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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�·¥¤¸É ¢²¥´μ £²μ¡ ²Ó´μ¥ μ¡μ¡Ð¥´¨¥ ¤·μ¡´μ- ´ ²¨É¨Î¥¸±μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° („�’‚),
ÊÎ¨ÉÒ¢ ÕÐ¥¥ ¶μ·μ£¨ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ¨ ¶μ§¢μ²ÖÕÐ¥¥ · ¡μÉ ÉÓ ¸ Š•„- ³¶²¨ÉÊ¤ ³¨ ± ± ¢ ¥¢-
±²¨¤μ¢μ°, É ± ¨ ¢μ ¢·¥³¥´¨¶μ¤μ¡´μ° μ¡² ¸ÉÖÌ §´ Î¥´¨° ±¢ ¤· É  ¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸  q2. Š· É±μ
¨§²μ¦¥´  ´ ²¨É¨Î¥¸±¨° ¶μ¤Ìμ¤ ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (’‚) Š•„, ¨´¨Í¨¨·μ¢ ´´Ò° · ¡μÉ ³¨
„¦μ´¸ , ‘μ²μ¢Íμ¢  ¨ ˜¨·±μ¢ . ’ ±¦¥ ±· É±μ ¨§²μ¦¥´Ò μ¸´μ¢´Ò¥ ¶μ²μ¦¥´¨Ö „�’‚ ¶·¨ Ë¨±-
¸¨·μ¢ ´´μ³ Î¨¸²¥ ±¢ ·±μ¢ÒÌ  ·μ³ Éμ¢. 	μ²¥¥ ¶μ¤·μ¡´μ μ¡¸Ê¦¤ ÕÉ¸Ö ¶·μ¡²¥³  ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ
±¢ ·±μ¢ ¨ ¶μ¸É·μ¥´¨¥ £²μ¡ ²Ó´μ° ¢¥·¸¨¨ „�’‚, ¢ Éμ³ Î¨¸²¥ ¢μ¶·μ¸ μ¡  ´ ²¨É¨Î¥¸±¨Ì ±μ´¸É ´-
É Ì ¸¢Ö§¨ ¢μ ¢·¥³¥´¨¶μ¤μ¡´μ° μ¡² ¸É¨ §´ Î¥´¨° q2 = s > 0 ¤²Ö μ¶¨¸ ´¨Ö e+e−- ´´¨£¨²ÖÍ¨¨
¨ Ëμ·³Ë ±Éμ·  ¶¨μ´ . „μ¸É ÉμÎ´μ ¶μ¤·μ¡´μ μ¶¨¸ ´Ò ¶·¨²μ¦¥´¨Ö · §¢¨Éμ° £²μ¡ ²Ó´μ° ¢¥·-
¸¨¨ „�’‚ ± Ë¥´μ³¥´μ²μ£¨Î¥¸±¨ ¨´É¥·¥¸´Ò³ ¶·μÍ¥¸¸ ³ (Ëμ·³Ë ±Éμ· ¶¨μ´  ¨ Ï¨·¨´  · ¸¶ ¤ 
Ì¨££¸μ¢¸±μ£μ ¡μ§μ´  H → bb̄),   É ±¦¥ ± ¸Ê³³¨·μ¢ ´¨Õ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ·Ö¤μ¢.

We give the generalization of Fractional Analytic Perturbation Theory (FAPT) for QCD ob-
servables, recently developed for both the Euclidean and Minkowski regions of squared momentum
transfer q2, which takes into account heavy-quark thresholds. The original analytic approach to QCD,
initiated by Jones, Solovtsov and Shirkov, is shortly summarized. We also shortly consider the basic
aspects of FAPT and then concentrate on the accounting for the heavy-quark thresholds problem and
the construction of global version of FAPT. We discuss what one should use as an analytic coupling
in the timelike region q2 = s > 0 for the e+e−-annihilation and the pion form factor, and consider
applications to phenomenologically relevant processes (the factorizable part of the pion form factor
and the Higgs boson decay into a bb̄ pair), as well as to the summation of perturbative series.

PACS: 11.10.Hi; 11.15.Bt; 12.38.Bx; 12.38.Cy

�μ¸¢ÖÐ ¥É¸Ö ¶ ³ÖÉ¨ ˆ£μ·Ö ‘μ²μ¢Íμ¢ , μ¤´μ£μ ¨§
¸μ§¤ É¥²¥°  ´ ²¨É¨Î¥¸±μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

1. ‚‚…„…�ˆ…

’¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¢ Š•„ ¢ μ¡² ¸É¨ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´ÒÌ ¶¥·¥¤ Î
4-¨³¶Ê²Ó¸  (Q2 = −q2 > 0 Å ¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉÊ μ¡² ¸ÉÓ
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¥¢±²¨¤μ¢μ°) μ¸´μ¢ ´  ´  · §²μ¦¥´¨ÖÌ ¢ ·Ö¤Ò ¶μ ¸É¥¶¥´Ö³ ÔËË¥±É¨¢´μ£μ § -
·Ö¤  (¨²¨ ÔËË¥±É¨¢´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨) αs(Q2), ±μÉμ·Ò° ¢ μ¤´μ¶¥É²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ¨³¥¥É ¢¨¤

αs(Q2) =
4π

b0
a[L] =

4π

b0

1
L

(1.1)

¸ b0 = 11 − 2
3
Nf , L = ln(Q2/Λ2), £¤¥ Λ2 ≡ Λ2

QCD,   ®´μ·³¨·μ¢ ´´Ò°¯ § ·Ö¤

a[L] Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ·¥´μ·³£·Ê¶¶Ò (�ƒ) [1Ä3]

da[L]
dL

= −a2
(
1 + c1a + c2a

2 + . . .
)
. (1.2)

‡¤¥¸Ó c1 = b1/b2
0 ¨ c2 = b2/b3

0 Å ¢¸¶μ³μ£ É¥²Ó´Ò¥ ¶ · ³¥É·Ò · §²μ¦¥´¨Ö (¸³.
¶·¨²μ¦¥´¨¥ �). �¤´μ¶¥É²¥¢μ¥ (¶·¨ c1 = c2 = 0) ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö
¥¸ÉÓ ¶·μ¸Éμ 1/L, ¨ μ´μ, ± ± ¢¨¤´μ, ¨³¥¥É ¸¨´£Ê²Ö·´μ¸ÉÓ ¢ ¢¨¤¥ ¶μ²Õ¸  ¢ ÉμÎ±¥
L = 0, ´ §Ò¢ ¥³ÊÕ ¶μ²Õ¸μ³ ‹ ´¤ Ê. �μ ÔÉμ° ¶·¨Î¨´¥ ¶·¨³¥´¥´¨¥ É¥μ·¨¨
¢μ§³ÊÐ¥´¨° ¢ μ¡² ¸É¨ ³ ²ÒÌ ¶¥·¥¤ Î ¨³¶Ê²Ó¸  Q2 ∼ Λ2 ¨²¨ L � 1 § É·Ê¤-
´¥´μ, É ± ÎÉμ Ì · ±É¥·¨¸É¨±¨  ¤·μ´´ÒÌ ¶·μÍ¥¸¸μ¢, · ¸¸Î¨ÉÒ¢ ¥³Ò¥ ¢ Š•„
´  ¶ ·Éμ´´μ³ Ê·μ¢´¥ ¢ ¢¨¤¥ · §²μ¦¥´¨° ¢ ·Ö¤Ò ¶μ ¸É¥¶¥´Ö³ ÔËË¥±É¨¢´μ£μ
§ ·Ö¤ , ´¥ Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê Ìμ·μÏμ μ¶·¥¤¥²¥´´Ò³¨ ¢¥²¨Î¨´ ³¨.

‚ ¸¢μ¥ ¢·¥³Ö ¶μÖ¢²¥´¨¥ É ±μ° ¸¨´£Ê²Ö·´μ¸É¨ ¢ Š�„ [4, 5], ´ §¢ ´´μ°
¶·¨§· Î´μ° ¨§-§  μÉ·¨Í É¥²Ó´μ¸É¨ ¢ÒÎ¥É  ¢ ¶μÖ¢²ÖÕÐ¥³¸Ö ¶μ²Õ¸¥ ¶·μ¶ £ -
Éμ· , ¡Ò²μ ¶·μ¨´É¥·¶·¥É¨·μ¢ ´μ ± ± Ê± § ´¨¥ ´  ¶·μÉ¨¢μ·¥Î¨¢μ¸ÉÓ ±¢ ´Éμ-
¢μ° É¥μ·¨¨ ¶μ²Ö. �¤´ ±μ, ± ± ¡Ò²μ ¶μ± § ´μ ¢ · ¡μÉ¥ [6,7], ÔÉμ ¢¸¥£μ ²¨ÏÓ
¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ´¥¶·¨³¥´¨³μ¸É¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ μ¡² ¸É¨, £¤¥ ¶ · -
³¥É· · §²μ¦¥´¨Ö ´¥ ³ ². “± § ´¨¥ ´  Éμ, ÎÉμ ÔÉ  ¸¨´£Ê²Ö·´μ¸ÉÓ ´¥ ´ ¸ÉμÖÐ Ö,
¸²¥¤Ê¥É É ±¦¥ ¨§ ¨§ÊÎ¥´¨Ö Ì · ±É¥·  ÔÉμ° ¸¨´£Ê²Ö·´μ¸É¨ ¢ ¢Ò¸Ï¨Ì ¶·¨¡²¨¦¥-
´¨ÖÌ. � ¸¸³μÉ·¨³, ´ ¶·¨³¥·, ¤¢ÊÌ¶¥É²¥¢μ¥ Ê· ¢´¥´¨¥ (1.2) c c1 �= 0 ¨ c2 = 0.
‚¡²¨§¨ ¸¨´£Ê²Ö·´μ¸É¨ a[L] � 1, ¨ ¶μÔÉμ³Ê Ê· ¢´¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢
¢¨¤¥ da[L]/dL ≈ −c1a

3, ÎÉμ ´¥³¥¤²¥´´μ μ¶·¥¤¥²Ö¥É ¶μ¢¥¤¥´¨¥ ÔËË¥±É¨¢´μ£μ
§ ·Ö¤  ¢¡²¨§¨ ¸¨´£Ê²Ö·´μ¸É¨ ¶·¨ L � 1:

a2−loop[L] ≈ 1√
2 c1L

. (1.3)

ŒÒ ¢¨¤¨³, ÎÉμ É¨¶ ¸¨´£Ê²Ö·´μ¸É¨ ¨§³¥´¨²¸Ö: ¢³¥¸Éμ ¶μ²Õ¸  ¶μÖ¢²Ö¥É¸Ö
ÉμÎ±  ¢¥É¢²¥´¨Ö É¨¶  L−1/2,   ¶·¨ ÊÎ¥É¥ ¢±² ¤μ¢ ¢Ò¸Ï¨Ì ¶¥É¥²Ó ¸É¥¶¥´Ó
¸¨´£Ê²Ö·´μ¸É¨ μÎ¥¢¨¤´Ò³ μ¡· §μ³ Ê³¥´ÓÏ ¥É¸Ö ¢¸¥ ¸¨²Ó´¥¥ (´  ¸ ³μ³ ¤¥²¥
μ´  ¶·μ¸Éμ · ¢´  1/l, £¤¥ l Å Î¨¸²μ ¶¥É¥²Ó).

�μÖ¢²¥´¨¥ É ±¨Ì ®¶·¨§· Î´ÒÌ¯ ¸¨´£Ê²Ö·´μ¸É¥° ¸ É¥μ·¥É¨Î¥¸±μ° ÉμÎ±¨
§·¥´¨Ö ¶·μÉ¨¢μ·¥Î¨É ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ¸É¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [7,8], ¶μ-
¸±μ²Ó±Ê ¤¥² ¥É ¸¶¥±É· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ —¥²²¥´ Ä‹¥³ ´  ´¥¢μ§³μ¦´Ò³.
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, μ´μ É ±¦¥ μ¸²μ¦´Ö¥É μ¶·¥¤¥²¥´¨¥ ÔËË¥±É¨¢´μ£μ § ·Ö¤ 
Š•„ ¢μ ¢·¥³¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ (q2 > 0). ‘ ³μ³¥´É  ¶μÖ¢²¥´¨Ö Š•„ ³´μ-
£¨¥ ¨¸¸²¥¤μ¢ É¥²¨ ¶ÒÉ ²¨¸Ó μ¶·¥¤¥²¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ÔËË¥±É¨¢´Ò° § ·Ö¤
¢ μ¡² ¸É¨ ¢·¥³¥´´μ¶μ¤μ¡´ÒÌ ¶¥·¥¤ Î 4-¨³¶Ê²Ó¸  (¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ £μ¢μ-
·¨ÉÓ ®μ¡² ¸ÉÓ Œ¨´±μ¢¸±μ£μ¯), ±μÉμ·Ò° ¡Ò² ¡Ò ¶·¨£μ¤¥´ ¤²Ö μ¶¨¸ ´¨Ö ¶·μ-
Í¥¸¸μ¢ É¨¶  e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·μ´Ò, · ¸¶ ¤μ¢ ±¢ ·±μ´¨¥¢ ¨ τ -²¥¶Éμ´μ¢
¢  ¤·μ´Ò, ¨ É. ¶. Œ´μ£¨¥ É ±¨¥ ¶μ¶ÒÉ±¨, ¸³., ´ ¶·¨³¥·, [9Ä11], ¨¸¶μ²Ó§μ-
¢ ²¨  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¨§ £²Ê¡μ±μ¥¢±²¨¤μ¢μ°
μ¡² ¸É¨, £¤¥ Ìμ·μÏμ · ¡μÉ ²  É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° Š•„, ¢ μ¡² ¸ÉÓ Œ¨´±μ¢-
¸±μ£μ, £¤¥ ¶·μ¢μ¤¨²¨¸Ó ·¥ ²Ó´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ: αs(Q2) → αs(s = −Q2).

‘ É¥Î¥´¨¥³ ¢·¥³¥´¨ ¸É ²μ Ö¸´μ, ÎÉμ ¢ ¨´Ë· ±· ¸´μ° (ˆŠ) μ¡² ¸É¨ ³ ²ÒÌ
§´ Î¥´¨° Q2 ÔËË¥±É¨¢´Ò° § ·Ö¤ αs(Q2) ³μ¦¥É ¨³¥ÉÓ Ê¸Éμ°Î¨¢ÊÕ ´¥¶μ¤¢¨¦-
´ÊÕ ÉμÎ±Ê ¨ ¶¥·¥¸É ÉÓ ¢μ§· ¸É ÉÓ. ’ ±μ¥ ¶μ¢¥¤¥´¨¥ μ§´ Î ²μ ¡Ò, ÎÉμ ¶·¨
μÎ¥´Ó ³ ²ÒÌ ¨³¶Ê²Ó¸ Ì ¢ μ±·¥¸É´μ¸É¨ ÔÉμ° ÉμÎ±¨ Í¢¥Éμ¢Ò¥ ¸¨²Ò ´ ¸ÒÐ -
ÕÉ¸Ö ¨ £²Õμ´Ò ¶¥·¥¸É ÕÉ ¢¨¤¥ÉÓ ±¢ ·±¨ ± ± Í¢¥É´Ò¥ μ¡Ñ¥±ÉÒ, ¶μ¸±μ²Ó±Ê
¢μ¸¶·¨´¨³ ÕÉ ¨Ì ± ± Í¥²μ¥ ±¢ §¨¡¥¸Í¢¥É´μ¥ ¸μ¸ÉμÖ´¨¥. ’ ±, Šμ·´¢¥² [12] ¢
³μ¤¥²¨ ¸ ±μ´¤¥´¸ Í¨¥° ¢¨Ì·¥° ¨§ÊÎ¨² Ëμ·³¨·μ¢ ´¨¥ ÔËË¥±É¨¢´μ° ³ ¸¸Ò Ê
£²Õμ´ , ±μÉμ·μ¥ ¶·¨¢μ¤¨É ± É ±μ³Ê ´ ¸ÒÐ¥´¨Õ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¨ ¤¥² ¥É
¥£μ §´ Î¥´¨¥ ±μ´¥Î´Ò³ ¢ ¶μ²Õ¸¥ ‹ ´¤ Ê. �μÌμ¦¨¥ ¶μ¶ÒÉ±¨ ¶·¥¤¶·¨´¨³ -
²¨¸Ó ¶·¨ ¨§ÊÎ¥´¨¨ ¤·Ê£¨Ì ³μ¤¥²¥° [13Ä16], ¶·¨Î¥³ ¢¸Õ¤Ê £²Õμ´ ¶·¨μ¡·¥É ²
ÔËË¥±É¨¢´ÊÕ ³ ¸¸Ê, ±μÉμ· Ö ¨£· ²  ·μ²Ó ˆŠ-·¥£Ê²ÖÉμ·  ¸¨´£Ê²Ö·´μ£μ ¶μ¢¥-
¤¥´¨Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ μ¡² ¸É¨ ³ ²ÒÌ ¨³¶Ê²Ó¸μ¢. ‚ · ¡μÉ¥ [17] ¡Ò²μ
¶μ± § ´μ, ÎÉμ É ± Ö ˆŠ § Ð¨Ð¥´´ Ö ³μ¤¥²Ó ÔËË¥±É¨¢´μ£μ § ·Ö¤  ³μ¦¥É ¡ÒÉÓ
¸¢Ö§ ´  ¸ Ëμ·³Ë ±Éμ·μ³ ‘Ê¤ ±μ¢ , ¶μ¤ ¢²ÖÕÐ¨³ ¨§²ÊÎ¥´¨¥ ³Ö£±¨Ì £²Õμ´μ¢,
É ± ÎÉμ £²Õμ´Ò ¸ ¤²¨´μ° ¢μ²´Ò, ¶·¥¢ÒÏ ÕÐ¥° ´¥±μÉμ·ÊÕ Ì · ±É¥·´ÊÕ (´¥-
¶¥·ÉÊ·¡ É¨¢´ÊÕ) ¤²¨´Ê ¢μ²´Ò, ´¥ ³μ£ÊÉ · §²¨Î ÉÓ ¨´¤¨¢¨¤Ê ²Ó´Ò¥ ±¢ ·±¨
¢´ÊÉ·¨ ¡¥¸Í¢¥É´μ£μ  ¤·μ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

� · ²²¥²Ó´μ ¸ ÔÉ¨³¨ · ¡μÉ ³¨ � ¤ÕÏ±¨´ [18]∗ ¨ Š· ¸´¨±μ¢ ¨ �¨¢μ-
¢ ·μ¢ [19], ¨¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ó´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ËÊ´±Í¨¨ �¤²¥·  D(Q2)
¢ μÉ´μÏ¥´¨¥ ¸¥Î¥´¨° R(s) = σ (e+e− →  ¤·μ´Ò) /σ (e+e− → μ+μ−), ¶μ²Ê-
Î¨²¨  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö μ¤´μ¶¥É²¥¢μ£μ ÔËË¥±É¨¢´μ£μ § ·Ö¤  (¨
¥£μ ¶¥·¢ÒÌ ¸É¥¶¥´¥°) ¸· §Ê ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ (§  ¶μ¤·μ¡´μ¸ÉÖ³¨ μÉ¸Ò-
² ¥³ § ¨´É¥·¥¸μ¢ ´´μ£μ Î¨É É¥²Ö ± · ¡μÉ ³ [20Ä22]). �ÉμÉ É¨¶  ´ ²¨É¨§ Í¨¨
ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ Š•„ ¢μ ¢·¥³¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ ¡Ò² ¶¥·¥μÉ±·ÒÉ
¶μ§¦¥ ¢ ¶μ¤Ìμ¤¥ ¶¥·¥¸Ê³³¨·μ¢ ´¨Ö Ë¥·³¨μ´´ÒÌ ¶Ê§Ò·¥° 	¥´¥±¥ ¨ 	· Ê-
´μ³ [23],   É ±¦¥ 	 ²Ó, 	¥´¥±¥ ¨ 	· Ê´μ³ [24], ¶·¨Î¥³ ¢ ¶μ¸²¥¤´¥° · ¡μÉ¥ ¢
¸¢Ö§¨ ¸ ¶·¨²μ¦¥´¨Ö³¨ ± · ¸Î¥ÉÊ Ï¨·¨´Ò · ¸¶ ¤  τ → ντ+  ¤·μ´Ò.

∗�É  · ¡μÉ  ¡Ò²  μ¶Ê¡²¨±μ¢ ´  26 Ë¥¢· ²Ö 1982 £. ¢ ¢¨¤¥ ¶·¥¶·¨´É  �ˆŸˆ
(Raduyshkin A. V. JINR Preprint E2-82-159, Dubna, 1982), § É¥³ ¶μ¸² ´  ¤²Ö ¶Ê¡²¨± Í¨¨ ¢ ¦Ê·´ ²
®Physics Letters B¯, ´μ ¡Ò²  μÉ¢¥·£´ÊÉ  ·¥¤ ±Í¨¥°.
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‘¨¸É¥³ É¨Î¥¸±¨° ¶μ¤Ìμ¤, ´ §Ò¢ ¥³Ò°  ´ ²¨É¨Î¥¸±μ° É¥μ·¨¥° ¢μ§³ÊÐ¥-
´¨° (�’‚), ¶μÖ¢¨²¸Ö ¨ ÊÉ¢¥·¤¨²¸Ö ¢ ¶μ¸²¥¤´¥¥ ¤¥¸ÖÉ¨²¥É¨¥ ¡² £μ¤ ·Ö · ¡μ-
É ³, ¨´¨Í¨¨·μ¢ ´´Ò³ „¦μ´¸μ³ ¨ ‘μ²μ¢Íμ¢Ò³, ˜¨·±μ¢Ò³ ¨ ‘μ²μ¢Íμ¢Ò³,
Œ¨²Éμ´μ³ ¨ ‘μ²μ¢Íμ¢Ò³ [25Ä30]. ƒ² ¢´Ò³¨ μ¡Ñ¥±É ³¨ ¢ ÔÉμ³ ¶μ¤Ìμ¤¥ Ö¢²Ö-
ÕÉ¸Ö ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ  ´ ²¨É¨Î¥¸±¨° ÔËË¥±-
É¨¢´Ò° § ·Ö¤ ¨ ¥£μ Í¥²Ò¥ ¸É¥¶¥´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ¢ ¢¨¤¥
¤¨¸¶¥·¸¨μ´´ÒÌ ¨´É¥£· ²μ¢. ’¥ ¦¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö
¶μ¸É·μ¥´¨Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¨ ¥£μ ¸É¥¶¥´¥° ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ ¸
¶μ³μÐÓÕ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£μ D-ËÊ´±Í¨Õ �¤²¥·  ¨
R-μÉ´μÏ¥´¨¥ [27,31]. �É¨ ¨´É¥£· ²Ó´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ´ §¢ ´´Ò¥ ˜¨·±μ-
¢Ò³ R̂- ¨ D̂-μ¶¥· Í¨Ö³¨∗ (¸³. ¸²¥¤ÊÕÐ¨° · §¤¥²), ¤ ÕÉ ¢μ§³μ¦´μ¸ÉÓ μ¶·¥-
¤¥²¨ÉÓ μ¤´μ¢·¥³¥´´μ  ´ ²¨É¨Î¥¸±¨° ÔËË¥±É¨¢´Ò° § ·Ö¤ ± ± ¢ ¥¢±²¨¤μ¢μ°
μ¡² ¸É¨ §´ Î¥´¨° ±¢ ¤· Éμ¢ ¶¥·¥¤ Î ¨³¶Ê²Ó¸ , É ± ¨ ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ.

‚¸±μ·¥ ¡Ò²¨ · §¢¨ÉÒ  ´ ²¨É¨Î¥¸±¨¥ ¨ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò, ´¥μ¡Ìμ¤¨³Ò¥
¤²Ö · ¸Î¥Éμ¢ ¢ ¤¢ÊÌ- ¨ É·¥Ì¶¥É²¥¢ÒÌ ¶·¨¡²¨¦¥´¨ÖÌ [33Ä38]. �ÉμÉ ¶μ¤Ìμ¤ ¡Ò²
¶·¨³¥´¥´ ¤²Ö · ¸Î¥É  Ì · ±É¥·¨¸É¨± ·Ö¤   ¤·μ´´ÒÌ ¶·μÍ¥¸¸μ¢, ¢ Éμ³ Î¨¸²¥
Ï¨·¨´Ò ¨´±²Õ§¨¢´μ£μ · ¸¶ ¤  τ -²¥¶Éμ´  ¢  ¤·μ´Ò [25, 39, 40], § ¢¨¸¨³μ¸É¨
μÉ ¢Ò¡μ·  ¸Ì¥³Ò ¨ ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢μ± ¢ ¶· ¢¨² Ì ¸Ê³³ 	Ó¥·±¥´  [41]
¨ ƒ·μ¸¸ Ä‹¥¢¥²²¨´  ‘³¨É  [42], Ï¨·¨´Ò · ¸¶ ¤  Υ-³¥§μ´  ¢  ¤·μ´Ò [43]
¨ É. ¶. 	μ²¥¥ Éμ£μ, �’‚ ¡Ò²  ¶·¨³¥´¥´  É ±¦¥ ¤²Ö  ´ ²¨§  ¶·μÍ¥¸¸μ¢, ¢
±μÉμ·ÒÌ ¨³¥¥É¸Ö ´¥ μ¤¨´,   ¤¢  ³ ¸ÏÉ ¡ ,   ¨³¥´´μ: ¶¥·¥Ìμ¤´μ£μ γ∗γ →
π-Ëμ·³Ë ±Éμ·  [44, 45] ¨ Ô²¥±É·μ³ £´¨É´μ£μ Ëμ·³Ë ±Éμ·  ¶¨μ´  ¢ O(α2

s)-
¶μ·Ö¤±¥ [44Ä46].

‘Ê³³¨·ÊÖ, ³μ¦´μ ¸± § ÉÓ, ÎÉμ ÔÉμÉ  ´ ²¨É¨Î¥¸±¨° ¶μ¤Ìμ¤ (¸³. μ¡§μ·Ò [21,
47, 48]) ¤ ¥É ¤μ¸É ÉμÎ´μ · §Ê³´μ¥ μ¶¨¸ ´¨¥  ¤·μ´´ÒÌ ¢¥²¨Î¨´ ¢ Š•„, ÌμÉÖ
¨³¥ÕÉ¸Ö ± ± ¸±¥¶É¨Î¥¸±¨¥ ³´¥´¨Ö ´  ÔÉμÉ ¸Î¥É [49], É ± ¨  ²ÓÉ¥·´ É¨¢´Ò¥
¶μ¤Ìμ¤Ò ± É· ±Éμ¢±¥ ¸¨´£Ê²Ö·´μ¸É¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ Š•„ [32, 50Ä
60] Å ¢ Î ¸É´μ¸É¨, ¢ μÉ´μÏ¥´¨¨ £²Ê¡μ±μ¨´Ë· ±· ¸´μ° μ¡² ¸É¨ Q2 � Λ2,
£¤¥, ¢ ±μ´¥Î´μ³ ¸Î¥É¥, ³μ¦¥É ¸É ÉÓ ¢ ¦´Ò³ ¶μÖ¢²¥´¨¥ ´¥´Ê²¥¢ÒÌ  ¤·μ´´ÒÌ
³ ¸¸ [61, 62]. Š·μ³¥ Éμ£μ, ¶μ¤Ìμ¤ �’‚ ¨³¥¥É ¸É·μ£¨¥ μ£· ´¨Î¥´¨Ö ¢ ¶·¨-
²μ¦¥´¨¨ ± μ¶¨¸ ´¨Õ Š•„-¶·μÍ¥¸¸μ¢, ¶μ¸±μ²Ó±Ê ´¥Ö¢´μ ¶μ¤· §Ê³¥¢ ¥É, ÎÉμ
¥¤¨´¸É¢¥´´Ò³¨ ¢¥²¨Î¨´ ³¨, ¶μ¤²¥¦ Ð¨³¨  ´ ²¨É¨§ Í¨¨, Ö¢²ÖÕÉ¸Ö ÔËË¥±-
É¨¢´Ò° § ·Ö¤ αs(Q2) ¨ ¥£μ Í¥²Ò¥ ¸É¥¶¥´¨ [αs(Q2)]n.

�μ, ± ± ¡Ò²μ ¶μ± § ´μ ¢ [62Ä67], É·¥ÌÉμÎ¥Î´Ò¥ ËÊ´±Í¨¨, É ±¨¥, ´ ¶·¨-
³¥·, ± ± ¨¸¶μ²Ó§Ê¥³Ò¥ ¶·¨ μ¶¨¸ ´¨¨ Ô²¥±É·μ³ £´¨É´μ£μ Ëμ·³Ë ±Éμ·  ¶¨μ´ 
¨²¨ ¶¥·¥Ìμ¤´μ£μ γ∗γ → π-Ëμ·³Ë ±Éμ· , ¢ ¸²¥¤ÊÕÐ¥³ §  ¢¥¤ÊÐ¨³ ¶μ·Ö¤±¥

∗„.‚.˜¨·±μ¢ μ¡ÑÖ¸´Ö¥É É ±¨¥ μ¡μ§´ Î¥´¨Ö ¤¢μ°¸É¢¥´´μ: ¶·¥μ¡· §μ¢ ´¨¥ D̂ ¸¢Ö§ ´μ ¸ D-
ËÊ´±Í¨¥° �¤²¥·  ¨ ¸ · ¡μÉμ° „μ±Ï¨Í¥·  ¸ ¸μ ¢Éμ· ³¨ [32],   ¶·¥μ¡· §μ¢ ´¨¥ R̂ Ö¢²Ö¥É¸Ö μ¡· É-
´Ò³ (reverse) ¶μ μÉ´μÏ¥´¨Õ ± ¶·¥μ¡· §μ¢ ´¨Õ D̂, ´μ É ±¦¥ ¸¢Ö§ ´μ ¸ ¨³¥´ ³¨ � ¤ÕÏ±¨´  [18],
Š· ¸´¨±μ¢  ¨ �¨¢μ¢ ·μ¢  [19].
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Š•„-É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸μ¤¥·¦ É ²μ£ ·¨Ë³¨Î¥¸±¨¥ ¢±² ¤Ò, ¸¢Ö§ ´´Ò¥ ¸ ¤μ-
¶μ²´¨É¥²Ó´Ò³ ³ ¸ÏÉ ¡μ³ Ë ±Éμ·¨§ Í¨¨. �É¨ ²μ£ ·¨Ë³Ò, ÌμÉÖ ¨ ´¥ ¢²¨ÖÕÉ
´  ¸¨´£Ê²Ö·´μ¸ÉÓ ‹ ´¤ Ê, ¢¨¤μ¨§³¥´ÖÕÉ ¶¥·ÉÊ·¡ É¨¢´ÊÕ ¸¶¥±É· ²Ó´ÊÕ ¶²μÉ-
´μ¸ÉÓ, ¨¸¶μ²Ó§Ê¥³ÊÕ ¢ �’‚ ¤²Ö ¶·μ¢¥¤¥´¨Ö  ´ ²¨É¨§ Í¨¨. ˆ³¥´´μ ÔÉμÉ Ë ±É
¶·¨¢¥² Š · ´¨± ¸  ¨ ‘É¥Ë ´¨¸  [68,69] ± ¶·¥¤²μ¦¥´¨Õ · ¸Ï¨·¨ÉÓ ±μ´Í¥¶-
Í¨Õ  ´ ²¨É¨§ Í¨¨ (¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö) μÉ Ê·μ¢´Ö ÔËË¥±É¨¢´μ£μ
§ ·Ö¤  ¨ ¥£μ ¸É¥¶¥´¥° ¤μ Ê·μ¢´Ö Š•„- ³¶²¨ÉÊ¤ ¢ Í¥²μ³∗. �·¨³¥´¥´¨¥ É -
±μ° ±μ´Í¥¶Í¨¨  ´ ²¨É¨§ Í¨¨ É·¥¡Ê¥É μ¡μ¡Ð¥´¨Ö ¨¸Ìμ¤´μ° �’‚ ´  ¤·μ¡´Ò¥
¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤ ,   É ±¦¥ ´  ¨Ì ¶·μ¨§¢¥¤¥´¨Ö ¸μ ¸É¥¶¥´Ö³¨ ²μ-
£ ·¨Ë³μ¢.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¤·μ¡´Ò¥ ¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¡Ò²¨ · ¸-
¸³μÉ·¥´Ò ´¥Ö¢´μ ¢ [70, 71]∗∗. �¥μ¡Ìμ¤¨³μ¥ ¤²Ö Š•„ μ¡μ¡Ð¥´¨¥ �’‚ ´ 
¤·μ¡´Ò¥ ¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤ , ´ §¢ ´´μ¥ ¤·μ¡´μ- ´ ²¨É¨Î¥¸±μ° É¥-
μ·¨¥° ¢μ§³ÊÐ¥´¨° („�’‚), ¡Ò²μ ´¥¤ ¢´μ ¶·μ¢¥¤¥´μ ¢ [74, 75] (¢ ± Î¥¸É¢¥
±· É±μ£μ ¢¢¥¤¥´¨Ö Å ¸³. [76]),   § É¥³ ¶·¨³¥´¥´μ ¢ [77] ¤²Ö  ´ ²¨§  Ë ±-
Éμ·¨§Ê¥³μ£μ ¢±² ¤  ¢ Ô²¥±É·μ³ £´¨É´Ò° Ëμ·³Ë ±Éμ· ¶¨μ´ . Š ·¤¨´ ²Ó´Ò³
¶·¥¨³ÊÐ¥¸É¢μ³ „�’‚ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸É ²μ Ê³¥´ÓÏ¥´¨¥ § ¢¨¸¨³μ¸É¨ ¶¥·-
ÉÊ·¡ É¨¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢ μÉ ¢Ò¡μ·  §´ Î¥´¨Ö ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨. �Éμ
´ ¶μ³¨´ ¥É ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥´¥´¨Ö �’‚ ¤²Ö  ´ ²¨§  Éμ£μ ¦¥ Ëμ·³Ë ±Éμ· 
¶¨μ´  ¢ O(α2

s)-¶μ·Ö¤±¥, £¤¥ ·¥§Ê²ÓÉ ÉÒ É ±¦¥ ¶· ±É¨Î¥¸±¨ ¶¥·¥¸É ²¨ § ¢¨-
¸¥ÉÓ μÉ ¢Ò¡μ·  ¸Ì¥³Ò ¶¥·¥´μ·³¨·μ¢±¨ ¨ ¥¥ ³ ¸ÏÉ ¡  [46] (±· É±μ¥ ¨§²μ¦¥´¨¥
¸³. ¢ [76, 78Ä81]). ‚ · ¡μÉ¥ [75] ¢ · ³± Ì „�’‚ ¤²Ö μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ
¡Ò²μ ¶·μ¢¥¤¥´μ ¨§ÊÎ¥´¨¥ ¶·μÍ¥¸¸  · ¸¶ ¤  Ì¨££¸μ¢¸±μ£μ ¡μ§μ´  ¢ ¶ ·Ê bb̄-
±¢ ·±μ¢. •μÉÖ μ¡² ¸ÉÓ §´ Î¥´¨° Ô´¥·£¨¨ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸, ¨´É¥·¥¸´ Ö
¤²Ö Ô±¸¶¥·¨³¥´É , §¤¥¸Ó μÎ¥´Ó ¢¥²¨± ,

√
s ≈ 100 ƒÔ‚, É. ¥. §¤¥¸Ó ´¥ ¸²¥¤Ê¥É

μ¦¨¤ ÉÓ § ³¥É´ÒÌ μÉ²¨Î¨° „�’‚ μÉ ¸É ´¤ ·É´μ° ’‚ Š•„, É¥³ ´¥ ³¥´¥¥,
¨´É¥·¥¸´μ ¡Ò²μ ¶·μ¢¥·¨ÉÓ ¢²¨Ö´¨¥ ¶¥·¥´μ¸  π2-¢±² ¤μ¢ ¨§ ±μÔËË¨Í¨¥´Éμ¢,
¶μ¸Î¨É ´´ÒÌ ¢ ¸É ´¤ ·É´μ³ ¶μ¤Ìμ¤¥ —¥ÉÒ·±¨´Ò³ ¸ ¸μ ¢Éμ· ³¨ [82Ä84] ¢
O(α4

s)-¶μ·Ö¤±¥, ¢  ´ ²¨É¨§¨·μ¢ ´´Ò° ÔËË¥±É¨¢´Ò° § ·Ö¤ A1 ¨ ¥£μ ¸É¥¶¥´¨
An (¡μ²¥¥ ÉμÎ´μ, ¢ A1+ν ¨ An+ν , ¸³. ¶μ¤·μ¡´¥¥ ¢ [75] ¨ ¢ · §¤. 5). �¥-
§Ê²ÓÉ ÉÒ · ¡μÉÒ ¶μ± § ²¨, ÎÉμ μÉ²¨Î¨Ö ¤¥°¸É¢¨É¥²Ó´μ ´¥¢¥²¨±¨, ³¥´ÓÏ¥ ¨²¨
¶μ·Ö¤±  2 %.

‚ ÔÉμ° · ¡μÉ¥ ³Ò ¶μ¶ÒÉ ¥³¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ · ¸¸± § ÉÓ μ¡ μ¸´μ¢´ÒÌ
Ô²¥³¥´É Ì £²μ¡ ²Ó´μ° ¢¥·¸¨¨ „�’‚, ¢ ±μÉμ·μ° ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¶μ·μ£¨ ÉÖ¦¥-

∗	μ²¥¥ ÉμÎ´μ, ¢ · ¡μÉ Ì [68,69] ¨§ÊÎ ² ¸Ó  ´ ²¨É¨§ Í¨Ö μ¡Ñ¥±Éμ¢ É¨¶ 
1∫
0

dx
1∫
0

dy αs
(
Q2xy

)
f(x)f(y), ±μÉμ·Ò¥ ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± ÔËË¥±É¨¢´Ò° ÊÎ¥É ²μ£ ·¨Ë³¨Î¥¸±¨Ì ¢±² ¤μ¢, ¶μÖ¢²Ö-
ÕÐ¨Ì¸Ö ¢ ¸²¥¤ÊÕÐ¥³ §  ¢¥¤ÊÐ¨³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„.

∗∗‡¤¥¸Ó ¨´É¥·¥¸´μ ¢¸¶μ³´¨ÉÓ · ´´¨¥ ¶μ¶ÒÉ±¨ ¨§ÊÎ ÉÓ ¸¶¥±É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ, μÉ¢¥Î Õ-
ÐÊÕ ¤·μ¡´μ° ¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ Š�„ [72]. �μ¤μ¡´ Ö ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¡Ò² 
§ ´μ¢μ ¶¥·¥μÉ±·ÒÉ  �Ô³¥ ¢ Š•„ [73].
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²ÒÌ ±¢ ·±μ¢, ÎÉμ¡Ò ¤ ÉÓ Î¨É É¥²Õ ¢μ§³μ¦´μ¸ÉÓ ¶·¨³¥´ÖÉÓ ¥¥ ´  ¶· ±É¨±¥
¤²Ö · ¸Î¥Éμ¢ ·¥ ²Ó´ÒÌ ¶·μÍ¥¸¸μ¢. �·¨ ÔÉμ³ ¸ ³  „�’‚ ¡Ê¤¥É μ¸¢¥Ð¥´  ¤μ-
¸É ÉμÎ´μ ¸¦ Éμ, ¶μ¸±μ²Ó±Ê ¡μ²¥¥ ¶μ²´Ò° μ¡§μ· μ¸´μ¢ ´¨° „�’‚ ¡Ê¤¥É ¤ ´ ¢
£μÉμ¢ÖÐ¥°¸Ö ¸μ¢³¥¸É´μ° ¶Ê¡²¨± Í¨¨  ¢Éμ·μ¢ „�’‚ [74,75]. �² ´ ¨§²μ¦¥´¨Ö
É ±μ¢. ‚ · §¤. 2 ¤ ¥É¸Ö ±· É±¨° μ¡§μ· μ¸´μ¢´ÒÌ ¶μ²μ¦¥´¨° �’‚ ´  ¶·¨³¥·¥
· ¸Î¥É  D-ËÊ´±Í¨¨ �¤²¥·  ¢ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ ¨ ¥¥ ¤¢μ°-
´¨±  ¢μ ¢·¥³¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ Å R-μÉ´μÏ¥´¨Ö e+e−- ´´¨£¨²ÖÍ¨¨. ŒÒ
±· É±μ μ¡¸Ê¦¤ ¥³ Ëμ·³ ²¨§³ �’‚ ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ¸²Ê-
Î Ö Ë¨±¸¨·μ¢ ´´μ£μ Î¨¸²   ·μ³ Éμ¢, § É¥³ ¶¥·¥Ìμ¤¨³ ± ¢μ¶·μ¸Ê μ¡ ÊÎ¥É¥
¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ¢ �’‚ ¨ ¶μ¸É·μ¥´¨Õ É ± ´ §Ò¢ ¥³μ° £²μ¡ ²Ó´μ°
�’‚. ‚ · §¤. 3 μ¡¸Ê¦¤ ¥É¸Ö ´¥¶μ²´μÉ  �’‚ ¨ ¢ ± Î¥¸É¢¥ ¸¶μ¸μ¡  ¶μ¶μ²´¥-
´¨Ö ¶·¥¤² £ ¥É¸Ö „�’‚. �·¨¢μ¤ÖÉ¸Ö μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò „�’‚, μÉ¢¥Î ÕÐ¥°
Nf = 3, ¨ μ¡¸Ê¦¤ ¥É¸Ö ¶μ¸É·μ¥´¨¥ £²μ¡ ²Ó´μ° ¢¥·¸¨¨ „�’‚, ¢ ±μÉμ·μ° ÊÎ¨-
ÉÒ¢ ÕÉ¸Ö ¶μ·μ£¨ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢. � §¤. 4 ¶μ¸¢ÖÐ¥´ · ¸Î¥ÉÊ Ë ±Éμ·¨§Ê¥³μ°
Î ¸É¨ Ëμ·³Ë ±Éμ·  ¶¨μ´  ¢ £²μ¡ ²Ó´μ° „�’‚. Š· É±μ μ¡¸Ê¦¤ ÕÉ¸Ö ·¥§Ê²Ó-
É ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ �’‚ (¸ÊÐ¥¸É¢¥´´μ¥ ¸´¨¦¥´¨¥ § ¢¨¸¨³μ¸É¨ ·¥§Ê²ÓÉ Éμ¢ μÉ
¢Ò¡μ·  ¸Ì¥³Ò ¨ ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨), ¶μ¸²¥ Î¥£μ · ¸¸³ É·¨¢ ¥É¸Ö § ¢¨-
¸¨³μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢ μÉ ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨ ¢ £²μ¡ ²Ó´μ° „�’‚,   É ±¦¥
¶¥·¥Ìμ¤ ¢ μ¡² ¸ÉÓ Œ¨´±μ¢¸±μ£μ ¨ ·μ²Ó ¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢ ÔÉμ³
¶¥·¥Ìμ¤¥. ‚ · §¤. 5 · ¸¸³μÉ·¥´ · ¸Î¥É Ï¨·¨´Ò · ¸¶ ¤  H0 → b̄b ¢ £²μ¡ ²Ó-
´μ° „�’‚. �μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢ Éμ ¢·¥³Ö ± ± ·¥§Ê²ÓÉ ÉÒ „�’‚ ¸ Nf = 5,
μÉ¢¥Î ÕÐ¨¥ ¶¥·¥´μ¸Ê π2-¢±² ¤μ¢ ¨§ ±μÔËË¨Í¨¥´Éμ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢
 ´ ²¨É¨Î¥¸±¨¥ ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò, ¶·¥±· ¸´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨
¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Ê¦¥ ´  Ê·μ¢´¥ ¤¢ÊÌ¶¥É²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö,
·¥§Ê²ÓÉ É £²μ¡ ²Ó´μ° „�’‚ μÉ²¨Î ¥É¸Ö μÉ ´¨Ì ´  Ê·μ¢´¥ 14%. ‚ · §¤. 6
μ¡¸Ê¦¤ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥ ·Ö¤μ¢

∑
n

dnAn[L] É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ �’‚ ¨

„�’‚: μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢ ¸²ÊÎ ¥ μ¤´μ¶¥É²¥¢μ° �’‚ ³μ¦´μ É ±μ¥ ¸Ê³³¨·μ-
¢ ´¨¥ ¶·μ¢¥¸É¨ ÉμÎ´μ [85] ¨ ¢Ò· §¨ÉÓ μÉ¢¥É ¢ ¢¨¤¥ ¨´É¥£· ²  μÉ A1[L − t]
¶μ t ¸ ¢¥¸μ³ P (t), μ¶·¥¤¥²Ö¥³ÒÌ ±μÔËË¨Í¨¥´É ³¨ ¶¥·ÉÊ·¡ É¨¢´μ£μ ·Ö¤  dn.
ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ  ´ ²μ£¨Î´μ¥ ¸Ê³³¨·μ¢ ´¨¥ ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¢ ¸²ÊÎ ¥
μ¤´μ¶¥É²¥¢μ° „�’‚. �μ²ÊÎ¥´Ò ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò ¤²Ö ÊÎ¥É  ¶μ·μ£μ¢
±¢ ·±μ¢ ¢ ÔÉ¨Ì ³¥Éμ¤ Ì ¸Ê³³¨·μ¢ ´¨Ö ¤²Ö �’‚ ¨ „�’‚.

‚ § ±²ÕÎ¥´¨¨ ¸Ê³³¨·μ¢ ´Ò μ¸´μ¢´Ò¥ ¢Ò¢μ¤Ò · ¡μÉÒ,   ¢ ¦´Ò¥ É¥Ì´¨-
Î¥¸±¨¥ ¤¥É ²¨ ¸μ¡· ´Ò ¢ ¶ÖÉ¨ ¶·¨²μ¦¥´¨ÖÌ.

