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B o630pe mpencT BIEHBI P 3HebI, KOTOpBIE COCT BIISIIOT IIEPBYI 4 CTh COOp HHSL TPYHOB
C.C.C nnukos -IIpockypskos . IlepBbplii M BTOpOil p 31€jbl COCT BIE€Hbl U3 p HHUX p Oor. Ye-
TBIpE CT ThHH, MOMENIEHHbIe B P 3[. 3—7, H IHC HBI B MOCTIeIHNUE Tofbl ero Xu3Hu. H nbonee BecoMsle
pe3ynbT Thl, nonydenHsie C.C.C HHUKOBBIM-IIPOCKYDPSIKOBBIM, MOTYT OBITH IIOJNE3HBI JUIs ITyGOKOTrO
MOHUM HHS TOU HOBOI CHTY LIMH, K KOTOPOH H C IPUBOAUT COBPEMEHHOE P 3BHTHE (PU3HKU BBICOKUX
9HEPruii.

The sections that comprise Part I of the collected papers written by S. S. Sannikov-Proskuryakov
are presented in the review. The first and second sections contain the early works. The four articles
contained in Secs.3-7 were written during the last years of his life. The essential results achieved
by S.S. Sannikov-Proskuryakov may be helpful for a full appreciation of the new situation which the
modern development of high energy physics has confronted us with.

PACS: 02.20.-a; 02.20.Sv; 02.30.Cj

MNPEAUCIIOBUE

B M pre 2007 r. ymen u3 xu3Hu Cepreit CemenoBuu C HHuKOB-IIpockyps-
KOB — C MOOBITHBIH M T JI HTJIUBBIN (PU3MK-TEOPETHK. Ero H yuH $ JiedTenbHOCTh
B OCHOBHOM CBSI3 H C X PBKOBCKHM (PU3HKO-TEXHUIECKHM HHCTUTYTOM. COJma-
HOE M TeM Tu4eckoe o0p 30B HHE U [Iy0OKOe IMOHUM HHE HPUPOJbI PU3UYECKUX
MPOIIECCOB /I JIH €My BO3MOXHOCTh C(POPMHPOB Th CBOIO TOYKY 3PEHUS H OCHOB-
HbIE H NP BJICHUS P 3BUTHUS KB HTOBOW TEOPHUH IIOJISl U W3BECTHBIE MPOOJIEMbI MH-
pO31 HUA.

Kpyr 1 yunsix unrepecos Cepred CemenoBud C HHHMKOB JOCT TOYHO LUU-
POK. ABTOp MPHUBOAUMBIX HHXe p OOT MMeeT cBoe coOCTBeHHOe MHeHue 06 06cy-
K eMbIX IpoOJieM X, He BCErJ COBII J| Iolliee C OOIICHPU3H HHBIM.

P 6ot C HHHMKOB cepenuHbl 1960-X IT., MOXKXHO CK 3 Tb, IPEB30OILUIN ypO-
BEHb IOHMM HHS (PU3MYECKMX SBIEHHH TOro BpeMeHH. MM ObUIM HCCIIENoB HEbI
HEKOMIT KTHBIE TPYIIIBI U HPEICK 3 HO CYIIECTBOB HUE (PU3MYECKHX OOBEKTOB,
HUMEIOLIUX COOCTBEHHbIE MOMEHTBI, OTJIMYHBIE OT MOMEHTOB (PepMUOHOB U 6030-
HOB, OTBEY IOLIMX cIUH M 1/4 u 3/4. B sKCIEpUMEHT X, IIPOBENEHHBIX HECKOJIBKO
JIET H 3 JI, ObUIM TOJIyYeHbl KOCBEHHbIE YK 3 HHMSl H HX CYLIECTBOB HHE.
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Mpencr BsioT nHTEpec ero p 60Tel 1990-X IT. U MEPBOTrO JECATUIETHS DTOTO
BEK , IIOCBAILEHHbIE HCCIIEN0B HHUIO BOIIPOCOB ®BONIOLMM BceneHHOM, ImpoHcxo-
XpeHud xu3Hu. Llukin atux p 6ot C HHUKOB OyoeT p CCMOTPEH OTHENBHO.

OnHO U3 OPUTHH JIBHBIX UCCIIENOB HHUII — HEKOMII KTH 4 rpymn JlopeHn u
ee GECKOHEeYHOMEpHbIE MPEJICT BIIEHMS, OTBEY IOIIWe 3H 4eHusM uHB pu HT K -
3umup 3/4 u 1/4, KoTOpBlE CCOLMHUPYIOTCS BTOPOM C HEKOTOPBIMU U CTHUL[ MU —
IIPEOH MM — UCTHUHHBIMU HeJeIMMbIMU Kupnuuuk mu Ilpuponsl. D10 uccieno-
B HHUE CT JIO KTy JIbHBIM IIPU TOMBITK X OOBSACHUTH T K H 3bIB €MbIi CIIMHOBbIN
Kpu3uc. OmbITH IO ITyOOKOHEYIPYTOMy P CCESHHIO, MPOBENECHHBIE C LIENbI0 H3-
MepeHMs CIIUH IPOTOH , J JIM HEOXHUJ HHBI pe3yJabT T: BMECTO OXHUJ €MOro
3H 4yeHus 1/2 B aKcrepuMeHT X ObUIO nosydeHo 1/4.

Tpuymd pHOE p 3BUTHE TEOPETUYECKON (PU3UKU C CEPEIUHBI IPOILTIOrO BEK
OCHOBBIB JIOCh H OOIIMPHBIX 3KCIIEPUMEHT JIbHBIX I HHbIX. Torm Obuto mpemio-
KEHO [EeKB THOE OIUC HUE IPOLIECCOB B3 UMOIEMCTBHA JIENTOHOB C TOM MHU U

JPOH MM TIPH M JIBIX HUMIIYNIBC X, Iepel B €MbIX U3yd eMoi muieHu. Onwmc -
HUE JPOHOB C KB HTOBBIMU YUCJI MU (PEPMHUOHOB C IOMOUIbIO 4-MEPHBIX CIIUHO-
POB, YIOBJIETBOPSIOIUX YP BHEHUIO JJUp K , CUUT JIOCh HOPM JIBHBIM, CTPYKTYp
NPOTOH YYUTBIB JI Chb B BHAe ero ¢opMd KTopoB. Bputo cien Ho 3 KioueHue o6

IeKB THOCTH OIMC HUS MPOLECCOB U IPH JIOOBIX Iepel HHBIX UMIYJIbC X APOHY
B TEPDMHUH X YHHUT PHBIX IPEICT BileHUi rpynmnsl Iy HK pe (Tpynisl Bp IIEHHI), B
Y CTHOCTH, B TEPMUH X CIIMHOPOB, COOTBETCTBYIOIUX 3H YEHHUIO clUH 1/2.

YcnemHoe onuc HUe OMBITOB MPU HU3KMX DHEPrUAX He A €T, OOH KO, OCHO-
B HUS UL pe JIMCTMYECKUX NpecK 3 HHUid B 007 cTH OOJIBIIUX Iepes HHBIX UM-
ITYJIbCOB.

Cepreii CeMeHOBUY MOK 3 JI, 4TO mpouenyp Jup K «u3BlIe4eHud KB Ip T-
HOIo KOpHs» u3 yp BHenud Kieitn —I'opnon , npusondi 4 K yp BHeHuio up X ,
MOXeT OBbITh IPOJOJIKEH IOCTPOSHHEM HEKHMX HOBBIX Yp BHEHWIl [T HOBBIX 00b-
€KTOB (IIPEOHOB). DTH yp BHEHMd (POPM JIBHO MOXHO MOHHMM Tb K K «H3BlIeYe-
HUE KB JIp THOTO KOpHsA» U3 yp BHeHus Iup K . [IpoBomd »TH uccienos HUSA, OH
T KXK€ IPUIIET K TOMY, 4TO [ JIbHEHII f MPOUENyp <«HU3BJIEUEHHs KOPHSI» yXe He
NPUBOAUT K MOSBICHUIO HOBBIX OOBEKTOB.

OtTMeTHM, 4TO Hjiesl UX CYIIECTBOB HMS ObLT TOATBepXaeH B p 60T x Iloms
Hup x [6] (1971) npu uccienoB HUM YHUT PHBIX NpeACT BiaeHUN rpymnsl Jlo-
peHII .

AH JIOTMYHBIA PE3yabT T, UCXOAd U3 HAEH CYNEpCHMMETPUYHOIO p CIIHMpe-
HUA popM JTM3M KB HTOBOWM Teopuu Mo, nomydrin . B. Bonkos u II. IT. Copo-
kuH [7] (1993).

B nyxe uneit C HHUKOB KB pK CII€AyeT CYUT Thb COCTOSILUM U3 IBYX IIpe-
OHOB, M €ro IOICTPYKTYP MOXET ObITh IPOSIBIIEH , B 4 CTHOCTH, B OIIBIT X IO
[IyOOKOHEYIIPYroMy P CCeIHHMIO H IPOTOH X. B ®KclepuMeHT X 1o ri1y0oKoHe-
YIIPYTOMYy P CCEAHHUIO 3JIEKTPOHOB BBICOKHUX DHEPIMI H IIy4Ke IMOJSAPU30B HHBIX
poToHOB, npoBeneHHbIX B DESY (I'epm Hus), usMepdscd cruH npoToH . Pesynb-
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T Thl OK 3 JIUCh HEOXWJ HHBIMH: BMECTO 3H 4YeHHUs 1/2 ObUIO ¢ XOpolleil TOYHO-
CTBIO IIOJIyYEHO 3H yeHue 1/4. DTOT pe3yapT T MOXHO MHTEPIPETUPOB Th K K
MIPOSIBIIEHHE HE3JIEMEHT PHOM CTPYKTYpPBI KB PK K K CBSI3 HHOTO COCTOSIHHS ABYX
npeoHoB. M, T XxuM 00p 30M, IPOHMKHOBEHHE BHYTPb IIPOTOH H P CCTOSHUA,
COOTBETCTBYIOIIME Mepel HHBIM UMITYITbe M 15-20 T'3B2, noarBepXx/ €T runoresy
C HHHKOB .

OmbIThl C HENOJIAPU30B HHBIMHM Y CTHII MU B TOH OOJI CTH ®HEpruil nomyc-
K 0T, TEM HE MEHee, OIIC HHE B P MK X TEOPHH IIOJISI C TOYEYHBIMU KB DK MH.
B akcnepumMeHT X, mpoBoauMBEIX B H 1wioH 7pHOI 11 60p Topum mMm. D. Depmu
(FNAL, CILIA), roe nepen HHble UMITYJIbChl ObUTM H TOPSIOK OOJIblIe, BHOBb
BO3HUKJIM TPYAHOCTU B OIMMC HUU OIBITOB C HEIONIPU30B HHBIMHU IPOTOH MU B
P MK X Mojejeill C TOYEeUHBIMU KB PK MHU.

M TeM THYeCK S CTPYKTYp MHKpPOMHpP , 110 C HHHUKOBY, OCHOBBIB €TCS H
TOM, YTO METPHK H M JIBIX P CCTOSHUAX HE COBIl A €T C METPUKOW H OOIb-
KX P ccTosHUAX. [IpocTp HCTBO H M JIBIX P CCTOSHHAX HMEET IPEphIBHbINA
x p xrep. IloHsTHE NpoU3BOAHOII NpU TOM TepseT cMbicl. MHTepecHO B cBA3U
¢ oTuM BCcroMHUTH cnoB I Kupxrogd , KoTopble ONUCHIB 0T H LIy NPHUBBIYKY
CIIEIOB Th CT PbIM J0OpBIM Tp auuMsIM: «Ilog M TeM THYecKOW (PU3MKOM, H YH-
H g ¢ 1850 r., moxmp 3ymeB J1 cb (pU3HK , omepupyooul g ¢ auddepeHnn JTbHBIMU
yp BHEHHSIMH H OCHOBE NPEACT BJICHHS O HENPEPBIBHOCTH M Tepuu». B mpen-
noxeHHoM Cepreem CeMeHOBHYEM IOAXOAE MPEINoJ T JIOCh, YTO H HEKOTOPOM
MHOXECTBE MOXHO 3 I Th TOJIbKO TPU P 3JIMYHBIX HEOKBUB JIGHTHBIX MEX1y cOO0ii
tonosioruu. Ilpu »TOM mosyd ercd, 4TO CT HI PTH 4 KB HTOB S MeX HMK COOT-
BETCTBYeT OOBIYHOW €CTECTBEHHOH TOMNOJIOTMH, KOTOp S 3 A €TCSd H3MEepPHMBIMH,
no JlebGery, MogMHOXeCTB MU KOHEYHOH Mepbl. J[lBe Opyrue TONOJOTHMH JIETIH
B OCHOBY p 3p 60T HHbIX C HHUKOBBIM CX€M: KB HTOBOH MeX HHUKH B O0J CTH
BBICOKUX 3HEpruil, A ciyd f, KOri KOH(UIYp LIMOHHOE MPOCTP HCTBO Mpea-
CT BiIsieT cOOOI AMCKOHTHHYYM, COOTBETCTBYIOLEE €My MMITYJIbCHOE MPOCTp H-
CTBO — T K H 3bIB €MbIii OOPOBCKUI KOHAEHC T, U HU3KO®HEPIeTHIECKOIl KB HTO-
BOW TEOPHH, B KOTOPOH MMITYJIbCHOE MPOCTP HCTBO — JUCKOHTHHYYM, COOTBET-
CTByIOILlEe €My KOH(UIYp LIMOHHOE MPOCTP HCTBO — OOPOBCKHMI KOHEEHC T. B
OTJIMYME OT CT HJ PTHON KB HTOBOI M€X HUKHU B ITIOCJIEIHMX JBYX CXEM X BMECTO
Mepel Jleber ucnons3yercs mep I'.Bop , cooTBeTCTBEHHO MeHAeTcs Mpeodp 30-
B Hue Pypbe U B ONMUC HUM MOSBISIOTCS T K H 3bIB €MbI€ ITOYTH MEPUOANYECKHE
¢ynkumm,  p BencrBo Iln Himepens 3 menserca p BeHctBoM Il pces nmsa. Co-
1 cHo C HHHUKOBY, CyIIECTBOB HME MPEAIOXKEHHBIX MM JBYX KB HTOBBIX TEOPHH
O3H 4 €T, YTO OOBIYH 51 KB HTOB $ TEOPHUS HE HOJIH , U [BE €r0 TEOPUH MO3BOJISIOT
130 BHUTBCS OT BTOiM NPOOJIEMBI HETIOTHOTHI.

Onuc HUe HEYHUT PHBIX IPeJCT BieHuil rpynmsl Iy HK pe BO3MOXHO TONBKO
B TEPMUH X OECKOHEYHOMEPHBIX CIHUHOPOB. COOTBETCTBYIOLIMH M TeM THYECKHUI

Om p T He p 3BUT 0 cux mop. Oct oTcd 6e3 OTBET M T KHe BONPOCHL, K K
BO3MOXHOCTb OIUC HMS B TEPMHUH X M TPHIIbI IUIOTHOCTH.
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OCHOB COOTBETCTBYIOIIEIO M T€M THYECKOro HII p T ObUI 3 JIOXEH B P -
60T x C HHUKOB MO MCCJIEOB HHIO COCTOSHUH C KOMIUIEKCHBIM MOMEHTOM B
KB HTOBOM MeX HMKE U NPEACT BlleHUAX rpynmnsl Iy HK pe, IUTHpyeMBbIX HHXE.

T xXe cnemyeT OTMETHTh TECHYIO CBA3b TEOPHU KOMIUIEKCHBIX MOMEHTOB C
NIPOBOJMMBIMKM P Hee W IUT HUpyeMbIMH B Ok iiem Oymymem (LUEPH, 6oib-
LIOM JAPOHHBIA KO #iaep) 3KCHepUMEHT MU IO NepuepudeckoMy p CCesHHIO

JPOHOB, OIMC HUE KOTOPHIX TP JULIMOHHO OCHOBBIB €TCS H THUIIOTE3€ IOJII0COB
Penxe.

B cBa3u ¢ 3THM mpencT BiseTcd KTy JIbHOM MyONUK LU OCHOBHBIX p OOT
Ceprest CemenoBry C HHUKOB B 9TOW OOJ CTH.

Ipemwt T eMblil M Tepu JI p CIHOJOXEH CIIEAYIOIM 00p 30M.

B p 30.1 p ccMm TpuB eTcd NpuUMEHEHHE METO[ KOMIUIEKCHBIX YIVIOBBIX MO-
MEHTOB K HeCT OWJIbHBIM COCTOSIHHAM B KB HTOBOW MeX HHKe. 310ech 00CyXI -
€Tcd ONpeNeNIeHHbIN K1 cc penieHuil yp BHeHud Lllpenunrep , COOTBETCTBYIOIIUX
CBOOOJHOMY JABIDKEHHIO HECT OWIBHBIX Y CTHL, CBS3 HHBIM HECT OMIBHBIM CO-
CTOSHUSM U P CH [ IOIIUMCA COCTOSIHUSIM SJiep, KOTOPbIM OTBEY IOT MOJIOC M -
tputibl p ccestuust S;(F) B 00 ctu Re £ < 0. Ilpu onmc HUM BCEX T KUX
COCTOSHUI HCIIONIB3YIOTCS MPEACT BIEHUS TPYNIBI Bp IIEHHH C KOMIUIEKCHBIM
MOMEHTOM.

B p 30.2 uccnenyercs KB HTOBBI OCLWUIATOP C TOYKM 3peHMd rpymisl Jlo-
peHn Ls, gaBndiolleiicd ero rpymnnoil cumMmeTpuu. BonHOBbIE (DyHKIIMM 4YeTHBIX
(HeYeTHBIX) YPOBHEH OCLIJUISITOP OOp 3YIOT HENMPUBOAMMBIE MPEICT BJICHUS 9TON
rpyninbl, oTBed oue Bec M 1/4 (3/4). ABTOpPOM MOJIydeHbI HEKOTOpbIE CO-
OTHOIIEHHS] MEXJy BOJHOBBIMU (PYHKLMSIMH, SIBJISIIOIIMECS CIIEICTBHEM P CCM -
TPUB €MOH CHMMETpUH. 3IeChb T KXE p CCM TPUB €TCS OAUH KJI CC HEIpPUBO-
JUMBIX TPEACT BIEHWH C MPOU3BOJBHBIM (M KOMILUIEKCHBIM) BECOM TIpymmnbsl Lg.
IIpenct BreHUS MOCTPOEHBI B pe JIM3 UM (DYHKLUSAMU KOMIUIEKCHOTO HMEpEeMEeH-
Horo. OOCyXI I0TCSl OCHOBHBIE CBOHCTB T KHX IPEACT BleHHH. B oOiem ciy-
Y ¢ MpEJCT BICHUS pe JIU3YITCI B OGECKOHEYHOMEPHBIX HPOCTP HCTB X C HH-
Ae(UHUTHOM METPUKOH KOHEeyHOoro p Hr uHpeduHHUTHOCTH. H iimeHsl BbIp Xe-
HUSA M TPUYHBIX BJIEMEHTOB P CCM TPUB €MbIX NIpeACT BieHui. OTIEnsHO p c-
CMOTpEHBI IB 4 CTHBIX IPEACT BJIECHUS, CBA3 HHBIX C KB HTOBBIM (KOMILIEKCHbBIM)
OCLIWIIISITOPOM.

B p 31.3 npetoxeH HOB $ TEOPHS, OMICHIB O I OOBEKTHI CO CITUHOM 1/4.
T kue 0ObeKTbl BO3HUK IOT IPH P CCMOTPEHHHU IPOCTP HCTB -BPEMEHH K K JHC-
KOHTHHYYM H OYE€Hb M JIbIX P CCTOSHHSX.

B p 31.4 noK 3 HO, K K yCTp HEHHE NPOTUBOPEYUS] NPU 0OOCHOB HUM UHTE-
rp 1 ®ypbe B BOJTHOBOW TEOPUHU NPHUBOIUT K HOBOH IPOMEXYTOYHOI TEOpHUH —
BOJIHOBOM T€OPHM H OOPOBCKOM KOMII KTe, KOIJl HMIIY/JIbCHOE IPOCTP HCTBO —
IUCKOHTHHYYM. 3[I€Ch UCCIIENYETCS CBA3b MEXIY ABYMs BOJTHOBBIMH TEOPHAMH —
Teopueil H OOPOBCKOM KOMII KTe M TeOpHed H J1e0eroBoM KOHTHHYYME, T KXe
BO3MOXHOCTb IIPUMEHEHUS! T KOTO MOAXO0A K OMOJIOTMYECKUM CTPYKTYpP M.
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B p 31.5, H ocHOBe Teopuu (PyHKIMOH JIBHBIX KOJIELl, /Ul 0O CTH BBICOKHX
9HEPIuil MPOBOIUTCA M TEM THYECKH IOCIIENOB TENIbHBIH IEPEXON K HOBOW BOII-
HOBOM ME€X HHKE, SBJIAIOLICHCA P CIIMPEHUEM CT HII PTHOM KB HTOBOM CXEMBI,
COIEpX LIel NONOIMHUTENBHBIE NIepeMeHHbIe. TloceHIMHI OMUCHIB I0TCS KOHCTH-
TYeHTBl (PYHI MEHT JIbHBIX U CTHUL — Ip HyJbl. JIUp KOBCKOE KB HTOB HHUE IO-
JIei TP HyJI NPUBOIOMT K TP CCM HOBOW JireOpe, ¢ KOTOPOil onpeneieHHbM 06p -
30M cBi3 H sreOp [eii3eHOepr M HeCT HI PTH § JAUH MHUYECK Sl CUCTEM —
PENIATUBHUCTCK § OMI' MUJIBTOHOB , OOp 3YIOII s OCHOBY HOBOIO NPHUHLMI KB H-
TOB HUA.

P 31.6 u 7 nocesieHsl MOTYCIUHOPHOMY H JIM3Y U HEHEHM HOBBIM IIpef-
CT BJICHUSIM TPYNIIBI Bp ILIEHUH. P ccM TpHUB 10TCS OCHOBHBIE IIEMEHTBHI I1OJTyCIIH-
HOPHOTO H JIM3 : ONpeAensdercs IPyNI OJHOMEPHBIX Lieleil, ONMCBHIB I0TCS ee
CBOWCTB , YCT H BJIMB €TCS CBA3b ®TOW IPYNIBI C HEHEMM HOBOW IPYNION IIpe-
o0p 30B HMIl TOIIOJIOTHYECKOTO BEKTOPHOTO MPOCTP HCTB . 3[IECh T KXe€ HCCIIey-
eTcsl CBSI3b (PU3MUYECKOH pe JIBHOCTU C T KUMHU NPEACT BICHUSIMU.

M Ttepu bl p 31. 1-3 BrepBble ObUTH OIYOJIMKOB HBI COOTBETCTBEHHO B P -
6ot x [1-3]. B p 31.4 u 5 npencr BiaeHsl nocieguue p 60Tl BTOP , KOTOpPbIe
p Hee He NMyOJIMKOB JIMCh. P 31.6 U 7 ABIAIOTCS OBYMS Y CTSAMU OZHOU p GOTHI U
BIEpBbIC OMYOIUKOB Hbl H  HIJIMACKOM si3bike B [4,5]. T'oroBuTcs K nyOnuK 1uu
HOB s PYCCKOSI3bIYH 1 Bepcusl, oObeauHsmom s 00e 3T 4 cTH, KoTopyw Cepreii
CeMeHOBMY 3 KOHYMWJI He3 J0JIro J0 cBoell KOH4YMHbL. O630p ObUI MOATOTOBIIEH
M.T.II THeBbIM IpU NOALEPKKE BTOP .

Mpl 651 TOA pHBI peil KIUU XKypH 71 «SlaepH s pu3uK » 3 p 3pelieHue Boc-
[IPOU3BECTH CT ThIO [1]. MBI T KXKe NpU3H TebHBI pefl KuuKu «2KypH J1 3KcHepu-
MEHT JIbHOH M TeOpeTHYeCcKOi (PU3NKM» 3 BO3MOXHOCTb IOBTOPHOM MyONIHMK LIMU
cT ThU [2]. MBI BBIp X eM H 11y ocoOyio 61 rog pHOCTb u3jl TenbeTBY «Elseviers
3 p 3pelieHue onyoIuKoB Th CT Thi0 [3]. H KOHel, Mbl IPU3H TEJNbHBI Pej KIUU
MEXJyH POAHOro (hU3MUecKOro XypH J (u31 ercd B YKp uHe) «Spacetime and
Substance» 3 p 3pemeHne BOCHpOW3BecTH CT Thu [4] u [5].

E. K. Kyp es, IO.I1. Cmen noeckuii, M. I'. LLI mnes

1. O COCTOAHUAX C KOMIUVIEKCHBIM MOMEHTOM
B KBAHTOBOI MEXAHUKE

B cBa31 ¢ uccnenoB HUAMM H JIMTUYECKUX CBOWMCTB MIUTUTYAB! IIOTEHLU JIb-
Horo p ccesaus S;(F) no l u E' B p 60te [8] O6bUIO YCT HOBIICHO CYLIECTBOB HHE
nosocoB S;(E) ¢ KOMIUIEKCHbIMU 3H YeHnsMu [ u E (COOTBETCTBYIOLIIE TI0MTIOC
H xomarca B 001 ctu Re £ > 0). Tomoc M S;(E) orBey 10T OIpejieieHHbIE
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peutenus yp BHenus: Lllpexunrep . B p 6ore Pemxe [9] p ccMm TpuB such perie-
HHS, COOTBETCTBYIOIIHE PE30H HCHBIM (KOMILIEKCHBIE SHEPIUH F, 1IeMble MOI0XH-
TEJIbHBIE YITIOBBIE MOMEHTHI [) M TEHEBBIM COCTOSIHUSIM (BEILIECTBEHHBIE DHEPIUH,
KOMIUTEKCHbIE YIJIOBbIE MOMEHTBI). B XHO OTMeTHTh, 4TO OCOoGeHHoctu S;(FE)
K K H JIMTUYeCKOU (DyHKIUM IepeMeHHbIX E u [ He U30/IUpOB HbI, 3 HOJHAIOT
HEKOTOPYIO JBYMEPHYIO H JIMTUYECKYIO IOBEpXHOCTb. H omHON M3 T KuX 10-
BEPXHOCTEN JIeX T PE30H HCHl U TEHEBble COCTOSHUA [8] (OHU SBIAIOTCA P 3HBIMU
CEYeHMSIMU OIHOM M TOIi ke HoBepxHOcTH ocobeHHocTel S)(E)).

B p Gore [10] p ccM TpuB Jics elle OOWH TUI HECT OMJIBHBIX COCTOSIHHIA
yp BHeHus LlIpenunrep — cBs3 HHble HecT OWIbHBIE cOocTOSHUA. T KHe cocTos-
HHUA X P KTepU3yrTcd KOMIUIEKCHBIMA E u [ n H xoxmsates B 061 et Re B2 < 0.

3pech MBI p CCMOTPHM [ JIbHEHIINe IPUMEHEHUs] KOMIUIEKCHBIX YIIIOBBIX MO-
MEHTOB B KB HTOBOH MeX HHMKe. MbI 0OCyIMM OIpeiesieHHbIH KJI CC peLIeHUi
yp BHeHud IpenuHrep ¢ KOMIUIEKCHBIMHM 3HEPIHSMH, IIPH P CCMOTPEHHH KO-
TOPBIX OK 3bIB I0TCS HEOOXOAMMBIMH MPEACT BJCHHUS TPYIIIbl Bp IIEHUH C KOM-
IUIEKCHBIMH MOMEHT MH, p ccMoTpeHHbie B p Oore [11]. T kme perrenus ot-
BeY 0T P CH AHBIM cocTodHUAM (cM. 1. 1.1). P cm jmHble cucTeMbl He SABISIOTCA
KB HTOBO-MEX HHUYECKHUMH COCTOSHHSIMU B OOBIYHOM CMBICIIE CJIOB , TIOCKOJIBbKY UX
BOJIHOBBIE (DyHKIIMH, BOOOLIE rOBOPsi, KB JIp THYHO HE MHTErpUpyeMbl. B KB HTO-
BOW Me€X HHUKE p CII JHO€ COCTOSHHME (K K U BCAK 9 HEU30JUPOB HH g CHCTEM )
JOJIXHO OIUCBIB ThCA M TpULIEH INIOTHOCTU. II03TOMY IIpemt r eMoe H MU OIUC -
HHE T KUX COCTOSIHUH C ITOMOIIBIO BOJTHOBBIX (DYHKIIMH SIBISETCS NPUOIHKEHHBIM.
B 1. 1.2 MeTox KOMILJIEKCHBIX YIJIOBBIX MOMEHTOB IPUMEHSIETCA IIPU P CCMOTPEHUU
P CII Il IOUIMXCS COCTOSIHUU siep. DTOT METOA SBIISeTCd eCTeCTBEHHBIM JOINOJI-
HEHHEM METOJ KOMIUIEKCHBIX ®HEpIHii, NIPUMEHSBILEroCcsd P Hee NMPU ONUC HUU
HecT OWIBHBIX COCTOSIHUU (H rpumep, B Teopuu «a-pact 1 siep [12]), u moxer
OBITH HCIIONb30B H IPH P CCMOTPEHUH CUIJIBHO BO30OYXIOEHHBIX COCTOSIHHH suep.
OrMmeruM ele, YTO H II cHOCOO BBeIEHHMsS KOMIUIEKCHOro MoMmeHT [11] orim-
9 ercd oT pemxeBckoro [8] (eMm. T kxke [13]) X p KTepoM NoBefeHUs] BOJTHOBBIX
(pyHKLIMI OT yITIOBBIX MEpEeMEHHbIX. B cBA3M ¢ 3TuM B 1. 1.3 MBI IpuBeneM p 3-
JIOKXEHHE MIUINTYAbl P CCEIHMSA B TEPMHMH X H ILIETO MOAXOJ K KOMIUIEKCHOMY
MOMEHTY.

1.1. Hect omnbHbIe cocrosinus yp BHeHus [IIpemunrep . 1. [Ipexne Bcero
P CCMOTpPUM 3 1 4y H CBOOOJHOE [BUXEHHE HecT OWIbHbIX 4 ctuil. IlycTh B
touke r = 0 0Op 3yl0TCS HecT OWIIbHBIE Y CTHILBI, KOTOpPbIE IOTOM IIPH CBOEM
OBWXEHUH p ¢l 1 1oTcs. HyXHO H WTH BOJHOBYIO (DYHKIMIO T KMX 4 cTHll. P c-
CM TPUB €MO€ COCTOSHUE OIHUCHIB €TCS PELEeHUEM «CT LUOH PHOrO» yp BHEHUS
Ipeaunrep ¢ KOMIUIEKCHOUM aHepruedl F' (Mcrnonb3yeTrcs CUCTeM eIuHMUII, B KO-
Topoit h =2m =1, m — M cC 9 CTHIBI):

—Ap = Eqp.



MATEMATHYECKHWE OCHOBBI OITUCAHUSA B3AUMOOENCTBUA 305

P 3nenas nepemennsie v = r~ 1y (r)Y (6, ¢), nonyu em

1 9 /(. 0 1 02
d? AA+1)
<ﬁ+E_T>X_0. (1.2)

P ccm TpuB emoii 3 1 uye oTBeu eT peuieHue yp BHeHus (1.2), KoTopoe umeer
CUMITOTHKY yxopdueil cpepuueckoil Bonuel. T KuM pelieHueM gBngercs QyHK-
mud X HKend nepBoro pox [14]

XEa(r) = iA (W\/Er)l/z H), ), (\/Er) (13)

(A — HopMUpOBOYHBIN MHOXUTEINb). Pemenne (1.3) UMeeT CUMITOTHKH
X &, ar™, X & cpexp (zx/Er — zg)\) (Re\/E =k> 0) .14

IMockombky (1.3) omUCHIB €T p I A IoIUecs 94 CTHIIBI, TO AOJIKHO OBITh Im VE =
k > 0. Torn npu GonpMX 7 (PYHKUUS Y MMEET 3 TyX IOLUIYI0 CHMIITOTHKY:
X ~ exp (tkr — kr). K 3 ochk Obl, IIpU OMKC HUU HECT OMIIBHBIX Y CTUIl MOXHO
HCIIOJIB30B Th pelieHud yp BHeHHUs (1.1), COOTBETCTBYIOLLME LIENIBIM [TOJIOXKUTENb-
HBIM yIJIOBBIM MOMEHT M A = [. Ho mpu 3TOM BO3HHMK €T HEep BHONp BHE D IH-
JIBHOTO JIBUXEHMS, KOTOPOE, K K MBI BUIIEIIH, UMEET 3 TyX HHE IO ', U KPYTOBOTO
JABUXEHUS, KOTOPOE HEe MMEET 3 TyX HHs, MOCKOJbKY NpH A = [ pelieHus yp B-
Henus (1.1) nepuommunsl o . Henepuomnyeckue pemenus yp BHenud (1.1)
CYILLIECTBYIOT TOJIbKO IPH KOMIUIEKCHBIX A. DTH pelIeHHs UMEIoT BHI™
Y2, (9,¢) = ce® e sin™* 9CL/ > (cos ), (1.5)
e C%Q_“(cos 1) — nomuuomsr Teren6 yop [15], a p=m — A, m =0,1,2,
.y A Ilpm xommmekcHeix A ¢yHkmpm (1.5) uMe0T HeoOXomuMoe 3 TyX -
HHE TI0 .

B p 6ore [11] mok 3 HO, yTo pyHKUIUHU (1.5) 00p 3ylOT 6 31C OGeckoHeu-
HOMEPHOIO HENPUBOJMMOIO IPEJICT BJIEHUS TIPYIIIbl Bp MIEHUH C KOMILUIEKCHBIM
MOMEHTOM .

CreqyeT OTMETHTB, YTO B KB HTOBO-MEX HHYECKOM OIMC HHU HECT OHMIIBHBIX
COCTOSHHMI MOTYT OBITH HCIOJIB30B HBI TOJBKO Te (PyHKIUM OECKOHEYHOIo H -
Gop (1.5), y koropsix m =0,1,2,...,[Re )] ([a] — wen s 4 c1b uncn a); pu

*@yHKIMN Y‘f‘ SIBIISIIOTCSL. COOCTBEHHBIMU (DYHKIMSIMH orep Top L : LZY#)‘ = uY}, xpome

toro, LY = AA+1) — plp+ DIV, LY = MO+ 1) — p(p — DYV, e

Ly = Ly4;Ly (nmonpobuee o (pyHKIMAX ¢ KOMIUIEKCHBIM MOMEHTOM cM. B p Gote [11]).
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BTOM, KOHEYHO, JOKHO ObiTh Re A > 0. Dro cBia3 HO ¢ Tem [11], uro ¢yHK-
UM C YK 3 HHBIMH \ M ™M SIBJIIOTCS KB [P THYHO-MHTEIPUpyeMbIMH (TIpHH IJIe-
X T K1 ccy L?), U 109TOMY TONBKO IS 3THX (DYHKIMI MMEET CMBICI MOHATHE
KB HTOBO-MEX HMYECKOW BEPOSATHOCTH ((PyHKUMH C APYTMMH 3H YCHUSIMH 1M HE
npuH iex T ki ccy L2).

