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–¥²Ó ÔÉμ° · ¡μÉÒ Å ¶μ± § ÉÓ ¢ ¦´μ¸ÉÓ ¨ ¶·¨³¥´¨³μ¸ÉÓ ´¥¸ ³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢
¤²Ö μ¶¨¸ ´¨Ö ´ ¡²Õ¤ ¥³ÒÌ ± ± ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ°, É ± ¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥,
  É ±¦¥ ¢ ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¥. ‚ · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö: (i) ³ ±¸¨³ ²Ó´μ Ô·³¨Éμ¢ (´μ
´¥ ¸ ³μ¸μ¶·Ö¦¥´´Ò°) μ¶¥· Éμ· ¢·¥³¥´¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨ ¢ ±¢ ´Éμ¢μ°
Ô²¥±É·μ¤¨´ ³¨±¥, (ii) ¶·μ¡²¥³  μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·μ¢ 4-³¥·´μ° ±μμ·¤¨´ ÉÒ ¨ 4-³¥·´μ£μ ¨³-
¶Ê²Ó¸  ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í ¸μ ¸¶¨´μ³ ´Ê²Ó, ¶·¨Î¥³ ± ¦¤Ò° ¨§ ´¨Ì ¨³¥¥É ± ± Ô·³¨Éμ¢Ê,
É ± ¨  ´É¨Ô·³¨Éμ¢Ê Î ¸É¨. �´ ²¨§¨·ÊÕÉ¸Ö ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¶·¨²μ¦¥´¨Ö ´¥¸ ³μ¸μ¶·Ö¦¥´´ÒÌ
¨ ´¥Ô·³¨Éμ¢ÒÌ μ¶¥· Éμ·μ¢. ‚ § ±²ÕÎ¥´¨¥ ¶·μ ´ ²¨§¨·μ¢ ´ ¸²ÊÎ ° T-´¥¨´¢ ·¨ ´É´ÒÌ ¢§ ¨³μ-
¤¥°¸É¢¨°, ¢±²ÕÎ Ö ±¢ ´Éμ¢ÊÕ ¤¨¸¸¨¶ Í¨Õ ¨ Ö¤¥·´Ò¥ μ¶É¨Î¥¸±¨¥ ¶μÉ¥´Í¨ ²Ò.

Aim of this paper is to show the possible signiˇcance, and usefulness, of various nonselfad-
joint operators for suitable observables in nonrelativistic and relativistic quantum mechanics, and in
quantum electrodynamics. More speciˇcally, this work starts dealing with: (i) the maximal hermitian
(but not selfadjoint) time operator in nonrelativistic quantum mechanics and in quantum electrody-
namics; and with: (ii) the problem of the four-position and four-momentum operators, each one with
its hermitian and antihermitian parts, for relativistic spin-zero particles. Afterwards, other physi-
cally important applications of nonselfadjoint and nonhermitian operators are discussed. Finally, we
analyze the case of T-noninvariant interactions, including quantum dissipation and the nuclear optical
potential.

PACS: 03.65.-w; 03.65.Xp; 03.65.Fd
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Š ± ¨§¢¥¸É´μ ¨§ ÊÎ¥¡´¨±μ¢ ¨ ³μ´μ£· Ë¨° ¶μ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥,
3-³¥·´ Ö ¶·μ¸É· ´¸É¢¥´´ Ö ±μμ·¤¨´ É  ³μ¦¥É ¡ÒÉÓ ¨´μ£¤  ¶ · ³¥É·μ³,  
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¶·¥¤¸É ¢¨ÉÓ μ¶¥· Éμ·μ³. �¤´ ±μ ¥Ð¥ ¸μ ¢·¥³¥´ ¸μ§¤ ´¨Ö ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¨ (´ ¶·¨³¥·, ¸³. [1]) ¡Ò²μ ¨§¢¥¸É´μ, ÎÉμ ¢·¥³Ö ´¥²Ó§Ö ¶·¥¤¸É ¢¨ÉÓ ¸ -
³μ¸μ¶·Ö¦¥´´Ò³ μ¶¥· Éμ·μ³ §  ¨¸±²ÕÎ¥´¨¥³ μÉ¤¥²Ó´ÒÌ ¸¨¸É¥³ (É ±¨Ì ± ±
Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´´ Ö Î ¸É¨Í  ¢μ ¢´¥Ï´¥³ μ¤´μ·μ¤´μ³ Ô²¥±É·¨Î¥¸±μ³
¶μ²¥)∗. �¥·¥Î¥´Ó · ¡μÉ, ¶μ¸¢ÖÐ¥´´ÒÌ ¶·μ¡²¥³¥ ¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¥, Î·¥§¢ÒÎ °´μ ¡μ²ÓÏμ° (¸³., ´ ¶·¨³¥·, [2Ä29] ¨ ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò ¢
ÔÉ¨Ì · ¡μÉ Ì). �± §Ò¢ ¥É¸Ö, ÎÉμ ¶μ¤μ¡´ Ö ¸¨ÉÊ Í¨Ö ¸²μ¦¨² ¸Ó É ±¦¥ ¢ ±¢ ´-
Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¥ ¨ ¢ ¡μ²¥¥ μ¡Ð¥° ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö (¸³., ´ ¶·¨³¥·, [2, 19,20]).

�¤´ ±μ ´  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó ±·Ê£ § ¤ Î, £¤¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥¸ ³μ¸μ-
¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò, Î·¥§¢ÒÎ °´μ Ï¨·μ±, ¨ §¤¥¸Ó ÔÉ¨ μ¶¥· Éμ·Ò ¶·¨³¥-
´ÖÕÉ¸Ö ¢¥¸Ó³  Ê¸¶¥Ï´μ. ’ ±, ´ ¶·¨³¥·, §´ Î¨É¥²Ó´Ò° ¶·μ£·¥¸¸ ¤μ¸É¨£´ÊÉ ¢
· §· ¡μÉ±¥ ³¥Éμ¤μ¢, ´ ¶· ¢²¥´´ÒÌ ´  ¨§ÊÎ¥´¨¥ ¸¢μ°¸É¢ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¨
·¥ ²¨§Ê¥³ÒÌ ¢ ¶μ¤Ìμ¤¥ μ¡· É´μ° § ¤ Î¨ (ÌμÉ¥²μ¸Ó ¡Ò μÉ³¥É¨ÉÓ ¸¥·¨Õ μ¡§μ-
·μ¢ [30Ä33]) ¨²¨ ¢ ¶μ¤Ìμ¤¥ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (SUSY
QM) (¸³., ´ ¶·¨³¥·, [34Ä42]). ‚ Î ¸É´μ¸É¨, ³μÐ´Ò°  ¶¶ · É ¶·¥¤² £ ÕÉ
³¥Éμ¤Ò SUSY QM (´ ¶·¨³¥·, ¸³. [43, 44]). ‚ É ±μ³ ´ ¶· ¢²¥´¨¨ ´ ¨¡μ-
²¥¥ ¡μ£ ÉÒ¥  ²£μ·¨É³Ò ¶·¥¤μ¸É ¢²ÖÕÉ ¶·¥μ¡· §μ¢ ´¨Ö „ ·¡Ê ¢Ò¸Ï¨Ì ¶μ·Ö¤-
±μ¢ [45, 46] (¸³. μ ¶·¥μ¡· §μ¢ ´¨ÖÌ „ ·¡Ê ¶¥·¢μ£μ ¶μ·Ö¤±  [38, 39, 47Ä52],
¢Éμ·μ£μ ¶μ·Ö¤±  [45, 53Ä57], μ¡§μ·Ò μ¡ ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ [58, 59], μ ³¥-
Éμ¤¥ Ë ±Éμ·¨§ Í¨¨ [60, 61] ¨ ¨¸Éμ·¨Î¥¸±ÊÕ · ¡μÉÊ [62]). ‚ Î ¸É´μ¸É¨, Ê¦¥
¶·μ¸É¥°Ï¥¥ μ¶·¥¤¥²¥´¨¥ ¸Ê¶¥·¶μÉ¥´Í¨ ²  ±μ³¶²¥±¸´μ° ËÊ´±Í¨¥° ¶μ§¢μ²Ö¥É
¸É·μ¨ÉÓ ´μ¢Ò¥ ¸¨¸É¥³Ò, £¤¥ ¶μÉ¥´Í¨ ²Ò ´¥¨§¡¥¦´μ μ± §Ò¢ ÕÉ¸Ö (´¥¸ ³μ-
¸μ¶·Ö¦¥´´Ò³¨) ±μ³¶²¥±¸´Ò³¨ (¸³. [63Ä66],   É ±¦¥ ±² ¸¸Ò ¶μÉ¥´Í¨ ²μ¢ ¸
PT-¸¨³³¥É·¨¥° [67Ä73], ¢¥¸É¨ ¨¸¸²¥¤μ¢ ´¨Ö ¥¥ ¸¢μ°¸É¢ [74Ä82]). Š ³¥Éμ-
¤ ³ ¸ ¡μ²¥¥ ¸²μ¦´Ò³¨ Ëμ·³ ³¨ ¸Ê¶¥·¶μÉ¥´Í¨ ²  (¸ ¸μÌ· ´¥´¨¥³ ¶μ·Ö¤± 
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨°) ³μ¦´μ μÉ´¥¸É¨ ³¥Éμ¤ · ¸Ï¨·¥´´μ° ¸Ê-
¶¥·¸¨³³¥É·¨¨ [83Ä86], ³ É·¨Î´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ²¨²¨´¥°´μ° (´¥²¨´¥°-
´μ°) ¸Ê¶¥·¸¨³³¥É·¨¨ [87], ³¥Éμ¤Ò ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ¸¢Ö§ ´´ÒÌ ¤¨¸±·¥É-
´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  [88, 89], μ¡μ¡Ð¥´¨Ö SUSY-¶·¥μ¡· §μ¢ ´¨° ´ 
3-³¥·´Ò¥ ¨ ³´μ£μ³¥·´μ¥ ¶·μ¸É· ´¸É¢  [39, 40, 90, 91]. Š ³¥Éμ¤ ³, μ¸´μ-
¢ ´´Ò³ ´  ¡μ²¥¥ ¸²μ¦´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ· Ì, £¤¥ ¸É ´¤ ·É´Ò¥
μ¶¥· Éμ·Ò „ ·¡Ê μ± §Ò¢ ÕÉ¸Ö ²¨ÏÓ Î ¸É´Ò³ ¸²ÊÎ ¥³, ³μ¦´μ μÉ´¥¸É¨ ³¥Éμ¤Ò
´¥²¨´¥°´μ° ¸Ê¶¥·¸¨³³¥É·¨¨ [92,93], ³¥Éμ¤Ò ¸±·ÒÉμ° ¸Ê¶¥·¸¨³³¥É·¨¨ (hid-
den SUSY) [94Ä99] ¨ ³¥Éμ¤Ò N-fold ¸Ê¶¥·¸¨³³¥É·¨¨ [100Ä105]. ˆ´É¥´¸¨¢´μ¥

∗�Éμ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶μ²Êμ£· ´¨Î¥´´μ¸É¨ ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¶μ Ô´¥·£¨¨ μÉ ´Ê²Ö.
’μ²Ó±μ ¤²Ö Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´´μ° Î ¸É¨ÍÒ ¢ ¡¥¸±μ´¥Î´μ³ μ¤´μ·μ¤´μ³ Ô²¥±É·¨Î¥¸±μ³ ¶μ²¥
¨ ´¥±μÉμ·ÒÌ ¤·Ê£¨Ì μÎ¥´Ó ·¥¤±¨Ì ¸¶¥Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ´¥¶·¥·Ò¢´Ò° ¸¶¥±É· Ô´¥·£¨¨ ´¥ Ö¢²Ö-
¥É¸Ö μ£· ´¨Î¥´´Ò³ ¨ · ¸¶·μ¸É· ´Ö¥É¸Ö ´  ¢¸Õ μ¸Ó μÉ −∞ ¤μ +∞. ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ
¤²Ö ¸¨¸É¥³ ¸ ´¥¶·¥·Ò¢´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨¨, μ£· ´¨Î¥´´Ò³ ¸¢¥·ÌÊ ¨ ¸´¨§Ê, μ¶¥· Éμ· ¢·¥³¥´¨
μ± §Ò¢ ¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³.
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· §¢¨É¨¥ ÔÉμ° μ¡² ¸É¨ ¤μ± §Ò¢ ¥É ¶μ²Ó§Ê ´¥¸ ³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢,
±μÉμ·Ò¥ §¤¥¸Ó ´ Ï²¨ ¸¢μ¥ ¥¸É¥¸É¢¥´´μ¥ ¶·¨³¥´¥´¨¥.

ˆ§ ³´μ£¨Ì ¢μ¶·μ¸μ¢, ¨¸¸²¥¤Ê¥³ÒÌ ¸ ¶μ³μÐÓÕ ´¥¸ ³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥-
· Éμ·μ¢, ³μ¦´μ μÉ³¥É¨ÉÓ, ´ ¶·¨³¥·, ·¥§μ´ ´¸´Ò¥ ¸μ¸ÉμÖ´¨Ö (¸³. ´¥±μÉμ·Ò¥
¨¸Éμ·¨Î¥¸±¨¥ · ¡μÉÒ [106, 107]),   É ±¦¥ μ¡Ï¨·´ÊÕ μ¡² ¸ÉÓ ¨¸¸²¥¤μ¢ ´¨°,
´ ¶· ¢²¥´´ÒÌ ´  μ¶¨¸ ´¨¥ μÉ±·ÒÉÒÌ ± ± ±² ¸¸¨Î¥¸±¨Ì, É ± ¨ ±¢ ´Éμ¢ÒÌ ¸¨-
¸É¥³ [108Ä111]. �¥¸ ³μ¸μ¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò É ±¦¥ ³μ¦´μ ´ °É¨ ¢ ¶μ¤Ìμ-
¤ Ì ± μ¶¨¸ ´¨Õ ±¢ §¨´μ·³ ²Ó´ÒÌ ³μ¤ ¢ É¥μ·¨¨ Î¥·´ÒÌ ¤Ò· [112Ä116] (±μ·´¨
ÔÉ¨Ì § ¤ Î ¶·μ¸²¥¦¨¢ ÕÉ¸Ö ¢ · ¡μÉ Ì ’μ³¸μ´ , ‹Ô³¡  ¨ ¤·. [117Ä119]).