�·¥¦¤¥ Î¥³ ¶·¨¸ÉÊ¶ ÉÓ ± ¸μ¡¸É¢¥´´μ ¨§²μ¦¥´¨Õ, ¸¤¥² ¥³ ¶μÖ¸´¥´¨¥ μ¡
¨¸¶μ²Ó§Ê¥³ÒÌ μ¡μ§´ Î¥´¨ÖÌ. �μ ¨¸Éμ·¨Î¥¸±¨³ ¶·¨Î¨´ ³, ÎÉμ¡Ò ¨³¥ÉÓ ¶·Ö-
³ÊÕ ¸¢Ö§Ó ¸ · ¡μÉ ³¨ [74, 75, 77] ¨ ÎÉμ¡Ò Ê¶·μ¸É¨ÉÓ μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò, ¢
É¥Ì ¶μ¤· §¤¥² Ì, £¤¥ ³Ò ¡Ê¤¥³ μ¡¸Ê¦¤ ÉÓ ¸²ÊÎ ¨ Ë¨±¸¨·μ¢ ´´μ£μ §´ Î¥´¨Ö
Î¨¸²   ±É¨¢´ÒÌ ±¢ ·±μ¢ (¨²¨ Ë²¥°¢μ·μ¢) Nf , ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ μ¸´μ¢´Ò³
Ô²¥³¥´Éμ³ É¥μ·¨¨ ´μ·³ ²¨§μ¢ ´´Ò° ¶μ ˜¨·±μ¢Ê [86] ¨ Œ¨Ì °²μ¢Ê [85] ÔË-
Ë¥±É¨¢´Ò° § ·Ö¤ a(Q2) = b0 αs(Q2)/(4π), ¨  ´ ²¨É¨Î¥¸±¨¥ μ¡· §Ò ¡Ê¤ÊÉ
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¸É·μ¨ÉÓ¸Ö ¤²Ö ¸É¥¶¥´¥° ¨³¥´´μ ÔÉμ£μ μ¡Ñ¥±É :

An = AE [an] ; An = AM [an] . (1.4 )

�·¨ ¶¥·¥Ìμ¤¥ ¦¥ ± μ¡¸Ê¦¤¥´¨Õ £²μ¡ ²Ó´μ° ¢¥·¸¨¨ É¥μ·¨¨, ±μ£¤  Q2 (¨²¨
s) ³¥´ÖÕÉ¸Ö ¢μ ¢¸¥° μ¡² ¸É¨ §´ Î¥´¨° [0,∞) ¨ Nf ÔËË¥±É¨¢´μ ¸É ´μ¢¨É¸Ö
§ ¢¨¸ÖÐ¨³ μÉ Q2 (¨²¨ s), ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ μ¸´μ¢´Ò³ μ¡Ñ¥±Éμ³ É¥μ·¨¨ ¸ ³
ÔËË¥±É¨¢´Ò° § ·Ö¤ αs(Q2) ¨ ¸É·μ¨ÉÓ  ´ ²¨É¨§ Í¨Õ ¸É¥¶¥´¥° ÔÉμ£μ μ¡Ñ¥±É ,
É. ¥. ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ

Aglob
n = AE [αn

s ] ; A
glob
n = AM [αn

s ] . (1.4¡)

—Éμ¡Ò · §²¨Î ÉÓ ¤¢  É¨¶  ¢¥²¨Î¨´, ³Ò ¢¢¥²¨ ¢¥·Ì´¨° ¨´¤¥±¸ ®glob¯. � ³
É ±¦¥ ¶μ´ ¤μ¡ÖÉ¸Ö § ·Ö¤Ò ¸μ ¸É ´¤ ·É´μ° ´μ·³¨·μ¢±μ° ¶·¨ Ë¨±¸¨·μ¢ ´´μ³
§´ Î¥´¨¨ Nf :

Ān(Q2; Nf) ≡ An(Q2)
βn

f

; Ān(s; Nf ) =
An(s)

βn
f

; βf =
b0(Nf )

4π
, (1.4¢)

±μÉμ·Ò¥ μ¡² ¤ ÕÉ ¤¨¸¶¥·¸¨μ´´Ò³¨ ¨´É¥£· ²Ó´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ ¸μ ¸¶¥±-
É· ²Ó´Ò³¨ ¶²μÉ´μ¸ÉÖ³¨ ρ̄n(σ; Nf ) = ρn(σ)/βn

f .
Š·μ³¥ Éμ£μ, ³Ò Î ¸Éμ ¡Ê¤¥³ μ¡¸Ê¦¤ ÉÓ ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò ± ± ËÊ´±Í¨¨

´¥ Q2 ¨²¨ s,   ²μ£ ·¨Ë³μ¢ L = ln(Q2/Λ2) ¨²¨ Ls = ln(s/Λ2). ‚ É ±¨Ì ¸²Ê-
Î ÖÌ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É¥ ¦¥ μ¡μ§´ Î¥´¨Ö § ·Ö¤μ¢, ´μ  ·£Ê³¥´É ¸É ¢¨ÉÓ
´¥ ¢ ±·Ê£²ÒÌ ¸±μ¡± Ì,   ¢ ±¢ ¤· É´ÒÌ, É. ¥. ¶¨¸ ÉÓ ¢³¥¸Éμ αν

s (Q2), Aν(Q2) ¨
Aν(Q2) ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö: αν

s [L], Aν [L] ¨ Aν[Ls].

2. ���‹ˆ’ˆ—…‘Š�Ÿ ’…��ˆŸ ‚�‡Œ“™…�ˆ‰

‚ ÔÉμ³ · §¤¥²¥ ³Ò μ¡¸Ê¦¤ ¥³ μ¸´μ¢´Ò¥ ¶μ²μ¦¥´¨Ö ¨ Ô²¥³¥´ÉÒ �’‚,
¸²¥¤ÊÖ ¢ μ¸´μ¢´μ³ · ¡μÉ ³ ˜¨·±μ¢  ¨ ‘μ²μ¢Íμ¢  [48,86].

Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó ¢ · §¤. 1, ¨§´ Î ²Ó´μ° ³μÉ¨¢ Í¨¥° ¢¢¥¤¥´¨Ö ´μ-
¢ÒÌ ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ ¡Ò²μ ¦¥² ´¨¥ ¸¢Ö§ ÉÓ · ¸¸Î¨ÉÒ¢ ¥³ÊÕ ¢ ¥¢±²¨-
¤μ¢μ° μ¡² ¸É¨ D-ËÊ´±Í¨Õ �¤²¥·  ¨ ¢¥²¨Î¨´Ê Re+e− = σ(e+e− →  ¤·μ´Ò)/
σ(e+e− → μ+μ−), ¨§³¥·Ö¥³ÊÕ ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨. „²Ö μ¶·¥¤¥²¥´¨Ö
ËÊ´±Í¨¨ �¤²¥·  · ¸¸³μÉ·¨³ ¶μ²Ö·¨§ Í¨μ´´Ò° μ¶¥· Éμ·

Πμν(q) = i

∫
eiqx 〈|T {Jμ(x)Jν(0)}|0〉 d4x (2.1)

¢¥±Éμ·´ÒÌ ±¢ ·±μ¢ÒÌ Éμ±μ¢ Jμ(x) = ψ̄(x)γμψ(x). ‚ ±¨· ²Ó´μ³ ¶·¥¤¥²¥,
±μ£¤  ³ ¸¸Ò ²¥£±¨Ì ±¢ ·±μ¢ · ¢´Ò ´Ê²Õ, ÔÉ  ËÊ´±Í¨Ö § ¢¨¸¨É Éμ²Ó±μ μÉ
μ¤´μ° ¶¥·¥³¥´´μ° Q2 = −q2 (� 0 ¤²Ö ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´ÒÌ q2)

Πμν(q) =
(
qμqν − gμνq2

)
Π(Q2). (2.2)
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‚ Š•„ ¶μ²Ö·¨§ Í¨μ´´Ò° μ¶¥· Éμ· Π(Q2) Ê¤μ¢²¥É¢μ·Ö¥É ¤¨¸¶¥·¸¨μ´´μ³Ê ¸μ-
μÉ´μÏ¥´¨Õ ¸ μ¤´¨³ ¢ÒÎ¨É ´¨¥³, ¶·¨Î¥³ μ¡ÒÎ´μ ¢ÒÎ¨É ´¨¥ ¶·μ¨§¢μ¤ÖÉ ¢
ÉμÎ±¥ Q2 = 0:

Π(Q2) = Π(0) − Q2

∞∫
0

R(σ) dσ

σ (σ + Q2)
(2.3)

¸ R(σ) = Im Π(σ)/π. ”Ê´±Í¨Ö �¤²¥·  [87] μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥ ²μ£ ·¨Ë³¨-
Î¥¸±μ° ¶·μ¨§¢μ¤´μ° ¶μ²Ö·¨§ Í¨μ´´μ£μ μ¶¥· Éμ·  Π(Q2), É. ¥.

D(Q2) = −Q2 Π(Q2)
dQ2

, (2.4)

É ± ÎÉμ ¤¨¸¶¥·¸¨μ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ´¥¥

D(Q2) = Q2

∞∫
0

R(σ, μ2)
(σ + Q2)2

dσ (2.5 )

´¥ ¸μ¤¥·¦¨É ¢ÒÎ¨É É¥²Ó´μ° ±μ´¸É ´ÉÒ Π(0) ¨ ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨° ·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò (�ƒ). ”Ê´±Í¨Ö R(s), ¶·μ¶μ·Í¨μ-
´ ²Ó´ Ö ³´¨³μ° Î ¸É¨ Im Π(s), ¢ 1-¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ Š�„ ¸¢Ö§ ´  ¸
μÉ´μÏ¥´¨¥³ ¸¥Î¥´¨° e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·μ´Ò ¨ ¢ μ+μ−. ˆ§ ¤¨¸¶¥·¸¨-
μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (2.5a), · ¸¸³ É·¨¢ ¥³μ£μ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¶¥-
·¥³¥´´μ° z, ±μÉμ· Ö ´  ¤¥°¸É¢¨É¥²Ó´μ° ¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ ¸μ¢¶ ¤ ¥É ¸
Q2, ¨ ¸¢Ö§¨ (2.4) ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É μ¡· É´μ¥ ¶·¥¤¸É ¢²¥´¨¥

R(s) =
1

2πi

−s+iε∫
−s−iε

D(z)
z

dz, (2.5¡)

£¤¥ ¨´É¥£· ² ¡¥·¥É¸Ö ¢¤μ²Ó ±μ´ÉÊ·  ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z, ± ± ¶μ± § ´μ
´  ·¨¸. 1.

�¡¥ ËÊ´±Í¨¨ ¨§ÊÎ ÕÉ¸Ö ¢ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„:

D(Q2, μ2) =
∑

n

dn(Q2/μ2) an
s (μ2)

μ2=Q2

−→ D(Q2) =
∑

n

dn an
s (Q2), (2.6 )

R(s, μ2) =
∑
m

rm(s/μ2) am
s (μ2)

μ2=s−→ R(s) =
∑
m

rm am
s (s), (2.6¡)

¶·¨Î¥³ ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò am
s (μ2), am

s (Q2), am
s (μ2) ¨ am

s (s) μ¶·¥¤¥²ÖÕÉ¸Ö
·¥´μ·³£·Ê¶¶μ¢Ò³ Ê· ¢´¥´¨¥³. �¤´ ±μ, · §²μ¦¨¢ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ²¥-
¢Ò¥ Î ¸É¨ (2.6a) ¨ (2.6¡), ³Ò ³μ¦¥³ ¶μ²ÊÎ¨ÉÓ ¸μμÉ´μÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥
¸É¥¶¥´¨ ln(s/μ2) ¨ ln(Q2/μ2) ¢ ±μÔËË¨Í¨¥´É Ì rm(s/μ2) ¨ dn(Q2/μ2), ¢ Éμ
¢·¥³Ö ± ± ¸É¥¶¥´¨ as(μ2) μ¸É ÕÉ¸Ö Î¨¸²μ¢Ò³¨ ¶ · ³¥É· ³¨. �·¨ μ2 = Q2

¢ ¶· ¢μ° Î ¸É¨ (2.6a) (¨²¨ μ2 = s ¢ (2.6¡)) ±μÔËË¨Í¨¥´ÉÒ dn = dn(1)
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�¨¸. 1. Šμ´ÉÊ· ¨´É¥£·¨·μ¢ -
´¨Ö ¤²Ö R̂-¶·¥μ¡· §μ¢ ´¨Ö ¢
(2.11)

( ´ ²μ£¨Î´μ rn = rn(1)) ¸É ´μ¢ÖÉ¸Ö Î¨¸²μ¢Ò³¨
±μ´¸É ´É ³¨,   ¸É¥¶¥´¨ § ·Ö¤μ¢ an

s (Q2) (¸μμÉ¢¥É-
¸É¢¥´´μ, am

s (s)) É¥¶¥·Ó ¶μ¤¢¥·£ ÕÉ¸Ö ¨´É¥£· ²Ó-
´Ò³ ¶·¥μ¡· §μ¢ ´¨Ö³ (¸³. ´¨¦¥).

‚ ¸²ÊÎ ¥, ±μ£¤  ÔÉ¨ § ·Ö¤Ò Ö¢²ÖÕÉ¸Ö ¸É ´-
¤ ·É´Ò³¨ ÔËË¥±É¨¢´Ò³¨ § ·Ö¤ ³¨ ¶¥·ÉÊ·¡ É¨¢-
´μ° Š•„, ÔÉ  ¸¢Ö§Ó ´ ·ÊÏ ¥É¸Ö ¢ ²Õ¡μ³ ¶¥É²¥-
¢μ³ ¶μ·Ö¤±¥ ¨§-§  ´ ²¨Î¨Ö ¸¨´£Ê²Ö·´μ¸É¨ ‹ ´-
¤ Ê ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨. …¸É¥¸É¢¥´´μ ¢μ§´¨-
± ¥É ¢μ¶·μ¸: ³μ¦´μ ²¨ ¶μ¸É·μ¨ÉÓ  ´ ²¨É¨Î¥-
¸±¨¥ ¢¥·¸¨¨ μ¡μ¨Ì É¨¶μ¢ § ·Ö¤μ¢, ¤²Ö ±μÉμ·ÒÌ
ËÊ´±Í¨¨ D ¨ R ³μ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò ¤¨¸¶¥-
·¸¨μ´´Ò³ ¸μμÉ´μÏ¥´¨¥³? �’‚ ± ± · § ¨ ¤ ¥É ¶μ²μ¦¨É¥²Ó´Ò° μÉ¢¥É ´ 
ÔÉμÉ ¢μ¶·μ¸, ¢¢μ¤Ö ¢ · ¸¸³μÉ·¥´¨¥ ´¥¸É¥¶¥´´Ò¥ (ËÊ´±Í¨μ´ ²Ó´Ò¥) · §²μ-
¦¥´¨Ö [21,22,27,29,31,47,48,86,88].

�´ ²¨É¨Î¥¸±¨¥ μ¡· §Ò ¸É¥¶¥´¥° ´μ·³¨·μ¢ ´´μ£μ ÔËË¥±É¨¢´μ£μ § ·Ö¤ ,
¸³. (1.1), ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ Ëμ·³ ²Ó´μ° ²¨´¥°-
´μ° μ¶¥· Í¨¨ AE :

AE

[
an
(l)

]
= A(l)

n , £¤¥ A(l)
n (Q2) ≡

∞∫
0

ρ
(l)
n (σ)

σ + Q2
dσ (2.7)

¨ ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ § ¤ ¥É¸Ö ³´¨³μ° Î ¸ÉÓÕ ¶¥·ÉÊ·¡ É¨¢´μ° ¢¥²¨Î¨´Ò:

ρ(l)
n (σ) ≡ 1

π
Im

[
an
(l)(−σ)

]
. (2.8)

‘É¥¶¥´Ó (¨´¤¥±¸) n ¨³¥¥É §¤¥¸Ó Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ Í¥²Ò¥ §´ Î¥´¨Ö,  
¶¥É²¥¢μ° ¶μ·Ö¤μ± ¶·¨¡²¨¦¥´¨Ö Ê± §Ò¢ ¥É¸Ö ¸¨³¢μ²μ³ l ¢ ¸±μ¡± Ì.

�´ ²μ£¨Î´μ,  ´ ²¨É¨Î¥¸±¨¥ μ¡· §Ò ¸É¥¶¥´¥° ´μ·³¨·μ¢ ´´μ£μ ÔËË¥±É¨¢-
´μ£μ § ·Ö¤  ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ ¤·Ê£μ° ²¨´¥°-
´μ° μ¶¥· Í¨¨, AM ,   ¨³¥´´μ,

AM

[
an
(l)

]
= A(l)

n , £¤¥ A(l)
n (s) ≡

∞∫
s

ρ
(l)
n (σ)
σ

dσ. (2.9)

�É¨ ® ´ ²¨É¨§¨·ÊÕÐ¨¥¯ μ¶¥· Í¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¸ ¶μ³μÐÓÕ
¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (³Ò ¸μÌ· ´Ö¥³ §¤¥¸Ó É¥·³¨´μ-
²μ£¨Õ ˜¨·±μ¢ , ¸³., ´ ¶·¨³¥·, [21,22,89],   É ±¦¥ ¶·¨³¥Î ´¨¥ ´  ¸. 1354):
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D̂ Å ¶·¥μ¡· §μ¢ ´¨¥ ¨§ ¢·¥³¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ ¢ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡-
´ÊÕ μ¡² ¸ÉÓ

D̂
[
A(l)

n

]
= A(l)

n , £¤¥ A(l)
n (Q2) ≡ Q2

∞∫
0

A
(l)
n (σ)(

σ + Q2
)2 dσ; (2.10)

¨ R̂ Å μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥

R̂
[
A(l)

n

]
= A(l)

n , £¤¥ A(l)
n (s) ≡ 1

2πi

−s+iε∫
−s−iε

A(l)
n (σ)
σ

dσ (2.11)

¨ ¨´É¥£· ² ¡¥·¥É¸Ö ¢¤μ²Ó ±μ´ÉÊ·  ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z, ± ± ¶μ± § ´μ
´  ·¨¸. 1. ‡ ³¥É¨³, ÎÉμ ÔÉ¨ μ¶¥· Í¨¨ ¸¢Ö§ ´Ò É¥¶¥·Ó ¤·Ê£ ¸ ¤·Ê£μ³ ¸μμÉ´μ-
Ï¥´¨¥³ ¢§ ¨³´μ¸É¨

D̂R̂ = R̂D̂ = 1, (2.12)

¸¶· ¢¥¤²¨¢Ò³ ¤²Ö ¢¸¥£μ ´ ¡μ· 
{
An, An

}
¨ ¢ ²Õ¡μ³ ¶¥É²¥¢μ³ ¶μ·Ö¤±¥ ¨³¥´´μ

¢ ¸¨²Ê ·¥£Ê²Ö·´μ¸É¨ ´μ¢ÒÌ ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ An(Q2) ¨ An(s).

�¨¸. 2. ‘Ì¥³   ´ ²¨É¨§ Í¨¨ ± ± ¶¥-
·¥Ìμ¤ μÉ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³Ê-
Ð¥´¨° ±  ´ ²¨É¨Î¥¸±μ° ’‚ ¢ μ¡² -
¸ÉÖÌ Œ¨´±μ¢¸±μ£μ (�’‚(Œ)) ¨ …¢-
±²¨¤  (�’‚(…))

‘Ì¥³ É¨Î¥¸±¨ μ¶¥· Í¨¨ AE ¨ AM ,
μ¶·¥¤¥²ÖÕÐ¨¥  ´ ²¨É¨Î¥¸±¨¥ ÔËË¥±É¨¢-
´Ò¥ § ·Ö¤Ò ¢ ¶·μ¸É· ´¸É¢¥´´μ- (Q2 > 0) ¨
¢·¥³¥´´μ¶μ¤μ¡´μ° (s > 0) μ¡² ¸ÉÖÌ, ¶·¥¤-
¸É ¢²¥´Ò £· Ë¨Î¥¸±¨ ´  ·¨¸. 2. ‹μ£¨± 
® ´ ²¨É¨§ Í¨¨¯ ¶·¨¢μ¤¨É ± ¸Ìμ¦¨³ ¢Ò-
· ¦¥´¨Ö³ ¤²Ö · §²μ¦¥´¨° Š•„- ³¶²¨ÉÊ¤,
§ ¢¨¸ÖÐ¨Ì μÉ ¥¤¨´¸É¢¥´´μ£μ ³ ¸ÏÉ ¡  Q2,
¨ ¤²Ö ¨Ì ¶·μ¤μ²¦¥´¨° ¨§ ¥¢±²¨¤μ¢μ°
μ¡² ¸É¨ ¢ μ¡² ¸ÉÓ Œ¨´±μ¢¸±μ£μ.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³μÉ·¨³ D-
ËÊ´±Í¨Õ �¤²¥·  ¢ ¶· ¢μ° Î ¸É¨ (2.6a),
±μÉμ· Ö · §² £ ¥É¸Ö ¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³
an
(l)(Q

2). �·¨³¥´¥´¨¥ ± ´¥° μ¶¥· Í¨¨
AE ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶· ¢μ° ¸É·¥²±μ° ·¨¸. 2 ¶¥·¥¢μ¤¨É ¥¥ ¢ ´¥¸É¥¶¥´´μ°
·Ö¤ [21,86] DA(Q2) ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨:

D(Q2)=
∑

n

dn an
(l)(Q

2) ⇒ AE [D] ≡ DA, £¤¥ DA(Q2) =
∑

n

dn A(l)
n (Q2).

(2.13)
‡ É¥³ ³Ò ³μ¦¥³ ¶·¨³¥´¨ÉÓ μ¶¥· Í¨Õ R̂, § ¤ ¢ ¥³ÊÕ Ëμ·³Ê²μ° (2.11),

¸³. ´¨¦´ÕÕ ²¨´¨Õ ´  ·¨¸. 2, ¨ ¶μ²ÊÎ¨ÉÓ ¢¥²¨Î¨´Ê R(s) ¢ μ¡² ¸É¨ Œ¨´±μ¢-
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¸±μ£μ É ±¦¥ ¢ ¢¨¤¥ ´¥¸É¥¶¥´´μ£μ · §²μ¦¥´¨Ö:

R̂ [DA] ≡ R, £¤¥ R(s) =
∑

n

dn A(l)
n (s). (2.14)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Éμ ¦¥ ¸ ³μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ R(s) ³μ¦¥É ¡ÒÉÓ
¶μ²ÊÎ¥´μ [18, 19] ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ²¥¢μ° ¸É·¥²±μ° ·¨¸. 2 ¸ ¶μ³μÐÓÕ μ¶¥-
· Í¨¨ AM :

D(Q2) =
∑

n

dn an
(l)(Q

2) ⇒ AM [D] = R, £¤¥ R(s) =
∑

n

dn A
(l)
n (s).

(2.15)
2.1. �¤´μ¶¥É²¥¢ Ö �’‚ (Nf Ë¨±¸¨·μ¢ ´μ). � ¸¸³μÉ·¨³ ¶·¨³¥´¥´¨¥

ÔÉμ£μ Ëμ·³ ²¨§³  ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¸ Ë¨±¸¨·μ¢ ´´Ò³ Î¨¸²μ³
Ë²¥°¢μ·μ¢ Nf . �μ²Ó§ÊÖ¸Ó ¶·μ¸ÉÒ³ ¢¨¤μ³ ÔËË¥±É¨¢´μ£μ § ·Ö¤  (1.1) ¨ ·¥Í¥-
¶Éμ³ ¶μ¸É·μ¥´¨Ö ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ (2.8), ³Ò ¶μ²ÊÎ ¥³ μÎ¥´Ó ¶·μ¸Éμ¥
¢Ò· ¦¥´¨¥ ¤²Ö μ¤´μ¶¥É²¥¢μ° ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ (Lσ = ln(σ/Λ2)):

ρ
(1)
1 (σ) =

1
π

Im
1

Lσ − iπ
=

1
L2

σ + π2
. (2.16)

�μ¤¸É ´μ¢±  ¥£μ ¢ (2.7) ¨ (2.9) ¤ ¥É μ¤´μ¶¥É²¥¢Ò¥  ´ ²¨É¨Î¥¸±¨¥ ÔËË¥±É¨¢-

´Ò¥ § ·Ö¤Ò A(1)
1 [28,29] ¨ A

(1)
1 [18,25Ä27]∗

A(1)
1 [L] =

1
L

− 1
eL − 1

; (2.17)

A
(1)
1 [Ls] =

1
π

arccos

(
Ls√

L2
s + π2

)
, (2.18)

£¤¥

L = ln
(
Q2/Λ2

)
, Ls = ln

(
s/Λ2

)
. (2.19)

ˆ§ ÔÉ¨Ì Ê· ¢´¥´¨° ³Ò § ±²ÕÎ ¥³, ÎÉμ ´  μ¤´μ¶¥É²¥¢μ³ Ê·μ¢´¥ ® ´ ²¨É¨-
§ Í¨Ö¯ (AE) ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ μ§´ Î ¥É ¢ÒÎ¨É ´¨¥ ¶μ²Õ¸  ‹ ´¤ Ê, ¢
Éμ ¢·¥³Ö ± ± ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ  ´ ²μ£¨Î´ Ö μ¶¥· Í¨Ö (AM ) μ§´ Î ¥É

¸Ê³³¨·μ¢ ´¨¥ π2/L2-¢±² ¤μ¢ ¢μ ¢¸¥Ì ¶μ·Ö¤± Ì: A
(1)
1 [Ls] ¶·¨ L � 1 ¨³¥¥É

· §²μ¦¥´¨¥ 1/L(1− π2/(3L2) + . . .).
‘¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¢Ò¸Ï¨Ì ¸É¥¶¥´¥° ÔËË¥±É¨¢´μ£μ § ·Ö¤ , μ¶·¥¤¥-

²Ö¥³Ò¥ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (2.8), É ±¦¥ ³μ¦´μ § ¶¨¸ ÉÓ ¤μ¸É ÉμÎ´μ ±μ³¶ ±É´μ

∗‡ ³¥É¨³, ÎÉμ arccos (L/
√

L2 + π2) = arctg (π/L) ¶·¨ L > 0, É ± ÎÉμ Ëμ·³Ê² , ¶μ²Ê-
Î¥´´ Ö ¢ [18], ¸μ¢¶ ¤ ¥É ¸ (2.18).
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(Lσ = ln(σ/Λ2)):

ρ(1)
n (σ) =

sin[n ϕ(1)[Lσ]]
R n

(1)[Lσ]
, ϕ(1)[Lσ] = arccos

(
Lσ√

L2
σ + π2

)
, (2.20)

R(1)[Lσ] =
√

L2
σ + π2. (2.21)

�´¨ ¶·¨ n � 2 μ¡² ¤ ÕÉ ·¥±Ê··¥´É´Ò³ ¸¢μ°¸É¢μ³:

ρ(1)
n (σ) =

1
n − 1

(
−d

dLσ

)
ρ
(1)
n−1(σ) =

1
(n − 1)!

(
−d

dLσ

)n−1

ρ
(1)
1 (σ), (2.22)

¸²¥¤ÊÕÐ¨³ ¨§ μÎ¥¢¨¤´μ£μ ¸μμÉ´μÏ¥´¨Ö

1
(L − iπ)n

=
1

n − 1

(
−d

dL

)
1

(L − iπ)n−1
=

1
(n − 1)!

(
−d

dL

)n−1 1
L − iπ

.

�Éμ ¸¢μ°¸É¢μ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö  ´ ²¨É¨Î¥¸±¨Ì μ¡· §μ¢ n-Ì
¸É¥¶¥´¥° ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ Î¥·¥§ ¸ ³¨  ´ ²¨É¨Î¥¸±¨¥ § ·Ö¤Ò ¢ ¢¨¤¥ ¨Ì
n-Ì ¶·μ¨§¢μ¤´ÒÌ:

A(1)
n [L] =

1
(n − 1)!

(
−d

dL

)n−1

A(1)
1 [L]; (2.23 )

A(1)
n [Ls] =

1
(n − 1)!

(
−d

dLs

)n−1

A
(1)
1 [Ls] =

=
sin

[
(n − 1) arccos

(
Ls/

√
L2

s + π2
)]

(n − 1)π
[√

L2
s + π2

]n−1 , (2.23¡)

=
Im

[
(Ls + iπ)n−1

]
(n − 1)π (L2

s + π2)n−1
¤²Ö n > 1, n ∈ N. (2.23¢)

�É³¥É¨³, ÎÉμ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶· ¢μ° Î ¸É¨ ¢ (2.23¡) ¡Ò²μ ¶μ²ÊÎ¥´μ
¢ [75] ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö ‹ ¶² ¸ , ¸³. · §¤. 3, Ëμ·³Ê²Ê (3.2).

�  ·¨¸. 3 ³Ò ¸· ¢´¨¢ ¥³ ¶μ¢¥¤¥´¨¥  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ ¢ ¶·μ¸É· ´¸É-
¢¥´´μ- ¨ ¢·¥³¥´´μ¶μ¤μ¡´ÒÌ μ¡² ¸ÉÖÌ. �  ·¨¸. 3,   ¶μ± § ´Ò ±·¨¢Ò¥ ¤²Ö A1(s)
¨ A1(Q2), ¨ ¤²Ö ²ÊÎÏ¥° ¢¨¤¨³μ¸É¨ ¶·μ¸É ¢²¥´  Î¥·´ Ö ÉμÎ± , Ê± §Ò¢ ÕÐ Ö
¶·¥¤¥²Ó´μ¥ §´ Î¥´¨¥ μ¡μ¨Ì § ·Ö¤μ¢ ¶·¨ Q2 = s = 0. �  ·¨¸. 3, ¡ ±·μ³¥
 ´ ²¨É¨Î¥¸±¨Ì μ¡· §μ¢ ±¢ ¤· Éμ¢ § ·Ö¤μ¢ A2(s) ¨ A2(Q2) (¸¶²μÏ´Ò¥ ±·¨¢Ò¥)
¤²Ö ¸· ¢´¥´¨Ö ³Ò ¶μ± §Ò¢ ¥³ ÏÉ·¨Ìμ¢Ò³¨ ²¨´¨Ö³¨, ± ± ¢¥¤ÊÉ ¸¥¡Ö ±¢ ¤· ÉÒ
 ´ ²¨É¨§¨·μ¢ ´´ÒÌ § ·Ö¤μ¢: ¢¨¤´μ, ÎÉμ ¶·¨ Q2 < 1 ƒÔ‚2 ¨ s < 1 ƒÔ‚2

 ´ ²¨É¨Î¥¸±¨¥ ±¢ ¤· ÉÒ ¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥, ¶·¨Î¥³ ¢ ÉμÎ±¥ Q2 = s = 0
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�¨¸. 3. �μ¢¥¤¥´¨¥ μ¤´μ¶¥É²¥¢ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ A1(s) ¨ A1(Q
2) ( ) ¨ A2(s)

¨ A2(Q
2) (¡). �  ·¨¸. ¡ ÏÉ·¨Ìμ¢Ò³¨ ²¨´¨Ö³¨ ¶μ± § ´Ò ¤²Ö ¸· ¢´¥´¨Ö ±¢ ¤· ÉÒ ¸μ-

μÉ¢¥É¸É¢ÊÕÐ¨Ì  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢

μ´¨ ¨ ¢μ¢¸¥ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó, ¢ Éμ ¢·¥³Ö ± ± A2
1(0) = A2

1(0) = 1. � 
μ¡μÌ £· Ë¨± Ì ·¨¸. 3 ¢¨¤¥´ ÔËË¥±É ®¨¸± ¦ ÕÐ¥£μ §¥·± ² ¯ [29, 47]: ¶·¨
¶¥·¥Ìμ¤¥ μÉ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ ± ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ § ¢¨¸¨³μ¸ÉÓ § ·Ö¤ 
μÉ  ·£Ê³¥´É  ³¥´Ö¥É¸Ö Éμ²Ó±μ ¸²¥£± , ¶·¨Î¥³ ¨³¥ÕÉ¸Ö É·¨ ÉμÎ±¨, ¢ ±μÉμ·ÒÌ
§´ Î¥´¨Ö § ·Ö¤μ¢ ¢ μ¡μ¨Ì μ¡² ¸ÉÖÌ ¸μ¢¶ ¤ ÕÉ:

 ) A1(0) = A1(0) = 1, ¶·¨Î¥³ A1(s) = A1(s) = 1 +
1

ln[s/Λ2]
¶·¨ s → 0;

¡) A1(Λ2) = A1(Λ2) = 1/2;

¢) A1(∞) = A1(∞) = 0, ¶·¨Î¥³ A1(s) = A1(s) =
1

ln[s/Λ2]
¶·¨ s → ∞.

‚ Éμ ¦¥ ¢·¥³Ö ¤²Ö  ´ ²¨É¨§¨·μ¢ ´´ÒÌ ±¢ ¤· Éμ¢ É ±¨Ì ÉμÎ¥± Ê¦¥ Î¥ÉÒ·¥:
±·μ³¥ ÉμÎ¥±  ) ¨ ¢) ¶μÖ¢²ÖÕÉ¸Ö ¥Ð¥ ¤¢¥ ÉμÎ±¨, ¶μ μ¤´μ° ³¥¦¤Ê  ) ¨ ¡) ¨ ³¥¦¤Ê
¡) ¨ ¢), ¶·¨Î¥³ ¢ ÉμÎ±¥  ) §´ Î¥´¨Ö ËÊ´±Í¨° · ¢´Ò Ê¦¥ ´¥ 1,   0. �μÖ¢²¥´¨¥
¶·¨ ¶¥·¥Ìμ¤¥ μÉ n ± n + 1 ¥Ð¥ μ¤´μ° ÉμÎ±¨, ¢ ±μÉμ·μ° ËÊ´±Í¨Ö · §´μ¸É¨
Δn(s) = An(s) −An(s) μ¡· Ð ¥É¸Ö ¢ ´μ²Ó, ¢¶μ²´¥ ¶μ´ÖÉ´μ, ¥¸²¨ ¢¸¶μ³´¨ÉÓ
¶·μ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö (2.23), ¡² £μ¤ ·Ö ±μÉμ·Ò³

Δn+1[L] =
1
n

(
−d

dL

)
Δn[L].

”Ê´±Í¨Ö Δ1[L] ¨³¥¥É É·¨ ´Ê²Ö: ´  ±μ´Í Ì (L− = −∞ ¨ L+ = +∞) ¨ ¢
Í¥´É·¥ (L0 = 0). ‡´ Î¨É Δ2[L] ¢¤μ¡ ¢μ± ± ¤¢Ê³ ´Ê²Ö³ ´  ±μ´Í Ì (L− ¨ L+)
¡Ê¤¥É ¨³¥ÉÓ ´Ê²¨ ¢ ÉμÎ± Ì ³ ±¸¨³Ê³μ¢ ¨ ³¨´¨³Ê³μ¢ ËÊ´±Í¨¨ Δ1[L], ±μÉμ·Ò¥
¤μ¸É¨£ ÕÉ¸Ö ³¥¦¤Ê ¥¥ ´Ê²Ö³¨, É. ¥. μ¤¨´ ³¥¦¤Ê L− ¨ L0, ¤·Ê£μ° ³¥¦¤Ê L0 ¨
L+. � ¸¸Ê¦¤ Ö  ´ ²μ£¨Î´μ, ³Ò Ê¡¥¦¤ ¥³¸Ö, ÎÉμ Δn[L] μ¡· Ð ¥É¸Ö ¢ ´μ²Ó ¢
n + 2 ÉμÎ± Ì.

‘Éμ¨É μÉ³¥É¨ÉÓ É ±¦¥ ¸²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢  μ¤´μ¶¥É²¥¢ÒÌ ËÊ´±Í¨° A1[L]
¨ A1[L] [29], · ¸¸³ É·¨¢ ¥³ÒÌ ± ± ËÊ´±Í¨¨ ´¥ Q2 ¨ s,   ¨Ì ²μ£ ·¨Ë³μ¢ (¸³.
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(2.19) ¨ ±μ´¥Í ¢¢¥¤¥´¨Ö):(
Am[−L]
Am[−L]

)
= (−1)m

(
Am[L]
Am[L]

)
¤²Ö m � 2, m ∈ N; (2.24)

Am[±∞] = Am[±∞] = 0 ¤²Ö m � 2, m ∈ N. (2.25)

�  ·¨¸. 4 ³Ò ¸· ¢´¨¢ ¥³ ¶μ¢¥¤¥´¨¥  ´ ²¨É¨Î¥¸±¨Ì μ¡· §μ¢ ¢Ò¸Ï¨Ì ¸É¥-
¶¥´¥° § ·Ö¤μ¢ ¢ ¶·μ¸É· ´¸É¢¥´´μ- (·¨¸.  ) ¨ ¢·¥³¥´´μ¶μ¤μ¡´ÒÌ (·¨¸. ¡) μ¡² -
¸ÉÖÌ. �ËË¥±É ®¨¸± ¦ ÕÐ¥£μ §¥·± ² ¯ ¢¨¤¥´ É ±¦¥ ¨ §¤¥¸Ó, ´μ ¸É¥¶¥´Ó ¨¸± -
¦¥´¨Ö · ¸É¥É ¸ ·μ¸Éμ³ ¸É¥¶¥´¨ § ·Ö¤  n: §´ Î¥´¨Ö A4[0] ¨ A4[0] · §²¨Î ÕÉ¸Ö
¶μÎÉ¨ ¢ ¤¢  · § , ¢ Éμ ¢·¥³Ö ± ± A2[0] � A2[0].

�¨¸. 4. ƒ· Ë¨±¨ ËÊ´±Í¨° A(1)
n [L] ( ) ¨ A(1)

n [L] (¡) ¤²Ö n = 2, 3, 4, 5. „²Ö Éμ£μ ÎÉμ¡Ò
¶μ± § ÉÓ ¢¸¥ ±·¨¢Ò¥ ¢³¥¸É¥, ³Ò ³ ¸ÏÉ ¡¨·μ¢ ²¨ ËÊ´±Í¨¨ ¸ ¶μ³μÐÓÕ Ë ±Éμ·μ¢ 5n−2

„²Ö ¶μ²ÊÎ¥´¨Ö ¤¢ÊÌ¶¥É²¥¢ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó-
§μ¢ ÉÓ ¢ ± Î¥¸É¢¥ ¨¸Ìμ¤´μ£μ ¶¥·ÉÊ·¡ É¨¢´μ£μ ÔËË¥±É¨¢´μ£μ § ·Ö¤  an

(2)(Q
2)

ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¤¢ÊÌ¶¥É²¥¢μ£μ �ƒ-Ê· ¢´¥´¨Ö (A.3), ±μÉμ·μ¥ ¢Ò· ¦ ¥É¸Ö Î¥·¥§
ËÊ´±Í¨Õ ‹ ³¡¥·É , ± ± ¡Ò²μ ¶μ± § ´μ ¢ [35], ¸³. (A.5). �¥Ï¥´¨Ö ¤²Ö ÔËË¥±-
É¨¢´μ£μ § ·Ö¤  ¢ ¢Ò¸Ï¨Ì ¶¥É²¥¢ÒÌ ¶·¨¡²¨¦¥´¨ÖÌ ³μ£ÊÉ ¡ÒÉÓ É ±¦¥ ¢Ò· ¦¥´Ò
Î¥·¥§ ËÊ´±Í¨Õ ‹ ³¡¥·É , ¸³. (B.8), ¨²¨  ¶¶·μ±¸¨³¨·μ¢ ´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
¶·¨¡²¨¦¥´´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥° ¸ ¶μ¸²¥¤ÊÕÐ¨³ ¨Ì
Î¨¸²¥´´Ò³ ¨´É¥£·¨·μ¢ ´¨¥³ (¸³. ¶·¨²μ¦¥´¨¥ �, £¤¥ ³Ò ¤¥É ²Ó´μ · §μ¡· ²¨

¶·μÍ¥¤Ê·Ê ¶μ¸É·μ¥´¨Ö ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥° ρ
(2)it−1
1 [Lσ], Ëμ·³Ê²  (A.9),

¨ ρ
(2)it−2
1 [Lσ], Ëμ·³Ê²  (A.10), μÉ¢¥Î ÕÐ¨¥ ¨É¥· Í¨μ´´Ò³ ·¥Ï¥´¨Ö³ (A.7¡)).
Š ± ¢¨¤´μ ¨§ ÔÉμ£μ ±· É±μ£μ μ¡¸Ê¦¤¥´¨Ö, ¢¸¥ ¶·μ¡²¥³Ò, ¸¢Ö§ ´´Ò¥ ¸

´ ²¨Î¨¥³ ®¶·¨§· Î´μ°¯ ¸¨´£Ê²Ö·´μ¸É¨ Ê ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ ¥¢±²¨¤μ¢μ°
μ¡² ¸É¨, Ê¸É· ´ÖÕÉ¸Ö ¶·¨  ´ ²¨É¨§ Í¨¨, μ¸´μ¢ ´´μ° ´  ¶·¨´Í¨¶¥ ¶·¨Î¨´-
´μ¸É¨ (®¸¶¥±É· ²Ó´μ¸É¨¯ [86]) ¨ �ƒ-¨´¢ ·¨ ´É´μ¸É¨. �·¨ ÔÉμ³ Ê¸É· ´¥´¨¥
¶μ²Õ¸  ‹ ´¤ Ê ( ´ ²μ£¨Î´μ, ±μ³¶¥´¸ Í¨Ö ¸¨´£Ê²Ö·´μ¸É¥° É¨¶  ÉμÎ¥± ¢¥É¢²¥-
´¨Ö ¢ ¢Ò¸Ï¨Ì ¶¥É²¥¢ÒÌ ¶·¨¡²¨¦¥´¨ÖÌ) ´¥ ¢¢μ¤¨É¸Ö ·Ê± ³¨,   ¶μÖ¢²Ö¥É¸Ö
± ± ¥¸É¥¸É¢¥´´μ¥ ¸²¥¤¸É¢¨¥ ¶·¨´Í¨¶   ´ ²¨É¨§ Í¨¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤ ,
¡¥§ ± ±μ°-²¨¡μ  ¶¥²²ÖÍ¨¨ ± ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ³¥Ì ´¨§³ ³, ¶·¨¢μ¤ÖÐ¨³ ±
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¸É¥¶¥´´Ò³ ¶μ¶· ¢± ³. ’¥³ ´¥ ³¥´¥¥, É ±¨¥ ¶μ¶· ¢±¨ É¨¶ 
(
M2/Q2

)n
, £¤¥

M ³μ¦¥É μÉ¢¥Î ÉÓ, ´ ¶·¨³¥·, ¸μ¸É ¢´μ° ³ ¸¸¥ ±¢ ·± , ¨´μ£¤  ¢¢μ¤ÖÉ ¢ ¸¶¥±-
É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ, ÎÉμ¡Ò ÊÎ¥¸ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ, ¸³. [50,51].

2.2. ƒ²μ¡ ²Ó´ Ö �’‚: ÊÎ¥É ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢. � ¸¸³μÉ·¨³ ¸Ì¥³Ê
£²μ¡ ²¨§ Í¨¨ �’‚, É. ¥. ÊÎ¥É  ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ¸²¥¤ÊÖ ¶μ¤Ìμ¤Ê
˜¨·±μ¢ Ä‘μ²μ¢Íμ¢  [29, 35, 36, 90], ¢ ±μÉμ·μ³ μ´¨ ¨¸¶μ²Ó§ÊÕÉ ¸²¥¤ÊÕÐ¨¥
§´ Î¥´¨Ö ¶μ²Õ¸´ÒÌ ³ ¸¸ c-, b- ¨ t-±¢ ·±μ¢: mc = 1,2 ƒÔ‚, mb = 4,3 ƒÔ‚

¨ mt = 175 ƒÔ‚. �·¨ ÔÉμ³ ¢ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„ ¢ MS-
¸Ì¥³¥ ´¥μ¡Ìμ¤¨³μ ¸μ£² ¸μ¢Ò¢ ÉÓ §´ Î¥´¨Ö ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ ¢ ¥¢±²¨¤μ-
¢μ° μ¡² ¸É¨ ´  §´ Î¥´¨ÖÌ Q2, μÉ¢¥Î ÕÐ¨Ì ÔÉ¨³ ³ ¸¸ ³∗: M4 = mc, M5 = mb

¨ M6 = mt.
	Ê¤¥³ ¢ ¤ ²Ó´¥°Ï¥³ μ¶·¥¤¥²ÖÉÓ ²μ£ ·¨Ë³Ò L Éμ²Ó±μ ¶μ μÉ´μÏ¥´¨Õ ±

É·¥ÌË²¥°¢μ·´μ³Ê ³ ¸ÏÉ ¡Ê Λ2
3: L(Q2) = ln

(
Q2/Λ2

3

)
. �¥·¥¸Î¥É ± ¤·Ê£¨³

³ ¸ÏÉ ¡ ³ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶ÊÉ¥³ ±μ´¥Î´ÒÌ ¤μ¡ ¢μ±:

ln
(
Q2/Λ2

f

)
= L(Q2) + λf , £¤¥ λf ≡ ln

(
Λ2

3/Λ2
f

)
, (2.26)

  Λ2
f Å μÉ¢¥Î ÕÐ¨° ¤ ´´μ³Ê Nf Š•„-³ ¸ÏÉ ¡. �¶·¥¤¥²¨³ É ±¦¥ ¸μμÉ¢¥É-

¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö ²μ£ ·¨Ë³μ¢ ´  ¶μ·μ£ Ì Mk (k = 4, 5, 6):

Lk ≡ ln
(
M2

k/Λ2
3

)
. (2.27)

‚¸¥ Š•„-³ ¸ÏÉ ¡Ò Λf , f = 4, 5, 6, ³Ò ¡Ê¤¥³ É· ±Éμ¢ ÉÓ ± ± ËÊ´±Í¨¨ μ¤´μ£μ
¶ · ³¥É· ,   ¨³¥´´μ É·¥ÌË²¥°¢μ·´μ£μ ³ ¸ÏÉ ¡  Λ3:

Λf = Λf (Λ3) ¸ Λ3 > Λ4(Λ3) > Λ5(Λ3) > Λ6(Λ3), (2.28)

±μÉμ·Ò¥ ¤μ²¦´Ò μ¶·¥¤¥²ÖÉÓ¸Ö ¨§ Ê¸²μ¢¨° ¸μ£² ¸μ¢ ´¨Ö ´  ¶μ·μ£ Ì ¤²Ö ÔË-
Ë¥±É¨¢´μ£μ § ·Ö¤  ¢ μ¡ÒÎ´μ° Š•„. � ¸¸³μÉ·¨³ §¤¥¸Ó ¤²Ö ¶·¨³¥·  ¤¢ÊÌ¶¥É²¥-

¢μ¥ ¶·¨¡²¨¦¥´¨¥ ¸ ÔËË¥±É¨¢´Ò³ § ·Ö¤μ³ α
(2)
s [Lf ; Nf ] (¸³. (A.5); ¶μ± § É¥²Ó

¶¥É²¥¢μ£μ ¶μ·Ö¤±  (2) ¢ ÔÉμ³ ¶·¨³¥·¥ ¤ ²¥¥ ¡Ê¤¥³ μ¶Ê¸± ÉÓ ¤²Ö Ô±μ´μ³¨¨
³¥¸É )

αs[Lf ; Nf ] =
−4 π

b0(Nf )c1(Nf ) [1 + W−1(zW [L; Nf ])]
, (2.29)

£¤¥ zW [L; Nf ] = (1/c1(Nf )) exp [−1 + iπ − L/c1(Nf )]. ’μ£¤  Ê¸²μ¢¨Ö ¸μ£² -
¸μ¢ ´¨Ö ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ Q2 É ±μ¢Ò:

αs [L4; 3] = αs [L4 + λ4; 4] ; (2.30 )

∗‚μ¶·μ¸ μ Éμ³, ¶μÎ¥³Ê ¢ MS-¸Ì¥³¥ ²ÊÎÏ¥ ¸μ£² ¸μ¢Ò¢ ÉÓ ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò ´  §´ Î¥´¨ÖÌ
m2

q ,   ´¥ 4m2
q , · §¡¨· ¥É¸Ö ¶μ¤·μ¡´μ ¢ · ¡μÉ¥ [90]. …¸²¨ £μ¢μ·¨ÉÓ ±· É±μ, Éμ ÔÉμ ¸¢Ö§ ´μ

¸ ¡¥§³ ¸¸μ¢Ò³ Ì · ±É¥·μ³ ·¥´μ·³£·Ê¶¶μ¢ÒÌ £¥´¥· Éμ·μ¢ ¢ MS-¸Ì¥³¥, ¢ ±μÉμ·μ° ÊÎ¥É ¶μ·μ£μ¢
³ ¸¸¨¢´ÒÌ ±¢ ·±μ¢ ¶·μ¨§¢μ¤¨É¸Ö ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¸ MOM-¸Ì¥³μ°, £¤¥ ³ ¸¸Ò Î ¸É¨Í ÊÎ¨ÉÒ¢ ÕÉ¸Ö
Ö¢´μ.
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αs [L5 + λ4; 4] = αs [L5 + λ5; 5] ; (2.30¡)

αs [L6 + λ5; 5] = αs [L6 + λ6; 6] . (2.30¢)

�´¨ μ¶·¥¤¥²ÖÕÉ ±μ´¸É ´ÉÒ λf ¸ f = 4, 5, 6 ± ± ËÊ´±Í¨¨ Λ3 ¨ ´¥¶·¥·Ò¢´Ò°
£²μ¡ ²Ó´Ò° ÔËË¥±É¨¢´Ò° § ·Ö¤ Š•„

αglob
s (Q2)=αs

[
L(Q2); 3

]
θ
(
Q2 <M2

4

)
+αs

[
L(Q2)+λ4; 4

]
θ
(
M2

4 �Q2 <M2
5

)
+

+αs

[
L(Q2)+λ5; 5

]
θ
(
M2

5 �Q2 <M2
6

)
+ αs

[
L(Q2)+λ6; 6

]
θ
(
M2

6 �Q2
)
.

