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� ¸¸³ É·¨¢ ¥É¸Ö ¨  ´ ²¨§¨·Ê¥É¸Ö É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ¥ μ¡μ¡Ð¥´¨¥ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· 
¤²Ö Ê¶·Ê£¨Ì ¶·μÍ¥¸¸μ¢ A + B → A + B. �¡μ¡Ð¥´´Ò° ¶·¨Í¥²Ó´Ò° ¶ · ³¥É· μÉμ¦¤¥¸É¢²Ö¥É¸Ö
¸ ¢¥±Éμ·μ³ ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ¤¢ÊÌ Î ¸É¨Í. �μ± § ´μ, ÎÉμ ¶μ¸²¥ ¸É ´¤ ·É´μ° ¶·μÍ¥¤Ê·Ò
±¢ ´Éμ¢ ´¨Ö ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  ¢³¥¸É¥ ¸ ±μ³¶μ´¥´É ³¨ μÉ´μ¸¨É¥²Ó-
´μ£μ μ·¡¨É ²Ó´μ£μ ³μ³¥´É  μ¡· §ÊÕÉ  ²£¥¡·Ê SO(3,1), ¨§ ±μÉμ·μ° ³Ò ¢Ò¤¥²Ö¥³ ¶μ¤ ²£¥¡·Ê
SO(2,1). ‘¶¥±É· μ¶¥· Éμ·  Š §¨³¨·  ÔÉμ° ¶μ¤ ²£¥¡·Ò μ¶·¥¤¥²Ö¥É ¤μ¶Ê¸É¨³Ò¥ §´ Î¥´¨Ö ±¢ -
¤· É  ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö Ê¶·Ê£μ°  ³¶²¨ÉÊ¤Ò ± ± ËÊ´±Í¨¨ ´ 
£·Ê¶¶¥ SO(2,1) μ¶·¥¤¥²ÖÕÉ ®¶·μË¨²Ó´ÊÕ ËÊ´±Í¨Õ¯ Å  ´ ²μ£ ¶ ·Í¨ ²Ó´μ° ¢μ²´Ò ´  £·Ê¶¶¥
O(3). ‘ ³μ · §²μ¦¥´¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¡μ¡Ð¥´¨¥ Ô°±μ´ ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö  ³¶²¨ÉÊ¤Ò
¨ ¸¶· ¢¥¤²¨¢μ ¢μ ¢¸¥° μ¡² ¸É¨ ¨§³¥´¥´¨Ö §´ Î¥´¨° Ê£²μ¢ · ¸¸¥Ö´¨Ö. �´μ É ±¦¥ ±μ··¥±É´μ
μ¶¨¸Ò¢ ¥É μ¡² ¸ÉÓ ³ ²ÒÌ §´ Î¥´¨° ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . �μ²ÊÎ¥´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Ê´¨-
É ·´μ¸É¨ ¤²Ö  ³¶²¨ÉÊ¤Ò ¨, ± ± ¸²¥¤¸É¢¨¥,  ²£¥¡· ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ´  ¶·μË¨²Ó´ÊÕ ËÊ´±Í¨Õ,
²μ± ²Ó´μ¥ ¶μ ¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê. ‚ · ³± Ì ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨°  ´ ²¨§¨·ÊÕÉ¸Ö ¶·μ¸É¥°-
Ï¨¥ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¤²Ö ¸¥Î¥´¨° (¶μ²´ÒÌ, Ê¶·Ê£¨Ì ¨ ´¥Ê¶·Ê£¨Ì).

‘²¥¤ÊÕÐ¨° Ï £ ¢ · §¢¨É¨¨ ¶·¥¤²μ¦¥´´μ£μ ¢ · ¡μÉ¥ É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ ¶μ¤Ìμ¤  ¸¢Ö-
§ ´ ¸ ¶μ¸É·μ¥´¨¥³ ¶μ²´μ£μ μ·Éμ´μ·³¨·μ¢ ´´μ£μ ¡ §¨¸  ¢ μ¤´μÎ ¸É¨Î´μ³ ¶·μ¸É· ´¸É¢¥ ”μ± , ¢
±μÉμ·μ³ Î ¸É¨Í  Ì · ±É¥·¨§Ê¥É¸Ö μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ Ô´¥·£¨¨ ¨ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³
®¶ · ³¥É·  ¢Ò²¥É ¯ ¥¥ ¨§ μ¡² ¸É¨ ·μ¦¤¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ´¥±μÉμ·μ° ÉμÎ±¨ ®O¯. �É  ÉμÎ± 
¸¢Ö§Ò¢ ¥É¸Ö ¸ ¶μ²μ¦¥´¨¥³ Î ¸É¨ÍÒ-³¨Ï¥´¨ (². ¸. ±.) ¨²¨ ¸ ÉμÎ±μ° ¸Éμ²±´μ¢¥´¨Ö ¶ÊÎ±μ¢ (¸. Í. ³.).
‚ ÔÉμ³ Ëμ·³ ²¨§³¥ Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ ¸¢Ö§Ó ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶ · ³¥É·Ê ¢Ò²¥É  Î -
¸É¨ÍÒ C ¢ ¶·μÍ¥¸¸¥ A + B → C + D ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ³¶²¨ÉÊ¤μ° ·μ¦¤¥´¨Ö ÔÉμ° Î ¸É¨ÍÒ ¢
¨´É¥·¢ ²¥ Ê£²μ¢. �μ²ÊÎ¥´´ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ´¥¸¥É ¢ ¦´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´Ëμ·³ Í¨Õ μ
¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·¥ μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C.

∗E-mail: vall@irk.ru
∗∗E-mail: IrenAdler1@rambler.ru
∗∗∗E-mail: o castor@mail.ru
∗∗∗∗E-mail: avlad@theor.jinr.ru
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We consider and analyze the group-theoretic generalization of impact parameter for elastic
processes A + B → A + B. The generalized impact parameter is identiˇed with the vector of the
maximal approach of two particles. We show that operators of components of the impact parameter
vector together with operators of orbital momentum form algebra of SO(3,1) group. Transverse
components of impact parameter form subalgebra SO(2,1). The spectrum of Casimir operator for
that subalgebra deˇnes legitimate value of the impact parameter squared. Expansion coefˇcients of
the elastic amplitude on the SO(2,1) group deˇne ®proˇle function¯ Å the analog of partial wave
on the O(3) group. The expansion represents the generalization of the eikonal representation of
amplitude and is valid in the whole range of the scattering angle. It also describes correctly the
range of small impact parameter. We obtain the solution of the unitarity equation for the amplitude,
as a consequence we obtain the algebraic equation, local over the impact parameter, on the ®proˇle
function¯. In the context of obtained solution we analyze the simplest models for cross-sections (total,
elastic and inelastic).

The next step of the considered group-theoretic method is connected with procedure of building
of full-orthonormal basis in the one-particle Fock space, where the particle is characterized by its
energy and its ®impact parameter¯ relative to some point ®O¯. This point is the point of location
of the target particle (in laboratory frame) or the location the center mass (in the c. m. s.). In this
formalism we obtain the connection of the distribution function on the impact parameter of particle
C in the process A + B → C + D with corresponding amplitude in the momentum representation.

PACS: 11.55.Bq; 11.80.Fv; 11.80.Et; 13.85.Hd; 03.65.Nk

‚‚…„…�ˆ…

�·μ¡²¥³Ò Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¢ ¦´ÊÕ Î ¸ÉÓ
¸μ¢·¥³¥´´μ£μ ¥¸É¥¸É¢μ§´ ´¨Ö ¨ ¶μ·μ¦¤ ÕÉ¸Ö ¡Ò¸É·Ò³ · §¢¨É¨¥³ Ô±¸¶¥·¨-
³¥´É ²Ó´μ° ¡ §Ò.

� ¡μÉ  ¶μ¸¢ÖÐ¥´  ¢ ¦´Ò³ ¶·μ¡²¥³ ³, ¸¢Ö§ ´´Ò³ ¸ ¨¸¸²¥¤μ¢ ´¨¥³ Ô´¥·-
£¥É¨Î¥¸±μ° § ¢¨¸¨³μ¸É¨ ¸¥Î¥´¨° (Ê¶·Ê£¨Ì, ´¥Ê¶·Ê£¨Ì ¨ ¶μ²´ÒÌ) ¶·¨ ¢Ò¸μ±¨Ì
Ô´¥·£¨ÖÌ, Ì · ±É¥·¨¸É¨± ³´μ¦¥¸É¢¥´´μ¸É¨ ·μ¦¤¥´¨Ö,   É ±¦¥ ¸ μ¶¨¸ ´¨¥³
¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·Ò μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨Í.

�¤´¨³ ¨§ μ¸´μ¢´ÒÌ ³¥Éμ¤μ¢ ¨§ÊÎ¥´¨Ö ¸É·Ê±ÉÊ·Ò ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö Î -
¸É¨Í ¢Ò¸μ±¨Ì Ô´¥·£¨° Ö¢²Ö¥É¸Ö μ¶¨¸ ´¨¥ Ê¶·Ê£¨Ì ¶·μÍ¥¸¸μ¢ · ¸¸¥Ö´¨Ö  ¤·μ-
´μ¢ ´  Ö§Ò±¥ ®Ô°±μ´ ²Ó´μ° Ë §Ò¯ [1, 2]. �¸´μ¢μ° ¤²Ö ¶μ´¨³ ´¨Ö Ë¨§¨±¨
Ö¢²¥´¨° ¢ ÔÉμ° μ¡² ¸É¨ Ô´¥·£¨° ¨ ¶¥·¥¤ Î Ö¢²Ö¥É¸Ö ÉμÉ Ô±¸¶¥·¨³¥´É ²Ó´Ò°
Ë ±É, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¨³¥¥É Ö¢´μ ¢Ò· ¦¥´´Ò° ¶¨± ®¢¶¥·¥¤¯,
É. ¥. dσ/dt ∼ exp (R2t), £¤¥ R2 ∼ 10−17 (ƒÔ‚/�c)−2. �Éμ μ§´ Î ¥É, ÎÉμ
Ì · ±É¥·´Ò¥ · §³¥·Ò ¶·μ¸É· ´¸É¢¥´´μ° μ¡² ¸É¨, £¤¥ ¶·μ¨¸Ìμ¤¨É ¢§ ¨³μ¤¥°-
¸É¢¨¥, ¨³¥ÕÉ ¶μ·Ö¤μ± R ∼ 1 ”. ‚ Éμ ¦¥ ¢·¥³Ö ¤²¨´  ¢μ²´Ò ¤¥ 	·μ°²Ö
¸É ²±¨¢ ÕÐ¨Ì¸Ö  ¤·μ´μ¢ λ � (0,4π/pc) ” ¶·¨ pc > 1 ƒÔ‚ ¸É ´μ¢¨É¸Ö ³ -
²μ° ¶μ ¸· ¢´¥´¨Õ ¸ · §³¥· ³¨ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. �μÔÉμ³Ê ³μ¦´μ
μ¦¨¤ ÉÓ, ÎÉμ ¢ ÔÉμ° μ¡² ¸É¨ ¶¥·¥¤ Î ¨ Ô´¥·£¨° ³μ£ÊÉ ¡ÒÉÓ ÔËË¥±É¨¢´μ ¨¸-
¶μ²Ó§μ¢ ´Ò μ¶É¨Î¥¸±¨¥ ³¥Éμ¤Ò, · §¢¨ÉÒ¥ ¢ ¶·¨³¥´¥´¨¨ ± ¶·μ¡²¥³ ³ Ö¤¥·´μ°
Ë¨§¨±¨ [3].
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�¨¸. 1. “¸²μ¢¨¥ Ê´¨É ·´μ¸É¨

“¸¶¥Ï´μ¥ ¶·¨³¥´¥´¨¥ Ô°±μ´ ²Ó´μ£μ ¶μ¤Ìμ¤  ± Ê¶·Ê£¨³ ¶·μÍ¥¸¸ ³
μ¸´μ¢ ´μ ´  ±μ´¸É·Ê±É¨¢´μ³ ¨¸¶μ²Ó§μ¢ ´¨¨ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨ S-³ É·¨-
ÍÒ [4Ä6]. �  ·¨¸. 1 ¸Ì¥³ É¨Î¥¸±¨ ¨§μ¡· ¦¥´μ Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¤²Ö
Ê¶·Ê£μ£μ ¶·μÍ¥¸¸ . �Ê´±É¨·´Ò¥ ¢¥·É¨± ²Ó´Ò¥ ²¨´¨¨ ´  ·¨¸Ê´±¥ μ§´ Î ÕÉ
®¸¥Î¥´¨¥¯ ¤¨ £· ³³Ò, ¶μ¸²¥ Î¥£μ ¶·μ³¥¦ÊÉμÎ´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÉ
·¥ ²Ó´Ò³ Î ¸É¨Í ³ ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨. ‘μμÉ´μÏ¥´¨¥, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥¥ ¤¨ £· ³³¥ (·¨¸. 1), μ¡² ¤ ¥É μ¤´¨³ § ³¥Î É¥²Ó´Ò³ ¸¢μ°¸É¢μ³ Å μ´μ
¤¨ £μ´ ²¨§¨·Ê¥É¸Ö ¶μ μÉ´μ¸¨É¥²Ó´μ³Ê μ·¡¨É ²Ó´μ³Ê ³μ³¥´ÉÊ l ¸É ²±¨¢ Õ-
Ð¨Ì¸Ö  ¤·μ´μ¢ ¨ ¶·¥¢· Ð ¥É¸Ö ¢  ²£¥¡· ¨Î¥¸±μ¥ ¸μμÉ´μÏ¥´¨¥. �μ¸²¥ ÔÉμ£μ
¤²Ö Ê¶·Ê£μ°  ³¶²¨ÉÊ¤Ò F (q, θ), £¤¥ q Å ¨³¶Ê²Ó¸ ¢ ¸. Í. ³., ¡Ê¤¥³ ¨³¥ÉÓ

F (q, θ) =
∞∑

l=0

(2l + 1)al(q)Pl(cos θ), (1)

£¤¥ al(q) Å ¶ ·Í¨ ²Ó´ Ö  ³¶²¨ÉÊ¤ , Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ¢¨Õ Ê´¨É ·´μ¸É¨

Im al(q) = q|al(q)|2 +
1 − η2

l (q)
4q

. (2)

�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¤ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö al(q):

al(q) =
e2iδl(q) − 1

2iq
, (3)

£¤¥ Ë §  · ¸¸¥Ö´¨Ö δl(q) = δl + iχl(q)/2, §¤¥¸Ó δl Å ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ
Ë §Ò · ¸¸¥Ö´¨Ö,   χl(q) = 2 Im δl(q) ¸¢Ö§ ´  ¸ ±μÔËË¨Í¨¥´Éμ³ ´¥Ê¶·Ê£μ¸É¨
ηl(q) ¸μμÉ´μÏ¥´¨¥³

ηl(q) = e−χl(q), 0 � ηl(q) � 1.

�¡² ¸ÉÓ ¨§³¥´¥´¨Ö ηl(q) Å 0 � ηl(q) � 1, ¶·¨ ÔÉμ³ ηl(q) = 1 ¸μμÉ¢¥É¸É¢Ê¥É
 ¡¸μ²ÕÉ´μ Ê¶·Ê£μ³Ê · ¸¸¥Ö´¨Õ, a ηl(q) = 0 Å  ¡¸μ²ÕÉ´μ³Ê ¶μ£²μÐ¥´¨Õ.
‚μμ¡Ð¥ £μ¢μ·Ö, ¸²ÊÎ ° ηl(q) = 1 ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥´¥¡·¥¦¥´¨Õ ´¥Ê¶·Ê£¨³¨



���‘’���‘’‚…���… ��ˆ‘��ˆ… �	‹�‘’ˆ ��†„…�ˆŸ —�‘’ˆ–› 171

¢±² ¤ ³¨ ¢ ³´¨³ÊÕ Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ ¶·μÍ¥¸¸ . �±μ´Î É¥²Ó´μ ¤²Ö
al(q) ¨³¥¥³

al(q) =
ηl e2iδl − 1

2iq
.

’ ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶ ·Í¨ ²Ó´μ°  ³¶²¨ÉÊ¤Ò al(q)  ¢Éμ³ É¨Î¥¸±¨ ¶·¨¢μ¤¨É
± Éμ³Ê, ÎÉμ F (q, θ) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ Ê´¨É ·´μ¸É¨.

“Î¨ÉÒ¢ Ö Ê¶·Ê£μ¥ ¸¥Î¥´¨¥

σel(q) =
∫

|F (q, θ)|2dΩ = 4π
∞∑

l=0

(2l + 1)|al(q)|2,

  É ±¦¥ ¸μμÉ´μÏ¥´¨¥ Ê´¨É ·´μ¸É¨ (2), ¶μ²ÊÎ¨³ μ¶É¨Î¥¸±ÊÕ É¥μ·¥³Ê

Im F (q, θ = 0) =
q

4π
σtot, σtot = σel(q) + σinel(q),

£¤¥

σinel(q) =
4π

q2

∞∑
l=0

(2l + 1)
1 − η2

l (q)
4

. (4)

�Éμ Ìμ·μÏμ ¨§¢¥¸É´ Ö [7] ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö Ë¥´μ³¥´μ²μ£¨Ö ÊÎ¥É  ´¥-
Ê¶·Ê£¨Ì ¢±² ¤μ¢ ¢  ³¶²¨ÉÊ¤Ê Ê¶·Ê£μ£μ ¶·μÍ¥¸¸ . ‚ ¦´Ò³ ¤²Ö ´ ¸ Ö¢²Ö¥É¸Ö
¶¥·¥Ìμ¤ μÉ ¶·¥¤¸É ¢²¥´¨Ö (1)Ä(4) ± Ô°±μ´ ²Ó´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ, É. ¥. ¶¥·¥-
Ìμ¤ μÉ ¶ ·Í¨ ²Ó´μ° Ë §Ò δl(q) ± Ë §¥ δ(q, b), £¤¥ b Å ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·.

�°±μ´ ²Ó´ Ö Ë §  χ(q, b) = 2i Im δ(q, b) μ¤´μ§´ Î´μ ¸¢Ö§ ´  ¸ ´¥Ê¶·Ê£μ°
ËÊ´±Í¨¥° ¶¥·¥±·ÒÉ¨Ö Ginel(q, b):

Ginel(q, b) =
1
4
(1 − e−2χ(q,b)) = q{Imal(q, b) − q|al(q, b)|2}.

ˆ³¥´´μ ÔÉ  ËÊ´±Í¨Ö μ¶·¥¤¥²Ö¥É ¶·μ¸É· ´¸É¢¥´´ÊÕ ¸É·Ê±ÉÊ·Ê μ¡² ¸É¨ ¸Éμ²±-
´μ¢¥´¨Ö. �´  · ¢´  ´Ê²Õ ¢ μ¡² ¸É¨ Ô´¥·£¨°, ³¥´ÓÏ¨Ì ¶μ·μ£μ¢μ° Ô´¥·£¨¨
μÉ±·ÒÉ¨Ö ´¥Ê¶·Ê£¨Ì ± ´ ²μ¢. ˆ§ÊÎ¥´¨Õ ËÊ´±Í¨¨ Ginel(q, b) ¶μ¸¢ÖÐ¥´μ ³´μ£μ
μ¡§μ·´ÒÌ ¨ μ·¨£¨´ ²Ó´ÒÌ · ¡μÉ [8Ä16]. �¤´¨³ ¨§ μ¸´μ¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢
Ö¢²Ö¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥, ÎÉμ ¸·¥¤´¥¥ Î¨¸²μ Î ¸É¨Í, ·μ¦¤¥´´ÒÌ ¶·¨ ¶·¨Í¥²Ó´μ³
¶ · ³¥É·¥ b, ¶·μ¶μ·Í¨μ´ ²Ó´μ ´¥Ê¶·Ê£μ° ËÊ´±Í¨¨ ¶¥·¥±·ÒÉ¨Ö

〈n(q, b)〉 = const (q) · Ginel(q, b).

‚¸¥ ¢ÒÏ¥¨§²μ¦¥´´μ¥ μÉ´μ¸¨É¥²Ó´μ Ô°±μ´ ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö μ¸´μ¢ ´μ ´ 
±¢ §¨±² ¸¸¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨ �l � qb ¨  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¸μμÉ´μÏ¥´¨¨

Pl(cos θ) � J0(bq⊥), q⊥ = q sin θ ¶·¨ θ ∼ 0, bq � 1.
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�·¨ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò (1) ¶¥·¥Ìμ¤¨É ¢ Ô°±μ´ ²Ó´μ¥ ¶·¥¤¸É ¢-
²¥´¨¥ [1]

F (q, θ) = 2q2

∞∫
0

a(q, b)J0(bq⊥)b db. (5)

‘Î¨É ¥É¸Ö, ÎÉμ ¶·μË¨²Ó´ Ö ËÊ´±Í¨Ö a(q, b) Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Õ Ê´¨-
É ·´μ¸É¨ (2) ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨³¥¥É ¶·¥¤¸É ¢²¥´¨¥ (3). �¤´ ±μ ¶·μ¡²¥³ ,
¢μ§´¨± ÕÐ Ö ¶·¨ ÔÉμ³, § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ Ô°±μ´ ²Ó´ Ö  ³¶²¨ÉÊ¤  (5)
¸ ¶·μË¨²Ó´μ° ËÊ´±Í¨¥° a(q, b) ¶¥·¥¸É ¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ Ê´¨É ·-
´μ¸É¨. �·¨Î¨´μ° Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ´  Ë¨§¨Î¥¸±μ³ ¨´É¥·¢ ²¥ §´ Î¥´¨° ¶μ-
¶¥·¥Î´μ£μ ¨³¶Ê²Ó¸  ËÊ´±Í¨¨ 	¥¸¸¥²Ö J0 (bk⊥) ´¥ μ¡· §ÊÕÉ μ·Éμ£μ´ ²Ó´μ°
¸¨¸É¥³Ò, É. ¥.

q∫
0

J0(b1k⊥)J0(b2k⊥)k⊥dk⊥ �= δ(b1 − b2).

Š·μ³¥ Éμ£μ, ± ± ¸²¥¤Ê¥É ¨§ (5), ¶·μË¨²Ó´ Ö ËÊ´±Í¨Ö a(q, b) μ¶·¥¤¥²Ö¥É¸Ö
Î¥·¥§  ³¶²¨ÉÊ¤Ê F (q, θ) μ¡· É´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³

a(q, b) =
1

2q2

∞∫
0

F (q, θ)J0(bq⊥)q⊥ dq⊥. (6)

�·¨ ÔÉμ³ ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¨¸Ìμ¤¨É ± ± ¶μ Ë¨§¨Î¥¸±μ° μ¡² ¸É¨ Ê£²μ¢, É ±
¨ ¶μ ´¥Ë¨§¨Î¥¸±μ° (−∞ < cos θ < 1) [17]. …¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ ¶μ²¨´μ³¨-
 ²Ó´ÊÕ μ£· ´¨Î¥´´μ¸ÉÓ F (q, θ) ¶·¨ cos θ → −∞, ´ ¶·¨³¥·, F (q, θ) ∼ tαR(s)

(·¥¤¦¥-¶μ¢¥¤¥´¨¥), Éμ ÔÉμ  ¢Éμ³ É¨Î¥¸±¨ ¶·¨¢¥¤¥É ± ¸¨´£Ê²Ö·´μ¸É¨  ³¶²¨-
ÉÊ¤Ò a(q, b) ¶·¨ b → 0,   ¨³¥´´μ

a(q, b) ∼ 1
bαR(s)+1

¶·¨ b → 0,

ÎÉμ ¶·μÉ¨¢μ·¥Î¨É Ê¸²μ¢¨Õ Ê´¨É ·´μ¸É¨. �É  ¸¨´£Ê²Ö·´μ¸ÉÓ μÉ³¥Î ² ¸Ó ³´μ-
£¨³¨  ¢Éμ· ³¨ (´ ¶·¨³¥·, ¢ [18Ä22]), ÌμÉÖ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ·¥Ï¥´¨Ö ÔÉμ°
¶·μ¡²¥³Ò ¢ ÔÉ¨Ì · ¡μÉ Ì ´¥ ¶·μ¢μ¤¨É¸Ö.

�É  ¶·μ¡²¥³  ·¥Ï ¥É¸Ö ¢ · ³± Ì É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ μ¡μ¡Ð¥´¨Ö ¶·¨-
Í¥²Ó´μ£μ ¶ · ³¥É· . ‚ ´ Ï¥° · ¡μÉ¥ ¶·¥¤²μ¦¥´ Ëμ·³ ²¨§³ μ¶¨¸ ´¨Ö  ³¶²¨-
ÉÊ¤Ò Ê¶·Ê£μ£μ ¶·μÍ¥¸¸  ¢ É¥·³¨´ Ì ¶·μË¨²Ó´μ° ËÊ´±Í¨¨ ´  £·Ê¶¶¥ SO(2,1),
Ö¢²ÖÕÐ¥°¸Ö  ´ ²μ£μ³ ¶ ·Í¨ ²Ó´μ°  ³¶²¨ÉÊ¤Ò al(q) [23]. �·¨ ÔÉμ³ Ëμ·-
³ ²¨§³ ´¥ ¶·¥¤¶μ² £ ¥É ¶¥·¥Ìμ¤  ± ±¢ §¨±² ¸¸¨Î¥¸±μ³Ê ¶·¥¤¥²Ê ¡μ²ÓÏ¨Ì
¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¨ ³ ²ÒÌ Ê£²μ¢ · ¸¸¥Ö´¨Ö. �Éμ ¶μ§¢μ²Ö¥É ±μ··¥±É´μ
μ¶¨¸ ÉÓ μ¡² ¸ÉÓ ³ ²ÒÌ ¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì ¢ μ¸´μ¢´μ³
· ¸¸¥Ö´¨¥ ¢ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ê [24].
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„·Ê£μ° ¢ ¦´μ° ¶·μ¡²¥³μ° Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥
¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·Ò μ¡² ¸É¨ ¸Éμ²±´μ¢¥´¨Ö Î ¸É¨Í (¶ÊÎ±μ¢). � ¶·¨-
³¥·, ¢ RHIC (±μ²² °¤¥· ÉÖ¦¥²ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨μ´μ¢, 	·Ê±Ì¥°¢¥´) ¶·¨
Ô´¥·£¨ÖÌ ¸É ²±¨¢ ÕÐ¨Ì¸Ö Ö¤¥· §μ²μÉ 

√
s ∼ 200 ƒÔ‚ ´  1 ¶·μÉμ´ ·μ¦¤ ¥É¸Ö

¶μ·Ö¤±  103 Î ¸É¨Í [25]. �¢μ²ÕÍ¨Ö ·μ¦¤¥´¨Ö ÔÉ¨Ì Î ¸É¨Í ¤μ  ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¥¤¶μ²μ¦¨É¥²Ó´μ ¶·μÌμ¤¨É μÉ ¸É ¤¨¨ ±¢ ·±-£²Õμ´´μ°
¶² §³Ò (¥¸²¨ ·¥ ²¨§Ê¥É¸Ö ³¥Ì ´¨§³ ¤¥±μ´Ë °´³¥´É ) ¤μ ¸É ¤¨¨  ¤·μ´¨§ Í¨¨.
„¥É¥±É¨·Ê¥³ Ö Î ¸É¨Í , ¢Ò²¥É ÕÐ Ö ¨§ ÔÉμ° μ¡² ¸É¨, ´¥¸¥É μ¶·¥¤¥²¥´´ÊÕ ¨´-
Ëμ·³ Í¨Õ μ Ë¨§¨Î¥¸±μ³ ¸μ¸ÉμÖ´¨¨ μ¡² ¸É¨ ¥¥ ·μ¦¤¥´¨Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò,
Ô±¸¶¥·¨³¥´É ²Ó´μ ¨§³¥·ÖÕÉ¸Ö ²¨ÏÓ Ô´¥·£¥É¨Î¥¸±¨¥ ¨ Ê£²μ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö
ÔÉμ° Î ¸É¨ÍÒ, ¨ ´¥μ¡Ìμ¤¨³ μ¶·¥¤¥²¥´´Ò° ¸¶μ¸μ¡ (³¥Éμ¤) ¨§¢²¥Î¥´¨Ö ¨´Ëμ·-
³ Í¨¨ μ ¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·¥ μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨Í ¶μ ¤ ´´Ò³
Ô±¸¶¥·¨³¥´É .

‚ · ¡μÉ¥ ¢ · ³± Ì É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ ¶μ¤Ìμ¤  Ê¤ ¥É¸Ö ¶μ¸É·μ¨ÉÓ μ¤´μ-
Î ¸É¨Î´μ¥ ¶·μ¸É· ´¸É¢μ ”μ± , ¢ ±μÉμ·μ³ ¢ ·μ²¨ ¤¨´ ³¨Î¥¸±μ° ¶¥·¥³¥´´μ°,
Ì · ±É¥·¨§ÊÕÐ¥° Î ¸É¨ÍÊ, ¢Ò¸ÉÊ¶ ¥É ¶ · ³¥É· ®¢Ò²¥É ¯. �´ Ì · ±É¥·¨§Ê¥É
· ¤¨Ê¸ ·μ¦¤¥´¨Ö ÔÉμ° Î ¸É¨ÍÒ,   ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ ÔÉμ³Ê ¶ · -
³¥É·Ê Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´μ° Ë¨§¨Î¥¸±μ° Ì · ±É¥·¨¸É¨±μ° ¶·μ¸É· ´¸É¢¥´´μ°
¸É·Ê±ÉÊ·Ò μ¡² ¸É¨ ¸Éμ²±´μ¢¥´¨Ö [24,26].

‚ · ¡μÉ¥ ¶μ²ÊÎ¥´  ÉμÎ´ Ö ¸¢Ö§Ó ³¥¦¤Ê ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶ · -
³¥É·Ê ¢Ò²¥É  ¨  ³¶²¨ÉÊ¤μ° ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C ¢ ¨´É¥·¢ ²¥ Ê£²μ¢ ¢ ¶·μÍ¥¸¸¥
A + B → C + D.