Š ¶¥·¢Ò³ · ¡μÉ ³ ¶μ ¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ¢¥·μÖÉ´μ, ³μ¦´μ
μÉ´¥¸É¨ [2Ä9] (¸ ²¨É¥· ÉÊ·μ° ¢ ÔÉ¨Ì · ¡μÉ Ì). ‘²¥¤ÊÕÐ¨¥ · ¡μÉÒ [10Ä29]
¶μÖ¢²ÖÕÉ¸Ö ²¨ÏÓ ¢ ¤¥¢Ö´μ¸ÉÒ¥ £μ¤Ò ¶·μÏ²μ£μ ¸Éμ²¥É¨Ö, ¡Ê¤ÊÎ¨ Î ¸É¨Î´μ
¢Ò§¢ ´´Ò³¨ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¤ ÉÓ ¸ ³μ¸μ£² ¸μ¢ ´´μ¥ μ¶·¥¤¥²¥´¨¥ ¢·¥³¥´¨
ÉÊ´´¥²¨·μ¢ ´¨Ö. �¤´ ±μ ¸²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¢ ÔÉμ° ¸¥·¨¨ · ¡μÉ ¡Ò² 
¶·μ¨£´μ·¨·μ¢ ´  É¥μ·¥³  � °³ ·±  (Naimark) [120], ±μÉμ· Ö ¸Ëμ·³¨·μ¢ ² 
· ´¥¥ · §· ¡μÉ ´´Ò° (¶·Ö³μ ¨²¨ ±μ¸¢¥´´μ) ¸ÊÐ¥¸É¢¥´´Ò° ¡ §¨¸ ·¥§Ê²ÓÉ Éμ¢
· ¡μÉ [2Ä9] ¨, ¡μ²¥¥ Éμ£μ, ¢μ ¢¸¥Ì · ¡μÉ Ì [10Ä17], ¶·¨¢¥¤Ï Ö ± ¶μ¶ÒÉ±¥
· §·¥Ï¨ÉÓ ¶·μ¡²¥³Ê ¢·¥³¥´¨ ± ± ±¢ ´Éμ¢μ° ´ ¡²Õ¤ ¥³μ° ¶μ¸·¥¤¸É¢μ³ Ëμ·-
³ ²Ó´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì μ¶¥· Í¨°, ¢Ò¶μ²´Ö¥³ÒÌ §  ¶·¥¤¥² ³¨ μ¡ÒÎ´μ£μ
£¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢  É· ¤¨Í¨μ´´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. �¥μ¡Ìμ¤¨³μ
μÉ³¥É¨ÉÓ, ÎÉμ É¥μ·¥³  � °³ ·±  [120] Ê¸É ´ ¢²¨¢ ¥É, ÎÉμ ´¥μ·Éμ£μ´ ²Ó´μ¥
¸¶¥±É· ²Ó´μ¥ · §²μ¦¥´¨¥ ¥¤¨´¨ÍÒ ¶·μ¨§¢μ²Ó´μ£μ Ô·³¨Éμ¢  μ¶¥· Éμ·  ³μ¦¥É
¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´μ μ·Éμ£μ´ ²Ó´μ° ¸¶¥±É· ²Ó´μ° ËÊ´±Í¨¥° (±μÉμ· Ö ¸μ-
μÉ¢¥É¸É¢Ê¥É ¸ ³μ¸μ¶·Ö¦¥´´μ³Ê μ¶¥· Éμ·Ê) ¸μ ¸² ¡μ° ¸Ìμ¤¨³μ¸ÉÓÕ ¶·¨ ²Õ¡μ°
¦¥² ¥³μ° ¸É¥¶¥´¨ ÉμÎ´μ¸É¨.

�¸´μ¢´μ° Í¥²ÓÕ · §¤. 1 ÔÉμ° · ¡μÉÒ Ö¢²Ö¥É¸Ö ¤μ± § É¥²Ó¸É¢μ ¢μ§³μ¦´μ-
¸É¨ · ¸¸³μÉ·¥´¨Ö ¢·¥³¥´¨ ± ± ±¢ ´Éμ¢μ° ´ ¡²Õ¤ ¥³μ°, μ¸´μ¢ ´´μ¥ ´  ¸¢μ°-
¸É¢ Ì Ô·³¨Éμ¢ÒÌ (¨²¨, ¸±μ·¥¥, ³ ±¸¨³ ²Ó´μ Ô·³¨Éμ¢ÒÌ) μ¶¥· Éμ·μ¢ ¢ ´¥¶·¥-
·Ò¢´μ³ ¸¶¥±É·¥ Ô´¥·£¨¨ (¸³. [18Ä20]). ‚μ¶·μ¸ μ ¶·¥¤¸É ¢²¥´¨¨ ¢·¥³¥´¨ ± ±
±¢ ´Éμ¢μ° ´ ¡²Õ¤ ¥³μ° ¨¤¥°´μ ¸¢Ö§ ´ ¸ ´ ³´μ£μ ¡μ²¥¥ μ¡Ð¥° ¶·μ¡²¥³μ°
4-³¥·´μ£μ μ¶¥· Éμ·  ¨ ¤·Ê£μ£μ 4-³¥·´μ£μ μ¶¥· Éμ· , ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´-
´μ£μ ± ¶¥·¢μ³Ê, ±μÉμ·Ò¥ μ¡  ¸μ¤¥·¦ É ± ± Ô·³¨Éμ¢Ê, É ± ¨  ´É¨Ô·³¨Éμ¢Ê
Î ¸É¨, ¸ ¨Ì ¤ ²Ó´¥°Ï¨³ μ¶¨¸ ´¨¥³ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ ´Ê²Ó:
ÔÉ  ¶·μ¡²¥³   ´ ²¨§¨·Ê¥É¸Ö ¢ · §¤. 2 · ¡μÉÒ. ‚ ¶·¨²μ¦¥´¨¨ ±· É±μ Ê¶μ-
³¨´ ¥É¸Ö § ¤ Î  ±¢ ´Éμ¢μ° ¤¨¸¸¨¶ Í¨¨ ¸ ¶·¨³¥´¥´¨¥³ Ö¤¥·´ÒÌ μ¶É¨Î¥¸±¨Ì
¶μÉ¥´Í¨ ²μ¢.

1. ��…��’�� ‚�…Œ…�ˆ ‚ �…�…‹Ÿ’ˆ‚ˆ‘’‘Š�‰ Š‚��’�‚�‰
Œ…•��ˆŠ… ˆ Š‚��’�‚�‰ �‹…Š’��„ˆ��ŒˆŠ…

1.1. � ¢·¥³¥´¨ ± ± ´ ¡²Õ¤ ¥³μ° ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¥ ¤²Ö ¸¨¸É¥³ ¸ ´¥¶·¥·Ò¢´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨¨. �μ¸²¥¤´ÖÖ Î ¸ÉÓ Ê± § ´-
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´ÒÌ ¢ÒÏ¥ · ¡μÉ [11Ä29],   ¶·¥¦¤¥ ¢¸¥£μ [12Ä17,22Ä29], ¶μÖ¢¨¢Ï Ö¸Ö ¢ ¤¥¢Ö-
´μ¸ÉÒ¥ £μ¤Ò ¨ ¶μ¸¢ÖÐ¥´´ Ö ¶·μ¡²¥³¥ ¢·¥³¥´¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¥, ¡Ò²  ¢Ò§¢ ´  ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ μ¶·¥¤¥²¨ÉÓ ¢·¥³Ö ÉÊ´´¥²¨·μ¢ ´¨Ö.
�¤´ ±μ ¢ ÔÉ¨Ì · ¡μÉ Ì  ¢Éμ·Ò ´¥ ¸¸Ò² ÕÉ¸Ö ´  É¥μ·¥³Ê � °³ ·±  [120], ±μÉμ-
· Ö ¤ ¥É ³ É¥³ É¨Î¥¸±μ¥ μ¡μ¸´μ¢ ´¨¥ ·¥§Ê²ÓÉ Éμ¢ · ¡μÉ [2Ä9],   É ±¦¥ ¡μ²¥¥
¶μ§¤´¨Ì · ¡μÉ [18Ä21]. „¥°¸É¢¨É¥²Ó´μ, Ê¦¥ ¢ ¸¥³¨¤¥¸ÖÉÒ¥ £μ¤Ò (¸³. [2Ä6],
¡μ²¥¥ ¶μ¤·μ¡´μ¥ ¨§²μ¦¥´¨¥ ³μ¦´μ ´ °É¨ ¢ [7, 8] ¨ ´¥§ ¢¨¸¨³μ ¢ [9]) ¡Ò²μ
¤μ± § ´μ, ÎÉμ ¤²Ö ¸¨¸É¥³ ¸ ´¥¶·¥·Ò¢´Ò³¨ ¸¶¥±É· ³¨ Ô´¥·£¨¨ ¢·¥³Ö Ö¢²Ö¥É¸Ö
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ´ ¡²Õ¤ ¥³μ°, ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´μ° Ô´¥·£¨¨. �
¨³¥´´μ, ¡Ò²μ ¶μ± § ´μ, ÎÉμ μ¶¥· Éμ· ¢·¥³¥´¨

t̂ =

{
t ¢ t-¶·¥¤¸É ¢²¥´¨¨ ¶μ ¢·¥³¥´¨, (a)

−i�
∂

∂E
¢ E-¶·¥¤¸É ¢²¥´¨¨ ¶μ Ô´¥·£¨¨ (¡)

(1)

Ö¢²Ö¥É¸Ö ´¥ ¸ ³μ¸μ¶·Ö¦¥´´Ò³,   Ô·³¨Éμ¢Ò³ ¨ ¤¥°¸É¢Ê¥É ± ± ´  ±¢ ¤· É¨Î´μ-
¨´É¥£·¨·Ê¥³Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ ¢ ¶·¥¤¸É ¢²¥-
´¨¨ (1a), É ± ¨ ´  ¨Ì ËÊ·Ó¥-¶·¥μ¡· §μ¢ ´¨Ö (1¡), ¶μ¸²¥ Éμ£μ ± ± ¨¸±²ÕÎ¥´ 
ÉμÎ±  E = 0 (É. ¥. ³Ò ¨³¥¥³ ¤¥²μ ²¨ÏÓ ¸ ¤¢¨¦ÊÐ¨³¨¸Ö ¢μ²´μ¢Ò³¨ ¶ ±¥É ³¨,
±μÉμ·Ò¥ ´¥ ¨³¥ÕÉ ´¥¶μ¤¢¨¦´ÒÌ Ì¢μ¸Éμ¢ ¨ ¨Ì ¶μÉμ±¨ ´¥ ´Ê²¥¢Ò¥)∗.

� ¶μ³´¨³ ´¥±μÉμ·Ò¥ μ¶·¥¤¥²¥´¨Ö É¥μ·¨¨ ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ (´ ¶·¨-
³¥·, ¸³. [122]). ‚´ Î ²¥ · ¸¸³μÉ·¨³ μ¶¥· Éμ· A, ±μÉμ·Ò° μ¶·¥¤¥²¥´ ¢¸Õ¤Ê
¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H ¨ §¤¥¸Ó Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ μ£· ´¨Î¥´´Ò³.
’μ£¤  ¢Ò· ¦¥´¨¥

(f, A g) (2)

¥¸ÉÓ ¡¨²¨´¥°´Ò° ËÊ´±Í¨μ´ ² μÉ f , g ¸ ´μ·³μ° ‖A‖. ˆ μ¤´μ§´ Î´μ ´ °¤¥É¸Ö
μ£· ´¨Î¥´´Ò° ²¨´¥°´Ò° μ¶¥· Éμ· A∗, μ¶·¥¤¥²¥´´Ò° ¢¸Õ¤Ê ¢ H (¸³. É¥μ·¥³Ê
μ ¥£μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ [122, c. 76]), ¤²Ö ±μÉμ·μ£μ

(f, A g) = (A∗f, g), (3)

± ±μ¢Ò ¡Ò ´¨ ¡Ò²¨ f , g ∈ H ¨ ‖A∗‖ = ‖A‖. ˆÉ ±, ± ¦¤μ³Ê μ£· ´¨Î¥´´μ³Ê
²¨´¥°´μ³Ê μ¶¥· Éμ·Ê A, μ¶·¥¤¥²¥´´μ³Ê ¢¸Õ¤Ê ¢ H , μÉ¢¥Î ¥É  ´ ²μ£¨Î´Ò°
μ¶¥· Éμ· A∗ ¸ Éμ° ¦¥ ´μ·³μ° ¨ É ±μ°, ÎÉμ ¤²Ö ²Õ¡ÒÌ f , g ∈ H ¨³¥¥É
³¥¸Éμ (3). �ÉμÉ μ¶¥· Éμ· A∗ ´μ¸¨É ´ §¢ ´¨¥ μ¶¥· Éμ· , ¸μ¶·Ö¦¥´´μ£μ ¸ A.
‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ (A∗)∗ = A∗∗ ¥¸ÉÓ ¨¸Ìμ¤´Ò° μ¶¥· Éμ· A.

