢ ¤·Ê£ÊÕ (¸³. ·¨¸. 46Ä48, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É É ¡². 8,¦).
(ii) �·¨ λ > 0 ´¥É · §¤¥²ÖÕÐ¥° ¶²μ¸±μ¸É¨ (¸³. ·¨¸. 49Ä51, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É
É ¡². 9,¦). Š ± ¢¨¤´μ ¨§ ¶·¨³¥·μ¢, μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ Λ, ±μÉμ·μ¥ ´ 
¸ ³μ³ ¤¥²¥ Ö¢²Ö¥É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò³ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³, ¸μ§¤ ¥É μ¸Í¨²-
²¨·ÊÕÐ¨° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

‚ ¸²ÊÎ ¥ Λ > 0 ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ Ô±¸¶μ´¥´Í¨ ²Ó´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.
�·¨ λ < 0 ¨³¥¥É¸Ö · §¤¥²ÖÕÐ Ö ¶²μ¸±μ¸ÉÓ (¸³. ·¨¸. 52Ä54, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É
É ¡². 8, ¨), ¢ Éμ ¢·¥³Ö ± ± ¶·¨ λ > 0 · §¤¥²ÖÕÐ¥° ¶²μ¸±μ¸É¨ ´¥É (¸³. ·¨¸. 55Ä
57, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É É ¡². 9, ¨).

�¨¸. 46. ˆ§³¥´¥´¨¥ ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ < 0)

�¨¸. 47. ˆ§³¥´¥´¨¥ μ¡Ñ¥³-
´μ£μ ³ ¸ÏÉ ¡  (m > 0,
Λ < 0, λ < 0)

�¨¸. 48. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H, ε (m > 0, Λ < 0,
λ < 0)
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�¨¸. 49. ˆ§³¥´¥´¨¥ ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ < 0, λ > 0)

�¨¸. 50. ˆ§³¥´¥´¨¥ μ¡Ñ¥³-
´μ£μ ³ ¸ÏÉ ¡  (m > 0,
Λ < 0, λ > 0)

�¨¸. 51. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν,H, ε (m > 0, Λ < 0,
λ > 0)

�¨¸. 52. ˆ§³¥´¥´¨¥ ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ > 0, λ < 0)

�¨¸. 53. ˆ§³¥´¥´¨¥ μ¡Ñ¥³-
´μ£μ ³ ¸ÏÉ ¡  (m > 0,
Λ > 0, λ < 0)

�¨¸. 54. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν,H, ε (m > 0, Λ > 0,
λ < 0)

�¨¸. 55. ˆ§³¥´¥´¨¥ ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ (m > 0,
Λ > 0, λ > 0)

�¨¸. 56. ˆ§³¥´¥´¨¥ μ¡Ñ¥³-
´μ£μ ³ ¸ÏÉ ¡  (m > 0,
Λ > 0, λ > 0)

�¨¸. 57. 3D-¢¨¤ ¢ ¶·μ¸É· ´-
¸É¢¥ ν, H, ε (m > 0, Λ > 0,
λ > 0)

…¸²¨ ¶· ¢ Ö Î ¸ÉÓ (3.15) ¨³¥¥É ¤¢  ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ·´Ö, ³¥¦¤Ê ±μÉμ-
·Ò³¨ μ´  (H) ¶μ²μ¦¨É¥²Ó´ Ö, Éμ ¢ ¶²μ¸±μ¸É¨ ε = 0 ¨³¥¥É¸Ö § ³±´ÊÉÒ° Í¨±².



1226 ‘�•� 	., �ˆ•‚ˆ–Šˆ‰ ‚.

�¨¸. 58. �¢μ²ÕÍ¨Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ �¨¸. 59. ” §μ¢ Ö ¤¨ £· ³³  ε ¨ ν = 1/τ

�¨¸. 60. �¢μ²ÕÍ¨Ö ¶μ¸ÉμÖ´´μ° • ¡¡²  �¨¸. 61. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° μ±μ²μ
¶²μ¸±μ¸É¨ ε → 0

�Î¥¢¨¤´μ, ÎÉμ ±μ·´¥° ´¥ ³μ¦¥É ¡ÒÉÓ ¡μ²¥¥ É·¥Ì, ¶μÔÉμ³Ê ´¥±μ´Í¥´É·¨Î¥-
¸±¨Ì Í¨±²μ¢ ´¥ ³μ¦¥É ¡ÒÉÓ. ‚ ¶·μ¸É· ´¸É¢¥ μ±μ²μ ¶²μ¸±μ¸É¨ ε = 0, ¶μÔÉμ³Ê
³μ£ÊÉ ´ ¡²Õ¤ ÉÓ¸Ö Í¨±²¨Î¥¸±¨¥ ±μ²¥¡ ´¨Ö.