(2.31)

�·¨¢¥¤¥³ ¤²Ö ¶·¨³¥·  §´ Î¥´¨Ö Λf , λf ¨ Lf ¸ f = 4, 5, 6 ¤²Ö ¸²ÊÎ Ö Λ3 =
400 ŒÔ‚:

Λ4 = 344 ŒÔ‚, Λ5 = 245 ŒÔ‚, Λ6 = 103 ŒÔ‚, (2.32 )

λ4 = 0,299, λ5 = 0,984, λ6 = 2,716, (2.32¡)

L4 = 2,197, L5 = 4,750, L6 = 12,162. (2.32¢)

‘¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ  ´ ²¨É¨Î¥¸±μ£μ μ¡· §  n-° ¸É¥¶¥´¨ ÔËË¥±É¨¢-
´μ£μ § ·Ö¤  Aglob

n Éμ£¤  ¥¸ÉÓ ±Ê¸μÎ´μ-´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö

ρglob
n (s) = ρ̄n [L(s); 3] θ

(
s < M2

4

)
+ ρ̄n [L(s) + λ4; 4] θ

(
M2

4 � s < M2
5

)
+

+ ρ̄n [L(s) + λ5; 5] θ
(
M2

5 � s < M2
6

)
+ ρ̄n [L(s) + λ6; 6] θ

(
M2

6 � s
)
,

(2.33 )

±μÉμ·ÊÕ ³μ¦´μ Ô±¢¨¢ ²¥´É´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ËÊ´±Í¨Õ ²μ£ ·¨Ë³  L =
ln(s/Λ2

3) (·¨¸. 5, £¤¥ ¤²Ö ¸· ¢´¥´¨Ö ¶·¥¤¸É ¢²¥´  É ±¦¥ ¸¶¥±É· ²Ó´ Ö ¶²μÉ-
´μ¸ÉÓ ρ̄1[L + λ5; 5] ¸μ ¸¤¢¨£μ³  ·£Ê³¥´É  ´  λ5 ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢ μ¡² ¸É¨
L ∈ [L5; L6] μ¡¥ ¶²μÉ´μ¸É¨ ¸μ¢¶ ¤ ²¨):

ρglob
n [L] = ρ̄n [L; 3] θ (L < L4) + ρ̄n [L + λ4; 4] θ (L4 � L < L5)+

+ ρ̄n [L + λ5; 5] θ (L5 � L < L6) + ρ̄n [L + λ6; 6] θ (L6 � L) (2.33¡)

¸μ ¸¶¥±É· ²Ó´Ò³¨ ¶²μÉ´μ¸ÉÖ³¨ ρ̄n [L; Nf ], μÉ¢¥Î ÕÐ¨³¨ Î¨¸²Ê  ±É¨¢´ÒÌ
±¢ ·±μ¢ Nf ¨ · ¢´Ò³¨ (¸³. (3.16) ¤²Ö ¸²ÊÎ Ö ν = n)

ρ̄n [L; Nf ] =
ρn [L; Nf ]

βn
f

≡
sin[n ϕ(2)(L; Nf)]

π
[
βf R(2)(L; Nf )

]n , (2.34)

£¤¥ R(2)(L; Nf) ¨ ϕ(2)(L; Nf ) μ¶·¥¤¥²¥´Ò ¢ ¶. 3.2 (¸³. (3.14¡) ¨ (3.14¢); § ³¥-
É¨³, ÎÉμ ¢ ÔÉ¨Ì Ëμ·³Ê² Ì ´¥ Ê± § ´  Ö¢´ Ö § ¢¨¸¨³μ¸ÉÓ μÉ Nf , ´μ μ´  ¶μ¤-
· §Ê³¥¢ ¥É¸Ö, É ± ± ± ¶ · ³¥É· c1 = c1(Nf ) = b1(Nf )/b2

0(Nf ) Ö¢´μ § ¢¨¸¨É
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�¨¸. 5. �μ¢¥¤¥´¨¥ £²μ¡ ²Ó´μ° ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ ρglob
1 [L] ¤²Ö Λ3 = 400 ŒÔ‚.

„²Ö ¸· ¢´¥´¨Ö ÏÉ·¨Ìμ¢Ò³¨ ²¨´¨Ö³¨ ³Ò ¶μ± §Ò¢ ¥³ ¶μ¢¥¤¥´¨¥ ²μ± ²Ó´μ° ¸¶¥±É· ²Ó-
´μ° ¶²μÉ´μ¸É¨, μÉ¢¥Î ÕÐ¥° ¶ÖÉ¨ Ë²¥°¢μ· ³, ρ̄1[L+λ5; 5].  ) ˆ´É¥·¢ ² L ∈ [−6;+6],
£¤¥ Ö¢´μ ¢¨¤¥´ ¶μ·μ£ L5 = 4,75, ¡) ¢ Ê¢¥²¨Î¥´´μ³ ¶μ μ¸¨ μ·¤¨´ É ³ ¸ÏÉ ¡¥ ¨´É¥·¢ ²
L ∈ [+2;+5], É ± ÎÉμ ¢¨¤´Ò μ¡  ¶μ·μ£  L4 = 2,20 ¨ L5 = 4,75, ¢) ¸´μ¢  ¢ Ê¢¥²¨-
Î¥´´μ³ ¶μ μ¸¨ μ·¤¨´ É ³ ¸ÏÉ ¡¥ ¨´É¥·¢ ² L ∈ [+11; +16], É ± ÎÉμ ¸É ´μ¢¨É¸Ö Ö¢´Ò³
· §·Ò¢ ´  ¶μ·μ£¥ L6 = 12,16

μÉ Nf ),   βf = b0(Nf )/(4π). ’μ£¤  £²μ¡ ²Ó´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ÔËË¥±É¨¢-
´Ò¥ § ·Ö¤Ò ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ¨ ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ μ¶·¥¤¥²ÖÕÉ¸Ö ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ (2.7) ¨ (2.9)

Aglob
n

(
Q2
)

=

∞∫
0

ρglob
n (σ)

σ + Q2
dσ ¨²¨ Aglob

n [L] =

∞∫
−∞

ρglob
n [Lσ] dLσ

1 + exp [L − Lσ]
; (2.35 )

Aglob
n (s) =

∞∫
s

ρglob
n (σ)

σ
dσ ¨²¨ Aglob

n [L] =

∞∫
L

ρglob
n [Lσ] dLσ. (2.35¡)

�¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ρglob
n (σ) Ö¢²Ö¥É¸Ö ±Ê¸μÎ´μ-

´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥° ¨ ¢ ÉμÎ± Ì σ = m2
f , f = 4, 5, 6, μ´  É¥·¶¨É · §-

·Ò¢Ò, ÔËË¥±É¨¢´Ò° § ·Ö¤ Aglob
n

(
Q2
)

μ± §Ò¢ ¥É¸Ö  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥°,
  Aglob

n (s) Å ¶·μ¸Éμ ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°, ±μÉμ· Ö ¢ ÉμÎ± Ì s = m2
f ,

f = 4, 5, 6, ¨³¥¥É · §·Ò¢ ¶·μ¨§¢μ¤´μ°.
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�¨¸. 6. �μ¢¥¤¥´¨¥ £²μ¡ ²Ó´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ A(2);glob
1 [L] ( ) ¨ A(2);glob

1 [L]
(¡) ¤²Ö Λ3 = 400 ŒÔ‚. „²Ö ¸· ¢´¥´¨Ö ÏÉ·¨Ìμ¢Ò³¨ (ÏÉ·¨Ì¶Ê´±É¨·´Ò³¨) ²¨´¨Ö³¨

¶μ± § ´μ ¶μ¢¥¤¥´¨¥ A(2)
1 [L+λ4; Nf = 4] (A(2)

1 [L+λ5; Nf = 5]) ¨ A(2)
1 [L+λ4; Nf = 4]

(A(2)
1 [L + λ5; Nf = 5]), ¶μ¤¥²¥´´ÒÌ ´  βf ¸³. (1.4 ), (1.4¡)

�  ·¨¸. 6 ³Ò ¶μ± §Ò¢ ¥³ £· Ë¨±¨ A(2);glob
1 [L] ¨ A

(2);glob
1 [L] ¤²Ö

Λ3 = 400 ŒÔ‚. ŒÒ ¢¨¤¨³, ÎÉμ  ´ ²¨É¨§ Í¨Ö ¶·¨¢μ¤¨É ± Ê³¥´ÓÏ¥´¨Õ ÔË-

Ë¥±É¨¢´ÒÌ § ·Ö¤μ¢ A(2);glob
1 [L] ¨ A

(2);glob
1 [L] ¢ ¸· ¢´¥´¨¨ ¸ β−1

4 A(2)
1 [L+λ4; 4]

(β−1
5 A(2)

1 [L + λ5; 5]) ¨ ¸ β−1
4 A

(2)
1 [L + λ4; 4] (β−1

5 A
(2)
1 [L + λ5; 5]): ÔÉμ ¶μ´ÖÉ´μ,

¶μ¸±μ²Ó±Ê ¸μμÉ¢¥É¸É¢ÊÕÐ Ö £²μ¡ ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¸É ²  ÔËË¥±É¨¢´μ ³¥´ÓÏ¥,
¸³. ·¨¸. 5,  . Š·μ³¥ Éμ£μ, ¸μ§¤ ¥É¸Ö ¢¶¥Î É²¥´¨¥, ÎÉμ ±·¨¢Ò¥ ´  ·¨¸. 6,   ¨ ¡
´¨Î¥³ ´¥ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ . �μ ÔÉμ ´¥ É ±: μ´¨ ¤¥°¸É¢¨É¥²Ó´μ ¸μ¢¶ -
¤ ÕÉ ¶·¨ L → ±∞, ´μ ¢ ÉμÎ±¥ L = 0 μ´¨ · §²¨Î ÕÉ¸Ö, ¶· ¢¤ , · §´μ¸ÉÓ
¨³¥¥É ¶μ·Ö¤μ± 2 %.

�É³¥É¨³ É ±¦¥, ÎÉμ Ê¤μ¡´Ò¥ ¤²Ö Î¨¸²¥´´ÒÌ ¶·¨²μ¦¥´¨° ¶·μ¸ÉÒ¥ ¶ · ³¥-
É·¨§ Í¨¨ ¤¢ÊÌ¶¥É²¥¢ÒÌ £²μ¡ ²Ó´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ ¶μ²ÊÎ¥´Ò ¢ ´ Ï¥°

· ¡μÉ¥ [46] (Éμ²Ó±μ ¤²Ö A(2);glob
1 (Q2) ¨ A(2);glob

2 (Q2)) ¨ ¢ · ¡μÉ¥ ‡ Ö±¨´ Ä

˜¨·±μ¢  [43] (± ± ¤²Ö A(2);glob
n (Q2), É ± ¨ ¤²Ö A

(2);glob
n (Q2) ¸ n = 1, 2, 3, 4).

3. �’ �’‚ Š „�����-���‹ˆ’ˆ—…‘Š�‰ ’…��ˆˆ ‚�‡Œ“™…�ˆ‰

� ¶μ³´¨³, ÎÉμ  ³¶²¨ÉÊ¤Ò, § ¢¨¸ÖÐ¨¥ μÉ ¥¤¨´¸É¢¥´´μ° ±¨´¥³ É¨Î¥¸±μ°
¶¥·¥³¥´´μ° Q2, ±μÉμ·Ò¥ ¢ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° · §² £ ÕÉ¸Ö ¢ ·Ö¤
¶μ ¸É¥¶¥´Ö³ ÔËË¥±É¨¢´μ£μ § ·Ö¤ , ¢ �’‚ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥ ´¥¸É¥¶¥´´μ£μ
·Ö¤  [18,27,86], ¸³. (2.13):

D[L] =
∑

n

dnan[L] ⇒ DA[L] =
∑

n

dn An[L] ¨ R[L] =
∑

n

dn An[L], (3.1)

£¤¥ dn Å Î¨¸²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ¸Ì¥³¥ ³¨´¨³ ²Ó´ÒÌ ¢Ò-
Î¨É ´¨°. Š § ²μ¸Ó ¡Ò, ¸¤¥² ¢ ÔÉμÉ Ï £, ³Ò Ê¦¥ ¶μ¸É·μ¨²¨ ® ´ ²¨É¨§ Í¨Õ¯
¢¸¥° ¶¥·ÉÊ·¡ É¨¢´μ° Š•„.
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�μ ÔÉμ ´¥ É ±, ¨ ¢μÉ ¶μÎ¥³Ê. ‚ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ³Ò É ±¦¥
¨³¥¥³:

• Ë ±Éμ·¨§ Í¨μ´´ÊÕ Š•„-¶·μÍ¥¤Ê·Ê, ±μÉμ· Ö ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ · §¤¥-
²ÖÉÓ ¢±² ¤Ò ¡μ²ÓÏ¨Ì ¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨° ¨ Ë ±É¨Î¥¸±¨ ¶·¨³¥´ÖÉÓ É¥μ·¨Õ
¢μ§³ÊÐ¥´¨° Š•„ ¤²Ö μ¶¨¸ ´¨Ö ¢±² ¤  ³ ²ÒÌ · ¸¸ÉμÖ´¨° (μ¡² ¸ÉÓ ¡μ²ÓÏ¨Ì
¥¢±²¨¤μ¢ÒÌ Q2). �·¨ ÔÉμ³ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢ ¦¥¸É±¨Ì Š•„- ³¶²¨ÉÊ¤ Ì
¢μ§´¨± ÕÉ ²μ£ ·¨Ë³¨Î¥¸±¨¥ Ë ±Éμ·Ò É¨¶  aν [L] L∗;

• ·¥´μ·³£·Ê¶¶μ¢ÊÕ Ô¢μ²ÕÍ¨Õ, £¥´¥·¨·ÊÕÐÊÕ ¢ ¶ ·Éμ´´ÒÌ  ³¶²¨ÉÊ¤ Ì
Ë ±Éμ·Ò B(Q2) =

[
Z(Q2)/Z(μ2)

]
B(μ2), ±μÉμ·Ò¥ ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨-

¦¥´¨¨ ¸¢μ¤ÖÉ¸Ö ± Z[L] ∼ aν [L], £¤¥ ν = γ0/(2b0) Å ¤·μ¡´μ¥ Î¨¸²μ.
’ ±¨³ μ¡· §μ³, ´ ³ ´ ¤μ ¶μ¸É·μ¨ÉÓ ¥Ð¥ ·¥Í¥¶ÉÒ  ´ ²¨É¨§ Í¨¨ ¤²Ö ´μ-

¢ÒÌ μ¡Ñ¥±Éμ¢: aν , aνLm, . . . � Ï ´ ¡μ· {An} μ¡· §Ê¥É ²¨´¥°´μ¥ ¶·μ¸É· ´-
¸É¢μ, ±μÉμ·μ¥, μ¤´ ±μ, ´¥ ¸´ ¡¦¥´μ μ¶¥· Í¨¥° Ê³´μ¦¥´¨Ö Ô²¥³¥´Éμ¢: ¶·μ-
¨§¢¥¤¥´¨¥ An · Am ´¥ ¶·¨´ ¤²¥¦¨É {An}, É ± ± ± ´¥ ¨³¥¥É ¤¨¸¶¥·¸¨μ´-
´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (2.7),   Ô²¥³¥´É Am+n[L] ¶·¨ ¢¸¥Ì ±μ´¥Î´ÒÌ L ¸¥·Ó¥§´μ
μÉ²¨Î ¥É¸Ö μÉ An[L] · Am[L]. ‚ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ³μ¦´μ £μ¢μ·¨ÉÓ μ ¢μ¸-
¸É ´μ¢²¥´¨¨ ¸É ´¤ ·É´μ°  ²£¥¡·Ò ¤²Ö Ê± § ´´μ£μ ´ ¡μ·  ¡ §μ¢ÒÌ ËÊ´±Í¨°
Éμ²Ó±μ ¢ ¶·¥¤¥²¥ L → ∞, ±μ£¤  {An} → {an} [29, 48, 86] ¨, ¢ Î ¸É´μ¸É¨,
An[L] · Am[L] → Am+n[L]. ‚¸¥ Éμ ¦¥ ¸ ³μ¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö ¶·μ¨§¢¥¤¥´¨Ö
An · Am ¢ μÉ´μÏ¥´¨¨ ´ ¡μ·  {An} ¨ ¶·¥¤¸É ¢²¥´¨Ö (2.9).

ŒÒ ¶μ¶μ²´Ö¥³ ÔÉ¨ ´ ¡μ·Ò, μ¶·¥¤¥²ÖÖ μÉμ¡· ¦¥´¨Ö AE ¨ AM

AE [aν ] [L] ≡ Aν [L] =

∞∫
−∞

ρν [Lσ] dLσ

1 + eL−Lσ
, (3.2 )

AM [aν ] [Ls] ≡ Aν [Ls] =

∞∫
Ls

ρν [Lσ] dLσ, (3.2¡)

¤²Ö ´μ¢ÒÌ Ô²¥³¥´Éμ¢ É ±, ÎÉμ ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢ :
1. �´¨ Ö¢²ÖÕÉ¸Ö ¨§μ³μ·Ë¨§³ ³¨, É. ¥. ¸μÌ· ´ÖÕÉ ²¨´¥°´ÊÕ ¸É·Ê±ÉÊ·Ê

¨¸Ìμ¤´μ£μ ´ ¡μ·  ËÊ´±Í¨°:

AE

[
a0
]

= A0 ≡ 1 ¨ AM

[
a0
]

= A0 ≡ 1. (3.3)

2. �´¨ ¤ ÕÉ ¢μ§³μ¦´μ¸ÉÓ ¶·μ¢μ¤¨ÉÓ ·¥´μ·³£·Ê¶¶μ¢μ¥ Ê²ÊÎÏ¥´¨¥ �’‚,
É. ¥. μ¶·¥¤¥²¥´Ò ¤²Ö

f(a) = aν , £¤¥ ν ∈ R. (3.4)

∗�¥·¢μ¥ Ê± § ´¨¥ ´  ´¥μ¡Ìμ¤¨³μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ¸¶¥Í¨ ²Ó´μ° ¶·μÍ¥¤Ê·Ò ® ´ ²¨É¨§ Í¨¨¯
¤²Ö · ¡μÉÒ ¸ É ±¨³¨ ²μ£ ·¨Ë³ ³¨ ¶μÖ¢¨²μ¸Ó ¢ · ¡μÉ¥ [68], £¤¥ ¡Ò²μ ¶·¥¤²μ¦¥´μ ¶·¨³¥´ÖÉÓ
±μ´Í¥¶Í¨Õ  ´ ²¨É¨Î´μ¸É¨ ± ¶ ·Éμ´´μ°  ³¶²¨ÉÊ¤¥ ¢ Í¥²μ³,   ´¥ Éμ²Ó±μ ± ÔËË¥±É¨¢´μ³Ê § ·Ö¤Ê
¨ ¥£μ ¸É¥¶¥´Ö³.
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�± §Ò¢ ¥É¸Ö, ÎÉμ ¶μ¶μ²´¥´¨¥ ¨¸Ìμ¤´ÒÌ ´ ¡μ·μ¢ {An; n ∈ N} ¨ {An;
n ∈ N} É ±¨³¨ μ¡Ñ¥±É ³¨, É. ¥. · ¸Ï¨·¥´¨¥ ¨Ì ¤μ ´ ¡μ·μ¢ {Aν ; ν ∈ R} ¨
{Aν ; ν ∈ R}, ¤ ¥É É ±¦¥ ¢μ§³μ¦´μ¸ÉÓ ¨ ¤¨ËË¥·¥´Í¨·μ¢ ÉÓ ¶μ ¨´¤¥±¸Ê ν,  
§´ Î¨É ¸É·μ¨ÉÓ  ´ ²¨É¨§ Í¨¨ ¤²Ö ¢¥²¨Î¨´ aν ln(a) = (d/dν)aν :

Lν ≡ AE [aν ln(a)] = DAE [aν ] ¨ Lν ≡ AM [aν ln(a)] = DAM [aν ] ,

(3.5 )

£¤¥ D ≡ d

dν
. (3.5¡)

3. �´¨ ¤ ÕÉ ¢μ§³μ¦´μ¸ÉÓ ¶μ²Ó§μ¢ ÉÓ¸Ö Ë ±Éμ·¨§ Í¨¥° ¢ Š•„, É. ¥. μ¶·¥-
¤¥²¥´Ò ¤²Ö

f(a) = aνLm, m ∈ N, (3.6 )

¤ ¢ Ö ¢ ·¥§Ê²ÓÉ É¥  ´ ²¨É¨Î¥¸±¨¥ μ¡· §Ò

Lν,m ≡ AE [aνLm] ¨ Lν,m ≡ AM [aνLm] . (3.6¡)

‡ ³¥É¨³, ÎÉμ ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ É ±¨¥ μ¡Ñ¥±ÉÒ ¸¢μ¤ÖÉ¸Ö ¶·μ-
¸Éμ ± [aν−m]an, É ± ÎÉμ ÔÉμÉ ¶Ê´±É ¸¢μ¤¨É¸Ö ± ¶·¥¤Ò¤ÊÐ¥³Ê. �μ ¢ ¢Ò¸Ï¨Ì
¶μ·Ö¤± Ì ÔÉμ ´¥ É ±, ¨ ·¥Ï¥´¨¥ §¤¥¸Ó ¤μ¸É¨£ ¥É¸Ö μ¶·¥¤¥²¥´¨¥³ ¸¶¥±É· ²Ó´μ°
¶²μÉ´μ¸É¨ ρν,m, μÉ¢¥Î ÕÐ¥° [aνLm]an.

�·¨´Í¨¶¨ ²Ó´ Ö ¸Ì¥³   ´ ²¨É¨§ Í¨¨ ¢ �’‚, ¶μ± § ´´ Ö ´  ·¨¸. 2, ¶·¨-
³¥´¨³  ¨ ± „�’‚. � §²¨Î¨¥ ³¥¦¤Ê �’‚ ¨ „�’‚ ¸μ¸Éμ¨É ¢ μ¡Ñ¥±É Ì, ´ 
±μÉμ·Ò¥ ¤¥°¸É¢ÊÕÉ μ¶¥· Éμ·Ò  ´ ²¨É¨§ Í¨¨ AE ¨ AM ,   É ±¦¥ μ¶¥· Éμ·Ò
¶¥·¥Ìμ¤  μÉ ¥¢±²¨¤μ¢ÒÌ μ¡Ñ¥±Éμ¢ ± ³¨´±μ¢¸±¨³ (R̂) ¨ μ¡· É´μ (D̂): ¢ „�’‚
´ ¡μ· Ï¨·¥ §  ¸Î¥É ¢±²ÕÎ¥´¨Ö § ·Ö¤μ¢ ¸ ¢¥Ð¥¸É¢¥´´Ò³¨ (¤·μ¡´Ò³¨) §´ Î¥-
´¨Ö³¨ ¨´¤¥±¸μ¢,   É ±¦¥ μ¡Ñ¥±Éμ¢ É¨¶  Lν , Lν , Lν,m ¨ Lν,m.

�  ¶¥·¢Ò° ¢§£²Ö¤, ¶·¥¤² £ ¥³μ¥ ´ ³¨ ¶μ¶μ²´¥´¨¥ ´ ¡μ·  ¡ §¨¸´ÒÌ § -
·Ö¤μ¢ �’‚, {An} ¨ {Aν}, ³μ¦¥É ¡ÒÉÓ ´¥¥¤¨´¸É¢¥´´Ò³: ³μ¦´μ, ´ ¶·¨³¥·,
¶·¥μ¡· §μ¢ ÉÓ ¶μ²ÊÎ¥´´Ò¥ ´ ¡μ·Ò {Aν} ¨ {Aν} ¢ ´ ¡μ·Ò {A′

ν [L]} ¨ {A′
ν [L]},

μ¶·¥¤¥²Ö¥³Ò¥ Ô²¥³¥´É ·´Ò³¨ ¸¤¢¨£ ³¨ A′
ν [L] = Aν [L] + sin (πν) fν [L] ¨

A′
ν [L] = Aν[L] + sin (πν) gν [L], ±μÉμ·Ò¥ ¶·¨ Í¥²ÒÌ §´ Î¥´¨ÖÌ ν ∈ Z ¸μ-

¢¶ ¤ ÕÉ ¤·Ê£ ¸ ¤·Ê£μ³ ¨ ¸ ¨¸Ìμ¤´Ò³¨ Í¥²μ¨´¤¥±¸´Ò³¨ ´ ¡μ· ³¨ ËÊ´±Í¨°.
�¤´ ±μ ´ ¸ ¸¶ ¸ ¥É μÉ ÔÉμ° ´¥¥¤¨´¸É¢¥´´μ¸É¨ ¸¶¥±É· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥
(3.2): μ´μ ¸¥·Ó¥§´μ μ£· ´¨Î¨¢ ¥É ±² ¸¸ ¢μ§³μ¦´ÒÌ ËÊ´±Í¨°, ¢ Î ¸É´μ¸É¨,
¨¸±²ÕÎ Ö Ê± § ´´ÊÕ ³´μ£μ§´ Î´μ¸ÉÓ.

3.1. �¤´μ¶¥É²¥¢ Ö „�’‚ (Nf = 3). �¥ ²¨§ Í¨Ö ÔÉ¨Ì ¨¤¥° ¢ μ¤´μ¶¥É²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ¸ Ë¨±¸¨·μ¢ ´´Ò³ Î¨¸²μ³ Ë²¥°¢μ·μ¢ Nf ¡Ò²  μ¸ÊÐ¥¸É¢²¥´  ¢
· ¡μÉ Ì [74, 75] ¶μ²´μ¸ÉÓÕ ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥. �μ¸±μ²Ó±Ê ÔÉμÉ ³ É¥·¨ ²
Ö¢²Ö¥É¸Ö ¶·¥¤³¥Éμ³ ¶μ¤£μÉ ¢²¨¢ ¥³μ£μ μ¡§μ·  ¢¸¥Ì É·μ¨Ì  ¢Éμ·μ¢ ÔÉ¨Ì · ¡μÉ,
§¤¥¸Ó ³Ò ´¥ ¡Ê¤¥³ ¶μ¤·μ¡´μ μ¸É ´ ¢²¨¢ ÉÓ¸Ö ´  ´¥³ ¨ ¤ ¤¨³ Éμ²Ó±μ ±· É±ÊÕ
¸¢μ¤±Ê ·¥§Ê²ÓÉ Éμ¢.
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‚ μ¸´μ¢¥ ³¥Éμ¤  [74,75] ²¥¦ É ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö (2.23), ¸¢Ö§Ò-
¢ ÕÐ¨¥ An[L] ¨ An[L] ¸ A1[L] ¨ A1[L], ¶·¨ ÔÉμ³ ¶μ²ÊÎ¥´Ò Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö
¤²Ö  ´ ²¨É¨Î¥¸±¨Ì μ¡· §μ¢ ¨¸±μ³ÒÌ ¤·μ¡´ÒÌ ¸É¥¶¥´¥° § ·Ö¤μ¢:

Aν [L] =
1

Lν
− F (e−L, 1 − ν)

Γ(ν)
; (3.7 )

Aν [L] =
sin

[
(ν − 1) arccos

(
L/

√
π2 + L2

)]
π(ν − 1) (π2 + L2)(ν−1)/2

. (3.7¡)

‡¤¥¸Ó F (z, ν) Å ·¥¤ÊÍ¨·μ¢ ´´ Ö É· ´¸Í¥´¤¥´É´ Ö ËÊ´±Í¨Ö ‹¥·Ì  [91]:

F (z, ν) =
∞∑

m=1

zm

mν
. (3.8)

ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ Aν [L] μ± §Ò¢ ¥É¸Ö Í¥²μ° ËÊ´±Í¨¥° ¶μ ν,   Aν[L]
¢Ò· ¦ ¥É¸Ö ¶μ²´μ¸ÉÓÕ Î¥·¥§ Ô²¥³¥´É ·´Ò¥ (É·¨£μ´μ³¥É·¨Î¥¸±¨¥) ËÊ´±Í¨¨∗.
�·¨ ÔÉμ³ ¥¢±²¨¤μ¢Ò ®μ¡· É´Ò¥ ¸É¥¶¥´¨¯ A−m[L] = Lm ¸μ¢¶ ¤ ÕÉ ¸ μ¡· É-
´Ò³¨ ¸É¥¶¥´Ö³¨ ¨¸Ìμ¤´μ£μ ÔËË¥±É¨¢´μ£μ § ·Ö¤  a−m[L] = Lm, ¢ Éμ ¢·¥³Ö
± ± ¤²Ö ³¨´±μ¢¸±¨Ì ®μ¡· É´ÒÌ ¸É¥¶¥´¥°¯ ¢μ§´¨± ÕÉ ¤μ¡ ¢±¨ ¢ ¢¨¤¥ ´¨§Ï¨Ì
¸É¥¶¥´¥° L ¸ π2-±μÔËË¨Í¨¥´É ³¨:

A−m[L] = Lm, A−m[L] =
1

π(m + 1)
Im

[
(L + iπ)m+1

]
¤²Ö m ∈ N;

(3.9)

A−1[L]=L, A−2[L]=L2 − π2

3
,

A−3[L]=L3 − π2L, A−4[L]=L4 − 2L2π2 +
π4

5
, . . . (3.10)

’ ±¨³ μ¡· §μ³, ²¨´¥°´Ò¥ ¶·μ¸É· ´¸É¢  {An} ¨ {An} É¥¶¥·Ó ¶μ¶μ²´¥´Ò
¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö Ô²¥³¥´Éμ¢ Aν ¨ Aν ¸ ²Õ¡Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨
¨´¤¥±¸μ¢ ν, É ± ÎÉμ ¸É ´μ¢¨É¸Ö ¢μ§³μ¦´μ° μ¶¥· Í¨Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ
¨´¤¥±¸Ê (3.5¡). ‘¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ρν [L], μÉ¢¥Î ÕÐ¨¥ É ±¨³ ·¥Ï¥´¨Ö³,
μ¡² ¤ ÕÉ ¸²¥¤ÊÕÐ¨³ ¢ ¦´Ò³ ¸¢μ°¸É¢μ³:

ρn+ν [L] =
Γ(ν)

Γ(n + ν)

(
− d

dL

)n

ρν [L]. (3.11)

‚ É ¡². 1 ³Ò ¸· ¢´¨¢ ¥³ μ¸´μ¢´Ò¥ Ô²¥³¥´ÉÒ μ¡ÒÎ´μ° ’‚, �’‚ ¨ „�’‚
¢ ¥¢±²¨¤μ¢μ° ¨ ³¨´±μ¢¸±μ° μ¡² ¸ÉÖÌ.

∗‡ ³¥É¨³, ÎÉμ ÔÉμ ¢Ò· ¦¥´¨¥ ¡Ò²μ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [71] ¢ ¢¨¤¥, ¶·¨¸¶μ¸μ¡²¥´´μ³ ¤²Ö

¶μ¸²¥¤ÊÕÐ¥£μ · §²μ¦¥´¨Ö ¶μ ¶μ²μ¦¨É¥²Ó´Ò³ 1/L, É. ¥. arccos
(
L/

√
π2 + L2

)
¡Ò² § ³¥´¥´ ´ 

arctg (π/L), ÎÉμ ¢¥·´μ Éμ²Ó±μ ¶·¨ L > 0.
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’ ¡²¨Í  1. ‘· ¢´¥´¨¥ μ¡ÒÎ´μ° ’‚, �’‚ ¨ „�’‚ ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ((E), L =
ln
(
Q2/Λ2

)
) ¨ ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ ((M ), L = ln

(
s/Λ2

)
). ‚ ·Ö¤Ê ®�¡· É´Ò¥

¸É¥¶¥´¨¯ § ¶¨¸ ´μ A−m[L] = Lm + O(Lm−2), ÎÉμ μ§´ Î ¥É ¶·μ¸Éμ ¸¢μ°¸É¢μ (3.10)

’¥μ·¨Ö ’‚ �’‚(E, M ) „�’‚(E) „�’‚(M )

� ¡μ· § ·Ö¤μ¢
{

aν
}

ν∈R

{
Am,Am

}
m∈N

{
Aν

}
ν∈R

{
Aν

}
ν∈R

� §²μ¦¥´¨¥ ¢ ·Ö¤
∑
m

fm am ∑
m

fm Am (fm Am)
∑
m

fm Am

∑
m

fm Am

� §²μ¦¥´¨¥ ¢ ·Ö¤ aν
∑
m

fm am Å
∑
m

fm Am+ν

∑
m

fm Am+ν

�¡· É´Ò¥ ¸É¥¶¥´¨ (a[L])−m Å A−m[L] = Lm
A−m[L] =

Lm + O(Lm−2)

�·μ¨§¢μ¤´Ò¥ ¶μ ν aν ln a Å Lν = DAν Lν = DAν

‘É¥¶¥´¨ ²μ£ ·¨Ë³  aνLm Å Lν,m = Aν−m Lν,m = Aν−m

�·¥¦¤¥ Î¥³ § ±μ´Î¨ÉÓ ÔÉμÉ · §¤¥² ¨ ¶¥·¥°É¨ ± μ¡¸Ê¦¤¥´¨Õ ¤¢ÊÌ¶¥É²¥¢μ£μ
¸²ÊÎ Ö, μ¡¸Ê¤¨³ ¢μ¶·μ¸, ´ ¸±μ²Ó±μ ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨¥ μ¡· §Ò
¤·μ¡´ÒÌ ¸É¥¶¥´¥° ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ μÉ ¤·μ¡´ÒÌ ¸É¥¶¥´¥°  ´ ²¨É¨Î¥¸±¨Ì
§ ·Ö¤μ¢ A1[L] ¨ A1[L]. „²Ö ÔÉμ£μ ³Ò ¶·μ ´ ²¨§¨·Ê¥³ μÉ´μ¸¨É¥²Ó´Ò¥ μÉ±²μ-
´¥´¨Ö ¢ ³¨´±μ¢¸±μ° (ΔM (L, ν)) ¨ ¥¢±²¨¤μ¢μ° (ΔE(L, ν)) μ¡² ¸ÉÖÌ:

ΔM (L, ν) =
Aν [L] − (A1[L])ν

Aν [L]
; ΔE(L, ν) =

Aν [L] − (A1[L])ν

Aν [L]
. (3.12)

�  ·¨¸. 7 ¶μ± § ´μ ¶μ¢¥¤¥´¨¥ ΔM (L, ν) (·¨¸.  ) ¨ ΔE(L, ν) (·¨¸. ¡). ‚¨¤´μ,
ÎÉμ ± ± ΔM (L, 0,62), É ± ¨ ΔE(L, 0,62) ³¥´ÓÏ¥ 5 % ¶·¨ Q2, s � 1 ƒÔ‚2 (ÎÉμ

�¨¸. 7.  ) ‘· ¢´¥´¨¥ · §²¨Î´ÒÌ ±·¨¢ÒÌ ¤²Ö ΔM (L, ν) ± ± ËÊ´±Í¨° L = ln(s/Λ2),
μÉ¢¥Î ÕÐ¨Ì · §²¨Î´Ò³ §´ Î¥´¨Ö³ ν. ¡) ’μ ¦¥ ¸· ¢´¥´¨¥ ¤²Ö ΔE(L, ν) ± ± ËÊ´±Í¨°
L = ln(Q2/Λ2). ‘¶²μÏ´Ò¥ ²¨´¨¨ μÉ¢¥Î ÕÉ §´ Î¥´¨Õ ν = 0,62, ¶Ê´±É¨·´Ò¥ Å
ν = 1,62 ¨ ÏÉ·¨Ìμ¢Ò¥ Å ν = 2,62
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μÉ¢¥Î ¥É L � 2,4 ¶·¨ Λ = 300 ŒÔ‚). ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨ |ΔM (L, 1,62)|, ¨
|ΔE(L, 1,62)| ¸É ´μ¢ÖÉ¸Ö ³¥´ÓÏ¥ ¨²¨ ¶μ·Ö¤±  5% Éμ²Ó±μ ¶·¨ L � 5,1, É. ¥.
¶·¨ Q2, s � 15,2 ƒÔ‚2. ‚ Éμ ¦¥ ¢·¥³Ö |ΔM (L, 2,62)| > 0,23 ¨ |ΔE(L, 2,62)| >
0,31 ¶·¨ L � 5,1, É. ¥. ¶·¨ Q2, s � 15,2 ƒÔ‚2. �É¸Õ¤  ³Ò ³μ¦¥³ ¸¤¥² ÉÓ
¢Ò¢μ¤, ÎÉμ  ´ ²¨É¨§ Í¨Ö ¤·μ¡´ÒÌ ¸É¥¶¥´¥° ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ μ¸μ¡¥´´μ
¢ ¦´  ¶·¨ ν > 1. Š·μ³¥ Éμ£μ, ³Ò ¢¨¤¨³, ÎÉμ ¶·¨ 0 < ν < 1  ´ ²¨É¨§¨-
·μ¢ ´´Ò¥ ¸É¥¶¥´¨ Aν [L] ¨ Aν [L] ¡μ²ÓÏ¥ (A1[L])ν ¨ (A1[L])ν ,   ¶·¨ ν > 1
 ´ ²¨É¨§¨·μ¢ ´´Ò¥ ¸É¥¶¥´¨ Aν [L] ¨ Aν [L] ¸É ´μ¢ÖÉ¸Ö ³¥´ÓÏ¥ (A1[L])ν ¨
(A1[L])ν , ¶·¨Î¥³ ¸ ·μ¸Éμ³ ν ÔÉμ Ê³¥´ÓÏ¥´¨¥ ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ § ³¥É´Ò³.

3.2. „¢ÊÌ¶¥É²¥¢ Ö „�’‚ (Nf = 3). �¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ¢Ò¸Ï¨Ì ¶¥É¥²Ó
³μ¦´μ ¶·μ¢μ¤¨ÉÓ ¤¢Ê³Ö ¶ÊÉÖ³¨. ‚ ¶¥·¢μ³ ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§ÊÕÉ · §²μ¦¥´¨Ö
„�’‚ ¤²Ö ³´μ£μ¶¥É²¥¢ÒÌ ¢¥²¨Î¨´ ¶μ μ¤´μ¶¥É²¥¢Ò³ § ·Ö¤ ³. ‚μ ¢Éμ·μ³, ¡μ-
²¥¥ ³μÐ´μ³, ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§ÊÕÉ ÉμÎ´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ³´μ£μ¶¥É²¥¢ÒÌ ¸¶¥±-
É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ, ¶μ²Ó§ÊÖ¸Ó ¨´É¥£· ²Ó´Ò³¨ ¶·¥¤-
¸É ¢²¥´¨Ö³¨ (3.2), Î¨¸²¥´´μ ¢μ¸¸É ´ ¢²¨¢ ÕÉ ¸ ³¨  ´ ²¨É¨Î¥¸±¨¥ § ·Ö¤Ò ¨
¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ËÊ´±Í¨¨. ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¢Éμ·μ° ³¥Éμ¤,   ¨¸¶μ²Ó-
§μ¢ ´¨¥ ¥£μ ·¥§Ê²ÓÉ Éμ¢ ¤²Ö μÍ¥´±¨ ÉμÎ´μ¸É¨ „�’‚-· §²μ¦¥´¨°, ¶μ²ÊÎ ¥-
³ÒÌ ¢ ¶¥·¢μ³ ¶μ¤Ìμ¤¥, ¡Ê¤¥É ¨§²μ¦¥´μ ¢ £μÉμ¢ÖÐ¥³¸Ö μ¡§μ·¥ É·¥Ì  ¢Éμ·μ¢
„�’‚ [74,75].

� ¸¸³μÉ·¨³ l-¶¥É²¥¢ÊÕ ¸¶¥±É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ ρ
(l)
ν (σ). �´  ³μ¦¥É ¡ÒÉÓ

¶·¥¤¸É ¢²¥´  ¢ Éμ³ ¦¥ ¢¨¤¥, ÎÉμ ¨ ¢ μ¤´μ¶¥É²¥¢μ³ ¸²ÊÎ ¥, ¸³. (2.20), É. ¥.

ρ(l)
ν (σ) =

1
π

Im
[
aν
(l)[L−σ]

]
=

1
π

sin[ν ϕ(l)[Lσ]](
R(l)[Lσ]

)ν , (3.13)

£¤¥ Ë §  ϕ(l) ¨ ³μ¤Ê²Ó R(l) ¨³¥ÕÉ É¥¶¥·Ó l-¶¥É²¥¢μ° ¸³Ò¸². �μÖ¸´¨³ ´  ¶·¨-
³¥·¥ ¤¢ÊÌ¶¥É²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö, £¤¥ ÔËË¥±É¨¢´Ò° § ·Ö¤ ÉμÎ´μ ¢Ò· ¦ ¥É¸Ö
Î¥·¥§ ËÊ´±Í¨Õ ‹ ³¡¥·É  W−1[zW [Lσ]], ¸³. (A.5). � ¸ ¨´É¥·¥¸Ê¥É §´ Î¥´¨¥
³´¨³μ° Î ¸É¨ ¤²Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¶·¨ s = −σ < 0, ¶μÔÉμ³Ê ´ ³ ´ ¤μ
μ¶·¥¤¥²ÖÉÓ §´ Î¥´¨¥ a(2)[L] ¶·¨ L = L−σ = Lσ−iπ. �·¥¤¸É ¢¨³ a(2)[Lσ−iπ]
¢ ¢¨¤¥

a(2) [Lσ − iπ] =
eiϕ(2)[Lσ]

R(2)[Lσ]
, (3.14a)

£¤¥

R(2)[L] = c1 |1 + W−1[zW (L − iπ)]| ; (3.14¡)

ϕ(2)[L] = arccos
[
Re

( −R(2)[L]
c1 (1 + W−1[zW (L − iπ)])

)]
. (3.14¢)

’μ£¤  ³Ò ¸· §Ê ¶μ²ÊÎ¨³[
a(2)[Lσ − iπ]

]ν =
eiνϕ(2)[Lσ](
R(2)[Lσ]

)ν , (3.15)
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μÉ±Ê¤  ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É Ëμ·³Ê²  (3.13) ¤²Ö ¸²ÊÎ Ö l = 2:

ρ(2)
ν [Lσ] =

1
π

sin[ν ϕ(2)[Lσ]](
R(2)[Lσ]

)ν . (3.16)

„²Ö ® ´ ²¨É¨§ Í¨¨¯ ¡μ²¥¥ ¸²μ¦´ÒÌ ¢Ò· ¦¥´¨°, ¸μ¤¥·¦ Ð¨Ì ±·μ³¥ ¸É¥-
¶¥´¥° § ·Ö¤ 

(
a(2)

)ν
¥Ð¥ ¨ ¸É¥¶¥´¨ ²μ£ ·¨Ë³μ¢ § ·Ö¤ , ´ ³ ¶μÉ·¥¡Ê¥É¸Ö ¸²¥-

¤ÊÕÐ¥¥ ¸¢μ°¸É¢μ

L(l)
ν =

[
aν
(l) ln(a(l))

]
an

=
d

dν
A(l)

ν ≡ DA(l)
ν , (3.17 )

Lm,(l)
ν =

[
aν
(l) lnm(a(l))

]
an

= Dm A(l)
ν . (3.17¡)

‚ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ÔÉμ£μ ¸ ³μ£μ ¶μ ¸¥¡¥ Ê¦¥ ¤μ¸É ÉμÎ´μ,   ¢ ¤¢ÊÌ-
¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ³Ò ¨¸¶μ²Ó§Ê¥³ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö É¨¶  (3.2)
¤²Ö ¨´É¥·¥¸ÊÕÐ¥° ´ ¸ ¢¥²¨Î¨´Ò Lν ¸μ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ

ρ
(2)
Lν

[L] = Im
[
aν
(2)[L − iπ] ln(a(2)[L − iπ])

]
=

d

dν
Im

[
aν
(2)[L − iπ]

]
=

=
d

dν
ρ(2)

ν [L] =
cos

[
νϕ(2)[L]

]
Rν

(2)[L]
ϕ(2)[L] −

sin
[
νϕ(2)[L]

]
Rν

(2)[L]
ln
[
R(2)[L]

]
. (3.18)

‘¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¸É¥¶¥´¥° § ·Ö¤ , Ê³´μ¦¥´´ÒÌ ´  ²μ£ ·¨Ë³Ò
¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸ , É. ¥.