∗�Éμ Ê¸²μ¢¨¥ μ± §Ò¢ ¥É¸Ö ¤μ¸É ÉμÎ´Ò³ ¤²Ö Éμ£μ, ÎÉμ¡Ò μ¶¥· Éμ· (1a,¡) ¡Ò² Ô·³¨Éμ¢Ò³
¨²¨, ¡μ²¥¥ ÉμÎ´μ, ³ ±¸¨³ ²Ó´μ Ô·³¨Éμ¢Ò³ μ¶¥· Éμ·μ³ (¸³. [2Ä8], É ±¦¥ [18Ä21]); ´μ μ´ ³μ¦¥É
¡ÒÉÓ · §²μ¦¥´ ´  ¡¨²¨´¥°´Ò¥ Ëμ·³Ò (¸³., ´ ¶·¨³¥·, [6, 121] ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¸Ò²± ³¨ ¢
ÔÉ¨Ì · ¡μÉ Ì), ± ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥.
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…¸²¨ A∗ = A, Éμ μ¶¥· Éμ· A ´ §Ò¢ ¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³ μ¶¥· Éμ·μ³ ¨
¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (Af, f) ¶·¨ ²Õ¡μ³ f ∈ H ¢¥Ð¥¸É¢¥´´μ. �£· ´¨Î¥´-
´Ò° ²¨´¥°´Ò° μ¶¥· Éμ· A, μ¶·¥¤¥²¥´´Ò° ¢¸Õ¤Ê ¢ H , ´ §Ò¢ ¥É¸Ö ´μ·³ ²Ó´Ò³,
¥¸²¨ μ´ ¶¥·¥¸É ´μ¢μÎ¥´ ¸μ ¸¢μ¨³ ¸μ¶·Ö¦¥´´Ò³, É. ¥. ¥¸²¨

A∗ A = AA∗. (4)

…¸²¨ ¶·¨ ²Õ¡μ³ f ∈ H ¨³¥¥É ³¥¸Éμ ´¥· ¢¥´¸É¢μ (Af, f) � 0, Éμ μ£· -
´¨Î¥´´Ò° ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· A ´ §Ò¢ ¥É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³; μ¡ÒÎ´μ
ÔÉμ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ´¥· ¢¥´¸É¢ 

A � 0. (5)

�Éμ ¶μ´ÖÉ¨¥ ¶μ§¢μ²Ö¥É ¢¢μ¤¨ÉÓ ´¥· ¢¥´¸É¢  ³¥¦¤Ê μ£· ´¨Î¥´´Ò³¨ ¸ ³μ¸μ-
¶·Ö¦¥´´Ò³¨ μ¶¥· Éμ· ³¨ ¨, ¢ Î ¸É´μ¸É¨, · ¸¸³ É·¨¢ ÉÓ ³μ´μÉμ´´Ò¥ ¶μ¸²¥-
¤μ¢ É¥²Ó´μ¸É¨ É ±¨Ì μ¶¥· Éμ·μ¢. �É³¥É¨³, ÎÉμ ¥¸²¨ A Å ¶μ²μ¦¨É¥²Ó´Ò°
μ¶¥· Éμ·, Éμ ¤²Ö ²Õ¡ÒÌ f, g ∈ H

|(Af, f)|2 � (Af, f) · (Ag, g). (6)

„¥°¸É¢¨É¥²Ó´μ, Ëμ·³  (Af, g) ¶μ·μ¦¤ ¥É ¢ ÔÉμ³ ¸²ÊÎ ¥ ±¢ §¨¸± ²Ö·´μ¥ ¶·μ-
¨§¢¥¤¥´¨¥ ¢ H ¨ ´ ¶¨¸ ´´μ¥ ´¥· ¢¥´¸É¢μ ¥¸ÉÓ ¶·μ¸Éμ ´¥· ¢¥´¸É¢μ ŠμÏ¨Ä

Ê´Ö±μ¢¸±μ£μ.

‹¨´¥°´Ò° μ¶¥· Éμ· A ´ §Ò¢ ¥É¸Ö ¸¨³³¥É·¨Î¥¸±¨³, ¥¸²¨:  ) μ¡² ¸ÉÓ
μ¶·¥¤¥²¥´¨Ö DA ¶²μÉ´  ¢ H ¨ ¡) ¤²Ö ²Õ¡ÒÌ ¤¢ÊÌ Ô²¥³¥´Éμ¢ f , g ¨§ DA

¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ
(Af, g) = (f, A g). (7)

� ·Ö¤Ê ¸ É¥·³¨´μ³ ¸¨³³¥É·¨Î¥¸±¨° ¶·¨³¥´Ö¥É¸Ö É¥·³¨´ Ô·³¨Éμ¢. ˆ§ ÔÉμ£μ
μ¶·¥¤¥²¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (Af, f) ¶·¨ ²Õ¡μ³ f ∈
DA ¢¥Ð¥¸É¢¥´´μ. Œμ¦¥É ¸²ÊÎ¨ÉÓ¸Ö, ÎÉμ ¶·¨ ´¥±μÉμ·μ³ ¢¥Ð¥¸É¢¥´´μ³ γ

(Af, f) � γ · (f, f) (8)

¤²Ö ²Õ¡μ£μ f ∈ DA. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î¥¸±¨° μ¶¥· Éμ· A ´ §Ò¢ -
¥É¸Ö ¶μ²Êμ£· ´¨Î¥´´Ò³ ¸´¨§Ê,   ´ ¨¡μ²ÓÏ¥¥ ¨§ ¢¸¥Ì §´ Î¥´¨° γ, ¶·¨ ±μÉμ·ÒÌ
¢Ò¶μ²´Ö¥É¸Ö ÔÉμ ´¥· ¢¥´¸É¢μ, ´ §Ò¢ ÕÉ ´¨¦´¥° £· ´ÓÕ μ¶¥· Éμ·  A ( ´ ²μ-
£¨Î´μ μ¶·¥¤¥²Ö¥É¸Ö μ¶¥· Éμ·, ¶μ²Êμ£· ´¨Î¥´´Ò° ¸¢¥·ÌÊ, ¨ ¥£μ ¢¥·Ì´ÖÖ £· ´Ó).
…¸²¨, ¢ Î ¸É´μ¸É¨,

(Af, f) � 0 (9)

¶·¨ f ∈ DA, Éμ μ¶¥· Éμ· A ¸É ´μ¢¨É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³.
…¸²¨ ¸¨³³¥É·¨Î¥¸±¨° μ¶¥· Éμ· μ£· ´¨Î¥´, Éμ ¥£μ · ¸Ï¨·¥´¨¥ ¶μ ´¥¶·¥-

·Ò¢´μ¸É¨ μ¶·¥¤¥²¥´μ ¢¸Õ¤Ê ¢ H ¨ Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´´Ò³ ¸ ³μ¸μ¶·Ö¦¥´´Ò³
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μ¶¥· Éμ·μ³. …¸²¨ ¦¥ ¸¨³³¥É·¨Î¥¸±¨° μ¶¥· Éμ· ´¥ μ£· ´¨Î¥´, Éμ ¥£μ μ¡² ¸ÉÓ
μ¶·¥¤¥²¥´¨Ö ´¥ ³μ¦¥É ¸μ¢¶ ¤ ÉÓ ¸μ ¢¸¥³ ¶·μ¸É· ´¸É¢μ³. ’ ±, ¸ ³μ¸μ¶·Ö¦¥´-
´Ò° μ¶¥· Éμ· ¸μ¢¶ ¤ ¥É ¸μ ¸¢μ¨³ ¸μ¶·Ö¦¥´´Ò³ μ¶¥· Éμ·μ³ (A = A∗), ¨ μ´
´¥ ¨³¥¥É ¸¨³³¥É·¨Î¥¸±¨Ì · ¸Ï¨·¥´¨°. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸¨³³¥É·¨Î¥¸±¨°
μ¶¥· Éμ·, ´¥ ¨³¥ÕÐ¨° ¸¨³³¥É·¨Î¥¸±¨Ì · ¸Ï¨·¥´¨°, ´μ ´¥ ¸μ¢¶ ¤ ÕÐ¨° ¸μ
¸¢μ¨³ ¸μ¶·Ö¦¥´´Ò³ (A ⊂ A∗), ´ §Ò¢ ¥É¸Ö ³ ±¸¨³ ²Ó´Ò³ ¸¨³³¥É·¨Î¥¸±¨³
(¨²¨ ³ ±¸¨³ ²Ó´Ò³ Ô·³¨Éμ¢Ò³) μ¶¥· Éμ·μ³.

�Î¥¢¨¤´μ, μ¶¥· Éμ· t̂ = −i�
∂

∂E
(¶·¨ 0 < E < ∞) Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢Ò³,

É. ¥. ¨³¥¥É ³¥¸Éμ ¸μμÉ´μÏ¥´¨¥

(g1, t̂ g2) = (t̂ g1, g2) (10)

Éμ²Ó±μ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ´¥ ¢¸¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³Ò¥ ËÊ´±Í¨¨ g1, g2 ∈
G, ¢ ¶·μ¸É· ´¸É¢¥ ±μÉμ·ÒÌ μ´ μ¶·¥¤¥²¥´, μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¢³¥¸É¥ ¸μ ¸¢μ-
¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ¶·¨ E = 0. ˆ´ Î¥ £μ¢μ·Ö, É ±μ° Ô·³¨Éμ¢ μ¶¥· Éμ· t̂
μ¶·¥¤¥²¥´ ¢ ¶μ¤¶·μ¸É· ´¸É¢¥ G ⊂ L2, £¤¥ L2 Å £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ
¢¸¥Ì ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨°. �Î¥¢¨¤´μ, ¶μ¸±μ²Ó±Ê μ¶¥· Éμ· t̂
μ¶·¥¤¥²¥´ ´¥ ´  ¢¸¥³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ L2, μ´ ´¥ Ö¢²Ö¥É¸Ö ¸ ³μ¸μ-
¶·Ö¦¥´´Ò³,   ¶μ¸±μ²Ó±Ê ¥£μ ´¥²Ó§Ö μ¶·¥¤¥²¨ÉÓ ´  ¢¸¥³ ¶·μ¸É· ´¸É¢¥ L2, É ±
± ± ¶·¨ É ±μ³ ¥£μ · ¸Ï¨·¥´¨¨ ´  ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³Ò¥ ËÊ´±Í¨¨ g1,
g2, ´¥ · ¢´Ò¥ ´Ê²Õ ¶·¨ E = 0, ¥£μ ¸¢μ°¸É¢  Ô·³¨Éμ¢μ¸É¨ (10) ´ ·ÊÏ ÕÉ¸Ö,
Éμ μ´ Ö¢²Ö¥É¸Ö ³ ±¸¨³ ²Ó´Ò³ Ô·³¨Éμ¢Ò³ [7].

’¥¶¥·Ó ¢¸¶μ³´¨³ É¥μ·¥³Ê � °³ ·±  [120], ¢§Ö¢ ¥¥ Ëμ·³Ê²¨·μ¢±Ê, ´ ¶·¨-
³¥·, ¨§ [122] (¸³. ¸. 393). �Ê¸ÉÓ Ft Å ¥¤¨´¸É¢¥´´μ¥ μ¡μ¡Ð¥´´μ¥ · §²μ¦¥´¨¥
³ ±¸¨³ ²Ó´μ£μ Ô·³¨Éμ¢  μ¶¥· Éμ·  ¢ ¶·μ¸É· ´¸É¢¥ H . ‚ É ±μ³ ¸²ÊÎ ¥
¸ÊÐ¥¸É¢Ê¥É £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ H+, ¸μ¤¥·¦ Ð¥¥ H ¢ ± Î¥¸É¢¥ ¶μ¤-
¶·μ¸É· ´¸É¢ , ¨ ¸ÊÐ¥¸É¢Ê¥É É ±μ¥ μ·Éμ£μ´ ²Ó´μ¥ · §²μ¦¥´¨¥ ¥¤¨´¨ÍÒ E+

t

¶·μ¸É· ´¸É¢  H+, ÎÉμ ¶·¨ ²Õ¡μ³ f ∈ H

Ft f = P+E+
t f, (11)

£¤¥ P+ Å μ¶¥· Éμ· ¶·μ¥±É¨·μ¢ ´¨Ö ´  H . ‡¤¥¸Ó μ¡μ¡Ð¥´´Ò³ · §²μ¦¥´¨¥³
¥¤¨´¨ÍÒ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¢¸Ö±μ¥ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ μ¶¥· -
Éμ·μ¢ Ft, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:  ) ¶·¨ t2 > t1 · §´μ¸ÉÓ
Ft2 − Ft1 Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´´Ò³ ¶μ²μ¦¨É¥²Ó´Ò³ μ¶¥· Éμ·μ³, ¡) Ft−0 = Ft,
¢) F−∞ = 0, F∞ = I . „·Ê£¨³ ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ É¥μ·¥³Ò � °³ ·±  Ö¢²Ö¥É¸Ö
¸²¥¤ÊÕÐ¥¥: ´¥μ·Éμ£μ´ ²Ó´μ¥ ¸¶¥±É· ²Ó´μ¥ · §²μ¦¥´¨¥ ³ ±¸¨³ ²Ó´μ Ô·³¨-
Éμ¢  μ¶¥· Éμ·  ³μ¦¥É ¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´μ μ·Éμ£μ´ ²Ó´μ° ¸¶¥±É· ²Ó´μ°
ËÊ´±Í¨¥° (±μÉμ· Ö ¸μμÉ¢¥É¸É¢Ê¥É ¸ ³μ¸μ¶·Ö¦¥´´μ³Ê μ¶¥· Éμ·Ê) ¸μ ¸² ¡μ°
¸Ìμ¤¨³μ¸ÉÓÕ ¸ ²Õ¡μ° ¦¥² ¥³μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨.