�¸μ¡ Ö ÉμÎ± , ¢μ±·Ê£ ±μÉμ·μ° ¶·μ¨¸Ìμ¤ÖÉ ±μ²¥¡ ´¨Ö, ¨³¥¥É ¶μ ´¥μ¡-
Ìμ¤¨³μ¸É¨ H = 0 (É ± ± ± ε = 0 ¨ ε̇ = 0, ´¥É·¨¢¨ ²Ó´Ò° Í¨±² ¤μ²¦¥´
¸μ¤¥·¦ ÉÓ μ¸μ¡Ò¥ ÉμÎ±¨, £¤¥ τ̇ = 0 ¨ Ḣ = 0. ‡ ³¥É¨³, ÎÉμ τ̇ = 0 ³μ¦¥É
¡ÒÉÓ ¤μ¸É¨£´ÊÉμ ²¨¡μ ¶·¨ H = 0, ²¨¡μ ¶·¨ τ = 0. ’ ± ± ± τ = 0 ¶μ·μ-
¦¤ ¥É ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ, Éμ ³Ò · ¸¸³μÉ·¨³ ¸²ÊÎ °
¸ H = 0), ¨, ¸²¥¤μ¢ É¥²Ó´μ, É· ¥±Éμ·¨Ö ±μ²¥¡ ´¨Ö ¡Ê¤¥É Î ¸É¨Î´μ ¶·μÌμ¤¨ÉÓ
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�¨¸. 62. ’·¥Ì³¥·´ Ö ¤¨ £· ³³ , ¶μ± §Ò¢ ÕÐ Ö ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö
¢¡²¨§¨ ¶²μ¸±μ¸É¨ ε → 0

�¨¸. 63. ‚¥±Éμ·´μ¥ ¶μ²¥, α = 4, β =
1, ζ = 1/2, A = 1, B = 1, m = 4, Λ =
−1, λ = −1

�¨¸. 64. ƒμ·¨§μ´É ²Ó´ Ö ¶·μ¥±Í¨Ö ¢¥±-
Éμ·´μ£μ ¶μ²Ö
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�¨¸. 65. ’· ¥±Éμ·¨¨ Ô¢μ²ÕÍ¨¨, α =
4, β = 1, ζ = 1/2, A = 1, B =
1, m = 4, Λ = −1, λ = −1

