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The sections that comprise Part I of the collected papers written by S. S. Sannikov-Proskuryakov
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‚ ³ ·É¥ 2007 £. ÊÏ¥² ¨§ ¦¨§´¨ ‘¥·£¥° ‘¥³¥´μ¢¨Î ‘ ´´¨±μ¢-�·μ¸±Ê·Ö-
±μ¢ Å ¸ ³μ¡ÒÉ´Ò° ¨ É ² ´É²¨¢Ò° Ë¨§¨±-É¥μ·¥É¨±. …£μ ´ ÊÎ´ Ö ¤¥ÖÉ¥²Ó´μ¸ÉÓ
¢ μ¸´μ¢´μ³ ¸¢Ö§ ´  ¸ • ·Ó±μ¢¸±¨³ Ë¨§¨±μ-É¥Ì´¨Î¥¸±¨³ ¨´¸É¨ÉÊÉμ³. ‘μ²¨¤-
´μ¥ ³ É¥³ É¨Î¥¸±μ¥ μ¡· §μ¢ ´¨¥ ¨ £²Ê¡μ±μ¥ ¶μ´¨³ ´¨¥ ¶·¨·μ¤Ò Ë¨§¨Î¥¸±¨Ì
¶·μÍ¥¸¸μ¢ ¤ ²¨ ¥³Ê ¢μ§³μ¦´μ¸ÉÓ ¸Ëμ·³¨·μ¢ ÉÓ ¸¢μÕ ÉμÎ±Ê §·¥´¨Ö ´  μ¸´μ¢-
´Ò¥ ´ ¶· ¢²¥´¨Ö · §¢¨É¨Ö ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¨ ¨§¢¥¸É´Ò¥ ¶·μ¡²¥³Ò ³¨-
·μ§¤ ´¨Ö.

Š·Ê£ ´ ÊÎ´ÒÌ ¨´É¥·¥¸μ¢ ‘¥·£¥Ö ‘¥³¥´μ¢¨Î  ‘ ´´¨±μ¢  ¤μ¸É ÉμÎ´μ Ï¨-
·μ±. �¢Éμ· ¶·¨¢μ¤¨³ÒÌ ´¨¦¥ · ¡μÉ ¨³¥¥É ¸¢μ¥ ¸μ¡¸É¢¥´´μ¥ ³´¥´¨¥ μ¡ μ¡¸Ê-
¦¤ ¥³ÒÌ ¶·μ¡²¥³ Ì, ´¥ ¢¸¥£¤  ¸μ¢¶ ¤ ÕÐ¥¥ ¸ μ¡Ð¥¶·¨§´ ´´Ò³.

� ¡μÉÒ ‘ ´´¨±μ¢  ¸¥·¥¤¨´Ò 1960-Ì ££., ³μ¦´μ ¸± § ÉÓ, ¶·¥¢§μÏ²¨ Ê·μ-
¢¥´Ó ¶μ´¨³ ´¨Ö Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° Éμ£μ ¢·¥³¥´¨. ˆ³ ¡Ò²¨ ¨¸¸²¥¤μ¢ ´Ò
´¥±μ³¶ ±É´Ò¥ £·Ê¶¶Ò ¨ ¶·¥¤¸± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ Ë¨§¨Î¥¸±¨Ì μ¡Ñ¥±Éμ¢,
¨³¥ÕÐ¨Ì ¸μ¡¸É¢¥´´Ò¥ ³μ³¥´ÉÒ, μÉ²¨Î´Ò¥ μÉ ³μ³¥´Éμ¢ Ë¥·³¨μ´μ¢ ¨ ¡μ§μ-
´μ¢, μÉ¢¥Î ÕÐ¨Ì ¸¶¨´ ³ 1/4 ¨ 3/4. ‚ Ô±¸¶¥·¨³¥´É Ì, ¶·μ¢¥¤¥´´ÒÌ ´¥¸±μ²Ó±μ
²¥É ´ § ¤, ¡Ò²¨ ¶μ²ÊÎ¥´Ò ±μ¸¢¥´´Ò¥ Ê± § ´¨Ö ´  ¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨¥.
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�·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¥£μ · ¡μÉÒ 1990-Ì ££. ¨ ¶¥·¢μ£μ ¤¥¸ÖÉ¨²¥É¨Ö ÔÉμ£μ
¢¥± , ¶μ¸¢ÖÐ¥´´Ò¥ ¨¸¸²¥¤μ¢ ´¨Õ ¢μ¶·μ¸μ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°, ¶·μ¨¸Ìμ-
¦¤¥´¨Ö ¦¨§´¨. –¨±² ÔÉ¨Ì · ¡μÉ ‘ ´´¨±μ¢  ¡Ê¤¥É · ¸¸³μÉ·¥´ μÉ¤¥²Ó´μ.

�¤´μ ¨§ μ·¨£¨´ ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨° Å ´¥±μ³¶ ±É´ Ö £·Ê¶¶  ‹μ·¥´Í  ¨
¥¥ ¡¥¸±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö, μÉ¢¥Î ÕÐ¨¥ §´ Î¥´¨Ö³ ¨´¢ ·¨ ´É  Š -
§¨³¨·  3/4 ¨ 1/4, ±μÉμ·Ò¥  ¸¸μÍ¨¨·ÊÕÉ¸Ö  ¢Éμ·μ³ ¸ ´¥±μÉμ·Ò³¨ Î ¸É¨Í ³¨ Å
¶·¥μ´ ³¨ Å ¨¸É¨´´Ò³¨ ´¥¤¥²¨³Ò³¨ ±¨·¶¨Î¨± ³¨ �·¨·μ¤Ò. �Éμ ¨¸¸²¥¤μ-
¢ ´¨¥ ¸É ²μ  ±ÉÊ ²Ó´Ò³ ¶·¨ ¶μ¶ÒÉ± Ì μ¡ÑÖ¸´¨ÉÓ É ± ´ §Ò¢ ¥³Ò° ¸¶¨´μ¢Ò°
±·¨§¨¸. �¶ÒÉÒ ¶μ £²Ê¡μ±μ´¥Ê¶·Ê£μ³Ê · ¸¸¥Ö´¨Õ, ¶·μ¢¥¤¥´´Ò¥ ¸ Í¥²ÓÕ ¨§-
³¥·¥´¨Ö ¸¶¨´  ¶·μÉμ´ , ¤ ²¨ ´¥μ¦¨¤ ´´Ò° ·¥§Ê²ÓÉ É: ¢³¥¸Éμ μ¦¨¤ ¥³μ£μ
§´ Î¥´¨Ö 1/2 ¢ Ô±¸¶¥·¨³¥´É Ì ¡Ò²μ ¶μ²ÊÎ¥´μ 1/4.

’·¨Ê³Ë ²Ó´μ¥ · §¢¨É¨¥ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¸ ¸¥·¥¤¨´Ò ¶·μÏ²μ£μ ¢¥± 
μ¸´μ¢Ò¢ ²μ¸Ó ´  μ¡Ï¨·´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ’μ£¤  ¡Ò²μ ¶·¥¤²μ-
¦¥´μ  ¤¥±¢ É´μ¥ μ¶¨¸ ´¨¥ ¶·μÍ¥¸¸μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ²¥¶Éμ´μ¢ ¸  Éμ³ ³¨ ¨
 ¤·μ´ ³¨ ¶·¨ ³ ²ÒÌ ¨³¶Ê²Ó¸ Ì, ¶¥·¥¤ ¢ ¥³ÒÌ ¨§ÊÎ ¥³μ° ³¨Ï¥´¨. �¶¨¸ -
´¨¥  ¤·μ´μ¢ ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ Ë¥·³¨μ´μ¢ ¸ ¶μ³μÐÓÕ 4-³¥·´ÒÌ ¸¶¨´μ-
·μ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ „¨· ± , ¸Î¨É ²μ¸Ó ´μ·³ ²Ó´Ò³,   ¸É·Ê±ÉÊ· 
¶·μÉμ´  ÊÎ¨ÉÒ¢ ² ¸Ó ¢ ¢¨¤¥ ¥£μ Ëμ·³Ë ±Éμ·μ¢. 	Ò²μ ¸¤¥² ´μ § ±²ÕÎ¥´¨¥ μ¡
 ¤¥±¢ É´μ¸É¨ μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸μ¢ ¨ ¶·¨ ²Õ¡ÒÌ ¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸ Ì  ¤·μ´Ê
¢ É¥·³¨´ Ì Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò �Ê ´± ·¥ (£·Ê¶¶Ò ¢· Ð¥´¨°), ¢
Î ¸É´μ¸É¨, ¢ É¥·³¨´ Ì ¸¶¨´μ·μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì §´ Î¥´¨Õ ¸¶¨´  1/2.

“¸¶¥Ï´μ¥ μ¶¨¸ ´¨¥ μ¶ÒÉμ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ´¥ ¤ ¥É, μ¤´ ±μ, μ¸´μ-
¢ ´¨Ö ¤²Ö ·¥ ²¨¸É¨Î¥¸±¨Ì ¶·¥¤¸± § ´¨° ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì ¶¥·¥¤ ´´ÒÌ ¨³-
¶Ê²Ó¸μ¢.

‘¥·£¥° ‘¥³¥´μ¢¨Î ¶μ± § ², ÎÉμ ¶·μÍ¥¤Ê·  „¨· ±  ®¨§¢²¥Î¥´¨Ö ±¢ ¤· É-
´μ£μ ±μ·´Ö¯ ¨§ Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´ , ¶·¨¢μ¤ÖÐ Ö ± Ê· ¢´¥´¨Õ „¨· ± ,
³μ¦¥É ¡ÒÉÓ ¶·μ¤μ²¦¥´  ¶μ¸É·μ¥´¨¥³ ´¥±¨Ì ´μ¢ÒÌ Ê· ¢´¥´¨° ¤²Ö ´μ¢ÒÌ μ¡Ñ-
¥±Éμ¢ (¶·¥μ´μ¢). �É¨ Ê· ¢´¥´¨Ö Ëμ·³ ²Ó´μ ³μ¦´μ ¶μ´¨³ ÉÓ ± ± ®¨§¢²¥Î¥-
´¨¥ ±¢ ¤· É´μ£μ ±μ·´Ö¯ ¨§ Ê· ¢´¥´¨Ö „¨· ± . �·μ¢μ¤Ö ÔÉ¨ ¨¸¸²¥¤μ¢ ´¨Ö, μ´
É ±¦¥ ¶·¨Ï¥² ± Éμ³Ê, ÎÉμ ¤ ²Ó´¥°Ï Ö ¶·μÍ¥¤Ê·  ®¨§¢²¥Î¥´¨Ö ±μ·´Ö¯ Ê¦¥ ´¥
¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ´μ¢ÒÌ μ¡Ñ¥±Éμ¢.

�É³¥É¨³, ÎÉμ ¨¤¥Ö ¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¡Ò²  ¶μ¤É¢¥·¦¤¥´  ¢ · ¡μÉ Ì �μ²Ö
„¨· ±  [6] (1971) ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ-
·¥´Í .

�´ ²μ£¨Î´Ò° ·¥§Ê²ÓÉ É, ¨¸Ìμ¤Ö ¨§ ¨¤¥° ¸Ê¶¥·¸¨³³¥É·¨Î´μ£μ · ¸Ï¨·¥-
´¨Ö Ëμ·³ ²¨§³  ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¶μ²ÊÎ¨²¨ „. ‚.‚μ²±μ¢ ¨ „. �. ‘μ·μ-
±¨´ [7] (1993).

‚ ¤ÊÌ¥ ¨¤¥° ‘ ´´¨±μ¢  ±¢ ·± ¸²¥¤Ê¥É ¸Î¨É ÉÓ ¸μ¸ÉμÖÐ¨³ ¨§ ¤¢ÊÌ ¶·¥-
μ´μ¢, ¨ ¥£μ ¶μ¤¸É·Ê±ÉÊ·  ³μ¦¥É ¡ÒÉÓ ¶·μÖ¢²¥´ , ¢ Î ¸É´μ¸É¨, ¢ μ¶ÒÉ Ì ¶μ
£²Ê¡μ±μ´¥Ê¶·Ê£μ³Ê · ¸¸¥Ö´¨Õ ´  ¶·μÉμ´ Ì. ‚ Ô±¸¶¥·¨³¥´É Ì ¶μ £²Ê¡μ±μ´¥-
Ê¶·Ê£μ³Ê · ¸¸¥Ö´¨Õ Ô²¥±É·μ´μ¢ ¢Ò¸μ±¨Ì Ô´¥·£¨° ´  ¶ÊÎ±¥ ¶μ²Ö·¨§μ¢ ´´ÒÌ
¶·μÉμ´μ¢, ¶·μ¢¥¤¥´´ÒÌ ¢ DESY (ƒ¥·³ ´¨Ö), ¨§³¥·Ö²¸Ö ¸¶¨´ ¶·μÉμ´ . �¥§Ê²Ó-
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É ÉÒ μ± § ²¨¸Ó ´¥μ¦¨¤ ´´Ò³¨: ¢³¥¸Éμ §´ Î¥´¨Ö 1/2 ¡Ò²μ ¸ Ìμ·μÏ¥° ÉμÎ´μ-
¸ÉÓÕ ¶μ²ÊÎ¥´μ §´ Î¥´¨¥ 1/4. �ÉμÉ ·¥§Ê²ÓÉ É ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±
¶·μÖ¢²¥´¨¥ ´¥Ô²¥³¥´É ·´μ° ¸É·Ê±ÉÊ·Ò ±¢ ·±  ± ± ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ
¶·¥μ´μ¢. ˆ, É ±¨³ μ¡· §μ³, ¶·μ´¨±´μ¢¥´¨¥ ¢´ÊÉ·Ó ¶·μÉμ´  ´  · ¸¸ÉμÖ´¨Ö,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥¤ ´´Ò³ ¨³¶Ê²Ó¸ ³ 15Ä20 ƒÔ‚2, ¶μ¤É¢¥·¦¤ ¥É £¨¶μÉ¥§Ê
‘ ´´¨±μ¢ .

�¶ÒÉÒ ¸ ´¥¶μ²Ö·¨§μ¢ ´´Ò³¨ Î ¸É¨Í ³¨ ¢ ÔÉμ° μ¡² ¸É¨ Ô´¥·£¨° ¤μ¶Ê¸-
± ÕÉ, É¥³ ´¥ ³¥´¥¥, μ¶¨¸ ´¨¥ ¢ · ³± Ì É¥μ·¨¨ ¶μ²Ö ¸ ÉμÎ¥Î´Ò³¨ ±¢ ·± ³¨.
‚ Ô±¸¶¥·¨³¥´É Ì, ¶·μ¢μ¤¨³ÒÌ ¢ � Í¨μ´ ²Ó´μ° ² ¡μ· Éμ·¨¨ ¨³. �.”¥·³¨
(FNAL, ‘˜�), £¤¥ ¶¥·¥¤ ´´Ò¥ ¨³¶Ê²Ó¸Ò ¡Ò²¨ ´  ¶μ·Ö¤μ± ¡μ²ÓÏ¥, ¢´μ¢Ó
¢μ§´¨±²¨ É·Ê¤´μ¸É¨ ¢ μ¶¨¸ ´¨¨ μ¶ÒÉμ¢ ¸ ´¥¶μ²Ö·¨§μ¢ ´´Ò³¨ ¶·μÉμ´ ³¨ ¢
· ³± Ì ³μ¤¥²¥° ¸ ÉμÎ¥Î´Ò³¨ ±¢ ·± ³¨.

Œ É¥³ É¨Î¥¸± Ö ¸É·Ê±ÉÊ·  ³¨±·μ³¨· , ¶μ ‘ ´´¨±μ¢Ê, μ¸´μ¢Ò¢ ¥É¸Ö ´ 
Éμ³, ÎÉμ ³¥É·¨±  ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ ´¥ ¸μ¢¶ ¤ ¥É ¸ ³¥É·¨±μ° ´  ¡μ²Ó-
Ï¨Ì · ¸¸ÉμÖ´¨ÖÌ. �·μ¸É· ´¸É¢μ ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ ¨³¥¥É ¶·¥·Ò¢´Ò°
Ì · ±É¥·. �μ´ÖÉ¨¥ ¶·μ¨§¢μ¤´μ° ¶·¨ ÔÉμ³ É¥·Ö¥É ¸³Ò¸². ˆ´É¥·¥¸´μ ¢ ¸¢Ö§¨
¸ ÔÉ¨³ ¢¸¶μ³´¨ÉÓ ¸²μ¢  ƒ. Š¨·Ì£μËË , ±μÉμ·Ò¥ μ¶¨¸Ò¢ ÕÉ ´ ÏÊ ¶·¨¢ÒÎ±Ê
¸²¥¤μ¢ ÉÓ ¸É ·Ò³ ¤μ¡·Ò³ É· ¤¨Í¨Ö³: ®�μ¤ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±μ°, ´ Î¨-
´ Ö ¸ 1850 £., ¶μ¤· §Ê³¥¢ ² ¸Ó Ë¨§¨± , μ¶¥·¨·ÊÕÐ Ö ¸ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨
Ê· ¢´¥´¨Ö³¨ ´  μ¸´μ¢¥ ¶·¥¤¸É ¢²¥´¨Ö μ ´¥¶·¥·Ò¢´μ¸É¨ ³ É¥·¨¨¯. ‚ ¶·¥¤-
²μ¦¥´´μ³ ‘¥·£¥¥³ ‘¥³¥´μ¢¨Î¥³ ¶μ¤Ìμ¤¥ ¶·¥¤¶μ² £ ²μ¸Ó, ÎÉμ ´  ´¥±μÉμ·μ³
³´μ¦¥¸É¢¥ ³μ¦´μ § ¤ ÉÓ Éμ²Ó±μ É·¨ · §²¨Î´ÒÌ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ³¥¦¤Ê ¸μ¡μ°
Éμ¶μ²μ£¨¨. �·¨ ÔÉμ³ ¶μ²ÊÎ ¥É¸Ö, ÎÉμ ¸É ´¤ ·É´ Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¸μμÉ-
¢¥É¸É¢Ê¥É μ¡ÒÎ´μ° ¥¸É¥¸É¢¥´´μ° Éμ¶μ²μ£¨¨, ±μÉμ· Ö § ¤ ¥É¸Ö ¨§³¥·¨³Ò³¨,
¶μ ‹¥¡¥£Ê, ¶μ¤³´μ¦¥¸É¢ ³¨ ±μ´¥Î´μ° ³¥·Ò. „¢¥ ¤·Ê£¨¥ Éμ¶μ²μ£¨¨ ²¥£²¨
¢ μ¸´μ¢Ê · §· ¡μÉ ´´ÒÌ ‘ ´´¨±μ¢Ò³ ¸Ì¥³: ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ μ¡² ¸É¨
¢Ò¸μ±¨Ì Ô´¥·£¨°, ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ¤¨¸±μ´É¨´ÊÊ³,   ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¥³Ê ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´-
¸É¢μ Å É ± ´ §Ò¢ ¥³Ò° ¡μ·μ¢¸±¨° ±μ´¤¥´¸ É, ¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ° ±¢ ´Éμ-
¢μ° É¥μ·¨¨, ¢ ±μÉμ·μ° ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ Å ¤¨¸±μ´É¨´ÊÊ³,   ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥¥ ¥³Ê ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ Å ¡μ·μ¢¸±¨° ±μ´¤¥´¸ É. ‚
μÉ²¨Î¨¥ μÉ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ ¶μ¸²¥¤´¨Ì ¤¢ÊÌ ¸Ì¥³ Ì ¢³¥¸Éμ
³¥·Ò ‹¥¡¥£  ¨¸¶μ²Ó§Ê¥É¸Ö ³¥·  ƒ. 	μ· , ¸μμÉ¢¥É¸É¢¥´´μ ³¥´Ö¥É¸Ö ¶·¥μ¡· §μ-
¢ ´¨¥ ”Ê·Ó¥ ¨ ¢ μ¶¨¸ ´¨¨ ¶μÖ¢²ÖÕÉ¸Ö É ± ´ §Ò¢ ¥³Ò¥ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨¥
ËÊ´±Í¨¨,   · ¢¥´¸É¢μ �² ´Ï¥·¥²Ö § ³¥´Ö¥É¸Ö · ¢¥´¸É¢μ³ � ·¸¥¢ ²Ö. ‘μ-
£² ¸´μ ‘ ´´¨±μ¢Ê, ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¶·¥¤²μ¦¥´´ÒÌ ¨³ ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ É¥μ·¨°
μ§´ Î ¥É, ÎÉμ μ¡ÒÎ´ Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö ´¥ ¶μ²´ , ¨ ¤¢¥ ¥£μ É¥μ·¨¨ ¶μ§¢μ²ÖÕÉ
¨§¡ ¢¨ÉÓ¸Ö μÉ ÔÉμ° ¶·μ¡²¥³Ò ´¥¶μ²´μÉÒ.

�¶¨¸ ´¨¥ ´¥Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò �Ê ´± ·¥ ¢μ§³μ¦´μ Éμ²Ó±μ
¢ É¥·³¨´ Ì ¡¥¸±μ´¥Î´μ³¥·´ÒÌ ¸¶¨´μ·μ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ³ É¥³ É¨Î¥¸±¨°
 ¶¶ · É ´¥ · §¢¨É ¤μ ¸¨Ì ¶μ·. �¸É ÕÉ¸Ö ¡¥§ μÉ¢¥É  ¨ É ±¨¥ ¢μ¶·μ¸Ò, ± ±
¢μ§³μ¦´μ¸ÉÓ μ¶¨¸ ´¨Ö ¢ É¥·³¨´ Ì ³ É·¨ÍÒ ¶²μÉ´μ¸É¨.
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�¸´μ¢  ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É  ¡Ò²  § ²μ¦¥´  ¢ · -
¡μÉ Ì ‘ ´´¨±μ¢  ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ¸μ¸ÉμÖ´¨° ¸ ±μ³¶²¥±¸´Ò³ ³μ³¥´Éμ³ ¢
±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨ ¶·¥¤¸É ¢²¥´¨ÖÌ £·Ê¶¶Ò �Ê ´± ·¥, Í¨É¨·Ê¥³ÒÌ ´¨¦¥.

’ ±¦¥ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ É¥¸´ÊÕ ¸¢Ö§Ó É¥μ·¨¨ ±μ³¶²¥±¸´ÒÌ ³μ³¥´Éμ¢ ¸
¶·μ¢μ¤¨³Ò³¨ · ´¥¥ ¨ ¶² ´¨·Ê¥³Ò³¨ ¢ ¡²¨¦ °Ï¥³ ¡Ê¤ÊÐ¥³ (–…��, ¡μ²Ó-
Ïμ°  ¤·μ´´Ò° ±μ²² °¤¥·) Ô±¸¶¥·¨³¥´É ³¨ ¶μ ¶¥·¨Ë¥·¨Î¥¸±μ³Ê · ¸¸¥Ö´¨Õ
 ¤·μ´μ¢, μ¶¨¸ ´¨¥ ±μÉμ·ÒÌ É· ¤¨Í¨μ´´μ μ¸´μ¢Ò¢ ¥É¸Ö ´  £¨¶μÉ¥§¥ ¶μ²Õ¸μ¢
�¥¤¦¥.

‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¶·¥¤¸É ¢²Ö¥É¸Ö  ±ÉÊ ²Ó´μ° ¶Ê¡²¨± Í¨Ö μ¸´μ¢´ÒÌ · ¡μÉ
‘¥·£¥Ö ‘¥³¥´μ¢¨Î  ‘ ´´¨±μ¢  ¢ ÔÉμ° μ¡² ¸É¨.

�·¥¤² £ ¥³Ò° ³ É¥·¨ ² · ¸¶μ²μ¦¥´ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.
‚ · §¤. 1 · ¸¸³ É·¨¢ ¥É¸Ö ¶·¨³¥´¥´¨¥ ³¥Éμ¤  ±μ³¶²¥±¸´ÒÌ Ê£²μ¢ÒÌ ³μ-

³¥´Éμ¢ ± ´¥¸É ¡¨²Ó´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. ‡¤¥¸Ó μ¡¸Ê¦¤ -
¥É¸Ö μ¶·¥¤¥²¥´´Ò° ±² ¸¸ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¸¢μ¡μ¤´μ³Ê ¤¢¨¦¥´¨Õ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í, ¸¢Ö§ ´´Ò³ ´¥¸É ¡¨²Ó´Ò³ ¸μ-
¸ÉμÖ´¨Ö³ ¨ · ¸¶ ¤ ÕÐ¨³¸Ö ¸μ¸ÉμÖ´¨Ö³ Ö¤¥·, ±μÉμ·Ò³ μÉ¢¥Î ÕÉ ¶μ²Õ¸  ³ -
É·¨ÍÒ · ¸¸¥Ö´¨Ö Sl(E) ¢ μ¡² ¸É¨ Re E < 0. �·¨ μ¶¨¸ ´¨¨ ¢¸¥Ì É ±¨Ì
¸μ¸ÉμÖ´¨° ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° ¸ ±μ³¶²¥±¸´Ò³
³μ³¥´Éμ³.

‚ · §¤. 2 ¨¸¸²¥¤Ê¥É¸Ö ±¢ ´Éμ¢Ò° μ¸Í¨²²ÖÉμ· ¸ ÉμÎ±¨ §·¥´¨Ö £·Ê¶¶Ò ‹μ-
·¥´Í  L3, Ö¢²ÖÕÐ¥°¸Ö ¥£μ £·Ê¶¶μ° ¸¨³³¥É·¨¨. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ Î¥É´ÒÌ
(´¥Î¥É´ÒÌ) Ê·μ¢´¥° μ¸Í¨²²ÖÉμ·  μ¡· §ÊÕÉ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ÔÉμ°
£·Ê¶¶Ò, μÉ¢¥Î ÕÐ¨¥ ¢¥¸ ³ 1/4 (3/4). �¢Éμ·μ³ ¶μ²ÊÎ¥´Ò ´¥±μÉμ·Ò¥ ¸μ-
μÉ´μÏ¥´¨Ö ³¥¦¤Ê ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨, Ö¢²ÖÕÐ¨¥¸Ö ¸²¥¤¸É¢¨¥³ · ¸¸³ -
É·¨¢ ¥³μ° ¸¨³³¥É·¨¨. ‡¤¥¸Ó É ±¦¥ · ¸¸³ É·¨¢ ¥É¸Ö μ¤¨´ ±² ¸¸ ´¥¶·¨¢μ-
¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸ ¶·μ¨§¢μ²Ó´Ò³ (¨ ±μ³¶²¥±¸´Ò³) ¢¥¸μ³ £·Ê¶¶Ò L3.
�·¥¤¸É ¢²¥´¨Ö ¶μ¸É·μ¥´Ò ¢ ·¥ ²¨§ Í¨¨ ËÊ´±Í¨Ö³¨ ±μ³¶²¥±¸´μ£μ ¶¥·¥³¥´-
´μ£μ. �¡¸Ê¦¤ ÕÉ¸Ö μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  É ±¨Ì ¶·¥¤¸É ¢²¥´¨°. ‚ μ¡Ð¥³ ¸²Ê-
Î ¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥ ²¨§ÊÕÉ¸Ö ¢ ¡¥¸±μ´¥Î´μ³¥·´ÒÌ ¶·μ¸É· ´¸É¢ Ì ¸ ¨´-
¤¥Ë¨´¨É´μ° ³¥É·¨±μ° ±μ´¥Î´μ£μ · ´£  ¨´¤¥Ë¨´¨É´μ¸É¨. � °¤¥´Ò ¢Ò· ¦¥-
´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ · ¸¸³ É·¨¢ ¥³ÒÌ ¶·¥¤¸É ¢²¥´¨°. �É¤¥²Ó´μ · ¸-
¸³μÉ·¥´Ò ¤¢  Î ¸É´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö, ¸¢Ö§ ´´ÒÌ ¸ ±¢ ´Éμ¢Ò³ (±μ³¶²¥±¸´Ò³)
μ¸Í¨²²ÖÉμ·μ³.

‚ · §¤. 3 ¶·¥¤²μ¦¥´  ´μ¢ Ö É¥μ·¨Ö, μ¶¨¸Ò¢ ÕÐ Ö μ¡Ñ¥±ÉÒ ¸μ ¸¶¨´μ³ 1/4.
’ ±¨¥ μ¡Ñ¥±ÉÒ ¢μ§´¨± ÕÉ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± ¤¨¸-
±μ´É¨´ÊÊ³  ´  μÎ¥´Ó ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ.

‚ · §¤. 4 ¶μ± § ´μ, ± ± Ê¸É· ´¥´¨¥ ¶·μÉ¨¢μ·¥Î¨Ö ¶·¨ μ¡μ¸´μ¢ ´¨¨ ¨´É¥-
£· ²  ”Ê·Ó¥ ¢ ¢μ²´μ¢μ° É¥μ·¨¨ ¶·¨¢μ¤¨É ± ´μ¢μ° ¶·μ³¥¦ÊÉμÎ´μ° É¥μ·¨¨ Å
¢μ²´μ¢μ° É¥μ·¨¨ ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥, ±μ£¤  ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ Å
¤¨¸±μ´É¨´ÊÊ³. ‡¤¥¸Ó ¨¸¸²¥¤Ê¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¢μ²´μ¢Ò³¨ É¥μ·¨Ö³¨ Å
É¥μ·¨¥° ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ ¨ É¥μ·¨¥° ´  ²¥¡¥£μ¢μ³ ±μ´É¨´ÊÊ³¥,   É ±¦¥
¢μ§³μ¦´μ¸ÉÓ ¶·¨³¥´¥´¨Ö É ±μ£μ ¶μ¤Ìμ¤  ± ¡¨μ²μ£¨Î¥¸±¨³ ¸É·Ê±ÉÊ· ³.
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‚ · §¤. 5, ´  μ¸´μ¢¥ É¥μ·¨¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ ±μ²¥Í, ¤²Ö μ¡² ¸É¨ ¢Ò¸μ±¨Ì
Ô´¥·£¨° ¶·μ¢μ¤¨É¸Ö ³ É¥³ É¨Î¥¸±¨ ¶μ¸²¥¤μ¢ É¥²Ó´Ò° ¶¥·¥Ìμ¤ ± ´μ¢μ° ¢μ²-
´μ¢μ° ³¥Ì ´¨±¥, Ö¢²ÖÕÐ¥°¸Ö · ¸Ï¨·¥´¨¥³ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ¸Ì¥³Ò,
¸μ¤¥·¦ Ð¥° ¤μ¶μ²´¨É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. �μ¸²¥¤´¨³¨ μ¶¨¸Ò¢ ÕÉ¸Ö ±μ´¸É¨-
ÉÊ¥´ÉÒ ËÊ´¤ ³¥´É ²Ó´ÒÌ Î ¸É¨Í Å £· ´Ê²Ò. „¨· ±μ¢¸±μ¥ ±¢ ´Éμ¢ ´¨¥ ¶μ-
²¥° £· ´Ê² ¶·¨¢μ¤¨É ± £· ¸¸³ ´μ¢μ°  ²£¥¡·¥, ¸ ±μÉμ·μ° μ¶·¥¤¥²¥´´Ò³ μ¡· -
§μ³ ¸¢Ö§ ´   ²£¥¡·  ƒ¥°§¥´¡¥·£  ¨ ´¥¸É ´¤ ·É´ Ö ¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³  Å
·¥²ÖÉ¨¢¨¸É¸± Ö ¡¨£ ³¨²ÓÉμ´μ¢ , μ¡· §ÊÕÐ Ö μ¸´μ¢Ê ´μ¢μ£μ ¶·¨´Í¨¶  ±¢ ´-
Éμ¢ ´¨Ö.

� §¤. 6 ¨ 7 ¶μ¸¢ÖÐ¥´Ò ¶μ²Ê¸¶¨´μ·´μ³Ê  ´ ²¨§Ê ¨ ´¥´¥°³ ´μ¢Ò³ ¶·¥¤-
¸É ¢²¥´¨Ö³ £·Ê¶¶Ò ¢· Ð¥´¨°. � ¸¸³ É·¨¢ ÕÉ¸Ö μ¸´μ¢´Ò¥ Ô²¥³¥´ÉÒ ¶μ²Ê¸¶¨-
´μ·´μ£μ  ´ ²¨§ : μ¶·¥¤¥²Ö¥É¸Ö £·Ê¶¶  μ¤´μ³¥·´ÒÌ Í¥¶¥°, μ¶¨¸Ò¢ ÕÉ¸Ö ¥¥
¸¢μ°¸É¢ , Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸¢Ö§Ó ÔÉμ° £·Ê¶¶Ò ¸ ´¥´¥°³ ´μ¢μ° £·Ê¶¶μ° ¶·¥-
μ¡· §μ¢ ´¨° Éμ¶μ²μ£¨Î¥¸±μ£μ ¢¥±Éμ·´μ£μ ¶·μ¸É· ´¸É¢ . ‡¤¥¸Ó É ±¦¥ ¨¸¸²¥¤Ê-
¥É¸Ö ¸¢Ö§Ó Ë¨§¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨ ¸ É ±¨³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨.

Œ É¥·¨ ²Ò · §¤. 1Ä3 ¢¶¥·¢Ò¥ ¡Ò²¨ μ¶Ê¡²¨±μ¢ ´Ò ¸μμÉ¢¥É¸É¢¥´´μ ¢ · -
¡μÉ Ì [1Ä3]. ‚ · §¤. 4 ¨ 5 ¶·¥¤¸É ¢²¥´Ò ¶μ¸²¥¤´¨¥ · ¡μÉÒ  ¢Éμ· , ±μÉμ·Ò¥
· ´¥¥ ´¥ ¶Ê¡²¨±μ¢ ²¨¸Ó. � §¤. 6 ¨ 7 Ö¢²ÖÕÉ¸Ö ¤¢Ê³Ö Î ¸ÉÖ³¨ μ¤´μ° · ¡μÉÒ ¨
¢¶¥·¢Ò¥ μ¶Ê¡²¨±μ¢ ´Ò ´   ´£²¨°¸±μ³ Ö§Ò±¥ ¢ [4, 5]. ƒμÉμ¢¨É¸Ö ± ¶Ê¡²¨± Í¨¨
´μ¢ Ö ·Ê¸¸±μÖ§ÒÎ´ Ö ¢¥·¸¨Ö, μ¡Ñ¥¤¨´ÖÕÐ Ö μ¡¥ ÔÉ¨ Î ¸É¨, ±μÉμ·ÊÕ ‘¥·£¥°
‘¥³¥´μ¢¨Î § ±μ´Î¨² ´¥§ ¤μ²£μ ¤μ ¸¢μ¥° ±μ´Î¨´Ò. �¡§μ· ¡Ò² ¶μ¤£μÉμ¢²¥´
Œ. ƒ.˜ É´¥¢Ò³ ¶·¨ ¶μ¤¤¥·¦±¥  ¢Éμ· .

ŒÒ ¡² £μ¤ ·´Ò ·¥¤ ±Í¨¨ ¦Ê·´ ²  ®Ÿ¤¥·´ Ö Ë¨§¨± ¯ §  · §·¥Ï¥´¨¥ ¢μ¸-
¶·μ¨§¢¥¸É¨ ¸É ÉÓÕ [1]. ŒÒ É ±¦¥ ¶·¨§´ É¥²Ó´Ò ·¥¤ ±Í¨¨ ®†Ê·´ ²  Ô±¸¶¥·¨-
³¥´É ²Ó´μ° ¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨¯ §  ¢μ§³μ¦´μ¸ÉÓ ¶μ¢Éμ·´μ° ¶Ê¡²¨± Í¨¨
¸É ÉÓ¨ [2]. ŒÒ ¢Ò· ¦ ¥³ ´ ÏÊ μ¸μ¡ÊÕ ¡² £μ¤ ·´μ¸ÉÓ ¨§¤ É¥²Ó¸É¢Ê ®Elsevier¯
§  · §·¥Ï¥´¨¥ μ¶Ê¡²¨±μ¢ ÉÓ ¸É ÉÓÕ [3]. � ±μ´¥Í, ³Ò ¶·¨§´ É¥²Ó´Ò ·¥¤ ±Í¨¨
³¥¦¤Ê´ ·μ¤´μ£μ Ë¨§¨Î¥¸±μ£μ ¦Ê·´ ²  (¨§¤ ¥É¸Ö ¢ “±· ¨´¥) ®Spacetime and
Substance¯ §  · §·¥Ï¥´¨¥ ¢μ¸¶·μ¨§¢¥¸É¨ ¸É ÉÓ¨ [4] ¨ [5].

…. Š.ŠÊ· ¥¢, �. �.‘É¥¶ ´μ¢¸±¨°, Œ. ƒ. ˜ É´¥¢
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‚ ¸¢Ö§¨ ¸ ¨¸¸²¥¤μ¢ ´¨Ö³¨  ´ ²¨É¨Î¥¸±¨Ì ¸¢μ°¸É¢  ³¶²¨ÉÊ¤Ò ¶μÉ¥´Í¨ ²Ó-
´μ£μ · ¸¸¥Ö´¨Ö Sl(E) ¶μ l ¨ E ¢ · ¡μÉ¥ [8] ¡Ò²μ Ê¸É ´μ¢²¥´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥
¶μ²Õ¸μ¢ Sl(E) ¸ ±μ³¶²¥±¸´Ò³¨ §´ Î¥´¨Ö³¨ l ¨ E (¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ²Õ¸ 
´ Ìμ¤ÖÉ¸Ö ¢ μ¡² ¸É¨ Re E > 0). �μ²Õ¸ ³ Sl(E) μÉ¢¥Î ÕÉ μ¶·¥¤¥²¥´´Ò¥
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·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ‚ · ¡μÉ¥ �¥¤¦¥ [9] · ¸¸³ É·¨¢ ²¨¸Ó ·¥Ï¥-
´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥§μ´ ´¸´Ò³ (±μ³¶²¥±¸´Ò¥ Ô´¥·£¨¨ E, Í¥²Ò¥ ¶μ²μ¦¨-
É¥²Ó´Ò¥ Ê£²μ¢Ò¥ ³μ³¥´ÉÒ l) ¨ É¥´¥¢Ò³ ¸μ¸ÉμÖ´¨Ö³ (¢¥Ð¥¸É¢¥´´Ò¥ Ô´¥·£¨¨,
±μ³¶²¥±¸´Ò¥ Ê£²μ¢Ò¥ ³μ³¥´ÉÒ). ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ μ¸μ¡¥´´μ¸É¨ Sl(E)
± ±  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ E ¨ l ´¥ ¨§μ²¨·μ¢ ´Ò,   § ¶μ²´ÖÕÉ
´¥±μÉμ·ÊÕ ¤¢Ê³¥·´ÊÕ  ´ ²¨É¨Î¥¸±ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ. �  μ¤´μ° ¨§ É ±¨Ì ¶μ-
¢¥·Ì´μ¸É¥° ²¥¦ É ·¥§μ´ ´¸Ò ¨ É¥´¥¢Ò¥ ¸μ¸ÉμÖ´¨Ö [8] (μ´¨ Ö¢²ÖÕÉ¸Ö · §´Ò³¨
¸¥Î¥´¨Ö³¨ μ¤´μ° ¨ Éμ° ¦¥ ¶μ¢¥·Ì´μ¸É¨ μ¸μ¡¥´´μ¸É¥° Sl(E)).

‚ · ¡μÉ¥ [10] · ¸¸³ É·¨¢ ²¸Ö ¥Ð¥ μ¤¨´ É¨¶ ´¥¸É ¡¨²Ó´ÒÌ ¸μ¸ÉμÖ´¨°
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  Å ¸¢Ö§ ´´Ò¥ ´¥¸É ¡¨²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö. ’ ±¨¥ ¸μ¸ÉμÖ-
´¨Ö Ì · ±É¥·¨§ÊÕÉ¸Ö ±μ³¶²¥±¸´Ò³¨ E ¨ l ¨ ´ Ìμ¤ÖÉ¸Ö ¢ μ¡² ¸É¨ Re E < 0.

‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ ¤ ²Ó´¥°Ï¨¥ ¶·¨³¥´¥´¨Ö ±μ³¶²¥±¸´ÒÌ Ê£²μ¢ÒÌ ³μ-
³¥´Éμ¢ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. ŒÒ μ¡¸Ê¤¨³ μ¶·¥¤¥²¥´´Ò° ±² ¸¸ ·¥Ï¥´¨°
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ±μ³¶²¥±¸´Ò³¨ Ô´¥·£¨Ö³¨, ¶·¨ · ¸¸³μÉ·¥´¨¨ ±μ-
Éμ·ÒÌ μ± §Ò¢ ÕÉ¸Ö ´¥μ¡Ìμ¤¨³Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° ¸ ±μ³-
¶²¥±¸´Ò³¨ ³μ³¥´É ³¨, · ¸¸³μÉ·¥´´Ò¥ ¢ · ¡μÉ¥ [11]. ’ ±¨¥ ·¥Ï¥´¨Ö μÉ-
¢¥Î ÕÉ · ¸¶ ¤´Ò³ ¸μ¸ÉμÖ´¨Ö³ (¸³. ¶. 1.1). � ¸¶ ¤´Ò¥ ¸¨¸É¥³Ò ´¥ Ö¢²ÖÕÉ¸Ö
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¢ μ¡ÒÎ´μ³ ¸³Ò¸²¥ ¸²μ¢ , ¶μ¸±μ²Ó±Ê ¨Ì
¢μ²´μ¢Ò¥ ËÊ´±Í¨¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ±¢ ¤· É¨Î´μ ´¥ ¨´É¥£·¨·Ê¥³Ò. ‚ ±¢ ´Éμ-
¢μ° ³¥Ì ´¨±¥ · ¸¶ ¤´μ¥ ¸μ¸ÉμÖ´¨¥ (± ± ¨ ¢¸Ö± Ö ´¥¨§μ²¨·μ¢ ´´ Ö ¸¨¸É¥³ )
¤μ²¦´μ μ¶¨¸Ò¢ ÉÓ¸Ö ³ É·¨Í¥° ¶²μÉ´μ¸É¨. �μÔÉμ³Ê ¶·¥¤² £ ¥³μ¥ ´ ³¨ μ¶¨¸ -
´¨¥ É ±¨Ì ¸μ¸ÉμÖ´¨° ¸ ¶μ³μÐÓÕ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ö¢²Ö¥É¸Ö ¶·¨¡²¨¦¥´´Ò³.
‚ ¶. 1.2 ³¥Éμ¤ ±μ³¶²¥±¸´ÒÌ Ê£²μ¢ÒÌ ³μ³¥´Éμ¢ ¶·¨³¥´Ö¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨
· ¸¶ ¤ ÕÐ¨Ì¸Ö ¸μ¸ÉμÖ´¨° Ö¤¥·. �ÉμÉ ³¥Éμ¤ Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¤μ¶μ²-
´¥´¨¥³ ³¥Éμ¤  ±μ³¶²¥±¸´ÒÌ Ô´¥·£¨°, ¶·¨³¥´Ö¢Ï¥£μ¸Ö · ´¥¥ ¶·¨ μ¶¨¸ ´¨¨
´¥¸É ¡¨²Ó´ÒÌ ¸μ¸ÉμÖ´¨° (´ ¶·¨³¥·, ¢ É¥μ·¨¨ α-pac¶ ¤  Ö¤¥· [12]), ¨ ³μ¦¥É
¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¸¨²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° Ö¤¥·.
�É³¥É¨³ ¥Ð¥, ÎÉμ ´ Ï ¸¶μ¸μ¡ ¢¢¥¤¥´¨Ö ±μ³¶²¥±¸´μ£μ ³μ³¥´É  [11] μÉ²¨-
Î ¥É¸Ö μÉ ·¥¤¦¥¢¸±μ£μ [8] (¸³. É ±¦¥ [13]) Ì · ±É¥·μ³ ¶μ¢¥¤¥´¨Ö ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° μÉ Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢ ¶. 1.3 ³Ò ¶·¨¢¥¤¥³ · §-
²μ¦¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ É¥·³¨´ Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ± ±μ³¶²¥±¸´μ³Ê
³μ³¥´ÉÊ.

1.1. �¥¸É ¡¨²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . 1. �·¥¦¤¥ ¢¸¥£μ
· ¸¸³μÉ·¨³ § ¤ ÎÊ ´  ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í. �Ê¸ÉÓ ¢
ÉμÎ±¥ r = 0 μ¡· §ÊÕÉ¸Ö ´¥¸É ¡¨²Ó´Ò¥ Î ¸É¨ÍÒ, ±μÉμ·Ò¥ ¶μÉμ³ ¶·¨ ¸¢μ¥³
¤¢¨¦¥´¨¨ · ¸¶ ¤ ÕÉ¸Ö. �Ê¦´μ ´ °É¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ É ±¨Ì Î ¸É¨Í. � ¸-
¸³ É·¨¢ ¥³μ¥ ¸μ¸ÉμÖ´¨¥ μ¶¨¸Ò¢ ¥É¸Ö ·¥Ï¥´¨¥³ ®¸É Í¨μ´ ·´μ£μ¯ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¸ ±μ³¶²¥±¸´μ° Ô´¥·£¨¥° E (¨¸¶μ²Ó§Ê¥É¸Ö ¸¨¸É¥³  ¥¤¨´¨Í, ¢ ±μ-
Éμ·μ° h = 2m = 1, m Å ³ ¸¸  Î ¸É¨ÍÒ):

−Δψ = Eψ.
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� §¤¥²ÖÖ ¶¥·¥³¥´´Ò¥ ψ = r−1χ(r)Y (θ, ϕ), ¶μ²ÊÎ ¥³

1
sinϑ

∂

∂ϑ

(
sin ϑ

∂

∂ϑ
Y

)
+

1
sin2 ϑ

∂2

∂ϕ2
Y + λ(λ + 1)Y = 0, (1.1)(

d2

dr2
+ E − λ(λ + 1)

r2

)
χ = 0. (1.2)

� ¸¸³ É·¨¢ ¥³μ° § ¤ Î¥ μÉ¢¥Î ¥É ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.2), ±μÉμ·μ¥ ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê ÊÌμ¤ÖÐ¥° ¸Ë¥·¨Î¥¸±μ° ¢μ²´Ò. ’ ±¨³ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö ËÊ´±-
Í¨Ö • ´±¥²Ö ¶¥·¢μ£μ ·μ¤  [14]

χE,λ(r) = iA
(
π
√

Er
)1/2

H
(1)
λ+1/2

(√
Er

)
(1.3)

(A Å ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó). �¥Ï¥´¨¥ (1.3) ¨³¥¥É  ¸¨³¶ÉμÉ¨±¨

χ ≈
r→0

c1r
−λ, χ ≈

r→∞
c2 exp

(
i
√

Er − i
π

2
λ
) (

Re
√

E = k > 0
)

. (1.4)

�μ¸±μ²Ó±Ê (1.3) μ¶¨¸Ò¢ ¥É · ¸¶ ¤ ÕÐ¨¥¸Ö Î ¸É¨ÍÒ, Éμ ¤μ²¦´μ ¡ÒÉÓ Im
√

E =
κ > 0. ’μ£¤  ¶·¨ ¡μ²ÓÏ¨Ì r ËÊ´±Í¨Ö χ ¨³¥¥É § ÉÊÌ ÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê:
χ ≈ exp (ikr − κr). Š § ²μ¸Ó ¡Ò, ¶·¨ μ¶¨¸ ´¨¨ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Í¥²Ò³ ¶μ²μ¦¨É¥²Ó-
´Ò³ Ê£²μ¢Ò³ ³μ³¥´É ³ λ = l. �μ ¶·¨ ÔÉμ³ ¢μ§´¨± ¥É ´¥· ¢´μ¶· ¢¨¥ · ¤¨-
 ²Ó´μ£μ ¤¢¨¦¥´¨Ö, ±μÉμ·μ¥, ± ± ³Ò ¢¨¤¥²¨, ¨³¥¥É § ÉÊÌ ´¨¥ ¶μ r, ¨ ±·Ê£μ¢μ£μ
¤¢¨¦¥´¨Ö, ±μÉμ·μ¥ ´¥ ¨³¥¥É § ÉÊÌ ´¨Ö, ¶μ¸±μ²Ó±Ê ¶·¨ λ = l ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö (1.1) ¶¥·¨μ¤¨Î´Ò ¶μ ϕ. �¥¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1)
¸ÊÐ¥¸É¢ÊÕÉ Éμ²Ó±μ ¶·¨ ±μ³¶²¥±¸´ÒÌ λ. �É¨ ·¥Ï¥´¨Ö ¨³¥ÕÉ ¢¨¤∗

Y λ
±μ(ϑ, ϕ) = c e±iμϕ sin−μ ϑC1/2−μ

m (cos ϑ), (1.5)

£¤¥ C
1/2−μ
m (cos ϑ) Å ¶μ²¨´μ³Ò ƒ¥£¥´¡ ÊÔ·  [15], a μ = m − λ, m = 0, 1, 2,

. . . , λ. �·¨ ±μ³¶²¥±¸´ÒÌ λ ËÊ´±Í¨¨ (1.5) ¨³¥ÕÉ ´¥μ¡Ìμ¤¨³μ¥ § ÉÊÌ -
´¨¥ ¶μ ϕ.

‚ · ¡μÉ¥ [11] ¶μ± § ´μ, ÎÉμ ËÊ´±Í¨¨ (1.5) μ¡· §ÊÕÉ ¡ §¨¸ ¡¥¸±μ´¥Î-
´μ³¥·´μ£μ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° ¸ ±μ³¶²¥±¸´Ò³
³μ³¥´Éμ³ λ.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³ μ¶¨¸ ´¨¨ ´¥¸É ¡¨²Ó´ÒÌ
¸μ¸ÉμÖ´¨° ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò Éμ²Ó±μ É¥ ËÊ´±Í¨¨ ¡¥¸±μ´¥Î´μ£μ ´ -
¡μ·  (1.5), Ê ±μÉμ·ÒÌ m = 0, 1, 2, . . . , [Re λ] ([a] Å Í¥² Ö Î ¸ÉÓ Î¨¸²  a); ¶·¨

∗”Ê´±Í¨¨ Y λ
μ Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·  Lz : LzY λ

μ = μY λ
μ , ±·μ³¥

Éμ£μ, L+Y λ
μ = [λ(λ + 1) − μ(μ + 1)]1/2Y λ

μ+1, L−Y λ
μ = [λ(λ + 1) − μ(μ − 1)]1/2Y λ

μ−1, £¤¥

L± = Lx±iLy (¶μ¤·μ¡´¥¥ μ ËÊ´±Í¨ÖÌ ¸ ±μ³¶²¥±¸´Ò³ ³μ³¥´Éμ³ ¸³. ¢ · ¡μÉ¥ [11]).
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ÔÉμ³, ±μ´¥Î´μ, ¤μ²¦´μ ¡ÒÉÓ Re λ � 0. �Éμ ¸¢Ö§ ´μ ¸ É¥³ [11], ÎÉμ ËÊ´±-
Í¨¨ ¸ Ê± § ´´Ò³¨ λ ¨ m Ö¢²ÖÕÉ¸Ö ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³Ò³¨ (¶·¨´ ¤²¥-
¦ É ±² ¸¸Ê L2), ¨ ¶μÔÉμ³Ê Éμ²Ó±μ ¤²Ö ÔÉ¨Ì ËÊ´±Í¨° ¨³¥¥É ¸³Ò¸² ¶μ´ÖÉ¨¥
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ¢¥·μÖÉ´μ¸É¨ (ËÊ´±Í¨¨ ¸ ¤·Ê£¨³¨ §´ Î¥´¨Ö³¨ m ´¥
¶·¨´ ¤²¥¦ É ±² ¸¸Ê L2).