’¥¶¥·Ó ³Ò ¢¥·´¥³¸Ö ± μ¶¥· Éμ·Ê t̂ ¢ t-¶·¥¤¸É ¢²¥´¨¨, ¢¢¥¤¥´´μ³Ê ¢ [7,8]
¨ [18Ä21]. �´ ¨³¥² É ±μ¥ ¸¢μ°¸É¢μ, ÎÉμ ¶·¨ μ¤´μ³¥·´μ³ (1D) ¸± ²Ö·´μ³ · ¸-
¸³μÉ·¥´¨¨ ²Õ¡Ò¥ Ê¸·¥¤´¥´¨Ö ¶μ ¢·¥³¥´¨ ¶μ²ÊÎ ²¨¸Ó ¶·¨ ¶μ³μÐ¨ ¸²¥¤ÊÕÐ¥°
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¢¥¸μ¢μ°  ³¶²¨ÉÊ¤Ò (¨²¨ ¢¥¸ ):

W (t, x) dt =
j (x, t) dt

+∞∫
−∞

j (x, t) dt

, (12)

£¤¥ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  j (x, t) ¸μμÉ¢¥É¸É¢Ê¥É ¢·¥³¥´´μ° ¢¥·μÖÉ´μ¸É¨ Éμ£μ, ÎÉμ¡Ò
Î ¸É¨Í  ¶·μÏ²  Î¥·¥§ ÉμÎ±Ê x §  ¥¤¨´¨Î´Ò° ¨´É¥·¢ ² ¢·¥³¥´¨ ¸ Í¥´É·μ³ ¢
ÉμÎ±¥ t, ¤¢¨£ Ö¸Ó ¢ ¶μ²μ¦¨É¥²Ó´μ³ ´ ¶· ¢²¥´¨¨ ¶μ μ¸¨ x. �É  ¢¥²¨Î¨´ 
´¥ ¶μ¸ÉÊ²¨·Ê¥É¸Ö, ´μ Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ Ìμ·μÏμ ¨§¢¥¸É´μ° ¢¥·μÖÉ-
´μ¸É´μ° ¶·μ¸É· ´¸É¢¥´´μ° ¨´É¥·¶·¥É Í¨¨ ρ (x, t) ¨ Ê¸²μ¢¨Ö ´¥¶·¥·Ò¢´μ¸É¨
∂ρ (x, t)/∂ t + div j (x, t) = 0. Š ± μ¡ÒÎ´μ, ¢¥²¨Î¨´  ρ(x, t) ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° ¢¥·μÖÉ´μ¸ÉÓ ´ Ìμ¦¤¥´¨Ö ¤¢¨¦ÊÐ¥°¸Ö Î ¸É¨ÍÒ ¢´ÊÉ·¨ ¥¤¨´¨Î´μ£μ ¶·μ-
¸É· ´¸É¢¥´´μ£μ ¨´É¥·¢ ²  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x ¨ ¢ ³μ³¥´É ¢·¥³¥´¨ t.

‚¥²¨Î¨´Ò ρ(x, t) ¨ j (x, t) ¸¢Ö§ ´Ò ¸ ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ψ (x, t) ¸ ¶μ³μ-
ÐÓÕ μ¡ÒÎ´ÒÌ μ¶·¥¤¥²¥´¨° ρ (x, t) = |Ψ (x, t)|2 ¨ j (x, t) = �[Ψ∗(x, t) (�/iμ)
Ψ (x, t)]. Šμ£¤  ¶²μÉ´μ¸ÉÓ ¶μÉμ±  j (x, t) ³¥´Ö¥É ¸¢μ° §´ ±, ¢¥²¨Î¨´ 
W (x, t) dt Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¨, ± ± ¢ [7, 18Ä21],
μ´  ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ Éμ²Ó±μ ¢μ ¢·¥³Ö É¥Ì
Î ¸É¨Î´ÒÌ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢, ¢ ±μÉμ·ÒÌ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  j (x, t) ¸μÌ· -
´Ö¥É ¸¢μ° §´ ±. �μÔÉμ³Ê ¤ ¢ °É¥ ¢¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ¤¢¥ ¢¥²¨Î¨´Ò [18Ä20],
μÉ¤¥²¨¢ ¶μ²μ¦¨É¥²Ó´μ¥ ´ ¶· ¢²¥´¨¥ ¶μÉμ±  μÉ μÉ·¨Í É¥²Ó´μ£μ:

W± (t, x) dt =
j± (x, t) dt

+∞∫
−∞

j± (x, t) dt

(13)

¶·¨ j± (x, t) = j (x, t) θ(±j).
’μ£¤  ¸·¥¤´¥¥ §´ Î¥´¨¥ 〈t±(x)〉 ¢·¥³¥´¨ t, ¶·¨ ±μÉμ·μ³ Î ¸É¨Í  ¶·μ-

Ìμ¤¨É Î¥·¥§ ±μμ·¤¨´ ÉÊ x, ¤¢¨£ Ö¸Ó ¢ ¶μ²μ¦¨É¥²Ó´μ³ ¨²¨ μÉ·¨Í É¥²Ó´μ³
´ ¶· ¢²¥´¨¨, · ¢´μ

〈t±(x)〉 =

+∞∫
−∞

tj± (x, t) dt

+∞∫
−∞

j± (x, t) dt

=

=

+∞∫
0

1
2

[
G∗(x, E) t̂v G (x, E) + vG∗(x, E) t̂G (x, E)

]
dE

+∞∫
0

v
∣∣G (x, E)

∣∣2 dE

, (14)
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£¤¥ G (x, E) Å ËÊ·Ó¥-¶·¥μ¡· §μ¢ ´¨¥ · ¸¶·μ¸É· ´ÖÕÐ¥£μ¸Ö 1D-¶ ±¥É 

Ψ (x, t) =

+∞∫
0

G (x, E) exp
(
− iEt

�

)
dE =

+∞∫
0

g(E)ϕ(x, E) exp
(
− iEt

�

)
dE,

¶¥·¥¢μ¤ÖÐ¥¥ μÉ ¶·¥¤¸É ¢²¥´¨Ö ¶μ ¢·¥³¥´¨ ± ¶·¥¤¸É ¢²¥´¨Õ ¶μ Ô´¥·£¨¨. „²Ö
¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö ³μ¦´μ ¢Ò¡· ÉÓ G(x, E) = g(E) exp (ikx) ¨ ϕ(x, E) =
exp (ikx), £¤¥ E = μ�

2k2/ 2 = μv2/ 2. ‚ [18Ä20] ¡Ò²¨ μ¶·¥¤¥²¥´Ò ¸·¥¤´¨¥
¤²¨É¥²Ó´μ¸É¨ (mean time durations) ¤²Ö 1D-¶¥·¥Ìμ¤  Î ¸É¨ÍÒ ¨§ xi ¢ xf > xi

¨ μÉ· ¦¥´¨Ö μÉ μ¡² ¸É¨ (xi, +∞) μ¡· É´μ ¢ ¨´É¥·¢ ² xf � xi. � ¨³¥´´μ:

〈τT (xi, xf )〉 = 〈t+(xf )〉 − 〈t+(xi)〉 (15)

¨

〈τR(xi, xf )〉 = 〈t−(xf )〉 − 〈t+(xi)〉 (16)

¸μμÉ¢¥É¸É¢¥´´μ. ’·¥Ì³¥·´μ¥ μ¡μ¡Ð¥´¨¥ ¸·¥¤´¥° ¶·μ¤μ²¦¨É¥²Ó´μ¸É¨ ¢ ±¢ ´-
Éμ¢ÒÌ ¸Éμ²±´μ¢¥´¨ÖÌ ¨ Ö¤¥·´ÒÌ ·¥ ±Í¨ÖÌ ¶μÖ¢¨²μ¸Ó ¢ [7,8]. �±μ´Î É¥²Ó´Ò¥
μ¶·¥¤¥²¥´¨Ö ¤²Ö ¸·¥¤´¨Ì 〈tn〉 ¶μ ¢·¥³¥´¨ tn ¶·¨ n = 1, 2 . . . ¨ 〈f(t)〉 μÉ ¢¥²¨-
Î¨´Ò f(t), ±μÉμ· Ö Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ²Ó´μ°  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥° ¢·¥³¥´¨,
³μ¦´μ ´ °É¨ ¢ [20,123], £¤¥ ¶·¨¢¥¤¥´Ò μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´´Ò¥ Ö¢´Ò¥ ¢Ò-
· ¦¥´¨Ö.

„¢  ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·  Å μ¶¥· Éμ· ¢·¥³¥´¨ (1) ¨ μ¶¥-
· Éμ· Ô´¥·£¨¨

Ê =

{
E ¢ E-¶·¥¤¸É ¢²¥´¨¨ ¶μ Ô´¥·£¨¨, (a)

i�
∂

∂t
¢ t-¶·¥¤¸É ¢²¥´¨¨ ¶μ ¢·¥³¥´¨ (¡)

(17)

Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´μ³Ê ¸μμÉ´μÏ¥´¨Õ [6,20,123]

[Ê, t̂] = i�. (18)

’¥μ·¥³  ‘ÉμÊ´  (Stone) ¨ Ëμ´ �¥°³ ´´  (von Neumann) [124] ¢¸¥£¤ 
¨´É¥·¶·¥É¨·μ¢ ² ¸Ó ± ± Ê¸É ´ ¢²¨¢ ÕÐ Ö ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¶μ-
¤μ¡´μ (18) ¤²Ö ¶ ·Ò ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢ (1) ¨ (17) ¢ μ¡μ¨Ì
¶·¥¤¸É ¢²¥´¨ÖÌ, ´μ Éμ²Ó±μ ¥¸²¨ ÔÉ¨ μ¶¥· Éμ·Ò Ö¢²ÖÕÉ¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨.
�¤´ ±μ ¥¥ ³μ¦´μ μ¡μ¡Ð¨ÉÓ ´  (³ ±¸¨³ ²Ó´μ) Ô·³¨Éμ¢Ò μ¶¥· Éμ·Ò, ¥¸²¨ ¢¢¥-
¸É¨ t̂ ¸ ¶μ³μÐÓÕ μ¤´μ§´ Î´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ μÉ μ¸¨ t (−∞ < t < ∞)
± ¶μ²Êμ¸¨ E (0 < E < ∞) ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¢μ°¸É¢  [122] ®(³ ±¸¨³ ²Ó´μ) Ô·-
³¨Éμ¢ÒÌ¯ μ¶¥· Éμ·μ¢ (ÔÉμ ¶μ± § ´μ, ´ ¶·¨³¥·, ¢ ¶μ¸²¥¤´¥° ¨§ · ¡μÉ [2],  
É ±¦¥ ¢ [20,123]).
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‚ ¸ ³μ³ ¤¥²¥, ¨§ (18) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¥°

ΔE Δt � �

2
(19)

(£¤¥ Δa =
√

Da Å ¸É ´¤ ·É´ Ö ¢¥²¨Î¨´  μÉ±²μ´¥´¨Ö, ¢¥²¨Î¨´  Da Ö¢²Ö¥É¸Ö
¢ ·¨ Í¨¥° Da = 〈a2〉 − 〈a〉2 ¨ a = E, t, Éμ£¤  ± ± 〈. . .〉 μ¡μ§´ Î ¥É ¸·¥¤-
´¥¥ ¶μ t ¸ ¢¥²¨Î¨´ ³¨ W (x, t) dt ¨²¨ W± (x, t) dt ¢ t-¶·¥¤¸É ¢²¥´¨¨) É ±¦¥
¤²Ö μ¶¥· Éμ·μ¢, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¶·μ¸ÉÒ³¨ Ô·³¨Éμ¢Ò³¨, ¸ ¶μ³μÐÓÕ ¶·Ö-
³μ£μ μ¡μ¡Ð¥´¨Ö ¶·μÍ¥¤Ê·, μ¡Ð¨Ì ¢ ¸²ÊÎ ¥ ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ (± ´μ´¨Î¥¸±¨
¸μ¶·Ö¦¥´´ÒÌ) ¢¥²¨Î¨´ ¶μ¤μ¡´μ ±μμ·¤¨´ É¥ x̂ ¨ ³μ³¥´ÉÊ p̂x. 
μ²¥¥ Éμ£μ, ¸μ-
μÉ´μÏ¥´¨¥ (18) Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨´Í¨¶Ê ®¸μμÉ¢¥É¸É¢¨Ö¯ „¨· ±  [20,123], É ±
± ± ±² ¸¸¨Î¥¸±¨¥ ¸±μ¡±¨ �Ê ¸¸μ´  {q0, p0} ¶·¨ q0 = t ¨ p0 = −E · ¢´Ò 1.
‚ · ¡μÉ Ì [4Ä7] ¨ [20, 123] É ±¦¥ ¡Ò²μ ¶μ± § ´μ, ÎÉμ μÉ²¨Î¨Ö ³¥¦¤Ê ¸·¥¤-
´¨³¨ ¢·¥³¥´ ³¨, ¶·¨ ±μÉμ·ÒÌ ¢μ²´μ¢μ° ¶ ±¥É ¶·μÌμ¤¨É Î¥·¥§ ¶ ·Ê ÉμÎ¥±,
Ê¤μ¢²¥É¢μ·ÖÕÉ ¶·¨´Í¨¶Ê ¸μμÉ¢¥É¸É¢¨Ö �·¥´Ë¥¸É  (Ehrenfest).