�¨¸. 66. ˆ§³¥´¥´¨¥ μ¡Ñ¥³´μ£μ ¶ -
· ³¥É· 

¢ μ¡² ¸É¨ ¶·¨ÉÖ¦¥´¨Ö ± ¶²μ¸±μ¸É¨ ε = 0, Î ¸É¨Î´μ ¢ μ¡² ¸É¨ μÉÉ ²±¨¢ -
´¨Ö. Œ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ É· ¥±Éμ·¨Ö ±μ²¥¡ ´¨Ö
´ Î¨´ ¥É · ¸±·ÊÎ¨¢ ÉÓ¸Ö ¨ ´ ¸ÉÊ¶ ¥É ³μ³¥´É, ±μ£¤  ¢ μ¡² ¸É¨ μÉÉ ²±¨¢ ´¨Ö
·μ¸É ε ¸É ´μ¢¨É¸Ö ¤μ³¨´¨·ÊÕÐ¨³, É. ¥. ¸É ´μ¢¨É¸Ö É ±¨³ ¡μ²ÓÏ¨³, ÎÉμ ±·¨-
¢ Ö ´¥ Ê¸¶¥¢ ¥É ¢¥·´ÊÉÓ¸Ö ¢ μ¡² ¸ÉÓ ¶·¨ÉÖ¦¥´¨Ö. �Éμ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ
ε ¸É ´μ¢¨É¸Ö ¡¥¸±μ´¥Î´μ° §  ±μ´¥Î´Ò° ¨´É¥·¢ ² ¢·¥³¥´¨. �  ·¨¸. 58 ¶μ± -
§ ´μ ¶μ¢¥¤¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨. Š ± ¢¨¤´μ, ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢ ±μ´¥Î´μ³
¸Î¥É¥ ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨. �  ·¨¸. 59 ¢¨¤´μ, ÎÉμ ±μ£¤  ε → 0, ¸μμÉ¢¥É-
¸É¢ÊÕÐ Ö ¢¸¥²¥´´ Ö BI Ö¢²Ö¥É¸Ö μ¸Í¨²²¨·ÊÕÐ¥°, ´μ ± ± Éμ²Ó±μ ε ¢μ§· ¸É ¥É,
τ ¸É·¥³¨É¸Ö ± ´¥±μÉμ·μ³Ê ³ ²¥´Ó±μ³Ê, ´μ ¶μ¸ÉμÖ´´μ³Ê §´ Î¥´¨Õ, É. ¥. ¡² -
£μ¤ ·Ö ¡μ²ÓÏμ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢μ§´¨± ¥É ¸¨²Ó´μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥,
±μÉμ·μ¥ ´¥ ¶μ§¢μ²Ö¥É ¢¸¥²¥´´μ° BI · ¸Ï¨·ÖÉÓ¸Ö ¤μ ´¥±μÉμ·μ£μ ±·¨É¨Î¥¸±μ£μ
§´ Î¥´¨Ö. �´ ²μ£¨Î´ Ö ± ·É¨´ , ´μ ¶μ μÉ´μÏ¥´¨Õ ± H , ¶·¥¤¸É ¢²¥´  ´ 
·¨¸. 60. � É·¥Ì³¥·´ Ö ¢¥·¸¨Ö ¢¸¥£μ ¢ÒÏ¥¸± § ´´μ£μ ¤ ´  ´  ·¨¸. 62. � 
·¨¸. 61 ¶·¥¤¸É ¢²¥´  Ô¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° μ±μ²μ ¶²μ¸±μ¸É¨ ε → 0, ÎÉμ ¶μ-
± §Ò¢ ¥É μ¸Í¨²²¨·ÊÕÐ¨° Ì · ±É¥· ¥¥ ¶μ¢¥¤¥´¨Ö. �  ·¨¸. 63, 64 ¨§μ¡· ¦¥´μ
¢¥±Éμ·´μ¥ ¶μ²¥, ´  ·¨¸. 65, 66 Å É· ¥±Éμ·¨¨ Ô¢μ²ÕÍ¨¨.

4. �‚�‹	–ˆŸ ‘ ���‘’�…�ˆ…Œ

ˆ§ÊÎ Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
(�„“), ¶μ¶ÒÉ ¥³¸Ö ¶·¥¤¸É ¢¨ÉÓ ¸¥¡¥ ¨´É¥£· ²Ó´Ò¥ ±·¨¢Ò¥ ¢ ¶·μ¸É· ´¸É¢¥.
�Î¥´Ó ¢ ¦´μ §´ ÉÓ ¶μ²¥ ´ ¶· ¢²¥´¨°, § ¤ ´´μ¥ ÔÉμ° ¸¨¸É¥³μ° Å ¡μ²¥¥ ¢ ¦´μ,
Î¥³ ¥¥ ¢¥±Éμ·´μ¥ ¶μ²¥. ‚μ-¶¥·¢ÒÌ, ¨´É¥£· ²Ó´Ò¥ ±·¨¢Ò¥, ¶μ μ¶·¥¤¥²¥´¨Õ,
± ¸ É¥²Ó´Ò ± ¢¥±Éμ·´μ³Ê ¶μ²Õ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ± ¶μ²Õ ´ ¶· ¢²¥´¨°; ¢ É¥Ì
¦¥ ÉμÎ± Ì (μ¸μ¡ÒÌ), ¢ ±μÉμ·ÒÌ ¢¥±Éμ·´μ¥ ¶μ²¥ μ¡´Ê²Ö¥É¸Ö, ´ ¶· ¢²¥´¨¥ ¸μμÉ-
¢¥É¸É¢¥´´μ ´¥μ¶·¥¤¥²¥´μ. ‚μ-¢Éμ·ÒÌ, ¶μ²¥ ´ ¶· ¢²¥´¨° É ± ¦¥ ´¥¶·¥·Ò¢´μ,
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± ± ¨ ¢¥±Éμ·´μ¥ ¶μ²¥ (§  ¨¸±²ÕÎ¥´¨¥³ μ¸μ¡ÒÌ ÉμÎ¥±), ´μ μ´μ ³μ¦¥É ¡ÒÉÓ ´¥-
¶·¥·Ò¢´μ ¶·μ¤μ²¦¥´μ ´  £· ´¨ÍÒ, £¤¥ ¢¥±Éμ·´μ¥ ¶μ²¥, ¢μ§³μ¦´μ, ¸É ´μ¢¨É¸Ö
¡¥¸±μ´¥Î´Ò³.

� ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ¤¢  ¢μ¶·μ¸ : ´ ¸±μ²Ó±μ ¡Ò¸É·μ ·¥Ï¥´¨¥ ³μ¦¥É
¶·¨¡²¨¦ ÉÓ¸Ö ± ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° £· ´¨Í¥ (¶μ¶·μ¸ÉÊ ¡¥¸±μ´¥Î´μ¸É¨) ¨
± ± μ´μ ¢¥¤¥É ¸¥¡Ö ´  ¸ ³μ° ¡¥¸±μ´¥Î´μ¸É¨. �μ¸É ´μ¢±  ¢μ¶·μ¸  ¸É ´μ¢¨É¸Ö
μ¸³Ò¸²¥´´μ°, ±μ£¤  ¶·μ¸É· ´¸É¢μ § ³Ò± ¥É¸Ö ¶ÊÉ¥³ ¶μ¶μ²´¥´¨Ö ¡¥¸±μ´¥Î´μ
Ê¤ ²¥´´Ò³¨ ÉμÎ± ³¨ ¢ ± ±μ°-²¨¡μ ¨´É¥·¶·¥É Í¨¨.

	Ê¤¥³ ¸²¥¤μ¢ ÉÓ ¶·¨´Í¨¶Ê ´¥¶·¥·Ò¢´μ¸É¨ �μ´¸¥²¥ Å ¸¢μ°¸É¢  ¸¨¸É¥³Ò
¶·¨ ´¥¶·¥·Ò¢´μ³ ¨§³¥´¥´¨¨ μÉ μ¤´μ£μ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ¤μ ¤·Ê£μ£μ ¶·¨
¸μÌ· ´¥´¨¨ μ¡Ð´μ¸É¨ ´¥ ¨§³¥´ÖÕÉ¸Ö. � ¸ ¨´É¥·¥¸ÊÕÉ ± Î¥¸É¢¥´´Ò¥ ¸¢μ°-
¸É¢  ·¥Ï¥´¨° ¸¨¸É¥³Ò �„“. �¥¶·¥·Ò¢´μ ¤¥Ëμ·³¨·ÊÖ ¢¥±Éμ·´μ¥ ¶μ²¥, ´μ
´¥ É·μ£ Ö μ¸μ¡ÒÌ ÉμÎ¥±, ³Ò ´¥ ³¥´Ö¥³ ± Î¥¸É¢¥´´μ ¶μ¢¥¤¥´¨Ö ¨´É¥£· ²Ó´ÒÌ
±·¨¢ÒÌ Å ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Éμ¶μ²μ£¨Î¥¸±μ° Ô±¢¨¢ ²¥´É´μ¸É¨. ’ ±, ³Ò ³μ¦¥³
Ê¶·μ¸É¨ÉÓ  ´ ²¨§, § ³¥´ÖÖ ¨¸Ìμ¤´ÊÕ ¸¨¸É¥³Ê ¡μ²¥¥ ¶·μ¸Éμ°, ¸±μ´¸É·Ê¨·μ¢ ´-
´μ° ¨§ Ê¤μ¡´ÒÌ Ô²¥³¥´Éμ¢.