Ut K, cBOGOHOE ABIKEHUE HECT OMJIBHBIX U CTHIL OIHUCHIB €TCSl BOJTHOBBIMH
ynkmmamu (1.3), (1.5) ¢ kommekcHoi 3Heprueil £ U KOMIIEKCHBIM YIJIOBBIM
MOMEHTOM .

2. P ccmotpum teneps pewieHust yp BHeHus Llpeaunrep ¢ UEHTP JIBHO-CUM-
METPUYHBIM NOTeHIHM JioM V (1), npuuem Gynem cuut b, uto |V (r)| < M, /r??,
0 < a < 1. Vp BHenue 4 yrosol ¢yHKIuM Y no-npexHeMmy umeet Bun (1.1).
P 1 npH 4 BONHOB 4 (hyHKLUS X YAOBIETBOPSIET Yp BHEHUIO

d? AA+1)
<W+E—V(r)—T>X:O. (1.6)

Ondare p ccMoTpuM Te perieHus yp BHeHuil (1.6), (1.1), KoTopbIM OTBed IOT
KOMIUIEKCHBIE DHepriuu F M KoMIuleKCHble MOMeHThl A. Ilpu atom ciexyer p 3-
Jud Tb OB KJI cc pemeHuil: k1 cc A — ReEl > 0uxincc b — ReE < 0.
Pemenus ki1 cc A, OTBeY IoLIMe Pe30H HCHBIM COCTOSHHSAM IIPH P CCESHHH, 00-
cyxn much B p 6ote [8]. [TosToMy MBI p CCMOTPHM TOJIBKO pemieHus K1 cc b ¢

CHMIITOTUYECKHM ITOBEJICHUEM
x(r) o~ e x(r) A _exp (—\/—Er) . 1.7)
Yenosus (1.7) 031 u 101, uto (1) € L?(0, 00).
Ilycts

M,
Vir)=-=2% M,>0, 0<a<l.

2o ’

U3 (1.6) npu ycnosuu (1.7) BbITEK 10T P BEHCTB

o0 2 o0
1
ImE/\X|2dr —Im ()\ + 5) /r72|x\2dr =0, (1.8)
0 0

d X 2

%X_%

1
—ReE|x|* 4+ Re (/\ + 5) r2|x2+V(r)|x|? p dr = 0.

o0
0
CootHomenue (1.8) ycT H BIUB €T CBA3b MEXIy MHUMBIMU 4 CTIMH E u A, u3
(1.9) cnenyer HeoOXomMMOE YCIOBUE CYILIECTBOB HUs pelieHuid ki1 cc b

(1.9)

2
—ReE +r2Re (A + %) < =V(r) (1.10)
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rae-m6o H nonyocu 0 < 7 < co. DTO yc/IOBUE BBIIONHSIETCS MO Kp HHEl mepe
torn , Korg ReE < 0w V(r) <O0.
Il nee, u3 ycnosus Y € L2 Bcera BbITEK €T CBA3b Mexily sHeprueil E u
YIJIOBBIM MOMEHTOM A!
E=E(\), (1.11)

rie F()\) — mHorosn un s yakuust A. Bemectsent st 4 ctb p Bencts (1.11)
I €T NOJIOXEHHE YPOBHS, MHHM 514 CTh — €ro IUpuHy. T KuM oOp 30M, pelie-
Hug k11 cc b ¢ cumnrornyeckum noseseHueM (1.7) COOTBETCTBYIOT CBS3 HHBIM
Hect GubHbM coctosiHusiM (Re F < 0, Im E # 0). MHOro3H 4HOCTbh BOJIHOBOU
¢y (1.5) 1o yriioBbIM IepeMEHHBIM OTBEY €T HEYCTOWYMBOCTH OPOUT JIBHOTO
JBUXKEHUS.

Ecmu V(1) = — M, /7?*, to 1 mu3 [9] nep Bencts (1.10) 1 er

2 [e3
(—Re E)' ™ [ Re (A + %) < Mpa®(1—a)' ™, (1.12)

W3 (1.12) MOXHO moOmyduTh psif 4 CTHBIX Hep BeHctB. T K, npu o = 1/2 (kymo-
HOBCKHI HOTEHIM 1) UMeeM

2
—Re E < M7)y/4Re (A + %) ;

kpome Toro, —Re E < Mo npu o = 0 u Re (A + 1/2)% < My npu o = 1.

AH JTOTUYHBIM O0p 30M CBS3 HHbIE HECT OMJIbHBIE COCTOSHHUS MOTYT OBITB IO-
JIydeHbl U B APYTMX B XHBIX M TOMHOW (PU3MKHM 3 I 4 X (POT TOp, MPOCTP H-
CTBEHHBIH OCLWIISATOP, ChepudyecKuil SIuK).

1.2. P cnm 1o rommecd COCTOSHHA Aaep. 371eCh Mbl IIPUMEHUM METOH KOM-
IUIEKCHBIX YIJIOBBIX MOMEHTOB K P CCMOTPEHHIO P CH 1 IOLIMXCS COCTOSHUH Saep.
B k yecTBe Mozmenu p cI 1 IOIIErocs syip IPHUMEM MOJIEIb IOTEHIM JIHOM SIMBI
(cMm., H Tpumep, [16]).

B Teopum p cm 1 fomerocd SAp B XHYIO POJb MIP €T JIOT pU(PMHYECK 4
NIPOM3BOJH s P U JIbHOW BOJHOBOM (PYHKLMHM BHYTPU SAp , B34T S H IIOBEPX-
HOCTH ap mpu r = R:

IE)=R <M> : (1.13)
r=R

Ux

D1 QyHkuug (B oOIEM ClIyd € KOMIUIEKCH $) 3 [I €T ID HUYHBIE YCIIOBUS U 3 -
BUCUT OT CTPYKTYpHI siAp . B Monenu moTeHIM JIbHOM SIMBI P OH JIBH S BOJTHOB 4
(pyHKLIMS BHYTpU Sp YAOBJIETBOPSET YP BHEHHIO

d? 2 d A(A+1)
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B KoTopoM p = [(2m/h?)(E + |V|)]Y/?r, tne |V'| ecth ryGuH MOTEHIH JbHOI
ambl. PerynsgpHoe BHYTpH IMbI PELIEHHE UMEET BHJI

Vs
Uy ~ ~/2—pJA+1/2(P)> r < R, (1.15)

e Jy41/2(p) — dynkums Beccena. Bue sMbl BOJHOB 5 (hyHKIUS YIOBIETBOPSET
ToMy ke yp BHenmio (1.14), B kotopom Teneps p = p = [(2m/h?)E]*/?r. B
K 4YeCTBE pEIIeHUs i1 P CI J IOLIErocs SAp MOJKH ObITh B3AT (PYyHKIHS C
CHAMIITOTMKOM B BUJIE YXOZIAILIEH BOJIHBI, T. €.

7T _
e @), T2 R (1.16)
rie H(l)

A1 /Q(ﬁ) — (pyskimsg X HKeNs NepBoro pox .

B 1 JibHeiileM Mbl Op HUYMMCS P CCMOTPEHHEM CHUIIBHO BO30YXICHHBIX CO-
CTOSIHUMIA SIIEp, KOTH BBIIOJHSIOTCS HEp BEHCTB p, p >> A\ + 1/2. Tlpu srom
Oorp HUYEHHHU yciaoBue ciuiuB Husl pyHkuuil (1.15) u (1.16) H rp HuUle IMbI UIMEET
BUJI

_ 1—tg(p—(7/2)A)

H3zBecTHO, YTO NpH LENbIX BELIECTBEHHBIX A = [ yp BHenue (1.17) p 3pemumo
TOJIBKO B KOMIUIEKCHbIX aHeprusix F; = ¢; — iI'j/2. Tlpu stom € u I’ unrep-
MPEeTUPYIOTCA K K HEPrus M LIMPUH P CH [ lomierocd cocrodHus aap . T x g
UHTEpHpeT 1us gomyctuM , eciu I' < D, rne D — p ccTosgHHE MeXIy cocel-
HUMH YPOBHAMH. B ciyd e cuipHO BO30YXIEHHBIX YPOBHEH ®TO HEp BEHCTBO HE
BBITIOJTHIETCS *, [I09TOMY CJIelyeT 00p TUThCS K JPYroil MHTEpIpPET LHH.

Jpyr s BO3MOXHOCTb 3 KJII04 eTcsl B TOM, 4ToObl A B (1.17) cuur T KOM-
wiekcHoil BenuuuHoi. Tory yp BHenue (1.17) p 3peliuMo B BellECTBEHHBIX F.

Monoxum A = [ + id. P ccmorpum o8 npexmensubix ciyd s: V| > E u
|V| < E. B nepsom ciyd e yp Buenue (1.17) o1 er mst [ u § (n — uenoe > 0)

—iRVE. (1.17)

Naig

r=R

2R [2m 2 2 ( E\'"?
l=— |—=(F ———=2 0=—— | . 1.18
R Eew)] 3o o--2() (1.13)
Bo BropoMm cityu e mis [ v § nonyd em
2R (2m _\'/* 2 4E
l=—|—=FE -2 0=——In—. 1.19
2 (FE) -moom-lng -

*B 9TOM CIIyd € ciefyeT yJ4UTHIB Th BKJI JbI OOJBINOTO YHCI PE30H HCHBIX ypoBHeH [17].
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[Mony4ennsie popMysIbl MbI HHTEPIPETUPYEM ClleylouM o0p 3oM. M3BectH oripe-
AENEHH S CBSI3b MEXIY MET CT OMIBPHBIMH COCTOSHHUSMH SIAEP M PE30H HC MU IPH
p ccesHHM H Tex ke aap X [16] (3T0 ooHM U Te Ke COCTOSIHUS B P 3HBIX 3 11 U X:
p co g, p ccesHue). H psimy ¢ pe3oH HC MM NpH OINpPENeNIeHHbIX YCIOBUSIX B P C-
cestHMe [ 10T BKJI ]| U TeHeBble cOCTOsIHUS [18] (KOMILIeKCHbIE YIJIOBbIE MOMEHTHI,
BEILIECTBEHHbIE DHEPIUU). AH JIOTOM TEHEBBIX COCTOSIHUI IIPU P CI € U ABISIOTCA
P CCM TpHUB eMble H MU COCTOSIHUSI C KOMILJIEKCHBIM MOMEHTOM.

K x yk 3 HO Pemxe [9], mpu M JIBIX 3H YeHHSX § TEHEBBIE COCTOSHUS MOXHO
MHTEPIPETUPOB Th K K PE30H HCHI (B 3TOM CIIyd € BBINOJHSAIOTCS HEp BEHCTB
I' < D). Ilpu Gonpliux 3H 4eHUSX § T K S MHTEPIIPET LU HEBO3MOXH (00JIb-
mmM § otBed i O6b1 I' > D). AH JIOrMYH 4 CUTY 1IMSl UMEET MECTO U B CIIy4 €
CHJIBHO BO30YXIEHHBIX P CIT J IOIMUXCS cocTOsSHUM suep®. [loaTtomy T Kue cocro-
aHUA (K K ¥ TEHEBbIE COCTOSHMSI) CJIEAYEeT ONMUCHIB Th KOMIUIEKCHBIMH YITIOBBIMH
MOMEHT MM M BEIECTBEHHBIMH SHEPIUSIMHU.

OTMedYeHHOEe COOTBETCTBHE MEXIY COCTOSHHUSIMH D CCESHHS W P CH A IOLIH-
MHCS COCTOSHHSIMU CJIEfyIoLIee:

P ccesnue Pcrnn

Pe3on Hewl (KomriekcHbie E) Ci1 60 BO30YXJIEHHBIE COCTOSIHUS SijIep
Tenesble cocrosHus (KoMmIuieKcHble [) | CHIbHO BO30YX/IEHHbIE COCTOSHUS sifiep

1.3. KommuieKcHbIe MOMEHTbI B MIUIMTyJe p ccesHud. K k yxe ormey -
Joch B 1. 1.1, H 1 crioco6 BBeneHHs] KOMIUIEKCHOTO YITIOBOI'O MOMEHT B yp BHe-
Hue [lpenuHrep oTIMY €TCS OT PEIXEBCKOro. 31ech Mbl CHOPMYIUPYEM 3 1 Uy
Pemxe ( H nuTHYECKOe NPONOJIKEHME 110 | MIUIMTYABI P CCESHMs) B TEPMHH X
HOBOTO MOAX0J K KOMIUIEKCHBIM YITIOBBIM MOMEHT M.

C sro0ii menp0 p ccMoTpuM yp BHeHue LllpenunHrep ¢ HMOTEHIM JIOM 0OIIEro
BUI (HE LIEHTP JIbHO-CUMMETPUYHBIM), BKIIFOY S U CIIyd i HENOK JIBHOTO B3 HMO-
JecTBUA

(A+E-V)p=0. (1.20)
B obmem ciyu e yp BHenue (1.20) He goryck er p 3jelieHHs IepeMeHHbIX B ce-
pHYECKUX KOOpAUH T X. HO 3TO 00CTOSITENBCTBO HE YCIOXHSET JIel , HOCKOJIbKY
B34 XH P CCeIHUE HYyXHO 3H Thb TOJIBKO MIUIUTYHy p ccednud. Ilpu ompe-
J€JIEHHbIX OIP HUYEHHUAX H 14 pemienne yp BHeHus (1.20) H GompIMX p cCTOS-
HUSX OT O00JI CTH B3 MMOJIEHCTBUS MOXET ObITh mpejcT BieHo B Buje [19] (och z
H Ip BJIEH BIOJb MMIYJILC M 1 tomiell Boinbl k; k2 = E)

eik:'r

)~ eth® 4 f(n)T, (1.21)

*HeiicrButenbio, B ciiyd ¢ E > |V| umeem I' ~ SVER™Y, D ~ 5/ER™L. IMockonbKy
6>1, 10 > D.
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rae f(n) — MIATyx p ccesiHus (N — eIUHUYHBIA BEKTOP B H 1P BJIECHUH P C-
cesansg). K Kk mpomsBombHYI0  (OOHO3H YHy0)  (yHKOUIO H cthepe
(n = (sin ¥ cos ¢,sin ¥sin @, cos ¥J)) wmmwmaryay f(n) MOXHO p 37I0XHTH II0
HOJIHOM cucTeMe cepuueckux dynkuuit Y, (9, ¢):

0o l
FW0,0) = (2ik)™"> 21+ 1) Y fiE,m)Y;™ (Y, ). (1.22)

=0 m=—I

g H auTHYecKoro mpomoikenus mo ! (T xxe o m) ¢dopmyn (1.22) Hemnpu-
rOfH B TOM OTHOLIEHWM, YTO HPEjIebl CyMMHPOB HUS IO M 3 BUCAT OT [, a Y}
HE H JIMTHUYECKU 3 BUCAT OT m (cM., H npumep, [20]).

Beenem nepemennyio n = m + [. Torng cymmupoB Hue 1o n Oymer npo-
BOIWUTHCA OT HyJS 10 2!. PyHKIMU Yl"_l 0003H 4uM yepe3 §', KOTOPEIE MOTYT
ObITh nipenct BieHsl B Buje [11] (z = cos 9)

I'(n+1) ]”2
)

n _ ol—n
Gi'(0, ) =2 {2771“(2[—&-1—71

1 : 1iin
xT (l +35- n) (=08 (] _ g2)(=m)/20E T 0y (123)

1 —n
rne C H (z) (mpu uenbix n > 0) — nonunromsl Feren6 yop . @ynkumu (1.23)
HOPMHPOB HBI YCIIOBHEM

1 27

d(p nion' \x _ 2
/dm/%gl (gl/ ) = 2 n 157”,/5”/. (124)
—1 0

K xn Y™, dyskmuu G* (npu ¢uxcupos naoM nenom [ > 0,n =0,1,2,. ..,
2[) oOp 3ylOT KOHEYHOMEpHbIE IPEJCT BIEHHs TPYIIbl Bp LieHuid H cdepe [11].
B xHo, uro ¢yHkumm G;' H IUTHYIECKH 3 BHCAT OT [ U n. Kpome Toro, mpu
n > 2] oHn o6p 1 10Tcd B Hyab. Iloatomy p 3nmoxenue (1.22) no dynkiusam G
MOXHO TPEICT BUTh B BHJIE

F@,0) = 2ik)7 Y21+ 1)) Fil(E,n)G} (9, 9), (1.25)
=0 n=0

rae dyukuus Fi(E,n) cea3 v ¢ fi(E, m) coornowenuem F;(E,n) = fi(E, n—I).

K copmyne (1.25) MoxHO npumeHHTh NpeoOp 30B Hue B TcoH —3ommep-
tenpa . AH JUTHYECKHE CBOMCTB I PLU JIbHOM MIUIUTYIBI 110 IEPEMEHHBIM [ U
7 BBITEK IOT U3 (POpMYIIbI

FE.m) =ik [ £0.9)(67(0.0))"dpsin 949 (1.26)
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[PU ONpPEIE/CHHbIX MMPEAIONOKEHHIX OTHOCUTENBHO f (¥, ) K K pelueHns HeKo-
TOPOTO MHTEIP JIBHOIO yp BHEHUs. Bonpoc 06 H suTnyeckux cBoicts x Fi(E,n)
TpebGyeT OTACTBHOIO P CCMOTPEHHS. 3HeCh ke MBI TOIBKO OTMETHM, YTO IIONIOC
Fi(F,n) B KOMIUICKCHO# IUTOCKOCTU (l) MPUBOMIT K CICAYOIIEMY BKI Iy B M-
IUTUTYRY P CCesHUs:

Br(E,n) = Gi" (0, ). (1.27)
IMpu xommekcHoM A cyHkumu (1.27) MHOTrO3H 4YHBI 1O ¢, B TO BpeMs K K
(1.25) — opmno3n uH 5 ¢yskmma. Ecmm (1.27) cHMOTOTHYECKH TPENCT BIISET

(1.25), To MBI BCTpeu eMcd C CHTy IHel, H MOMHH IOIIe XOpPOIIO HM3BECTHOE
asneHne CTOKC B TEOPUH H JIMTHYECKUX (DYHKIMH (CM. 0OCYXIEHHE TEHEBBIX
cocTostHUH B §5 p 60ThI [9]).

Beip x 10 61 rox pHocth A.H. Axuesepy, [.B. Bonkosy, 0. I1. Cren HOBC-
Komy # SI. A. CMOpOIMHCKOMY 3 0OCYXIEHUsS HeCT OWIBHBIX CBS3 HHBIX COCTOS-
HUH ¥ KPUTHYECKHE 3 Med HH.

JlononHeHue. 311echk Mbl IIpUBEEM OOIIME PryMEHTHI B IIOJIB3y CYIIECTBOB -
HUS CBSI3 HHBIX HECT OMJIbHBIX COCTOSHME yp BHeHus Lllpenunrep , X p Krepusy-
eMBIX KOMIUIEKCHBIMU F 1 [. T Kue cocTOsSHMS SIBISIOTCS 4 CTHBIMH CEYEHHSIMU
HOBEPXHOCTH 0COOEHHOCTEN M Tpullbl p ccesiust Si(E), H KOTOPOUM JieX TT KXe
cBs13 HHbIe cocTosiHus. COOTBETCTBYIOLIME T KUM cocTostHusiM monmioc S;(E) H -
xomarcs B 001 ¢t Re £ < 0. P ccMortpum 1 pum jibHOe yp BHenue Llpenunrep

d? AA+1)

W@“‘E@— TSO—V(T)SOZO (A.1)

C moTeHnu joM Tul moreHnu a1 HOK Bbl

du. (.2)

m>0

B (O.1) cuur em Re A > —1/2. Perymsiproe nipu r — 0 pelienue yp BHEHUsI
(O.1) MOXHO HpEeACT BUTH B BUIE

o(r) = (2ik) " g(—k, N g(r, k, X) — g(k, N g(r, —k, \)],

1.3
o(r) ~rt r—0, kK =E, @)

e g(r, k, \) — peuenne Moct ¢ cuMNTOTHKOl
g(rk,A) ~e ™ — oo, (I.4)

a g(k,\) — dynkums Hocr . Yepes dynkumuu Hoct ™ tpunt p ccednus S(k, \)
npenct Bisercsd B Buae [8]

Sk, n) = LR N (11.5)

g(k, )
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T K uro nomoc M S(k, \) orsed tor Hynmu g(k,\). Ecmu norenum s (I1.2) 1o0-
MyCK €T CYyIIeCTBOB HHE CBS3 HHBIX cocTosgHmid (F < 0, Imk > 0, B (0.3)
g(k,A\) = 0) — momocoB M Tpuupl p ccesHust B o6n cth Re E < 0, 1o B
CHIIy H JINTHYECKOH 3 BucuMoctH (pyHKuuu g(k,\) ot k u A\* ot momoc 3 -
MOJTHSIOT HEKOTOPYK) JABYMEPHYIO MOBEPXHOCTh B UETHIPEXMEPHOM KOMILIEKCHOM
MHOTo0oGp 3uu (k, \). DTH [OJIOC ¥ OTBEY 0T HECT OWIBHBIM CBSI3 HHBIM COCTO-
STHHSIM.

HHTepecHO yCT HOBUTH TP HHULBI OOJ CTH, [e HNPOHIET MOBEPXHOCTh OCO-
6ennocreii. [lpu ycmosun Re ' < 0, Imk > 0 ©  cUMITOTHYECKOM TOBEICHUU
pewenud (0.3), (0.4) (8 (I.3) g(k, \) = 0) u3 (Id.1) ciexyor p BEHCTB

oo

/

2

d
—ReE|p|*+

1
drw 27“('0

1 2
e <A+§> P2 P V() o pdr =0, (1L6)

o0 2 o0
1
ImE/\<p|2dr—Im ()\+5> /r*2|g0\2dr:0. .7
0 0

VYmuoxum (I.4) H sinn, (I.5) H cos nu cioxum (0 < n < 7/2):

(oo}

sin 77/
0

2 2 o
1 1
+ | Re ()\+ 5) sin n — Im ()\—i— 5) cos 1 /r*2‘¢|2dr+

2

d 1
dr(p 27“@

dr + (—Re E'sin n + Im E cos 1) / Jol” dr+
0

0
+ sin n/V(r) lo>dr = 0. (1.8)
0

W3 (O.8) cnenyer, uro rue-mubo H monyocu 0 < 7 < 0O JOJIKHO BBITOJIHSATHCS
HEep BEHCTBO

*XoTs H 1 croco6 BBEIEHHs] KOMILUIEKCHOTO YIIIoBOro MomeHT [11] (MHOro3H 4Hble cthepuye-
ckue (pyHKINH Y;‘ (9, ) (1.5)) oruy ercst OT pefKEBCKOro (OAHO3H YHble cepudeckue QyHKUUH
Ylm(197 ©)), onpeneneHne M TpHLbI p ccesiHust (I.5) (- CIe10B TENbHO, M e H JIMTHYECKHE CBOKCTB ,
KoTopsle crnenyloT u3 yp BHenus Llpenunrep (II.1)) To ke ¢ Moe, uto u B Teopuu Pepxe. IToatomy
MBI MOXEM HCHOJIb30B Th OCHOBHBIE Pe3ylbT ThI p GOTHI [8].
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Re E'sinn — Im E cos n+
1\? 1\?
+ (—Re ()\ + 5) sin n + Im ()\ + §> cos 77) =2 >sin gV (r). (0.9)

Orp HUYUMCS TOW OOJI CTHIO M3Yy4 €MOii IIOBEPXHOCTH, Ijie

1\? 1\?
sinnRe<A+§> —cosnIm<A+5> =0,

cos nIm E —sin nRe > 0.

(A.10)

Ipu »TUX Orp HUYEHMSAX JUTS BBHIONTHEHUs Hep BeHCTB (I1.9) Heobxomumo,
uyro6sl V (r) < 0 (morenim ;1 npursikenns). OueBwano, moterum i tum  (I.2)
OTp HHYEH CBEpXy HpenesioMm

V| <2C)r. (I.11)

IIpu ycnosuu (I.11) u3 (0.9) ciaenyer HEp BEHCTBO

(cos nIm E' — sin nRe E) x

2 2
X (sinnRe ()ﬁ—%) —cos nlIm ()\—k%) ) < C? (I.12)

Hcnonpsys nep Bencts ([.10), MoxHo uckimouuts u3 (I.12) n p merp 1. B
PE3yNBT Te MOIYIUM

1\* 1\? 1\°
—Re </\+ 5) Re E — Im </\ + 5) ImFE — |E| ()\+ 5) <202
B TNEPEMEHHBIX ku \ sro HEP BEHCTBO DKBUB JICHTHO CJIICAYIOLICMY:
1
’Im)\Rek—ImkRe <A+§>‘<C. (1.13)

Hep BenctBo ([I.13) yct H BIMB €T rp HHUIBI O0JI CTH, B KOTOPOH H XOHSATCS He-
cr GuibHble cBsi3 HHble coctosus (B (I.13) Imk > 0, Re (A +1/2) > 0).

2. 0 HEKOMITAKTHOM T'PYIIIIE CAMMETPUH OCITWLIATOPA
1. B p 6ore Hopa H wu jip. [21] 110 0600111€HHBIM CI10COG M KB HTOB HUSI I10-

Jeid (II p CT TUCTHKH) OBUT YCT HOBJIEH M30MOP(U3M MeXIy ONpejeseHHbIMU OU-
JIMHEHHBIMA KOMOMH LIMSIMH OIIEp TOPOB POXAEHHsS] M YHHYTOXEHHUsS 003e-4 CTHILL
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U UH(UHUTE3UM JIBHBIMH OIIEp TOP MM TpexMepHoii rpymnnsl JlopeHy L3 (cM. T K-
xe [22]). 3mech MBI p CCMOTPUM KB HTOBBIH OCHMIUIATOP C TOYKH 3pEHHS TPYII-
el L3. DT rpynn  sBisieTcs rpymioid CUMMETPHHM OCUWLIITOP . MHOrue coot-
HOIIEHHS] MEXy BOJTHOBBIMU (DYHKUIUSIMH SIBIISIIOTCS CJIEACTBUEM 3TOH CHMMETPHU
(T KX€ CUMMETpPHM IO OTHOIIEHHIO K Ipynne Bp ILueHuit). Il HHoe p ccMoTpe-
HUe MpeiCT BISeT MHTEpeC B CBA3U C IPYIIOBBIM MOAXOAOM K HEKOTOPBIM M-
H MUYECKUM 3 ]l Y M KB HTOBOM MeX HUKHM [23-25], T KXe B CBSI3M C HCCIIe-
IOB HHSIMH HEKOTOPBIX IPYIII CUMMETPUHM KB HTOBBIX CHCTEM, OOCYXI BIIHMHCH
M.Temn-M uvHOM H Becenneil mxone ¢usuxku B Epes He (M it 1965 r.) [26]. B
JOIIOJTHEHNH | MOCTPOEHbI BCe HENPUBOAMMBIE MOITyOECKOHEUHbIE MPEJICT BJICHU
rpymmsl Lz. DTtu npeact siaeHus (ycnosue (H11.3)) UHTEpecHBI B CBS3HM C P CCM -
TPUB eMOii 3 1 4eid U 00OOIIeHHBIMU crIoco0 MU KB HTOB Hus moleit bose [21],
T KX€ B CBS3U C TEOPETHKO-TPYIIIOBBIM NOAXONOM [27,28] K M3Yy4YEHHUIO KOM-
IUIEKCHOro crmH [29].
2. Onep TOpbl POXAEHHA U YHUUTOXEHUS OJHOMEPHOIO KB HTOBOTO OCLIHII-
naTop @, a BBIp K IOTCA 4EPE3 KOOPIMH Ty X M MMIYIbCc p = —id/dz 1o

copmyn M
1 d 1 d

P ccMotpuM oriep TOpbI
1 1 d?
Lo = Z(aJra—l—anr) =1 <x2 - —) ,
3 ; d d
Ly = %(aa —ata™) = % (x— + %x> , (2.2)

1 1 d?
_ + _ 2
LQ——Z(GG'FG a )——Z<x +@>,

SBJISIONINECS (C TOYHOCTBIO 10 MHOXHTENS 1/2) COOTBETCTBEHHO I' MUJIBTOHH -
HOM, 1i(p ¢y HOM U JT TP HXU HOM OCHIIUIATOP * (IMH MHYECKHE MepeMEHHBIE
3 MHUCHIB I0TCSA B CUCTEME eOUHUIl, B KOTOpoH h = m = w = 1).

Onep Topsl (2.2) yIOBIETBOPSAIOT KOMMYT LIMOHHBIM COOTHOIIEHUSM

[Lo, L1] =iLa, [L1, La] = —iLo, [L2, Lo] =Ly, (2.3)

KOTOPBIE UMEIOT MECTO JUIsl UH(UHUTE3UM JIBHBIX OIIEp TOPOB TPEXMEPHOM IPYIIIIBI
Jlopern L3 (mBe mpocTp HCTBEHHbIE KOOPIOWH THI, ONH BpeMeHH $1). Cremos -
TesbHO, (2.2) 06p 3ytor srebpy JIu rpymmst Ls. Onep top Lo sBriseTcsi reHep To-
poM 1peoOp 30B HUS B LIEHHS B IFIOCKOCTH ABYX IPOCTP HCTBEHHBIX KOOPAWH T

*B [30] oTu omiep TOPBI P CCM TPUB JIKCh B CBA3M C YETHIPEX3H YHBIMH MPEICT BICHHUSMH IPYIIIIbI
Bp wweHuid R3.
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(1-2), a L1 u Lo — reHep TOPBI JIOPEHLEBCKUX NPeoOp 30B HUI B IIOCKOCTSIX
(0-2) u (0-1).

Ks 1p tuun s opm @ = L? + L3 — L3 KOMMYTUPYET €O BCEMH OIEp TO-
p mu L;, mpuuem mis omep topoB (2.2) Q@ = 3/16 = A(1 — \). Otcion H xoauMm
A =1/4u )\ = 3/4. Cuenos TenbHO, omep Topsl (2.2) 3 J 0T IPEICT Bie-
Hug rpynmbl Ly ¢ Bec mu 1/4 u 3/4. Uzsectno [31], 4ro npu pUKCHUPOB HHOM
Ay rpymnbl L3 cymiecTByeT GecunciieHHOE MHOXECTBO HpeicT BieHuid. Bee atn
MpPEeCT BJCHUS OTJIMY IOTCS APYT OT APYT YHCIOM Vg, KOTOPOE BXOAUT B OIpesie-
JIeHHe K HOHMYECKOro 0 3HuC TPEACT BIEHHS fr(,{\ ), YHOBJIETBOPSIOLLETO CUCTEME
yp BHenuii [31] (Ly = Ly +4iLo)

Lof) = (vo +m) £V,
Lof) = =i A1 =N+ (o +m)(wo +m+D]V2FY 24

Lo = iA1= A) + (o +m) (o +m — D]V

U KoTopoe (Ipu (PUKCUPOB HHOM A) MOXET OBITH JIIOOBIM KOMILIEKCHBIM YHCIIOM.
s ocuwsTop

i & d
Lo=2(-L 4ot 3241
" 4<dﬂs2+xdr x+>’ 2.5)
P (A '
T 4 \de? dx ’

U3 dopmyn (2.4) creyer, uto B ciyd e A = 1/4 u A = 3/4 Bce npexcr Bite-
HUs (p 3MMYHBlE 1) OECKOHEYHOMEPHBI (YMCIIO 7 NPUHUM €T 3H YeHHs m =
0, 1, £2,...). U3 Bcex aTUX HpeACT BICHUN OCHULUIITOPY OTBEY 10T Te, Y
KOTOpPBIX 4nciio® vy = A. B atoM ciiyu e copmyisl (2.4) onpezensior 6ecKoHed-
HOMEpPHBIE YHUT DPHbIE IPEACT BJIEHHUS Ipynmsl L3 (M TpUIBl HHQUHATE3UM JIBHBIX
orep TopoB L; 3pMUTOBEI), 0OpBIB fomuecss cHusy H m = 0 (ecmm vg = A, TO
YHCIIO 1 TPUHUM €T TOJIbKO LeJIble MOJIOXHUTENbHbIe 3H YeHus). Bce atu mpen-
CT BJICHHS] HENIPHUBOIMMBL.

Ipu ycnosum vy = A ¢yHKUMU K HOHUYECKOTO O 3HC yIOBIETBOPSIOT yp B-

HECHUAM
d? 1
2 % /e _ 2\ r/9)

2 PN o (03 e
x de m =|m 1 m .

*B mononHeHNU 1 TmpuU ycIOBHU g = A P CCMOTpEHBI Bce MpeACT BieHus rpymnsl Jlopenn L3,
OTBeY I0oIUe MPOU3BOIBHBIM (M KOMIUIEKCHBIM) 3H YEHHSM BEC .

=

(2.6)

A~ =
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PemenusaMu sTUX yp BHEHMIl SBJSIOTCS U3BECTHbIE (DYHKLUH DPMUT YETHOIO U
HEYETHOTO MHJEKCOB!

FHD(2) = om(@), V(@) = Yomir(z),
Un(z) = (VA2"n!) Y2 e " 2, (),

H, (z) — nonuromsl DpMuT .

[IBe GeckoHeuHble cUcTeMbl (PYHKIMH {12y, }, {¥2m41} 00p 3yHOT OpTOHOD-
MHpPOB HHbI © 3UC B rHiIb0epTOBBIX NpocTp HCTB X Hy m H_. Tlpoctp HCTB
H, wu H_ 00p 30B Hbl YETHBIMH M HEYETHHIMU OTHOCHUTEILHO 3 MEHBl T — —T
(YHKUMSIMA ¢ MHTErPUPYEMBIM KB AP TOM Momyis. CK JIIpHOE TpOHM3BEleHHE B
H. wn H_ 3 5 erca B BUz#e

2.7

oo

(f.q) = / F(@)g(e) de. 2.8)

[TomHOE TPOCTp HCTBO BOJHOBHIX (PYHKIMHA OCIIULIATOP (BEKTOPOB COCTOSHHIA)
SBJISETCS pIMON cymMmou mipoctp HCTB Hy w H_: H=H,_  ® H_.

T kum 00p 30M, ¢ TOukH 3penus rpynusl JlopeHn Ls Bcsad GecKOHEYH 5 CH-
CTeM YpOBHEH OCUWUIATOP P 30UB €TCsl H JIBE MOJCUCTEMBI YETHBIX (1 = 2m)
U HeueTHbX (n = 2m + 1) ypoBueii. BoHOBble (PyHKIUM STUX MOACUCTEM 00D -
3YI0T HENPUBOAMMBIE MPEICT BJIeHMs rpymmbl L3, oTBed fomue Bec M A = 1/4 u
A=3/4.