ˆÉ ±, ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í μ¶¨¸Ò¢ ¥É¸Ö ¢μ²´μ¢Ò³¨
ËÊ´±Í¨Ö³¨ (1.3), (1.5) ¸ ±μ³¶²¥±¸´μ° Ô´¥·£¨¥° E ¨ ±μ³¶²¥±¸´Ò³ Ê£²μ¢Ò³
³μ³¥´Éμ³ λ.

2. � ¸¸³μÉ·¨³ É¥¶¥·Ó ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ Í¥´É· ²Ó´μ-¸¨³-
³¥É·¨Î´Ò³ ¶μÉ¥´Í¨ ²μ³ V (r), ¶·¨Î¥³ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ |V (r)| � Mα/r2α,
0 � α � 1. “· ¢´¥´¨¥ ¤²Ö Ê£²μ¢μ° ËÊ´±Í¨¨ Y ¶μ-¶·¥¦´¥³Ê ¨³¥¥É ¢¨¤ (1.1).
� ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö χ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ(

d2

dr2
+ E − V (r) − λ(λ + 1)

r2

)
χ = 0. (1.6)

�¶ÖÉÓ · ¸¸³μÉ·¨³ É¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (1.6), (1.1), ±μÉμ·Ò³ μÉ¢¥Î ÕÉ
±μ³¶²¥±¸´Ò¥ Ô´¥·£¨¨ E ¨ ±μ³¶²¥±¸´Ò¥ ³μ³¥´ÉÒ λ. �·¨ ÔÉμ³ ¸²¥¤Ê¥É · §-
²¨Î ÉÓ ¤¢  ±² ¸¸  ·¥Ï¥´¨°: ±² ¸¸ � Å Re E > 0 ¨ ±² ¸¸ 	 Å Re E < 0.
�¥Ï¥´¨Ö ±² ¸¸  �, μÉ¢¥Î ÕÐ¨¥ ·¥§μ´ ´¸´Ò³ ¸μ¸ÉμÖ´¨Ö³ ¶·¨ · ¸¸¥Ö´¨¨, μ¡-
¸Ê¦¤ ²¨¸Ó ¢ · ¡μÉ¥ [8]. �μÔÉμ³Ê ³Ò · ¸¸³μÉ·¨³ Éμ²Ó±μ ·¥Ï¥´¨Ö ±² ¸¸  	 ¸
 ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³

χ(r) ≈
r→0

crλ+1, χ(r) ≈
r→∞

exp
(
−
√
−Er

)
. (1.7)

“¸²μ¢¨Ö (1.7) μ§´ Î ÕÉ, ÎÉμ χ(r) ∈ L2(0,∞).
�Ê¸ÉÓ

V (r) = −Mα

r2α
, Mα > 0, 0 � α � 1.

ˆ§ (1.6) ¶·¨ Ê¸²μ¢¨¨ (1.7) ¢ÒÉ¥± ÕÉ · ¢¥´¸É¢ 

Im E

∞∫
0

|χ|2dr − Im
(

λ +
1
2

)2
∞∫
0

r−2|χ|2dr = 0, (1.8)

∞∫
0

{∣∣∣∣ d

dr
χ − χ

2r

∣∣∣∣2 − Re E|χ|2 + Re
(

λ +
1
2

)
r−2|χ|2 + V (r)|χ|2

}
dr = 0.

(1.9)

‘μμÉ´μÏ¥´¨¥ (1.8) Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ³´¨³Ò³¨ Î ¸ÉÖ³¨ E ¨ λ,   ¨§
(1.9) ¸²¥¤Ê¥É ´¥μ¡Ìμ¤¨³μ¥ Ê¸²μ¢¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨° ±² ¸¸  	

−ReE + r−2 Re
(

λ +
1
2

)2

� −V (r) (1.10)
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£¤¥-²¨¡μ ´  ¶μ²Êμ¸¨ 0 � r < ∞. �Éμ Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¶μ ±· °´¥° ³¥·¥
Éμ£¤ , ±μ£¤  Re E < 0 ¨ V (r) < 0.

„ ²¥¥, ¨§ Ê¸²μ¢¨Ö χ ∈ L2 ¢¸¥£¤  ¢ÒÉ¥± ¥É ¸¢Ö§Ó ³¥¦¤Ê Ô´¥·£¨¥° E ¨
Ê£²μ¢Ò³ ³μ³¥´Éμ³ λ:

E = E(λ), (1.11)

£¤¥ E(λ) Å ³´μ£μ§´ Î´ Ö ËÊ´±Í¨Ö λ. ‚¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ · ¢¥´¸É¢  (1.11)
¤ ¥É ¶μ²μ¦¥´¨¥ Ê·μ¢´Ö,   ³´¨³ Ö Î ¸ÉÓ Å ¥£μ Ï¨·¨´Ê. ’ ±¨³ μ¡· §μ³, ·¥Ï¥-
´¨Ö ±² ¸¸  	 ¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ (1.7) ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¢Ö§ ´´Ò³
´¥¸É ¡¨²Ó´Ò³ ¸μ¸ÉμÖ´¨Ö³ (Re E < 0, Im E �= 0). Œ´μ£μ§´ Î´μ¸ÉÓ ¢μ²´μ¢μ°
ËÊ´±Í¨¨ (1.5) ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³ μÉ¢¥Î ¥É ´¥Ê¸Éμ°Î¨¢μ¸É¨ μ·¡¨É ²Ó´μ£μ
¤¢¨¦¥´¨Ö.

…¸²¨ V (r) = −Mα/r2α, Éμ  ´ ²¨§ [9] ´¥· ¢¥´¸É¢  (1.10) ¤ ¥É

(−Re E)1−α

(
Re

(
λ +

1
2

)2
)α

� Mααα(1 − α)1−α. (1.12)

ˆ§ (1.12) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·Ö¤ Î ¸É´ÒÌ ´¥· ¢¥´¸É¢. ’ ±, ¶·¨ α = 1/2 (±Ê²μ-
´μ¢¸±¨° ¶μÉ¥´Í¨ ²) ¨³¥¥³

−Re E � M2
1/2/4 Re

(
λ +

1
2

)2

;

±·μ³¥ Éμ£μ, −ReE � M0 ¶·¨ α = 0 ¨ Re (λ + 1/2)2 � M1 ¶·¨ α = 1.
�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¸¢Ö§ ´´Ò¥ ´¥¸É ¡¨²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ-

²ÊÎ¥´Ò ¨ ¢ ¤·Ê£¨Ì ¢ ¦´ÒÌ ¤²Ö  Éμ³´μ° Ë¨§¨±¨ § ¤ Î Ì (·μÉ Éμ·, ¶·μ¸É· ´-
¸É¢¥´´Ò° μ¸Í¨²²ÖÉμ·, ¸Ë¥·¨Î¥¸±¨° ÖÐ¨±).

1.2. � ¸¶ ¤ ÕÐ¨¥¸Ö ¸μ¸ÉμÖ´¨Ö Ö¤¥·. ‡¤¥¸Ó ³Ò ¶·¨³¥´¨³ ³¥Éμ¤ ±μ³-
¶²¥±¸´ÒÌ Ê£²μ¢ÒÌ ³μ³¥´Éμ¢ ± · ¸¸³μÉ·¥´¨Õ · ¸¶ ¤ ÕÐ¨Ì¸Ö ¸μ¸ÉμÖ´¨° Ö¤¥·.
‚ ± Î¥¸É¢¥ ³μ¤¥²¨ · ¸¶ ¤ ÕÐ¥£μ¸Ö Ö¤·  ¶·¨³¥³ ³μ¤¥²Ó ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò
(¸³., ´ ¶·¨³¥·, [16]).

‚ É¥μ·¨¨ · ¸¶ ¤ ÕÐ¥£μ¸Ö Ö¤·  ¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ²μ£ ·¨Ë³¨Î¥¸± Ö
¶·μ¨§¢μ¤´ Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢´ÊÉ·¨ Ö¤· , ¢§ÖÉ Ö ´  ¶μ¢¥·Ì-
´μ¸É¨ Ö¤·  ¶·¨ r = R:

fλ(E) = R

(
duλ/dr

uλ

)
r=R

. (1.13)

�É  ËÊ´±Í¨Ö (¢ μ¡Ð¥³ ¸²ÊÎ ¥ ±μ³¶²¥±¸´ Ö) § ¤ ¥É £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¨ § -
¢¨¸¨É μÉ ¸É·Ê±ÉÊ·Ò Ö¤· . ‚ ³μ¤¥²¨ ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò · ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö ¢´ÊÉ·¨ Ö¤·  Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

d2

dρ2
u +

2
ρ

d

dρ
u +

(
1 − λ(λ + 1)

ρ2

)
u = 0, (1.14)
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¢ ±μÉμ·μ³ ρ = [(2m/�
2)(E + |V |)]1/2r, £¤¥ |V | ¥¸ÉÓ £²Ê¡¨´  ¶μÉ¥´Í¨ ²Ó´μ°

Ö³Ò. �¥£Ê²Ö·´μ¥ ¢´ÊÉ·¨ Ö³Ò ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

uλ ∼
√

π

2ρ
Jλ+1/2(ρ), r � R, (1.15)

£¤¥ Jλ+1/2(ρ) Å ËÊ´±Í¨Ö 	¥¸¸¥²Ö. ‚´¥ Ö³Ò ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ê¤μ¢²¥É¢μ·Ö¥É

Éμ³Ê ¦¥ Ê· ¢´¥´¨Õ (1.14), ¢ ±μÉμ·μ³ É¥¶¥·Ó ρ = ρ = [(2m/�
2)E]1/2r. ‚

± Î¥¸É¢¥ ·¥Ï¥´¨Ö ¤²Ö · ¸¶ ¤ ÕÐ¥£μ¸Ö Ö¤·  ¤μ²¦´  ¡ÒÉÓ ¢§ÖÉ  ËÊ´±Í¨Ö ¸
 ¸¨³¶ÉμÉ¨±μ° ¢ ¢¨¤¥ ÊÌμ¤ÖÐ¥° ¢μ²´Ò, É. ¥.

uλ ∼
√

π

2ρ
H

(1)
λ+1/2 (ρ) , r � R, (1.16)

£¤¥ H
(1)
λ+1/2(ρ) Å ËÊ´±Í¨Ö • ´±¥²Ö ¶¥·¢μ£μ ·μ¤ .

‚ ¤ ²Ó´¥°Ï¥³ ³Ò μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ ¸¨²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ-
¸ÉμÖ´¨° Ö¤¥·, ±μ£¤  ¢Ò¶μ²´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢  ρ, ρ � λ + 1/2. �·¨ ÔÉμ³
μ£· ´¨Î¥´¨¨ Ê¸²μ¢¨¥ ¸Ï¨¢ ´¨Ö ËÊ´±Í¨° (1.15) ¨ (1.16) ´  £· ´¨Í¥ Ö³Ò ¨³¥¥É
¢¨¤

fλ(E) = R[E + |V |]1/2 1 − tg (ρ − (π/2)λ)
1 + tg (ρ − (π/2)λ)

∣∣∣∣∣
r=R

= iR
√

E. (1.17)

ˆ§¢¥¸É´μ, ÎÉμ ¶·¨ Í¥²ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ λ = l Ê· ¢´¥´¨¥ (1.17) · §·¥Ï¨³μ
Éμ²Ó±μ ¢ ±μ³¶²¥±¸´ÒÌ Ô´¥·£¨ÖÌ El = εl − iΓl/2. �·¨ ÔÉμ³ ε ¨ Γ ¨´É¥·-
¶·¥É¨·ÊÕÉ¸Ö ± ± Ô´¥·£¨Ö ¨ Ï¨·¨´  · ¸¶ ¤ ÕÐ¥£μ¸Ö ¸μ¸ÉμÖ´¨Ö Ö¤· . ’ ± Ö
¨´É¥·¶·¥É Í¨Ö ¤μ¶Ê¸É¨³ , ¥¸²¨ Γ 	 D, £¤¥ D Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¸μ¸¥¤-
´¨³¨ Ê·μ¢´Ö³¨. ‚ ¸²ÊÎ ¥ ¸¨²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ Ê·μ¢´¥° ÔÉμ ´¥· ¢¥´¸É¢μ ´¥
¢Ò¶μ²´Ö¥É¸Ö∗, ¶μÔÉμ³Ê ¸²¥¤Ê¥É μ¡· É¨ÉÓ¸Ö ± ¤·Ê£μ° ¨´É¥·¶·¥É Í¨¨.

„·Ê£ Ö ¢μ§³μ¦´μ¸ÉÓ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò λ ¢ (1.17) ¸Î¨É ÉÓ ±μ³-
¶²¥±¸´μ° ¢¥²¨Î¨´μ°. ’μ£¤  Ê· ¢´¥´¨¥ (1.17) · §·¥Ï¨³μ ¢ ¢¥Ð¥¸É¢¥´´ÒÌ E.

�μ²μ¦¨³ λ = l + iδ. � ¸¸³μÉ·¨³ ¤¢  ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ Ö: |V | � E ¨
|V | 	 E. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (1.17) ¤ ¥É ¤²Ö l ¨ δ (n Å Í¥²μ¥ > 0)

l =
2R

π

[
2m

�2
(E + |V |)

]1/2

− 1
2
− 2n, δ = − 2

π

(
E

|V |

)1/2

. (1.18)

‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¤²Ö l ¨ δ ¶μ²ÊÎ ¥³

l =
2R

π

(
2m

�2
E

)1/2

− 2n, δ = − 2
π

ln
4E

|V | . (1.19)

∗‚ ÔÉμ³ ¸²ÊÎ ¥ ¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ ¢±² ¤Ò ¡μ²ÓÏμ£μ Î¨¸²  ·¥§μ´ ´¸´ÒÌ Ê·μ¢´¥° [17].
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�μ²ÊÎ¥´´Ò¥ Ëμ·³Ê²Ò ³Ò ¨´É¥·¶·¥É¨·Ê¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ˆ§¢¥¸É´  μ¶·¥-
¤¥²¥´´ Ö ¸¢Ö§Ó ³¥¦¤Ê ³¥É ¸É ¡¨²Ó´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ Ö¤¥· ¨ ·¥§μ´ ´¸ ³¨ ¶·¨
· ¸¸¥Ö´¨¨ ´  É¥Ì ¦¥ Ö¤· Ì [16] (ÔÉμ μ¤´¨ ¨ É¥ ¦¥ ¸μ¸ÉμÖ´¨Ö ¢ · §´ÒÌ § ¤ Î Ì:
· ¸¶ ¤, · ¸¸¥Ö´¨¥). � ·Ö¤Ê ¸ ·¥§μ´ ´¸ ³¨ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ ¢ · ¸-
¸¥Ö´¨¥ ¤ ÕÉ ¢±² ¤ ¨ É¥´¥¢Ò¥ ¸μ¸ÉμÖ´¨Ö [18] (±μ³¶²¥±¸´Ò¥ Ê£²μ¢Ò¥ ³μ³¥´ÉÒ,
¢¥Ð¥¸É¢¥´´Ò¥ Ô´¥·£¨¨). �´ ²μ£μ³ É¥´¥¢ÒÌ ¸μ¸ÉμÖ´¨° ¶·¨ · ¸¶ ¤¥ ¨ Ö¢²ÖÕÉ¸Ö
· ¸¸³ É·¨¢ ¥³Ò¥ ´ ³¨ ¸μ¸ÉμÖ´¨Ö ¸ ±μ³¶²¥±¸´Ò³ ³μ³¥´Éμ³.

Š ± Ê± § ´μ �¥¤¦¥ [9], ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ δ É¥´¥¢Ò¥ ¸μ¸ÉμÖ´¨Ö ³μ¦´μ
¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ·¥§μ´ ´¸Ò (¢ ÔÉμ³ ¸²ÊÎ ¥ ¢Ò¶μ²´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢ 
Γ 	 D). �·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ δ É ± Ö ¨´É¥·¶·¥É Í¨Ö ´¥¢μ§³μ¦´  (¡μ²Ó-
Ï¨³ δ μÉ¢¥Î ²¨ ¡Ò Γ > D). �´ ²μ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ ¨ ¢ ¸²ÊÎ ¥
¸¨²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ · ¸¶ ¤ ÕÐ¨Ì¸Ö ¸μ¸ÉμÖ´¨° Ö¤¥·∗. �μÔÉμ³Ê É ±¨¥ ¸μ¸Éμ-
Ö´¨Ö (± ± ¨ É¥´¥¢Ò¥ ¸μ¸ÉμÖ´¨Ö) ¸²¥¤Ê¥É μ¶¨¸Ò¢ ÉÓ ±μ³¶²¥±¸´Ò³¨ Ê£²μ¢Ò³¨
³μ³¥´É ³¨ ¨ ¢¥Ð¥¸É¢¥´´Ò³¨ Ô´¥·£¨Ö³¨.

�É³¥Î¥´´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨ · ¸¸¥Ö´¨Ö ¨ · ¸¶ ¤ ÕÐ¨-
³¨¸Ö ¸μ¸ÉμÖ´¨Ö³¨ ¸²¥¤ÊÕÐ¥¥:

� ¸¸¥Ö´¨¥ � ¸¶ ¤

�¥§μ´ ´¸Ò (±μ³¶²¥±¸´Ò¥ E) ‘² ¡μ ¢μ§¡Ê¦¤¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö Ö¤¥·
’¥´¥¢Ò¥ ¸μ¸ÉμÖ´¨Ö (±μ³¶²¥±¸´Ò¥ l) ‘¨²Ó´μ ¢μ§¡Ê¦¤¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö Ö¤¥·

1.3. Šμ³¶²¥±¸´Ò¥ ³μ³¥´ÉÒ ¢  ³¶²¨ÉÊ¤¥ · ¸¸¥Ö´¨Ö. Š ± Ê¦¥ μÉ³¥Î -
²μ¸Ó ¢ ¶. 1.1, ´ Ï ¸¶μ¸μ¡ ¢¢¥¤¥´¨Ö ±μ³¶²¥±¸´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¢ Ê· ¢´¥-
´¨¥ ˜·¥¤¨´£¥·  μÉ²¨Î ¥É¸Ö μÉ ·¥¤¦¥¢¸±μ£μ. ‡¤¥¸Ó ³Ò ¸Ëμ·³Ê²¨·Ê¥³ § ¤ ÎÊ
�¥¤¦¥ ( ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ¶μ l  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö) ¢ É¥·³¨´ Ì
´μ¢μ£μ ¶μ¤Ìμ¤  ± ±μ³¶²¥±¸´Ò³ Ê£²μ¢Ò³ ³μ³¥´É ³.

‘ ÔÉμ° Í¥²ÓÕ · ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ¶μÉ¥´Í¨ ²μ³ μ¡Ð¥£μ
¢¨¤  (´¥ Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´Ò³), ¢±²ÕÎ Ö ¨ ¸²ÊÎ ° ´¥²μ± ²Ó´μ£μ ¢§ ¨³μ-
¤¥°¸É¢¨Ö

(Δ + E − V̂ )ψ = 0. (1.20)

‚ μ¡Ð¥³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (1.20) ´¥ ¤μ¶Ê¸± ¥É · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¢ ¸Ë¥-
·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì. �μ ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ´¥ Ê¸²μ¦´Ö¥É ¤¥² , ¶μ¸±μ²Ó±Ê
¢ § ¤ Î Ì ´  · ¸¸¥Ö´¨¥ ´Ê¦´μ §´ ÉÓ Éμ²Ó±μ  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. �·¨ μ¶·¥-
¤¥²¥´´ÒÌ μ£· ´¨Î¥´¨ÖÌ ´  V̂ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.20) ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ-
´¨ÖÌ μÉ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ [19] (μ¸Ó z
´ ¶· ¢²¥´  ¢¤μ²Ó ¨³¶Ê²Ó¸  ¶ ¤ ÕÐ¥° ¢μ²´Ò k; k2 = E)

ψ ≈ eikz + f(n)
eikr

r
, (1.21)

∗„¥°¸É¢¨É¥²Ó´μ, ¢ ¸²ÊÎ ¥ E � |V | ¨³¥¥³ Γ ∼ δ
√

ER−1, D ∼ δ
√

ER−1. �μ¸±μ²Ó±Ê
δ > 1, Éμ Γ > D.
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£¤¥ f(n) Å  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö (n Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢ ´ ¶· ¢²¥´¨¨ · ¸-
¸¥Ö´¨Ö). Š ± ¶·μ¨§¢μ²Ó´ÊÕ (μ¤´μ§´ Î´ÊÕ) ËÊ´±Í¨Õ ´  ¸Ë¥·¥
(n = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ))  ³¶²¨ÉÊ¤Ê f(n) ³μ¦´μ · §²μ¦¨ÉÓ ¶μ
¶μ²´μ° ¸¨¸É¥³¥ ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° Y m

l (ϑ, ϕ):

f(ϑ, ϕ) = (2ik)−1
∞∑

l=0

(2l + 1)
l∑

m=−l

fl(E, m)Y m
l (ϑ, ϕ). (1.22)

„²Ö  ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ¶μ l (  É ±¦¥ ¶μ m) Ëμ·³Ê²  (1.22) ´¥¶·¨-
£μ¤´  ¢ Éμ³ μÉ´μÏ¥´¨¨, ÎÉμ ¶·¥¤¥²Ò ¸Ê³³¨·μ¢ ´¨Ö ¶μ m § ¢¨¸ÖÉ μÉ l, a Y m

l

´¥  ´ ²¨É¨Î¥¸±¨ § ¢¨¸ÖÉ μÉ m (¸³., ´ ¶·¨³¥·, [20]).
‚¢¥¤¥³ ¶¥·¥³¥´´ÊÕ n = m + l. ’μ£¤  ¸Ê³³¨·μ¢ ´¨¥ ¶μ n ¡Ê¤¥É ¶·μ-

¢μ¤¨ÉÓ¸Ö μÉ ´Ê²Ö ¤μ 2l. ”Ê´±Í¨¨ Y n−l
l μ¡μ§´ Î¨³ Î¥·¥§ Gn

l , ±μÉμ·Ò¥ ³μ£ÊÉ
¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢ ¢¨¤¥ [11] (x = cos ϑ)

Gn
l (ϑ, ϕ) = 2l−n

[
Γ(n + 1)

2πΓ(2l + 1 − n)

]1/2

×

× Γ
(

l +
1
2
− n

)
ei(n−l)ϕ(1 − x2)(l−n)/2C

1
2+l−n
n (x), (1.23)

£¤¥ C
1
2+l−n
n (x) (¶·¨ Í¥²ÒÌ n � 0) Å ¶μ²¨´μ³Ò ƒ¥£¥´¡ ÊÔ· . ”Ê´±Í¨¨ (1.23)

´μ·³¨·μ¢ ´Ò Ê¸²μ¢¨¥³

1∫
−1

dx

2π∫
0

dϕ

2π
Gn

l (Gn′

l′ )∗ =
2

2l + 1
δnn′δll′ . (1.24)

Š ± ¨ Y m
l , ËÊ´±Í¨¨ Gn

l (¶·¨ Ë¨±¸¨·μ¢ ´´μ³ Í¥²μ³ l > 0, n = 0, 1, 2, . . . ,
2l) μ¡· §ÊÕÉ ±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° ´  ¸Ë¥·¥ [11].
‚ ¦´μ, ÎÉμ ËÊ´±Í¨¨ Gn

l  ´ ²¨É¨Î¥¸±¨ § ¢¨¸ÖÉ μÉ l ¨ n. Š·μ³¥ Éμ£μ, ¶·¨
n > 2l μ´¨ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. �μÔÉμ³Ê · §²μ¦¥´¨¥ (1.22) ¶μ ËÊ´±Í¨Ö³ Gn

l

³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

f(ϑ, ϕ) = (2ik)−1
∞∑

l=0

(2l + 1)
∞∑

n=0

Fl(E, n)Gn
l (ϑ, ϕ), (1.25)

£¤¥ ËÊ´±Í¨Ö Fl(E, n) ¸¢Ö§ ´  ¸ fl(E, m) ¸μμÉ´μÏ¥´¨¥³ Fl(E, n) = fl(E, n−l).
Š Ëμ·³Ê²¥ (1.25) ³μ¦´μ ¶·¨³¥´¨ÉÓ ¶·¥μ¡· §μ¢ ´¨¥ ‚ É¸μ´ Ä‡μ³³¥·-

Ë¥²Ó¤ . �´ ²¨É¨Î¥¸±¨¥ ¸¢μ°¸É¢  ¶ ·Í¨ ²Ó´μ°  ³¶²¨ÉÊ¤Ò ¶μ ¶¥·¥³¥´´Ò³ l ¨
n ¢ÒÉ¥± ÕÉ ¨§ Ëμ·³Ê²Ò

Fl(E, n) = ik

∫
f(ϑ, ϕ)(Gn

l (ϑ, ϕ))∗dϕ sin ϑdϑ (1.26)
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¶·¨ μ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ μÉ´μ¸¨É¥²Ó´μ f(ϑ, ϕ) ± ± ·¥Ï¥´¨Ö ´¥±μ-
Éμ·μ£μ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö. ‚μ¶·μ¸ μ¡  ´ ²¨É¨Î¥¸±¨Ì ¸¢μ°¸É¢ Ì Fl(E, n)
É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö. ‡¤¥¸Ó ¦¥ ³Ò Éμ²Ó±μ μÉ³¥É¨³, ÎÉμ ¶μ²Õ¸ 
Fl(E, n) ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ (l) ¶·¨¢μ¤ÖÉ ± ¸²¥¤ÊÕÐ¥³Ê ¢±² ¤Ê ¢  ³-
¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö:

βλ(E, n) = Gn
l (ϑ, ϕ). (1.27)

�·¨ ±μ³¶²¥±¸´μ³ λ ËÊ´±Í¨¨ (1.27) ³´μ£μ§´ Î´Ò ¶μ ϕ, ¢ Éμ ¢·¥³Ö ± ±
(1.25) Å μ¤´μ§´ Î´ Ö ËÊ´±Í¨Ö. …¸²¨ (1.27)  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¶·¥¤¸É ¢²Ö¥É
(1.25), Éμ ³Ò ¢¸É·¥Î ¥³¸Ö ¸ ¸¨ÉÊ Í¨¥°, ´ ¶μ³¨´ ÕÐ¥° Ìμ·μÏμ ¨§¢¥¸É´μ¥
Ö¢²¥´¨¥ ‘Éμ±¸  ¢ É¥μ·¨¨  ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨° (¸³. μ¡¸Ê¦¤¥´¨¥ É¥´¥¢ÒÌ
¸μ¸ÉμÖ´¨° ¢ § 5 · ¡μÉÒ [9]).

‚Ò· ¦ Õ ¡² £μ¤ ·´μ¸ÉÓ �.ˆ.�Ì¨¥§¥·Ê, „. ‚. ‚μ²±μ¢Ê, 
.�. ‘É¥¶ ´μ¢¸-
±μ³Ê ¨ Ÿ.�. ‘³μ·μ¤¨´¸±μ³Ê §  μ¡¸Ê¦¤¥´¨Ö ´¥¸É ¡¨²Ó´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ-
´¨° ¨ ±·¨É¨Î¥¸±¨¥ § ³¥Î ´¨Ö.

„μ¶μ²´¥´¨¥. ‡¤¥¸Ó ³Ò ¶·¨¢¥¤¥³ μ¡Ð¨¥  ·£Ê³¥´ÉÒ ¢ ¶μ²Ó§Ê ¸ÊÐ¥¸É¢μ¢ -
´¨Ö ¸¢Ö§ ´´ÒÌ ´¥¸É ¡¨²Ó´ÒÌ ¸μ¸ÉμÖ´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , Ì · ±É¥·¨§Ê-
¥³ÒÌ ±μ³¶²¥±¸´Ò³¨ E ¨ l. ’ ±¨¥ ¸μ¸ÉμÖ´¨Ö Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³¨ ¸¥Î¥´¨Ö³¨
¶μ¢¥·Ì´μ¸É¨ μ¸μ¡¥´´μ¸É¥° ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö Sl(E), ´  ±μÉμ·μ° ²¥¦ É É ±¦¥
¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ É ±¨³ ¸μ¸ÉμÖ´¨Ö³ ¶μ²Õ¸  Sl(E) ´ -
Ìμ¤ÖÉ¸Ö ¢ μ¡² ¸É¨ Re E < 0. � ¸¸³μÉ·¨³ ¶ ·Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 

d2

dr2
ϕ + Eϕ − λ(λ + 1)

r2
ϕ − V (r)ϕ = 0 („.1)

¸ ¶μÉ¥´Í¨ ²μ³ É¨¶  ¶μÉ¥´Í¨ ²  
± ¢Ò

V (r) =
∫

m>0

σ(μ)
e−μr

r
dμ. („.2)

‚ („.1) ¸Î¨É ¥³ Re λ > −1/2. �¥£Ê²Ö·´μ¥ ¶·¨ r → 0 ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö
(„.1) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ϕ(r) = (2ik)−1[g(−k, λ)g(r, k, λ) − g(k, λ)g(r,−k, λ)],

ϕ(r) ∼ rλ+1, r → 0, k2 = E,
(„.3)

£¤¥ g(r, k, λ) Å ·¥Ï¥´¨¥ ‰μ¸É  ¸  ¸¨³¶ÉμÉ¨±μ°

g (r, k, λ) ∼ e−ikr, r → ∞, („.4)

a g(k, λ) Å ËÊ´±Í¨Ö ‰μ¸É . —¥·¥§ ËÊ´±Í¨¨ ‰μ¸É  ³ É·¨Í  · ¸¸¥Ö´¨Ö S(k, λ)
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ [8]

S(k, λ) =
g(−k, λ)
g(k, λ)

eiπλ, („.5)



312 ‘���ˆŠ�‚-���‘Š“�ŸŠ�‚ C.C.

É ± ÎÉμ ¶μ²Õ¸ ³ S(k, λ) μÉ¢¥Î ÕÉ ´Ê²¨ g(k, λ). …¸²¨ ¶μÉ¥´Í¨ ² („.2) ¤μ-
¶Ê¸± ¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° (E < 0, Im k > 0, ¢ („.3)
g(k, λ) = 0) Å ¶μ²Õ¸μ¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¢ μ¡² ¸É¨ Re E < 0, Éμ ¢
¸¨²Ê  ´ ²¨É¨Î¥¸±μ° § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ g(k, λ) μÉ k ¨ λ∗ ÔÉ¨ ¶μ²Õ¸  § -
¶μ²´ÖÕÉ ´¥±μÉμ·ÊÕ ¤¢Ê³¥·´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ¢ Î¥ÉÒ·¥Ì³¥·´μ³ ±μ³¶²¥±¸´μ³
³´μ£μμ¡· §¨¨ (k, λ). �É¨ ¶μ²Õ¸  ¨ μÉ¢¥Î ÕÉ ´¥¸É ¡¨²Ó´Ò³ ¸¢Ö§ ´´Ò³ ¸μ¸Éμ-
Ö´¨Ö³.

ˆ´É¥·¥¸´μ Ê¸É ´μ¢¨ÉÓ £· ´¨ÍÒ μ¡² ¸É¨, £¤¥ ¶·μ°¤¥É ¶μ¢¥·Ì´μ¸ÉÓ μ¸μ-
¡¥´´μ¸É¥°. �·¨ Ê¸²μ¢¨¨ Re E < 0, Im k > 0 ¨  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¶μ¢¥¤¥´¨¨
·¥Ï¥´¨Ö („.3), („.4) (¢ („.3) g(k, λ) = 0) ¨§ („.1) ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

∞∫
0

{∣∣∣∣ d

dr
ϕ − 1

2r
ϕ

∣∣∣∣2 − Re E |ϕ|2 +

+ Re
(

λ +
1
2

)2

r−2 |ϕ|2 + V (r) |ϕ|2
}

dr = 0, („.6)

Im E

∞∫
0

|ϕ|2 dr − Im
(

λ +
1
2

)2
∞∫
0

r−2 |ϕ|2 dr = 0. („.7)

“³´μ¦¨³ („.4) ´  sin η,   („.5) ´  cos η ¨ ¸²μ¦¨³ (0 � η � π/2):

sin η

∞∫
0

∣∣∣∣ d

dr
ϕ − 1

2r
ϕ

∣∣∣∣2 dr + (−ReE sin η + Im E cos η)

∞∫
0

|ϕ|2 dr+

+

(
Re

(
λ +

1
2

)2

sin η − Im
(

λ +
1
2

)2

cos η

) ∞∫
0

r−2 |ϕ|2 dr+

+ sin η

∞∫
0

V (r) |ϕ|2 dr = 0. („.8)

ˆ§ („.8) ¸²¥¤Ê¥É, ÎÉμ £¤¥-²¨¡μ ´  ¶μ²Êμ¸¨ 0 � r < ∞ ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö
´¥· ¢¥´¸É¢μ

∗•μÉÖ ´ Ï ¸¶μ¸μ¡ ¢¢¥¤¥´¨Ö ±μ³¶²¥±¸´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  [11] (³´μ£μ§´ Î´Ò¥ ¸Ë¥·¨Î¥-
¸±¨¥ ËÊ´±Í¨¨ Y μ

λ (ϑ, ϕ) (1.5)) μÉ²¨Î ¥É¸Ö μÉ ·¥¤¦¥¢¸±μ£μ (μ¤´μ§´ Î´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨
Y m

l (ϑ, ϕ)), μ¶·¥¤¥²¥´¨¥ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö („.5) (  ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¥¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢μ°¸É¢ ,
±μÉμ·Ò¥ ¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  („.1)) Éμ ¦¥ ¸ ³μ¥, ÎÉμ ¨ ¢ É¥μ·¨¨ �¥¤¦¥. �μÔÉμ³Ê
³Ò ³μ¦¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ [8].
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Re E sin η − Im E cos η+

+

(
−Re

(
λ +

1
2

)2

sin η + Im
(

λ +
1
2

)2

cos η

)
r−2 � sin ηV (r). („.9)

�£· ´¨Î¨³¸Ö Éμ° μ¡² ¸ÉÓÕ ¨§ÊÎ ¥³μ° ¶μ¢¥·Ì´μ¸É¨, £¤¥

sin η Re
(

λ +
1
2

)2

− cos η Im
(

λ +
1
2

)2

� 0,

cos η Im E − sin η Re � 0.

(„.10)

�·¨ ÔÉ¨Ì μ£· ´¨Î¥´¨ÖÌ ¤²Ö ¢Ò¶μ²´¥´¨Ö ´¥· ¢¥´¸É¢  („.9) ´¥μ¡Ìμ¤¨³μ,
ÎÉμ¡Ò V (r) < 0 (¶μÉ¥´Í¨ ² ¶·¨ÉÖ¦¥´¨Ö). �Î¥¢¨¤´μ, ¶μÉ¥´Í¨ ² É¨¶  („.2)
μ£· ´¨Î¥´ ¸¢¥·ÌÊ ¶·¥¤¥²μ³

|V | � 2C/r. („.11)

�·¨ Ê¸²μ¢¨¨ („.11) ¨§ („.9) ¸²¥¤Ê¥É ´¥· ¢¥´¸É¢μ

(cos η Im E − sin η Re E)×

×
(

sin η Re
(

λ +
1
2

)2

− cos η Im
(

λ +
1
2

)2
)

� C2. („.12)

ˆ¸¶μ²Ó§ÊÖ ´¥· ¢¥´¸É¢  („.10), ³μ¦´μ ¨¸±²ÕÎ¨ÉÓ ¨§ („.12) ¶ · ³¥É· η. ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

−Re
(

λ +
1
2

)2

Re E − Im
(

λ +
1
2

)2

Im E − |E|
∣∣∣∣∣
(

λ +
1
2

)2
∣∣∣∣∣ � 2C2.

‚ ¶¥·¥³¥´´ÒÌ k ¨ λ ÔÉμ ´¥· ¢¥´¸É¢μ Ô±¢¨¢ ²¥´É´μ ¸²¥¤ÊÕÐ¥³Ê:∣∣∣∣Im λRe k − Im k Re
(

λ +
1
2

)∣∣∣∣ � C. („.13)

�¥· ¢¥´¸É¢μ („.13) Ê¸É ´ ¢²¨¢ ¥É £· ´¨ÍÒ μ¡² ¸É¨, ¢ ±μÉμ·μ° ´ Ìμ¤ÖÉ¸Ö ´¥-
¸É ¡¨²Ó´Ò¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö (¢ („.13) Im k > 0, Re (λ + 1/2) > 0).

2. � �…Š�Œ��Š’��‰ ƒ�“��… ‘ˆŒŒ…’�ˆˆ �‘–ˆ‹‹Ÿ’���

1. ‚ · ¡μÉ¥ ˆμ·¤ ´  ¨ ¤·. [21] ¶μ μ¡μ¡Ð¥´´Ò³ ¸¶μ¸μ¡ ³ ±¢ ´Éμ¢ ´¨Ö ¶μ-
²¥° (¶ · ¸É É¨¸É¨±¨) ¡Ò² Ê¸É ´μ¢²¥´ ¨§μ³μ·Ë¨§³ ³¥¦¤Ê μ¶·¥¤¥²¥´´Ò³¨ ¡¨-
²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö ¡μ§¥-Î ¸É¨Í
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¨ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò³¨ μ¶¥· Éμ· ³¨ É·¥Ì³¥·´μ° £·Ê¶¶Ò ‹μ·¥´Í  L3 (¸³. É ±-
¦¥ [22]). ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ ±¢ ´Éμ¢Ò° μ¸Í¨²²ÖÉμ· ¸ ÉμÎ±¨ §·¥´¨Ö £·Ê¶-
¶Ò L3. �É  £·Ê¶¶  Ö¢²Ö¥É¸Ö £·Ê¶¶μ° ¸¨³³¥É·¨¨ μ¸Í¨²²ÖÉμ· . Œ´μ£¨¥ ¸μμÉ-
´μÏ¥´¨Ö ³¥¦¤Ê ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ÔÉμ° ¸¨³³¥É·¨¨
(  É ±¦¥ ¸¨³³¥É·¨¨ ¶μ μÉ´μÏ¥´¨Õ ± £·Ê¶¶¥ ¢· Ð¥´¨°). „ ´´μ¥ · ¸¸³μÉ·¥-
´¨¥ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¢ ¸¢Ö§¨ ¸ £·Ê¶¶μ¢Ò³ ¶μ¤Ìμ¤μ³ ± ´¥±μÉμ·Ò³ ¤¨-
´ ³¨Î¥¸±¨³ § ¤ Î ³ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [23Ä25],   É ±¦¥ ¢ ¸¢Ö§¨ ¸ ¨¸¸²¥-
¤μ¢ ´¨Ö³¨ ´¥±μÉμ·ÒÌ £·Ê¶¶ ¸¨³³¥É·¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³, μ¡¸Ê¦¤ ¢Ï¨³¨¸Ö
Œ. ƒ¥²²-Œ ´´μ³ ´  ‚¥¸¥´´¥° Ï±μ²¥ Ë¨§¨±¨ ¢ …·¥¢ ´¥ (³ ° 1965 £.) [26]. ‚
¤μ¶μ²´¥´¨¨ 1 ¶μ¸É·μ¥´Ò ¢¸¥ ´¥¶·¨¢μ¤¨³Ò¥ ¶μ²Ê¡¥¸±μ´¥Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
£·Ê¶¶Ò L3. �É¨ ¶·¥¤¸É ¢²¥´¨Ö (Ê¸²μ¢¨¥ („1.3)) ¨´É¥·¥¸´Ò ¢ ¸¢Ö§¨ ¸ · ¸¸³ -
É·¨¢ ¥³μ° § ¤ Î¥° ¨ μ¡μ¡Ð¥´´Ò³¨ ¸¶μ¸μ¡ ³¨ ±¢ ´Éμ¢ ´¨Ö ¶μ²¥° 	μ§¥ [21],
  É ±¦¥ ¢ ¸¢Ö§¨ ¸ É¥μ·¥É¨±μ-£·Ê¶¶μ¢Ò³ ¶μ¤Ìμ¤μ³ [27, 28] ± ¨§ÊÎ¥´¨Õ ±μ³-
¶²¥±¸´μ£μ ¸¶¨´  [29].

2. �¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö μ¤´μ³¥·´μ£μ ±¢ ´Éμ¢μ£μ μ¸Í¨²-
²ÖÉμ·  a+, a ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μμ·¤¨´ ÉÊ x ¨ ¨³¶Ê²Ó¸ p = −id/dx ¶μ
Ëμ·³Ê² ³

a+ =
1√
2

(
x − d

dx

)
, a =

1√
2

(
x +

d

dx

)
. (2.1)

� ¸¸³μÉ·¨³ μ¶¥· Éμ·Ò

L0 =
1
4
(a+a + aa+) =

1
4

(
x2 − d2

dx2

)
,

L1 =
i

4
(aa − a+a+) =

i

4

(
x

d

dx
+

d

dx
x

)
,

L2 = −1
4
(aa + a+a+) = −1

4

(
x2 +

d2

dx2

)
,

(2.2)

Ö¢²ÖÕÐ¨¥¸Ö (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ³´μ¦¨É¥²Ö 1/2) ¸μμÉ¢¥É¸É¢¥´´μ £ ³¨²ÓÉμ´¨ -
´μ³, ¶Ë ËË¨ ´μ³ ¨ ² £· ´¦¨ ´μ³ μ¸Í¨²²ÖÉμ· ∗ (¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥
§ ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¸¨¸É¥³¥ ¥¤¨´¨Í, ¢ ±μÉμ·μ° � = m = ω = 1).

�¶¥· Éμ·Ò (2.2) Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³

[L0, L1] = iL2, [L1, L2] = −iL0, [L2, L0] = iL1, (2.3)

±μÉμ·Ò¥ ¨³¥ÕÉ ³¥¸Éμ ¤²Ö ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ É·¥Ì³¥·´μ° £·Ê¶¶Ò
‹μ·¥´Í  L3 (¤¢¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ, μ¤´  ¢·¥³¥´´ Ö). ‘²¥¤μ¢ -
É¥²Ó´μ, (2.2) μ¡· §ÊÕÉ  ²£¥¡·Ê ‹¨ £·Ê¶¶Ò L3. �¶¥· Éμ· L0 Ö¢²Ö¥É¸Ö £¥´¥· Éμ-
·μ³ ¶·¥μ¡· §μ¢ ´¨Ö ¢· Ð¥´¨Ö ¢ ¶²μ¸±μ¸É¨ ¤¢ÊÌ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É

∗‚ [30] ÔÉ¨ μ¶¥· Éμ·Ò · ¸¸³ É·¨¢ ²¨¸Ó ¢ ¸¢Ö§¨ ¸ Î¥ÉÒ·¥Ì§´ Î´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ £·Ê¶¶Ò
¢· Ð¥´¨° R3.
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(1Ä2), a L1 ¨ L2 Å £¥´¥· Éμ·Ò ²μ·¥´Í¥¢¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¢ ¶²μ¸±μ¸ÉÖÌ
(0Ä2) ¨ (0Ä1).

Š¢ ¤· É¨Î´ Ö Ëμ·³  Q = L2
1 + L2

2 − L2
0 ±μ³³ÊÉ¨·Ê¥É ¸μ ¢¸¥³¨ μ¶¥· Éμ-

· ³¨ Li, ¶·¨Î¥³ ¤²Ö μ¶¥· Éμ·μ¢ (2.2) Q ≡ 3/16 = λ(1−λ). �É¸Õ¤  ´ Ìμ¤¨³
λ = 1/4 ¨ λ = 3/4. ‘²¥¤μ¢ É¥²Ó´μ, μ¶¥· Éμ·Ò (2.2) § ¤ ÕÉ ¶·¥¤¸É ¢²¥-
´¨Ö £·Ê¶¶Ò L3 ¸ ¢¥¸ ³¨ 1/4 ¨ 3/4. ˆ§¢¥¸É´μ [31], ÎÉμ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³
λ Ê £·Ê¶¶Ò L3 ¸ÊÐ¥¸É¢Ê¥É ¡¥¸Î¨¸²¥´´μ¥ ³´μ¦¥¸É¢μ ¶·¥¤¸É ¢²¥´¨°. ‚¸¥ ÔÉ¨
¶·¥¤¸É ¢²¥´¨Ö μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£  Î¨¸²μ³ ν0, ±μÉμ·μ¥ ¢Ìμ¤¨É ¢ μ¶·¥¤¥-

²¥´¨¥ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  ¶·¥¤¸É ¢²¥´¨Ö f
(λ)
m , Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ ¸¨¸É¥³¥

Ê· ¢´¥´¨° [31] (L± = L1 ± iL2)

L0f
(λ)
m = (ν0 + m)f (λ)

m ,

L+f (λ)
m = −i[λ(1 − λ) + (ν0 + m)(ν0 + m + 1)]1/2f

(λ)
m+1,

L−f (λ)
m = i[λ(1 − λ) + (ν0 + m)(ν0 + m − 1)]1/2f

(λ)
m−1,

(2.4)

¨ ±μÉμ·μ¥ (¶·¨ Ë¨±¸¨·μ¢ ´´μ³ λ) ³μ¦¥É ¡ÒÉÓ ²Õ¡Ò³ ±μ³¶²¥±¸´Ò³ Î¨¸²μ³.
„²Ö μ¸Í¨²²ÖÉμ· 

L+ =
i

4

(
− d2

dx2
+ 2x

d

dx
− x2 + 1

)
,

L− =
i

4

(
d2

dx2
+ 2x

d

dx
+ x2 + 1

)
.

(2.5)

ˆ§ Ëμ·³Ê² (2.4) ¸²¥¤Ê¥É, ÎÉμ ¢ ¸²ÊÎ ¥ λ = 1/4 ¨ λ = 3/4 ¢¸¥ ¶·¥¤¸É ¢²¥-
´¨Ö (· §²¨Î´Ò¥ ν0) ¡¥¸±μ´¥Î´μ³¥·´Ò (Î¨¸²μ m ¶·¨´¨³ ¥É §´ Î¥´¨Ö m =
0, ±1, ±2, . . .). ˆ§ ¢¸¥Ì ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨° μ¸Í¨²²ÖÉμ·Ê μÉ¢¥Î ÕÉ É¥, Ê
±μÉμ·ÒÌ Î¨¸²μ∗ ν0 = λ. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ëμ·³Ê²Ò (2.4) μ¶·¥¤¥²ÖÕÉ ¡¥¸±μ´¥Î-
´μ³¥·´Ò¥ Ê´¨É ·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò L3 (³ É·¨ÍÒ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
μ¶¥· Éμ·μ¢ Li Ô·³¨Éμ¢Ò), μ¡·Ò¢ ÕÐ¨¥¸Ö ¸´¨§Ê ´  m = 0 (¥¸²¨ ν0 = λ, Éμ
Î¨¸²μ m ¶·¨´¨³ ¥É Éμ²Ó±μ Í¥²Ò¥ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö). ‚¸¥ ÔÉ¨ ¶·¥¤-
¸É ¢²¥´¨Ö ´¥¶·¨¢μ¤¨³Ò.

�·¨ Ê¸²μ¢¨¨ ν0 = λ ËÊ´±Í¨¨ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢-
´¥´¨Ö³

1
4

(
x2 − d2

dx2

)
f (1/4)

m =
(

m +
1
4

)
f (1/4)

m ,

1
4

(
x2 − d2

dx2

)
f (3/4)

m =
(

m +
3
4

)
f (3/4)

m .

(2.6)

∗‚ ¤μ¶μ²´¥´¨¨ 1 ¶·¨ Ê¸²μ¢¨¨ ν0 = λ · ¸¸³μÉ·¥´Ò ¢¸¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹μ·¥´Í  L3,
μÉ¢¥Î ÕÐ¨¥ ¶·μ¨§¢μ²Ó´Ò³ (¨ ±μ³¶²¥±¸´Ò³) §´ Î¥´¨Ö³ ¢¥¸  λ.
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�¥Ï¥´¨Ö³¨ ÔÉ¨Ì Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ �·³¨É  Î¥É´μ£μ ¨
´¥Î¥É´μ£μ ¨´¤¥±¸μ¢:

f (1/4)
m (x) = ψ2m(x), f (3/4)

m (x) = ψ2m+1(x),

ψn(x) = (
√

π2nn!)−1/2 e−x2/2Hn(x),
(2.7)

Hn(x) Å ¶μ²¨´μ³Ò �·³¨É .
„¢¥ ¡¥¸±μ´¥Î´Ò¥ ¸¨¸É¥³Ò ËÊ´±Í¨° {ψ2m}, {ψ2m+1} μ¡· §ÊÕÉ μ·Éμ´μ·-

³¨·μ¢ ´´Ò° ¡ §¨¸ ¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì H+ ¨ H−. �·μ¸É· ´¸É¢ 
H+ ¨ H− μ¡· §μ¢ ´Ò Î¥É´Ò³¨ ¨ ´¥Î¥É´Ò³¨ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò x → −x
ËÊ´±Í¨Ö³¨ ¸ ¨´É¥£·¨·Ê¥³Ò³ ±¢ ¤· Éμ³ ³μ¤Ê²Ö. ‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢
H+ ¨ H− § ¤ ¥É¸Ö ¢ ¢¨¤¥

(f, q) =

∞∫
−∞

f(x)g(x) dx. (2.8)

�μ²´μ¥ ¶·μ¸É· ´¸É¢μ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° μ¸Í¨²²ÖÉμ·  (¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨°)
Ö¢²Ö¥É¸Ö ¶·Ö³μ° ¸Ê³³μ° ¶·μ¸É· ´¸É¢ H+ ¨ H−: H = H+ ⊕ H−.