4.1. �¡μ¸É·¥´¨¥. ˆ¸Éμ·¨Ö ¨§ÊÎ¥´¨Ö ·¥¦¨³μ¢ ¸ μ¡μ¸É·¥´¨¥³ ¸¢Ö§Ò¢ ¥É¸Ö
¸ ¨³¥´¥³ ‘.�.ŠÊ·¤Õ³μ¢  [17]. ˆ§ÊÎ¥´¨¥ ¶·μÍ¥¸¸μ¢ · ¸¶·μ¸É· ´¥´¨Ö É¥¶²  ¢
 ±É¨¢´μ° ¨ ´¥²¨´¥°´μ° ¸·¥¤¥ ¶·¨¢μ¤¨²μ ± ¢¥¸Ó³  ¸¢μ¥μ¡· §´Ò³ ·¥§Ê²ÓÉ É ³:
¢μ²´ ³ ¨ ²μ± ²¨§ Í¨¨. Œ É¥³ É¨Î¥¸±¨¥ ³μ¤¥²¨ ¤¥³μ£· Ë¨¨ μ¡´ ·Ê¦¨¢ ÕÉ
±·¨É¨Î¥¸±¨¥ ³μ³¥´ÉÒ: ·¥Ï¥´¨¥ �„“ (§ ¢¨¸ÖÐ¥¥ μÉ ¢·¥³¥´¨) ³μ¦¥É ¤μ¸É¨£ ÉÓ
¸¢μ¥£μ ¶·¥¤¥²Ó´μ£μ §´ Î¥´¨Ö §  ±μ´¥Î´μ¥ ¢·¥³Ö. ‚¸¶ÒÏ¥Î´Ò° (Ô·Ê¶É¨¢´Ò°)
Ì · ±É¥· ¨³¥¥É ¶·μÍ¥¸¸Ò ¢ Ì·μ³μ¸Ë¥·¥ ‘μ²´Í , ¶·¨ ÔÉμ³ ³¥Ì ´¨§³ ¶¥·¥´μ¸ 
Ô´¥·£¨¨ ´¥ μ¡´ ·Ê¦¨¢ ¥É ´ ²¨Î¨¥ ¶·¥¤μ¶·¥¤¥²¥´´μ£μ ³ ¸ÏÉ ¡  ¢·¥³¥´¨.

„²Ö ¨²²Õ¸É· Í¨¨ μ¡´ ·Ê¦¥´¨Ö Ì · ±É¥·´μ£μ ¢·¥³¥´¨ ¢ ¸¨¸É¥³¥, ´¥ ¸μ-
¤¥·¦ Ð¥° Ö¢´μ° § ¢¨¸¨³μ¸É¨ μÉ ¢·¥³¥´¨, · ¸¸³μÉ·¨³ ¶·¨³¥·

ẋ = −xα, x ∈ R+. (4.1)

�´ ¨³¥¥É ¤¢  ·¥Ï¥´¨Ö: a) x(t) = 0 ¨ ¡) x(t) = [x(0)1−α − t(1 − α)]1/1−α.
‚ ¸²ÊÎ ¥ ¡) ¶·¥¤¥²Ó´μ¥ §´ Î¥´¨¥ x(t∗) = 0 ¤μ¸É¨£ ¥É¸Ö §  ±μ´¥Î´μ¥ ¢·¥³Ö

t∗ =
x(0)1−α

1 − α
, ¥¸²¨ α < 1. ‡ É¥³ μ¡  ·¥Ï¥´¨Ö ¸²¨¢ ÕÉ¸Ö. ‚ ³μ³¥´É t∗

´ ·ÊÏ ¥É¸Ö Ê¸²μ¢¨¥ ¥¤¨´¸É¢¥´´μ¸É¨ (¨³¥´´μ, Ê¸²μ¢¨¥ ‹¨¶Ï¨Í ).
‘É¥¶¥´´Ò¥ § ¢¨¸¨³μ¸É¨ Ì · ±É¥·´Ò ¤²Ö ¸ ³ÒÌ · §²¨Î´ÒÌ ± É ¸É·μË: μÉ

§¥³²¥É·Ö¸¥´¨° ¨ ´ ¢μ¤´¥´¨° ¤μ ¡¨·¦¥¢ÒÌ ±· Ìμ¢ ¨  ¢ ·¨° ¢  Éμ³´μ° Ô´¥·-
£¥É¨±¥.

4.2. �¥¸±μ´¥Î´μ¸ÉÓ. �·¨¸μ¥¤¨´¥´¨¥ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¨ ± ¶·μ-
¸É· ´¸É¢Ê �„“

ẋ = F (x), x ∈ R+ (4.2)

¢Ò¶μ²´¨³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¸¤¥² ¥³ § ³¥´Ê ¶¥·¥³¥´´μ° x = s/c,
s2 + c2 = 1. 	¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±μ° ´ §μ¢¥³ ±∞ = 1/0.
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�μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

ṡc − ċs = c2F
(s

c

)
, ṡs + ċc = 0, (4.3)