„ ²¥¥, ÔÉμ ¶μ§¢μ²Ö¥É Ê¸É ´μ¢¨ÉÓ, ÎÉμ ¤²Ö ¸¨¸É¥³ ¸ ´¥¶·¥·Ò¢´Ò³¨ ¸¶¥±-
É· ³¨ Ô´¥·£¨¨ ³ É¥³ É¨Î¥¸±¨¥ ¸¢μ°¸É¢  (³ ±¸¨³ ²Ó´μ) Ô·³¨Éμ¢ÒÌ μ¶¥· Éμ-
·μ¢ ¶μ¤μ¡´μ t̂ ¢ (1) Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö · ¸¸³μÉ·¥´¨Ö ¨Ì ± ± ±¢ ´-
Éμ¢ÒÌ ´ ¡²Õ¤ ¥³ÒÌ. � ¨³¥´´μ, Ê´¨± ²Ó´μ¸ÉÓ [122] ¸¶¥±É· ²Ó´μ£μ · §²μ¦¥-
´¨Ö (ÌμÉÖ ¨ ´¥ μ·Éμ£μ´ ²Ó´μ£μ) ¤²Ö μ¶¥· Éμ·μ¢ t̂ ¨ t̂n (n > 1) £ · ´É¨·Ê¥É
®Ô±¢¨¢ ²¥´É´μ¸ÉÓ¯ ¸·¥¤´¨Ì §´ Î¥´¨° ²Õ¡μ°  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¨ ¶μ ¢·¥-
³¥´¨, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¶·¨ t ¨ ¢ E-¶·¥¤¸É ¢²¥´¨¨. „·Ê£¨³¨ ¸²μ¢ ³¨,
É ±μ¥ · §²μ¦¥´¨¥ Ô±¢¨¢ ²¥´É´μ μÉ´μÏ¥´¨Õ ¶μ²´μÉÒ ¤²Ö (¶·¨¡²¨¦¥´´ÒÌ)
¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μÉ t̂n (n > 1), ±μÉμ·Ò¥ ¶·¨ ¶·μ¨§¢μ²Ó´μ° ÉμÎ´μ¸É¨
³μ£ÊÉ ¡ÒÉÓ μÉ´¥¸¥´Ò ± μ·Éμ£μ´ ²Ó´Ò³, ¨ ¸μμÉ¢¥É¸É¢Ê¥É ¤¥°¸É¢¨É¥²Ó´Ò³ ¸μ¡-
¸É¢¥´´Ò³ §´ Î¥´¨Ö³ ¢ ´¥¶·¥·Ò¢´μ³ ¸¶¥±É·¥. �É¨ ¶·¨¡²¨¦¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥
ËÊ´±Í¨¨ ¶·¨´ ¤²¥¦ É ± ¶·μ¸É· ´¸É¢Ê ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨°
μÉ Ô´¥·£¨¨ E (¸³., ´ ¶·¨³¥·, [6Ä8,20] ¨ ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò ¢ ÔÉ¨Ì · ¡μÉ Ì).

‘μ£² ¸´μ ÔÉμ° ÉμÎ±¥ §·¥´¨Ö ´¥ ¸ÊÐ¥¸É¢Ê¥É ¶· ±É¨Î¥¸±μ£μ μÉ²¨Î¨Ö ³¥¦¤Ê
¸ ³μ¸μ¶·Ö¦¥´´Ò³¨ ¨ ³ ±¸¨³ ²Ó´μ Ô·³¨Éμ¢Ò³¨ μ¶¥· Éμ· ³¨ ¤²Ö ¸¨¸É¥³ ¸
´¥¶·¥·Ò¢´Ò³¨ ¸¶¥±É· ³¨ Ô´¥·£¨¨. …Ð¥ · § ¶μ¢Éμ·¨³, ÎÉμ ³ É¥³ É¨Î¥¸±¨Ì
¸¢μ°¸É¢ t̂n (n > 1) ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò · ¸¸³ É·¨¢ ÉÓ ¢·¥³Ö ± ± ±¢ ´Éμ-
¢μ-³¥Ì ´¨Î¥¸±ÊÕ ´ ¡²Õ¤ ¥³ÊÕ (¶μ¤μ¡´μ Ô´¥·£¨¨, ¨³¶Ê²Ó¸Ê, ¶·μ¸É· ´¸É¢¥´-
´Ò³ ±μμ·¤¨´ É ³ ¨ É. ¤.) ¡¥§ ¢¢¥¤¥´¨Ö ²Õ¡μ£μ ´μ¢μ£μ Ë¨§¨Î¥¸±μ£μ ¶μ¸ÉÊ² É .

“¤¨¢¨É¥²Ó´μ, ÎÉμ Ëμ´ �¥°³ ´´ [125], ¶·¨¤¥·¦¨¢ Ö¸Ó ¶·μ¸ÉμÉÒ ¸ ³μ¸μ-
¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢, ¶μ¤Î¥·±´Ê², ÎÉμ μ¶¥· Éμ·Ò, ¶μ¤μ¡´μ ´ Ï¥³Ê μ¶¥· -
Éμ·Ê ¢·¥³¥´¨ t̂, ³μ£ÊÉ ¶·¥¤¸É ¢²ÖÉÓ Ë¨§¨Î¥¸±¨¥ ´ ¡²Õ¤ ¥³Ò¥, ¤ ¦¥ ¥¸²¨ μ´¨
´¥ Ö¢²ÖÕÉ¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨. � ¨³¥´´μ, μ´ · ¸¸³μÉ·¥² Ö¢´μ μ¶¥· Éμ·

−i�
∂

∂x
, ¸¢Ö§ ¢ ¥£μ ¸ Î ¸É¨Í¥°, ®¦¨¢ÊÐ¥°¯ ¢ ¶· ¢μ° ¶μ²Ê¶²μ¸±μ¸É¨, μ£· -

´¨Î¥´´μ° ¦¥¸É±μ § ±·¥¶²¥´´μ° ¸É¥´±μ°, ±μÉμ· Ö Ê¸É ´μ¢²¥´  ¢ x = 0. �ÉμÉ
μ¶¥· Éμ· (¤¥°¸É¢ÊÕÐ¨° ´  ¢μ²´μ¢μ° ¶ ±¥É ¨ μ¶·¥¤¥²¥´´Ò° ´  ¶μ²μ¦¨É¥²Ó´μ°
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μ¸¨ x) ´¥¸ ³μ¸μ¶·Ö¦¥´´Ò°, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ μ´ μÎ¥¢¨¤´μ ¸μμÉ¢¥É¸É¢Ê¥É
x-±μ³¶μ´¥´É¥ ´ ¡²Õ¤ ¥³μ° μÉ ¨³¶Ê²Ó¸  ¤²Ö ÔÉμ° Î ¸É¨ÍÒ (·¨¸. 1).

’¥¶¥·Ó ³Ò ¶μ¤Î¥·±´¥³, ÎÉμ ³μ¦´μ μ¡μ°É¨¸Ó ¨ ¡¥§ ´ Ï¥£μ · ´¥¥ ¶·¥¤¶μ-
² £ ¥³μ£μ £· ´¨Î´μ£μ Ê¸²μ¢¨Ö E 
= 0, ¶·¨¤¥·¦¨¢ Ö¸Ó ¡¨²¨´¥°´μ£μ Ô·³¨Éμ¢ 
μ¶¥· Éμ·  [2,6]

t̂ =
−i�

2

↔
∂

∂E
, (20)

£¤¥ ¸³Ò¸² ¸¨³¢μ²  ↔ ¸É ´μ¢¨É¸Ö Ö¸´Ò³ ¨§ μ¶·¥¤¥²¥´¨Ö

(f, t̂ g) =
(
f, − ih

2
∂

∂E
g
)

+
(
− ih

2
∂

∂E
f, g

)
.

‚ ¸²ÊÎ ¥ § ¨³¸É¢μ¢ ´¨Ö ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¤²Ö μ¶¥· Éμ·  ¢·¥³¥´¨ ·¥§Ê²ÓÉ É
μÉ  ²£¥¡· ¨Î¥¸±μ° ¸Ê³³Ò μÉ ¤¢ÊÌ ¸² £ ¥³ÒÌ ¢ ¶· ¢μ° Î ¸É¨  ¢Éμ³ É¨Î¥¸±¨
¸É ´μ¢¨É¸Ö · ¢´Ò³ ´Ê²Õ ¶·¨ E = 0. �ÉμÉ ¢μ¶·μ¸ ¡Ê¤¥É ¨§ÊÎ¥´ ¤ ²¥¥ ¢ · §¤. 2,
£¤¥ ¡Ê¤¥É · ¸¸³μÉ·¥´ ¡μ²¥¥ μ¡Ð¨° ¸²ÊÎ ° μ¶¥· Éμ·  4-³¥·´μ° ±μμ·¤¨´ ÉÒ.
’ ±μ¥ ®¨¸±²ÕÎ¥´¨¥¯ ÉμÎ±¨ E = 0 [2, 6] μ± §Ò¢ ¥É¸Ö ´¥ Éμ²Ó±μ ¶·μÐ¥, ´μ
É ±¦¥ ¨ ¡μ²¥¥ Ë¨§¨Î¥¸±¨³ ¶μ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ ¢ ·¨ ´É ³¨ ¨¸±²ÕÎ¥´¨Ö
¢ · ¡μÉ Ì ¶μ¤μ¡´μ [26], ¶μ²ÊÎ¥´´Ò³¨ ´ ³´μ£μ ¶μ§¦¥.

‚ ¸¢Ö§¨ ¸ ¶μ¸²¥¤´¨³ § ³¥Î ´¨¥³ ³Ò ±· É±μ ¶·μ±μ³³¥´É¨·Ê¥³ ¶μ¤Ìμ¤ ¸
É ± ´ §Ò¢ ¥³Ò³ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´Ò³ μ¶¥· Éμ·μ³ (positive-operator-
value-measure, POVM), Î ¸Éμ ¨¸¶μ²Ó§Ê¥³Ò³ ¨²¨ μ¡¸Ê¦¤ ¥³Ò³ ¢μ ¢Éμ·μ° Î -
¸É¨ · ¡μÉ ¶μ ¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, Ê¶μ³¨´ ¥³ÒÌ ¢μ ¢¢¥¤¥´¨¨. „¥°-
¸É¢¨É¥²Ó´μ, ´ Î¨´ Ö ¸ Ï¥¸É¨¤¥¸ÖÉÒÌ £μ¤μ¢ [126], §¤¥¸Ó ¡Ò²  ¶·¥¤²μ¦¥´   ´ -
²μ£¨Î´ Ö ¶·μÍ¥¤Ê·  ¢ ´¥±μÉμ·ÒÌ ¶μ¤Ìμ¤ Ì ± ±¢ ´Éμ¢μ° É¥μ·¨¨ ¨§³¥·¥´¨°.
‚¶μ¸²¥¤¸É¢¨¨ ¨ ´ ³´μ£μ ¶μ§¦¥ ¶μ¤Ìμ¤ POVM ¡Ò² ¶·¨³¥´¥´ ¢ ¡μ²¥¥ ¶·μ¸Éμ°
¨ ¸μ±· Ð¥´´μ° Ëμ·³¥ ± § ¤ Î¥ μ¶¥· Éμ·  ¢·¥³¥´¨ ¤²Ö μ¤´μ³¥·´μ£μ ¸¢μ¡μ¤-
´μ£μ ¤¢¨¦¥´¨Ö (¸³., ´ ¶·¨³¥·, · ¡μÉÒ [10, 12, 15, 22Ä29] ¨ μ¸μ¡¥´´μ [26]).

�¨¸. 1. „²Ö Î ¸É¨ÍÒ Q, ¸¢μ¡μ¤´μ ¤¢¨-
£ ÕÐ¥°¸Ö ¢ ¶μ²Ê¶²μ¸±μ¸É¨, μ£· ´¨Î¥´´μ°
¸É¥´±μ°, ¦¥¸É±μ Ê¸É ´μ¢²¥´´μ° ¢ ÉμÎ±¥

x = 0, μ¶¥· Éμ· −i
∂

∂x
¨³¥¥É Ö¸´Ò° Ë¨-

§¨Î¥¸±¨° ¸³Ò¸² x-±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸ ,
¤ ¦¥ ¥¸²¨ μ´ Ö¢²Ö¥É¸Ö ´¥ ¸ ³μ¸μ¶·Ö¦¥´-
´Ò³ (¸³. [125] ¨ [6])
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�É¨ · ¡μÉÒ Ê¸É ´ ¢²¨¢ ÕÉ, ÎÉμ μ¡μ¡Ð¥´´μ¥ · §²μ¦¥´¨¥ ¥¤¨´¨ÍÒ (¨²¨ ®¢¥-
²¨Î¨´Ò POV¯) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¨§ ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ · ¸Ï¨·¥´¨° μ¶¥· -
Éμ·  ¢·¥³¥´¨ ¢ ¶·¥¤¥² Ì ´¥Ë¨§¨Î¥¸±μ£μ · ¸Ï¨·¥´´μ£μ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´-
¸É¢  (´ ¶·¨³¥·, ¤μ¡ ¢²¥´¨¥³ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ± Ô´¥·£¨¨) ¸ ¨¸¶μ²Ó-
§μ¢ ´¨¥³ · ¸Ï¨·¥´´μ° Î ¸É¨ É¥μ·¥³Ò � °³ ·±  [127]: ´μ É ± Ö ¶·μ£· ³³ 
¶μ²´μ¸ÉÓÕ ·¥ ²¨§μ¢ ´  Éμ²Ó±μ ¸¥°Î ¸ ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ μ¤´μ³¥·´μ£μ ¤¢¨-
¦¥´¨Ö Î ¸É¨ÍÒ.