(
a(2)

)ν
Lm,

ρ
(2)
Lν,m

[L] = Im
[
aν
(2)[L − iπ] [L − iπ]m

]
= Im

[
aν
(2)[L − iπ]

am
(1)[L − iπ]

]
Éμ¦¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¤μ¸É ÉμÎ´μ ¶·μ¸Éμ, ¥¸²¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨Ö
(3.13) ¤²Ö l = 1 ¨ l = 2:

ρ
(2)
Lν,m

[L] = Im

[
Rm

(1)[L]

Rν
(2)[L]

ei[νϕ(2)[L]−mϕ(1)[L]]
]

=

=
Rm

(1)[L]

Rν
(2)[L]

sin
[
νϕ(2)[L] − mϕ(1)[L]

]
. (3.19)

�É³¥É¨³ §¤¥¸Ó, ±¸É É¨, ÎÉμ ¸Ìμ¤¨³μ¸ÉÓ ¨´É¥£· ²  ¶μ Lσ ¢
∫

ρLν,m [Lσ]dLσ ¶·¨
¡μ²ÓÏ¨Ì Lσ ¨³¥¥É¸Ö ´¥ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ m ¨ ν: É ± ± ±

∣∣ρLν,m [Lσ] ∼
Lm−ν

σ

∣∣, Éμ ¨´É¥£· ² ¸Ìμ¤¨É¸Ö Éμ²Ó±μ ¶·¨ m < ν (¶·¨ ν − 1 � m < ν μ´
¸Ìμ¤¨É¸Ö ¡² £μ¤ ·Ö §´ ±μ¶¥·¥³¥´´μ¸É¨ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ (3.19)). Š
¸Î ¸ÉÓÕ, ¢ ’‚ Š•„ É ±¨¥ μ¡Ñ¥±ÉÒ ¢μ§´¨± ÕÉ ¨³¥´´μ ¢ ¢¨¤¥ ®¤μ¶Ê¸É¨³ÒÌ¯
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±μ³¡¨´ Í¨°, ´ ¶·¨³¥·, α2+ν
s L ¨²¨ α3+ν

s L2 ¸ ν > 0, ¨¤ÊÐ¨³¨ μÉ Ô¢μ²Õ-
Í¨μ´´ÒÌ Ë ±Éμ·μ¢, ¸²¥¤ÊÕÐ¨Ì ¨§ Ê· ¢´¥´¨° …�	‹ (…Ë·¥³μ¢ Ä� ¤ÕÏ±¨´ Ä
	·μ¤¸±μ£μÄ‹¥¶ ¦ ) ¨²¨ „ƒ‹�� („μ±Ï¨Í¥· Äƒ·¨¡μ¢ Ä‹¨¶ Éμ¢ Ä�²ÓÉ ·¥²²¨Ä
� ·¨§¨).

3.3. ƒ²μ¡ ²Ó´ Ö „�’‚: ÊÎ¥É ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢. Š ± ¡Ò²μ ¶μ± -
§ ´μ ¢ ¶. 2.2, £² ¢´Ò° μ¡Ñ¥±É ¢ £²μ¡ ²Ó´μ° É¥μ·¨¨ Å ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ
ρglob

n [L], ¸³. (2.33¡),   ¢¸¥  ´ ²¨É¨§¨·μ¢ ´´Ò¥ § ·Ö¤Ò ¨ ¤·Ê£¨¥ ¢¥²¨Î¨´Ò μ¶·¥-
¤¥²ÖÕÉ¸Ö ¶μ ¸¶¥±É· ²Ó´Ò³ ¶²μÉ´μ¸ÉÖ³ Î¥·¥§ Ëμ·³Ê²Ò É¨¶  (2.35 ), (2.35¡).
’μÎ´μ É ± ¦¥ £² ¢´Ò³ μ¡Ñ¥±Éμ³ ¢ £²μ¡ ²Ó´μ° „�’‚ Ö¢²Ö¥É¸Ö ¸¶¥±É· ²Ó´ Ö
¶²μÉ´μ¸ÉÓ ρglob

ν [L]

ρglob;(l)
ν [L] = ρ̄(l)

ν [L; 3] θ (L < L4) + ρ̄(l)
ν [L + λ4; 4] θ (L4 � L < L5)+

+ ρ̄(l)
ν [L + λ5; 5] θ (L5 � L < L6) + ρ̄(l)

ν [L + λ6; 6] θ (L6 � L) (3.20)

¸μ ¸¶¥±É· ²Ó´Ò³¨ ¶²μÉ´μ¸ÉÖ³¨ ρ̄ν [L; Nf ], μ¶·¥¤¥²Ö¥³Ò³¨ ¢ ¶μ²´μ°  ´ ²μ£¨¨
¸ (2.34):

ρ̄(l)
ν [L; Nf ] =

ρ
(l)
ν [L; Nf ]

βn
f

≡
sin[ν ϕ(l)(L; Nf )]

π
[
βf R(l)(L; Nf)

]ν . (3.21)

	² £μ¤ ·Ö ´ ²¨Î¨Õ ¸ÉÊ¶¥´Î Éμ° ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ ¤ ¦¥ ¢ μ¤´μ¶¥É²¥-
¢μ³ ¸²ÊÎ ¥ μ¸´μ¢´μ¥ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ (2.23) ´ ·ÊÏ ¥É¸Ö ¨ § ³¥´Ö-
¥É¸Ö ´  ¡μ²¥¥ ¸²μ¦´μ¥. �μÔÉμ³Ê ¨§ÖÐ´Ò¥ Ëμ·³Ê²Ò (3.7) §¤¥¸Ó ´¥¶·¨³¥´¨³Ò
¨ ¶·¨Ìμ¤¨É¸Ö ¶μ²Ó§μ¢ ÉÓ¸Ö ¨´É¥£· ²Ó´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨

Aglob;(l)
ν [L] =

∞∫
−∞

ρ
glob;(l)
ν [Lσ] dLσ

1 + eL−Lσ
¨ Aglob;(l)

ν [Ls] =

∞∫
Ls

ρglob;(l)
ν [Lσ] dLσ,

(3.22 )
£¤¥ ²μ£ ·¨Ë³Ò L = lnQ2/Λ2

3 ¨ Ls = ln s/Λ2
3 μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ μÉ´μÏ¥´¨Õ ±

É·¥ÌË²¥°¢μ·´μ³Ê ³ ¸ÏÉ ¡Ê Λ3.
	² £μ¤ ·Ö Éμ³Ê, ÎÉμ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¸ Ë¨±¸¨·μ¢ ´´Ò³ Î¨¸²μ³

Ë²¥°¢μ·μ¢ ¶·μ¸Éμ ¸¢Ö§ ´Ò ¸  ´ ²¨É¨§¨·μ¢ ´´Ò³¨ § ·Ö¤ ³¨ ¢ μ¡² ¸É¨ Œ¨´-
±μ¢¸±μ£μ

ρ̄(l)
ν [L; Nf ] =

(
−d

dL

)
Ā(l)

ν [L; Nf ], (3.22¡)

ÎÉμ ¸²¥¤Ê¥É ¨§ (3.2¡), ³Ò ³μ¦¥³ ¶·¥μ¡· §μ¢ ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö A
glob;(l)
ν [Ls] ±

Ö¢´μ³Ê ¢¨¤Ê:

Aglob;(l)
ν [Ls] = θ [Ls <L4]

(
Ā(l)

ν [Ls; 3] − Ā(l)
ν [L4; 3] + Ā(l)

ν [L4 + λ4; 4]−

− Ā
(l)
ν [L5 + λ4; 4] + Ā

(l)
ν [L5 + λ5; 5] − Ā

(l)
ν [L6 + λ5; 5] + Ā

(l)
ν [L6 + λ6; 6]

)
+
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+ θ [L4 �Ls <L5]
(
Ā(l)

ν [Ls + λ4; 4] − Ā(l)
ν [L5 + λ4; 4] + Ā(l)

ν [L5 + λ5; 5]−

− Ā(l)
ν [L6 + λ5; 5] + Ā(l)

ν [L6 + λ6; 6]
)

+ θ [L5 �Ls <L6]
(
Ā(l)

ν [Ls+

+ λ5; 5] − Ā(l)
ν [L6 + λ5; 5] + Ā(l)

ν [L6 + λ6; 6]
)

+ θ [L6 �Ls] Ā(l)
ν [Ls + λ6; 6].

(3.22¢)

„²Ö ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ É ±¨Ì ¶·μ¸ÉÒÌ Ëμ·³Ê² ´¥É, ´μ ³Ò É ±¦¥ ³μ¦¥³ ¢¸¥
¸¢¥¸É¨ ± ÔËË¥±É¨¢´μ³Ê § ·Ö¤Ê ¶·¨ Nf = 6 ¸ ±μ´¥Î´Ò³¨ ¶μ¶· ¢± ³¨:

Aglob;(l)
ν [L] = Ā(l)

ν [L + λ6; 6] + ΔĀν [L]; (3.22£)

ΔĀ(l)
ν [L] ≡

5∑
f=3

Lf+1∫
Lf

ρ̄
(l)
ν [Lσ + λf ; Nf ] − ρ̄

(l)
ν [Lσ + λ6; 6]

1 + eL−Lσ
dLσ, (3.22¤)

£¤¥ ³Ò μ¶·¥¤¥²¨²¨ L3 = −∞ ¨ λ3 = 0. �  ·¨¸. 8,   ³Ò ¸· ¢´¨¢ ¥³ § ¢¨¸¨-

³μ¸É¨ ΔĀ(2)
1 [L] (¸¶²μÏ´ Ö ²¨´¨Ö) ¨ Aglob;(2)

1 [L] (ÏÉ·¨Ìμ¢ Ö),   ´  ·¨¸. 8, ¡

¶μ± § ´μ, ± ± ¢¥¤¥É ¸¥¡Ö μÉ´μÏ¥´¨¥ ΔĀ(2)
1 [L]/Aglob;(2)

1 [L] ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ Î¥´¨Ö  ·£Ê³¥´É  L: μ´μ ³¥´Ö¥É¸Ö μÉ −20% ¶·¨ ¡μ²ÓÏ¨Ì μÉ·¨Í É¥²Ó´ÒÌ
§´ Î¥´¨ÖÌ L ≈ −10, § É¥³ ¢ · °μ´¥ L ≈ −5 ¶·μÌμ¤¨É Î¥·¥§ ´μ²Ó ¨ · ¸É¥É ¤μ
§´ Î¥´¨Ö +20 %, ¤μ¸É¨£ ¥³μ£μ ¶·¨ L ≈ 0, ¨ § É¥³ ¶ ¤ ¥É ¤μ 0 ¶·¨ L → ∞.

�¨¸. 8.  ) ‡ ¢¨¸¨³μ¸É¨ ΔĀ(2)
1 [L] (¸¶²μÏ´ Ö ²¨´¨Ö) ¨ Aglob;(2)

1 [L] (ÏÉ·¨Ìμ¢ Ö); ¡) μÉ-

´μÏ¥´¨¥ ΔĀ(2)
1 [L]/Aglob;(2)

1 [L] ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö  ·£Ê³¥´É  L

�´ ²μ£¨Î´Ò¥ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¨ ¤²Ö  ´ ²¨É¨-

§ Í¨¨ ¡μ²¥¥ ¸²μ¦´ÒÌ ¢Ò· ¦¥´¨° ¸ ²μ£ ·¨Ë³ ³¨ ([αglob;(l)
s ]ν ln[αglob;(l)

s ] ¨

[αglob;(l)
s ]ν Lm):

Lglob;(l)
ν [L] =

∞∫
−∞

ρ
glob;(l)
Lν

[Lσ] dLσ

1 + eL−Lσ
¨ Lglob;(l)

ν [L] =

∞∫
L

ρ
glob;(l)
Lν

[Lσ] dLσ;

(3.22¥)
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Lglob;(l)
ν;m [L] =

∞∫
−∞

ρ
glob;(l)
Lν;m

[Lσ] dLσ

1 + eL−Lσ
¨ Lglob;(l)

ν;m [L] =

∞∫
L

ρ
glob;(l)
Lν;m

[Lσ] dLσ.

(3.22¦)

ƒ²μ¡ ²¨§μ¢ ´´Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ρ
glob;(l)
Lν

[Lσ] ¸É·μÖÉ¸Ö ¶μ  ´ ²μ£¨¨
¸ (3.20) ¨§ ¶²μÉ´μ¸É¥° (3.18):

ρ̄
(l)
Lν

[L; Nf ] =
cos

[
νϕ(l)[L]

][
βf R(l)[L]

]ν ϕ(l)[L] −
sin

[
νϕ(l)[L]

][
βf R(l)[L]

]ν ln
[
βf R(l)[L]

]
, (3.23)

´μ·³¨·μ¢ ´´ÒÌ ¢¢¥¤¥´¨¥³ ´¥μ¡Ìμ¤¨³ÒÌ ¸É¥¶¥´¥° βf . ‚ Éμ ¦¥ ¢·¥³Ö £²μ¡ ²¨-

§μ¢ ´´Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ρ
glob;(l)
Lν;m

[Lσ] ¨³¥ÕÉ ¡μ²¥¥ ¸²μ¦´ÊÕ ¸É·Ê±-
ÉÊ·Ê, É ± ± ±  ´ ²¨É¨§¨·Ê¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ μ¡Ñ¥±Éμ¢, μ¤¨´ ¨§ ±μÉμ·ÒÌ,
  ¨³¥´´μ αν

s [L′], ´¥¶·¥·Ò¢¥´ §  ¸Î¥É ¨¸¶μ²Ó§μ¢ ´¨Ö · §´ÒÌ Λf ¢  ·£Ê³¥´É¥
L′ = L+λf , £¤¥ L = ln(Q2/Λ2

3), ¸³. (2.26); ¢Éμ·μ° ¦¥ Ë ±Éμ· Lm ´¥¶·¥·Ò¢¥´
¸ ¸ ³μ£μ ´ Î ² , É ± ± ± μ´ μ¶·¥¤¥²Ö¥É¸Ö ¶μ μÉ´μÏ¥´¨Õ ± Ë¨±¸¨·μ¢ ´´μ³Ê
³ ¸ÏÉ ¡Ê Λ3. �μÔÉμ³Ê

ρ
glob;(l)
Lν,m

[L] = ρ̄
(l)
Lν,m

[L, L; 3] θ (L < L4)+ρ̄
(l)
Lν,m

[L, L + λ4; 4] θ (L4 � L < L5)+

+ ρ̄
(l)
Lν,m

[L, L + λ5; 5] θ (L5 � L < L6) + ρ̄
(l)
Lν,m

[L, L + λ6; 6] θ (L6 � L) ,

(3.24)

£¤¥

ρ̄
(l)
Lν,m

[L, L′; Nf ] =
Rm

(1)[L][
βf R(l)[L′]

]ν sin
[
νϕ(l)[L′] − mϕ(1)[L]

]
. (3.25)

�É³¥É¨³ §¤¥¸Ó ¸· §Ê ¶μ²¥§´μ¥ ¸¢μ°¸É¢μ ÔÉμ° ¶²μÉ´μ¸É¨, ¸²¥¤ÊÕÐ¥¥ ¨§ ¥¥
μ¶·¥¤¥²¥´¨Ö

ρ̄
(l)
Lν,1

[L − λ, L; Nf ] = Im

[
(L − λ − iπ)

exp
(
iνϕ(l)[L]

)[
βf R(l)[L]

]ν
]

=

= ρ̄
(l)
Lν,1

[L, L; Nf ] − λ ρ̄(l)
ν [L; Nf ]. (3.26)

�μ´ÖÉ´μ, ÎÉμ  ´ ²μ£¨Î´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³μ¦´μ § ¶¨¸ ÉÓ ¨ ¤²Ö ρ̄
(l)
Lν,m

[L −
λ, L; Nf ] ¶·¨ ¤·Ê£¨Ì Í¥²ÒÌ §´ Î¥´¨ÖÌ m > 1:

ρ̄
(l)
Lν,m

[L − λ, L; Nf ] = Im

[
(L − λ − iπ)m exp

(
iνϕ(l)[L]

)[
βf R(l)[L]

]ν
]

=

=
m−1∑
k=0

Ck
m (−λ)k ρ̄

(l)
Lν,m−k

[L, L; Nf ] + (−λ)m ρ̄(l)
ν [L; Nf ]. (3.27)
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ˆ´É¥·¥¸´μ ¸· ¢´¨ÉÓ ·¥§Ê²ÓÉ É É ±μ° ¶μ²´μ°  ´ ²¨É¨§ Í¨¨ ¸  ´ ²¨É¨-
§ Í¨¥°, ¶·¨³¥´Ö¢Ï¥°¸Ö ¢ [77], £¤¥ ¨¸¶μ²Ó§μ¢ ²¸Ö  ´ ²¨É¨§¨·μ¢ ´´Ò° μ¡· §

Lglob;(l)
2;1 [L] ¢ ¢¨¤¥ ´ ¨¢´μ£μ · §²μ¦¥´¨Ö ¸ ÊÎ¥Éμ³ Éμ²Ó±μ O(c1)-¢±² ¤ :

Lnai
ν;1[L] = β−1

3 Aglob;(2)
ν−1 [L] + c1[3] β−ν

3 DA(1)
ν [L]. (3.28 )

�Éμ · §²μ¦¥´¨¥ ³μ¦´μ Ê²ÊÎÏ¨ÉÓ, ¥¸²¨ ¢³¥¸Éμ μ¤´μ¶¥É²¥¢μ£μ § ·Ö¤  ¸ Nf = 3
¢ ¸² £ ¥³μ³ ¸ Ë ±Éμ·μ³ c1 ¨¸¶μ²Ó§μ¢ ÉÓ ¤¢ÊÌ¶¥É²¥¢μ° £²μ¡ ²Ó´Ò° § ·Ö¤:

L2−loop
ν;m [L] = β−1

3 Aglob;(2)
ν−1 [L] + c1[3]DA(2);glob

ν [L]. (3.28¡)

�·¨ ÔÉμ³ ¤²Ö · ¡μÉÒ [77] ¢ ¦´  μ¡² ¸ÉÓ Q2 = 0,01 − 50 ƒÔ‚2, ÎÉμ ¸μμÉ¢¥É-
¸É¢Ê¥É L ∈ [−2,8; 6,7], ¶·¨Î¥³ μ¡² ¸ÉÓ L ∈ [−2,8; 1,1] ´¥μ¡Ìμ¤¨³  ¤²Ö  ´ ²¨§ 
BLM-¸Ì¥³Ò,   L ∈ [−1,1; 2,8] Å ¤²Ö  ´ ²¨§  αV -¸Ì¥³Ò.

�  ·¨¸. 9 ³Ò ¶·μ¢μ¤¨³ ¸· ¢´¥´¨¥ ÔÉ¨Ì ËÊ´±Í¨° ¢μ ¢¸¥° μ¡² ¸É¨ L ∈
[−3; 7]. �É´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ´ ¨¢´μ°  ¶¶·μ±¸¨³ Í¨¨ (3.28 ) ³¥´Ö¥É¸Ö μÉ
−10% ¶·¨ L = −3, ¶·μÌμ¤¨É Î¥·¥§ ³¨´¨³Ê³ −20% ¶·¨ L � +1 ¨ ¶μÉμ³
³μ´μÉμ´´μ · ¸É¥É ¤μ −14% ¶·¨ L = +7. ‚ Éμ ¦¥ ¢·¥³Ö μÉ´μ¸¨É¥²Ó´ Ö
μÏ¨¡±  ¤¢ÊÌ¶¥É²¥¢μ°  ¶¶·μ±¸¨³ Í¨¨ (3.28¡) ³¥´Ö¥É¸Ö μÉ +2% ¶·¨ L = −3,
¶·μÌμ¤¨É Î¥·¥§ ³ ±¸¨³Ê³ +4% ¶·¨ L � +1 ¨ ¶μÉμ³ ³μ´μÉμ´´μ ¶ ¤ ¥É ¤μ
−4% ¶·¨ L = +7. ˆ§ ÔÉμ£μ μ¡¸Ê¦¤¥´¨Ö § ±²ÕÎ ¥³, ÎÉμ ¨¸¶μ²Ó§μ¢ ´´ Ö ¢ [77]
 ¶¶·μ±¸¨³ Í¨Ö (3.28 ) ¸²¨Ï±μ³ £·Ê¡  ¨ É·¥¡Ê¥É¸Ö ¶¥·¥¶·μ¢¥·¨ÉÓ ¢Ò¢μ¤Ò
ÔÉμ° · ¡μÉÒ, ¨¸¶μ²Ó§ÊÖ ÉμÎ´ÊÕ Ëμ·³Ê²Ê  ´ ²¨É¨§ Í¨¨ (3.22¦) ¨ (3.24), ÎÉμ
¨ ¡Ê¤¥É ¸¤¥² ´μ ¢ ¶. 4.2.

�¨¸. 9. ‘· ¢´¥´¨¥ · §²¨Î´ÒÌ ® ´ ²¨É¨§ Í¨°¯ ¢¥²¨Î¨´Ò α2
s;(2)[L] L. ‘¶²μÏ´ Ö ±·¨¢ Ö

μÉ¢¥Î ¥É ÉμÎ´μ°  ´ ²¨É¨§ Í¨¨ Lglob;(l)
2;1 [L] (¸³. (3.22¦) ¸μ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ

(3.24)),   ÏÉ·¨Ìμ¢ Ö Å ´ ¨¢´μ³Ê · §²μ¦¥´¨Õ, Lnai
ν;1[L], ¶·¨³¥´Ö¢Ï¥³Ê¸Ö ¢ · ¡μÉ¥ [77]

( ), ¨²¨ · §²μ¦¥´¨Õ Î¥·¥§ ¤¢ÊÌ¶¥É²¥¢Ò¥ § ·Ö¤Ò, L2−loop
ν;1 [L] (¡)

�¥·¥¤ É¥³ ± ± § ±μ´Î¨ÉÓ ÔÉμÉ · §¤¥², ¸± ¦¥³ ´¥¸±μ²Ó±μ ¸²μ¢ μ Î¨-
¸²¥´´μ³ ¨´É¥£·¨·μ¢ ´¨¨ ¢ (3.22). �·μ¡²¥³  §¤¥¸Ó § ±²ÕÎ ¥É¸Ö ¢ ³¥¤²¥´-
´μ° ¸Ìμ¤¨³μ¸É¨ ¨´É¥£· ²μ¢ ´  ®¶²Õ¸¯-¡¥¸±μ´¥Î´μ¸É¨, Lσ → +∞, ±μÉμ· Ö
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μ¡¥¸¶¥Î¨¢ ¥É¸Ö Éμ²Ó±μ Ê¡Ò¢ ´¨¥³ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨, ¢ Éμ ¢·¥³Ö ± ±
1/(1 + e−Lσ) � 1 + O(e−Lσ ). �μ²μ¦¥´¨¥ ¸¶ ¸ ¥É Éμ, ÎÉμ ¢ μ¤´μ¶¥É²¥¢μ³
¸²ÊÎ ¥ ¨´É¥£· ² ¡¥·¥É¸Ö ÉμÎ´μ,   ¶·¨ ¡μ²ÓÏ¨Ì Lσ � L∗ ∼ 102 l-¶¥É²¥¢Ò¥
¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ μÎ¥´Ó ¡²¨§±¨ ± μ¤´μ¶¥É²¥¢Ò³:

ρ̄(l)
ν [L, Nf ] = ρ̄(1)

ν [L, Nf ] (1 + εν [L]) ,

£¤¥ μÏ¨¡±  εν [L∗] ²¥£±μ μÍ¥´¨¢ ¥É¸Ö ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö ν. �¤´μ¶¥É²¥¢Ò¥
¦¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ¤´Ò³¨ μ¤´μ¶¥É²¥¢ÒÌ  ´ ²¨É¨-
Î¥¸±¨Ì § ·Ö¤μ¢ ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ (¸³. (3.22¡)), ¶μÔÉμ³Ê, ´ ¶·¨³¥·,
¢ ¸²ÊÎ ¥ ¥¢±²¨¤μ¢  £²μ¡ ²Ó´μ£μ § ·Ö¤  ¡Ê¤¥³ ¨³¥ÉÓ

Aglob;(l)
ν [L] =

L∗∫
−∞

ρ
glob;(l)
ν [L + Lσ]

1 + e−Lσ
dLσ + Ā(1)

ν [L + L∗ + λ6; 6]+

+ O (εν [L + L∗ + λ6]) . (3.29)

„²Ö £²μ¡ ²Ó´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨ ÔÉμ ¶·¥¤¸É -
¢²¥´¨¥ Ê¶·μÐ ¥É¸Ö ¥Ð¥ ¡μ²ÓÏ¥:

Aglob;(l)
ν [L] =

L∗∫
L

ρglob;(l)
ν [Lσ] dLσ + Ā(1)

ν [L∗ + λ6; 6] + O (εν [L∗ + λ6]) . (3.30)

4. ��‘—…’ ”�Š’��ˆ‡“…Œ�‰ —�‘’ˆ
”��Œ”�Š’��� �ˆ��� ‚ �’‚ ˆ „�’‚

‚ ÔÉμ° £² ¢¥ ³Ò · ¸¸³μÉ·¨³ · ¸Î¥É Ô²¥±É·μ³ £´¨É´μ£μ Ëμ·³Ë ±Éμ· 
(””) ¶¨μ´  ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„. Š ± Ìμ·μÏμ ¨§¢¥¸É´μ (¸³., ´ -
¶·¨³¥·, [92,93]), μ´ μ¶·¥¤¥²Ö¥É¸Ö ³ É·¨Î´Ò³ Ô²¥³¥´Éμ³

〈π+(P ′)|Jμ(0)|π+(P )〉 = (P + P ′)μFπ(Q2), (4.1)

£¤¥ Jμ Å Ô²¥±É·μ³ £´¨É´Ò° Éμ±, § ¶¨¸ ´´Ò° Î¥·¥§ μ¶¥· Éμ·Ò ±¢ ·±μ¢ÒÌ
¶μ²¥°, (P ′ − P )2 = q2 ≡ −Q2 Å ¢¨·ÉÊ ²Ó´μ¸ÉÓ ËμÉμ´ , É. ¥. ±¢ ¤· É ¡μ²Ó-
Ïμ£μ ¨³¶Ê²Ó¸ , ¶¥·¥¤ ¢ ¥³μ£μ ¶¨μ´Ê μÉ ËμÉμ´ . ”” ´μ·³¨·μ¢ ´ ´  ¥¤¨-
´¨ÍÊ Fπ(0) = 1 §  ¸Î¥É ¸μÌ· ´¥´¨Ö ¢¥±Éμ·´μ£μ Éμ±  ¢ Š•„, ÎÉμ £ · ´É¨·Ê-
¥É¸Ö Ô²¥±É·μ³ £´¨É´Ò³ Éμ¦¤¥¸É¢μ³ “μ·¤ . ˆ¸Éμ·¨Î¥¸±¨ ¨³¥´´μ ¶·¨ · ¸Î¥É¥
Ëμ·³Ë ±Éμ·μ¢  ¤·μ´μ¢ ¢ Š•„ ¢μ§´¨±²μ ¶μ´ÖÉ¨¥ μ Ë ±Éμ·¨§ Í¨¨ ¦¥¸É±¨Ì
(¶¥·ÉÊ·¡ É¨¢´ÒÌ) ¨ ³Ö£±¨Ì (´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ) ¢±² ¤μ¢ [94Ä99] ¨ ¡Ò²¨ μ¶·¥-
¤¥²¥´Ò É ± ´ §Ò¢ ¥³Ò¥  ³¶²¨ÉÊ¤Ò · ¸¶·¥¤¥²¥´¨° (��) ±¢ ·±μ¢ ¨ £²Õμ´μ¢ ¢
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 ¤·μ´ Ì [100Ä102]. �·¨ ÔÉμ³ ¤μ± § ´´Ò¥ É¥μ·¥³Ò Ë ±Éμ·¨§ Í¨¨ μ¶·¥¤¥-
²Ö²¨, ± ±¨³ μ¡· §μ³ ´Ê¦´μ ¢Ò¤¥²ÖÉÓ ¢±² ¤Ò ¦¥¸É±¨Ì ¶ ·Éμ´´ÒÌ ¶μ¤¶·μÍ¥¸-
¸μ¢, ±μÉμ·Ò¥ μ¶¨¸Ò¢ ÕÉ¸Ö É¥μ·¨¥° ¢μ§³ÊÐ¥´¨° Š•„. ˆ³¥´´μ, ”” ¶¨μ´ 
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸¢¥·É±¨ ¦¥¸É±μ° Š•„- ³¶²¨ÉÊ¤Ò ¶ ·Éμ´´μ£μ · ¸¸¥Ö-
´¨Ö ¸ ¤¢Ê³Ö ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ μ¶¥· Éμ·μ¢ ¢¥¤ÊÐ¥£μ É¢¨¸É , ±μÉμ·Ò¥
¶ · ³¥É·¨§ÊÕÉ¸Ö �� ±¢ ·±μ¢ ¢ ´ Î ²Ó´μ³ ¨ ±μ´¥Î´μ³ ¶¨μ´ Ì, ϕπ(x, μ2

F ):

Fπ(Q2) = F fact
π (Q2) + F non-fact

π (Q2), (4.2 )

F fact
π (Q2; μ2

F , μ2
R) = f2

π ϕπ(x, μ2
F )⊗

x
TH(x, y, Q2; μ2

F , μ2
R)⊗

y
ϕπ(y, μ2

F ), (4.2¡)

£¤¥ F fact
π (Q2) Å Ë ±Éμ·¨§Ê¥³ Ö Î ¸ÉÓ ””, μ¶¨¸Ò¢ ¥³ Ö ¶¥·ÉÊ·¡ É¨¢´μ° Š•„,

¸¨³¢μ² ⊗ μ¡μ§´ Î ¥É μ¡ÒÎ´ÊÕ ¸¢¥·É±Ê (A(z)⊗
z

B(z) ≡
1∫
0

dzA(z)B(z)) ¶μ ¤μ-

²Ö³ ¶·μ¤μ²Ó´μ£μ ¨³¶Ê²Ó¸  x (y), μF μ¡μ§´ Î ¥É ³ ¸ÏÉ ¡ Ë ±Éμ·¨§ Í¨¨ ¡μ²Ó-
Ï¨Ì ¨ ³ ²ÒÌ ¨³¶Ê²Ó¸μ¢, μR Å ³ ¸ÏÉ ¡ ¶¥·¥´μ·³¨·μ¢±¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨,  
F non-fact

π (Q2) ¶·¥¤¸É ¢²Ö¥É ´¥Ë ±Éμ·¨§Ê¥³ÊÕ Î ¸ÉÓ, ´ §Ò¢ ¥³ÊÕ μ¡ÒÎ´μ ®³Ö£-
±¨³ ¢±² ¤μ³¯ [92], ±μÉμ· Ö £¥´¥·¨·Ê¥É¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ¶μ¶· ¢± ³¨ ¨
¶·¨ ¡μ²ÓÏ¨Ì Q2 ¶μ¤ ¢²¥´  ¤μ¶μ²´¨É¥²Ó´μ° ¸É¥¶¥´ÓÕ 1/Q2 ¶μ ¸· ¢´¥´¨Õ
¸ F fact

π (Q2). ‚ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¶·¥¤¸É ¢²¥´¨¥ (4.2 ) ¸É ´μ¢¨É¸Ö ¢¸¥
¡μ²¥¥ ´¥ ¤¥±¢ É´Ò³ ¶μ ³¥·¥ Éμ£μ, ± ± Q2 ¶·¨¡²¨¦ ¥É¸Ö ± m2

ρ, ¨£· ÕÐ¥³Ê
·μ²Ó Ì · ±É¥·´μ£μ  ¤·μ´´μ£μ ³ ¸ÏÉ ¡  ¢ ÔÉμ³ ¸²ÊÎ ¥. �Éμ ¸¢Ö§ ´μ ¸ ´ ·Ê-
Ï¥´¨¥³ ¶·¥¤¸É ¢²¥´¨Ö μ ±μ²²¨´¥ ·´μ¸É¨ ±¢ ·±μ¢ ¢ ¶¨μ´¥: ¢ ÔÉμ° μ¡² ¸É¨
¶μ¶¥·¥Î´Ò¥ ¨³¶Ê²Ó¸Ò ±¢ ·±μ¢ ¢ ¶¨μ´¥ ¸É ´μ¢ÖÉ¸Ö ¸· ¢´¨³Ò³¨ ¸ Q2, ¨ ´¥-
μ¡Ìμ¤¨³μ ± ±¨³-Éμ μ¡· §μ³ ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ±μ²²¨´¥ ·´Ò° Ë ±Éμ·¨§Ê¥³Ò°
¢±² ¤ F fact

π (Q2), ± ± ÔÉμ ¸¤¥² ´μ, ´ ¶·¨³¥·, ¢ [46]. Š·μ³¥ Éμ£μ, ¢ μ¡ÒÎ´μ° ’‚
Š•„ ³ ¸ÏÉ ¡ ¶¥·¥´μ·³¨·μ¢±¨ μ2

R ∼ Q2 ¶·¨ ¸Éμ²Ó ³ ²ÒÌ Q2 ¶·¨¡²¨¦ ¥É¸Ö
± ¸¨´£Ê²Ö·´μ¸É¨ ‹ ´¤ Ê, É ± ÎÉμ ¸ ³ ¶μ¤Ìμ¤ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸É ´μ¢¨É¸Ö
´¥μ¡μ¸´μ¢ ´´Ò³.

‚ ¶·¥¤¸É ¢²¥´¨¨ (4.2¡) TH(x, y, Q2; μ2
F , μ2

R) Å  ³¶²¨ÉÊ¤  ¦¥¸É±μ£μ · ¸-
¸¥Ö´¨Ö, μ¶¨¸Ò¢ ÕÐ Ö ¢§ ¨³μ¤¥°¸É¢¨¥ ±μ²²¨´¥ ·´μ° ±¢ ·±- ´É¨±¢ ·±μ¢μ°
¶ ·Ò ¸ ¶μ²´Ò³ ¨³¶Ê²Ó¸μ³ P , Ê¤ ·Ö¥³μ° ¢¨·ÉÊ ²Ó´Ò³ ËμÉμ´μ³ ¸ ¨³¶Ê²Ó-
¸μ³ q, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ μ´  ¶¥·¥Ìμ¤¨É μ¶ÖÉÓ ¦¥ ¢ ±μ²²¨´¥ ·´ÊÕ ±¢ ·±-
 ´É¨±¢ ·±μ¢ÊÕ ¶ ·Ê ¸ ¨³¶Ê²Ó¸μ³ P ′ = P +q. �É   ³¶²¨ÉÊ¤  ¡Ò²  · ¸¸Î¨É ´ 
¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„ ¶·¨ ¡μ²ÓÏ¨Ì Q2 ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³
ÔËË¥±É¨¢´μ£μ § ·Ö¤  [63,65,103,104]:

TH(x, y, Q2; μ2
F , μ2

R) = αs(μ2
R)T

(0)
H (x, y, Q2)+

+
α2

s(μ
2
R)

4π
T

(1)
H (x, y, Q2; μ2

F , μ2
R) + . . . (4.3)

Ÿ¢´Ò° ¢¨¤ ¢±² ¤μ¢ T
(0)
H ¨ T

(1)
H ´ ³ §¤¥¸Ó ´¥ μÎ¥´Ó ¢ ¦¥´ (§  ¤¥É ²Ö³¨ μÉ-

¸Ò² ¥³ Î¨É É¥²Ö ± ´ Ï¥° · ¡μÉ¥ [46],   É ±¦¥ ± · ¡μÉ¥ [67]), ³Ò Éμ²Ó±μ
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ÌμÉ¨³ μÉ³¥É¨ÉÓ ¶μÖ¢²¥´¨¥ Ì · ±É¥·´ÒÌ ²μ£ ·¨Ë³μ¢ ln(Q2/μ2
R) ¨ ln(Q2/μ2

F )
¢ T

(1)
H (x, y, Q2; μ2

F , μ2
R), ¶·¨Î¥³ ¶¥·¢Ò° ²μ£ ·¨Ë³ ¶μÖ¢²Ö¥É¸Ö, ± ± ¨ ¸²¥¤μ-

¢ ²μ μ¦¨¤ ÉÓ, ¢ ¸μÎ¥É ´¨¨ ¸ b0-Ë ±Éμ·μ³, ÎÉμ ¢ ¦´μ ¤²Ö ·¥ ²¨§ Í¨¨ ¸Ì¥³Ò
	·μ¤¸±μ£μÄ‹¥¶ ¦ ÄŒ ±±¥´§¨ (BLM) [105].

�³¶²¨ÉÊ¤  · ¸¶·¥¤¥²¥´¨Ö ±¢ ·±μ¢ ¢ ¶¨μ´¥ ¶ · ³¥É·¨§Ê¥É ¸²¥¤ÊÕÐ¨°
³ É·¨Î´Ò° Ô²¥³¥´É ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ£μ · §¤¢¨´ÊÉμ£μ  ±¸¨ ²Ó´μ£μ
±¢ ·±μ¢μ£μ Éμ±  ³¥¦¤Ê Ë¨§¨Î¥¸±¨³ ¢ ±ÊÊ³μ³ 〈0 | ¨ Ë¨§¨Î¥¸±¨³ ¶¨μ´μ³
| π(P )〉 ¸ ¨³¶Ê²Ó¸μ³ P [100]

〈
0 | d̄(z)γμγ5 C(z, 0)u(0) | π(P )

∣∣∣
z2=0

〉
= ifπ Pμ

1∫
0

dx eix(zP ) ϕπ

(
x, μ2

0

)
;

(4.4)
1∫

0

ϕπ(x, μ2
0) dx = 1, (4.5)

£¤¥ fπ = (130,7 ± 0,4) ŒÔ‚ [106] Å ±μ´¸É ´É  · ¸¶ ¤  ¶¨μ´ ,  

C(0, z) = P exp

⎡⎣−igs

z∫
0

taAa
μ(y)dyμ

⎤⎦ (4.6)

¥¸ÉÓ Ë §μ¢Ò° ¸É·Ê´´Ò° Ë ±Éμ· ”μ± Ä˜¢¨´£¥· , Ê¶μ·Ö¤μÎ¥´´Ò° ¢¤μ²Ó ¶·Ö-
³μ£μ ¶ÊÉ¨, ¸μ¥¤¨´ÖÕÐ¥£μ ÉμÎ±¨ 0 ¨ z, ¨ ¢¢μ¤¨³Ò° ¤²Ö μ¡¥¸¶¥Î¥´¨Ö ± ²¨¡·μ-
¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ · §¤¢¨´ÊÉμ£μ ±¢ ·±μ¢μ£μ Éμ± . �¶·¥¤¥²¥´´ Ö É ±¨³
μ¡· §μ³ �� ¶¨μ´  ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸²  ³¶²¨ÉÊ¤Ò ¶¥·¥Ìμ¤  Ë¨§¨Î¥¸±μ£μ
¶¨μ´  ¢ ¢ ²¥´É´Ò¥ ±¢ ·± (¸ ¨³¶Ê²Ó¸μ³ xP ) ¨  ´É¨±¢ ·± (¸ ¨³¶Ê²Ó¸μ³ x̄P ,
x̄ ≡ 1 − x). Œ ¸ÏÉ ¡ μ2

0 Ö¢²Ö¥É¸Ö ³ ¸ÏÉ ¡μ³ ´μ·³¨·μ¢±¨ ¶¨μ´´μ° �� ¨
¸¢Ö§ ´ ¸ “”-·¥£Ê²Ö·¨§ Í¨¥° ±¢ ·±μ¢ÒÌ ¶μ²¥¢ÒÌ μ¶¥· Éμ·μ¢, · §¤¢¨´ÊÉÒÌ ´ 
¸¢¥Éμ¢μ³ ±μ´Ê¸¥. ‚ · ¡μÉ¥ [46] ³Ò ¶μ¤·μ¡´μ μ¡¸Ê¤¨²¨ ¢μ¶·μ¸Ò, ¸¢Ö§ ´´Ò¥
¸ ¤¢ÊÌ¶¥É²¥¢μ° Ô¢μ²ÕÍ¨¥° …�	‹ [96, 97, 99] �� ¶¨μ´ , ¨ ¶μ± § ²¨, ÎÉμ ¤²Ö
¤¨±ÉÊ¥³μ° ´¥¶¥·ÉÊ·¡ É¨¢´μ° Š•„ ¤¢Ê£¥£¥´¡ ÊÔ·μ¢¸±μ° ³μ¤¥²¨ [107,108]

ϕπ(x, μ2) = 6x(1−x)
[
1 + a2(μ2)C

3/2
2 (2x − 1) + a4(μ2)C

3/2
4 (2x − 1)

]
(4.7)

¢ · ¸¸³ É·¨¢ ¥³μ° § ¤ Î¥ ¸ 1 %-° ÉμÎ´μ¸ÉÓÕ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ μ¤´μ¶¥É²¥-
¢ÊÕ Ô¢μ²ÕÍ¨Õ:

aLO
n (μ2) = an(μ2

0)ELO
n (μ2, μ2

0) ¨ ELO
n (μ2

F , μ2
0) =

[
αs(μ2

F )
αs(μ2

0)

]γ(0)
n /(2b0)

,

(4.8)



1382 	�Š“‹…‚ �.�.

£¤¥ γ
(0)
n Å  ´μ³ ²Ó´Ò¥ · §³¥·´μ¸É¨ ¢¥¤ÊÐ¥£μ ¶μ·Ö¤±  (¸³. ¶·¨²μ¦¥´¨¥ B,

(C.4¡)).
‡ ¶¨Ï¥³ É¥¶¥·Ó ¢Ò· ¦¥´¨¥ ¤²Ö Ë ±Éμ·¨§Ê¥³μ° Î ¸É¨ ”” ¶¨μ´  (4.2¡),

¶μ²ÊÎ ¥³μ¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¤¢Ê£¥£¥´¡ ÊÔ·μ¢¸±μ° ³μ¤¥²¨ ¤²Ö  ³¶²¨ÉÊ¤Ò
· ¸¶·¥¤¥²¥´¨Ö ±¢ ·±μ¢ ¢ ¶¨μ´¥ (4.7), (4.8):

F fact
π (Q2; μ2

F , μ2
R) = αs(μ2

R)FLO
π (Q2; μ2

F ) +
α2

s(μ
2
R)

π
FNLO

π (Q2; μ2
F , μ2

R), (4.9)

£¤¥ ± ²²¨£· Ë¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¡μ§´ Î¥´¨Ö ¢¥²¨Î¨´ ¡¥§
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì αs-Ë ±Éμ·μ¢, ¢¥¤ÊÐ¨° ¢±² ¤ ¥¸ÉÓ

FLO
π (Q2; μ2

F ) ≡ 8πf2
π

Q2

[
1 + aLO

2 (μ2
F ) + aLO

4 (μ2
F )
]2

, (4.10)

  ´¥¢¥¤ÊÐ¨°

FNLO
π (Q2; μ2

F , μ2
R) ≡ b0 F (1,β)

π (Q2; μ2
F , μ2

R) + F (1,FG)
π (Q2; μ2

F )+

+ CF F (1,F )
π (Q2; μ2

F ) (4.11 )

¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ Ì · ±É¥·´Ò³ Í¢¥Éμ¢Ò³ ¸É·Ê±ÉÊ· ³ (b0 Å
¶¥·¢Ò° ±μÔËË¨Í¨¥´É · §²μ¦¥´¨Ö β-ËÊ´±Í¨¨,   CF Å £²Õμ´´Ò° Í¢¥Éμ¢μ°
Ë ±Éμ· (¸³. ¶·¨²μ¦¥´¨¥ A, (A.2), (A.3)):

F (1,β)
π (Q2; μ2

F , μ2
R) =

2πf2
π

Q2

[
5
3

+
3 + (43/6)aLO

2 (μ2
F ) + (136/15)aLO

4 (μ2
F )

1 + aLO
2 (μ2

F ) + aLO
4 (μ2

F )
−

− ln
Q2

μ2
R

] [
1 + aLO

2 (μ2
F ) + aLO

4 (μ2
F )
]2

, (4.11¡)

F (1,FG)
π (Q2; μ2

F ) = −2πf2
π

Q2

{
15,67 + aLO

2 (μ2
F )
[
21,52 − 6,22 aLO

2 (μ2
F )
]
+

+ aLO
4 (μ2

F )
[
7,37 − 37,40 aLO

2 (μ2
F ) − 33,61 aLO

4 (μ2
F )
]}

, (4.11¢)

F (1,F )
π (Q2; μ2

F ) = −2πf2
π

Q2
ln
[
Q2

μ2
F

] [
25
3

aLO
2 (μ2

F ) +
182
15

aLO
4 (μ2

F )
]
×

×
[
1 + aLO

2 (μ2
F ) + aLO

4 (μ2
F )
]
. (4.11£)

‚ ¶. 4.1 ³Ò ¡Ê¤¥³ ¨¸¸²¥¤μ¢ ÉÓ ¶·¨³¥´¥´¨¥ �’‚ ¢ § ¤ Î¥ · ¸Î¥É  Ë ±Éμ-
·¨§Ê¥³μ° Î ¸É¨ ¶¨μ´´μ£μ ”” ¨ ¢Ò¡¨· ÉÓ ¶·¨ ÔÉμ³ ³ ¸ÏÉ ¡ Ë ±Éμ·¨§ Í¨¨

μ2
F = Q2, ÎÉμ ¶·¨¢¥¤¥É ± μ¡· Ð¥´¨Õ F (1,F )

π (Q2; μ2
F ) ¢ ´μ²Ó. ‚ ¶. 4.2 ³Ò

¡Ê¤¥³ ¢Ò¡¨· ÉÓ Ë¨±¸¨·μ¢ ´´Ò° ³ ¸ÏÉ ¡ Ë ±Éμ·¨§ Í¨¨ μ2
F = const ¨ μ¡-

¸Ê¦¤ ÉÓ § ¢¨¸¨³μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢  ´ ²¨§  μÉ ¢Ò¡μ·  ÔÉμ£μ ¶μ¸ÉμÖ´´μ£μ §´ Î¥-
´¨Ö ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨ ¢ ¨´É¥·¢ ²¥ μ2

F = 1Ä10 ƒÔ‚2.
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4.1. �’‚: ¢Ò¡μ· ¸Ì¥³Ò ¨ ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨. � ¸¸³μÉ·¨³ ¸´ -
Î ² , ÎÉμ ¤ ¥É ¶·¨³¥´¥´¨¥ �’‚ ¤²Ö Ë ±Éμ·¨§Ê¥³μ° Î ¸É¨ ”” ¶¨μ´ , ¸²¥¤ÊÖ ¢
μ¸´μ¢´μ³ · ¡μÉ¥ [46], £¤¥ ¸ ¸ ³μ£μ ´ Î ²  ¢Ò¡¨· ²¸Ö ³ ¸ÏÉ ¡ Ë ±Éμ·¨§ Í¨¨
μ2

F = Q2. �·¨ É ±μ³ ¢Ò¡μ·¥ ²μ£ ·¨Ë³ ln(Q2/μ2
F ) μ¡· Ð ¥É¸Ö ¢ ´μ²Ó ¨ ´¥

¢μ§´¨± ¥É ¶·μ¡²¥³ ¸ ¥£μ  ´ ²¨É¨§ Í¨¥°. �¤´ ±μ ¶·¨ ÔÉμ³ ¢μ§´¨± ÕÉ Ô¢μ²Õ-

Í¨μ´´Ò¥ Ë ±Éμ·Ò ELO
n (Q2, μ2

0) ∼ ανn
s (Q2), ¸³. (4.8), £¤¥ νn = γ

(0)
n /(2b0) Å

¤·μ¡´μ¥ Î¨¸²μ, ¶·μ¢μ¤¨ÉÓ  ´ ²¨É¨§ Í¨Õ ±μÉμ·ÒÌ ¢ �’‚ ´¥É ¢μ§³μ¦´μ¸É¨.
�μÔÉμ³Ê ¢ [46] ³Ò ¶·μ¢μ¤¨²¨ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° Ô¢μ²ÕÍ¨¨ …�	‹
¸  ´ ²¨É¨Î¥¸±μ° ±μ´¸É ´Éμ° ¸¢Ö§¨. ’ ±¨³ ¸¶μ¸μ¡μ³ ¡Ò²¨ ¨¸¸²¥¤μ¢ ´Ò ¸É ´-
¤ ·É´ Ö ¸Ì¥³  ¶¥·¥´μ·³¨·μ¢±¨ MS ¸ ´¥¸±μ²Ó±¨³¨ ¸¶μ¸μ¡ ³¨ ¢Ò¡μ·  ³ ¸-
ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ (¸É ´¤ ·É´Ò° μ2

F = Q2, ¶μ ¶·¨´Í¨¶Ê ³¨´¨³ ²Ó´μ°
ÎÊ¢¸É¢¨É¥²Ó´μ¸É¨, ¶μ ³¥Éμ¤Ê ¡Ò¸É·¥°Ï¥° ¸Ìμ¤¨³μ¸É¨, ¶·μ¸Éμ¥ ¨ ³μ¤¨Ë¨Í¨-
·μ¢ ´´μ¥ BLM-¶·¥¤¶¨¸ ´¨Ö),   É ±¦¥ αV -¸Ì¥³  [109].