Koneunsie npeo6p 308 Hust rpymisl Ls B Hy u H_ 3 ;1 1orcs onep Top Mu
U, mpesct BUMbIMHU B BUJIE

U = exp (—iyLo) exp (—ifSL2) exp (—iaLyg). (2.9)

YroObl MOKPBITH BCIO Tpymmmy L3, T p METPBI (v, [3, 7y HOJKHBI IPUHUM Th 3H de-
Hust w3 06 et 0 < o, v < 27, 0 < 6 < oc.

P ccM TpuB eMble H MU TIPEICT BJICHHUS YETHIPEX3H YHBL JIeHCTBUTENBHO,
HOCKOJIbKY CIIEKTp orep Top Lo 00p 30B H HOCIENOB TeJIbHOCTHIO uncen m+1/4
wist A =1/4 win m + 3/4 s A = 3/4, to

exp (—2mikLo)am = (—i)*am,
exp (—2WikL0)¢2m+1 = ’L.k’l/}2m+1,

TOJIBKO HPH YETHIPEXKP THOM ob6xoxe (k = 4) BO3Bp I eMCs K MCXOOHOH (PyHK-
uuu. [lostomy B (2.9) m p mMeTpsl «, 3, 7y NPUHHUM IOT 3H 4YeHHUs H3 00N CTH
0<a,v<8m 00 <.

ITpu npeobp 308 HusxX (2.9) nHpUHUTE3NM JIBHBIE ONEp TOPHI (2.2) MMHEHHO
npeolp 3ylTCs OpYr Yepes Opyr :

ULU = wi;L; (2.10)
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M Tpulel npeodp 30B HHs

1 0 0 chg —shp 0 1 0 0
w= |0 cosy sinvy —shg chp 0 0 cosa sina
0 —siny cosvy 0 0 1 0 —sina cosa
(2.11)
Ilpu TOM OIEp TOPbI KOOPAUH ThI T U UMIYIbC p = —id/dx momsepr 1Tcs
JIMHEHHOMY ITpeoOp 30B HUIO
UzU ' =azx+bp, UpU!=cax+dp (2.12)
C BELIECTBEHHON M TpULEU
(a b) cos % sin % chg —shg cos % sin %
c d) —sin% cos% —Shé Chg —sin% cos% ’
(2.13)
ad — bc = 1.

N3 dopmyi (2.4) BITEK 10T ClEAYIOLIUE PEKYPPEHTHbIE COOTHOLLEHUS MEXIY
(pyHKIIAME DpMHAT :

Y = 20 + (2% = Doy = 4 [(m + 1) (m + 1/2)]"> Yoy,

(2.14)
o 200+ (2% 4 V)po = 4 [m (m — 1/2)]Y* Pas

W H JIOTUYHbIe GOPMYJIbI I (PYHKUMHA DPMHUT HEYETHOIO MHJIEKC .

I nee, u3z ¢opmyn npeobp 308 Hus (2.10) crenyer, 4TO MOBEpHYThIE (DYHK-
win Dpmur Py, (Viz) (i = /—1), asiommecs cOGCTBEHHBIMH (DyHKIHAMH
oriep Top Lo, moiy4 10TCs U3 cTeneHHbIX QPYHKIMN =" (COOCTBEHHBIX (DYHKIIHIA
oriep Top L1) B pe3yibT Te MOBOpOT B wiockoctu (1-2) H yron 7/2:

n(Viz) ~ exp (—%LO) ", (2.15)

Ilpyrue coorHomeHus (B 4 CTHOCTH, CBI3b (PYHKUMI DpMuT 1), () ¢ noBepHy-
TBIMH (PyHKLIHASMU wn(ﬂx)) BBITEK IOT U3 P CCMOTPEHHUS! OCHWIUIATOP C TOYKH
3peHus TPYyIIbl Bp meHnid Rs.

Honoanenue 1. 1. M3yuenue npenct Biaenuil rpynmnsl Jlopenn L3 (HeKoM-
I KTHOU IPYIIIbI) MPEICT BIISIET UHTEPEC MPEXJe BCEro B CBI3U C P CCMOTPEHHON
3 1 4eil 1 0000IEeHHBIMYI ClI0OCOO MU KB HTOB HHM mojieit Bo3ze [21] (T K H 3bIB -
emble T p cT THCTHKHU Bo3ze). IMeHHO, K XIOMYy HEMPHUBOAUMOMY MPEACT BIICHHUIO
rpymiisl L3 oTBed er ompenefieHH 5 11 p ¢T TUCTHK bozse. IIpu sTom H mpencr -
BJIEHUs ciienyeT H JIoxuTh yciosue (I1.3) (momyGecKoHeYHbIe MPENICT BICHUS),
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BBITEK Iolllee U3 TPeOOB HUS IOJIOKMTEIBHOCTH YHCI 4 cTHl*. B aToMm ciyu e
MBI TIPUXOOVM K YHHUT PHBIM HPEICT BJIEHHAM (BemlecTBeHHble A > () U K mpen-
CT BJICHMSIM, YHUT PHBIM B MHAC(UHUTHOM MeTpuKe (BCEe IMpOYMe 3H YCHHUS ).

IMpenct Bnenuns rpymmnsl L3 ¢ MPOM3BOIBHBIM BECOM A\ HWHTEPECHBI T KXe€ B
CBSI3U C KOMIUIEKCHBIM YIJIOBBIM MOMEHTOM [27].

ABTOpoM [27,28] p ccM TpUB JIUCh NPEACT BIEHUS IPYNIbI Bp LEHUN [R3 U
rpymist Jlopeanr L4 ¢ KoMIuteKCHbIM ciHOM. M3BectHO [32, 33], uto rpynm Ly
MMEET TPH CT LHOH PHBIX HOATPYMIBL: IPYIIIY Bp IIEHUH 3, TPEXMEPHYIO IPYIILy
Jlopennr L3 u rpymmy KOHYC , OTBEY HOIIHE COOTBETCTBEHHO BPEMEHHITONOOHbIM,
MPOCTP HCTBEHHONOIOOHBIM U M30TPOIHBIM BeKTOp M. ITocKoibKy ¢ rpymmnoii Ls
T KX€ CBA3 HbI KJI CCU(HK LM CIIMHOBBIX COCTOSHUI KB HTOBBIX CHCTEM, TO MH-
TEPeCHO U3Yy4UTh NPEACT BJeHUs Ipynnbl L3 ¢ KOMIUIEKCHBIM CIIMHOM.

3mech MBI IOCTPOMM Bce mpenct BieHusa (mpu ycnosuu ([1.3)) B pe mu3 -
K (PyHKIMSIME KOMIUIEKCHOTO MepeMeHHOro. [IB M3 3THX MpeCT BJIEHU (C Be-
¢ mu 1/4 u 3/4) cB43 HbI C OXHOMEPHBIM KB HTOBBIM OCLIWIATOPOM (9TH Hpef-
CT BJIEHUSI OTHENBHO P CCMOTPEHBbl B JONOIHEHUM 2). MHorue HpeacTt BIEHUS
rpynms!l L3 (OQHO3H YHBIE U IBYX3H YHBIE) P CCM TpuB Juchb b prm HoMm [31].

2. Ipenct BneHue WH(UHUTE3UM JIBHBIX omep TOopos. [Tockombky rpynm g
(K X ¥ IMKJIMYECK s TPy ) sBisieTcss 6ecKoHeYyHOCBs3HOU [31] (B ominuue ot
rpynn Rs3 u L4, KOTOpBIE SBIFIOTCA IBYCBI3HBIMU), TO y HEe CYLECTBYIOT MHOIO-
3H YHBIE HENpephIBHbIE MpeAcT BiaeHusd. Hibke Mbl yBUIMM, 4TO BCe IPENCT BIle-
HUS 9TO IPYyNIbl HENPEPBIBHBI (B OTJIMYUE OT IPpyNIsl 73, y KOTOPOI HENpephIB-
HBIMU SBJISIIOTCS TOJIBKO KOHEUHOMEPHBIE NpeACT BieHus [34]).

Bcsikoe HempuBOAMMOE MPEACT BIIeHWE Ipymnmsl L3 ompenenseTrcs Tpemsl WH-
¢puHUTE3UM JIBHBIMU omnlep Top MU Lo, L1, Lo, yIOBIETBOPSIOIIUMUA KOMMYT LIH-
OHHBIM COOTHOUIEHUSIM

[Lo, L1] = iLa, [L1, La] = —iLo, [L2, Lo] =iL;. (I1.1)

Ks 1p tuun 5 dpopm  Q = L3 + L3 — L% xommyrupyer co Bcemu L; u s
HENPHUBOIUMOIO MPEICT BICHHS BeC A NPHHEM eT 3H uenue (@ = A(1 — \).
B k HOHHueckoMm 0O 3uce fy(/\) omep Topel L; BeIp X foTcst popmyn mu (Li =
Ly +iLs)

v

LofM =vf™, Lof® =al) fD LoD =aM Y, @)

e at) = A1 =X +v(r—1)]"? [31]. K K u B ciiyy e rpynmsi Bp mmieHnii R,

1pu (PUKCUPOB HHOM (KOMIUIEKCHOM) A MBI OIP HHYMMCS P CCMOTPEHHEM TOJIBKO

*T Koe Xe ycioBHe ObUIO NPHHATO MPH P CCMOTPEHUH MpPe[CT BICHWII IPpyNmbl Bp ImeHuil [27].
T M 2TO Orp HHYeHHe OBLTO CBSI3 HO C YHHT PHOCTBIO COOTBETCTBYIOIINX NPEACT BICHUIA.
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OJHOIO HPEJACT BIEHUS, y KOTOPOIO I IPUHUM €T 3H YEeHUS
v=n+A\ (I1.3)

(n — wnenoe gucino). U3 (I1.2) crnemyer, 4TO T KWe HPENCT BICHUS OOpBIB IOTCH
cHu3y H n = 0 u, CIeNoB TEIbHO, . IPUHUM €T TOJIKO IOJIOXHUTEIbHbIE 3H -
yeHUs. 3H YHOCTb 3TUX MPEICT BIEHUIi, onpeaensdeM s CeKTpoM onep Ttop Lo,
CBS3 H , T KMM OOp 30M, C C MHUM BecoM A\ (IIpd p LMOH JibHOM A = [/s, | u
S — B3 UMHO IPOCTBIE YUCJ , IPEACT BJIEHHE S-3H YHO, MPH UPp IHOH JHHOM U
KOMIUIEKCHOM A TIpeACT BieHHs OecKOHeyHO3H 4Hbl). B prm HOM [31] p ccMm -
TPUB JIUCh TOJIBKO OAHO3H YHBIE W JIBYX3H YHBIE NPENCT BIeHUI. B aToMm ciy-
Y e He3 BUCHMO OT A\ BEJIMYMH U NPUHHUM €T TOJIbKO ILIeJble WIIM MOJyLesIble
3H YEHU4.

Ilpu A = —m/2 (m — nonoxuresnbHOE 1eoe Yucio) dopmyist (I1.2) 1 woT
KOHEYHOMEpHBIE TPEACT BIeHHUI (B ®TOM CIIyd € IpeJICT BIeHHe OOpBIB eTcs H
n =04 n=m; T KUe NPEACT BJIEHUS pe JIU3YIOTCS B IIPOCTP HCTB X C P 3MEp-
HocThio m~+1). IIpu Bcex Opyrux 3H YEHUSIX A IIPEJCT BIIEHUS OECKOHEYHOMEPHBI.
Ipu A > 0 dopmysst ([J1.2) onpenessdioT YHUT pPHbIC HMPEICT BICHUS.

3. Ilpenct BieHHE B LIEJIOM 3 I €Tcs onep TOp MU 7', KOTOpbIE B IEpEMEHHbIX
Diinep 3 MHUCHIB IOTCSA B BUIE

T(L) = exp (—iyLg) exp (—iBL3) exp (—iaLp). (I1.4)

I $-3H YHBIX OPENCT BJAEHUA M P METPhl «v, (3, 7y NPUHHUM IOT 3H YEHHs U3
o0 ctu

0<a, v<27rs, 0<0<o0. (I1.5)

W3 KOMMYT LIMOHHBIX COOTHOLUEHUH (2.3) cienyer, 4yTo

TLT = Li;L;, (A1.6)
e M TpUIl
1 0 0 ch@ —shp 0 1 0 0
Lij=10 cosy sinvy —shpg chpg 0 0 cosa sina
0 —siny cos~vy 0 0 1 0 —sina cosa

(A1.7)
IToctpoum Teneps B SBHOM BHE NPEICT BICHHE BEC A B pe JIM3 MU (PYHK-
LUSMU KOMIUIEKCHOTO TEPEMEHHOIO 2 = & + iy.
IIpexye Bcero M3BeCTHO, YTO APOOHO-JIMHENHbIe Ppeodp 30B HUS

az+b
bz+a

(I1.8)

22— 7 =0z=
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C M Tpulei
B B
oo (@ Yo (e 0 N[ P T e o
b 0 e B0 0 e )
—sh= ch—
2 2
~ (A1.9)
aa—bb=1,

OCYILECTBIISAIOT KOH(POPMHOE OTOOD JKEHHE BHYTPEHHOCTH KPYr EIUHHYHOTO P -
mayc |z| < 1H cebs*. P ccMoTpuM pyHKIMM, H JIUTHYECKUE B Kpyre |z| < 1.
B ki1 cce T kux (pyHKUUWI mpencT BIeHHe Bec A 3 1 auM (hopMyIIoit

T(L)f(z) = (bz +a)"**f(02), (11.10)

0000111 [oIIell cooTBeTCTBYIOIIYI (hopmyny p 6otelt B prm 1 [31]. B ([1.10)
A — moboe koMmIuiekcHoe (pukcupoB HHoe) unciao. @opmyn (I1.10) onpenenser
H JINTHYECKOE Mpeolp 30B HHE H JIMTHYCCKUX B Kpyre |z| < 1 ¢ynkumii f(z).

WuduanTe3nM JhHBIE OMep TOphI, OTBeY omme mnpeodbp 308 HusaM (11.10),
UMEIOT BUJT

d d d
Lo=2—+4\, L,=2>—+42\2, L_=—. 1.11
0 Zdz+ b T dz+ “ dz (AL

OHH YHOBJIETBOPSIOT IEPECT HOBOYHBIM cooTHomeHusM (I1.1), mpuyem @ =
A1 = A).

DyHKIMKM K HOHUYECKOro O 3muc flg/\) MPEJICT BJICHUS BEC A yIOBJIETBOPSIOT
yp BHenuaM (I11.2) u umeroT Bua

I'(n+2X)

Ny — AN g _ (Lt 24)

v

1/2
) — (C:ll+2/\71)1/2. (H112)

4. Ck mapHoe npomssenenue. I[Ipu A > 0 p ccM TpuB emble IPEACT BIECHHS
YHHUT pHBI. B 3TOM cilyd e cymecTByeT MHB PH HTHOE CK JIIPHOE MPOM3BEICHHE

(f,Or = /T(z)g(z)w,\(z) dz, dz=dxdy, (I1.13)

e MHTErPUPOB HUE BBIIONHsETCS MO o0 cTH |z| < 1 (Kpyr eIMHHYHOrO P -
UYC ).

*M tpuusl (I1.9) yHUT pHBI B WHIC(PUHUTHOU METpUKE: 0 = 0'30'+O';1 =071, o3 =

!
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BecoB s1 (pyHKIMS w) ONpENeseTcss M3 YCIOBUS WHB PH HTHOCTH (hop-
mbt ([1.13) ortHOcuTenbsHO mpeobp 308 Huidt (1.10): (T'f, Tg)x = (f, g)a u
p BH

24— 1 2(3-1)
Wi (2) = (1 - \Z\Q) . (11.14)

0
®opm  (I1.13) siBisieTcss SpMUTOBOU TOJIOXUTEIIBHO OIPeAeIeHHOW OWIMHEHHON
¢opmoit. @ynkuuu 6 3uc ([1.12) OpTOroH NBHBI MO CK JSIPHOMY IPOHU3BEHE-
auo (O1.13):

(D 5908 = by (A1.15)
Ipenct Buenus A > 0 pe nU3yIOTCA B THIBOEPTOBBIX MPOCTP HCTB X H ) €O CK -
ngpaeM npousBenenreM ([1.13). Hy obp 30B HO (pyHKIUIMU

/= anznv 9= Zgnzn,

HJIsl KOTOPBIX

112 = 3 1l (Cpt 1) 7 < oo

n

~ - (I11.16)
(fr)a =Y _Fogn (Cpt221)7

WHB pu HTHOE CK JIIpHOE IpPOM3BENEHHE MOXET OBITh OIPEeNesIeH0 M JUls
NPEeICT BJICHUWiA C JI00bIM KOMIUIEKCHBIM BecOM A. B aTOM cilyd e OHO 3 1 ercd
peryaspu3zoB HHOH (ec Re A < 0) OunmHeitHoil dopMoit*

(g = per [TV @ (2) s (17

C peryspu3 mueil B ocobblx TouK X |z|2 = 1 (I0mocHOro THIT ) BecoBOi (hyHKIIMH
(O1.14) (A — KOMILIEKCHOE).
H ¢yaxkmmax 6 suc (01.12) popm (A1.17) mpuHUM €T 3H YEHUS

(fl(AA)v szA))/\ = 5#1/771(/)\)7
(O1.18)

1/2

niY = (I (7 +X) /T (23)) 7/ (T (v + X) /T (20)2.

Mpu ReA > 0 nY = 1. Tlpu ReA < 0 u n < —[2Re )] ([a] — wen =

)

g ctb wmen a) piY = (=)™, mpun > —[2Re)] 779 = F1, B 3 BUCUMOCTH

*T Koe CK JIIpHOE MpPOW3BENCHHE Ul TNpPEACT BICHUIl TPYNIBl Bp LICHUH OBLIO BBEIEHO P -
Hee [27].
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OT TOrO, YETHBIM WIIM HEeYeTHbIM dHcioM siBnsercs —[2ReA]. T kum oGp 30M,
npu ReA < 0 cx nspHOe Npou3BeneHHE SBISETCS 3PMUTOBOM HMHIE(HHHUTHON
GumaeiHOl opmoil. P Hr uHaedunuTHOCTH p BeH —[2 Re A] + 1. B u crHOCTH,
BCE KOHEYHOMEPHBIE MPEACT BieHus rpymnbl Lg (A = —m/2) pe nu3yorcs B
KOHEYHOMEPHBIX ITPOCTP HCTB X C MHIE(PHHUTHON MeTpUKOH. OTMETHM ellle, 4To
NPEICT BJCHUS C WHAS(UHUTHON METPUKON YHUT PHBI B CBOEH HMHIS(HHMHUTHON
MEeTpUKe.

5. M TpuuHBIE BJIEMEHTHI MPEJACT BJICHUS MOJyd IOTCS B PE3yNbT TE P 37110-

xenus caBunyroil Qyukuuun T'(L) fy‘)(z) no QyskiusaM 6 3uc  (I1.12):

L)FM(2) Z (L) (2). (11.19)
Mpz1 umeeMm
TO(L) =e 1) (B)e™™*, p=m+X, v=n+A (111.20)
o KID(p — £)/T(2)) 1z
A 2 —kK
th)(8) = (-1) X

T(p— r — 20T (k + 2X)/T(2))
x (1 —2)P/2(1 + 2)"/2P\" " (), (I1.21)

e © = ch 3, P,gp’ %) (z) — nonuuoMBI SIKOGH,
p=lp—vl, s=—(p+v), k=-A=(p+r)/2

M TpuYHbBIE BJIEMEHTHI TIE{})(L) YHOBJIETBOPAIOT YP BHEHUIO®

d? 1 [ P 9?
{852+Cthﬁ ﬁ ﬂ(@ 2+8—72_2Chﬁ8a87>+)\(1_)\)}x
x TO)(L) = 0. (11.22)

OTMeTuM, 4TO VI P CCM TPHUB eMbIX MpeAcT BieHui (¢ ycimosueM (J11.3)) ne
CYLIECTBYET COOTHOIICHUI OPTOTOH JIHOCTH, T K YTO M TPHYHbIE DJIEMEHThI T
1 TN) He OPTOTOH NBHEI APYT APYTY.

JlononHeHue 2. 31ech MBI p CCMOTPHM OfHY Y CTHYIO p€ JIM3 IMI0 MpEICT -
BieHuii rpymmbl L ¢ Bec Mu 1/4 u 3/4 u nurudeckumu (UesbiMu) (pyHKIUSIMU
BO BCeil KOMIUIEKCHOM TockocTH (z) ( He B Kpyre |z| < 1, K K B JomOMHEHHH 1).

*MHorue (hOpMyYJIbI 9TOTO IMYHKT MOTYT OBITH ITOTYYEeHbI H3 COOTBETCTBYIOINX (POPMYIT MPEACT -
BIICHHII Ipymmbl Bp mmeHuii [27] 3 menoit B — if.
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DTH NPEACT BJIEHUS TECHO CBA3 HbI C OJHOMEPHBIM (KOMILUIEKCHBIM) OCLIWJISTO-
POM M OTJIMY IOTCS OT MPEJACT BJICHUH, P CCMOTPEHHBIX B OCHOBHOM TEKCTE.
P ccmotpum Tpu onep Top :

Ly = %(zd+dz), L= % (d*+2°), Lo = % (> —2%), d= %, (12.1)
SIBIISIIOIIMXCS. COOTBETCTBEHHO M) (phi HOM, JI TP HXH HOM M T MHIBTOHH HOM
OJHOMEpHOro (KoMIuiekcHoro) ocuuwuiitop . Onep tope! (I2.1) ynosnersopsior
niepecT HOBOYHBIM cooTHomenuaM (I1.1), mpuuem Ly = 22/2, L_ = d?/2,
@ = 3/16, T Kk yto A = 1/4 u 3/4. Tlpu npeobp 30B HUIX OmmEp TOPH z U d
npeoOp 3ylTcs 1Mo opMyl M

T2T"'=az+bd, TdT'=bz+ad (A2.2)

¢ M tputeit (1.9).
Pewennem yp BHenmit (1.2) ¢ A = 1/4 un 3/4 sBusiorcst COOTBETCTBEHHO

pynkuuu
am_ A w2

" 2n)!’ " @2n+ 1)

B p ccMm TpuB emoil pe M3 LuM NPeACT BIeHUd 3 1 10Tcd hopMysoi

T(L)f() = Tf()T (T 1) = F(T=T ")r(z: L) = f(az + bd)s(z; L),
(02.4)

(2.3)

rne Kk (z; L) =T -1 u Mmoxer ObITh JIETKO H HICHO:

_ 3 ~1/2 1 4 3
K(z; L) = e Hatn/4 (ch 5) exp (—522 e th 5) . (02.5)
Oynkuun (J12.3) 06p 3yl0T OPTOrOH JIbHBIE CHCTEMBI 110 CK JISPHOMY IPOH3-
Begennio (dz = dx dy):

(SO, 1) = / I IO @) dz = b (12.6)

C BeCcOBOH (pyHKIHEH

p(z) =n""exp (|2, (a2.7)
onpefensieMoil U3 ycloBHd UHB pu HTHOCTH popMbl ([12.6) OTHOCHTENBHO Mpe-
06p 308 Huit (12.4) (npuuem (f(1/4, fG/4) = 0). B (J12.6) unrerpupyercs 1o
BCeil KOMIUIEKCHOU IUIOCKOCTH (2).

Ipexct Buenust ¢ A = 1/4 u 3/4 pe au3yloTcs B KJI CCe LEbIX (DYHKIHIA

FAD(2) = S foz? (uma fG/D(2) = 3 22" 1), yeTHBIX WM HEYETHBIX OT-
n n
HOCHUTEJIBHO 3 MEHBI 2 — — 2, JUIsl KOTOPBIX

£ = (s £) =D 1 fal* (20)! < o0
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(Y |ful” (20 +1)! < 00). Dt ki cebl (yHKuMii 06p 3ylOT THIGEPTOBbI

IIPOCTP HCTB CO CK JIIPHBIM IpousBeneHueM (J12.6).
M TpuYHBIE 2JIEMEHTBI P CCMOTPEHHBIX NPEJACT BICHUH BBIP X 10TCS (POpPMY-
a mu (01.20), (I1.21), B KOTOPBIX HYXHO MOIOXUTh A = 1/4 nmm 3/4*,

3. DYNAMICAL STRUCTURE OF SPACE-TIME DISCONTINUUM
AND SPIN 1/4

It seems that spin 1/4 was recently observed in so-called deep inelastic scat-
tering experiments [37]. Apparently its explanation is not packed in the frame
of quark-gluon model of elementary particles. However, the new theory [38]
surely contains these objects with spin 1/4. Such objects appear if we consider
our space—time at very small distances as a discontinuum. Thus, two things are
connected: spin 1/4 and space-time discontinuum.

1. First of all, it is hereby announced that the high energy limit (region
of very small distances) is connected with a new quantum theory, principally
distinguished from the well-known Heisenberg—Schroedinger quantum mechanics
and from its generalization to quantum field theory. It turns out that the usual
quantum mechanics is not a single quantum theory. It is not complete, and
therefore may be completed. We can now say that there are at least two else
quite different quantum mechanics, one of which we call high energy quantum
mechanics (HEQM).

In order to understand «Why is that so?», it will be sufficient to notice that
the Lebesgue measure on momentum space A, used in the usual quantum theory
and equaled infinity for whole A,, does not permit one to go to a large momen-
tum region. Ultimately, the obstacle here is the well-known symmetry between
momentum space and configuration space given by the well-known Fourier trans-
formation used in the usual quantum theory and expressed by a pair of formulas:

p=—id/oX, X =id/p. 3.1)

It is the so-called Dirac symmetry of the usual quantum theory [39].

*CT Thd, MPEICT BIEHH 4 B [ HHOM p 3aelne, noctynwi B pea Kupo XKOTO 13 uronsg 1965 r.

Ipumeu nue npu koppekmype (4 noabpa 1965 2.). B Hen Buux p 6ot x b pyr wu ap. [35] Toxe
P CCM TpUB JICS BOIIPOC O HEKOMII KTHOI TpyIie CUMMETPUM (JIMH MHYECKOU TpyrIie) ocuwuisitop . B
9TUX p 6OT X OCLIJUIATOPY CT BUTCS B COOTBETCTBHE NPEACT BiieHHe D1 /2 tpymnbl Jlopenn L3. Hu-
TEPECHO OTMETHTh, YTO K OCLIJIIATOPY MOXHO T KXKE€ OTHECTH IPEICT BICHUE ABYXII P METPUYECKOM
IPYNIIbl, HH(UHUTE3UM JIbHBIE ONep TOPbI KOTOpoW 1 W Ig yHOBIETBOPSIOT KOMMYT IIMOHHBIM COOT-
HowenusiM [I1, I2] = I>. B H wewm ciyd e HyxHO nonoxuts It = H, Is = a (H — r MAJIBTOHU H
OCLWILIATOP , @ — ONep TOp yHWYToXeHus). Torn Bcs cUcTeM YpoBHEW oOp 3yeT OfHO HPEACT Biie-

N 0 0
HUe 3TOii rpynnbl. Ho 3T rpynm  He monmynpocT s, OCKOJBKY TEH30P gk = Cém Clp = 0 1 )

(ka — CTPYKTypHBIE KOHCT HTBI) He uMeeT obp THoro [36].
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2. However, there is another measure which allows one to go to the large
momentum region. It was discovered by H.Bohr [40] in his theory of almost
periodical functions. Henceforth we call it the Bohr measure. It is finite for
whole A,. We think that the HEQM which uses the Bohr measure in the momen-
tum space (we emphasize: in the momentum space) is well adopted, firstly, to the
description of fragments (or constituents) of fundamental particles, and, secondly,
to the construction of the mathematically consistent theory of elementary particles
and their interactions, being free from the so-called ultraviolet catastrophe.

We also consider that the simple combination of demands of relativity [41]
with the principles of the Heisenberg—Schroedinger quantum theory [42], used in
the so-called axiomatic approach to the quantum field theory [41] was insufficient
to construct the mathematically consequent particle theory. For this purpose
a new quantum theory is needed, which is connected with the so-called Bohr
compactification of momentum space denoted as bA,. bA, is the momentum
space A, with the Bohr measure.

Hence, the new theory is connected with the almost periodical functions on
the momentum space A,. The set of these functions forms the nonseparable
Hilbert space H’ with the following scalar product (for simplicity we consider
the one-dimensional case):

(%wY=WW/@@M@ﬁm (3.2)

Here bmv means «Bohr mean value» determined by the formula:

P
Jim o [ T o) (3.3)
-P
The measure in this integral we call the Bohr measure. So the new quantum
theory is connected with the Bohr measure on the momentum space and almost
periodical functions on it. A nonseparable Hilbert space H’ underlies the theory.
For comparison, we write the scalar product used in the usual quantum
mechanics [39]:

(%@=/E@ﬂmw, (3.4)

(here dp is the Lebesgue measure).

It is interesting to notice that the topology on bA, induced by the topology of
the space H' is the weakest non-Hausdorff topology (it is the so-called topology
of sticked-together points). In the new quantum mechanics configuration space
Ax connected with the Bohr compactificafion of momentum space by means of
the Fourier—Bohr transformation [40]

$(X) = b / V() e~ XP dp, (3.5)



326 CAHHHMKOB-TTPOCKYPSKOB C.C.

has the strongest (or discrete) topology. Under such a topology Ax is a quite
non-connected set of its points or discontinuum denoted as A’y *.

We write the inverse of the direct transformation (3.5) as the Fourier se-
ries [40]:

P(p) =D ey (X)), (3.6)

where (X;) is a countable set of points in A’ determining almost periodical
Bohr’s function on momentum space A,.

3. Obviously, on discontinuum there may be no differential equations be-
cause it loses the differential (Newtonian) structure. So the HEQM is the field
theory on configuration discontinuum [43]. We can say that in the new quantum
mechanics the configuration space splits into its isolated points, while the mo-
mentum space is compressed to the non-Hausdorff space (I would say that the
new quantum mechanics is non-Lagrangian because in it the Lagrangian plane is
not a differential manifold). This is illustrated schematically below. So for the
usual moderate energy quantum mechanics (MEQM) we have

F  — transform

4, O O Ax

F~!  —  transform
Lebesgue measure on A, and Ax
Hausdorff topology on A, and Ax

For the HEQM we have

F.B — transform .
bA, e - - Ay
Fourier series
Topology of sticking points on bA,

Discrete topology on discontinuum A’y

And for the LEQM we have

. F.B — transform
A; . - - o DA X
Fourier series
. . . ,
Discrete topology on discontinuum A,

Topology of sticking points on bAx

As a result, in the HEQM the formula X = i0/0p has the meaning, while
another formula p = —i9/0X makes no sense.

*Another limit of the usual quantum mechanics, when the momentum space is discontinuum,
we call the low energy quantum mechanics (LEQM). It is not considered here.
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The HEQM has some peculiarities. For example, any function on the con-
figuration discontinuum may be written in the form of [43]:

P(X) = ¢ (Xi)bxx,, (3.7)

where dxx, is the Kronecker delta-symbol. Here the point-like value ¢'(X;)
describes what we call granule (hence, in the suggested theory particle constituents
are point-like objects).

It is very important to notice that in the high energy limit the particle wave
function t(X) is reduced to sum (3.7) and, hence, the particle in the high energy
region is a coherent ensemble of granules. From this it follows that granules
have all symmetry properties of the particle (in particular, proton’s granules have
spin 1/2 and electric charge 1). For comparison, we remind that the particle wave
function in the quark model is a product of the quark wave functions.

We would like to notice that the Kronecker symbol has all properties of the
projection operator. As a result, the particle current Eﬁ/,ﬂ/) in the high energy
limit may be written as the sum of granule currents:

Dyt = D> 0 (X (Xi)dxx, (3.8)

where 1 (X;)7,1(X;) is the granule current.

4. Further it turns out that the second quantized version of the granule theory
is trivial in the following sense. The permutation relations for field variables in
the momentum representation (on the space bA,) are written in the usual form
because the space bA, remains a differentiable and integrable manifold, see (3.5)
(here we are again considering the one-dimensional case):

[@(p), 7(")] = d(p — p'), (3.9)
{0(p), )} = d(p — 1), (3.10)

here d(p) is the usual Dirac delta-function [39] and 7(p’) = (0/0t)p(p’). The
right-hand side here is not an almost periodical function, so if we pass from the
momentum picture to the configuration one, using the Fourier-Bohr transforma-
tion (3.5), we obtain the following result [43]:

(B(X), (X))} =0 3.11)

(now the Bose case is omitted, the most important is the Fermi one).
Now we can prove the following statement. The solution of Egs. (3.11) as
operators acting on the Hilbert space is zero:

V(X)=0 (3.12)
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(see [43]).We omit here the proof of this statement because it is a well-known
theorem from algebra.

From the theorem it follows that the so-called Grassmann fields and the
particles standing behind them do not exist in the theory. This means, in any
case, that the granules are not the usual particles, they are not quantized fields,
they are the Grassmann numbers only. Moreover, we would say that Eq.(3.11)
determining the so-called Grassmann numbers has neither operator nor matrix
realization. It is therefore not possible to develop the theory in the usual direction
(this way is completely closed). In such a situation a new way of development
of the theory may be undertaken. It is connected with a consideration of the
dynamical structure of granules [43].

5. We see that the Dirac—Grassmann ring (3.11) (let us denote it as Sé*) (G)
has no matrix (or operator) realizations. But it may be realized by means of an
extension of the basic ring of scalars R (or C), over which the ring Sé*)(G) is
considered.

In a pure mathematical language we will deal with some extension of the
Grassmann number ring or an enclosure of the latter into the new wider ring of
ideal numbers, having already operator realization. It turns out that the ring R is
algebraically not closed and allows for a noncommutative extension.

Omitting some details we just consider the enclosure of the Dirac—Grassmann
ring S$(G) into the Heisenberg ring hl”: S{(G) — S, or 4, — @,
E/a — ®,, where ®, ® satisfy the commutation relations [43]:

[@o, Pp| =bap, [Pa,Ps] = [Pa, Pg| =0, (3.13)

determining the Heisenberg algebra hé*) with the Dirac involution ® — .

We call this mapping the quantization of the Dirac—Grassmann fiber, which
is, of course, not a homomorphism (similarly, the Clifford—Dirac mapping of
the vector space Rs3; into the Clifford algebra C, is not a homomorphism).

So through the Heisenberg algebra hé*) the Grassmann numbers Sé*)(G) get a

realization. The algebra hé*) has a few representations.