’ ±¨³ μ¡· §μ³, ¸ ÉμÎ±¨ §·¥´¨Ö £·Ê¶¶Ò ‹μ·¥´Í  L3 ¢¸Ö ¡¥¸±μ´¥Î´ Ö ¸¨-
¸É¥³  Ê·μ¢´¥° μ¸Í¨²²ÖÉμ·  · §¡¨¢ ¥É¸Ö ´  ¤¢¥ ¶μ¤¸¨¸É¥³Ò Î¥É´ÒÌ (n = 2m)
¨ ´¥Î¥É´ÒÌ (n = 2m + 1) Ê·μ¢´¥°. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ÔÉ¨Ì ¶μ¤¸¨¸É¥³ μ¡· -
§ÊÕÉ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò L3, μÉ¢¥Î ÕÐ¨¥ ¢¥¸ ³ λ = 1/4 ¨
λ = 3/4.

Šμ´¥Î´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö £·Ê¶¶Ò L3 ¢ H+ ¨ H− § ¤ ÕÉ¸Ö μ¶¥· Éμ· ³¨
U , ¶·¥¤¸É ¢¨³Ò³¨ ¢ ¢¨¤¥

U = exp (−iγL0) exp (−iβL2) exp (−iαL0). (2.9)

—Éμ¡Ò ¶μ±·ÒÉÓ ¢¸Õ £·Ê¶¶Ê L3, ¶ · ³¥É·Ò α, β, γ ¤μ²¦´Ò ¶·¨´¨³ ÉÓ §´ Î¥-
´¨Ö ¨§ μ¡² ¸É¨ 0 � α, γ < 2π, 0 � β < ∞.

� ¸¸³ É·¨¢ ¥³Ò¥ ´ ³¨ ¶·¥¤¸É ¢²¥´¨Ö Î¥ÉÒ·¥Ì§´ Î´Ò. „¥°¸É¢¨É¥²Ó´μ,
¶μ¸±μ²Ó±Ê ¸¶¥±É· μ¶¥· Éμ·  L0 μ¡· §μ¢ ´ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓÕ Î¨¸¥² m+1/4
¤²Ö λ = 1/4 ¨²¨ m + 3/4 ¤²Ö λ = 3/4, Éμ

exp (−2πikL0)ψ2m = (−i)kψ2m,

exp (−2πikL0)ψ2m+1 = ikψ2m+1,

Éμ²Ó±μ ¶·¨ Î¥ÉÒ·¥Ì±· É´μ³ μ¡Ìμ¤¥ (k = 4) ¢μ§¢· Ð ¥³¸Ö ± ¨¸Ìμ¤´μ° ËÊ´±-
Í¨¨. �μÔÉμ³Ê ¢ (2.9) ¶ · ³¥É·Ò α, β, γ ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö ¨§ μ¡² ¸É¨
0 � α, γ < 8π, 0 � β < ∞.

�·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ (2.9) ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥ μ¶¥· Éμ·Ò (2.2) ²¨´¥°´μ
¶·¥μ¡· §ÊÕÉ¸Ö ¤·Ê£ Î¥·¥§ ¤·Ê£ :

ULiU
−1 = wijLj (2.10)
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³ É·¨Í¥° ¶·¥μ¡· §μ¢ ´¨Ö

w =

⎛⎝ 1 0 0
0 cos γ sin γ
0 − sin γ cos γ

⎞⎠⎛⎝ ch β −shβ 0
−shβ ch β 0

0 0 1

⎞⎠⎛⎝ 1 0 0
0 cos α sin α
0 − sin α cos α

⎞⎠ .

(2.11)
�·¨ ÔÉμ³ μ¶¥· Éμ·Ò ±μμ·¤¨´ ÉÒ x ¨ ¨³¶Ê²Ó¸  p = −id/dx ¶μ¤¢¥·£ ÕÉ¸Ö
²¨´¥°´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ

UxU−1 = ax + bp, UpU−1 = cx + dp (2.12)

c ¢¥Ð¥¸É¢¥´´μ° ³ É·¨Í¥°

(
a b
c d

)
=

⎛⎝ cos
γ

2
sin

γ

2
− sin

γ

2
cos

γ

2

⎞⎠
⎛⎜⎝ ch

β

2
−sh

β

2

−sh
β

2
ch

β

2

⎞⎟⎠
⎛⎝ cos

α

2
sin

α

2
− sin

α

2
cos

α

2

⎞⎠ ,

(2.13)
ad − bc = 1.

ˆ§ Ëμ·³Ê² (2.4) ¢ÒÉ¥± ÕÉ ¸²¥¤ÊÕÐ¨¥ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê
ËÊ´±Í¨Ö³¨ �·³¨É :

ψ′′
2m − 2xψ′

2m + (x2 − 1)ψ2m = 4 [(m + 1) (m + 1/2)]1/2
ψ2m+2,

ψ′′
2m + 2xψ′

2m + (x2 + 1)ψ2m = 4 [m (m − 1/2)]1/2
ψ2m−2

(2.14)

¨  ´ ²μ£¨Î´Ò¥ Ëμ·³Ê²Ò ¤²Ö ËÊ´±Í¨° �·³¨É  ´¥Î¥É´μ£μ ¨´¤¥±¸ .
„ ²¥¥, ¨§ Ëμ·³Ê² ¶·¥μ¡· §μ¢ ´¨Ö (2.10) ¸²¥¤Ê¥É, ÎÉμ ¶μ¢¥·´ÊÉÒ¥ ËÊ´±-

Í¨¨ �·³¨É  ψn(
√

ix) (i =
√
−1), Ö¢²ÖÕÐ¨¥¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨

μ¶¥· Éμ·  L2, ¶μ²ÊÎ ÕÉ¸Ö ¨§ ¸É¥¶¥´´ÒÌ ËÊ´±Í¨° xn (¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°
μ¶¥· Éμ·  L1) ¢ ·¥§Ê²ÓÉ É¥ ¶μ¢μ·μÉ  ¢ ¶²μ¸±μ¸É¨ (1Ä2) ´  Ê£μ² π/2:

ψn(
√

ix) ∼ exp
(
−i

π

2
L0

)
xn. (2.15)

„·Ê£¨¥ ¸μμÉ´μÏ¥´¨Ö (¢ Î ¸É´μ¸É¨, ¸¢Ö§Ó ËÊ´±Í¨° �·³¨É  ψn(x) ¸ nμ¢¥·´Ê-
ÉÒ³¨ ËÊ´±Í¨Ö³¨ ψn(

√
ix)) ¢ÒÉ¥± ÕÉ ¨§ · ¸¸³μÉ·¥´¨Ö μ¸Í¨²²ÖÉμ·  ¸ ÉμÎ±¨

§·¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° R3.
„μ¶μ²´¥´¨¥ 1. 1. ˆ§ÊÎ¥´¨¥ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ·¥´Í  L3 (´¥±μ³-

¶ ±É´μ° £·Ê¶¶Ò) ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¶·¥¦¤¥ ¢¸¥£μ ¢ ¸¢Ö§¨ ¸ · ¸¸³μÉ·¥´´μ°
§ ¤ Î¥° ¨ μ¡μ¡Ð¥´´Ò³¨ ¸¶μ¸μ¡ ³¨ ±¢ ´Éμ¢ ´¨Ö ¶μ²¥° 	μ§¥ [21] (É ± ´ §Ò¢ -
¥³Ò¥ ¶ · ¸É É¨¸É¨±¨ 	μ§¥). ˆ³¥´´μ, ± ¦¤μ³Ê ´¥¶·¨¢μ¤¨³μ³Ê ¶·¥¤¸É ¢²¥´¨Õ
£·Ê¶¶Ò L3 μÉ¢¥Î ¥É μ¶·¥¤¥²¥´´ Ö ¶ · ¸É É¨¸É¨±  	μ§¥. �·¨ ÔÉμ³ ´  ¶·¥¤¸É -
¢²¥´¨Ö ¸²¥¤Ê¥É ´ ²μ¦¨ÉÓ Ê¸²μ¢¨¥ („1.3) (¶μ²Ê¡¥¸±μ´¥Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö),
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¢ÒÉ¥± ÕÐ¥¥ ¨§ É·¥¡μ¢ ´¨Ö ¶μ²μ¦¨É¥²Ó´μ¸É¨ Î¨¸²  Î ¸É¨Í∗. ‚ ÔÉμ³ ¸²ÊÎ ¥
³Ò ¶·¨Ìμ¤¨³ ± Ê´¨É ·´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ (¢¥Ð¥¸É¢¥´´Ò¥ λ > 0) ¨ ± ¶·¥¤-
¸É ¢²¥´¨Ö³, Ê´¨É ·´Ò³ ¢ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±¥ (¢¸¥ ¶·μÎ¨¥ §´ Î¥´¨Ö λ).

�·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò L3 ¸ ¶·μ¨§¢μ²Ó´Ò³ ¢¥¸μ³ λ ¨´É¥·¥¸´Ò É ±¦¥ ¢
¸¢Ö§¨ ¸ ±μ³¶²¥±¸´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ [27].

�¢Éμ·μ³ [27, 28] · ¸¸³ É·¨¢ ²¨¸Ó ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¢· Ð¥´¨° R3 ¨
£·Ê¶¶Ò ‹μ·¥´Í  L4 ¸ ±μ³¶²¥±¸´Ò³ ¸¶¨´μ³. ˆ§¢¥¸É´μ [32, 33], ÎÉμ £·Ê¶¶  L4

¨³¥¥É É·¨ ¸É Í¨μ´ ·´ÒÌ ¶μ¤£·Ê¶¶Ò: £·Ê¶¶Ê ¢· Ð¥´¨° R3, É·¥Ì³¥·´ÊÕ £·Ê¶¶Ê
‹μ·¥´Í  L3 ¨ £·Ê¶¶Ê ±μ´Ê¸ , μÉ¢¥Î ÕÐ¨¥ ¸μμÉ¢¥É¸É¢¥´´μ ¢·¥³¥´¨¶μ¤μ¡´Ò³,
¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò³ ¨ ¨§μÉ·μ¶´Ò³ ¢¥±Éμ· ³. �μ¸±μ²Ó±Ê ¸ £·Ê¶¶μ° L3

É ±¦¥ ¸¢Ö§ ´Ò ±² ¸¸¨Ë¨± Í¨¨ ¸¶¨´μ¢ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³, Éμ ¨´-
É¥·¥¸´μ ¨§ÊÎ¨ÉÓ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò L3 ¸ ±μ³¶²¥±¸´Ò³ ¸¶¨´μ³.

‡¤¥¸Ó ³Ò ¶μ¸É·μ¨³ ¢¸¥ ¶·¥¤¸É ¢²¥´¨Ö (¶·¨ Ê¸²μ¢¨¨ („1.3)) ¢ ·¥ ²¨§ -
Í¨¨ ËÊ´±Í¨Ö³¨ ±μ³¶²¥±¸´μ£μ ¶¥·¥³¥´´μ£μ. „¢  ¨§ ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨° (¸ ¢¥-
¸ ³¨ 1/4 ¨ 3/4) ¸¢Ö§ ´Ò ¸ μ¤´μ³¥·´Ò³ ±¢ ´Éμ¢Ò³ μ¸Í¨²²ÖÉμ·μ³ (ÔÉ¨ ¶·¥¤-
¸É ¢²¥´¨Ö μÉ¤¥²Ó´μ · ¸¸³μÉ·¥´Ò ¢ ¤μ¶μ²´¥´¨¨ 2). Œ´μ£¨¥ ¶·¥¤¸É ¢²¥´¨Ö
£·Ê¶¶Ò L3 (μ¤´μ§´ Î´Ò¥ ¨ ¤¢ÊÌ§´ Î´Ò¥) · ¸¸³ É·¨¢ ²¨¸Ó 	 ·£³ ´μ³ [31].

2. �·¥¤¸É ¢²¥´¨¥ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢. �μ¸±μ²Ó±Ê £·Ê¶¶  L3

(± ± ¨ Í¨±²¨Î¥¸± Ö £·Ê¶¶ ) Ö¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´μ¸¢Ö§´μ° [31] (¢ μÉ²¨Î¨¥ μÉ
£·Ê¶¶ R3 ¨ L4, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¤¢Ê¸¢Ö§´Ò³¨), Éμ Ê ´¥¥ ¸ÊÐ¥¸É¢ÊÕÉ ³´μ£μ-
§´ Î´Ò¥ ´¥¶·¥·Ò¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. �¨¦¥ ³Ò Ê¢¨¤¨³, ÎÉμ ¢¸¥ ¶·¥¤¸É ¢²¥-
´¨Ö ÔÉμ° £·Ê¶¶Ò ´¥¶·¥·Ò¢´Ò (¢ μÉ²¨Î¨¥ μÉ £·Ê¶¶Ò R3, Ê ±μÉμ·μ° ´¥¶·¥·Ò¢-
´Ò³¨ Ö¢²ÖÕÉ¸Ö Éμ²Ó±μ ±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [34]).

‚¸Ö±μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò L3 μ¶·¥¤¥²Ö¥É¸Ö É·¥³Ö ¨´-
Ë¨´¨É¥§¨³ ²Ó´Ò³¨ μ¶¥· Éμ· ³¨ L0, L1, L2, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ±μ³³ÊÉ Í¨-
μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³

[L0, L1] = iL2, [L1, L2] = −iL0, [L2, L0] = iL1. („1.1)

Š¢ ¤· É¨Î´ Ö Ëμ·³  Q = L2
1 + L2

2 − L2
0 ±μ³³ÊÉ¨·Ê¥É ¸μ ¢¸¥³¨ Li ¨ ¤²Ö

´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢¥¸  λ ¶·¨´¨³ ¥É §´ Î¥´¨¥ Q = λ(1 − λ).
‚ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ f

(λ)
ν μ¶¥· Éμ·Ò Li ¢Ò· ¦ ÕÉ¸Ö Ëμ·³Ê² ³¨ (L± =

L1 ± iL2)

L0f
(λ)
ν = νf (λ)

ν , L+f (λ)
ν = a

(λ)
ν+1f

(λ)
ν+1, L−f (λ)

ν = a(λ)
ν f

(λ)
ν−1, („1.2)

£¤¥ a
(λ)
ν = [λ(1−λ) + ν(ν − 1)]1/2 [31]. Š ± ¨ ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ¢· Ð¥´¨° R3,

¶·¨ Ë¨±¸¨·μ¢ ´´μ³ (±μ³¶²¥±¸´μ³) λ ³Ò μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ Éμ²Ó±μ

∗’ ±μ¥ ¦¥ Ê¸²μ¢¨¥ ¡Ò²μ ¶·¨´ÖÉμ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ¢· Ð¥´¨° [27].
’ ³ ÔÉμ μ£· ´¨Î¥´¨¥ ¡Ò²μ ¸¢Ö§ ´μ ¸ Ê´¨É ·´μ¸ÉÓÕ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨°.



Œ�’…Œ�’ˆ—…‘Šˆ… �‘��‚› ��ˆ‘��ˆŸ ‚‡�ˆŒ�„…‰‘’‚ˆŸ 319

μ¤´μ£μ ¶·¥¤¸É ¢²¥´¨Ö, Ê ±μÉμ·μ£μ ν ¶·¨´¨³ ¥É §´ Î¥´¨Ö

ν = n + λ („1.3)

(n Å Í¥²μ¥ Î¨¸²μ). ˆ§ („1.2) ¸²¥¤Ê¥É, ÎÉμ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö μ¡·Ò¢ ÕÉ¸Ö
¸´¨§Ê ´  n = 0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, n ¶·¨´¨³ ¥É Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ -
Î¥´¨Ö. ‡´ Î´μ¸ÉÓ ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨°, μ¶·¥¤¥²Ö¥³ Ö ¸¶¥±É·μ³ μ¶¥· Éμ·  L0,
¸¢Ö§ ´ , É ±¨³ μ¡· §μ³, ¸ ¸ ³¨³ ¢¥¸μ³ λ (¶·¨ · Í¨μ´ ²Ó´μ³ λ = l/s, l ¨
s Å ¢§ ¨³´μ ¶·μ¸ÉÒ¥ Î¨¸² , ¶·¥¤¸É ¢²¥´¨¥ s-§´ Î´μ, ¶·¨ ¨·· Í¨μ´ ²Ó´μ³ ¨
±μ³¶²¥±¸´μ³ λ ¶·¥¤¸É ¢²¥´¨Ö ¡¥¸±μ´¥Î´μ§´ Î´Ò). 	 ·£³ ´μ³ [31] · ¸¸³ -
É·¨¢ ²¨¸Ó Éμ²Ó±μ μ¤´μ§´ Î´Ò¥ ¨ ¤¢ÊÌ§´ Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. ‚ ÔÉμ³ ¸²Ê-
Î ¥ ´¥§ ¢¨¸¨³μ μÉ λ ¢¥²¨Î¨´  ν ¶·¨´¨³ ¥É Éμ²Ó±μ Í¥²Ò¥ ¨²¨ ¶μ²ÊÍ¥²Ò¥
§´ Î¥´¨Ö.

�·¨ λ = −m/2 (m Å ¶μ²μ¦¨É¥²Ó´μ¥ Í¥²μ¥ Î¨¸²μ) Ëμ·³Ê²Ò („1.2) ¤ ÕÉ
±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²¥´¨¥ μ¡·Ò¢ ¥É¸Ö ´ 
n = 0 ¨ n = m; É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥ ²¨§ÊÕÉ¸Ö ¢ ¶·μ¸É· ´¸É¢ Ì ¸ · §³¥·-
´μ¸ÉÓÕ m+1). �·¨ ¢¸¥Ì ¤·Ê£¨Ì §´ Î¥´¨ÖÌ λ ¶·¥¤¸É ¢²¥´¨Ö ¡¥¸±μ´¥Î´μ³¥·´Ò.
�·¨ λ > 0 Ëμ·³Ê²Ò („1.2) μ¶·¥¤¥²ÖÕÉ Ê´¨É ·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö.

3. �·¥¤¸É ¢²¥´¨¥ ¢ Í¥²μ³ § ¤ ¥É¸Ö μ¶¥· Éμ· ³¨ T , ±μÉμ·Ò¥ ¢ ¶¥·¥³¥´´ÒÌ
�°²¥·  § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

T (L) = exp (−iγL0) exp (−iβL2) exp (−iαL0). („1.4)

„²Ö s-§´ Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¶ · ³¥É·Ò α, β, γ ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö ¨§
μ¡² ¸É¨

0 � α, γ < 2πs, 0 � β < ∞. („1.5)

ˆ§ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (2.3) ¸²¥¤Ê¥É, ÎÉμ

TLiT
−1 = LijLj, („1.6)

£¤¥ ³ É·¨Í 

Lij =

⎛⎝ 1 0 0
0 cos γ sin γ
0 − sin γ cos γ

⎞⎠⎛⎝ ch β −sh β 0
−shβ chβ 0

0 0 1

⎞⎠⎛⎝ 1 0 0
0 cos α sin α
0 − sin α cos α

⎞⎠ .

(„1.7)
�μ¸É·μ¨³ É¥¶¥·Ó ¢ Ö¢´μ³ ¢¨¤¥ ¶·¥¤¸É ¢²¥´¨¥ ¢¥¸  λ ¢ ·¥ ²¨§ Í¨¨ ËÊ´±-

Í¨Ö³¨ ±μ³¶²¥±¸´μ£μ ¶¥·¥³¥´´μ£μ z = x + iy.
�·¥¦¤¥ ¢¸¥£μ ¨§¢¥¸É´μ, ÎÉμ ¤·μ¡´μ-²¨´¥°´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö

z → z′ = σz =
az + b

bz + a
(„1.8)
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¸ ³ É·¨Í¥°

σ =
(

a b

b a

)
=

(
e−iγ/2 0

0 eiγ/2

)⎛⎜⎝ ch
β

2
−sh

β

2

−sh
β

2
ch

β

2

⎞⎟⎠(
e−iα/2 0

0 eiα/2

)
,

(„1.9)

aa − bb = 1,

μ¸ÊÐ¥¸É¢²ÖÕÉ ±μ´Ëμ·³´μ¥ μÉμ¡· ¦¥´¨¥ ¢´ÊÉ·¥´´μ¸É¨ ±·Ê£  ¥¤¨´¨Î´μ£μ · -
¤¨Ê¸  |z| < 1 ´  ¸¥¡Ö∗. � ¸¸³μÉ·¨³ ËÊ´±Í¨¨,  ´ ²¨É¨Î¥¸±¨¥ ¢ ±·Ê£¥ |z| < 1.
‚ ±² ¸¸¥ É ±¨Ì ËÊ´±Í¨° ¶·¥¤¸É ¢²¥´¨¥ ¢¥¸  λ § ¤ ¤¨³ Ëμ·³Ê²μ°

T (L)f(z) = (bz + a)−2λf(σz), („1.10)

μ¡μ¡Ð ÕÐ¥° ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ Ëμ·³Ê²Ê · ¡μÉÒ 	 ·£³ ´  [31]. ‚ („1.10)
λ Å ²Õ¡μ¥ ±μ³¶²¥±¸´μ¥ (Ë¨±¸¨·μ¢ ´´μ¥) Î¨¸²μ. ”μ·³Ê²  („1.10) μ¶·¥¤¥²Ö¥É
 ´ ²¨É¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥  ´ ²¨É¨Î¥¸±¨Ì ¢ ±·Ê£¥ |z| < 1 ËÊ´±Í¨° f(z).

ˆ´Ë¨´¨É¥§¨³ ²Ó´Ò¥ μ¶¥· Éμ·Ò, μÉ¢¥Î ÕÐ¨¥ ¶·¥μ¡· §μ¢ ´¨Ö³ („1.10),
¨³¥ÕÉ ¢¨¤

L0 = z
d

dz
+ λ, L+ = z2 d

dz
+ 2λz, L− =

d

dz
. („1.11)

�´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¶¥·¥¸É ´μ¢μÎ´Ò³ ¸μμÉ´μÏ¥´¨Ö³ („1.1), ¶·¨Î¥³ Q ≡
λ(1 − λ).

”Ê´±Í¨¨ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  f
(λ)
ν ¶·¥¤¸É ¢²¥´¨Ö ¢¥¸  λ Ê¤μ¢²¥É¢μ·ÖÕÉ

Ê· ¢´¥´¨Ö³ („1.2) ¨ ¨³¥ÕÉ ¢¨¤

f (λ)
ν (z) = A(λ)

ν zn, A(λ)
ν =

(
Γ(n + 2λ)
n! Γ(2λ)

)1/2

= (Cn+2λ−1
n )1/2. („1.12)

4. ‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥. �·¨ λ > 0 · ¸¸³ É·¨¢ ¥³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
Ê´¨É ·´Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ¨´¢ ·¨ ´É´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥

(f, q)λ =
∫

f(z)g(z)ωλ(z) dz, dz = dx dy, („1.13)

£¤¥ ¨´É¥£·¨·μ¢ ´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¶μ μ¡² ¸É¨ |z| < 1 (±·Ê£ ¥¤¨´¨Î´μ£μ · -
¤¨Ê¸ ).

∗Œ É·¨ÍÒ („1.9) Ê´¨É ·´Ò ¢ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±¥: σ̃ = σ3σ+σ−1
3 = σ−1, σ3 =(

1 0
0 −1

)
.
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‚¥¸μ¢ Ö ËÊ´±Í¨Ö ωλ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨ Ëμ·-
³Ò („1.13) μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° („1.10): (Tf, T g)λ = (f, g)λ ¨
· ¢´ 

ωλ (z) =
2λ − 1

π

(
1 − |z|2

)2(λ−1)

. („1.14)

”μ·³  („1.13) Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢μ° ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¡¨²¨´¥°´μ°
Ëμ·³μ°. ”Ê´±Í¨¨ ¡ §¨¸  („1.12) μ·Éμ£μ´ ²Ó´Ò ¶μ ¸± ²Ö·´μ³Ê ¶·μ¨§¢¥¤¥-
´¨Õ („1.13):

(f (λ)
μ , f (λ)

ν )λ = δμν . („1.15)

�·¥¤¸É ¢²¥´¨Ö λ > 0 ·¥ ²¨§ÊÕÉ¸Ö ¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì Hλ ¸μ ¸± -
²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³ („1.13). Hλ μ¡· §μ¢ ´μ ËÊ´±Í¨Ö³¨

f =
∑

n

fnzn, g =
∑

n

gnzn,

¤²Ö ±μÉμ·ÒÌ

‖f‖2
λ =

∑
n

|fn|2
(
Cn+2λ−1

n

)−1
< ∞,

(„1.16)
(f, q)λ =

∑
n

fngn

(
Cn+2λ−1

n

)−1
.

ˆ´¢ ·¨ ´É´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´μ ¨ ¤²Ö
¶·¥¤¸É ¢²¥´¨° ¸ ²Õ¡Ò³ ±μ³¶²¥±¸´Ò³ ¢¥¸μ³ λ. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ´μ § ¤ ¥É¸Ö
·¥£Ê²Ö·¨§μ¢ ´´μ° (¥¸²¨ Re λ < 0) ¡¨²¨´¥°´μ° Ëμ·³μ°∗

(f (λ), q(λ))λ = per
∫

f
(λ)

(z)g(λ)(z)ωλ(z) dz („1.17)

¸ ·¥£Ê²Ö·¨§ Í¨¥° ¢ μ¸μ¡ÒÌ ÉμÎ± Ì |z|2 = 1 (¶μ²Õ¸´μ£μ É¨¶ ) ¢¥¸μ¢μ° ËÊ´±Í¨¨
(„1.14) (λ Å ±μ³¶²¥±¸´μ¥).

�  ËÊ´±Í¨ÖÌ ¡ §¨¸  („1.12) Ëμ·³  („1.17) ¶·¨´¨³ ¥É §´ Î¥´¨Ö(
f (λ)

μ , f (λ)
ν

)
λ

= δμνη(λ)
ν ,

(„1.18)

η(λ)
ν =

(
Γ
(
ν + λ

)
/Γ

(
2λ

))1/2
/ (Γ (ν + λ) /Γ (2λ))1/2

.

�·¨ Re λ > 0 η
(λ)
ν = 1. �·¨ Re λ < 0 ¨ n < −[2 Reλ] ([a] Å Í¥² Ö

Î ¸ÉÓ Î¨¸²  a) η
(λ)
ν = (−1)n,   ¶·¨ n > −[2 Reλ] η

(λ)
ν = ∓1, ¢ § ¢¨¸¨³μ¸É¨

∗’ ±μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤²Ö ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ¢· Ð¥´¨° ¡Ò²μ ¢¢¥¤¥´μ · -
´¥¥ [27].
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μÉ Éμ£μ, Î¥É´Ò³ ¨²¨ ´¥Î¥É´Ò³ Î¨¸²μ³ Ö¢²Ö¥É¸Ö −[2 Reλ]. ’ ±¨³ μ¡· §μ³,
¶·¨ Re λ < 0 ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢μ° ¨´¤¥Ë¨´¨É´μ°
¡¨²¨´¥°´μ° Ëμ·³μ°. � ´£ ¨´¤¥Ë¨´¨É´μ¸É¨ · ¢¥´ −[2 Reλ]+ 1. ‚ Î ¸É´μ¸É¨,
¢¸¥ ±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò L3 (λ = −m/2) ·¥ ²¨§ÊÕÉ¸Ö ¢
±μ´¥Î´μ³¥·´ÒÌ ¶·μ¸É· ´¸É¢ Ì ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ°. �É³¥É¨³ ¥Ð¥, ÎÉμ
¶·¥¤¸É ¢²¥´¨Ö ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° Ê´¨É ·´Ò ¢ ¸¢μ¥° ¨´¤¥Ë¨´¨É´μ°
³¥É·¨±¥.

5. Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¶·¥¤¸É ¢²¥´¨Ö ¶μ²ÊÎ ÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ · §²μ-

¦¥´¨Ö ¸¤¢¨´ÊÉμ° ËÊ´±Í¨¨ T (L)f (λ)
ν (z) ¶μ ËÊ´±Í¨Ö³ ¡ §¨¸  („1.12):

T (L)f (λ)
ν (z) =

∑
μ

T (λ)
μν (L)f (λ)

μ (z). („1.19)

ŒÒ ¨³¥¥³

T (λ)
μν (L) = e−iμγt(λ)

μν (β) e−iνα, μ = m + λ, ν = n + λ, („1.20)

t(λ)
μν (β) = (−1)−2λ−κ

[
k!Γ(ρ − κ)/Γ(2λ)

Γ(ρ − κ − 2λ)Γ(k + 2λ)/Γ(2λ)

]1/2

×

× (1 − x)ρ/2(1 + x)κ/2P
(ρ, κ)
k (x), („1.21)

£¤¥ x = ch β, P
(ρ, κ)
k (x) Å ¶μ²¨´μ³Ò Ÿ±μ¡¨,

ρ = |μ − ν|, κ = −(μ + ν), k = −λ − (ρ + κ)/2.

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ T
(λ)
μν (L) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ∗

{
∂2

∂β2
+ cth β

∂

∂β
+

1
sh2β

(
∂2

∂α2
+

∂2

∂γ2
− 2 chβ

∂2

∂α∂γ

)
+ λ (1 − λ)

}
×

× T (λ)
μν (L) = 0. („1.22)

�É³¥É¨³, ÎÉμ ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¶·¥¤¸É ¢²¥´¨° (¸ Ê¸²μ¢¨¥³ („1.3)) ´¥
¸ÊÐ¥¸É¢Ê¥É ¸μμÉ´μÏ¥´¨° μ·Éμ£μ´ ²Ó´μ¸É¨, É ± ÎÉμ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ T (λ)

¨ T (λ′) ´¥ μ·Éμ£μ´ ²Ó´Ò ¤·Ê£ ¤·Ê£Ê.
„μ¶μ²´¥´¨¥ 2. ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ μ¤´Ê Î ¸É´ÊÕ ·¥ ²¨§ Í¨Õ ¶·¥¤¸É -

¢²¥´¨° £·Ê¶¶Ò L3 ¸ ¢¥¸ ³¨ 1/4 ¨ 3/4  ´ ²¨É¨Î¥¸±¨³¨ (Í¥²Ò³¨) ËÊ´±Í¨Ö³¨
¢μ ¢¸¥° ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ (z) (  ´¥ ¢ ±·Ê£¥ |z| < 1, ± ± ¢ ¤μ¶μ²´¥´¨¨ 1).

∗Œ´μ£¨¥ Ëμ·³Ê²Ò ÔÉμ£μ ¶Ê´±É  ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ëμ·³Ê² ¶·¥¤¸É -
¢²¥´¨° £·Ê¶¶Ò ¢· Ð¥´¨° [27] § ³¥´μ° β → iβ.
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�É¨ ¶·¥¤¸É ¢²¥´¨Ö É¥¸´μ ¸¢Ö§ ´Ò ¸ μ¤´μ³¥·´Ò³ (±μ³¶²¥±¸´Ò³) μ¸Í¨²²ÖÉμ-
·μ³ ¨ μÉ²¨Î ÕÉ¸Ö μÉ ¶·¥¤¸É ¢²¥´¨°, · ¸¸³μÉ·¥´´ÒÌ ¢ μ¸´μ¢´μ³ É¥±¸É¥.

� ¸¸³μÉ·¨³ É·¨ μ¶¥· Éμ· :

L0 =
1
4

(zd + dz) , L1 =
1
4
(
d2 + z2

)
, L2 =

i

4
(
d2 − z2

)
, d ≡ d

dz
, („2.1)

Ö¢²ÖÕÐ¨Ì¸Ö ¸μμÉ¢¥É¸É¢¥´´μ ¶Ë ËË¨ ´μ³, ² £· ´¦¨ ´μ³ ¨ £ ³¨²ÓÉμ´¨ ´μ³
μ¤´μ³¥·´μ£μ (±μ³¶²¥±¸´μ£μ) μ¸Í¨²²ÖÉμ· . �¶¥· Éμ·Ò („2.1) Ê¤μ¢²¥É¢μ·ÖÕÉ
¶¥·¥¸É ´μ¢μÎ´Ò³ ¸μμÉ´μÏ¥´¨Ö³ („1.1), ¶·¨Î¥³ L+ = z2/2, L− = d2/2,  
Q ≡ 3/16, É ± ÎÉμ λ = 1/4 ¨ 3/4. �·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ μ¶¥· Éμ·Ò z ¨ d
¶·¥μ¡· §ÊÕÉ¸Ö ¶μ Ëμ·³Ê² ³

TzT−1 = az + bd, T dT−1 = bz + ad („2.2)

¸ ³ É·¨Í¥° („1.9).
�¥Ï¥´¨¥³ Ê· ¢´¥´¨° („1.2) ¸ λ = 1/4 ¨ 3/4 Ö¢²ÖÕÉ¸Ö ¸μμÉ¢¥É¸É¢¥´´μ

ËÊ´±Í¨¨

f (1/4)
n =

z2n√
(2n)!

, f (3/4)
n =

z2n+1√
(2n + 1)!

. („2.3)

‚ · ¸¸³ É·¨¢ ¥³μ° ·¥ ²¨§ Í¨¨ ¶·¥¤¸É ¢²¥´¨Ö § ¤ ÕÉ¸Ö Ëμ·³Ê²μ°

T (L)f(z) = Tf(z)T−1(T · 1) = f(TzT−1)κ(z; L) = f(az + bd)κ(z; L),
(„2.4)

£¤¥ κ (z; L) = T · 1 ¨ ³μ¦¥É ¡ÒÉÓ ²¥£±μ ´ °¤¥´μ:

κ(z; L) = e−i(α+γ)/4

(
ch

β

2

)−1/2

exp
(
−1

2
z2 e−iγ th

β

2

)
. („2.5)

”Ê´±Í¨¨ („2.3) μ¡· §ÊÕÉ μ·Éμ£μ´ ²Ó´Ò¥ ¸¨¸É¥³Ò ¶μ ¸± ²Ö·´μ³Ê ¶·μ¨§-
¢¥¤¥´¨Õ (dz = dx dy):

(f (λ)
m , f (λ)

n ) =
∫

f
(λ)

m (z)f (λ)
n (z)ρ(z) dz = δm, n („2.6)

¸ ¢¥¸μ¢μ° ËÊ´±Í¨¥°
ρ(z) = π−1 exp (−|z|2), („2.7)

μ¶·¥¤¥²Ö¥³μ° ¨§ Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨ Ëμ·³Ò („2.6) μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨° („2.4) (¶·¨Î¥³ (f (1/4), f (3/4)) = 0). ‚ („2.6) ¨´É¥£·¨·Ê¥É¸Ö ¶μ
¢¸¥° ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ (z).

�·¥¤¸É ¢²¥´¨Ö ¸ λ = 1/4 ¨ 3/4 ·¥ ²¨§ÊÕÉ¸Ö ¢ ±² ¸¸¥ Í¥²ÒÌ ËÊ´±Í¨°
f (1/4)(z) =

∑
n

fnz2n (¨²¨ f (3/4)(z) =
∑
n

fnz2n+1), Î¥É´ÒÌ ¨²¨ ´¥Î¥É´ÒÌ μÉ-

´μ¸¨É¥²Ó´μ § ³¥´Ò z → −z, ¤²Ö ±μÉμ·ÒÌ

‖f‖2 = (f, f) =
∑

n

|fn|2 (2n)! < ∞
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(¨²¨
∑
n
|fn|2 (2n + 1)! < ∞). �É¨ ±² ¸¸Ò ËÊ´±Í¨° μ¡· §ÊÕÉ £¨²Ó¡¥·Éμ¢Ò

¶·μ¸É· ´¸É¢  ¸μ ¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³ („2.6).
Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ · ¸¸³μÉ·¥´´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢Ò· ¦ ÕÉ¸Ö Ëμ·³Ê-

² ³¨ („1.20), („1.21), ¢ ±μÉμ·ÒÌ ´Ê¦´μ ¶μ²μ¦¨ÉÓ λ = 1/4 ¨²¨ 3/4∗.

3. DYNAMICAL STRUCTURE OF SPACE-TIME DISCONTINUUM
AND SPIN 1/4

It seems that spin 1/4 was recently observed in so-called deep inelastic scat-
tering experiments [37]. Apparently its explanation is not packed in the frame
of quark-gluon model of elementary particles. However, the new theory [38]
surely contains these objects with spin 1/4. Such objects appear if we consider
our spaceÄtime at very small distances as a discontinuum. Thus, two things are
connected: spin 1/4 and space-time discontinuum.

1. First of all, it is hereby announced that the high energy limit (region
of very small distances) is connected with a new quantum theory, principally
distinguished from the well-known HeisenbergÄSchroedinger quantum mechanics
and from its generalization to quantum ˇeld theory. It turns out that the usual
quantum mechanics is not a single quantum theory. It is not complete, and
therefore may be completed. We can now say that there are at least two else
quite different quantum mechanics, one of which we call high energy quantum
mechanics (HEQM).

In order to understand ®Why is that so?¯, it will be sufˇcient to notice that
the Lebesgue measure on momentum space Ap, used in the usual quantum theory
and equaled inˇnity for whole Ap, does not permit one to go to a large momen-
tum region. Ultimately, the obstacle here is the well-known symmetry between
momentum space and conˇguration space given by the well-known Fourier trans-
formation used in the usual quantum theory and expressed by a pair of formulas:

p = −i∂/∂X, X = i∂/∂p. (3.1)

It is the so-called Dirac symmetry of the usual quantum theory [39].

∗‘É ÉÓÖ, ¶·¥¤¸É ¢²¥´´ Ö ¢ ¤ ´´μ³ · §¤¥²¥, ¶μ¸ÉÊ¶¨²  ¢ ·¥¤ ±Í¨Õ †�’” 13 ¨Õ²Ö 1965 £.
�·¨³¥Î ´¨¥ ¶·¨ ±μ··¥±ÉÊ·¥ (4 ´μÖ¡·Ö 1965 £.). ‚ ´¥¤ ¢´¨Ì · ¡μÉ Ì 	 ·ÊÉ  ¨ ¤·. [35] Éμ¦¥

· ¸¸³ É·¨¢ ²¸Ö ¢μ¶·μ¸ μ ´¥±μ³¶ ±É´μ° £·Ê¶¶¥ ¸¨³³¥É·¨¨ (¤¨´ ³¨Î¥¸±μ° £·Ê¶¶¥) μ¸Í¨²²ÖÉμ· . ‚
ÔÉ¨Ì · ¡μÉ Ì μ¸Í¨²²ÖÉμ·Ê ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨¥ D1/2 £·Ê¶¶Ò ‹μ·¥´Í  L3. ˆ´-
É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ ± μ¸Í¨²²ÖÉμ·Ê ³μ¦´μ É ±¦¥ μÉ´¥¸É¨ ¶·¥¤¸É ¢²¥´¨¥ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±μ°
£·Ê¶¶Ò, ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥ μ¶¥· Éμ·Ò ±μÉμ·μ° I1 ¨ I2 Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ-
´μÏ¥´¨Ö³ [I1, I2] = I2. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ´Ê¦´μ ¶μ²μ¦¨ÉÓ I1 = H, I2 = a (H Å £ ³¨²ÓÉμ´¨ ´
μ¸Í¨²²ÖÉμ· , a Å μ¶¥· Éμ· Ê´¨ÎÉμ¦¥´¨Ö). ’μ£¤  ¢¸Ö ¸¨¸É¥³  Ê·μ¢´¥° μ¡· §Ê¥É μ¤´μ ¶·¥¤¸É ¢²¥-

´¨¥ ÔÉμ° £·Ê¶¶Ò. �μ ÔÉ  £·Ê¶¶  ´¥ ¶μ²Ê¶·μ¸É Ö, ¶μ¸±μ²Ó±Ê É¥´§μ· gik = Cl
imCm

lk =

(
0 0
0 1

)
(Cl

ik Å ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ) ´¥ ¨³¥¥É μ¡· É´μ£μ [36].
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2. However, there is another measure which allows one to go to the large
momentum region. It was discovered by H.Bohr [40] in his theory of almost
periodical functions. Henceforth we call it the Bohr measure. It is ˇnite for
whole Ap. We think that the HEQM which uses the Bohr measure in the momen-
tum space (we emphasize: in the momentum space) is well adopted, ˇrstly, to the
description of fragments (or constituents) of fundamental particles, and, secondly,
to the construction of the mathematically consistent theory of elementary particles
and their interactions, being free from the so-called ultraviolet catastrophe.

We also consider that the simple combination of demands of relativity [41]
with the principles of the HeisenbergÄSchroedinger quantum theory [42], used in
the so-called axiomatic approach to the quantum ˇeld theory [41] was insufˇcient
to construct the mathematically consequent particle theory. For this purpose
a new quantum theory is needed, which is connected with the so-called Bohr
compactiˇcation of momentum space denoted as bAp. bAp is the momentum
space Ap with the Bohr measure.

Hence, the new theory is connected with the almost periodical functions on
the momentum space Ap. The set of these functions forms the nonseparable
Hilbert space H ′ with the following scalar product (for simplicity we consider
the one-dimensional case):

(ψ, ϕ)′ = bmv

∫
ψ(p)ϕ(p) dp. (3.2)

Here bmv means ®Bohr mean value¯ determined by the formula:

lim
P→∞

1
2P

P∫
−P

dp ψ(p)ϕ(p). (3.3)

The measure in this integral we call the Bohr measure. So the new quantum
theory is connected with the Bohr measure on the momentum space and almost
periodical functions on it. A nonseparable Hilbert space H ′ underlies the theory.

For comparison, we write the scalar product used in the usual quantum
mechanics [39]:

(ψ, ϕ) =
∫

ψ(p)ϕ(p) dp, (3.4)

(here dp is the Lebesgue measure).
It is interesting to notice that the topology on bAp induced by the topology of

the space H ′ is the weakest non-Hausdorff topology (it is the so-called topology
of sticked-together points). In the new quantum mechanics conˇguration space
AX connected with the Bohr compactiˇcaˇon of momentum space by means of
the FourierÄBohr transformation [40]

ψ(X) = bmv

∫
ψ(p) e−iXp dp, (3.5)
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has the strongest (or discrete) topology. Under such a topology AX is a quite
non-connected set of its points or discontinuum denoted as A′

X
∗.

We write the inverse of the direct transformation (3.5) as the Fourier se-
ries [40]:

ψ(p) =
∑

i

eipXiψ′(Xi), (3.6)

where (Xi) is a countable set of points in A′
X determining almost periodical

Bohr's function on momentum space Ap.
3. Obviously, on discontinuum there may be no differential equations be-

cause it loses the differential (Newtonian) structure. So the HEQM is the ˇeld
theory on conˇguration discontinuum [43]. We can say that in the new quantum
mechanics the conˇguration space splits into its isolated points, while the mo-
mentum space is compressed to the non-Hausdorff space (I would say that the
new quantum mechanics is non-Lagrangian because in it the Lagrangian plane is
not a differential manifold). This is illustrated schematically below. So for the
usual moderate energy quantum mechanics (MEQM) we have

Ap ©
F − transform−−−−−−−−−−−−−→←−−−−−−−−−−−−−−−

F−1 − transform
© AX

Lebesgue measure on Ap and AX

Hausdorff topology on Ap and AX

For the HEQM we have

bAp •
F.B − transform−−−−−−−−−−−−−−−→←−−−−−−−−−−−−−−−
Fourier series

. . . A′
X

Topology of sticking points on bAp

Discrete topology on discontinuum A′
X

And for the LEQM we have

A′
p

. . .
F.B − transform←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
Fourier series

• bAX

Discrete topology on discontinuum A′
p

Topology of sticking points on bAX

As a result, in the HEQM the formula X = i∂/∂p has the meaning, while
another formula p = −i∂/∂X makes no sense.

∗Another limit of the usual quantum mechanics, when the momentum space is discontinuum,
we call the low energy quantum mechanics (LEQM). It is not considered here.
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The HEQM has some peculiarities. For example, any function on the con-
ˇguration discontinuum may be written in the form of [43]:

ψ(X) =
∑

i

ψ′(Xi)δXXi , (3.7)

where δXXi is the Kronecker delta-symbol. Here the point-like value ψ′(Xi)
describes what we call granule (hence, in the suggested theory particle constituents
are point-like objects).

It is very important to notice that in the high energy limit the particle wave
function ψ(X) is reduced to sum (3.7) and, hence, the particle in the high energy
region is a coherent ensemble of granules. From this it follows that granules
have all symmetry properties of the particle (in particular, proton's granules have
spin 1/2 and electric charge 1). For comparison, we remind that the particle wave
function in the quark model is a product of the quark wave functions.

We would like to notice that the Kronecker symbol has all properties of the
projection operator. As a result, the particle current ψγμψ in the high energy
limit may be written as the sum of granule currents:

ψγμψ =
∑

i

ψ
′
(Xi)γμψ′(Xi)δXXi , (3.8)

where ψ
′
(Xi)γμψ′(Xi) is the granule current.

4. Further it turns out that the second quantized version of the granule theory
is trivial in the following sense. The permutation relations for ˇeld variables in
the momentum representation (on the space bAp) are written in the usual form
because the space bAp remains a differentiable and integrable manifold, see (3.5)
(here we are again considering the one-dimensional case):

[ϕ̂(p), π̂(p′)] = δ(p − p′), (3.9)

{ψ̂(p), ψ̂(p′)} = δ(p − p′), (3.10)

here δ(p) is the usual Dirac delta-function [39] and π̂(p′) = (∂/∂t)ϕ̂(p′). The
right-hand side here is not an almost periodical function, so if we pass from the
momentum picture to the conˇguration one, using the FourierÄBohr transforma-
tion (3.5), we obtain the following result [43]:

{ψ̂(X), ψ̂(X ′)} = 0 (3.11)

(now the Bose case is omitted, the most important is the Fermi one).
Now we can prove the following statement. The solution of Eqs. (3.11) as

operators acting on the Hilbert space is zero:

ψ̂ (X) = 0 (3.12)
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(see [43]).We omit here the proof of this statement because it is a well-known
theorem from algebra.

From the theorem it follows that the so-called Grassmann ˇelds and the
particles standing behind them do not exist in the theory. This means, in any
case, that the granules are not the usual particles, they are not quantized ˇelds,
they are the Grassmann numbers only. Moreover, we would say that Eq. (3.11)
determining the so-called Grassmann numbers has neither operator nor matrix
realization. It is therefore not possible to develop the theory in the usual direction
(this way is completely closed). In such a situation a new way of development
of the theory may be undertaken. It is connected with a consideration of the
dynamical structure of granules [43].

5. We see that the DiracÄGrassmann ring (3.11) (let us denote it as S
(∗)
8 (G))

has no matrix (or operator) realizations. But it may be realized by means of an

extension of the basic ring of scalars R (or C), over which the ring S
(∗)
8 (G) is

considered.
In a pure mathematical language we will deal with some extension of the

Grassmann number ring or an enclosure of the latter into the new wider ring of
ideal numbers, having already operator realization. It turns out that the ring R is
algebraically not closed and allows for a noncommutative extension.

Omitting some details we just consider the enclosure of the DiracÄGrassmann

ring S
(∗)
8 (G) into the Heisenberg ring h

(∗)
8 : S

(∗)
8 (G) → h

(∗)
8 , or ψ′

α → Φα,

ψ
′
α → Φα, where Φ, Φ satisfy the commutation relations [43]:[

Φα, Φβ

]
= δαβ , [Φα, Φβ ] =

[
Φα, Φβ

]
= 0, (3.13)

determining the Heisenberg algebra h
(∗)
8 with the Dirac involution Φ → Φ.

We call this mapping the quantization of the DiracÄGrassmann ˇber, which
is, of course, not a homomorphism (similarly, the CliffordÄDirac mapping of
the vector space R3,1 into the Clifford algebra C4 is not a homomorphism).

So through the Heisenberg algebra h
(∗)
8 the Grassmann numbers S

(∗)
8 (G) get a

realization. The algebra h
(∗)
8 has a few representations.

Further we consider the envelope algebra U [h(∗)
8 ] over h

(∗)
8 with the usual

(inner) multiplication law. We also consider the tensor algebra T [h(∗)
8 ] with

the Grassmann (external) multiplication law ∧, i.e., the algebra T∧[S(∗)
8 ], where

T [h(∗)
8 ] is the direct sum T [h(∗)

8 ] = ⊕∞
n=0T

n[h(∗)
8 ] with T n[h(∗)

8 ] =
n︷ ︸︸ ︷

h
(∗)
8 ⊗ · · · ⊗ h

(∗)
8 hereat in T∧[S(∗)

8 ] the relations are fulˇlled

T n ∧ T m − (−1)nmT m ∧ T n = 0. (3.14)

We would like to emphasize that the inverse mapping T [h(∗)
8 ] → S

(∗)
8 (G) is

already a homomorphism described by formula (3.15).
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6. All internal dynamical properties of individual granule are determined

by the algebra h
(∗)
8 and its automorphism group Sp(∗)(4, C) and are described

by the algebra U [h(∗)
8 ]. It is not difˇcult to show that the internal dynamics of

the system is described by the two Hamiltonian 4-�ows pμ = iΦγμP+Φ and

ṗμ = −iΦγμP−Φ (here γμ and P+ =
1
2
(1 + γ5), P− =

1
2
(1 − γ5) are the Dirac

matrices) which do not commute with each other. Such systems were called bi-
Hamiltonian systems [43]. All statistical properties of the ensemble of granules

are described by the algebra T∧[S(∗)
8 ]∗.

Here we do not elaborate the description of the inner dynamics of the bi-

Hamiltonian system (vertical motion in ˇber connected with U [h(∗)
8 ] algebra) and

external dynamics described by the tensor algebra T [h(∗)
8 ] (horizontal motion,

spaceÄtime dynamics) in spite of their great interest (see [43]). We neither

elaborate the non-Fock representation of the Heisenberg algebra h
(∗)
8 and the

non-unitary representation of its automorphism group Sp(∗)(4, C) (the dynamical
group of the system), which underlies the theory, see [44]. (We only mentioned
that these representations are built in the dual pair of topological vector spaces
F and Ḟ connected one to another by the non-Hermitian form 〈Ḟ , F 〉 (see [44].
This part of the theory is called non-unitary quantum mechanics).

7. Here we will be interested only in the spin structure of the granule ˇeld
(let us remember that these are the Grassmann numbers which do not have the
operator realization). In the suggested theory its structure is described by the
formula:

ψ′
α = 〈ḟ , Φαf〉, (3.15)

where the right-hand side is non-Hermitian form of the non-unitary theory. The
Grassmann number may only have such a representation and nothing else.