1. ����™…�ˆ… �‰Š���‹œ��ƒ� ��ˆ�‹ˆ†…�ˆŸ
�� ‘‹“—�‰ Œ�‹›• ��ˆ–…‹œ�›• ����Œ…’��‚

ˆ ��‹œ˜ˆ• “ƒ‹�‚ ��‘‘…Ÿ�ˆŸ

Š ± Ê¦¥ Ê± §Ò¢ ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ¨´É¥·¥¸ ± ¶·¥¤¸É ¢²¥´¨Õ ¶·¨Í¥²Ó´μ£μ
¶ · ³¥É·  ¸¢Ö§ ´ ¸ Ë¨§¨±μ° Î ¸É¨Í ¢Ò¸μ±¨Ì Ô´¥·£¨° ¨ · ¸¸¥Ö´¨Ö Ö¤¥·. � 
¸É·μÖÐ¥³¸Ö ¢ ´ ¸ÉμÖÐ¨° ³μ³¥´É Ê¸±μ·¨É¥²¥ LHC ¡Ê¤ÊÉ ¶μ²ÊÎ¥´Ò Ô±¸¶¥·¨-
³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶μ Ê¶·Ê£¨³, ´¥Ê¶·Ê£¨³ ¨ ¶μ²´Ò³ ¸¥Î¥´¨Ö³ pp-· ¸¸¥Ö´¨Ö
¤μ Ô´¥·£¨°

√
s ∼ 14 ’Ô‚. �É¨ ¤ ´´Ò¥ ¤μ²¦´Ò ¶·μÖ¸´¨ÉÓ ¶·¨·μ¤Ê ¶·μ¢ ² 

¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ³ ¸¥Î¥´¨¨, É. ¥. ¶μÖ¢²¥´¨¥ ¸É·Ê±ÉÊ·Ò ¢ ¤¨ËË¥·¥´Í¨ ²Ó-
´μ³ ¸¥Î¥´¨¨ Ê¶·Ê£μ£μ pp-· ¸¸¥Ö´¨Ö ¶·¨ ³ ²ÒÌ Ê£² Ì · ¸¸¥Ö´¨Ö. Š·μ³¥ Éμ£μ,
μ¤´¨³ ¨§ ¸ ³ÒÌ ¨´É¥·¥¸´ÒÌ ¢μ¶·μ¸μ¢ Ö¢²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥
¸¥Î¥´¨° ¶·¨ ¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ, ¢ÒÌμ¤ ¶μ²´μ£μ ¸¥Î¥´¨Ö ´  Ë·Ê ¸¸ ·μ¢¸±¨°
¶·¥¤¥²,   É ±¦¥ ¶μ¢¥¤¥´¨¥ μÉ´μÏ¥´¨Ö σel/σtot ¶·¨ s → ∞. 	μ²ÓÏμ° ¨´É¥·¥¸
¶·¥¤¸É ¢²Ö¥É ³¥Ì ´¨§³ ¢μ§³μ¦´μ£μ ¶·¥¢ÒÏ¥´¨Ö ÔÉμ£μ μÉ´μÏ¥´¨Ö μÉ §´ Î¥-
´¨Ö σel/σtot = 1/2 (³μ¤¥²Ó Î¥·´μ£μ ¤¨¸± ). �É¢¥ÉÒ ´  ÔÉ¨ ¢μ¶·μ¸Ò É¥¸´μ
¸¢Ö§ ´Ò ¸ Ê´¨É ·¨§ Í¨¥°  ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö. Š ± ¶· ¢¨²μ, ¶·¨
Ê´¨É ·¨§ Í¨¨ ÔÉμ°  ³¶²¨ÉÊ¤Ò ¨¸¶μ²Ó§ÊÕÉ Ô°±μ´ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥.
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‚ÒÌμ¤ §  · ³±¨ Ô°±μ´ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¸¢Ö§ ´ ¢ ¶¥·¢ÊÕ μÎ¥·¥¤Ó
¸ £¥μ³¥É·¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¥° ¶ · ³¥É·  b ¢ ¶·¥¤¸É ¢²¥´¨¨ (5) ¢ μ¡² -
¸É¨ ¥£μ ³ ²ÒÌ §´ Î¥´¨°. ‚ ÔÉμ° μ¡² ¸É¨ Ë §μ¢Ò° μ¡Ñ¥³ ¤¢ÊÌÎ ¸É¨Î´μ° ¸¨-
¸É¥³Ò ¶μ·Ö¤±  �

3 ¨ ±² ¸¸¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¶¥·¥¸É ÕÉ ¡ÒÉÓ ¸¶· ¢¥¤²¨-
¢Ò³¨. �μ¸²¥¤μ¢ É¥²Ó´μ³Ê · ¸¸³μÉ·¥´¨Õ ¨ ·¥Ï¥´¨Õ ÔÉμ° ¶·μ¡²¥³Ò ¶μ¸¢Ö-
Ð¥´  ÔÉ  £² ¢ .

‚ · ¡μÉ¥ ³Ò ¶μ²ÊÎ ¥³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Ê´¨É ·´μ¸É¨ ¢ É¥·³¨´ Ì ±μ-
ÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö Ê¶·Ê£μ°  ³¶²¨ÉÊ¤Ò ´  £·Ê¶¶¥ SOμ(2,1). ’ ±μ¥
· §²μ¦¥´¨¥ ¶μ§¢μ²Ö¥É μ¡μ¡Ð¨ÉÓ Ô°±μ´ ²Ó´Ò° Ëμ·³ ²¨§³ ¶·¨Í¥²Ó´μ£μ ¶ · -
³¥É·  ´  μ¡² ¸ÉÓ ¡μ²ÓÏ¨Ì Ê£²μ¢ ¨ ³ ²ÒÌ Ë §μ¢ÒÌ μ¡Ñ¥³μ¢ ¸¨¸É¥³Ò ¸É ²±¨-
¢ ÕÐ¨Ì¸Ö Î ¸É¨Í. ŒÒ ¨¸Ìμ¤¨³ ¨§ ±² ¸¸¨Î¥¸±μ£μ μ¶·¥¤¥²¥´¨Ö ¢¥±Éμ·  ³ ±-
¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ³¥¦¤Ê ¤¢Ê³Ö ¸¢μ¡μ¤´Ò³¨ ¡¥¸¸¶¨´μ¢Ò³¨ Î ¸É¨Í ³¨.
�ÉμÉ ¢¥±Éμ· ¢Ò· ¦ ¥É¸Ö Î¥·¥§ μÉ´μ¸¨É¥²Ó´Ò° μ·¡¨É ²Ó´Ò° ³μ³¥´É ¨ μÉ´μ¸¨-
É¥²Ó´Ò° ¨³¶Ê²Ó¸ ¢ ¸. Í. ³. ÔÉ¨Ì Î ¸É¨Í ¨ ¶·¨ μ¶·¥¤¥²¥´´μ° μ·¨¥´É Í¨¨ ¨´É¥·-
¶·¥É¨·Ê¥É¸Ö ± ± ±² ¸¸¨Î¥¸±¨° ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·. „ ²¥¥ ³Ò ¶¥·¥Ìμ¤¨³ ±
±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ ¨ ¸É·μ¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¤¢ÊÌÎ ¸É¨Î´μ£μ ¸μ¸ÉμÖ-
´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³ ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³. �± §Ò¢ ¥É¸Ö, ÎÉμ ´¥μ¡Ìμ¤¨³Ò³
Ê¸²μ¢¨¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ¤´μ§´ Î´ÒÌ, ´¥¶·¥·Ò¢´ÒÌ ¨ ¨´É¥£·¨·Ê¥³ÒÌ ¢ L2

·¥Ï¥´¨° Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥

b2 � �
2/4q2,

£¤¥ q Å ¨³¶Ê²Ó¸ ¢ ¸. Í. ³.; b Å ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·; � Å ¶μ¸ÉμÖ´´ Ö
�² ´± , É. ¥. ¶·¨ Ë¨±¸¨·μ¢ ´´μ° Ô´¥·£¨¨ ¸ÊÐ¥¸É¢Ê¥É ³¨´¨³ ²Ó´Ò° ¶·¨Í¥²Ó-
´Ò° ¶ · ³¥É· b2 = �

2/4q2. �Éμ Ê¸²μ¢¨¥ ¥¸É¥¸É¢¥´´μ · ¸¸³ É·¨¢ ÉÓ ± ±
¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¢ b-¶²μ¸±μ¸É¨.

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¢ÊÌÎ ¸É¨Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ¨³¶Ê²Ó¸-
´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²ÊÎ ¥É¸Ö ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¢ ¢¨¤¥

Ψμ(q⊥) =
q√

q2 − q2
⊥

P−1/2+iμ

(
q√

q2 − q2
⊥

)
,

£¤¥ Pν(z) Å ËÊ´±Í¨Ö ‹¥¦ ´¤· ; μ =
(
q2b2 − 1/4

)1/2
; q⊥ = q sin θ Å ¶μ-

¶¥·¥Î´ Ö ±μ³¶μ´¥´É  ¨³¶Ê²Ó¸ ; θ Å Ê£μ² · ¸¸¥Ö´¨Ö. � §²μ¦¥´¨¥ ¶μ ÔÉ¨³
ËÊ´±Í¨Ö³ ¨§¢¥¸É´μ ± ± · §²μ¦¥´¨¥ ”μ± ÄŒ¥²²¥·  [27]. ‚ ¶·¥¤¥²¥ ³ ²ÒÌ
Ê£²μ¢ ÔÉμ · §²μ¦¥´¨¥ ¶¥·¥Ìμ¤¨É ¢ ¶·¥¤¸É ¢²¥´¨¥ ”Ê·Ó¥Ä	¥¸¸¥²Ö ¤²Ö Ê¶·Ê£μ°
 ³¶²¨ÉÊ¤Ò (Ô°±μ´ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥).

1.1. Š² ¸¸¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . � ¸¸³μÉ·¨³ ¤¢¥
¸¢μ¡μ¤´Ò¥ ¡¥¸¸¶¨´μ¢Ò¥ Î ¸É¨ÍÒ, ±μÉμ·Ò¥ ¤¢¨¦ÊÉ¸Ö ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ´ Î ²Ó-
´Ò³¨ Ê¸²μ¢¨Ö³¨. ˆÌ ±μμ·¤¨´ ÉÒ ¢ ²Õ¡μ° ³μ³¥´É ¢·¥³¥´¨ t μ¶·¥¤¥²ÖÕÉ¸Ö
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¢¥±Éμ· ³¨

x1(t) =
p1√

p2
1 + m2

1

(t − t0) + x1(t0),

x2(t) =
p2√

p2
2 + m2

2

(t − t0) + x2(t0),
(7)

£¤¥ p1,2 Å ¨³¶Ê²Ó¸Ò Î ¸É¨Í; m1,2 Å ³ ¸¸Ò Î ¸É¨Í. � ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Î -
¸É¨Í ³¨ D(t) μ¶·¥¤¥²Ö¥É¸Ö ±μ³¶μ´¥´É ³¨ ¢¥±Éμ·  Δr(t):

Δr(t) = x1(t) − x2(t) = u(t − t0) + ξ, (8)

¨ · ¢´μ D(t) = (ΔrΔr)1/2. ‡¤¥¸Ó ξ = x1(t0) − x2(t0) Å μÉ´μ¸¨É¥²Ó´ Ö ±μ-
μ·¤¨´ É , u = (p1/E1−p2/E2) Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ, E1 =

√
p2
1 + m2

1,

E2 =
√

p2
2 + m2

2 Å Ô´¥·£¨¨ Î ¸É¨Í.
‚ ± ±μ°-Éμ ³μ³¥´É ¢·¥³¥´¨ t = τ · ¸¸ÉμÖ´¨¥ D(τ) ¡Ê¤¥É ¨³¥ÉÓ ³¨´¨-

³ ²Ó´μ¥ §´ Î¥´¨¥. ‚·¥³Ö τ μ¶·¥¤¥²Ö¥É¸Ö Ô±¸É·¥³ ²Ó´Ò³ Ê¸²μ¢¨¥³

d

dt
D(t)

∣∣∣
t=τ

=
1

D(τ)

(
Δri

d

dt
Δri

)∣∣∣
t=τ

= 0.

ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨¥ (8), ¶μ²ÊÎ¨³

τ = t0 −
(uξ)
u2

.

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ (8), ³Ò ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ±μ³¶μ´¥´É ¢¥±Éμ· 
³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö di:

di = Δri(τ) = − ui

u2
(uξ) + ξi. (9)

‚¢¥¤¥³ μÉ´μ¸¨É¥²Ó´Ò° μ·¡¨É ²Ó´Ò° ³μ³¥´É ¢ ¸. Í. ³., p1 = −p2 = q,

Li = εijkξjqk. (10)

’μ£¤  ¢Ò· ¦¥´¨¥ (9) ³μ¦´μ ¶·¥μ¡· §μ¢ ÉÓ ± ¤·Ê£μ³Ê ¢¨¤Ê [28]:

di =
1
q2

εijkqjLk. (11)

Šμ³¶μ´¥´ÉÒ di ³μ£ÊÉ ¸²Ê¦¨ÉÓ μ¶·¥¤¥²¥´¨¥³ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· 
¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ Î ¸É¨Í ¢ ¸. Í. ³. ‚Ò· ¦¥´¨¥ (11) ³Ò ¶·¨³¥³ §  μ¸´μ¢Ê
¶·¨ ¶μ¸É·μ¥´¨¨ ±¢ ´Éμ¢μ£μ  ´ ²μ£  ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . �¥·¥Ìμ¤ ± ±¢ ´-
Éμ¢μ³Ê μ¶¨¸ ´¨Õ § ±²ÕÎ ¥É¸Ö ¢ ¸É ´¤ ·É´μ° ¶·μÍ¥¤Ê·¥ § ³¥´Ò C-Î¨¸¥² ¢
¸μμÉ´μÏ¥´¨¨ (11) ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ μ¶¥· Éμ· ³¨ ¨ ¢Ò¤¥²¥´¨¨ ¢ μ¶¥· Éμ·¥
di Ô·³¨Éμ¢μ° Î ¸É¨.
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1.2. Š¢ ´Éμ¢ ´¨¥ ±μ³¶μ´¥´É ¢¥±Éμ·  ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö di.
‘É ´¤ ·É´ Ö ¶·μÍ¥¤Ê·  ±¢ ´Éμ¢ ´¨Ö, μ¸´μ¢ ´´ Ö ´  ± ´μ´¨Î¥¸±μ³ ±μ³³ÊÉ -
Éμ·¥ ³¥¦¤Ê μÉ´μ¸¨É¥²Ó´μ° ±μμ·¤¨´ Éμ° ¨ μÉ´μ¸¨É¥²Ó´Ò³ ¨³¶Ê²Ó¸μ³,

[ξi, qj ] = i�δij,

¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°:

[di, dj ] =
−i�

q2
εijkLk, [Li, dj ] = i�εijkdk, [Li, Lj] = i�εijkLk, [diq

2] = 0,

(12)

[di, qj ] = i�δij −
i�

q2
qiqj , [di, qjqk] = i�δijqk + i�δikqj −

2i�

q2
qiqjqk . . . ¨ É. ¤.

(¤ ²¥¥ ¢¥§¤¥ � = 1). ‡¤¥¸Ó di =
1
q2

(εijkqjLk−iqi), ¶μÖ¢²¥´¨¥ ¤μ¶μ²´¨É¥²Ó´μ£μ

¸² £ ¥³μ£μ ¸¢Ö§ ´μ ¸ É·¥¡μ¢ ´¨¥³ Ô·³¨Éμ¢μ¸É¨ ÔÉμ£μ μ¶¥· Éμ·  di = (di)+.
�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ μ¶¥· Éμ·Ò di ¨ Lj ´  ¸Ë¥·¥ q2 = const μ¡· §ÊÕÉ  ²£¥¡·Ê
SO(3,1). �·¨ ÔÉμ³ μ¶¥· Éμ· Š §¨³¨·  ÔÉμ°  ²£¥¡·Ò ¢Ò·μ¦¤ ¥É¸Ö ¢ Î¨¸²μ

Ĉ = d2 − 1
q2

L2 ≡ 1
q2

.

�¥É·¨¢¨ ²Ó´ÊÕ ¶μ¤ ²£¥¡·Ê μ¡· §ÊÕÉ μ¶¥· Éμ·Ò d1, d2, L3:

[d1, d2] = − i

q2
L3, [d1, L3] = −id2, [d2, L3] = id1. (13)

�Éμ  ²£¥¡·  £·Ê¶¶Ò SO(2,1). …¥ ¸¢μ°¸É¢  ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´Ò ¨ ¶·¥¤¸É -
¢²¥´Ò ¢ ³μ´μ£· Ë¨¨ ˆ.Ÿ. ‚¨²¥´±¨´  [29],   É ±¦¥ ¢ · ¡μÉ¥ [30]. �μ± § ´μ,
ÎÉμ ÔÉ  £·Ê¶¶  Ö¢²Ö¥É¸Ö ´¥±μ³¶ ±É´μ° ¨ μ¡² ¤ ¥É μ¸´μ¢´μ° ´¥¶·¥·Ò¢´μ° ¸¥-
·¨¥° Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¨ ¤¨¸±·¥É´μ° ±μ´¥Î´μ³¥·´μ° ¸¥·¨¥° ´¥Ê´¨-
É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨°.
�¶¥· Éμ· Š §¨³¨·  ÔÉμ°  ²£¥¡·Ò · ¢¥´

K̂ = d2
⊥ − 1

q2
L2

3, d2
⊥ = d2

1 + d2
2, [d1,2, K̂] = 0, [d3, K̂] �= 0. (14)

1.3. �¥ ²¨§ Í¨Ö  ²£¥¡·Ò SO(2,1) ¢ ¶·μ¸É· ´¸É¢¥ ¶¥·¶¥´¤¨±Ê²Ö·´μ£μ
¨³¶Ê²Ó¸  q⊥. �μ¸É·μ¨³ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ´  £·Ê¶¶¥, ·¥ ²¨§ÊÕÐ¨¥ ¸μ-
¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ μ¶¥· Éμ·  Š §¨³¨·  K̂ ¨ μ¶·¥¤¥²¥´´Ò³
§´ Î¥´¨¥³ É·¥ÉÓ¥° ¶·μ¥±Í¨¨ ³μ³¥´É  ¨³¶Ê²Ó¸  L3. ‘ ÔÉμ° Í¥²ÓÕ ¢¢¥¤¥³ ¢
¨³¶Ê²Ó¸´μ³ (£·Ê¶¶μ¢μ³) ¶·μ¸É· ´¸É¢¥ ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ

q1 = q sin θ cos ϕ, q2 = q sin θ sin ϕ, q3 = q cos θ. (15)
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ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ μ¶¥· Éμ·μ¢ di, L3 (12), ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¨Ì Ö¢´Ò°
¢¨¤

d1 =
i

q

(
cos ϕ cos θ

∂

∂θ
− sin ϕ

sin θ

∂

∂ϕ
− sin θ cos ϕ

)
,

d2 =
i

q

(
sin ϕ cos θ

∂

∂θ
+

cos ϕ

sin θ

∂

∂ϕ
− sin θ sin ϕ

)
,

L3 = −i
∂

∂ϕ
.

�¶¥· Éμ· Š §¨³¨·  · ¢¥´

K̂ =
−1
q2

(
cos2 θ

∂2

∂θ2
+
(cos θ

sin θ
− 3 cos θ sin θ

) ∂

∂θ
+

cos2 θ

sin2 θ

∂2

∂ϕ2
− 2 cos2 θ

)
.

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

K̂Ψ = b2Ψ, L3Ψ = mΨ. (16)

ˆ¸Ìμ¤Ö ¨§ ¸¶μ¸μ¡  ¢¢¥¤¥´¨Ö μ¶¥· Éμ·  Š §¨³¨·  (14) ³Ò ¡Ê¤¥³ ¨´É¥·¶·¥-
É¨·μ¢ ÉÓ b2 ± ± ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°  ´ ²μ£ ±¢ ¤· É  ¶·¨Í¥²Ó´μ£μ ¶ -
· ³¥É· .

„²Ö  ´ ²¨§  ·¥Ï¥´¨° ¢μ§Ó³¥³ Î ¸É´Ò° ¸²ÊÎ ° m = 0. ’μ£¤  ¡Ê¤¥³ ¨³¥ÉÓ
μ¤´μ μ¡Ò±´μ¢¥´´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥

(1 − x2)2
d2f

dx2
+

(1 − x2)2

x

df

dx
+ 4q2b2f = 0, (17)

£¤¥

Ψ(θ) =
1

cos θ
f(θ), x = tg

θ

2
.

�Éμ Ê· ¢´¥´¨¥ ²¥£±μ ¶·¨¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ �¨³ ´  ¨ ¶μ¸²¥¤ÊÕÐ¥° § ³¥´μ°
¶¥·¥³¥´´ÒÌ ± Ê· ¢´¥´¨Õ ¤²Ö ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°. ’μÎ±  θ = π/2 Ö¢²Ö¥É¸Ö
μ¸μ¡μ° ÉμÎ±μ° Ê· ¢´¥´¨Ö (17). �¥£Ê²Ö·´Ò³ ¨ ´¥¶·¥·Ò¢´Ò³ ·¥Ï¥´¨¥³ ¢ μ¡² -
¸É¨ 0 � θ < π/2 Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö ±μ´Ê¸ 

Ψ(θ) =
1

cos θ
P−1/2+iμ

(
1

cos θ

)
, (18)

£¤¥ Pν(z) Å ËÊ´±Í¨Ö ‹¥¦ ´¤· , μ = (q2b2 − 1/4)1/2. � · ³¥É· μ Ì · ±É¥-
·¨§Ê¥É ´¥¶·¥·Ò¢´μ¥ Ê´¨É ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò SO(2,1), Ê´¨É ·´μ¸ÉÓ
¶·¥¤¸É ¢²¥´¨Ö É·¥¡Ê¥É ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ÔÉμ£μ ¶ · ³¥É· . �μÔÉμ³Ê ³Ò ¶μ²Ê-
Î ¥³ μ£· ´¨Î¥´¨¥ ´  ¸¶¥±É· ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  b2q2 � 1/4.
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—Éμ¡Ò ´ °É¨ ·¥Ï¥´¨¥ ¢ § ¤´¥° ¶μ²Ê¸Ë¥·¥, § ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (17)
¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö x → 1/x, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥-
μ¡· §μ¢ ´¨Õ cos θ → − cos θ. �μÔÉμ³Ê ·¥£Ê²Ö·´μ¥ ¨ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥
¢ μ¡² ¸É¨ π/2 < θ � π ¥¸ÉÓ

Ψ(θ) = − 1
cos θ

P−1/2+iμ

(
− 1

cos θ

)
. (19)

�¡Ñ¥¤¨´ÖÖ (18) ¨ (19), ¶μ²ÊÎ¨³ μ±μ´Î É¥²Ó´μ ¢μ ¢¸¥° μ¡² ¸É¨ §´ Î¥´¨Ö
0 � θ � π

Ψμ(q⊥) =
1

| cos θ|P−1/2+iμ

(
1

| cos θ|

)
=

=
q√

q2 − q2
⊥

P−1/2+iμ

(
q√

q2 − q2
⊥

)
. (20)

�Éμ ¥¸ÉÓ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨, μ¶¨¸Ò¢ ÕÐ Ö
¤¢ÊÌÎ ¸É¨Î´μ¥ ¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³ ¶ · ³¥É·μ³ ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨-
¦¥´¨Ö b (¶·¨Í¥²Ó´Ò° ¶ · ³¥É·) ¨ ¶·μ¥±Í¨¥° μÉ´μ¸¨É¥²Ó´μ£μ ³μ³¥´É  ±μ-
²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ´  μ¸Ó z, · ¢´μ° ´Ê²Õ (m = 0). Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó,
¨§ ¶μ²ÊÎ¥´´μ£μ ·¥Ï¥´¨Ö ¸²¥¤Ê¥É ¢ ¦´μ¥ Ë¨§¨Î¥¸±μ¥ μ£· ´¨Î¥´¨¥ ´  ¸¶¥±É·
μ¶¥· Éμ·  K̂

b2 � �
2

4q2
. (21)

�Éμ ¶·¥¤¥²Ó´μ¥ μ£· ´¨Î¥´¨¥ ´  Ë §μ¢Ò° μ¡Ñ¥³ ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³
§´ Î¥´¨¥³ b ¨ q, ¶μ·μ¦¤ ¥³μ¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ¶·¨·μ¤μ° ±μμ·¤¨´ É di.

�¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° m �= 0 ´¥ ¢Ò§Ò¢ ¥É § É·Ê¤´¥´¨°, ¨  ´ ²μ£¨Î´Ò°
 ´ ²¨§ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (16):

Ψm
μ (q⊥) =

1
| cos θ|P

|m|
−1/2+iμ

(
1

| cos θ|

)
eimϕ, (22)

£¤¥ 0 � ϕ � 2π Å  §¨³ÊÉ ²Ó´Ò° Ê£μ² ¢ ¶²μ¸±μ¸É¨ ¶μ¶¥·¥Î´μ£μ ¨³¶Ê²Ó¸  (15),
m = 0,±1,±2, . . .

‘μ¢μ±Ê¶´μ¸ÉÓ ËÊ´±Í¨° (22) μ¡· §Ê¥É ¶μ²´Ò° μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ §¨¸.
� §²μ¦¥´¨¥ ¶μ ÔÉμ³Ê ¡ §¨¸Ê ¨§¢¥¸É´μ ± ± · §²μ¦¥´¨¥ ”μ± ÄŒ¥²²¥· , ¨ ¤²Ö
¸²ÊÎ Ö m = 0 ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´μ ”μ±μ³ [27]. ‚ ÔÉμ° · ¡μÉ¥ ¶μ²ÊÎ¥´Ò ¸μ-
μÉ´μÏ¥´¨Ö ¶μ²´μÉÒ ¨ μ·Éμ£μ´ ²Ó´μ¸É¨. ˆÌ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³



���‘’���‘’‚…���… ��ˆ‘��ˆ… �	‹�‘’ˆ ��†„…�ˆŸ —�‘’ˆ–› 179

¢¨¤¥:

π/2∫
0

Ψμ(q⊥)Ψν(q⊥) sin θ dθ =
1

μ th (πμ)
δ(μ − ν), (23)

∞∫
0

dμ μ th (πμ)Ψμ(q⊥)Ψμ(q′
⊥) = δ(| cos θ| − | cos θ′|). (24)

�μ¸²¥¤´¥¥ · ¢¥´¸É¢μ μÉμ¡· ¦ ¥É ¨§¢¥¸É´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ËÊ´±Í¨Ö³¨
±μ´Ê¸ 

∞∫
0

dμ μ th (πμ)P−1/2+iμ(x) P−1/2+iμ(y) = δ(x − y). (25)

’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  ËÊ´±Í¨° Ψμ(q⊥) μ¡· §Ê¥É ¶μ²´ÊÕ μ·Éμ£μ´ ²Ó´ÊÕ
¸¨¸É¥³Ê. �É  ¸¨¸É¥³  ¶μ²´  ¢ ± ¦¤μ³ ¨§ ¤¢ÊÌ ¶μ¤¶·μ¸É· ´¸É¢ q3 > 0 ¨
q3 < 0 ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢  ´¥§ ¢¨¸¨³μ.

Š ± ¡Ê¤¥É ¶μ± § ´μ ¢ · §¤. 2, ÔÉμ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¨´¢ ·¨ ´É´μ¸É¨
ÔÉ¨Ì ¶μ¤¶·μ¸É· ´¸É¢ ¶·¨ Ê´¨É ·´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¸ £¥´¥· Éμ· ³¨  ²£¥-
¡·Ò (13)

q′i = e−ip·dqi eip·d.

� ¸¸³μÉ·¨³  ³¶²¨ÉÊ¤Ê Ê¶·Ê£μ£μ ¤¢ÊÌÎ ¸É¨Î´μ£μ ¶·μÍ¥¸¸  F (q), £¤¥ q Å
¨³¶Ê²Ó¸ · ¸¸¥Ö´´μ° Î ¸É¨ÍÒ ¢ ¸. Í. ³. 	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¥¥ ± ± ËÊ´±Í¨Õ
´  £·Ê¶¶¥ SO(2,1) (13). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¢¢¥¤¥³  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö
¢ ¶¥·¥¤´ÕÕ ¨ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ò F (±)(q)

F (±)(q⊥) = F (q⊥, q3 = ±
√

q2 − q2
⊥). (26)

‘Î¨É Ö, ÎÉμ F±(q) ´¥ § ¢¨¸¨É μÉ ¶μ²Ö·´μ£μ Ê£²  ϕ, · §²μ¦¨³ ÔÉ¨  ³¶²¨ÉÊ¤Ò
± ± ËÊ´±Í¨¨ ´  £·Ê¶¶¥ ¶μ ¶μ²´μ° ¸¨¸É¥³¥ Ψμ(q⊥):

F (±)(q⊥) =

∞∫
0

Ψμ(q⊥)u(±)
q (μ)μ th (πμ) dμ. (27)

ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö u±
q (μ) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·μË¨²Ó´μ° ËÊ´±Í¨¥° ´ 

£·Ê¶¶¥ SO(2,1). �¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¸²¥¤Ê¥É ¨§ ¸μμÉ´μÏ¥´¨° (23), (24)
¨ ¨³¥¥É ¢¨¤

u(±)
q (μ) =

π/2∫
0

F (±)(q⊥)Ψμ(q⊥) sin θ dθ. (28)
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‘¢Ö§Ó u±
q (μ) ¸ Ô°±μ´ ²Ó´μ° ¶·μË¨²Ó´μ° ËÊ´±Í¨¥° a(q, b) (5) ¸²¥¤Ê¥É ¨§  ¸¨³-

¶ÉμÉ¨Î¥¸±μ£μ · §²μ¦¥´¨Ö ËÊ´±Í¨¨ ±μ´Ê¸  [27]

P−1/2+iμ(ch α) =
√

α

shα

{
J0(μα) +

1
8μ

(
cth α − 1

α

)
J1(μα) + . . .

}
.

�É¸Õ¤ 

P−1/2+iμ

(
q√

q2 − q2
⊥

)
= J0(bq⊥) + O

(
q⊥
q

)
+ O

(
1
bq

)
.

’μ£¤ , ¸· ¢´¨¢ Ö (5) ¨ (27), ¶μ²ÊÎ¨³

u(+)
q (μ) = 2a(q, b) + O

(
1
bq

)
.