4.1.1. ‘Ì¥³  MS. ˆÉ ±, § °³¥³¸Ö · §²¨Î´Ò³¨ ¸¶μ¸μ¡ ³¨ ¢Ò¡μ·  ³ ¸-
ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ μ2

R ¢ MS-¸Ì¥³¥. ”μ·³Ê²Ò (4.9)Ä(4.11 ) ¶μ± §Ò¢ ÕÉ
´ ³, ÎÉμ ÔÉ  § ¢¨¸¨³μ¸ÉÓ ¨³¥¥É¸Ö ¢ ÔËË¥±É¨¢´μ³ § ·Ö¤¥ αs(μ2

R),   É ±¦¥ ¢

´¥¢¥¤ÊÐ¥° ¶μ¶· ¢±¥ F (1,β)
π , ±μÉμ· Ö ¶·μ¶μ·Í¨μ´ ²Ó´  ±μÔËË¨Í¨¥´ÉÊ b0 ¨, É -

±¨³ μ¡· §μ³, § ¢¨¸¨É Ö¢´μ μÉ Nf . ‚ ·¥§Ê²ÓÉ É¥ ¥¸É¥¸É¢¥´´μ ¢μ§´¨± ¥É ¢μ¶·μ¸:
± ± μ¶·¥¤¥²¨ÉÓ ¶· ¢¨²Ó´μ¥ §´ Î¥´¨¥ Nf ¢ Ëμ·³Ê² Ì (4.9)Ä(4.11 ) ¤²Ö ””?

ˆ³¥¥É¸Ö ´¥¸±μ²Ó±μ ·¥Í¥¶Éμ¢. � §¡¥·¥³ ¨Ì ¶μ ¶μ·Ö¤±Ê.
(i) ‚ ¶¥·¢μ³ ¨§ ´¨Ì ¶·¥¤² £ ¥É¸Ö μ¸´μ¢Ò¢ ÉÓ¸Ö ´  ¸É ´¤ ·É´μ³ ¢Ò¡μ·¥

μ2
R = Q2 (¨²¨ μ2

R = Q2/λPMS, ¨²¨ μ2
R = Q2/λFAC) ¨ ¸¤¢¨£ ÉÓ μ2

R ´  ¶μ·μ£ Ì
ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ É ±, ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ ´¥¶·¥·Ò¢´μ¸ÉÓ ¸ ³μ£μ ””.

(ii) ‚μ ¢Éμ·μ³ ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö BLM-¶·¥¤¶¨¸ ´¨¥ ¤²Ö ¢Ò¡μ·  ³ ¸-
ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨, μ2

R = μ2
BLM, ¶·¨ ±μÉμ·μ³ b0-¢±² ¤ ¶μ²´μ¸ÉÓÕ μ¡· -

Ð ¥É¸Ö ¢ ´μ²Ó. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¥¤¨´¸É¢¥´´μ° ¶·μ¡²¥³μ° Ö¢²ÖÕÉ¸Ö ³ ²Ò¥ §´ -
Î¥´¨Ö ³ ¸ÏÉ ¡  μ2

R ≈ Q2/100, ¶μ¸±μ²Ó±Ê b0-¢±² ¤ ¶μ²´μ¸ÉÓÕ μÉ¸ÊÉ¸É¢Ê¥É ¨
Nf -§ ¢¨¸ÖÐ¨¥ ¢±² ¤Ò ´¥ ¶μÖ¢²ÖÕÉ¸Ö.

(iii) Œμ¤¨Ë¨Í¨·μ¢ ´´μ¥ BLM-¶·¥¤¶¨¸ ´¨¥ (BLM) ¶·¥¤² £ ¥É ¨¸¶μ²Ó§μ-
¢ ÉÓ μ2

R = μ2
BLM Éμ²Ó±μ ±μ£¤  ÔÉμÉ ³ ¸ÏÉ ¡ ¡μ²ÓÏ¥ ¨²¨ ¶μ·Ö¤±  ´¥±μÉμ·μ£μ

³¨´¨³ ²Ó´μ£μ ³ ¸ÏÉ ¡ , μmin, ¨³¥ÕÐ¥£μ §´ Î¥´¨¥ ´¥±μÉμ·μ£μ Ì · ±É¥·´μ£μ
 ¤·μ´´μ£μ ³ ¸ÏÉ ¡ , ´ ¶·¨³¥·, m2

ρ. �¨¦¥ ÔÉμ£μ §´ Î¥´¨Ö BLM-³ ¸ÏÉ ¡ § -
³μ· ¦¨¢ ¥É¸Ö ´  ¢¥²¨Î¨´¥ μmin, £¤¥ Éμ²Ó±μ ²¥£±¨¥ ±¢ ·±¨ ¤ ÕÉ ¢±² ¤, ¨,
É ±¨³ μ¡· §μ³, Nf = 3.

�¡·Ò¢ ·Ö¤  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ´  ±μ´¥Î´μ³ ¶μ·Ö¤±¥ (¢ ´ Ï¥³ ¸²ÊÎ ¥ Å
´  É·¥ÉÓ¥³, ¢Éμ·μ° ¶μ·Ö¤μ± ³Ò ÊÎ¨ÉÒ¢ ¥³) ¨´¤ÊÍ¨·Ê¥É μ¸É ÉμÎ´ÊÕ § ¢¨¸¨-
³μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢  ´ ²¨§  μÉ ³ ¸ÏÉ ¡  μR, ¢ Éμ ¢·¥³Ö ± ± ÊÎ¥É ¡μ²¥¥ ¢Ò¸μ±¨Ì
¶μ·Ö¤±μ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤μ²¦¥´ Ê³¥´ÓÏ ÉÓ ÔÉÊ § ¢¨¸¨³μ¸ÉÓ. ŒÒ ¶·μ-
 ´ ²¨§¨·Ê¥³ ´¥¸±μ²Ó±μ ¸¶μ¸μ¡μ¢ ¢Ò¡μ·  ÔÉμ£μ ³ ¸ÏÉ ¡ , ¶·¥¤²μ¦¥´´ÒÌ ± ±
· § ¸ Í¥²ÓÕ μ¸² ¡¨ÉÓ § ¢¨¸¨³μ¸ÉÓ ¶μ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éμ¢ μÉ μÉ¡· ¸Ò¢ ´¨Ö
´¥¨§¢¥¸É´ÒÌ ¶μ¶· ¢μ±:



1384 	�Š“‹…‚ �.�.

1. �·μ¸É¥°Ï¨° ¨ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³Ò° ¸É ´¤ ·É´Ò° ¢Ò¡μ·

μ2
R = Q2 (4.12)

μ¸´μ¢ ´ ´  ¤μ¶ÊÐ¥´¨¨, ÎÉμ μÉ¡· ¸Ò¢ ¥³Ò¥ ¢±² ¤Ò ¨³¥ÕÉ ¶μ·Ö¤μ± α3
s ¨ ¶·¨

Q2 � 10 ƒÔ‚2 ³ ²Ò. �¤´ ±μ ¢ μ¡² ¸É¨ Q2 � 10 ƒÔ‚2 ÔÉμÉ ¢Ò¡μ· ´¥ ¸Éμ²Ó
μÎ¥¢¨¤¥´.

2. �·¨´Í¨¶ ¡Ò¸É·¥°Ï¥° ¸Ìμ¤¨³μ¸É¨ (FAC), ¶·¥¤²μ¦¥´´Ò° ¢ [110, 111],
¶·¥¤² £ ¥É Ë¨±¸¨·μ¢ ÉÓ μR ¨§ É·¥¡μ¢ ´¨Ö, ÎÉμ¡Ò ¸²¥¤ÊÕÐ Ö §  ¢¥¤ÊÐ¥° ¶μ-
¶· ¢±  ¶μ²´μ¸ÉÓÕ μ¡· Ð ² ¸Ó ¢ ´μ²Ó. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉμ μ§´ Î ¥É

FNLO
π (Q2; μ2

F , μ2
R = μ2

FAC) = 0. (4.13)

3. �·¨´Í¨¶ ³¨´¨³ ²Ó´μ° ÎÊ¢¸É¢¨É¥²Ó´μ¸É¨ (PMS) [112Ä115], ¸ ¤·Ê£μ°
¸Éμ·μ´Ò, ³¨´¨³¨§¨·Ê¥É § ¢¨¸¨³μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢ μÉ ¢Ò¡μ·  ³ ¸ÏÉ ¡  É·¥¡μ-
¢ ´¨¥³ ¸μ¢¶ ¤¥´¨Ö μR ¸μ ¸É Í¨μ´ ·´μ° ÉμÎ±μ° μ¡μ·¢ ´´μ£μ ¶¥·ÉÊ·¡ É¨¢´μ£μ
·Ö¤ , É. ¥.

d

dμ2
R

[
αs(μ2

R)FLO
π (Q2; μ2

F ) +
α2

s(μ2
R)

π
FNLO

π (Q2; μ2
F , μ2

R)
]
μ2

R = μ2
PMS

= 0.

(4.14)
4. BLM-¶·¥¤¶¨¸ ´¨¥ [105] ¶·¥¤² £ ¥É ¢¸¥ ÔËË¥±ÉÒ ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³ ,

¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ ¶¥·¢μ³Ê ±μÔËË¨Í¨¥´ÉÊ β-ËÊ´±Í¨¨ Š•„ b0, ¶¥·¥¢¥¸É¨ ¢
¨§³¥´¥´¨¥ ³ ¸ÏÉ ¡  ÔËË¥±É¨¢´μ£μ § ·Ö¤  Š•„:

F (1,β)
π (Q2; μ2

F , μ2
R = μ2

BLM) = 0. (4.15)

‚ É ¡². 2 ³Ò ¶μ± §Ò¢ ¥³ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö μ¡¸Ê¦¤ ¥³ÒÌ ³ ¸ÏÉ ¡μ¢
¤²Ö · §²¨Î´ÒÌ �� ¶¨μ´ : Ô±¸É·¥³ ²Ó´ÒÌ ( ¸¨³¶ÉμÉ¨Î¥¸±μ° [96, 97] ¨ —¥·-
´Ö± Ä†¨É´¨Í±μ£μ (—†) [116]) ¨ ·¥ ²¨¸É¨Î¥¸±μ° Å 	 ±Ê²¥¢ ÄŒ¨Ì °²μ¢ Ä
‘É¥Ë ´¨¸  (	Œ‘) [107, 108]. �Éμ ¸É ¢¨É ¶μ¤ ¸μ³´¥´¨¥ ¶·¨³¥´¨³μ¸ÉÓ ¶·¥¤-
¶¨¸ ´¨Ö BLM ¶·¨ Ô±¸¶¥·¨³¥´É ²Ó´μ ¤μ¸ÉÊ¶´ÒÌ §´ Î¥´¨ÖÌ Q2 ¢ μ¡ÒÎ´μ° ’‚
Š•„. �¤´ ±μ ¢ �’‚ μ´μ ³μ¦¥É ¶·¨³¥´ÖÉÓ¸Ö ¡¥§ ¢¸Ö±¨Ì μ£· ´¨Î¥´¨° ¨, ± ±
³Ò Ê¢¨¤¨³, ¤ ¥É ¢¶μ²´¥ · §Ê³´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

’ ¡²¨Í  2. Œ ¸ÏÉ ¡Ò μPMS, μFAC, μBLM ¨ μV ¤²Ö �� ¶¨μ´ :  ¸¨³¶ÉμÉ¨Î¥¸±μ°,
�Œ‘ ¨ —†

��
λFAC λPMS =

Q2/μ2
PMS

λBLM =
Q2/μ2

BLM

λV =
Q2/μ2

V
Q2

= Q2/μ2
FAC

�¸¨³¶Éμ-
É¨Î¥¸± Ö 18 27 106 20 ‹Õ¡μ¥

	Œ‘ 16Ä20 24Ä29 105Ä117 20Ä22 1Ä50 ƒÔ‚2

—† 146Ä62 217Ä92 475Ä278 90Ä52 1Ä50 ƒÔ‚2
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4.1.2. αV -¸Ì¥³ . ‚ · ¡μÉ¥ [109] ¡Ò²  ¶·¥¤²μ¦¥´  ³μ¤¨Ë¨± Í¨Ö BLM-
¶·¥¤¶¨¸ ´¨Ö ¢ É ± ´ §Ò¢ ¥³μ° αV -¸Ì¥³¥, ¢ ±μÉμ·μ° ÔËË¥±É¨¢´Ò° § ·Ö¤
αV (μ2) μ¶·¥¤¥²Ö¥É¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶μÉ¥´Í¨ ²  ¢ ¸¨¸É¥³¥ ÉÖ¦¥²ÒÌ ±¢ ·-
±μ¢ V (μ2). ‘μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ÔËË¥±É¨¢´Ò³¨ § ·Ö¤ ³¨ αMS ¨ αV ¤ -
¥É¸Ö [109]

αs(μ2
BLM) = αV (μ2

V )
[
1 +

αV (μ2
V )

4π

8CA

3
+ . . .

]
, £¤¥ μ2

V = e5/3 μ2
BLM.

(4.16)
—¨¸²¥´´Ò¥ §´ Î¥´¨Ö ³ ¸ÏÉ ¡  μV ¤²Ö É·¥Ì ¢Ò¡· ´´ÒÌ ¶¨μ´´ÒÌ �� ¶μ± § ´Ò
¢ É ¡². 2. ‘ ÊÎ¥Éμ³ (4.16) O(αs)-¢±² ¤ ¤²Ö ”” ¶¨μ´ , § ¤ ¢ ¥³Ò° (4.11),
³μ¤¨Ë¨Í¨·Ê¥É¸Ö ¢ ÔÉμ° ¸Ì¥³¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

αs(μ2
R) → αV (μ2

V ),
(4.17)

FNLO
π (Q2; μ2

F ) → F (1,FG)
π (Q2; μ2

F ) + 2FLO
π (Q2; μ2

F ).

�·¨ ÔÉμ³ ¢ ± Î¥¸É¢¥ αV (μ2) ¢ �’‚ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸ ³  ´ ²¨É¨Î¥-
¸±¨° ÔËË¥±É¨¢´Ò° § ·Ö¤ A1(μ2), ±μÉμ·Ò° ¢¸Õ¤Ê ±μ´¥Î¥´ ¨ ¶μ ÔÉμ° ¶·¨Î¨´¥
¢¶μ²´¥ ¶μ¤Ìμ¤¨É ´  ·μ²Ó ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ Ë¨§¨Î¥¸±μ£μ ÔËË¥±É¨¢´μ£μ
§ ·Ö¤ .

4.1.3. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ”” ¶¨μ´ : É·¨Ê³Ë �’‚. �·μÍ¥¤Ê· 
 ´ ²¨É¨§ Í¨¨ ¶¨μ´´μ£μ Ëμ·³Ë ±Éμ·  ¢ O(α2

s)-¶μ·Ö¤±¥ ¢¥¤¥É ± ´¥μ¤´μ§´ Î-
´μ¸É¨, ¢¶¥·¢Ò¥ μ¡¸Ê¦¤ ¢Ï¥°¸Ö ¢ [45]. ˆ³¥´´μ, ¢μ§´¨± ¥É ¢μ¶·μ¸: ¥¸²¨ ³Ò
§ ³¥´Ö¥³ αs(μ2) → A1(μ2), Éμ ± ± ¶μ¸ÉÊ¶ ÉÓ ¸ ±¢ ¤· Éμ³ ÔËË¥±É¨¢´μ£μ § -
·Ö¤ , α2

s(μ2)? ˆ¸Éμ·¨Î¥¸±¨ ¡Ò²μ ¶·¥¤²μ¦¥´μ ¤¢  ·¥Í¥¶É  ¤¥°¸É¢¨°:
(i) ‚ · ¡μÉ¥ [45] ¨¸¶μ²Ó§μ¢ ² ¸Ó ¸Ì¥³  ®´ ¨¢´μ°  ´ ²¨É¨§ Í¨¨¯, ¢ ±μÉμ-

·μ° α2
s(μ

2) →
[
A1(μ2)

]2
:[

F fact
π (Q2; μ2

F , μ2
R)
]
nai. an

= A1(μ2
R)FLO

π (Q2; μ2
F )+

+

[
A1(μ2

R)
]2

π
FNLO

π (Q2; μ2
F , μ2

R). (4.18 )

‡ ³¥É¨³, ÎÉμ ¢ ÔÉμ³ ¶μ¤Ìμ¤¥ ±¢ ¤· É  ´ ²¨É¨Î¥¸±μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨ ´¥ ¨³¥¥É
¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö,   §´ Î¨É, ¨ ¶¨μ´´Ò° Ëμ·³Ë ±Éμ· Éμ¦¥.

(ii) ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¨´Í¨¶μ³  ´ ²¨É¨§ Í¨¨ ¶¨μ´´μ£μ Ëμ·³Ë ±Éμ· 
®± ± Í¥²μ£μ¯ [68, 69] ¢ · ¡μÉ¥ [46] ¡Ò²  ¶·¥¤²μ¦¥´  ¸Ì¥³  ®³ ±¸¨³ ²Ó´μ°
 ´ ²¨É¨§ Í¨¨¯, ±μ£¤  α2

s(μ
2) → A2(μ2):[

F fact
π (Q2; μ2

F , μ2
R)
]
max. an

= A1(μ2
R)FLO

π (Q2; μ2
F )+

+
A2(μ2

R)
π

FNLO
π (Q2; μ2

F , μ2
R). (4.18¡)
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‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¢ ± Î¥¸É¢¥  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ A1(μ2
R) ¨ A2(μ2

R) ¨¸¶μ²Ó-

§μ¢ ²¨¸Ó ¤¢ÊÌ¶¥É²¥¢Ò¥ £²μ¡ ²Ó´Ò¥ § ·Ö¤Ò A(2);glob
1 (μ2

R) ¨ A(2);glob
2 (μ2

R).
�  ·¨¸. 10 ³Ò ¶μ± §Ò¢ ¥³ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö Ë ±Éμ·¨§Ê¥³μ° Î -

¸É¨ ¶¨μ´´μ£μ Ëμ·³Ë ±Éμ·  ¢ · §²¨Î´ÒÌ ¶μ¤Ìμ¤ Ì: ¢ ¸É ´¤ ·É´μ° É¥μ·¨¨
¢μ§³ÊÐ¥´¨° Š•„ (·¨¸.  ), ¢ ¸Ì¥³ Ì �’‚ ¸ ®´ ¨¢´μ°  ´ ²¨É¨§ Í¨¥°¯ (·¨¸. ¡)
¨ ¸ ®³ ±¸¨³ ²Ó´μ°  ´ ²¨É¨§ Í¨¥°¯ (·¨¸. ¢). ‚ ¸²ÊÎ ¥ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨° ³Ò ¢¨¤¨³ ¡μ²ÓÏμ¥ · ¸Ìμ¦¤¥´¨¥ ¶·¥¤¸± § ´¨° ¢ μ¡² ¸É¨ Q2 = 1Ä
50 ƒÔ‚2. �  ·¨¸.   ¶μ± § ´Ò ¶·¥¤¸± § ´¨Ö, μÉ¢¥Î ÕÐ¨¥ ¸²¥¤ÊÕÐ¨³ ³ ¸-

ÏÉ ¡ ³ ¶¥·¥´μ·³¨·μ¢±¨: ¸É ´¤ ·É´μ³Ê μ2
R = Q2 (ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö), BLM

¸ μ2
min = 1 ƒÔ‚2 (¸¶²μÏ´ Ö ²¨´¨Ö), FAC (ÏÉ·¨Ì¶Ê´±É¨·´ Ö ²¨´¨Ö) ¨ PMS

(¶Ê´±É¨·´ Ö ²¨´¨Ö). �·μ¸Éμ° BLM-¢Ò¡μ· ¶·¨¢μ¤¨É ± ·¥§Ê²ÓÉ É ³, ¶·μ¸Éμ ´¥
¶μ³¥Ð ÕÐ¨³¸Ö ¢ ¢¨¤¨³μ° Î ¸É¨ ·¨¸Ê´± .

�¨¸. 10. �¥§Ê²ÓÉ ÉÒ ¤²Ö Q2F fact
π , ¶μ²ÊÎ¥´´Ò¥ ¢ ¸É ´¤ ·É´μ° ’‚ ( ), �’‚ ¸ ®´ ¨¢´μ°

 ´ ²¨É¨§ Í¨¥°¯ (¡) ¨ ¸ ®³ ±¸¨³ ²Ó´μ°  ´ ²¨É¨§ Í¨¥°¯ (¢). �¡μ§´ Î¥´¨Ö ±·¨¢ÒÌ ¸³.
¢ É¥±¸É¥. ‚¸¥ · ¸Î¥ÉÒ ¶·μ¢¥¤¥´Ò ¤²Ö ·¥ ²¨¸É¨Î¥¸±μ° �� [107,108]

‚ ¸²ÊÎ ¥ �’‚ ¸ ®´ ¨¢´μ°  ´ ²¨É¨§ Í¨¥°¯ (·¨¸. 10, ¡) ³Ò ¢¨¤¨³ ´¥ ¸Éμ²Ó
¡μ²ÓÏμ¥ · ¸Ìμ¦¤¥´¨¥ ¶·¥¤¸± § ´¨° ¢ μ¡² ¸É¨ Q2 = 1Ä50 ƒÔ‚2 ¶μ ¸· ¢´¥´¨Õ
¸μ ¸É ´¤ ·É´μ° ’‚ Š•„, μ¸μ¡¥´´μ ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉμ É¥¶¥·Ó ¶μ± § ´Ò ¶·¥¤¸± -
§ ´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¸ BLM-¶·¥¤¶¨¸ ´¨¥³ (¶Ê´±É¨·´ Ö ²¨´¨Ö) ¨ ¢ αV -¸Ì¥³¥
(ÏÉ·¨Ì¶Ê´±É¨·´ Ö ²¨´¨Ö). �μ ¢¸¥ ¦¥ ÔÉμ · ¸Ìμ¦¤¥´¨¥ § ³¥É´μ ¨ μ¸É ¢²Ö¥É
¢μ¶·μ¸ μ ¢Ò¡μ·¥ ³ ¸ÏÉ ¡  μÉ±·ÒÉÒ³. � ¢μÉ ¤²Ö �’‚ ¸ ®³ ±¸¨³ ²Ó´μ°  ´ ²¨-
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É¨§ Í¨¥°¯ (·¨¸. ¢) ¢μ¶·μ¸ μ ¢Ò¡μ·¥ ³ ¸ÏÉ ¡  ¶· ±É¨Î¥¸±¨ ´¥ ¢¸É ¥É ¢μμ¡Ð¥:
¢¸¥ ¸Ì¥³Ò (μ¡μ§´ Î¥´¨Ö ±·¨¢ÒÌ É¥ ¦¥, ÎÉμ ¨ ´  ·¨¸. ¡) ¤ ÕÉ ¶· ±É¨Î¥¸±¨
μ¤´¨ ¨ É¥ ¦¥ ·¥§Ê²ÓÉ ÉÒ! �ÉμÉ ´¥É·¨¢¨ ²Ó´Ò° ·¥§Ê²ÓÉ É ¶·¨³¥´¥´¨Ö �’‚,
¸ ´ Ï¥° ÉμÎ±¨ §·¥´¨Ö, ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ³μÐ¨ ¶·¨´Í¨¶   ´ ²¨É¨Î´μ¸É¨ ¢
±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö.

4.2. „�’‚: ‡ ¢¨¸¨³μ¸ÉÓ μÉ ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨. ‚ ÔÉμ³ ¶Ê´±É¥
³Ò ¡Ê¤¥³ μ¡¸Ê¦¤ ÉÓ, ÎÉμ ¤ ¥É ¶·¨³¥´¥´¨¥ „�’‚ ¶·¨  ´ ²¨§¥ ¶¨μ´´μ£μ ””.
„�’‚ ³μ¦¥É ¶·¨³¥´ÖÉÓ¸Ö ¢ ¤¢ÊÌ · §´ÒÌ ¶μ¤Ìμ¤ Ì:

• Œμ¦´μ, ± ± ÔÉμ ¡Ò²μ ¸¤¥² ´μ ¢ ¶. 4.1, § Ë¨±¸¨·μ¢ ÉÓ μ2
F = Q2 ¨

¨¸¶μ²Ó§μ¢ ÉÓ „�’‚ ¤²Ö ±μ··¥±É´μ£μ ÊÎ¥É  Ô¢μ²ÕÍ¨μ´´ÒÌ Ë ±Éμ·μ¢ ELO
n

(Q2, μ2
0) ∼ ανn

s (Q2) ¢ £¥£¥´¡ ÊÔ·μ¢¸±¨Ì ±μÔËË¨Í¨¥´É Ì a2(Q2) ¨ a4(Q2);
• Œμ¦´μ ¦¥, ´ ¶·μÉ¨¢, § Ë¨±¸¨·μ¢ ÉÓ μ2

F = const ¨ ¨¸¶μ²Ó§μ¢ ÉÓ „�’‚
¤²Ö ±μ··¥±É´μ£μ ÊÎ¥É  ¶μÖ¢²ÖÕÐ¥£μ¸Ö Ô¢μ²ÕÍ¨μ´´μ£μ ²μ£ ·¨Ë³  ln(Q2/μ2

F )
¢ (4.11£).

ˆ¸Éμ·¨Î¥¸±¨, ¢ · ¡μÉ¥ [77] ³Ò ¶·μ ´ ²¨§¨·μ¢ ²¨ Éμ²Ó±μ ¢Éμ·μ° ¢ ·¨-
 ´É ¶·¨³¥´¥´¨Ö „�’‚. �¥·¢Ò° ¢ ·¨ ´É ¤μ ¸¨Ì ¶μ· ´¥  ´ ²¨§¨·μ¢ ²¸Ö, ¨
³Ò ¢μ¸¶μ²´¨³ ÔÉμÉ ¶·μ¡¥² ¢ ¶. 4.3. ‚ ÔÉμ³ ¦¥ ¶Ê´±É¥ ³Ò § °³¥³¸Ö ¶μ¤Ìμ-
¤μ³ · ¡μÉÒ [77] ¨ ¸´ Î ²  μ¡¸Ê¤¨³, ± ±¨¥ ¨§³¥´¥´¨Ö ¶μ ¸· ¢´¥´¨Õ ¸ ¶. 4.1
´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ „�’‚ ¤²Ö ÊÎ¥É  Ô¢μ²ÕÍ¨μ´´μ£μ ²μ-
£ ·¨Ë³  ¢ (4.11£).

ˆÉ ±, ³Ò Ë¨±¸¨·Ê¥³ ³ ¸ÏÉ ¡ Ë ±Éμ·¨§ Í¨¨ μ2
F = const, É ± ÎÉμ £¥-

£¥´¡ ÊÔ·μ¢¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ a2(μ2
F ) ¨ a4(μ2

F ) É ±¦¥ ¸É ´μ¢ÖÉ¸Ö ±μ´¸É ´-
É ³¨,   ³ ¸ÏÉ ¡ ¶¥·¥´μ·³¨·μ¢±¨ ¢Ò¡¨· ¥³ ¶·μ¶μ·Í¨μ´ ²Ó´Ò³ Q2: μ2

R =
λRQ2. ‚§ ³¥´ Ê ´ ¸ ¢μ§´¨± ¥É ¤μ¡ ¢μ± (α2

s(λRQ2)/π)CF F (1,F )
π (Q2; μ2

F ),
£¤¥ F (1,F )

π (Q2; μ2
F ) ¸μ¤¥·¦¨É ln(Q2/μ2

F ), ¸³. (4.11£). „ ²ÓÏ¥ ³Ò ¶·¥μ¡· §Ê¥³
ÔÉμÉ ²μ£ ·¨Ë³ μÎ¥¢¨¤´Ò³ μ¡· §μ³:

ln
(

Q2

μ2
F

)
= ln

(
λRQ2

Λ2
3

)
+ ln

(
Λ2

3

λRμ2
F

)
= L(λR Q2) + ln

(
Λ2

3

λRμ2
F

)
, (4.19)

¨ Éμ£¤ [
α2

s(λRQ2) ln
(

Q2

μ2
F

)]
„�’‚

→ L(2);glob
2;1 (λR Q2)+

+ A(2);glob
2 (λR Q2) ln

(
Λ2

3

λRμ2
F

)
= (4.20)

= L(2);glob
2;1 (λR Q2) −A(2);glob

2 (λR Q2)L(λR Q2)+

+ A(2);glob
2 (λR Q2) ln

(
Q2

μ2
F

)
. (4.21)
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�μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ ÔÉμ³ ¢Ò· ¦¥´¨¨, A(2);glob
2 (λR Q2) ln

(
Q2/μ2

F

)
, ¤ ¥É

 ´ ²¨É¨§ Í¨Õ ¢¸¥£μ ¢±² ¤  α2
s(λRQ2) ln

(
Q2/μ2

F

)
¢ ¶μ¤Ìμ¤¥ ®³ ±¸¨³ ²Ó´μ°

 ´ ²¨É¨§ Í¨¨¯ �’‚. ‘²¥¤μ¢ É¥²Ó´μ, · §´μ¸ÉÓ L(2);glob
2;1 (λR Q2) − A(2);glob

2 ×
(λR Q2)L(λR Q2) ¨ ¤ ¥É ÔËË¥±É  ´ ²¨É¨§ Í¨¨ ¶μ „�’‚. �μ²ÊÎ ¥³Ò¥ ¶·¨
ÊÎ¥É¥ ÔÉμ£μ ¢±² ¤  ”” ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ

[
F fact

π (Q2)
]
„�’‚

. �  ·¨¸. 11 ³Ò
¶μ± §Ò¢ ¥³ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ É ±¨Ì ”” ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ³ ¸-
ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨ (¸³. ¶μ¤¶¨¸Ó). � §²¨Î´Ò¥ ±·¨¢Ò¥ ´  ·¨¸Ê´±¥ μÉ¢¥Î ÕÉ
· §²¨Î´Ò³ ¸Ì¥³ ³ ¨ ¢Ò¡μ· ³ ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ (μ¡μ§´ Î¥´¨Ö ¸μ-

£² ¸μ¢ ´Ò ¸ μ¡μ§´ Î¥´¨Ö³¨ ·¨¸. 10): ¸¶²μÏ´ Ö ²¨´¨Ö ¸μμÉ¢¥É¸É¢Ê¥É BLM-
¶·¥¤¶¨¸ ´¨Õ ¸ μ2

min = 1 ƒÔ‚2, ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö Å ¸É ´¤ ·É´μ³Ê ¢Ò¡μ·Ê
λR = 1, ÏÉ·¨Ì¶Ê´±É¨·´ Ö (¶μÎÉ¨ ¸²¨¢ ¥É¸Ö ¸μ ÏÉ·¨Ìμ¢μ°) Å αV -¸Ì¥³¥,
¶Ê´±É¨·´ Ö Å BLM-¶·¥¤¶¨¸ ´¨Õ. ‡ ³¥É¨³, ÎÉμ ¶·¨ ¶μ¸É·μ¥´¨¨ ÔÉ¨Ì £· -

Ë¨±μ¢ ³Ò ¶μ²Ó§μ¢ ²¨¸Ó ÉμÎ´Ò³  ´ ²¨É¨§¨·μ¢ ´´Ò³ ¢Ò· ¦¥´¨¥³ L(2);glob
2;1 ×

(λR Q2), ±μÉμ·μ¥ μÎ¥´Ó ¡²¨§±μ ± ¶·¨¡²¨¦¥´´μ³Ê, · ¸¸Î¨ÉÒ¢ ¥³μ³Ê ¶μ Ëμ·-
³Ê²¥ (3.28¡), ¨ ´  10Ä20% μÉ²¨Î ¥É¸Ö μÉ ¶·¨¡²¨¦¥´´μ£μ ¢Ò· ¦¥´¨Ö (3.28a),
¨¸¶μ²Ó§μ¢ ¢Ï¥£μ¸Ö ¢ · ¡μÉ¥ [77].

�¨¸. 11. �¥§Ê²ÓÉ ÉÒ ¤²Ö Q2F fact
π , ¶μ²ÊÎ¥´´Ò¥ ¢ ¶μ¤Ìμ¤¥ „�’‚ ¸ · §²¨Î´Ò³¨ ³ ¸-

ÏÉ ¡ ³¨ Ë ±Éμ·¨§ Í¨¨: μ2
F = 1 ƒÔ‚2 ( ), μ2

F = 5,76 ƒÔ‚2 (¡) ¨ μ2
F = 10 ƒÔ‚2

(¢). �¡μ§´ Î¥´¨Ö ±·¨¢ÒÌ ¸³. ¢ É¥±¸É¥. ‚¸¥ · ¸Î¥ÉÒ ¶·μ¢¥¤¥´Ò ¤²Ö ·¥ ²¨¸É¨Î¥¸±μ°
�� [107,108]
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ŒÒ ¢¨¤¨³ μ¶ÖÉÓ, ÎÉμ ¢¸¥ ±·¨¢Ò¥ μÎ¥´Ó ¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê: Ï¨·¨´ 
¶μ²μ¸Ò μÉ´μ¸¨É¥²Ó´μ Í¥´É· ²Ó´μ° ²¨´¨¨ ¨³¥¥É ¶μ·Ö¤μ± 7,5 %,   ¥¸²¨ ´¥

ÊÎ¨ÉÒ¢ ÉÓ ¤μ¸É ÉμÎ´μ Ô±§μÉ¨Î¥¸±μ¥ BLM-¶·¥¤¶¨¸ ´¨¥ Å Éμ ¨ ¢μ¢¸¥ 5 %. ‡ -
¢¨¸¨³μ¸ÉÓ ¸ ³¨Ì ·¥§Ê²ÓÉ Éμ¢ μÉ ¢Ò¡μ·  ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨ É ±¦¥ μ± -
§Ò¢ ¥É¸Ö μÎ¥´Ó ³ ²μ°: μÉ´μ¸¨É¥²Ó´ Ö · §´μ¸ÉÓ ³¥¦¤Ê ·¥§Ê²ÓÉ É ³¨, μÉ¢¥Î Õ-
Ð¨³¨ μ2

F = 1 ƒÔ‚2 ¨ μ2
F = 10 ƒÔ‚2, ¸μ¸É ¢²Ö¥É 1 % ¤²Ö ¸²ÊÎ Ö αV -¸Ì¥³Ò

(¤²Ö ¤·Ê£¨Ì ¢Ò¡μ·μ¢ ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ Å ¥Ð¥ ³¥´ÓÏ¥),   ¥¸²¨ ¸· ¢-
´¨¢ ÉÓ ¸²ÊÎ ° μ2

F = 1 ƒÔ‚2 ¸μ ¸²ÊÎ ¥³ μ2
F = 50 ƒÔ‚2, Éμ£¤  μÉ´μ¸¨É¥²Ó´ Ö

· §´¨Í  ·¥§Ê²ÓÉ Éμ¢ ¤μÌμ¤¨É ¤μ 2 %.

’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó§μ¢ ´¨¥ ¶·¨´Í¨¶   ´ ²¨É¨Î´μ¸É¨ É ±¦¥ ¸´¨¦ ¥É
§ ¢¨¸¨³μ¸ÉÓ μÉ ¢Ò¡μ·  ³ ¸ÏÉ ¡  Ë ±Éμ·¨§ Í¨¨.

4.3. �’‚ ¨ „�’‚: ¨§ÖÐ´μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·-
±μ¢. ˆÉ ±, ³Ò ÌμÉ¨³ É¥¶¥·Ó § Ë¨±¸¨·μ¢ ÉÓ μ2

F = Q2 ¨ ¨¸¶μ²Ó§μ¢ ÉÓ „�’‚
¤²Ö ±μ··¥±É´μ£μ ÊÎ¥É  Ô¢μ²ÕÍ¨μ´´ÒÌ Ë ±Éμ·μ¢ ELO

n (Q2, μ2
0) ∼ ανn

s (Q2) ¢
£¥£¥´¡ ÊÔ·μ¢¸±¨Ì ±μÔËË¨Í¨¥´É Ì a2(Q2) ¨ a4(Q2). � ³ ¨´É¥·¥¸´μ ¸· ¢´¨ÉÓ
¶μ²ÊÎ¥´´Ò° ¶·¨ É ±μ³ μ¡· §¥ ¤¥°¸É¢¨° ·¥§Ê²ÓÉ É ¸ É¥³, ÎÉμ ³Ò ¶μ²ÊÎ¨²¨ ¢
¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.

�μ ¶·¥¦¤¥ Î¥³ ¶·¨¸ÉÊ¶¨ÉÓ ± · ¸Î¥É ³ ¨ μ¡· É¨ÉÓ¸Ö ± ¶μ²ÊÎ ÕÐ¨³¸Ö
·¥§Ê²ÓÉ É ³, ¤ ¢ °É¥ μ¡¸Ê¤¨³ Î·¥§¢ÒÎ °´μ ±· ¸¨¢μ¥ (¶μ ³´¥´¨Õ  ¢Éμ· ) ·¥-
Ï¥´¨¥ ¶·μ¡²¥³Ò ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ¶·¥¤μ¸É ¢²Ö¥³μ¥ �’‚. � ¶μ³´¨³
¸ ³¨ ¸¥¡¥, ¢ Î¥³ ¸μ¸Éμ¨É ¶·μ¡²¥³ . ”μ·³Ê²Ò (4.9)Ä(4.11 ) ¶μ± §Ò¢ ÕÉ, ÎÉμ

´¥¢¥¤ÊÐ Ö ¶μ¶· ¢±  F (1,β)
π ¶·μ¶μ·Í¨μ´ ²Ó´  ±μÔËË¨Í¨¥´ÉÊ b0 ¨, É ±¨³ μ¡· -

§μ³, § ¢¨¸¨É Ö¢´μ μÉ Nf . �Éμ ¨ ¥¸ÉÓ ¶·μ¡²¥³ : ¶·¨ ¢Ò¡μ·¥ μR ¢ Ëμ·³Ê² Ì
(4.9)Ä(4.11 ) ¤²Ö ”” ¶μ ¸É ´¤ ·É´μ³Ê ·¥Í¥¶ÉÊ μ2

R = Q2 ¨ ¸¤¢¨£μ¢ μ2
R ´ 

¶μ·μ£ Ì ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ É ±, ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ ´¥¶·¥·Ò¢´μ¸ÉÓ ¸ ³μ£μ ””,
³Ò ¶μ²ÊÎ¨³ ”” ¶¨μ´  ± ± ´¥¶·¥·Ò¢´ÊÕ ËÊ´±Í¨Õ, ´μ Ê¦ ´¨± ± ´¥  ´ ²¨É¨-
Î¥¸±ÊÕ.

�¥Ï¥´¨¥ ÔÉμ° ¶·μ¡²¥³Ò ¢ �’‚ ¶μ²´μ¸ÉÓÕ  ´ ²μ£¨Î´μ ·¥Í¥¶ÉÊ £²μ¡ -
²¨§ Í¨¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ �’‚: § ¢¨¸ÖÐ¨¥ μÉ Nf ¶¥·ÉÊ·¡ É¨¢´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ ¤ ÕÉ ´ ³ § ¢¨¸ÖÐ¨¥ μÉ Nf ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨, · §·Ò¢´Ò¥ ´ 
¶μ·μ£ Ì, μ¤´ ±μ £¥´¥·¨·Ê¥³Ò¥ ¨³¨ Î¥·¥§ ¤¨¸¶¥·¸¨μ´´Ò¥ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤-
¸É ¢²¥´¨Ö ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ Ö¢²ÖÕÉ¸Ö  ´ ²¨É¨Î¥-
¸±¨³¨ ËÊ´±Í¨Ö³¨!

�μ¤·μ¡´¥¥ ÔÉμ ¢Ò£²Ö¤¨É É ±. ‚ Ëμ·³Ê² Ì (4.9)Ä(4.11 ) Ê ´ ¸ ¥¸ÉÓ É·¨ É¨¶ 
¢¥²¨Î¨´, ±μÉμ·Ò¥ § ¢¨¸ÖÉ Ö¢´μ μÉ Nf : αs(Q2), αs(Q2)2 ¨ b0(Nf )αs(Q2)2,
¶·¨Î¥³ ¶¥·¢Ò¥ ¤¢¥ ¢¥²¨Î¨´Ò ´¥¶·¥·Ò¢´Ò ´  ¶μ·μ£ Ì,   ¶μ¸²¥¤´ÖÖ Å · §-
·Ò¢´ . �Î¥¢¨¤´μ, ÎÉμ ÔÉ  ¶μ¸²¥¤´ÖÖ ¢¥²¨Î¨´  £¥´¥·¨·Ê¥É ¸²¥¤ÊÕÐÊÕ ¸¶¥±-
É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ:

1
π

Im
[
b0(Nf )αs[L − iπ]2

]
≡ ρ̄2;b0 [L] =

4 π

βf
ρ2[L]. (4.22)
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’ ±¨³ μ¡· §μ³, Ê ´ ¸ ±·μ³¥ Aglob
1 [L] ¨ Aglob

2 [L] ¶μÖ¢¨É¸Ö ¥Ð¥ μ¤´  £²μ¡ -
²¨§μ¢ ´´ Ö  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö Aglob

2;b0
[L], μ¶·¥¤¥²Ö¥³ Ö £²μ¡ ²Ó´μ° ¸¶¥±-

É· ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ

ρglob
2;b0

[L] = ρ̄2;b0 [L, L; 3] θ (L < L4) + ρ̄2;b0 [L, L + λ4; 4] θ (L4 � L < L5) +

+ ρ̄2;b0 [L, L + λ5; 5] θ (L5 � L < L6) + ρ̄2;b0 [L, L + λ6; 6] θ (L6 � L) .
(4.23)

�  ± ¦¤μ³ ¨§ ÔÉ¨Ì É·¥Ì ¡ §μ¢ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ÔËË¥±É¨¢´ÒÌ § ·Ö¤μ¢ ¥Ð¥
®¢Ò· ¸ÉÊÉ ¢¥ÉμÎ±¨¯ §  ¸Î¥É ´ ²¨Î¨Ö Ô¢μ²ÕÍ¨μ´´ÒÌ Ë ±Éμ·μ¢. � §¡¥·¥³ ¨Ì ¶μ-
Ö¢²¥´¨¥ ´  ¶·¨³¥·¥ Aglob

1 [L]. “ ´ ¸ ¥¸ÉÓ ¸²¥¤ÊÕÐ¨¥ Ô¢μ²ÕÍ¨μ´´Ò¥ Ë ±Éμ·Ò:

¥¤¨´¨Í  ¨ ¶ÖÉÓ Ë ±Éμ·μ¢ É¨¶  (αs[L])νi ¸ ν1 = γ
(0)
2 /(2b0), ν2 = γ

(0)
4 /(2b0),

ν3 = 2γ
(0)
2 /(2b0), ν4 = (γ(0)

2 + γ
(0)
4 )/(2b0) ¨ ν5 = 2γ

(0)
4 /(2b0), É. ¥. ±·μ³¥

Aglob
1 [L] Ê ´ ¸ ¶μÖ¢ÖÉ¸Ö ¥Ð¥ ¶ÖÉÓ ¤·μ¡´μ-¨´¤¥±¸´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢

É¨¶  Aglob
1+νi

[L].
’¥¶¥·Ó ³Ò ³μ¦¥³ ¢§£²Ö´ÊÉÓ ´  ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¶¨μ´´μ£μ ”” ¢ · §-

´ÒÌ ¶μ¤Ìμ¤ Ì: ´  ·¨¸. 12 ¶Ê´±É¨·´ Ö ²¨´¨Ö μÉ¢¥Î ¥É ¶μ¤Ìμ¤Ê �’‚ ¸ ®³ ±-
¸¨³ ²Ó´μ°  ´ ²¨É¨§ Í¨¥°¯, ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö Å „�’‚ c μ2

F = 5,76 ƒÔ‚2, ¢
Éμ ¢·¥³Ö ± ± ¸¶²μÏ´ Ö ²¨´¨Ö ¶μ± §Ò¢ ¥É ·¥§Ê²ÓÉ É „�’‚ ¸ μ2

F = Q2 (¢¥§¤¥
¢Ò¡· ´ ³ ¸ÏÉ ¡ ¶¥·¥´μ·³¨·μ¢±¨ μ2

R = Q2).