Equation (3.15) is the transition matrix element of the bi-Hamiltonian system
from the state f to the state ḟ . In (3.15) f ∈ F and ḟ ∈ Ḟ , where F and Ḟ

are carrier spaces of the non-Fock representation of the Heisenberg algebra h
(∗)
8

(we remind that the usual quantum scheme is connected with one self-adjoint or
unitary Hilbert space H). The entities f and ḟ are called fundors. They are
non-Lagrangian ˇelds (no Lagrangians exist for such ˇelds) existing inside the

∗It is interesting to note that the statistical properties of granules are connected with the individual
one by a simple condition of complexiˇcation of the coordinate x0 in (3.16), x0 → x0− i/Tf , where
Tf is the temperature of ensemble of granules, see [45].
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ˇber and obeying the equations [43]:

−i
∂

∂xμ
f(x) = pμf(x), (3.16)

−i
∂

∂ẋμ
ḟ(ẋ) = ṗμḟ(ẋ), (3.17)

or (as p2 = ṗ2 = 0) pμ(∂/∂xμ)f(x) = 0, ṗμ(∂/∂ẋμ)ḟ(ẋ) = 0. These equa-
tions describe the so-called ®vertical¯ motion (inside the ˇber or in an isolated
point of discontinuum) of f and ḟ . Here xμ and ẋμ are coordinates in the
ˇber, namely, on the groups T3,1 and Ṫ3,1 generated by the 4-momentum pμ and
ṗμ, correspondingly. Here the entity f is characterized by the strictly positive
energies p0 > 0, while the entity ḟ is characterized by the negative energies
spec ṗ0 � 0. Therefore, the non-Lagrangian ˇelds f(x) and ḟ(ẋ) do not al-
low for the second quantization procedure (they are not anti-f and anti-ḟ), they
are pure c-number ˇelds. Fundor (non-Lagrangian) ˇelds are characterized by
the spin values . . . − 3/4, −1/4, 1/4, 3/4 . . . which are not limited neither from
below nor from above (therefore, already such ˇelds do not permit second quan-
tization procedure). Literally speaking, fundors are the square root of spinors
(see [38]).

8. If we substitute now expression (3.15) into the granule current ψ
′
γμψ′

(3.8) we get

ψ
′
γμψ′ = fn(Γμ)nmfm, (3.18)

where
(Γμ)nm = (〈ḟ | Φα)n(γμ)αβ(〈ḟ | Φβ)m (3.19)

is the vertex of the entity f . It is an inˇnite dimensional matrix. Very likely the
interaction fΓμfAμ was observed in the above-mentioned experiments.

Because of the c-number nature of fundor ˇelds f(x) (there is no Green
function for such ˇelds) at this level there are no radiative corrections to the
interaction and, hence, ultraviolet divergences in the theory are absent.

It is also interesting to note that after taking matrix elements (see (3.15)) a
nontrivial right-hand side in (3.14) will appear. It is connected with the PauliÄ
Jordan function, that gives rise to the well-known permutation relations between
particle ˇelds ψ(X) (see [45]).

9. It should be noticed that the dynamical structure of granules (the existence
of waves f and ḟ ) may be connected with the idea of quantization of spaceÄtime.
Under the space quantization procedure we understand, ˇrst of all, dismember-
ment of the space into its smallest more indivisible entities, i.e., points (Euclide;
compare with the quantization procedure of matter, there the smallest indivisible
portion of matter is elementary particle). Mathematically it means that we go
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over from the usual topology on the space used in the Schroedinger wave me-
chanics, for example, to the strongest or discrete one, when the space becomes
a discontinuum. Hereby, under the physical spaceÄtime we understand its spinor
(or Dirac and also other physical) ˇbration. Then, secondly, we quantize the
DiracÄGrassmann ˇber. As a result, we come to the fundor dynamical structure
of the spinor ˇber, i.e., to the bi-Hamiltonian dynamical system and its states f
and ḟ . The system of waves (f, ḟ) connected with the isolated point of discon-
tinuum we propose to call space waves (in analogy with the de Broglie's matter
waves ψ). Sometimes the component f we will also call ether waves.

10. In conclusion, we stop at the mathematical carcass of the theory. It
consists, ˇrst of all, in the base A3,1, afˇne spaceÄtime (we call it as the Poincare
space). If we introduce the differentiable structure on it (Newton), we shall obtain
(in each point X ∈ A3,1) the Minkowski vector space R3,1 in the form of the
cotangent space T ∗

XA3,1 with the base dXμ, i.e., the vector ˇber and the local ring
U [dX ] in X , the latter is the envelope algebra over dXμ. In connection with this
we would like to note that here we have to consider a more general construction,
the construction of the tensor ring T [dX ] with the following homomorphism
T [dX ] → S[dX ] = U [dX ], where S[dX ] is the symmetric ring (see [46]). We
also may construct the cotangent ˇbration (A3,1, T ∗A3,1) and to get ˇelds (vector,
tensor and so on) as any sections of this ˇbration (Maxwell, Riemann, Einstein).
Classical physics is connected with this ˇbration.

It turns out that the ring U [dX ] is algebraically non-closed and allows for an

extension in the form of the spinor ring U [S(∗)
8 ], where S

(∗)
8 is the Dirac spinor

space (Dirac). As a result, we get the local spinor ˇber S
(∗)
8 in each point X and

the spinor ˇbration (A3,1, S
(∗)
8 ). Its sections are the Dirac ˇelds ψ(X), ψ(X).

Quantum physics is connected with this ˇbration.
The Clifford algebra C4 of Dirac matrices γμ is connected with the spinor

ˇber S
(∗)
8 . It is interesting to notice that we have to consider the ring extension

U [dX ] ⊂ U [S(∗)
8 ] (where ψ, ψ play the role of the Kummer ideal numbers)

as the extension of the Kummer type. Another extension, namely, R ⊂ C4,
is of the Galois type. As a result, (dXμ)X may be written in the form of
(dXμ)X = iψ(X)γμψ(X)ds, where ds =

√
dXμdXμ (we emphasize that this

procedure is possible only for dX ∈ R3,1, but not for X ∈ A3,1).

We have again to consider from the beginning the tensor ring T [S(∗)
8 ] and

then two homomorphisms, one of them being T [S(∗)
8 ] → S[S(∗)

8 ] = U [S(∗)
8 ] (it is

described in [46]).
In the high energy limit where the spaceÄtime is the discontinuum A′

X we

must consider another homomorphism T [S(∗)
8 ] → ∧[S(∗)

8 ] = U∧[S(∗)
8 ] described

in [46] too. We call it the high energy quantum homomorphism. A new quantum

theory (HEQM, or granule theory) is connected with the ˇbration (A′
3,1, ∧[S(∗)

8 ]).
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It turns out that the DiracÄGrassmann ring ∧[S(∗)
8 ] is algebraically non-closed yet,

and therefore allows for the extension to the fundor ring T∧[F ] with which the

Heisenberg algebra h
(∗)
8 is connected. The states of the bi-Hamiltonian dynamical

system and a new level of physical reality (ether or subquantum physics) are
connected with the latter∗. As a result, we may write ψ′

α = 〈ḟ , Φαf〉 and may
speak about the dynamical (ether) structure of the spinor ˇeld ψ(X).

This mathematical carcass of physics is, of course, a godlike picture and we
think that it is God's plan of His creation of the Universe.

I am grateful to M.Cabbolet and M.Konchatny for some improvement of
this material.

4. Š ’…��ˆˆ ��‹Ÿ �� ����‚‘Š�Œ Š�Œ��Š’…

1. Š ± ¨§¢¥¸É´μ, ¢ ¢μ²´μ¢μ° É¥μ·¨¨, · ¸¸³ É·¨¢ ¥³μ° ´  ´¥±μ³¶ ±É´μ³
±μ´Ë¨£Ê· Í¨μ´´μ³ ³´μ£μμ¡· §¨¨ M Å ²¥¡¥£μ¢μ³ ±μ´É¨´ÊÊ³¥ (¢ μ¤´μ³¥·-
´μ³ ¸²ÊÎ ¥ ÔÉμ ¢¥Ð¥¸É¢¥´´ Ö μ¸Ó R =] − ∞, ∞[), ´ ¤¥²¥´´μ³ ²¥¡¥£μ¢μ°
³¥·μ°, ¡¥¸±μ´¥Î´μ° ´  ¢¸¥³ M , ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ¨£· ¥É ¶·¥μ¡· §μ¢ ´¨¥
(¨´É¥£· ²) ”Ê·Ó¥ ¨ ¥£μ μ¡· Ð¥´¨¥, § ¶¨¸Ò¢ ¥³Ò¥ ¢ ¢¨¤¥

ψ(p) =

∞∫
−∞

e−ipqψ(q) dq, ψ(q) =
1
2π

∞∫
−∞

eipqψ(p) dp. (4.1)

‡¤¥¸Ó ψ(q) (q ∈ M ) ¨ ψ(p) (p ∈ M ′) Å ³´μ£μμ¡· §¨Ö, ¤¢μ°¸É¢¥´´Ò¥ ± M
¢ ¸³Ò¸²¥ �μ´É·Ö£¨´ , ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¸μ¡μ°, ± ± ¨ M , ´¥±μ³¶ ±É´Ò° ²¥-
¡¥£μ¢ ±μ´É¨´ÊÊ³ Å ËÊ´±Í¨¨ ´  M ¨, ¸μμÉ¢¥É¸É¢¥´´μ, M ′, ¶·¨´ ¤²¥¦ Ð¨¥,
¢μμ¡Ð¥ £μ¢μ·Ö, · §´Ò³ ±² ¸¸ ³,   dq ¨ dp Å ³¥·Ò ‹¥¡¥£  ´  ÔÉ¨Ì ³´μ£μ-
μ¡· §¨ÖÌ (¢ ¢μ²´μ¢μ° ³¥Ì ´¨±¥ μ¡ÒÎ´μ · ¸¸³ É·¨¢ ¥É¸Ö ±² ¸¸ ±¢ ¤· É¨Î´μ-
¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° ´  M ¨ M ′). �·¨ ÔÉμ³ ¢Ò¶μ²´Ö¥É¸Ö · ¢¥´¸É¢μ
�² ´Ï¥·¥²Ö

(ψ, ϕ) =

∞∫
−∞

ψ(q)ϕ(q) dq =
1
2π

∞∫
−∞

ψ(p)ϕ(p) dp. (4.2)

�É  É¥μ·¨Ö μ¡² ¤ ¥É É ± ´ §Ò¢ ¥³μ° ¤¨· ±μ¢¸±μ° ¸¨³³¥É·¨¥°, ¢Ò· ¦ ¥³μ°

Ëμ·³Ê² ³¨
∧
p = −i∂/∂q (´  M ) ¨

∧
q = i∂/∂p (´  M ′) [47]. �¤´ ±μ ± ´¥°

∗It is interesting to notice that at the classical level we have three quite distinct categories Å
substance, accidence and spaceÄtime (Newton, Kant). At the quantum level two of them (substance
and accidence) are combined in one category of matter. So at this level there are only two categories Å
matter and spaceÄtime (Schroedinger). At the subquantum level matter and spaceÄtime are combined
in one category of pre-matter (or ether).
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¨³¥¥É¸Ö ·Ö¤ ¶·¥É¥´§¨° (´¥¸³μÉ·Ö ´  ¢´¥Ï´¥¥ ¸Ìμ¤¸É¢μ, μ¡¥ Ëμ·³Ê²Ò ¢ (4.1)
¶μ ¸ÊÐ¥¸É¢Ê μÎ¥´Ó · §´Ò¥, ¸³. [48]).

2. �¡ÒÎ´μ Ëμ·³Ê²Ò (4.1) ¢Ò¢μ¤ÖÉ ¨¸Ìμ¤Ö ¨§ ¤·Ê£μ° É¥μ·¨¨, ¢ ±μÉμ·μ° M
±μ³¶ ±É´μ (¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥ ÔÉμ μ±·Ê¦´μ¸ÉÓ S1 · ¤¨Ê¸  L/π ¨²¨ ±μ³¶ ±É
[−L, L]), ¨¸¶μ²Ó§Ê¥³μ°, ¢ Î ¸É´μ¸É¨, ¢ É¥μ·¨¨ ±·¨¸É ²²μ¢, ± ±μÉμ·μ° ³¥´ÓÏ¥
¶·¥É¥´§¨°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢³¥¸Éμ (4.1) ¨³¥¥³

ψn =
1

2L

L∫
−L

exp
(
−i

πn

L
q
)

ψ(q) dq, ψ(q) =
∞∑

n=−∞
ψn exp

(
i
πn

L
q
)

, (4.3)

  ¢³¥¸Éμ (4.2) Å · ¢¥´¸É¢μ � ·¸¥¢ ²Ö

(ψ, ϕ) =
1

2L

L∫
−L

ψ(q)ϕ(q) dq =
∞∑

n=−∞
ψnϕn. (4.4)

ƒ¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ´  ±μ³¶ ±É¥ [−L, L] ¸μ ¸Î¥É´Ò³ ¡ §¨¸μ³{
exp

(
i
πn

L
q
)}∞

n=−∞
μ¡μ§´ Î¨³ ± ± HL. ‚ ÔÉμ° É¥μ·¨¨ ¤¨· ±μ¢¸±μ° ¸¨³-

³¥É·¨¨ ´¥É: ¥¸²¨ ´  M Ëμ·³Ê² 
∧
p = −i∂/∂q ¸μÌ· ´Ö¥É ¸³Ò¸² (M Å ¤¨Ë-

Ë¥·¥´Í¨·Ê¥³μ¥ ³´μ£μμ¡· §¨¥), Éμ ¤·Ê£ Ö Ëμ·³Ê²  É¥·Ö¥É ¥£μ (¤¢μ°¸É¢¥´´μ¥ ±
S1 ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ ¤¨¸±·¥É´μ Å ·¥Ï¥É±  Z).

‘Î¨É ¥É¸Ö, ÎÉμ ± Ëμ·³Ê² ³ (4.1) ³μ¦´μ ¶·¨°É¨, Ê¸É·¥³²ÖÖ ¢ (4.3) L → ∞
(¸³., ´ ¶·¨³¥·, [48]). �¤´ ±μ ¶·μÍ¥¤Ê·Ê, ±μÉμ· Ö ¶·¨ ÔÉμ³ ¨¸¶μ²Ó§Ê¥É¸Ö, ´¨
¢ ±μ¥° ³¥·¥ ´¥²Ó§Ö ¸Î¨É ÉÓ ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ°, É ± ± ± ¶·¨ ÔÉμ³ ¢μ§-
´¨± ¥É ·¥ ²Ó´μ¥ ¶·μÉ¨¢μ·¥Î¨¥, ´¥¤μ¶Ê¸É¨³μ¥ ¸ ÉμÎ±¨ §·¥´¨Ö μ¡Ð¥° É¥μ·¨¨
³´μ¦¥¸É¢∗. �´μ £μ¢μ·¨É μ Éμ³, ÎÉμ ¶¥·¥Ìμ¤ μÉ ·¥Ï¥É±¨ (¸Î¥É´μ£μ ³´μ¦¥¸É¢ )

∗�·μÉ¨¢μ·¥Î¨¥ § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³. �¡μ§´ Î Ö ¢ (4.3) πn/L = pn ¨ ¶μ² £ Ö Δp =

π/L, ´¥²Ó§Ö ¢ Ëμ·³Ê²¥
∑
n

Δp
L∫

−L

ψ(q′) eipn(q′−q)dq′ (¸³. [48, ¸. 420]) Ê¸É·¥³¨ÉÓ L → ∞ ¨

¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê
∞∫
−∞

dp
∞∫
−∞

ψ(q′) eip(q′−q)dq′, É ± ± ± L → ∞ ¶·¨ ±μ²¨Î¥¸É¢¥ ÉμÎ¥± pn ∈

R′ =] −∞, ∞[, ¶μ ±μÉμ·Ò³ §¤¥¸Ó ¸Ê³³¨·Ê¥É¸Ö,   §´ Î¨É, ¨ ±μ²¨Î¥¸É¢μ ¨´É¥·¢ ²μ¢, ´  ±μÉμ·μ¥
· §¡¨¢ ¥É¸Ö R′, ¢¸¥ ¢·¥³Ö μ¸É ¥É¸Ö ¸Î¥É´Ò³ (¸³. Ëμ·³Ê²Ê (4.6)), ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ · ¸¸ÉμÖ´¨¥
³¥¦¤Ê ¸μ¸¥¤´¨³¨ ÉμÎ± ³¨ Å ¤²¨´Ò ¨´É¥·¢ ²μ¢ Å Δp → 0. ˆ§ ¨§¢¥¸É´μ° É¥μ·¥³Ò 	μ·¥²Ö
¸²¥¤Ê¥É, ÎÉμ ¸Î¥É´μ¥ ±μ²¨Î¥¸É¢μ ¨´É¥·¢ ²μ¢ ´Ê²¥¢μ° ¤²¨´Ò ´¥ ³μ¦¥É ¶μ±·ÒÉÓ ¢¸¥ R′ (¨ ¤ ¦¥
²Õ¡μ° ¨´É¥·¢ ² ±μ´¥Î´μ° ¤²¨´Ò; μ¤´ ±μ ´¥¸Î¥É´μ¥ ±μ²¨Î¥¸É¢μ ÉμÎ¥± Ê¦¥ ³μ¦¥É ÔÉμ ¸¤¥² ÉÓ,
¸³. ¤ ²ÓÏ¥). ‚ ²ÊÎÏ¥³ ¸²ÊÎ ¥ ¸Î¥É´μ¥ ³´μ¦¥¸É¢μ ÉμÎ¥± (μ¡μ§´ Î¨³ ¥£μ Î¥·¥§ D) ³μ¦¥É ¡ÒÉÓ
¶²μÉ´Ò³ ¢ R′. �μÔÉμ³Ê ¸Ê³³Ê

∑
D

Δp ´¨± ± ´¥²Ó§Ö ¶·¥¢· É¨ÉÓ ¢ ¨´É¥£· ²
∫
R′

dp (¨Ì ´μ¸¨É¥²¨

¨³¥ÕÉ · §´Ò¥ ³μÐ´μ¸É¨: card D < card R′). �μ ¥¸²¨ ¤ ¦¥ ¶·¨´ÖÉÓ, ÎÉμ ¶·¥¤¥²Ó´Ò° ¨´É¥·¢ ²
dp ¸μ¤¥·¦¨É ´¥¸Î¥É´μ¥ ±μ²¨Î¥¸É¢μ ÉμÎ¥±, Éμ ÔÉμ ³´μ¦¥¸É¢μ ´¥ ¡Ê¤¥É ¨§³¥·¨³Ò³ ¨ ¸Î¥É´ Ö
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± ±μ´É¨´ÊÊ³Ê (´¥¸Î¥É´μ³Ê ³´μ¦¥¸É¢Ê) ´  ¸ ³μ³ ¤¥²¥ ´¥¢μ§³μ¦¥´. ’¥³ ´¥
³¥´¥¥ ¢Ò¶μ²´¨ÉÓ ±μ··¥±É´Ò³ μ¡· §μ³ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ L → ∞ ³μ¦´μ,
¡μ²¥¥ Éμ£μ, ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö μ´ ¶·μ¸Éμ ´¥μ¡Ìμ¤¨³ ¢ ¸¢Ö§¨ ¸ · ¸Ï¨-
·¥´¨¥³ ‚¸¥²¥´´μ° ¨ μ¡· §μ¢ ´¨¥³ μ¸μ¡μ£μ Ë §μ¢μ£μ ¸μ¸ÉμÖ´¨Ö ±μ´Ë¨£Ê· Í¨-
μ´´μ£μ ¶·μ¸É· ´¸É¢  Å ¡μ·μ¢¸±μ£μ ±μ³¶ ±É , ¸³. [50]. �·¨ ÔÉμ³ ¨³¶Ê²Ó¸´μ¥
³´μ£μμ¡· §¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¨¸±μ´É¨´ÊÊ³ (· ¸¶Ò²¥´´Ò° ±μ´É¨´ÊÊ³).

3. �¥ ¸É ´¥³, ± ± ¢ [48], ¶μ¤¸É ¢²ÖÉÓ ¶¥·¢ÊÕ Ëμ·³Ê²Ê ¨§ (4.3) ¢μ ¢Éμ-
·ÊÕ,   ¶¥·¥°¤¥³ ¸· §Ê ± ¶·¥¤¥²Ê L → ∞ ¢ ¶¥·¢μ° Ëμ·³Ê²¥, μ¡μ§´ Î¨¢ Î¥-
·¥§ πn/L = pn (¶·¨ ÔÉμ³, ±μ´¥Î´μ, ¢³¥¸É¥ ¸ L → ∞ ¨ n → ∞ É ±, ÎÉμ
lim πn/L ¸É ´μ¢¨É¸Ö ´¥±μÉμ·Ò³ ¢¥Ð¥¸É¢¥´´Ò³ Î¨¸²μ³, ±μÉμ·μ¥ μ¡μ§´ Î -
¥É¸Ö Î¥·¥§ pn). ‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ± Ëμ·³Ê²¥

ψ(pn) = lim
L→∞

1
2L

L∫
−L

e−pnq ψ(q) dq. (4.5)

”Ê´±Í¨¨ ψ(q), ±μÉμ·Ò¥ ¤μ²¦´Ò ¶·¨ ÔÉμ³ · ¸¸³ É·¨¢ ÉÓ¸Ö, ÎÉμ¡Ò ψ(pn) �=
0 ¡Ò²μ Éμ¦¤¥¸É¢¥´´μ, ´¥ ¤μ²¦´Ò μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó ¶·¨ |q| → ∞. �Éμ
¸²¥¤Ê¥É ¨§ Éμ£μ, ÎÉμ ¶· ¢ÊÕ Î ¸ÉÓ ¢ (4.5) ³μ¦´μ § ¶¨¸ ÉÓ, ¶μ²μ¦¨¢ q/L =

x, ¢ ¢¨¤¥ lim
L→∞

1
2

1∫
−1

F (Lx) dx (¶·¨ ÔÉμ³ ¨´É¥£·¨·μ¢ ´¨¥ ¨ ¢§ÖÉ¨¥ ¶·¥¤¥²  ´¥

¶¥·¥¸É ¢¨³Ò).
”μ·³Ê²  (4.5) Å μ¸´μ¢´ Ö Ëμ·³Ê²  É¥μ·¨¨ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±-

Í¨° ƒ. 	μ·  [51], ¨ ψ(q), ¸²¥¤μ¢ É¥²Ó´μ, ¤μ²¦´Ò ¡ÒÉÓ ¨³¥´´μ É ±¨³¨ ËÊ´±-
Í¨Ö³¨. �·¨ ÔÉμ³ ψ(q) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥ μ¡μ¡Ð¥´´μ£μ ·Ö¤  ”Ê·Ó¥ (  ´¥
¨´É¥£· ² , ± ± ¢ (4.1))

ψ(q) =
∑

n

ψ(pn) eipnq, (4.6)

£¤¥ {pn} Å ´¥±μÉμ· Ö ´¥ ¡μ²¥¥ Î¥³ ¸Î¥É´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥Ð¥¸É¢¥´-
´ÒÌ Î¨¸¥² (³´μ¦¥¸É¢μ ¦¥ ¢¸¥Ì ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¥°, ± ± ¨ ¢¸¥Ì ÉμÎ¥± ´ 
¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥, ´¥¸Î¥É´μ). �μ¤Î¥·±´¥³, ÎÉμ Ëμ·³Ê²Ò (4.5), (4.6)
¶·¨´Í¨¶¨ ²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ Ëμ·³Ê² (4.1).

Œ¥·Ê ¢ ¨´É¥£· ²¥ (4.5) ´ §μ¢¥³ ¡μ·μ¢¸±μ°. Š¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³Ò¥ ¸
É ±μ° ³¥·μ° ËÊ´±Í¨¨ ´  M μ¡· §ÊÕÉ ´¥¸¥¶ · ¡¥²Ó´μ¥ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´-

¸Ê³³  É ±¨Ì ³´μ¦¥¸É¢ Éμ¦¥ ¡Ê¤¥É ´¥¨§³¥·¨³Ò³ ³´μ¦¥¸É¢μ³ (É. ¥. ¶·μÉ¨¢μ·¥Î¨¥ μ¸É ´¥É¸Ö, É ±
± ± ³´μ£μμ¡· §¨¥ R′ ¨§³¥·¨³μ). ’ ±¨³ μ¡· §μ³, ¶¥·¥Ìμ¤ μÉ ·¥Ï¥É±¨ ± ±μ´É¨´ÊÊ³Ê ´¥¢μ§³μ¦¥´,
¨, ¸²¥¤μ¢ É¥²Ó´μ, É¥μ·¨¨ ¶μ²Ö ´  ÔÉ¨Ì ¸É·Ê±ÉÊ· Ì ´¥ Ô±¢¨¢ ²¥´É´Ò (¢ ¸ ³μ³ ¤¥²¥, É¥μ·¨Ö ´ 
·¥Ï¥É±¥ ¢¸¥£¤  ±μ´¥Î´ , É¥μ·¨Ö ¦¥ ´  ±μ´É¨´ÊÊ³¥ ¸μ¤¥·¦¨É, ± ± ¨§¢¥¸É´μ, Ê²ÓÉ· Ë¨μ²¥Éμ¢Ò¥
· ¸Ìμ¤¨³μ¸É¨). ’¥¶¥·Ó ¨§¢¥¸É´μ, ÎÉμ ±μ´É¨´ÊÊ³ c (± ± ¸¢Ö§´μ¥ ³´μ¦¥¸É¢μ ÉμÎ¥± ¸ ± ·¤¨´ ²Ó´Ò³
Î¨¸²μ³ ℵ0 < card c � ℵ1 ¢³¥¸É¥ ¸ Ëμ·³Ê² ³¨ (4.1)) ³μ¦´μ Éμ²Ó±μ ¶μ¸ÉÊ²¨·μ¢ ÉÓ. �¤´ ±μ
Ë¨§¨±  ¶·¥¤² £ ¥É ¸μ¢¸¥³ ¤·Ê£μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò ±μ´É¨´ÊÊ³ , ¸³. [49].
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¸É¢μ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±Í¨°∗, ±μÉμ·μ¥ μ¡μ§´ Î¨³ Î¥·¥§ H ′. �¡μ§´ -
Î Ö ¨´É¥£· ² ¢ (4.5) Î¥·¥§ bmν

∫
dq, § ¶¨Ï¥³ · ¢¥´¸É¢μ � ·¸¥¢ ²Ö ¢ ¢¨¤¥

bmν

∫
|ψ(q)|2dq =

∑
n

|ψ(pn)|2. (4.7)

‘¢Ö§ ´´μ¥ ¸ ¨´É¥£· ²μ³ (4.5) ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (ψ, ϕ)′ = bmν
∫

ψ(q)×
ϕ(q) dq ¨ ´μ·³Ê ‖ · ‖′ =

√
(·, ·)′ ´ §μ¢¥³ ¡μ·μ¢¸±¨³¨.

Œ´μ¦¥¸É¢μ M , ´ ¤¥²¥´´μ¥ ¡μ·μ¢¸±μ° ³¥·μ°, ´ §Ò¢ ¥É¸Ö ¡μ·μ¢¸±¨³ ±μ³-
¶ ±Éμ³ ¨ μ¡μ§´ Î ¥É¸Ö Î¥·¥§ bM . ‘ÊÐ¥¸É¢¥´´μ, ÎÉμ ²Õ¡ Ö μ¡² ¸ÉÓ ¢ M , ¨³¥-
ÕÐ Ö ±μ´¥Î´ÊÕ ²¥¡¥£μ¢Ê ³¥·Ê, ¨³¥¥É ´Ê²¥¢ÊÕ ¡μ·μ¢¸±ÊÕ ³¥·Ê,   ¡μ·μ¢¸± Ö
³¥·  ¢¸¥£μ M (¨³¥ÕÐ¥£μ ¡¥¸±μ´¥Î´ÊÕ ²¥¡¥£μ¢Ê ³¥·Ê) · ¢´  1. ’μ¶μ²μ£¨Ö
´  M , ¨´¤ÊÍ¨·μ¢ ´´ Ö ¡μ·μ¢¸±μ° ³¥·μ°, ´¥ μÉ¤¥²¨³ , ¡ §  É ±μ° Éμ¶μ²μ£¨¨
μ¡· §μ¢ ´  ¢¸¥£μ ²¨ÏÓ ¤¢Ê³Ö ¶μ¤³´μ¦¥¸É¢ ³¨ (�, bM), μ¡· §ÊÕÐ¨³¨ ¢Ò·μ-
¦¤¥´´ÊÕ ¡Ê²¥¢Ê  ²£¥¡·Ê (� Å ¶Ê¸Éμ¥ ³´μ¦¥¸É¢μ). �·¨ ÔÉμ³ ¤¢μ°¸É¢¥´´μ¥ ±
bM ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ M ′ Ö¢²Ö¥É¸Ö ¤¨¸±μ´É¨´ÊÊ³μ³ (´¥¸Î¥É´Ò³, ± ±
M , μ¤´ ±μ ¢¶μ²´¥ ´¥¸¢Ö§´Ò³ ³´μ¦¥¸É¢μ³ ÉμÎ¥±)∗∗.

4. ’¥μ·¨Ö ¶μ²Ö (¢ Î ¸É´μ¸É¨ ¢μ²´μ¢ Ö ³¥Ì ´¨± ) ´  ¡μ·μ¢¸±μ³ ±μ³-
¶ ±É¥ bM (¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ Å ¤¨¸±μ´É¨´ÊÊ³) ¢ μ¶·¥¤¥²¥´´μ³ ¸³Ò-
¸²¥ Ö¢²Ö¥É¸Ö ¶·μ³¥¦ÊÉμÎ´μ° ³¥¦¤Ê É¥μ·¨Ö³¨ ¶μ²Ö ´  ²¥¡¥£μ¢μ³ ±μ³¶ ±É¥
(¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ Å ·¥Ï¥É± ) ¨ ´  ²¥¡¥£μ¢μ³ ±μ´É¨´ÊÊ³¥, ¨³¥Õ-
Ð¥³ ¡¥¸±μ´¥Î´ÊÕ ²¥¡¥£μ¢Ê ³¥·Ê (¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ Å Éμ¦¥ ²¥¡¥£μ¢
±μ´É¨´ÊÊ³). ˆ É¥¶¥·Ó, ÎÉμ¡Ò ¶¥·¥°É¨ μÉ ¤¨¸±μ´É¨´ÊÊ³  ± ±μ´É¨´ÊÊ³Ê, ´¥μ¡-
Ìμ¤¨³μ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¢¸¥£μ ²¨ÏÓ · ¸¸² ¡¨ÉÓ Éμ¶μ²μ£¨Õ ´ 
¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ (´  Ë¨§¨Î¥¸±μ³ Ö§Ò±¥ Å ¤μ¡ ¢¨ÉÓ ±²¥°), ¶·¨ ÔÉμ³
´¨± ±μ£μ ¶·μÉ¨¢μ·¥Î¨Ö ¸ É¥μ·¨¥° ³´μ¦¥¸É¢ ´¥ ¢μ§´¨±´¥É. �μ ¢ ³ É¥³ É¨±¥
´¨± ±μ£μ ±²¥Ö ´¥É, ¢³¥¸Éμ ´¥£μ ¥¸ÉÓ  ±¸¨μ³  ¸¢Ö§´μ¸É¨. �μÔÉμ³Ê ¨ ¶·¨ É -
±μ³ ¶μ¤Ìμ¤¥ ±μ´É¨´ÊÊ³ ³μ¦´μ Éμ²Ó±μ ¶μ¸ÉÊ²¨·μ¢ ÉÓ∗∗∗. �¤´ ±μ, ¶μ¢Éμ·¨³,
Ë¨§¨±  ¶·¥¤² £ ¥É ¸μ¢¸¥³ ¤·Ê£μ¥ ·¥Ï¥´¨¥ ÔÉμ° ¶·μ¡²¥³Ò.

∗�μ¸²¥¤μ¢ É¥²Ó´μ ÔÉμ ¶·μ¸É· ´¸É¢μ ¸É·μ¨É¸Ö É ±. � ¸¸³ É·¨¢ ¥É¸Ö μ¡Ñ¥¤¨´¥´¨¥
⋃
L

HL ¢¸¥Ì

£¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ ¸ Í¥²Ò³¨ L ¨ ¥£μ ²¨´¥°´ Ö μ¡μ²μÎ±  l. c.
⋃
L

HL. ‡ ³Ò± ´¨¥ ¶μ¸²¥¤´¥°

¶μ ´μ·³¥ ‖ · ‖′ (¸³. ¤ ²ÓÏ¥) ¶·¨¢μ¤¨É ± H′.
∗∗‚ ¸¢Ö§¨ ¸ Éμ¶μ²μ£¨¥° ¨³¥¥É ¸³Ò¸² ¢¢¥¸É¨ ¶μ´ÖÉ¨¥ Ô´É·μ¶¨¨ ¶·μ¸É· ´¸É¢ , μ¶·¥¤¥²¨¢

¥£μ ± ± ²μ£ ·¨Ë³ ³μÐ´μ¸É¨ ¡ §Ò Éμ¶μ²μ£¨¨ (Î¨¸²  ¶μ¤³´μ¦¥¸É¢, μ¡· §ÊÕÐ¨Ì ¡ §Ê). ’ ±, ¥¸²¨
³´μ¦¥¸É¢μ ¸μ¸Éμ¨É ¨§ m Ô²¥³¥´Éμ¢, Éμ ¥£μ Ô´É·μ¶¨Ö S � m ln 2. �´É·μ¶¨Ö ¡μ·μ¢¸±μ£μ ±μ³¶ ±É 
(´¥§ ¢¨¸¨³μ μÉ ¥£μ · §³¥·´μ¸É¨) · ¢´  SbM = ln 2. �´É·μ¶¨Ö ¶Ê¸Éμ£μ ³´μ¦¥¸É¢  ³¨´¨³ ²Ó´ :
S0 = ln1 = 0. ‘μ£² ¸´μ ¤ ´´μ³Ê μ¶·¥¤¥²¥´¨Õ Ô´É·μ¶¨Ö ¡μ·μ¢¸±μ£μ ±μ³¶ ±É  bM ³¥´ÓÏ¥
Ô´É·μ¶¨¨ ²¥¡¥£μ¢  ±μ´É¨´ÊÊ³  M .

∗∗∗„¥²μ ¢ Éμ³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ , ¢ ±μÉμ·μ³ Ë¨§¨Î¥¸±¨°
±²¥° ¨³¥¥É¸Ö ¢ ¢¨¤¥ μ¸μ¡μ° ¸Ê¡¸É ´Í¨¨ [49], ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ´¥ Éμ²Ó±μ ³ É¥³ É¨Î¥-
¸±μ£μ, ´μ ¨ Ë¨§¨Î¥¸±μ£μ ±²¥Ö ´¥É. ‚ μÉ²¨Î¨¥ μÉ ¨³¶Ê²Ó¸´μ£μ ±μ´Ë¨£Ê· Í¨μ´´Ò° ¤¨¸±μ´É¨´ÊÊ³
μ¡² ¤ ¥É μ¶·¥¤¥²¥´´μ° ¤¨´ ³¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ°: ¢ μÉ¤¥²Ó´ÒÌ ¥£μ ÉμÎ± Ì ¸±·ÒÉ  ¤¨´ ³¨Î¥¸± Ö
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�¸É ´μ¢¨³¸Ö ´  ´¥±μÉμ·ÒÌ μ¸μ¡¥´´μ¸ÉÖÌ ¢μ²´μ¢μ° É¥μ·¨¨ ´  ¡μ·μ¢¸±μ³
±μ³¶ ±É¥. ˆ§ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ´  ±μ´Ë¨£Ê· Í¨μ´´μ³ ³´μ£μ-
μ¡· §¨¨ ¢ ¢¨¤¥ ¸Ê³³ (4.6) ¸²¥¤Ê¥É, ÎÉμ ¢ ÔÉμ° É¥μ·¨¨ ´¥¢μ§³μ¦´μ μ¡· §μ¢ ÉÓ
¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ ´¥° ´¥É ¶μ´ÖÉ¨Ö £·Ê¶¶μ¢μ° ¸±μ·μ¸É¨,
¥¸ÉÓ Éμ²Ó±μ Ë §μ¢ Ö ¸±μ·μ¸ÉÓ (¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ, ± ± ¨§¢¥¸É´μ, ¨£· ÕÉ ¢ ¦´ÊÕ
·μ²Ó ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ¢μ²´μ¢μ° ³¥Ì ´¨±¨ ± ±² ¸¸¨Î¥¸±μ°). ‘É ²μ ¡ÒÉÓ, ´μ¢ Ö
É¥μ·¨Ö ´¥ ¨³¥¥É ±² ¸¸¨Î¥¸±μ£μ ¶·¥¤¥²  ¨ ¥¥ μ¡Ñ¥±ÉÒ ´¥ ¨³¥ÕÉ ±² ¸¸¨Î¥¸±μ£μ
 ´ ²μ£ . 	μ²¥¥ Éμ£μ, ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ (¢ μÉ²¨Î¨¥ μÉ ²¥¡¥£μ¢  ±μ´É¨´Ê-
Ê³ ) ±² ¸¸¨Î¥¸± Ö ³¥Ì ´¨±  ¢μμ¡Ð¥ ´¥¢μ§³μ¦´ . ‘ ´¥¸ÊÐ¥¸É¢μ¢ ´¨¥³ ¢μ²-
´μ¢ÒÌ ¶ ±¥Éμ¢ ¸¢Ö§ ´  ´¥¢μ§³μ¦´μ¸ÉÓ ²μ± ²¨§ Í¨¨ μ¡Ñ¥±Éμ¢ ÔÉμ° É¥μ·¨¨:
´Ê¦´μ° ¤²Ö ÔÉμ£μ ¤¥²ÓÉ -ËÊ´±Í¨¨ „¨· ±  ¢ É¥μ·¨¨ ´¥É. ‘²¥¤μ¢ É¥²Ó´μ, ´ 
bM ´¥ ¸ÊÐ¥¸É¢Ê¥É ÉμÎ¥Î´ÒÌ ¨¸ÉμÎ´¨±μ¢ ¶μ²Ö ¨, ¢ Î ¸É´μ¸É¨, ËÊ´±Í¨° ƒ·¨´ 
G ± ± ·¥Ï¥´¨° ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö

(
(1/c2)(∂2/∂t2) −∇2

)
G(X, t) =

δ(t)δ3(X),   É ±¦¥ ¶μÉ¥´Í¨ ²μ¢ V (X), ¸¢Ö§ ´´ÒÌ ¸ G Ëμ·³Ê²μ° V (X) =
∞∫
−∞

G(X, t) dt ¨ Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ �V (X) = −δ3(X). ‚¸¥ ÔÉ¨

ËÊ´±Í¨¨ ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¡μ·μ¢¸±¨¥ ¸·¥¤´¨¥ ¨ ¶μÔÉμ³Ê ´¥ÔËË¥±É¨¢´Ò.
�¤´ ±μ ¢ ÔÉμ° É¥μ·¨¨ ¢ ± Î¥¸É¢¥ ÔËË¥±É¨¢´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ³μ£ÊÉ ¨¸-

¶μ²Ó§μ¢ ÉÓ¸Ö ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨¥ ËÊ´±Í¨¨. ’μ£¤ , ´ ¶·¨³¥·, ¸É Í¨μ´ ·´μ¥
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ É ±¨³ ¶μÉ¥´Í¨ ²μ³ −(1/2m)(d2ψ/dq2)+V ψ = Eψ
¡Ê¤¥É ¨³¥ÉÓ ´¥É·¨¢¨ ²Ó´Ò¥ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. �·¨ ÔÉμ³ ¢μ§-
´¨± ¥É ¸²¥¤ÊÕÐ Ö ¶·μ¡²¥³ : ´ °É¨ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò
Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ Œ ±¸¢¥²² , ¤·Ê£¨³¨ ¸²μ¢ ³¨, ¶μ¸É·μ¨ÉÓ Ô²¥±É·μ-
¤¨´ ³¨±Ê ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ (Î ¸É¨Î´μ ÔÉ  ¶·μ¡²¥³  · ¸¸³ É·¨¢ ¥É¸Ö ¢
¤μ¶μ²´¥´¨¨).

Ÿ¸´μ, ÎÉμ ¤μ²¦´  ¸ÊÐ¥¸É¢μ¢ ÉÓ μ¶·¥¤¥²¥´´ Ö ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¢μ²´μ-
¢Ò³¨ É¥μ·¨Ö³¨ Å É¥μ·¨¥° ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ ¨ É¥μ·¨¥° ´  ²¥¡¥£μ¢μ³
±μ´É¨´ÊÊ³¥ Å ¢ ¢¨¤¥ (¤μ¶Ê¸É¨³μ£μ § ±μ´μ³ ¢μ§· ¸É ´¨Ö Ô´É·μ¶¨¨) μ¤´μ¸Éμ-
·μ´´¥£μ ¶¥·¥Ìμ¤  ¨§ ´μ¢μ° É¥μ·¨¨ ¢ ¸É ·ÊÕ, ¢ ±μÉμ·μ° ¤μ¸É¨£ ¥É¸Ö ¨§¢¥¸É-
´μ¥ · ¢´μ¢¥¸¨¥ ³¥¦¤Ê ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¨ ¨³¶Ê²Ó¸´Ò³ ³´μ£μμ¡· §¨Ö³¨,
¢Ò· ¦ ¥³μ¥ ¤¨· ±μ¢¸±μ° ¸¨³³¥É·¨¥°, ¨ ¢ ±μÉμ·μ° Ô´É·μ¶¨Ö ¶·¨´¨³ ¥É ¸¢μ¥
³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ (Ö¸´μ, ÎÉμ Ë¨§¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ, ¸ÊÐ¥¸É¢ÊÕÐ¨¥ ¢ ¶·μ-
¸É· ´¸É¢ Ì bM ¨ M , ¨³¥ÕÉ, ± ± ¨ ¸ ³¨ ¶·μ¸É· ´¸É¢ , · §´ÊÕ Ô´É·μ¶¨Õ).

5. ‘ Í¥²ÓÕ Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ÔÉ¨³¨ É¥μ·¨Ö³¨ · ¸¸³μÉ·¨³
±μ´±·¥É´Ò° ¶·¨³¥· Å μ¤´μ³¥·´Ò° μ¸Í¨²²ÖÉμ·, Ê ±μÉμ·μ£μ Î ¸ÉμÉ  ¸É·¥³¨É¸Ö
± ´Ê²Õ [50] (μ± §Ò¢ ¥É¸Ö, ÔÉμ Ê´¨¢¥·¸ ²Ó´ Ö ¨ ¥¤¨´¸É¢¥´´ Ö ¢ ¸¢μ¥³ ·μ¤¥ ¤¨-

¸¨¸É¥³  Å ¶μ²Ö ÔË¨·  f(x),
·
f(

·
x), ¸³. [49]. ’¥¶¥·Ó, ¥¸²¨ ¶μ²Ö, ¸¢Ö§ ´´Ò¥ ¸ · §´Ò³¨ ÉμÎ± ³¨,

¶¥·¥±·Ò¢ ÕÉ¸Ö, Éμ ÔÉμ μ§´ Î ¥É, ÎÉμ ÉμÎ±¨ ¸±²¥¨¢ ÕÉ¸Ö. ‚ ¦´ÊÕ ·μ²Ó ¶·¨ ÔÉμ³ (ÎÉμ¡Ò ÉμÎ±¨
´¥ ¸²¨¶ ²¨¸Ó) ¨£· ¥É ¶·¨´Í¨¶ ¨¸±²ÕÎ¥´¨Ö � Ê²¨. �¸¨³³¥É·¨Ö ³¥¦¤Ê X ¨ p, ± ± ¢¨¤´μ, ¥Ð¥
¡μ²¥¥ Ê£²Ê¡²Ö¥É¸Ö.
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´ ³¨Î¥¸± Ö ¸¨¸É¥³ , μ¶¨¸Ò¢ ¥³ Ö ´μ¢μ° ¢μ²´μ¢μ° ³¥Ì ´¨±μ°). ‚ μ¤´μ³¥·´μ³
¸²ÊÎ ¥ £ ³¨²ÓÉμ´¨ ´ μ¸Í¨²²ÖÉμ·  § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ Ĥ(ω) = p̂2 + ω2q2/2
(³ ¸¸  ¨ ±μ´¸É ´É  �² ´±  ¶μ²μ¦¥´Ò · ¢´Ò³¨ 1). …£μ ¸¶¥±É·, ± ± ¨§¢¥¸É´μ,
· ¢¥´ En (ω) = ω (n + 1/2) , n = 0, 1, 2, 3, . . .,   ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨

ψn(q, ω) = (ω/π)1/4(2nn!)−1/2 exp
(
−ω

2
q2

)
Hn (

√
ωq) (Hn Å ¶μ²¨´μ³Ò �·-

³¨É ). ƒ¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ, ´ ÉÖ´ÊÉμ¥ ´  ÔÉ¨ ËÊ´±Í¨¨ ± ± ´  ¡ §¨¸,
μ¡μ§´ Î¨³ Î¥·¥§ Hω (ÔÉμ ¸¥¶ · ¡¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ L2 ¸μ ¸± ²Ö·´Ò³ ¶·μ-
¨§¢¥¤¥´¨¥³ (4.2)). �·¨ ω → 0 £ ³¨²ÓÉμ´¨ ´ Ĥ(0) = p̂2/2, ¥£μ ¸¶¥±É· En (¶·¨
²Õ¡μ³ n) ¸ÉÖ£¨¢ ¥É¸Ö ¢ μ¤´Ê ÉμÎ±Ê 0 ¨ ¢¸¥ ψn ¨ ¨Ì ´μ·³Ò ‖ψn‖ =

√
(ψn, ψn)

μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó∗. �Éμ μ§´ Î ¥É, ÎÉμ ´¥ Éμ²Ó±μ ¶·μ¸É· ´¸É¢μ L2, ´μ ¨
²Õ¡μ¥ ¥£μ Éμ¶μ²μ£¨Î¥¸±μ¥ · ¸Ï¨·¥´¨¥, ´ ÉÖ´ÊÉμ¥ ´  ÉμÉ ¦¥ ¸ ³Ò° ¡ §¨¸
{ψn(q, ω)}, ÎÉμ ¨ L2, ´μ ¸ · ¸ÉÊÐ¨³¨ ±μÔËË¨Í¨¥´É ³¨ · §²μ¦¥´¨Ö, ´ ¶·¨-
³¥·, μ¸´ Ð¥´´μ¥ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸μ¡μ° É·μ°±Ê
¶·μ¸É· ´¸É¢ Φ ⊂ L2 ⊂ Φ′ (£¤¥ Φ′ Å ¶·μ¸É· ´¸É¢μ ²¨´¥°´ÒÌ ´¥¶·¥·Ò¢´ÒÌ
ËÊ´±Í¨μ´ ²μ¢, § ¤ ´´ÒÌ ¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³ (4.2) ¨ · ¸¸³ É·¨¢ ¥³ÒÌ
´  ¶·μ¸É· ´¸É¢¥ μ¸´μ¢´ÒÌ ËÊ´±Í¨° Φ), ¶·¨ ω → 0 ¸ÉÖ£¨¢ ÕÉ¸Ö ± ´Ê²Õ∗∗.
‚ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¶·¨ ÔÉμ³ μ¸Í¨²²ÖÉμ· ± ± ¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³  ´¨
³ É¥³ É¨Î¥¸±¨, ´¨ Ë¨§¨Î¥¸±¨ ´¥ Ô±¢¨¢ ²¥´É¥´ ¸¢μ¡μ¤´μ° Î ¸É¨Í¥. ‚ ¸ ³μ³
¤¥²¥, ¸¢μ¡μ¤´ Ö Î ¸É¨Í  (ÉμÉ ¦¥ £ ³¨²ÓÉμ´¨ ´ Ĥ = p̂2/2m) Ì · ±É¥·¨§Ê¥É¸Ö
´¥¶·¥·Ò¢´Ò³ ¸¶¥±É·μ³ E ¨ μ¶¨¸Ò¢ ¥É¸Ö ·¥Ï¥´¨Ö³¨ ¸É Í¨μ´ ·´μ£μ Ê· ¢-

´¥´¨Ö −(1/2m)(d2ψ/dq2) = Eψ, ¨³¥ÕÐ¨³¨ ¢¨¤ e±i
√

2mEq ∈ Φ′. ˆ§ ¶μ-

¸²¥¤´¨Ì ³μ¦´μ ¸É·μ¨ÉÓ ¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ
∞∫
−∞

eipqψn(p) dp ∈ Φ, ±μÉμ·Ò¥

³μ¦´μ μ·Éμ£μ´ ²¨§μ¢ ÉÓ ¶μ ˜³¨¤ÉÊ ¨ ´μ·³¨·μ¢ ÉÓ, É. ¥. ¶μ¸É·μ¨ÉÓ μ¸´ Ð¥´-
´μ¥ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ Φ ⊂ L2 ⊂ Φ′. ‚ ¸²ÊÎ ¥ ¦¥ μ¸Í¨²²ÖÉμ·  ¸
Î ¸ÉμÉμ° ω → 0 É ±μ£μ ¶·μ¸É· ´¸É¢ , ± ± ¢¨¤´μ, ´¥É. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±-

Í¨¨ ψ = C e±i
√

2Eq ¶·¨´ ¤²¥¦ É ¸μ¢¸¥³ ¤·Ê£μ³Ê ¶·μ¸É· ´¸É¢Ê H ′. ‘²¥¤Ê¥É
μ¡· É¨ÉÓ ¢´¨³ ´¨¥, ÎÉμ ³´μ¦¥¸É¢  Φ′\H ¨ H ′ μ¡· §μ¢ ´Ò μ¤´¨³¨ ¨ É¥³¨ ¦¥

∗‚ ¸ ³μ³ ¤¥²¥, ¶μ μ¶·¥¤¥²¥´¨Õ ´¥¸μ¡¸É¢¥´´μ£μ ¨´É¥£· ² , ´ ¶·¨³¥·, ¤²Ö ´μ·³Ò

(ψ0, ψ0) ¸μ¸ÉμÖ´¨Ö ψ0 ¨³¥¥³ lim
L→∞

lim
ω→0

√
ω

L∫
−L

e−ωq2
dq = lim

L→∞
lim

ω→0

√
ωL∫

−
√

ωL

e−x2
dx �

lim
L→∞

lim
ω→0

2
√

ωL = 0 (¢ ´Ê²¥ ´μ·³  ·¢¥É¸Ö: ²Õ¡μ° Ô²¥³¥´É ψ 
= 0 ³μ¦´μ ´μ·³¨·μ¢ ÉÓ ´ 

¥¤¨´¨ÍÊ, ¢§Ö¢ ψ/ ‖ψ‖, ´μ ‖0‖ = 0).
∗∗� ¶μ³´¨³, ÎÉμ Éμ¶μ²μ£¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ M ¸ÉÖ£¨¢ ¥³μ ± ´Ê²Õ, ¥¸²¨ εM → 0

¶·¨ ε → 0, É. ¥. ¤²Ö ²Õ¡μ£μ Ô²¥³¥´É  m ∈ M ¨³¥¥³ εm → 0. ‚ Î ¸É´μ¸É¨, ²Õ¡μ¥
¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ, ¢ Éμ³ Î¨¸²¥ ¨ ¢¥Ð¥¸É¢¥´´ Ö μ¸Ó R = ]−∞, ∞[ (μÉ±·ÒÉμ¥ ³´μ¦¥-
¸É¢μ), ¸ÉÖ£¨¢ ¥³μ. ‚ Éμ³, ÎÉμ ¶·¨ ω → 0 ¢³¥¸É¥ ¸ L2 ¸ÉÖ£¨¢ ¥É¸Ö ± ´Ê²Õ ¨ Φ′, ³μ¦´μ
Ê¡¥¤¨ÉÓ¸Ö, · §²μ¦¨¢, ´ ¶·¨³¥·, ËÊ´±Í¨Õ eipq ¢ ·Ö¤ ¶μ ψn(qω). ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö

cn(ω) =
∞∫
−∞

eipqψn(qω) dq = in
√

2πψn(p/ω) −→
ω→0

0 ± ± e−p2/2ω/
√

ωn+1/2.
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ËÊ´±Í¨Ö³¨ eipq , ´μ ¸³Ò¸² Ê ´¨Ì · §´Ò° (¸·. ¸ [52]). Φ′ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
¥Ð¥ ¨ ËÊ´±Í¨¨ ¨§ H , ´μ H ′ É ±¨Ì ËÊ´±Í¨° ´¥ ¸μ¤¥·¦¨É (´μ·³  ‖H ′‖ = 0).