Further we consider the envelope algebra U[hé*)} over hé*) with the usual
(inner) multiplication law. We also consider the tensor algebra T[hé*)] with
the Grassmann (external) multiplication law A, i.e., the algebra TA[SEE*)], where
Th$)] s the direct sum T[] = @ T[hS)] with TR =

n

—_—
b @ - @ h$ hereat in T[S{"] the relations are fulfilled
T" AT™ — (—1)" T AT™ = 0, (3.14)

We would like to emphasize that the inverse mapping T[h)] — S{V(G) is
already a homomorphism described by formula (3.15).
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6. All internal dynamical properties of individual granule are determined
by the algebra hé*) and its automorphism group Sp(*)(4,C) and are described

by the algebra U [hé*)]. It is not difficult to show that the internal dynamics of
the system is described by the two Hamiltonian 4-flows p, = ¢®vy,P;® and

pp = —i®v, P_® (here 7, and Py = %(1 +95), P- = %(1 — ;) are the Dirac
matrices) which do not commute with each other. Such systems were called bi-
Hamiltonian systems [43]. All statistical properties of the ensemble of granules
are described by the algebra TA[SEE*)}*.

Here we do not elaborate the description of the inner dynamics of the bi-
Hamiltonian system (vertical motion in fiber connected with U[hé*)} algebra) and
external dynamics described by the tensor algebra T' [hé*)} (horizontal motion,
space—time dynamics) in spite of their great interest (see [43]). We neither
elaborate the non-Fock representation of the Heisenberg algebra hé*) and the
non-unitary representation of its automorphism group Sp(*)(4, C') (the dynamical
group of the system), which underlies the theory, see [44]. (We only mentioned
that these representations are built in the dual pair of topological vector spaces
F and F connected one to another by the non-Hermitian form (F, F) (see [44].
This part of the theory is called non-unitary quantum mechanics).

7. Here we will be interested only in the spin structure of the granule field
(let us remember that these are the Grassmann numbers which do not have the
operator realization). In the suggested theory its structure is described by the
formula:

Ul = (f, Paf), (3.15)

where the right-hand side is non-Hermitian form of the non-unitary theory. The
Grassmann number may only have such a representation and nothing else.

Equation (3.15) is the transition matrix element of the bi-Hamiltonian system
from the state f to the state f. In (3.15) f € F and f € F, where F and F
are carrier spaces of the non-Fock representation of the Heisenberg algebra hé*)
(we remind that the usual quantum scheme is connected with one self-adjoint or
unitary Hilbert space H). The entities f and f are called fundors. They are
non-Lagrangian fields (no Lagrangians exist for such fields) existing inside the

*It is interesting to note that the statistical properties of granules are connected with the individual
one by a simple condition of complexification of the coordinate x¢ in (3.16), xg — xo — i/Tf, where
Ty is the temperature of ensemble of granules, see [45].
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fiber and obeying the equations [43]:

0

_ia_% () = puf(z), (3.16)
9 . .

—ia—% (%) = puf(T), (3.17)

or (as p*> = p? = 0) pu(8/9z,)f(x) = 0, p.(d/di,)f() = 0. These equa-
tions describe the so-called «vertical» motion (inside the fiber or in an isolated
point of discontinuum) of f and f. Here x, and #, are coordinates in the
fiber, namely, on the groups 73 ; and T3’1 generated by the 4-momentum p,, and
Dy, correspondingly. Here the entity f is characterized by the strictly positive
energies po > 0, while the entity f is characterized by the negative energies
specpo < 0. Therefore, the non-Lagrangian fields f(x) and f(&) do not al-
low for the second quantization procedure (they are not anti-f and anti- . they
are pure c-number fields. Fundor (non-Lagrangian) fields are characterized by
the spin values ... —3/4, —1/4, 1/4, 3/4 ... which are not limited neither from
below nor from above (therefore, already such fields do not permit second quan-
tization procedure). Literally speaking, fundors are the square root of spinors
(see [38]).

8. If we substitute now expression (3.15) into the granule current @/vuz//
(3.8) we get

Oy = T (C)nm s (3.18)

where

Cwnm = (F 1 ), (Vu)as((f | @5)m (3.19)

is the vertex of the entity f. It is an infinite dimensional matrix. Very likely the
interaction fT',fA, was observed in the above-mentioned experiments.

Because of the c-number nature of fundor fields f(z) (there is no Green
function for such fields) at this level there are no radiative corrections to the
interaction and, hence, ultraviolet divergences in the theory are absent.

It is also interesting to note that after taking matrix elements (see (3.15)) a
nontrivial right-hand side in (3.14) will appear. It is connected with the Pauli—
Jordan function, that gives rise to the well-known permutation relations between
particle fields ¥ (X) (see [45]).

9. It should be noticed that the dynamical structure of granules (the existence
of waves f and f) may be connected with the idea of quantization of space—time.
Under the space quantization procedure we understand, first of all, dismember-
ment of the space into its smallest more indivisible entities, i.e., points (Euclide;
compare with the quantization procedure of matter, there the smallest indivisible
portion of matter is elementary particle). Mathematically it means that we go
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over from the usual topology on the space used in the Schroedinger wave me-
chanics, for example, to the strongest or discrete one, when the space becomes
a discontinuum. Hereby, under the physical space—time we understand its spinor
(or Dirac and also other physical) fibration. Then, secondly, we quantize the
Dirac—Grassmann fiber. As a result, we come to the fundor dynamical structure
of the spinor fiber, i.e., to the bi-Hamiltonian dynamical system and its states f
and f. The system of waves (f, f) connected with the isolated point of discon-
tinuum we propose to call space waves (in analogy with the de Broglie’s matter
waves ). Sometimes the component f we will also call ether waves.

10. In conclusion, we stop at the mathematical carcass of the theory. It
consists, first of all, in the base A3 ;, affine space—time (we call it as the Poincare
space). If we introduce the differentiable structure on it (Newton), we shall obtain
(in each point X € Aj ;) the Minkowski vector space R3; in the form of the
cotangent space Ty As 1 with the base d.X,,, i.e., the vector fiber and the local ring
UldX] in X, the latter is the envelope algebra over dX,. In connection with this
we would like to note that here we have to consider a more general construction,
the construction of the tensor ring T'[dX] with the following homomorphism
T[dX] — S[dX] = UldX], where S[dX] is the symmetric ring (see [46]). We
also may construct the cotangent fibration (A3 1, T* A3 1) and to get fields (vector,
tensor and so on) as any sections of this fibration (Maxwell, Riemann, Einstein).
Classical physics is connected with this fibration.

It turns out that the ring U[dX] is algebraically non-closed and allows for an
extension in the form of the spinor ring U[SS"], where S{ is the Dirac spinor
space (Dirac). As a result, we get the local spinor fiber Sé*) in each point X and

the spinor fibration (As 1, Sé*)). Its sections are the Dirac fields 1(X), 1 (X).
Quantum physics is connected with this fibration.

The Clifford algebra C'y of Dirac matrices v, is connected with the spinor
fiber Sé*). It is interesting to notice that we have to consider the ring extension
UldX] cU [Sé*)] (where 1), 1 play the role of the Kummer ideal numbers)
as the extension of the Kummer type. Another extension, namely, R C Cy,
is of the Galois type. As a result, (dX,,)x may be written in the form of
(dX,)x = i(X)y,(X)ds, where ds = /dX,dX,, (we emphasize that this
procedure is possible only for dX € R 1, but not for X € Az ;).

We have again to consider from the beginning the tensor ring T[Sé*)] and
then two homomorphisms, one of them being T[S{”] — S[S{] = U[S{Y] (it is
described in [46]).

In the high energy limit where the space—time is the discontinuum A’y we
must consider another homomorphism T[S$”] — A[S{"] = UA[S{"] described
in [46] too. We call it the high energy quantum homomorphism. A new quantum
theory (HEQM, or granule theory) is connected with the fibration (A3 ;, A[Sg*)]).
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It turns out that the Dirac—Grassmann ring /\[Sé*)} is algebraically non-closed yet,
and therefore allows for the extension to the fundor ring T”[F] with which the
Heisenberg algebra hé*) is connected. The states of the bi-Hamiltonian dynamical
system and a new level of physical reality (ether or subquantum physics) are
connected with the latter*. As a result, we may write ¢/, = (f, ®,.f) and may
speak about the dynamical (ether) structure of the spinor field ¢ (X).

This mathematical carcass of physics is, of course, a godlike picture and we
think that it is God’s plan of His creation of the Universe.

I am grateful to M. Cabbolet and M. Konchatny for some improvement of
this material.

4. K TEOPHUH ITIOJIAA HA BOPOBCKOM KOMITIAKTE

1. K K u3BeCTHO, B BOJIHOBOIl TEOPHH, P CCM TPUB €MOHl H HEKOMI KTHOM
KOH(UTyp LHHOHHOM MHOroo0p 3uu M — neGeroBoM KOHTHHYyyMe (B OIHOMEp-
HOM CIIyd € 3TO BeLIeCTBeHH s ocb R =] — oo, oo[), H JejeHHOM JieGeroBoii
Mepoii, 6ecKkoOHeUHOH H BceM M, CyLIeCTBEHHYIO POJb MIP €T Ipeodp 30B HUE
(unterp 1) dypwe u ero oOp LIeHHE, 3 MUCHIB EMble B BHIE

)= [ u@de wa) = o [erimidn @

3nec ¥(q) (¢ € M) u (p) (p € M’') — MHOroo6p 3us, ABOKCTBEHHbIE K M
B cMbiciie TIoHTpsruH , npenct Bisgiomue coboif, K K 1 M, HEKOMIT KTHbIH Jie-
6eroB KOHTUHYYM — (pyHKIMA H M u, COOTBETCTBEHHO, M, IpUH WIeX Iiue,
BOOOIIE TOBOPS, P 3HBIM KII ¢C M, dq u dp — Mepsl Jleber H 9TUX MHOrO-
00p 3usix (B BOJIHOBOW M€X HHKe OOBIMHO P CCM TPHUB €TCSl KJI CC KB JIp THYHO-
uHTErpUpyeMbix GyHkumii H M u M’). TIpu 9TOM BBIIOJIHSAETCS P BEHCTBO
IIn Hmepens

. 0) = [Tawt@da=5- [Twew v 2)

D1 Teopus oI J €T T K H 3bIB €MOIl IUP KOBCKOW CHMMETpPHEH, BBIP X eMOu
hopmys1 Mu ]/3 = —id/0q (u M) u a =40/0p (u M’) [47]. Onu Ko K Heii

*It is interesting to notice that at the classical level we have three quite distinct categories —
substance, accidence and space-time (Newton, Kant). At the quantum level two of them (substance
and accidence) are combined in one category of matter. So at this level there are only two categories —
matter and space—time (Schroedinger). At the subquantum level matter and space—time are combined
in one category of pre-matter (or ether).
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MMeeTCs psill MpeTeH3nil (HECMOTpSl H BHEIIHee CXOICTBO, obe copMyisl B (4.1)
10 CYLUECTBY OYEHb P 3HBIE, CM. [48]).

2. O6b1yHO (popMyIib (4.1) BBIBOAST UCXOS U3 APYrOid TeOpUH, B KOTOpoit M
KOMII KTHO (B OHOMEPHOM CJIyd € 3TO OKPYXHOCTh S p muyc L /7 win KoM KT
[ L, L)), ucrionb3yeMoii, B 4 CTHOCTH, B TEOPHH KPUCT JUIOB, K KOTOPOH MEHbLIIE
npereHsuil. B atom ciayu e BMecro (4.1) nmeem

L

Yo = %/eXp (—iWL—nq) V(g)dg, ¢(q) = i Un €xp (i%q), (4.3)

L n=-—o00

BMecTO (4.2) — p BeHcTBO II pces s

L
(W, ) = % / Wapla)dg= D bupn. (4.4)
—L

n—=—oo

TunpGeproBO  OpOCTp HCTBO H  Komm Kre [—L,L] co cyerHeiM 6 3ucOM

{exp (zﬂq) }Oo 0003H yuM K K Hy. B 2T0il Teopun aup KOBCKOH CHM-
L n=—oo

Merpun HeT: ecnmu H M opmyn 1A9 = —10/0q coxp wmsier cmpica (M — oud-

(pepeHIIIpyeMoe MHOTOOOp 3He), TO OPYyT I GopMys TepseT ero (IBOWCTBEHHOEe K

S1 umnysbcHOE MPOCTP HCTBO AMCKPETHO — pelleTk 7).

Cunr ercd, 4to K popmyn M (4.1) MoxxHO mpuiiTy, yctpemisd B (4.3) L — oo
(cM., H npumep, [48]). OnH KO npouenypy, KOTop s IpH 9TOM UCIOJIb3YeTCs, HU
B KO€il Mepe HeJlb3s CUUT Th M Te€M THUYECKU KOPPEKTHOM, T K K K IPU 9TOM BO3-
HHUK €T pe JIbHOe HNPOTHBOpEeYHe, HeJOIyCTUMOE C TOYKH 3peHHUs oOlieil Teopuu
MHOXecTB*. OHO TOBOPHUT O TOM, YTO MEPEXOJ OT PemeTKH (CYETHOTO MHOXECTB )

*IIporuBopeurie 3 Koy ercd B ciepyomem. O6o3u 4 s B (4.3) 7n/L =pp unonr s Ap =

L ’
n/L, wenp3a B opmyne S Ap [ ¢(q’)ePn (@ ~Ddg’ (cm. [48, c.420]) yerpemurs L — 0o u
n L

oo o0
nonyauts dopmyny [ dp [ w(q’)eip(q/"ndq’, T K K K L — 0O NpU KOJIUYECTBE TOUEK Py, €
— 00 — 00
R’ =] — 00, 00[, 0 KOTOPBIM 3[€Ch CyMMHPYETCS, 3H YMT, U KOJIMYECTBO MHTEPB JIOB, H KOTOpOE
p 30uB erca R/, Bce Bpemst oCT eTcst c4eTHBIM (cM. popmymy (4.6)), HECMOTPS H  TO, YTO P CCTOSHUE
MEXJIy COCEIHUMM TOYK MM — JJIMHBI UHTEPB J1oB — Ap — 0. M3 m3BecTHOil Teopembl Bopens
CJIEIYET, YTO CYETHOE KOJMYECTBO MHTEPB JIOB HY/IEBOI IIMHBI HE MOXET MOKPHITh Bce R’ (4 1 Xxe
o0GOii UHTEPB J KOHEYHOH JUIMHBL; OIH KO HECUYETHOE KONMYECTBO TOYEK YKE MOXET 9TO CHeN Tb,
CM. 11 Jiblle). B Nydruem ciiyd e cyeTHOEe MHOXECTBO TOdYeK (0603H uuM ero yepes 1)) MOXET ObITh
wiotHsiM B R’. TlostomMy cymmy Y Ap HHK K Hellb3s IpeBp THTh B uuTerp 1 [ dp (MX HOCHTENH
D R
uMeloT p 3ubie MomHocth: card D < card R'). Ho eciu 1 Xe NpUHATE, YTO TIPENETbHBIA HHTEPB T
dp COmEpPXUT HECUETHOE KOJIMYECTBO TOYEK, TO ITO MHOXKECTBO He OyleT M3MEPUMBIM U CYETH S
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K KOHTHHYYMY (HECUETHOMY MHOXECTBY) H C MOM Jlejle HeBO3MOXeH. TeMm He
MeHee BbIIIOJHUTh KOPPEKTHBIM 0Op 30M IpefeNbHbIil nepexof L — oo MOXHO,
6onee Toro, ¢ (PU3MUECKON TOUKH 3PSHUS OH MMPOCTO HEOOXOANM B CBS3U C P CIIH-
penuem BcenenHoit u 06p 30B HHeM 0cO00ro ¢ 30BOr0 COCTOSIHUS KOH(UTYP LIH-
OHHOT'O IPOCTP HCTB — OGOPOBCKOro KoMl KT , cM. [50]. Ilpu aTom ummynbcHOe
MHOTO00p 3He MPEACT BISieT COO0 TUCKOHTUHYYM (P CIBUICHHBIA KOHTHHYYM).

3. He cr HeM, k x B [48], noacTt BATh nepsyto ¢opmyny u3s (4.3) Bo BTO-
pylo, Tepeiinem cp 3y K npeneny L — oo B mepBoil ¢opmyie, 0003H YUB Ye-
pe3 mn/L = p, (upu »TOM, KOHEYHO, BMecTe ¢ L — 0O U N — 0O T K, YTO
lim 7n/L cr HOBUTCS HEKOTOPHIM BELIECTBEHHBIM YHCIIOM, KOTOpOe O0O3H Y -
eTcsl yepes py). B pesynpr Te npuxomuM K copmysie

L
1
Vo) =t 5 [ P 0(q) da *5)
‘L

@ynkuud ¥ (q), KOTOPBIE AOJIKHBI IPH 9TOM P CCM TPHB ThCs, 4TOOBL 1(py,) #
0 ObUIO TOXIECTBEHHO, He JOJLKHBI OOp Il ThCS B HyIb Opu |q| — oo. Dro

CIIeflyeT W3 TOrO, YTO Ip BYIO 4 CTh B (4.5) MOXHO 3 mUC Th, MONOXUB ¢/L =
1

.1
T, B BUIE Lhm 3 [ F(Lz)dz (upu 5TOM MHTErpUpOB HUE M B3THE Ipeiern He
— 00 _1

HEPECT BUMBI).

®opmyn  (4.5) — OCHOBH 5 (OpMyS TEOPUM MOUTH MEPUOIUYECKUX (PYyHK-
uuit I.Bop [51], u v(q), cnenoB TeabHO, JOJIKHBI OBITh HMMEHHO T KUMH (DYHK-
uusimu. Tlpu atoM 1(g) mpenct BiasioTcst B Buge 0006meHnoro pag @ypoe (- He
HHTETp 1 , K K B (4.1))

U(g) =Y Wlpn) e, (4.6)

rae {p,} — HEKOTOp s He Oojiee YeM CYeTH s HOCIENOB TeJIbHOCTb BELIECTBEH-
HBIX 4YHCesl (MHOXECTBO Xe BCceX IOCIeNOB TeJbHOCTeH, K K M BCeX TOYeK H
HMITyTbCHOM TIPOCTP HCTBe, HecueTHO). [lomuepkHeM, uto ¢opmynsl (4.5), (4.6)
MPUHIWINN JIFHO OTIHY 10TcA oT ¢opmyn (4.1).

Mepy B unrerp Jjie (4.5) H 30BeM 60poBckoit. KB p THYHO-UHTErpupyeMbie ¢
T Koii Mepoii pyHkimu H M o6p 3yioT Hecent p OesrbHOE THIIBOEPTOBO MPOCTpP H-

CYMM T KHX MHOXECTB TOXe OyleT HeH3MepHUMbIM MHOXECTBOM (T.e. IPOTUBOPEYHE OCT HEeTCs, T K
K K MHOroo6p 3ue R’ usmepumo). T Kum o6p 30M, HEPEXOX OT PEelleTKH K KOHTHHYYMY HEBO3MOXEH,
U, CJIE/IOB TeJIbHO, TEOPHH MO H 3THX CTPYKTYp X HE 3KBUB JIGHTHBI (B C MOM JeJie, Teopus H
pelIeTKe BCer] KOHEUYH , Teopud K€ H KOHTHHYYME COHEPXKHT, K K M3BECTHO, YIbTP (pHOJIETOBbIE
p cxonumoctH). Tenepb U3BECTHO, YTO KOHTHHYYM ¢ (K K CBS3HO€ MHOXECTBO TOYEK C K PIHMH JIBHBIM
gucnioM Ng < carde < Ny BMecre ¢ ¢opmya mu (4.1)) MOXHO TOJIBKO MOCTYIHUPOB Th. OIH KO
(u3MK TpemT T eT coBceM ApYroe pelleHHe MpoOiaeMbl KOHTHHYYM , cM. [49].
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CTBO IOYTH MEPHOAMYECKUX (YHKIMIT*, KoTopoe 0603H unM depe3 H'. OGo3H -
9 s uHTerp 11 B (4.5) wepes bmy [ dg, 3 mamem p Berctso IT pces st B Bue

b [ 1ot@)Pdg = Yl (e) - (47

CBa3 HHOE ¢ uHTErp JioM (4.5) ck nstpHoe npoussenenue (1, @)’ = bmv [1(g)x
»(q)dgq u vopmy || - ||" = +/(+,) H 30BeM GOPOBCKUMH.

MmuoxectBo M, H JeneHHoe OOPOBCKOM MEpOil, H 3bIB €TCsl GOPOBCKUM KOM-
I KTOM U 0003H 4 ercs yepe3 bM. CyiectBeHHO, 4TO Jito0 s 0611 ¢th B M, ume-
1011 s KOHEYHYI0 JIeGeroBy Mepy, UMeeT HyJjeBylo GOpPOBCKYI0 Mepy, OOpOBCK
mep Bcero M (umeromero GeckoHeuHylo sieberopy mepy) p BH 1. Tomnonorus
H M, uHgynupoB HH s GOPOBCKOIl Mepoii, He OTHeIuM , 6 3 T KO TOIOJIOTUH
00p 30B H BCEro JIUIIb JBYMsI IIOAMHOXECTB MU (@, bM), 06p 3yIOIIMMU BBIPO-
KIeHHYI0 OyneBy JireOpy (© — mycroe MHOXecTBO). IIpu ®TOM IBOICTBEHHOE K
bM ummysbcHOe mpocTp HCTBO M’ gBNsieTcsl AMCKOHTHHYYMOM (HECYETHBIM, K K
M, ogH KO BIIOJIHE HECBSI3HBIM MHOXECTBOM TOYEK)™*.

4. Teopus mons (B 4 CTHOCTU BOJHOB 5 MEX HHUK ) H OOpDOBCKOM KOM-
n kre bM (MMIysIbCHOE NMPOCTP HCTBO — JAMCKOHTHHYYM) B OIIPENEIEHHOM CMBbI-
clie SIBISeTCs NPOMEXYTOYHOH MeXIy TEeOpHsSMU MOl H J1e0eroBoM KOMIT KTe
(MMITyJIBCHOE TPOCTP HCTBO — pelIeTK ) M H J1e0eroBoM KOHTHHYyyMe, HMeEIo-
meM OecKOHe4yHyIo JieGeropy Mepy (MMITYJIbCHOE NMPOCTP HCTBO — TOXe JieOeroB
KOHTHHYYM). U Tenepb, 4TOOBI NEpeTH OT IUCKOHTUHYYM K KOHTHHYYMY, HEOO-
XOIMMO C M TEM THYECKOW TOYKH 3pPEHHs BCEro JIMIIb P CCI OMTh TOIIOJIOTUIO H
WMITYJIbCHOM IIPOCTpP HCTBE (H (DU3MYECKOM sI3bIKe — 100 BUTH KIIEi), IIPU DTOM
HHUK KOTO NMPOTHBOPEYMsI C TEOpHEH MHOXECTB He BO3HMKHeT. Ho B M TeM Tuke
HHUK KOTO KJies HET, BMECTO HEro ecTb KCHOM CBa3HOCTH. ITosToMy u mpu T -
KOM TIO[IXO[le KOHTHHYYM MOXHO TOJIBKO IOCTYTHPOB Th***. OmH KO, MMOBTOPHUM,
(pM3uK 1Mpemwt I eT coBceM JpYroe peuieHre 3ToW MpoOIeMsl.

*TlocieIoB TEIBHO 9TO MPOCTP HCTBO CTPOMTCS T K. P ceM TpuB ercs oGbemunenune | JH  Bcex
L

rHIBOEPTOBBIX IPOCTP HCTB € LeNbIMA L 1 ero uueiiH s 06004k 1. c.|JHr. 3 MbIK HHe HOCIIeaHel
L

no Hopme || - || (em. a nbwe) npusogur x H'.

**B CBSI3M C TONOJIOTMEH MMEET CMBICI BBECTH IOHSTHE SHTPOIMH HPOCTP HCTB , ONpPENE/IUB
€ro K K JIOr pu(M MOIIHOCTH O 3bI TONOJOTUM (YUCIT TIOAMHOXeCTB, oOp 3yiomux 6 3y). T x, eciau
MHOXECTBO COCTOHT H3 1M dIIEMEHTOB, TO ero sHTponust S < m In2. DHTpomus 60pOBCKOro KOMI KT
(HE3 BUCHMO OT €ro p 3MepHOCTH) p BH Spps = In 2. DHTpOmus mycToro MHOXECTB MHHHM JIbH :
So = Inl = 0. Corn cHO X HHOMY OHpEJETeHHI0 DHTPOIHS GOpOBCKOro KoMm KT bM MeHblue
SHTPOINUHU JieOeroB KOHTUHYYM M.

***Jlermo B TOM, YTO B OTJIMYHE OT KOH(HUTYp IIUOHHOTO IPOCTP HCTB , B KOTOPOM (PpU3HYECKUI
KJIeil uMeetcst B BUIE 0co00it cyoeT Himu [49], B MMITyIbCHOM MPOCTP HCTBE HE TOJIBKO M TEM THYe-
CKOTO, HO U (pu3muecKoro Kied HeT. B oTinume oT UMITYIbCHOrO KOH(UIYp IUOHHEIN JHCKOHTHHYYM
00J [T eT OmpefeleHHOM JUH MUYECKOH CTPYKTYpOIl: B OTHEIBHBIX €r0 TOYK X CKPHIT JHH MHYECK S
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Oct HOBHMCSI H HEKOTOPBIX OCOGEHHOCTSIX BOJTHOBOW TEOPHH H GOPOBCKOM
KoMl Kte. M3 IpeacT BiieHHs BOJIHOBBIX (PYHKLMH H KOH(UIYD LIMOHHOM MHOIO-
00p 3uu B Bume cyMMm (4.6) clenyeT, 9TO B 3TOH TEOPHH HEBO3MOXKHO 0Op 30B Th
BOJIHOBBIE II KeTBI M, CJIE[OB TEJIbHO, B HEil HET IOHATUS IPYIIOBOI CKOPOCTH,
€CTh TOJIBKO (p 30B 51 CKOPOCTH (BOJIHOBBIE 1T KETHI, K K H3BECTHO, UIP 10T B XHYIO
pOJIb [IPH TIEPEXOie OT BOTHOBOM MEX HHKH K K1 cciueckoi). CT J1o GbITh, HOB s
TEOPHsl He UMEET KJI CCHYECKOrO Mpejiel U ee 00BbeKThl He MMEIOT KJI CCHYECKOro

H jor . Bonee Toro, H GOPOBCKOM KOMII KTe (B OTJIHYHE OT JIeOEroB KOHTHHY-
yM ) KJI CCHYECK Sl MeX HHK BooOuie HeBo3MOXH . C HecylecTBOB HHEM BOJI-
HOBBIX I1 KETOB CBS3 H HEBO3MOXHOCTPH JIOK JIH3 LU OOBEKTOB 3TOH TEOPHH:
HYXHOH sl a1oro aenst -pyHKuuu [Iup K B Teopun Her. CJieoB TelbHO, H
bM He cylIeCTBYeT TOYEUHBIX HCTOYHHKOB IIOJISl M, B 4 CTHOCTH, (pyHKIWmii ['pun
G K x pewenuii HeonHopoasoro yp aenus ((1/¢%)(6?/0t?) — V?) G(X,t) =
§(t)63(X), 1 kxe morenum nos V(X), cBa3 mupix ¢ G dopmynoii V(X) =

o0

| G(X,t)dt n ynosnersopsommx yp BHennmo AV(X) = —§3(X). Bee atn
— 00

(pyHKIIMM MMEIOT HyJeBble OOPOBCKHE CPEeAHUE U IMO3TOMY Hed()(heKTHBHEL.

Onu KO B ®TOIl TeOpUM B K 4ecTBe 9((IeKTHBHBIX NOTEHLH JIOB MOLYT HC-
HOJIb30B ThCS MOYTH Nepropndeckue (yHkimu. Tory , H mpuMep, CT LHOH PHOE
yp Buenue [lpemunrep ¢ 1 kum notentm som —(1/2m)(d%v/dg?) + Vb = Evp
OyoeT UMETh HETPUBH JIbHBIE MOYTH MEPHOAMYECKHE pelleHus. IIpu »TOM BO3-
HHK €T CJIeyIoll g mpoGieM : H WTU IOYTH NePHONMYECKHe PEeLICHHS CHUCTEMBI
yp BHenmil IlIpemunrep u M KCBeT , IPYTUMH CJIOB MH, HOCTPOHTH DJIEKTPO-
JUH MHKY H OOpOBCKOM KOMII KT€ (4 CTHYHO ®T HpOOJIEeM P CCM TPHB eTcs B
JIOTIOJTHEHUH ).

SICHO, YTO NOMXKH CYIIECTBOB Th OIPEJEICHH S CBSI3b MEXJy ABYMS BOJIHO-
BBIMU TEOPUSIMU — TeOpueil H OGOPOBCKOM KOMIT KTe M TeOpUed H JieGeroBoM
KOHTHHYyME — B BHIE (IOIyCTMMOIO 3 KOHOM BO3p CT HUsI DHTPOIIUH) OJHOCTO-
POHHETrO IEepexo] W3 HOBOI TEOpHH B CT Pyi0, B KOTOPOI ZOCTUL €TCS H3BECT-
HOE p BHOBECHE MEXIy KOH(HIYP LMOHHBIM M HMITYTCHBIM MHOTOOOpP 3HSIMH,
BBIP X €MOe JUP KOBCKOW CUMMETpHel, U B KOTOPOIl SHTPOIHMS IPHHUM €T CBOE
M KCHM JIbHOE 3H YeHHe (SICHO, YTO (pu3HUecKue OOBEKTHI, CYLIECTBYIOIIHE B IIPO-
cTp HCTB X bM u M, UMeIoT, K K U ¢ MM IIPOCTP HCTB , P 3HYIO DHTPOIIHIO).

5. C uenpio yCT HOBHTH CBSI3b MEXIY ABYMSI STHMH TEOPUSIMH P CCMOTPHM
KOHKPETHBII IIPUMEP — OHOMEPHBII OCLIULIITOP, Y KOTOPOrO 4 CTOT CTPEMHTCS
K Hymo [50] (0K 3BIB eTCsl, 9TO YHHBEPC JIbH S U SIMHCTBEHH 5 B CBOEM pOJIe JH-

cucrem — mons aup f(z), f (r), cM. [49]. Teneps, ecnu Mofs, CBI3 HHBIE C P 3HBIMH TOUK MH,
NePEeKPBIB I0TCS, TO TO O3H Y €T, YTO TOYKH CKJIEUB I0TCA. B XHylo posib Ipu 3TOM (4TOOBI TOYKH
HE CJIUII JINCh) WP €T NpHHLUN ucKitoueHus I1 ynu. Acummerpus mexay X M p, K K BUIHO, elle
Gomee yrybnsaercs.
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H MHYECK s CHCTEM , OIMCBHIB €M s HOBOH BOJHOBOiIl MeX HHKON). B ogHOMepHOM
CITyd € I MIIBTOHH H OCIIITATOp 3 MHCHB erca B Buie H(w) = p2 + w?q?/2
(M cc um koHCT HT Ilnm HK mosoxeHsl p BHbIMU 1). Ero cnekTp, K K U3BECTHO,
peen B, (w) = w(n+1/2), n = 0,1,2,3,..., cobcrBeHHsle (QyHKUUN
Un(q,w) = (w/m)/4(2"n!) /2 exp (—g(f) H, (v/wq) (H, — noauHoMsI Dp-
muT ). ['mpbeproBo mpocTp HCTBO, H TAHyTOoe H 3TH (DYHKUMH K K H 0 3uC,
00031 uuM 4epe3 H,, (310 cen p OellbHOE NPOCTP HCTBO Lo CO CK JIAPHBIM IIPO-
nzeneHueM (4.2)). Tlpu w — O T MHJIBTOHH H H (0) = p?/2, ero cuektp E,, (npu
060M 1) CTSTUB €Tcsl B OfHY TOUKy O 1 Bce v, 1 ux HOpMSBI || ¢y, || = v/ (Un, ¥n)
00p Iy IOTCI B HYIb*. DTO 03H Y €T, YTO He TOJBKO MPOCTP HCTBO Lo, HO U
Job0oe ero TOIOJIOTUYECKOe p CUIMpEHHEe, H TSHYTOe H TOT Xe C Mbli 0 3uc
{¢n(q,w)}, uto u Lo, HO C p cTyumMH KO3(PMHUIMEHT MU P 3IOXEHHUs, H HPH-
Mep, OCH LIEHHOe TMIBOepTOBO MPOCTP HCTBO, MPEACT BIgIOIIEe COOOW TPOHKY
npoctp HetB ® C Lo C @' (rme &' — mpocTp HCTBO JIMHEHHBIX HEMPEPBIBHBIX
(pyHKIIMOH JIOB, 3 I HHBIX CK JIIPHBIM MpOU3BEACHUEM (4.2) M p CCM TPHB €MbIX
H IPOCTP HCTBE OCHOBHBIX (pyHKIMI ®), mpu w — 0 CTATUB I0TCA K Hym0™™.
B XHO Mog4epKHYyTh, YTO MPU 3TOM OCHMILIATOP K K JMH MHUYECK S CUCTEM HHU
M TeM THUYECKH, HU (pU3MuecKu He SKBUB JIEHTEH CBOOOAHOHW 4 cruie. B ¢ Mom
ziene, cBOGOIH 51 4 CTHIl (TOT Xe I' MAIBTOHH H H = p?/2m) X p Krepusyercs
HETIPEPhIBHBIM CIIEKTPOM F W OMHCHIB €TCSl PEUICHUSIMH CT LUOH PHOTO yp B-
wenns —(1/2m)(d%/dq?) = Ev, umeomuvu Bug eXV2mE4 ¢ &' U3 no-

(o)
CIIeIHAX MOXHO CTPOUTb BOJIHOBbIe 1 Ketbl [ €4, (p)dp € ®, koropbie
— 00
MOXHO OPTOTOH JTN30B Tb 1O IIIMMATY 1 HOPMHPOB Tb, T. €. IIOCTPOUTH OCH IIIEH-
Hoe ruibGeproBo mpoctp HeBo @ C Lo C ®'. B ciiyu e Xe OCHWLIATOP C
4 cToTOi W — 0 T KOro mpocTp HCTB , K K BHAHO, HET. B aToM ciyd e (yHK-
mn ¢ = C etiV2Eq IpUH JUIEX T COBceM apyromy npoctp uerBy H'. Crnemyer
o0p TuTh BHUM Hue, 4To MHOXecTB D'\ H u H’' 00p 30B HbI OMHUMHU M TEMH XK€

*B ¢ MoM J€Jie, 1O OHNPEACTICHUIO HECOOCTBEHHOTO UHTErp JI , H OpUMEp, Id HOPMBI

L vwL
2 . ) 2
(t0,%0) cocrosmms g mMeem lim lim y/w [ e7“? dg = lim lim [ e % dz <
L—o0ow—0 ey L~>oou—>07\/aL

Llim limo 2v/wL = 0 (B Hyle HOPM pBeTCs: J00OH ameMeHT 1 # 0 MOXHO HOPMHPOB Th H
00 w—

exuuuLy, BB v/ ||¢]], HO ||O|| = 0).