�¨¸. 12. �¥§Ê²ÓÉ ÉÒ ¤²Ö Q2F fact
π , ¶μ²ÊÎ¥´´Ò¥ ¢ ¶μ¤Ìμ¤ Ì �’‚max. an, „�’‚ c Ë¨±-

¸¨·μ¢ ´´Ò³ ³ ¸ÏÉ ¡μ³ Ë ±Éμ·¨§ Í¨¨ ¨ „�’‚ ¸ μ2
F = Q2. �¡μ§´ Î¥´¨Ö ±·¨¢ÒÌ ¸³.

¢ É¥±¸É¥. �  ·¨¸. ¡ ¶·μ¸Éμ Ê¢¥²¨Î¥´ ³ ¸ÏÉ ¡ μ¸¨ μ·¤¨´ É, ÎÉμ¡Ò ²ÊÎÏ¥ ³μ¦´μ ¡Ò²μ
Ê¢¨¤¥ÉÓ ¢¸¥ É·¨ ±·¨¢Ò¥

�μ²ÊÎ¥´´μ¥ ¸μ£² ¸¨¥ (´  Ê·μ¢´¥ 1,5 %, ÎÉμ ³μ¦´μ Ê¢¨¤¥ÉÓ ´  ·¨¸. 12, ¡)
¢¶¥Î É²Ö¥É!

4.4. �¥·¥Ìμ¤ ¢ μ¡² ¸ÉÓ Œ¨´±μ¢¸±μ£μ: ·μ²Ó ¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥-
´¨Ö. ˆ§ ¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (3.22 ) ¤²Ö  ´ ²¨É¨Î¥¸±μ£μ ÔËË¥±-
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É¨¢´μ£μ § ·Ö¤  Š•„ Aglob
ν [L] ³Ò ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ´¥£μ ¢

μ¡² ¸É¨ Q2 = −s ¸ s > 0

Aglob
ν (−s) = P .V .

∞∫
0

ρglob
ν (σ)
σ − s

dσ + iπρglob
ν (s) . (4.24)

‡ ³¥É¨³ §¤¥¸Ó, ÎÉμ ¨§ ¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ”” ¶¨μ´  ¸²¥¤Ê¥É,
ÎÉμ ¨³¥´´μ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¤μ²¦´Ò ¢Ìμ¤¨ÉÓ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö Ë ±Éμ·¨§Ê¥³μ°
Î ¸É¨ ¶¨μ´´μ£μ ”” (¸ ν = 1 ¨ ν = 2) ¢μ ¢·¥³¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ ¶¥·¥¤ Î
¨³¶Ê²Ó¸ :

s F fact
π (−s) ∼ Aglob

1 (−λRs)FLO
π +

Aglob
2 (−λRs)

π
FNLO

π , (4.25)

£¤¥ FLO
π ¨ FNLO

π Å Î¨¸²μ¢Ò¥ ³´μ¦¨É¥²¨, § ¢¨¸ÖÐ¨¥ μÉ ¶ · ³¥É·μ¢ a2(μ2
F )

¨ a4(μ2
F ) ¶¨μ´´μ° ��,   λR Å Î¨¸²μ¢μ° ¶ · ³¥É·, Ì · ±É¥·¨§ÊÕÐ¨° ¢Ò¡μ·

³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ μ2
R = λRQ2. �μÖ¢²¥´¨¥ ³´¨³ÒÌ Î ¸É¥° ¢ ””-

¢Ò· ¦¥´¨ÖÌ ¸μ¢¥·Ï¥´´μ ¥¸É¥¸É¢¥´´μ ¨ ¸¢Ö§ ´μ ¸ ·μ¦¤¥´¨¥³ ·¥ ²Ó´ÒÌ Ë¨§¨-
Î¥¸±¨Ì Î ¸É¨Í. Šμ´¥Î´μ, ¢ ´ Ï¥° ³μ¤¥²¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¡¥§³ ¸¸μ¢μ°
Š•„, ¢ ±μÉμ·μ° ´¥É ÊÎ¥É   ¤·μ´¨§ Í¨¨ ¸¢μ¡μ¤´ÒÌ ±¢ ·±μ¢ ¢ ·¥ ²Ó´Ò¥ Ë¨-
§¨Î¥¸±¨¥ Î ¸É¨ÍÒ ¨ ¶μ·μ£¨ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¤μ¸É ÉμÎ´μ £·Ê¡μ,
ÔÉ  ³´¨³ Ö Î ¸ÉÓ μÉ²¨Î´  μÉ 0 ¤ ¦¥ ¨ ¢ μ¡² ¸É¨ ³ ²ÒÌ s ∼ m2

π, £¤¥ ´¨± ±¨Ì
Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í ´¥ ·μ¦¤ ¥É¸Ö, ´μ ÔÉμÉ ´¥¤μ¸É Éμ± ³μ¦¥É ¡ÒÉÓ ¨¸¶· ¢²¥´,
± ± ÔÉμ ¶·¥¤²μ¦¥´μ ¢ · ¡μÉ Ì [61,117,118].

’¥³ ´¥ ³¥´¥¥, ¢ ÔÉμ° μ¡² ¸É¨ ¢±² ¤ Ë ±Éμ·¨§μ¢ ´´μ° Î ¸É¨ ¶¨μ´´μ£μ ””
¢ ¸Ê³³ ·´Ò° ”” (4.2 ) ³ ² (¤¥É ²¨ ¸³. ¢ [46]), É ± ÎÉμ ÔÉμÉ ´¥¤μ¸É Éμ± ´¥
¸Éμ²Ó ¢ ¦¥´. ‚ μ¡² ¸É¨ ¦¥ s � m2

ρ Ê ´ Ï¥£μ ”” ¢¸Õ¤Ê ¨³¥¥É¸Ö ³´¨³ Ö Î ¸ÉÓ,
¨ ÔÉμ Ìμ·μÏμ μ¡ÑÖ¸´Ö¥É¸Ö ÔËË¥±É ³¨ ·μ¦¤¥´¨Ö ·¥ ²Ó´ÒÌ  ¤·μ´μ¢. Š ± · §
μÉ¸ÊÉ¸É¢¨¥ ³´¨³μ° Î ¸É¨ Ê ”” ¶¨μ´  ¢ ÔÉμ° μ¡² ¸É¨ ¤μ²¦´μ ¡Ò²μ ¡Ò ¢Ò§Ò-
¢ ÉÓ ´¥¤μÊ³¥´¨¥. � ¨³¥´´μ É ±μ¥ μÉ¸ÊÉ¸É¢¨¥ £ · ´É¨·Ê¥É¸Ö ¨¸¶μ²Ó§μ¢ ´¨¥³
¶·¨ · ¸Î¥É¥ ””  ´ ²¨É¨Î¥¸±μ£μ ÔËË¥±É¨¢´μ£μ § ·Ö¤  Aν(s), ¶·¥¤²μ¦¥´´μ£μ
¢ [18, 19] ¤²Ö μ¶¨¸ ´¨Ö ¸¥Î¥´¨Ö e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·μ´Ò. „²Ö ¸¥Î¥´¨Ö,
±μÉμ·μ¥ ¤μ²¦´μ ¡ÒÉÓ ¢¸¥£¤  ¢¥Ð¥¸É¢¥´´Ò³, É ±μ¥ ¶·¥¤²μ¦¥´¨¥ ¸μ¢¥·Ï¥´´μ
μ¶· ¢¤ ´´μ ¨ ¤ ¥É, ± ± ³Ò £μ¢μ·¨²¨ ¢μ ¢¢¥¤¥´¨¨, ¢¶μ²´¥ · §Ê³´Ò¥ ·¥§Ê²Ó-
É ÉÒ. � ¢μÉ ¤²Ö · ¸Î¥Éμ¢ ”” É ±μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ μ± §Ò¢ ¥É¸Ö Ë¨§¨Î¥¸±¨
´¥μ¶· ¢¤ ´´Ò³ Å §¤¥¸Ó ´Ê¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ § ·Ö¤ (4.24), É. ¥. Aglob

ν (−s).
� ¸±μ²Ó±μ ¢ ¦´μ É ±μ¥ ÊÉμÎ´¥´¨¥ Î¨¸²¥´´μ ¤²Ö  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´Ò

””? �  ·¨¸. 13,   ³Ò ¸· ¢´¨¢ ¥³ § ¢¨¸¨³μ¸É¨
∣∣A(1)

1 [Ls − iπ]
∣∣ (¸¶²μÏ´ Ö

²¨´¨Ö) ¨ A
(1)
1 [Ls] (ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö),   ´  ·¨¸. ¡ ¶μ± § ´  μÉ´μ¸¨É¥²Ó´ Ö · §-

´μ¸ÉÓ ÔÉ¨Ì ¤¢ÊÌ ËÊ´±Í¨°, Δ(s) = 1−A
(1)
1 (s)/

∣∣A(1)
1 (−s)

∣∣. •μ·μÏμ ¢¨¤´μ, ÎÉμ
³ ±¸¨³ ²Ó´μ¥ μÉ²¨Î¨¥ ¨³¥¥É ¶μ·Ö¤μ± +15% ¨ ¤μ¸É¨£ ¥É¸Ö ¶·¨ s ≈ 0,03 ƒÔ‚2.
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�¨¸. 13.  ) ‡ ¢¨¸¨³μ¸É¨
∣∣A(1)

1 [Ls − iπ]
∣∣ (¸¶²μÏ´ Ö ²¨´¨Ö) ¨ A(1)

1 [Ls] (ÏÉ·¨Ìμ¢ Ö
²¨´¨Ö); ¡) Δ(s)

“Î¨ÉÒ¢ Ö, ÎÉμ ¢ ·¥ ²Ó´ÒÌ ¶·¨²μ¦¥´¨ÖÌ  ´ ²¨§¨·ÊÕÉ¸Ö ¤μ¸É ÉμÎ´μ ¡μ²Ó-
Ï¨¥ §´ Î¥´¨Ö s ∼ 6Ä10 ƒÔ‚2, ¨³¥¥³, ÎÉμ Î¨¸²¥´´μ § ·Ö¤ A1(s) μ± §Ò¢ ¥É¸Ö
¤μ¸É ÉμÎ´μ ¡²¨§μ± (´  Ê·μ¢´¥ 3 %) ±

∣∣A1(−s)
∣∣. ’¥³ ´¥ ³¥´¥¥ ´ ³ ¶·¥¤¸É ¢²Ö-

¥É¸Ö ¢ ¦´Ò³ ¸¤¥² ´´μ¥ ÊÉμÎ´¥´¨¥, ¶μ¸±μ²Ó±Ê μ´μ ¶μ± §Ò¢ ¥É ´¥  ¡¸μ²ÕÉ´Ò°
Ì · ±É¥·  ´ ²¨É¨Î¥¸±¨Ì § ·Ö¤μ¢ Aν(s) ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ: μ´¨ ¶·¨-
£μ¤´Ò Éμ²Ó±μ ¤²Ö μ¶¨¸ ´¨Ö ¢¥²¨Î¨´ É¨¶  ¸¥Î¥´¨° R(s) = σe+e−→hadrons(s)/
σe+e−→μ+μ−(s), ´μ ´¥ ””, ¤²Ö ±μÉμ·ÒÌ  ´ ²¨É¨Î¥¸±¨¥ ¸¢μ°¸É¢ , É. ¥. ¤¨¸¶¥·-
¸¨μ´´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö É¨¶  (2.7), ¤¨±ÉÊÕÉ ¨¸¶μ²Ó§μ¢ ´¨¥ § ·Ö¤μ¢Aglob

ν (−s).
ˆ´É¥·¥¸´Ò³ ¸²¥¤¸É¢¨¥³ ¨¸¶μ²Ó§μ¢ ´¨Ö Ëμ·³Ê²Ò (4.24) ¤²Ö ”” ¶¨μ´  ¢

³¨´±μ¢¸±μ° μ¡² ¸É¨ Ö¢²Ö¥É¸Ö Ë¨±¸ Í¨Ö ³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ ´  §´ -
Î¥´¨¨ μ2

R = Q2/4. „¥°¸É¢¨É¥²Ó´μ, ³´¨³ Ö Î ¸ÉÓ Aglob
ν (−λRs) ¶·μ¶μ·Í¨μ-

´ ²Ó´  ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ π ρglob
ν (λRs), ±μÉμ· Ö ¸± Î± ³¨ ³¥´Ö¥É¸Ö ¶·¨

¶¥·¥¸¥Î¥´¨¨ ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, É. ¥. ¶·¨ λRs = m2
Q (£¤¥ Q = c, b, t),

¸³. μ¡¸Ê¦¤¥´¨¥ ¢ ¶. 2.2. ˆ Éμ²Ó±μ ¶·¨ ¢Ò¡μ·¥ λR = 1/4, É. ¥. μ2
R = Q2/4,

¶μ²μ¦¥´¨Ö ÔÉ¨Ì ´¥·¥£Ê²Ö·´μ¸É¥° ¢ ³´¨³μ° Î ¸É¨ ”” ¶¨μ´  ¸μ¢¶ ¤ ÕÉ ¸ ±¨-
´¥³ É¨Î¥¸±¨³¨ ¶μ·μ£ ³¨ μ¡· §μ¢ ´¨Ö ¶ ·Ò ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, sQQ̄ = 4m2

Q.

5. ��‘—…’ ˜ˆ�ˆ�› ��‘��„� H0 → b̄b ‚ „�’‚

‡ °³¥³¸Ö É¥¶¥·Ó ¶·¨²μ¦¥´¨¥³ „�’‚ ¢ § ¤ Î¥ · ¸Î¥É  Ï¨·¨´Ò · ¸¶ ¤ 
¡μ§μ´  •¨££¸  H0 ´  ±¢ ·±- ´É¨±¢ ·±μ¢ÊÕ ¶ ·Ê bb̄. ‚ ¸É ´¤ ·É´μ° É¥μ·¨¨
¢μ§³ÊÐ¥´¨° ¨§-§   ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ¨§ £²Ê¡μ±μ¥¢±²¨¤μ¢μ° ¢ £²Ê-
¡μ±μ³¨´±μ¢¸±ÊÕ μ¡² ¸ÉÓ ¢μ§´¨± ÕÉ π2-¤μ¡ ¢±¨ ¢ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥-
´¨Ö: rk = dk + O(π2), ¸³., ´ ¶·¨³¥·, [82]. �É¨ ¢±² ¤Ò ³μ£ÊÉ ¡ÒÉÓ ¢¥²¨±¨,
μ¸μ¡¥´´μ ¤²Ö ¢Ò¸Ï¨Ì ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö. ‘²¥¤μ¢ É¥²Ó´μ, ¤ ¦¥ ¶·¨
¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ, ¸ÊÐ¥¸É¢¥´´ÒÌ ¤²Ö  ´ ²¨§  · ¸¶ ¤  Ì¨££¸μ¢¸±μ£μ ¡μ§μ´ ,
ÊÎ¥É ÔÉ¨Ì ¢±² ¤μ¢ ¢μ ¢¸¥Ì ¶μ·Ö¤± Ì · §²μ¦¥´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³. �μ
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¨³¥´´μ É ±μ° ÊÎ¥É ¨ ¤μ¸É ¢²Ö¥É¸Ö ¶·¨³¥´¥´¨¥³ „�’‚∗:  ´ ²¨É¨Î¥¸±¨¥ ÔË-
Ë¥±É¨¢´Ò¥ § ·Ö¤Ò ¸μ¤¥·¦ É ¢¸¥ π2-¢±² ¤Ò ¢´ÊÉ·¨ ¸¥¡Ö Ö¢´μ ¶μ ¶μ¸É·μ¥´¨Õ!

� ¸Î¥É Γ(H → bb̄) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ËÊ´±Í¨¨ RS ¶·μ¢μ¤¨É¸Ö ¢ MS-¸Ì¥³¥
¸ ÊÎ¥Éμ³ Ô¢μ²ÕÍ¨¨ ± ± ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¨ ¥£μ ¸É¥¶¥´¥°, É ± ¨ ³ ¸¸Ò
b-±¢ ·±  ¸μ£² ¸´μ · ¡μÉ¥ [75]. ŒÒ ¸· ¢´¨³ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ ¶μ²Ê-

Î¥´´Ò³¨ É ±¦¥ ¢ MS-¸Ì¥³¥ ¢ · ¡μÉ Ì [70,82Ä84], £¤¥ Ï¨·μ±μ ¨¸¶μ²Ó§μ¢ ²¸Ö
§ ·Ö¤ as = αs/π, É ± ÎÉμ ¨ ³Ò ¡Ê¤¥³ ¥£μ ¨¸¶μ²Ó§μ¢ ÉÓ.

5.1. ‘É ´¤ ·É´ Ö É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¤²Ö RS. � ¸¶ ¤ ¡μ§μ´  •¨££¸  ¢
±¢ ·±- ´É¨±¢ ·±μ¢ÊÕ ¶ ·Ê bb̄ ¢ Š•„ μ¶¨¸Ò¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ±μ··¥²ÖÉμ· 
¤¢ÊÌ ¸± ²Ö·´ÒÌ (S) b-±¢ ·±μ¢ÒÌ Éμ±μ¢ JS

b = Ψ̄bΨb

Π(Q2) = (4π)2i
∫

dx eiqx〈0| T [JS
b (x)JS

b (0)] |0〉, (5.1)

¸ Q2 = −q2. …£μ ³´¨³ Ö Î ¸ÉÓ RS(s) = Im Π(−s − iε)/(2πs) μ¶·¥¤¥²Ö¥É
¶μ²´ÊÕ Ï¨·¨´Ê · ¸¶ ¤ :

Γ(H → bb̄) =
GF

4
√

2π
MHm2

b(M
2
H)RS(M2

H), (5.2)

£¤¥ MH Å ³ ¸¸  Ì¨££¸μ¢¸±μ£μ ¡μ§μ´ ,   mb(Q2) Å Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ Ö ³ ¸¸ 
b-±¢ ·± . Ÿ¢´Ò¥ ³´μ£μ¶¥É²¥¢Ò¥ · ¸Î¥ÉÒ μ¡ÒÎ´μ ¶·μ¢μ¤ÖÉ¸Ö ¢ ¥¢±²¨¤μ¢μ°
μ¡² ¸É¨ ¤²Ö μÉ¢¥Î ÕÐ¥° ±μ··¥²ÖÉμ·Ê (5.1) ËÊ´±Í¨¨ �¤²¥·  DS [70, 71, 82,
83,119], £¤¥ Ìμ·μÏμ · ¡μÉ ¥É É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° Š•„:

D̃S(Q2; μ2) = 3 m2
b(Q

2)

⎡⎣1 +
∑
n�1

dn

(
Q2

μ2

)
an

s (μ2)

⎤⎦ . (5.3)

‡¤¥¸Ó ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μ¡μ§´ Î¥´¨¥ as = αs/π,   É¨²Ó¤  ´ ¤ DS(Q2; μ2)
´ ¶μ³¨´ ¥É, ÎÉμ ÔÉ  ËÊ´±Í¨Ö ¢±²ÕÎ ¥É ¢ ¸¥¡Ö É ±¦¥ Ë ±Éμ· m2

b(Q
2). ‚

¸μ£² ¸¨¨ ¸ μ¡¸Ê¦¤¥´¨¥³ ¢ · §¤. 2 ¶μ¸²¥ Ê· ¢´¥´¨Ö (2.6¡) ³Ò ³μ¦¥³ ¸· §Ê ¦¥
§ ¶¨¸ ÉÓ ¤²Ö R̃S ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ · §²μ¦¥´¨¥ (¸³., ´ ¶·¨³¥·, [84]):

R̃S(s) ≡ R̃S(s, s) = 3m2
b(s)

⎡⎣1 +
∑
n�1

rn an
s (s)

⎤⎦ . (5.4)

∗ˆ´É¥·¥¸´μ § ³¥É¨ÉÓ, ÎÉμ ¢ · ¡μÉ¥ [71] ¡Ò²¨ Ë ±É¨Î¥¸±¨ § ¶¨¸ ´Ò μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò
1-¶¥É²¥¢μ° „�’‚ ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ¨ ¤ ¦¥ μ¡¸Ê¦¤¥´  ËÊ´±Í¨μ´ ²Ó´ Ö ¸Ì¥³  ¶¥-
·¥Ìμ¤  ¨§ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ± ³¨´±μ¢¸±μ°. �μ § É¥³  ¢Éμ·Ò ¶·μ¢μ¤¨²¨ · §²μ¦¥´¨¥ ¶μ 1/L,
¢μ§¢· Ð Ö¸Ó É ±¨³ μ¡· §μ³ ± ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š•„.
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ŠμÔËË¨Í¨¥´ÉÒ rn §¤¥¸Ó ¸μ¤¥·¦ É Ì · ±É¥·´Ò¥ ®π2-¢±² ¤Ò¯, ¸¢Ö§ ´´Ò¥ ¸
¨´É¥£· ²Ó´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ R̂ ( ´ ²¨É¨Î¥¸±¨³ ¶·μ¤μ²¦¥´¨¥³) ¸É¥¶¥´¥°
²μ£ ·¨Ë³μ¢, ¶μÖ¢²ÖÕÐ¨Ì¸Ö ¢ D̃S . �É¨ ²μ£ ·¨Ë³Ò ¢μ§´¨± ÕÉ ¨§ ¤¢ÊÌ · §-
²¨Î´ÒÌ ¨¸ÉμÎ´¨±μ¢: μ¤´¨ Å ¨§ ±μÔËË¨Í¨¥´Éμ¢ dn(Q2/μ2) ¢ D̃S , ¶μÖ¢²¥´¨¥
²μ£ ·¨Ë³μ¢ ¢ ±μÉμ·ÒÌ ¸¢Ö§ ´μ ¸ § ¢¨¸¨³μ¸ÉÓÕ ÔËË¥±É¨¢´μ£μ § ·Ö¤  αs(μ2)
μÉ μ2, ¤·Ê£¨¥ ¸¢Ö§ ´Ò ¸ ´ ²¨Î¨¥³ Ë ±Éμ·  m2

b(Q
2) ¨ μ¶·¥¤¥²ÖÕÉ¸Ö ±μ³-

¡¨´ Í¨¥°  ´μ³ ²Ó´ÒÌ · §³¥·´μ¸É¥° ³ ¸¸Ò ±¢ ·±  γi (¸³. ¶·¨²μ¦¥´¨¥ ƒ) ¨
±μÔËË¨Í¨¥´Éμ¢ β-ËÊ´±Í¨¨ bj , Ê³´μ¦¥´´ÒÌ ´  ¸É¥¶¥´¨ π2 [70, 83, 84, 119].
Š ± ¶μ± § ²¨ ´¥¤ ¢´¨¥ · ¸Î¥ÉÒ, ¢Ò¶μ²´¥´´Ò¥ ¢ [82], ÊÎ¥É É ±¨Ì π2-¢±² ¤μ¢
³μ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´Ò³:[

3m2
b

]−1
R̃S = 1 + 5,667 as + a2

s

[
51,57 − 15,63 − Nf

(
1,907 − 0,548

)]
+

+ a3
s

[
648,7 − 484,6 − Nf

(
63,74 − 37,97

)
+ N2

f

(
0,929− 0,67

)]
+

+ a4
s

[
9470,8 − 9431,4 − Nf

(
1454,3 − 1233,4

)
+

+N2
f

(
54,78 − 45,10

)
− N3

f

(
0,454 − 0,433

)]
. (5.5)

‚ ÔÉμ³ ¢Ò· ¦¥´¨¨ ³Ò ¶μ¤Î¥·±´Ê²¨ É¥ π2-¢±² ¤Ò, ±μÉμ·Ò¥ ¢μ§´¨± ÕÉ §  ¸Î¥É
 ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ¨§ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ¢ ³¨´±μ¢¸±ÊÕ. ‹¥£±μ
¢¨¤¥ÉÓ, ÎÉμ ¶μ²´Ò° ¢±² ¤ É ±¨Ì Î²¥´μ¢ ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò ¸· ¢´¨³ ¸μ
§´ Î¥´¨¥³ ¨¸Ìμ¤´μ£μ ±μÔËË¨Í¨¥´É  dn, μ¸μ¡¥´´μ ¢ ¸²ÊÎ ¥ ±μÔËË¨Í¨¥´É 
d4. ’ ±¨³ μ¡· §μ³, ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥¸É¨ ÊÎ¥É É ±¨Ì ¢±² ¤μ¢ ¢μ ¢¸¥Ì ¶μ-
·Ö¤± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. ˆ³¥´´μ ÔÉμ ¨ ¶μ§¢μ²Ö¥É ¸¤¥² ÉÓ ¶μ¤Ìμ¤ „�’‚,
¶·¨Î¥³ É ±μ° ÊÎ¥É ¶·μ¨§¢μ¤¨É¸Ö  ¢Éμ³ É¨Î¥¸±¨ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¤μ¶μ²´¨-
É¥²Ó´ÒÌ ¶·μÍ¥¤Ê· μ¶É¨³¨§ Í¨¨. „¥°¸É¢¨É¥²Ó´μ, ¢ „�’‚ ´ ³ ´¥ ´Ê¦´μ · §-
² £ ÉÓ ¶¥·¥´μ·³¨·μ¢μÎ´Ò¥ ³´μ¦¨É¥²¨ ¢ ·Ö¤ ¶μ ²μ£ ·¨Ë³ ³ Å ¢³¥¸Éμ ÔÉμ£μ
³Ò ³μ¦¥³ ¶·¥μ¡· §μ¢ ÉÓ ¨Ì ¢ ³¨´±μ¢¸±ÊÕ μ¡² ¸ÉÓ ®± ± Í¥²μ¥¯ ¶μ¸·¥¤¸É¢μ³
AM -μ¶¥· Í¨¨.

‡ ¢¥·Ï¨³ μ¡¸Ê¦¤¥´¨¥ ¸É ´¤ ·É´μ£μ ¶μ¤Ìμ¤  Î¨¸²¥´´Ò³ ·¥§Ê²ÓÉ Éμ³ ¢
O(a4

s)-¶μ·Ö¤±¥, ¢§ÖÉÒ³ ¨§ [82]:[
3m2

b

]−1
R̃S = 1 + 5,6668 as + 29,147 a2

s + 41,758 a3
s − 825,7 a4

s, (5.6)

= 1 + 0,2075 + 0,0391 + 0,0020 − 0,00148. (5.7)

‚ ¶μ¸²¥¤´¥³ Ê· ¢´¥´¨¨ ¢Ò¡· ´μ as = as(M2
H) = 0,0366, ÎÉμ μÉ¢¥Î ¥É ³ ¸¸¥

¡μ§μ´  •¨££¸  MH = 120 ƒÔ‚.
5.2. �´ ²¨§ R̃S ¢ „�’‚. ‘´ Î ²  ³Ò ¶μ¸É·μ¨³  ´ ²¨É¨§ Í¨Õ ¢Ò· ¦¥´¨Ö

¤²Ö R̃S , ¸Î¨É Ö, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ dn ¢ (5.3) ´¥ § ¢¨¸ÖÉ μÉ Nf ,   ¨³¥´´μ,
§ Ë¨±¸¨·Ê¥³ ¨Ì ´  §´ Î¥´¨ÖÌ, μÉ¢¥Î ÕÐ¨Ì Nf = 5, ¸³. ¶·¨²μ¦¥´¨¥ ƒ, Ëμ·-
³Ê²Ò (ƒ.2). � Î´¥³ ¸ ÊÎ¥É  ÔËË¥±Éμ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶¥·¥´μ·³¨·μ¢±μ° ³ ¸¸Ò
b-±¢ ·± . �¢μ²ÕÍ¨Ö m(l)(Q2) ¢ l-¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨, ± ± ¶μ± § ´μ ¢ ¶·¨-
²μ¦¥´¨¨ ƒ, ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥ („.12). ’ ±¨³ μ¡· §μ³, § ¤ Î   ´ -
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²¨É¨§ Í¨¨ ¢Ò· ¦¥´¨Ö ¤²Ö D̃S ¸¢¥² ¸Ó ± § ¤ Î¥  ´ ²¨É¨§ Í¨¨ ¶·μ¨§¢¥¤¥´¨°
¢¨¤ 

m2
(l)[L] (αs[L])n = m̂2

(l) (αs[L])n+ν0 f(l) (αs[L]) , (5.8)

£¤¥ m̂2
(l) ¥¸ÉÓ ¶·μ¸Éμ Î¨¸²μ¢ Ö ±μ´¸É ´É . ‚ ¶·¨´Í¨¶¥, ³μ¦´μ ¤¥°¸É¢μ¢ ÉÓ

É ±, ± ± ¡Ò²μ ¶·¥¤²μ¦¥´μ ¢ [75]: · §²μ¦¨ÉÓ f(l)(αs[L]) ¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³
(αs[L])m ¨ § É¥³ ¶·¨³¥´ÖÉÓ „�’‚ ± ÔÉμ³Ê · §²μ¦¥´¨Õ, ±μÉμ·μ¥, ¡² £μ¤ ·Ö
 ´ ²¨É¨§ Í¨¨, μÎ¥´Ó ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö (¤μ¸É ÉμÎ´μ ÊÎ¥É  Î¥ÉÒ·¥Ì ¶μ·Ö¤±μ¢
¤²Ö ¤μ¸É¨¦¥´¨Ö ÉμÎ´μ¸É¨, ²ÊÎÏ¥° 0,01 %).

�¤´ ±μ ³Ò ¶·¥¤² £ ¥³ §¤¥¸Ó ¨¸¶μ²Ó§μ¢ ÉÓ ¢¸Õ ³μÐÓ „�’‚ ¨ ¶μ²Ê-
Î¨ÉÓ ÉμÎ´Ò¥ Ëμ·³Ê²Ò ¤²Ö  ´ ²¨É¨§ Í¨¨ ¢Ò· ¦¥´¨° (5.8) ¤²Ö ¸²ÊÎ ¥¢, ±μ£¤ 
f(l)(αs[L]) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ („.7) ¨²¨ („.10a). � §¡¥·¥³ ¶μ¤·μ¡´μ ¸²ÊÎ °
¤¢ÊÌ¶¥É²¥¢μ° Ô¢μ²ÕÍ¨¨ („.7),

f(2)(αs) = [1 + δ1 αs]
ν1 ,

¶μ¸²¥ Î¥£μ μ¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° („.10a) ¸É ´¥É μÎ¥¢¨¤´Ò³. ˆÉ ±, ³Ò ÌμÉ¨³
¶μ¸É·μ¨ÉÓ £²μ¡ ²Ó´Ò°  ´ ²¨É¨Î¥¸±¨° μ¡· § ¢Ò· ¦¥´¨Ö

B(2)
ν [L; {δ, μ}] ≡

(
α(2)

s [L]
)ν [

1 + δ α(2)
s [L]

]μ

, (5.9)

É. ¥. ´ ³ ´Ê¦´μ ¶μ¸É·μ¨ÉÓ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ρ̄
(2)
Bν{δ,μ}[L; Nf ], μÉ¢¥Î Õ-

Ð¨¥ ¶¥·ÉÊ·¡ É¨¢´μ³Ê ¢±² ¤Ê B
(2)
ν [L; {δ, μ}] ¶·¨ § ¤ ´´ÒÌ Î¨¸² Ì Ë²¥°¢μ·μ¢

Nf . ‘¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ê ´ ¸ μ¶·¥¤¥²Ö¥É¸Ö ³´¨³μ° Î ¸ÉÓÕ B
(2)
ν [L −

iπ; {δ, μ}], ¶·¨Î¥³ ³Ò §´ ¥³ ¨§ (3.14a), ÎÉμ

α(2)
s [L − iπ; Nf ] =

eiϕ(2)[L]

βfR(2)[L]
.

’μ£¤  ³Ò ³μ¦¥³ § ¶¨¸ ÉÓ

1 + δα(2)
s [L − iπ; Nf ] =

eiϕΔ[L,δ,Nf ]

RΔ[L, δ, Nf ]
, (5.10 )

£¤¥

RΔ[L, δ, Nf ] =
βfR(2)[L]√

β2
fR2

(2)[L] + 2δβfR(2)[L] cosϕ(2)[L] + δ2
, (5.10¡)

ϕΔ[L, δ, Nf ] = ε(δ) arccos

⎡⎣ βfR(2)[L] + δ cosϕ(2)[L]√
β2

fR2
(2)[L] + 2δβfR(2)[L] cosϕ(2)[L] + δ2

⎤⎦ ,

(5.10¢)
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£¤¥ ε(x) Å ËÊ´±Í¨Ö §´ ±  ¶¥·¥³¥´´μ° x (É. ¥. ε(x) = +1 ¤²Ö x > 0 ¨
ε(−x) = −ε(x)). �μ¸²¥ ÔÉμ£μ ³´¨³ Ö Î ¸ÉÓ (5.9) μ¶·¥¤¥²Ö¥É¸Ö Ô²¥³¥´É ·´μ,
É ± ÎÉμ ¨¸±μ³Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¥¸ÉÓ

ρ̄
(2)
Bν{δ,μ}[L; Nf ] =

sin
[
νϕ(2)[L] + μϕΔ[L, δ, Nf ]

](
βfR(2)[L]

)ν (RΔ[L, δ, Nf ])μ , (5.11)

  £²μ¡ ²Ó´ Ö ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ρ
(2);glob
Bν{δ,μ}[L] μ¶·¥¤¥²Ö¥É¸Ö ¶μ ´¨³ ¶μ

Ëμ·³Ê² ³ É¨¶  (3.20). ‚ ·¥§Ê²ÓÉ É¥  ´ ²¨É¨Î¥¸±¨° μ¡· § ¢Ò· ¦¥´¨Ö (5.8),

±μÉμ·Ò° ³Ò ¡Ê¤¥³ μ¡μ§´ Î ÉÓ B
(2);glob
n+ν0

[L], μ¶·¥¤¥²Ö¥É¸Ö ¢ ¤¢ÊÌ¶¥É²¥¢μ³ ¶·¨-

¡²¨¦¥´¨¨ ¸ ¶μ³μÐÓÕ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ ρ
(2);glob
Bn+ν0{δ1,ν1}[L] (¢Ò· ¦¥´¨Ö

¤²Ö δ1 ¨ ν1 ¸³. ¢ ¶·¨²μ¦¥´¨¨ „ Å Ëμ·³Ê²Ò („.7)).
‚ É·¥Ì¶¥É²¥¢μ³ ¶ ¤¥-¶·¨¡²¨¦¥´¨¨ ´¥μ¡Ìμ¤¨³Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ-

¸É¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤

ρ̄
(3)
Bν{δ1,μ1;δ2,μ2}[L; Nf ] =

=
sin

[
ν ϕ(3−P )[L] + μ1 ϕΔ[L, δ1, Nf ] + μ2 ϕΔ[L, δ2, Nf ]

](
βf R(3−P )[L]

)ν (RΔ[L, δ1, Nf ])μ1 (RΔ[L, δ2, Nf ])μ2
, (5.12)

£²μ¡ ²Ó´ Ö ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ρ
(3);glob
Bν{δ1,μ1;δ2,μ2}[L] μ¶·¥¤¥²Ö¥É¸Ö ¶μ ´¨³ ¶μ

Ëμ·³Ê² ³ É¨¶  (3.20), ¨  ´ ²¨É¨Î¥¸±¨° μ¡· § ¢Ò· ¦¥´¨Ö (5.8),

μ¡μ§´ Î ¥³Ò° B
(3);glob
n+ν0

[L], μ¶·¥¤¥²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨

ρ
(3);glob
Bn+ν0{δ22,ν22;−δ23,ν23} [L] (¢Ò· ¦¥´¨Ö ¤²Ö δ22, ν22, δ23 ¨ ν23 ¸³. ¢ ¶·¨²μ¦¥-

´¨¨ „ Å Ëμ·³Ê²Ò („.10)).
„²Ö ¶μ²ÊÎ¥´¨Ö R̃„�’‚;5

S ³Ò ¶·¨³¥´¨³ μ¶¥· Í¨Õ AM , μ¶¨¸ ´´ÊÕ ¢ · §¤. 2∗:

R̃
(l)„�’‚;5
S (s) = AM [D̃(l);5

S ] =

= 3 m̂2
(l)

⎡⎣B(l);glob
ν0

(s) +
l∑

n�1

dn(5)
B

(l);glob
n+ν0

(s)
πn

⎤⎦ , (5.13)

£¤¥ ¢¥·Ì´¨° ¨´¤¥±¸ (l) μ¡μ§´ Î ¥É ¶¥É²¥¢μ° ¶μ·Ö¤μ± Ô¢μ²ÕÍ¨¨ ¨ ¢ Éμ ¦¥ ¸ ³μ¥
¢·¥³Ö ¶μ·Ö¤μ± ¶¥·ÉÊ·¡ É¨¢´μ£μ · §²μ¦¥´¨Ö DS-ËÊ´±Í¨¨. �μ¤Î¥·±´¥³, ÎÉμ
ÔÉμ ¢Ò· ¦¥´¨¥ ¸É·μ¨É¸Ö ¨§ É¥Ì ¦¥ ¸ ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ dn, ÎÉμ ¨ ¥¢±²¨¤μ¢ 

D̃
(l);5
S -ËÊ´±Í¨Ö, ¨ ÎÉμ £²μ¡ ²Ó´Ò¥  ´ ²¨É¨Î¥¸±¨¥ § ·Ö¤Ò B

(l);glob
n+ν0

¢μ¡· ²¨ ¢
¸¥¡Ö ¢¸¥ ÔËË¥±ÉÒ Ô¢μ²ÕÍ¨¨ ³ ¸¸Ò,   É ±¦¥ ¢¸¥ π2-¢±² ¤Ò.

∗‚¥·Ì´¨° ¨´¤¥±¸ ®5¯ ¢ R̃
(l)„�’‚;5
S ´ ¶μ³¨´ ¥É ´ ³, ÎÉμ ³Ò § Ë¨±¸¨·μ¢ ²¨ §´ Î¥´¨Ö ±μÔË-

Ë¨Í¨¥´Éμ¢ dn ¶·¨ Nf = 5.
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‚ Éμ ¦¥ ¢·¥³Ö ³Ò ³μ¦¥³ ¶μ¸É·μ¨ÉÓ ¶μ²´ÊÕ  ´ ²¨É¨§ Í¨Õ R̃„�’‚
S , Ö¢´μ

ÊÎ¨ÉÒ¢ Ö § ¢¨¸¨³μ¸ÉÓ ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö μÉ Nf ¢ ¶μ²´μ°  ´ ²μ-
£¨¨ ¸ É¥³, ± ± ³Ò ¸¤¥² ²¨ ÔÉμ ¤²Ö ”” ¶¨μ´  ¢ ¶. 4.3: É ³ ¶¥·ÉÊ·¡ É¨¢´Ò¥
Ëμ·³Ê²Ò Éμ¦¥ ¸μ¤¥·¦ ²¨ Ö¢´ÊÕ Nf -§ ¢¨¸¨³μ¸ÉÓ, ¨ ÔÉμ ¶·¨¢¥²μ ¶·μ¸Éμ ±
μ¶·¥¤¥²¥´¨Õ ´μ¢ÒÌ ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°. ’μÎ´μ É ± ¦¥ ³Ò ³μ¦¥³ ¤¥°-

¸É¢μ¢ ÉÓ ¨ §¤¥¸Ó: ±·μ³¥ ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥° ρ
(l);glob
Bn+ν0{...}, μÉ¢¥Î ÕÐ¨Ì

£²μ¡ ²Ó´Ò³  ´ ²¨É¨Î¥¸±¨³ § ·Ö¤ ³ B
(l);glob
n+ν0

, ¶μÖ¢ÖÉ¸Ö É ± ¦¥ ¤μ¶μ²´¨É¥²Ó-
´Ò¥ £²μ¡ ²Ó´Ò¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨, ¶μ¸É·μ¥´´Ò¥ ´  μ¸´μ¢¥ ¢Ò· ¦¥-

´¨° É¨¶  dn(Nf ) ρ̄
(l)
Bn+ν0{...}, ±μÉμ·Ò¥ ¤ ¤ÊÉ ´ ³ ´μ¢Ò¥  ´ ²¨É¨Î¥¸±¨¥ § ·Ö¤Ò

B
(l);glob
n+ν0;dn

. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¶μ²´ Ö „�’‚ Ëμ·³Ê²  ¡Ê¤¥É É ±μ°:

R̃
(l)„�’‚
S (s) = AM [D̃(l)

S ] = 3 m̂2
(l)

⎡⎣B
(l);glob
ν0

(s) +
l∑

n�1

B
(l);glob
n+ν0;dn

(s)
πn

⎤⎦ . (5.14)

‘ ÉμÎ±¨ §·¥´¨Ö ¶·¨´Í¨¶   ´ ²¨É¨§ Í¨¨ ¢¸¥£μ ¢Ò· ¦¥´¨Ö ®± ± Í¥²μ£μ¯, É -
±μ° ¶μ¤Ìμ¤ ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ³ ´ ¨¡μ²¥¥ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³. ‚ ³¨´±μ¢¸±μ°
μ¡² ¸É¨ μ´ ¶·¨¢μ¤¨É ± ·¥§Ê²ÓÉ É ³, μÉ²¨Î´Ò³ μÉ Î ¸É¨Î´μ°  ´ ²¨É¨§ Í¨¨,
±μ£¤  ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ®§ ³μ· ¦¨¢ ÕÉ¸Ö¯ ´  ± ±μ³-²¨¡μ §´ Î¥´¨¨
Nf (¢ ÔÉμ° § ¤ Î¥ ¥¸É¥¸É¢¥´´μ° ¶·¥¤¸É ¢²Ö¥É¸Ö μ¡ÒÎ´μ § ³μ·μ§±  ´  §´ -
Î¥´¨¨ Nf = 5). ‚ ¸ ³μ³ ¤¥²¥, ±μ£¤  ³Ò ¢¸É ¢²Ö¥³ Nf -§ ¢¨¸ÖÐ¨¥ Î ¸É¨ ¢
¸¶¥±É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ, ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨ ³Ò ¶μ²ÊÎ ¥³ ¢ ´¥±μÉμ·μ³
·μ¤¥ Ê¸·¥¤´¥´¨¥ ±μÔËË¨Í¨¥´Éμ¢ dn(Nf ) ¶μ ´¥¸±μ²Ó±¨³ §´ Î¥´¨Ö³ Nf . ’ ±,
¢ μ¡² ¸É¨ s ∼ (100 ƒÔ‚)2 ±μÔËË¨Í¨¥´ÉÒ ¡Ê¤ÊÉ ÔËË¥±É¨¢´μ Ê¸·¥¤´ÖÉÓ¸Ö ¶μ
§´ Î¥´¨Ö³ Nf = 5 (¨´É¥£·¨·μ¢ ´¨¥ ¶μ Ls � 12) ¨ Nf = 6 (¨´É¥£·¨·μ¢ ´¨¥ ¶μ

Ls � 12), ÎÉμ ¶·¨¢¥¤¥É ± ¶μ´¨¦¥´¨Õ ·¥§Ê²ÓÉ É  ¤²Ö R̃
(l)„�’‚
S (s) ¢ ¸· ¢´¥´¨¨

¸ R̃
(l)„�’‚;5
S (s).
5.3. ‘· ¢´¥´¨¥ · §²¨Î´ÒÌ ¶μ¤Ìμ¤μ¢ ± · ¸Î¥ÉÊ R̃S . ‚ ÔÉμ³ ¶Ê´±É¥ ³Ò

¸· ¢´¨¢ ¥³ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ R̃S ¢ · §²¨Î´ÒÌ ¶μ¤Ìμ¤ Ì.
• 	·μ¤Ì¥·¸É, Š É ¥¢ ¨ Œ ±¸¢¥²² (	ŠŒ) [70] ¢ ¶μ¤Ìμ¤¥ É ± ´ §Ò¢ ¥³μ°

®´ ¨¢´μ° ´¥ ¡¥²¨´¨§ Í¨¨¯ (���) ¨¸¶μ²Ó§μ¢ ²¨ ¤²Ö · ¸Î¥É  R̃S μ¶É¨³¨§ -
Í¨Õ ¸É¥¶¥´´μ£μ · §²μ¦¥´¨Ö, μ¸´μ¢ ´´ÊÕ ´  ³¥Éμ¤¥ ®±μ´ÉÊ·´μ£μ ¨´É¥£·¨·μ-
¢ ´¨Ö¯. ˆÌ ·¥§Ê²ÓÉ ÉÒ μÎ¥´Ó ¡²¨§±¨ ± μ¤´μ¶¥É²¥¢μ³Ê ¶μ¤Ìμ¤Ê „�’‚ (¸³.
¡μ²¥¥ ¶μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ¢ [75]):

R̃
(l=1)„�’‚
S (s) = 3 m̂2

(l=1)

⎡⎣A(1);glob
ν0

(s) +
4∑

n�1

dn(5)
A

(1);glob
n+ν0

(s)
πn

⎤⎦ . (5.15)

ˆ³¥¥É ¸³Ò¸² ÊÉμÎ´¨ÉÓ ¨¸¶μ²Ó§Ê¥³Ò¥ §´ Î¥´¨Ö Λ(1). ‚ · ¡μÉ¥ [75] ¶·¨³¥-

´Ö²μ¸Ó §´ Î¥´¨¥ Λ(1);KPS
Nf=3 = 312 ŒÔ‚, ¶·¥¤²μ¦¥´´μ¥ ¢ [120] ¤²Ö Nf = 3,  
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¶μ ¸ÊÉ¨ ¤μ²¦´μ ¡Ò²μ ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö μÉ¢¥Î ÕÐ¥¥ ÔÉμ³Ê ¢Ò¡μ·Ê §´ Î¥´¨¥

Λ(1);KPS
Nf=5 = 221 ŒÔ‚. ‡¤¥¸Ó ¦¥ ³Ò ¨¸¶μ²Ó§Ê¥³ Λ(1);Z

Nf=5 = 111 ŒÔ‚, ¶μ²ÊÎ ¥³μ¥

¨§ É·¥¡μ¢ ´¨Ö A
(1);glob
1 (m2

Z) = 0,120. ‚ ·¥§Ê²ÓÉ É¥ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ÔÉμ³Ê
¢Ò¡μ·Ê ¶Ê´±É¨·´ Ö ±·¨¢ Ö ´  ·¨¸. 14 μ± §Ò¢ ¥É¸Ö ´¨¦¥ Î¨¸Éμ ¶¥·ÉÊ·¡ É¨¢-
´μ£μ ·¥§Ê²ÓÉ É  (ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö) ´  8% (¢ [75] ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ±·¨¢ Ö

Ï²  ¢ÒÏ¥ ´  16 %,   ¶·¨ ¢Ò¡μ·¥ Λ(1);KPS
Nf=5 = 221 ŒÔ‚ μ´  μ± §Ò¢ ¥É¸Ö ¢ÒÏ¥

´  8 %).
• 	 °±μ¢, —¥ÉÒ·±¨´ ¨ ŠÕ´ (	—Š) [82] ¨¸¶μ²Ó§μ¢ ²¨ ¸É ´¤ ·É´ÊÕ É¥μ·¨Õ

¢μ§³ÊÐ¥´¨° ¢ O(a4
s )-¶μ·Ö¤±¥, ¸³. (5.5), ¸ Λ(4)

Nf=5 = 231 ŒÔ‚:

R̃
(l=4)	—Š
S (s) = 3m2

(l=4)(s)

⎡⎣1 +
4∑

n�1

rn(5)

(
α

(l=4)
s

π

)n
⎤⎦ . (5.16)

• ‚ ¶μ¤Ìμ¤¥ „�’‚ ¸ ®§ ³μ·μ§±μ°¯ ±μÔËË¨Í¨¥´Éμ¢ dn(Nf ) ´  §´ Î¥´¨¨

dn(5) (É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¤¢ÊÌ ¶μ¤Ìμ¤ Ì) ³Ò ¶μ²ÊÎ ¥³ R̃
(3)„�’‚;5
S (s),

¸³. (5.13), ¨ ·¥§Ê²ÓÉ É ¤²Ö Λ(4)
Nf=5 = 261 ŒÔ‚ (´μ·³¨·μ¢±  ´  A

(3);glob
1 (m2

Z) =
0,120) ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 14,   ¸¶²μÏ´μ° ²¨´¨¥°. ‚¨¤´μ, ÎÉμ μ´ μÎ¥´Ó ¡²¨-
§μ± ± ·¥§Ê²ÓÉ ÉÊ 	—Š (μÉ²¨Î¨¥ ¨³¥¥É ¶μ·Ö¤μ± 2 %,   ¥¸²¨ ¸· ¢´¨¢ ÉÓ ¸ É·¥Ì-
¶¥É²¥¢Ò³ ·¥§Ê²ÓÉ Éμ³ 	—Š Å 1,5 %).