�¨¸. 1. �¥·¥Ìμ¤ μÉ ²¥¡¥£μ-
¢μ° ³¥·Ò ± ¡μ·μ¢¸±μ°

‘¢Ö§Ó ³¥¦¤Ê Φ′ ¨ H ′ ¶μ± § ´  ´  ·¨¸Ê´±¥: ¶¥·¥-
Ìμ¤ μÉ ²¥¡¥£μ¢μ° ³¥·Ò ± ¡μ·μ¢¸±μ° § ¤ ¥É¸Ö μÉμ-
¡· ¦¥´¨¥³ S (´¥ ¸²¥¤Ê¥É ¸³¥Ï¨¢ ÉÓ S ¸μ ¸ÉÖ£¨-
¢ ´¨¥³). S μÉμ¡· ¦ ¥É ¶μ¤¶·μ¸É· ´¸É¢μ H ⊂ Φ′ ¢
0 ∈ H ′ (É ± ÎÉμ H Ö¢²Ö¥É¸Ö Ö¤·μ³ μÉμ¡· ¦¥´¨Ö S)∗.
—Éμ¡Ò ¶¥·¥°É¨ μÉ É¥μ·¨¨ ´  bM ± É¥μ·¨¨ ´  M ,
´Ê¦´μ § ¤ ÉÓ Ö¤·μ S−1(0). ‘ Î¨¸Éμ ³ É¥³ É¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ÔÉ  ¶·μÍ¥¤Ê·  ´¥ μ¤´μ§´ Î´ : ³´μ¦¥-
¸É¢μ ËÊ´±Í¨° S−1(0) ³μ¦´μ ¢Ò¡¨· ÉÓ ¶μ-· §´μ³Ê.

’ ±¨³ μ¡· §μ³, μÉμ¡· ¦¥´¨¥ S−1, ´¥ Ö¢²ÖÕÐ¥¥¸Ö, μÎ¥¢¨¤´μ, £μ³μ³μ·Ë¨§³μ³,
Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê É¥μ·¨¥° ¶μ²Ö ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ ¨ É¥μ·¨¥°
´  ²¥¡¥£μ¢μ³ ±μ´É¨´ÊÊ³¥. �·¨ ÔÉμ³ ¨´Ëμ·³ Í¨Ö, ±μ´¥Î´μ, Ê¢¥²¨Î¨¢ ¥É¸Ö § 
¸Î¥É ¶μÖ¢²¥´¨Ö H , Ô´É·μ¶¨Ö ¢μ§· ¸É ¥É ¨ ¤ ´´Ò° ¶¥·¥Ìμ¤, ¸²¥¤μ¢ É¥²Ó´μ,
Ö¢²Ö¥É¸Ö ´¥μ¡· É¨³Ò³.

6. �¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ, ¨§ ± ±μ° ¡Ò ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò (± -
±μ£μ ¡Ò Φ′) ´¨ ¨¸Ìμ¤¨ÉÓ, S ¶·¨¢μ¤¨É ± μ¤´μ° ¨ Éμ° ¦¥ ¤¨´ ³¨Î¥¸±μ° ¸¨-
¸É¥³¥ Å μ¸Í¨²²ÖÉμ·Ê ¸ ´Ê²¥¢μ° Î ¸ÉμÉμ°. ‘ ÔÉμ° Í¥²ÓÕ · ¸¸³μÉ·¨³ ·¥-
 ²Ó´Ò° ¸²ÊÎ ° M = R3 ¨ ¸¨¸É¥³Ê ¸ £ ³¨²ÓÉμ´¨ ´μ³ Ĥ = p̂2/2m + V (r),
£¤¥, ´ ¶·¨³¥·, V = −e2/|r| Å ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ². “¸É·¥³²ÖÖ e → 0,
¶μ²ÊÎ¨³ Ê¦¥ ¨§¢¥¸É´Ò° £ ³¨²ÓÉμ´¨ ´, ¶·¨ ÔÉμ³ ¡μ·μ¢¸±¨° ¸¶¥±É· En =
−me4/2n2 → 0 (¶·¥¤¥² e → 0 Ô±¢¨¢ ²¥´É¥´ ¶·¥¤¥²Ê n → ∞, ¸³. [53]),  
· ¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Rnl → 0 ± ± 1/n3/2. ‘²¥¤μ¢ É¥²Ó´μ, ¨ §¤¥¸Ó
¸¶¥±É· ¨ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ¸ÉÖ£¨¢ ÕÉ¸Ö ¢ ´Ê²Ó. �μ ¨ ¢ ÔÉμ³ ¸²Ê-
Î ¥ Ê· ¢´¥´¨¥ −(h2/2m)�ψ = Eψ ¨³¥¥É ·¥Ï¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ H ′ ¢¨¤ 
ψ(x) =

∑
i

ψi eipix, £¤¥ ¶·¨ ²Õ¡μ³ p2
i /2m = E (¢ [50] É ±¨³¨ ·¥Ï¥´¨Ö³¨

μ¶¨¸Ò¢ ÕÉ¸Ö ¸É·Ê±ÉÊ·Ò, ´ §Ò¢ ¥³Ò¥ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨³ ±·¨¸É ²²μ³). ‚

ÔÉμ³ ¸²ÊÎ ¥ ¡μ·μ¢¸±μ¥ ¸·¥¤´¥¥ bmν
∫
|ψ(r)|2 d3r = lim

R→∞

1
R3

R∫
0

|ψ(r)|2 r2 dr dΩ

(Ω Å Ê£²μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ´  ¸Ë¥·¥). ˆ ¢μμ¡Ð¥, ¥¸²¨
∫

ψV ψ d3r < ∞, Éμ
bmν

∫
ψV ψ d3r = 0.

‚ [50] · ¸¸³ É·¨¢ ÕÉ¸Ö É ±¦¥ ·¥Ï¥´¨Ö ¸ · §¤¥²ÖÕÐ¨³¨¸Ö · ¤¨ ²Ó´Ò³¨
¨ Ê£²μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ ¢¨¤  ψ = eiprY (θ, ϕ), £¤¥ Y (θ, ϕ) Å ³´μ£μ§´ Î´Ò¥
ËÊ´±Í¨¨ ´  ¸Ë¥·¥. ’ ±¨³¨ ËÊ´±Í¨Ö³¨ μ¶¨¸Ò¢ ÕÉ¸Ö μ¡Ñ¥±ÉÒ ¸ μ¡μ²μÎ±μ°
(¥¸É¥¸É¢¥´´μ ¶·¨ ÔÉμ³ ¸Î¨É ÉÓ, ÎÉμ Î¥³ ¡μ²ÓÏ¥ ¶ · μ¸μ¡ÒÌ ÉμÎ¥± ´  ¸Ë¥·¥,

∗’μÎ´¥¥, ¢ ´Ê²Ó μÉμ¡· ¦ ÕÉ¸Ö ´¥ Éμ²Ó±μ ËÊ´±Í¨¨ ψ ¸ ²¥¡¥£μ¢μ° ´μ·³μ° ‖ψ‖ < ∞, ´μ ¨

ËÊ´±Í¨¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¶·¨ L → ∞ Ê¸²μ¢¨Õ

∣∣∣∣∣
L∫
−L

ψ(q) dq

∣∣∣∣∣ � CLα ¸ α < 1 ¨ C < ∞.
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É¥³ ¢ÒÏ¥, ¨¸¶μ²Ó§ÊÖ ¡¨μ²μ£¨Î¥¸±ÊÕ É¥·³¨´μ²μ£¨Õ, ¨³³Ê´¨É¥É μ¡μ²μÎ±¨).
‘ÊÐ¥¸É¢¥´´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ·μ¸É ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ¸ μ¡μ²μÎ-
±μ° ¸μ¶·μ¢μ¦¤ ¥É¸Ö ¨Ì ¤¥²¥´¨¥³ (Î¥£μ ´¥ ´ ¡²Õ¤ ¥É¸Ö ¶·¨ ·μ¸É¥, ¸± ¦¥³,
μ¡ÒÎ´μ£μ ±·¨¸É ²² ).

„μ¶μ²´¥´¨¥. 1. � ¸¸³μÉ·¨³ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
(−Δ/2m + V (r))ψ = Eψ ¸ ¢´¥Ï´¨³ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ V ,
μ¡μ¡Ð ÕÐ¥¥ Ê· ¢´¥´¨¥ Œ ÉÓ¥. …£μ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ´¥¨§¢¥¸É´Ò. �μÔÉμ³Ê
¡Ê¤¥³ ¸Î¨É ÉÓ V ³ ²Ò³ ¢μ§³ÊÐ¥´¨¥³ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö −(Δ/2m)ψ0 =
E0ψ0. Š ¦¤μ¥ ¥£μ ·¥Ï¥´¨¥, ¨³¥ÕÐ¥¥ ¢¨¤ ψ0(r) =

∑
i

ψ0(pi) eipir, Ì · ±É¥-

·¨§Ê¥É¸Ö ´¥±μÉμ·Ò³ ¸Î¥É´Ò³ ³´μ¦¥¸É¢μ³ ¨³¶Ê²Ó¸μ¢ {pi}∞i=1 (¸¶¥±É·μ³ ¸μ-
¸ÉμÖ´¨Ö ψ0), ²¥¦ Ð¨Ì ´  Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ Å ¸Ë¥·¥ · ¤¨Ê¸μ³√

p2
i =

√
2mE0 (É ± ± ± ¸Ë¥·  Å ±μ³¶ ±É´μ¥ ³´μ£μμ¡· §¨¥, Éμ ¤ ´´μ¥ ³´μ-

¦¥¸É¢μ ¢¥±Éμ·μ¢ ¨³¥¥É ÌμÉÖ ¡Ò μ¤¨´ ¶·¥¤¥²Ó´Ò° ¢¥±Éμ·; Ô´¥·£¨Ö E0, É ±¨³
μ¡· §μ³, ¸¨²Ó´μ ¢Ò·μ¦¤¥´ ). V ± ± ¢´¥Ï´¨° ¶μÉ¥´Í¨ ² Ì · ±É¥·¨§Ê¥É¸Ö ´¥-
±μÉμ·Ò³ ¸¢μ¨³ ¸¶¥±É·μ³ ¨³¶Ê²Ó¸μ¢ {kn}∞n=1, É ± ÎÉμ V (r) =

∑
n

V (kn) eiknr.

�μ² £ Ö ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ψ = ψ0 + ψ1 ¨ E = E0 + �E, £¤¥
ψ1 ¨ �E Å ³ ²Ò¥ ¶μ¶· ¢±¨, μ¡Ê¸²μ¢²¥´´Ò¥ V , ¨ ¨¸¶μ²Ó§ÊÖ ´¥¢μ§³ÊÐ¥´-
´μ¥ Ê· ¢´¥´¨¥, ¶·¥´¥¡·¥£ Ö ¶·¨ ÔÉμ³ ¢¥²¨Î¨´ ³¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ³ ²μ-
¸É¨, ¶μ²ÊÎ¨³ (V − ΔE)ψ0 + (−Δ/2m − E0)ψ1 = 0. �É¸Õ¤  ¶·¨ Ê¸²μ¢¨¨
(ψ0, ψ0)′ = 1 ¸²¥¤Ê¥É Ëμ·³Ê²  ΔE = (ψ0, V ψ0)′ + (ψ0, (−Δ/2m − E0)ψ1)′.
’ ± ± ± ¢ ±² ¸¸¥ ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±Í¨° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ·
p̂ = −i(∂/∂r) ¸ ³μ¸μ¶·Ö¦¥´: (ψ, p̂ϕ)′ = (p̂ψ, ϕ)′, Éμ (ψ0, (Δ/2m+E0)ψ1)′ =
((Δ/2m + E0)ψ0, ψ1)′ = 0. �μÔÉμ³Ê ¶μ¶· ¢±  ± Ô´¥·£¨¨ · ¢´ 

ΔE = (ψ0, V ψ0)′ = V̄ =
∑
i,j

ψ̄0(pi)Vijψ0(pj), („.1)

£¤¥ Vij = bmν
∫

V (r) ei(p̂j−p̂i)r d3r. Œμ¦¥É μ± § ÉÓ¸Ö, ÎÉμ ¤²Ö ¤ ´´μ£μ ¸¶¥±-
É·  {pi}∞i=1 ¢¸¥ Vij = 0 (É ± ¡Ê¤¥É, ¥¸²¨ ¨³¶Ê²Ó¸Ò kn ´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ
¶· ¢¨² ³ μÉ¡μ·  kn = pi − pj). �Éμ ¡Ê¤¥É μ§´ Î ÉÓ, ÎÉμ ¶μ¤ ¤¥°¸É¢¨¥³ V
³¥´Ö¥É¸Ö Éμ²Ó±μ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¶μ¶· ¢±  ± ´¥° ψ1 · ¢´ 

ψ1 =
(

Δ
2m

+ E0

)−1

(V − ΔE)ψ0. („.2)

�·¨ ÔÉμ³ ¢ · §²μ¦¥´¨¨ ψ1(r) =
∑
i

ψ1(qi) eiqr ¨³¶Ê²Ó¸Ò qi ³μ£ÊÉ ¶·¨´ ¤²¥-

¦ ÉÓ ´¥±μÉμ·μ° ¡μ²¥¥ ¸²μ¦´μ°, ´¥¦¥²¨ ¸Ë¥· , Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨.
� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±μ£¤  ¢´¥Ï´¥¥ ¶μ²¥ V § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¢

¢¨¤¥ V (r, t) = e−iωtVω(r), £¤¥ Vω(r) =
∑
n

Vω(kn) eiknr. Š ± ¨ ¢ μ¡ÒÎ´μ°

±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ψ(r, t) ¡Ê¤¥³ ¨¸± ÉÓ (¶ÊÉ¥³ ¢ ·¨ Í¨¨ ±μÔËË¨Í¨¥´Éμ¢
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· §²μ¦¥´¨Ö) ¢ Ëμ·³¥ ·Ö¤  ψ(r, t) =
∑
E

e−iEt ψE(r)aE(t), £¤¥ ψE(r) Ö¢²ÖÕÉ¸Ö

·¥Ï¥´¨Ö³¨ ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  −(h2/2m)Δψ = Eψ ¨ § -
¶¨¸Ò¢ ÕÉ¸Ö ¢ Ê¦¥ §´ ±μ³μ³ ´ ³ ¢¨¤¥ (¸³. · ´ÓÏ¥). ’ ± ± ± (ψE , ψE)′ = δEE′ ,
Éμ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö aE(t) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥:
i(∂/∂t)aE(t) =

∑
E′

Vω,E−E′(t) ei(E−E′)taE′(t), £¤¥ Vω,E−E′(t) = (ψE , VωψE′)′.

‡ ¶¨¸Ò¢ Ö aE(t) ¢ ¢¨¤¥ δE′E0 + a
(1)
E′ (t), £¤¥ a

(1)
E′ (t) Å ³ ² Ö ¢¥²¨Î¨´ , ¶μ-

²ÊÎ ¥³ ¤²Ö a
(1)
E′ (t) Ê· ¢´¥´¨¥ i(∂/∂t)a(1)

E (t) = Vω,E−E0(t) ei(E−E0)t, μÉ±Ê¤ 
¨´É¥£·¨·μ¢ ´¨¥³ ¶μ²ÊÎ ¥³

a
(1)
E = −i

∞∫
−∞

dtVω,E−E0(t) ei(E−E0)t = 2πδ(E − E0 − ω)Vω,E−E0 . („.3)

‡¤¥¸Ó δ(E−E0−ω) Å μ¡ÒÎ´ Ö ¤¥²ÓÉ -ËÊ´±Í¨Ö „¨· ±  (¢·¥³Ö t ´¥ ¶μ¤¢¥·£ -
¥É¸Ö ¡μ·μ¢¸±μ° ±μ³¶ ±É¨Ë¨± Í¨¨),   Vω,E−E′ =

∑
i,j,k

ψ̄E(qj)Vω(kn)ψE0(pi)×

δkn,qj−pi . ‚¥·μÖÉ´μ¸ÉÓ ¶¥·¥Ìμ¤  ψE0 → ψE ¢ ¥¤¨´¨ÍÊ ¢·¥³¥´¨ ¶·¨ ÔÉμ³

· ¢´  w = 2π |VEE0 |
2. �¶ÖÉÓ ¦¥ μ´  ³μ¦¥É ¡ÒÉÓ · ¢´  ´Ê²Õ, ¥¸²¨ ¶· ¢¨² 

μÉ¡μ·  kn = pi − pj ´¥ ¢Ò¶μ²´ÖÕÉ¸Ö.
2. �· ¢¨²  μÉ¡μ·  ¡Ê¤ÊÉ ¢Ò¶μ²´ÖÉÓ¸Ö, ¥¸²¨ ¶μ²¥ V ¸μ§¤ ¥É¸Ö ¸ ³¨³ ¶μ-

²¥³ ψ ¸μ£² ¸´μ Ê· ¢´¥´¨Õ
(
(1/c2)(∂2/∂t2) − Δ

)
V = εψ̄ψ. � ¸¸³μÉ·¨³ ¤ ²¥¥

¸²ÊÎ ° Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö Aμ = (A, A0), Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ Ê· ¢´¥´¨Õ
Œ ±¸¢¥²² 

(
(1/c2)(∂2/∂t2) − Δ

)
Aμ = ejμ. �μ²¥ Aμ ¡¥·¥É¸Ö ¢ ²μ·¥´Í¥-

¢μ° ± ²¨¡·μ¢±¥ div A + ∂A0/∂t = 0, ¸²¥¤ÊÕÐ¥° ¨§ § ±μ´  ¸μÌ· ´¥´¨Ö Éμ± 
div j+ ∂ρ/∂t = 0, £¤¥ j = (1/2m)[ψ̄p̂ψ− (p̂ψ̄)ψ]. �μ¤Î¥·±´¥³, ÎÉμ ¶μ¸±μ²Ó±Ê
¶·μ¸É· ´¸É¢μ R3 ¶μ¤¢¥·£ ¥É¸Ö ¡μ·μ¢¸±μ° ±μ³¶ ±É¨Ë¨± Í¨¨,   ¢·¥³Ö t μ¸É -
¥É¸Ö μ¡ÒÎ´Ò³, Éμ μ ²μ·¥´Í¥¢μ° ¨´¢ ·¨ ´É´μ¸É¨ ¢ É ±μ³ ¸²ÊÎ ¥ £μ¢μ·¨ÉÓ ´¥
¶·¨Ìμ¤¨É¸Ö.

�·¥¦¤¥ ¢¸¥£μ ´¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ ¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ Ô²¥±É·μ-
¤¨´ ³¨±¨ ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ μÉ Ô²¥±É·μ¤¨´ ³¨±¨ ´  ²¥¡¥£μ¢μ³ ±μ´É¨-
´ÊÊ³¥∗. ’ ±, ´ ¶·¨³¥·, ¢ ¸É Í¨μ´ ·´μ³ ¸²ÊÎ ¥ (´¥É § ¢¨¸¨³μ¸É¨ μÉ t) ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö A0 ´  ²¥¡¥£μ¢μ³ ±μ´É¨´ÊÊ³¥ § ¶¨¸Ò¢ ¥É¸Ö
(¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ (4.1)) ¢ ¢¨¤¥ ¨´É¥£· ²  A0(r) =
e
∫
(ρ(k)/k2) eikr d3k ¨ ¸ÊÐ¥¸É¢Ê¥É ¤ ¦¥ Éμ£¤ , ±μ£¤  ρ(0) �= 0. �  ¡μ·μ¢¸±μ³

∗—Éμ¡Ò ²ÊÎÏ¥ ¶μ´ÖÉÓ · §´¨ÍÊ ³¥¦¤Ê ¶·μ¸É· ´¸É¢ ³¨ R3 ¨ bR3, μ¡· É¨³¸Ö ± ¶·μ¸Éμ³Ê
 ²£¥¡· ¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ xϕ(x) = 0. ‚ ±² ¸¸¥ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° (¢ Î ¸É´μ¸É¨, ¢ H′,
¸²ÊÎ ° bR3) ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ϕ(x) = 0. ‚ ±² ¸¸¥ ¦¥ μ¡μ¡Ð¥´´ÒÌ
ËÊ´±Í¨° Φ′ (¸²ÊÎ ° R3) ¸ÊÐ¥¸É¢Ê¥É ¢Éμ·μ¥ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ ¤¥²ÓÉ -ËÊ´±Í¨¨ ϕ(x) = δ(x). „·Ê£μ°

¶·¨³¥·: ¶·¨ −1 < α < 0 ¨´É¥£· ² ¶μ k
K∫
0

kα dk < ∞, ¸Ê³³  ¦¥ (¶μ Í¥²Ò³ k)
K∑

k=0
kα = ∞.
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¦¥ ±μ³¶ ±É¥ (¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ (4.5), (4.6)) ·¥Ï¥´¨¥
§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò A0(r) = e

∑
n

(ρ(kn)/k2
n) eiknr, ¢ ±μÉμ·μ° ´Ê²¥¢ Ö

³μ¤  ¸ kn = 0 μ¡Ö§ É¥²Ó´μ ¨³¥¥É¸Ö (ρ̄ = bmν
∫

ψ̄ψ d3r �= 0). ˆ ¶μ¸±μ²Ó±Ê
ρ(0) = (ψ, ψ)′ �= 0, É ± ± ± ψ �= 0 (¶μ¤Î¥·±´¥³, ÎÉμ ¢ ¶·μ¸É· ´¸É¢¥ H ′ ¨§
Ê¸²μ¢¨Ö (ψ, ψ)′ = 0 ¸²¥¤Ê¥É, ÎÉμ ψ = 0), Éμ ÔÉμ ·¥Ï¥´¨¥ ´¥ ¨³¥¥É ¸³Ò-
¸²  (μ¡· Ð ¥É¸Ö ¢ ¡¥¸±μ´¥Î´μ¸ÉÓ), É. ¥. ´  ¡μ·μ¢¸±μ³ ±μ³¶ ±É¥ Ê· ¢´¥´¨Ö
Œ ±¸¢¥²²  ´¥¢μ§³μ¦´Ò. ‚ ¸ ³μ³ ¤¥²¥, ¡¥·Ö ¡μ·μ¢¸±μ¥ ¸·¥¤´¥¥ μÉ Ê· ¢´¥´¨Ö
Œ ±¸¢¥²² , ¶·¨Ìμ¤¨³ ± ¶·μÉ¨¢μ·¥Î¨Õ 0 = e(ψ, ψ)′ �= 0, ¢ÒÌμ¤ ¨§ ±μÉμ-
·μ£μ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò ¤μ¶Ê¸É¨ÉÓ, ÎÉμ ¢ ¡μ·μ¢¸±μ³ ¶·μ¸É· ´¸É¢¥ (¢
Î ¸É´μ¸É¨, ¢ ¦¨¢μ° ±²¥É±¥) Ô²¥±É·μ³ £´¨É´ Ö ¢μ²´  (ËμÉμ´) Ì · ±É¥·¨§Ê¥É¸Ö
´¥±μÉμ·μ° ³ ¸¸μ° κ. �μÔÉμ³Ê ¢³¥¸Éμ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¸²¥¤Ê¥É ¶·¨´ÖÉÓ
Ê· ¢´¥´¨Ö∗

(
1
c2

∂2

∂t2
− Δ + κ2

)
Aμ = ejμ. („.4)

‚ ¸²ÊÎ ¥ Éμ±  jμ(r, t) = e−i(E1−E2)tjμ(r) ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö § ¶¨¸Ò¢ -
¥É¸Ö ¢ ¢¨¤¥

Aμ(r, t) = e−iωt
∑

n

ejμ(kn)
k2

n + κ2 − ω2
eiknr, („.5)

£¤¥ ω = E1 − E2, kn = pi − qj ,   jμ(kn) = [(1/2m)(pi + qj)ψ̄(qj)ψ(pi),
ψ̄(qj)ψ(pi)]. ‚ ¸²ÊÎ ¥ Éμ± , ´¥ § ¢¨¸ÖÐ¥£μ μÉ ¢·¥³¥´¨, ¨³¥¥³ Ā0 = e/κ2,  
Ā = p̄Ā0. ˆ§³¥·ÖÖ ¡μ·μ¢¸±μ¥ ¸·¥¤´¥¥ ¶μÉ¥´Í¨ ²  Ā0 ¢ ¦¨¢μ° ±²¥É±¥, ³μ¦´μ
μ¶·¥¤¥²¨ÉÓ ¶ · ³¥É· κ.

5. Š‚��’�‚�Ÿ Œ…•��ˆŠ� ‚ ��‹�‘’ˆ ‚›‘�Šˆ• 	�…�ƒˆ‰

1. �μ¸²¥ ¶μ¸É·μ¥´¨Ö ³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É  ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨ (Ëμ´ �¥°³ ´ [52], ¸³. É ±¦¥ „¨· ± [47]) ¢ ¢¨¤¥ É¥μ·¨¨ μ¶¥· -
Éμ·μ¢ ¢ ¸¥¶ · ¡¥²Ó´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ´¥·¥¤±μ ¶·¥¤¶·¨´¨³ ²¨¸Ó
¶μ¶ÒÉ±¨ · ¸Ï¨·¨ÉÓ ÔÉÊ ¸Ì¥³Ê ¸ Í¥²ÓÕ ¶μ²ÊÎ¨ÉÓ μÉ¢¥É ´  ·Ö¤ Î¨¸Éμ Ë¨§¨Î¥-
¸±¨Ì ¢μ¶·μ¸μ¢, μ¸É ¢ ¢Ï¨Ì¸Ö ´¥·¥Ï¥´´Ò³¨ (´ ¶·¨³¥·, ¶·μ¡²¥³  ¸¥²¥±Í¨¨
Î ¸É¨Í, Ö¢²¥´¨¥ ·¥¤Ê±Í¨¨ ¨ ¸É É¨¸É¨Î¥¸±¨° Ì · ±É¥· ¢μ²´ Ψ). �¥¢μ§³μ¦-
´μ¸ÉÓ μÉ¢¥É¨ÉÓ ´  ÔÉ¨ ¢μ¶·μ¸Ò ¢ · ³± Ì ¸ÊÐ¥¸É¢ÊÕÐ¥° ¸Ì¥³Ò μ§´ Î ¥É, ÎÉμ
±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ƒ¥°§¥´¡¥·£ Ä˜·¥¤¨´£¥·  ´¥ ¶μ²´ .

�·¥¤¶·¨´ÖÉ Ö § É¥³ ·¥²ÖÉ¨¢¨§ Í¨Ö ±¢ ´Éμ¢μ° ¸Ì¥³Ò (¸¢μ¥£μ ·μ¤  · ¸-
Ï¨·¥´¨¥), μ¸´μ¢Ê ±μÉμ·μ° ¸μ¸É ¢¨² ³¥Éμ¤ ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö ¶μ²¥° Ψ,

∗‡¤¥¸Ó ³μ¦´μ ¡Ò²μ ¡Ò Ê¸³μÉ·¥ÉÓ ´¥±ÊÕ  ´ ²μ£¨Õ ¸ Ô²¥±É·μ¤¨´ ³¨±μ° ¢ ¸¢¥·Ì¶·μ¢μ¤´¨±¥,
£¤¥ ·μ²Ó ³ ¸¸Ò ¨£· ¥É ²μ´¤μ´-¶¨¶¶ ·¤μ¸±¨° ¶ · ³¥É· δ, ¸ ±μÉμ·Ò³ ¸¢Ö§ ´μ Ö¢²¥´¨¥ ¢ÒÉ ²±¨¢ -
´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¨§ ¸¢¥·Ì¶·μ¢μ¤´¨± .



342 ‘���ˆŠ�‚-���‘Š“�ŸŠ�‚ C.C.

³ ²μ ÎÉμ ¨§³¥´¨²  ¢ ÔÉ¨Ì ¶·μ¡²¥³ Ì, μ¤´ ±μ ¶·¨¢¥²  ± ¤μ¶μ²´¨É¥²Ó´μ° É·Ê¤-
´μ¸É¨ Å Ê²ÓÉ· Ë¨μ²¥Éμ¢μ° ± É ¸É·μË¥∗. ‘É ²μ Ö¸´μ, ÎÉμ  ±¸¨μ³ μ¡ÒÎ´μ°
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¨ É·¥¡μ¢ ´¨° ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ [54]
´¥¤μ¸É ÉμÎ´μ ¤²Ö ¶μ¸É·μ¥´¨Ö ³ É¥³ É¨Î¥¸±¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ° ¶μ²¥¢μ° É¥μ-
·¨¨ Î ¸É¨Í [55] (¨¸¶μ²Ó§Ê¥³ÊÕ ¶·¨ ÔÉμ³ ¶·μÍ¥¤Ê·Ê ¡¥¸±μ´¥Î´μ° ¶¥·¥´μ·³¨-
·μ¢±¨ ´¨ ¢ ±μ¥° ³¥·¥ ´¥²Ó§Ö ¸Î¨É ÉÓ ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ°).

„²Ö ¤ ²Ó´¥°Ï¥£μ ¢ ¦´μ § ³¥É¨ÉÓ, ÎÉμ ¤Ê ²¨§³ ®¢μ²´ ÄÎ ¸É¨Í ¯, ¶·μ¢μ§-
£² Ï¥´´Ò° ¢μ²´μ¢μ° ³¥Ì ´¨±μ° (± ·É¨´  ˜·¥¤¨´£¥· ), ´  ¸ ³μ³ ¤¥²¥ ´¥ ¡Ò²
·¥ ²¨§μ¢ ´∗∗: Î ¸É¨ÍÒ ¶μÖ¢²ÖÕÉ¸Ö ²¨ÏÓ ¶·¨ ¨´É¥·¶·¥É Í¨¨ ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ Ψ, ÌμÉÖ ¶·¨ ÔÉμ³ ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ É ±¨¥ ¢μ²´Ò Ψ, ±μÉμ·Ò¥
¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (¢ ±μÉμ·μ³ ¸¢Ö§Ó ³¥¦¤Ê Ô´¥·£¨¥° ¨ ¨³-
¶Ê²Ó¸μ³ Å § ±μ´ ¤¨¸¶¥·¸¨¨ Å ¡¥·¥É¸Ö ¨§ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨ Î ¸É¨Í).
‚ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ Ï·¥¤¨´£¥·μ¢¸±μ¥ ¶μ´¨³ ´¨¥ Î ¸É¨Í ± ± ¢μ²´μ¢ÒÌ
μ¡· §μ¢ ´¨° ´¥ ¶·μÏ²μ (É ±¨¥ μ¡· §μ¢ ´¨Ö · ¸¶²Ò¢ ÕÉ¸Ö, Î ¸É¨ÍÒ ¦¥ ´¥É),
ÌμÉÖ ¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ ¢ ÔÉμ° É¥μ·¨¨ ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ¶·¨ ¶¥·¥Ìμ¤¥ ±
±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¨ Ëμ·³Ê²¨·μ¢±¥ ¶·¨´Í¨¶  ¸μμÉ¢¥É¸É¢¨Ö. �μ²ÊÎ ¥É¸Ö
É ±, ÎÉμ Ô±¸¶¥·¨³¥´É ¨³¥¥É ¤¥²μ ¸ Î ¸É¨Í ³¨,   É¥μ·¨Ö Å ¸ ¢μ²´ ³¨. ‚
¤·Ê£μ° ± ·É¨´¥ Å ± ·É¨´¥ ƒ¥°§¥´¡¥·£  Å ¢μ²´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ Ψ ¢μμ¡Ð¥
Ê¤ ¥É¸Ö ¨¸±²ÕÎ¨ÉÓ: ¢ ±¢ ´Éμ¢μ° ¸Ì¥³¥, ¨¸¶μ²Ó§ÊÕÐ¥° ¸¥¶ · ¡¥²Ó´μ¥ £¨²Ó¡¥·-
Éμ¢μ ¶·μ¸É· ´¸É¢μ, ¨³¥ÕÉ¸Ö ¶·μ¥±Í¨μ´´Ò¥ μ¶¥· Éμ·Ò, ¨ ¸μ¸ÉμÖ´¨¥ Ψ = |Ψ〉
¢¶μ²´¥ ³μ¦´μ § ³¥´¨ÉÓ É ±¨³ μ¶¥· Éμ·μ³ (³ É·¨Í¥°), ¶·¥¤¸É ¢¨¢ ¥£μ ¢ ¢¨¤¥
PΨ = |Ψ〉〈Ψ| [47, 52]. �·¨ ÔÉμ³ μ¤´  ¨§ μ¸´μ¢´ÒÌ Ëμ·³Ê² ±¢ ´Éμ¢μ° ³¥Ì -

∗“¤¨¢¨É¥²Ó´μ, ´μ ¡μ²ÓÏ¨´¸É¢μ Ë¨§¨±μ¢ (§  ¨¸±²ÕÎ¥´¨¥³ ƒ¥°§¥´¡¥·£ , „¨· ± , ”¥°´³ ´ )
´¥ ¶·¨¤ ¢ ²μ ¸¥·Ó¥§´μ£μ §´ Î¥´¨Ö ÔÉμ° ¶·μ¡²¥³¥ ¨ · ¸¸³ É·¨¢ ²μ ¥¥ ´¥ ± ± ËÊ´¤ ³¥´É ²Ó´ÊÕ,
  ± ± Î¨¸Éμ É¥Ì´¨Î¥¸±ÊÕ É·Ê¤´μ¸ÉÓ. �¤´ ±μ Ê¦¥ Éμ£¤  ¨³¥² ¸Ó ´¥μ¡Ìμ¤¨³ Ö ³ É¥³ É¨Î¥¸± Ö
μ¸´μ¢  (¢ ¢¨¤¥ É¥μ·¨¨ ³¥·Ò ¨ É¥μ·¨¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ ±μ²¥Í) ¤²Ö ¥¥ ·¥Ï¥´¨Ö ¨ ¶μ¸É·μ¥´¨Ö
±μ··¥±É´μ° É¥μ·¨¨ ¢§ ¨³μ¤¥°¸É¢¨° Î ¸É¨Í.

∗∗‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¨´É¥·¥¸´μ ¢¸¶μ³´¨ÉÓ, ÎÉμ ¤¥ 	·μ°²Ó [56] ¶ÒÉ ²¸Ö ¶μ¸É·μ¨ÉÓ É¥μ·¨Õ
É ± ´ §Ò¢ ¥³μ£μ ¤¢μ°´μ£μ ·¥Ï¥´¨Ö Ψ + Ψ′, £¤¥ Ψ ¡Ò²  ¡Ò μ¡ÒÎ´μ° (¢ μ¡Ð¥³ ¸²ÊÎ ¥ · ¸¶²Ò-
¢ ÕÐ¥°¸Ö) ¢μ²´μ° ¢¥·μÖÉ´μ¸É¨, ¶μ¤Î¨´ÖÕÐ¥°¸Ö Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· ,   Ψ′ μ¶¨¸Ò¢ ²  ¡Ò
Î ¸É¨ÍÊ ± ± ´¥±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ. ‚ [57], ¨¸Ìμ¤Ö ¨§  ´ ²¨§  Ô±¸¶¥·¨³¥´Éμ¢ ¶μ £²Ê¡μ±μ´¥Ê¶·Ê-
£μ³Ê · ¸¸¥Ö´¨Õ, ¶μ¤ Î ¸É¨Í¥° ¶μ´¨³ ¥É¸Ö ±μ£¥·¥´É´Ò°  ´¸ ³¡²Ó ¸μ¸É ¢²ÖÕÐ¨Ì ¥¥ ÉμÎ¥Î´ÒÌ
±μ´¸É¨ÉÊ¥´Éμ¢ Å £· ´Ê² (§¥·¥´), ¢ ¸¢Ö§¨ ¸ Î¥³ ¶μ² £ ¥É¸Ö Ψ′(X) =

∑
j

ΨjδX,Xj
, £¤¥ δX,Xj

Å

¸¨³¢μ² Š·μ´¥±¥·  (¸ÊÐ¥¸É¢¥´´μ, ÎÉμ É ±μ°  ´¸ ³¡²Ó ´¥ · ¸¶²Ò¢ ¥É¸Ö). �μ¸±μ²Ó±Ê ¶ ·Éμ´´μ°
¸É·Ê±ÉÊ·μ°, ¡¥§ ¸μ³´¥´¨Ö, μ¡² ¤ ÕÉ ¡ ·¨μ´Ò, Éμ ¤ ´´μ¥ · ¸Ï¨·¥´¨¥ ¢μ²´μ¢μ° ³¥Ì ´¨±¨ ± ¸ -
¥É¸Ö ¶·¥¦¤¥ ¢¸¥£μ ´Ê±²μ´μ¢. ˆ³¥´´μ Ψ′ μ¶¨¸Ò¢ ¥É ¸ ³Ê Î ¸É¨ÍÊ ¨ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ μÉ¢¥É¨ÉÓ
´  ¢μ¶·μ¸Ò, ¶¥·¥Î¨¸²¥´´Ò¥ ¢ ´ Î ²¥. �¤´ ±μ Ψ′ ± ± ËÊ´±Í¨Ö, μ¶·¥¤¥²Ö¥³ Ö ´¥±μÉμ·μ° ¸μ¢μ-
±Ê¶´μ¸ÉÓÕ ¶ · {(Xj , Ψj)}, £¤¥ Ψj § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨ ´¥ Éμ²Ó±μ ¶μ¸·¥¤¸É¢μ³ e−iEt, ¨ § ¤ ´´ Ö
´  ¶μ¤³´μ¦¥¸É¢¥ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ³´μ£μμ¡· §¨Ö ´Ê²¥¢μ° ²¥¡¥£μ¢μ° ³¥·Ò, ´¥¶μ¸·¥¤¸É¢¥´´μ
´¥ ´ ¡²Õ¤ ¥³  ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ‖Ψ + Ψ′‖ = ‖Ψ‖, £¤¥ ‖Ψ‖ Å μ¡ÒÎ´ Ö (²¥¡¥£μ¢ ) ´μ·³ 
ËÊ´±Í¨¨, ¨¸¶μ²Ó§Ê¥³ Ö ¢ É¥μ·¨¨ ƒ¥°§¥´¡¥·£ Ä˜·¥¤¨´£¥· . �μ¤Î¥·±´¥³, ÎÉμ £· ´Ê²Ò ´¥ ¸²¥¤Ê¥É
¸³¥Ï¨¢ ÉÓ ¸ ±¢ ·± ³¨, ±μÉμ·Ò¥, ± ± ¨ Î ¸É¨ÍÒ, μ¶¨¸Ò¢ ÕÉ¸Ö μ¡ÒÎ´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨
Ψ, ¶μ¤¢¥·¦¥´´Ò³¨ · ¸¶²Ò¢ ´¨Õ.
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´¨±¨ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ AΨ = SpAPΨ, £¤¥ A Å μ¶¥· Éμ· ´ ¡²Õ¤ ¥³μ°,  
AΨ Å ¸·¥¤´¥¥ §´ Î¥´¨¥ ÔÉμ° ´ ¡²Õ¤ ¥³μ° ¢ ¸μ¸ÉμÖ´¨¨ |Ψ〉. ‘ÊÐ¥¸É¢¥´´μ,
ÎÉμ ¢ ³ É·¨Î´μ° ³¥Ì ´¨±¥ ¨¸Î¥§ ¥É ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ, ¸¢Ö§ ´´ Ö ´¥ Éμ²Ó±μ ¸
´¥μ¤´μ§´ Î´μ¸ÉÓÕ ¢μ²´μ¢μ° ËÊ´±Í¨¨ |Ψ〉 ¶μ ³¥·¥ (|Ψ〉 → |Ψ〉 + |Ψ′〉), ´μ ¨ ¸
Ë §μ¢μ° ´¥μ¤´μ§´ Î´μ¸ÉÓÕ |Ψ〉 (|Ψ〉 → eiα|Ψ〉), ±μÉμ·μ° μ¡Ê¸²μ¢²¥´μ ¢±²ÕÎ¥-
´¨¥ ¢§ ¨³μ¤¥°¸É¢¨° ³¥¦¤Ê ¶μ²Ö³¨. �¤´ ±μ ´¥ ¸²¥¤Ê¥É § ¡Ò¢ ÉÓ, ÎÉμ Éμ ´μ¢μ¥,
ÎÉμ ¶·¨¢´¥¸²  ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¢ Ë¨§¨Î¥¸±ÊÕ ± ·É¨´Ê ³¨· , ¸ÊÉÓ ¢μ²´μ-
¢Ò¥ ¸¢μ°¸É¢  ³ É¥·¨¨ (ÌμÉÖ ¨ ¸É É¨¸É¨Î¥¸±¨¥ ¶μ ¸¢μ¥° ¶·¨·μ¤¥). �± § ²μ¸Ó,
ÎÉμ ¸μ¸ÉμÖ´¨¥ Î ¸É¨ÍÒ (¥¥ ¶μ¢¥¤¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥) ¤¨±ÉÊ¥É¸Ö Éμ° ³ ±·μ-
μ¡¸É ´μ¢±μ°, É¥³  ´¸ ³¡²¥³, ± ±μÉμ·μ³Ê μ´  ¶·¨´ ¤²¥¦¨É (¢¥·μÖÉ´μ¸É´ Ö
¦¥ ¶·¨·μ¤  ¸μ¸ÉμÖ´¨Ö |Ψ〉 μ¡Ê¸²μ¢²¥´  ¤·Ê£¨³  ´¸ ³¡²¥³, ±μÉμ·Ò° ¢Ìμ¤¨É ¢
´¥¥ ¢ ¢¨¤¥ |Ψ′〉, ¸³. ¤ ²ÓÏ¥). ‚ ± ·É¨´¥ ƒ¥°§¥´¡¥·£  ÔÉ¨ ¸¢μ°¸É¢  ¶μ²´μ¸ÉÓÕ
¸±·ÒÉÒ. �μÔÉμ³Ê, ´¥¸³μÉ·Ö ´  Ëμ·³ ²Ó´μ Ê¸É ´μ¢²¥´´ÊÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ
μ¡¥¨Ì ± ·É¨´ [52], ÔÉ¨ ± ·É¨´Ò ¸ÊÐ¥¸É¢¥´´μ ´¥ Ô±¢¨¢ ²¥´É´Ò. 	μ²¥¥ Éμ£μ,
± ± ¡Ê¤¥É ¢¨¤´μ ¤ ²ÓÏ¥, ¢ ¸³Ò¸²¥ § ³±´ÊÉμ¸É¨ ± ·É¨´  ƒ¥°§¥´¡¥·£  ¡μ²¥¥
§ ³±´ÊÉ , ´¥¦¥²¨ ± ·É¨´  ˜·¥¤¨´£¥· ∗. �μÔÉμ³Ê ¤ ²¥¥, ¸É·¥³Ö¸Ó · ¸Ï¨-
·¨ÉÓ (¶μ¶μ²´¨ÉÓ) ±¢ ´Éμ¢ÊÕ ¸Ì¥³Ê, ³Ò ¡Ê¤¥³ ¨¸Ìμ¤¨ÉÓ ¨§ Ï·¥¤¨´£¥·μ¢¸±μ°
± ·É¨´Ò.

2. “¦¥ μÉ³¥Î ²μ¸Ó, ÎÉμ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ (X) ¶·¥¤¸É ¢²¥´¨¨ ¢μ²´ 
Ψ′ ´¥ ´ ¡²Õ¤ ¥³ . �μ, ± ± ³Ò Ê¢¨¤¨³ ¤ ²ÓÏ¥, ¢ ¨³¶Ê²Ó¸´μ³ (p) ¶·¥¤¸É -
¢²¥´¨¨ ¶μ²μ¦¥´¨¥ ³¥´Ö¥É¸Ö · ¤¨± ²Ó´Ò³ μ¡· §μ³. �μÔÉμ³Ê ³Ò Ê¦¥ ¸¥°Î ¸
¶¥·¥°¤¥³ ± ÔÉμ³Ê ¶·¥¤¸É ¢²¥´¨Õ. �μ ¶·¥¦¤¥ § ³¥É¨³, ÎÉμ ¤ ¦¥ ¢ ´¥·¥²ÖÉ¨-
¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (£¤¥ ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê ¸¶¨´μ³ ¨ ¸É -
É¨¸É¨±μ°) ¢μ²´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ Ψ(X) ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥ Éμ²Ó±μ ± ± Ô²¥³¥´ÉÒ
´¥±μÉμ·μ£μ ²¨´¥°´μ£μ ¶·μ¸É· ´¸É¢  L, ´μ ¨ ± ± Ô²¥³¥´ÉÒ ´¥±μÉμ·μ£μ ±μ³³Ê-
É É¨¢´μ£μ ±μ²ÓÍ  ( ²£¥¡·Ò) A. ‚ ¸ ³μ³ ¤¥²¥, ¶·¨ μ¶¨¸ ´¨¨ ¢§ ¨³μ¤¥°¸É¢¨°
¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·μ¨§¢¥¤¥´¨Ö ¶μ²¥° É¨¶  Ψ(X)ϕ(X) (X ∈ MX Å ±μ´Ë¨£Ê· -
Í¨μ´´μ¥ ³´μ£μμ¡· §¨¥),   É ±¦¥ ¨´É¥£· ²Ò ¢¨¤ 

∫
MX

Ψ(X)ϕ(X) dX (dX Å

²¥¡¥£μ¢  ³¥·  ´  MX ), ±μÉμ·Ò¥, ±μ´¥Î´μ ¦¥, ¤μ²¦´Ò ¨³¥ÉÓ ¸³Ò¸². ‚ ¨³-
¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨, ¸¢Ö§ ´´μ³ ¸ ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³
”Ê·Ó¥

Ψ(X) =
∫

Mp

Ψ(p) eipX dp (5.1)

∗Š ± ¨§¢¥¸É´μ, · ¸Ï¨·¨ÉÓ ± ·É¨´Ê ƒ¥°§¥´¡¥·£ , ¢±²ÕÎ¨¢ ¢ ´¥¥ ´¥±¨¥ ¸±·ÒÉÒ¥ ¶ · ³¥É·Ò,
´¥ Ê¤ ¥É¸Ö ¶μ Éμ° ¶·¨Î¨´¥, ÎÉμ ¶·μ¥±Í¨μ´´Ò° μ¶¥· Éμ· PΨ ´¥¢μ§³μ¦´μ · §²μ¦¨ÉÓ ¢ ¸Ê³³Ê
αP1 + βP2 (α + β = 1) ¤¢ÊÌ ¤·Ê£¨Ì ¶·μ¥±Í¨μ´´ÒÌ μ¶¥· Éμ·μ¢ P1, P2 (É¥μ·¥³  Ëμ´ �¥°-
³ ´  [52]). �ÉμÉ Ë ±É Ëμ´ �¥°³ ´ · ¸¸³ É·¨¢ ² ± ±  ¡¸μ²ÕÉ´ÊÕ ´¥¢μ§³μ¦´μ¸ÉÓ ¢¢¥¸É¨ ¸±·ÒÉÒ¥
¶ · ³¥É·Ò ¢ · ³±¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. �¤´ ±μ μ¶¥· Éμ· PΨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥
(¶·Ö³μ£μ) ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ ¤·Ê£¨Ì μ¶¥· Éμ·μ¢, §  ±μÉμ·Ò³¨ ¸ÉμÖÉ ´¥±¨¥ ¸±·ÒÉÒ¥ ¸ÊÐ´μ¸É¨
(¸³. ¤ ²ÓÏ¥).
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(§¤¥¸Ó p ∈ Mp Å ¨³¶Ê²Ó¸´μ¥ ³´μ£μμ¡· §¨¥; dp Å ³¥·  ‹¥¡¥£  ´  Mp; £μ-
¢μ·ÖÉ, ÎÉμ ³´μ£μμ¡· §¨¥ Mp ¤Ê ²Ó´μ MX ¢ ¸³Ò¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥),
¶μÖ¢²Ö¥É¸Ö ¸¢¥·É±  ËÊ´±Í¨° Ψ ∗ ϕ =

∫
Mp

Ψ(p)ϕ(q − p) dp ¢ ± Î¥¸É¢¥ § ±μ´ 

±μ³¶μ§¨Í¨¨ ¨ ¨´É¥£· ²Ò
∫

Mp

Ψ(p)ϕ(−p) dp. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ · ¸¸³ É·¨¢ ¥É¸Ö

É ±¦¥ μ¡ÒÎ´μ¥ Ê³´μ¦¥´¨¥ Ψ(p)ϕ(p) ËÊ´±Í¨° ´  Mp.
…¸²¨ Mp ²μ± ²Ó´μ ±μ³¶ ±É´μ¥, ´μ ´¥±μ³¶ ±É´μ¥ (± ± ¨ MX ) ³´μ£μμ¡· -

§¨¥ ¸ ³¥·μ° ‹¥¡¥£  μL(Mp) = ∞ (ÎÉμ ± ± · § ¨ ¨³¥¥É ³¥¸Éμ ¢ ±¢ ´Éμ¢μ°
³¥Ì ´¨±¥ Î ¸É¨Í, ¢ ±μÉμ·μ° ¸ÊÐ¥¸É¢Ê¥É μ¶·¥¤¥²¥´´μ¥ · ¢´μ¢¥¸¨¥ ³¥¦¤Ê ³´μ-
£μμ¡· §¨Ö³¨ MX ¨ Mp, Ê¸É ´ ¢²¨¢ ¥³μ¥ ¶·¥μ¡· §μ¢ ´¨¥³ ”Ê·Ó¥ ¨ ²¥¡¥£μ¢μ°
³¥·μ°), ±μ²ÓÍμ A ³μ¦¥É ¡ÒÉÓ Éμ¶μ²μ£¨§¨·μ¢ ´μ · §²¨Î´Ò³ μ¡· §μ³. �·¥¦¤¥
¢¸¥£μ ¸²¥¤Ê¥É μ¶·¥¤¥²¨ÉÓ μ¡Ñ¥³ (§ ¶ ¸ ËÊ´±Í¨°) ±μ²ÓÍ  A. �¡ÒÎ´μ ´  Mp

· ¸¸³ É·¨¢ ¥É¸Ö ±² ¸¸ ¨§³¥·¨³ÒÌ  ¡¸μ²ÕÉ´μ ¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° Ψ(p),
Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Õ lim

|p|→∞
Ψ(p) = 0. ’ ±¨¥ ËÊ´±Í¨¨ μ¡· §ÊÕÉ ´μ·³¨-

·μ¢ ´´μ¥ (¡ ´ Ìμ¢μ) ±μ²ÓÍμ L1 ¸ § ±μ´μ³ ±μ³¶μ§¨Í¨¨ ∗, ¸´ ¡¦¥´´μ¥ ´μ·³μ°
‖Ψ‖1 =

∫
|Ψ(p)| dp, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° Ê¸²μ¢¨Õ ‖Ψ ∗ ϕ‖1 � ‖Ψ‖1‖ϕ‖1. �É 

´μ·³  ¸¢Ö§ ´  ¸ ²¥¡¥£μ¢μ° ³¥·μ° dp ´  Mp-μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ¨¸±²ÕÎ¨É¥²Ó´μ
¢ ¦´μ¥ ¤²Ö Ë¨§¨±¨. ˆÉ ±, ±μ²ÓÍμ A (¢ X-¶·¥¤¸É ¢²¥´¨¨) ¸ μ¡ÒÎ´Ò³ Ê³´μ¦¥-
´¨¥³ ¨ ±μ²ÓÍμ L1 (¢ p-¶·¥¤¸É ¢²¥´¨¨) ¸μ ¸¢¥·É±μ° ³μ¦´μ ¸Î¨É ÉÓ ¨§μ³μ·Ë-
´Ò³¨ [48]. �μ²Ó§ÊÖ¸Ó ÔÉ¨³ ¨§μ³μ·Ë¨§³μ³, ³μ¦´μ ¸¢μ¡μ¤´μ ¶¥·¥Ìμ¤¨ÉÓ μÉ A
± L1 ¨ μ¡· É´μ.