μÉ±Ê¤  ¸ ÊÎ¥Éμ³ s2 + c2 = 1 ¸²¥¤Ê¥É

ṡ = c3F
(s

c

)
, ċ = −sc2F

(s

c

)
. (4.4)

�·¨¢¥¤Ö ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ s = 1, c = 0 (´μ ´¥ ¢ ´¥° ¸ ³μ°!) ¶· ¢Ò¥
Î ¸É¨ ¸¨¸É¥³Ò ± μ¡Ð¥³Ê §´ ³¥´ É¥²Õ ¨ Ê¸É· ´¨¢ ¥£μ, ³Ò ´¥ ¨§³¥´¨³ ¶μ²¥
´ ¶· ¢²¥´¨°. ‘μÌ· ´ÖÖ ¨³¥´´μ ÔÉμÉ ¸³Ò¸², μ¶·¥¤¥²¨³ ´ ¶· ¢²¥´¨¥ ¢ ¸ ³μ°
ÉμÎ±¥.

‚¥·´¥³¸Ö É¥¶¥·Ó ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¨ ¶¥·¥¶¨Ï¥³ ¥¥ ¢ ¢¨¤¥

ν̇ = −3Hν, (4.5 )

Ḣ =
1
2
(
3ξH − (ε + p)

)
−

(
3H2 − ε − Λ

)
+

1
2
φ1(ν), (4.5¡)

ε̇ = 3H
(
3ξH − (ε + p)

)
+ 4η

(
3H2 − ε − Λ

)
− 4ηφ2(ν), (4.5¢)

£¤¥ φ1 ¨ φ2 ¥¸ÉÓ ËÊ´±Í¨¨ μÉ τ .
‚ ¸²ÊÎ ¥ Éμ²Ó±μ ¸¶¨´μ·´μ£μ ¶μ²Ö φ1(ν) = mν + λ(n − 2), φ2(ν) =

mν − λνn.

‚±²ÕÎ¥´¨¥ ¸± ²Ö·´μ£μ ¶μ²Ö ¤ ¥É φ1(ν) = mν +
nνn+2

2(1 + λνn)2
, φ2(ν) =

mν +
ν2

2(1 + λνn)
.

‚¡²¨§¨ ÉμÎ±¨ ε = ∞ ¸¤¥² ¥³ § ³¥´Ê ε = 1/μ. ‘¨¸É¥³  ¶·¨³¥É ¢¨¤

ν̇ = −3Hν, (4.6 )

Ḣ =
3
2
BHμ−β +

1
2
(1 − ζ)μ−1 − 3H2 + Λ +

1
2
φ1(ν), (4.6¡)

μ̇ = 4A
(
−3H2 + Λ + φ2(ν)

)
μ2−α−9BH2μ2−β+4Aμ1−α+3H(1 + ζ)μ.

(4.6¢)

Š ± ¢¨¤´μ ¨§ (4.6¢), ¢ μÉ¸ÊÉ¸É¢¨¥ ¢Ö§±μ¸É¨ μ¡μ¨Ì ·μ¤μ¢ (A = 0, B = 0)
μ¡μ¸É·¥´¨¥ ¶μ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ´¥¢μ§³μ¦´μ.

	Ê¤¥É ²¨ μ¡μ¸É·¥´¨¥ ¢ ¡Ê¤ÊÐ¥³ ¨²¨ ¢ ¶·μÏ²μ³, § ¢¨¸¨É μÉ §´ ±  ±μÔË-
Ë¨Í¨¥´É  ¶·¨ ¸É¥¶¥´¨ μ ¸ ´ ¨³¥´ÓÏ¨³ ¶μ± § É¥²¥³.

�Ê¸ÉÓ A = 0. „²Ö Éμ£μ ÎÉμ¡Ò μ¡μ¸É·¥´¨¥ ¶μÖ¢¨²μ¸Ó ¶·¨ ±μ´¥Î´μ³ §´ -
Î¥´¨¨ H , ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò ¡Ò²μ β > 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¸μ¡¥´´μ¸ÉÓ ¡Ê¤¥É
¢ ¡Ê¤ÊÐ¥³ (big rip).