**H MOMHHM, 9YTO TONOJIOrMYecKoe IpocTp HCcTBO M criaruB eMo K Hymo, ecmd €M — 0
npu € — 0, T.e. mwia moboro amemenTr m € M umeem em — 0. B u crHoctH, no6oe
BEKTOPHOE MPOCTP HCTBO, B TOM YHCIIE M BEILIECTBEHH s 0Cb R = |—00, 00| (OTKpBITOE MHOXe-
CTBO), CTArMB eMo. B ToM, uto npu w — O BMmecre ¢ Lo crarus ercs K Hymo u P/, MoxHO
yOemuThCa, p 3MOXKMB, H TpuMep, (GyHKIIO ¢P4 B pax 1o 1, (qw). Koaddurments p 3moxenns

en(@) = ] e (qw) dg = "V Imbn(pfew) — 0 K Kk /20 VI,
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dyHkuusaMu eP4, HO CMBICT y HUX p 3HBIA (cp. ¢ [52]). @' Bkmou er B cebs
euwe u ¢ynkuuu w3 H, Ho H' 1 kux QyHkumii e comepxur (Hopm || H'|| = 0).
Cessp Mexay @ u H' oK 3 H H pPHUCYHKE: Iepe-
XOfl OT J1e0eroBoil Mepbl K GOPOBCKOM 3 JI eTcsi OTO-

Op XeHuem S (He cleayeT CMENIMB Thb S CO CTSTH-
P

[0y

B Huem). S 0To6p X er momnpoctp HetBo H C @' B
0 € H' (r k uro H siBnsercs ssapom oTo0p keHus S)*.
Yro6sl niepeiiti ot teopud H bM k teopunm H M,
HYXHO 3 11 Tb 4apo S~1(0). C uucTo M TeM THYECcKOii
TOYKH 3PEHMs] OT IIPOLEAYp HEe OJHO3H YH : MHOXe-
ctBo ynkumii S~1(0) MOXHO BBIOUP Th 110-p 3HOMY.
T xum 06p 30M, 0TOOp XeHue S, He ABIAIOIIEECs, OUEBUIHO, TOMOMOPHH3MOM,
YCT H BJIMB €T CBA3b MEXIy Teopuell moiisi H OOpPOBCKOM KOMI KTe M TeOpHei
H JseberoBoM KoHTHHYYMe. Ilpu 3TOM MH(OPM LUA, KOHEUHO, YBEIMYHUB €TCH 3
cyeT mossieHus H, ®HTPOIMS BO3p CT €T M 1 HHBIH NEepexoj, CIIeNOB TeNbHO,
SIBIISIETCSl HEOOp THUMBIM.

6. HerpymHo ybemuThcs, YTO, W3 K KON OBl OUH MHYECKOW CHCTeMBI (K -
Koro 661 ') HU WUCXOHUTH, S NPUBOAUT K ONHOU U TOM Xe JIUH MHYECKOU CH-

Puc. 1. Ilepexon ot nebero-
BO Mepbl K 6OpPOBCKOIA

cTeMe — OCLMUIATOPY ¢ HyaeBod 4 croroil. C TOH LEJbI0 D CCMOTPUM pe-
nbHbIA cyd i M = Rz u cuctemy ¢ r MwisTonu Hom H = p2?/2m + V(r),
e, H npumep, V = —e?/|r| — KymoHoBckuii notenim J1. Yerpemnss e — 0,

HOJIyYMM YyXe W3BECTHBI I' MHJIBTOHH H, TNPU 9TOM OOpOBCKMid cnektp FE, =

—me4/2n2 — 0 (npemen e — 0 »KBUB JIEHTEH Npeaeny n — oo, cM. [53]),

p U JibHblE BoOJHOBbIe pyHKIMK R, — 0 K K 1/ n3/2. Cnenos TenbHO, U 371€Ch

CHEKTp M T'WIbOEPTOBO IPOCTP HCTBO CTATWB I0TCS B HyJAb. HO M B 3TOM Cly-

4 e yp BHenue —(h?/2m)/\y) = E7) umeer pewienust B npoctp Hetee H' Bun

P(x) = S0 ePi*, tne mpu mobom p?/2m = E (8B [50] T KuMu pelneHusMu
K2

OIIMCHIB I0TCSl CTPYKTYPbI, H 3bIB €Mble IIOYTH HEPUOINYECKUM KDHCT JUIoM). B
R
aTOM cityd e Goposckoe cpemree bmy [ 1h(r)[> d®r = lim if [ (x)) 72 dr d2
R—oo R3 0
(2 — yroBble nepemennbie H  cdepe). M Boobwe, ecnu [V d3r < oo, 10
bmv [V dir = 0.

B [50] p ccMm TpuB 10TCS T KX€ PEUIeHUS C p 3OESIOMUMUCS P O JHHBIMH
¥ YITIOBBIMH epeMeHHbIMH BUIL ) = eP"Y (6, ¢), tie Y (0, o) — MHOTO3H uHble
¢ynkuun H cepe. T KumMu (DyHKIHMSIMH OIHUCHIB I0TCS OOBEKTHI C OOOIOUKOI
(ecTecTBEHHO IIPU 3TOM CYHUT Th, YTO YeM OOJblle I P O0COOBIX TOUEK H cdepe,

*Tounee, B HyIb OTOOP X I0TCA He TONBKO (PYHKIMH ) ¢ JIEGEroBoil HOpMOH ||1|| < oo, HO M

¢ynkuun, ynosnersopsiomue npu L — oo ycnosuio

L
J (@) dg] < CL*ca<1uC < oco.
L
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TEM BBIIIE, MCHOJIB3YSd OMOJIOTMYECKYI0 TEPMHHOJIOTHIO, UMMYHHUTET OOOJIOYKH).
CylecTBeHHO NOOYEPKHYTh, YTO POCT MOYTH MEPHOOUYECKHX CTPYKTYp ¢ 0005104~
KO CONpPOBOXA €TCS UX JeJIeHHeM (4ero He H ONof eTcs NMpH pocTe, CK XKeMm,
0OBIMHOTO KPHCT JIT ).

Homnonuenue. 1. P ccMorpum  ¢T 1MoH pHoe  yp BHeHue  lpenunrep
(—=A/2m + V(r))y = Et ¢ 6Hewnum NOYTH NEPUOAMYECKUM HOTEHLH JIoM V,
000011 formee yp BHeHHe M The. Ero TouHple pemreHns Heu3BecTHBI. [loaTomy
OyneM c4uT Th V' M JIBIM BO3MYIIEHHEM HCXOIHOrO yp BHeHus —(A/2m)ig =
Eotbg. K xmoe ero pemienue, umetouiee Bua ¢o(r) = > 1o (pi) ePi*, x p Kre-

?
pU3YeTCsl HEKOTOPBIM CYETHBIM MHOXECTBOM HMIIY/IbCOB {p;}52; (CHEKTpPOM CO-
CTOSHUS 1p), JIEX IUX H BHEPIeTHYECKOU MOBEPXHOCTH — cthepe P AUYyCOM
\/p_? =+v2mkFEy (T K K K chep — KOMII KTHOE MHOroo0p 3ue, TO J HHOE MHO-
XKECTBO BEKTOPOB MMeeT XOTs Obl OJMH IpPeNe/bHbIl BEKTOp; dHeprus o, T KuM
00p 30M, CHIBHO BBIPOXJICH ). V K K BHEIUHUIl IIOTEHLH J1 X P KTepH3yeTcs He-
KOTOPBIM CBOMM CIIEKTPOM UMITy;1bcoB {k,, }5° 1, T k uto V(1) = Y V(k,,) e'knr.

IMon r s B p MK X Teopuu Bo3MmylieHuid ¥ = g + Y1 u E = Eg + AFE, t1e
Y1 u AE — M Jble NONp BKH, OOYCTIOBIEHHbIE V/, M HCIIONb3Yys HEBO3MYILCH-
HOE yp BHEHUe, IpeHeOper f IpU 9TOM BEJIUYMH MM BTOPOIO IIOPSIK M JIO-
cri, nonyanm (V. — AE)o + (=A/2m — Ep)ipy = 0. Otcion 1pH ycIoBUH
(1/10»1/J0)/ =1 ciaenyer Cl)OpMy.H AE = WO»V?/JO)/ + (7/10» (_A/Qm - EO)/(/)I)/'
T KK KBKIJ cce TOYTH NMepuoandeckKnx (pyHKUni nrdepeHn JbHbINA omep Top
b = —i(0/0r) ¢ mocompsen: (1, ) = (P, ). 10 (o, (A/2m+ Eg)ihr)' =
((A/2m + Ey)to, 1) = 0. TlosTomy nomp BK K DHEPIHH P BH

AE = (0, Vo) =V = > o (pi)Vijtho (py), (I.1)

i,J

e Vij = bmv [ V(r)e!Pi =Pi)* @3, Moxer 0K 3 Thcs, UTO IS /I HHOTO CIIEK-
p {pPi}2; Bce Vi; = 0 (T x Oyzer, ecnu UMIYIbCh Kk, He yIOBIETBOPSIOT
np Bun M otéop k, = p; — p;). D10 Oyner 03H u Th, UTO Mo jeiictBueM V
MeH4eTCs TOJIbKO BOJHOB 4 (pyHKuusd. B oOmem ciyd e monp BK K Heil 1) p BH

A -1
= (— + Eo) (V = AE)so. @2

2m

Ipu a10oM B p 3m0xkenun ¥y (r) = > 11 (q;) ' UMIYIbCHI q; MOTYT NPUH JiTe-
i

X Th HEKOTOPOil OoJiee CJI0XKHOI, HEXelU cep , PHEPreTUUECKON MOBEPXHOCTH.

P ccmoTpuM Teneps ciayd W, Kora BHeIIHee mojie V' 3 BHCHT OT BPEMEHH B

Bute V(r,t) = eV, (r), e Vo (r) = 3 Vi(k,) ek . K x u B 06buHOii
n

KB HTOBOU MeX HHKe, 1)(r,t) OygeM HCK Tb (IyreM B pU UM KOI(PHUIUEHTOB
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p 3noxenusi) B popme psan (r,t) = Ze_lEt YE(r)ag(t), tie Yg(r) apsorcs

pElLIeHUSIMH CT LIMOH PHOTO Yp BHEHHS ]_Hpe)II/IHl"ep —(h?/2m)Ay = Evp u 3 -
[KCBIB IOTCS B yXe 3H KOMOM H M Buje (cM. p sbiie). T kK K (Vg,¥E) = dpp,
TO Uit KOO(UIMEHTOB P 3NOXKeHHUs ap(t) MONyd eM Clelylollee yp BHEHHE:
z(@/&t)aE(t) = Z Vw,EfE’ (t) ei(EfEl)taE/ (t), e Vw,EfE/(t) = (’l/}E, Vw’l/}E/)/.

3 nwmceB 51 ag(t) B BUE Op/p, + all )( t), toe a%,)( t) — M J1 51 BeJMYHH , IO-

nya em s al)(t) yp BHenme z(@/@t)aE)( t) = Vg, (t) e F=Eo)t  orkyn

HUHTEIpUpOB HHUEM II0JIYy4 €M

ald) = —i / AtV g, (t) " PP = 275(E — By — w)Vop_pg,.  (1.3)

— 00

3necs §(F — Ey—w) — 06biun 4 genst -yakimst Jup K (Bpemsi ¢ He mogsepr -

ercst OOPOBCKOil KoM KTHGHK wun), Vi, p_pr = Z Ve () Ve (Kn) g, (Pi) X
W5,k

Ok,,q;—p;- BEPOATHOCTb NEPEXoN g, — Y B €IUHUIY BPEMEHH IPU 3TOM

pBH w=2T |VEE0|2- OmsTh ke OH MOXeT ObIThb p BH HYIIIO, €CJIU TIp BUII

ot6op k;, = p; — P; He BHIIOTHAIOTCH.

2. IIp Bun ot160Op OYAYT BBIIOJHATBHCA, €CIH HOJie V' CO30 eTCs ¢ MHUM I0-
nem ¢ cornt cHo yp Baenmto ((1/¢%)(0%/0t%) — A) V = eypyp. P cemotpum 1 nee
ciyd it aexTpoM rautHoro nomst A, = (A, Ay), yIOBIETBOPSIOLIErO Yp BHEHHUIO
M kepemn  ((1/¢%)(0%/0t%) — A) A, = ej,. Tone A, Gepercs B nopeHre-
Boit K sbpoBke div A + 0Ag/0t = 0, cienyionieil U3 3 KOH COXpP HEHHS TOK
divj+0p/0t =0, tne j = (1/2m)[1ptp — (P1))1b]. TloxuepKHeM, YTO MOCKONBKY
IpocTp HCTBO R3 monsepr ercs G0pOBCKOW KOMI KTH(UK LUM, BpeMs ¢ OCT -
eTcsi OOBIYHBIM, TO O JIOPEHLIEBO MHB PH HTHOCTH B T KOM CIIy4 € 'OBOPUTDH He
MPUXOIUTCS.

Ipexae Bcero HEOOXOAUMO OTMETHTh MPUHLMITK JIBHOE OTIHYHE BJIEKTPO-
AUH MUKM H OOpPOBCKOM KOMI KT€ OT ®JIeKTPOAMH MHKH H JIeOeroBOM KOHTH-
Hyyme®. T K, H mpuMep, B CT IHOH PHOM CITy4 € (HEeT 3 BUCHMOCTH OT t) pe-
meHde yp BHeHust M kxcBelm g Ap H 71e6eroBOM KOHTUHYYME 3 IIHMCBHIB €TCs
(ipu I/ICHOJILSOB Huu 1peodp 308 Hus Dypee (4.1)) B Bume unrerp 1 Ag(r) =

e [(p(k)/k?)e kr @3k u cymectsyer 1 xe Tory , korm p(0) # 0. H 6oposckom

*YT00bl JIydllle MOHATH P 3HHIY MEXIy MpoCTp HCTB MU R3 u bR3, 00p TUMCS K MPOCTOMY
nre6p ndeckomy yp BHeHnio zp(z) = 0. B ki cce HenpepbiBHbIX (yHKIWMA (B u ctHOCTH, B H',
ciayd it bR3) 9TO yp BHeHHE WMeeT eaMHCTBeHHoe pewenue ¢(x) = 0. B ki cce xe 0600IIEHHBIX
cynkumii @’ (cmyu it R3) cymecTByet BTopoe pelueHue B BUe AeNbT -(pyHKUHH @ (z) = 6 (). HOpyroii

npumep: mpu —1 < o < 0 uHTerp 1 M0 K f k% dk < co, cymMm Xe (110 LenbM k) Z k® = oo.
k=0
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Ke KOMIT KTe (IIpH UCIIONIb30B HHHU MPeodp 30B HUS Dypse (4.5), (4.6)) pewienue
3 muceB etca B Buae cymmbl Ag(r) = e (p(k,)/k2) e’ ¥, B xoToOpOii HyNeB A

mox ¢ k,, = 0 06513 Tenbro umeercst (p = bmv [ P d3r # 0). Y mocKombKy
p(0) = (Y,9) # 0, T kK K K p # 0 (moguepkHeM, 4to B mpoctp HetBe H' u3
yenosust (1,v) = 0 crnenyer, uro 1) = 0), TO 3TO peLICHHE HE HUMEET CMbI-
cn (o6p my ercd B OECKOHEYHOCTH), T.€. H OOPOBCKOM KOMI KT€ Yp BHEHHS
M KcBe1 HeBO3MOXHBL. B ¢ MoM zene, Gepst GOPOBCKOe cpefiHee OT yp BHEHHS
M xcBen , npuxogum K nporusopeunto 0 = e(i, )’ # 0, BbIXOH U3 KOTO-
poro 3 KJII0Y eTcsl B TOM, YTOOBI ZOMYCTHTb, YTO B GOPOBCKOM NPOCTpP HCTBE (B
Y CTHOCTH, B XKHMBOH KJIETKE) ®JIEKTPOM THHUTH 5 BOJMH ((POTOH) X p KTepHU3yeTcs
HEKOTOpod M ccoll k. IloaToMy BMecTO yp BHEHMII M KCBe/U1 cleqyeT NMPUHATD

yp BHeHUS* 1 62 _

(EW At '*f2) Ay =ejp. (1.4)
B cnyu e Tok j,(r,t) = e B —E2)t;
eTcsl B BHIIE

,,(T) pelleHHe 9TOro yp BHEHUS 3 IIHCBIB -

7’LUJ 6] ik,r
Ay(r,t) = tZk2 +“H2 — ek, (I.5)

me w = Ey — By, kn = pi —q;, Julkn) = [(1/2m)(pi + q;)¢(q;)¥(pi),
¥(q;)¥(pi)]. B ciyd e Tok , He 3 BUCAWEro OT Bpemenu, umeeM Ay = e/k?,
A = pAy. Usmepss 6oposckoe cpenee noteHiy 1 Ag B KUBOi KJeTKe, MOKHO
OIPENENUTh I P METP K.

5. KBAHTOBASI MEXAHUKA B OBJIACTH BBICOKHX DHEPTHIA

1. IMocne mocTpoeHus M TeM THYECKOrO I P T HEPEISITUBUCTCKOM KB H-
ToBoi Mex HukH (poH Heiim H [52], cMm. T xxe [Iup K [47]) B Buzie TeOpuu onep -
TOPOB B cell p OeJIbHOM I'WJIbOEPTOBOM MPOCTP HCTBE HEPEAKO IMPEANPHUHUM JIUCh
MOTIBITKH P CHIMPHUTH 3Ty CXEMY C IEJbI0 MOJTYYUTh OTBET H PS YUCTO (pu3nde-
CKHMX BOIIPOCOB, OCT B BINUXCS HEPEIICHHbIMHU (H TpUMEp, MPOOJieM CeleKIUu
Y CTHUL, SBJIEHHE PENyKIMU U CT TUCTUYeCKUi X p KTep BoiaH ). HeBo3mox-
HOCTb OTBETUTh H 3TH BOMNPOCHI B P MK X CYIIECTBYIOIIEH CXEMbl O3H 4 €T, YTO
KB HTOB 51 Mex HuUK [eiizenGepr —Ilpequnrep He HOJH .

[IpennpuHsT 5 3 TeM pesiTUBU3 1M KB HTOBOM CXeMbl (CBOEro poi p C-
LIMPEHUE), OCHOBY KOTOPOW COCT BWJI METOJ BTOPUYHOIO KB HTOB HUS moseit W,

*31ech MOXKHO ObITO GBI YCMOTPETh HEKYI0 H JIOTHIO C 3JIEKTPOAUH MHUKOW B CBEPXIIPOBOIHUKE,
e poiib M CCBI UIP €T JIOHIOH-IIUIIT PIOCKUIA II p METp §, C KOTOPBIM CBSI3 HO SIBJICHHE BBIT JIKHB -
HHS M THUTHOTO HOJI M3 CBEPXIPOBONHUK .
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M JIO YTO U3MEHWJI B 3TUX IPOOJeM X, OfH KO NPUBEN K JOIOJHHUTEIBHON TPy.-
HOCTH — YyNIbTp puosieToBoit K T crpode*. CT JI0 SICHO, YTO KCHOM OOBIYHOM
KB HTOBOIl MEX HHMKH M TpeOOB HUU CIELH JIbHOH TEOPUH OTHOCHUTEIbHOCTH [54]
HEZOCT TOYHO IS MIOCTPOCHUS M TeM THYECKH IOCIEAOB TEIbHOH MOJIEBOU TEO-
pun 4 ctul [55] (ucmosb3yeMylo IIpH 3TOM IMPOLEAYPy OECKOHEYHOM ITepeHOPMHU-
POBKM HH B KO€Il Mepe Heslb3d CUUT Th M TE€M THUYECKU KOPPEKTHOIN).

Jlist 1 JIbHEWIIero B XXHO 3 METUTb, YTO Ay JIU3M «BOJH —4 CTHIL », IPOBO3-
IJ1 HICHHBIA BOJHOBOM Mex Hukoii (k prun [lpenunrep ), H ¢ MoOM jelne He Obit
pe Jn30B H**: 4 CTUIBI NOSBISIOTCS JIMIIb IPH WHTEPHPET LM BOJIHOBOW (DyHK-
uuu W, XOTS IpU 9TOM U P CCM TPUB IOTCS TOJBKO T KHe BOJIHBI W, KOTOpBIE
noaunHsATcd yp BHeHuto Lllpenunrep (B KOTOpPOM CBA3b MEXJy dHEpruei U uM-
Iy/JIbCOM — 3 KOH Juciiepcun — OepeTcsd U3 KJI CCHYeCKOH MeX HUKH Y CTHL).
B XHO HOmUEpKHYTh, YTO LIPEJUHTEPOBCKOE IMOHUM HHME U CTHIl K K BOJHOBBIX
0o0p 30B HMI He npouuio (T Kue o6p 30B HHS P CIUIBIB IOTCS, Y CTHLBI Xe HeT),
XOTS BOJTHOBBIE I K€THI B ®TOM TEOPWUH UIP IOT B XHYIO POJIb NPH Mepexome K
KJI CCHYECKOM MeX HHKe U (OpMyIMpOBKEe NMPUHLIUI cooTBercTBud. Ilomyu ercd
T K, YTO 9KCIEPHUMEHT HMEeT JeJI0 C Y CTUL[ MU, Teopusi — C BOJIH MHU. B
Ipyroid K pruHe — K pruHe [elizeHOepr — BOJHOBBbIE nepeMeHHble W BooOIIe
yIl €Tcsl UCKITIOYMTD: B KB HTOBOH CXeMe, HCIOJb3yIolleil cell p OenbHOe riibbep-
TOBO IPOCTP HCTBO, UMEIOTCSI IPOEKIIMOHHbIE OIep TOPHI, U cocTosHue ¥ = |U)
BIIOJIHE MOXHO 3 MEHUTb T KUM OIlep TOPOM (M TpHuLeil), IpeIcT BUB €ro B BUJE
Py = |U)(¥| [47,52]. Tlpu oTOM OfH W3 OCHOBHBIX (DOPMYJ KB HTOBOW MeX -

*YIUBUTENTBHO, HO GOJIBIIMHCTBO (DU3MKOB (3 wHcKmouenueM [eiizen6epr , dup k , PeituM H )
He IPHJ B JIO CEpbe3HOT0o 3H YeHHsS 3TOH IpobieMe M p CCM TPHB JIO ee He K K (PyHI MEHT JIbHYIO,
K K YHCTO TEXHHYECKYK TpyqHocTb. OIH KO yXe TOLJ MMeNl Cb HEOOXOHMM s M TeM THYeCK s
OCHOB (B BHJE TEOPUHM Mepbl U TEOPHH (PYHKIOH JIBHBIX KOJIeL) I ee peIlleHHs H MOCTPOCHUST
KOPPEKTHOI TEOpUH B3 MMOJAEHCTBUI Y CTHILIL.
**B CBS3UM C 9THM HHTEPECHO BCIOMHUTH, YTO Ae Bpoilns [56] HBIT Jicd MOCTPOHTH TEOPHIO
T K H 3bIB eMOro JBoiiHoro petuenuss ¥ + W/, tue W 6bu1  6bl OOBIYHOM (B OOLIEM CTyd € P CIUIbI-
B IOIIEHCA) BOJNHOW BEPOSTHOCTH, MOmYHMHsIomeiics yp BHenmio Llpemunrep , W’ omuchis 1 ObI
Y CTHLY K K HEKyl0 CHHTYJIIpHOCTb. B [57], Mcxomd M3 H U3 9KCHEPHMEHTOB IO LIyOOKOHEYIpY-
TOMY P CCESHHMIO, NOJ Y CTULCH IOHUM eTCsl KOTEPEHTHBI HC MOJIb COCT BIISIIOIIMX €€ TOYEYHbIX
KOHCTHTYEHTOB — TP HYJ (3epeH), B CBsi3u ¢ ueM non 1 ercss W/ (X) = > ‘I’jEX,va e 5X,Xj —
J

cumBonl KpoHekep (cyluecTBeHHO, YTO T KOl HC MOJb He p CIUTBIB eTcsi). I1OCKONBKY I pTOHHOM
CTPYKTYypoOii, 6e3 COMHeHHs, 001 1 10T 6 PHOHBI, TO [ HHOE p CIIMPEHHE BOIHOBOI MeX HUKH K C -
ercsl Mpekie Bcero HyKJIoHOB. MiMenHo WU/ OMKMCHIB €T ¢ My 4 CTHLYY U J €T BO3MOXHOCTb OTBETUTDH
H BOIPpOCHI, IepeyrciieHHble B H 4 je. OpH ko U/ K K (pyHKUMS, ONpemenseM s HEKOTOPOil COBO-
kynuocrsio 11 p {(X;, ¥;)}, e U, 3 BUCAT OT BpeMeHH He TONBKO mocpeactsoM e &% n3 1 i g
H MOAMHOXEeCTBe KOH(MUIYp LIHOHHOTO MHOrooOp 3usi HY/IEBOIl JIeGEroBoil Mepbl, HEMOCPEICTBEHHO
He H Omox eM B ToM cMmbicie, uto ||¥ + U'|| = ||¥||, me ||¥|| — ob6bru s (1eGeros ) HOpM
(pyskumy, ucrnons3yeM s B Teopun [eizenbepr —penunrep . IloguepkHeM, 4TO TP HYJIBI HE CleIyeT
CMeluB Th C KB PK MU, KOTOpbIe, K K M U CTHI[bI, ONICHIB I0TCS OOBIYHBIMHI BOJTHOBBIMU (DYHKIUSIMU
W, moaBep>KEHHBIMH P CIUTBIB HHIO.
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HUKH 3 IHCHIB eTcd B Bue Ay = Sp APy, rie A — onep Top H 671101 eMOii,
Ay — cpennee 3H yeHMe 2TOl H Onion emoil B coctosHuu |¥). CylecTBeHHO,
9TO B M TPUYHOU MeX HHKE HCYe3 eT HEeOlpEeNeIeHHOCTh, CBA3 HH S HE TOIBKO C
HEOIHO3H YHOCTBIO BOJHOBO# (pyHKImu |¥) mo mepe (|¥) — |¥) + [P')), HO 1 ¢
¢ 30Boii HeonHO3H uHOCTBIO [ V) (|¥) — Y| W), KOTOpOii 0GYCIIOBIEHO BKITIOYE-
HUe B3 UMOJEHCTBUI Mexay noiaamu. OnH Ko He cieyeT 3 OblB Tb, YTO TO HOBOE,
YTO NPUBHECT KB HTOB S MEX HHUK B (DH3UYECKYI0 K PTHHY MHUpP , CYTh BOJIHO-
BbI€ CBOMCTB M TEpuUM (XOT4 M CT TUCTHYECKME IO cBoel mpupoxe). OK 3 Jiock,
YTO COCTOSIHHE 4 CTHIBI (ee MOBEIeHNe B MPOCTP HCTBE) AUKTYeTCS TOH M Kpo-
0o0CT HOBKOM, TeM HC MOJIeM, K KOTOpPOMY OH IIPUH JUIEKUT (BEPOSTHOCTH 4
Xe MpUpoA  cocTosiHus |¥) 00ycoBieH JpyruM HC MOJeM, KOTOpBIi BXOIUT B
uee B Buge |U’), cM. 1 nbite). B k prune I'eii3enGepr ®TH CBOICTB IIOJHOCTBIO
cKpbITHL. [losTOMy, HecMOTpS H (DOpPM JIBHO YCT HOBJICHHYIO ®KBUB JICHTHOCTD
obeux K pTuH [52], 3TH K PTHHBI CyIIECTBEHHO HE KBHB JIGHTHHL. bBomee Toro,
K K Oymer BHIHO JI Jibllie, B CMbICIIE 3 MKHYTOCTH K pTUH leiizenGepr Ooee
3 MKHYT , Hexemu K pruH Ilpegunrep *. Ilostomy 1 jiee, cTpemsch p CIIH-
puth (IIONOJHUT) KB HTOBYIO CXeMy, Mbl OyIeM HCXOIUTh U3 LIPEJUHICPOBCKOMN
K PTHHBL.

2. Vxe oTMed JIOCh, YTO B KOH(UIyp LHOHHOM (X)) HpECT BIEHHH BOJH
U’ He H Gmox eM . Ho, K K MBI yBUIMM 1 JblUe, B HUMITYJIbCHOM (p) MPEACT -
BJIEHUU IIOJIOKEHHE MeHsdeTcs p JUK JIbHBIM 00p 30M. IlosToMy MBI yxe ceilu ¢
nepeiiieM K dToMy Hpeact biaeHuto. Ho mpexpe 3 MeTuM, 4TO 1 Xe B HEpEJiATH-
BHCTCKOIf KB HTOBOW MeX HHKe (TIe He YUHTHIB €TCS CBS3b MEXJy CIIHHOM U CT -
THUCTHKOIT) BOJIHOBbIE nepeMeHHble W (X') UCIIONB3YyIOTCS HE TOMBKO K K BIIEMEHTHI
HEKOTOPOT'o JINHEHHOTO MPOCTP HCTB L, HO M K K 3JIEMEHTHI HEKOTOPOTO KOMMY-
T THBHOTO KOsl ( JireGper) A. B ¢ MOM zerne, Ipu OIMKEC HUU B3 UMOJEHCTBUI
ucnons3ytores npoussenenus noneit un (X )o(X) (X € Mx — KoHburyp -
LHOHHOE MHOroo6p 3me), T kxe unrerp jsl Bug [ U(X)p(X)dX (dX —

Mx

neberoB Mep H Mx), KOTOpble, KOHEYHO XK€, IOIKHBl UMETh CMbICT. B nm-
MYJIbCHOM TPEJCT BICHUHU, CBSI3 HHOM C KOH(UIYp LIMOHHBIM Mpeolp 30B HHEM
®Dypoe
U(X)= /w)e”px dp (5.1)
MP

*K K U3BECTHO, p CIIMpHUTh K pTuHY I'eiizeHOepr , BKIIOYMB B Hee HEKHE CKPBITBIC I P METpHI,
He yI eTcs MO TOH MpHYMHE, YTO MPOEKIMOHHBIH orep Top Py HEBO3MOXHO P 3JIO0XHTh B CyMMYy
aPi + BP> (o + f = 1) nByx OpyrHx HPOEKLMOHHBIX orep TopoB Pi, P> (teopem ¢on Heii-
M H [52]). BroT ¢ KT ¢hon HeiiM H p ccM TpuB 71 K K OCONIOTHYIO HEBO3BMOXHOCTD BBECTH CKPBIThIE
I p METPbl B P MKH KB HTOBOH MeX HUKH. OfH Ko omnep Top Py MOXeT ObITh IPEACT BIEH B BHJE
(IpsIMOrO) TpOM3BedEeHUS IBYX APYTHX OIEp TOPOB, 3 KOTOPBIMH CTOST HEKHE CKPBITbIE CYIIHOCTH
(cM. 1 mbLIe).
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(3mecy p € M, — ummynbcHoe MHOroo6p 3ue; dp — mep Jleber H M,; ro-
BODST, 9YTO MHOroo6p 3me M, my nmeHO Mx B cMbicrie mpeobp 308 Hus Dypse),
nosiBisiercst ceeprk  Qynkumit ¥k o = [ ¥(p)p(q — p) dp B K YecTBe 3 KOH
MP
xomnosuuun U unrerp nsl [ W(p)o(—p)dp. B cBsisu ¢ 9TUM p cCM TPHB eTcs
My
T kXe 00bruHoe ymuoxenue U(p)o(p) dyukuumit 1 My,

Ecnu M), nox 1bHO KOMI KTHOE, HO HEKOMI KTHoe (K K U M x) MHOroobp -
3ue ¢ mepoit JleGer (i1, (Mp,) = 0o (Y4TO K K P 3 U MMEET MECTO B KB HTOBOM
MeX HHUKe 4 CTHIl, B KOTOPOii CYIIECTBYET OpeIeIeHHOe P BHOBECHE MEXJy MHO-
roo6p 3usimu Mx u M, yct H BIuB emoe npeoOp 308 HueM Dypbe u j1e6eroBoii
Mepoii), Koiblo A MOXeT ObITh TOIOJOTU3UPOB HO P 3IIMYHBIM 00p 30M. [Ipexie
BCETO CIedyeT OmNpenenuTs oobeM (3 1 ¢ dyHkmmii) kompn A. O6sraHO H M,
P CCM TPHUB €TCS KJI CC U3MEPUMBIX OCOJIIOTHO UHTErpupyembix yrkimii W(p),

YAOBJIETBOPSIOLIUX YCIIOBUIO | llim U(p) = 0. T kue yHKImE 00p 3yIOT HOPMH-
pl—o0

poB HHOe (6 H XOBO) KOJIBIO L1 C 3 KOHOM KOMIIO3UIIUH *, CH OXEHHOe HOPMOK
|W]ls = [19(p)| dp, yrosersopromeii yenosmo [0+ olly < [ @] [¢]1.

HOpM CBSI3 H C Jie6eroBoit Mepoil dp H M p,-06CTOSTENBCTBO, HCKITIOUUTEBHO
B xHoe 11 u3uku. Ut K, Konbio A (B X -mipefict BjieHHH) ¢ OObIYHBIM YMHOXE-
HHEM M Komblo L (B p-lpeicT BJIEHHM) CO CBEPTKOW MOXHO CUMT Tb UBOMODQ-
Howmu [48]. TTonmb3ysch 9THM U30MOPGU3MOM, MOXHO CBOOOJIHO MEPEXOauTh OT A
K L1 u 06p THO.

IMpumey TesbHO TO, 4TO L1 (~ A) sBiIsieTcs: KOJNBIOM 0Oe3 eIUHUILBI €: OHO He
conepxur ¢pyHkuuo ¥(p) = 1 (eAUHHUIY OTHOCUTEIBHO OOBIYHOTO yMHOXEHHUS )™ U
MO3TOMY 110 OOIIeil TEeOpUH KOJel MOXeT OBbITh MOMOMHEHO (HECMOTPS H TO, 4TO
OHO TOITOJIOTMYECKH 3 MKHYTO) C COXP HEHHEM 3 KOH KOMIIO3UIMHU * H OOBIYHOTO
yMHOXeHHs (Ho 6e3 coxp HeHus Mepol H M), u Mx, cM. 1 nbire). P cumpennoe
KOIIbIIO 0003H umuM uyepes A’.

3. O6o3H uuM yepe3 T MHOXECTBO M KCHM JIbHBIX PEryJIspHBIX HOE JIOB
kompll A (¢ OOBIYHBIM yMHOXEHHEeM (DYHKLHiA; [pH BTOM KOJbIy A B
P-IPEICT BIeHUHM u3oMopdHO Koo L; B X-npenct BieHuH). M KCUM JIbHBII
uge 1 I, C A o6p 30B H (yHKUUMsAMH, OOp I IOIMIMMUCSA B HyJIb B TOYKE D €
M,. Scno, uto T m3oMopdHO MHOroobp 3mi0 M,. ScHO T KXe, 4TO KOJBIO
A Moxer ObIThb BIOXEHO B KOiblo A’ B BUIE M KCHM JIBHOTO HjE JI
I.. = A C A’. Bce MHOXECTBO M KCUM JIbHBIX M€ JIOB Konbl A’ 0603H -
uyum yepes Y.