1.4. �·μ¸É¥°Ï¨¥ ³μ¤¥²¨ ¶·μË¨²Ó´μ° ËÊ´±Í¨¨ u±
q (μ). � ¸¸³μÉ·¨³ ¶·μ-

¸ÉÊÕ ³μ¤¥²Ó ¶·μË¨²Ó´μ° ËÊ´±Í¨¨ (28), ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ t-± ´ ²Ó´μ³Ê μ¡-
³¥´Ê Î ¸É¨Í¥° ¸ ³ ¸¸μ° M . ‘ ÉμÎ´μ¸ÉÓÕ ¤μ ´μ·³¨·μ¢±¨  ³¶²¨ÉÊ¤  Ê¶·Ê£μ£μ
· ¸¸¥Ö´¨Ö · ¢´ 

F (q) =
g

t − M2
, (29)

£¤¥ M Å ³ ¸¸  μ¡³¥´´μ° Î ¸É¨ÍÒ; g Å ÔËË¥±É¨¢´ Ö ±μ´¸É ´É  ¢§ ¨³μ¤¥°-
¸É¢¨Ö,   t = −2q2(1 − cos θ) Å ¶¥·¥¤ Î  ¨³¶Ê²Ó¸  ¢ ¸. Í. ³. �Éμ ¢Ò· ¦¥´¨¥
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

F (q) =
g

q3/q − z0
,

£¤¥ z0 = 1 + M2/2q2 Å £· ´¨Í  Ô²²¨¶¸  ‹¥³ ´ .
� §²μ¦¨³ ±μ´¥Î´Ò° ¨³¶Ê²Ó¸ q ´  ¶μ¶¥·¥Î´ÊÕ ¨ ¶·μ¤μ²Ó´ÊÕ Î ¸É¨ ¶μ

μÉ´μÏ¥´¨Õ ± ´ Î ²Ó´μ³Ê ¨³¶Ê²Ó¸Ê, Éμ£¤  ¨§ μ¶·¥¤¥²¥´¨Ö (26) ¶μ²ÊÎ¨³

F±(q) =
−g

z0 ∓ | cos θ| .

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ (28), ¶μ²ÊÎ¨³ ¤²Ö ¶·μË¨²Ó´μ° ËÊ´±Í¨¨ u±
q (μ)

¢Ò· ¦¥´¨¥

u±
q (μ) = − g

z0

π

ch (πμ)
P−1/2+iμ

(
∓ 1

z0

)
. (30)

‡¤¥¸Ó ¡Ò² ¨¸¶μ²Ó§μ¢ ´  ´ ²μ£ Ëμ·³Ê²Ò �¥°³ ´  ¤²Ö ËÊ´±Í¨¨ ±μ´Ê¸  [31,32]

P−1/2+iμ(−x) =
ch (πμ)

π

∞∫
1

P−1/2+iμ(u0)
u0 − x

du0, x < 1.
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ˆ§ (30) ¸²¥¤Ê¥É, ÎÉμ ¶·μË¨²Ó´ Ö ËÊ´±Í¨Ö ¨³¥¥É ¸É·Ê±ÉÊ·Ê

u±
q (μ) =

ũ±
q (μ)

ch (πμ)
,

£¤¥ ũ±
q (μ) Å ¤μ¸É ÉμÎ´μ Ìμ·μÏ Ö ËÊ´±Í¨Ö μ. �ÉμÉ ·¥§Ê²ÓÉ É (¢Ò¤¥²¥´¨¥

Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ ¶ ¤¥´¨Ö) ´¥ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¡μ·´μ¢¸±μ£μ ¶·¨¡²¨¦¥-
´¨Ö,   ´μ¸¨É μ¡Ð¨° Ì · ±É¥·, É ± ± ± ¶¥·¥Ìμ¤ ± ¶μ²´μ°  ³¶²¨ÉÊ¤¥ ¸¢μ¤¨É¸Ö
± ¨´É¥£·¨·μ¢ ´¨Õ ¶μ z0 ¸ ÊÎ¥Éμ³ Ô²²¨¶¸  ‹¥³ ´  ¢ ¶²μ¸±μ¸É¨ ±μ¸¨´Ê¸  Ê£² 
· ¸¸¥Ö´¨Ö. ’ ±¨³ μ¡· §μ³, ¶·μË¨²Ó´ Ö ËÊ´±Í¨Ö μ¡² ¤ ¥É ±¨´¥³ É¨Î¥¸±¨³¨
¶μ²Õ¸ ³¨. �Éμ ¨£· ¥É ¢ ¦´ÊÕ ·μ²Ó ¶·¨ μ¶¨¸ ´¨¨ · ¸¸¥Ö´¨Ö ¢ μ¡² ¸É¨ ¡μ²Ó-
Ï¨Ì ¶μ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸μ¢.

� ¸¸³μÉ·¨³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ u±
q (μ) ¶·¨ μ → ∞. �·¨ ¡μ²Ó-

Ï¨Ì μ ¨ μ¡² ¸É¨ ¨§³¥´¥´¨Ö  ·£Ê³¥´É  −1 < x < 1 ËÊ´±Í¨Ö ±μ´Ê¸  ¢¥¤¥É
¸¥¡Ö ± ±

Piμ−1/2(x) ∼ exp (μ arccosx).

‚ ´ Ï¥³ ¸²ÊÎ ¥ x = ±1/z0. �·¨ ¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ z0 ∼ 1, ¶μÔÉμ³Ê ¨¸¶μ²Ó-
§Ê¥³ · §²μ¦¥´¨Ö

arccos
(
− 1

z0

)
= π − M

q
+ O

(
M2

q2

)
, arccos

(
+

1
z0

)
=

M

q
+ O

(
M2

q2

)
.

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ ¶·¨ μ → ∞

u+
q (μ) ∼ exp

(
−μ

M

q

)
, u−

q (μ) ∼ exp
[
−μ

(
π − M

q

)]
.

�·¨ ¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ μ ∼ bq. �μÔÉμ³Ê μ±μ´Î É¥²Ó´μ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶μ¢¥¤¥´¨¥ ¶·μË¨²Ó´ÒÌ ËÊ´±Í¨° u±

q (μ) μ¶·¥¤¥²Ö¥É¸Ö ³ ¸¸μ° M ¨ Ô´¥·£¨¥°
· ¸¸¥¨¢ ¥³μ° Î ¸É¨ÍÒ

u+
q (μ) ∼ e−Mb, u−

q (μ) ∼ e−πqb eMb, bq → ∞. (31)

�¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¶·μË¨²Ó´ÒÌ ËÊ´±Í¨° u+
q (μ), ¶μ²ÊÎ¥´´μ¥ ¢ÒÏ¥,

´μ¸¨É μ¡Ð¨° Ì · ±É¥· ¨ ¸¶· ¢¥¤²¨¢μ ¤²Ö ²Õ¡μ£μ Ê¶·Ê£μ£μ ¶·μÍ¥¸¸ ,
  É ±¦¥ ¶·¨ · ¸¸¥Ö´¨¨ ¢μ ¢´¥Ï´¥³ ¸É Í¨μ´ ·´μ³ ¶μ²¥. �Éμ ¥¸ÉÓ ¸²¥¤¸É-
¢¨¥ ¤¨¸¶¥·¸¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° ¶μ Ê£²Ê · ¸¸¥Ö´¨Ö, ¶·¥¤¸É ¢²¥´¨Ö ƒ·¨¡μ¢ Ä
”·Ê ¸¸ ·  [33] ¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ô²²¨¶¸  ‹¥³ ´ , ¡μ²ÓÏ Ö ¶μ²Êμ¸Ó ±μÉμ·μ£μ
μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É·μ³ z0. ‚¥²¨Î¨´  M ¨³¥¥É ¸³Ò¸² ´¨§Ï¥° ¶·μ³¥¦ÊÉμÎ-
´μ° ³ ¸¸Ò μ¡³¥´´μ° Î ¸É¨ÍÒ. ‚  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¶μ¢¥¤¥´¨¨ ¶·μË¨²Ó´ÒÌ
ËÊ´±Í¨° u−

q (μ) ¢ (31) ³ ¸¸Ê M ´Ê¦´μ § ³¥´¨ÉÓ ´  ³ ¸¸Ê ¤μ³¨´¨·ÊÕÐ¥°
Î ¸É¨ÍÒ ¢ t-± ´ ²¥.

�  ·¨¸. 2 ¶·¨¢¥¤¥´ Ì · ±É¥·´Ò° ¢¨¤ u±
q (μ) (30).
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�¨¸. 2. �·μË¨²Ó´ Ö ËÊ´±Í¨Ö μ¤´μÎ ¸É¨Î´μ£μ μ¡³¥´  ¢ ¶¥·¥¤´ÕÕ ¨ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ò

1.5. “´¨É ·´μ¸ÉÓ  ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö. Š ± ¸²¥¤Ê¥É ¨§ ¨§-
²μ¦¥´´μ£μ ¢ÒÏ¥, · §²μ¦¥´¨¥  ³¶²¨ÉÊ¤Ò ´  £·Ê¶¶¥ SO(2,1) ¶·¨¢μ¤¨É ± ¶μ-
Ö¢²¥´¨Õ ¸¨£´ ÉÊ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · ¸¸¥Ö´¨Õ ¢ ¶¥·¥¤´ÕÕ ¨ § ¤´ÕÕ ¶μ-
²Ê¸Ë¥·Ò. �·¨ ÔÉμ³ ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ Φ(q)
¸¶· ¢¥¤²¨¢μ ¨´É¥£· ²Ó´μ¥ ¸μμÉ´μÏ¥´¨¥∫

Φ(q) dq =
∫

q2dq dΩ Φ(q) =
∑

ε=±1

∫
q2dq dΩqΦ(q⊥, ε

√
q2 − q2

⊥). (32)

‡¤¥¸Ó ¨ ¤ ²¥¥

dΩ = sin θ dθ dϕ, dΩq =
1

q
√

q2 − q2
⊥

dq⊥.

„²Ö ¶μ²ÊÎ¥´¨Ö ¸²¥¤¸É¢¨° Ê´¨É ·´μ¸É¨ S-³ É·¨ÍÒ ´ ³ ´¥μ¡Ìμ¤¨³μ ¨³¥ÉÓ · §-
²μ¦¥´¨¥ ¥¤¨´¨Î´μ£μ μ¶¥· Éμ·  ¢ ¶μ²´μ³ ¶·μ¸É· ´¸É¢¥ ”μ±  ¢ ¨³¶Ê²Ó¸´μ³
¶·¥¤¸É ¢²¥´¨¨

Î =
∑

s

∫ ( s∏
i=1

dqi

)
dq |{qs};q 〉〈{qs};q| =

=
∑

s

∑
ε=±1

∫ ( s∏
i=1

dqi

)
q2dq dΩq×

×
∣∣∣{qs};q⊥, ε

√
q2 − q2

⊥

〉〈
{qs};q⊥, ε

√
q2 − q2

⊥

∣∣∣, (33)
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£¤¥

∣∣∣{qs};q⊥, q3 = ε
√

q2 − q2
⊥

〉
≡
∣∣∣q1,q2, . . . ,qs;q⊥, q3 = ε

√
q2 − q2

⊥

〉
,

(s + 1)-Î ¸É¨Î´μ¥ ¸μ¸ÉμÖ´¨¥:

|{qs};q〉 = a+(q1)a+(q2) · · · a+(qs)a+(q)|0〉,

£¤¥ a+ ¨ a− Å μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ, Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Õ [a(q), a+(p)] = δ(q − p).

“´¨É ·´μ¸ÉÓ S-³ É·¨ÍÒ μ§´ Î ¥É, ÎÉμ S+S = I . �Éμ Ê¸²μ¢¨¥ ¢ É¥·³¨´ Ì
μ¶¥· Éμ·  F , £¤¥ S = I + iF , ¨³¥¥É ¢¨¤

i(F+ − F ) = F+F. (34)

�·¥¤¸É ¢¨³ · §²μ¦¥´¨¥ (33) ¥¤¨´¨Î´μ£μ μ¶¥· Éμ·  I ¢ ¢¨¤¥

I = IAB + Iinel,

£¤¥

IAB =
∑

ε=±1

∫
dk1 k2 dk dΩk

∣∣∣k⊥, ε
√

k2 − k2
⊥;k1

〉〈
k⊥, ε

√
k2 − k2

⊥;k1

∣∣∣
μ¶¨¸Ò¢ ¥É ¢±² ¤ ¤¢ÊÌÎ ¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨° |A, B〉,  

Iinel =
∑

s

∫ s∏
i=1

dki|{ki}〉〈{ki}|.

‚ ¨´É¥£· ²¥ IAB ¨³¶Ê²Ó¸Ò k ¨ k1 Å ÔÉμ ¨³¶Ê²Ó¸Ò Î ¸É¨Í A ¨ B ¸μμÉ¢¥É-
¸É¢¥´´μ. ‚ ¨´É¥£· ²¥ Iinel ¢ ¶·μ³¥¦ÊÉμÎ´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ ´¥É ¤¢ÊÌÎ ¸É¨Î´μ£μ
¸μ¸ÉμÖ´¨Ö |A, B〉. �·¥¤¸É ¢²¥´´ÊÕ É ±¨³ μ¡· §μ³ ¥¤¨´¨ÍÊ I ¢¸É ¢¨³ ¢ ¸μμÉ-
´μÏ¥´¨¥ ¤²Ö F (34):

i(F+ − F ) = F+IF.

’μ£¤  ¶μ²ÊÎ¨³

i(F+ − F ) = F+IinelF+

+
∑

ε=±1

∫
dk1k

2 dk dΩkF+
∣∣∣k⊥, ε

√
k2 − k2

⊥;k1

〉〈
k⊥, ε

√
k2 − k2

⊥;k1

∣∣∣F.
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�É ÔÉμ£μ μ¶¥· Éμ·´μ£μ ¸μμÉ´μÏ¥´¨Ö ¢μ§Ó³¥³ ³ É·¨Î´Ò° Ô²¥³¥´É ³¥¦¤Ê ¤¢ÊÌ-
Î ¸É¨Î´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ |in〉 ¨ 〈f |, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ´ Î ²Ó´μ³Ê ¨ ±μ´¥Î-
´μ³Ê ¸μ¸ÉμÖ´¨Õ Î ¸É¨Í A ¨ B:

i(〈f |F+|in〉 − 〈f |F |in〉) =

=
∑

ε=±1

∫
dk1k

2 dk dΩk

〈
f |F+|k⊥, ε

√
k2 − k2

⊥;k1

〉
×

×
〈
k⊥, ε

√
k2 − k2

⊥;k1

∣∣∣F |in〉 + 〈f |F+IinelF |in〉.

�¥·¥°¤¥³ μÉ  ³¶²¨ÉÊ¤Ò 〈f |F |in〉 ±  ³¶²¨ÉÊ¤¥ 〈f |A|in〉:

〈f |F |in〉 = δ4(Pin − Pf )〈f |A|in〉,

£¤¥ Pin ¨ Pf ¥¸ÉÓ ¶μ²´Ò° ¨³¶Ê²Ó¸ Î ¸É¨Í A ¨ B ¢ ´ Î ²Ó´μ³ ¨ ±μ´¥Î´μ³
¸μ¸ÉμÖ´¨¨ ¸μμÉ¢¥É¸É¢¥´´μ,

iδ4(Pin − Pf )(〈f |A+|in〉 − 〈f |A|in〉) =

= δ4(Pin − Pf )
∑

ε=±1

∫
dk1 k2 dk dΩk δ4(Pin − k − k1) ×

×
〈
k⊥, ε

√
k2 − k2

⊥;k1|A|f
〉∗ 〈

k⊥, ε
√

k2 − k2
⊥;k1|A|in

〉
+

+ δ4(Pin − Pf )
∑

s

∫ s∏
i=1

dki δ4

(
Pin −

∑
i

ki

)
〈{ki}|A|f〉∗ 〈{ki}|A|in〉.

� ¸¸³μÉ·¨³ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¢ ¸. Í. ³. Î ¸É¨Í A ¨ B. ’μ£¤ 

Pin = pA + pB = 0, pA = −pB = p,

Pf = qA + qB = 0, qA = −qB = q.

�  ¶μ¢¥·Ì´μ¸É¨ Pin = Pf ¨³¥¥³ |p| = |q| = q; E(pA) = E(qA), E(pB) =
E(qB). �·μ¨´É¥£·¨·Ê¥³ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ ¶μ qB ¨ E(qA). ’μ£¤  ¡Ê¤¥³
¨³¥ÉÓ

i(〈in|A|q;−q〉∗ − 〈q;−q|A|in〉) =
∑

ε=±1

∫
dk1k

2 dk dΩk δ4(Pin − k − k1)×

×
〈
k⊥, ε

√
k2 − k2

⊥;k1|A|q;−q
〉∗〈

k⊥, ε
√

k2 − k2
⊥;k1|A|in

〉
+

+
∑

s

∫ s∏
i=1

dki δ4

(
Pin −

∑
i

ki

)
〈{ki}|A|q;−q〉∗〈{ki}|A|in〉. (35)
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Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¢ ¶μ¸²¥¤´¥³ ¸² £ ¥³μ³ ´¥É ¶·μ³¥¦ÊÉμÎ´ÒÌ ¤¢ÊÌÎ -
¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨° |A, B〉. �μ²μ¦¨³ ¢ (35) q = p. �μ¸±μ²Ó±Ê ´μ·³¨·μ¢± 
¸μ¸ÉμÖ´¨Ö |in〉 ¢Ìμ¤¨É ²¨´¥°´Ò³ μ¡· §μ³ ¢ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ Ê· ¢´¥´¨Ö,
Éμ ´  ´¥¥ ³μ¦´μ ¸μ±· É¨ÉÓ, ¨ Éμ£¤  ¶μ²ÊÎ¨³

2 Im 〈p;−p|A|p;−p〉 =

=
∑

ε=±1

∫
dk1k

2 dk dΩkδ4(Pin − k − k1)
∣∣∣〈k⊥, ε

√
k2 − k2

⊥;k1|A|p;−p
〉∣∣∣2+

+
∑

s

∫ s∏
i=1

dkiδ
4

(
Pin −

∑
i

ki

)
|〈{ki}|A|p;−p〉|2, (36)

4-³¥·´ÊÕ δ-ËÊ´±Í¨Õ ¢ ¨´É¥£· ²¥ (36) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

δ4(Pin − k − k1) = δ(P 0
in − k0 − k0

1)δ
(3)(k − k1)

¨ ¶·μ¨´É¥£·¨·Ê¥³ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¶μ k1

2 Im A(+)(q⊥ = 0, q3 = p) =

=
∑

ε=±1

∫
k2 dk dΩk δ

(
Ek +

√
k2 + m2

B − P 0
in

)
|A(ε)(k)|2+

+
∑

s

∫ s∏
i=1

dki δ4

(
Pin −

∑
i

ki

)
|〈{ki}|A|p;−p〉|2, (37)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

A(ε)(k) =
〈
k⊥, ε

√
k2 − k2

⊥;k1 = −k|A|p;−p
〉
,

A(+)(q⊥ = 0, q3 = p) = 〈p;−p|A|p;−p〉.

‚ · §¤. 2 ¡Ê¤ÊÉ (¸μμÉ´μÏ¥´¨¥ (99)) ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö σel ≡
σAB→AB ¨ σinel ≡ σAB→all (¸μ¸ÉμÖ´¨Ö |all〉 ´¥ ¢±²ÕÎ ÕÉ ¤¢ÊÌÎ ¸É¨Î´ÒÌ
¸μ¸ÉμÖ´¨° |AB〉) Î¥·¥§ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¶¥· Éμ·  Â:

σel =
(2π)2

|u|
∑

ε=±1

∫
k2 dk dΩk δ

(
Ek +

√
k2 + m2

B − P 0
in

)
|A(ε)(k)|2, (38)

σinel =
(2π)2

|u|
∑

s

∫ s∏
i=1

dkiδ
4(Pin −

∑
i

ki)|〈{ki}|A|p;−p〉|2, (39)

£¤¥ |u| Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ ´ ²¥É ÕÐ¨Ì Î ¸É¨Í:

|u| =
∣∣∣∣pA

EA
− pB

EB

∣∣∣∣ . (40)
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’μ£¤  ¸μμÉ´μÏ¥´¨¥ (37) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Im A(+)(q⊥ = 0, q3 = p) =
|u|
8π2

(σel + σinel). (41)

�Éμ ¸μμÉ´μÏ¥´¨¥ ¨§¢¥¸É´μ ± ± μ¶É¨Î¥¸± Ö É¥μ·¥³ .
‚ ¶¥·¢μ³ ¸² £ ¥³μ³ · ¢¥´¸É¢  (37) δ-ËÊ´±Í¨Ö μ¶·¥¤¥²Ö¥É Ô´¥·£¥É¨Î¥¸±ÊÕ

¶μ¢¥·Ì´μ¸ÉÓ ·¥ ±Í¨¨ ¤²Ö Î ¸É¨ÍÒ A ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨

EA + EB − P 0
in

∣∣
k=k̃

= 0. (42)

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ Ê· ¢´¥´¨¥ (42) ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ k = k̃ = p.
‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥

λ(p) =
EAEB

p(EA + EB)
. (43)

’μ£¤  ¸¶· ¢¥¤²¨¢μ ¸μμÉ´μÏ¥´¨¥

δ

(
Ek +

√
k2 + m2

B − P 0
in

)
= λ(p)δ(k − p). (44)

‚ ¸μμÉ´μÏ¥´¨¨ (35) ¶·μ¨´É¥£·¨·Ê¥³ Ê¶·Ê£¨° ¤¢ÊÌÎ ¸É¨Î´Ò° ¢±² ¤ ¢ ³´¨³ÊÕ
Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò ¶μ dk1 ¨ ¶μ dk ¸ ÊÎ¥Éμ³ (42), (43) ¨ (44). ’μ£¤  ¶μ²ÊÎ¨³

2 Im 〈q;−q|A|p;−p〉 =

= p2λ(p)
∑

ε=±1

∫
dΩk

〈
k⊥, ε

√
p2 − k2

⊥;−k|A|q;−q
〉∗

×

×
〈
k⊥, ε

√
p2 − k2

⊥;−k|A|p;−p
〉
+

+
∑

s

∫ s∏
i=1

dkiδ
4

(
Pin −

∑
i

ki

)
〈{ki}|A|q;−q〉∗〈{ki}|A|p;−p〉. (45)

�É³¥É¨³, ÎÉμ ¢ ¸. Í. ³. λ(p) (43) ¸¢Ö§ ´  ¸ μÉ´μ¸¨É¥²Ó´μ° ¸±μ·μ¸ÉÓÕ (40)
¸μμÉ´μÏ¥´¨¥³

|u| =
p(EA + EB)

EA · EB
=

1
λ(p)

. (46)

‚Ò· ¦¥´¨¥ (45) ¢ ÉμÎ±¥ q = p ¶·¨¢μ¤¨É ± μ¶É¨Î¥¸±μ° É¥μ·¥³¥. ‘ ÊÎ¥Éμ³
¸μμÉ´μÏ¥´¨° (44) ¨ (46) ¢Ò· ¦¥´¨¥ (38) ¤²Ö ¸¥Î¥´¨Ö σel ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
¢ ¢¨¤¥

σ
(±)
el (p) = (2π)2p2λ2(p)

∞∫
1

∣∣∣A(±)(k)
∣∣∣2 dΩk.
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� §²μ¦¨³ ¢ ÔÉμ³ ¢Ò· ¦¥´¨¨  ³¶²¨ÉÊ¤Ò A(±)(k) ± ± ËÊ´±Í¨¨ ´  £·Ê¶¶¥
SOμ(2,1) (¸μμÉ´μÏ¥´¨Ö (27), (28)) ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸¢μ°¸É¢μ³ μ·Éμ£μ´ ²Ó-
´μ¸É¨ (23). ’μ£¤  ¶μ²ÊÎ¨³

σ
(±)
el (p) = (2π)3p2λ2(p)

∞∫
0

∣∣∣u(±)
p (μ)

∣∣∣2 μ th (πμ) dμ. (47)

ˆ§ ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¢¨¤´μ, ÎÉμ
∣∣∣u(±)

p (μ)
∣∣∣2 ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±

ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê μ.
—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¸²¥¤¸É¢¨¥ Ê· ¢´¥´¨Ö (45) ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ ¨³¶Ê²Ó¸ 

q, ´¥μ¡Ìμ¤¨³μ ¶¥·¥°É¨ ¢ ´¥³ μÉ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ± ¶·μË¨²Ó´μ° ËÊ´±-

Í¨¨ u
(±)
p (μ), μ¶·¥¤¥²¥´´μ° ¢ (28). ŒÒ ¶μ± ¦¥³, ÎÉμ ¤²Ö ÔÉμ° ËÊ´±Í¨¨ ÔÉμ

Ê· ¢´¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ ²μ± ²Ó´μ¥ ¶μ μ  ²£¥¡· ¨Î¥¸±μ¥ ¸μμÉ´μÏ¥´¨¥,  ´ -
²μ£¨Î´μ¥ ¸μμÉ´μÏ¥´¨Õ ¤²Ö ¶ ·Í¨ ²Ó´μ°  ³¶²¨ÉÊ¤Ò al(q).

—Éμ¡Ò ·¥ ²¨§μ¢ ÉÓ ÔÉÊ ¶·μ£· ³³Ê, μÉ³¥É¨³ ¸²¥¤ÊÕÐ¥¥. �Ê¸ÉÓ f(qf ;qin)
¥¸ÉÓ  ³¶²¨ÉÊ¤  Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö A + B → A + B, £¤¥ qin Å ´ Î ²Ó´Ò°
¨³¶Ê²Ó¸ Î ¸É¨ÍÒ A ¢ ¸. Í. ³.,   qf Å ±μ´¥Î´Ò° ¨³¶Ê²Ó¸ ÔÉμ° Î ¸É¨ÍÒ ¶μ¸²¥
· ¸¸¥Ö´¨Ö. �·μÍ¥¸¸ Ê¶·Ê£¨°, ¶μÔÉμ³Ê q2

in = q2
f = q2. �·¨ É ±μ³ μ¡μ§´ Î¥´¨¨

 ³¶²¨ÉÊ¤Ò ¢¨¤´μ, ÎÉμ ¢ Ê· ¢´¥´¨¥ (45) ¢Ìμ¤ÖÉ ¤¢  μ¡Ñ¥±É : f(k;p) ¨ f(k;q),
¨ ¢μ§´¨± ¥É ¥¸É¥¸É¢¥´´Ò° ¢μ¶·μ¸, ¢ Î¥³ μÉ²¨Î¨Ö · §²μ¦¥´¨Ö ÔÉ¨Ì  ³¶²¨ÉÊ¤
¶μ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ Ψμ(k⊥).

—Éμ¡Ò μÉ¢¥É¨ÉÓ ´  ÔÉμÉ ¢μ¶·μ¸, ´¥μ¡Ìμ¤¨³μ ¶¥·¥°É¨ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ-
¸É· ´¸É¢¥ μÉ ¤¥± ·Éμ¢ÒÌ ¶¥·¥³¥´´ÒÌ ± ¶¥·¥³¥´´Ò³ ´  3-³¥·´μ³ ¥¤¨´¨Î´μ³
±μ´Ê¸¥. � ¸¸³μÉ·¨³ É·¨ ¨³¶Ê²Ó¸ 

q = (q⊥, q3), k = (k⊥, k3), p = (p⊥ = 0, p3 = p).

‚ ¶¥·¥³¥´´ÒÌ ±μ´Ê¸  ÔÉ¨ ¨³¶Ê²Ó¸Ò § ¶¨ÏÊÉ¸Ö É ±:

q → u = (u0,u) =
(

q

|q3|
,

q⊥
|q3|

)
, u2 = u2

0 − u2 = 1,

p → n =
(

p

|p3|
,

p⊥
|p3|

)
= (1, 0, 0), n2 = n2

0 − n2 = 1, (48)

k → u′ = (u′
0,u

′) =
(

k

|k3|
,

k⊥
|k3|

)
, u′2 = u′

0
2 − u′2 = 1.

�Ê¸ÉÓ |p| = |q| = |k| = p. � §²μ¦¥´¨Ö ¨³¶Ê²Ó¸μ¢ p, q ¨ k ´  ¶·μ¤μ²Ó´Ò¥ ¨
¶μ¶¥·¥Î´Ò¥ ±μ³¶μ´¥´ÉÒ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸Ì¥³¥, ¶μ± § ´´μ° ´  ·¨¸. 3. ‘± ²Ö·-
´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¶·μ¨§¢μ²Ó´ÒÌ ¢¥±Éμ·μ¢ V ¨ U ´  ±μ´Ê¸¥ μ¶·¥¤¥²Ö¥É¸Ö
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³¥É·¨±μ° SO(2,1)-¶·¥μ¡· §μ¢ ´¨° ± ±

U · V = U0V0 − (UV).
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�¨¸. 3. �¶·¥¤¥²¥´¨¥ Ê£²μ¢ ϕ ¨ ψ

’ ±¨³ μ¡· §μ³, ¤²Ö ¢¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¢¥±Éμ·μ¢ u ¨ u′ ¡Ê¤¥³ ¨³¥ÉÓ

u · u′ = u0u
′
0 −
√

u2
0 − 1

√
u′

0
2 − 1 cos (ϕ − ψ),

£¤¥ Ê£²Ò ϕ ¨ ψ μ¶·¥¤¥²¥´Ò ´  ·¨¸. 3. —Éμ¡Ò ¢ÒÖ¸´¨ÉÓ · §²¨Î¨Ö ¢ · §²μ¦¥´¨¨
 ³¶²¨ÉÊ¤ f(k;p) ¨ f(k;q) ´  £·Ê¶¶¥ SO(2,1), § ³¥É¨³, ÎÉμ, ± ± ¸²¥¤Ê¥É
¨§ (27),

f(k;p) =

∞∫
0

u′
0P−1/2+iμ (u′

0)up(μ)μ th (πμ) dμ =

=

∞∫
0

(n0u
′
0)P−1/2+iμ(n · u′)up(μ)μ th (πμ) dμ. (49)

�É  Ëμ·³  · §²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö μ¸´μ¢μ° ¤²Ö μ¡μ¡Ð¥´¨Ö ´   ³¶²¨ÉÊ¤Ê f(k; κ),
£¤¥ κ Å ¶·μ¨§¢μ²Ó´Ò° ´ Î ²Ó´Ò° ¨³¶Ê²Ó¸ ´  ¶μ²Ê¸Ë¥·¥ κ3 > 0.