�·¨³¥Î É¥²Ó´μ Éμ, ÎÉμ L1(∼ A) Ö¢²Ö¥É¸Ö ±μ²ÓÍμ³ ¡¥§ ¥¤¨´¨ÍÒ e: μ´μ ´¥
¸μ¤¥·¦¨É ËÊ´±Í¨Õ Ψ(p) = 1 (¥¤¨´¨ÍÊ μÉ´μ¸¨É¥²Ó´μ μ¡ÒÎ´μ£μ Ê³´μ¦¥´¨Ö)∗ ¨
¶μÔÉμ³Ê ¶μ μ¡Ð¥° É¥μ·¨¨ ±μ²¥Í ³μ¦¥É ¡ÒÉÓ ¶μ¶μ²´¥´μ (´¥¸³μÉ·Ö ´  Éμ, ÎÉμ
μ´μ Éμ¶μ²μ£¨Î¥¸±¨ § ³±´ÊÉμ) ¸ ¸μÌ· ´¥´¨¥³ § ±μ´  ±μ³¶μ§¨Í¨¨ ∗ ¨ μ¡ÒÎ´μ£μ
Ê³´μ¦¥´¨Ö (´μ ¡¥§ ¸μÌ· ´¥´¨Ö ³¥·Ò ´  Mp ¨ MX , ¸³. ¤ ²ÓÏ¥). � ¸Ï¨·¥´´μ¥
±μ²ÓÍμ μ¡μ§´ Î¨³ Î¥·¥§ A′.

3. �¡μ§´ Î¨³ Î¥·¥§ Υ ³´μ¦¥¸É¢μ ³ ±¸¨³ ²Ó´ÒÌ ·¥£Ê²Ö·´ÒÌ ¨¤¥ ²μ¢
±μ²ÓÍ  A (¸ μ¡ÒÎ´Ò³ Ê³´μ¦¥´¨¥³ ËÊ´±Í¨°; ¶·¨ ÔÉμ³ ±μ²ÓÍÊ A ¢
p-¶·¥¤¸É ¢²¥´¨¨ ¨§μ³μ·Ë´μ ±μ²ÓÍμ L1 ¢ X-¶·¥¤¸É ¢²¥´¨¨). Œ ±¸¨³ ²Ó´Ò°
¨¤¥ ² Ip ⊂ A μ¡· §μ¢ ´ ËÊ´±Í¨Ö³¨, μ¡· Ð ÕÐ¨³¨¸Ö ¢ ´Ê²Ó ¢ ÉμÎ±¥ p ∈
Mp. Ÿ¸´μ, ÎÉμ Υ ¨§μ³μ·Ë´μ ³´μ£μμ¡· §¨Õ Mp. Ÿ¸´μ É ±¦¥, ÎÉμ ±μ²ÓÍμ
A ³μ¦¥É ¡ÒÉÓ ¢²μ¦¥´μ ¢ ±μ²ÓÍμ A′ ¢ ¢¨¤¥ ³ ±¸¨³ ²Ó´μ£μ ¨¤¥ ² 
I∞ = A ⊂ A′. ‚¸¥ ³´μ¦¥¸É¢μ ³ ±¸¨³ ²Ó´ÒÌ ¨¤¥ ²μ¢ ±μ²ÓÍ  A′ μ¡μ§´ -
Î¨³ Î¥·¥§ Υ′.

∗�  ¶¥·¢Ò° ¢§£²Ö¤ ³μ¦¥É ¶μ± § ÉÓ¸Ö, ÎÉμ μÉ´μ¸¨É¥²Ó´μ ¸¢¥·É±¨ δ-ËÊ´±Í¨Ö „¨· ±  ³μ¦¥É
¸Î¨É ÉÓ¸Ö ¥¤¨´¨Í¥° ¢ L1. �¤´ ±μ, ¡Ê¤ÊÎ¨ ËÊ´±Í¨¥° (  ´¥ ËÊ´±Í¨μ´ ²μ³), § ¤ ´´μ° ´  ³´μ¦¥¸É¢¥
´Ê²¥¢μ° ²¥¡¥£μ¢μ° ³¥·Ò, ¥¥ ´μ·³  ‖δ‖1 =

∫
δ(p) dp = 0 
= 1 = ‖e‖1, ´  ÎÉμ ¢ ¸¢μ¥ ¢·¥³Ö ¡Ò²μ

Ê± § ´μ Ëμ´ �¥°³ ´μ³ [52].
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‘μ£² ¸´μ  ¡¸É· ±É´μ° É¥μ·¨¨ ±μ³³ÊÉ É¨¢´ÒÌ ±μ²¥Í [58] ³´μ¦¥¸É¢μ Υ
³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ Υ′, ¢Ò± ²Ò¢ Ö μ¤¨´-¥¤¨´¸É¢¥´´Ò° ¨¤¥ ² I∞ = A, ¸μ-
¤¥·¦ Ð¨° ËÊ´±Í¨¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ Ψ(∞) = 0. ‚ ¸¢μÕ μÎ¥·¥¤Ó
³´μ¦¥¸É¢μ Υ′ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¨§ Υ ∼ Mp ¶μ¸·¥¤¸É¢μ³ § ³Ò± ´¨Ö ¶μ-
¸²¥¤´¥£μ, É ± ÎÉμ Υ′ ∼ Mp. ‚ μÉ²¨Î¨¥ μÉ Υ ³´μ¦¥¸É¢μ Υ′ § ³±´ÊÉμ ¨,
¸²¥¤μ¢ É¥²Ó´μ, ±μ³¶ ±É´μ. ’ ±¨³ μ¡· §μ³, A ³μ¦´μ ¸¢Ö§ ÉÓ ¸ Υ,   A′ Å
¸ Υ′.

‚ ¦´μ¸ÉÓ ±μ²ÓÍ  A′ § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³: ± ± μ¡ÒÎ´μ, ¡μ²¥¥ Ï¨·μ-
±μ¥ ±μ²ÓÍμ ¸μ¤¥·¦¨É ¤μ¶μ²´¨É¥²Ó´Ò¥ (¸±·ÒÉÒ¥ ¸ ÉμÎ±¨ §·¥´¨Ö A) Ô²¥³¥´ÉÒ,
§  ±μÉμ·Ò³¨ ¸ÉμÖÉ ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ (¢ μ¶·¥¤¥²¥´´μ³ ¸³Ò¸²¥) μ¡Ñ¥±ÉÒ,
´¥¦¥²¨ Î ¸É¨ÍÒ, ¸ÉμÖÐ¨¥ §  A. � ¸Ï¨·¥´¨¥ ±μ²ÓÍ  A ⊂ A′ Ö¢²Ö¥É¸Ö Éμ°
μ¸´μ¢μ°, ´  ±μÉμ·ÊÕ μ¶¨· ¥É¸Ö ´ Ï ¶μ¤Ìμ¤ ± ¶·μ¡²¥³¥ ¶μ¶μ²´¥´¨Ö ¢μ²´μ¢μ°
³¥Ì ´¨±¨.

4. Šμ²ÓÍμ A′ ³μ¦´μ ¸¤¥² ÉÓ Éμ¶μ²μ£¨Î¥¸±¨³. �¡ÒÎ´μ μ´μ μÉμ¦¤¥¸É¢²Ö-
¥É¸Ö ¸ ´μ·³¨·μ¢ ´´Ò³ (¡ ´ Ìμ¢Ò³) ±μ²ÓÍμ³ μ£· ´¨Î¥´´ÒÌ ·¥Ë²¥±¸¨¢´ÒÌ
ËÊ´±Í¨° L∞, Éμ¶μ²μ£¨Ö ±μÉμ·μ£μ ¶μ·μ¦¤ ¥É¸Ö ³¥É·¨±μ° ρ(Ψ, χ) = ‖Ψ −
χ‖∞, £¤¥ ‖Ψ‖∞ = max

p∈Mp

|Ψ(p)| Å ´μ·³ , Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ¢¨Õ ‖Ψϕ‖∞ �
‖Ψ‖∞‖ϕ‖∞. ‘ É ±μ° Éμ¶μ²μ£¨¥° L∞ Ö¢²Ö¥É¸Ö ¸¨²Ó´μ ´¥¸¥¶ · ¡¥²Ó´Ò³ ±μ²Ó-
Íμ³ [58].

�·¨³¥Î É¥²Ó´μ É ±¦¥, ÎÉμ ´μ·³  ‖ ‖∞, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¨± ± ´¥ ¸¢Ö§ ´  ¸
³¥·μ° ´  Mp

∗. �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ μ¡ÑÖ¸´Ö¥É, ¶μÎ¥³Ê ±μ²ÓÍμ L∞ ´¥ ¨¸¶μ²Ó-
§Ê¥É¸Ö ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ¢ ±μÉμ·μ° ¶·μÍ¥¸¸ ¨§³¥·¥´¨Ö ´  Mp ¨£· ¥É
¢ ¦´ÊÕ ·μ²Ó. ‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (± ± ¨ ¢ ËÊ´±Í¨μ´ ²Ó´μ³  ´ ²¨§¥)
±μ²ÓÍμ L∞(∼ A′) · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¤Ê ²Ó´μ¥ (¸μ¶·Ö¦¥´´μ¥) ¶·μ¸É· ´¸É¢μ
¶·μ¸É· ´¸É¢Ê L1 ¨§³¥·¨³ÒÌ (¶μ ³¥·¥ ‹¥¡¥£  ´  Mp) ËÊ´±Í¨°, É. ¥. ± ± ¶·μ-
¸É· ´¸É¢μ ²¨´¥°´ÒÌ ËÊ´±Í¨μ´ ²μ¢ ´ ¤ ¶·μ¸É· ´¸É¢μ³ L1. �·¨ ÔÉμ³ L∞
¸´ ¡¦ ¥É¸Ö ¸² ¡μ° Éμ¶μ²μ£¨¥°, ¢ ±μÉμ·μ° μ´μ Ö¢²Ö¥É¸Ö ¸² ¡μ ¸¥¶ · ¡¥²Ó´Ò³
±μ²ÓÍμ³. ’ ±¨³ μ¡· §μ³, ¢ ±μ´É¥±¸É¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ±μ²ÓÍμ L∞ (± ±
¶·μ¸É· ´¸É¢μ ËÊ´±Í¨μ´ ²μ¢) ´¥ ¨¤¥´É¨Î´μ ±μ²ÓÍÊ A′. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμ
´¥¸μμÉ¢¥É¸É¢¨¥, ±μ´¥Î´μ, ´ ³¨ ¡Ê¤¥É Ê¸É· ´¥´μ.

5. ’μ²Ó±μ · ¤¨ ¶·μ¸ÉμÉÒ ¤ ²ÓÏ¥ · ¸¸³ É·¨¢ ¥É¸Ö μ¤´μ³¥·´Ò° ¸²ÊÎ °,
±μ£¤  Mp ∼ Rp =] − ∞,∞[ Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´μ° μ¸ÓÕ. ‚ ÔÉμ³ ¸²ÊÎ ¥
(± ± ¨ ¢ ¸²ÊÎ ¥ ²Õ¡μ° ¤·Ê£μ° · §³¥·´μ¸É¨) ¨³¥¥É¸Ö É·¨ · §²¨Î´ÒÌ ¸¶μ¸μ¡ 
±μ³¶ ±É¨Ë¨± Í¨¨ R (¸³. [59]). �Éμ ¸²¥¤ÊÕÐ¨¥ ³´μ£μμ¡· §¨Ö:

i) · ¸Ï¨·¥´´ Ö Î¨¸²μ¢ Ö μ¸Ó R = [−∞,∞],
ii) ±μ³¶ ±É¨Ë¨± Í¨Ö �²¥±¸ ´¤·μ¢  R̃ = R ∪∞ ∼ S1,
iii) ±μ³¶ ±É¨Ë¨± Í¨Ö ƒ. 	μ·  (¢ ÔÉμ³ ¸²ÊÎ ¥ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´ Ö ÉμÎ± 

´¥ ¶·¨¸μ¥¤¨´Ö¥É¸Ö).

∗•μÉÖ ¢ [59] ´μ·³  max
p∈Mp

|Ψ(p)| ¸Î¨É ¥É¸Ö ± ±-Éμ § ¢¨¸ÖÐ¥° μÉ ³¥·Ò ´  Mp.
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Š ± ¨§¢¥¸É´μ, ¢ ¸²ÊÎ ¥ ii) ¶μ²´μ¸ÉÓÕ,   ¢ i) Î ¸É¨Î´μ ÊÉ· Î¨¢ ¥É¸Ö ²¨-
´¥°´ Ö ¸É·Ê±ÉÊ·  ¨ ²¨´¥°´μ¥ Ê¶μ·Ö¤μÎ¥´¨¥ ¶·μ¸É· ´¸É¢  R. „Ê ²Ó´Ò³ ¶·μ-
¸É· ´¸É¢μ³ ± R̃ ∼ S1 Ö¢²Ö¥É¸Ö ·¥Ï¥É±  Z. �ÉμÉ ¸²ÊÎ ° ³Ò ´¥ · ¸¸³ É·¨¢ ¥³
¢μ¢¸¥, É ± ± ± ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ ¢ ¢¨¤¥ Z ´¥ ¨³¥¥É μÉ´μÏ¥´¨Ö
± Ë¨§¨±¥ Î ¸É¨Í∗.

Š ± ¨§¢¥¸É´μ, μ¡ÒÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ (5.1) (¸ ²¥¡¥£μ¢μ° ³¥·μ°
´  Rp) ´¥ ÎÊ¢¸É¢¨É¥²Ó´μ ± · §²¨Î¨Õ ³¥¦¤Ê Rp ¨ Rp. „Ê ²Ó´Ò³ ¶·μ¸É· ´-
¸É¢μ³ ¨ ± Rp, ¨ ± Rp Ö¢²Ö¥É¸Ö μ¤´μ ¨ Éμ ¦¥ ¶·μ¸É· ´¸É¢μ RX . Š² ¸¸ ËÊ´±Í¨°
´  Rp ¨ Rp É ±¦¥ μ¤¨´ ¨ ÉμÉ ¦¥. �·¨ ÔÉμ³ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¤μ¢μ²Ó´μ
Ï¨·μ±¨° ¸¶¥±É· ´μ·³¨·μ¢ ´´ÒÌ ¶·μ¸É· ´¸É¢ Lq (1 � q � ∞), · ¸¸³ É·¨¢ ¥-
³ÒÌ ± ± ËÊ´±Í¨μ´ ²Ò ´  ´μ·³¨·μ¢ ´´μ³ ¶·μ¸É· ´¸É¢¥ Lp ¸ p = q/(q − 1),  
É ±¦¥ ²μ± ²Ó´μ ¢Ò¶Ê±²Ò¥ (¢ Î ¸É´μ¸É¨, ¸Î¥É´μ-´μ·³¨·μ¢ ´´Ò¥) Éμ¶μ²μ£¨Î¥-
¸±¨¥ ¢¥±Éμ·´Ò¥ ¶·μ¸É· ´¸É¢ . �μ·³Ò

‖Ψ‖q =
(∫

|Ψ(p)|q dp

)1/q

, (5.2)

¸¢Ö§ ´´Ò¥ ¸ ²¥¡¥£μ¢μ° ³¥·μ° dp ´  Rp, ´ §Ò¢ ÕÉ¸Ö ´ ³¨ ²¥¡¥£μ¢Ò³¨.
Š¢ ´Éμ¢ Ö É¥μ·¨Ö, ¸¢Ö§ ´´ Ö ¸ Rp, ¶μ²´μ¸ÉÓÕ Ô±¢¨¢ ²¥´É´  É¥μ·¨¨ ƒ¥°-

§¥´¡¥·£ Ä˜·¥¤¨´£¥· , ¸¢Ö§ ´´μ° ¸ Rp, ¢ ±μÉμ·μ° ¨¸¶μ²Ó§Ê¥É¸Ö ²¥¡¥£μ¢  ³¥· 
´  Rp ¨ ¸¥¶ · ¡¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ ËÊ´±Í¨° ´  ´¥³. �μ Î¨¸Éμ Ë¨§¨Î¥¸±¨³
¸μμ¡· ¦¥´¨Ö³ (¨¸±²ÕÎ¨É¥²Ó´μ° ¢ ¦´μ¸É¨ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö) ±¢ ´-
Éμ¢ Ö É¥μ·¨Ö μ¡ÒÎ´μ ¸¢Ö§Ò¢ ¥É¸Ö ¸ £¨²Ó¡¥·Éμ¢Ò³ ¶·μ¸É· ´¸É¢μ³ L2 [52].
„ ²Ó´¥°Ï¥¥ μ¡μ¡Ð¥´¨¥ ¸Ì¥³Ò, ¸¢Ö§ ´´μ¥ ¸ μ¸´ Ð¥´´Ò³ £¨²Ó¡¥·Éμ¢Ò³ ¶·μ-
¸É· ´¸É¢μ³ Φ ⊂ L2 ⊂ Φ′, ¢±²ÕÎ ÕÐ¨³ ¢ ¸¥¡Ö μ¡μ¡Ð¥´´Ò¥ ËÊ´±Í¨¨ É¨¶ 
δ-ËÊ´±Í¨¨ „¨· ± , ´¨Î¥£μ ´¥ ¨§³¥´¨²μ ¶μ ¸ÊÐ¥¸É¢Ê,   Éμ²Ó±μ · §·ÊÏ¨²μ
±μ²ÓÍ¥¢ÊÕ ¸É·Ê±ÉÊ·Ê ±² ¸¸  ËÊ´±Í¨°. ‘²¥¤Ê¥É μ¡· É¨ÉÓ ¢´¨³ ´¨¥ (´  ÎÉμ
Ê± §Ò¢ ² Ëμ´ �¥°³ ´ [52]), ÎÉμ É ±μ¥ μ¡μ¡Ð¥´¨¥ ´¥ Éμ²Ó±μ ´¥ ¦¥² É¥²Ó´μ,
´μ ¨ ´¥ ±μ··¥±É´μ ¸ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨ ËÊ´±Í¨°∗∗. �¥·¥´μ¸¨ÉÓ ¦¥ ÔÉÊ ¨¤¥Õ
¢ É¥μ·¨Õ ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥° ¶·μ¸Éμ ´¥¤μ¶Ê¸É¨³μ. ˆ³¥´´μ ¸ ¢¢¥¤¥´¨¥³ δ-
ËÊ´±Í¨° ¸¢Ö§ ´μ ¶μÖ¢²¥´¨¥ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ° ± É ¸É·μËÒ.

‘²¥¤Ê¥É É ±¦¥ μ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ ÌμÉÖ Rp

§ ³±´ÊÉμ (±μ³¶ ±É´μ), ¥£μ ³¥·  ‹¥¡¥£  μL(Rp) = μL(Rp) = ∞. �μÔÉμ³Ê ¤²Ö
Ψ(p) = 1 ∈ A′ ¸¢¥·É± 

∫
Rp

dp = ∞ (= 2π
∫

δ2(X)dX = 2πδ(0)). ˆ³¥´´μ ¸

ÔÉμ° ¡¥¸±μ´¥Î´μ¸ÉÓÕ δ(0) ¸¢Ö§ ´  Ê²ÓÉ· Ë¨μ²¥Éμ¢ Ö ± É ¸É·μË  ¢ μ¡ÒÎ´μ°

∗‚ ¸ ³μ³ ¤¥²¥, ¶·¨ Ê¢¥²¨Î¥´¨¨ · ¤¨Ê¸  μ±·Ê¦´μ¸É¨ S1 (É. ¥. Ê³¥´ÓÏ¥´¨¨ Ï £  ·¥Ï¥É±¨ Z)
´¥¢μ§³μ¦´μ ¶·¨°É¨ ± ´¥¸Î¥É´μ³Ê ±μ²¨Î¥¸É¢Ê ÉμÎ¥±, ¨§ ±μÉμ·μ£μ ¸μ¸Éμ¨É ±μ´Ë¨£Ê· Í¨μ´´μ¥
³´μ£μμ¡· §¨¥ RX Å ±μ´É¨´ÊÊ³. ‚ ²ÊÎÏ¥³ ¸²ÊÎ ¥ ³μ¦´μ ¶·¨°É¨ ± ¸Î¥É´μ³Ê ³´μ¦¥¸É¢Ê ÉμÎ¥± D,
³μ¦¥É ¡ÒÉÓ, ¶²μÉ´μ³Ê ¢ RX , ¸³. [57].

∗∗�μ-¢¨¤¨³μ³Ê, ¨§¢¥¸É´Ò° ¸¶μ· ³¥¦¤Ê „¨· ±μ³ ¨ Ëμ´ �¥°³ ´μ³ ¸²¥¤Ê¥É ·¥Ï¨ÉÓ ¢ ¶μ²Ó§Ê
Ëμ´ �¥°³ ´ .



Œ�’…Œ�’ˆ—…‘Šˆ… �‘��‚› ��ˆ‘��ˆŸ ‚‡�ˆŒ�„…‰‘’‚ˆŸ 347

É¥μ·¨¨ ¶μ²Ö. ‘ÊÉÓ ¶·μ¡²¥³Ò ¢ ¡¥¸±μ´¥Î´μ° ³¥·¥ ¶·μ¸É· ´¸É¢  Rp. ’μ
μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ ±μ³¶ ±É´μ¥ ³´μ£μμ¡· §¨¥ Rp ¨³¥¥É ¡¥¸±μ´¥Î´ÊÕ ³¥·Ê,
· ¸¸³ É·¨¢ ¥É¸Ö ´ ³¨ ± ± ¶·μÉ¨¢μ·¥Î¨¥, ´¥¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê Éμ¶μ²μ£¨¥° ¨
³¥·μ°∗.

6. ’ ±¨³ μ¡· §μ³, μ¸´μ¢´μ¥ ¶·μÉ¨¢μ·¥Î¨¥ ¢ ¶μ¤Ìμ¤¥ i) § ±²ÕÎ ¥É¸Ö ¢
Éμ³, ÎÉμ ±μ³¶ ±É´μ¥ ³´μ£μμ¡· §¨¥ Rp ¨³¥¥É ¡¥¸±μ´¥Î´ÊÕ (²¥¡¥£μ¢Ê) ³¥·Ê.
“¸É· ´¨ÉÓ ¥£μ ³μ¦´μ, Éμ²Ó±μ ¨§³¥´¨¢ ³¥·Ê ´  Rp. �± §Ò¢ ¥É¸Ö, ±μ³¶ ±É¨-
Ë¨± Í¨Ö Rp ¶ÊÉ¥³ iii) Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¸·¥¤¸É¢μ³ ¶μ²´μ¸ÉÓÕ ·¥Ï¨ÉÓ
ÔÉÊ ¶·μ¡²¥³Ê.

‚ [60] ƒ. 	μ· Ë ±É¨Î¥¸±¨ ¶μ± § ², ÎÉμ ±μ²ÓÍμ L∞ ¸ ´μ·³μ° ‖ ‖∞ ³μ-
¦¥É ¡ÒÉÓ ¢²μ¦¥´μ ¢ ´μ¢μ¥ Éμ¶μ²μ£¨Î¥¸±μ¥ ±μ²ÓÍμ, ¸¢Ö§ ´´μ¥ ¸ ´μ¢μ° ³¥·μ°
´  Rp. ‚ É¥μ·¨¨ 	μ·  A′ μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ´¥¸¥¶ · ¡¥²Ó´Ò³ £¨²Ó¡¥·Éμ-
¢Ò³ ¶·μ¸É· ´¸É¢μ³ L′

2 ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±Í¨° ´  Rp, ¸´ ¡¦¥´´Ò³
¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³

(Ψ, ϕ)′ = lim
P→∞

1
2P

P∫
−P

Ψ(p)ϕ(p) dp (5.3)

¨ ´μ·³μ° ‖Ψ‖′ =
√

(Ψ, ϕ)′, ´ §Ò¢ ¥³μ° ´ ³¨ ¡μ·μ¢¸±μ°. �·¨ ÔÉμ³ ´μ·³ 
‖ ‖∞ ³ ¦μ·¨·Ê¥É ´μ·³Ê ‖ ‖′. ‚ ¸ ³μ³ ¤¥²¥, ³Ò ¨³¥¥³√√√√√ lim

P→∞

1
2P

P∫
−P

Ψ(p)ϕ(p) dp �

√√√√√max
p∈Rp

|Ψ(p)|2 lim
P→∞

1
2P

P∫
−P

dp =

= max
p∈Rp

|Ψ(p)| = ‖Ψ‖∞ .

’ ± ÎÉμ §¤¥¸Ó L∞ ⊂ L′
2. ‚ ¡μ·μ¢¸±μ° É¥μ·¨¨ ¸¢¥·É±  ËÊ´±Í¨° μ¶·¥¤¥²Ö¥É¸Ö

Ëμ·³Ê²μ° Ψ ∗ ϕ = lim
P→∞

1/2P
P∫
−P

Ψ(p)ϕ(q − p) dq. Œ´μ£μμ¡· §¨¥ Rp, ¸´ ¡-

∗‘²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ Éμ¶μ²μ£¨Ö ³´μ£μμ¡· §¨Ö ¨ ³¥·  ´  ´¥³, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¨-
± ± ´¥ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ°. ‡ ¤ ÉÓ Éμ¶μ²μ£¨Õ ´  ³´μ£μμ¡· §¨¨ Å §´ Î¨É · ¸¸³μÉ·¥ÉÓ ´¥±μ-
Éμ·ÊÕ ¸¨¸É¥³Ê ¥£μ ¶μ¤³´μ¦¥¸É¢, Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ μ¶·¥¤¥²¥´´Ò³  ±¸¨μ³ ³, ¸³. [48]. ‡ ¤ ÉÓ
¦¥ ³¥·Ê μ§´ Î ¥É · ¸¸³μÉ·¥ÉÓ ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ ³´μ¦¥¸É¢ , Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ μ¶·¥¤¥²¥´-
´Ò³ É·¥¡μ¢ ´¨Ö³ [48]. �·¨ μ¤´μ° ¨ Éμ° ¦¥ Éμ¶μ²μ£¨¨ ³μ¦¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ ´¥¸±μ²Ó±μ · §-
²¨Î´ÒÌ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ³¥·. ’ ±, ²¥¡¥£μ¢  ³¥·  μL ´¥ Ô±¢¨¢ ²¥´É´  ¡μ·μ¢¸±μ° ³¥·¥ μB :
μL(R) = ∞, μB(R) = 1. �μ ¥¸²¨ ¸μ¡²Õ¸É¨ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ³¥·μ° ¨ Éμ¶μ²μ£¨¥° (± Î¥³Ê
³Ò ¸É·¥³¨³¸Ö), Éμ ¢ ¸²ÊÎ ¥ ¡μ·μ¢¸±μ° ³¥·Ò ´  R ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ Éμ¶μ²μ£¨Õ, ¨´¤ÊÍ¨-
·μ¢ ´´ÊÕ ÔÉμ° ³¥·μ°. Œ´μ£μμ¡· §¨¥ R ¸ É ±μ° Éμ¶μ²μ£¨¥° Ö¢²Ö¥É¸Ö ¡μ·μ¢¸±¨³ ±μ³¶ ±Éμ³ bR.
—Éμ ¦¥ ± ¸ ¥É¸Ö Éμ¶μ²μ£¨¨ ´  ±² ¸¸¥ ËÊ´±Í¨°, · ¸¸³ É·¨¢ ¥³ÒÌ ´  R, Éμ μ´  ¸ÊÐ¥¸É¢¥´´Ò³
μ¡· §μ³ ¸¢Ö§ ´  ¸ ³¥·μ° ´  R. Šμ²ÓÍμ A′ μ¡· §μ¢ ´μ μ¤´¨³¨ ¨ É¥³¨ ¦¥ ËÊ´±Í¨Ö³¨ ´¥§ ¢¨-
¸¨³μ μÉ Éμ£μ, ´  ± ±μ³ ¶·μ¸É· ´¸É¢¥, R ¨²¨ bR, μ´¨ · ¸¸³ É·¨¢ ÕÉ¸Ö. �μ ± ± Éμ¶μ²μ£¨Î¥¸±μ¥
±μ²ÓÍμ L∞ (R) ¸² ¡μ ¸¥¶ · ¡¥²Ó´μ,   A′ (bR) ´¥ ¸¥¶ · ¡¥²Ó´μ, É. ¥. ÔÉ¨ ±μ²ÓÍ  ¶·¨´Í¨¶¨ ²Ó´μ
· §²¨Î´Ò, ¸³. ¤ ²ÓÏ¥,   É ±¦¥ [57].
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¦¥´´μ¥ ¡μ·μ¢¸±μ° ³¥·μ° (¨´¢ ·¨ ´É´μ°, ± ± ¨ ²¥¡¥£μ¢  ³¥· , μÉ´μ¸¨É¥²Ó´μ
É· ´¸²ÖÍ¨° p → p+ a), μ¡μ§´ Î ¥É¸Ö Î¥·¥§ bRp. �Î¥¢¨¤´μ, μB(Rp) = 1. �·¨
ÔÉμ³ ±μ²ÓÍμ A′ μ¸É ¥É¸Ö ´¥¸¥¶ · ¡¥²Ó´Ò³, ´μ bRp Ö¢²Ö¥É¸Ö ´¥Ì Ê¸¤μ·Ëμ¢Ò³
³´μ£μμ¡· §¨¥³ [57].

” ±Éμ·¨§ÊÖ A′ ¶μ ¨¤¥ ²Ê A (´μ¸¨É¥²Ö³¨ ËÊ´±Í¨° ¨§ A Ö¢²ÖÕÉ¸Ö ¶μ¤-
³´μ¦¥¸É¢  ¢ Rp ´Ê²¥¢μ° ¡μ·μ¢¸±μ° ³¥·Ò), ¶μ²ÊÎ¨³ ±μ²ÓÍμ ¡μ·μ¢¸±¨Ì ¶μÎÉ¨
¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±Í¨° ´  Rp, μ¡μ§´ Î ¥³μ¥ Î¥·¥§ L′

2: A′ /A = L′
2. ‘¢μ°-

¸É¢  ÔÉμ£μ ±μ²ÓÍ  ¤¥É ²Ó´μ ¨§ÊÎ¥´Ò ƒ. 	μ·μ³ [60].

‚ ¦´μ¸ÉÓ ±μ²ÓÍ  A′ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¸ ´¨³ ¸¢Ö§ ´  · ¸Ï¨·¥´´ Ö
¢μ²´μ¢ Ö ³¥Ì ´¨± ∗. �¥ Éμ²Ó±μ Î ¸É¨ÍÒ (¶μ¤±μ²ÓÍμ A ¸ ²¥¡¥£μ¢μ° ³¥·μ°),
´μ ¨ ¸μ¸É ¢²ÖÕÐ¨¥ Î ¸É¨Í Å £· ´Ê²Ò (Ë ±Éμ·-±μ²ÓÍμ L′

2 ¸ ¡μ·μ¢¸±μ° ³¥-
·μ°) μ¶¨¸Ò¢ ÕÉ¸Ö ±μ²ÓÍμ³ A′. �μ¤Î¥·±´¥³ ¥Ð¥ · §, ÎÉμ ´¥¸¥¶ · ¡¥²Ó´μ¥
±μ²ÓÍμ A′ ´¥ ¨§μ³μ·Ë´μ ¸² ¡μ ¸¥¶ · ¡¥²Ó´μ³Ê ±μ²ÓÍÊ L∞, ¨¸¶μ²Ó§Ê¥³μ³Ê ¢
μ¡ÒÎ´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (ÌμÉÖ μ´¨ ¨³¥ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ § ¶ ¸ ËÊ´±Í¨°,
±μÉμ·Ò°, ´ ¶μ³´¨³, ³μ¦¥É ¡ÒÉÓ Éμ¶μ²μ£¨§¨·μ¢ ´ · §²¨Î´Ò³ μ¡· §μ³ [52]).

�Î¥¢¨¤´μ, μ¶¥· Éμ·Ò ¢ ¢μ²´μ¢μ° ³¥Ì ´¨±¥, μ¸´μ¢ ´´μ° ´  ´¥¸¥¶ · ¡¥²Ó-
´μ³ ±μ²ÓÍ¥ ËÊ´±Í¨° (´¥¸¥¶ · ¡¥²Ó´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥), ´¥ ³μ£ÊÉ
¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ³ É·¨Í ³¨, ¢ É ±μ° ¸Ì¥³¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¨ ¶·μ¥±Í¨μ´´ÒÌ
μ¶¥· Éμ·μ¢,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ É ± ´ §Ò¢ ¥³μ° ±¢ ´Éμ¢μ° ²μ£¨±¨ (¸·. ¸ [52]).

„Ê ²Ó´Ò³ ± bRp ¶·μ¸É· ´¸É¢μ³ Ö¢²Ö¥É¸Ö ¢¶μ²´¥ ´¥¸¢Ö§´μ¥ ±μ´Ë¨£Ê· -
Í¨μ´´μ¥ ³´μ£μμ¡· §¨¥, É. ¥. ¤¨¸±μ´É¨´ÊÊ³ R′

X (R′
X , ± ± ¨ RX , ¸μ¸Éμ¨É ¨§

´¥¸Î¥É´μ£μ ±μ²¨Î¥¸É¢  ÉμÎ¥±). ’μ¶μ²μ£¨Ö ´  R′
X , ¨´¤ÊÍ¨·μ¢ ´´ Ö ±² ¸¸μ³

¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸±¨Ì ËÊ´±Í¨° ´  Rp, Ö¢²Ö¥É¸Ö ¸ ³μ° ¸¨²Ó´μ°, ¤¨¸±·¥É´μ°.

�μ¢ Ö ¢μ²´μ¢ Ö ³¥Ì ´¨±  (É¥μ·¨Ö ¶μ²Ö ´  ¤¨¸±μ´É¨´ÊÊ³¥) Ö¢²Ö¥É¸Ö É¥μ-
·¨¥° ´μ¢μ£μ Ê·μ¢´Ö Ë¨§¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨ Å É¥μ·¨¥° £· ´Ê².

7. �¥·¥Ìμ¤ ± ¢μ²´μ¢μ° ³¥Ì ´¨±¥ £· ´Ê² ¸É ´μ¢¨É¸Ö ¸μ¢¥·Ï¥´´μ ¶·μ§· Î-
´Ò³, ¥¸²¨ ¶μ²´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ X-¶·¥¤¸É ¢²¥´¨¨ Å ¸Ê³³Ê Ψ(X) +
Ψ′(X) (¸³. ¸´μ¸±Ê ** ´  ¸. 342) § ¶¨¸ ÉÓ ¢ p-¶·¥¤¸É ¢²¥´¨¨. „²Ö ÔÉμ£μ, ± ±
¢¸¥£¤ , ¶·¥¤¸É ¢¨³ Ψ(X) ¢ ¢¨¤¥ μ¡ÒÎ´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ (5.1),  
Ψ′(X), ¨¸¶μ²Ó§ÊÖ ¤²Ö ¸¨³¢μ²  Š·μ´¥±¥·  δX, X′ ¥£μ ¢Ò· ¦¥´¨¥ ¨§ ¡μ·μ¢¸±μ°

É¥μ·¨¨ δX, X′ = lim
P→∞

1/2P
P∫
−P

eip(X−X′) dp, ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

Ψ′(X) = lim
P→∞

1
2P

P∫
−P

eipXΨ′(p) dp, (5.4)

∗‚ [57] ¤ ´´μ¥ · ¸Ï¨·¥´¨¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¸ Í¥²ÓÕ ¶μ¸É·μ¥´¨Ö ¥¤¨´μ° É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í ¨ ¨Ì ¢§ ¨³μ¤¥°¸É¢¨°, ¸¢μ¡μ¤´μ° μÉ Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°.
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£¤¥
Ψ′(p) =

∑
j

Ψj e−ipXj (5.5)

Å ¶μÎÉ¨ ¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±Í¨Ö μÉ p. � ·  · §´ÒÌ ¶μ Ì · ±É¥·Ê ËÊ´±Í¨°
(Ψ(p), Ψ′(p)), £¤¥ Ψ(p) = 1/2π

∫
e−ipXΨ(X) dX ,   Ψ′(p) Å (5.5), ¸μ¶μ¸É ¢²Ö-

¥É¸Ö Î ¸É¨Í¥ ¨ ¢Ìμ¤ÖÐ¥³Ê ¢ ´¥¥  ´¸ ³¡²Õ £· ´Ê². …¸²¨ ¶μ¤ ¶μ²´μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¥° ¢ p-¶·¥¤¸É ¢²¥´¨¨ ¶μ´¨³ ÉÓ ¸Ê³³Ê Ψ(p) + Ψ′(p), Éμ ¥¥ ²¥¡¥£μ¢ 
´μ·³  ‖Ψ + Ψ′‖ (¢ μÉ²¨Î¨¥ μÉ X-¶·¥¤¸É ¢²¥´¨Ö) ´¥ ¸ÊÐ¥¸É¢Ê¥É (· ¢´  ∞).
	μ·μ¢¸± Ö ¦¥ ´μ·³  ‖Ψ+Ψ′‖′ = ‖Ψ′‖′, ¶μ¸±μ²Ó±Ê ¤²Ö ËÊ´±Í¨¨ Ψ(p) ∈ A ¡μ-
·μ¢¸± Ö ´μ·³  ‖Ψ‖′ = 0. ’ ±¨³ μ¡· §μ³, ¶μ ¸· ¢´¥´¨Õ ¸ X-¶·¥¤¸É ¢²¥´¨¥³ ¢
p-¶·¥¤¸É ¢²¥´¨¨ ¢¸¥ ´ μ¡μ·μÉ. �μ²ÊÎ ¥É¸Ö, ÎÉμ ¤²Ö μ¶¨¸ ´¨Ö Î ¸É¨Í Ìμ·μÏμ
¶·¨¸¶μ¸μ¡²¥´μ X-¶·¥¤¸É ¢²¥´¨¥,   ¤²Ö μ¶¨¸ ´¨Ö £· ´Ê² Å p-¶·¥¤¸É ¢²¥´¨¥.

8. Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó, ·¥²ÖÉ¨¢¨§ Í¨Ö ¢μ²´μ¢μ° ³¥Ì ´¨±¨ ¸¢Ö§ ´  ¸ ¶¥-
·¥Ìμ¤μ³ μÉ c-Î¨¸²μ¢ÒÌ ¶μ²¥° Ψ(X) ± q-Î¨¸²μ¢Ò³ ¢¥²¨Î¨´ ³ Å μ¶¥· Éμ· ³
Ψ̂(X), ¤¥°¸É¢ÊÕÐ¨³ ´  ´¥±μÉμ·μ³ Éμ¶μ²μ£¨Î¥¸±μ³ ¢¥±Éμ·´μ³ ¶·μ¸É· ´¸É¢¥.
�É  ¶·μÍ¥¤Ê· , ´ §Ò¢ ¥³ Ö ±¢ ´Éμ¢ ´¨¥³ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, μ¡ÒÎ´μ ²μ£¨Î¥-
¸±¨ ´¨± ± ´¥ μ¡μ¸´μ¢Ò¢ ¥É¸Ö. Ÿ¸´μ, μ¤´ ±μ, ÎÉμ ³¥Éμ¤ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö
¨ Ê´¨ÎÉμ¦¥´¨Ö μÉ· ¦ ¥É ± ±ÊÕ-Éμ μÎ¥´Ó ¢ ¦´ÊÕ μ¸μ¡¥´´μ¸ÉÓ Î ¸É¨Í, ¤μ ¸¨Ì
¶μ· ¥Ð¥ ´¥ · ¸±·ÒÉÊÕ∗. Œ¥Éμ¤ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ Ëμ·³Ê²¨·Ê¥É¸Ö ¢ p-
¶·¥¤¸É ¢²¥´¨¨. ˆ ¥¸É¥¸É¢¥´´μ ¸Î¨É ÉÓ, ÎÉμ ±¢ ´Éμ¢ ´¨¥ ¶μ²¥° Ψ(X) Ö¢²Ö¥É¸Ö
¶·μ¤μ²¦¥´¨¥³ ±¢ ´Éμ¢ ´¨Ö ¶μ²¥° £· ´Ê² Ψ′(X), É. ¥. ¸²¥¤¸É¢¨¥³ Éμ£μ, ÎÉμ
Ψ′(X) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ´¸ ³¡²Ó £· ´Ê².

‚ ¸²ÊÎ ¥, ±μ£¤  Mp Å ±μ´É¨´ÊÊ³, μ¤´μ¢·¥³¥´´Ò¥ ¶¥·¥¸É ´μ¢μÎ´Ò¥ ¸μμÉ-
´μÏ¥´¨Ö ( ´É¨±μ³³ÊÉ Éμ·Ò) ¤²Ö ¤¨· ±μ¢¸±¨Ì ¡¨¸¶¨´μ·μ¢ Ψα(p, t) § ¶¨¸Ò¢ -
ÕÉ¸Ö É ± (Î ¸É¨ÍÒ ¸ · §´Ò³¨ ¨³¶Ê²Ó¸ ³¨ ´¥§ ¢¨¸¨³Ò; ´ ³¨ · ¸¸³ É·¨¢ ¥É¸Ö
Éμ²Ó±μ ¸²ÊÎ ° Ë¥·³¨-¶μ²¥° ± ± ´ ¨¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ: ¢ ¸Ì¥³¥ Ë¥·³¨-
¶μ²Ö ¨£· ÕÉ ¢Ò¤¥²¥´´ÊÕ ·μ²Ó, ± ± ¨ Ô²¥±É·μ³ £´¨É´Ò¥ ¶μ²Ö ¢ ¸¶¥Í¨ ²Ó´μ°
É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨):{

Ψ̂α(p, t), Ψ̂†
β(p′, t)

}
= δαβδ3(p − p′),

∗‚ ¸ ³μ³ ¤¥²¥, ÔÉμÉ ³¥Éμ¤, ¶μ¦ ²Ê°, ´¥ ¨³¥¥É ¸³Ò¸²  ¶·¨³¥´ÖÉÓ ¤ ¦¥ ± É ±¨³ ¸ ³Ò³ ¶·μ-
¸ÉÒ³ ¸μ¸É ¢´Ò³ μ¡Ñ¥±É ³, ± ± Ö¤·  ¨²¨  Éμ³Ò (¸ÊÐ¥¸É¢ÊÕÐ¨³ ¡² £μ¤ ·Ö ¢§ ¨³μ¤¥°¸É¢¨Ö³), ´¥
£μ¢μ·Ö Ê¦¥ μ §¢¥§¤ Ì ¨²¨ £ ² ±É¨± Ì. �·¨ ¸Éμ²±´μ¢¥´¨¨ (¢§ ¨³μ¤¥°¸É¢¨¨) ÔÉ¨ μ¡Ñ¥±ÉÒ · ¸¶ ¤ -
ÕÉ¸Ö ´  ¸μ¸É ¢²ÖÕÐ¨¥ ¨Ì ¸É·Ê±ÉÊ·Ò (¢ Î ¸É´μ¸É¨, ´  Î ¸É¨ÍÒ). — ¸É¨ÍÒ ¦¥ ¶·¨ ¸Éμ²±´μ¢¥´¨¨
´¥ · ¸¶ ¤ ÕÉ¸Ö ´  £· ´Ê²Ò: ¶·μÍ¥¸¸ § ± ´Î¨¢ ¥É¸Ö ¶μÖ¢²¥´¨¥³ ´μ¢ÒÌ Î ¸É¨Í ¢ Ê¦¥ £μÉμ¢μ³
¢¨¤¥. �Éμ £μ¢μ·¨É μ Éμ³, ÎÉμ ¥¸²¨ Î ¸É¨ÍÒ ¨ ¸μ¸ÉμÖÉ ¨§ £· ´Ê², Éμ ¸μ¢¸¥³ ¢ ¤·Ê£μ³ ¸³Ò¸²¥,
´¥¦¥²¨, ¸± ¦¥³, Ö¤· . ‚ [57] ¶μ± § ´μ, ÎÉμ ¢ £· ´Ê² Ì ¸±·ÒÉ  ¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³ , ¶·μ¤Ê-
Í¨·ÊÕÐ Ö ¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ Î ¸É¨ÍÒ (¶μÉ¥´Í¨ ²Ó´μ μ¤´  Î ¸É¨Í  ¸¶μ¸μ¡´  ¶μ·μ¤¨ÉÓ
1012 ¤·Ê£¨Ì Î ¸É¨Í). ˆ³¥´´μ ÔÉμÉ ³¥Ì ´¨§³ (  ´¥ ¢§ ¨³μ¤¥°¸É¢¨Ö) ¤¥² ¥É ¸Éμ²Ó ÔËË¥±É¨¢´Ò³
³¥Éμ¤ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¶·¨³¥´¨É¥²Ó´μ ± Î ¸É¨Í ³. �μ-¢¨¤¨³μ³Ê, ±¢ ·±-£²Õμ´´ Ö ³μ¤¥²Ó,
¡Ê±¢ ²Ó´μ ±μ¶¨·ÊÕÐ Ö ¸É·Ê±ÉÊ·Ê Ö¤¥·, ´¥  ¤¥±¢ É´  ·¥ ²Ó´μ³Ê ¶μ²μ¦¥´¨Õ ¤¥².
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£¤¥ † Å Ô·³¨Éμ¢μ ¸μ¶·Ö¦¥´¨¥ (¨´¢μ²ÕÍ¨Ö). �μ¸±μ²Ó±Ê ¢ ¸²ÊÎ ¥ £· ´Ê² ¨³-
¶Ê²Ó¸´μ¥ ³´μ£μμ¡· §¨¥ bMp É ±¦¥ Ö¢²Ö¥É¸Ö ±μ´É¨´ÊÊ³μ³, Éμ É¥ ¦¥ ¶¥·¥¸É -
´μ¢μÎ´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¸²¥¤Ê¥É ´ ¶¨¸ ÉÓ ¨ ¤²Ö ¶μ²¥° £· ´Ê²:{

Ψ̂′
α(p, t), Ψ̂′†

β (p′, t)
}

= δαβδ3(p − p′). (5.6)

�± §Ò¢ ¥É¸Ö, ± ±μ° ¡Ò ´¨ ¡Ò²  ¶· ¢ Ö Î ¸ÉÓ ¢ (5.6), ¢ X-¶·¥¤¸É ¢²¥´¨¨ (´ 
¤¨¸±μ´É¨´ÊÊ³¥) ¡Ê¤¥³ ¨³¥ÉÓ [57]{

Ψ̂′
α(X, t), Ψ̂′†

β (X′, t)
}

= 0, (5.7)

  É ±¦¥
{

Ψ̂′
α(X, t), Ψ̂′

β(X′, t)
}

=
{

Ψ̂′†
α (X, t), Ψ̂′†

β (X′, t)
}

= 0 (¶μ¸±μ²Ó±Ê ¤ -

²¥¥ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¶μ²Ö £· ´Ê², Ï²Ö¶±¨ ¨ ÏÉ·¨Ì¨ ´ ¤ ´¨³¨ ¡Ê¤ÊÉ
μ¶Ê¸± ÉÓ¸Ö). �¤´ ±μ ¢¥²¨Î¨´ Ψα(X, t) ± ± μ¶¥· Éμ·μ¢, ¶²μÉ´μ μ¶·¥¤¥²¥´´ÒÌ
´  ¸¥¶ · ¡¥²Ó´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ´¥ ¸ÊÐ¥¸É¢Ê¥É (É ±μ° ·¥ ²¨§ -
Í¨¨, ¤·Ê£¨³¨ ¸²μ¢ ³¨, ³ É·¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·  (5.7) ´¥ ¨³¥¥É): ¢
ÔÉμ³ ±μ´É¥±¸É¥ ¸μμÉ´μÏ¥´¨Ö (5.7) ¨³¥ÕÉ Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ [57]

Ψα = Ψ†
β = 0. (5.8)

�É¸Õ¤  ¶μ ³¥´ÓÏ¥° ³¥·¥ ¸²¥¤Ê¥É, ÎÉμ ¤¨· ±μ¢¸±μ¥ ±¢ ´Éμ¢ ´¨¥ ¶μ²¥° £· ´Ê²
´¥ ³μ¦¥É ¸²Ê¦¨ÉÓ ¶·¨Î¨´μ° ±¢ ´Éμ¢ ´¨Ö ¶μ²¥° Î ¸É¨Í. �·¨Î¨´  ¢ ¤·Ê£μ³.