*H mnepBblil B3MJISL MOXET MOK 3 ThCSI, YTO OTHOCHTENIBHO CBepTKH O-(pyHKIWMs [Iup K MOXer
cunT Thes epunuieit B L. OmH Ko, Oynydau ¢yHkuuei ( He (yHKIMOH JIOM), 3 I HHOH H MHOXeCTBe
HymeBoii neGerosoii Mepsl, ee nopM ||8]]1 = [J(p)dp =0 # 1 = |le||1, 1 4T0 B CBOE Bpems GbLIO
yK 3 HO ¢on Heitm HOM [52].
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Corn cHO 6CTp KTHOM TEOPUM KOMMYT THUBHBIX Kojel [58] mHoxecTBO T
MOXHO 110y4uTh U3 Y’, BBIK JIbIB S OQMH-€IMHCTBEHHBIA Mue J I, = A, co-
mepx mmid (hyHKUMH, ygosieTBopsiomue ycnosuio W(oco) = 0. B cBowo ouepens
MHOXecTBO Y’ Moxer ObITh moydeHo u3 Y ~ M), MOCPEACTBOM 3 MBIK HHS IIO-
cnennero, T K uto Y’ ~ M,. B ommuue or Y muoxectBo Y’ 3 MKHYTO H,
CIeNIoB TeNbHO, komn kmruo. T xum o0p 30M, A MOXHO cBI3 b ¢ T, A’ —
c Y.

B xHocTh Konmbll A’ 3 KITI0Y eTcs B CIEAyIolieM: K K 0ObIUHO, Goee mupo-
KO€ KOJIBIIO COIEPKUT JOTOTHUTENbHBIE (CKPBITBIE C TOUKH 3peHust A) dIIeMEHTSI,
3 KOTOPBIMH CTOST Ooltee OyHI MEHT JIbHBIE (B OMpENeIeHHOM CMBICIIE) OOBEKTHI,
HEXENU 4 CTULBI, crosmue 3 A. P cuupenue xomy A C A’ aensemca moii
OCHOB0U, H KOMOPYI0 ONUP emcA H W N0OX00 K npobieme NONOJHEHUA GOIHOGOL
MeX HUKU.

4. Konbio A’ MOXHO clie1 Th TONONOrHd4ecKuM. OOGBIYHO OHO OTOXIECTBIIS-
€TCsl C HOPMUPOB HHBIM (6 H XOBBIM) KOJIBIIOM OIp HUYEHHBIX peqUIEKCHBHBIX
¢yakumit Lo, TOmomorus KOToporo mopoxna ercst merpukoit p(W, x) = |¥ —
Xl oo» TE || ¥ |00 = nax | ¥ (p)| — HOpM , ymoBeTBOpsiioLL 5 yCa0BUIO || Up|loo <

P

1 ||o]l @]l co- C T k0¥ TOmONOTHEH Loy ABISETCS CUABHO HECER D OesbHbIM KOJTb-
oM [58].

Iprmey TENBHO T KX€, YTO HOPM || || oo, BOOOIIIE TOBOPSI, HUK K HE CBS3 H C
Mepoil H M,*. D10 06CTOATENBCTBO OOBACHSIET, TOYEMy KOO Lo, HE UCIIONb-
3yercd B KB HTOBOH MeX HUKE, B KOTOpOH mnpouecc usmepenuss H M, urp er
B XHYyIO ponb. B KB HTOBOW MeXx HHMKE (K K M B (DyHKIMOH JIbHOM H JIU3€)
KOJbIO Loo(~ A’) p ccM TpUB eTcs K K Jy JIbHOE (COIPSXEHHOE) IPOCTP HCTBO
npoctp HcTBy Ly m3mepumbix (o mepe Jleber n M) dyHkumii, T.e. K K 1po-
CTp HCTBO JIMHEHWHBIX (DYHKIMOH JIOB H O mpocTp HcTBoM Lj. [lpm stom L,
cH Gx ercs ci1 OOU TOIONOTHEH, B KOTOPOid OHO SIBISIETCSI C1 60 cen P GebHbIM
KonplioM. T KuM 0Op 30M, B KOHTEKCTE€ KB HTOBOH MeX HHMKH KOJbLO Lo, (K K
HPOCTP HCTBO (PYHKIMOH JIOB) He WIEHTHYHO Konbity A’. B j spHeiiiem 210
HECOOTBETCTBUE, KOHEYHO, H MU OyIeT yCTp HEHO.

5. TonpKO p O NPOCTOTHI JI JIbLIIE P CCM TPUB €TCSl OJHOMEPHBIH CIIyd i,
korn M, ~ R, =] — 00, 00] sBIseTcs BELIECTBEHHOI Ochl0. B aTOM ciyu e
(K K ¥ B cltyd e J1000ii Apyroil p 3MepHOCTH) UMeeTCd TPH P 3IMYHBIX CHOCOO
KoM KTuuk muu R (eM. [59]). Dro cnemyromume MHOrooOp 3u4:

i) p cumpenH s yucnoB g ock R = [—00, 00|,

ii) KoMIT KTU(UK musi AJIeKC HIPOB R=RUoo~ S L

iii) xomn krucpuk uws I. Bop (B aTOM ciyd e OECKOHEUHO Y JIEHH 5l TOUK
HE IPUCOEIUHIETCS).

*Xors B [59] HopM max |¥(p)| cunr ercs K K-TO 3 BHCSIIEH OT Mepsl H M.
pEM,
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K x u3BecTHO, B Clyd € ii) HONHOCTBIO, B i) Y CTUYHO YTp YUB €TCH JIH-
HEWH s CTPYKTYP W JIMHEHHOE ymopsjiodeHue npoctp HetB [, [ly JbHBIM mpo-
cTp HeTBoM K R ~ S aBigerca pemietk Z. DTOT Cilyd it MBI HE P CCM TPHMB €M
BOBCE, T K K K KOH(pUTYp IIMOHHOE IPOCTP HCTBO B BUIE Z HE UMEET OTHOLICHHS
K ¢usmuke u cTui’.

K x wu3BecTHO, 00bdHOE peobp 30B Hue Dypoe (5.1) (¢ jeberopoit Mepoii
H [Rp) He YyBCTBUTEIBHO K P 31MHUMIO MexXay R, u R,. Iy JbHBIM TPOCTp H-
CTBOM U K R, u K IR, 4BIIieTCA OIHO U TO Xe IpocTp HCTBO Rx. Ki cc dynkumit
H R, u R, T KXe OIMH U TOT Xe. [IpM 3TOM MOXHO P CCM TPHB Tb JIOBOJILHO
IIMPOKHIl CIEKTP HOPMUPOB HHBIX HPOCTp HCTB Ly (1 < ¢ < 00), p ccM TpuB e-
MBbIX K K (DYHKIHOH JIbl H HOPMHpPOB HHOM HpocTp HetBe Ly ¢ p = ¢/(¢— 1),

T KXe JIOK JIbHO BBIITYKJIbIe (B U CTHOCTH, CYETHO-HOPMHPOB HHbIE) TOIOJIOTHYE-
CKHe BEKTOpHBIE MPOCTp HCTB . HopMmel

1/q
19, = ( / |@(p>|qdp) , 52)

CBs3 HHbIE C JieberoBoil Mepol dp H R, H 3bIB I0TCI H MU JIeOETOBBIMHU.

KB HTOB s TeOpHsl, CBA3 HH 5 ¢ I, TOJIHOCTBIO 9KBUB JIEHTH Teopuu [eii-
senbepr —Llpegurrep , cBI3 HHOI ¢ R, B KOTOPOi HCIOIb3yeTcs 1e6EroB  Mep
H R, u cen p GenpHoe mpocTp HCTBO (yHKIMiI H HeM. Ilo uncro dmnueckum
c000p XeHHsM (MCKJIIOYUTETIbHONW B XHOCTH CK JIIPHOTO IIPOW3BEIEHUS]) KB H-
TOB S TEOpUs OOBIYHO CBSI3BIB €TCS C THIBOEPTOBBIM HpocTp HCTBOM Lo [52].
I npHeiimee 0000IEHHE CXEMBI, CBSI3 HHOE C OCH IIEHHBIM THJIbOEPTOBBIM IPO-
crp HetBoM & C Lo C @/, Brutiou tomuM B ceOst 06001eHHbIe (PYHKIMK THII
0-pyHkmy up K , HAYEro He M3MEHWIO IO CYIUECTBY,  TOJBKO P 3PYLIIIO
KOJIBLIEBYIO CTPYKTYpY K1 cc pyHkumid. Ciemyer oOp TUTh BHUM HUE (H 4TO
yK 3bIB J1 poH Heiim H [52]), uTo T Koe 0000IeHe He TOIBKO He XeJl TeNbHO,
HO U HE KOPPEKTHO C TOYKH 3peHus Teopuu yHKumii**. [lepeHOCHTD Xe 3Ty Hiiero
B TEOPHMIO KB HTOB HHBIX MOJIEH MPOCTO HemomycTuMmo. MIMEHHO c BBeeHHEM O-
(pyHKIMIA CBS3 HO MOSBIEHHE YIBTP (PHOIETOBOM K T CTPO(BHI.

Cnientyer T kKke oOp TUTh BHUM HHE H TO OOCTOSTENIHCTBO, Y4TO XOTS R,
3 MKHyTO (KoMI KTHO), ero mep Jleber pur(R,) = pur(R,) = oo. Tloaromy wis
U(p) =1 € A ceprxk [ dp = oo (= 27 [§2(X)dX = 276(0)). Hwmenno ¢

RP
aToil GeckoneyHoctbio §(0) CBsI3 H YAbTp (PHOJETOB st K T CTPOd B OOBIYHOM

*B ¢ MOM Jie/ie, IPY YBEIMUEHHH P AMYC OKPYXHOCTH S (T.e. yMEHBIIEHHH II I PEIIeTKH Z)
HEBO3MOXHO MNPHITH K HECYETHOMY KOJHMYECTBY TOYEK, U3 KOTOPOTO COCTOMT KOH(HIYp LIMOHHOE
MHOrooGp 3ue Rx — KOHTHHYYM. B JydiieMm ciiyd e MOXHO MPUITH K CYETHOMY MHOXECTBY To4eK D,
MOXeT ObITh, INIOTHOMY B Rx, cM. [57].

**[1o-BUOMMOMY, U3BECTHBIN criop Mexay Iup KoM u ¢oH HeiiM HOM ciefyeT peuiuTh B IOJIb3y
¢on Heiim H .
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Teopuu nonss.  CyTh 1po6seMbl B GeCKOHEYHOH Mepe HpocTp HCTB R, To
0OCTOSITENBCTBO, UTO KOMII KTHOE MHOTOOOp 3ue R, MMeeT GECKOHEUHYIO Mepy,
P CCM TpHB €Tcd H MM K K IPOTHBOpPEYHE, HECOOTBETCTBHE MEXy TONOJIOTHEeH 1
Mepoii*.

6. T xuM 0Op 30M, OCHOBHOE MPOTHUBOpEYHE B IOAXONE 1) 3 KIIIOY eTCs B
TOM, YTO KOMIT KTHO€ MHOrooOp 3mue Ep umeeT OeCKOHEeYHyI (JIeberoBy) mepy.
YcTp HUTH €ro MOXHO, TOJIBKO U3MeHHUB Mepy H R,. Ok 3bIB eTcd, KOMIl KTH-
tux umga R, myreM iii) gBiseTcd €UHCTBEHHBIM CPEICTBOM IIOJHOCTBIO PELIUThH
aTy 1pobiemy.

B [60] I Bop ¢ kTuyecku MOK 3 JI, 4TO KOJbUO Lo ¢ HOPMOi || ||oo MO-
KeT OBbITh BJIOKEHO B HOBOE TOIOJIOTMYECKOE KOJBIO, CBSI3 HHOE C HOBOM Mepoii
H R, B teopun Bop A’ oroxnectsiuserca ¢ Hecenl p GelbHBIM IMIbOEepTO-
BBIM MPOCTP HCTBOM LY MOYTH MepUoandeckKux (YHKUWHA H R, cH GXEHHbIM

CK JIIPHBIM TIPOM3BEICHHEM P
1 [—
U p) = lim — [ ¥ d 5.3
(¥,)" = lim 2P/ (P)e(p) dp (53)
p
u Hopmoit ||¥||" = /(¥, ), H 36B eMOil H MU GOpOBCKOi. IIpu sTOM HOpM

Il llooc M xopupyer HOpMY || ||’. B ¢ MoM zmeste, Mbl nMeeM

li !
m —-—:
P 2P

P P
_ 1
< 2 lim — -
/‘I/(p)<p(p) dp < ;relaﬁfl‘lf(p)l Al 2P/dp
—P —P

= max |¥(p)| = [|¥]| -
PER,

T x uro 3mech Lo, C L. B GOpoBcKOii Teopun CBepTK (YHKLHI OHpenessieTcs

P
topmyitoit W x p = Plim 1/2P [ ¥(p)e(q — p) dg. MHoroobp 3ue R, cH 6-
—00 _P

*Creyer UMeTh B BHJY, YTO TOIOJIOTHS MHOTOOOp 3us M Mep H HeM, BOoOLie roBops, HH-
K K He CB3 HBl MeXAy co0oil. 3 I Th TOIOJOTHI0O H MHOrOOOp 3HM — 3H YHT P CCMOTpPETh HEKO-
TOPYI0 CHCTEMY €ro IOJMHOXECTB, YIOBICTBOPSIOLIYIO ONpEIeNeHHbIM KcHOM M, cM. [48]. 3 1 Tb
XK€ Mepy O3H Y eT P CCMOTPETh HEKOTOPYI (DYHKIMIO MHOXECTB , YIOBICTBOPSIOLIYID OINpENe/eH-
HbIM TpeGoB HuaM [48]. Ilpu OomHOI W TOW Xe TOMOJOTMH MOXET CYIIECTBOB Th HECKOIBKO P 3-
JIMYHBIX HEdKBUB JIEHTHBIX Mep. T K, /eGeroB Mep iy, He ®KBUB JIEHTH OOPOBCKOH Mepe [ip:
pr(R) = oo, up(R) = 1. Ho ecmu coGIOCTH COOTBETCTBHE MEX/y MEPOH M TOMOIOrHEN (K yemy
MBI CTPEMHUMCH), TO B CIIyd ¢ OOpOBCKOWH Mepbl H R clleflyeT p CCM TPUB Thb TOIOJIOTHIO, MHIYLH-
POB HHYIO 3TOH Mepoil. MHOroo6p 3me R ¢ T Koil Tomonorueil ssigercs G0poBCKUM KoMIl KToM bR.
Yro ke K C ercst TOHOJIOTMU H K cce (DYHKLMIl, p CCM TPUB eMbIX H [, TO OH CyIIECTBECHHBIM
00p 30M cBs3 H ¢ Mepoil H R. Kombuo A’ o6p 30B HO OTHMMH M TeMH Xe (QYHKIUSAMHU HE3 BH-
CHMO OT TOTO, H K KOM MpOCTp HcTBe, R nin bR, onu p ccM TpuB fotcs. Ho K K TOMOOrMyecKoe
Kombo Loo (R) it 60 cen p Gemsno, A’ (bR) He cen p GebHO, T. €. 3TH KOMBIl MPHHITHITH JTHHO
P 3IUYHBL, CM. J JbIle, T Kxe [57].
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’KeHHoe OOpOBCKOW Mepoil (MHB pH HTHOH, K K U JieOEroB Mep , OTHOCHTEJIBHO
Tp HCIAUMEA p — p+ a), 0603 4 ercs yepes bR,. Ouesunno, pp(R,) = 1. Ipu
aToM KoipLo A’ oct ercs Hecen p GenmbHBIM, HO DR, SBIETCS HEX YCOOP(OBBIM
MHOT000p 3ueM [57].

@ xropusys A’ mo mue ny A (Hocutensmu hyHKIMEA U3 A SBISIOTCS TOJ-
MHOXECTB B R, HyneBoil 60pPOBCKON Mephl), IOTYYUM KOJIbIIO OOPOBCKHX MOYTH
nepuoauyeckux yHkumii H R, 0603 4 emoe uepe3 Ly: A’ JA = L),. Csoii-
CTB 3TOrO KOJBI JeT JbHO m3ydeHs! . Bopom [60].

B xHoCcTh KON A’ 3 KIIHOY €TCSI B TOM, YTO C HUM C6A3 H P CULUPEHH A
601H06 A mex Huk *. He Tojbpko 4 cruibl (mogkosbio A ¢ neGeroBoit Mepoii),
HO M COCT BJISIIOLIME 4 CTHUL — Ip Hyisl (¢ Krop-Kospuo L5 ¢ GOpOBCKOM Me-
poii) onwmceiB forcst KonmboMm A’. TlomuepkHeM ele p 3, 4TO Hecel p GejbHOE
Koo A’ He u3oMOpHO ¢t 60 cen p GeNbHOMY KOJbIY Lo, HCIIONb3YEMOMY B
OOBIYHOM KB HTOBOW MeX HHKE (XOTSI OHH MMEIOT OWH M TOT Xe 3 1 ¢ (PYHKIIHIA,
KOTOPBIN, H TIOMHUM, MOXET ObITh TOIOJIOTU3UPOB H P 3JIUYHBIM 00p 30M [52]).

OueBugHoO, oniep TOPHI B BOJTHOBOM MEX HUKE, OCHOB HHOM H Hecell p Oemb-
HOM KoJiblie (hyHKIMI (Hecen p OelIbHOM I'MiibOepTOBOM ITPOCTP HCTBE), HE MOTYT
ObITh MPEACT BIEHBI M TPULL MU, B T KOW CXeMe He CYLIECTBYET U IMPOEKIIMOHHBIX
omep TOpOB, CJEIOB TEIbHO, U T K H 3bIB MO KB HTOBOI JIOTHKH (cp. ¢ [52]).

Hy npHpiM K DR, 1npocTp HCTBOM SBISIETC BIIOJIHE HECBA3HOE KOHMUIYp -
UOHHOE MHOTO00p 3We, T.e. TUCKOHTHHYYM R’X (R, K K 1 Rx, cocTour u3
HECUETHOr0 KOJMdecTB Todyek). Tomosnorust H Ry, MHIYyHUPOB HH s KJI CCOM
MOYTH NepuoAnYecKux (yHKUMA H R, SBISeTcd ¢ MOW CHIBHOMH, TUCKPETHOM.

HoB s BONMHOB 4 MeX HUK (TeopHs MO H JUCKOHTHHYYME) SIBJISETCS Teo-
prell HOBOro ypoBHS (PH3MUYECKON pe JIBHOCTH — TEOpUeH Ip HyII.

7. Ilepexon K BOTHOBOH MeX HHKE TP HYJI CT HOBUTCS COBEPLIEHHO IPO3p Y-
HBIM, €CJIH TIOJIHYI0 BOJHOBYIO (pyHKIMIO B X -mpenct BiaeHun — cymmy U(X) +
U/(X) (cM. cHOCKY ** H ¢.342) 3 muc Tb B p-mipeicT BieHud. Ui 3TOro, K K
Beern , mperct BuM W(X) B Bume o6braHOro mpeoOp 308 Hust Dypee (5.1),
U’ (X)), ucrionb3yst st cumont  Kposekep Jx, x+ ero BbIp XKeHHe U3 OOPOBCKOMI

P
TEOpUH dx, x/ = F}im 1/2P [ ePX=X") qp, MPEACT BUM B BHZE
— 00 Iy =]
P
/ . K - ipX 4/
U'(X) Ph_r)nOO 5P /e U'(p) dp, (5.4)
-P

*B [57] & HHOe p CIIMpPEHHEe HCIIOIb3yeTcs C IIeIbI0 IOCTPOSHNs eMHOM TEOPHH DJIEMEHT PHBIX
Y CTHIl M UX B3 UMOJEHCTBHHU, CBOOOTHOH OT yIbTP (PUONETOBBIX P CXOMMMOCTEIL.
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e )
U(p) =) We X (5.5)
J

— IOYTH MEPHOAMYECK 51 (PYHKIWMS OT p. I p p 3HBIX IO X P KTepy (PyHKLHit
(U(p), V' (p)), e ¥(p) = 1/27 [ e~ PXU(X)dX, ¥'(p)— (5.5), comocr Bis-
ercsl 4 CTHLE M BXOJSIIeMy B Hee HC MO0 rp Hyil. Eciu o nosHoi BOITHOBO#M
(yHKIMel B p-nipenct BieHud moHuM Tb cymmy W(p) + U/ (p), 1o ee neberos
HopM ||¥ + U'|| (B omtmume oT X -TpeACT BIEHHUs) HEe CyLIECTBYeT (P BH 00).
Boposck st ke Hopm || U+ U'||" = |||, mockonbky s ¢pyHkuuu ¥(p) € A 6o-
pock ssHOpM || ¥]|” = 0. T xum 0Gp 30M, IO Cp BHEHHUIO ¢ X -IIPECT BJIECHUEM B
P-IPEICT BIIEHHH Bce H 060poT. Ilomyd ercs, 4To WSl ONKC HUSL Y CTHIL XOPOLIO
npucnocobeHo X -MpejicT BiEHHe, Ui OLUC HUS TP HyIl — p-TIPEICT BIICHHE.

8. K K yxe OTMeY JIOCh, PE/SITUBHI3 LHs BOJTHOBOM MEX HHKH CBSI3 H C IIe-
pexomoM OT ¢-4ucioBbix moseid W(X) K ¢-4MCIIOBBIM BEJIMYMH M — OIIEp TOP M
U(X), neiicTBYIOINM H HEKOTOPOM TOIOIOMHYECKOM BEKTOPHOM IPOCTP HCTBE.
DT mpouesyp , H 3bIB €M s KB HTOB HHUEM BOJIHOBBIX (DYHKIIMiA, OOBIYHO JIOTHYE-
CKM HHK K He 00OCHOBBIB eTcsi. SICHO, OfH KO, YTO METOJ OIlep TOPOB POXIEHHS
U YHHYTOXEHHS OTPp X €T K KyI-TO OYeHb B XHYI OCOOEHHOCTb Y CTHIL, JIO CHX
Iop emie He p CKpHITyl0o*. MeTox ecTeCTBEeHHBIM 00p 30M (hOpPMYITHPYETCS B p-
npexact BieHud. M ecTeCTBEHHO CYMT Th, YTO KB HTOB Hue moneid W (X) sBmsercs
HPONOIIKEHHEM KB HTOB Husl moseit rp Hyn U/(X), T.e. CliefiCTBHEM TOrO, 4YTO
U’ (X) npexcr Bisier coboit  HC MOJIb TP HyII

B ciyu e, korn M, — KOHTUHYYM, OXHOBPEMEHHBIE IEPECT HOBOYHbBIE COOT-
HowueHust ( HTUKOMMYT TOPBI) WISl IUp KOBCKUX GucrnuHopoB W, (p,t) 3 MHCHIB -
I0TCSI T K (4 CTHLBI C P 3HBIMU MMITYJIbC MH HE3 BHUCHMBI; H MH P CCM TPHUB €TCSI
TOJIBKO CIyd ¥ (pepMmu-Tionieit K K H ubosiee OyHI MEHT JIbHBIX: B CXeMe (PepMH-
HOJIsL UTP K0T BBUIEJIEHHYIO POJib, K K U 9JIEKTPOM THUTHBIE OIS B CHENH JIbHON
TEOPHH OTHOCHTENIBHOCTH):

{Talp.0), W0, 0)} = dapd®(p — D),

*B ¢ MOM ziefie, 3TOT METOJI, NOX JIyil, He MMeeT CMBICII TPHUMEHSTH J| Xe K T KHM C MbIM Ipo-
CTBIM COCT BHBIM OOBEKT M, K K AP WIM TOMBI (CYIIECTBYIOIIUM OJ1 TOX ps B3 UMONCHCTBUSM), HE
TOBOPS YK€ O 3Be3[ X WIH I JI KTUK X. IIpu CTONKHOBeHHH (B3 MMOIEICTBHHU) 3TH OOBEKTHI P CH I -
I0TCL H COCT BIIIOIINE UX CTPYKTYPHI (B U CTHOCTH, H 4 CTHIBI). Y CTHIBI Xe NpU CTOIKHOBEHHU
He p CI J I0TCd H Ip HyIbl: IIPOLECC 3 K HYMB €TCsl IOSIBICHHEM HOBBIX U CTHUIl B yX€ TOTOBOM
BHZle. DTO TOBOPUT O TOM, UTO €CJIHM Y CTULBI M COCTOAT U3 IP HYI, TO COBCEM B JPYrOM CMBICIE,
HeXesH, CK XkeM, sap . B [57] mok 3 HO, YTO B Ip HYT X CKPBIT [JMH MMYECK S CHCTEM , HPOJY-
LUPYIOL S TIPH OHpee/IeHHbIX YCIOBISX U CTULBI (IIOTEHIH JIBHO OOH Y CTHI CHOCOOH HOPOIUTH
10'2 mpyrux 4 crum). HMMeHHO 3TOT MeX HM3M ( He B3 HMOJENCTBHSA) JeN eT CTOb d(heKTHBHBIM
METOJ OIlep TOPOB POXIEHHS IMPUMEHHUTENTbHO K 4 cTHI M. ITo-BuauMOMy, KB PK-IJIIOOHH SI MOJEIb,
OyKB JIbHO KOIMPYIOLT S CTPYKTYpY Sfep, He HeKB TH pe JIbHOMY IOJIOXEHHIO Jell.
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e  — ®PMHUTOBO conpsikeHue (MHBOJIOLMS). [1OCKONBKY B CIyd € Ip Hy/I UM-
HynbcHOE MHOroo6p 3me bM), T KXe SBIAeTcS KOHTHHYYMOM, TO Te Xe MepecT -
HOBOYHBIE COOTHOLIEHMS CIeNyeT H IUC Tb M LI IOJel Ip Hy:

{9L0,0, W} (0, 1)} = 8as8(p — B). (5.6)

Ok 3bIB eTcsl, K KOl Obl HU ObLT 1p B 51 4 cTh B (5.6), B X -nipeact BiaeHuu (H
IUCKOHTHHYYMe) OymeM mMeTb [57]

{\Tﬂa(x,t), @g(x’,t)} —0, (5.7)

T KKe {@;(X,t),%(xgt)} - {@g(x,t),@g(xgt)} = 0 (HOCKOIBKY 11 -
Jiee p CCM TPUB IOTCS TOJBKO MOJISI TP HYJ, UULINKH U MITPUXU H J HUMH OyayT
omyck Thest). Omu ko Benuuut U, (X, ¢) K K omep TOPOB, IVIOTHO ONMPEASICHHBIX
H cen p OelbHOM IMIBOEPTOBOM IIPOCTP HCTBE, HE CYIIECTBYET (T KOH pe JIu3 -
LUK, OPYTUMHU CJIOB MU, M TPHYHBIX IpEACT BieHud Jyre6p (5.7) He mmeer): B
BTOM KOHTEKCTE COOTHOIIeHUs (5.7) UMEIOT TOJILKO TPHBHU JIbHOE pelneHue [57]

v, =0t =0 (5.8)

Otcron 1O MeHbIIel Mepe ClIeflyeT, YTO JIUP KOBCKOE KB HTOB HHUE NOJIeH Ip Hysl
HE MOXET CIIy’XMTh IIPUYMHON KB HTOB HM4 Ionel u ctull. Ilpuuun B apyrom.
9. Ilpexne BCEro 3 METUM, YTO COOTHOIIEHHAMH (5.7) ONpenendercd HEKOTO-
p 5 GECKOHEYHOMEpH 51 P CCM HOB  JreOp , oOp 3YOIIMMH KOTOPOil SABISIOTCS
U(X,;,t), U(X;,t), B3arbie B moObix Touk x X;, X;. Ilpu aToM K K JuHeii-
H S CUCTEM OH P CCM TpPHUB €Tcd H J HEKOTOPbIM KOMMYT THBHBIM KOJIbLIOM. B
tukcupoB HHOU Touke X; Mbl UMEEM KOHEUHOMEPHYIO TP CCM HOBY Jredpy ¢ UH-
BOJIIOLIMEH «—+», KOTOpPYI0O 0003H YUM yepe3 gé‘”. Droit  areGpoii OMUCHIB IOTCA
6HeuiHUe B3 UMOOTHOIIEHUS MEXIy P HYJ MU — CBSI3b CIIMH CO CT THCTHKOIA.
U tonbko. Ho rp Hynmbl 0051 1 10T €lle U GHYMpPeHHUMU TUH MUYECKMMH CBOW-
cTB MU. Jleno B TOM, YTO C K XHOW I'p cCM HOBOH JreOpoil CBI3 H HEKOTOp 4
HWIbIOTeHTH 51 JireOp Jlu [S7]*. DroT ki1 cc sireGp (H 3bIB €MbIX B TEOPHHU [H-
H MHYECKHMX CHCTEM Teii3eHOeproBbIMH) JIEXHT B OCHOBE TEOPUM K HOHHYECKHX

*H npumep, p CCM TPHB s C MyI0 TIPOCTYIO Ip ¢cM HOBY Jrebpy g2 = Ului, u2] (U — B33~
THe 00epTHIB IoIIell reGphl) ¢ ABYMsI OOp 3yIOLIMMH, yaoBIeTBopsiommmu yenosusim {ug, uj} = 0,
u 6 3MCOM M3 Tpex 9JIEMEHTOB Ui, U2, 2U]U2, UMEeM BO3MOXHOCTh H POy C TP CCM HOBBIM ( C-
COLIM THBHBIM) YMHOXEHHEM D CCMOTpeTb ellle M JIMeBO (He CCOLM THBHOE) yMHOXEHUe, 3 Il B -
eMoe KOMMYT TOp MU [ui,uj] = gij2uruz (sij — Tten3op Jlesu-Yusurel). Buano, uro cyme-
CTBYeT rOMOMOpP(U3M HHIIBIIOTEHTHOI JireOpsl JIn m3 ¢ Tpems oOp 3ylOLIMMHU a1, a2, a3 B Jredpy
g2 a1 — ui, az — u2, a3 — 2ujuz (00p THOe OTOOp XeHue He 0043 HO OBITh TOMOMOPCHH3-
MoM). B ciyd e HenpuBomumMoro mperct Bienns as = 1, a1 = d/dy, a2 = ¢ npeicr Bisior coboit
00p 3ylomue reiisenObepropoir Jre6pel ho. (K K M3BeCTHO, B KOMMYT THBHBIE JITeOpBHI BKJI IBIB I0TCS
Genesbl reGpsl JIu, B o0ImeM CiIyd e UMeeT MecTo TeopeM ATo.)
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cucreM. OnHOI U3 reii3eHOEproBbiX JireOp K K p 3 M OIUCHIB I0TCS IUH MHYe-
cKue cBOMCTB rIp HyJ. Omyck g net jm (eM. [57]), p ccMOTpuM cp 3y BJIOXEHUE
JIreOphI géﬂ B kOHeuHomepuylo nrebpy Ieiizenbepr héJr). T'enep Top Mu m0O-
CIIe/IHe#l SBIISIOTCS BEJIMYMHBI, 0003H 4 eMble uepes <I>a,55 (a,6=1,2,3,4) u

IOOYUHAKLIUECCI KOMMyT HUOHHBIM COOTHOILECHUAM
[@o, Ps] = bap (5.9)

(oct nbHBIe HynH). OHU UTP 10T POJIb K HOHUYECKHUX NE€PEMEHHBIX HOBOIO THII
JMH MUYECKOH CHUCTeMbl — PEJIITUBUCTCKOW OUT MWJIBTOHOBOM. B [57] oTobp -
KeHue

U, — d,, U,— P, (5.10)
(U = Ufy,) 0 3618 eTcd KB HTOB HMeM JMp K-Tp ccM HOB ciod. C BIoXeHHEM
(5.10) cB43 H HOBBII M mMeM MUUECKU NOCSIE008 MEAbHbII IPUHLIMI KB HTOB HUS
tepmu-Tp HyT*.

TIpocTp HCTBO, B KOTOPOM JeiicTBYIOT onep Topbl @, @5, HpeicT BIsET co-
60I1 IpocTp HCTBO BEKTOPOB COCTOSIHUI H ILIeW JUH MUYECKOW cuctembl. B [57]
P CCM TpHUB €TCd HECT HJ PTHOE (HENPHUBOAUMOE, HEC MOCONPAKEHHOE, HEYHH-
T pHOE, H 3bIB eMOe HepOKOBBIM) IIPEICT BiIeHHE 00epThIB Iommieil re6psr U [hé*)]
U ee rpynnsl  BTOMOPGHU3MOB B Ay JIbHOM I1 Pe TOIOJIOTMYECKUX BEKTOPHBIX MPO-
CTp HCTB (F, F’), NBOWCTBEHHBIX OTHOCHTEIBHO MHB PU HTHOM HEDPMHUTOBOM MO-
JyTOp JIMHEHHON (hOpMBI <F, F). B oroMm mpexact BreHun o6p 3yomme JreGpsl
®,, D5 3 NUCHIB 10TCS B BHJIE

Pa = _
o = , ®=(-0 , , 5.11
(a/%> (=0/vs,P5) (5.11)
T Yo (o = 1,2) — KOMIUIEKCHbIE NEpEMEHHbIE. DIIEMEHT MH IIPOCTpP HCTB

F, F spnaiores (pyHKIMA NEPEMEHHDBIX (0o, Py U HOMONHUTENbHBIX [EPEMEHHBIX
p=(2, P=0y (H TUUNEM MOCIeOHNX HEe(OKOBO IMpPEACT BJICHHWE OTJINY €TCS OT
00BIMHOTO (POKOB ).

bur MunbTOHOB CHCTEM — 3TO JABYXypOBHEB 4 cucteM . Ee BepxHuii (H -
4 JIbHBIA) ypoBeHb f € F' X p KTepusyeTcs IOJNOXHUTEIbHOH dHeprueil u omnu-
chiB ercst moysMd f(x, ),  HUXHEA (KOHEYHBIi) f € F — orpun TensusMu
SHEPIUAMH U TONAMH [ (2,¢). Tloas ¢pyHZ MEHT JIBHBIX Y CTHUI IOSBJISIOTCS B
pe3y/IbT Te HeoOp THMOTO (CXeM He YHHT PH ) KB HTOBOTO mepexox [ — f,
OIMCHIB €MOT0 MIUTUTYIOH MEepexon

O*(X.Y) = ((f@). /@) = [ dn(f@). P@). (512

*B omiume OT METOH  BTOPMYHOro KB HTOB Hus W(X) — W(X), B KOTOPOM HCIONbB3YIOTCS  JI-
reGpbl JIOK JIbHBIX ONEP TOPOB ¢ GECKOHEUHBIM HECUETHBIM YUCIoM 00p 3yomux. OmH Ko B iitm HOM
¢ KTHdecku JOK 3 HO, 4TO T KMX IITeOp He CYIIECTBYeT.
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rae

@, 2@ = [ duro) o)) (5.13)

— M TPHUYHBIH BJIEMEHT Iepexo . 3jech Y. — H OOp KB HTOBBIX YHCEJ, OIpe-
JeNAI0MUX COPT 4 CTHUB® (X jee B hopMmysl X X omyck ercd), duy n d,uf- —
MEpBl H 9 JIbHBIX M KOHEYHBIX COCTOSHHU cucrembl, X = 1/2(z + &), Y =
1/2(x — &) — mpocTp HCTBEHHO-BPEMEHHBIC KOOPIMH ThI BHEIIHETO U BHYTPEH-
HEro Mpoctp HCTB. SIBHBIN BuJ nonei f, f H iigeH B [57].