�Ê¸ÉÓ É¥¶¥·Ó B = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¡μ¸É·¥´¨¥ ´ ¸ÉÊ¶¨É ¢ μ¡· É´μ³
¢·¥³¥´¨ (¢ ¶·μÏ²μ³ Å big bang), ¥¸²¨ α > 1.
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‚ ¶·¨¢¥¤¥´´μ³ ¤ ²¥¥ ¸²ÊÎ ¥ ¨³¥ÕÉ¸Ö É· ¥±Éμ·¨¨, ´  ±μÉμ·ÒÌ ¡¥¸±μ´¥Î-
´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε ¤μ¸É¨£ ¥É¸Ö §  ±μ´¥Î´μ¥ ¢·¥³Ö. �Ê´±É¨·´Ò¥ ²¨´¨¨
μ¡μ§´ Î ÕÉ ¶·μÏ²μ¥, ¸¶²μÏ´Ò¥ Å ¡Ê¤ÊÐ¥¥.

�¨¸. 67. ’· ¥±Éμ·¨Ö Ô¢μ²ÕÍ¨¨ ¢
¸²ÊÎ ¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ ¸ ³μ-
¤¥°¸É¢¨¥³

�¨¸. 68. ’· ¥±Éμ·¨Ö Ô¢μ²ÕÍ¨¨ ¢ ¸²ÊÎ ¥
¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¸¶¨´μ·´μ£μ ¨ ¸± -
²Ö·´μ£μ ¶μ²¥°

�  ·¨¸. 67, 68 ¶μ± § ´μ, ± ± ³¥´ÖÕÉ¸Ö μ¡Ñ¥³, ¶ · ³¥É· • ¡¡²  ¨²¨ ¶²μÉ-
´μ¸ÉÓ Ô´¥·£¨¨. ˆ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¸ÊÐ¥¸É¢Ê¥É ³¥¸Éμ ¤²Ö ¡¥¸±μ´¥Î´μ£μ ·μ¸É 
¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¶·¨ ¡¥¸±μ´¥Î´μ³ μ¡Ñ¥³¥ Å É. ¥. ¢μ§´¨± ¥É É ± ´ §Ò¢ ¥³Ò°
	μ²ÓÏμ° · §·Ò¢. �·¨ Î¨¸²¥´´μ³ ³μ¤¥²¨·μ¢ ´¨¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥
§´ Î¥´¨Ö ¤²Ö ¶ · ³¥É·μ¢: α = 4, β = 1, ζ = 1/2, A = 1, B = 1, m = 4, Λ =
−1, λ = −1.

5. ‚›‚�„›

‚ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±μ° ³μ¤¥²¨ É¨¶  	¨ ´±¨-I · ¸¸³μÉ·¥´  ¸ ³μ¸μ-
£² ¸μ¢ ´´ Ö ¸¨¸É¥³  ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ, ¸± ²Ö·´μ£μ ¨ £· ¢¨É Í¨μ´´μ£μ
¶μ²¥° ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢Ö§±μ° ¦¨¤±μ¸É¨ ¨ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°. �¥²¨-
´¥°´Ò° Î²¥´ ¢ ² £· ´¦¨ ´¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢μ§´¨± ¥É ²¨¡μ §  ¸Î¥É ¸ ³μ-
¤¥°¸É¢¨Ö, ²¨¡μ ¢ ·¥§Ê²ÓÉ É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¸± ²Ö·´Ò³ ¶μ²¥³.

‚Ò¢¥¤¥´  ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  τ , ¶μ¸ÉμÖ´´μ° • ¡¡² 
H ¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε. �μ²ÊÎ¥´´Ò¥ ·¥Ï¥´¨Ö ¢Ò· ¦¥´Ò ¶μ¸·¥¤¸É¢μ³ ËÊ´±-
Í¨¨ τ(t), £¤¥ τ Ö¢²Ö¥É¸Ö ³ ¸ÏÉ ¡´μ° ¥¤¨´¨Í¥° μ¡Ñ¥³  ¢¸¥²¥´´μ° É¨¶  BI.
� °¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¢Ò¡μ· Ì ´¥²¨´¥°´μ-
¸É¨ ¨ ¢Ö§±μ¸É¨.

�μ¸±μ²Ó±Ê ÔÉ  ¸¨¸É¥³  ¸ ³  ¶μ ¸¥¡¥ Ö¢²Ö¥É¸Ö μÎ¥´Ó ¨´É¥·¥¸´μ°, ¡Ò² ¶·μ-
¢¥¤¥´ ¤¥É ²Ó´Ò° ± Î¥¸É¢¥´´Ò°  ´ ²¨§ ¨ ¢ÒÖ¸´¥´Ò ·μ²¨ · §²¨Î´ÒÌ ¶ · ³¥-
É·μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ ¸¨¸É¥³Ê. ‚Ò¶μ²´¥´ ¶μ²´Ò° ± Î¥¸É¢¥´´Ò°  ´ ²¨§ Ô¢μ²ÕÍ¨¨



1232 ‘�•� 	., �ˆ•‚ˆ–Šˆ‰ ‚.