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö

〈
k⊥, ε

√
p2 − k2

⊥;−k|A|κ;−κ

〉
≡ f (ε)(k; κ).
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‚ ÔÉ¨Ì μ¡μ§´ Î¥´¨ÖÌ Ê· ¢´¥´¨¥ (45) ¨³¥¥É ¢¨¤

2 Im f (+)(q⊥;p) = p2λ(p)
∑

ε=±1

∫
dΩkf̄ (ε)(k⊥;q)f (ε)(k⊥;p)+

+
∑

s

∫ s∏
i=1

dki δ4

(
Pin −

∑
i

ki

)
〈{ki}|A|q;−q〉∗〈{ki}|A|p;−p〉. (50)

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ § ³¥Î ´¨¥³ (49) ¡Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö
¢ ¢¨¤¥

f (ε)(k⊥; κ) =

∞∫
0

(v0u
′
0)P−1/2+iμ(v · u′)u(ε)

p (μ)μ th (πμ)dμ, (51)

£¤¥ κ Å ¶·μ¨§¢μ²Ó´Ò° ´ Î ²Ó´Ò° ¨³¶Ê²Ó¸ ¸ κ3 > 0,   v Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
¨³¶Ê²Ó¸ ¢ ±μ´Ê¸´ÒÌ ¶¥·¥³¥´´ÒÌ

v = (v0,v) =
(

κ

κ3
,
κ⊥
κ3

)
, v2 = v2

0 − v2 = 1.

ŒÒ ¶μ± ¦¥³, ÎÉμ ¢Ò· ¦¥´¨¥ (51) ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ (50) ¶·¨

¢Ò¶μ²´¥´¨¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨° ´  ¶·μË¨²Ó´ÊÕ ËÊ´±Í¨Õ u
(ε)
p (μ). �Éμ

Ê¸²μ¢¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥²¨´¥°´μ¥, ²μ± ²Ó´μ¥ ¶μ μ ¸μμÉ´μÏ¥´¨¥,  ´ -
²μ£¨Î´μ¥ ¸μμÉ´μÏ¥´¨Õ ¤²Ö ¶ ·Í¨ ²Ó´μ° ¢μ²´Ò al(p) (Ëμ·³Ê²  (2) ¢μ
¢¢¥¤¥´¨¨).

� ¸¸³μÉ·¨³ ¤¢ÊÌÎ ¸É¨Î´Ò° ¨´É¥£· ² ¢ Ê· ¢´¥´¨¨ (50):

A(q,p) =
∫

dΩkf̄ (ε)(k⊥;q)f (ε)(k⊥;p). (52)

�μ¤¸É ´μ¢±  ¢Ò· ¦¥´¨° f (ε)(k;q) ¨ f (ε)(k;p) ¢ ¨´É¥£· ² (52) ¶·¨¢μ¤¨É
± ¨´É¥£· ²Ê ¢¨¤ 

A(q,p) ∼
2π∫
0

dϕP−1/2+iμ(u · u′).

„²Ö ¢ÒÎ¨¸²¥´¨Ö ÔÉμ£μ ¨´É¥£· ²  ¢μ¸¶μ²Ó§Ê¥³¸Ö É¥μ·¥³μ° ¸²μ¦¥´¨Ö ¤²Ö ¸Ë¥-
·¨Î¥¸±¨Ì ËÊ´±Í¨° ‹¥¦ ´¤·  [34,35]

P−1/2+iμ(zz′ − (z2 − 1)1/2(z′2 − 1)1/2 cos ϕ) = P−1/2+iμ(z)P−1/2+iμ(z′)+

+ 2
∞∑

m=1

(−1)m Γ(−1/2 + iμ − m + 1)
Γ(−1/2 + iμ + m + 1)

Pm
−1/2+iμ(z) Pm

−1/2+iμ(z′) cosmϕ.
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ˆ´É¥£·¨·ÊÖ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¶μ ϕ, ¶μ²ÊÎ¨³

2π∫
0

dϕP−1/2+iμ(u · u′) = 2πP−1/2+iμ(u0)P−1/2+iμ(u′
0).

�É¸Õ¤ , ¨¸¶μ²Ó§ÊÖ Ê¸²μ¢¨¥ μ·Éμ£μ´ ²Ó´μ¸É¨ (23), ¶μ²ÊÎ¨³ ¢ ¦´μ¥ ¸μμÉ-
´μÏ¥´¨¥∫

dϕdu′
0P−1/2+iν(u′

0)P−1/2+iμ (u · u′) =
2π

μ th (πμ)
δ(μ − ν)P−1/2+iμ (u0).

(53)
‘ ÊÎ¥Éμ³ ¢ÒÏ¥¨§²μ¦¥´´μ£μ Ê· ¢´¥´¨¥ (50) ¢ É¥·³¨´ Ì ¶·μË¨²Ó´μ° ËÊ´±Í¨¨

u
(±)
p (μ) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

∫
Im u(+)

p (μ)Ψμ(q⊥)μ th (πμ) dμ =

=
πp2

|u|
∑

ε=±1

∫
|u(ε)

p (μ)|2Ψμ(q⊥)μ th (πμ)dμ +
1
2
Ainel(q,p), (54)

  Ainel(q,p) Å ´¥Ê¶·Ê£¨° ¢±² ¤ ¢ ¸¶¥±É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ:

Ainel(q,p) =
∑

s

∫ s∏
i=1

dkiδ
4

(
Pin −

∑
i

ki

)
〈{ki}|A|q;−q〉∗ 〈{ki}|A|p;−p〉.

“³´μ¦¨³ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ´  Ψν(q⊥) ¨ ¶·μ¨´É¥£·¨·Ê¥³
¶μ dΩq. ’μ£¤  ¸ ÊÎ¥Éμ³ μ·Éμ£μ´ ²Ó´μ¸É¨ (23) ¶μ²ÊÎ¨³

Im u(+)
p (μ) =

πp2

|u|
∑

ε=±1

|u(ε)
p (μ)|2 + G

(+)
inel(μ), (55)

£¤¥

G
(+)
inel(μ) =

1
4π

∫
dΩqΨμ(q⊥)Ainel

({
q⊥, q3 = +

√
q2 − q2

⊥

}
,p
)
.

‚Ò· ¦¥´¨¥ (55) ¥¸ÉÓ Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¤²Ö ¶·μË¨²Ó´ÒÌ ËÊ´±Í¨° u
(±)
p (μ)

´  £·Ê¶¶¥ SO(2,1). �´μ μÉ²¨Î ¥É¸Ö μÉ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨ ¤²Ö ¶ ·Í¨ ²Ó´ÒÌ
¢μ²´ al(p), ·¥ ²¨§ÊÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò O(3).

� ¸¸³μÉ·¨³ ¶·¨¡²¨¦¥´¨¥, ¶·¨ ±μÉμ·μ³ ¢ (55) ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ´¥-
Ê¶·Ê£¨³¨ ¢±² ¤ ³¨. ’μ£¤  ¶μ²ÊÎ¨³ Ê¸²μ¢¨¥ Ê¶·Ê£μ° Ê´¨É ·´μ¸É¨

Im u(+)
p (μ) =

πp2

|u|
(
|u(+)

p (μ)|2 + |u(−)
p (μ)|2

)
. (56)
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ˆ§ μ¶É¨Î¥¸±μ° É¥μ·¥³Ò (41) ¨ ¶μ²ÊÎ¥´´μ£μ ¸μμÉ´μÏ¥´¨Ö (56) ¸²¥¤Ê¥É
¢Ò· ¦¥´¨¥ ¤²Ö Ê¶·Ê£μ£μ ¸¥Î¥´¨Ö

σel = σ
(+)
el + σ

(−)
el ,

σ
(±)
el =

(2π)3(p2 + m2
A)(p2 + m2

B)
s

∞∫
0

∣∣∣u(±)
p (μ)

∣∣∣2 μ th (πμ) dμ, (57)

σinel =
2π

p2

∞∫
0

(1 − η2
inel(μ)) dΩμ,

£¤¥ s = (EA + EB)2.
…¸²¨ ¢ ¨´É¥£· ²¥ (57) ¶¥·¥°É¨ ± ¨´É¥£·¨·μ¢ ´¨Õ ¶μ ¶·¨Í¥²Ó´μ³Ê ¶ · -

³¥É·Ê b ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¸μμÉ´μÏ¥´¨¥³ μ = (b2p2 − 1/4)1/2, Éμ ËÊ´±Í¨Õ
ρ(±)(b), £¤¥

ρ(±)(b) =
1

σ
(±)
el

(2π)3(p2 + m2
A)(p2 + m2

B)
s

p2b th

(
π

√
b2p2 − 1

4

)∣∣∣u(±)
p (μ)

∣∣∣2 ,

³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶ · ³¥É·Ê b. �·¨
ÔÉμ³  ¢Éμ³ É¨Î¥¸±¨ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨

∞∫
1/2p

ρ(±)(b) db = 1.

‚Ò· ¦¥´¨¥ (57) ¸μ£² ¸Ê¥É¸Ö ¸ ¶μ²ÊÎ¥´´Ò³ · ´¥¥ ·¥§Ê²ÓÉ Éμ³ (47).
‚ ¦´Ò³ Ë ±Éμ·μ³ Ö¢²Ö¥É¸Ö ¶μÖ¢²¥´¨¥ ¸¨£´ ÉÊ·Ò (±) Ê ¶·μË¨²Ó´μ°

ËÊ´±Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · ¸¸¥Ö´¨Õ ¢ § ¤´ÕÕ ¨ ¶¥·¥¤´ÕÕ ¶μ²Ê¸Ë¥·Ò, ¨,
± ± ¸²¥¤¸É¢¨¥, É· ´¸Ëμ·³ Í¨Ö Ê¸²μ¢¨Ö Ê¶·Ê£μ° Ê´¨É ·´μ¸É¨ ± ¢¨¤Ê (56).

1.6. �·μ¸É¥°Ï Ö Ë¥´μ³¥´μ²μ£¨Î¥¸± Ö ³μ¤¥²Ó ¶·μË¨²Ó´μ° ËÊ´±Í¨¨
u

(±)
p (μ), ¸μ£² ¸μ¢ ´´ Ö ¸ Ê¸²μ¢¨¥³ Ê´¨É ·´μ¸É¨. � ¸¸³μÉ·¨³ ¶·¥¤¥²Ó´Ò¥

¸²ÊÎ ¨: ¸²ÊÎ ° ¶μ²´μ£μ ¶μ£²μÐ¥´¨Ö, ¶μ²´μ£μ μÉ· ¦¥´¨Ö ¨ ¶·μ³¥¦ÊÉμÎ´Ò°
¸²ÊÎ ° ¸ ¶μ²´Ò³ ¶μ£²μÐ¥´¨¥³ ´  ±· ÖÌ ¤¨¸±  ¨ ¶μ²´Ò³ μÉ· ¦¥´¨¥³ ´  ¢´Ê-
É·¥´´¥° Î ¸É¨ ¤¨¸± . �  ·¨¸. 4 ¨§μ¡· ¦¥´  μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ¶ · ³¥É·  b
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É·¥³Ö · ¸¸³ É·¨¢ ¥³Ò³¨ ¸²ÊÎ Ö³¨. � ¤¨Ê¸ R0(p) = 1/2p
μ¶·¥¤¥²Ö¥É μ¡² ¸ÉÓ § ¶·¥Ð¥´´ÒÌ §´ Î¥´¨° b ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê¸²μ¢¨¥³ (21).
�¡² ¸ÉÓ R0(p) � b � Rrefl(p) μ¶·¥¤¥²Ö¥É ¨´É¥·¢ ² ¶μ b, ´  ±μÉμ·μ³ ¶·μ¨¸Ìμ-
¤¨É ¶μ²´μ¥ μÉ· ¦¥´¨¥. �¡² ¸ÉÓ Rrefl(p) � b � R(p) μ¶·¥¤¥²Ö¥É ¨´É¥·¢ ² ¶μ
b, ´  ±μÉμ·μ³ ¶·μ¨¸Ìμ¤¨É ¶μ²´μ¥ ¶μ£²μÐ¥´¨¥.
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�¨¸. 4. ‘É·Ê±ÉÊ·  μ¡² ¸É¨ ¸Éμ²±´μ¢¥´¨Ö

1.6.1. �μ²´μ¥ ¶μ£²μÐ¥´¨¥. �Ê¸ÉÓ Rrefl(p) = R0(p). ‚ ÔÉμ³ ¸²ÊÎ ¥ ´  ¢¸¥°
μ¡² ¸É¨ ¤¨¸±  R0(p) � b � R(p) ¡Ê¤¥³ ¨³¥ÉÓ

|u(−)
p (μ)|2 = 0, ηinel = 0.

’μ£¤  Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ (55) ¶·¨³¥É ¢¨¤

Im u(+)
p (μ) = K|u(+)

p (μ)|2 +
1

4K
. (58)

�É¸Õ¤  ¶μ²ÊÎ¨³

u(+)
p (μ) =

i

2K
, R0(p) � b � R(p).

’ ±¨³ μ¡· §μ³, ¤²Ö ¸¥Î¥´¨° σel ¨ σinel ¶μ²ÊÎ¨³

σel = σ
(+)
el = σinel =

2π

p2

√
R2p2−1/4∫

0

μ th (πμ) dμ.

‘Î¨É Ö, ÎÉμ p2R2 � 1/4, ¶μ²ÊÎ¨³

σel = σ
(+)
el = σinel � πR2,

σtot = σel + σinel � 2πR2, σel/σtot = 1/2.

�Éμ ¨§¢¥¸É´Ò° ·¥§Ê²ÓÉ É ³μ¤¥²¨ Î¥·´μ£μ ¤¨¸± .
1.6.2. �μ²´μ¥ μÉ· ¦¥´¨¥. �Ê¸ÉÓ Rrefl(p) = R(p) ¨ ¶·¨ ÔÉμ³ Ginel = 0.

’μ£¤  Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ (55) ¶·¨³¥É ¢¨¤

Im u(+)
p (μ) = K

(
|u(+)

p (μ)|2 + |u(−)
p (μ)|2

)
. (59)

„²Ö ¨´É¥·¶·¥É Í¨¨ ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¶¥·¥¶¨Ï¥³ ¥£μ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Im u(+)
p (μ) = K |u(+)

p (μ)|2 +
1 − η2

p(μ)
4K

, (60)
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£¤¥ ηp(μ) =
√

1 − |2K u
(−)
p (μ)|2, 0 � ηp(μ) � 1. �¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (60)

Ö¢²Ö¥É¸Ö

u(+)
p (μ) =

ηp(μ) e2iδ(μ,p) − 1
2iK

,

£¤¥ δ(μ, p) Å ¶·μ¨§¢μ²Ó´ Ö ¤¥°¸É¢¨É¥²Ó´ Ö Ë § . ’ ±¨³ μ¡· §μ³,  ³¶²¨ÉÊ¤ 

· ¸¸¥Ö´¨Ö ¢ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ê u
(−)
p (μ) ¨£· ¥É ·μ²Ó ÔËË¥±É¨¢´μ£μ ±μÔËË¨-

Í¨¥´É  ¶μ£²μÐ¥´¨Ö ¶μ μÉ´μÏ¥´¨Õ ± · ¸¸¥Ö´¨Õ ¢ ¶¥·¥¤´ÕÕ ¶μ²Ê¸Ë¥·Ê.
�¶·¥¤¥²¨³  ¡¸μ²ÕÉ´μ Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ´  ¤¨¸±¥ · ¤¨Ê¸μ³ R ± ± · ¸-

¸¥Ö´¨¥, ¶·¨ ±μÉμ·μ³

ηp(μ) = 0, ¥¸²¨ R0(p) � b � R(p) (¶μ²´μ¥ μÉ· ¦¥´¨¥),

ηp(μ) = 1, δ(μ, p) = 0, ¥¸²¨ b � R(p).

‚ ÔÉμ³ ¸²ÊÎ ¥

|u(−)
p (μ)|2 =

1
4K2

, u(+)
p (μ) =

i

2K
, ¥¸²¨ R0(p) � b � R(p),

u(−)
p (μ) = u(+)

p (μ) = 0, ¥¸²¨ b � R(p).
(61)

’μ£¤  ¤²Ö Ê¶·Ê£μ£μ ¸¥Î¥´¨Ö ¶μ²ÊÎ ¥³

σel = σ
(+)
el + σ

(−)
el =

4π

p2

√
R2p2−1/4∫

0

μ th (πμ) dμ � 2πR2.

� ¤²Ö μÉ´μÏ¥´¨Ö ¸¥Î¥´¨° ¶μ²ÊÎ¨³

σel/σtot � 1.

1.6.3. Šμ³¡¨´¨·μ¢ ´´ Ö ³μ¤¥²Ó  ¡¸μ²ÕÉ´μ£μ ¶μ£²μÐ¥´¨Ö ¨ μÉ· ¦¥´¨Ö.
‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ·¨¸. 4 μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ μ ¢ ¸¥Î¥´¨ÖÌ σel ¨ σinel

· §¡¨¢ ¥É¸Ö ´  μ¡² ¸ÉÓ ¶μ²´μ£μ μÉ· ¦¥´¨Ö (0 � μ � μrefl) ¨ μ¡² ¸ÉÓ ¶μ²´μ£μ
¶μ£²μÐ¥´¨Ö (μrefl � μ � μR), £¤¥

μ2 = 0 = p2R2
0(p) − 1/4, μ2

refl = p2R2
refl(p) − 1/4, μ2

R = p2R2(p) − 1/4.

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö ¤²Ö u
(+)
p (μ), u

(−)
p (μ) ¨ ηinel, ¶μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ¤²Ö

¶μ²´μ£μ μÉ· ¦¥´¨Ö ¨ ¶μ²´μ£μ ¶μ£²μÐ¥´¨Ö,   É ±¦¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¥Î¥´¨°
(57), ²¥£±μ ¶μ²ÊÎ¨ÉÓ

σ
(+)
el =

2π

p2

μR∫
0

dΩμ, σ
(−)
el =

2π

p2

μrefl∫
0

dΩμ, σinel =
2π

p2

μR∫
μrefl

dΩμ.
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�É¸Õ¤  ¤²Ö μÉ´μÏ¥´¨Ö ¸¥Î¥´¨° ¶μ²ÊÎ ¥³

σel/σtot = 1 − Δ, (62)

£¤¥

Δ =
1
2

μR∫
μrefl

dΩμ

μR∫
0

dΩμ

.

’ ±¨³ μ¡· §μ³, μ¡² ¸ÉÓ §´ Î¥´¨° Δ μ¶·¥¤¥²Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨

Δ → 0, ¶·¨ Rrefl → R (¶·¥¤¥² ¶μ²´μ£μ μÉ· ¦¥´¨Ö),

Δ → 1/2, ¶·¨ Rrefl → R0 (¶·¥¤¥² ¶μ²´μ£μ ¶μ£²μÐ¥´¨Ö).

‚ ¸²ÊÎ ¥, ±μ£¤  R2p2, R2
reflp2 � 1/4, ¶μ²ÊÎ¨³

σel/σtot �
1
2

(
1 +

R2
refl

R2

)
, Rrefl � R. (63)

�  ·¨¸. 5 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ ¢ (62) ¶·¨ §´ Î¥´¨ÖÌ√
s = 14 ’Ô‚, R = 1 ”. ˆ§ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ μÉ±²μ´¥´¨¥ σel/σtot μÉ §´ Î¥-

´¨Ö 1/2 ´ Î¨´ ¥É¸Ö ¢ μ¡² ¸É¨, ¢ ±μÉμ·μ° Rrefl ¸É ´μ¢¨É¸Ö ¶μ·Ö¤±  R. ‚ ÔÉμ°
μ¡² ¸É¨ §´ Î¥´¨¥ σel/σtot ·¥§±μ ¨§³¥´Ö¥É¸Ö, ¸É·¥³Ö¸Ó ± ¥¤¨´¨Í¥. ’ ±¨³ μ¡· -
§μ³, Ê´¨É ·´μ¥ ´ ¸ÒÐ¥´¨¥ ¶·μ¨¸Ìμ¤¨É ´  μ¡Ñ¥±É¥ ¸ μÎ¥´Ó Ê§±μ°,  ¡¸μ²ÕÉ´μ
¶μ£²μÐ ÕÐ¥° ¶¥·¨Ë¥·¨¥° ΔR(p)/R 
 1, É. ¥. μ¡Ê¸²μ¢²¥´μ ¶·μÍ¥¸¸ ³¨ · ¸-
¸¥Ö´¨Ö ¢ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ê (Re
ective Scattering).

‚ · ³± Ì ·¥Ï¥ÉμÎ´μ° ³μ¤¥²¨ [36] ¶·¥¤¸± §Ò¢ ¥É¸Ö, ÎÉμ ¶·¨ Ô´¥·£¨¨
LHC, · ¢´μ°

√
s = 14 ’Ô‚, μÉ´μÏ¥´¨¥ ¸¥Î¥´¨° ¢ÒÌμ¤¨É ´  §´ Î¥´¨¥

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ μÉ´μÏ¥´¨Ö σel/σtot μÉ Rrefl
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σel/σtot � 0,67. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ ¶μ²ÊÎ¥´´μ£μ ´ ³¨ ¸μμÉ´μÏ¥´¨Ö (62) ¸²¥-
¤Ê¥É, ÎÉμ Rrefl � 0,58”, É. ¥. · §³¥·Ò μ¡² ¸É¨  ¡¸μ²ÕÉ´μ£μ ¶μ£²μÐ¥´¨Ö ¨
 ¡¸μ²ÕÉ´μ£μ μÉ· ¦¥´¨Ö μ¤´μ£μ ¶μ·Ö¤± .

1.6.4. Šμ³¡¨´¨·μ¢ ´´ Ö ³μ¤¥²Ó ¸ ÊÎ¥Éμ³ ®¸¥·μ¸É¨¯ ¤¨¸± . �·μ¸É¥°Ï¨³
μ¡μ¡Ð¥´¨¥³ · ¸¸³μÉ·¥´´μ° ³μ¤¥²¨ Ö¢²Ö¥É¸Ö ÊÎ¥É μÉ±²μ´¥´¨Ö ¶ · ³¥É·  ´¥-
Ê¶·Ê£μ¸É¨ ηinel μÉ ´Ê²Ö. �Ê¸ÉÓ 0 < ηinel 
 1, £¤¥ ηinel ¡Ê¤¥³ ¸Î¨É ÉÓ ³ ²Ò³
¶ · ³¥É·μ³, ´¥ § ¢¨¸ÖÐ¨³ μÉ μ.
� §μ¡Ó¥³ ¨´É¥·¢ ² §´ Î¥´¨° ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  b ´  É·¨ μ¡² ¸É¨:

• 0 � b � R0(p) = 1/2p Å ¨´É¥·¢ ² § ¶·¥Ð¥´´ÒÌ §´ Î¥´¨° b ¢ ¸μμÉ¢¥É-
¸É¢¨¨ ¸ Ê¸²μ¢¨¥³ (21);

• R0(p) � b � Rrefl(p) Å ¨´É¥·¢ ², ´  ±μÉμ·μ³ ¶·μ¨¸Ìμ¤¨É ¶μ²´μ¥
μÉ· ¦¥´¨¥;

• Rrefl(p) � b � R(p) Å ¨´É¥·¢ ², ´  ±μÉμ·μ³ ¶·μ¨¸Ìμ¤¨É ®¸¥·μ¥¯
¶μ£²μÐ¥´¨¥.
‚ ÔÉμ³ ¸²ÊÎ ¥ ´  ¨´É¥·¢ ²¥ Rrefl(p) � b � R(p) ¤²Ö ¶·μË¨²Ó´ÒÌ ËÊ´±Í¨°

u
(±)
p (μ) ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö

Im u(+)
p (μ) = K|u(+)

p (μ)|2 +
1 − η2

inel

4K
, |u(−)

p (μ)|2 = 0.

�¥Ï¥´¨¥³ ÔÉμ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö

u(+)
p (μ) =

i(1 − ηinel)
2K

, |u(−)
p (μ)|2 = 0. (64)

ˆ¸¶μ²Ó§ÊÖ · ´¥¥ ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö u
(+)
p (μ) ¨ u

(−)
p (μ) ¤²Ö ¶μ²´μ£μ

μÉ· ¦¥´¨Ö (61) ¨ ®¸¥·μ£μ¯ ¶μ£²μÐ¥´¨Ö (64),   É ±¦¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¥Î¥´¨°
(57), ¶μ²ÊÎ¨³

σ
(+)
el =

2π

p2

μrefl∫
0

dΩμ +
2π(1 − ηinel)2

p2

μR∫
μrefl

dΩμ, σ
(−)
el =

2π

p2

μrefl∫
0

dΩμ,

σinel =
2π(1 − η2

inel)
p2

μR∫
μrefl

dΩμ.

�É¸Õ¤  ¤²Ö μÉ´μÏ¥´¨Ö ¸¥Î¥´¨° ¶μ²ÊÎ ¥³

σel/σtot = 1 − Δ(ηinel), (65)

£¤¥

Δ =
1 − η2

inel

2

μR∫
μrefl

dΩμ

μR∫
0

dΩμ − ηinel

μR∫
μrefl

dΩμ

.
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‚ ¸²ÊÎ ¥, ±μ£¤  R2p2, R2
reflp2 � 1/4, ¶μ²ÊÎ¨³

σel/σtot � 1 − 1 − η2
inel

2
1 − R2

refl/R2

1 − ηinel(1 − R2
refl/R2)

, Rrefl � R.

�Éμ ¸μ¢¶ ¤ ¥É ¸ ¶μ²ÊÎ¥´´Ò³ · ´¥¥ ¸μμÉ´μÏ¥´¨¥³ ¶·¨ ηinel = 0 (63). �  ·¨¸. 6
¶·¨¢¥¤¥´  § ¢¨¸¨³μ¸ÉÓ μÉ´μÏ¥´¨Ö σel/σtot μÉ Rrefl ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ
ηinel. ˆ§ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ Ê¢¥²¨Î¥´¨¥ §´ Î¥´¨Ö ¶ · ³¥É·  ´¥Ê¶·Ê£μ¸É¨
ηinel (®¸¥·μ¸ÉÓ¯ ¤¨¸± ) ÔËË¥±É¨¢´μ Ê³¥´ÓÏ ¥É μÉ´μÏ¥´¨¥ ¸¥Î¥´¨° σel/σtot.

�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ μÉ´μÏ¥´¨Ö σel/σtot μÉ Rrefl ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ηinel

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ · §¤¥²¥ ¶μ²ÊÎ¥´μ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥ μ¡μ¡Ð¥´¨¥
Ô°±μ´ ²Ó´μ£μ · §²μ¦¥´¨Ö  ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ ¶·μÍ¥¸¸  ´  μ¸´μ¢¥ É¥μ·¥É¨±μ-
£·Ê¶¶μ¢μ£μ μ¶·¥¤¥²¥´¨Ö ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  ¤¢ÊÌ ¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í.

�μ¸²¥ ¸É ´¤ ·É´μ° ¶·μÍ¥¤Ê·Ò ±¢ ´Éμ¢ ´¨Ö Ê¤ ²μ¸Ó ¶μ¸É·μ¨ÉÓ ¢μ²´μ¢ÊÕ
ËÊ´±Í¨Õ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ ¶·¨-
Í¥²Ó´μ£μ ¶ · ³¥É· . �É  ¸¨¸É¥³  ËÊ´±Í¨° μ± §Ò¢ ¥É¸Ö ËÊ´±Í¨Ö³¨ ±μ´Ê¸ ,
¶μ²´μÉ  ±μÉμ·ÒÌ ¨¸¸²¥¤μ¢ ´  · ´¥¥ ¢ · ¡μÉ Ì ”μ± . �Éμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ
· §²μ¦¥´¨¥ Ê¶·Ê£μ°  ³¶²¨ÉÊ¤Ò ± ± ËÊ´±Í¨¨ ´  £·Ê¶¶¥ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥-
É·  SOμ(2,1) ¨ É ±¨³ μ¡· §μ³ ¢Ò· §¨ÉÓ  ³¶²¨ÉÊ¤Ê Ê¶·Ê£μ£μ ¶·μÍ¥¸¸  Î¥·¥§

¶·μË¨²Ó´ÊÕ ËÊ´±Í¨Õ u
(±)
p (μ) Å  ´ ²μ£ ¶ ·Í¨ ²Ó´μ° ¢μ²´Ò al(p).

‚ ¦´μ° μ¸μ¡¥´´μ¸ÉÓÕ ÔÉμ£μ · §²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¤¨ £μ´ ²¨§ Í¨Ö Ê¸²μ-
¢¨Ö Ê´¨É ·´μ¸É¨ ¶μ ¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê b. „·Ê£μ° μ¸μ¡¥´´μ¸ÉÓÕ É ±μ£μ
· §²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¶·μÖ¢²¥´¨¥ ¸¨£´ ÉÊ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · ¸¸¥Ö´¨Õ ¢
¶¥·¥¤´ÕÕ ¨²¨ § ¤´ÕÕ ¶μ²Ê¸Ë¥·Ò.

‚ · ³± Ì ¶·μ¸É¥°Ï¥° ³μ¤¥²¨ ´  ¶·μË¨²Ó´ÊÕ ËÊ´±Í¨Õ u
(±)
p (μ) ¤ ´  ´ -

²¨§ § ¢¨¸¨³μ¸É¨ μÉ´μÏ¥´¨Ö ¸¥Î¥´¨° σel/σtot μÉ ¸μμÉ´μÏ¥´¨° · ¤¨Ê¸  μ¡² ¸É¨
¶μ²´μ£μ μÉ· ¦¥´¨Ö Rrefl(p) ¨ ¤¨Ë· ±Í¨μ´´μ£μ · ¤¨Ê¸  R(p).

�μ± § ´μ, ÎÉμ μÉ´μÏ¥´¨¥ ¸¥Î¥´¨° σel/σtot ÔËË¥±É¨¢´μ μ¶·¥¤¥²Ö¥É¸Ö ¶ -
· ³¥É· ³¨ ηinel ¨ Rrefl. ˆ§³¥´¥´¨¥ ÔÉ¨Ì ¶ · ³¥É·μ¢ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¢¸Õ
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μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö §´ Î¥´¨° σel/σtot. �μ± § ´μ É ±¦¥, ÎÉμ ¶·¥¤¥² Ê´¨É ·´μ£μ
´ ¸ÒÐ¥´¨Ö, σel/σtot → 1, ¤²Ö ¤ ´´μ° ³μ¤¥²¨ ´ ¸ÉÊ¶ ¥É ¶·¨ Rrefl(p) → R(p).