‚ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ, ´ Ï ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ¤·Ê£μ° É¥μ·¥³¥ � °-
³ ·±  [120], ±μÉμ· Ö, ± ± Ê¦¥ Ê¶μ³¨´ ²μ¸Ó, ´¥ É¥·ÖÖ ¢¸¥° ¸É·μ£μ¸É¨, ¶μ§¢μ-
²Ö¥É ¢Ò¶μ²´¨ÉÓ ´ ³´μ£μ ¡μ²¥¥ ¶·Ö³μ¥, ¶·μ¸Éμ¥ ¨ μ¡Ð¥¥ ¢¢¥¤¥´¨¥ ±¢ ´Éμ¢μ£μ
μ¶¥· Éμ·  ¢·¥³¥´¨. � ¨³¥´´μ, ´ Ï ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  É ± ´ §Ò¢ ¥³μ° É¥μ-
·¥³¥ Š ·²¥³ ´  (Carleman) [128], ¨¸¶μ²Ó§Ê¥³μ° ¢ [120], μ¡  ¶¶·μ±¸¨³ Í¨¨
Ô·³¨Éμ¢  μ¶¥· Éμ·  ¶μ¤Ìμ¤ÖÐ¨³¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÖ³¨ ®μ£· ´¨Î¥´´ÒÌ¯ ¸ -
³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢, É. ¥. ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢, ÎÓ¨ ¸¶¥±-
É· ²Ó´Ò¥ ËÊ´±Í¨¨ ¸² ¡μ ¸Ìμ¤ÖÉ¸Ö ± ´¥μ·Éμ£μ´ ²Ó´μ° ¸¶¥±É· ²Ó´μ° ËÊ´±Í¨¨
· ¸¸³ É·¨¢ ¥³μ£μ Ô·³¨Éμ¢  μ¶¥· Éμ· . � Ï ¶μ¤Ìμ¤ ¶·¨³¥´¨³ ± ¡μ²ÓÏμ³Ê ¸¥-
³¥°¸É¢Ê É·¥Ì³¥·´ÒÌ (3D) ¸Éμ²±´μ¢¥´¨° Î ¸É¨Í ¸μ ¢¸¥³¨ ¢μ§³μ¦´Ò³¨ £ ³¨²Ó-
Éμ´¨ ´ ³¨. „¥°¸É¢¨É¥²Ó´μ, ´ Ï ¶μ¤Ìμ¤ ¡Ò² ¶·¥¤²μ¦¥´ ¢ ¡μ²¥¥ · ´´¨Ì · ¡μ-
É Ì [2Ä7] ¨ ¢ ¶¥·¢μ° · ¡μÉ¥ ¨§ [18], £¤¥ μ´ ¡Ò² ¶·¨³¥´¥´ ¤²Ö ¢·¥³¥´´μ£μ
 ´ ²¨§  ±¢ ´Éμ¢ÒÌ ¸Éμ²±´μ¢¥´¨°, Ö¤¥·´ÒÌ ·¥ ±Í¨° ¨ ¶·μÍ¥¸¸μ¢ ÉÊ´´¥²¨·μ-
¢ ´¨Ö.

1.2. �¡ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ μ¶¥· Éμ·  ¢·¥³¥´¨. „²Ö ´¥¶·¥·Ò¢-
´μ£μ ¸¶¥±É·  Ô´¥·£¨¨ ¶·¨ 0 < E < +∞ ¢³¥¸Éμ E-¶·¥¤¸É ¢²¥´¨Ö ¢ (1)Ä(14)
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ k-¶·¥¤¸É ¢²¥´¨¥ ¸ ¶·¥¨³ÊÐ¥¸É¢μ³ −∞ < k < +∞ [9]:

Ψ (x, t) =

+∞∫
−∞

g(k)ϕ(x, k) exp
(
− iEt

�

)
dk (21)

¶·¨ E = �
2k2/ 2μ ¨ k 
= 0. „²Ö · ¸Ï¨·¥´¨Ö ¨³¶Ê²Ó¸´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ´ 

¸²ÊÎ ° 〈tn〉 ¶·¨ n > 1 ³Ò μ£· ´¨Î¨³¸Ö ¸¸Ò²±μ° ´  · ¡μÉÒ [20,123].

1.3. �²ÓÉ¥·´ É¨¢´Ò° ¢¥¸ Ê¸·¥¤´¥´¨° ¶μ ¢·¥³¥´¨ ¤²Ö Î ¸É¨ÍÒ, ´ Ìμ-
¤ÖÐ¥°¸Ö ¢´ÊÉ·¨ ±μ´¥Î´μ° ¶·μ¸É· ´¸É¢¥´´μ° μ¡² ¸É¨. „ ¢ °É¥ ¢¸¶μ³´¨³,
ÎÉμ ¢¥¸μ¢ Ö  ³¶²¨ÉÊ¤  (12) · ¸¸³ É·¨¢ ¥³μ° Î ¸É¨ÍÒ (É ± ¦¥, ± ± ¨ ¥¥ ³μ-
¤¨Ë¨± Í¨¨ (13)) ¨³¥¥É ¸³Ò¸² ¢¥·μÖÉ´μ¸É¨ Éμ£μ, ÎÉμ ÔÉ  Î ¸É¨Í  ¶·μÌμ¤¨É
Î¥·¥§ ÉμÎ±Ê x §  ¢·¥³¥´´μ° ¨´É¥·¢ ² (t, t + dt). 
Ê¤¥³ ¸²¥¤μ¢ ÉÓ ¶·μÍ¥¤Ê·¥,
¶·¥¤¸É ¢²¥´´μ° ¢ [18Ä21], ¨ ¶·μ ´ ²¨§¨·Ê¥³ ¸²¥¤¸É¢¨¥

+∞∫
−∞

j (x, t) dt =

+∞∫
−∞

∣∣Ψ(x, t)
∣∣2 dx, (22)
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±μÉμ·μ¥ ¶μ²ÊÎ ¥É¸Ö ¨§ μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨. �É¸Õ¤  ¢Éμ-
·ÊÕ  ²ÓÉ¥·´ É¨¢´ÊÕ ¢¥¸μ¢ÊÕ  ³¶²¨ÉÊ¤Ê ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

dP (x, t) ≡ Z (x, t) dx =

∣∣Ψ(x, t)
∣∣2 dx

+∞∫
−∞

∣∣Ψ(x, t)
∣∣2 dx

. (23)

�´  ¶·¨μ¡·¥É ¥É ¸³Ò¸² ¢¥·μÖÉ´μ¸É¨ Éμ£μ, ÎÉμ ¢ ³μ³¥´É ¢·¥³¥´¨ t Î ¸É¨Í  ´ -
Ìμ¤¨É¸Ö (¨²¨ ¶·¥¡Ò¢ ¥É, ²μ± ²¨§μ¢ ´ ) ¢´ÊÉ·¨ ¡¥¸±μ´¥Î´μ ³ ²μ£μ ¶·μ¸É· ´-
¸É¢¥´´μ£μ ¨´É¥·¢ ²  (x, x + dx) ´¥§ ¢¨¸¨³μ μÉ ¸¢μ°¸É¢ ¥¥ ¤¢¨¦¥´¨Ö. ’μ£¤ 
· ¢¥´¸É¢μ

P (x1, x2, t) =

x2∫
x1

∣∣Ψ(x, t)
∣∣2 dx

+∞∫
−∞

∣∣Ψ(x, t)
∣∣2 dx

(24)

¶·¨μ¡·¥É ¥É ¸³Ò¸² ¢¥·μÖÉ´μ¸É¨ Éμ£μ, ÎÉμ ¢ ³μ³¥´É ¢·¥³¥´¨ t Î ¸É¨Í  ´ Ìμ-
¤¨É¸Ö ¢´ÊÉ·¨ ¶·μ¸É· ´¸É¢¥´´μ£μ ¨´É¥·¢ ²  (x1, x2).

Š ± ¨§¢¥¸É´μ (¸³., ´ ¶·¨³¥·, [18Ä20] ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¸Ò²± ³¨ ¢
ÔÉ¨Ì · ¡μÉ Ì), ¸·¥¤´¥¥ ¢·¥³Ö ¶·¥¡Ò¢ ´¨Ö (mean dwell time) ³μ¦¥É ¡ÒÉÓ § ¶¨-
¸ ´μ ¢ ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ Ô±¢¨¢ ²¥´É´ÒÌ Ëμ·³ Ì:

〈τ(xi, xf )〉 =

+∞∫
−∞

dt
xf∫
xi

|Ψ(x, t)|2 dx

+∞∫
−∞

jin(xi, t) dt

(25)

¨

〈τ(xi, xf )〉 =

+∞∫
−∞

tj(xf , t) dt −
+∞∫
−∞

tj(xi, t) dt

+∞∫
−∞

jin(xi, t) dt

, (26)

£¤¥ ÊÎÉ¥´  § ¢¨¸¨³μ¸ÉÓ (22), ±μÉμ· Ö ¸²¥¤Ê¥É ¨§ Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨.
’ ±¨³ μ¡· §μ³, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¤¢Ê³Ö · §´Ò³¨ μ¶·¥¤¥²¥´¨Ö³¨ (12) ¨

(23) ¤²Ö ¢¥¸μ¢ÒÌ  ³¶²¨ÉÊ¤ ¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´¨ ¶μ²ÊÎ ÕÉ¸Ö ¤¢ 
· §´ÒÌ ¢¨¤  · ¸¶·¥¤¥²¥´¨° ¶μ ¢·¥³¥´¨ (¸·¥¤´¨Ì §´ Î¥´¨°, ¢ ·¨ Í¨°. . . ), ±μ-
Éμ·Ò¥ ¸¢Ö§ ´Ò ¸μ ¢·¥³¥´¥³ ¶·μÌμ¦¤¥´¨Ö (traversal time) Î ¸É¨ÍÒ ¶·¨ ¨¸¶μ²Ó-
§μ¢ ´¨¨ ¶¥·¢μ° ¢¥¸μ¢μ°  ³¶²¨ÉÊ¤Ò (12) ¨ ¸μ ¢·¥³¥´¥³ ¶·¥¡Ò¢ ´¨Ö (dwelling)
Î ¸É¨ÍÒ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¢Éμ·μ° ¢¥¸μ¢μ°  ³¶²¨ÉÊ¤Ò (23). �¥±μÉμ·Ò¥ ¶·¨-
³¥·Ò μ¶¨¸ ´¨Ö μ¤´μ³¥·´μ£μ ÉÊ´´¥²¨·μ¢ ´¨Ö ´  É ±μ° μ¸´μ¢¥ ³μ¦´μ ´ °É¨ ¢
· ¡μÉ Ì [18Ä20].
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1.4. ‚·¥³Ö ± ± ±¢ ´Éμ¢ Ö ´ ¡²Õ¤ ¥³ Ö ¤²Ö ËμÉμ´μ¢. Š ± ¨§¢¥¸É´μ (¸³.,
´ ¶·¨³¥·, [19,129]), ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¶μ¸²¥ ±¢ ´Éμ¢ ´¨Ö μ¶¨¸Ò¢ ¥É ËμÉμ´Ò
¸ ¶μ³μÐÓÕ ¢μ²´μ¢μ£μ ¶ ±¥É ∗

A(r, t) =
∫
k0

d3k

k0
χ(k) ϕ(k, r) exp(−ik0t), (27)

£¤¥ A(r, t) Å ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, r = {x, y, z},
k = {kx, ky, kz}, k0 ≡ w/c = ε/ �c ¨ k ≡ |k| = k0. �¸Ó x ³μ¦´μ ´ -
¶· ¢¨ÉÓ ¢¤μ²Ó ´ ¶· ¢²¥´¨Ö · ¸¶·μ¸É· ´¥´¨Ö ËμÉμ´ . �É³¥É¨³, ÎÉμ χ(k) =∑
i=y,z

χi(k) ei(k) ¶·¨ eiej = δij ¨ xi, xj = y, z, χi(k) Å  ³¶²¨ÉÊ¤  ¢¥-

·μÖÉ´μ¸É¨ ËμÉμ´  ¸ ¨³¶Ê²Ó¸μ³ k ¨ ¶μ²Ö·¨§ Í¨¥° ej ¢ ÉμÎ±¥ xj . Š·μ³¥
Éμ£μ, ¤²Ö ¶²μ¸±¨Ì ¢μ²´ μ´  Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ° ¨ ³μ¦¥É ¡ÒÉÓ ´μ·³¨·μ¢ ´ :
ϕ(k, r) = exp(ikxx), £¤¥ ϕ(k, r) Å ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ´¥¡¥£ÊÐ¨Ì § ÉÊ-
Ì ÕÐ¥° ¨ ¢μ§· ¸É ÕÐ¥° ¢μ²´ ¤²Ö ®ËμÉμ´´ÒÌ ¡ ·Ó¥·μ¢¯ (±μÉμ·Ò³¨ ³μ£ÊÉ
¡ÒÉÓ Ë¨²ÓÉ·Ò ¸ § ¶·¥Ð¥´´Ò³¨ §μ´ ³¨, ¸Ê¦¥´´Ò¥ ÊÎ ¸É±¨ ¢μ²´μ¢μ¤μ¢ ¤²Ö
³¨±·μ¢μ²´ ¨²¨ μ¡² ¸É¥° ¸μ ¸²¥£±  ´ ·ÊÏ¥´´Ò³¨ ¢´ÊÉ·¥´´¨³¨ μÉ· ¦¥´¨Ö³¨
¤²Ö ¸¢¥É  ¨ É. ¤., ¢±²ÕÎ Ö  ´ ²μ£¨ ¤²Ö ´¥¡¥£ÊÐ¨Ì  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´). �¥-
¸³μÉ·Ö ´  Éμ, ÎÉμ ²μ± ²¨§μ¢ ÉÓ ËμÉμ´ ¢ ´ ¶· ¢²¥´¨¨ ¶μ²Ö·¨§ Í¨¨ ¤μ¢μ²Ó´μ
´¥¶·μ¸Éμ [129], É¥³ ´¥ ³¥´¥¥ ¤²Ö μ¤´μ³¥·´μ£μ ¥£μ · ¸¶·μ¸É· ´¥´¨Ö ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÊÕ ¢¥·μÖÉ´μ¸É´ÊÕ ¨´É¥·¶·¥É Í¨Õ (27)
¨ μ¶·¥¤¥²¨ÉÓ ¸²¥¤ÊÕÐÊÕ ¢¥²¨Î¨´Ê:

ρem(x, t) dx =
S0 dx∫
S0 dx

, S0 =
∫∫

s0 dy dz (28)

(s0 = [E∗ · E + H∗ · H]/ 4π Å ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö,
H = rotA ¨ E = −1/c ∂A/∂t), ±μÉμ· Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶²μÉ´μ¸ÉÓ ¢¥-
·μÖÉ´μ¸É¨ ËμÉμ´ , ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ²μ± ²¨§μ¢ ´ ¢ ¶·μ¸É· ´¸É¢¥´´μ³
¨´É¥·¢ ²¥ (x, x + dx) μ¸¨ x ¢ ³μ³¥´É ¢·¥³¥´¨ t. ’μ£¤  ¢¥²¨Î¨´ 

jem(x, t) dt =
Sx dt∫

Sx(x, t) dt
, Sx(x, t) =

∫∫
sx dy dz (29)