´  £· ´¨Í Ì ¨ ¶μ²ÊÎ¥´Ò Î¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ´¥±μÉμ·ÒÌ μ¸μ¡μ ¨´É¥·¥¸´ÒÌ
¸²ÊÎ ¥¢. �μ± § ´μ, ÎÉμ ¶·¨ ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ ¸¨-
¸É¥³  ¤ ¦¥ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ¤μ¶Ê¸± ¥É ·¥Ï¥´¨Ö
É¨¶  	μ²ÓÏμ£μ · §·Ò¢  (big rip), ÎÉμ Ì · ±É¥·´μ ¤²Ö ¸¨¸É¥³Ò ¸ Ë ´Éμ³´μ°
³ É¥·¨¥°. ‚ μÉ²¨Î¨¥ μÉ ¸¨¸É¥³Ò ¸ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸ÉÓÕ, £¤¥ §´ ± Λ-Î²¥´ 
μ¶·¥¤¥²Ö¥É, ¡Ê¤¥É ²¨ Ô¢μ²ÕÍ¨Ö ¸ Ê¸±μ·¥´´Ò³ · ¸Ï¨·¥´¨¥³ ¨²¨ ±μ²¥¡ É¥²Ó-
´μ°, ¢ ¸²ÊÎ ¥ ¢Ö§±μ° ¦¨¤±μ¸É¨ μ´ Ê¦¥ ´¥ ¨£· ¥É É ±μ° ·μ²¨. ‚ § ¢¨¸¨³μ¸É¨
μÉ ¶ · ³¥É·μ¢ Ô¢μ²ÕÍ¨Ö ³μ¦¥É ¡ÒÉÓ · ¸Ï¨·ÖÕÐ¥°¸Ö ¨²¨ μ¸Í¨²²¨·ÊÕÐ¥°
¶·¨ ²Õ¡μ³ §´ ±¥ Λ.

�É  ¸¨¸É¥³  É ±¦¥ ¡Ò²  ¨§ÊÎ¥´  ¸ ÉμÎ±¨ §·¥´¨Ö μ¡μ¸É·¥´¨Ö. �μ± § ´μ,
ÎÉμ μ¡μ¸É·¥´¨¥ ¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ ´ ²¨Î¨¨ ¢Ö§±μ¸É¨. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ,
ÎÉμ ¶μ¤μ¡´Ò¥ Ö¢²¥´¨Ö ´ ¡²Õ¤ ÕÉ¸Ö ¨ ¢ ¤·Ê£¨Ì μ¡² ¸ÉÖÌ Ë¨§¨±¨ ¨ ¶·¥¤¸É -
¢²ÖÕÉ ¡μ²ÓÏμ° ¨´É¥·¥¸ ¸ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨ ± É ¸É·μË, ¤¥³μ£· Ë¨¨ ¨ É. ¤.

‚ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò ¢ ²¨É¥· ÉÊ·¥ ¶μÖ¢²Ö¥É¸Ö ¡μ²ÓÏμ¥
Î¨¸²μ · ¡μÉ, £¤¥ ¶μ³¨³μ ¤ ´´ÒÌ ´ ¡²Õ¤¥´¨° É ±¦¥ ¶·¨´¨³ ¥É¸Ö ¢μ ¢´¨³ ´¨¥
¢²¨Ö´¨¥ ¢Ö§±μ¸É¨ ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°, ³Ò ³μ¦¥³ μ¦¨¤ ÉÓ, ÎÉμ ¢¸¥¸Éμ·μ´-
´¥¥ ¨¸¸²¥¤μ¢ ´¨¥ ¸¨¸É¥³Ò, ±μÉμ·μ¥ ¸¤¥² ´μ ¢ ´ Ï¥° · ¡μÉ¥, ¢ ±μ´¥Î´μ³ ¸Î¥É¥
¶μ³μ¦¥É ´ ³ ¶μ´ÖÉÓ ‚¸¥²¥´´ÊÕ ± ± μ´  ¥¸ÉÓ.
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