�¨¸. 14. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¢¥²¨Î¨´Ò R̃S(M2
H) ¢ · §²¨Î´ÒÌ ¶μ¤Ìμ¤ Ì (¶μÖ¸´¥´¨Ö ¸³.

¢ É¥±¸É¥)

• ‚ ¶μ¤Ìμ¤¥ „�’‚ ¸ ¶μ²´μ°  ´ ²¨É¨§ Í¨¥° Nf -§ ¢¨¸¨³μ¸É¥° ³Ò ¶μ²Ê-

Î ¥³ R̃
(3);„�’‚
S (s), ¸³. (5.14). �¥§Ê²ÓÉ É ¶μ± § ´ ¸¶²μÏ´μ° ±·¨¢μ° ´  ·¨¸. 14, ¡

¨, ± ± ³Ò ¨ μ¦¨¤ ²¨, μ± § ²¸Ö ³¥´ÓÏ¥ ®§ ³μ·μ¦¥´´μ£μ¯ ·¥§Ê²ÓÉ É . �Éμ μÉ-
²¨Î¨¥ ³¥´Ö¥É¸Ö μÉ 12,5 % (¶·¨ MH = 50 ƒÔ‚) ¤μ 16,5 % (¶·¨ MH = 150 ƒÔ‚).

’ ±¨³ μ¡· §μ³, ³Ò ³μ¦¥³ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ ·Ö¤ ¸É ´¤ ·É´μ° É¥μ·¨¨
¢μ§³ÊÐ¥´¨° Š•„ ¨ ´¥¸É¥¶¥´´μ¥ · §²μ¦¥´¨¥ „�’‚ ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì ²μ-
£ ·¨Ë³μ¢ L μ± §Ò¢ ÕÉ¸Ö ¡²¨§±¨ ¢ ¸Í¥´ ·¨¨ ¸ § ³μ·μ§±μ° ±μÔËË¨Í¨¥´Éμ¢
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dn(Nf ) ´  §´ Î¥´¨ÖÌ, μÉ¢¥Î ÕÐ¨Ì Nf = 5. �μ²´ Ö „�’‚ ¸  ´ ²¨É¨§ Í¨¥°
¢¸¥° § ¢¨¸¨³μ¸É¨ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢ μÉ Nf ¥¸É¥¸É¢¥´´μ ¤ ¥É ¤·Ê-
£μ°, ¢ ´ Ï¥³ ¸²ÊÎ ¥ ³¥´ÓÏ¨°, ·¥§Ê²ÓÉ É. “¤¨¢²ÖÉÓ¸Ö ÉÊÉ ´¥Î¥³Ê, ¶μ¸±μ²Ó±Ê,
± ± ³Ò Ê¦¥ £μ¢μ·¨²¨, É ± Ö  ´ ²¨É¨§ Í¨Ö ÔËË¥±É¨¢´μ Ê¸·¥¤´Ö¥É ±μÔËË¨Í¨-
¥´ÉÒ dn(Nf ), ÎÉμ ¶·¨¢μ¤¨É ± ¨Ì Ê³¥´ÓÏ¥´¨Õ ¨, ± ± ·¥§Ê²ÓÉ É, ± Ê³¥´ÓÏ¥-
´¨Õ ¢¸¥° ¸Ê³³Ò ´¥¸É¥¶¥´´μ£μ ·Ö¤ . —Éμ¡Ò ¶·μ ´ ²¨§¨·μ¢ ÉÓ ÔÉμÉ ÔËË¥±É,
μ¶·¥¤¥²¨³ ÔËË¥±É¨¢´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, μÉ¢¥Î ÕÐ¨¥ ¶μ²´μ¸ÉÓÕ  ´ ²¨É¨§¨-

·μ¢ ´´μ³Ê ·Ö¤Ê R̃
(3);„�’‚
S [L], ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

deff
n [L] =

B
(l);glob
n+ν0;dn

[L]

B
(l);glob
n+ν0

[L]
. (5.17)

ŒÒ ¢¨¤¨³ ¨§ É ¡². 3, ÎÉμ ÔËË¥±É¨¢´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¤¥°¸É¢¨É¥²Ó´μ Ê³¥´Ó-
Ï¨²¨¸Ó, ¢ ¸·¥¤´¥³ ´  16Ä18%.

’ ¡²¨Í  3. 	ËË¥±É¨¢´Ò¥ §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ deff
n [L] (¸³. (5.17)) ¶·¨

L = 11Ä13. ‚ ¤¢ÊÌ ¶μ¸²¥¤´¨Ì ±μ²μ´± Ì ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¸Ê³³ ·Ö¤  ¤²Ö R̃

(3)
S [L] ¢ ¸²ÊÎ ¥ „�’‚ ¸ ®§ ³μ·μ§±μ°¯ ±μÔËË¨Í¨¥´Éμ¢ ´  Nf = 5 ¨

¢ ¸²ÊÎ ¥ ¶μ²´μ° „�’‚

�ËË¥±É¨¢´Ò¥
n = 0 n = 1 n = 2 n = 3 R̃

(3);„�’‚;5
S [L] R̃

(3);„�’‚
S [L]±μÔËË¨Í¨¥´ÉÒ

dn(Nf = 5) 1,00 5,67 42,0 353 Å Å
deff

n [L = 11] 0,84 4,90 36,1 292 32,01 27,16
deff

n [L = 12] 0,83 4,77 34,6 271 28,75 23,90
deff

n [L = 13] 0,82 4,63 32,8 245 26,07 21,21

”¨§¨Î¥¸±¨ ÔËË¥±É ¶μ²´μ°  ´ ²¨É¨§ Í¨¨ ·Ö¤  ¤²Ö R̃S(s) μÉ¢¥Î ¥É ÊÎ¥ÉÊ
¢±² ¤μ¢ ¶¥É¥²Ó ¸ t-±¢ ·± ³¨ ¤ ¦¥ ¢ μ¡² ¸É¨

√
s � 175 ƒÔ‚, £¤¥ ¢ μ¡ÒÎ´μ°

É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤ ÕÉ ¢±² ¤ Éμ²Ó±μ ¶ÖÉÓ ±¢ ·±μ¢ u, d, s, c ¨ b. ˆ ³Ò
¢¨¤¨³, ÎÉμ ÔËË¥±É ÔÉμÉ ´¥ ³ ²!

6. ‘“ŒŒˆ��‚��ˆ… �Ÿ„�‚ ’…��ˆˆ ‚�‡Œ“™…�ˆ‰ ‚ �’‚ ˆ „�’‚

6.1. �¤´μ¶¥É²¥¢Ò¥ �’‚ ¨ „�’‚ (Nf = 3). � ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¨° ·Ö¤

D[L] = d0 +
∞∑

n=1

dn an
s [L] (6.1 )

¸ ±μÔËË¨Í¨¥´É ³¨

dn = d1

∞∫
0

P (t) tn−1dt, ¶·¨Î¥³

∞∫
0

P (t) dt = 1. (6.1¡)
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„²Ö μ¡²¥£Î¥´¨Ö ¢μ¸¶·¨ÖÉ¨Ö ¶μ¸²¥¤ÊÕÐ¨Ì Ëμ·³Ê² ³Ò ¢¢μ¤¨³ ¸²¥¤ÊÕÐ¥¥ μ¡μ-
§´ Î¥´¨¥:

〈〈f(t)〉〉P ≡
∞∫
0

f(t)P (t) dt, (6.1¢)

É ± ÎÉμ dn+1 = d1〈〈tn〉〉P . � ¸¸³μÉ·¨³ ¶ ·Ê ¶·¨³¥·μ¢ Ö¢´μ£μ ¢¨¤  ËÊ´±-
Í¨¨ P (t):

• ËÊ´±Í¨Ö P (t; τ0) = δ(t− τ0) ¶·¨¢μ¤¨É ± ±μÔËË¨Í¨¥´É ³, § ¢¨¸ÖÐ¨³ μÉ
¶μ·Ö¤±  n ¸É¥¶¥´´Ò³ μ¡· §μ³

dn = d1τ
n−1
0 . (6.2 )

• ËÊ´±Í¨Ö

P (t; c, δ) = e−t/c (t/c)δ

c Γ(1 + δ)
(6.2¡)

£¥´¥·¨·Ê¥É Ë ±Éμ·¨ ²Ó´μ · ¸ÉÊÐ¨¥ ±μÔËË¨Í¨¥´ÉÒ

dn = d1c
n−1 Γ(n + δ)

Γ(1 + δ)
, (6.2¢)

±μÉμ·Ò¥ ¨³¨É¨·ÊÕÉ ®²¨¶ Éμ¢¸±μ¥¯ ¶μ¢¥¤¥´¨¥ ¶·¨ ¡μ²ÓÏ¨Ì n � 1 ¢ ±¢ ´Éμ-
¢μ° É¥μ·¨¨ ¶μ²Ö, ¸³. [121,122].

	² £μ¤ ·Ö μ¤´μ¶¥É²¥¢μ³Ê ·¥±Ê··¥´É´μ³Ê ¸μμÉ´μÏ¥´¨Õ

1
Γ(n + 1)

(
− d

dL

)n

A1[L] = An+1[L] (6.3)

 ´ ²¨É¨Î¥¸±¨° μ¡· § ÔÉμ£μ ·Ö¤ , ± ± ¶μ± § ´μ Œ¨Ì °²μ¢Ò³ [85], ¶·¥¤¸É ¢²Ö-
¥É¸Ö ¸²¥¤ÊÕÐ¥° ËÊ´±Í¨¥°:

D[L] = d0 +
∞∑

n=0

dn+1An+1[L] = d0 + d1

〈〈 ∞∑
n=0

(−t)n

n!
dn

dLn
A1[L]

〉〉
P

=

= d0 + d1〈〈A1[L − t]〉〉P . (6.4 )

�É  Ëμ·³Ê²  ¨ Ö¢²Ö¥É¸Ö Ëμ·³Ê²μ° ¸Ê³³¨·μ¢ ´¨Ö ·Ö¤μ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°
¢ �’‚, ¶·¨Î¥³ μ´  ¸¶· ¢¥¤²¨¢  ¨ ¤²Ö ¸Ê³³¨·μ¢ ´¨Ö ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨:

R[L] = d0 +
∞∑

n=0

dn+1 An+1[L] = d0 + d1〈〈A1[L − t]〉〉P . (6.4¡)
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…¸²¨ É¥¶¥·Ó · ¸¸³μÉ·¥ÉÓ ·Ö¤, ¸É ·ÉÊÕÐ¨° ´¥ ¸ 1,   ¸ ¤·μ¡´μ° ¸É¥¶¥´¨
ÔËË¥±É¨¢´μ£μ § ·Ö¤ , ÎÉμ ¨³¥¥É ³¥¸Éμ, ´ ¶·¨³¥·, ¤²Ö Ï¨·¨´Ò · ¸¶ ¤  H0 →
b̄b, ¸³. [75],

Rν = d0 Aν +
∞∑

n=0

dn+1 An+1+ν , (6.5)

Éμ ¡² £μ¤ ·Ö ·¥±Ê··¥´É´μ³Ê ¸μμÉ´μÏ¥´¨Õ

An+ν[L] =
Γ(ν)

Γ(n + ν)

(
− d

dL

)n

Aν [L], (6.6)

±μÉμ·μ¥ ¥¸ÉÓ ¶·Ö³μ¥ ¸²¥¤¸É¢¨¥ (3.11), ³Ò ¶μ²ÊÎ¨³

Rν = d0 Aν + d1〈〈X(t; 1 + ν)〉〉P , (6.7)

£¤¥

X(t; 1 + ν) ≡
∞∑

n=0

(−x̂)nΓ(1 + ν)
Γ(n + 1 + ν)

A1+ν [L]
∣∣∣
x̂→t d/dL

. (6.8)

ˆ³¥¥É¸Ö ±· ¸¨¢μ¥ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¨´É¥·¥¸ÊÕÐ¥£μ ´ ¸ ·Ö¤ 
(6.8), ¸³. Ëμ·³Ê²Ê (5.2.7.20) ¢ [123]:

∞∑
n=0

(−x̂)nΓ(1 + ν)
Γ(n + 1 + ν)

=

1∫
0

exp
(
x̂ · u1/ν − x̂

)
du. (6.9)

‚¸¶μ³¨´ Ö, ÎÉμ x̂ = t · d/dL, É ± ÎÉμ μ¶¥· Éμ· ez x̂ ¶·¨ ¤¥°¸É¢¨¨ ´  ËÊ´±Í¨Õ
A[L] ¶·μ¸Éμ ¸¤¢¨£ ¥É ¥¥  ·£Ê³¥´É: ez x̂A[L] = A[L + zt], ³Ò ¨³¥¥³

X(t; 1 + ν) =

1∫
0

A1+ν

[
L + t

(
u1/ν − 1

)]
du. (6.10)

�μ¤¸É ¢²ÖÖ (6.10) ¢ (6.7), ¶μ²ÊÎ ¥³ μ±μ´Î É¥²Ó´μ

Rν [L] = d0 Aν [L] + d1

〈〈 1∫
0

du A1+ν

[
L − t

(
1 − u1/ν

)]〉〉
P

=

= d0 Aν [L] + d1〈〈A1+ν [L − t]〉〉Pν , (6.11 )
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£¤¥

Pν(t) ≡
1∫

0

P

(
t

1 − u1/ν

)
du

1 − u1/ν
=

1∫
0

P

(
t

1 − t′

)
Φν(t′)

dt′

1 − t′
;

(6.11¡)

Φν(t) ≡ νtν−1 −→
ν→0+

δ(t). (6.11¢)

�¶ÖÉÓ ¦¥, ÉμÎ´μ É ± Ö ¦¥ Ëμ·³Ê²  ¸¶· ¢¥¤²¨¢  ¨ ¤²Ö ¸Ê³³¨·μ¢ ´¨Ö ¢ ¥¢±²¨-
¤μ¢μ° μ¡² ¸É¨:

Dν [L] ≡ d0 Aν [L] +
∞∑

n=0

dn+1 An+1+ν [L] = d0 Aν [L] + d1〈〈A1+ν [L − t]〉〉Pν .

(6.11£)
ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¸²ÊÎ ¥ ËÊ´±Í¨¨ P (t; c, δ) ¨§ (6.2¡) ¨´É¥£· ²

¤²Ö ËÊ´±Í¨¨ Pν(t) ¢ (6.11¡) ¢ÒÎ¨¸²Ö¥É¸Ö ÉμÎ´μ, É ± ÎÉμ ³Ò ¨³¥¥³

Pν(t; δ) =
ν 1F1 (1 − ν; 1 − δ;−t/c)

c δ
−

− Γ(1 + ν)Γ(−δ) 1F1 (1 + δ − ν; 1 + δ;−t/c)
c Γ(1 + δ) Γ(ν − δ) (c/t)δ

, (6.12)

£¤¥ 1F1 Å ±μ´Ë²Õ¥´É´ Ö £¨¶¥·£¥μ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö ŠÊ³³¥· , μ¶·¥¤¥²Ö-
¥³ Ö ± ±

1F1(a; b; z) =
∞∑

n=0

Γ(a + n) Γ(b) zn

Γ(a) Γ(b + n)n!
. (6.13)

„²Ö Í¥²ÒÌ §´ Î¥´¨° δ = m � 0 Ëμ·³Ê²Ò Ê¶·μÐ ÕÉ¸Ö ± ¢¨¤Ê

Pν(t; m) =
Γ(1 + ν)

c Γ(1 + m)
G2,0

1,2

(
t

c

∣∣∣∣ ν
0, m

)
, (6.14)

£¤¥ G2,0
1,2(z| . . .) Å G-ËÊ´±Í¨Ö Œ¥°¥· , μ¶·¥¤¥²Ö¥³ Ö ± ±

G2,0
1,2

(
z

∣∣∣∣ a
b1, b2

)
=

1
2πi

∮
C

Γ(b1 + s)Γ(b2 + s)
Γ(a + s)

ds

zs
, (6.15)

¶·¨Î¥³ ±μ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö C ¢Ò¡¨· ¥É¸Ö É ±, ÎÉμ ¢¸¥ ¶μ²Õ¸  ËÊ´±Í¨°
Γ(b1+s) ¨ Γ(b2+s) ´ Ìμ¤ÖÉ¸Ö ¶μ μ¤´Ê ¸Éμ·μ´Ê μÉ ´¥£μ (¢´ÊÉ·¨ ¨²¨ ¸´ ·Ê¦¨).
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6.2. ƒ²μ¡ ²Ó´ Ö μ¤´μ¶¥É²¥¢ Ö �’‚ ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ. ’¥¶¥·Ó ³Ò
μ¡¸Ê¤¨³ ¸¨ÉÊ Í¨Õ ¸ ¸Ê³³¨·μ¢ ´¨¥³ ·Ö¤μ¢ ¢ £²μ¡ ²Ó´μ° �’‚ ¸ μ¤´¨³ ¶μ·μ£μ³
ÉÖ¦¥²μ£μ ±¢ ·± , Ë²¥°¢μ·Ê ±μÉμ·μ£μ ³Ò ¡Ê¤¥³ ¶·¨¶¨¸Ò¢ ÉÓ §´ Î¥´¨¥ 4. „²Ö
¶·μ¸ÉμÉÒ ´ Î´¥³ ¸ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ, £¤¥ Ëμ·³Ê²Ò μ± §Ò¢ ÕÉ¸Ö ¡μ²¥¥
±μ³¶ ±É´Ò³¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¤´μ¶¥É²¥¢ Ö ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ρglob

n [L],
£¤¥ L = ln

(
s/Λ2

3

)
, ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¸ É·¥³Ö ¨ Î¥-

ÉÒ·Ó³Ö Ë²¥°¢μ· ³¨, ρ̄n[L; 3] ¨ ρ̄n[L + λ4; 4]:

ρglob
n [L] = ρ̄n [L; 3] θ (L < L4) + ρ̄n [L + λ4; 4] θ (L4 � L) , (6.16)

¸ λ4 ≡ ln
(
Λ2

3/Λ2
4

)
, L4 ≡ ln

(
M2

4 /Λ2
3

)
, ¨

ρ̄n [L; Nf ] =
ρn[L]
βn

f

≡
sin

[
n arccos

(
Lσ/

√
L2

σ + π2
)]

π
[
βf

√
L2

σ + π2
]n . (6.17)

�´ ²¨É¨§¨·μ¢ ´´Ò¥ ¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ
¥¸ÉÓ ¶·¨ ÔÉμ³

Aglob
n [L] =

∞∫
L

ρglob
n [Lσ] dLσ =

= θ (L < L4)

L4∫
L

ρ̄n [Lσ; 3] dLσ +

∞∫
max(L,L4)

ρ̄n [Lσ + λ4; 4] dLσ. (6.18)

„²Ö μ¤´μ¶¥É²¥¢ÒÌ ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°, μÉ¢¥Î ÕÐ¨Ì Ë¨±¸¨·μ¢ ´-
´μ³Ê Î¨¸²Ê Ë²¥°¢μ·μ¢, ρn [L] ¨ ρ̄n [L; Nf ], ¨³¥ÕÉ¸Ö ·¥±Ê··¥´É´Ò¥ ¸μμÉ-
´μÏ¥´¨Ö:

ρn+1[L] =
1
n

(
− d

dL

)
ρn[L] =

1
Γ(n + 1)

(
− d

dL

)n

ρ1[L]; (6.19 )

ρ̄n+1[L; Nf ] =
1

n βf

(
− d

dL

)
ρ̄n[L; Nf ]=

1
Γ(n + 1)βn+1

f

(
− d

dL

)n

ρ1[L],

(6.19¡)

±μÉμ·Ò¥ ¸¶· ¢¥¤²¨¢Ò (§  ¨¸±²ÕÎ¥´¨¥³ ¶·μ³¥¦ÊÉμÎ´ÒÌ ¸·¥¤´¨Ì · ¢¥´¸É¢) ¤²Ö
n � 0 ¨ ¶μ§¢μ²ÖÕÉ ´ ³ ´¥³¥¤²¥´´μ ¶¥·¥¶¨¸ ÉÓ (6.18) ¢ ¡μ²¥¥ ¶μ²¥§´μ³ ¢¨¤¥:

A
glob
n+1[L] = θ (L < L4)

[
ρ̄n[L; 3]− ρ̄n[L4; 3]

n β3
+

+
ρ̄n[L4 + λ4; 4]

n β4

]
+ θ (L � L4)

ρ̄n[L + λ4; 4]
n β4

. (6.20)



1404 	�Š“‹…‚ �.�.

ˆ¸¶μ²Ó§ÊÖ (6.19) ¨ ¸μμÉ´μÏ¥´¨¥

ρ1[L] =
(
−d

dL

)
A1[L], (6.21)

³Ò ³μ¦¥³ ¸¢¥¸É¨ (6.20) ± ¶·¥¤¸É ¢²¥´¨Õ, ¢ ±μÉμ·μ³ ¢¸Ö n-§ ¢¨¸¨³μ¸ÉÓ ¸É -
´μ¢¨É¸Ö Ö¢´μ°:

A
glob
n+1[L] =

θ (L < L4)
Γ(n + 1)

{[(
−1
β3

d

dL

)n

Ā1[L; 3]−
(
−1
β3

d

dL4

)n

Ā1[L4; 3]
]

+

+
(
−1
β4

d

dL4

)n

Ā1[L4 + λ4; 4]
}

+
θ (L � L4)
Γ(n + 1)

(
−1
β4

d

dL

)n

Ā1[L + λ4; 4].

(6.22)

’ ±¨³ μ¡· §μ³, μ¡Ð Ö ¸É·Ê±ÉÊ·  n-§ ¢¨¸¨³μ¸É¨ ¢ (6.22) ¥¸ÉÓ ¶·μ¸Éμ x̂n
f /Γ(n+

1) ¸ x̂f = [−1/βf ](d/dL). �μ ³Ò §´ ¥³, ± ± É ±¨¥ § ¢¨¸¨³μ¸É¨ ¸Ê³³¨·ÊÕÉ¸Ö,
¸³. (6.4):

Rglob[L] ≡ d0 +
∞∑

n=0

dn+1 A
glob
n+1[L] ≡ d0 + d1

∑
i

θi[L] Sf ;i[L + λf ]; (6.23)

Sf ;i[L] ∼
∞∑

n=0

〈〈tn〉〉P
βn

f Γ(n + 1)

(
− d

dL

)n

Ā1[L; Nf ]=〈〈Ā1 [L−t/βf ; Nf ]〉〉P. (6.24)

‘μ¡¨· Ö ¢³¥¸É¥ ¢±² ¤Ò μÉ · §²¨Î´ÒÌ θ-¸É·Ê±ÉÊ· ¢ (6.22) ¨ ¢¸É ¢²ÖÖ ¨Ì ¢
(6.24), ³Ò ¶μ²ÊÎ ¥³ μÉ¢¥É:

Rglob[L] = d0 + d1θ (L<L4)
〈〈

Ā1

[
L − t

β3
; 3
]

+ Δ4Ā1[t]
〉〉

P

+

+ d1θ (L � L4)
〈〈

Ā1

[
L + λ4 −

t

β4
; 4
]〉〉

P

, (6.25)

£¤¥ μ¡μ§´ Î¥´μ (¸ λ3 ≡ 0)

Δf Ā1[t] ≡ Ā1

[
Lf + λf − t

βf
; f
]
− Ā1

[
Lf + λf−1 −

t

βf−1
; f − 1

]
.

…¸²¨ ³Ò ¶·¨³¥³ ¢μ ¢´¨³ ´¨¥ ¢¸¥ ¶μ·μ£¨, É. ¥. ¢ ¤μ¶μ²´¥´¨¥ ± ¶μ·μ£Ê L4

ÊÎÉ¥³ É ±¦¥ ¶μ·μ£¨ L5 ¨ L6, Éμ£¤  μÉ¢¥É § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Rglob[L] = d0 + d1

6∑
f=3

θ (Lf �L<Lf+1)
〈〈

Ā1

[
L+λf−

t

βf
; f
]〉〉

P

+

+ d1

5∑
f=3

θ (Lf �L<Lf+1)
6∑

k=f+1

〈〈
ΔkĀ1[t]

〉〉
P

, (6.26)

£¤¥ ³Ò μ¶·¥¤¥²¨²¨ L3 = −∞ ¨ L7 = +∞.
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6.3. ƒ²μ¡ ²Ó´ Ö μ¤´μ¶¥É²¥¢ Ö �’‚ ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨. ’¥¶¥·Ó ³Ò
£μÉμ¢Ò · ¸¸³μÉ·¥ÉÓ ¢μ¶·μ¸ μ ¸Ê³³¨·μ¢ ´¨¨ ·Ö¤μ¢ ¢ £²μ¡ ²Ó´μ° �’‚ ¢ ¥¢±²¨-
¤μ¢μ° μ¡² ¸É¨

Dglob[L] ≡ d0 +
∞∑

n=0

dn+1 Aglob
n+1[L], (6.27)

É ±¦¥ ¸¶¥·¢  ¸ ÊÎ¥Éμ³ ¶μ·μ£  Éμ²Ó±μ μ¤´μ£μ ÉÖ¦¥²μ£μ ±¢ ·± . �´ ²¨É¨§¨·μ-
¢ ´´Ò¥ ¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  §¤¥¸Ó ¥¸ÉÓ

Aglob
n [L] =

L4∫
−∞

ρ̄n [Lσ; 3] dLσ

1 + eL−Lσ
dLσ +

∞∫
L4

ρ̄n [Lσ + λ4; 4] dLσ

1 + eL−Lσ
dLσ. (6.28)

„²Ö ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°, μÉ¢¥Î ÕÐ¨Ì Ë¨±¸¨·μ¢ ´´μ³Ê Î¨¸²Ê Ë²¥°¢μ-
·μ¢, ¨³¥¥É¸Ö ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ (6.19a), ¨§ ±μÉμ·μ£μ ¨ ¸²¥¤Ê¥É ·¥-
±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ (6.3) ¤²Ö An+1[L] ¨ A1[L],   É ±¦¥ ¸μμÉ´μÏ¥´¨Ö
(6.19¡), ÎÉμ ¶μ§¢μ²Ö¥É ´ ³ § ¶¨¸ ÉÓ

Aglob
n+1[L] =

1
n

[
ρ̄n [L4 + λ4; 4]
β4 (1 + eL−L4)

− ρ̄n [L4; 3]
β3 (1 + eL−L4)

]
−

− 1
n

d

dL

⎡⎣ L4∫
−∞

ρ̄n [Lσ; 3] dLσ

β3 (1 + eL−Lσ)
+

∞∫
L4

ρ̄n [Lσ + λ4; 4] dLσ

β4 (1 + eL−Lσ)

⎤⎦ . (6.29)

�·μ¤μ²¦ Ö ¸¶Ê¸± ÉÓ¸Ö ¶μ ²¥¸É´¨Í¥ n + 1 → n → n − 1 → . . . → 1, ¶μ²ÊÎ¨³
¤²Ö n � 1

Aglob
n+1[L] =

1
n!

[
− d

dL

]n
⎧⎨⎩

L4∫
−∞

ρ̄1 [Lσ; 3] dLσ

βn
3 (1 + eL−Lσ)

+

∞∫
L4

ρ̄1 [Lσ + λ4; 4] dLσ

βn
4 (1 + eL−Lσ)

⎫⎬⎭+

+
n−1∑
k=0

Γ(n − k)
Γ(n + 1)

[
ρ̄n−k [L4 + λ4; 4]

βk+1
4

− ρ̄n−k [L4; 3]
βk+1

3

] [
− d

dL

]k 1
1 + eL−L4

.

(6.30)
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‚μ¸¶μ²Ó§Ê¥³¸Ö É¥¶¥·Ó ¸μμÉ´μÏ¥´¨¥³ (6.19¡) ¨ ¸¢μ°¸É¢μ³ d/dL = −d/dL4 ¤²Ö
ËÊ´±Í¨°, § ¢¨¸ÖÐ¨Ì Éμ²Ó±μ μÉ · §´μ¸É¨ L − L4, ÎÉμ¡Ò § ¶¨¸ ÉÓ ¤²Ö n � 1:

Aglob
n+1[L] =

1
βn

3 n!

⎧⎨⎩
[
− d

dL

]n
L4∫

−∞

ρ̄1 [Lσ; 3] dLσ

1 + eL−Lσ
− Φn−1(L, L4; 3)

⎫⎬⎭+

+
1

βn
4 n!

⎧⎨⎩
[
− d

dL

]n ∞∫
L4

ρ̄1 [Lσ + λ4; 4] dLσ

1 + eL−Lσ
+ Φn−1(L, L4; 4)

⎫⎬⎭ , (6.31)

£¤¥ (n � 0 ¨ λ3 = 0)

Φn(L, λ; f) ≡
n∑

k=0

x̂n−k ŷk ρ̄1 [λ + λf ; f ]
1 + eL−L4

=

=
ŷn+1 − x̂n+1

ŷ − x̂

ρ̄1[λ + λf ; f ]
1 + eL−L4

∣∣∣ x̂ → −d/dλ
ŷ → d/dL4

. (6.32)

’μ£¤ 

Dglob[L] = d0 + d1

〈〈 L4∫
−∞

ρ̄1 [Lσ; 3] dLσ

1 + eL−Lσ−t/β3
+

∞∫
L4

ρ̄1 [Lσ + λ4; 4] dLσ

1 + eL−Lσ−t/β4

〉〉
P

+

+ d1

〈〈 ∞∑
n=0

tn+1

(n + 1)!

[
Φn(L, L4; 4)

βn+1
4

− Φn(L, L4; 3)
βn+1

3

]〉〉
P

. (6.33)

�·¨ ÔÉμ³, ¡² £μ¤ ·Ö (6.32), ³μ¦´μ ¶·μ¸Ê³³¨·μ¢ ÉÓ ¶μ n ¢ (6.33) Ö¢´μ. „¥°-
¸É¢¨É¥²Ó´μ, ¶μ²μ¦¨³ α = t/βf :

∞∑
n=0

αn+1

(n + 1)!
Φn(L, L4; f) =

exp (αŷ) − exp (αx̂)
ŷ − x̂

ρ̄1(λ + λf )
1 + eL−L4

∣∣∣
λ→L4

=

=

∞∫
0

db
[
e(α−b)ŷ+bx̂ − e−bŷ+(α+b)x̂

] ρ̄1(λ + λf )
1 + eL−L4

∣∣∣
λ→L4

=

∞∫
0

db

[
ρ̄1(L4 + λf − b)
1 + eL−L4−α+b

−

− ρ̄1(L4 + λf − α − b)
1 + eL−L4+b

]
= α

1∫
0

ρ̄1(L4 + λf − αx) dx

1 + eL−L4−αx̄
. (6.34)
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ˆ É¥¶¥·Ó ³Ò ¶μ²ÊÎ ¥³ ±μ´¥Î´ÊÕ Ëμ·³Ê²Ê ¸Ê³³¨·μ¢ ´¨Ö ·Ö¤  (6.1 ):

Dglob[L] =

= d0 + d1

〈〈 L4∫
−∞

ρ̄1 [Lσ; 3] dLσ

1 + eL−Lσ−t/β3
+

∞∫
L4

ρ̄1 [Lσ + λ4; 4] dLσ

1 + eL−Lσ−t/β4
+ Δ4[L, t]

〉〉
P

,

(6.35)

£¤¥

Δf [L, t] ≡
1∫

0

ρ̄1 [Lf + λf − tx/βf ; Nf ] t

βf

[
1 + eL−Lf−tx̄/βf

] dx−

−
1∫

0

ρ̄1 [Lf + λf−1 − tx/βf−1; Nf−1] t

βf−1

[
1 + eL−Lf−tx̄/βf−1

] dx. (6.36)

‡ ³¥É¨³, ÎÉμ ¥¸²¨ ÊÎ¥¸ÉÓ ¢¸¥ ¶μ·μ£¨, É. ¥. ¢ ¤μ¶μ²´¥´¨¥ ± L4 ¥Ð¥ L5 ¨ L6, Éμ
±μ´¥Î´ Ö Ëμ·³Ê²  ¨§³¥´¨É¸Ö μÎ¥¢¨¤´Ò³ μ¡· §μ³:

Dglob[L] = d0 + d1

6∑
f=3

〈〈 Lf+1∫
Lf

ρ̄1 [Lσ + λf ; Nf ] dLσ

1 + eL−Lσ−t/βf

〉〉
P

+ d1

6∑
f=4

〈〈Δf [L, t]〉〉P ,

(6.37)
£¤¥, ± ± ¨ · ´¥¥ ¢ ¶. 6.2, ³Ò ¶μ²Ó§Ê¥³¸Ö ¸μ£² Ï¥´¨¥³ L3 = −∞ ¨ L7 = +∞.

6.4. ƒ²μ¡ ²Ó´ Ö μ¤´μ¶¥É²¥¢ Ö „�’‚. ‚ ÔÉμ³ ¶Ê´±É¥ ³Ò μ¡¸Ê¤¨³ μ¡μ¡Ð¥-
´¨¥ ³¥Éμ¤  ¸Ê³³¨·μ¢ ´¨Ö ·Ö¤μ¢ ¢ μ¤´μ¶¥É²¥¢μ° „�’‚ ´  ¸²ÊÎ ° £²μ¡ ²Ó´μ°
„�’‚. ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ §¤¥¸Ó ¸²¥¤ÊÕÐ¨¥ ·Ö¤Ò:

Rglob
ν [L] ≡ d0 Aglob

ν [L] +
∞∑

n=0

dn+1 A
glob
n+1+ν[L]; (6.38 )

Dglob
ν [L] ≡ d0 Aglob

ν [L] +
∞∑

n=0

dn+1 Aglob
n+1+ν [L] (6.38¡)

Å ¨ ´ Î´¥³ ¸μ ¸²ÊÎ Ö μ¤´μ£μ ¶μ·μ£  ÉÖ¦¥²μ£μ ±¢ ·±  (f = 4). ” ±É¨Î¥¸±¨,
´ ³ ´ ¤μ μ¡Ñ¥¤¨´¨ÉÓ ·¥§Ê²ÓÉ ÉÒ ¶¶. 6.1, 6.2 ¨ 6.3. �´ ²¨É¨§¨·μ¢ ´´Ò¥ n +
1 + ν-¸É¥¶¥´¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¥¸ÉÓ
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A
glob
n+1+ν [L] = θ (L < L4)

L4∫
L

ρ̄n+1+ν [Lσ; 3] dLσ+

+

∞∫
max(L,L4)

ρ̄n+1+ν [Lσ + λ4; 4] dLσ; (6.39)

Aglob
n+1+ν [L] =

L4∫
−∞

ρ̄n+1+ν [Lσ; 3] dLσ

1 + eL−Lσ
dLσ +

∞∫
L4

ρ̄n+1+ν [Lσ + λ4; 4] dLσ

1 + eL−Lσ
dLσ.

(6.40)
„²Ö μ¤´μ¶¥É²¥¢ÒÌ ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°, μÉ¢¥Î ÕÐ¨Ì Ë¨±¸¨·μ¢ ´´μ³Ê
Î¨¸²Ê Ë²¥°¢μ·μ¢, ρn+1+ν [L] ¨ ρ̄n+1+ν [L; Nf ], ¨³¥ÕÉ¸Ö ·¥±Ê··¥´É´Ò¥ ¸μμÉ-
´μÏ¥´¨Ö:

ρn+1+ν [L] =
1

n + ν

(
− d

dL

)
ρn+ν [L] =

Γ(1 + ν)
Γ(n + 1 + ν)

(
− d

dL

)n

ρ1+ν [L];

(6.41 )

ρ̄n+1+ν [L; Nf ] =
1

(n + ν)βf

(
− d

dL

)
ρ̄n+ν [L; Nf ] =

=
Γ(1 + ν)

Γ(n + 1 + ν)βn+1+ν
f

(
− d

dL

)n

ρ1+ν [L], (6.41¡)

±μÉμ·Ò¥ ¸¶· ¢¥¤²¨¢Ò ¤²Ö n � 0. �μ²Ó§ÊÖ¸Ó ÔÉ¨³¨ ¸μμÉ´μÏ¥´¨Ö³¨ ¨  ±±Ê-
· É´μ ¶μ¢Éμ·ÖÖ ¢¸¥ Ï £¨ ¶. 6.2, ³Ò ¶μ²ÊÎ¨³ ¤²Ö ·Ö¤  (6.38a) ¸²¥¤ÊÕÐ¨° μÉ¢¥É:

Rglob
ν [L] = d0 Aglob

ν [L] + d1 θ (L<L4)
〈〈

Ā1+ν

[
L− t

β3
; 3
]
+ Δ4Ā1+ν[t]

〉〉
Pν

+

+ d1 θ (L�L4)
〈〈

Ā1+ν

[
L + λ4−

t

β4
; 4
]〉〉

Pν

, (6.42)

£¤¥ μ¡μ§´ Î¥´μ (¸ λ3 ≡ 0)

Δf Ā1+ν [t] ≡ Ā1+ν

[
Lf + λf − t

βf
; f
]
− Ā1+ν

[
Lf + λf−1 −

t

βf−1
; f − 1

]
.

(6.43)
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�´ ²μ£¨Î´ Ö ¶·μÍ¥¤Ê· , ¶μ¢Éμ·ÖÕÐ Ö μ¸´μ¢´Ò¥ Ï £¨ ¶. 6.3 ¨ ¢Ò¶μ²´Ö¥-
³ Ö ¤²Ö ·Ö¤  (6.38¡), ¶·¨¢μ¤¨É ± μÉ¢¥ÉÊ

Dglob
ν [L] = d0 + d1

〈〈 L4∫
−∞

ρ̄1+ν [Lσ; 3] dLσ

1 + eL−Lσ−t/β3
+

+

∞∫
L4

ρ̄1+ν [Lσ + λ4; 4] dLσ

1 + eL−Lσ−t/β4
+ Δ4;ν [L, t]

〉〉
Pν

, (6.44)

£¤¥

Δf ;ν [L, t] ≡
1∫

0

ρ̄1+ν

[
Lf + λf − tx

βf
; Nf

]
t

βf

[
1 + eL−Lf−tx̄/βf

] dx−

−
1∫

0

ρ̄1+ν

[
Lf + λf−1 −

tx

βf−1
; Nf−1

]
t

βf−1

[
1 + eL−Lf−tx̄/βf−1

] dx. (6.45)

…¸²¨ ³Ò ¶·¨³¥³ ¢μ ¢´¨³ ´¨¥ ¢¸¥ ¶μ·μ£¨, Éμ Éμ£¤  μÉ¢¥ÉÒ § ¶¨ÏÊÉ¸Ö ¢
¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Rglob
ν [L]=d0 A

glob
ν [L] + d1

6∑
f=3

θ (Lf �L<Lf+1)
〈〈

Ā1+ν

[
L+λf−

t

βf
; f
]〉〉

Pν

+

+ d1

5∑
f=3

θ (Lf �L<Lf+1)
6∑

k=f+1

〈〈
ΔkĀ1+ν [t]

〉〉
Pν

, (6.46 )

Dglob
ν [L] = d0 Aglob

ν [L] + d1

6∑
f=3

〈〈 Lf+1∫
Lf

ρ̄1+ν [Lσ + λf ; Nf ] dLσ

1 + eL−Lσ−t/βf

〉〉
Pν

+

+ d1

6∑
f=4

〈〈Δf ;ν [L, t]〉〉Pν
, (6.46¡)

£¤¥, ± ± ¨ · ´¥¥, ³Ò ¶μ²Ó§Ê¥³¸Ö ¸μ£² Ï¥´¨¥³ L3 = −∞ ¨ L7 = +∞. ŒÒ
¢¨¤¨³, ÎÉμ ÔËË¥±É „�’‚ ¢ £²μ¡ ²Ó´μ³ ¶μ¤Ìμ¤¥ ¸¢¥²¸Ö ± § ³¥´¥ ¨¸Ìμ¤´μ°
¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ P (t) ¥¥ ¤·μ¡´Ò³  ´ ²μ£μ³ Pν(t), ¸³. (6.11¡),   É ±¦¥
É·¨¢¨ ²Ó´Ò³ ¨§³¥´¥´¨¥³ ¨´¤¥±¸μ¢ 1 → 1 + ν Ê ËÊ´±Í¨°, ¢Ìμ¤ÖÐ¨Ì ¶μ¤ §´ ±
μ¶¥· Í¨¨ Ê¸·¥¤´¥´¨Ö 〈〈. . .〉〉Pν ,   ¨³¥´´μ A

glob
1 [L], Aglob

1 [L] ¨ ρ̄1[L].
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6.5. �·¨²μ¦¥´¨Ö É¥Ì´¨±¨ ¸Ê³³¨·μ¢ ´¨Ö ¢ μ¤´μ¶¥É²¥¢μ° („)�’‚. „²Ö
¨²²Õ¸É· Í¨¨ ¢μ§³μ¦´μ¸É¥° · §¢¨Éμ° É¥Ì´¨±¨ ¸Ê³³¨·μ¢ ´¨Ö ·Ö¤μ¢ É¥μ·¨¨
¢μ§³ÊÐ¥´¨° ¢ μ¤´μ¶¥É²¥¢μ° �’‚ ¨ „�’‚ ¸μÏ²¥³¸Ö ´  ´ ÏÊ ¸ ‘.Œ¨Ì °²μ¢Ò³
´¥¤ ¢´ÕÕ · ¡μÉÊ [128], ¤μ²μ¦¥´´ÊÕ ´  ¸¥³¨´ ·¥, ¶μ¸¢ÖÐ¥´´μ³ ¶ ³ÖÉ¨ ˆ£μ·Ö
‘μ²μ¢Íμ¢ , ±μÉμ·Ò° ¶·μÌμ¤¨² ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨
¨³. �.�. 	μ£μ²Õ¡μ¢  �ˆŸˆ („Ê¡´ ) 17Ä18 Ö´¢ ·Ö 2008 £. ‚ ÔÉμ° · ¡μÉ¥ ³Ò
¶·μ ´ ²¨§¨·μ¢ ²¨ ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±μÔËË¨Í¨¥´ÉÒ dn ¤²Ö · ¸¶ ¤  Ì¨££¸μ¢-
¸±μ£μ ¡μ§μ´  H0 → b̄b, ¸³. · §¤. 5, ¶μ¸É·μ¨²¨ ¤²Ö ´¨Ì ¤μ¸É ÉμÎ´μ  ±±Ê· É´ÊÕ
³μ¤¥²Ó (¸ ¶ · ³¥É· ³¨ c = 2,4 ¨ β = −0,52):

d̃H
n = cn−1 Γ(n + 1) + β Γ(n)

1 + β
, (6.47 )

μ¸´μ¢ ´´ÊÕ ´  ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨

PH(t) =
β + t/c

c (β + 1)
e−t/c, (6.47¡)

¨ ¶·¨³¥´¨²¨ § É¥³ μ¶¨¸ ´´ÊÕ §¤¥¸Ó É¥Ì´¨±Ê μ¤´μ¶¥É²¥¢μ£μ ¸Ê³³¨·μ¢ ´¨Ö
± ·Ö¤Ê (5.13). ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ± § ²¨, ÎÉμ ¤²Ö · ¸Î¥É  Ï¨·¨´Ò · ¸¶ ¤ 
¡μ§μ´  •¨££¸  ¸ ÉμÎ´μ¸ÉÓÕ 1 % ¢ μ¡² ¸É¨ §´ Î¥´¨° ¥£μ ³ ¸¸Ò mH = 60Ä
180 ƒÔ‚2 ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ ÊÎ¥É  ¢±² ¤μ¢ ¸ ±μÔËË¨Í¨¥´É ³¨ d0, d1, d2 ¨
d3,   ÊÎ¥É ¢±² ¤  ¸ d4 ¶·¨¢μ¤¨É ± Ê²ÊÎÏ¥´¨Õ ÉμÎ´μ¸É¨ ¤μ 0,5 %.