B [57] nok 3 HO, yTO K X1 9 (HO TOJIBKO JAPOHH 51) MIUTUTYH [€pexoN
O(X,Y) mpeacr Bmsier coGoil OPTOrOH JIBHYI0 CyMMY (OTHOCHTEIBHO LITIOKEIb-
6eproBcKOro CK JISIPHOTO MPOW3BENCHHUS) ABYX MOJIen™™

O(X,Y)=G(X,Y)d ¥(X,Y), (5.14)

B kortopoit G(X,Y) = 6(0)g(X,Y)** — Heusmepumoe (HENOCPEACTBEHHO He-
H OIof emoe) pelieHre HeoaHOpoaHoro yp BHeHus Kiteitn —T'opnoH  (mose «iy-
XOB»; T KUMU Xe¢ (PyHKUMSMH SBISIOTCS W MivmaTyael mepexox O(X,Y),
U(X,Y) — HenpepbiBHOe u3Mepumoe (H 0itoj emoe) GHIIOK JIBHOE IIoJie, CO-
MOCT BJIsieMOe (PYHI MEHT JIbHO#M 4 cruiie ( JPOHY) M HpPEACT Bisdomiee coOoi
pelIeHe COOTBETCTBYIOIIEr0 OJHOPOAHOrO yp BHeHMs. [losgBnsiomuecs yHKIMN
M gaBngioTcd (PyHKIMSMH ABYX NepeMeHHbIX Bcex X U Y, OCYIIeCTBIISIOLINXCS
BMECTe C HEYHHT DHBIM KB HTOBBIM MepexooM (f — f), OCYyIIeCTBIISIOUIAM CBS3b
JIByX MUPOB: H GIII0Ji €MOTO, CBSI3 HHOTO C (PyHKIMAMH H OJtton eMoii M Tepun M,
¥ IO/ HEM3MEPHUMBIX W€ JIBHBIX IUI TOHOBCKHX (hopM M Tepun f, f. B cBoio
ouepenpb x, & 3 nuceiB 10oTcsd B BUge x = X + Y, © = X — Y, 3uecy Y npencr -
BIISIIOT COOOH 37€MEHTBl OOBIYHOTO CT HI PTHOTO JIEHOHMI-HBIOTOHOB H JIU3 , B
KOTOpOM O 30BBbl€ DJIEMEHTBI CTPOATCA U3 TOTO Xe M Tepu J , 4To 1 X. B H -
1Ieif iurep Type Y — 9TO dIEMEHTHI T K H 3bIB €MbIX POOMHCOBBIX P CCIIOCHUI,
B eioM (X,Y) — 9T0 djeMeHThl HECT HJ[ PTHOIO H JIM3 , B KOTOPOM Y —
¢yHKIIMOH J1bHO He3 BUcHUMble OT X yuci . CyIecTBeHHOH U CThbIO IPeT I' eMOi
TEOPUH SIBJISAETCS MEepeXod OT CT HA PTHOIO K HECT Hi PTHOMY H jm3y. T Koi
nepexon oOecledrB €T BHYTPEHHIOI HENPOTHBOPEYMBOCTH BCEW cXeMbl. B ¢ -
moMm geie, npoektupys (X,Y) u (X, 0), Gynem umers geno ¢ nomsimu M (X, 0),

*B 4 cTHOCTH, (DepMHOHHBIE MIUTUTYABl — 3TO CIUHOPEL Oy = << f ,Paf >>
**OpTOroH JIbH 5 cyMM 03H 4 eT, wro materp 1 [ G(X,Y)U(X,Y’)d*X = 0. [lna semro-
HoB G = 0.

T
***Cwmpicrt cumBon  6(0) Oymer siceH, eciu 3 MeTuts, 4T0 B Teopun §(0) = Tlim 1/x [ dt, ne
—oo 0

t = Xo — BpeMeHH g KoopauH T X (CM. MPEbIIyIIyl0 CHOCKY, Iie HyXHO nonoxuts G = O — V;
IeT U cM. B [57]).
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KB HTOB $I TEOpPHS KOTOPBIX, K K U3BECTHO, COIEPXKUT YJIbTP (PHUOJIETOBBIE P CXO-
nrMocTd. C TOYKHM 3peHHs I HHON TeopHd, KOHTHHYYM X TMOSBISETCS IPH BBIT JI-
KHB HUHM TOYEK CIEHCYCKYJIbl H pyXy. I[Ipu 3TOM BHYTpH CJIOS OCT €TCS HEeKHi
IVICKOHTHHYYM, M30MOP(HBII K HTOPOBY COBEpIIEHHOMY MHOXecTBY II, H 3bIB -
€MOMY B TEOpHUM JIMH MHYeCKHX cucteM penenepoM. C 3THUM JUCKOHTHHYYMOM
CBSI3 H HOBbBIH YpOBEHb (PU3MUYECKOU pe JIbHOCTH — d¢up. B HecT HI pTHOM H -
JIM3e 10 HeY4YTEeHHBbIM Y ycpeaHsercs (MHTerpupyercs). B pe3ynbT Te KB HTOB s
TEOpHUs MOJIsl, MCHOJB3YIONI S HECT HJl PTHBIA H JIM3, OK 3bIB €TCs CBOOONHOM
OT BHYTPEHHHX IPOTHBOPEUMA — YIIBTP (PUONIETOBBIX p cxommMmocTeil. Ecim eme
YUYECTb, UTO JU(PEPEHLIN JIbHBIM YP BHEHUEM ONPEAEISIeTCs TOJbKO HENPEPhIBHOE
pelenue, To BMecTo (5.14) cneayer H muc Th

O(X,Y) = G(X,Y)+ U(X,Y) + ¥ (X,Y), (5.15)

rae U/ — Toveun s (yHKuMA* (OPOU3BOAH s MOCIENHENW IMOYTH BCIOAY P BH
Hymo, cM. [48]).

Ut K, mipenuHrepoBCcK S K PTUH (TEOpPHUS C-YHCIOBBIX IOJIEH) MOXET OBITH
pe JBHO p CIIMPEH B P MK X KJI CCHUYeCKOW Teopuu (hyHKLMHA AEHCTBUTENBHOTO
nepemMenHoro. H H m B3nisin, H ubojee B XHBIM MOMEHTOM SBIISETCS HEyHH-
T PHOE p CIIMPEHHE BOJIHOBOH MeX HMKH, CBA3 HHOE C JUH MUYECKOH CTPYKTY-
poii Tp HyT — PETATUBUCTCKON OWUT MHIIBTOHOBOH CHCTEMOH M €€ COCTOSHHSIMHU
f(x), f(&). B cdopmyr x (5.12), (5.13) 9TH MONS WUrp 10T PONb CKPHITHIX 11 P -
METPOB (3 BHUCSIIMX OT HNEPEMEHHBIX (o, MO0 KOTOPHIM T M IPOMHTETPHPOB HO).
BeicokoaHepreTrdyecK s KB HTOB S MeX HHMK , T KUM 00p 30M, HeyHHT pH . Ee
OCHOBHOH OOBEKT — PEISATHBUCTCK 51 OUT MUJIBTOHOB M TEpHSl — HOBBIH UCTOY-
HHK SHEPTHH.

IMocne nepexox f — f (u3 (5.12) crnenmyer, 4to 4 cTUI K K ObI CKJIeeH
w3 f u f) B pe JbHOM 4 cTHIE f M f He MOTYT p 30MTHCH H GONBIIHE P CCTOS-
Hug. CpenHee p cCTOSHHE MEXJAy HUMHU 4BISIETCS HEKOTOPOH (pyHI MEHT JIbHOI
X P KTEPUCTHKOH M TepuH — (PyHII MEHT JIbHOW JUIMHOM, M OTHOCHUTEJIbHbIE KO-
opaur Tl Y = (x—)/2 cBsi3 Hbl ¢ Hell. Ee poJib B TEOPHU UTP €T YHUBEPC JIbHOE
BONHOBOE uncio k ~ 10 em™1 [57]. Mon r 1 Y = u/k, n numem ¥ (X, u/k).
Ipu k — oo Bemuuuusl W(X,0) = W(X) ABnAOTCS JIOK JIbHBIMH (DYyHKLIMSMU
0OBIYHOW BOJHOBOH MeX HUKH. IlogyepKHeM, 4TO KB HTOB Th MOXHO TOJIBKO OH-

*TlomyepkHeM, yto U/ K K (yHKUMS, 3 O HH s H JUCKOHTUHYyME, OTJIMYH OT HY/IsS TOJNBKO
BHYTpH (DYHI MEHT JIbHOI 4 cTHubl. Ee MOsBIEHHE CBA3 HO C TEM, YTO BHEIIHEE MPOCTP HCTBO Aj
(koHTHHYYM KoOpmuH T X — Hocutenb 1o W) oOp 3yeTcs B pesyibT Te BBIT JIKUB HUsS TOYEK
npocrp Hete  cneiicyekymsl (f(x), f(2)) H pyky. DTO IPOHCXOZMT BCIEICTBHE Iepexol [ — f,
COIPOBOXI €MOro Bblje/icHueM sHeprud. OIH KO 4 CTh TOYEK IIPH 9TOM OCT €TCsl BHYTPU 4 CTHLII,
OHH M COCT BJISIOT TUCKOHTHHYYM — HOCHTENb Tp Hyl W’/ (B TEOpPHM JMH MHYECKUX CHCTEM T KHE
MHOXECTB H 3bIB I0TCS perenep Mu).
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JIOK JIbHBIE TOJIS, T K K K UMEHHO OHHU IPOIYIUPYIOTCS OUT MUJIBTOHOBOI CHCTE-
MO (Teopus T KHX IOJIei He CONepKUT YAbTp (PHUOJETOBBIX p CXoauMmocTei [57]).

Terepp HETPYAHO P CIUMPHUTH M Teii3eHOEProBy K PTUHY. ISl BTOrO HyXHO
O, G, ¥ 06031 uuts uepes |O), |G), |¥), yaects, ato |O) = |GOT) = |G)D|T),
u p cemorpets orep 10p P = Q(p) ® Q1 (), 0To6p X iommii MPOCTp HCTBO
FRFBF® F, rue

Qp) = If (@ (f@)l, QT () = 1f(@ N (@) (5.16)

(3mech Q(¢) — NMPOSKUMOHHBII Orep TOp H cocrosuue f € F' BIOIb COCTOSHHES
f e F). 06031 4um Po = SpQSpQT, e SpQ = |O) (Sp 031 4 er uHTETpU-
OB HHE 110 ), TODI MOXHO H muc b Po = |0)(O|. Dro, KoneuHo, He mpo-
eKIMOHHBIN oriep TOp, T K K K |O) NpHH JUIEXUT 0COOOMY MHOXKECTBY (PyHKIIHIA
HEOrp HMYEHHOH B PU LMK, HE OOp 3yIOMIMX K KOro-1M00 XOpPOIIEro MpocTp H-
ctB . Ilpu atom umeeM Pp = Pg+ Py, tie Py — yXe H CTOSIININ MPOEKINOHHBIN
orep TOp B TMIBOEPTOBOM IPOCTP HCTBE, HOCKOJIBKY (PyHKIWS |V) MPUH IIeXHUT
UMEHHO T KoMy mpoctp HcrBy. Otcion ciemyet, 4to Py = Po — Pg. T xuum

00p 30M, Teii3eHOeproB K PTMH MOXET OBITh P CIIMPEH C HOMOIIBIO OHEp TO-
pos P, Po, Pg.

6. NON-NEUMANNIAN REPRESENTATIONS
OF ROTATION GROUP (TO THE ETHER THEORY). 1

Jesus saith unto them, did ye never read in
the scriptures, The stone which the builders
rejected, the same is become the head of the
corner: this is the Lord’s doing, and it is
marvellous in our eyes?

Matthew (21:42)

For some reason or other mankind pays attention to the ideas that were
materialized in the exact meaning of this word. Ancient thinkers remembered
mankind three greatest a priori ideas about real: these are (in order of their
generality) 1) hypothesis about existence of Creator of our Universe called God
as an embryo of all being, 2) hypothesis of the ether as a God’s emanation
and the nearest reason of appearance of observed matter, and at last, 3) atomic
(quantum) hypothesis of the matter building. To the present time only the latter
was elaborated. Nowadays the time comes for the second one*.

*Concerning the first hypothesis see Plato’s «Timaeus» and [61].
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Interesting sagacity of philosophers has been the thought that the ether is a
binding link between the space and matter and the reason of both. However, if the
studying of space—time (mathematics) and matter (physics) is highly successful
and rather deep, then ether has meanwhile slipped away from concrete description
and became once even incongruous. The point is that every time it may be
swooped for a pure mathematical (namely, geometrical) substance. The well-
known substance in question is at present the Poincare-Minkowski 4-dimensional
space—time continuum (pseudoeuclidean space). So till now one considered that
ether =space—time (or metric; Poincare). It is, from a certain point of view, a
nonproper phenomenological description of the ether*.

Of course, from pure physical point of view ether is first of all a material
(dynamical) substance. Physical theory of ether itself demands for its description
the usage of proper, adequate mathematics (it is algebra as the most irreproachable
part of mathematics). Therefore, first of all we have to look for in mathematics
of the past the fit tools for description of such a physical reality as ether. It turns
out that the algebra in the 19th century elaborated such a tool: it is Kummer’s
theory of ideal numbers. In [61] this idea is fitted to the fundamental particles
situation.

In a certain sense elementary particles are the numbers: their spin properties
are described by finite dimensional unitary representations of the rotation group
SO(3) and its covering SU(2) (we call it further the spin group) the set of
which forms ring-like usual numbers. This ring turns out to be algebraically
non-closed [61] and permits unique extension to the more fundamental (prime,

*However, in quantized field theory the necessity in a special physical substance regularizing the
ultraviolet divergences is feeling long ago (for example, at the Pauli—-Willars regularization procedure
it appeared as the fictive fields with indefinite metric and extreme large masses; not to mix it of course
with physical vacuum as the zero vibrations of the real fields!).

Already in that time a question about extension of the Heisenberg—Schroedinger quantum theory
in the region of very small distances was arisen (one considered that the theory to be a theory of
moderate energies is insufficient for description of particle interactions in high energy region). Its
direct generalization (extension of application region) — relativistic quantum field theory — it seemed
must allow one to penetrate this region. However, this extension, strictly speaking, is as a matter
of fact illegal transfer of mathematical apparatus of quantum mechanics (finite number of degrees of
freedom) to the dynamical systems with infinite uncountable number of freedom degrees (fields), and
troubles with ultraviolet divergences testify this. It turns out that the usual quantum mechanics is
not complete in principle and may be completed. We think that the suggested in [62] new extended
quantum theory based on the ether dynamics is well adopted to the description of the very high energy
situation. Moreover, we can say now that ether theory is the ground of particle theory and cosmology.
It is interesting to pay attention to the following remark. In empty space M with measure p
completeness condition of any system of local functions {t,(X)}, X C M on this space written
as BnYn (X)n (X') = 8, (X — X’) contains the Dirac delta-function respectively the measure .
Due to the J,,-function ultraviolet divergences in quantized field theory considered in such a space
arise. But in the space M filled by ether (in which any function is a bilical one ¥ (X,Y’), see [63])
smearing 6, (X — X’;Y,Y’)-function appears due to which ultraviolet divergences are absent.
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ideal) nonunitary representations of spin group which are studied here and from
which finite dimensional ones are built like usual numbers may be built from the
Kummer’s ideal ones.

Elementary particles to be observed (measurable) form of matter exist in
space—time continuum As; endowed by differential structure and measure. The
symmetry group of this space is the Poincare group P . Due to such a structure,
space H of sections ¢(X) of vector fibration F = (A3 1,S) used in particle
theory (here S = Y5 S is the Whitney sum for the group SO(3); among S*
there is a spinor fibre with symmetry group SU(2)) is endowed by the Hermitian
scalar product (1,7') = [¢(X,t)¢/(X,t)d>X. Due to this, representations
of the Poincare group P and its subgroup SO(3) in H are unitary. We see
unitary axiom in quantum theory is conditioned ultimately by the measurablement
property of space—time continuum®.

Symmetry group of the latter (SO(3) and its complex extension SO(3,1) —
the special Lorentz group) is enlarged in the framework of material fibration
E to the spin group (SU(2) and its complex extension SL(2,C)). Moreover,
inside the spinor fiber the latter may be enlarged to the general linear group
GL(2,C) = SL(2,C)® U(1) ® H(1), where U(1) and H(1) are elliptic and
hyperbolic phase transformations with which so-called fermionic charge F' and
dilatation D of fermions are connected correspondingly.

Further, we have to consider that at very small distances (inside the parti-
cle) physical space-time is splitting into its isolated points [62], i.e., becomes a
discontinuum™*. Such a space loses differential structure and measure. Hereby

*So space Asz;1 is considered to be a measurable (in Lebesgue sense) set of points. This
circumstance has a pure physical reason: from elementary particles existing in this space macro-objects
in particular measuring equipment may be constructed by means of which physical measurements may
be made. Hence, the measurablement property of space-time is connected only with the so-called
immediately observed forms of matter. Not any set of points is measurable. For example, differentials
dX as an uncountable quantity of points are not measurable sets, see [62]. Therefore, the space and
the forms of matter which might exist inside the differentials are not measurable. For description of
such a matter form unusual nonmeasurable numbers are needed of course. These numbers come to
life (are displayed) if our space becomes discontinuum (see further). It is very important remark for
further consideration.

**Particle constituents are connected with the discontinuum [62]. In its own (discrete) topology
discontinuum is an uncountable set of isolated points. Due to the theorem about homeomorphism
between any discontinuum (for example, «dispersed» or «pulverized» interval [0, 1]’) and Cantor’s
perfect set IT we can consider our discontinuum inside the particle to be set II. So nothing losing
in generality and proceeding from the fact that our discontinuum is a continuation (into fundamental
particle) of usual (external) space endowed by usual topology and measure in which our discontinuum
is the set of zero measure and dimension, we will consider it to be set each point of which is
(from the point of view of external usual topology) the point of condensation. This circumstance
intensifies the confinement property of particle constituents. So inside the particle there is «crumpted»
(homeomorphic to) Cantor’s perfect set and nothing more. However, this set (Cantor’s «spiral») has
complicated dynamical structure, see [62].
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the space which stays inside the isolated point (inside the fiber or differential
d3X) has no Lebesgue measure, i.e., is nonmeasurable, see [62]. At such a
condition the unitary axiom is invalid and nonunitary representations of phys-
ical groups SU(2), SL(2,C), GL(2,C) corresponding to the arbitrary spin (a
sea of complex spin) are used thereat. A sapid elegant mathematics is con-
nected with arbitrary spin. It is the theory of non-Neumannian representations
of classical Lie groups, monoids and connected with them 1-chain fibrations
(bundles).

Strictly speaking, all these (multivalued indeed) representations corresponding
to arbitrary spins are exact ones of a new group G'L(2,C) (and others) — Lie
group of one-dimensional chains on GL(2,C) (briefly called 1-chain group),
built over GL(2,C) and locally isomorphic to the latter. They play the role
of mentioned above Kummer’s ideal numbers in usual representation theory and
particle physics.

A new physical reality stands behind the 1-chain groups and their representa-
tions. Obviously it exists inside the isolated point of discontinuum, and therefore
is immediately nonobservable. We call it bi-Hamiltonian form of matter, pre-
matter (or ether).

Bi-Hamiltonian dynamical system (see [63]) is connected with the Heisen-
berg algebra hg‘) and its automorphism group Sp™*)(4,C) (dynamical group of
the system). It is a kind of two-level systems described by the non-Lagrangian
fields f(z) (upper level) and f(i) (lower level) correspondingly. In the begin-
ning of our Universe there were only fields f(z). Above-mentioned nonunitary
representations of GL(2,C) are realized in the space of these fields.

Bi-Hamiltonian (ether) dynamics includes the irreversible quantum transition
(ump) f — f described by matrix element (f(i), f(2)) (in the framework of
quantum theory 2), where the state f enters with complex conjugation, see [63].
Fundamental particles arise in this process. This part of the theory is connected
with a dual pair of spaces (F,F), where f € F, f € F. With it the Gaussian
decomposition Ny HN_ of GL(2,C) (and dynamical group too) is associated.
(Such a decomposition appears when the so-called singular elements A’ of the
group are pricked out.)

Indeed, the jump f — fis prepared by real turning f into f which is
connected with topological closedness of the group GL(2,C) to the monoid
M(2,C) = GL(2,C) U J(2,C), where J(2,C) = {g € M|detg = 0}. Since
MJ = JM C J, so we call the set J to be absorbed one. Due to phis citcum-
stance any vector f is transferred into one and the same vector f under the
action of J.

Turning f into f (in the framework of quantum theory 1) is connected with
the sucking of field f(x) into the point of discontinuum (picturally speaking like
Jinn into the bottle) to which a quantum f is fastened. The latter process goes
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only in ensemble of the systems (we call it as a gas of quanta f or ether in whole).
This dynamical system, left itself, begins gradually to collapse, i.e., to contract
(like shagreen skin). Only after all these processes quantum jump is beginning
(see Sec.7).

We see that ether dynamics is quite a complicated thing. After the quan-
tum transition f — f (it is necessary to emphasize that namely due to the
irreversible quantum transition f — f ground state f loses physical meaning
at the next stages of Universe evolution, because f ~ 6(0), see [63]) and aris-
ing fundamental particles and space—time continuum, the subset J is pricked
out and another closedness process of Gaussian decomposition goes genesis of
the symmetry group SL(2,C) (matter) and SO(3,1) (space-time as a carrier
of matter).

Here we study the infinite dimensional irreducible (non-Neumannian) rep-
resentations of the spin group GL(2,C) only and connected with it monoid
M(2,C). Although this group is any subgroup of the dynamical group of the sys-
tem, it contains the main information about the processes just described. Hereby
our consideration is delivered in the volume and at the level of strictness that
usually is accepted in physical literature.

Some words about the character of investigation. We use infinitesimal ap-
proach to the representation theory (rising to E. Cartan): in the beginning repre-
sentations of the Lie algebra are built, then local group (groupuscle) and, at last,
the group in whole are considered. In connection with the latter we apply to new
mathematical objects: [-chain Lie group and spaces of probe and generalized
functions of exponential type well adopted to the problem. The case of éL(Z, )
is considered in detail.

We do not refer to the well-known classical papers of E. Wigner and
V. Bargman concerning unitary representations of the (small) Lorentz group.
Reader sees a connection with those representations which is affinitally to the
connection between Lobachevsky and Riemann geometries.

Mathematical part of the present paper is based on the first manuscript of se-
ries of papers [61] which has been discussed in the past with
Prof. S.D. Berman.

6.1. Basic Initial Theorem. Semispinor Representation of the Lie Algebra
and Local Group. a) The way leading to a new class of SU(2) representa-
tions meets the theorem concerning nonclosedness of the ring of finite dimen-
sional (unitary) representations of the SU(2) group. If to denote the latter D
(it is endowed by usual addition and Kronecker multiplication laws; its subring of
exact SO(3) representations is denoted D C D), so we can write D = D[D(1/2)],
where D(1/2) is the fundamental representation of SU(2) corresponding to the
spin 1/2. Structure constants of D are the Clebsch-Gordan coefficients.

D(1/2) is realized in the complex vector (spinor) space S2(G) considered
over Grassmann algebra G [61] by the Pauli 2 x 2-matrices (1/2)o.
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Theorem 1. Ring D is algebraically non-closed and permits the extention
to the ring of infinite dimensional semispinor representations corresponding in
general case to arbitrary complex spin.

Proof of the theorem see in [61]. It follows from the construction of the proof
that semispinor representation D (—1/4) with spin —1/4 may be considered to be
a generator of a new ring D = D[D*(—1/4)] (minimal semispinor ring is given
rise indeed by the representation D+ (—1/2)). Like from spinor representations
elements of D may be constructed, so from semispinor representations DT (—1/4)
and D*(—3/4) elements of D may be constructed. From explicite form of
Clebsch—Gordan coefficients for semispinor representations, see [61], it follows
that the ring D is algebraically closed.

b) Semispinor representation DT (\) [61] exists at arbitrary complex spin
A € C and is setting by three operators L;’\) (k =1,2,3) satisfying the commu-
tation relations [L,(CA), LS,?)} = iekan%’\). We formulate the main properties of
such a representation:

1) it is infinite dimensional algebraically and topologically irreducible [61]; it
is completely characterized by its junior Cartan vector féA) (L(_A) féA) =0, Lg_f‘ ) =
LY +indMy;

ii) it is realized in the topological vector space Iy = M;, where M) =
U [Lgf)}féA) =lc. {f,(f)} (7 is topology, from here the sign+in D%, [, ¢ means
linear cover), and f,(f) is the canonical Cartan—Weyl basis;

iii) in it operators L,(c’\) are setting by the formulas:

LYY = (n = A fO,

LY =) 1Y, ©6.1)

LD = a2,

where o) = —iy/n(n —2X —1). Thus,

iv) D*()\) is a representation of the type I (or ladder one) in which operators
LYY, L™’ are diagonalized (LY £Y = A(A + 1) £M).

It follows from (6.1) that

v) spectrum of operator L:({\) does not possess the Weyl symmetry: at the
Weyl reflection w we have wD1(\) = D~ ()) (such a representation we call
therefore non-Weyl one: D¥()) contains only half of all possible projections of
spin \; from here the name semispinor).

Further, we use the realization in which L;’\) are written in the form [61]:
d? d

L(p =, LW = _Cd_g? + 2)\%. (6.2)

4

A
L5 = o
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Hereby the Cartan—Weyl basis is the set of functions:

) _ ¢"

S =012, (6.3)
n!l'(n — 2))

(note, that in this realization there are not finite dimensional representations).
vi) D* () is non-self-ajoint representation dual to which is the representation
D™ (X). This pair of representations is tied for invariant sesquilinear form [61]:

(f& / FOUOIGN(C) dpa(0), (6.4)

where measure is duy(¢) = ‘ |C\2>‘+1
Donald’s functions, A is the external multiplication, and I g(¢) = g(—=0).

vii) The carrier spaces FT, FY form dual pair relatively the form (6.4)
(concretely topologies (7/,7) will be given further).

c) As always [64] integration of the Lie algebra representation leads to the

4 > (iLkhk)"
exponent eLrfk = S (LyOk)"

————Kox11(2|¢|)d¢ A dC (here K,, are Mac-

' which covers a certain neighbourhood of group
n!

unity and determin?:s 0formatl local group or groupuscle (that follows from the
Campbell-Hausdorff formula ¢2” ¢’" = 'L, here L” = Ly0"y, L' = Lib, <
L = Ly0, where 8 = 0(0”,0') is multiplication law in coordinates #). As Ly
are non-self-adjoint operators, so e*“*% are nonunitary ones and in general case
are unbounded. Therefore, convergence conditions of exponents are essential.

Now some general definitions.

Definition 1. Representation of Lie algebra [ given by operators Ly is in-
tegrable in a topological vector space F7 if exponents e’“+% are converged on
a certain common dense subset D C FT when |0| < €., ie., etlx0rf ¢ FT
if feD.

Neighbourhood |f;| < €, may be contracted (in dependence on topology
T) in zero (in point), then the representation is considered to be nonintegrable.
Convergence demand of the exponential process at the vector f € F'™ restricts the
usage of exponential mapping by a certain neighbourhood Uy (e) of group unity
e (exp is nonsurjection mapping). In connection with this it is natural to take the
following.

Definition 2. If in the image of exponential mapping exp there are only
elements of infinite small neighbourhood of the group unity €(€) (or nowhere
dense set in group), so the Lie algebra and group in whole given rise by it are
called nonclassical. If exp covers the group almost completely, so such an algebra
and group are called classical.

The first situation takes place when e’“#% are unbounded operators (in this
case obstacles exist). In the framework of general topological groups this situation
has been discovered by A.I. Maltcev [65].
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Let G be a classical Lie group with Lie algebra [ and e(e) C G be its
groupuscle. Let 7'(l) be a nonclassical Lie algebra isomorphic to [ and €é(é)
be a local group given rise by T'(I). Then €(é) ~ ¢e(e) (that follows from the
Campbell-Hausdorff formula).

As is known, connected component of a topological group is given rise by
local group (see [66], Theorem 44). This means that any element of the group in
whole may be written in the form of left-ordered product (P is ordering symbol)
of exponents eiT(")) ... 7)) — I1 W) — Pexp iZT(l(i))) (here

i€l =
1@ = lkG,(f) and I = [1, N]) at sufficiently large IV, where all QI TUY) — T(gi) €
é(é) and g; = eil” € e(e). Of course we have to take now into account the
convergence condition for the product of exponents (see further).

Set of elements {g; };cs defines on G a certain discrete chain denoted § which
is formed by group elements e, g1, g291,.-.,9N --- g1 = g, Where e is the start
of chain and g is its end, denoted p(g) = g.

Statement 1 (another definition of the nonclassical Lie group). For non-

classical Lie group products [ eZ(”") depend on chains § by essential manner,
i€l

ie, [T €70 =T(5).

i€l

At the limit when g; — e, N — oo (hereby the end g of the chain is
fastened) a continuous chain g on G is obtained. (This conventional reason of
standard analysis is in fact self-contradictory, therefore further we go over to the
nonstandard analysis, see [67].)"

An Example [61]. Let ho be the Heisenberg algebra with two generators a®
(e = 1,2) and commutation relations [a%,a”] = €** (¢ = ( (11 (1) )) Its
automorphism group as a linear group of operators 7'(v) acting in a topological
vector space and entering into formula

T(v)a*T " (v) = v§a”, (6.5)
he
e v = ( : g ) €Sp(1,C) ~ SL(2,C), (6.6)

is a nonclassical Lie group Sp(1,C). We will see further that T'(v)’s depend
indeed on 1-chains ¥ on Sp (1,C), i.e., we have in fact the mapping & — T'(9).
Remarkable that from p(?) = p(?') and T(9)a*T 1 (9) = T(?")a*T~1(?') it does
not follow that T'(9) = T'(¢") (with such a situation one deals at consideration of
covering structures).

*In fact, at such a process we obtain a countable set of elements on G only, but not uncountable,
moreover, continuous one.
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This example shows that the space of 1-chains over a classical group must
be rather natural object in quantum theory.

6.2. 1-Chain Group over Topological Group (Elementary Description).
Definition 3. Let G be a connected, linearly one connected topological group.
1-chain space T'(G, e) over G is the set of chains § starting in unity e € G. The
end of g is p(g) = g (p is projection: T'(G,e) — G). Subspace of closed 1-chains
starting in e and ending in e denoted C(G,e) is called space of cycles (loops).
The subset of limiting 1-cycles called «moustache» is denoted Cy(G, e) [68]*.

Theorem 2 [68]. Factor-set T'(G,e)/Co(G,e) = G is topological group
called 1-chain group over G. It is free group in which multiplication of two
chains g; and g» denoted g; o g2 is a chain g consisting of g; and gy - g1 (the
latter is right translation of 1-chain g» in G along the group by means of group
element g; = p(g1), which does not belong, generaly speaking, to T'(G, e),
multiplication in G) so that the end of §; € I' and the start of go - g1 coinside (o
is the so-called word multiplication law). Factor C/Cy = Q is invariant subgroup
of cycles in G. Mapping p gives isomorphism G—-G / Q=a.

One can look at GG as an extention of G by means of cycle set . It is
possible because the sequence Q — G — G is exact (in fact, the kernel of
mapping G — G being () is the image of mapping Q — G).

One can else look at G as a locally nontrivial fibration or bundle (G, G, p)
with base G, fiber p~! = Qo § over g € G and projection p: G — G. Hereby
topology on G is determined by product of topologies on G and Q, see [68]
(topology on € is induced by topology on G). In such a topology G is a
group with small subgroup (all these are contained in Q) and is not a Lie group.
Further, only such representations T of G will be considered for which T'(Q2)
is a commutative set of operators (although Q in general case is not central
subgroup in G).

Introducing the notion of invariant subgroup of lasso Y C Q as infinite
small cycles of the form §o @ o §g~! (hereby infinite small neighbourhood of
unity €(e) C G is considered in the spirit of nonstandard analysis, i.e., G is
considered to be hyperreal structure) and factorizing G over Y, we come to the
locally Euclidean group G /Y, ie., to the Lie group GrL locally isomorphic to the
classical Lie group G. Hereby the factor Q /Y is completely non-closed invariant
subgroup in G/Y so that (G/Y)/(Q/Y) =

It is interesting to notice that with G such homogeneous spaces like G} =
G/QU ¢) are connected. Here Uy C G is the analysity region of singular
function f(g) = T'(g)f considered on G. We call G} the Riemannian surface. It

*1-chain may be determined as track of path in G [68]. Such a class of groups (with an-
other multiplication of chains) one became to use in two-dimensional quantum field theory, see for
example [69].
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is minimal covering for Uy. Measure on G7% is obtained by means of sheet lifting
of measure dg on G, see [01].

6.3. Non-Neumannian Representations of a Topological Group (Main De-
finitions). A Little Generalization. It is very important that a finite system of
axioms for non-Neumannian representations may be given.

Definition 4. Let GG be a topological group. Non-Neumannian representation
of G is three {(F,F'),G,T(g)}, where (I, F') is a pair of topological vector
spaces dual relatively some invariant sesquilinear form (-,-) and ¢ — T'(g), g € G
is homomorphism of G into set of unbounded operators T'(g) acting on F” (carrier
space of representation) and satisfying the following axioms: i) e — T'(e) = 1,
i) T(g2)T(g7") = T(g297") on common domain (subspace) Dipgyrgrty N

Dip(gygrtys i) T(g™1) = T7(g), iv) (T(93)T(92))T (93) = T(g3)(T(92)T (91)),
v) NgeaDr(g) = 0, where D) € F’ is a dense domain of definition of operator
T(g) — a non-closed subspace in F".

It follows from these axioms that such a representation is setting by operators
T(g) without defect, i.e., 1) for every g operator T'(g) is dense defined on F’
(it means that all Dp(g)’s are dense in F), 2) for every g subspace Ry =
T(9)Dr(g) = Im Dp(g is dense in [, and KerT(g) = 0, therefore for every
T(g) there exists inverse operator T~'(g) with domain of definition D1, =
Ry and domain of rate Rp-1y) = Dr(g), 3) for every pair of elements
91,92 € G subspace Drp(g,)1(g,) = Dr(g,) N Rr(gy) is dense in F', hereby
intersection Dy (g,4,) N Dr(g,)7(gy) 18 dense in I too, 4) if Q C G is a countable
everywhere dense subset in G, so V') Nge@Dr(y) is dense in F’, 5) every operator
T(g) is continuous on its subspace of definition Dy in topology induced by
topology in F', ie., if f, — f € Dy, so T(g9)fn — T(g)f.