2. ‘�‘’�Ÿ�ˆŸ ‘ ���…„…‹…��›Œ ���‘’���‘’‚…��›Œ
����Œ…’��Œ ‚›‹…’� ‚ ”��Œ�‹ˆ‡Œ… �‹ƒ…��› SOμ(2,1)

‚ ÔÉμ³ · §¤¥²¥ ³Ò ¶μ²ÊÎ¨³ ¶μ²´Ò° ´ ¡μ· μ¤´μÎ ¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨°,
¢ ±μÉμ·ÒÌ ·μ²Ó ±¢ ´Éμ¢ÒÌ ¤¨´ ³¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¨£· ÕÉ ¶·μ¸É· ´-
¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ μ¡² ¸É¨ ·μ¦¤¥´¨Ö ¤¥É¥±É¨·Ê¥³μ° Î ¸É¨ÍÒ. Š ± Ê¦¥
μÉ³¥Î ²μ¸Ó, ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ ÔÉ¨³ ±μμ·¤¨´ É ³ Ö¢²Ö¥É¸Ö ¢ ¦´μ°
Ë¨§¨Î¥¸±μ° Ì · ±É¥·¨¸É¨±μ° ¸·¥¤Ò, £¤¥ ·μ¦¤ ¥É¸Ö Î ¸É¨Í . �¸´μ¢μ° ´ Ï¥£μ
· ¸¸³μÉ·¥´¨Ö ¡Ê¤¥É ±² ¸¸¨Ë¨± Í¨Ö ¸μ¸ÉμÖ´¨° ¶μ £·Ê¶¶¥ ¤¢¨¦¥´¨Ö ¨³¶Ê²Ó¸-
´μ£μ ¶·μ¸É· ´¸É¢  ´  ¶μ¢¥·Ì´μ¸É¨ q2 = const, £¤¥ q Å ¨³¶Ê²Ó¸ ¤¥É¥±É¨·Ê¥-
³μ° Î ¸É¨ÍÒ. Š·μ³¥ Ìμ·μÏμ ¨§¢¥¸É´ÒÌ É·¥Ì £¥´¥· Éμ·μ¢ É ±¨Ì ¤¢¨¦¥´¨° Å
±μ³¶μ´¥´É μ·¡¨É ²Ó´μ£μ ³μ³¥´É  ¨³¶Ê²Ó¸  L̂i, ¸ÊÐ¥¸É¢ÊÕÉ ¥Ð¥ É·¨, ¶·¥¤-
¸É ¢²ÖÕÐ¨¥ ¸μ¡μ° ¡¨²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ £¥´¥· Éμ·μ¢ £·Ê¶¶Ò �Ê ´± ·¥.
‚ ¸μ¢μ±Ê¶´μ¸É¨ ÔÉ¨ Ï¥¸ÉÓ £¥´¥· Éμ·μ¢ μ¡· §ÊÕÉ  ²£¥¡·Ê SO(3,1). Š ± ¡Ê¤¥É
¶μ± § ´μ ´¨¦¥, μ¶¥· Éμ· Š §¨³¨·  ÔÉμ°  ²£¥¡·Ò Ö¢²Ö¥É¸Ö ¢Ò·μ¦¤¥´´Ò³ ¨
· ¢¥´ ¶·μ¸Éμ Î¨¸²Ê. �É   ²£¥¡·  ¨³¥¥É ´¥É·¨¢¨ ²Ó´ÊÕ ¶μ¤ ²£¥¡·Ê SO(2,1),
¨³¥ÕÐÊÕ ¶·μ¸ÉÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ´  Ö§Ò±¥ ¸μ¸ÉμÖ´¨° ¸ μ¶·¥-
¤¥²¥´´Ò³ §´ Î¥´¨¥³ ´¥±μÉμ·μ£μ ¶·μ¸É· ´¸É¢¥´´μ£μ ¶ · ³¥É·  b. �´ Ì · ±-
É¥·¨§Ê¥É É· ¥±Éμ·¨Õ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ ¨ · ¢¥´ ³¨´¨³ ²Ó´μ³Ê · ¸¸ÉμÖ´¨Õ
μÉ Î ¸É¨ÍÒ ´  É· ¥±Éμ·¨¨ ¤μ ´ Î ²  ±μμ·¤¨´ É. �ÉμÉ ¶ · ³¥É· ³Ò ´ §Ò¢ ¥³
¶·μ¸É· ´¸É¢¥´´Ò³ ¶ · ³¥É·μ³ ¢Ò²¥É  Î ¸É¨ÍÒ ¨ ¨¸¸²¥¤Ê¥³ ËÊ´±Í¨Õ · ¸-
¶·¥¤¥²¥´¨Ö ·μ¦¤ ¥³ÒÌ ¢ ¶·μÍ¥¸¸¥ Î ¸É¨Í ¶μ ÔÉμ³Ê ¶ · ³¥É·Ê. ‚ · §¢¨Éμ³
Ëμ·³ ²¨§³¥ ¢μ ¢¸¥Ì ¸μμÉ´μÏ¥´¨ÖÌ b ¢Ìμ¤¨É Î¥·¥§ ¡¥§· §³¥·´Ò° ¶ · ³¥É·
μ =

√
b2q2 − 1/4, ¶μÔÉμ³Ê ¤²Ö μ¡μ§´ Î¥´¨Ö ¶μ²ÊÎ¥´´μ°  ²£¥¡·Ò ³Ò ¨¸¶μ²Ó-

§Ê¥³ ¶μ É¥±¸ÉÊ · ¡μÉÒ ¸¨³¢μ² SOμ(2,1).
•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ μ¤´μÎ ¸É¨Î´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸¢μ¡μ¤´μ° ·¥²ÖÉ¨¢¨¸É-

¸±μ° Î ¸É¨ÍÒ μ¶·¥¤¥²ÖÕÉ¸Ö 10-¶ · ³¥É·¨Î¥¸±μ° £·Ê¶¶μ° ¤¢¨¦¥´¨Ö ¶·μ¸É· ´-
¸É¢  Œ¨´±μ¢¸±μ£μ, § ¤ ¢ ¥³μ° £¥´¥· Éμ· ³¨ Mμν ¨ Pν . �É¨ ¸μ¸ÉμÖ´¨Ö ±μ´-
±·¥É¨§¨·ÊÕÉ¸Ö ¢Ò¡μ·μ³ Éμ° ¨²¨ ¨´μ° ¶μ¤£·Ê¶¶Ò.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³μ¦´μ ¶·¨¢¥¸É¨ ®¸¨¸É¥³Ê ¡¥¸±μ´¥Î´μ£μ ¨³¶Ê²Ó¸ ¯,
¨¸¶μ²Ó§μ¢ ´¨¥ ±μÉμ·μ° μ± § ²μ¸Ó μÎ¥´Ó ¶²μ¤μÉ¢μ·´Ò³ ¶·¨ μ¶¨¸ ´¨¨ £²Ê¡μ-
±μ´¥Ê¶·Ê£¨Ì ¶·μÍ¥¸¸μ¢. �Éμ³Ê ¶μ¸¢ÖÐ¥´μ ³´μ£μ · ¡μÉ [37Ä43], ³Ò μÉ³¥É¨³
²¨ÏÓ ¸ÊÐ¥¸É¢¥´´Ò° ¤²Ö ´ ¸ ³μ³¥´É. …¸²¨ ¢Ò¤¥²¨ÉÓ ¨§  ²£¥¡·Ò £·Ê¶¶Ò �Ê-
 ´± ·¥ É·¨ £¥´¥· Éμ· 

B1 =
1√
2
(K1 + J2), B2 =

1√
2
(K2 − J1), J3,

£¤¥
Ki = Mi0, εijkJk = Mij ,
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Éμ ¶·¨¤¥³ ± ¸μ¢μ±Ê¶´μ¸É¨ ¸²¥¤ÊÕÐ¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°:

[B1, B2] = 0, [J3, B1] = iB2, [J3, B2] = −iB1,
(66)

[B2
1 + B2

2 , J3] = 0, [qi, Bj ] = iδijq
+, [q+, Bi] = 0,

£¤¥

q+ =
1√
2
(q0 + q3).

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ £¥´¥· Éμ·Ò B1, B2 ¨ J3 μ¡· §ÊÕÉ  ²£¥¡·Ê E(2) c μ¶¥· -
Éμ·μ³ Š §¨³¨· , · ¢´Ò³ B2 = B2

1 +B2
2 . ‚ ¸¨²Ê ¶μ¸²¥¤´¥£μ ±μ³³ÊÉ Í¨μ´´μ£μ

¸μμÉ´μÏ¥´¨Ö ÔÉ   ²£¥¡·  ·¥ ²¨§Ê¥É¸Ö ¢ É·¥Ì³¥·´μ³ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥
´  ¶μ¢¥·Ì´μ¸É¨ q+ = const ´  ¸μ¸ÉμÖ´¨ÖÌ |λ, q+〉, ±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ
Ê· ¢´¥´¨Ö³

B2|λ, q+〉 = λ2|λ, q+〉,
B1|λ, q+〉 = λ1|λ, q+〉,
B2|λ, q+〉 = λ2|λ, q+〉,

(67)

λ2 = λ2
1 + λ2

2.

�¶¥· Éμ·Ò B1, B2, B2 ´  ¶μ¢¥·Ì´μ¸É¨ q+ = const ¨³¥ÕÉ ¤μ¸É ÉμÎ´μ ¸²μ¦-
´Ò° ¢¨¤. �¤´ ±μ ¢ μ¡² ¸É¨ q⊥/q 
 1 ¶·μ¨¸Ìμ¤¨É ¸ÊÐ¥¸É¢¥´´μ¥ Ê¶·μÐ¥´¨¥
μ¶¥· Éμ·μ¢ ¨ Ê· ¢´¥´¨° (67). ‚ ÔÉμ³ ¶·¥¤¥²¥ ¶μ²ÊÎ¨³

B1 = −iq+ ∂

∂q1
, B2 = −iq+ ∂

∂q2
.

�μ¤¸É ¢²ÖÖ ÔÉ¨ μ¶¥· Éμ·Ò ¢ Ê· ¢´¥´¨Ö (67), ¶μ²ÊÎ¨³ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨
¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

〈q⊥, q+|λ, q+〉 = exp
(

i
q⊥ · λ

q+

)
. (68)

…¸²¨ ¢¢¥¸É¨ · §³¥·´Ò° ¶ · ³¥É· b = λ/q+, Éμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö (68) ¶·¨³¥É
¢¨¤ Ö¤·  Ô°±μ´ ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶²μ¸±μ¸É¨ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  b.
�Éμ ¶μ§¢μ²Ö¥É ¤ ÉÓ ¶·μ¸É· ´¸É¢¥´´ÊÕ ¨´É¥·¶·¥É Í¨Õ  ²£¥¡·Ò (66) ¢ ¸¨¸É¥³¥
¸ ¡¥¸±μ´¥Î´Ò³ ¨³¶Ê²Ó¸μ³ [42Ä44].

’¥¶¥·Ó · ¸¸³μÉ·¨³ ¤·Ê£ÊÕ ¶μ¤ ²£¥¡·Ê £·Ê¶¶Ò �Ê ´± ·¥, ¢ ±μÉμ·μ° μ¶¥-
· Éμ· Š §¨³¨·  ¨³¥¥É ÉμÎ´ÊÕ (¢μ ¢¸¥° μ¡² ¸É¨ ¨³¶Ê²Ó¸μ¢) £¥μ³¥É·¨Î¥¸±ÊÕ
¨´É¥·¶·¥É Í¨Õ. �É  ¶μ¤ ²£¥¡·  μ¶¥· Éμ·μ¢

di =
1
q2

Mijqj ,

¨ ·¥ ²¨§Ê¥É¸Ö μ´  ´  ¶μ¢¥·Ì´μ¸É¨ q2 = const. �¨¦¥ ³Ò ¶μ¤·μ¡´μ  ´ ²¨§¨-
·Ê¥³ ÔÉÊ  ²£¥¡·Ê ¨ ¨¸¶μ²Ó§Ê¥³ ¥¥ ¤²Ö μ¶¨¸ ´¨Ö ¨ ¶μ¸É·μ¥´¨Ö μ¤´μÎ ¸É¨Î´ÒÌ
¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨.
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2.1. �²£¥¡·  SOμ(2,1). ‚ ¶. 1.1 ¡Ò²μ ¢¢¥¤¥´μ μ¶·¥¤¥²¥´¨¥ ¢¥±Éμ·  ³ ±-
¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨. �μ  ´ ²μ£¨¨ ¸ ÔÉ¨³ ¢¢¥¤¥³
¶ · ³¥É· ¢Ò²¥É  ¤¥É¥±É¨·Ê¥³μ° Î ¸É¨ÍÒ ¨§ μ¡² ¸É¨ ¥¥ ·μ¦¤¥´¨Ö. „²Ö ÔÉμ£μ
´¥μ¡Ìμ¤¨³μ · ¸¸³μÉ·¥ÉÓ ±² ¸¸¨Î¥¸±ÊÕ É· ¥±Éμ·¨Õ ¸¢μ¡μ¤´μ° ¡¥¸¸¶¨´μ¢μ°
Î ¸É¨ÍÒ, ±μÉμ· Ö ¤¢¨¦¥É¸Ö ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ (·¨¸. 7).
’ ±μ¥ · ¸¸³μÉ·¥´¨¥ ¶· ±É¨Î¥¸±¨ ¶μ²´μ¸ÉÓÕ  ´ ²μ£¨Î´μ § ¤ Î¥ ¶μ¸É·μ¥´¨Ö
¢¥±Éμ·  ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ¤¢ÊÌ Î ¸É¨Í, ¶·¨¢¥¤¥´´μ° ¢ · §¤. 1
(7)Ä(11). Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·  d ¨³¥ÕÉ ¢¨¤

di =
1
q2

εijkqjLk =
1
q2

Mijqj , (69)

£¤¥ Lk = εklmξlqm Å μ·¡¨É ²Ó´Ò° ³μ³¥´É Î ¸É¨ÍÒ.

�¨¸. 7. Š² ¸¸¨Î¥¸± Ö É· ¥±Éμ·¨Ö x(t)  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ ¸ ¨³¶Ê²Ó¸μ³
q, ¶·μ¤μ²¦¥´´ Ö ¢ μ¡² ¸ÉÓ ·¥ ±Í¨¨, Ì · ±É¥·¨§Ê¥É¸Ö ³¨´¨³ ²Ó´Ò³ · ¸¸ÉμÖ´¨¥³ d μÉ
¢Ò¡· ´´μ° ÉμÎ±¨ ®O¯

’ ±¨³ μ¡· §μ³, ± ¦¤μ° ±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨ x(t)  ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ, ¢Ò²¥É ÕÐ¥° ¨§ μ¡² ¸É¨ ·¥ ±Í¨¨ ¸ ¨³¶Ê²Ó¸μ³ q, ³μ¦´μ
¸μ¶μ¸É ¢¨ÉÓ ¢¥±Éμ· d Å ¢¥±Éμ· ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö É· ¥±Éμ·¨¨ ¸ ÉμÎ-
±μ° ®O¯. ŒÒ ¡Ê¤¥³ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ¥£μ ± ± ÔËË¥±É¨¢´ÊÕ ±μμ·¤¨´ ÉÊ
μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ. �É¨ ±μμ·¤¨´ ÉÒ ÔËË¥±É¨¢´Ò¥, ¶μ¸±μ²Ó±Ê μ´¨
¶μ²ÊÎ¥´Ò ¶·μ¤μ²¦¥´¨¥³ ¸¢μ¡μ¤´μ° É· ¥±Éμ·¨¨ ¢ μ¡² ¸ÉÓ ·¥ ±Í¨¨ ¶μ ¶·Ö³μ°
²¨´¨¨, £¤¥ μ´  ¥¸É¥¸É¢¥´´μ ¨¸± ¦ ¥É¸Ö ¨²¨ ¢μμ¡Ð¥ ¨¸Î¥§ ¥É.

‚Ò· ¦¥´¨¥ (69) ¸μ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³ (11) ¤²Ö ±μ³¶μ´¥´É ¢¥±Éμ· 
³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨, ¸ Éμ° ²¨ÏÓ · §´¨Í¥°, ÎÉμ
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¢ (11) qi ¨ Lj Å ±μ³¶μ´¥´ÉÒ μÉ´μ¸¨É¥²Ó´μ£μ ¨³¶Ê²Ó¸  ¨ μÉ´μ¸¨É¥²Ó´μ£μ
³μ³¥´É . �ÉμÉ Ë ±É Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ ¶μ¸É·μ¥´¨¨ μ¤´μÎ ¸É¨Î´μ£μ
¶·μ¸É· ´¸É¢  ”μ± .

‘ ÊÎ¥Éμ³ ÔÉ¨Ì § ³¥Î ´¨° ¶·μÍ¥¤Ê·  ±¢ ´Éμ¢ ´¨Ö ±μ³¶μ´¥´É di  ´ ²μ-
£¨Î´  ¶·μÍ¥¤Ê·¥, ¨§²μ¦¥´´μ° ¢ · §¤. 1, ¨ ¶μ²ÊÎ¥´´Ò¥ É ³ ·¥§Ê²ÓÉ ÉÒ ³Ò
¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¤ ²ÓÏ¥.

�¥ ²¨§ Í¨Ö  ²£¥¡·Ò (13) É¥¸´μ ¸¢Ö§ ´  ¸ £¥μ³¥É·¨Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨
¶·μ¸É· ´¸É¢  ¶¥·¶¥´¤¨±Ê²Ö·´μ£μ ¨³¶Ê²Ó¸  Å ¶·μ¸É· ´¸É¢ , ´  ±μÉμ·μ³ ·¥-
 ²¨§Ê¥É¸Ö ÔÉ   ²£¥¡· . � ¸¸³μÉ·¨³ Ê´¨É ·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¨³¶Ê²Ó¸´μ£μ
¶·μ¸É· ´¸É¢  ¸ £¥´¥· Éμ· ³¨ ¤¢¨¦¥´¨Ö d1 ¨ d2 [50]

q′i = e−ip·dqi eip·d, (70)

£¤¥ p = pn Å ¶ · ³¥É· ¶·¥μ¡· §μ¢ ´¨Ö; n = (cos ϕ, sin ϕ) Å ¥¤¨´¨Î´Ò°
¢¥±Éμ·. „¨ËË¥·¥´Í¨·ÊÖ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¶μ p, ¶μ²ÊÎ¨³ ¤²Ö q′i Ê· ¢´¥´¨¥ ‹¨

dq′i
dp

= ni −
n · q′

⊥
q2

q′i, i = 1, 2,

¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³
q′i(p = 0) = qi.

�Éμ Ê· ¢´¥´¨¥ ²¥£±μ ¨´É¥£·¨·Ê¥É¸Ö

q′i =
qi + (q sh (p/q) + n · q⊥ ch (p/q) − n · q⊥)ni

ch (p/q) + (n · q⊥) sh (p/q)/q
, i = 1, 2. (71)

“¤μ¡´μ ¶¥·¥°É¨ μÉ ¶ · ³¥É·  p ± ¶ · ³¥É·Ê κ = qn th (p/q). ’μ£¤ 

q′i =
((

1 +
(κq)(1 − B)

κ2

)
κi + Bqi

)(
1 +

(κq)
q2

)−1

≡ q ⊕ κ, (72)

£¤¥

B =

√
1 − κ2

q2
.

ˆ§ (72) ¢¨¤´μ, ÎÉμ ¤¢¨¦¥´¨¥ ¶·μ¸É· ´¸É¢  ¶¥·¶¥´¤¨±Ê²Ö·´μ£μ ¨³¶Ê²Ó¸  ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ´¥²¨´¥°´μ¥ ¶·¥μ¡· §μ¢ ´¨¥. �¶¥· Í¨Ö ⊕ ´¥ Ö¢²Ö¥É¸Ö £·Ê¶¶μ-
¢μ° μ¶¥· Í¨¥°, ¶μ¸±μ²Ó±Ê ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ É ±¨Ì μ¶¥· Í¨° ¸μ¤¥·¦¨É ±·μ³¥
·¥§Ê²ÓÉ¨·ÊÕÐ¥° μ¶¥· Í¨¨ ⊕ ¥Ð¥ ¨ ¶μ¢μ·μÉ (¸²¥¤¸É¢¨¥  ²£¥¡·Ò). �¥¸³μÉ·Ö
´  ÔÉμ, μ¶¥· Í¨Ö ⊕ μ¡² ¤ ¥É ·Ö¤μ³ £·Ê¶¶μ¢ÒÌ ¸¢μ°¸É¢. ‚ Î ¸É´μ¸É¨, ¶·¥μ¡· -
§μ¢ ´¨Ö (72) ¤μ¶Ê¸± ÕÉ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É ¤²¨´Ò ds2 = Gikdqi dqk:

Gik =
q2

q2
3

(
δik +

qiqk

q2
3

)
, i, k = 1, 2.
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’¥´§μ· �¨ÎÎ¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ³¥É·¨Î¥¸±μ³Ê É¥´§μ·Ê Gik , ¨³¥¥É ¢¨¤

Rik = − 1
q2
3

(
δik +

qiqk

q2
3

)
.

�É¸Õ¤  ¤²Ö ¸± ²Ö·´μ° ±·¨¢¨§´Ò R ¡Ê¤¥³ ¨³¥ÉÓ

R = − 2
q2

.

’ ±¨³ μ¡· §μ³, ¶²μ¸±μ¸ÉÓ ¶¥·¶¥´¤¨±Ê²Ö·´μ£μ ¨³¶Ê²Ó¸ , ¶μ²ÊÎ ¥³ Ö ¶·¥μ¡· -
§μ¢ ´¨Ö³¨ (72) ¨§ Ë¨±¸¨·μ¢ ´´μ£μ q⊥ ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·  κ ¢μ ¢¸¥°
μ¡² ¸É¨ |κ|2 � q2, μ± §Ò¢ ¥É¸Ö ¶·μ¸É· ´¸É¢μ³ ¶μ¸ÉμÖ´´μ° μÉ·¨Í É¥²Ó´μ°
±·¨¢¨§´Ò ¸ ³¥É·¨±μ° Gik .

�μ± ¦¥³, ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö (70) ¸μÌ· ´ÖÕÉ §´ ± q3, É. ¥. ¶¥·¥¤´ÖÖ
(q3 > 0) ¨ § ¤´ÖÖ (q3 < 0) ¶μ²Ê¸Ë¥·Ò Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ¶μ¤¶·μ-
¸É· ´¸É¢ ³¨. „¥°¸É¢¨É¥²Ó´μ, ¢Ò¶μ²´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ (70) ´ ¤ q3, ¶μ²ÊÎ¨³
¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ‹¨:

dq′3
dp

= −n · q′
⊥

q2
q′3,

c £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ q′3(p = 0) = q3. ˆ´É¥£·¨·ÊÖ ¥£μ, ¶μ²ÊÎ¨³

q′3 = q3 exp
(
−
∫

n · q′
⊥

q2
dp

)
. (73)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ (71) ¸²¥¤Ê¥É

n · q′
⊥ =

q sh (p/q) + n · q⊥ch (p/q)
ch (p/q) + n · q⊥sh (p/q)/q

.

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ (73) ¨ ¢Ò¶μ²´ÖÖ ±¢ ¤· ÉÊ·Ê, ¶μ²ÊÎ¨³

q′3 = q3

(
1 − κ

2

q2

)1/2(
1 +

κ · q⊥
q2

)−1

. (74)

�¡Ñ¥¤¨´ÖÖ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¨ ¸μμÉ´μÏ¥´¨¥ (72), ¶μ²ÊÎ¨³ μ±μ´Î É¥²Ó´μ

q′3√
q2 − q

′2
⊥

=
q3√

q2 − q2
⊥

=
q3

|q3|
= inv. (75)

‘²¥¤¸É¢¨¥³ ÔÉμ° ¨´¢ ·¨ ´É´μ¸É¨ Ö¢²Ö¥É¸Ö ¶μÖ¢²¥´¨¥ ¢  ³¶²¨ÉÊ¤¥ (¸¥Î¥´¨¨)
¸¨£´ ÉÊ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ·μ¦¤¥´¨Õ Î ¸É¨ÍÒ C ¢ ¶¥·¥¤´ÕÕ ¨ § ¤´ÕÕ
¶μ²Ê¸Ë¥·Ê.
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‚ § ±²ÕÎ¥´¨¥ ÔÉμ£μ ¶Ê´±É  μÉ³¥É¨³, ÎÉμ ´¥²¨´¥°´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö (72)
²¨´¥ ·¨§ÊÕÉ¸Ö ¢ 3-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ´  £¨¶¥·¡μ²μ¨¤¥ ¢ ¶¥·¥³¥´´ÒÌ u =
(u0, u1, u2) (48), £¤¥

u0 =
q

q3
, u =

q⊥
q3

. (76)

‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ É ±¨Ì ¶¥·¥³¥´´ÒÌ μ¶·¥¤¥²Ö¥É¸Ö ¸ ³¥É·¨±μ°
(+,−,−), ¶μÔÉμ³Ê u2 = u2

0 − u2
1 − u2

2 = 1. ‚ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ¶·¥μ¡· -
§μ¢ ´¨Ö (72) ¨³¥ÕÉ ¢¨¤

u′ = Λ(κ)u,

£¤¥ ³ É·¨Í  ¶·¥μ¡· §μ¢ ´¨Ö Λ(κ) Ê´¨³μ¤Ê²Ö·´  ¨ · ¢´ 

Λ(κ) =
1
B

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
κ1

q

κ2

q

κ1

q
B +

1 − B

κ2
κ

2
1

1 − B

κ2
κ1κ2

κ2

q

1 − B

κ2
κ1κ2 B +

1 − B

κ2
κ

2
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

�μ²ÊÎ¥´´Ò¥ £¥μ³¥É·¨Î¥¸±¨¥ ¸¢μ°¸É¢  ¶·μ¸É· ´¸É¢  ¶¥·¶¥´¤¨±Ê²Ö·´μ£μ ¨³-
¶Ê²Ó¸  ³μ£ÊÉ ¡ÒÉÓ ÔËË¥±É¨¢´μ ¨¸¶μ²Ó§μ¢ ´Ò ¶·¨ ¶μ¸É·μ¥´¨¨  ³¶²¨ÉÊ¤Ò · ¸-
¸¥Ö´¨Ö ¢ · ³± Ì SOμ(2,1) ¨´¢ ·¨ ´É´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö.

2.2. �²μ¸±¨¥ ¢μ²´Ò ´  £·Ê¶¶¥ SOμ(2,1). „²Ö ´ Ï¨Ì Í¥²¥° ´¥μ¡Ìμ¤¨³μ
¶μ¸É·μ¨ÉÓ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ¢ ¢¨¤¥ ¶²μ¸±¨Ì ¢μ²´ ´  £·Ê¶¶¥ SO(2,1). �´¨
·¥ ²¨§ÊÕÉ £² ¢´ÊÕ ¸¥·¨Õ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ËÊ´±-
Í¨° ´  £·Ê¶¶¥, £¥´¥·¨·Ê¥³ÊÕ μ¶¥· Í¨¥° ⊕, μ¶·¥¤¥²¥´´μ° ¢ (72). ‘¨ÉÊ Í¨Ö
§¤¥¸Ó  ´ ²μ£¨Î´  § ¤ Î¥ μ ¶μ¸É·μ¥´¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ
¶·μ¸É· ´¸É¢  ´  £·Ê¶¶¥ ‹μ·¥´Í  SO(3,1). ‚ ÔÉμ³ ¸²ÊÎ ¥ ·μ²Ó μ¶¥· Éμ·μ¢ ±μ-
μ·¤¨´ ÉÒ ¨£· ÕÉ £¥´¥· Éμ·Ò ¤¢¨¦¥´¨Ö ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ , ·¥ ²¨§μ-
¢ ´´μ£μ ´  ¢¥·Ì´¥³ ¶μ²¥ ¤¢ÊÌ¶μ²μ¸É´μ£μ £¨¶¥·¡μ²μ¨¤  E2−q2 = m2. �É  § -
¤ Î  ¶μ¸²¥¤μ¢ É¥²Ó´μ ·¥Ï¥´  ¢ · ¡μÉ Ì ‚. ƒ. Š ¤ÒÏ¥¢¸±μ£μ ¨ ¤·. [30,51]. �μ-
± § ´μ, ÎÉμ ·¥²ÖÉ¨¢¨¸É¸±μ¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ ¸μ¶·Ö¦¥´μ ¨³-
¶Ê²Ó¸´μ³Ê ¶·μ¸É· ´¸É¢Ê ¢ ¸³Ò¸²¥ ËÊ·Ó¥-É· ´¸Ëμ·³ Í¨¨. �·¨ ÔÉμ³ ·μ²Ó Ö¤· 
Ê´¨É ·´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö μÉ x- ± q-¶·μ¸É· ´¸É¢Ê ¨£· ÕÉ ¶²μ¸±¨¥ ¢μ²´Ò ´ 
£¨¶¥·¡μ²μ¨¤¥ Å ËÊ´±Í¨¨ ˜ ¶¨·μ [52]. �É¨ ËÊ´±Í¨¨ ·¥ ²¨§ÊÕÉ £² ¢´ÊÕ
¸¥·¨Õ Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò SO(3,1).