(sx = c �[E∗ ∧ H]x / 8π Å ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Ô´¥·£¨¨) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
¶²μÉ´μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨, ±μ£¤  ËμÉμ´ ¶·μÌμ¤¨É Î¥·¥§ ÉμÎ±Ê x § 
¢·¥³¥´´μ° ¨´É¥·¢ ² (t, t + dt), É. ¥. ¢ ¶μ²´μ°  ´ ²μ£¨¨ ¸ ¢¥·μÖÉ´μ¸É´Ò³¨
¢¥²¨Î¨´ ³¨ ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í. ‘¶· ¢¥¤²¨¢μ¸ÉÓ ¨ Ê¤μ¡¸É¢μ É ±¨Ì
μ¶·¥¤¥²¥´¨° μÎ¥¢¨¤´Ò, ±μ£¤  £·Ê¶¶μ¢ Ö ¸±μ·μ¸ÉÓ ¢μ²´μ¢μ£μ ¶ ±¥É  ¸μ¢¶ ¤ ¥É

∗ˆ¸¶μ²Ó§Ê¥É¸Ö ± ²¨¡·μ¢μÎ´μ¥ Ê¸²μ¢¨¥ divA = 0.
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¸μ ¸±μ·μ¸ÉÓÕ ¶¥·¥´μ¸  Ô´¥·£¨¨: (i) ¢μ²´μ¢μ° ¶ ±¥É (27) ¶μ¤μ¡¥´ ¢μ²´μ¢μ³Ê
¶ ±¥ÉÊ ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í, (ii) ¢  ´ ²μ£¨¨ ¸ É· ¤¨Í¨μ´´μ° ´¥·¥²Ö-
É¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ¤²Ö ËμÉμ´  (É. ¥. Ô²¥±É·μ³ £´¨É´μ£μ ¢μ²´μ-
¢μ£μ ¶ ±¥É ), ¶·μÌμ¤ÖÐ¥£μ Î¥·¥§ ±μμ·¤¨´ ÉÊ x, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ®¸·¥¤´¨°
³μ³¥´É ¢·¥³¥´¨¯ É ±:

〈t(x)〉 =

+∞∫
−∞

t Jem, x dt =

+∞∫
−∞

tSx(x, t) dt

+∞∫
−∞

Sx(x, t) dt

.

Š ± ¸²¥¤¸É¢¨¥ (É ± ¦¥, ± ± ¨ ¢ ¸²ÊÎ ¥ Ê· ¢´¥´¨° (1)Ä(12)), μ¶·¥¤¥²¥´¨¥ (1)
μ¶¥· Éμ·  ¢·¥³¥´¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ Ô´¥·£¨¨ ¸É ´μ¢¨É¸Ö ¸¶· ¢¥¤²¨¢Ò³
É ±¦¥ ¤²Ö ËμÉμ´μ¢ ¸ É ±¨³¨ ¦¥ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨, ± ± ¨ ¤²Ö Î ¸É¨Í,
É. ¥. ¶·¨ χi (0) = χi (∞) ¨ E = �ck0.

�²μÉ´μ¸ÉÓ Ô´¥·£¨¨ s0 ¨ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Ô´¥·£¨¨ sx Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢-
´¥´¨Õ ¸μÌ· ´¥´¨Ö

∂s0

∂t
+

∂sx

∂x
= 0, (30)

±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ²μ·¥´Í-¨´¢ ·¨ ´É´Ò³ ¤²Ö μ¤´μ³¥·´ÒÌ ¶·μÍ¥¸¸μ¢ ¤¢¨¦¥-
´¨Ö [19,20].

1.5. ®ƒ ³¨²ÓÉμ´μ¢¯ ¶μ¤Ìμ¤ ¤²Ö μ¶¥· Éμ·  ¢·¥³¥´¨, ± ´μ´¨Î¥¸±¨ ¸μ-
¶·Ö¦¥´´μ£μ £ ³¨²ÓÉμ´¨ ´Ê. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ μ¶¥· -

Éμ· Ô´¥·£¨¨ Ëμ·³ ²Ó´μ ¨³¥¥É ¤¢  ¢¨¤  (¸³., ´ ¶·¨³¥·, [8, 20]): (i) i�
∂

∂t
¢ t-¶·¥¤¸É ¢²¥´¨¨ ¨ (ii) Ĥ (p̂x, x̂, . . .) ¢ £ ³¨²ÓÉμ´μ¢μ³ Ëμ·³ ²¨§³¥. ®„Ê ²Ó-
´μ¸ÉÓ¯ ÔÉ¨Ì ¤¢ÊÌ ¢Ò· ¦¥´¨° ³μ¦´μ ²¥£±μ ¶μ²ÊÎ¨ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ Ê· ¢-

´¥´¨Ö ˜·¥¤¨´£¥·  ĤΨ = i�
∂Ψ
∂t

. �μ¤μ¡´ÊÕ ¤Ê ²Ó´μ¸ÉÓ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥

³μ¦´μ ¢¢¥¸É¨ ¨ ¤²Ö ¢·¥³¥´¨: ±·μ³¥ μ¡Ð¥£μ ¢¨¤  (1) ¤²Ö μ¶¥· Éμ·  ¢·¥³¥´¨
¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ Ô´¥·£¨¨, ¢Ò¶μ²´ÖÕÐ¥£μ¸Ö ¤²Ö ²Õ¡ÒÌ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³
¢ μ¡² ¸É¨ ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  Ô´¥·£¨¨, ³μ¦´μ § ¶¨¸ ÉÓ μ¶¥· Éμ· ¢·¥-
³¥´¨ É ±¦¥ ¨ ¢ ®£ ³¨²ÓÉμ´μ¢μ³ ¢¨¤¥¯, É. ¥. ¢ ¢¨¤¥ μ¶¥· Éμ·μ¢ ±μμ·¤¨´ ÉÒ ¨
¨³¶Ê²Ó¸ , ¨¸Ìμ¤Ö ¨§ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°, É. ¥. ¸ ¶μ³μÐÓÕ § ³¥´Ò

Ê → Ĥ (p̂x, x̂, . . .),
(31)

t̂ → T̂ (p̂x, x̂, . . .),

¨, ¨¸¶μ²Ó§ÊÖ ±μ³³ÊÉ Éμ· (¶μ¤μ¡´Ò° (18))

[Ĥ, T̂ ] = i�, (32)

³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö T̂ (p̂x, x̂, . . .) [130].
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‚ ¸ ³μ³ ¤¥²¥, ÔÉÊ ¶·μÍ¥¤Ê·Ê ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ²Õ¡μ° Ë¨§¨Î¥-
¸±μ° ¸¨¸É¥³Ò ¸ £ ³¨²ÓÉμ´¨ ´μ³ Ĥ (p̂x, x̂, . . .). � ¸¸³μÉ·¨³ ´¥¸±μ²Ó±μ ¶·¨³¥-
·μ¢. �¥·¥Ìμ¤Ö μÉ ±μμ·¤¨´ É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ± ¨³¶Ê²Ó¸´μ³Ê, ³μ¦´μ Ê¡¥-
¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ Ëμ·³ ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö μ¡μ¨Ì μ¶¥· Éμ·μ¢ £ ³¨²ÓÉμ´μ¢ 
É¨¶  Ĥ (p̂x, x̂, . . .) ¨ T̂ (p̂x, x̂, . . .) ´¥ ³¥´ÖÕÉ¸Ö §  ¨¸±²ÕÎ¥´¨¥³ §´ ±  ¶·¨
μ¶¥· Éμ·¥ T̂ (p̂x, x̂, . . .). ‚ ± Î¥¸É¢¥ ´ £²Ö¤´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ ¶·μ¸É¥°-
Ï¨° ¸²ÊÎ ° ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¸ £ ³¨²ÓÉμ´¨ ´μ³

Ĥ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

p̂2
x

2μ
, p̂x = −i�

∂

∂x
¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨, (a)

p2
x

2μ
¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨. (¡)

(33)

�¶¥· Éμ· ¢·¥³¥´¨ £ ³¨²ÓÉμ´μ¢  É¨¶  ¢ ¸¨³³¥É·¨Î´μ³ ¢¨¤¥ ³μ¦´μ § ¶¨¸ ÉÓ
É ±:

T̂ =

⎧⎪⎨
⎪⎩

μ

2

(
p̂−1

x x + xp̂−1
x + i� ; p̂−2

x

)
, (a)

−μ

2

(
p−1

x x̂ + x̂p−1
x + i�/p2

x

)
, (¡)

(34)

£¤¥

p̂−1
x =

i

�

∫
dx . . . , x̂ = i�

∂

∂px
.

‚ ÔÉμ° ¸¢Ö§¨ μ¶¥· Éμ· (34¡) Ô±¢¨¢ ²¥´É¥´ −i�
∂

∂E
¶·¨ E = p2

x/ 2μ, ¨, ¸²¥-

¤μ¢ É¥²Ó´μ, μ´ Ö¢²Ö¥É¸Ö É ±¦¥ (³ ±¸¨³ ²Ó´μ) Ô·³¨Éμ¢Ò³ μ¶¥· Éμ·μ³. ‚ ¸ -
³μ³ ¤¥²¥, ¤¥°¸É¢ÊÖ μ¶¥· Éμ·μ³ T̂ (p̂x, x̂, . . .), ´ ¶·¨³¥·, ´  ¶²μ¸±ÊÕ ¢μ²´Ê
exp (ikx), ³Ò ¶μ²ÊÎ ¥³ μ¤¨´ ±μ¢Ò° ·¥§Ê²ÓÉ É ± ± ¢ ±μμ·¤¨´ É´μ³, É ± ¨ ¢
¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨ÖÌ:

T̂ exp (ikx) =
x

v
exp (ikx), (35)

£¤¥ x/v Å ¢·¥³Ö ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö (¤²Ö Î ¸É¨ÍÒ ¸μ ¸±μ·μ¸ÉÓÕ v) ¶·¨
¶·μÌμ¦¤¥´¨¨ · ¸¸ÉμÖ´¨Ö x.

�  ÔÉμ³ μ¸´μ¢ ´¨¨ μ± §Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ ¶μ± § ÉÓ, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±-
Í¨Ö Ψ(x, t) ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò Ê¤μ¢²¥É¢μ·Ö¥É ¤¢Ê³ ¤Ê ²Ó´Ò³ Ê· ¢´¥´¨Ö³:

ĤΨ = i�
∂Ψ
∂t

¨ T̂Ψ = tΨ. (36)

‚ ¶·¥¤¸É ¢²¥´¨¨ ¶μ Ô´¥·£¨¨ ¨ ¢ ¸É Í¨μ´ ·´μ³ ¸²ÊÎ ¥ ³Ò ¢´μ¢Ó ¶μ²ÊÎ ¥³ ¤¢ 
¤Ê ²Ó´ÒÌ Ê· ¢´¥´¨Ö

Ĥϕt = εϕt ¨ T̂ϕt = −i�
∂ϕt

∂ε
, (37)
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£¤¥ ϕt Å ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ μÉ Ψ:

ϕt =
1

2π�

+∞∫
−∞

Ψ(x, t) eiεt/� dt. (38)

1.6. ‚·¥³Ö ± ± ´ ¡²Õ¤ ¥³ Ö ¤²Ö ¸¨¸É¥³ ¸ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ Ô´¥·-
£¨¨. „²Ö μ¶¨¸ ´¨Ö ¢·¥³¥´´μ° Ô¢μ²ÕÍ¨¨ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³
¸ ¶μ²´μ¸ÉÓÕ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨¨ (¨²¨ ¸μ ¸³¥Ï ´´Ò³ ¸¶¥±É·μ³, ¸μ-
¤¥·¦ Ð¨³ ± ± ´¥¶·¥·Ò¢´ÊÕ, É ± ¨ ¤¨¸±·¥É´ÊÕ Î ¸É¨) ¢¢¥¤¥³ ¢μ²´μ¢μ° ¶ ±¥É
¸²¥¤ÊÕÐ¥£μ ¢¨¤  [8,20,123]:

ψ (x, t) =
∑
n=0

gnϕn(x) exp
[
−i(εn − ε0)t

�

]
, (39)

£¤¥ ϕn(x) Å μ·Éμ£μ´ ²Ó´Ò¥ ¨ ´μ·³¨·μ¢ ´´Ò¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö, ±μÉμ·Ò¥
Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ Ĥϕn(x) = εnϕn(x), Ĥ Å £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò,
±μÔËË¨Í¨¥´ÉÒ gn ´μ·³¨·μ¢ ´Ò Ê¸²μ¢¨¥³

∑
n=0

|gn|2 = 1. ŒÒ μ¶Ê¸É¨²¨ ´¥¸Ê-

Ð¥¸É¢¥´´Ò° Ë §μ¢Ò° ³´μ¦¨É¥²Ó exp (−iε0t/�).
‚´ Î ²¥ · ¸¸³μÉ·¨³ É ±ÊÕ ¸¨¸É¥³Ê, ±μÉμ· Ö ¨³¥¥É ¸¶¥±É· Ô´¥·£¨¨ ¸ Ê·μ¢-

´Ö³¨, · §¤¥²¥´´Ò³¨ ´  ¨´É¥·¢ ²Ò, ¤μ¶Ê¸± ÕÐ¨¥ ³ ±¸¨³ ²Ó´Ò° μ¡Ð¨° ¤¥²¨-
É¥²Ó D (´ ¶·¨³¥·, É ±¨³¨ ¸¨¸É¥³ ³¨ Ö¢²ÖÕÉ¸Ö £ ·³μ´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ·,
Î ¸É¨Í  ¢ ¦¥¸É±μ³ ÖÐ¨±¥, ¸Ë¥·¨Î¥¸±¨° ·μÉ Éμ·) ¨ É ±¨¥, ÎÉμ ¢μ²´μ¢μ° ¶ -
±¥É (39) Ö¢²Ö¥É¸Ö ¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¥° ¢·¥³¥´¨, μ¡² ¤ ÕÐ¥° ¶¥·¨μ¤μ³
�Ê ´± ·¥ T = 2π�/D. �± §Ò¢ ¥É¸Ö, ÎÉμ ¤²Ö É ±¨Ì ¸¨¸É¥³ ³μ¦´μ ¶μ¸É·μ-
¨ÉÓ ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· ¢·¥³¥´¨ ¢ ¢¨¤¥ ¶¨²μμ¡· §´μ° ËÊ´±Í¨¨ μÉ
t (¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ ¢·¥³¥´¨) ¶·¨ ¢Ò¡μ·¥ t = 0 ± ± ´ Î ²Ó´μ£μ ³μ³¥´É 
¢·¥³¥´¨ [8,20,123]:

t̂ = t − T

∞∑
n=0

Θ(t − [2n + 1]T/2) + T

∞∑
n=0

Θ(−t − [2n + 1]T/2). (40)

‚ ¶·¥¤¥² Ì ± ¦¤μ£μ Í¨±²  �Ê ´± ·¥ É ± Ö ¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±Í¨Ö ¤²Ö μ¶¥· -
Éμ·  ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ¢μ§· ¸É ÕÐ¥° ËÊ´±Í¨¥° ¢·¥³¥´¨ t (·¨¸. 2).