We will see further that space F’ which contains Dy, at every g € G is
the space of generalized functions of exponential type.

As usually [70] we may consider the set of all subsets Dp,) and their finite
intersections denoting it Rps. This set is invariant relatively operators T'(g)
because T'(g) transfers Drp(g) into Dp,-1) (these both subsets belong to Rp).
We say that a representation g — T'(g) is Neumannian, if the condition v’) draws
the following condition: v”) intersection Nyc Dr(y) is dense in F’ [71]. In such
a case we can consider the latter to be carrier space of the representation. In
general case condition v'') does not follow from v’) [68]. In such a case we say
that the representation is non-Neumannian one.

From axiom v) it follows that at fixed f € F’ there are such elements g/ € G
that T(g/)f ¢ F', ie., f ¢ Dr(yry. On the other hand, at fixed g € G there
are such vectors f9 € F' that f9 ¢ Dy, (as operators T'(g) are in general
case unbounder, so Dy, # F’). If I’ is the space of generalized functions
of exponential type, so for every f € F’ there exists at least infinite small
neighbourhood Uy(e) C G that T'(g)f € F’ when g € Uy(e). Hereby common
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area Nyep Uy (e) is either unity of group or some closed subgroup in G of zero
measure. Thus,

Statement 2. If g — T'(g) is non-Neumannian representation of G in F”, so
NrerUy(e) is nowhere dense closed subgroup in G.

This statement is dual to the axiom v).

Representation g — T'(g) is continuous if from g, — go (in topology on G)
the convergence of sequence T'(g,)f — T(go)f follows (in topology on F”’) when
f belongs to some dense subspace in F” (for example, to the Nycrr(gy) Dr(g)s
where U(gp) is a neighbourhood of element gy and g, € U(go) beginning
from any n).

Quite analogous way differentiable and analytical representations are defined.
Speaking about irreducible and equivalent representations we understand the topo-
logically irreducible and equivalent ones.

It is obviously that non-Neumannian representations exist for continuous
groups only for such a group axiom that v"’) does not follow in general case from
axiom V’).

It turns out that axioms i)-v) (and statements 1)-5)) determine a new math-
ematical category: non-Neumannian group of a topological vector space.

Let us consider the set 7" of all unbouded reversible operators of a topological
vector space F’ satisfying the axioms i)-v). Hereat it is convenient to generalize
the axiom ii) formulating it in the form of ii’): operators T} and T5 are equivalent
if on common dense subspace Dy, N D, C F” the equality 77 = T5 takes place.

Now we have to apply to the above-mentioned set /. On the definition we
have T Dt = Ry = Drp-1, so that operators T' € T act on R mapping subsets
of R one to another Dy — Dp-1. We said already that set R is invariant rel-
atively of set of operators T. Factorizing T over above-formulated equivalence
relation (see [70]), we get the group T of classes unbouded reversible operators
of space F’ which we call the non-Neumannian group of space F' (in our consid-
eration it plays the role analogous to the role of group of unitary operators of Hil-
bert space).

Subgroup of bounded operators we call Neumannian group of F”.

By quite analogous way one may define non-Neumannian ring of operators
on space F”.

Now non-Neumannian representation of group G in space F’ one may define
to be homomorphism G into T [72).

6.4. The Space of Fit and Generalized Functions of Exponential Type. At
consideration of infinite dimensional representations of algebras and in particular
of associative (Neumannian) rings of unbounded operators 7'(I) the space of
generalized functions of degree type (so-called L. Schwartz space, see [61,48])
is well adopted. In fact, from formula (6.1) it follows that T%(1) f, ~ n*f, at
n — oo and arbitrary entire k < oc.
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In the case of finite dimensional Lie algebra integration of its infinite dimen-
sional representation leads to the exponent exp (¢1°(1)0) = T'(#), and therefore
T(0) fn ~ exp (0n)fn ~ K™ f, (L(l) is non-self-adjoint operator; | K| < c0). So
that side by side with linear envelope of elements of Cartan—Weyl basis elements
K™ f, and their infinite sums must belong to the carrier space of group represen-
tation in whole. Space including such vectors we call the space of generalized
vectors of exponential type [72].

If in the case of Lie algebra representation there exists invariant (respectively
envelope algebra U[T'(1)]) space (it is the space of fit functions of degree type,
therefore U[T'(1)] is always Neumannian ring), so in the case of non-Neumannian
irreducible representation of Lie group in whole such a space does not exist (see
axiom v)).

Building the space, we interested, we may begin from consideration of pre-
Hilbert space H with scalar product (v, 0)1 = %,1,,¢n, Where ¢, are compo-
nents of vector ¢ in orthonormed basis e,: ¢ = ¥, ¢, e,. Then one may consider
the infinite countable system of scalar products (1, ©)x = %,|K|™, ¢y, where
|K|=1,2,3,... Completion of H by means of norm ||¢||x = 1/ (¢, ¢) Kk lets us
denote Hy. Obviously we have H; D Ho D ... Hg D ... Limit of this narrowed
sequence of complete Hilbert spaces we call the space of fit vectors of exponential
type F' [72], so that ' = N Hg. Topology on such a countable-Hilbert space
is set by usual manner, see [48]. It is not difficult to show that the space of this
type is nuclear [72].

Omitting further details the space of generalized function of exponent type
F’ we determine as the space of linear continuous functionals (F’, F) on the
space F'. Not difficult to show that F’ is the Frechet space, see [72]. Further, we
will consider a sesquilinear form (F’, F') connecting the pair of spaces F and F’.

Namely, F’ (the space of generalized functions of exponential type) is the
carrier space for non-Neumannian representation (see the following Sec. 7).

7. NON-NEUMANNIAN REPRESENTATIONS
OF ROTATION GROUP
(TO THE ETHER THEORY). 2

7.1. Non-Neumannian Representations of Rotation Group (Effective Con-
struction). Further, we use concrete realization of U(2) representations and its
complexification GL(2, C') connected with formulas (6.2)—(6.4) (see [4] (previous
part) further called as Sec. 6).

i) First of all every regular element g = ( 3 g ) € GL(2,C) (6 #0)

may be written in the form of Gaussian decomposition g = nihan_, where
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1 /s AJS 0 A 0
7”:(0 - :ew/gm’“:(o/ 5)2“}“%:(0 1>:

—1
e(‘70+‘73)0/2’ h = ( g g ) = e_‘731n5, n_ = ( 1//5 (]? ) = e(’)’/é)”— and

A =detg=ad — By =e’ (here # is a complex number).

Here the following matrix notations are used: oy =

00 /1 0 (10
10/)%% \o -1 )% Vo 1)

Due to the local isomorphism between T (g) and ¢g* we may write Th(g) =
TA(n+)T)\(eA)T)\(h)T>\(n_), where

o O
O =
N~
A
I

Ty(ny) = eB/DTr(o+) — oB/HLY

(7.1)
TA(eA) = e(TA(Uo)+T>\(a3))9/2 _ e(L(())‘)+2L‘(3A))9/2’
T\(h) = e~ r(oz)Ind _ 672L9) lné’
(7.2)
Ty(n_) = e(/OTr(E-) = /LY
are 1-parametric subgroups.
We have (see Sec. 6 and footnote on page 361):
d? d
L =¢ LY = (5 2o
dg? dg 03
A d N )
L:(a):CE—)\, Lg):2)\.

Of course we have to distinguish the group unity e = ¢° from oy because
Tr(e) =1 # Tx(op) = 2.

Let us act on the junior Cartan vector fé’\)(c ) = 1 by operator T(g). As
LYY =0, so we may write Ty(g)1 = 62*e(B/9¢ = k5(C;g). The latter

as a function on the group is the orbit of element fé/\). For regular g (6 # 0)
it is wholly situated in the space of generalized functions of exponential type
F{ which includes (in our realization) all entire analytical functions of complex
variable ¢ of order p < 1 and type 0 < 7 < o0, see [73].

*The isomorphism is setting by formula (o, are the Pauli matrices): T (o) = (>‘)¢o#go,

where , @ are determined in [73]: ¢ = ( d/ld( ), NG = (¢, —¢d/d¢ + 2)).
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In fact, let us decompose the function e(?/9)< into series over functions of

canonical basis £\ (see [73]): e(3/9¢ = ioj (=i(8/8))"/(T(n — \)/nl £ (0).
n=0

Decomposition coefficients a,, = (—i(3/9))"/(I'(n — A))/n! at n — oo satisfy

the condition |a,| < |3/0]™ < K™, where 0 < K < co. Elements from F} obey

just such a condition (see Sec.6).

ii) As is known, if the representation g — T»(g) is irreducible, so the orbit
Tx(g)f of any element f is dense in carrier space F}. Concerning the junior
vector 1 it means that linear envelope of infinite countable set of functions e™¢
at any collection of in pairs inequaled complex numbers 7,, is dense in Fj.
To convince of this we have to show that some function f({) € F} may be
approximated (in topology of FY) by the series ¥, A,, e™¢, ie., we can choose
coefficients A,, so that difference f(¢)—X,, A, e™¢ = p(¢) € Uy(€), where Uy (€)
is a weak neighborhood of zero in F} which is setting by vectors ¢ satisfying
the condition |{fm,¥)x| < €. Here {fm} (m < p) is any finite set of vectors in
F{ and (-,-)» is the form (6.4). In particular, as {f,,} we can take {fr(,{\)}, then

weak neighborhood of zero is determined by seminorms ’( ff,f‘ ), ©) A’ <e.
) _ (L(m —2X)12
—(D(m —2X)/2

By choice of A,, we may achieve that (f,g), p)Ix=0atm=1,2,3,...,p. From
the latter condition the equations for determining of A,, follow:

Let us denote ‘(ﬁg),f),\‘ = am(—l)mnfﬁ), where 777(2

P !
m/!
Apmt =" | =—————am, =0,1,2,...,p. 7.4
n; W= oy ™ p (74)
Determinant of the system is the Vandermonde one:
1 ) |
T0 T1 . . . Tp
@ 2 ... 7
V;ﬂrl (7—07 Tiy--- va) = det P= Hn>m(7_n - Tm)v (7.5)
£ S A T

which is not equal to zero because all 7,, are in pairs different. Therefore, our
system is solvable concerning A,,.
With A,, got by such a way the series %, A4, e’"¢ approximates the function
flO=> amfr(,{\)(C) in the sense of weak convergence in FY.
m=0

iii) We define now the action of operator T)(g) on the function e™¢. As

. 1
we can write €76 = Th(ny (7)) - 1, where ny (1) = i ), so we have

0 1
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Ta(g)e™ = Ta(gn+(1)) - 1. As gni.(7) = ny (g, 7)halg, 7)n-(g,7), where
ar + A 0
ni(g,7) = Yr+d8 |, ha=| y7+46 ;
0 1 0 YT+ 6

1 0
n—(g’T): ( v 1 ) ) T)\(n_(g,T))'lzl,

YT+ 0
) . (7.6)

so we obviously obtain [73]:
arbitrary element of canonical

Ti(g)e™ = (y7 +6)? eXP<
on

iv) Define else the result of action of Ty (g)

basis f2(¢) (see formula (6.3)). As ¢ = LY = Tx(01), so we may write
(for arbitrary function f({)) the formula T’ (g )f(C) = f(Tx(9)¢Txn(g7 1)) T2 (g) %
1 = f(T\(9o+9~1))kr(¢;g) (K is the above-defined function). Here matrix

.1/ —ay o 1

—1 _ 2 2

gorg~tis 2 oay )T (afoy —y20_ — aryos).
—_—

As Ty (1/27) = L™ (see (6.2)), so we have

(042L$‘) — 2L(_>‘) — 2a'yL:(>)>‘)) =

1 d
A [“ < (Cd_@ - ”dé) — (% - Aﬂ

Let us denote ® = (3/§)(. Then we may write
_ B2 ad  d ad  d
T D= @ ——= ) +2\ (= - =) =D. 7.7
Mgo49™) = 15 5 aw) 5 " (1.7)
Now it is not difficult to define the action of T (g) on ¢". We have

Tx(9)¢" = D"k (¢, 9) =

() (b)) o

Here right-hand side may be represented in the form of 522 PN (AD/By)e®
where P{* )( ) 1s a polynomial about © = A®/ ﬂ7 of degree n. As on deﬁmtlon
we have D( (A(I)/ﬂy) ) = n+1(AtI>/ﬂ7) , o we come to the following
relation between polynomials p )( ):

Tx(gorg™') =

| =

d? d



MATEMATHUYECKHUE OCHOBBI OITUCAHUSA B3AUMOIOEUCTBUA 369

If to put M (x) = (—7/5)"71!@5[\) (z), so the above-obtained relation may be
written in the form:

2
L% — 2z + »% +at QA} QM () = —(n+1)QLY, (2).

The same relation takes place for the Laggere polynomials L ().
In fact, from the equation for L%a)(x):

xd—2+(n+a+1—x)i+n L (x) =0
dzx? dx " B

and recurrent relation

o+ (st 1-0)| 0 = (0 + DL @),

(see [74]) we get

d? a+1)\ d o (a)
{x@—2<x— 5 )%—&—x—a—l}L%)(x):—(n—&—l)LnH(x).

Comparising this relation with the previous (for ng\)) one, we see that it must
be —a — 1 = 2)\, and hence Qﬁf‘)(x) = L%_”‘_l)(x). Therefore, we can write
Ta(g)C" = 62N —~/8)"nILS Y (AC/76) eB/9C. As a result, we come to the
formula:

Ta(9) V() = F(%_!Q/\)fw (—i%)nLﬁzAfl) (%) eB/OC (7.9

Now for arbitrary function f({) = 3, f,(™ we may write

Ta(g)f(¢) = 622 B/OCs, £nl (—%)n LG22 (%) ) (7.10)

v) It follows from formula (7.6) that at a fixed g operator T (g) is not defined
on function "¢ when 7 = —4/, i.e., on the function exp (—(v/8)¢). It means
that Dy, (4 # Fy, so that T)(g) are in general case unbounded operators on F7.

From all rest functions e™¢ (7 # —d/+) an infinite countable function system
{e™¢} dense in F} may be chosen. Linear envelope U[{e™}] is included in the
subspace of definition Dy, (4 of operator T\(g), i.e., Tx(g) at every g is dense
defined operator on Fy.

Complex plane C' 5 7 (the point 7 = oo is considered to be always pricked
out) without point —J/v is denoted C'(—¢d/7). Instead of § we may use the
parameter 7 from 7 = —§/v. Then we can say that the manifold C(7) is
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. . e
associated with the set of elements g, = ( i ) €

—A/(at+8) TA/(aT + B)
GL(2,C) with arbitrary « and .

vi) It follows from formula (7.7) that operator T)(go), corresponding to
B
0
canonical basis {f;}. Therefore, linear envelope U[{f}] ¢ Dz, (4,). Moreover,
such operators are not defined on the subspace of fit functions of exponential
type F\ which contains functions of order p < 1 and type 0 < 7 < oco. Hence,
Fx ¢ Dr, (4. However, every operator T(g) corresponding to the regular
element g (6 # 0) is defined on F).

It is remarkable that none from more narrow subspace than F} may be
considered to be a carrier space for group GL(2,C) in whole. For example,
considering the Hilbert space H) C F} including side by side with F also
the functions of order p = 1 and type 0 < 7 < 1, we may define only those
operators T\(g) which correspond to the elements ¢ satisfying the condition
|(ar + B)/(yT + §)| <1 and, of course, |7| < 1.

vii) Further, when ¢ runs the Gaussian area NyHN_ = GL(2,C) — A’
(ie., 6 # 0), number 3/ runs the complex plane C (without infinite far
point), see above. In formula (7.9) number /5 determines the type of func-
tion e(#/9<¢ Tt follows from here that none function from analytical func-
tions about ( of the order p = 1 includes in common subspace of definition
D(NyHN_) = Ngen,un_Dr, g of operator T)\(g), corresponding to the
Gaussian region. From (7.9) it follows also that D(N;HN_) coinsides with
F\. On the other hand, it follows from vi) that F) is not included in common
region of definition D(A’) = Ngyear Dy, (g,) Of operators T(go), corresponding
to the singular elements go € A’*. Therefore, we have D(NyHN_) N D(A’) =
Ngear(2,0)DPr, () = 0. Hence, representations we considered are non-Neuman-
nian ones.

viii) So far we have considered elements g taking their values from Gaussian
area of the GL(2,C') group. It turns out all our formulae may be continued to
the Gaussian area of the monoid M (2, C).

the singular elements go = (: > € A’ is not defined on the functions of

*«Ideal» elements (vectors, functions) of the type e>¢ are nonproper functions. Such functions
as nonexisting ones (¢ F>’\) we have so far excluded from the rate domain R, (g of operator T (9):
usually one considers that operator may not remake the existing (true) vector into nonexisting (false)
one (namely, it is a reason why the function e~ (5/7)¢ does not enter definition domain Dr, (g of

B

o Lo .
operator T (g), where g = ('y s )). However, material implication law seems to permit one to

ramake false (nonexisting) vector into true (existing) one. Then «ideal» elements of the type e®¢
may be added to the definition domain D and function e(@/7)¢ s not excluded from rate domain R
(i.e., we have to connect D with C'= C U {oco} and R with C; hereby C and D become of course

nonlinear manifolds). The space with «ideal» elements is denoted F>’\ (it is the Frechet space still).
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Under the multiplication law the set of all 2 x 2-matrices g forms monoid
denoted M (2,C'). Here we consider only the subset of matrices g with A > 0
which form the submonoid denoted M™(2,C). The latter contains the group
GL™"(2,C) of matrices g with A > 0.

Subset in GL*(2,C) with A = 1 is the special SL(2,C) group. Special
submonoid J = {g € MT(2,C) | detg = A = 0} possesses the property
JM C J and MJ C J. We call it the attractive submanifold* (see below).
Hereby we have M+ (2,C) = GL*(2,C) U J. Further elements of J are de-
noted j.

Contraction GL(2,C) — J arises under the condition when the space-time
is too little (or there is not at all; such a situation takes place when the spaceuscle,
i.e., ether quanta or field f(z) is pressed into the point, see [80]). Submanifold J
plays very important role in the ether dynamics: at the contraction GL(2,C) — J
ether field f(z) (first component of the bi-Hamiltonian system belonging to the
space F', more exactly to the subspace F') transmutes into the second one —
field f(4) belonging to the space F” too (see below). Only after this quantum
transition takes place (it is indeed the jump of f from the space F’ into the
complex conjugated space F”).

If to prick out the submanifold A’ described by equation § = 0 we get the
Gaussian area N, HAN_ of MT(2,C) at § # 0. Hereby monoid M™(2,C)
(and also submonoid J and groups GL(2,C), SL(2,C) ) decays into two open
submonoids (subgroups) By (A) and B_(A) called Borelean ones. Elements j

By/o B
~y 1)

from Gaussian area are written as j = ( ) . Such j’s form 3-dimensional

complex manifold. Intersection JNA' is obviously 2-complex matrices (a A ),

0 0

oo 0)

v 0

It is very important to notice that symmetry properties of observed
(Lagrangian) forms of matter (fundamental particles) are described by the group
SL(2,C) (the condition A = 1 means that there exist invariants of symmetry).
Symmetry properties of space—time are described, hereby, by the factor-group
SL(2,C)/Zy — by the Lorentz group SO(3, 1) (the Poincare-Minkowski metric
is invariant under the latter). (Note that being connected with covering group,
matter is more refined structure than the space—time continuum).

It is remarkable that the dynamical properties of spinor fiber (dynamical
structure of particle constituents or bi-Hamiltonian matter) are described by the

group GL(2,C) which permits the closure to the monoid M+ (2,C). Hereby

*In the ring theory (structures with two composition laws) subrings with this property are named
ideals.
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if submanifold J (A = 0) is added to the group GL(2,C) (by means of topo-
logical closure of the latter), so the manifold A’ (6 = 0) of the so-called sin-
gular elements must be considered to be pricked out, i.e., in this case monoid
M™(2,C) indeed decays into two open Borelean submonoids B and B_. Fur-
ther, we will consider representations of all these substructures in order to clear the
situation.

ix) We begin to consider the simplest manifold — the Cartan subgroup Ha

of diagonal matrices ha = A/o 0). It follows from (7.10) at v = 0 that

0 1
Ta(ha)f(¢) = 0%} f(AC/5?), where f() is an arbitrary function from the space
F{. We see that representation of Ha in F} is reduced onto one-dinemsional
representations realized in one-dimensional subspaces (see [73]).

At A =0 we have (hg = (8 g)): T(ho)f(¢) = 62X £(0), i.e., any func-
tion f({) is projected onto one and the same function — the junior Cartan vector
féA) with projection equaled f(0). It is remarkable that (as 2A # 0,1,2,...) we
cannot put here § = 0, although 75(0) = 0 (singular elements are sources of
branching).

x) Now we consider the more complicated structure — the Borel submonoid

B_(A) of matrices b_(A) = (ﬁ/é g) Proceeding from (7.9) we have

Ta(b_(A))C" = 2 (-%)nn!L;—”—U (%) . (7.11)

It follows from here that both linear envelope U [{ fy(f)}] and space F are invariant
under the operators T)(b_(A)). Hereby representation of B_(A) in F) is not
completely reducible (see [73]).

At A = 0 we have T»(b_(0))¢" = 62} (—7/0)"(T'(n — 2X)/T'(—2))). Again
after putting A = 0 we cannot put further (in (-realization) 6 = 0, although

8) = vo_, and hence due to the local

isomorphism we must have T)(yo_) = L™, According to the known formula
(see (6.3)), we have Th(yo_)(" = NIV = 7(045{\))2(”*1.

We already know that on the space F} operators T (b_(A)) are unbounded.
In fact, this follows, for example, from formula (7.6) at 8 = 0 (hereby oo = A/§)

at 6 = 0 for matrices we have (3

Ta(b_(A))e™ = (y7 4 6)* exp (%) . (7.12)

At A =0 we have Ty(b_(0))e™¢ = (y7 +6)% .
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If to put here § = 0 we get (v7)2*. But yL™ e7¢ = y7(—7¢ +2)) ™S, ie.,
quite another result®*.
xi) Consider further another Borel submanifold By (A) of matrices b4 (A) =

(()A/& g) We have (see (7.10))

15 A
10050 = exo (5¢) £ (5. 7.13)
It follows from here that FY is invariant space under the action of operators
T (b4 (A)). The representation is not completely reducible (see [78]).

At A = 0 we obviously have T (b, (0))f(¢) = 6** exp ((3/9)¢) £(0). We
cannot take here 6 = 0. But at A =0 and 6 = 0 for b;(0) we have o, and

therefore T (8o ) f(¢) = ﬂLSrA)f(C) = B¢ () (see previous footnote).

All these observations are summed up in the following general

Statement 3. The most dangerous submanifold in M (2, C') is the intersection
JN A’ (elements of the latter are denoted jy). Hereby in the framework of space
F{ we have lim T)(j) # Th(lim j) = T)(jo).

J—Jjo J—Jjo

This means that in the framework of space F'{ we cannot close Gaussian area
of monoid M (2, C) to get the monoid in whole. In [75] such a situation is called
polarization of the relativistic bi-Hamiltonian dynamical system. In connection
with this we would like to emphasize that the existence of Gaussian decomposition
of semisimple Lie groups has always been a puzzle.

We may even say that if A = 0 so § # 0. On the contrary, if § = 0 so
A #£0, i.e., subsets J and A’ are in complimentary condition to each other.

Further, it is worthwhile to consider the realization of GL(2,C) on complex
plane 7 € C. In this case we have 7 — 7 = (a7 + 8)/(y7 + §), where
a = (A4 [v)/d. We see that at A = 0 complex plane is projected onto one and
the same fixed complex number [3/4.

Let f(7) be a function of complex variable 7 belonging to the representation
Tx(g). Then we have Th(g)f(7) = (v7 + ) f(ar + B/(y7+6). At A =0
the right-hand side is (y7 + 6)2* f(3/4), i.e., arbitraty function is projected onto
one and the same function (y7 + 6)?* with projection f(3/4).

*This property of T)(g) is a consequence of the common situation in the theory of non-
Neumannian representations of topological groups: mapping exp is not surjection. Here is the
simplest example of it. For matrices we have e"+ = 1 4 7o4. Taking T from the right-hand side

we obtain T\ (1 +704) =1+ TLE:‘) =1+ 7¢. But T), from the left-hand side gives (see before)

L

)
Th(e™+)=e "+ =e™¢ #1+7C.
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In 7-realization canonical Cartan—Weyl basis is formed by functions:

I'(n—2A
FO@) = (i T2,
Hereby we have
S QD D7) =
n=0

where 775{\) is the metric in space representation T’ (see above).

Returning to the (-realization we remark that for arbitrary function f(¢) =
Enfnl™ of ¢ we have at A = 0: Th(j)f(¢) = Cr(j)exp ((8/6)(¢), where
C34) = 895/ (Oln = 21 (=20 ana = (777 ),

So, we formulate

Theorem 1. At contraction GL(2,C) — J every vector f € FY is projected
onto one and the same Vector exp ((8/0)¢) with projection C¢(j), see [75].

Vector exp ((3/9)¢) is the ground state of the relativistic bi-Hamiltonian
dynamical system f. So, the ground state f of this system arises as a result of
evolution of states f described by contraction GL(2,C) — J (the latter is analog
of the Schroedinger evolution equation). We may say that the ground state fis
associated with attractive submonoid J.

Of course this evolution process (in general case reversible) may not be
mixed with quantum (irreversible) transition f — f described by transition matrix
element ( f f) containing complex conjugated state f

xii) Further, we come back to the group representations, namely, to SL(2,C).
Its subgroups (SU(1,1) and especially SU(2)) will be considered also.

Because of multiplier (y7 + §)?* in (7.6) elements Ty (v)f (v € SL(2,0),
A # p/2) as the functions on group SL(2, C') are multivalued (it is not difficult to
be convinced that at A = p/2 in F) /2 there are vectors f orbits of which T), s2(v) f
are multivalued functions on SL(2,C') too). We write this property of T (v) so:
v — {Tx(v)}, where {T»(v)} is the set of operators corresponding to the group
element v. For uniformization of our mapping 75 (v) and functions T (v)f the
space of 1-chains over linearly one-connected group SL(2,C) is very adopted
(see earlier). Hereby concrete representative from {7 (v)} is determined by chain
¥ beginning in unity e € SL(2,C) and ending in v € SL(2,C). Mapping we
considered is exact mapping of l-chain group SL(2,C) determined in Sec.6:

v — SL(2,C). In fact, let us act on element T (01 ) f by operator Tx(v2) (hereby
it is supposed that f belongs to the definition subspace of T (v1) and T)(v1)f
belongs to the definition subspace of operator T’ (v2); such subspaces exist, see
further). Element T (v2)(Tx(v1)f) may be obtained as a result of growing of

chain v7 by chain v5: from the end of chain v; as from unity of group 67(2, )
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the chain v3 outgoes (namely, this circumstance permits one to consider group

SL(2,C) to be free group over SL(2,C)). Chain obtained by such a way is the
chain v3 o v; composed from v and vy (it is very important to emphasize because
another chain multiplication laws are possible, see, for example, [72]). Therefore,
we have T)\(02)T\(01)f = T (v3 0 01)f, i.e., ¥ — T)(v) is homomorphism.
When a chain (beginning in e and ending in v) is drawn on the group
SL(2,C) then simultaneously on C' > 7, a chain 7 (beginning in 7 = oo and
ending in 7) is drawn too. To establish the connection between both these
chains it is worthwhile to consider the fibration (C, M) of SL(2,C) where C
is the base (Riemannian sphere) to every point of which 7 the matrix 7 =

1 _
( T i ) corresponds and M. is a fiber over 7 elements of which

VIR -
1 <a7+ﬁ 0T — « )

are described by matrices m. m 0 (1+ ‘7‘2)/((” +8)
(o, B are arbitrary complex variables). In parametrization connected with this
fibration element v (denoted v,) is written in the form of v, = m,7. At fixed
7 elements v, (at arbitrary «, (3) are those which may not be defined on the
functions of the type e7¢.

It follows from here that if in C the chain 7y is pricked out, so the functions
e™¢ corresponding to the rest of 7°s form a dense definition domain of all operators
T (7g), where 0y is a lifting of 7y (in other words, 7y is projection of 7 onto C).
If chain 7 in C (v in SL(2,C)) is dense in C (in SL(2,C)) (so-called fractal
curve), nevertheless, there are very many points in C' and corresponding them set
of functions e7¢ dense in F{ (see Sec.6).

xiii) It follows from (7.10) that all vectors from F} are analytical ones for
the representation by — T)(b4) (first in representation theory such vectors were
considered in [76]). Differentiating (7.10) over 3 and J (putting then 3 = 0 and
§ = 1), we get the generators ¢ and (d/d¢ — A coinciding with L and L{V
in (6.2).

It follows from (7.10) that all vectors from linear envelope U[{ fff‘)}} are
analytical for representation b_ — T (b_). Differentiating (7.10) over ~ (putting

then v = 0 and § = 1), we get the generators (2)\ — %) di( coinciding with
L™ in (6.2).

Xiv) As is seen, in the space F} there is a dense set of analytical vectors for
representation T (v), where v € Ny HN_. It turns out every function f € F}
is analytical vector for T (v) at v belonging to the enough small neighbourhood
er(e) € SL(2,C). In fact, every function of order p < 1 is analytical vector
for Gaussian area. Let us consider now functions of order p = 1 and of the
type 0 < 7 < oo. From (7.10) it follows that as in e™¢ (7 € C all points
of C are inner) |7| < oo (only such functions belong to FY), so there is a
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neighbourhood of unity e(e) with 6/ obeying the condition |7| < |6/7] < oo in
which T (v) e is analytical function about v. It means that for every f € F}
there is a neighbourhood of unity ef(e) C SL(2,C) and a chain v disposed in
whole in this neighbourhood so that equality 75 (v) = T»(v) takes place, where
v is the end of chain ¥: v = p(v).

The condition may be written in the form: if @ is a cycle (loop) disposed
in whole in ef(e), so Th(@w)f = f. Besides it follows from (7.10) that on
dense subset of the form U[{ fr([\)}] for every pair of cycles &1,y €  we have
T (Woowq)f = Ta(w1 0ws) f. It means that subgroup Q may be considered to be
Abelian one. Hereby if 7, 001 € €, s0 T (05 ' oW o) f = Th (07 owoty)f.
Commutativity of the group Q plays very important role at topology introducing
in group SNL(Q,C).

xv) Because Th(v)f = Ta(v)f (see above) we may differentiate the right-
hand side over parameters of v € €(e) and get Lie algebra representation, realized
by operators (6.2). Inversely at very small |@] < 1 process exp (iTx(1/2)o0) f =
T (v)f converges for every vector f € F} and determines an analytical function
in neighbourhood €f(e) > v. Hereby product Ty (v™) -+ T\ (v!) f (here all v* €
e(e)) determines an element 75 (v)f depending on discrete chain v. Hereat it
is necessary to look after the fulfilment of condition Ty(vi~1)---Ty\(vl)f €
D1, (viy, i€., f € D, (%). For this purpose it is enough to prick out the chain
7(v) in C, and rest 7’s to connect with f € Dr, ().

xvi) The property T)(v)f = T (p(v)) f, where all points of ¥ are situated in
ef(e) C SL(2,C), tells that space F} guarantees the existence of neighbourhood
of unity €(€) C SL(2, C) free from small subgroups. Such a neighbourhood exists
for every v (it follows from the homogeneity of group). In other words, from
existence of differentiable representations T () in F} the existence of the kernal
Yp; follows that SNL(Q, C)/Yr, is a locally Euclidean group locally isomorphic

to the Lie group SL(2,C), i.e., it is a Lie group denoted §VL/(2, (). It means that
the Fifth Hilbertian Problem has positive solution for 1-chain groups considered
over classical groups.

Of course §VL/(2, C) is only locally (in small) Lie group. In whole, §VL/(2, )
is neither analytical group nor (finite dimensional) manifold at all. As a topolog-
ical structure it possesses the property that dimensionality of neighbourhood of
every its element depends on size of this neighbourhood. Idea about existence of
such structures takes its rise in Riemann’s dissertation [77].

xvii) In the case of SU(1,1)-subgroup of matrices v = (% g) we have
|a|? — |B|> = 1, and hence |3/al < 1. At transformation 7 — ar +€ interior

T+«
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_|_
aT+B g,
T+«
space H) earlier considered is invariant under the operators Ty (v), v € SU(1, 1).

In particular, if €™¢ € Hy, so Th(v)e™ = (Br + a)? exp <%T+ ) ©

The Hilbert

of circle |7| < 1 is mapped into itself so that

T+«

Hence, on H) operators T)(v) are bounded and we have there usual Neumannian

irreducible representation D+ (\) of SU(1,1). At A # p/2 D ()) is multivalued

representation of SU(1,1) (this group is infinitely linearly connected). At A < 0

representations are unitary. The group SU (1, 1) is used in usual (unitary) quantum
mechanics.

xviii) Let us consider else subgroup SU (2). Here situation is quite another. In

(1—181*)/7B é)
-6 ™)’

1 . o . . .
hereby |3| = 17“2 In this parametrization elements are written in the split-
+ |7

T-realization group elements are written in the form u, = (

ip
ted form u, = m7, where now m = h = (8 ei*?) and p = arg(. In

this case our fibration is isomorphic to the well-known Hopf fibration (52, S1)

so that 1-chain group SU(Q) may be understood to be S2ST, where S! is the

universal covering of Cartan subgroup H (1-circle) and S? is 1-chain space over
sphere S2. 3\5(2) is used in the ether theory (see [78]).

7.2. Conclusion. Now we know three several Lie groups with one and the
same Lie algebra SO(3,1) behind which very different physical entities stand.
They are 1) the Lorentz group SO(3,1) (symmetry group of the Poincare—
Minkowski space) with which integer angular momenta are connected, 2) its
covering manifold SL(2,C) (symmetry group of the Dirac fiber) with which

halfinteger spins are connected, and 3) 1-chain Lie group SL(2,C) (symmetry
group of ether) with which arbitrary spins are connected.

We have considered here only hidden physical medium (ether)/g)nnected
with special covering of rotation group SO(3) — I-chain Lie group SU(2), and
described by linear representations of the latter. Dependence on chains says about
multivalued turbulent character of motion of the medium, see [78]. As is known,
usage of linear representations is a sign of quantum theory. From this point of
view ether is quantum system.

In classical approach there is only configuration space and its symmetry
group. We can see that such an approach is not always sufficient for description
of physical phenomena (see [78]): 1-chain fibration over space and its symmetry
group — 1-chain group — are needed also. At classical approach this mathemat-
ical tool we consider may be transferred onto real media — gases and liquids.
We hope that by means of this tool turbulence regime of real media may be
described.
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