9. �·¥¦¤¥ ¢¸¥£μ § ³¥É¨³, ÎÉμ ¸μμÉ´μÏ¥´¨Ö³¨ (5.7) μ¶·¥¤¥²Ö¥É¸Ö ´¥±μÉμ-
· Ö ¡¥¸±μ´¥Î´μ³¥·´ Ö £· ¸¸³ ´μ¢   ²£¥¡· , μ¡· §ÊÕÐ¨³¨ ±μÉμ·μ° Ö¢²ÖÕÉ¸Ö
Ψ(Xi, t), Ψ†(Xj , t), ¢§ÖÉÒ¥ ¢ ²Õ¡ÒÌ ÉμÎ± Ì Xi,Xj . �·¨ ÔÉμ³ ± ± ²¨´¥°-
´ Ö ¸¨¸É¥³  μ´  · ¸¸³ É·¨¢ ¥É¸Ö ´ ¤ ´¥±μÉμ·Ò³ ±μ³³ÊÉ É¨¢´Ò³ ±μ²ÓÍμ³. ‚
Ë¨±¸¨·μ¢ ´´μ° ÉμÎ±¥ Xi ³Ò ¨³¥¥³ ±μ´¥Î´μ³¥·´ÊÕ £· ¸¸³ ´μ¢Ê  ²£¥¡·Ê ¸ ¨´-

¢μ²ÕÍ¨¥° ®+¯, ±μÉμ·ÊÕ μ¡μ§´ Î¨³ Î¥·¥§ g
(+)
8 . �Éμ°  ²£¥¡·μ° μ¶¨¸Ò¢ ÕÉ¸Ö

¢´¥Ï´¨¥ ¢§ ¨³μμÉ´μÏ¥´¨Ö ³¥¦¤Ê £· ´Ê² ³¨ Å ¸¢Ö§Ó ¸¶¨´  ¸μ ¸É É¨¸É¨±μ°.
ˆ Éμ²Ó±μ. �μ £· ´Ê²Ò μ¡² ¤ ÕÉ ¥Ð¥ ¨ ¢´ÊÉ·¥´´¨³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¸¢μ°-
¸É¢ ³¨. „¥²μ ¢ Éμ³, ÎÉμ ¸ ± ¦¤μ° £· ¸¸³ ´μ¢μ°  ²£¥¡·μ° ¸¢Ö§ ´  ´¥±μÉμ· Ö
´¨²Ó¶μÉ¥´É´ Ö  ²£¥¡·  ‹¨ [57]∗. �ÉμÉ ±² ¸¸  ²£¥¡· (´ §Ò¢ ¥³ÒÌ ¢ É¥μ·¨¨ ¤¨-
´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ £¥°§¥´¡¥·£μ¢Ò³¨) ²¥¦¨É ¢ μ¸´μ¢¥ É¥μ·¨¨ ± ´μ´¨Î¥¸±¨Ì

∗� ¶·¨³¥·, · ¸¸³ É·¨¢ Ö ¸ ³ÊÕ ¶·μ¸ÉÊÕ £· ¸¸³ ´μ¢Ê  ²£¥¡·Ê g2 = U [u1, u2] (U Å ¢§Ö-
É¨¥ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·Ò) ¸ ¤¢Ê³Ö μ¡· §ÊÕÐ¨³¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ Ê¸²μ¢¨Ö³ {ui, uj} = 0,
¨ ¡ §¨¸μ³ ¨§ É·¥Ì Ô²¥³¥´Éμ¢ u1, u2, 2u1u2, ¨³¥¥³ ¢μ§³μ¦´μ¸ÉÓ ´ ·Ö¤Ê ¸ £· ¸¸³ ´μ¢Ò³ ( ¸-
¸μÍ¨ É¨¢´Ò³) Ê³´μ¦¥´¨¥³ · ¸¸³μÉ·¥ÉÓ ¥Ð¥ ¨ ²¨¥¢μ (´¥  ¸¸μÍ¨ É¨¢´μ¥) Ê³´μ¦¥´¨¥, § ¤ ¢ -
¥³μ¥ ±μ³³ÊÉ Éμ· ³¨ [ui, uj ] = εij2u1u2 (εij Å É¥´§μ· ‹¥¢¨-—¨¢¨ÉÒ). ‚¨¤´μ, ÎÉμ ¸ÊÐ¥-
¸É¢Ê¥É £μ³μ³μ·Ë¨§³ ´¨²Ó¶μÉ¥´É´μ°  ²£¥¡·Ò ‹¨ n3 ¸ É·¥³Ö μ¡· §ÊÕÐ¨³¨ a1, a2, a3 ¢  ²£¥¡·Ê
g2 : a1 → u1, a2 → u2, a3 → 2u1u2 (μ¡· É´μ¥ μÉμ¡· ¦¥´¨¥ ´¥ μ¡Ö§ ´μ ¡ÒÉÓ £μ³μ³μ·Ë¨§-
³μ³). ‚ ¸²ÊÎ ¥ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö a3 = 1,   a1 = d/dϕ, a2 = ϕ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
μ¡· §ÊÕÐ¨¥ £¥°§¥´¡¥·£μ¢μ°  ²£¥¡·Ò h2. (Š ± ¨§¢¥¸É´μ, ¢ ±μ³³ÊÉ É¨¢´Ò¥  ²£¥¡·Ò ¢±² ¤Ò¢ ÕÉ¸Ö
 ¡¥²¥¢Ò  ²£¥¡·Ò ‹¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¨³¥¥É ³¥¸Éμ É¥μ·¥³  �¤μ.)
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¸¨¸É¥³. �¤´μ° ¨§ £¥°§¥´¡¥·£μ¢ÒÌ  ²£¥¡· ± ± · § ¨ μ¶¨¸Ò¢ ÕÉ¸Ö ¤¨´ ³¨Î¥-
¸±¨¥ ¸¢μ°¸É¢  £· ´Ê². �¶Ê¸± Ö ¤¥É ²¨ (¸³. [57]), · ¸¸³μÉ·¨³ ¸· §Ê ¢²μ¦¥´¨¥

 ²£¥¡·Ò g
(+)
8 ¢ ±μ´¥Î´μ³¥·´ÊÕ  ²£¥¡·Ê ƒ¥°§¥´¡¥·£  h

(+)
8 . ƒ¥´¥· Éμ· ³¨ ¶μ-

¸²¥¤´¥° Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´Ò, μ¡μ§´ Î ¥³Ò¥ Î¥·¥§ Φα, Φβ (α, β = 1, 2, 3, 4) ¨
¶μ¤Î¨´ÖÕÐ¨¥¸Ö ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³[

Φα, Φβ

]
= δαβ (5.9)

(μ¸É ²Ó´Ò¥ ´Ê²¨). �´¨ ¨£· ÕÉ ·μ²Ó ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´μ¢μ£μ É¨¶ 
¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò Å ·¥²ÖÉ¨¢¨¸É¸±μ° ¡¨£ ³¨²ÓÉμ´μ¢μ°. ‚ [57] μÉμ¡· -
¦¥´¨¥

Ψα → Φα, Ψα → Φα (5.10)

(Ψ = Ψ†γ4) ´ §Ò¢ ¥É¸Ö ±¢ ´Éμ¢ ´¨¥³ ¤¨· ±-£· ¸¸³ ´μ¢  ¸²μÖ. ‘ ¢²μ¦¥´¨¥³
(5.10) ¸¢Ö§ ´ ´μ¢Ò° ³ É¥³ É¨Î¥¸±¨ ¶μ¸²¥¤μ¢ É¥²Ó´Ò° ¶·¨´Í¨¶ ±¢ ´Éμ¢ ´¨Ö
Ë¥·³¨-£· ´Ê²∗.

�·μ¸É· ´¸É¢μ, ¢ ±μÉμ·μ³ ¤¥°¸É¢ÊÕÉ μ¶¥· Éμ·Ò Φα, Φβ, ¶·¥¤¸É ¢²Ö¥É ¸μ-
¡μ° ¶·μ¸É· ´¸É¢μ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨° ´ Ï¥° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò. ‚ [57]
· ¸¸³ É·¨¢ ¥É¸Ö ´¥¸É ´¤ ·É´μ¥ (´¥¶·¨¢μ¤¨³μ¥, ´¥¸ ³μ¸μ¶·Ö¦¥´´μ¥, ´¥Ê´¨-

É ·´μ¥, ´ §Ò¢ ¥³μ¥ ´¥Ëμ±μ¢Ò³) ¶·¥¤¸É ¢²¥´¨¥ μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·Ò U [h(∗)
8 ]

¨ ¥¥ £·Ê¶¶Ò  ¢Éμ³μ·Ë¨§³μ¢ ¢ ¤Ê ²Ó´μ° ¶ ·¥ Éμ¶μ²μ£¨Î¥¸±¨Ì ¢¥±Éμ·´ÒÌ ¶·μ-
¸É· ´¸É¢ (Ḟ , F ), ¤¢μ°¸É¢¥´´ÒÌ μÉ´μ¸¨É¥²Ó´μ ¨´¢ ·¨ ´É´μ° ´¥Ô·³¨Éμ¢μ° ¶μ-
²ÊÉμ· ²¨´¥°´μ° Ëμ·³Ò 〈Ḟ , F 〉. ‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ μ¡· §ÊÕÐ¨¥  ²£¥¡·Ò
Φα, Φβ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

Φ =
(

ϕα

∂/ϕα

)
, Φ = (−∂/ϕβ , ϕβ), (5.11)

£¤¥ ϕα (α = 1, 2) Å ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥. �²¥³¥´É ³¨ ¶·μ¸É· ´¸É¢
Ḟ , F Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ ϕα, ϕβ ¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ
ϕ=̇ϕ2, ϕ=̇ϕ2 (´ ²¨Î¨¥³ ¶μ¸²¥¤´¨Ì ´¥Ëμ±μ¢μ ¶·¥¤¸É ¢²¥´¨¥ μÉ²¨Î ¥É¸Ö μÉ
μ¡ÒÎ´μ£μ Ëμ±μ¢ ).

	¨£ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³  Å ÔÉμ ¤¢ÊÌÊ·μ¢´¥¢ Ö ¸¨¸É¥³ . …¥ ¢¥·Ì´¨° (´ -
Î ²Ó´Ò°) Ê·μ¢¥´Ó f ∈ F Ì · ±É¥·¨§Ê¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¥° ¨ μ¶¨-
¸Ò¢ ¥É¸Ö ¶μ²Ö³¨ f(x, ϕ),   ´¨¦´¨° (±μ´¥Î´Ò°) ḟ ∈ Ḟ Å μÉ·¨Í É¥²Ó´Ò³¨
Ô´¥·£¨Ö³¨ ¨ ¶μ²Ö³¨ ḟ(ẋ, ϕ). �μ²Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ Î ¸É¨Í ¶μÖ¢²ÖÕÉ¸Ö ¢
·¥§Ê²ÓÉ É¥ ´¥μ¡· É¨³μ£μ (¸Ì¥³  ´¥ Ê´¨É ·´ ) ±¢ ´Éμ¢μ£μ ¶¥·¥Ìμ¤  f → ḟ ,
μ¶¨¸Ò¢ ¥³μ£μ  ³¶²¨ÉÊ¤μ° ¶¥·¥Ìμ¤ 

OΣ(X, Y ) =
〈〈

ḟ(ẋ), fΣ(x)
〉〉

=
∫

dμḟ

〈
ḟ(ẋ), fΣ(x)

〉
, (5.12)

∗‚ μÉ²¨Î¨¥ μÉ ³¥Éμ¤  ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö Ψ(X) → Ψ̂(X), ¢ ±μÉμ·μ³ ¨¸¶μ²Ó§ÊÕÉ¸Ö  ²-
£¥¡·Ò ²μ± ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¸ ¡¥¸±μ´¥Î´Ò³ ´¥¸Î¥É´Ò³ Î¨¸²μ³ μ¡· §ÊÕÐ¨Ì. �¤´ ±μ ‚ °É³ ´μ³
Ë ±É¨Î¥¸±¨ ¤μ± § ´μ, ÎÉμ É ±¨Ì  ²£¥¡· ´¥ ¸ÊÐ¥¸É¢Ê¥É.
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£¤¥ 〈
ḟ(ẋ), fΣ(x)

〉
=

∫
dμf (ϕ)ḟ(ẋ, ϕ)fΣ(x, ϕ) (5.13)

Å ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìμ¤ . ‡¤¥¸Ó Σ Å ´ ¡μ· ±¢ ´Éμ¢ÒÌ Î¨¸¥², μ¶·¥-
¤¥²ÖÕÐ¨Ì ¸μ·É Î ¸É¨ÍÒ∗ (¤ ²¥¥ ¢ Ëμ·³Ê² Ì Σ μ¶Ê¸± ¥É¸Ö), dμf ¨ dμḟ Å
³¥·Ò ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò,   X = 1/2(x + ẋ), Y =
1/2(x − ẋ) Å ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ±μμ·¤¨´ ÉÒ ¢´¥Ï´¥£μ ¨ ¢´ÊÉ·¥´-
´¥£μ ¶·μ¸É· ´¸É¢. Ÿ¢´Ò° ¢¨¤ ¶μ²¥° f, ḟ ´ °¤¥´ ¢ [57].

‚ [57] ¶μ± § ´μ, ÎÉμ ± ¦¤ Ö (´μ Éμ²Ó±μ  ¤·μ´´ Ö)  ³¶²¨ÉÊ¤  ¶¥·¥Ìμ¤ 
O(X, Y ) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ·Éμ£μ´ ²Ó´ÊÕ ¸Ê³³Ê (μÉ´μ¸¨É¥²Ó´μ ÏÉÕ±¥²Ó-
¡¥·£μ¢¸±μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö) ¤¢ÊÌ ¶μ²¥°∗∗

O(X, Y ) = G(X, Y ) ⊕ Ψ(X, Y ), (5.14)

¢ ±μÉμ·μ° G(X, Y ) = δ(0)g(X, Y )∗∗∗ Å ´¥¨§³¥·¨³μ¥ (´¥¶μ¸·¥¤¸É¢¥´´μ ´¥-
´ ¡²Õ¤ ¥³μ¥) ·¥Ï¥´¨¥ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´  (¶μ²¥ ®¤Ê-
Ìμ¢¯; É ±¨³¨ ¦¥ ËÊ´±Í¨Ö³¨ Ö¢²ÖÕÉ¸Ö ¨  ³¶²¨ÉÊ¤Ò ¶¥·¥Ìμ¤  O(X, Y )),  
Ψ(X, Y ) Å ´¥¶·¥·Ò¢´μ¥ ¨§³¥·¨³μ¥ (´ ¡²Õ¤ ¥³μ¥) ¡¨²μ± ²Ó´μ¥ ¶μ²¥, ¸μ-
¶μ¸É ¢²Ö¥³μ¥ ËÊ´¤ ³¥´É ²Ó´μ° Î ¸É¨Í¥ ( ¤·μ´Ê) ¨ ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸μ¡μ°
·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö. �μÖ¢²ÖÕÐ¨¥¸Ö ËÊ´±Í¨¨
M Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ ¢¸¥Ì X ¨ Y , μ¸ÊÐ¥¸É¢²ÖÕÐ¨Ì¸Ö
¢³¥¸É¥ ¸ ´¥Ê´¨É ·´Ò³ ±¢ ´Éμ¢Ò³ ¶¥·¥Ìμ¤μ³ (f → ḟ), μ¸ÊÐ¥¸É¢²ÖÕÐ¨³ ¸¢Ö§Ó
¤¢ÊÌ ³¨·μ¢: ´ ¡²Õ¤ ¥³μ£μ, ¸¢Ö§ ´´μ£μ ¸ ËÊ´±Í¨Ö³¨ ´ ¡²Õ¤ ¥³μ° ³ É¥·¨¨ M ,
¨ ¶μ²Ö ´¥¨§³¥·¨³ÒÌ ¨¤¥ ²Ó´ÒÌ ¶² Éμ´μ¢¸±¨Ì Ëμ·³ ³ É¥·¨¨ f, ḟ . ‚ ¸¢μÕ
μÎ¥·¥¤Ó x, ẋ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ x = X + Y, ẋ = X − Y, §¤¥¸Ó Y ¶·¥¤¸É -
¢²ÖÕÉ ¸μ¡μ° Ô²¥³¥´ÉÒ μ¡ÒÎ´μ£μ ¸É ´¤ ·É´μ£μ ²¥°¡´¨Í-´ÓÕÉμ´μ¢   ´ ²¨§ , ¢
±μÉμ·μ³ ¡ §μ¢Ò¥ Ô²¥³¥´ÉÒ ¸É·μÖÉ¸Ö ¨§ Éμ£μ ¦¥ ³ É¥·¨ ² , ÎÉμ ¨ X . ‚ ´ -
Ï¥° ²¨É¥· ÉÊ·¥ Y Å ÔÉμ Ô²¥³¥´ÉÒ É ± ´ §Ò¢ ¥³ÒÌ ·μ¡¨´¸μ¢ÒÌ · ¸¸²μ¥´¨°,
  ¢ Í¥²μ³ (X, Y ) Å ÔÉμ Ô²¥³¥´ÉÒ ´¥¸É ´¤ ·É´μ£μ  ´ ²¨§ , ¢ ±μÉμ·μ³ Y Å
ËÊ´±Í¨μ´ ²Ó´μ ´¥§ ¢¨¸¨³Ò¥ μÉ X Î¨¸² . ‘ÊÐ¥¸É¢¥´´μ° Î ¸ÉÓÕ ¶·¥¤² £ ¥³μ°
É¥μ·¨¨ Ö¢²Ö¥É¸Ö ¶¥·¥Ìμ¤ μÉ ¸É ´¤ ·É´μ£μ ± ´¥¸É ´¤ ·É´μ³Ê  ´ ²¨§Ê. ’ ±μ°
¶¥·¥Ìμ¤ μ¡¥¸¶¥Î¨¢ ¥É ¢´ÊÉ·¥´´ÕÕ ´¥¶·μÉ¨¢μ·¥Î¨¢μ¸ÉÓ ¢¸¥° ¸Ì¥³Ò. ‚ ¸ -
³μ³ ¤¥²¥, ¶·μ¥±É¨·ÊÖ (X, Y ) ´  (X, 0), ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²μ ¸ ¶μ²Ö³¨ M(X, 0),

∗‚ Î ¸É´μ¸É¨, Ë¥·³¨μ´´Ò¥  ³¶²¨ÉÊ¤Ò Å ÔÉμ ¸¶¨´μ·Ò Oα =
〈〈

ḟ , Φαf
〉〉

.
∗∗�·Éμ£μ´ ²Ó´ Ö ¸Ê³³  μ§´ Î ¥É, ÎÉμ ¨´É¥£· ²

∫
G(X, Y )Ψ(X, Y ′) d4X = 0. „²Ö ²¥¶Éμ-

´μ¢ G = 0.

∗∗∗‘³Ò¸² ¸¨³¢μ²  δ(0) ¡Ê¤¥É Ö¸¥´, ¥¸²¨ § ³¥É¨ÉÓ, ÎÉμ ¢ É¥μ·¨¨ δ(0) = lim
T→∞

1/π
T∫
0

dt, £¤¥

t = X0 Å ¢·¥³¥´´ Ö ±μμ·¤¨´ É  Xμ (¸³. ¶·¥¤Ò¤ÊÐÊÕ ¸´μ¸±Ê, £¤¥ ´Ê¦´μ ¶μ²μ¦¨ÉÓ G = O−Ψ;
¤¥É ²¨ ¸³. ¢ [57]).
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±¢ ´Éμ¢ Ö É¥μ·¨Ö ±μÉμ·ÒÌ, ± ± ¨§¢¥¸É´μ, ¸μ¤¥·¦¨É Ê²ÓÉ· Ë¨μ²¥Éμ¢Ò¥ · ¸Ìμ-
¤¨³μ¸É¨. ‘ ÉμÎ±¨ §·¥´¨Ö ¤ ´´μ° É¥μ·¨¨, ±μ´É¨´ÊÊ³ X ¶μÖ¢²Ö¥É¸Ö ¶·¨ ¢ÒÉ ²-
±¨¢ ´¨¨ ÉμÎ¥± ¸¶¥°¸Ê¸±Ê²Ò ´ ·Ê¦Ê. �·¨ ÔÉμ³ ¢´ÊÉ·¨ ¸²μÖ μ¸É ¥É¸Ö ´¥±¨°
¤¨¸±μ´É¨´ÊÊ³, ¨§μ³μ·Ë´Ò° ± ´Éμ·μ¢Ê ¸μ¢¥·Ï¥´´μ³Ê ³´μ¦¥¸É¢Ê Π, ´ §Ò¢ -
¥³μ³Ê ¢ É¥μ·¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ·¥¶¥²¥·μ³. ‘ ÔÉ¨³ ¤¨¸±μ´É¨´ÊÊ³μ³
¸¢Ö§ ´ ´μ¢Ò° Ê·μ¢¥´Ó Ë¨§¨Î¥¸±μ° ·¥ ²Ó´μ¸É¨ Å ÔË¨·. ‚ ´¥¸É ´¤ ·É´μ³  ´ -
²¨§¥ ¶μ ´¥ÊÎÉ¥´´Ò³ Y Ê¸·¥¤´Ö¥É¸Ö (¨´É¥£·¨·Ê¥É¸Ö). ‚ ·¥§Ê²ÓÉ É¥ ±¢ ´Éμ¢ Ö
É¥μ·¨Ö ¶μ²Ö, ¨¸¶μ²Ó§ÊÕÐ Ö ´¥¸É ´¤ ·É´Ò°  ´ ²¨§, μ± §Ò¢ ¥É¸Ö ¸¢μ¡μ¤´μ°
μÉ ¢´ÊÉ·¥´´¨Ì ¶·μÉ¨¢μ·¥Î¨° Å Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°. …¸²¨ ¥Ð¥
ÊÎ¥¸ÉÓ, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ ´¥¶·¥·Ò¢´μ¥
·¥Ï¥´¨¥, Éμ ¢³¥¸Éμ (5.14) ¸²¥¤Ê¥É ´ ¶¨¸ ÉÓ

O(X, Y ) = G(X, Y ) + Ψ(X, Y ) + Ψ′(X, Y ), (5.15)

£¤¥ Ψ′ Å ÉμÎ¥Î´ Ö ËÊ´±Í¨Ö∗ (¶·μ¨§¢μ¤´ Ö ¶μ¸²¥¤´¥° ¶μÎÉ¨ ¢¸Õ¤Ê · ¢´ 
´Ê²Õ, ¸³. [48]).

ˆÉ ±, Ï·¥¤¨´£¥·μ¢¸± Ö ± ·É¨´  (É¥μ·¨Ö c-Î¨¸²μ¢ÒÌ ¶μ²¥°) ³μ¦¥É ¡ÒÉÓ
·¥ ²Ó´μ · ¸Ï¨·¥´  ¢ · ³± Ì ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ËÊ´±Í¨° ¤¥°¸É¢¨É¥²Ó´μ£μ
¶¥·¥³¥´´μ£μ. �  ´ Ï ¢§£²Ö¤, ´ ¨¡μ²¥¥ ¢ ¦´Ò³ ³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö ´¥Ê´¨-
É ·´μ¥ · ¸Ï¨·¥´¨¥ ¢μ²´μ¢μ° ³¥Ì ´¨±¨, ¸¢Ö§ ´´μ¥ ¸ ¤¨´ ³¨Î¥¸±μ° ¸É·Ê±ÉÊ-
·μ° £· ´Ê² Å ·¥²ÖÉ¨¢¨¸É¸±μ° ¡¨£ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³μ° ¨ ¥¥ ¸μ¸ÉμÖ´¨Ö³¨
f(x), ḟ(ẋ). ‚ Ëμ·³Ê² Ì (5.12), (5.13) ÔÉ¨ ¶μ²Ö ¨£· ÕÉ ·μ²Ó ¸±·ÒÉÒÌ ¶ · -
³¥É·μ¢ (§ ¢¨¸ÖÐ¨Ì μÉ ¶¥·¥³¥´´ÒÌ ϕ, ¶μ ±μÉμ·Ò³ É ³ ¶·μ¨´É¥£·¨·μ¢ ´μ).
‚Ò¸μ±μÔ´¥·£¥É¨Î¥¸± Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨± , É ±¨³ μ¡· §μ³, ´¥Ê´¨É ·´ . …¥
μ¸´μ¢´μ° μ¡Ñ¥±É Å ·¥²ÖÉ¨¢¨¸É¸± Ö ¡¨£ ³¨²ÓÉμ´μ¢  ³ É¥·¨Ö Å ´μ¢Ò° ¨¸ÉμÎ-
´¨± Ô´¥·£¨¨.

�μ¸²¥ ¶¥·¥Ìμ¤  f → ḟ (¨§ (5.12) ¸²¥¤Ê¥É, ÎÉμ Î ¸É¨Í  ± ± ¡Ò ¸±²¥¥´ 
¨§ f ¨ ḟ) ¢ ·¥ ²Ó´μ° Î ¸É¨Í¥ f ¨ ḟ ´¥ ³μ£ÊÉ · §μ°É¨¸Ó ´  ¡μ²ÓÏ¨¥ · ¸¸ÉμÖ-
´¨Ö. ‘·¥¤´¥¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´¨³¨ Ö¢²Ö¥É¸Ö ´¥±μÉμ·μ° ËÊ´¤ ³¥´É ²Ó´μ°
Ì · ±É¥·¨¸É¨±μ° ³ É¥·¨¨ Å ËÊ´¤ ³¥´É ²Ó´μ° ¤²¨´μ°, ¨ μÉ´μ¸¨É¥²Ó´Ò¥ ±μ-
μ·¤¨´ ÉÒ Y = (x−ẋ)/2 ¸¢Ö§ ´Ò ¸ ´¥°. …¥ ·μ²Ó ¢ É¥μ·¨¨ ¨£· ¥É Ê´¨¢¥·¸ ²Ó´μ¥
¢μ²´μ¢μ¥ Î¨¸²μ k ∼ 1014 ¸³−1 [57]. �μ² £ Ö Y = u/k, ´ ¶¨Ï¥³ Ψ(X, u/k).
�·¨ k → ∞ ¢¥²¨Î¨´Ò Ψ(X, 0) = Ψ(X) Ö¢²ÖÕÉ¸Ö ²μ± ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨
μ¡ÒÎ´μ° ¢μ²´μ¢μ° ³¥Ì ´¨±¨. �μ¤Î¥·±´¥³, ÎÉμ ±¢ ´Éμ¢ ÉÓ ³μ¦´μ Éμ²Ó±μ ¡¨-

∗�μ¤Î¥·±´¥³, ÎÉμ Ψ′ ± ± ËÊ´±Í¨Ö, § ¤ ´´ Ö ´  ¤¨¸±μ´É¨´ÊÊ³¥, μÉ²¨Î´  μÉ ´Ê²Ö Éμ²Ó±μ
¢´ÊÉ·¨ ËÊ´¤ ³¥´É ²Ó´μ° Î ¸É¨ÍÒ. …¥ ¶μÖ¢²¥´¨¥ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¢´¥Ï´¥¥ ¶·μ¸É· ´¸É¢μ A3

(±μ´É¨´ÊÊ³ ±μμ·¤¨´ É X Å ´μ¸¨É¥²Ó ¶μ²Ö Ψ) μ¡· §Ê¥É¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢ÒÉ ²±¨¢ ´¨Ö ÉμÎ¥±
¶·μ¸É· ´¸É¢  ¸¶¥°¸Ê¸±Ê²Ò (f(x), ḟ(ẋ)) ´ ·Ê¦Ê. �Éμ ¶·μ¨¸Ìμ¤¨É ¢¸²¥¤¸É¢¨¥ ¶¥·¥Ìμ¤  f → ḟ ,
¸μ¶·μ¢μ¦¤ ¥³μ£μ ¢Ò¤¥²¥´¨¥³ Ô´¥·£¨¨. �¤´ ±μ Î ¸ÉÓ ÉμÎ¥± ¶·¨ ÔÉμ³ μ¸É ¥É¸Ö ¢´ÊÉ·¨ Î ¸É¨ÍÒ,
μ´¨ ¨ ¸μ¸É ¢²ÖÕÉ ¤¨¸±μ´É¨´ÊÊ³ Å ´μ¸¨É¥²Ó £· ´Ê² Ψ′ (¢ É¥μ·¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ É ±¨¥
³´μ¦¥¸É¢  ´ §Ò¢ ÕÉ¸Ö ·¥¶¥²¥· ³¨).
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²μ± ²Ó´Ò¥ ¶μ²Ö, É ± ± ± ¨³¥´´μ μ´¨ ¶·μ¤ÊÍ¨·ÊÕÉ¸Ö ¡¨£ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥-
³μ° (É¥μ·¨Ö É ±¨Ì ¶μ²¥° ´¥ ¸μ¤¥·¦¨É Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥° [57]).

’¥¶¥·Ó ´¥É·Ê¤´μ · ¸Ï¨·¨ÉÓ ¨ £¥°§¥´¡¥·£μ¢Ê ± ·É¨´Ê. „²Ö ÔÉμ£μ ´Ê¦´μ
O, G, Ψ μ¡μ§´ Î¨ÉÓ Î¥·¥§ |O〉, |G〉, |Ψ〉, ÊÎ¥¸ÉÓ, ÎÉμ |O〉 = |G⊕Ψ〉 = |G〉⊕|Ψ〉,
¨ · ¸¸³μÉ·¥ÉÓ μ¶¥· Éμ· P̃ = Q(ϕ) ⊗ Q+(ϕ′), μÉμ¡· ¦ ÕÐ¨° ¶·μ¸É· ´¸É¢μ

F ⊗ Ḟ ¢ F ⊗ Ḟ , £¤¥

Q(ϕ) = |f(ϕ)〉〈ḟ(ϕ)|, Q+(ϕ′) = |ḟ(ϕ′)〉〈f(ϕ′)| (5.16)

(§¤¥¸Ó Q(ϕ) Å ¶·μ¥±Í¨μ´´Ò° μ¶¥· Éμ· ´  ¸μ¸ÉμÖ´¨¥ f ∈ F ¢¤μ²Ó ¸μ¸ÉμÖ´¨Ö
ḟ ∈ Ḟ ). �¡μ§´ Î¨³ P̃O = SpQ Sp Q+, £¤¥ Sp Q = |O〉 (Sp μ§´ Î ¥É ¨´É¥£·¨-
·μ¢ ´¨¥ ¶μ ϕ), Éμ£¤  ³μ¦´μ ´ ¶¨¸ ÉÓ P̃O = |O〉〈O|. �Éμ, ±μ´¥Î´μ, ´¥ ¶·μ-
¥±Í¨μ´´Ò° μ¶¥· Éμ·, É ± ± ± |O〉 ¶·¨´ ¤²¥¦¨É μ¸μ¡μ³Ê ³´μ¦¥¸É¢Ê ËÊ´±Í¨°
´¥μ£· ´¨Î¥´´μ° ¢ ·¨ Í¨¨, ´¥ μ¡· §ÊÕÐ¨Ì ± ±μ£μ-²¨¡μ Ìμ·μÏ¥£μ ¶·μ¸É· ´-
¸É¢ . �·¨ ÔÉμ³ ¨³¥¥³ P̃O = P̃G+PΨ, £¤¥ PΨ Å Ê¦¥ ´ ¸ÉμÖÐ¨° ¶·μ¥±Í¨μ´´Ò°
μ¶¥· Éμ· ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ¶μ¸±μ²Ó±Ê ËÊ´±Í¨Ö |Ψ〉 ¶·¨´ ¤²¥¦¨É
¨³¥´´μ É ±μ³Ê ¶·μ¸É· ´¸É¢Ê. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ PΨ = P̃O − P̃G. ’ ±¨³
μ¡· §μ³, £¥°§¥´¡¥·£μ¢  ± ·É¨´  ³μ¦¥É ¡ÒÉÓ · ¸Ï¨·¥´  ¸ ¶μ³μÐÓÕ μ¶¥· Éμ-
·μ¢ P̃ , P̃O, P̃G.

6. NON-NEUMANNIAN REPRESENTATIONS
OF ROTATION GROUP (TO THE ETHER THEORY). 1

Jesus saith unto them, did ye never read in

the scriptures, The stone which the builders
rejected, the same is become the head of the

corner: this is the Lord's doing, and it is

marvellous in our eyes?

Matthew (21:42)

For some reason or other mankind pays attention to the ideas that were
materialized in the exact meaning of this word. Ancient thinkers remembered
mankind three greatest a priori ideas about real: these are (in order of their
generality) 1) hypothesis about existence of Creator of our Universe called God
as an embryo of all being, 2) hypothesis of the ether as a God's emanation
and the nearest reason of appearance of observed matter, and at last, 3) atomic
(quantum) hypothesis of the matter building. To the present time only the latter
was elaborated. Nowadays the time comes for the second one∗.

∗Concerning the ˇrst hypothesis see Plato's ®Timaeus¯ and [61].
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Interesting sagacity of philosophers has been the thought that the ether is a
binding link between the space and matter and the reason of both. However, if the
studying of spaceÄtime (mathematics) and matter (physics) is highly successful
and rather deep, then ether has meanwhile slipped away from concrete description
and became once even incongruous. The point is that every time it may be
swooped for a pure mathematical (namely, geometrical) substance. The well-
known substance in question is at present the PoincareÄMinkowski 4-dimensional
spaceÄtime continuum (pseudoeuclidean space). So till now one considered that
ether = spaceÄtime (or metric; Poincare). It is, from a certain point of view, a
nonproper phenomenological description of the ether∗.

Of course, from pure physical point of view ether is ˇrst of all a material
(dynamical) substance. Physical theory of ether itself demands for its description
the usage of proper, adequate mathematics (it is algebra as the most irreproachable
part of mathematics). Therefore, ˇrst of all we have to look for in mathematics
of the past the ˇt tools for description of such a physical reality as ether. It turns
out that the algebra in the 19th century elaborated such a tool: it is Kummer's
theory of ideal numbers. In [61] this idea is ˇtted to the fundamental particles
situation.

In a certain sense elementary particles are the numbers: their spin properties
are described by ˇnite dimensional unitary representations of the rotation group
SO(3) and its covering SU(2) (we call it further the spin group) the set of
which forms ring-like usual numbers. This ring turns out to be algebraically
non-closed [61] and permits unique extension to the more fundamental (prime,

∗However, in quantized ˇeld theory the necessity in a special physical substance regularizing the
ultraviolet divergences is feeling long ago (for example, at the PauliÄWillars regularization procedure
it appeared as the ˇctive ˇelds with indeˇnite metric and extreme large masses; not to mix it of course
with physical vacuum as the zero vibrations of the real ˇelds!).

Already in that time a question about extension of the HeisenbergÄSchroedinger quantum theory
in the region of very small distances was arisen (one considered that the theory to be a theory of
moderate energies is insufˇcient for description of particle interactions in high energy region). Its
direct generalization (extension of application region) Å relativistic quantum ˇeld theory Å it seemed
must allow one to penetrate this region. However, this extension, strictly speaking, is as a matter
of fact illegal transfer of mathematical apparatus of quantum mechanics (ˇnite number of degrees of
freedom) to the dynamical systems with inˇnite uncountable number of freedom degrees (ˇelds), and
troubles with ultraviolet divergences testify this. It turns out that the usual quantum mechanics is
not complete in principle and may be completed. We think that the suggested in [62] new extended
quantum theory based on the ether dynamics is well adopted to the description of the very high energy
situation. Moreover, we can say now that ether theory is the ground of particle theory and cosmology.
It is interesting to pay attention to the following remark. In empty space M with measure μ
completeness condition of any system of local functions {ψn(X)}, X ⊂ M on this space written
as Σnψn(X)ψn(X′) = δμ(X − X′) contains the Dirac delta-function respectively the measure μ.
Due to the δμ-function ultraviolet divergences in quantized ˇeld theory considered in such a space
arise. But in the space M ˇlled by ether (in which any function is a bilical one ψ(X, Y ), see [63])
smearing δμ(X − X′; Y, Y ′)-function appears due to which ultraviolet divergences are absent.
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ideal) nonunitary representations of spin group which are studied here and from
which ˇnite dimensional ones are built like usual numbers may be built from the
Kummer's ideal ones.

Elementary particles to be observed (measurable) form of matter exist in
spaceÄtime continuum A3,1 endowed by differential structure and measure. The
symmetry group of this space is the Poincare group P . Due to such a structure,
space H of sections ψ(X) of vector ˇbration E = (A3,1, S) used in particle
theory (here S = ΣΣSΣ is the Whitney sum for the group SO(3); among SΣ

there is a spinor ˇbre with symmetry group SU(2)) is endowed by the Hermitian
scalar product (ψ, ψ′) =

∫
ψ(X, t)ψ′(X, t)d3X . Due to this, representations

of the Poincare group P and its subgroup SO(3) in H are unitary. We see
unitary axiom in quantum theory is conditioned ultimately by the measurablement
property of spaceÄtime continuum∗.

Symmetry group of the latter (SO(3) and its complex extension SO(3, 1) Å
the special Lorentz group) is enlarged in the framework of material ˇbration
E to the spin group (SU(2) and its complex extension SL(2, C)). Moreover,
inside the spinor ˇber the latter may be enlarged to the general linear group
GL(2, C) = SL(2, C) ⊗ U(1) ⊗ H(1), where U(1) and H(1) are elliptic and
hyperbolic phase transformations with which so-called fermionic charge F and
dilatation D of fermions are connected correspondingly.

Further, we have to consider that at very small distances (inside the parti-
cle) physical spaceÄtime is splitting into its isolated points [62], i.e., becomes a
discontinuum∗∗. Such a space loses differential structure and measure. Hereby

∗So space A3;1 is considered to be a measurable (in Lebesgue sense) set of points. This
circumstance has a pure physical reason: from elementary particles existing in this space macro-objects
in particular measuring equipment may be constructed by means of which physical measurements may
be made. Hence, the measurablement property of spaceÄtime is connected only with the so-called
immediately observed forms of matter. Not any set of points is measurable. For example, differentials
dX as an uncountable quantity of points are not measurable sets, see [62]. Therefore, the space and
the forms of matter which might exist inside the differentials are not measurable. For description of
such a matter form unusual nonmeasurable numbers are needed of course. These numbers come to
life (are displayed) if our space becomes discontinuum (see further). It is very important remark for
further consideration.

∗∗Particle constituents are connected with the discontinuum [62]. In its own (discrete) topology
discontinuum is an uncountable set of isolated points. Due to the theorem about homeomorphism
between any discontinuum (for example, ®dispersed¯ or ®pulverized¯ interval [0, 1]′) and Cantor's
perfect set Π we can consider our discontinuum inside the particle to be set Π. So nothing losing
in generality and proceeding from the fact that our discontinuum is a continuation (into fundamental
particle) of usual (external) space endowed by usual topology and measure in which our discontinuum
is the set of zero measure and dimension, we will consider it to be set each point of which is
(from the point of view of external usual topology) the point of condensation. This circumstance
intensiˇes the conˇnement property of particle constituents. So inside the particle there is ®crumpted¯
(homeomorphic to) Cantor's perfect set and nothing more. However, this set (Cantor's ®spiral¯) has
complicated dynamical structure, see [62].
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the space which stays inside the isolated point (inside the ˇber or differential
d3X) has no Lebesgue measure, i.e., is nonmeasurable, see [62]. At such a
condition the unitary axiom is invalid and nonunitary representations of phys-
ical groups SU(2), SL(2, C), GL(2, C) corresponding to the arbitrary spin (a
sea of complex spin) are used thereat. A sapid elegant mathematics is con-
nected with arbitrary spin. It is the theory of non-Neumannian representations
of classical Lie groups, monoids and connected with them 1-chain ˇbrations
(bundles).

Strictly speaking, all these (multivalued indeed) representations corresponding
to arbitrary spins are exact ones of a new group G̃L(2, C) (and others) Å Lie
group of one-dimensional chains on GL(2, C) (brie�y called 1-chain group),
built over GL(2, C) and locally isomorphic to the latter. They play the role
of mentioned above Kummer's ideal numbers in usual representation theory and
particle physics.

A new physical reality stands behind the 1-chain groups and their representa-
tions. Obviously it exists inside the isolated point of discontinuum, and therefore
is immediately nonobservable. We call it bi-Hamiltonian form of matter, pre-
matter (or ether).

Bi-Hamiltonian dynamical system (see [63]) is connected with the Heisen-

berg algebra h
(∗)
8 and its automorphism group Sp(∗)(4, C) (dynamical group of

the system). It is a kind of two-level systems described by the non-Lagrangian
ˇelds f(x) (upper level) and ḟ(ẋ) (lower level) correspondingly. In the begin-
ning of our Universe there were only ˇelds f(x). Above-mentioned nonunitary
representations of GL(2, C) are realized in the space of these ˇelds.

Bi-Hamiltonian (ether) dynamics includes the irreversible quantum transition
(jump) f → ḟ described by matrix element 〈ḟ(ẋ), f(x)〉 (in the framework of
quantum theory 2), where the state ḟ enters with complex conjugation, see [63].
Fundamental particles arise in this process. This part of the theory is connected
with a dual pair of spaces (Ḟ , F ), where f ∈ F , ḟ ∈ Ḟ . With it the Gaussian
decomposition N+HN− of GL(2, C) (and dynamical group too) is associated.
(Such a decomposition appears when the so-called singular elements Δ′ of the
group are pricked out.)

Indeed, the jump f → ḟ is prepared by real turning f into ḟ which is
connected with topological closedness of the group GL(2, C) to the monoid
M(2, C) = GL(2, C) ∪ J(2, C), where J(2, C) = {g ∈ M |det g = 0}. Since
MJ = JM ⊂ J , so we call the set J to be absorbed one. Due to this citcum-
stance any vector f is transferred into one and the same vector ḟ under the
action of J .

Turning f into ḟ (in the framework of quantum theory 1) is connected with
the sucking of ˇeld f(x) into the point of discontinuum (picturally speaking like
Jinn into the bottle) to which a quantum f is fastened. The latter process goes
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only in ensemble of the systems (we call it as a gas of quanta f or ether in whole).
This dynamical system, left itself, begins gradually to collapse, i.e., to contract
(like shagreen skin). Only after all these processes quantum jump is beginning
(see Sec. 7).

We see that ether dynamics is quite a complicated thing. After the quan-
tum transition f → ḟ (it is necessary to emphasize that namely due to the
irreversible quantum transition f → ḟ ground state ḟ loses physical meaning
at the next stages of Universe evolution, because ḟ ∼ δ(0), see [63]) and aris-
ing fundamental particles and spaceÄtime continuum, the subset J is pricked
out and another closedness process of Gaussian decomposition goes genesis of
the symmetry group SL(2, C) (matter) and SO(3, 1) (spaceÄtime as a carrier
of matter).

Here we study the inˇnite dimensional irreducible (non-Neumannian) rep-
resentations of the spin group GL(2, C) only and connected with it monoid
M(2, C). Although this group is any subgroup of the dynamical group of the sys-
tem, it contains the main information about the processes just described. Hereby
our consideration is delivered in the volume and at the level of strictness that
usually is accepted in physical literature.

Some words about the character of investigation. We use inˇnitesimal ap-
proach to the representation theory (rising to E. Cartan): in the beginning repre-
sentations of the Lie algebra are built, then local group (groupuscle) and, at last,
the group in whole are considered. In connection with the latter we apply to new
mathematical objects: 1-chain Lie group and spaces of probe and generalized
functions of exponential type well adopted to the problem. The case of G̃L(2, C)
is considered in detail.

We do not refer to the well-known classical papers of E. Wigner and
V. Bargman concerning unitary representations of the (small) Lorentz group.
Reader sees a connection with those representations which is afˇnitally to the
connection between Lobachevsky and Riemann geometries.

Mathematical part of the present paper is based on the ˇrst manuscript of se-
ries of papers [61] which has been discussed in the past with
Prof. S. D. Berman.

6.1. Basic Initial Theorem. Semispinor Representation of the Lie Algebra
and Local Group. a) The way leading to a new class of SU(2) representa-
tions meets the theorem concerning nonclosedness of the ring of ˇnite dimen-
sional (unitary) representations of the SU(2) group. If to denote the latter D
(it is endowed by usual addition and Kronecker multiplication laws; its subring of
exact SO(3) representations is denoted D ⊂ D), so we can write D = D[D(1/2)],
where D(1/2) is the fundamental representation of SU(2) corresponding to the
spin 1/2. Structure constants of D are the ClebschÄGordan coefˇcients.

D(1/2) is realized in the complex vector (spinor) space S2(G) considered
over Grassmann algebra G [61] by the Pauli 2 × 2-matrices (1/2)σ.
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Theorem 1. Ring D is algebraically non-closed and permits the extention
to the ring of inˇnite dimensional semispinor representations corresponding in
general case to arbitrary complex spin.

Proof of the theorem see in [61]. It follows from the construction of the proof
that semispinor representation D+(−1/4) with spin −1/4 may be considered to be
a generator of a new ring D̃ = D[D+(−1/4)] (minimal semispinor ring is given
rise indeed by the representation D+(−1/2)). Like from spinor representations
elements of D may be constructed, so from semispinor representations D+(−1/4)
and D+(−3/4) elements of D may be constructed. From explicite form of
ClebschÄGordan coefˇcients for semispinor representations, see [61], it follows
that the ring D̃ is algebraically closed.

b) Semispinor representation D+(λ) [61] exists at arbitrary complex spin

λ ∈ C and is setting by three operators L
(λ)
k (k = 1, 2, 3) satisfying the commu-

tation relations [L(λ)
k , L

(λ)
m ] = iεkmnL

(λ)
n . We formulate the main properties of

such a representation:
i) it is inˇnite dimensional algebraically and topologically irreducible [61]; it

is completely characterized by its junior Cartan vector f
(λ)
0 (L(λ)

− f
(λ)
0 = 0, L

(λ)
± =

L
(λ)
1 ± iL

(λ)
2 );

ii) it is realized in the topological vector space F τ
λ = M

τ

λ, where Mλ =
U [L(λ)

+ ]f (λ)
0 = l.c. {f (λ)

n } (τ is topology, from here the sign+ in D+, l, c means

linear cover), and f
(λ)
n is the canonical CartanÄWeyl basis;

iii) in it operators L
(λ)
k are setting by the formulas:

L
(λ)
3 f (λ)

n = (n − λ)f (λ)
n ,

L
(λ)
+ f (λ)

n = α
(λ)
n+1f

(λ)
n+1, (6.1)

L
(λ)
− f (λ)

n = α(λ)
n f

(λ)
n−1,

where α
(λ)
n = −i

√
n(n − 2λ − 1). Thus,

iv) D+(λ) is a representation of the type I (or ladder one) in which operators

L
(λ)
3 , L(λ)2 are diagonalized (L(λ)2f

(λ)
n = λ(λ + 1)f (λ)

n ).
It follows from (6.1) that

v) spectrum of operator L
(λ)
3 does not possess the Weyl symmetry: at the

Weyl re�ection w we have wD+(λ) = D−(λ) (such a representation we call
therefore non-Weyl one: D+(λ) contains only half of all possible projections of
spin λ; from here the name semispinor).

Further, we use the realization in which L
(λ)
k are written in the form [61]:

L
(λ)
3 = ζ

d

dζ
, L

(λ)
+ = ζ, L

(λ)
− = −ζ

d2

dζ2
+ 2λ

d

dζ
. (6.2)
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Hereby the CartanÄWeyl basis is the set of functions:

f (λ)
n = in

ζn√
n!Γ(n − 2λ)

, n = 0, 1, 2, . . . (6.3)

(note, that in this realization there are not ˇnite dimensional representations).
vi) D+(λ) is non-self-ajoint representation dual to which is the representation

D+(λ). This pair of representations is tied for invariant sesquilinear form [61]:

〈f (λ), g(λ)〉λ =
∫

f (λ)(ζ)Ig(λ)(ζ) dμλ(ζ), (6.4)

where measure is dμλ(ζ) =
i

π

1
|ζ|2λ+1

K2λ+1(2|ζ|)dζ ∧ dζ (here Kn are Mac-

Donald's functions, ∧ is the external multiplication, and Ig(ζ) = g(−ζ).
vii) The carrier spaces F τ ′

λ
, F τ

λ form dual pair relatively the form (6.4)
(concretely topologies (τ ′, τ) will be given further).

c) As always [64] integration of the Lie algebra representation leads to the

exponent eiLkθk =
∞∑

n=0

(iLkθk)n

n!
which covers a certain neighbourhood of group

unity and determines formal local group or groupuscle (that follows from the
CampbellÄHausdorff formula eiL′′

eiL′
= eiL, here L′′ = Lkθ′′k, L′ = Lkθ′k <

L = Lkθk, where θ = θ(θ′′, θ′) is multiplication law in coordinates θ). As Lk

are non-self-adjoint operators, so eiLkθk are nonunitary ones and in general case
are unbounded. Therefore, convergence conditions of exponents are essential.

Now some general deˇnitions.
Deˇnition 1. Representation of Lie algebra l given by operators Lk is in-

tegrable in a topological vector space F τ if exponents eiLkθk are converged on
a certain common dense subset D ⊂ F τ when |θk| < ετ , i.e., eiLkθkf ∈ F τ

if f ∈ D.
Neighbourhood |θk| < ετ may be contracted (in dependence on topology

τ ) in zero (in point), then the representation is considered to be nonintegrable.
Convergence demand of the exponential process at the vector f ∈ F τ restricts the
usage of exponential mapping by a certain neighbourhood Uf(e) of group unity
e (exp is nonsurjection mapping). In connection with this it is natural to take the
following.