ŒÒ ´¥ ¡Ê¤¥³ ¶·¨¢μ¤¨ÉÓ ¶μ¤·μ¡´ÒÌ ¢ÒÎ¨¸²¥´¨°,   μ¸É ´μ¢¨³¸Ö ²¨ÏÓ ´ 
μ¸´μ¢´ÒÌ ³μ³¥´É Ì. �Ê¸ÉÓ ¸μ¸ÉμÖ´¨Ö ψ(q⊥) ¤¨ £μ´ ²¨§ÊÕÉ μ¶¥· Éμ· nd⊥,
£¤¥ n Å ¢¥±Éμ·, ¶¥·¶¥´¤¨±Ê²Ö·´Ò° ¨³¶Ê²Ó¸Ê pA:

(nd⊥)ψ(q⊥) = constψ(q⊥). (77)
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’μ£¤ , ¨¸¶μ²Ó§ÊÖ ¶·¥μ¡· §μ¢ ´¨Ö (72), ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ËÊ´±Í¨Ö

f(q⊥) =
(

1 − q2
⊥

q2

)1/2

ψ(q⊥) (78)

Ê¤μ¢²¥É¢μ·Ö¥É ËÊ´±Í¨μ´ ²Ó´μ³Ê Ê· ¢´¥´¨Õ

f(q⊥ ⊕ κ) = f(q⊥) · f(κ). (79)

’ ± Ö Ëμ·³  ËÊ´±Í¨μ´ ²Ó´μ£μ Ê· ¢´¥´¨Ö ´μ¸¨É ® ¡¸μ²ÕÉ´Ò°¯ Ì · ±É¥· ¢
¸³Ò¸²¥ £¥μ³¥É·¨¨ ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ . �¡ÒÎ´Ò¥ ¶²μ¸±¨¥ ¢μ²´Ò
exp (iq⊥ · b) ¸μμÉ¢¥É¸É¢ÊÕÉ É· ´¸²ÖÍ¨Ö³ ¢ ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨, ±μ£¤  μ¶¥-
· Í¨Ö ⊕ ¥¸ÉÓ ¶·μ¸Éμ μ¶¥· Í¨Ö ¸²μ¦¥´¨Ö.

�Î¥¢¨¤´μ, ¸μμÉ´μÏ¥´¨¥ (79) ¢Ò¶μ²´Ö¥É¸Ö ´¥ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ κ,  
Éμ²Ó±μ ´  ²¨´¨ÖÌ ±μμ·¤¨´ É´μ° ¸¥É±¨ ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ . �Ê¸ÉÓ κi =
κi(t) ¥¸ÉÓ ¶ · ³¥É·¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ÔÉ¨Ì ²¨´¨°. 	¥§ μ£· ´¨Î¥´¨Ö μ¡Ð-
´μ¸É¨ ³μ¦´μ ¶·¨´ÖÉÓ, ÎÉμ

κi(t = 0) = 0,

(
dκi

dt

)
t=0

= ni, n2 = 1, i = 1, 2.

� §² £ Ö Ê· ¢´¥´¨¥ (79) ¢ μ±·¥¸É´μ¸É¨ κi = 0 ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ(
dq′i
dκk

)
κ=0

= δik − qiqk

q2
,

¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ´  f(q⊥):

∂f

∂xi
(δik − xixk)nk = 2iβf, (80)

£¤¥

xi =
qi

q
, −

(
∂f

xk

)
x=0

= iαk, β =
1
2
(α · n), i, k = 1, 2.

�Éμ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶¥·¢μ£μ ¶μ·Ö¤± .
…£μ ·¥Ï¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ μÉ ¸± -
²Ö·´μ£μ  ·£Ê³¥´É  ζ = (1 − x2)/(1 − z2), §¤¥¸Ó z = n · q⊥/q. �·μ¨§¢μ²Ó´μ°
Ö¢²Ö¥É¸Ö É ±¦¥ ¶μ¸ÉμÖ´´ Ö β. “± § ´´Ò° ¶·μ¨§¢μ² Ë¨±¸¨·Ê¥É¸Ö É·¥¡μ¢ ´¨¥³,
ÎÉμ¡Ò ËÊ´±Í¨Ö ψ(q⊥) ±·μ³¥ Ê¸²μ¢¨Ö (77) ¡Ò²  É ±¦¥ ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥°
μ¶¥· Éμ·  Š §¨³¨·  K̂:

K̂ ψ(q⊥) = b2ψ(q⊥). (81)

�Éμ ¶·¨¢μ¤¨É ± ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ ´  ËÊ´±Í¨Õ f :

(xixk − δik)
∂2f

∂xi∂xk
+ 2x · ∂f

∂x
− b2q2

1 − x2
f = 0. (82)
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‘¨¸É¥³  Ê· ¢´¥´¨° (80) ¨ (82) Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ Ê· ¢´¥´¨° (77) ¨ (81).
…¥ ·¥Ï¥´¨¥ ¶·¨¢μ¤¨É ± ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ É¨¶  ¶²μ¸±¨Ì ¢μ²´.

�·¨¢¥¤¥³ μ±μ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É. ‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥

ψ(q⊥) ≡ ξ(q⊥, μ).

‡¤¥¸Ó n Å ¤¢Ê³¥·´Ò° ¥¤¨´¨Î´Ò° ¢¥±Éμ·, ¢¢¥¤¥´´Ò° ¢ Ê· ¢´¥´¨¨ (77), μ =
nμ,   μ ¡Ò²μ μ¶·¥¤¥²¥´μ ¢ (22). ’μ£¤ 

ξ(q⊥, μ) =
q√

q2 − q2
⊥

(
q − n · q⊥√

q2 − q2
⊥

)− 1
2 +iμ

= u0(u · n)−
1
2+iμ, (83)

n = (1,n) Å É·¥Ì³¥·´Ò° ¨§μÉ·μ¶´Ò° ¢¥±Éμ· ´  £¨¶¥·¡μ²μ¨¤¥, ³¥É·¨±  ¸± -
²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö μ¶·¥¤¥²¥´  (+,−,−). ˆ§ ¸μμÉ´μÏ¥´¨Ö (78) ³¥¦¤Ê f ¨
ψ ¸²¥¤Ê¥É, ÎÉμ

f(q⊥, μ) = (u · n)−
1
2+iμ.

�Éμ ¥¸ÉÓ ¤¢Ê³¥·´ Ö ËÊ´±Í¨Ö ˜ ¶¨·μ [52]. …¥ Ëμ·³  ¨³¥¥É Ê´¨¢¥·¸ ²Ó´Ò°
¢¨¤, É ± ± ± ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò SO(m, 1) ·¥ ²¨§ÊÕÉ¸Ö ÔÉμ°
¦¥ ËÊ´±Í¨¥°, Éμ²Ó±μ · §³¥·´μ¸ÉÓ £¨¶¥·¡μ²¨Î¥¸±¨Ì ¢¥±Éμ·μ¢ n ¨ u · ¢´ 
m + 1.

‚ μ¡² ¸É¨ (q⊥/q) 
 1, (1/q2b2) 
 1 ¨³¥¥³ ¶·μ¸Éμ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
· §²μ¦¥´¨¥

f(q⊥, μ) = eib·q⊥

(
1 + O

(
q⊥
q

)
+ O

(
1

q2b2

))
. (84)

�´μ Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¶²μ¸±μ° ¢μ²´μ° ´  £·Ê¶¶¥ SOμ(2,1) ¨ ¥¥
 ´ ²μ£μ³ ´  £·Ê¶¶¥ E(2), ·¥ ²¨§Ê¥³μ°  ²£¥¡·μ° (66), ¨ ¶μ§¢μ²Ö¥É ¸μÌ· ´¨ÉÓ
¨´É¥·¶·¥É Í¨Õ ¶ · ³¥É·  b ± ± ®¶·¨Í¥²Ó´μ£μ¯ ¶ · ³¥É·  [42Ä44]. �μ ¢
É ±μ³ μ¡μ¡Ð¥´¨¨ ³Ò ³μ¦¥³ · ¡μÉ ÉÓ ¢ ²Õ¡μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¨ ¢μ ¢¸¥°
μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸μ¢. �· ±É¨Î¥¸±¨ ¶¥·¥Ìμ¤ ± μ¡μ¡Ð¥´´μ³Ê ¶ · ³¥-
É·Ê b ¸¢μ¤¨É¸Ö ± § ³¥´¥ É· ´¸Ëμ·³ Í¨μ´´μ£μ Ö¤· 

exp (iq⊥ · b) → ξ(q⊥,b)

¨ ¢¢¥¤¥´¨Õ ¸μ¸ÉμÖ´¨° |μ, q〉SOμ(2,1) ¢³¥¸Éμ |b, q+〉E(2). ’ ±¦¥ É ±μ¥ · ¸¸³μ-
É·¥´¨¥ ·¥Ï ¥É ¶·μ¡²¥³Ê ¶·Ö³μ£μ ¨ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö (q⊥) � (b),
¸¢Ö§ ´´ÊÕ ¸ ±μ´¥Î´μ¸ÉÓÕ ¨´É¥·¢ ²  §´ Î¥´¨° q⊥ ¶·¨ Ë¨±¸¨·μ¢ ´´μ° Ô´¥·£¨¨
Eq ¨²¨ p+.

�·¨¢¥¤¥³ ¥Ð¥ μ¤´μ ¸μμÉ´μÏ¥´¨¥, Ì · ±É¥·´μ¥ ¤²Ö ¶²μ¸±¨Ì ¢μ²´ ´  ¥¢-
±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ ¨ ´  ¶μ¢¥·Ì´μ¸É¨, μ¶·¥¤¥²Ö¥³μ° ¤¢¨¦¥´¨Ö³¨ (72). Š ±
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¶μ± § ´μ ¢ [31], ¸¶· ¢¥¤²¨¢μ · ¢¥´¸É¢μ

2π∫
0

dϕf(q⊥, μ) = 2πP−1/2+iμ

(
q√

q2 − q2
⊥

)
, (85)

£¤¥ ϕ Å ´ ¶· ¢²ÖÕÐ¨° Ê£μ² ¢¥±Éμ·  n. ’¥¶¥·Ó ¢μ¸¶μ²Ó§Ê¥³¸Ö · §²μ¦¥´¨¥³
”μ±  [27]

P−1/2+iμ(ch α) =
√

α

shα

{
J0(μα) +

1
8μ

(
cth α − 1

α

)
J1(μα) + . . .

}
. (86)

�μ¤¸É ¢²ÖÖ (84) ¨ (86) ¢ · ¢¥´¸É¢μ (85) ¨ ¶¥·¥Ìμ¤Ö ± ¶·¥¤¥²Ê q⊥/q 
 1,
1/q2b2 
 1, ¶μ²ÊÎ¨³ ¨§¢¥¸É´μ¥ ¨§ Ô°±μ´ ²Ó´μ£μ Ëμ·³ ²¨§³  ¸μμÉ´μÏ¥´¨¥

2π∫
0

dϕ eib·q⊥ = 2πJ0(bq⊥).

‘μ¢μ±Ê¶´μ¸ÉÓ ËÊ´±Í¨° ξ(q⊥, μ) μ¡· §Ê¥É ¶μ²´ÊÕ μ·Éμ´μ·³¨·Ê¥³ÊÕ ¸¨¸É¥³Ê
¢ ¶¥·¥¤´¥° (q3 = +

√
q2 − q2

⊥) ¨ ¢ § ¤´¥° (q3 = −
√

q2 − q2
⊥) ¶μ²Ê¸Ë¥·¥

´¥§ ¢¨¸¨³μ:

1
(2π)2

∫
ξ(q⊥, μ) ξ̄(q⊥, μ′) dΩq =

1
th (πμ)

δ(2)(μ − μ′) Å μ·Éμ£μ´ ²Ó´μ¸ÉÓ,

(87)

1
(2π)2

∫
ξ(q⊥, μ) ξ̄(q′

⊥, μ) dΩμ = q(q2 − q2
⊥)1/2δ(2)(q⊥ − q′

⊥) Å ¶μ²´μÉ ,

(88)

£¤¥ μ = μn = (μ cos ϕ, μ sin ϕ), δ2(μ − μ′) = δ(μ − μ′)δ(ϕ − ϕ′)/μ. ‡¤¥¸Ó ¨
¤ ²¥¥ ¤²Ö μ¡μ§´ Î¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¡Ñ¥³μ¢ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ

dΩq =
1

q
√

q2 − q2
⊥

dq⊥, dΩμ = th (πμ) dμ.

’ ±¨³ μ¡· §μ³, ²Õ¡ÊÕ ËÊ´±Í¨Õ F (q) ± ± ËÊ´±Í¨Õ ´  £·Ê¶¶¥ SOμ(2,1)
³μ¦´μ μ¤´μ§´ Î´μ · §²μ¦¨ÉÓ ¶μ ¡ §¨¸Ê ξ(q⊥, μ) ¢ μ¡² ¸É¨ q3 > 0 (¨²¨
q3 < 0 Å ´¥§ ¢¨¸¨³μ):

F (q) =
∫

ξ(q⊥, μ)C(μ) dΩμ,

C(μ) =
1

(2π)2

∫
ξ̄(q⊥, μ)F (q) dΩq.

�É¨ ¸μμÉ´μÏ¥´¨Ö ¶μ§¢μ²ÖÕÉ ¶μ¸É·μ¨ÉÓ N -Î ¸É¨Î´μ¥ ¶·μ¸É· ´¸É¢μ ”μ± , ¢
±μÉμ·μ³ μ¤´  ¨§ Î ¸É¨Í ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ ¸ μ¶·¥¤¥²¥´´Ò³ ¶·μ¸É· ´-
¸É¢¥´´Ò³ ¶ · ³¥É·μ³ μ.
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2.3. �·μ¸É· ´¸É¢μ ”μ±  ´  £·Ê¶¶¥ SOμ(2,1). � ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·μ-
Í¥¸¸, ±μ£¤  μ¤´  ¨§ Î ¸É¨Í ·μ¦¤ ¥É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ ¸ μ¶·¥¤¥²¥´´Ò³ ¶·μ¸É· ´-
¸É¢¥´´Ò³ ¶ · ³¥É·μ³ μ, ¸ μ¶·¥¤¥²¥´´μ° Ô´¥·£¨¥° Eq ¨ ¸ μ¶·¥¤¥²¥´´Ò³
§´ ±μ³ ¶·μ¥±Í¨¨ ¨³¶Ê²Ó¸  ´  ¢Ò¡· ´´ÊÕ μ¸Ó z. �¡μ§´ Î¨³ ÔÉμ ¸μ¸ÉμÖ´¨¥
± ± |μ, q, ε〉, £¤¥ ε = ±1 Å §´ ± ¶·μ¥±Í¨¨.

�´ ²μ£¨Î´μ ÔÉμ³Ê ¢¢¥¤¥³ ¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ ¶¥·-
¶¥´¤¨±Ê²Ö·´μ£μ ¨³¶Ê²Ó¸  q⊥, ¸ μ¶·¥¤¥²¥´´μ° Ô´¥·£¨¥° Eq ¨ ¸ μ¶·¥¤¥²¥´-
´Ò³ §´ ±μ³ ¶·μ¥±Í¨¨ ¨³¶Ê²Ó¸  ´  ¢Ò¡· ´´ÊÕ μ¸Ó z. �¡μ§´ Î¨³ ¥£μ ± ±
|q⊥, q3 = ε

√
q2 − q2

⊥〉.
Œ¥¦¤Ê É ±¨³¨ ¸μ¸ÉμÖ´¨Ö³¨ ´  ¸Ë¥·¥ q2 = const ¸ÊÐ¥¸É¢Ê¥É ¢§ ¨³´μ-

μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥〈
q⊥, ε

√
q2 − q2

⊥

∣∣∣ = ∫ ξ(q⊥, μ)〈μ, q, ε| dΩμ,

〈μ, q, ε| =
1

(2π)2

∫
ξ̄(q⊥, μ)

〈
q⊥, ε

√
q2 − q2

⊥

∣∣∣ dΩq,

(89)

μ¸´μ¢ ´´μ¥ ´  ¸μμÉ´μÏ¥´¨ÖÌ ¶μ²´μÉÒ ¨ μ·Éμ£μ´ ²Ó´μ¸É¨ ËÊ´±Í¨° ξ(q⊥, μ).
ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö (32) ¨ (89), ¶μ²ÊÎ¨³ ¤²Ö ¥¤¨´¨Î´μ£μ μ¶¥· Éμ· 

¢ Ëμ±μ¢¸±μ³ μ¤´μÎ ¸É¨Î´μ³ ¶·μ¸É· ´¸É¢¥ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Î =
∫

|q〉〈q| dq =
∑

ε=±1

∫
q2 dq dΩq

∣∣∣q⊥, ε
√

q2 − q2
⊥

〉〈
q⊥, ε

√
q2 − q2

⊥

∣∣∣ =
= (2π)2

∑
ε=±1

∫
q2 dq dΩμ|μ, q, ε〉〈μ, q, ε|.

�μ¸²¥¤´¥¥ · ¢¥´¸É¢μ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É ³ É·¨Î´Ò° Ô²¥³¥´É 〈μ, q, ε|ν,
k, η〉. „¥°¸É¢¨É¥²Ó´μ, ¨³¥¥³

|ν, k, η〉 = Î|ν, k, η〉 = (2π)2
∑

ε=±1

∫
q2 dq dΩμ|μ, q, ε〉〈μ, q, ε|ν, k, η〉.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ

(2π)2q2 th (πμ)〈μ, q, ε|ν, k, η〉 = δ(2)(μ − ν)δ(q − k)δεη,

  É ±¦¥ ¢Ò· ¦¥´¨¥ ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  ¶¥·¥Ìμ¤ 〈
q⊥, ε

√
q2 − q2

⊥ |ν, k, η
〉

= ξ(q⊥, ν)
1

(2π)2
δεη

1
q2

δ(k − q).

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´μ · §²μ¦¥´¨¥ (89). ˆ§ Ê¸²μ¢¨Ö 〈q|k〉 = δ(3)(q − k) ¸²¥¤Ê¥É

〈
q⊥, ε

√
q2 − q2

⊥|k⊥, η
√

k2 − k2
⊥

〉
= δεηδ(2)(q⊥ − k⊥)δ(q − k)

√
k2 − k2

⊥
k

.
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·μÍ¥¸¸, ¢ ±μÉμ·μ³ ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨ ´ Ìμ¤¨É¸Ö
s · §²¨Î´ÒÌ Î ¸É¨Í ¸ ¨³¶Ê²Ó¸ ³¨ q1,q2, . . . ,qs ¨ μ¤´  Î ¸É¨Í  ¢ ¸μ¸ÉμÖ´¨¨
|μ, q, ε〉. 	 §¨¸´Ò¥ ¢¥±Éμ·Ò ¢ (s+1)-Î ¸É¨Î´μ³ Ëμ±μ¢¸±μ³ ¶·μ¸É· ´¸É¢¥ μ¶·¥-
¤¥²¨³ ± ± ¶·Ö³μ¥ ¶·μ¨§¢¥¤¥´¨¥ μ¤´μÎ ¸É¨Î´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢. ‚¢¥¤¥³
μ¡μ§´ Î¥´¨Ö

|{qs};q〉 ≡ |q1,q2, . . . ,qs;q〉, (90)∣∣∣{qs};q⊥, ε
√

q2 − q2
⊥

〉
≡
∣∣∣q1,q2, . . . ,qs;q⊥, ε

√
q2 − q2

⊥

〉
, (91)

|{qs}; μ, q, ε〉 ≡ |q1,q2, . . . ,qs; μ, q, ε〉. (92)

�Éμ Ô±¢¨¢ ²¥´É´Ò¥ ¶μ²´Ò¥ ´ ¡μ·Ò ¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢ ¢ (s + 1)-Î ¸É¨Î´μ³
¶·μ¸É· ´¸É¢¥ ”μ± , £¤¥ s = 0, 1, . . . ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¨³¥¥³ É·¨ ¶·¥¤-
¸É ¢²¥´¨Ö ¥¤¨´¨Î´μ£μ μ¶¥· Éμ·  ¢ ¶μ²´μ³ ¶·μ¸É· ´¸É¢¥ ”μ± 

Î =
∑

s

∫ ( s∏
i=1

dqi

)
dq |{qs};q〉〈{qs};q| =

=
∑

s

∑
ε=±1

∫ ( s∏
i=1

dqi

)
q2 dq dΩq

∣∣∣{qs};q⊥, ε
√

q2 − q2
⊥

〉
×

×
〈
{qs};q⊥, ε

√
q2 − q2

⊥

∣∣∣ = (2π)2
∑

s

∑
ε=±1

∫ ( s∏
i=1

dqi

)
q2 dq dΩμ×

× |{qs}; μ, q, ε〉〈{qs}; μ, q, ε|. (93)

ˆ§ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¸²¥¤Ê¥É ¢Ò· ¦¥´¨¥ ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É 
〈{ks}; ν, k, η|{qs}; μ, q, ε〉:

〈{qs}; μ, q, ε|{ks}; ν, k, η〉 =
δεηδ(q − k)δ(2)(μ − ν)

(2π)2q2 th (πμ)

s∏
i=1

δ(3)(qi − ki). (94)

�ÉμÉ ³ É·¨Î´Ò° Ô²¥³¥´É ¢μ§´¨± ¥É ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¸¥Î¥´¨Ö ¨ ¡Ê¤¥É ¨¸¶μ²Ó-
§μ¢ ´ ´¨¦¥.

�μ²ÊÎ¥´´Ò¥ · §²μ¦¥´¨Ö ¥¤¨´¨Î´μ£μ μ¶¥· Éμ·  Î ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ
¸¢Ö§Ó ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ ¸¥Î¥´¨Ö³¨ ¨ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨
S-³ É·¨ÍÒ.

2.4. ‘¥Î¥´¨Ö ¶·μÍ¥¸¸μ¢ ¸ ·μ¦¤¥´¨¥³ Î ¸É¨ÍÒ ¢ ¸μ¸ÉμÖ´¨¨ ¨§ SOμ(2,1).
‚ ÔÉμ³ · §¤¥²¥ ³Ò ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¸¥Î¥´¨Ö Î¥·¥§ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ
S-³ É·¨ÍÒ, ±μ£¤  ±μ´¥Î´μ¥ ¸μ¸ÉμÖ´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¢¥±Éμ·μ³ Ëμ±μ¢¸±μ£μ
¶·μ¸É· ´¸É¢  〈{qs}; μ, q, ε|, É. ¥. ·μ¦¤ ¥É¸Ö s+1 Î ¸É¨Í, ¶·¨Î¥³ μ¤´  ¨§ ´¨Ì ¢
¸μ¸ÉμÖ´¨¨ ¨§ SOμ(2,1). ”μ·³ ²¨§³ É ±μ° ¶·μÍ¥¤Ê·Ò ¶μ¤·μ¡´μ μ¶¨¸ ´ ¢ [53].
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�¥·¥Î¨¸²¨³ ´¥±μÉμ·Ò¥ ¢ ¦´Ò¥ ³μ³¥´ÉÒ. ‚ μ¸´μ¢¥ ²¥¦¨É ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ´μ·³Ò μ¤´μÎ ¸É¨Î´μ£μ ¸μ¸ÉμÖ´¨Ö |ψ〉. ’ ±μ¥
¸μ¸ÉμÖ´¨¥ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ¢μ²´μ¢μ£μ ¶ ±¥É 

|Ψ〉 =
∫

f(k) a+(k) dk|0〉, (95)

£¤¥ f(k) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö, ¤ ÕÐ Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ¸μ-
¸ÉμÖ´¨Ö |Ψ〉; a+(k) Å μ¶¥· Éμ· ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ ¸ ¨³¶Ê²Ó¸μ³ k. �·¨ ÔÉμ³,
¥¸²¨ ´μ·³  ÔÉμ£μ ¸μ¸ÉμÖ´¨Ö

||Ψ〉|2 = 〈Ψ|Ψ〉 =
∫

|f(k)|2dk

· ¢´  ¥¤¨´¨Í¥, Éμ |f(k)|2 ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶²μÉ´μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
¢¥·μÖÉ´μ¸É¨ (¡μ·´μ¢¸± Ö ¨´É¥·¶·¥É Í¨Ö). …¸²¨ ÔÉ  ´μ·³  · ¢´  N > 1, Éμ
f(k) ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± μ¤´μÎ ¸É¨Î´ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢
¸É É¨¸É¨Î¥¸±μ³  ´¸ ³¡²¥ ¸ ¶μ²´Ò³ Î¨¸²μ³ Î ¸É¨Í, · ¢´Ò³ N .

‘μ¸ÉμÖ´¨¥ ¨§ Î ¸É¨Í ´¥¸±μ²Ó±¨Ì ¸μ·Éμ¢ ¸É·μ¨É¸Ö ± ± ¶·Ö³μ¥ ¶·μ¨§¢¥¤¥-
´¨¥ ¸μ¸ÉμÖ´¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì  ´¸ ³¡²¥°,   ´μ·³  É ±μ£μ ¸μ¸ÉμÖ´¨Ö · ¢´ 
¶·μ¨§¢¥¤¥´¨Õ Î¨¸²  Î ¸É¨Í ¢  ´¸ ³¡²ÖÌ:

||Ψ〉|2 = N1 · N2 · · ·Ns.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³μÉ·¨³  ´¸ ³¡²Ó Î ¸É¨Í ¸μ ¸É·μ£μ Ë¨±¸¨·μ¢ ´´Ò³
¨³¶Ê²Ó¸μ³ k:

|1〉 = (2π)3/2n1/2 a+(k)|0〉.
‘³Ò¸² ¶ · ³¥É·  n ¸²¥¤Ê¥É ¨§ μ¶·¥¤¥²¥´¨Ö ´μ·³Ò

||1〉|2 = (2π)3n δ(0) = n · V = N.

�É¸Õ¤  ¢¨¤´μ, ÎÉμ n = N/V, É. ¥. Ö¢²Ö¥É¸Ö ¶²μÉ´μ¸ÉÓÕ Î ¸É¨Í ¢  ´¸ ³¡²¥
(¢ ¶μÉμ±¥).

‚μ²´μ¢ Ö ËÊ´±Í¨Ö f(k), μ¶·¥¤¥²¥´´ Ö ¢ (95), ¤²Ö É ±μ£μ ¶μÉμ±  ¥¸ÉÓ

f(k) = (2π)3/2 n1/2 δ(k − k0).

’ ±¨³ μ¡· §μ³, ¸μ¸ÉμÖ´¨¥ |1〉 Ö¢²Ö¥É¸Ö ¸μ¸ÉμÖ´¨¥³ ¸ ´¥μ£· ´¨Î¥´´μ° ´μ·-
³μ° ¨ μ¶¨¸Ò¢ ¥É ¶μÉμ± Î ¸É¨Í ¸ Ë¨±¸¨·μ¢ ´´Ò³ ¨³¶Ê²Ó¸μ³ k ¨ ¶²μÉ´μ¸ÉÓÕ
Î ¸É¨Í ¢ ÔÉμ³ ¶μÉμ±¥, · ¢´μ° n. …¸²¨ ¨³¥¥É¸Ö s ¶μÉμ±μ¢ ¸ · §²¨Î´Ò³¨
¨³¶Ê²Ó¸ ³¨ q1,q2, . . . ,qs, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸μ¸ÉμÖ´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ± ±
¶·Ö³μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¸μ¸ÉμÖ´¨° ¤²Ö ± ¦¤μ£μ ¶μÉμ± 

|s〉 =
s∏

i=1

(
(2π)3/2n

1/2
i a+(qi)

)
|0〉. (96)
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�μ·³  É ±μ£μ ¸μ¸ÉμÖ´¨Ö · ¢´ 

||s〉|2 = N1 · N2 · · ·Ns, (97)

£¤¥ Ni = niV Å Î¨¸²μ Î ¸É¨Í i-£μ ¸μ·É .
�·¨ · ¸¸³μÉ·¥´¨¨ ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ ¶ÊÎ±μ¢ ¸ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó-

¸ ³¨ ¨ ¶²μÉ´μ¸ÉÖ³¨ ¡Ê¤¥³ ¸É·μ¨ÉÓ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ |in〉 ± ± ¸μ¸ÉμÖ-
´¨¥ (96) ¶·¨ s = 2. �μ·³  ÔÉμ£μ ¸μ¸ÉμÖ´¨Ö ¸μ£² ¸´μ (97) · ¢´  ||s〉|2 =
N1 · N2.

Œμ¦´μ ²¨ ¶·¨¤ ÉÓ ¸³Ò¸² ¶·μ¨§¢¥¤¥´¨Õ Î¨¸²  Î ¸É¨Í N1 · N2?
�ÉÊ ´μ·³Ê ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ¢ · ³± Ì £¨¶μÉ¥§Ò μ ¤¨´ ³¨Î¥¸±μ³

Ì μ¸¥ ± ± ¸·¥¤´¥¥ Î¨¸²μ ¸Éμ²±´μ¢¥´¨° Î ¸É¨Í ¨§ · §´ÒÌ ¶ÊÎ±μ¢. �·¨ ± ¦¤μ³
É ±μ³ ¸Éμ²±´μ¢¥´¨¨ ·μ¦¤ ¥É¸Ö ®§¢¥§¤ ¯ ¨§ Î ¸É¨Í ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚
¸¨²Ê Ê´¨É ·´μ¸É¨ S-³ É·¨ÍÒ SS+ = I , ¶μÔÉμ³Ê

||out〉|2 = ||in〉|2 ,

£¤¥ |out〉 = Ŝ|in〉. ’ ±¨³ μ¡· §μ³, ´μ·³  |out〉-¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É Î¨¸²μ
®§¢¥§¤¯, ·μ¤¨¢Ï¨Ì¸Ö §  ¡¥¸±μ´¥Î´μ¥ ¢·¥³Ö T ¢ ¡¥¸±μ´¥Î´μ³ μ¡Ñ¥³¥ V .

� ¸¸³μÉ·¨³ Ô±¸±²Õ§¨¢´Ò° ¶·μÍ¥¸¸ 2 → s+1 ¨ · §²μ¦¨³ ¸μ¸ÉμÖ´¨¥ |out〉
¶μ ¡ §¨¸Ê (90), (91), ¢Ò¤¥²ÖÖ ¢ ¥¤¨´¨Î´μ³ μ¶¥· Éμ·¥ (93) ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
¸² £ ¥³μ¥. ’μ£¤  ¶μ²ÊÎ¨³

|out〉 =
∑

ε=±1

∫ ( s∏
i=0

dqi

)
q2 dq dΩq×

×
∣∣∣{qs};q⊥, ε

√
q2 − q2

⊥

〉〈
{qs};q⊥, ε

√
q2 − q2

⊥

∣∣∣Ŝ|in〉 =

= (2π)2
∑

ε=±1

∫ ( s∏
i=0

dqi

)
q2 dq dΩμ|{qs}; μ, q, ε〉〈{qs}; μ, q, ε|Ŝ|in〉.