‡�Š‹
—…�ˆ…

‚ ÔÉμ° · ¡μÉ¥ ³Ò ¤ ²¨ μ¡§μ· μ¸´μ¢´ÒÌ Ô²¥³¥´Éμ¢ £²μ¡ ²Ó´μ° ¢¥·¸¨¨
„�’‚, ¶·¨Î¥³ ¸É · ²¨¸Ó ¸¤¥² ÉÓ ÔÉμ ¢ É ±μ³ ¢¨¤¥, ÎÉμ¡Ò Î¨É É¥²Ó ¨³¥²
¢μ§³μ¦´μ¸ÉÓ ¶·¨³¥´ÖÉÓ ¥¥ ´  ¶· ±É¨±¥ ¤²Ö · ¸Î¥Éμ¢ ·¥ ²Ó´ÒÌ ¶·μÍ¥¸¸μ¢.

ŒÒ · ¸¸³μÉ·¥²¨ μ¸´μ¢Ò  ´ ²¨É¨Î¥¸±μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ´  ¶·¨³¥·¥
· ¸Î¥É  D-ËÊ´±Í¨¨ �¤²¥·  ¢ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´μ° μ¡² ¸É¨ ¨ ¸¢Ö§ ´´μ£μ
¸ ´¨³ R-μÉ´μÏ¥´¨Ö ¤²Ö e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·μ´Ò ¢μ ¢·¥³¥´´μ¶μ¤μ¡´μ°
μ¡² ¸É¨. ŒÒ ±· É±μ μ¡¸Ê¤¨²¨ Ëμ·³ ²¨§³ �’‚ ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨
¤²Ö ¸²ÊÎ Ö Ë¨±¸¨·μ¢ ´´μ£μ Î¨¸²   ·μ³ Éμ¢ ¨ É ±¦¥ · ¸¸³μÉ·¥²¨ Ê¸²μ¦´¥-
´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ÊÎ¥Éμ³ ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ¶·¨ ¶μ¸É·μ¥´¨¨ £²μ¡ ²Ó-
´μ° ¢¥·¸¨¨ �’‚. ŒÒ ¶¥·¥Î¨¸²¨²¨ ´¥¤μ¸É É±¨ �’‚, ¸¢Ö§ ´´Ò¥ ¸ ´¥μ¡Ìμ¤¨-
³μ¸ÉÓÕ  ´ ²¨É¨§ Í¨¨ ¡μ²¥¥ ¸²μ¦´ÒÌ ¢Ò· ¦¥´¨°, ¢μ§´¨± ÕÐ¨Ì ¢ ·¥ ²Ó´μ°
Š•„ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³¥Éμ¤μ¢ ·¥´μ·³£·Ê¶¶Ò ¨ Ë ±Éμ·¨§ Í¨¨, ¨ ± ± ¸¶μ¸μ¡
¨Ì ¨¸¶· ¢²¥´¨Ö · ¸¸³μÉ·¥²¨ ¤·μ¡´μ- ´ ²¨É¨Î¥¸±ÊÕ É¥μ·¨Õ ¢μ§³ÊÐ¥´¨°. ŒÒ
±· É±μ μ¡¸Ê¤¨²¨ ¸²ÊÎ ° μ¤´μ¶¥É²¥¢μ° „�’‚, μ¡ÑÖ¸´¨²¨, ± ± ³μ¦´μ ¤¥°¸É¢μ-
¢ ÉÓ ¢ ¸²ÊÎ ¥ ÊÎ¥É  ¢Ò¸Ï¨Ì ¶¥É¥²Ó, ¨ μ¡¸Ê¤¨²¨ £²μ¡ ²Ó´Ò° ¢ ·¨ ´É „�’‚, ¢
±μÉμ·μ³ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¶μ·μ£¨ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢.
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‚ ± Î¥¸É¢¥ μ¤´μ£μ ¨§ ¶·¨²μ¦¥´¨° „�’‚ ¢ ¥¢±²¨¤μ¢μ° μ¡² ¸É¨ ³Ò · ¸-
¸³μÉ·¥²¨ · ¸Î¥É Ë ±Éμ·¨§Ê¥³μ° Î ¸É¨ Ëμ·³Ë ±Éμ·  ¶¨μ´  ¨ ¶·μ¤¥³μ´¸É·¨-
·μ¢ ²¨, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ �’‚ ¨ „�’‚ ¶·¨¢μ¤¨É ± ¸ÊÐ¥¸É¢¥´´μ³Ê ¸´¨¦¥-
´¨Õ § ¢¨¸¨³μ¸É¨ ·¥§Ê²ÓÉ Éμ¢ μÉ ¢Ò¡μ·  ¸Ì¥³Ò ¨ ³ ¸ÏÉ ¡μ¢ ¶¥·¥´μ·³¨·μ¢±¨
¨ Ë ±Éμ·¨§ Í¨¨. Š·μ³¥ Éμ£μ, ³Ò ¶μ± § ²¨, ÎÉμ ¢ �’‚ ¨ „�’‚ ¶·μ¡²¥³ 
ÊÎ¥É  ¶μ·μ£μ¢ ¢ ¶¥·ÉÊ·¡ É¨¢´ÒÌ · ¸Î¥É Ì ·¥Ï ¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¶ÊÉ¥³,   ¶¥-
·¥Ìμ¤ ¢ μ¡² ¸ÉÓ Œ¨´±μ¢¸±μ£μ ¸ ¶μ³μÐÓÕ ¤¨¸¶¥·¸¨μ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö
Ëμ·³Ë ±Éμ·  ¶¨μ´  £μ¢μ·¨É μ ´¥μ¡Ìμ¤¨³μ¸É¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¢ ÔÉμ° μ¡² ¸É¨
ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò Aν(−s), μ¡² ¤ ÕÐ¨¥ ³´¨³Ò³¨ Î ¸ÉÖ³¨,   ´¥ ÔËË¥±-
É¨¢´Ò¥ § ·Ö¤Ò Aν(s), ¶·¨£μ¤´Ò¥ ¤²Ö · ¸Î¥Éμ¢ ¶μ¶· ¢μ± ± ¸¥Î¥´¨Ö³ ·¥ ±Í¨°.
Š·μ³¥ Éμ£μ, ¶·¨ É ±μ³ ¶¥·¥Ìμ¤¥ ¢μ§´¨± ¥É ¥¸É¥¸É¢¥´´μ¥ ¶·¥¤¶¨¸ ´¨¥ ¤²Ö
³ ¸ÏÉ ¡  ¶¥·¥´μ·³¨·μ¢±¨ μ2

R = Q2/4, ¶·¨ ±μÉμ·μ³ ¸± Î±¨ ³´¨³μ° Î ¸É¨
Ëμ·³Ë ±Éμ·  ¶¨μ´  ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨ ¸μ¢¶ ¤ ÕÉ ¸ ¶μ·μ£ ³¨ ·μ¦¤¥´¨Ö
¶ · ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, sth = 4m2

Q.
‚ ± Î¥¸É¢¥ ¶·¨²μ¦¥´¨Ö „�’‚ ¢ ³¨´±μ¢¸±μ° μ¡² ¸É¨ ³Ò · ¸¸³μÉ·¥²¨ · ¸-

Î¥É ¶μ²´μ° Ï¨·¨´Ò · ¸¶ ¤  ¡μ§μ´  •¨££¸  ¢ ±¢ ·±- ´É¨±¢ ·±μ¢ÊÕ b̄b-¶ ·Ê.
�¡² ¸ÉÓ §´ Î¥´¨° Ô´¥·£¨¨ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸, ¨´É¥·¥¸´ Ö ¤²Ö Ô±¸¶¥·¨-
³¥´É , §¤¥¸Ó μÎ¥´Ó ¢¥²¨± ,

√
s � 100 ƒÔ‚. �μÔÉμ³Ê ·¥§Ê²ÓÉ ÉÒ „�’‚ ¸

Nf = 5, μÉ¢¥Î ÕÐ¨¥ ¶¥·¥´μ¸Ê π2-¢±² ¤μ¢ ¨§ ±μÔËË¨Í¨¥´Éμ¢ É¥μ·¨¨ ¢μ§³Ê-
Ð¥´¨° ¢  ´ ²¨É¨Î¥¸±¨¥ ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò An+ν , ¶·¥±· ¸´μ ¸μ£² ¸ÊÕÉ¸Ö ¸
·¥§Ê²ÓÉ É ³¨ ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Ê¦¥ ´  Ê·μ¢´¥ ¤¢ÊÌ¶¥É²¥¢μ£μ
¶·¨¡²¨¦¥´¨Ö. ‚ Éμ ¦¥ ¢·¥³Ö ·¥§Ê²ÓÉ É £²μ¡ ²Ó´μ° ¢¥·¸¨¨ „�’‚ μÉ²¨Î ¥É¸Ö
μÉ ´¨Ì ´  Ê·μ¢´¥ 14 %, ÎÉμ ¸¢Ö§ ´μ ¸ ÊÎ¥Éμ³ ÔËË¥±Éμ¢ ¢¨·ÉÊ ²Ó´ÒÌ t-±¢ ·±μ¢
¢ ¶¥É²¥¢ÒÌ ¶μ¶· ¢± Ì.

� ±μ´¥Í, ³Ò μ¡¸Ê¤¨²¨ ¸Ê³³¨·μ¢ ´¨¥ ´¥¸É¥¶¥´´ÒÌ ·Ö¤μ¢ É¨¶ ∑
n

dnAn+ν [L] ¨
∑
n

dnAn+ν [L] ¢ �’‚ (¸ ν = 0) ¨ „�’‚ (¸ ν �= 0). ŒÒ

¶·μ¤¥³μ´¸É·¨·μ¢ ²¨ ¢ μ¤´μ¶¥É²¥¢μ° �’‚, ± ± É ±μ¥ ¸Ê³³¨·μ¢ ´¨¥ ³μ¦´μ
¶·μ¢¥¸É¨ ÉμÎ´μ [85] ¨ ¢Ò· §¨ÉÓ μÉ¢¥É ¢ ¢¨¤¥ ¨´É¥£· ²  μÉ A1[L − t] ¶μ t ¸
¢¥¸μ³ P (t), μ¶·¥¤¥²Ö¥³ÒÌ ±μÔËË¨Í¨¥´É ³¨ ¶¥·ÉÊ·¡ É¨¢´μ£μ ·Ö¤  dn. ŒÒ
¶μ± § ²¨, ÎÉμ  ´ ²μ£¨Î´μ¥ ¸Ê³³¨·μ¢ ´¨¥ ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¢ ¸²ÊÎ ¥ μ¤´μ¶¥-
É²¥¢μ° „�’‚: ¶·¨ ÔÉμ³ ¸Ê³³  ·Ö¤ 

∑
n

dnAn+ν [L] ¢Ò· ¦ ¥É¸Ö Éμ¦¥ ¨´É¥£· -

²μ³ ¶μ t, ´μ Ê¦¥ μÉ A1+ν [L − t] ¨ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ ¢¥¸μ³ Pν(t). ŒÒ
¶μ²ÊÎ¨²¨ É ±¦¥ μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò £²μ¡ ²¨§ Í¨¨ (ÊÎ¥É  ¶μ·μ£μ¢ ÉÖ¦¥²ÒÌ
±¢ ·±μ¢) ¤²Ö ÔÉ¨Ì ³¥Éμ¤μ¢ ¸Ê³³¨·μ¢ ´¨Ö ¢ �’‚ ¨ „�’‚.

‚ ± Î¥¸É¢¥ ¢μ§³μ¦´ÒÌ ´ ¶· ¢²¥´¨° · §¢¨É¨Ö ÔÉμ£μ ¶μ¤Ìμ¤  ÌμÎ¥É¸Ö μÉ-
³¥É¨ÉÓ:

• ¶·¨³¥´¥´¨¥ „�’‚ ¢  ´ ²¨§¥ ¤ ´´ÒÌ £²Ê¡μ±μ´¥Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö;
• ¶·¨³¥´¥´¨¥ �’‚ ¨ „�’‚ ¤²Ö  ´ ²¨§  ¸Ê³³¨·μ¢ ´¨Ö ¶¥·ÉÊ·¡ É¨¢´ÒÌ

¶μ¶· ¢μ± ± · §²¨Î´Ò³ ¶·μÍ¥¸¸ ³;
• μ¡μ¡Ð¥´¨¥ É¥Ì´¨±¨ ¸Ê³³¨·μ¢ ´¨Ö ·Ö¤μ¢ ¢ �’‚ ¨ „�’‚ ´  ¤¢ÊÌ¶¥É²¥-

¢μ° ¸²ÊÎ °.
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�² £μ¤ ·´μ¸É¨. �¢Éμ· ¡² £μ¤ ·¥´ ¸¢μ¨³ ¸μ ¢Éμ· ³ ‘.Œ¨Ì °²μ¢Ê ¨
�.‘É¥Ë ´¨¸Ê §  ¶μ´¨³ ´¨¥ ¨ ¶μ¤¤¥·¦±Ê, ¡¥§ ±μÉμ·ÒÌ ÔÉ  · ¡μÉ  ´¨±μ-
£¤  ´¥ ¡Ò²  ¡Ò § ¢¥·Ï¥´ . Ÿ É ±¦¥ ¶·¨§´ É¥²¥´ ˆ.�´¨±¨´Ê, �. ’¥·Ö¥¢Ê
¨ „. ‚.˜¨·±μ¢Ê §  ¶²μ¤μÉ¢μ·´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ Í¥´´Ò¥ ¸μ¢¥ÉÒ, Š. ƒß±¥ ¨
�.‘É¥Ë ´¨¸Ê §  É¥¶²Ò° ¶·¨¥³ ¢ �Ê·¸±μ³ Ê´¨¢¥·¸¨É¥É¥ 	μÌÊ³ , £¤¥ ÔÉ  · -
¡μÉ  ¡Ò²  ´ Î É  ¨ Î ¸É¨Î´μ ·¥ ²¨§μ¢ ´ . � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥
£· ´Éμ¢ �””ˆ º 05-01-00992, 06-02-16215, 07-02-91557 ¨ 08-01-00686,
¶·μ£· ³³Ò ¸μÉ·Ê¤´¨Î¥¸É¢  	�””ˆÄ�ˆŸˆ (±μ´É· ±É º F06D-002), £· ´Éμ¢
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�·¨²μ¦¥´¨¥ �
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1. � §²μ¦¥´¨¥ β-ËÊ´±Í¨¨ ¤ ¥É¸Ö ¶· ¢μ° Î ¸ÉÓÕ ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö:

d

dL

(αs

4π

)
= β

(αs

4π

)
= −b0

(αs

4π

)2

− b1

(αs

4π

)3

− b2

(αs

4π

)4

− . . . , (�.1)

£¤¥ L = ln(μ2/Λ2) ¨

b0 =
11
3

CA − 4
3

TRNf ; b1 =
34
3

C2
A −

(
4CF +

20
3

CA

)
TRNf ;

b2 =
2857
54

C3
A + 2C2

F TRNf − 205
9

CF CATRNf−

− 1415
27

C2
ATRNf +

44
9

CF (TRNf )2 +
158
27

CA(TRNf )2, (�.2)

¶·¨Î¥³ CF =
(
N2

c − 1
)
/2Nc = 4/3, CA = Nc = 3, TR = 1/2, ¨ Nf μ¡μ-

§´ Î ¥É Î¨¸²μ  ±É¨¢´ÒÌ Ë²¥°¢μ·μ¢ ±¢ ·±μ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¤¢ÊÌ¶¥É²¥¢μ¥
Ê· ¢´¥´¨¥ �ƒ ¤²Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  a = b0 αs/(4π)

da(2)

dL
= −a2

(2)

[
1 + c1 a(2)

]
, £¤¥ c1 ≡ b1

b2
0

. (�.3)

ˆ´É¥£·¨·ÊÖ ¶μ L, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ a(2)[L] Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê
´¥²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ:

1
a(2)

+ c1 ln
[

a(2)

1 + c1a(2)

]
= L, (�.4)
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ÉμÎ´μ¥ ·¥Ï¥´¨¥ ±μÉμ·μ£μ ¨§¢¥¸É´μ [35,53]:

a(2)[L] = − 1
c1

1
1 + W−1(zW (L))

, (�.5)

£¤¥ zW (L) = (1/c1) exp (−1 + iπ − L/c1),   Wk, k = 0,±1, . . ., μ¡μ§´ Î ÕÉ
¢¥É¢¨ ³´μ£μ§´ Î´μ° ËÊ´±Í¨¨ ‹ ³¡¥·É  W (z), μ¶·¥¤¥²Ö¥³μ° ± ± ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö

z = W (z) eW (z). (�.6)

�¡§μ· ¸¢μ°¸É¢ ÔÉμ° ¸¶¥Í¨ ²Ó´μ° ËÊ´±Í¨¨ ³μ¦¥É ¡ÒÉÓ ´ °¤¥´ ¢ [35,36,124].
‡ ³¥É¨³ §¤¥¸Ó É ±¦¥, ÎÉμ ÔÉ  ËÊ´±Í¨Ö μ¶·¥¤¥²¥´  ¢ ¨§¢¥¸É´ÒÌ ¶·μ£· ³³ Ì
¸¨³¢μ²Ó´ÒÌ · ¸Î¥Éμ¢ Mathematica∗ ¨ Maple.

2. � §²μ¦¥´¨¥ ·¥Ï¥´¨Ö a(2)[L] Ê· ¢´¥´¨Ö (A.3) ¶μ μ¤´μ¶¥É²¥¢μ³Ê ·¥Ï¥-
´¨Õ a = 1/L ¢ O(a4)-¶μ·Ö¤±¥ ¸É·μ¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‘´ Î ²  ³Ò
¶¥·¥¶¨¸Ò¢ ¥³ Ê· ¢´¥´¨¥ (A.4) ¢ ¢¨¤¥

a(2) = Φ(2)

(
a, a(2)

)
≡ a

1 + c1a
[
ln(1 + c1a(2)) − ln a(2)

] , (�.7 )

  § É¥³ ¶μ²ÊÎ ¥³ ¥£μ ·¥Ï¥´¨Ö ³¥Éμ¤μ³ ¨É¥· Í¨°:

a1−iter
(2) = Φ(2) (a, a) , a2−iter

(2) = Φ(2)

(
a, a1−iter

(2)

)
, a3−iter

(2) = Φ(2)

(
a, a2−iter

(2)

)
.

(�.7¡)

’·¥ÉÓ¥° ¨É¥· Í¨¨ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ § É¥³ ¶· ¢¨²Ó´Ò¥ ±μÔËË¨Í¨-
¥´ÉÒ · §²μ¦¥´¨Ö a(2) ¢ ·Ö¤ ¶μ a ¢ O(a3)-¶μ·Ö¤±¥ ¨§ ¢Ò· ¦¥´¨Ö (A.7¡):

a(2) = a + c1 a2 ln a + c2
1 a3

(
ln2 a + ln a − 1

)
+

+ c3
1 a4

(
ln3 a +

5
2

ln2 a − 2 ln a − 1
2

)
+ O

(
c4
1

)
. (�.8)

3. � ¸¸³μÉ·¨³ É¥¶¥·Ó ¢μ¶·μ¸, ´ ¸±μ²Ó±μ Ìμ·μÏμ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ-

¸É¨ ρ
(2)it−1
1 [Lσ] ¨ ρ

(2)it−2
1 [Lσ], μÉ¢¥Î ÕÐ¨¥ ¨É¥· Í¨μ´´Ò³ ·¥Ï¥´¨Ö³ (A.7¡),

¶·¨¡²¨¦ ÕÉ ÉμÎ´ÊÕ ¸¶¥±É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ ρ
(2)
1 [Lσ]. ‘É·μ¨³ ¸´ Î ²  ¸¶¥±-

∗‚ ¢¥·¸¨ÖÌ 3, 4 ¨ 5 ¶ ±¥É  Mathematica ËÊ´±Í¨Ö Wk(z) μ¡μ§´ Î ¥É¸Ö ¨³¥´¥³
ProductLog[k, z].
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É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ 1-° ¨É¥· Í¨¨:

ρ
(2)it−1
ν=1 [Lσ] =

1
π

sin[ϕit−1
(2) [Lσ]]

Rit−1
(2) [Lσ]

, (�.9 )

Rit−1
(2) [L] =

√
[L + c1 ln r[L]]2 + [π + c1φ[L]]2, (�.9¡)

ϕit−1
(2) [L] = arccos

[
L + c1 ln r[L]

Rit-1
(2)[L]

]
, (�.9¢)

£¤¥

r[L] =
√

[L + c1]
2 + π2; φ[L] = arccos

[
L + c1

r[L]

]
. (�.9£)

�É  ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ μ± §Ò¢ ¥É¸Ö ¤μ¸É ÉμÎ´μ ¡²¨§±μ° ± ÉμÎ´μ° ¶²μÉ-
´μ¸É¨ ρ(2)

1 (σ): ³ ±¸¨³ ²Ó´μ¥ μÉ²¨Î¨¥ ¨³¥¥É ¶μ·Ö¤μ± 5 % (·¨¸. 15, a). ’¥¶¥·Ó

�¨¸. 15. ‘· ¢´¥´¨¥ ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥°, μÉ¢¥Î ÕÐ¨Ì 1-° ( ) ¨ 2-° (¡) ¨É¥· Í¨Ö³
(A.7¡), ¸ ÉμÎ´μ° ¸¶¥±É· ²Ó´μ° ¤¢ÊÌ¶¥É²¥¢μ° ¶²μÉ´μ¸ÉÓÕ. ˜É·¨Ìμ¢ Ö ²¨´¨Ö μÉ¢¥Î ¥É

´  ·¨¸.   ρ
(2)it−1
1 [Lσ ], ¸³. (A.9),   ´  ·¨¸. ¡ Å ρ

(2)it−2
1 [Lσ ], ¸³. (A.10), ¢ Éμ ¢·¥³Ö ± ±

¸¶²μÏ´ Ö ²¨´¨Ö ´  μ¡μ¨Ì £· Ë¨± Ì ¶·¥¤¸É ¢²Ö¥É ρ
(2)
1 [Lσ ], ¸³. (3.16). „²Ö ²ÊÎÏ¥£μ

¸· ¢´¥´¨Ö ¶μ± § ´  É  μ¡² ¸ÉÓ §´ Î¥´¨° Lσ , £¤¥ μÉ²¨Î¨Ö ¸· ¢´¨¢ ¥³ÒÌ ¶²μÉ´μ¸É¥°
³ ±¸¨³ ²Ó´Ò

μ¡· É¨³¸Ö ± ¶·¨¡²¨¦¥´´μ³Ê ·¥Ï¥´¨Õ, £¥´¥·¨·Ê¥³μ³Ê ¢Éμ·μ° ¨É¥· Í¨¥°
(A.7¡). �´μ ¤ ¥É ´ ³ É ±¨¥ ¶²μÉ´μ¸ÉÓ, ³μ¤Ê²Ó ¨ Ë §Ê:

ρ
(2)it−2
ν=1 [Lσ] =

1
π

sin[ϕit−2
(2) [Lσ]]

Rit−2
(2) [Lσ]

, (�.10 )

Rit−2
(2) [L] =

√
[L + c1 ln R[L]]2 + [π + c1Φ[L]]2, (�.10¡)

ϕit−2
(2) [L] = arccos

(
L + c1 ln R[L]

Rit−2
(2) [L]

)
, (�.10¢)
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£¤¥

R[L] =
√

[L + c1 + c1 ln r[L]]2 + [π + c1φ[L]]2, (�.10£)

Φ[L] = arccos
(

L + c1 + c1 ln r[L]
R[L]

)
. (�.10¤)

�É  ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ μ± §Ò¢ ¥É¸Ö £μ· §¤μ ¡²¨¦¥ ± ÉμÎ´μ°, ρ(2)
1 (σ):

μÉ²¨Î¨¥ ¢ μ¡² ¸É¨ ³ ±¸¨³Ê³  ¨³¥¥É ¶μ·Ö¤μ± 1 % (·¨¸. 15, ¡).

�·¨²μ¦¥´¨¥ �

’�…•�…’‹…‚›… �…���Œƒ�“���‚›… �…˜…�ˆŸ
„‹Ÿ 	””…Š’ˆ‚��ƒ� ‡��Ÿ„� ‚ Š•„

1. ‚ É·¥Ì¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ β-ËÊ´±Í¨Ö § ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· -
¦¥´¨¥³:

β(3)

(αs

4π

)
= −b0

(αs

4π

)2

− b1

(αs

4π

)3

− b2

(αs

4π

)4

, (	.1)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ É·¥Ì¶¥É²¥¢μ¥ Ê· ¢´¥´¨¥ �ƒ ¤²Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  É -
±μ¢μ:

da(3)

dL
= −a2

(3)

[
1 + c1 a(3) + c2 a2

(3)

]
, £¤¥ c2 ≡ b2

b3
0

. (	.2)

ˆ´É¥£·¨·ÊÖ ¶μ L, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ a(3)[L] Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê
´¥²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ∗:

L =
1

a(3)
+ c1 ln

⎡⎣ a(3)√
1 + c1a(3) + c2a2

(3)

⎤⎦+

+
c2
1 − 2c2√
c2
1 − 4c2

ln

⎡⎣2 + a(3)

(
c1 −

√
c2
1 − 4c2

)
2 + a(3)

(
c1 +

√
c2
1 − 4c2

)
⎤⎦ . (	.3)

’μÎ´μ¥ ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ´¥¨§¢¥¸É´μ, ¶μÔÉμ³Ê ¤²Ö ¥£μ ¶·¨³¥´¥´¨Ö
μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò ¶μ¨¸±  ·¥Ï¥´¨° ¨²¨ · §²μ¦¥´¨¥ ¶μ

∗‡ ³¥É¨³, ÎÉμ ¤²Ö Nf = 3 c1 � 0,624, c2 � 0,883, É ± ÎÉμ c21 − 4c2 � −2,908 < 0. ’¥³
´¥ ³¥´¥¥ ¶· ¢ Ö Î ¸ÉÓ (	.3) § ¶¨¸ ´  ¢ É ±μ³ ¢¨¤¥, ÎÉμ μ´  μ¸É ¥É¸Ö Î¨¸Éμ ¢¥Ð¥¸É¢¥´´μ° ¨ ¢
ÔÉμ³ ¸²ÊÎ ¥.
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a = 1/L ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì L:

a(3) = a + a2 c1 ln a(1) + a3
[
c2
1

(
ln2 a + ln a − 1

)
+ c2

]
+

+ a4

[
c3
1

(
ln3 a +

5
2

ln2 a − 2 ln a − 1
2

)
+ 3c2c1 ln a

]
+ O

(
a5 ln4 a

)
. (	.4)

2. � ¸¸³μÉ·¨³ §¤¥¸Ó ·¥Ï¥´¨¥ �ƒ-Ê· ¢´¥´¨Ö ¤²Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢
³μ¤¨Ë¨Í¨·μ¢ ´´μ³ ¶μ � ¤¥ É·¥Ì¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢ Š•„ [33, 34], £¤¥
β-ËÊ´±Í¨Ö (A.1) § ¤ ¥É¸Ö É ±:

β(3−P )

(αs

4π

)
= −b0

(αs

4π

)2
[
1 +

b1 αs/(4π)
b0 (1 − b2 αs/(4b1π))

]
. (	.5)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶¥·¢Ò¥ É·¨ Î²¥´  ¢ · §²μ¦¥´¨ÖÌ (	.1) ¨ (	.5) ¸μ¢¶ ¤ ÕÉ,
§ Éμ ¨Ì  ¸¨³¶ÉμÉ¨±¨ ¶·¨ a → ∞ ¸μ¢¥·Ï¥´´μ · §²¨Î´Ò: β(3)(a) ∼ −a4 ¨
β(3−P )(a) ∼ −a2. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ �ƒ-Ê· ¢´¥´¨¥ (	.2) ³μ¤¨Ë¨Í¨·Ê¥É¸Ö ±
¢¨¤Ê

da(3−P )

dL
= −a2

(3−P)

[
1 +

c1 a(3−P )

1 − (c2/c1) a(3−P )

]
. (	.6)

…£μ ·¥Ï¥´¨¥, ± ± ´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ¨³¥¥É ¢¨¤

1
a(3−P )

+ c1 ln
[

a(3−P )

1 + (c1 − c2/c1) a(3−P )

]
= L, (	.7)

ÎÉμ μÎ¥´Ó ¶μÌμ¦¥ ¶μ Ëμ·³¥ ´  (A.4). �¥Ê¤¨¢¨É¥²Ó´μ ¶μÔÉμ³Ê, ÎÉμ ÉμÎ´μ¥
·¥Ï¥´¨¥ (	.7) É ±¦¥ ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´μ Î¥·¥§ ËÊ´±Í¨Õ ‹ ³¡¥·É  W (z),
  ¨³¥´´μ:

a(3−P )[L] = − 1
c1

1

1 − c2/c2
1 + W−1

(
z
(3−P)
W (L)

) , (	.8)

£¤¥ z
(3−P)
W (L) = (1/c1) exp

[
−1 + iπ + c2/c2

1 − L/c1

]
. �É´μ¸¨É¥²Ó´ Ö ÉμÎ-

´μ¸ÉÓ ÔÉμ£μ ·¥Ï¥´¨Ö ¢ ¸· ¢´¥´¨¨ ¸ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ ¸É ´¤ ·É´μ£μ É·¥Ì-
¶¥É²¥¢μ£μ Ê· ¢´¥´¨Ö (	.2) ²ÊÎÏ¥ 1 % ¤²Ö L � 7 (¨ ²ÊÎÏ¥ 0,5% ¤²Ö L � 9).

3. „²Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ ¶μ � ¤¥ É·¥Ì¶¥É²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ (	.8):

ρ(3−P )
ν [Lσ] =

1
π

sin[ν ϕ(3−P )[Lσ]](
R(3−P )[Lσ]

)ν , (	.9 )

R(3−P )[L] = c1

∣∣∣1 − c2

c2
1

+ W−1

[
z
(3−P )
W (L − iπ)

]∣∣∣, (	.9¡)

ϕ(3−P )[L] = arccos

⎡⎣Re

⎛⎝ −R(3−P )[L]

c1

(
1 − c2/c2

1 +
[
z
(3−P)
W (L − iπ)

])
⎞⎠⎤⎦ . (	.9¢)
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‘²¥¤ÊÕÐ¨¥ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö  ´ ²¨É¨Î¥¸±¨Ì μ¡· §μ¢ ÔËË¥±É¨¢´μ£μ § -
·Ö¤  ¤²Ö μ¡² ¸É¨ Œ¨´±μ¢¸±μ£μ

A
(3−P )
1 [Ls] =

1
π

{
π − c2

1

c2
1 − c2

Im
[
ln W1 (zs)

]
+

+
c2

c2
1 − c2

Im
[
ln
(

1 − c2

c2
1

+ W1 (zs)
)]}

(	.10)

¸ zs = z
(3−P )
W [Ls] ¡Ò²¨ ¶μ²ÊÎ¥´Ò Œ £· ¤§¥ [36]. �É´μ¸¨É¥²Ó´ Ö ÉμÎ´μ¸ÉÓ

ÔÉ¨Ì ·¥Ï¥´¨° ¶μ ¸· ¢´¥´¨Õ ¸ ·¥§Ê²ÓÉ É ³¨ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö μ¡ÒÎ-

´μ°, ´¥³μ¤¨Ë¨Í¨·μ¢ ´´μ° ¶μ � ¤¥, ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ ρ
(3)
1 [Lσ] μ± §Ò-

¢ ¥É¸Ö ²ÊÎÏ¥ 0,25 % ¶·¨ Ls � 2.

�·¨²μ¦¥´¨¥ ‚

	‚�‹
–ˆŸ �ˆ����‰ ��

�� ¶¨μ´  Ô¢μ²ÕÍ¨μ´¨·Ê¥É ¸ ¨§³¥´¥´¨¥³ ³ ¸ÏÉ ¡  ´μ·³¨·μ¢±¨ μ2 ¢ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ Ô¢μ²ÕÍ¨¨ …�	‹ [96Ä99]

dϕπ(x, μ2
F )

d ln μ2
F

= V (x, u, αs(μ2
F ))⊗

u
ϕπ(u, μ2

F ), (‚.1)

£¤¥ V (x, u, αs) Å ¶¥·ÉÊ·¡ É¨¢´μ · ¸¸Î¨ÉÒ¢ ¥³μ¥ Ö¤·μ Ô¢μ²ÕÍ¨¨, ±μÉμ·μ¥ ¢
¢¥¤ÊÐ¥³ O(αs)-¶μ·Ö¤±¥ ¨³¥¥É ¢¨¤

V (x, u, αs) =
αs

4π
V0(x, u). (‚.2)

�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¢ ¢¥¤ÊÐ¥³ ¶μ·Ö¤±¥ ¥¸ÉÓ (4.7), (4.8). “¤μ¡´μ ¶·¥¤¸É -

¢²ÖÉÓ �� ϕπ(x, μ2) ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¶μ²¨´μ³ ³ ƒ¥£¥´¡ ÊÔ·  C
3/2
k (2x−1),

±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ Ö¤·  Ô¢μ²ÕÍ¨¨ …�	‹ ¢ ¢¥¤ÊÐ¥³
¶μ·Ö¤±¥, V0, É. ¥.

ϕπ(x, μ2) = 6x(1 − x)

[
1 +

∞∑
m=1

a2m(μ2)C
3/2
2m (2x − 1)

]
. (‚.3)

�·¨ ÔÉμ³ ¢¸Ö § ¢¨¸¨³μ¸ÉÓ μÉ μ2 ¶¥·¥Ìμ¤¨É ¢ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö
am(μ2). ˆ³¥¥É¸Ö · §²μ¦¥´¨¥  ´μ³ ²Ó´ÒÌ · §³¥·´μ¸É¥°, Ö¢²ÖÕÐ¨Ì¸Ö ¸μ¡-
¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ Ö¤·  V0, ¶μ ¸É¥¶¥´Ö³ αs:

γn(αs) =
αs

4π
γ(0)

n + . . . , (‚.4 )
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£¤¥  ´μ³ ²Ó´Ò¥ · §³¥·´μ¸É¨ ¢¥¤ÊÐ¥£μ ¶μ·Ö¤±  ¥¸ÉÓ

γ(0)
n = 2CF

[
4S1(n + 1) − 3 − 2

(n + 1)(n + 2)

]
(‚.4¡)

¸ S1(n + 1) =
n+1∑
i=1

1/i = ψ(n + 2) − ψ(1),   ËÊ´±Í¨Ö ψ(z) μ¶·¥¤¥²¥´  ± ±

ψ(z) = d ln Γ(z)/dz.

�·¨²μ¦¥´¨¥ ƒ

��‡‹�†…�ˆ… ‘Š�‹Ÿ���‰ D-”“�Š–ˆˆ

�¥·¢Ò¥ É·¨ ±μÔËË¨Í¨¥´É  d1, d2, d3 · §²μ¦¥´¨Ö DS-ËÊ´±Í¨¨ ¤¢ÊÌ ¸± -
²Ö·´ÒÌ ±¢ ·±μ¢ÒÌ Éμ±μ¢,

DS(Q2) = 3 m2
b(Q

2)

[
1 +

∑
n>0

dn

(
αs(Q2)

π

)n
]

, (ƒ.1)

¡Ò²¨ · ¸¸Î¨É ´Ò ¢ [83], μ´¨ · ¢´Ò

d1 = CF

[
17
4

]
, (ƒ.2 )

d2 = C2
F

[
691
64

− 9
4

ζ(3)
]

+ CF CA

[
893
64

− 31
8

ζ(3)
]

+

+ TR Nf CF

[
−65

16
+ ζ(3)

]
, (ƒ.2¡)

d3 = C3
F

[
23443
768

− 239
16

ζ(3) +
45
8

ζ(5)
]

+ C2
F CA

[
13153
192

− 1089
32

ζ(3)+

+
145
16

ζ(5)

]
+ CF C2

A

[
3894493
62208

− 2329
96

ζ(3) +
25
48

ζ(5)
]

+

+ TR Nf C2
F

[
−88

3
+

65
4

ζ(3) +
3
4

ζ(4) − 5 ζ(5)
]

+

+ TR Nf CF CA

[
−33475

972
+

22
3

ζ(3) − 3
4

ζ(4) +
5
6

ζ(5)
]

+

+ T 2
R N2

f CF

[
15511
3888

− ζ(3)
]

. (ƒ.2¢)



ƒ‹�	�‹œ��Ÿ „��	��-���‹ˆ’ˆ—…‘Š�Ÿ ’…��ˆŸ ‚�‡Œ“™…�ˆ‰ ‚ Š•„ 1419

ŠμÔËË¨Í¨¥´É d4 ¡Ò² ¶μ²ÊÎ¥´ ¸μ¢¸¥³ ´¥¤ ¢´μ ¢ [82]:

d4 = N3
f

[
−520771

559872
+

65
432

ζ(3) +
1

144
ζ(4) +

5
18

ζ(5)
]

+

+ N2
f

[
220313525
2239488

− 11875
432

ζ(3) +
5
6

ζ2(3) +
25
96

ζ(4) − 5015
432

ζ(5)
]

+

+ Nf

[
−1045811915

373248
+

5747185
5184

ζ(3) − 955
16

ζ2(3) − 9131
576

ζ(4)+

+
41215
432

ζ(5) +
2875
288

ζ(6) +
665
72

ζ(7)
]

+

+ N0
f

[
10811054729

497664
− 3887351

324
ζ(3) +

458425
432

ζ2(3) +
265
18

ζ(4)+

+
373975

432
ζ(5) − 1375

32
ζ(6) − 178045

768
ζ(7)

]
. (ƒ.2£)

�·¨²μ¦¥´¨¥ „

���Œ�‹œ�›… ��‡Œ…���‘’ˆ ˆ 	‚�‹
–ˆŸ Š‚��Š�‚›• Œ�‘‘

1. ŠμÔËË¨Í¨¥´ÉÒ γi μ¶·¥¤¥²ÖÕÉ · §²μ¦¥´¨¥  ´μ³ ²Ó´μ° · §³¥·´μ¸É¨
±¢ ·±μ¢μ° ³ ¸¸Ò  ´ ²μ£¨Î´μ Éμ³Ê, ± ± ÔÉμ ¸¤¥² ´μ ¢ (A.1) ¶μ μÉ´μÏ¥´¨Õ ±
· §²μ¦¥´¨Õ β-ËÊ´±Í¨¨,   ¨³¥´´μ,

d

dL
ln (m[L]) ≡ γmass

(
αs[L]
4π

)
= −

∑
i�0

γi

(
αs[L]
4π

)i+1

. („.1)

ˆÌ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö É ±μ¢Ò, ¸³. [126]:

γ0 = 3CF ; („.2)

γ1 =
[
202
3

− 20
9

Nf

]
; („.3)

γ2 =
[
1249 −

(
2216
27

+
160
3

ζ(3)
)

Nf − 140
81

N2
f

]
; („.4)

γ3 =
[
4603055

162
+

135680
27

ζ(3) − 8800ζ(5)−

−
(

91723
27

+
34192

9
ζ(3) − 880ζ(4) − 18400

9
ζ(5)

)
Nf+

+
(

5242
243

+
800
9

ζ(5) − 160
3

ζ(4)
)

N2
f −

(
332
243

− 64
27

ζ(3)
)

N3
f

]
, („.5)
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£¤¥ ζ(ν) μ¡μ§´ Î ¥É ζ-ËÊ´±Í¨Õ �¨³ ´ . �¢μ²ÕÍ¨Ö m(l)(Q2) ¢ l-¶¥É²¥¢μ³
¶·¨¡²¨¦¥´¨¨ μ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡Ð¨³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° �ƒ:

m2
(l)(Q

2) = m2
(l)(μ

2) exp

⎡⎢⎣2

αs(Q2)/(4π)∫
αs(μ2)/(4π)

γmass(x)
β(x)

dx

⎤⎥⎦ = („.6 )

= m2
(l)(μ

2)

[
αs(Q2)

]ν0
f(l)(αs(Q2))

[αs(μ2)]ν0 f(l)(αs(μ2))
, („.6¡)

£¤¥

ν0 = 2
γ0

b0
(„.6¢)

¨ ËÊ´±Í¨Ö f(l)(αs), § ¤ ¢ ¥³ Ö

f(l)(αs) = exp

⎡⎢⎣2

αs/(4π)∫
0

(
γ

(l)
m (x)

β(l)(x)
− γ0 x

b0 x2

)
dx

⎤⎥⎦ , („.6£)

 ±±Ê³Ê²¨·Ê¥É ÔËË¥±ÉÒ ³´μ£μ¶¥É²¥¢μ° (´ Î¨´ Ö ¸ ¤¢ÊÌ¶¥É²¥¢μ°) Ô¢μ²ÕÍ¨¨
m2

(l)(Q
2) ¸ Q2. ‚ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ (l = 1), f(l)(αs) ¶μ μ¶·¥¤¥-

²¥´¨Õ § ¤ ¥É¸Ö · ¢´μ° ¥¤¨´¨Í¥. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶·¨ l = 2 ¨ l = 3 ³Ò
¨³¥¥³

f(2)(αs) = [1 + δ1 αs]
ν1 , £¤¥ δ1 =

b1

4πb0
=

c1b0

4π
, ν1 = 2

(
γ1

b1
− γ0

b0

)
, („.7)

¨

f(3)(αs) =
[
1 + δ1αs + δ2α

2
s

]ν20 exp

[
ν21 arccos

(
1 + δ1αs/2√

1 + δ1αs + δ2α2
s

)]
,

(„.8 )
£¤¥

δ2 =
b2

16π2b0
, ν20 =

(
γ2

b2
− γ0

b0

)
, ν21 =

−2 b1√
4b2b0 − b2

1

(
γ2

b2
− 2

γ1

b1
+

γ0

b0

)
.

(„.8¡)
„²Ö ´ ¸ ¢ ¦¥´ ¸²ÊÎ ° �ƒ-Ê· ¢´¥´¨Ö ¤²Ö ÔËË¥±É¨¢´μ£μ § ·Ö¤  ¢ ³μ¤¨Ë¨Í¨·μ-
¢ ´´μ³ ¶μ � ¤¥ É·¥Ì¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢ Š•„ [33, 34], £¤¥ β-ËÊ´±Í¨Ö
§ ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ (	.5). ‚ ÔÉμ³ ¶μ¤Ìμ¤¥  ´ ²μ£¨Î´Ò³ μ¡· §μ³ § ¤ ¥É¸Ö ¨
 ´μ³ ²Ó´ Ö · §³¥·´μ¸ÉÓ:

γ(3−P )
mass

(αs

4π

)
= −

(αs

4π

) [
γ0 +

γ1 αs/(4π)
1 − γ2 αs/(4γ1π)

]
. („.9)
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’μ£¤  ËÊ´±Í¨Ö f(3−P )(as) μÎ¥´Ó ´ ¶μ³¨´ ¥É f(2)(as):

f(3−P )(as) = [1 + δ22 αs]
ν22 [1 − δ23 αs]

ν23 , („.10 )

£¤¥ (´ ¶μ³´¨³: c1 = b1/b2
0 ¨ c2 = b2/b3

0)

δ22 = b0
c2
1 − c2

4πc1
, ν22 =

c1

2πδ22

(
γ1

4π(δ22 + δ23)
− γ0

)
, („.10¡)

δ23 =
γ2

4 π γ1
, ν23 =

γ1

2 π δ23

(
c1

4 π(δ22 + δ23)
− 1

b0

)
. („.10¢)

‚¢μ¤Ö ·¥´μ·³£·Ê¶¶μ¢μ° ¨´¢ ·¨ ´É m̂(l), ¸³., ´ ¶·¨³¥·, [70,127],

m̂(l) = m(l)(μ2)
{[

αs(μ2)
]ν0

f(l)(αs(μ2))
}−1/2

, („.11)

³μ¦´μ ¶¥·¥¶¨¸ ÉÓ („.6¡) ¢ ¢¨¤¥

m2
(l)(Q

2) = m̂2
(l)

[
αs(Q2)

]ν0
f(l)(αs(Q2)). („.12)

�É³¥É¨³, ÎÉμ ¤²Ö ¶μ²Õ¸´μ° ³ ¸¸Ò b-±¢ ·± , · ¢´μ° 4,07 ƒÔ‚, ·¥´μ·³£·Ê¶-
¶μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ m̂(2) = 8,012 ƒÔ‚ ¨ m̂(3−P ) = 7,995 ƒÔ‚. � §²μ¦¥´¨¥
f(l)(x) ¢ É·¥Ì¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¥¸ÉÓ (μ´μ μ¤´μ ¨ Éμ ¦¥ ± ± ¢ μ¡ÒÎ´μ°
É·¥Ì¶¥É²¥¢μ° ¸Ì¥³¥, É ± ¨ ¢ ¥¥ ¶ ¤¥-³μ¤¨Ë¨± Í¨¨)

f(3)(αs) = 1 +
αs

π

b1

2 b0

(
γ1

b1
− γ0

b0

)
+

+
α2

s

π2

b2
1

16 b2
0

[
γ0

b0
− γ1

b1
+ 2

(
γ0

b0
− γ1

b1

)2

+
b0b2

b2
1

(
γ2

b2
− γ0

b0

)]
+ O

(
α3

s

)
,

(„.13)

ÎÉμ ´ Ìμ¤¨É¸Ö ¢μ ¢§ ¨³´μ-μ¤´μ§´ Î´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (15), ¶μ²Ê-
Î¥´´μ° —¥ÉÒ·±¨´Ò³ ¢ [126]∗.
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