Deˇnition 2. If in the image of exponential mapping exp there are only
elements of inˇnite small neighbourhood of the group unity ε̃(ẽ) (or nowhere
dense set in group), so the Lie algebra and group in whole given rise by it are
called nonclassical. If exp covers the group almost completely, so such an algebra
and group are called classical.

The ˇrst situation takes place when eiLkθk are unbounded operators (in this
case obstacles exist). In the framework of general topological groups this situation
has been discovered by A. I.Maltcev [65].
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Let G be a classical Lie group with Lie algebra l and ε(e) ⊂ G be its
groupuscle. Let T (l) be a nonclassical Lie algebra isomorphic to l and ε̃(ẽ)
be a local group given rise by T (l). Then ε̃(ẽ) ≈ ε(e) (that follows from the
CampbellÄHausdorff formula).

As is known, connected component of a topological group is given rise by
local group (see [66], Theorem 44). This means that any element of the group in
whole may be written in the form of left-ordered product (P is ordering symbol)

of exponents eiT (l(N)) · · · eiT (l(1)) =
∏
i∈I

eiT (l(i)) = P exp
(

i
∑
i∈I

T (l(i))
)

(here

l(i) = lkθ
(i)
k and I = [1, N ]) at sufˇciently large N , where all eiT (l(i)) = T (gi) ∈

ε̃(ẽ) and gi = eil(i) ∈ ε(e). Of course we have to take now into account the
convergence condition for the product of exponents (see further).

Set of elements {gi}i∈I deˇnes on G a certain discrete chain denoted g̃ which
is formed by group elements e, g1, g2g1, . . . , gN · · · g1 = g, where e is the start
of chain and g is its end, denoted p(g̃) = g.

Statement 1 (another deˇnition of the nonclassical Lie group). For non-

classical Lie group products
∏
i∈I

eiT (l(i)) depend on chains g̃ by essential manner,

i.e.,
∏
i∈I

eiT (l(i)) = T (g̃).

At the limit when gi → e, N → ∞ (hereby the end g of the chain is
fastened) a continuous chain g̃ on G is obtained. (This conventional reason of
standard analysis is in fact self-contradictory, therefore further we go over to the
nonstandard analysis, see [67].)∗

An Example [61]. Let h2 be the Heisenberg algebra with two generators aα

(α = 1, 2) and commutation relations [aα, aβ ] = εαβ (ε =
(

0 1
−1 0

)
). Its

automorphism group as a linear group of operators T (v) acting in a topological
vector space and entering into formula

T (v)aαT−1(v) = vα
β aβ , (6.5)

where
v =

(
α β
γ δ

)
∈ Sp (1, C) ≈ SL(2, C), (6.6)

is a nonclassical Lie group S̃p (1, C). We will see further that T (v)'s depend
indeed on 1-chains ṽ on Sp (1, C), i.e., we have in fact the mapping ṽ → T (ṽ).
Remarkable that from p(ṽ) = p(ṽ′) and T (ṽ)aαT−1(ṽ) = T (ṽ′)aαT−1(ṽ′) it does
not follow that T (ṽ) = T (ṽ′) (with such a situation one deals at consideration of
covering structures).

∗In fact, at such a process we obtain a countable set of elements on G only, but not uncountable,
moreover, continuous one.
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This example shows that the space of 1-chains over a classical group must
be rather natural object in quantum theory.

6.2. 1-Chain Group over Topological Group (Elementary Description).
Deˇnition 3. Let G be a connected, linearly one connected topological group.
1-chain space Γ(G, e) over G is the set of chains g̃ starting in unity e ∈ G. The
end of g̃ is p(g̃) = g (p is projection: Γ(G, e) → G). Subspace of closed 1-chains
starting in e and ending in e denoted C(G, e) is called space of cycles (loops).
The subset of limiting 1-cycles called ®moustache¯ is denoted C0(G, e) [68]∗.

Theorem 2 [68]. Factor-set Γ(G, e)/C0(G, e) = G̃ is topological group
called 1-chain group over G. It is free group in which multiplication of two
chains g̃1 and g̃2 denoted g̃1 ◦ g̃2 is a chain g̃ consisting of g̃1 and g̃2 · g1 (the
latter is right translation of 1-chain g̃2 in G along the group by means of group
element g1 = p(g̃1), which does not belong, generaly speaking, to Γ(G, e), · is
multiplication in G) so that the end of g̃1 ∈ Γ and the start of g̃2 · g1 coinside (◦
is the so-called word multiplication law). Factor C/C0 = Ω̃ is invariant subgroup
of cycles in G̃. Mapping p gives isomorphism G̃ → G̃/Ω̃ = G.

One can look at G̃ as an extention of G by means of cycle set Ω̃. It is
possible because the sequence Ω̃ → G̃ → G is exact (in fact, the kernel of
mapping G̃ → G being Ω̃ is the image of mapping Ω̃ → G̃).

One can else look at G̃ as a locally nontrivial ˇbration or bundle (G̃, G, p)
with base G, ˇber p−1 = Ω̃ ◦ g̃ over g ∈ G and projection p: G̃ → G. Hereby
topology on G̃ is determined by product of topologies on G and Ω̃, see [68]
(topology on Ω̃ is induced by topology on G). In such a topology G̃ is a
group with small subgroup (all these are contained in Ω̃) and is not a Lie group.
Further, only such representations T of G̃ will be considered for which T (Ω̃)
is a commutative set of operators (although Ω̃ in general case is not central
subgroup in G̃).

Introducing the notion of invariant subgroup of lasso Y ⊂ Ω̃ as inˇnite
small cycles of the form g̃ ◦ ω̃ ◦ g̃−1 (hereby inˇnite small neighbourhood of
unity ε(e) ⊂ G is considered in the spirit of nonstandard analysis, i.e., G is
considered to be hyperreal structure) and factorizing G̃ over Y , we come to the
locally Euclidean group G̃/Y , i.e., to the Lie group G̃L locally isomorphic to the
classical Lie group G. Hereby the factor Ω̃/Y is completely non-closed invariant
subgroup in G̃/Y so that (G̃/Y )/(Ω̃/Y ) = G.

It is interesting to notice that with G̃ such homogeneous spaces like G∗
f =

G̃/Ω̃(Uf ) are connected. Here Uf ⊂ G is the analysity region of singular
function f(g) = T (g)f considered on G. We call G∗

f the Riemannian surface. It

∗1-chain may be determined as track of path in G [68]. Such a class of groups (with an-
other multiplication of chains) one became to use in two-dimensional quantum ˇeld theory, see for
example [69].
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is minimal covering for Uf . Measure on G∗
f is obtained by means of sheet lifting

of measure dg on G, see [61].

6.3. Non-Neumannian Representations of a Topological Group (Main De-
ˇnitions). A Little Generalization. It is very important that a ˇnite system of
axioms for non-Neumannian representations may be given.

Deˇnition 4. Let G be a topological group. Non-Neumannian representation
of G is three {(Ḟ , F ′), G, T (g)}, where (Ḟ , F ′) is a pair of topological vector
spaces dual relatively some invariant sesquilinear form 〈·, ·〉 and g → T (g), g ∈ G
is homomorphism of G into set of unbounded operators T (g) acting on F ′ (carrier
space of representation) and satisfying the following axioms: i) e → T (e) = 1,
ii) T (g2)T (g−1

1 ) = T (g2g
−1
1 ) on common domain (subspace) DT (g2)T (g−1

1 ) ∩
DT (g2g−1

1 ), iii) T (g−1) = T−1(g), iv) (T (g3)T (g2))T (g3) = T (g3)(T (g2)T (g1)),
v) ∩g∈GDT (g) = 0, where DT (g) ∈ F ′ is a dense domain of deˇnition of operator
T (g) Å a non-closed subspace in F ′.

It follows from these axioms that such a representation is setting by operators
T (g) without defect, i.e., 1) for every g operator T (g) is dense deˇned on F ′

(it means that all DT (g)'s are dense in F ′), 2) for every g subspace RT (g) =
T (g)DT (g) = Im DT (g) is dense in F ′, and KerT (g) = 0, therefore for every
T (g) there exists inverse operator T−1(g) with domain of deˇnition DT−1(g) =
RT (g) and domain of rate RT−1(g) = DT (g), 3) for every pair of elements
g1, g2 ∈ G subspace DT (g2)T (g1) = DT (g2) ∩ RT (g1) is dense in F ′, hereby
intersection DT (g2g1)∩DT (g2)T (g1) is dense in F ′ too, 4) if Q ⊂ G is a countable
everywhere dense subset in G, so v′) ∩g∈QDT (g) is dense in F ′, 5) every operator
T (g) is continuous on its subspace of deˇnition DT (g) in topology induced by
topology in F ′, i.e., if fn → f ∈ DT (g), so T (g)fn → T (g)f .

We will see further that space F ′ which contains DT (g) at every g ∈ G is
the space of generalized functions of exponential type.

As usually [70] we may consider the set of all subsets DT (g) and their ˇnite
intersections denoting it �F ′ . This set is invariant relatively operators T (g)
because T (g) transfers DT (g) into DT (g−1) (these both subsets belong to �F ′ ).
We say that a representation g → T (g) is Neumannian, if the condition v′) draws
the following condition: v′′) intersection ∩g∈GDT (g) is dense in F ′ [71]. In such
a case we can consider the latter to be carrier space of the representation. In
general case condition v′′) does not follow from v′) [68]. In such a case we say
that the representation is non-Neumannian one.

From axiom v) it follows that at ˇxed f ∈ F ′ there are such elements gf ∈ G
that T (gf)f /∈ F ′, i.e., f /∈ DT (gf ). On the other hand, at ˇxed g ∈ G there
are such vectors fg ∈ F ′ that fg /∈ DT (g) (as operators T (g) are in general
case unbounder, so DT (g) �= F ′). If F ′ is the space of generalized functions
of exponential type, so for every f ∈ F ′ there exists at least inˇnite small
neighbourhood Uf(e) ⊂ G that T (g)f ∈ F ′ when g ∈ Uf (e). Hereby common
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area ∩f∈F ′Uf (e) is either unity of group or some closed subgroup in G of zero
measure. Thus,

Statement 2. If g → T (g) is non-Neumannian representation of G in F ′, so
∩f∈F ′Uf(e) is nowhere dense closed subgroup in G.

This statement is dual to the axiom v).
Representation g → T (g) is continuous if from gn → g0 (in topology on G)

the convergence of sequence T (gn)f → T (g0)f follows (in topology on F ′) when
f belongs to some dense subspace in F ′ (for example, to the ∩g∈U(g0)DT (g),
where U(g0) is a neighbourhood of element g0 and gn ∈ U(g0) beginning
from any n).

Quite analogous way differentiable and analytical representations are deˇned.
Speaking about irreducible and equivalent representations we understand the topo-
logically irreducible and equivalent ones.

It is obviously that non-Neumannian representations exist for continuous
groups only for such a group axiom that v′′) does not follow in general case from
axiom v′).

It turns out that axioms i)Äv) (and statements 1)Ä5)) determine a new math-
ematical category: non-Neumannian group of a topological vector space.

Let us consider the set T̂ of all unbouded reversible operators of a topological
vector space F ′ satisfying the axioms i)Äv). Hereat it is convenient to generalize
the axiom ii) formulating it in the form of ii′): operators T1 and T2 are equivalent
if on common dense subspace DT1 ∩DT2 ⊂ F ′ the equality T1 = T2 takes place.

Now we have to apply to the above-mentioned set �F ′ . On the deˇnition we
have TDT = RT = DT−1 , so that operators T ∈ T̂ act on �F ′ mapping subsets
of �F ′ one to another DT → DT−1 . We said already that set �F ′ is invariant rel-
atively of set of operators T̂ . Factorizing T̂ over above-formulated equivalence
relation (see [70]), we get the group T̃ of classes unbouded reversible operators
of space F ′ which we call the non-Neumannian group of space F ′ (in our consid-
eration it plays the role analogous to the role of group of unitary operators of Hil-
bert space).

Subgroup of bounded operators we call Neumannian group of F ′.
By quite analogous way one may deˇne non-Neumannian ring of operators

on space F ′.
Now non-Neumannian representation of group G in space F ′ one may deˇne

to be homomorphism G into T̃ [72].

6.4. The Space of Fit and Generalized Functions of Exponential Type. At
consideration of inˇnite dimensional representations of algebras and in particular
of associative (Neumannian) rings of unbounded operators T (l) the space of
generalized functions of degree type (so-called L. Schwartz space, see [61, 48])
is well adopted. In fact, from formula (6.1) it follows that T k(l)fn ∼ nkfn at
n → ∞ and arbitrary entire k < ∞.
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In the case of ˇnite dimensional Lie algebra integration of its inˇnite dimen-
sional representation leads to the exponent exp (iT (l)θ) = T (θ), and therefore
T (θ)fn ∼ exp (θn)fn ∼ Knfn (T (l) is non-self-adjoint operator; |K| < ∞). So
that side by side with linear envelope of elements of CartanÄWeyl basis elements
Knfn and their inˇnite sums must belong to the carrier space of group represen-
tation in whole. Space including such vectors we call the space of generalized
vectors of exponential type [72].

If in the case of Lie algebra representation there exists invariant (respectively
envelope algebra U [T (l)]) space (it is the space of ˇt functions of degree type,
therefore U [T (l)] is always Neumannian ring), so in the case of non-Neumannian
irreducible representation of Lie group in whole such a space does not exist (see
axiom v)).

Building the space, we interested, we may begin from consideration of pre-
Hilbert space H with scalar product (ψ, ϕ)1 = Σnψnϕn, where ϕn are compo-
nents of vector ϕ in orthonormed basis en: ϕ = Σnϕnen. Then one may consider
the inˇnite countable system of scalar products (ψ, ϕ)K = Σn|K|nψnϕn, where
|K| = 1, 2, 3, . . . Completion of H by means of norm ‖ϕ‖K =

√
(ϕ, ϕ)K lets us

denote HK . Obviously we have H1 ⊃ H2 ⊃ . . . HK ⊃ . . . Limit of this narrowed
sequence of complete Hilbert spaces we call the space of ˇt vectors of exponential
type F [72], so that F = ∩KHK . Topology on such a countable-Hilbert space
is set by usual manner, see [48]. It is not difˇcult to show that the space of this
type is nuclear [72].

Omitting further details the space of generalized function of exponent type
F ′ we determine as the space of linear continuous functionals (F ′, F ) on the
space F . Not difˇcult to show that F ′ is the Frechet space, see [72]. Further, we
will consider a sesquilinear form 〈F ′, F 〉 connecting the pair of spaces F and F ′.

Namely, F ′ (the space of generalized functions of exponential type) is the
carrier space for non-Neumannian representation (see the following Sec. 7).

7. NON-NEUMANNIAN REPRESENTATIONS
OF ROTATION GROUP

(TO THE ETHER THEORY). 2

7.1. Non-Neumannian Representations of Rotation Group (Effective Con-
struction). Further, we use concrete realization of U(2) representations and its
complexiˇcation GL(2, C) connected with formulas (6.2)Ä(6.4) (see [4] (previous
part) further called as Sec. 6).

i) First of all every regular element g =
(

α β
γ δ

)
∈ GL(2, C) (δ �= 0)

may be written in the form of Gaussian decomposition g = n+hΔn−, where
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n+ =
(

1 β/δ
0 1

)
= e(β/δ)σ+ , hΔ =

(
Δ/δ 0
0 δ

)
= eΔh, eΔ =

(
Δ 0
0 1

)
=

e(σ0+σ3)θ/2, h =
(

δ−1 0
0 δ

)
= e−σ3 ln δ , n− =

(
1 0
γ/δ 1

)
= e(γ/δ)σ− and

Δ = det g = αδ − βγ = eθ (here θ is a complex number).

Here the following matrix notations are used: σ+ =
(

0 1
0 0

)
, σ− =(

0 0
1 0

)
, σ3 =

(
1 0
0 −1

)
, σ0 =

(
1 0
0 1

)
.

Due to the local isomorphism between Tλ(g) and g∗ we may write Tλ(g) =
Tλ(n+)Tλ(eΔ)Tλ(h)Tλ(n−), where

Tλ(n+) = e(β/δ)Tλ(σ+) = e(β/δ)L
(λ)
+ ,

(7.1)

Tλ(eΔ) = e(Tλ(σ0)+Tλ(σ3))θ/2 = e(L
(λ)
0 +2L

(λ)
3 )θ/2,

Tλ(h) = e−Tλ(σ3) ln δ = e−2L
(λ)
3 ln δ,

(7.2)

Tλ(n−) = e(γ/δ)Tλ(σ−) = e(γ/δ)L
(λ)
−

are 1-parametric subgroups.
We have (see Sec. 6 and footnote on page 361):

L
(λ)
+ = ζ, L

(λ)
− = −ζ

d2

dζ2
+ 2λ

d

dζ
,

L
(λ)
3 = ζ

d

dζ
− λ, L

(λ)
0 = 2λ.

(7.3)

Of course we have to distinguish the group unity e = g0 from σ0 because
Tλ(e) = 1 �= Tλ(σ0) = 2λ.

Let us act on the junior Cartan vector f
(λ)
0 (ζ) = 1 by operator Tλ(g). As

L
(λ)
− f

(λ)
0 = 0, so we may write Tλ(g)1 = δ2λ e(β/δ)ζ = κλ(ζ; g). The latter

as a function on the group is the orbit of element f
(λ)
0 . For regular g (δ �= 0)

it is wholly situated in the space of generalized functions of exponential type
F ′

λ which includes (in our realization) all entire analytical functions of complex
variable ζ of order ρ � 1 and type 0 � τ < ∞, see [73].

∗The isomorphism is setting by formula (σμ are the Pauli matrices): Tλ(σμ) = (λ)ϕσμϕ,

where ϕ, ϕ are determined in [73]: ϕ =

(
d/dζ

1

)
, (λ)ϕ = (ζ,−ζd/dζ + 2λ).
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In fact, let us decompose the function e(β/δ)ζ into series over functions of

canonical basis f
(λ)
n (see [73]): e(β/δ)ζ =

∞∑
n=0

(−i(β/δ))n
√

(Γ(n − λ))/n!f (λ)
n (ζ).

Decomposition coefˇcients an = (−i(β/δ))n
√

(Γ(n − λ))/n! at n → ∞ satisfy
the condition |an| � |β/δ|n < Kn, where 0 � K < ∞. Elements from F ′

λ obey
just such a condition (see Sec. 6).

ii) As is known, if the representation g → Tλ(g) is irreducible, so the orbit
Tλ(g)f of any element f is dense in carrier space F ′

λ. Concerning the junior
vector 1 it means that linear envelope of inˇnite countable set of functions eτnζ

at any collection of in pairs inequaled complex numbers τn is dense in F ′
λ.

To convince of this we have to show that some function f(ζ) ∈ F ′
λ may be

approximated (in topology of F ′
λ) by the series ΣnAn eτnζ , i.e., we can choose

coefˇcients An so that difference f(ζ)−ΣnAn eτnζ = ϕ(ζ) ∈ Up(ε), where Up(ε)
is a weak neighborhood of zero in F ′

λ which is setting by vectors ϕ satisfying
the condition |〈fm, ϕ〉λ| < ε. Here {fm} (m < p) is any ˇnite set of vectors in

F ′
λ and 〈·, ·〉λ is the form (6.4). In particular, as {fm} we can take {f (λ)

m }, then

weak neighborhood of zero is determined by seminorms
∣∣∣〈f (λ)

m , ϕ〉λ
∣∣∣ < ε.

Let us denote
∣∣∣〈f (λ)

m , f〉λ
∣∣∣ = am(−1)mη

(λ)
m , where η

(λ)
m =

(Γ(m − 2λ))1/2

(Γ(m − 2λ))1/2
.

By choice of An we may achieve that 〈f (λ)
m , ϕ〉λ = 0 at m = 1, 2, 3, . . . , p. From

the latter condition the equations for determining of An follow:

p∑
n=0

Anτm
n = im

√
m!

Γ(m − 2λ)
am, m = 0, 1, 2, . . . , p. (7.4)

Determinant of the system is the Vandermonde one:

Vp+1(τ0, τ1, . . . , τp) = det

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
τ0 τ1 . . . τp

τ2
0 τ2

1 . . . τ2
p

. . . . . .

. . . . . .
τp
0 τp

1 . . . τp
p

∣∣∣∣∣∣∣∣∣∣∣∣
= Πn>m(τn − τm), (7.5)

which is not equal to zero because all τn are in pairs different. Therefore, our
system is solvable concerning An.

With An got by such a way the series ΣnAn eτnζ approximates the function

f(ζ) =
∞∑

m=0
amf

(λ)
m (ζ) in the sense of weak convergence in F ′

λ.

iii) We deˇne now the action of operator Tλ(g) on the function eτζ . As

we can write eτζ = Tλ(n+(τ)) · 1, where n+(τ) =
(

1 τ
0 1

)
, so we have
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Tλ(g) eτζ = Tλ(gn+(τ)) · 1. As gn+(τ) = n+(g, τ)hΔ(g, τ)n−(g, τ), where

n+(g, τ) =

⎛⎝ 1
ατ + β

γτ + δ
0 1

⎞⎠ , hΔ =

⎛⎝ Δ
γτ + δ

0

0 γτ + δ

⎞⎠ ,

n−(g, τ) =

(
1 0

γ

γτ + δ
1

)
, Tλ(n−(g, τ)) · 1 = 1,

so we obviously obtain [73]:

Tλ(g) eτζ = (γτ + δ)2λ exp
(

ατ + β

γτ + δ
ζ

)
. (7.6)

iv) Deˇne else the result of action of Tλ(g) on arbitrary element of canonical

basis fλ
n (ζ) (see formula (6.3)). As ζ = L

(λ)
+ = Tλ(σ+), so we may write

(for arbitrary function f(ζ)) the formula Tλ(g)f(ζ) = f(Tλ(g)ζTλ(g−1))Tλ(g)×
1 = f(Tλ(gσ+g−1))κλ(ζ; g) (κλ is the above-deˇned function). Here matrix

gσ+g−1 is
1
Δ

(
−αγ α2

−γ2 αγ

)
=

1
Δ

(α2σ+ − γ2σ− − αγσ3).

As Tλ(1/2−→σ ) =
−−→
L(λ) (see (6.2)), so we have

Tλ(gσ+g−1) =
1
Δ

(α2L
(λ)
+ − γ2L

(λ)
− − 2αγL

(λ)
3 ) =

=
1
Δ

[
α2ζ + γ2

(
ζ

d2

dζ2
− 2λ

d

dζ

)
− 2αγ

(
ζ

d

dζ
− λ

)]
.

Let us denote Φ = (β/δ)ζ. Then we may write

Tλ(gσ+g−1) =
βγ2

Δδ

[
Φ
(

αδ

βγ
− d

dΦ

)
+ 2λ

](
αδ

βγ
− d

dΦ

)
= D. (7.7)

Now it is not difˇcult to deˇne the action of Tλ(g) on ζn. We have

Tλ(g)ζn = Dnκλ(ζ, g) =

= δ2λ

(
βγ2

Δδ

)n {[
Φ
(

αδ

βγ
− d

dΦ

)
+ 2λ

](
αδ

βγ
− d

dΦ

)}n

eΦ. (7.8)

Here right-hand side may be represented in the form of δ2λP
(λ)
n (ΔΦ/βγ) eΦ,

where P
(λ)
n (x) is a polynomial about x = ΔΦ/βγ of degree n. As on deˇnition

we have D(P (λ)
n (ΔΦ/βγ) eΦ) = P

(λ)
n+1(ΔΦ/βγ) eΦ, so we come to the following

relation between polynomials P
(λ)
n (x):

γ

δ

[
x

d2

dx2
− 2(x + λ)

d

dx
+ x + 2λ

]
P (λ)

n (x) = P
(λ)
n+1(x).
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If to put P
(λ)
n (x) = (−γ/δ)nn!Q(λ)

n (x), so the above-obtained relation may be
written in the form:[

x
d2

dx2
− 2(x + λ)

d

dx
+ x + 2λ

]
Q(λ)

n (x) = −(n + 1)Q(λ)
n+1(x).

The same relation takes place for the Laggere polynomials L
(−2λ−1)
n (x).

In fact, from the equation for L
(α)
n (x):[

x
d2

dx2
+ (n + α + 1 − x)

d

dx
+ n

]
L(α)

n (x) = 0

and recurrent relation[
x

d

dx
+ (n + α + 1 − x)

]
L(α)

n (x) = (n + 1)L(α)
n+1(x),

(see [74]) we get[
x

d2

dx2
− 2

(
x − α + 1

2

)
d

dx
+ x − α − 1

]
L(α)

n (x) = −(n + 1)L(α)
n+1(x).

Comparising this relation with the previous (for Q
(λ)
n ) one, we see that it must

be −α − 1 = 2λ, and hence Q
(λ)
n (x) = L

(−2λ−1)
n (x). Therefore, we can write

Tλ(g)ζn = δ2λ(−γ/δ)nn!L(−2λ−1)
n (Δζ/γδ) e(β/δ)ζ . As a result, we come to the

formula:

Tλ(g)f (λ)
n (ζ) =

√
n!

Γ(n − 2λ)
δ2λ

(
−i

γ

δ

)n

L(−2λ−1)
n

(
Δζ

γδ

)
e(β/δ)ζ . (7.9)

Now for arbitrary function f(ζ) = Σnfnζn we may write

Tλ(g)f(ζ) = δ2λ e(β/δ)ζΣnfnn!
(
−γ

δ

)n

L(−2λ−1)
n

(
Δζ

γδ

)
. (7.10)

v) It follows from formula (7.6) that at a ˇxed g operator Tλ(g) is not deˇned
on function eτζ when τ = −δ/γ, i.e., on the function exp (−(γ/δ)ζ). It means
that DTλ(g) �= F ′

λ, so that Tλ(g) are in general case unbounded operators on F ′
λ.

From all rest functions eτζ (τ �= −δ/γ) an inˇnite countable function system
{eτnζ} dense in F ′

λ may be chosen. Linear envelope U [{eτnζ}] is included in the
subspace of deˇnition DTλ(g) of operator Tλ(g), i.e., Tλ(g) at every g is dense
deˇned operator on F ′

λ.
Complex plane C � τ (the point τ = ∞ is considered to be always pricked

out) without point −δ/γ is denoted C(−δ/γ). Instead of δ we may use the
parameter τ from τ = −δ/γ. Then we can say that the manifold C(τ) is
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associated with the set of elements gτ =
(

α β
−Δ/(ατ + β) τΔ/(ατ + β)

)
∈

GL(2, C) with arbitrary α and β.
vi) It follows from formula (7.7) that operator Tλ(g0), corresponding to

the singular elements g0 =
(

α β
γ 0

)
∈ Δ′ is not deˇned on the functions of

canonical basis {fλ
n}. Therefore, linear envelope U [{fλ

n}] /∈ DTλ(g0). Moreover,
such operators are not deˇned on the subspace of ˇt functions of exponential
type Fλ which contains functions of order ρ < 1 and type 0 � τ < ∞. Hence,
Fλ /∈ DTλ(g0). However, every operator Tλ(g) corresponding to the regular
element g (δ �= 0) is deˇned on Fλ.

It is remarkable that none from more narrow subspace than F ′
λ may be

considered to be a carrier space for group GL(2, C) in whole. For example,
considering the Hilbert space Hλ ⊂ F ′

λ including side by side with Fλ also
the functions of order ρ = 1 and type 0 � τ < 1, we may deˇne only those
operators Tλ(g) which correspond to the elements g satisfying the condition
|(ατ + β)/(γτ + δ)| < 1 and, of course, |τ | < 1.

vii) Further, when g runs the Gaussian area N+HN− = GL(2, C) − Δ′

(i.e., δ �= 0), number β/δ runs the complex plane C (without inˇnite far
point), see above. In formula (7.9) number β/δ determines the type of func-
tion e(β/δ)ζ . It follows from here that none function from analytical func-
tions about ζ of the order ρ = 1 includes in common subspace of deˇnition
D(N+HN−) = ∩g∈N+HN−DTλ(g) of operator Tλ(g), corresponding to the
Gaussian region. From (7.9) it follows also that D(N+HN−) coinsides with
Fλ. On the other hand, it follows from vi) that Fλ is not included in common
region of deˇnition D(Δ′) = ∩g0∈Δ′DTλ(g0) of operators Tλ(g0), corresponding
to the singular elements g0 ∈ Δ′∗. Therefore, we have D(N+HN−) ∩ D(Δ′) =
∩g∈GL(2,C)DTλ(g) = 0. Hence, representations we considered are non-Neuman-
nian ones.

viii) So far we have considered elements g taking their values from Gaussian
area of the GL(2, C) group. It turns out all our formulae may be continued to
the Gaussian area of the monoid M(2, C).

∗®Ideal¯ elements (vectors, functions) of the type e∞ζ are nonproper functions. Such functions
as nonexisting ones (/∈ F ′

λ) we have so far excluded from the rate domain RTλ(g) of operator Tλ(g):
usually one considers that operator may not remake the existing (true) vector into nonexisting (false)
one (namely, it is a reason why the function e−(δ/γ)ζ does not enter deˇnition domain DTλ(g) of

operator Tλ(g), where g =

(
α β
γ δ

)
). However, material implication law seems to permit one to

ramake false (nonexisting) vector into true (existing) one. Then ®ideal¯ elements of the type e∞ζ

may be added to the deˇnition domain D and function e(α/γ)ζ is not excluded from rate domain R
(i.e., we have to connect D with C = C ∪ {∞} and R with C; hereby C and D become of course

nonlinear manifolds). The space with ®ideal¯ elements is denoted F̃ ′
λ (it is the Frechet space still).
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Under the multiplication law the set of all 2 × 2-matrices g forms monoid
denoted M(2, C). Here we consider only the subset of matrices g with Δ � 0
which form the submonoid denoted M+(2, C). The latter contains the group
GL+(2, C) of matrices g with Δ > 0.

Subset in GL+(2, C) with Δ = 1 is the special SL(2, C) group. Special
submonoid J = {g ∈ M+(2, C) | det g = Δ = 0} possesses the property
JM ⊂ J and MJ ⊂ J . We call it the attractive submanifold∗ (see below).
Hereby we have M+(2, C) = GL+(2, C) ∪ J . Further elements of J are de-
noted j.

Contraction GL(2, C) → J arises under the condition when the spaceÄtime
is too little (or there is not at all; such a situation takes place when the spaceuscle,
i.e., ether quanta or ˇeld f(x) is pressed into the point, see [80]). Submanifold J
plays very important role in the ether dynamics: at the contraction GL(2, C) → J
ether ˇeld f(x) (ˇrst component of the bi-Hamiltonian system belonging to the
space F ′, more exactly to the subspace F ) transmutes into the second one Å
ˇeld ḟ(ẋ) belonging to the space F ′ too (see below). Only after this quantum
transition takes place (it is indeed the jump of ḟ from the space F ′ into the
complex conjugated space Ḟ ′).

If to prick out the submanifold Δ′ described by equation δ = 0 we get the
Gaussian area N+HΔN− of M+(2, C) at δ �= 0. Hereby monoid M+(2, C)
(and also submonoid J and groups GL(2, C), SL(2, C) ) decays into two open
submonoids (subgroups) B+(Δ) and B−(Δ) called Borelean ones. Elements j

from Gaussian area are written as j =
(

βγ/δ β
γ δ

)
. Such j's form 3-dimensional

complex manifold. Intersection J∩Δ′ is obviously 2-complex matrices

(
α β
0 0

)
,

or

(
α 0
γ 0

)
.

It is very important to notice that symmetry properties of observed
(Lagrangian) forms of matter (fundamental particles) are described by the group
SL(2, C) (the condition Δ = 1 means that there exist invariants of symmetry).
Symmetry properties of spaceÄtime are described, hereby, by the factor-group
SL(2, C)/Z2 Å by the Lorentz group SO(3, 1) (the PoincareÄMinkowski metric
is invariant under the latter). (Note that being connected with covering group,
matter is more reˇned structure than the spaceÄtime continuum).

It is remarkable that the dynamical properties of spinor ˇber (dynamical
structure of particle constituents or bi-Hamiltonian matter) are described by the
group GL(2, C) which permits the closure to the monoid M+(2, C). Hereby

∗In the ring theory (structures with two composition laws) subrings with this property are named
ideals.
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if submanifold J (Δ = 0) is added to the group GL(2, C) (by means of topo-
logical closure of the latter), so the manifold Δ′ (δ = 0) of the so-called sin-
gular elements must be considered to be pricked out, i.e., in this case monoid
M+(2, C) indeed decays into two open Borelean submonoids B+ and B−. Fur-
ther, we will consider representations of all these substructures in order to clear the
situation.

ix) We begin to consider the simplest manifold Å the Cartan subgroup HΔ

of diagonal matrices hΔ =
(

Δ/δ 0
0 δ

)
. It follows from (7.10) at γ = 0 that

Tλ(hΔ)f(ζ) = δ2λf(Δζ/δ2), where f(ζ) is an arbitrary function from the space
F ′

λ. We see that representation of HΔ in F ′
λ is reduced onto one-dinemsional

representations realized in one-dimensional subspaces (see [73]).

At Δ = 0 we have (h0 =
(

0 0
0 δ

)
): Tλ(h0)f(ζ) = δ2λf(0), i.e., any func-

tion f(ζ) is projected onto one and the same function Å the junior Cartan vector

f
(λ)
0 with projection equaled f(0). It is remarkable that (as 2λ �= 0, 1, 2, . . .) we

cannot put here δ = 0, although Tλ(0) = 0 (singular elements are sources of
branching).

x) Now we consider the more complicated structure Å the Borel submonoid

B−(Δ) of matrices b−(Δ) =
(

Δ/δ 0
γ δ

)
. Proceeding from (7.9) we have

Tλ(b−(Δ))ζn = δ2λ
(
−γ

δ

)n

n!L(−2λ−1)
n

(
Δζ

γδ

)
. (7.11)

It follows from here that both linear envelope U [{f (λ)
n }] and space Fλ are invariant

under the operators Tλ(b−(Δ)). Hereby representation of B−(Δ) in Fλ is not
completely reducible (see [73]).

At Δ = 0 we have Tλ(b−(0))ζn = δ2λ(−γ/δ)n(Γ(n − 2λ)/Γ(−2λ)). Again
after putting Δ = 0 we cannot put further (in ζ-realization) δ = 0, although

at δ = 0 for matrices we have

(
0 0
γ 0

)
= γσ−, and hence due to the local

isomorphism we must have Tλ(γσ−) = γL
(λ)
− . According to the known formula

(see (6.3)), we have Tλ(γσ−)ζn = γL
(λ)
− ζn = γ(α(λ)

n )2ζn−1.
We already know that on the space F ′

λ operators Tλ(b−(Δ)) are unbounded.
In fact, this follows, for example, from formula (7.6) at β = 0 (hereby α = Δ/δ)

Tλ(b−(Δ)) eτζ = (γτ + δ)2λ exp
(

Δτζ

δ(γτ + δ)

)
. (7.12)

At Δ = 0 we have Tλ(b−(0)) eτζ = (γτ + δ)2λ.



Œ�’…Œ�’ˆ—…‘Šˆ… �‘��‚› ��ˆ‘��ˆŸ ‚‡�ˆŒ�„…‰‘’‚ˆŸ 373

If to put here δ = 0 we get (γτ)2λ. But γL
(λ)
− eτζ = γτ(−τζ + 2λ) eτζ , i.e.,

quite another result∗.

xi) Consider further another Borel submanifold B+(Δ) of matrices b+(Δ) =(
Δ/δ β
0 δ

)
. We have (see (7.10))

Tλ(b+(Δ))f(ζ) = δ2λ exp
(

β

δ
ζ

)
f

(
Δζ

δ2

)
. (7.13)

It follows from here that F ′
λ is invariant space under the action of operators

Tλ(b+(Δ)). The representation is not completely reducible (see [78]).

At Δ = 0 we obviously have Tλ(b+(0))f(ζ) = δ2λ exp ((β/δ)ζ) f(0). We
cannot take here δ = 0. But at Δ = 0 and δ = 0 for b+(0) we have βσ+, and

therefore Tλ(βσ+)f(ζ) = βL
(λ)
+ f(ζ) = βζf(ζ) (see previous footnote).

All these observations are summed up in the following general

Statement 3. The most dangerous submanifold in M(2, C) is the intersection
J ∩Δ′ (elements of the latter are denoted j0). Hereby in the framework of space
F ′

λ we have lim
j→j0

Tλ(j) �= Tλ( lim
j→j0

j) = Tλ(j0).

This means that in the framework of space F ′
λ we cannot close Gaussian area

of monoid M(2, C) to get the monoid in whole. In [75] such a situation is called
polarization of the relativistic bi-Hamiltonian dynamical system. In connection
with this we would like to emphasize that the existence of Gaussian decomposition
of semisimple Lie groups has always been a puzzle.

We may even say that if Δ = 0 so δ �= 0. On the contrary, if δ = 0 so
Δ �= 0, i.e., subsets J and Δ′ are in complimentary condition to each other.

Further, it is worthwhile to consider the realization of GL(2, C) on complex
plane τ ∈ C. In this case we have τ → τ ′ = (ατ + β)/(γτ + δ), where
α = (Δ + βγ)/δ. We see that at Δ = 0 complex plane is projected onto one and
the same ˇxed complex number β/δ.

Let f(τ) be a function of complex variable τ belonging to the representation
Tλ(g). Then we have Tλ(g)f(τ) = (γτ + δ)2λf(ατ + β/(γτ + δ). At Δ = 0
the right-hand side is (γτ + δ)2λf(β/δ), i.e., arbitraty function is projected onto
one and the same function (γτ + δ)2λ with projection f(β/δ).

∗This property of Tλ(g) is a consequence of the common situation in the theory of non-
Neumannian representations of topological groups: mapping exp is not surjection. Here is the
simplest example of it. For matrices we have eτσ+ = 1 + τσ+. Taking Tλ from the right-hand side

we obtain Tλ(1 + τσ+) = 1 + τL
(λ)
+ = 1 + τζ. But Tλ from the left-hand side gives (see before)

Tλ(eτσ+ ) = e
τL

(λ)
+ = eτζ 
= 1 + τζ.
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In τ -realization canonical CartanÄWeyl basis is formed by functions:

f (λ)
n (τ) = (iτ)n

√
Γ(n − 2λ)

n!
.

Hereby we have
∞∑

n=0

f (λ)
n (ζ)η(λ)

n f
(λ)
n (τ ) = eτζ ,

where η
(λ)
n is the metric in space representation Tλ (see above).

Returning to the ζ-realization we remark that for arbitrary function f(ζ) =
Σnfnζn of ζ we have at Δ = 0: Tλ(j)f(ζ) = Cf (j) exp ((β/δ)ζ), where

Cf (j) = δ2λΣn(−γ/δ)n(Γ(n − 2λ)/Γ(−2λ))fn and j =
(

βγ/δ β
γ δ

)
.

So, we formulate
Theorem 1. At contraction GL(2, C) → J every vector f ∈ F ′

λ is projected
onto one and the same vector exp ((β/δ)ζ) with projection Cf (j), see [75].

Vector exp ((β/δ)ζ) is the ground state of the relativistic bi-Hamiltonian
dynamical system ḟ . So, the ground state ḟ of this system arises as a result of
evolution of states f described by contraction GL(2, C) → J (the latter is analog
of the Schroedinger evolution equation). We may say that the ground state ḟ is
associated with attractive submonoid J .

Of course this evolution process (in general case reversible) may not be
mixed with quantum (irreversible) transition f → ḟ described by transition matrix
element 〈ḟ , f〉 containing complex conjugated state ḟ .

xii) Further, we come back to the group representations, namely, to SL(2, C).
Its subgroups (SU(1, 1) and especially SU(2)) will be considered also.

Because of multiplier (γτ + δ)2λ in (7.6) elements Tλ(v)f (v ∈ SL(2, C),
λ �= p/2) as the functions on group SL(2, C) are multivalued (it is not difˇcult to
be convinced that at λ = p/2 in F ′

p/2 there are vectors f orbits of which Tp/2(v)f
are multivalued functions on SL(2, C) too). We write this property of Tλ(v) so:
v → {Tλ(v)}, where {Tλ(v)} is the set of operators corresponding to the group
element v. For uniformization of our mapping Tλ(v) and functions Tλ(v)f the
space of 1-chains over linearly one-connected group SL(2, C) is very adopted
(see earlier). Hereby concrete representative from {Tλ(v)} is determined by chain
ṽ beginning in unity e ∈ SL(2, C) and ending in v ∈ SL(2, C). Mapping we

considered is exact mapping of 1-chain group S̃L(2, C) determined in Sec. 6:

ṽ → S̃L(2, C). In fact, let us act on element Tλ(ṽ1)f by operator Tλ(ṽ2) (hereby
it is supposed that f belongs to the deˇnition subspace of Tλ(ṽ1) and Tλ(ṽ1)f
belongs to the deˇnition subspace of operator Tλ(ṽ2); such subspaces exist, see
further). Element Tλ(ṽ2)(Tλ(ṽ1)f) may be obtained as a result of growing of

chain ṽ1 by chain ṽ2: from the end of chain ṽ1 as from unity of group S̃L(2, C)
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the chain ṽ2 outgoes (namely, this circumstance permits one to consider group

S̃L(2, C) to be free group over SL(2, C)). Chain obtained by such a way is the
chain ṽ2 ◦ ṽ1 composed from ṽ1 and ṽ2 (it is very important to emphasize because
another chain multiplication laws are possible, see, for example, [72]). Therefore,
we have Tλ(ṽ2)Tλ(ṽ1)f = Tλ(ṽ2 ◦ ṽ1)f , i.e., ṽ → Tλ(ṽ) is homomorphism.

When a chain (beginning in e and ending in v) is drawn on the group
SL(2, C) then simultaneously on C � τ , a chain τ̃ (beginning in τ = ∞ and
ending in τ ) is drawn too. To establish the connection between both these
chains it is worthwhile to consider the ˇbration (C, M) of SL(2, C) where C
is the base (Riemannian sphere) to every point of which τ the matrix τ̂ =

1√
1 + |τ |2

(
τ 1
−1 τ

)
corresponds and Mτ is a ˇber over τ elements of which

are described by matrices mτ =
1√

1 + |τ |2

(
ατ + β βτ − α

0 (1 + |τ |2)/(ατ + β)

)
(α, β are arbitrary complex variables). In parametrization connected with this
ˇbration element v (denoted vτ ) is written in the form of vτ = mτ τ̂ . At ˇxed
τ elements vτ (at arbitrary α, β) are those which may not be deˇned on the
functions of the type eτζ .

It follows from here that if in C the chain ṽ0 is pricked out, so the functions
eτζ corresponding to the rest of τ 's form a dense deˇnition domain of all operators
Tλ(ṽ0), where ṽ0 is a lifting of τ̃0 (in other words, τ̃0 is projection of ṽ0 onto C).
If chain τ̃ in C (ṽ in SL(2, C)) is dense in C (in SL(2, C)) (so-called fractal
curve), nevertheless, there are very many points in C and corresponding them set
of functions eτζ dense in F ′

λ (see Sec. 6).
xiii) It follows from (7.10) that all vectors from F ′

λ are analytical ones for
the representation b+ → Tλ(b+) (ˇrst in representation theory such vectors were
considered in [76]). Differentiating (7.10) over β and δ (putting then β = 0 and

δ = 1), we get the generators ζ and ζd/dζ − λ coinciding with L
(λ)
+ and L

(λ)
3

in (6.2).

It follows from (7.10) that all vectors from linear envelope U [{f (λ)
n }] are

analytical for representation b− → Tλ(b−). Differentiating (7.10) over γ (putting

then γ = 0 and δ = 1), we get the generators

(
2λ − ζd

dζ

)
d

dζ
coinciding with

L
(λ)
− in (6.2).

xiv) As is seen, in the space F ′
λ there is a dense set of analytical vectors for

representation Tλ(v), where v ∈ N+HN−. It turns out every function f ∈ F ′
λ

is analytical vector for Tλ(v) at v belonging to the enough small neighbourhood
εf (e) ⊂ SL(2, C). In fact, every function of order ρ < 1 is analytical vector
for Gaussian area. Let us consider now functions of order ρ = 1 and of the
type 0 � τ < ∞. From (7.10) it follows that as in eτζ (τ ∈ C all points
of C are inner) |τ | < ∞ (only such functions belong to F ′

λ), so there is a
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neighbourhood of unity ε(e) with δ/γ obeying the condition |τ | < |δ/γ| < ∞ in
which Tλ(v) eτζ is analytical function about v. It means that for every f ∈ F ′

λ

there is a neighbourhood of unity εf(e) ⊂ SL(2, C) and a chain ṽ disposed in
whole in this neighbourhood so that equality Tλ(ṽ) = Tλ(v) takes place, where
v is the end of chain ṽ: v = p(ṽ).

The condition may be written in the form: if ω̃ is a cycle (loop) disposed
in whole in εf (e), so Tλ(ω̃)f = f . Besides it follows from (7.10) that on

dense subset of the form U [{f (λ)
n }] for every pair of cycles ω̃1, ω̃2 ∈ Ω̃ we have

Tλ(ω̃2 ◦ ω̃1)f = Tλ(ω̃1 ◦ ω̃2)f . It means that subgroup Ω̃ may be considered to be
Abelian one. Hereby if ṽ−1

2 ◦ ṽ1 ∈ Ω̃, so Tλ(ṽ−1
2 ◦ ω̃ ◦ ṽ2)f = Tλ(ṽ−1

1 ◦ω ◦ ṽ1)f .

Commutativity of the group Ω̃ plays very important role at topology introducing
in group S̃L(2, C).

xv) Because Tλ(ṽ)f = Tλ(v)f (see above) we may differentiate the right-
hand side over parameters of v ∈ ε(e) and get Lie algebra representation, realized
by operators (6.2). Inversely at very small |θ| 	 1 process exp (iTλ(1/2)σθ) f =
Tλ(v)f converges for every vector f ∈ F ′

λ and determines an analytical function
in neighbourhood εf (e) � v. Hereby product Tλ(vN ) · · ·Tλ(v1)f (here all vi ∈
ε(e)) determines an element Tλ(ṽ)f depending on discrete chain ṽ. Hereat it
is necessary to look after the fulˇlment of condition Tλ(vi−1) · · ·Tλ(v1)f ∈
DTλ(vi), i.e., f ∈ DTλ(ṽ). For this purpose it is enough to prick out the chain
τ̃ (ṽ) in C, and rest τ 's to connect with f ∈ DTλ(ṽ).

xvi) The property Tλ(ṽ)f = Tλ(p(ṽ))f , where all points of ṽ are situated in
εf (e) ⊂ SL(2, C), tells that space F ′

λ guarantees the existence of neighbourhood

of unity ε̃(ẽ) ⊂ S̃L(2, C) free from small subgroups. Such a neighbourhood exists
for every ṽ (it follows from the homogeneity of group). In other words, from
existence of differentiable representations Tλ(ṽ) in F ′

λ the existence of the kernal

YF ′
λ

follows that S̃L(2, C)/YF ′
λ

is a locally Euclidean group locally isomorphic

to the Lie group SL(2, C), i.e., it is a Lie group denoted S̃L
′
(2, C). It means that

the Fifth Hilbertian Problem has positive solution for 1-chain groups considered
over classical groups.

Of course S̃L
′
(2, C) is only locally (in small) Lie group. In whole, S̃L

′
(2, C)

is neither analytical group nor (ˇnite dimensional) manifold at all. As a topolog-
ical structure it possesses the property that dimensionality of neighbourhood of
every its element depends on size of this neighbourhood. Idea about existence of
such structures takes its rise in Riemann's dissertation [77].

xvii) In the case of SU(1, 1)-subgroup of matrices v =
(

α β

β α

)
we have

|α|2 − |β|2 = 1, and hence |β/α| < 1. At transformation τ → ατ + β

βτ + α
interior
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of circle |τ | < 1 is mapped into itself so that

∣∣∣∣ατ + β

βτ + α

∣∣∣∣ < 1. The Hilbert

space Hλ earlier considered is invariant under the operators Tλ(v), v ∈ SU(1, 1).

In particular, if eτζ ∈ Hλ, so Tλ(v) eτζ = (β̃τ + α̃)2λ exp
(

ατ + β

βτ + α

)
∈ Hλ.

Hence, on Hλ operators Tλ(v) are bounded and we have there usual Neumannian
irreducible representation D+(λ) of SU(1, 1). At λ �= p/2 D+(λ) is multivalued
representation of SU(1, 1) (this group is inˇnitely linearly connected). At λ < 0
representations are unitary. The group SU(1, 1) is used in usual (unitary) quantum
mechanics.

xviii) Let us consider else subgroup SU(2). Here situation is quite another. In

τ -realization group elements are written in the form uτ =
(

(1 − |β|2)/τβ β

−β τβ

)
,

hereby |β| =
1√

1 + |τ |2
. In this parametrization elements are written in the split-

ted form uτ = mτ̂ , where now m = h =
(

eiϕ 0
0 e−iϕ

)
and ϕ = arg β. In

this case our ˇbration is isomorphic to the well-known Hopf ˇbration (S2, S1)
so that 1-chain group S̃U(2) may be understood to be S̃2S1, where S1 is the

universal covering of Cartan subgroup H (1-circle) and S̃2 is 1-chain space over
sphere S2. S̃U(2) is used in the ether theory (see [78]).

7.2. Conclusion. Now we know three several Lie groups with one and the
same Lie algebra SO(3, 1) behind which very different physical entities stand.
They are 1) the Lorentz group SO(3, 1) (symmetry group of the PoincareÄ
Minkowski space) with which integer angular momenta are connected, 2) its
covering manifold SL(2, C) (symmetry group of the Dirac ˇber) with which

halˇnteger spins are connected, and 3) 1-chain Lie group S̃L(2, C) (symmetry
group of ether) with which arbitrary spins are connected.

We have considered here only hidden physical medium (ether) connected
with special covering of rotation group SO(3) Å 1-chain Lie group S̃U(2), and
described by linear representations of the latter. Dependence on chains says about
multivalued turbulent character of motion of the medium, see [78]. As is known,
usage of linear representations is a sign of quantum theory. From this point of
view ether is quantum system.

In classical approach there is only conˇguration space and its symmetry
group. We can see that such an approach is not always sufˇcient for description
of physical phenomena (see [78]): 1-chain ˇbration over space and its symmetry
group Å 1-chain group Å are needed also. At classical approach this mathemat-
ical tool we consider may be transferred onto real media Å gases and liquids.
We hope that by means of this tool turbulence regime of real media may be
described.
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