�μ²´μ¥ Î¨¸²μ ¸μ¡ÒÉ¨° ·μ¦¤¥´¨Ö (s+1)-Î ¸É¨Î´μ£μ ¸μ¸ÉμÖ´¨Ö §  ¡¥¸±μ´¥Î´μ¥
¢·¥³Ö ¨ ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥ μ¶·¥¤¥²Ö¥É¸Ö ´μ·³μ° ¸μ¸ÉμÖ´¨Ö |out〉 ¨ · ¢´μ

N = |Ŝ − Î|in〉|2 =

=
∑

ε=±1

∫ ( s∏
i=1

dqi

)
q2 dq dΩq

∣∣∣〈{qs};q⊥, ε
√

q2 − q2
⊥

∣∣∣(Ŝ − Î)|in〉
∣∣∣2=

= (2π)2
∑

ε=±1

∫ ( s∏
i=1

dqi

)
q2 dq dΩμ|〈{qs}; μ, q, ε|(Ŝ − Î)|in〉|2. (98)

‡¤¥¸Ó ¶·¥¨³ÊÐ¥¸É¢¥´´μ ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ¢¸¥ s+1 Î -
¸É¨Í · §´Ò¥, ¶μÔÉμ³Ê ¨Ì μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ´¥ ±μ··¥²¨·ÊÕÉ
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³¥¦¤Ê ¸μ¡μ°. ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ÊÎ¥¸ÉÓ ¶·¨´Í¨¶ Éμ¦¤¥¸É¢¥´-
´μ¸É¨. ’ ±¦¥ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¢Ò· ¦¥´¨¥ ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  (94).

‘μμÉ´μÏ¥´¨Ö (98) Ö¢²ÖÕÉ¸Ö ¨¸Ìμ¤´Ò³¨ ¤²Ö ¶μ²ÊÎ¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ ¸¥Î¥´¨° ¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ±¨´¥³ É¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³. �´¨ É ±¦¥
§ ¤ ÕÉ μ¡ÐÊÕ ´μ·³¨·μ¢±Ê ´  ¶μ²´μ¥ Î¨¸²μ ¸μ¡ÒÉ¨° A + B → C + {s},
¡¥§μÉ´μ¸¨É¥²Ó´μ ± ¨Ì ±μ´¥Î´Ò³ ¸μ¸ÉμÖ´¨Ö³.

� ±μ´¥Í, ¸¥Î¥´¨Ö ¶·μÍ¥¸¸  σ(1 → f) (¸É Í¨μ´ ·´μ¥ ¢´¥Ï´¥¥ ¶μ²¥) ¨
¶·μÍ¥¸¸  σ(2 → f) ¸²¥¤ÊÕÉ ¨§ (98) ¶μ¸²¥ ¢Ò¤¥²¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±¨´¥-
³ É¨Î¥¸±¨Ì ³´μ¦¨É¥²¥°

σ(1 → f) =
Ep

pnT
|(S − I)|in〉|2, |in〉 = (2π)3/2n1/2a+(p)|0〉,

(99)

σ(2 → f) =
1

n1n2TV |u| |(S − I)|in〉|2, |in〉 = (2π)3n1/2
1 n

1/2
2 a+

A(p1)a+
B(p2)|0〉,

£¤¥ u Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ ´ Î ²Ó´ÒÌ Î ¸É¨Í.
’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ÎÉμ  ²£¥¡·  £¥´¥· Éμ·μ¢ £·Ê¶¶Ò �Ê ´± ·¥ ¸μ-

¤¥·¦¨É ¶μ¤ ²£¥¡·Ê, ±μÉμ· Ö ¶·¨ ·¥ ²¨§ Í¨¨ ¥¥ ´  ¶μ¢¥·Ì´μ¸É¨ q2 = const
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ²£¥¡·Ê SO(2,1). ƒ¥´¥· Éμ·Ò ÔÉμ°  ²£¥¡·Ò d1, d2, L3

¨³¥ÕÉ ÉμÎ´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ. Š¢ ´Éμ¢Ò¥ Î¨¸²  ¸μ¸ÉμÖ´¨°, ¶μ-
¸É·μ¥´´ÒÌ ´  ÔÉμ°  ²£¥¡·¥, μ¶·¥¤¥²ÖÕÉ ±μμ·¤¨´ ÉÒ ÔËË¥±É¨¢´μ° μ¡² ¸É¨
·μ¦¤¥´¨Ö Î ¸É¨ÍÒ. �´¨ μ¡· §ÊÕÉ ¶μ²´ÊÕ ¸¨¸É¥³Ê ¸μ¸ÉμÖ´¨° ¢ μ¤´μÎ ¸É¨Î-
´μ³ ¶·μ¸É· ´¸É¢¥ ”μ± . �Éμ ¶μ§¢μ²Ö¥É μ¤´μ§´ Î´μ ¸¢Ö§ ÉÓ ¶μ²´μ¥ ¸¥Î¥´¨¥
¶·μÍ¥¸¸  ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ³ É·¨Î´Ò³ Ô²¥³¥´Éμ³ S-³ É·¨ÍÒ. ‚ ¸²¥¤ÊÕ-
Ð¥³ · §¤¥²¥ ³Ò ¶μ²ÊÎ¨³ ÉμÎ´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê · ¸¶·¥¤¥²¥´¨Ö³¨ Î -
¸É¨Í ¶μ ¨³¶Ê²Ó¸Ê ¨ ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê ¢Ò²¥É  Î ¸É¨ÍÒ, ÎÉμ
¶μ§¢μ²Ö¥É ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¸É·Ê±ÉÊ·Ê μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨Í ´  μ¸´μ¢¥
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶μ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨Ö³ ¶·μÍ¥¸¸ .

3. ‘‚Ÿ‡œ „ˆ””…�…�–ˆ�‹œ�›• ‘…—…�ˆ‰
�� ���…�…—��Œ“ ˆŒ�“‹œ‘“

ˆ ���‘’���‘’‚…���Œ“ ����Œ…’�“
‚›‹…’� „…’…Š’ˆ�“…Œ�‰ —�‘’ˆ–›

‚ ÔÉμ³ · §¤¥²¥ ¢ · ³± Ì ¨§²μ¦¥´´μ£μ ¢ÒÏ¥ Ëμ·³ ²¨§³   ²£¥¡·Ò
SOμ(2,1) ¶μ²ÊÎ¥´  ¨ ¶·μ ´ ²¨§¨·μ¢ ´  ¸¢Ö§Ó ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥-
Î¥´¨¥³ ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C ¶μ ¶μ¶¥·¥Î´μ³Ê ¨³¶Ê²Ó¸Ê ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
¸¥Î¥´¨¥³ ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê b, Ì · ±É¥·¨§ÊÕÐ¥³Ê ±μμ·¤¨´ ÉÒ
μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C. �Éμ · ¸¶·¥¤¥²¥´¨¥ É¥¸´μ ¸¢Ö§ ´μ ¸ ¶·μ¸É· ´-
¸É¢¥´´μ° ¸É·Ê±ÉÊ·μ° ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¨ ¤μ¶Ê¸± ¥É ´ £²Ö¤´ÊÕ Ë¨-
§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ.
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3.1. „¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ ¶μ¶¥·¥Î´μ³Ê ¨³¶Ê²Ó¸Ê Î ¸É¨ÍÒ C.
ŒÒ ¶μ¤·μ¡´μ ¢μ¸¶·μ¨§¢¥¤¥³ ¢Ò¢μ¤ ¸¢Ö§¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö ¶μ ¨³-
¶Ê²Ó¸Ê Î ¸É¨ÍÒ C ¸ ³ É·¨Î´Ò³ Ô²¥³¥´Éμ³ S-³ É·¨ÍÒ [53], ¶μ¸±μ²Ó±Ê  ´ -
²μ£¨Î´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¤²Ö ¸¥Î¥´¨Ö ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê μ [24]
¡Ê¤¥É ¸¤¥² ´μ ¢ · ³± Ì Éμ° ¦¥ ¸Ì¥³Ò.

� ¸¸³μÉ·¨³ ¶·μÍ¥¸¸ A + B → C + D ¤²Ö ¤¢ÊÌ Ë¨§¨Î¥¸±¨Ì ¸²ÊÎ ¥¢. ‚
¶¥·¢μ³ Î ¸É¨Í  C ·μ¦¤ ¥É¸Ö ¸ μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó¸μ³ q,   ¢μ ¢Éμ·μ³ Å
¢ ¸μ¸ÉμÖ´¨¨ |μ, q, ε〉. „¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ ¶μ¶¥·¥Î´μ³Ê ¨³¶Ê²Ó¸Ê
Î ¸É¨ÍÒ C · ¢´μ

dσ(ε)

dΩq
=

1
n1n2TV |u|

dN (ε)

dΩq
. (100)

‡¤¥¸Ó u Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ ´ Î ²Ó´ÒÌ Î ¸É¨Í; n1, n2 Å ¶²μÉ´μ¸É¨
Î ¸É¨Í A ¨ B ¸μμÉ¢¥É¸É¢¥´´μ, μ¸Ó z ´ ¶· ¢²¥´  ¢¤μ²Ó ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ A,
  N Å ¶μ²´μ¥ Î¨¸²μ ¸μ¡ÒÉ¨° ·μ¦¤¥´¨Ö Î ¸É¨Í C ¨ D §  ¡¥¸±μ´¥Î´μ¥ ¢·¥³Ö
T ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥ μ¡Ñ¥³  V . �´μ · ¢´μ

N =
∑

ε=±1

∫
dq1q

2 dq dΩq

∣∣∣〈q⊥, ε
√

q2 − q2
⊥;q1

∣∣∣F̂ |in〉
∣∣∣2, (101)

£¤¥ qC = (q⊥, ε
√

q2 − q2
⊥), qD = q1.

�¶¥· Éμ·Ò ·μ¦¤¥´¨Ö μÉ´μ¸ÖÉ¸Ö ± Î ¸É¨Í ³ A ¨ B,   μ¶¥· Éμ· F̂ ¸¢Ö§ ´
¸ S-³ É·¨Í¥° ¸μμÉ´μÏ¥´¨¥³ S = I + iF̂ . ’· ´¸²ÖÍ¨μ´´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ
¶μ§¢μ²Ö¥É ¶·¥¤¸É ¢¨ÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É μÉ F̂ ¢ ¢¨¤¥

〈f |F̂ |in〉 = δ(4)(qin − qf )〈f |Â|in〉
¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¸μ¸ÉμÖ´¨Ö |in〉, |f〉 μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´Ò³ 4-¨³¶Ê²Ó¸μ³
qin, qf . ’μ£¤ 

N =
TV

(2π)4
∑

ε=±1

∫
dq1q

2 dq dΩqδ(4)(q + q1 − P )×

×
∣∣∣〈q⊥, ε

√
q2 − q2

⊥;q1

∣∣∣Â |in〉
∣∣∣2 =

=
TV

(2π)4
∑

ε=±1

∫
q2 dq dΩqδ

(
Eq +

√
(q − P)2 + m2

D − P 0
)
×

×
∣∣∣〈q⊥, ε

√
q2 − q2

⊥;q1 = P− q
∣∣∣Â |in〉

∣∣∣2.
‡¤¥¸Ó 4-¨³¶Ê²Ó¸ P = P1 + P2 Å ¸Ê³³  ¨³¶Ê²Ó¸μ¢ ´ Î ²Ó´ÒÌ Î ¸É¨Í. ‚
¶μ¸²¥¤´¥³ · ¢¥´¸É¢¥ δ-ËÊ´±Í¨Ö μ¶·¥¤¥²Ö¥É Ô´¥·£¥É¨Î¥¸±ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ·¥-
 ±Í¨¨ ¤²Ö Î ¸É¨ÍÒ C

Eq +
√

(q − P)2 + m2
D − P 0

∣∣∣∣
q=q̃

= 0.
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‘¶· ¢¥¤²¨¢μ ¸μμÉ´μÏ¥´¨¥

δ
(
Eq +

√
(q − P)2 + m2

D − P 0
)

= λ(q) δ(q − q̃), (102)

£¤¥

λ(q) =
qEqED

q2P 0 − (q ·P)Eq

∣∣∣∣
q=q̃

.

‚ ¸. Í. ³. P = 0, ¶μÔÉμ³Ê q̃ § ¢¨¸¨É Éμ²Ó±μ μÉ ¨´¢ ·¨ ´É´μ° ³ ¸¸Ò s =

(EA +EB)2, mC ¨ mD. ’ ±¨³ μ¡· §μ³, E∗
C =

1
2
√

s
(s+m2

C −m2
D), q̃ = p∗C =√

(E∗
C)2 − m2

C . ‘¨³¢μ² (∗) μ§´ Î ¥É ¸. Í. ³. (¤ ²¥¥ ¢¥§¤¥ P = 0).
�¥·¥Ìμ¤Ö μÉ ¶μ²´μ£μ Î¨¸²  ¸μ¡ÒÉ¨° N (ε) (101) ± ¶μ²´μ³Ê ¸¥Î¥´¨Õ σ(ε)

¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (100) ¨ ¨´É¥£·¨·ÊÖ ¶μ q, ¶μ²ÊÎ¨³

σ(ε) =
q̃2λ(s)

(2π)4n1n2|u|

∫
dΩq

∣∣∣A(ε)(q⊥;−q⊥)
∣∣∣2 , (103)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

A(ε)(q⊥;−q⊥) ≡
〈
qC =

(
q⊥, ε

√
q2 − q2

⊥

)
;−qD =

(
q⊥, ε

√
q2 − q2

⊥

)∣∣∣Â |in〉.

Œ É·¨Î´Ò° Ô²¥³¥´É A(ε)(q⊥;−q⊥) (·¨¸. 8) μ¶¨¸Ò¢ ¥É ¶·μÍ¥¸¸ A + B →
C + D, ¢ ±μÉμ·μ³ ¢Ìμ¤ÖÐ¨¥ ¨ ¢ÒÌμ¤ÖÐ¨¥ Î ¸É¨ÍÒ ²¥¦ É ´  Ô´¥·£¥É¨Î¥¸±μ°
¶μ¢¥·Ì´μ¸É¨ ·¥ ±Í¨¨ (¢Ò¶μ²´ÖÕÉ¸Ö § ±μ´Ò ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ ).
’ ±¨³ μ¡· §μ³, ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö dσ(ε)/dΩq ¨§ (103) ¸²¥¤Ê¥É

dσ(ε)

dΩq
=

q̃2λ(s)
(2π)4n1n2|u|

∣∣∣A(ε)(q⊥;−q⊥)
∣∣∣2 . (104)

’¥¶¥·Ó · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  Î ¸É¨Í  C ·μ¦¤ ¥É¸Ö ¢ ¸μ¸ÉμÖ´¨¨
|μ, q, ε〉.

�¨¸. 8. �μÖ¸´¥´¨¥ ± μ¶·¥¤¥²¥´¨Õ ±¨´¥³ É¨±¨ ³ É·¨Î´μ£μ Ô²¥³¥´É 



���‘’���‘’‚…���… ��ˆ‘��ˆ… �	‹�‘’ˆ ��†„…�ˆŸ —�‘’ˆ–› 213

3.2. „¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê μ
¢ ¸. Í. ³. Î ¸É¨Í A ¨ B. �¸´μ¢´ Ö É·Ê¤´μ¸ÉÓ ¶μ¸É·μ¥´¨Ö ¸¥Î¥´¨Ö dσ/dμ
§ ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ³ É·¨Î´Ò° Ô²¥³¥´É 〈μ, q, ε|F̂ |in〉 É· ´¸²ÖÍ¨μ´´μ ´¥
¨´¢ ·¨ ´É¥´, É ± ± ± ¨³¥¥É¸Ö ¢Ò¤¥²¥´´ Ö ÉμÎ±  ¢ ¶μ¶¥·¥Î´μ° ¶²μ¸±μ¸É¨.
�Éμ ¶·¨¢μ¤¨É ± ´¥¢μ§³μ¦´μ¸É¨ ¢Ò¤¥²¨ÉÓ ¡¥¸±μ´¥Î´Ò° ³´μ¦¨É¥²Ó TV . �É¨Ì
¨ ¤·Ê£¨Ì ¶·μ¡²¥³ ³μ¦´μ ¨§¡¥¦ ÉÓ, ´ Î ¢ ¶μ¸É·μ¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ μ
¸· §Ê ¸ · ¸¸³μÉ·¥´¨Ö ¶μ²´μ£μ ¸¥Î¥´¨Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥.

ˆ¸¶μ²Ó§ÊÖ · §²μ¦¥´¨¥ (89), ¶·¥¤¸É ¢¨³ ¤¢ÊÌÎ ¸É¨Î´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¶·μ-
¸É· ´¸É¢¥ ”μ±  ¢ ¢¨¤¥

〈
q⊥, ε

√
q2 − q2

⊥;q1

∣∣∣ = ∫ ξ(q⊥, μ)〈μ, q, ε;q1| dΩμ. (105)

�μ¤¸É ¢²ÖÖ ÔÉμ · §²μ¦¥´¨¥ ¢ ³ É·¨Î´Ò° Ô²¥³¥´É A(ε)(q⊥;−q⊥) ¨§ (103),
¶μ²ÊÎ¨³ ¤²Ö ¶μ²´μ£μ ¸¥Î¥´¨Ö ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

σ(ε) =
q̃2λ(s)

(2π)4 n1n2|u|

∫
dΩq dΩμξ(q⊥, μ)A(ε)(μ;−q⊥)Ā(ε)(q⊥;−q⊥),

£¤¥

A(ε)(μ;−q⊥) ≡
〈
μ, q, ε;−qD =

(
q⊥, ε

√
q2 − q2

⊥

)∣∣∣A |in〉, q = q̃.

�É¸Õ¤  ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C ¢ ¸μ¸ÉμÖ-
´¨¨ 〈μ, q, ε| ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥

dσ(ε)

dΩμ
=

q̃2λ(s)
(2π)4n1n2|u|

∫
dΩqξ(q⊥, μ)A(ε)(μ;−q⊥)Ā(ε)(q⊥;−q⊥). (106)

ˆ¸¶μ²Ó§ÊÖ μ¡· É´μ¥ ± (105) ¸μμÉ´μÏ¥´¨¥ (89) ¨ ¶μ¤¸É ¢²ÖÖ ¥£μ ¢ (106),
¶μ²ÊÎ¨³

dσ(ε)

dΩμ
=

q̃2λ(s)
(2π)4n1n2|u|

∫
dΩq dΩkξ(q⊥, μ)ξ̄(k⊥, μ)×

× A(ε)(q⊥ + Δ;−q⊥)Ā(ε)(q⊥;−q⊥), (107)

£¤¥ Δ = k⊥ − q⊥. ‚μ§´¨±Ï¨° §¤¥¸Ó ³ É·¨Î´Ò° Ô²¥³¥´É A(ε)(q⊥ + Δ;−q⊥)
μ¶¨¸Ò¢ ¥É ¶·μÍ¥¸¸ A + B → C + D ¢´¥ Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨. � · -
³¥É· Δ Ì · ±É¥·¨§Ê¥É ¢¥²¨Î¨´Ê μÉ±²μ´¥´¨Ö ¶μ¶¥·¥Î´μ£μ ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ
C μÉ ¥£μ §´ Î¥´¨Ö ´  Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨. �Éμ ¶·¨¢μ¤¨É ± Éμ³Ê,
ÎÉμ ¢ÒÎ¨¸²¥´¨¥ ¸¥Î¥´¨Ö dσ(ε)/dΩμ ¸μ¤¥·¦¨É ¶·μÍ¥¤Ê·Ê  ´ ²¨É¨Î¥¸±μ£μ ¶·μ-
¤μ²¦¥´¨Ö  ³¶²¨ÉÊ¤Ò A(ε)(q⊥;−q⊥) ¢ ´¥Ë¨§¨Î¥¸±ÊÕ μ¡² ¸ÉÓ ¶μ ¶μ¶¥·¥Î´μ³Ê
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¨³¶Ê²Ó¸Ê Î ¸É¨ÍÒ C ¨ ¶·¨¢μ¤¨É ± · ¸¶·¥¤¥²¥´¨Õ, § ¢¨¸ÖÐ¥³Ê μÉ ¢Ò¡μ·  ±μ´-
±·¥É´μ° ³μ¤¥²¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ³¶²¨ÉÊ¤Ò. ˆ§ ¢Ò· ¦¥´¨Ö (107) ¸ ÊÎ¥Éμ³
¢Ò· ¦¥´¨Ö (103) ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨

σ(ε) =
∫ (dσ(ε)

dΩμ

)
dΩμ =

q̃2λ(s)
(2π)4 n1n2|u|

∫
dΩq

∣∣∣A(ε)(q⊥;−q⊥)
∣∣∣2 . (108)

‚ ¸μμÉ´μÏ¥´¨¨ (107) · §²μ¦¨³  ³¶²¨ÉÊ¤Ê A(ε)(q⊥ +Δ;−q⊥) ¢ ·Ö¤ ’¥°²μ· 
¶μ ¸É¥¶¥´Ö³ ¢¨·ÉÊ ²Ó´μ¸É¨ Δi:

A(ε)(q⊥ + Δ;−q⊥) =
∞∑

n=0

1
n!

(
A(n)(q) · Δn

)
,

£¤¥

A(0)(q) = A(ε)(q⊥;−q⊥) Å  ³¶²¨ÉÊ¤  ´  Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨,

A(1)(q) · Δ =
∂A(ε)(k⊥;−q⊥)

∂k⊥i

∣∣∣
k⊥=q⊥

Δi,

A(2)(q) · Δ2 =
∂2

∂k⊥i∂k⊥j
A(ε)(k⊥;−q⊥)

∣∣∣
k⊥=q⊥

ΔiΔj ,

. . . ¨ É. ¤.

�Ê¸ÉÓ ρ(ε)(μ, s) Å ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶ · ³¥É·Ê ¢Ò²¥É  μ ¤¥É¥±É¨-
·Ê¥³μ° Î ¸É¨ÍÒ C ¢ ±¢ §¨Ê¶·Ê£μ³ ¶·μÍ¥¸¸¥ A + B → C + D:

ρ(ε)(μ, s) =
1

σ(ε)

dσ(ε)

dΩμ
=

∞∑
n=0

ρ(ε,n)(μ, s), (109)

£¤¥

ρ(ε,n)(μ, s) =
1

σ(ε)

q̃2λ(s)
(2π)4 n1n2|u|

∫
dΩq dΩk ξ(q⊥, μ)ξ̄(k⊥, μ)×

× 1
n!

(
A(ε,n)(q) · Δn

)
Ā(ε)(q⊥; −q⊥). (110)

ˆ§ ¸μμÉ´μÏ¥´¨Ö (108) ¸²¥¤Ê¥É Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨∫
ρ(ε)(μ, s) dΩμ = 1. (111)

�¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ∫
ρ(ε,n)(μ, s) dΩμ = 0, (112)
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ÔÉμ ¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ Δi · δ(2)(k⊥ − q⊥) = 0. ’ ±¨³ μ¡· §μ³, ¢ ¶μ²´μ¥
¸¥Î¥´¨¥ ¤ ¥É ¢±² ¤ Éμ²Ó±μ

ρ(ε,0)(μ, s) =
1

σ(ε)

q̃2λ(s)
(2π)4 n1n2|u|

×

×
∫

dΩq dΩkξ(q⊥, μ)ξ̄(k⊥, μ)|A(ε)(q⊥;−q⊥)|2. (113)

…¸²¨ ¢ ¢Ò· ¦¥´¨¨ (109) μ£· ´¨Î¨ÉÓ¸Ö ¸² £ ¥³Ò³ n = 0, Éμ ¨§ (113) ¶μ¸²¥
¨´É¥£·¨·μ¢ ´¨Ö ¶μ k ¶μ²ÊÎ¨³ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥:

1
σ(ε)

dσ(ε)

dμ
≈ ρ(ε,0)(μ, s) =

1
2π

1
σ(ε)

μ th (πμ)κ(μ)×

×
∫

dΩq
q√

q2 − q2
⊥

P− 1
2+iμ

(
q√

q2 − q2
⊥

)
dσ(ε)

dΩq
, (114)

£¤¥

κ(μ) =
∫

ξ(k⊥, μ) dΩk =
2π2

ch (πμ)

√
π∣∣∣∣Γ

(
iμ

2
+

3
4

)∣∣∣∣
2 . (115)

�·¨ ¢ÒÎ¨¸²¥´¨¨ (114) ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¨´É¥£· ²Ó´μ¥ ¸μμÉ´μÏ¥´¨¥ (85).
Š ± ¢¨¤´μ, ¢ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ · ¸¶·¥¤¥²¥´¨¥ ¶μ μ μ¶·¥¤¥²Ö¥É¸Ö ¤¨ËË¥-

·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨¥³ dσ(ε)/dΩq, ¸²¥¤μ¢ É¥²Ó´μ, Ö¢²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´μ
´ ¡²Õ¤ ¥³μ° ¢¥²¨Î¨´μ°. ‚¸¥ ¶μ¶· ¢±¨, ¸¢Ö§ ´´Ò¥ ¸ · §²μ¦¥´¨¥³  ³¶²¨ÉÊ¤Ò
¢ μ±·¥¸É´μ¸É¨ Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨, ´¥ ³¥´ÖÕÉ §´ Î¥´¨Ö ¶μ²´μ£μ ¸¥-
Î¥´¨Ö ·μ¦¤¥´¨Ö Î ¸É¨ÍÒ C ¸ ¶ · ³¥É·μ³ ¢Ò²¥É  μ, ´μ ¨§³¥´ÖÕÉ ¸É·Ê±ÉÊ·Ê
· ¸¶·¥¤¥²¥´¨Ö ρ(ε)(μ, s). ‚ÒÎ¨¸²¥´¨¥ ÔÉ¨Ì ¶μ¶· ¢μ± ¸¢Ö§ ´μ ¸ ¢Ò¡μ·μ³ ±μ´-
±·¥É´μ° ³μ¤¥²¨  ³¶²¨ÉÊ¤Ò.

‚ÒÎ¨¸²¨³ ρ(ε,1)(μ, s), ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (110). �·¨ ÔÉ¨Ì ¢ÒÎ¨-
¸²¥´¨ÖÌ ¢μ§´¨± ¥É ¨´É¥£· ²

∫
dΩk

(
A(1)(q) · Δ

)
ξ(k⊥, μ) =

=
∫

dΩkξ(k⊥, μ)
(
−q⊥i

∂A(ε)(q⊥;−q⊥)
∂q⊥i

+ ki
∂A(ε)(q⊥;−q⊥)

∂q⊥i

)
.

‚Ò¶μ²´¨³ ¢ ÔÉμ³ ¸μμÉ´μÏ¥´¨¨ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ k, ¶μ²ÊÎ¨³∫
dΩk

(
A(1)(q) · Δ

)
ξ(k⊥, μ) =

[
κ

(1)(μ) n − κ(μ)q⊥

] ∂

∂q⊥
A(ε)(q⊥;−q⊥),
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£¤¥

κ
(1)(μ) =

∫
(nk⊥)ξ(k⊥, μ) dΩk = −4

√
π

Γ(iμ + 1/2)
Γ(iμ + 3/2)

∣∣∣∣Γ
(

iμ + 5/2
2

)∣∣∣∣
2

,

  κ(μ) μ¶·¥¤¥²¥´  ¢ (115). ’ ±¨³ μ¡· §μ³, ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ρ(ε,1)(μ, s)
¶μ²ÊÎ¨³

ρ(ε,1)(μ, s) =
1

σ(ε)

q̃2λ(s)
(2π)4n1n2|u|

∫
dΩqξ(q⊥, μ)Ā(ε)(q⊥;−q⊥)×

×
[
κ

(1)(μ) n − κ(μ)q⊥

] ∂

∂q⊥
A(ε)(q⊥;−q⊥). (116)

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ∫
ρ(ε,1)(μ, s) dΩμ = 0

¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡Ð¨³ ¸μμÉ´μÏ¥´¨¥³ (112). •μÉÖ ρ(ε,1)(μ, s) Ö¢´μ ±μ³-
¶²¥±¸´μ, ¶μ²´μ¥ · ¸¶·¥¤¥²¥´¨¥ (109) ¤¥°¸É¢¨É¥²Ó´μ ¶μ ¶μ¸É·μ¥´¨Õ. �μÔÉμ³Ê
¢ ¶· ±É¨Î¥¸±¨Ì Í¥²ÖÌ ¨³¥¥É ¸³Ò¸² Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ μÉ ¶μ¶· ¢μ±
ρ(ε,n)(μ, s).

� ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ¶·¨¡²¨¦¥´¨¥ ρ(ε)(μ, s) = ρ(ε,0)(μ, s) (¸μμÉ´μÏ¥-
´¨¥ (114)). ‚ ÔÉμ³ ¸μμÉ´μÏ¥´¨¨ ¶¥·¥°¤¥³ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ±
£¨¶¥·¡μ²¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (76). ‚ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
μ¡Ñ¥³ ¨³¥¥É ¢¨¤ dΩq = du/u3

0 = du0 dϕ/u2
0, £¤¥ ϕ Å ¶μ²Ö·´Ò° Ê£μ² ¢¥±-

Éμ·  q⊥. ‘ ÊÎ¥Éμ³ ÔÉμ£μ ¨ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥
dσ±/dΩq ´¥ § ¢¨¸¨É μÉ ¶μ²Ö·´μ£μ Ê£²  ϕ, ¶μ²ÊÎ¨³

dσ±

dμ
= μ th (πμ)κ(μ)

∞∫
1

du0

u0
P−1/2+iμ(u0)

(
dσ±

dΩq

)
, (117)

£¤¥ Ê£²μ¢ Ö Î ¸ÉÓ ¸¥Î¥´¨Ö ¢ ¶· ¢μ° Î ¸É¨ ¨´É¥£· ²  ¢Ò· ¦¥´  Î¥·¥§ ¶¥·¥-
³¥´´ÊÕ u0.

� ±μ´¥Í, ¢Ò· §¨³ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ μ Î¥·¥§ ¤¨ËË¥·¥´Í¨-
 ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ Ê£²Ê · ¸¸¥Ö´¨Ö. �Ê¸ÉÓ θ ¨ ϕ Å  ±¸¨ ²Ó´Ò° ¨ ¶μ²Ö·´Ò°
Ê£²Ò ¨³¶Ê²Ó¸  q, z = cos θ. �¥·¥°¤¥³ ¢ (117) ± ¨´É¥£·¨·μ¢ ´¨Õ ¶μ ÔÉ¨³
Ê£² ³, ¶μ²ÊÎ¨³

dσ+

dμ
=

1
2π

μ th (πμ)κ(μ)

1∫
0

dz

z
P−1/2+iμ

(
1
z

)
dσ

dz
,

dσ−

dμ
=

1
2π

μ th (πμ)κ(μ)

0∫
−1

dz

|z|P−1/2+iμ

(
1
|z|

)
dσ

dz
,

(118)
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£¤¥ dσ/dz ¥¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¶μ ±μ¸¨´Ê¸Ê Ê£²  · ¸¸¥Ö´¨Ö Î -
¸É¨ÍÒ C ¢ ¶·μÍ¥¸¸¥ A + B → C + D. ‡¤¥¸Ó ÊÎÉ¥´μ, ÎÉμ dσ±/dΩq ´¥ § ¢¨¸¨É
μÉ ϕ, ¶μÔÉμ³Ê

dσ±

dΩq
=

1
2π

dσ

dz
.

Š ± ¸²¥¤Ê¥É ¨§ (118), ¢ μÉ²¨Î¨¥ μÉ dσ±/dΩq ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥-
´¨¥ dσ±/dΩμ ´¥ Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´Ò³ ´  ¢¸¥³ ¨´É¥·¢ ²¥ μ.
�·¨ ÔÉμ³ ¶μ²´μ¥ Î¨¸²μ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¸μ¸ÉμÖ´¨° ¸ ¤ ´´Ò³ μ ·¥£Ê²¨·Ê-
¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ (111). �μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥ dσ/dμ
¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ÊÎ¥Éμ³ ¶μ¶· ¢μ± ρ(ε,n)(μ, s) (110). � §³¥· ÔÉ¨Ì ¶μ¶· ¢μ±
³μ¦´μ ¶·¨¡²¨¦¥´´μ μÍ¥´¨ÉÓ ¨§ ¢±² ¤μ¢ μÉ·¨Í É¥²Ó´ÒÌ μ¡² ¸É¥° ρ(ε,0)(μ, s).
�¡· ¡μÉ±  ³´μ£¨Ì ³μ¤¥²¥° ¶μ± §Ò¢ ¥É, ÎÉμ μ¡ÒÎ´μ ¶μ¶· ¢±  ± ρ(ε,0)(μ, s)
³ ² , ∼ 0,1%.

3.3. ‚ÒÎ¨¸²¥´¨¥ ρ(ε,0)(μ, s) ¢ · ³± Ì ¶·μ¸É¥°Ï¨Ì ³μ¤¥²¥° dσ/dΩ. ‚
± Î¥¸É¢¥ ¶·¨³¥·  ¶·μ¸É¥°Ï¥° ³μ¤¥²¨ · ¸¸³μÉ·¨³ μ¤´μÎ ¸É¨Î´Ò° μ¡³¥´ ¢
t-± ´ ²¥ ¤²Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö A + B → A + B (29). ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥
¸¥Î¥´¨¥ ± ± ËÊ´±Í¨Ö u0 ¨³¥¥É ¶μ²Õ¸´Ò° ¢¨¤

dσ

dΩ
= N0

α2

(t − M2)2
=

α2N0

(2q2)2
1

(z0 − z)2
=

α2N0

(2z0q2)2
u2

0

(u0 − ε/z0)2
,

(119)

z0 = 1 +
2M2s

λ(s, m2
A, m2

B)
= 1 +

M2

2q2
,

£¤¥ M Å ³ ¸¸  μ¡³¥´´μ° Î ¸É¨ÍÒ; λ(x, y, z) = (x2 + y2 + z2 − 2xy − 2xy −
2yz) Å ¨§¢¥¸É´ Ö ËÊ´±Í¨Ö É·¥Ê£μ²Ó´¨± ; α Å ±μ´¸É ´É  ¸¢Ö§¨,

N0 = (2π)2
q2λ̃(q⊥)

|u| = (2π)2
(s2 − (m2

1 − m2
2)

2)2

16s3
.

‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ¸¥Î¥´¨Ö σ± ¶μ²ÊÎ ¥³

σ± =
α2N0

(2q2)2
2π

z0(z0 ∓ 1)
,

£¤¥

σ(ε) =

∞∫
0

(
dσ(ε)

dμ

)
dμ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1∫
0

(
dσ

dz

)
dz, ε = 1,

0∫
−1

(
dσ

dz

)
dz, ε = −1.
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ˆ´É¥£· ² ¢ (117) c É ±¨³ ¸¥Î¥´¨¥³ ¢ÒÎ¨¸²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨. �μ·³¨·μ¢ ´-
´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê ¶·¨´¨³ ¥É ¢¨¤

1
σε

dσε

db
=

=
q2b

2
th (πμ)κ(μ)

ch (μπ)
z0 − ε

z0

[
Piμ−1/2

(−ε

z0

)
+

ε√
z2
0 − 1

P 1
iμ−1/2

(−ε

z0

)]
, (120)

�¨¸. 9. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ b ¢ ³μ-
¤¥²¨ μ¤´μÎ ¸É¨Î´μ£μ μ¡³¥´ . bq < 1/2 Å
μ¡² ¸ÉÓ, § ¶·¥Ð¥´´ Ö ¸μμÉ´μÏ¥´¨¥³ ´¥μ¶·¥-
¤¥²¥´´μ¸É¨, z0 = 1,02

P 1
iμ−1/2(x) Å ¶·¨¸μ¥¤¨´¥´´ Ö

ËÊ´±Í¨Ö ±μ´Ê¸ . ƒ· Ë¨± · ¸¶·¥¤¥-
²¥´¨Ö (120) ¨§μ¡· ¦¥´ ´  ·¨¸. 9.
’ ± ± ± z0 � 1, Éμ  ·£Ê³¥´É ËÊ´±-
Í¨¨ ±μ´Ê¸  ¶·¨´ ¤²¥¦¨É μÉ·¥§±Ê
[−1, 1]. �·¨ É ±μ³ §´ Î¥´¨¨  ·-
£Ê³¥´É  ËÊ´±Í¨Ö ±μ´Ê¸  ¶μ²μ¦¨-
É¥²Ó´  (  É ±¦¥ ¶·¨¸μ¥¤¨´¥´´Ò¥
ËÊ´±Í¨¨ ±μ´Ê¸  ¶·¨ m > 0). �μ-
ÔÉμ³Ê ¸¥Î¥´¨¥ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥-
¤¥²¥´μ ¶·¨ ε = 1. �·¨ ε = −1 ¸¥-
Î¥´¨¥ §´ ±μ¶¥·¥³¥´´μ. �·¨ ÔÉμ³,
¥¸²¨ ¸Î¨É ÉÓ Ê¸²μ¢´μ, ÎÉμ ¢ ¶μ²μ-
¦¨É¥²Ó´μ° μ¡² ¸É¨ ¨´É¥´¸¨¢´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨Ö I(b) ∼ 1, Éμ ¢ μÉ·¨-
Í É¥²Ó´μ° μ¡² ¸É¨ ¨´É¥´¸¨¢´μ¸ÉÓ

∼ 10−5. �Éμ μ¡Ê¸²μ¢²¥´μ É¥³, ÎÉμ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ ¶ ¤¥´¨¥ I(b) ¢ § ¤-
´¥° ¶μ²Ê¸Ë¥·¥ μ¶·¥¤¥²Ö¥É¸Ö · ¤¨Ê¸μ³ R ∼ q−1, É. ¥. I(b) ∼ exp (−πbq)
¶·¨ bq � 1.

‚ μ¡² ¸É¨ M2/s 
 1 ¸¥Î¥´¨¥ ¨³¥¥É ¢¨¤

1
σ−

dσ−

db
= q2b

th (πμ)κ(μ)
ch (μπ)

[
7 − 4μ2

8
+ O

(
M2

s

)]
,

1
σ+

dσ+

db
= q2b

th (πμ)κ(μ)
ch (μπ)

[
ch (μπ)

π
+ O

(
M2

s

)]
.

3.4. ‘μμÉ´μÏ¥´¨¥ ³¥¦¤Ê 〈b2〉 ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨¥³ ¶μ ¶μ¶¥-
·¥Î´μ³Ê ¨³¶Ê²Ó¸Ê Î ¸É¨ÍÒ C ¢ ¸. Í. ³. Î ¸É¨Í A ¨ B. ‚ÒÎ¨¸²¨³ ¸·¥¤´¥¥
§´ Î¥´¨¥ ±¢ ¤· É  ¶·μ¸É· ´¸É¢¥´´μ£μ ¶ · ³¥É·  〈b2

±〉. �μ μ¶·¥¤¥²¥´¨Õ ¸·¥¤-
´¥£μ ¨³¥¥³

〈μ2
±〉 =

1
σ±

∞∫
0

μ2 dσ±

dμ
dμ. (121)
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‚μ§Ó³¥³ ¢ ± Î¥¸É¢¥ · ¸¶·¥¤¥²¥´¨Ö σ± ¶·¨¡²¨¦¥´¨¥ (118) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
Éμ²Ó±μ ρ(ε,0)(μ, s). �μ¤¸É ¢²ÖÖ ¢ (121) ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö dσ±/dμ ¨§ ¸μμÉ´μ-
Ï¥´¨Ö (117) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ (115)

κ(μ) = 2π

∞∫
1

Piμ−1/2(x)
dx

x
,

¶μ²ÊÎ¨³

〈b2
±〉 =

2π

q̃2σ±

∫ (
μ2 +

1
4

)
Piμ−1/2(x)Piμ−1/2(u0)

dσ±

dΩ
dx

x

du0

u0
dΩμ. (122)

„¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ±μ´Ê¸  Piμ−1/2(u0) ¶μ  ·£Ê³¥´ÉÊ
u0 ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ [32]:(

μ2 +
1
4

)
Piμ−1/2(u0) =

(
−(u2

0 − 1)
d2

du2
0

− 2u0
d

du0

)
Piμ−1/2(u0).

‹¥¢ Ö Î ¸ÉÓ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¢Ìμ¤¨É ¶μ¤Ò´É¥£· ²Ó´Ò³ ³´μ¦¨É¥²¥³ ¢ ¸μμÉ-
´μÏ¥´¨¥ (122), ¨ ¥¥ ¶μ¤¸É ´μ¢±  ¶μ§¢μ²Ö¥É ¶·μ¢¥¸É¨ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ μ ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ Ê¸²μ¢¨Ö ¶μ²´μÉÒ ËÊ´±Í¨¨ ±μ´Ê¸  (25). „ ²¥¥ ³μ¦´μ ¢Ò¶μ²-
´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥ ¨ ¶μ ¶¥·¥³¥´´μ° x. �μ¸²¥ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨°
¶μ²ÊÎ¨³

〈b2
±〉 =

2π

q̃2σ±

∫
2
u3

0

dσ±

dΩ
du0

u0
.

�¥·¥Ìμ¤Ö ¢ ÔÉμ³ ¢Ò· ¦¥´¨¨ μÉ ¶¥·¥³¥´´μ° u0 ± Ê£²Ê · ¸¸¥Ö´¨Ö θ, ¶μ²ÊÎ¨³

〈b2
ε〉 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2
q2σ+

1∫
0

cos2 θ
dσ

d cos θ
d cos θ, ε = 1,

2
q2σ−

0∫
−1

cos2 θ
dσ

d cos θ
d cos θ, ε = −1.

’ ±¨³ μ¡· §μ³, μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³

〈b2
±〉 =

8s

λ(s, m2
C , m2

D)
〈cos2 θ±〉, (123)

£¤¥

〈cos2 θε〉 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
σ+

1∫
0

z2 dσ

dz
dz, ε = 1,

1
σ−

0∫
−1

z2 dσ

dz
dz, ε = −1,
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£¤¥ z = cos θ,   〈b2
±〉 μ¶·¥¤¥²¥´μ ¸μμÉ´μÏ¥´¨¥³ (121). �É¸Õ¤  ¸²¥¤Ê¥É

〈μ2
±〉 = 2〈cos2 θ±〉 −

1
4
. (124)

� · ³¥É· μ Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³, ¶μÔÉμ³Ê μ2 > 0. �É¸Õ¤  ¨§ (124)
¸²¥¤Ê¥É ¢ ¦´μ¥ Ë¨§¨Î¥¸±μ¥ ´¥· ¢¥´¸É¢μ

〈cos2 θ±〉 � 1
8
. (125)

�¡¸Ê¤¨³ ¶·¨·μ¤Ê ÔÉμ£μ ´¥· ¢¥´¸É¢ . �´μ ¸²¥¤Ê¥É ¨§ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¶ -
· ³¥É·  μ =

√
b2q2/�2 − 1/4, £¤¥ � Å ¶μ¸ÉμÖ´´ Ö �² ´± . ‡¤¥¸Ó b2 ¥¸ÉÓ

¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ μ¶¥· Éμ·  Š §¨³¨·  ´  £·Ê¶¶¥ SO(2,1) [24]. ‘¶¥±É·
ÔÉμ£μ μ¶¥· Éμ·  ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸μ¸ÉμÖ´¨° Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ-
¢¨Õ b2q2 � �

2/4, ÎÉμ ¨ μ¡¥¸¶¥Î¨¢ ¥É ¤¥°¸É¢¨É¥²Ó´μ¸ÉÓ ¶ · ³¥É·  μ. ‘ ³μ
ÔÉμ ´¥· ¢¥´¸É¢μ ¨³¥¥É ±¢ ´Éμ¢ÊÕ ¶·¨·μ¤Ê ¨ μÉμ¡· ¦ ¥É ÉμÉ Ë ±É, ÎÉμ Î ¸É¨Í 
C ´¥ ³μ¦¥É ·μ¤¨ÉÓ¸Ö ¢ Ë §μ¢μ³ μ¡Ñ¥³¥ ³¥´ÓÏ¥³, Î¥³ ¤μ¶Ê¸± ¥É¸Ö ¸μμÉ´μÏ¥-
´¨¥³ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ . ’μÉ Ë ±É, ÎÉμ ¢ ± Î¥¸É¢¥ · ¸¶·¥¤¥²¥´¨Ö
dσ/dμ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ρ(ε,0)(μ, s), Éμ²Ó±μ Ê¸¨²¨¢ ¥É ÔÉμ ´¥· ¢¥´¸É¢μ. ˆ¸-
¶μ²Ó§μ¢ ´¨¥ ¶μ²´μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (109) ¤μ²¦´μ ¶·¨¢¥¸É¨ ±
Ê¢¥²¨Î¥´¨Õ 〈b2〉 ¢ ¸¨²Ê ¶μ²μ¦¨É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨ (109).

�¡· É¨³ ¢´¨³ ´¨¥ ´  ÉμÉ Ë ±É, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (123) ³¥¦¤Ê 〈b2
±〉

¨ 〈cos2 θ±〉 ¸¶· ¢¥¤²¨¢μ ¤²Ö ²Õ¡μ£μ ¶·μÍ¥¸¸  A + B → C + D ¢ ¸. Í. ³.
Î ¸É¨Í A ¨ B.

‚ ³μ¤¥²¨ ¸ μ¤´μÎ ¸É¨Î´Ò³ μ¡³¥´μ³ (119) ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ

〈cos2 θ±〉 = ±2z2
0(z0 ∓ 1) ln

(
z0 ∓ 1

z0

)
∓ z0 + 2z2

0 .

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ

〈b2
±〉 =

1
q2

(
±4z2

0(z0 ∓ 1) ln
(

z0 ∓ 1
z0

)
∓ 2z0 + 4z2

0

)
.

�·μ ´ ²¨§¨·Ê¥³ ÔÉ¨ ¢Ò· ¦¥´¨Ö ± ± ËÊ´±Í¨¨ ¶ · ³¥É·  z0. �´ ²¨§ ¶μ± §Ò-
¢ ¥É, ÎÉμ 〈cos2 θ±〉 ³¥´Ö¥É¸Ö ¢ ¶·¥¤¥² Ì

1
3

< 〈cos2 θ+〉 � 1, 0,23 � 〈cos2 θ−〉 <
1
3

¶·¨ ¨§³¥´¥´¨¨ z0 ¢ ¨´É¥·¢ ²¥ μÉ 1 ¤μ ∞.
’ ±¨³ μ¡· §μ³, ¢ ÔÉμ³ · §¤¥²¥ ¶μ²ÊÎ¥´μ ÉμÎ´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê  ³-

¶²¨ÉÊ¤μ° · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ C ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¨ ËÊ´±Í¨¥° · ¸-
¶·¥¤¥²¥´¨Ö ¶μ ¶·μ¸É· ´¸É¢¥´´μ³Ê ¶ · ³¥É·Ê ¢Ò²¥É  ÔÉμ° Î ¸É¨ÍÒ ¨§ μ¡² ¸É¨
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¢§ ¨³μ¤¥°¸É¢¨Ö. �É  ËÊ´±Í¨Ö μ¶¨¸Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¢¥Ð¥¸É¢  ¢ ³¨Ï¥´¨ ¨
¶μ§¢μ²Ö¥É ¶μ´ÖÉÓ ¶·¨·μ¤Ê ¥¥ ¸μ¸É ¢´ÒÌ Î ¸É¥° ´   ¤·μ´´ÒÌ ³ ¸ÏÉ ¡ Ì. ‚¨¤
ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤, § ¢¨¸ÖÐ¨°
Éμ²Ó±μ μÉ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö, É. ¥. μÉ ´ ¡²Õ¤ ¥³μ° ¢¥²¨Î¨´Ò. �·¨Î¥³ ¢±² ¤
¶μ¶· ¢μ± ¢Ò£²Ö¤¨É ³ ²Ò³ (∼ 10−3−10−5 ¢ · ¸¸³μÉ·¥´´ÒÌ ³μ¤¥²ÖÌ).

�μ²ÊÎ¥´μ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê 〈b2
±〉 ¨ 〈cos2 θ±〉 ¢ ¸. Í. ³., £¤¥ Ê¸·¥¤´¥´¨¥

¢¥¤¥É¸Ö ¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨Ö³. �Éμ ¸μμÉ´μÏ¥-
´¨¥ ¸¶· ¢¥¤²¨¢μ ¤²Ö ²Õ¡μ£μ ¶·μÍ¥¸¸  A + B → C + D. ˆ§ ´¥£μ ¸²¥¤Ê¥É
μ£· ´¨Î¥´¨¥ ¸´¨§Ê ´  〈cos2 θ±〉 � 1/8.

‡�Š‹
—…�ˆ…

�¡¸Ê¦¤ ¥³ Ö ¢ ¤ ´´μ³ μ¡§μ·¥ ¶·μ¡²¥³  ¸¢Ö§ ´  ¸ ¶μ¶ÒÉ±μ° ¶μ²ÊÎ¨ÉÓ
¶·μ¸É· ´¸É¢¥´´ÊÕ ± ·É¨´Ê μ¡² ¸É¨ ·μ¦¤¥´¨Ö ¶·¨ ¸Éμ²±´μ¢¥´¨¨ Î ¸É¨Í ¢Ò-
¸μ±¨Ì Ô´¥·£¨°. �ÉμÉ ¶·μÍ¥¸¸ ¸μ¶·μ¢μ¦¤ ¥É¸Ö ·μ¦¤¥´¨¥³ ¡μ²ÓÏμ£μ Î¨¸²  Î -
¸É¨Í, Ô¢μ²ÕÍ¨Ö ±μÉμ·ÒÌ ¤μ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨° ¶·μÌμ¤¨É
Î¥·¥§ ·Ö¤ Ë §. �¶¨¸ ´¨¥ ÔÉ¨Ì ¸μ¸ÉμÖ´¨° ´  Ö§Ò±¥ ¶·μ¸É· ´¸É¢¥´´ÒÌ Ì · ±É¥-
·¨¸É¨± μ¡² ¸É¨ ·μ¦¤¥´¨Ö ¢¶¥·¢Ò¥ ¢μ§´¨±²μ ¶·¨ ¨§ÊÎ¥´¨¨ Ê¶·Ê£¨Ì ¶·μÍ¥¸¸μ¢.
�ËË¥±É¨¢´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨ ¶μ§¢μ²¨²μ ¢¢¥¸É¨ ¢ ¦´ÊÕ
Ë¨§¨Î¥¸±ÊÕ Ì · ±É¥·¨¸É¨±Ê Å ´¥Ê¶·Ê£ÊÕ ËÊ´±Í¨Õ ¶¥·¥±·ÒÉ¨Ö Ginel(q, b).
�´  μ¶·¥¤¥²Ö¥É¸Ö ´¥Ê¶·Ê£¨³¨ ¢±² ¤ ³¨ ¢ Ê¶·Ê£¨° ¶·μÍ¥¸¸ ¨ Ì · ±É¥·¨§Ê¥É
Î¨¸²μ Î ¸É¨Í, ·μ¦¤¥´´ÒÌ ´  ¤ ´´μ³ · ¸¸ÉμÖ´¨¨ b μÉ ÉμÎ±¨ ¸Éμ²±´μ¢¥´¨Ö.
‚¢¥¤¥´¨¥ ËÊ´±Í¨¨ Ginel(q, b) μ¸´μ¢ ´μ ´  Ô°±μ´ ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨  ³-
¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ ¶·μÍ¥¸¸  ¨ ¶μ ¸¢μ¥³Ê ¸ÊÐ¥¸É¢Ê ·¥ ²¨§Ê¥É ±¢ §¨±² ¸¸¨-
Î¥¸±¨° ¶¥·¥Ìμ¤ μÉ μ·¡¨É ²Ó´μ£μ ³μ³¥´É  ± ¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê. �·μ-
¡²¥³  É ±μ£μ ¶¥·¥Ìμ¤  ¸¢Ö§ ´  ¸ μ¡² ¸ÉÓÕ ¥£μ ¶·¨³¥´¨³μ¸É¨. �´ ´¥¸¶· -
¢¥¤²¨¢ ¢ μ¡² ¸É¨ ³ ²ÒÌ ¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¨ ¡μ²ÓÏ¨Ì Ê£²μ¢ · ¸¸¥Ö-
´¨Ö. �¤´ ±μ ¨³¥´´μ ÔÉ  μ¡² ¸ÉÓ μ¶·¥¤¥²Ö¥É ¸É·Ê±ÉÊ·Ê ËÊ´±Í¨¨ Ginel(q, b)
¶μ b. �ÉμÉ Ë ±É ¡Ò² ¶μ²μ¦¥´ ¢ μ¸´μ¢Ê ¶·¨ ¨¸¸²¥¤μ¢ ´¨ÖÌ, ¨§²μ¦¥´´ÒÌ
¢ ¤ ´´μ³ μ¡§μ·¥. ˆ¸Ìμ¤´Ò³ ¤²Ö ´ ¸ ¡Ò²μ É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ¥ μ¶¨¸ ´¨¥
¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  b ± ± ¢¥±Éμ·  ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö ¤¢ÊÌ Î -
¸É¨Í. …£μ ±¢ ´Éμ¢ ´¨¥ ¶μ§¢μ²¨²μ ¶μ¸É·μ¨ÉÓ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¤¢ÊÌÎ ¸É¨Î-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³ b ¨ ¶μ²ÊÎ¨ÉÓ · §²μ¦¥´¨¥ Ê¶·Ê£μ°  ³¶²¨-
ÉÊ¤Ò ± ± ËÊ´±Í¨¨ ´  £·Ê¶¶¥ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . ŠμÔËË¨Í¨¥´ÉÒ · §²μ-
¦¥´¨Ö (¶·μË¨²Ó´ Ö ËÊ´±Í¨Ö) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ Ê´¨É ·´μ¸É¨ ²μ± ²Ó´μ
¢ ± ¦¤μ° ÉμÎ±¥ ¶μ b ¨ μ¡¥¸¶¥Î¨¢ ÕÉ Ê´¨É ·´μ¸ÉÓ  ³¶²¨ÉÊ¤Ò. �Éμ ¸¢μ°-
¸É¢μ μÉ¸ÊÉ¸É¢μ¢ ²μ ¢ Ô°±μ´ ²Ó´μ³ ¶μ¤Ìμ¤¥, ´μ ¨³¥´´μ μ´μ ¶μ§¢μ²Ö¥É ¶μ-
¸É·μ¨ÉÓ ´¥Ê¶·Ê£ÊÕ ËÊ´±Í¨Õ ¶¥·¥±·ÒÉ¨Ö ¢μ ¢¸¥° Ë¨§¨Î¥¸±μ° μ¡² ¸É¨ ¨§-
³¥´¥´¨Ö b.

„·Ê£μ°  ¸¶¥±É ¶·μ¡²¥³Ò μ¶¨¸ ´¨Ö ¶·μ¸É· ´¸É¢¥´´μ° ¸É·Ê±ÉÊ·Ò μ¡² ¸É¨
¢§ ¨³μ¤¥°¸É¢¨Ö ¸¢Ö§ ´ ¸ ¶μ²ÊÎ¥´¨¥³ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶ · ³¥É·Ê
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¢Ò²¥É  ¤¥É¥±É¨·Ê¥³μ° Î ¸É¨ÍÒ C ¨§ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. �ÉμÉ ¶ · -
³¥É· μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢¥±Éμ· ³ ±¸¨³ ²Ó´μ£μ ¸¡²¨¦¥´¨Ö É· ¥±Éμ·¨¨  ¸¨³-
¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ ¸ ÉμÎ±μ° ®O¯, ±μÉμ· Ö ¸¢Ö§Ò¢ ¥É¸Ö ¸ ¶μ²μ-
¦¥´¨¥³ Î ¸É¨ÍÒ-³¨Ï¥´¨ ¨²¨ ¸ ÉμÎ±μ° ¸Éμ²±´μ¢¥´¨Ö Î ¸É¨Í. ŒÒ μ¦¨¤ ¥³,
ÎÉμ ´¥μ¤´μ·μ¤´μ¸ÉÓ ¢ ¸É·Ê±ÉÊ·¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¤μ²¦´  μÉ· ¦ ÉÓ
´¥μ¤´μ·μ¤´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö  ¤·μ´´μ° ³ É¥·¨¨ ¢ μ¡² ¸É¨ ·μ¦¤¥´¨Ö Î -
¸É¨ÍÒ C. � ³¨ ¶μ²ÊÎ¥´  ¸¢Ö§Ó ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¸  ³¶²¨ÉÊ¤μ° ¶·μ-
Í¥¸¸  A+B → C +D ¢μ ¢¸¥° μ¡² ¸É¨ Ê£²μ¢ · ¸¸¥Ö´¨Ö Î ¸É¨Í C. Ÿ¢²Ö¥É¸Ö ²¨
¶μ¸É·μ¥´´Ò° Ëμ·³ ²¨§³ ÔËË¥±É¨¢´Ò³ ³¥Éμ¤μ³ ¨§ÊÎ¥´¨Ö ¤¨´ ³¨±¨ ¶·μÍ¥¸-
¸μ¢ ´  Ö§Ò±¥ ¶·μ¸É· ´¸É¢¥´´ÒÌ Ì · ±É¥·¨¸É¨±, ¸É ´¥É Ö¸´Ò³ ¶μ¸²¥ ¤¥É ²Ó-
´μ£μ ¨§ÊÎ¥´¨Ö ¨ μ¡· ¡μÉ±¨ ¢¸¥° ¸μ¢μ±Ê¶´μ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶μ
¸¥Î¥´¨Ö³ ¨ ¨§¢¥¸É´ÒÌ ³μ¤¥²¥°  ³¶²¨ÉÊ¤ ¶·μÍ¥¸¸μ¢.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢ · ³± Ì É¥μ·¥³ Ë ±Éμ·¨§ Í¨¨ ¨§¢¥¸É´  £¥μ³¥É·¨Î¥-
¸± Ö ¨´É¥·¶·¥É Í¨Ö μ¡μ¡Ð¥´´ÒÌ ¶ ·Éμ´´ÒÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö (GPD)
¢ ¸¨¸É¥³¥ ¡¥¸±μ´¥Î´μ£μ ¨³¶Ê²Ó¸   ¤·μ´ . ‘ ¶μ³μÐÓÕ · §¢¨Éμ£μ ³¥Éμ¤  ³Ò
´ ¤¥¥³¸Ö μ¡μ¡Ð¨ÉÓ É ±ÊÕ ¨´É¥·¶·¥É Í¨Õ ´  ¶·μ¨§¢μ²Ó´Ò¥ ¸¨¸É¥³Ò. �μ ¢¸¥°
¢¨¤¨³μ¸É¨, ÔÉμ ¡Ê¤¥É ¨´É¥£· ²Ó´μ¥ ¸μμÉ´μÏ¥´¨¥ É¨¶  ËÊ´±Í¨¨ ‚¨£´¥· , ¢
¶·¥¤¥²¥ ¸¨¸É¥³Ò ¡¥¸±μ´¥Î´μ£μ ¨³¶Ê²Ó¸  ¶¥·¥Ìμ¤ÖÐ¥¥ ¢ ¨§¢¥¸É´Ò¥ ¸μμÉ´μÏ¥-
´¨Ö ¤²Ö · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í ¢ ¶μ¶¥·¥Î´μ° ¶²μ¸±μ¸É¨ [44].

�¢Éμ·Ò ¡² £μ¤ ·ÖÉ ¶·μË¥¸¸μ·μ¢ ‘. �.Šμ·¥´¡²¨É  ¨ Œ.‚.�μ²Ö±μ¢  § 
¶²μ¤μÉ¢μ·´Ò¥ ¤¨¸±Ê¸¸¨¨ ¨ ±·¨É¨Î¥¸±¨¥ § ³¥Î ´¨Ö. � É ±¦¥ �. 	μ¡·μ¢¸±ÊÕ
§  ¶μ³μÐÓ ¢ · ¡μÉ¥ ´ ¤ · §¤. 3 ¨ 4.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´É  �·¥§¨¤¥´É  �μ¸¸¨°¸±μ° ”¥¤¥-
· Í¨¨ ¤²Ö ¢¥¤ÊÐ¨Ì ´ ÊÎ´ÒÌ Ï±μ² (�˜-1027.2008.2),   É ±¦¥ ¶·¨ ¶μ¤¤¥·¦±¥
 ´ ²¨É¨Î¥¸±μ° ¢¥¤μ³¸É¢¥´´μ° Í¥²¥¢μ° ¶·μ£· ³³Ò ®� §¢¨É¨¥ ´ ÊÎ´μ£μ ¶μÉ¥´-
Í¨ ²  ¢Ò¸Ï¥° Ï±μ²Ò (2009Ä2010 ££.)¯ (¶·μ¥±É ���.2.2.1.1/1483).
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