Šμ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê μ¶¥· Éμ· ³¨ Ô´¥·£¨¨ ¨ ¢·¥³¥´¨,
±μÉμ·Ò¥ É¥¶¥·Ó μ¡  Ö¢²ÖÕÉ¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨, ¢ ¤¨¸±·¥É´μ³ ¸¶¥±É·¥ Ô´¥·-
£¨¨ ¶·¨ ¶¥·¨μ¤¨Î¥¸±μ³ μ¶¥· Éμ·¥ ¢·¥³¥´¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

[Ê, t̂] = i�

{
1 − T

∞∑
n=0

δ(t − [2n + 1]T )

}
, (41)
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�¨¸. 2. �¥·¨μ¤¨Î¥¸± Ö ¶¨²μμ¡· §´ Ö ËÊ´±Í¨Ö ¤²Ö μ¶¥· Éμ·  ¢·¥³¥´¨ ¤²Ö ±¢ ´Éμ¢ÒÌ
¸¨¸É¥³ ¸ ¤¨¸±·¥É´Ò³¨ ¸¶¥±É· ³¨ Ô´¥·£¨¨: ¸²ÊÎ ° (30)

£¤¥ ¨§ ¸μμÉ´μÏ¥´¨° ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¸²¥¤Ê¥É ´μ¢Ò° ¢¨¤

(ΔE)2 (Δt)2 = �
2

⎡
⎢⎢⎢⎢⎣1 − T |ψ(T/2 + γ)|2

T/2∫
−T/2

|ψ(t)|2 dt

⎤
⎥⎥⎥⎥⎦ , (42)

  ¶ · ³¥É· γ μ¶·¥¤¥²¥´ ¶·¨ −T/2 < γ < T/2 ¤²Ö μ¤´μ§´ Î´μ£μ ¨´É¥£· -
²  [20,123].

�·¨ ΔE → 0 (É. ¥. ¶·¨ |gn| → δnn′) ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (42) ¸É·¥-
³¨É¸Ö ± ´Ê²Õ,   |ψ(t)|2 ± ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´¥. ‚ É ±μ³ ¸²ÊÎ ¥ · ¸¶·¥¤¥²¥´¨¥
³μ³¥´Éμ¢ ¢·¥³¥´¨, ¢ ±μÉμ·Ò¥ ¢μ²´μ¢μ° ¶ ±¥É ¶·μÌμ¤¨É Î¥·¥§ ÉμÎ±Ê x, ¸É -
´μ¢¨É¸Ö · ¢´μ³¥·´Ò³ ¢ ¶·¥¤¥² Ì ± ¦¤μ£μ Í¨±²  �Ê ´± ·¥. �·¨ ¶μ¸ÉμÖ´´μ°

ΔE � D ¨ |ψ(T+γ)|2 �
(

T/2∫
−T/2

|ψ(t)|2 dt

)
/T Ê¸²μ¢¨¥ ¶¥·¨μ¤¨Î´μ¸É¨ ³μ¦¥É

μ± § ÉÓ¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³ ¢¸Ö±¨° · §, ±μ£¤  Δt � t. „·Ê£¨³¨ ¸²μ¢ ³¨, ´ Ï¥
¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¨ (42) ¶·¥¢· Ð ¥É¸Ö ¢ μ¡ÒÎ´μ¥ ¸μμÉ´μÏ¥´¨¥
´¥μ¶·¥¤¥²¥´´μ¸É¨ ¤²Ö ¸¨¸É¥³ ¸ ´¥¶·¥·Ò¢´Ò³¨ ¸¶¥±É· ³¨.

‚ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥, ¤²Ö ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° Ö¤¥·,  Éμ³μ¢ ¨ ³μ-
²¥±Ê², ¨´É¥·¢ ²Ò ³¥¦¤Ê Ê·μ¢´Ö³¨ Ô´¥·£¨¨ ¤²Ö ¤¨¸±·¥É´ÒÌ ¨ ±¢ §¨¤¨¸±·¥É-
´ÒÌ (·¥§μ´ ´¸´ÒÌ) ¸¶¥±É·μ¢ ´¥ Ö¢²ÖÕÉ¸Ö ³Ê²ÓÉ¨¶²¥É ³¨ μÉ ³ ±¸¨³ ²Ó´μ£μ
μ¡Ð¥£μ ¤¥²¨É¥²Ö ¨, ¸²¥¤μ¢ É¥²Ó´μ, Í¨±² �Ê ´± ·¥ ´¥ Ö¢²Ö¥É¸Ö Ìμ·μÏμ μ¶·¥-
¤¥²¥´´Ò³. ’¥³ ´¥ ³¥´¥¥ ¤ ¦¥ ¤²Ö É ±¨Ì ¸¨¸É¥³ ³μ¦´μ ¢¢¥¸É¨ ¶·¨¡²¨¦¥´´μ¥
μ¶¨¸ ´¨¥ ¢ É¥·³¨´ Ì ±¢ §¨Í¨±²μ¢ �Ê ´± ·¥ ¨ ±¢ §¨¶¥·¨μ¤¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨
(¨´μ£¤  ¸ ²Õ¡μ° ¦¥² ¥³μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨). ’ ±, ¢ ¶·¥¤¥² Ì ¤μ¸É ÉμÎ´μ
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¤²¨´´ÒÌ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ ¶μ¢¥¤¥´¨¥ ¢μ²´μ¢μ£μ ¶ ±¥É  ³μ¦¥É ¡ÒÉÓ ¸¢Ö-
§ ´μ ¸ ¶¥·¨μ¤¨Î¥¸±¨³ ¤¢¨¦¥´¨¥³ (μ¸Í¨²²ÖÍ¨Ö³¨) ¨´μ£¤ , ´ ¶·¨³¥·, ¤²Ö μÎ¥´Ó
Ê§±¨Ì ·¥§μ´ ´¸μ¢. �·¨ ¢Ò¡μ·¥ ¶·¨¡²¨¦¥´´μ£μ ¶¥·¨μ¤  Í¨±²  �Ê ´± ·¥ ¤²Ö
± ¦¤μ£μ μ¤´μ£μ É ±μ£μ Í¨±²  ³μ¦´μ ¢¢¥¸É¨ ´ ¸Éμ²Ó±μ ³´μ£μ ±¢ §¨Í¨±²μ¢,
¸±μ²Ó±μ ÔÉμ ´¥μ¡Ìμ¤¨³μ ¤²Ö É·¥¡Ê¥³μ° ÉμÎ´μ¸É¨. ‡ É¥³ ¤²Ö ¢Ò¡· ´´μ° ÉμÎ-
´μ¸É¨ ³μ¦´μ ¢¢¥¸É¨ ±¢ §¨¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· ¢·¥³¥´¨.

2. � 3-Œ…��›• ˆ 4-Œ…��›• ��…��’���• Š���„ˆ��’›
ˆ ‚�…Œ…�ˆ ‚ “��‚�…�ˆˆ Š‹…‰��Äƒ��„���

‚ ’…�Œˆ��• 	ˆ‹ˆ�…‰�›• ��…��’���‚

’¥¶¥·Ó · ¸¸³μÉ·¨³ ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ °, ¶·¨´Ö¢ ¢ · ¸¸³μÉ·¥´¨¥ μ¶¥-
· Éμ· ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° Î¥ÉÒ·¥Ì³¥·´μ° ®±μμ·¤¨´ ÉÒ¯. � Î´¥³ ¸
μ¶¥· Éμ·  É·¥Ì³¥·´μ° ¶·μ¸É· ´¸É¢¥´´μ° ±μμ·¤¨´ ÉÒ, ±μÉμ·Ò° ¨¸¶μ²Ó§Ê¥É¸Ö
¢ Ê· ¢´¥´¨¨ Š²¥°´ Äƒμ·¤μ´ . ŒÒ Ê¢¨¤¨³, ÎÉμ É ±μ°  ´ ²¨§ ¶·¨¢¥¤¥É ´ ¸ ±
´¥Ô·³¨Éμ¢Ò³ μ¶¥· Éμ· ³. „ ²¥¥ ³Ò ¢¸É·¥É¨³¸Ö ¸ ¡¨²¨´¥°´Ò³¨ μ¶¥· Éμ· ³¨,
±μÉμ·Ò¥ μ± §Ò¢ ÕÉ¸Ö Ê¤μ¡´Ò³¨ ¶·¨ μ¶·¥¤¥²¥´¨¨ μ¶¥· Éμ·  4-³¥·´μ° ±μμ·-
¤¨´ ÉÒ. Š ± ³Ò Ê¶μ³¨´ ²¨ ¢ ¶. 1.1, ¶·¨³¥´¥´¨¥ £· ´¨Î´μ£μ Ê¸²μ¢¨Ö E 
= 0
£ · ´É¨·Ê¥É ³ ±¸¨³ ²Ó´ÊÕ Ô·³¨Éμ¢μ¸ÉÓ μ¶¥· Éμ·  ¢·¥³¥´¨, ±μÉμ· Ö ³μ¦¥É
¡ÒÉÓ ¶¥·¥´¥¸¥´  ´  ¡¨²¨´¥°´Ò¥ Ëμ·³Ò,   ¨³¥´´μ, ´  ¡¨²¨´¥°´Ò° Ô·³¨Éμ¢

μ¶¥· Éμ· t̂ =

(
−i�

↔
∂

∂E

)
/2 [6,121], £¤¥ §´ ± ↔ μ¶·¥¤¥²¥´ Î¥·¥§ ¸μμÉ¢¥É¸É¢Ê-

ÕÐ¥¥ · ¢¥´¸É¢μ (f, t̂g) =
(
f, − ih

2
∂

∂E
g
)

+
(
− ih

2
∂

∂E
f, g

)
.

2.1. �¶¥· Éμ· É·¥Ì³¥·´μ° ±μμ·¤¨´ ÉÒ ¢ Ê· ¢´¥´¨¨ Š²¥°´ Äƒμ·¤μ´ .
Š ± ¨§¢¥¸É´μ, ¸É ´¤ ·É´Ò¥ μ¶¥· Éμ·Ò ±μμ·¤¨´ ÉÒ, Ö¢²ÖÖ¸Ó Ô·³¨Éμ¢Ò³¨ ¨,
¡μ²¥¥ Éμ£μ, ¸ ³μ¸μ¶·Ö¦¥´´Ò³¨, ¨³¥ÕÉ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö: μ´¨ ¤ ÕÉ ²μ± ²¨§ Í¨Õ ¢ ÉμÎ±¥. �¤´ ±μ, ± ± ¶μ± § ² „¦. Œ. „¦ ÊÌ
(J.M. Jauch), ²μ± ²¨§ Í¨Ö ¢ ÉμÎ±¥ ³μ¦¥É μ± § ÉÓ¸Ö ¶·μÉ¨¢μ¶μ²μ¦´μ° ±
®Ê´¨³μ¤Ê²Ö·´μ¸É¨¯. Š·μ³¥ Éμ£μ, ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ É ±¨¥ Ö¢²¥´¨Ö,
± ± ·μ¦¤¥´¨¥ ¶ ·, ´ ±² ¤Ò¢ ÕÉ § ¶·¥É ´  ²μ± ²¨§ Í¨Õ ¸ ÉμÎ´μ¸ÉÓÕ ´¥ ³¥´¥¥
Î¥³ ¤²¨´  ±μ³¶Éμ´μ¢¸±μ° ¢μ²´Ò. ‘²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö μ¶¥· Éμ·  ·¥ ²Ó´μ° ±μμ·¤¨´ ÉÒ ẑ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸±μ·¥¥ μ¡² ¸ÉÓ
¶·μ¸É· ´¸É¢ , Î¥³ ÉμÎ±Ê. �μ ÔÉμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Éμ²Ó±μ ¸ ¶μ³μÐÓÕ ´¥Ô·-
³¨Éμ¢ÒÌ (¨ ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ) μ¶¥· Éμ·μ¢ ±μμ·¤¨´ ÉÒ ẑ
(¶·¥¦¤¥ ¢¸¥£μ, ÔÉμ ³μ¦´μ ¸¤¥² ÉÓ ¸ ¶μ³μÐÓÕ ¨²¨ ´¥´μ·³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢
¸ ±μ³³ÊÉ¨·ÊÕÐ¨³¨ ±μ³¶μ´¥´É ³¨, ¨²¨ ´μ·³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¸ ´¥±μ³³Ê-
É¨·ÊÕÐ¨³¨ ±μ³¶μ´¥´É ³¨). � ¶·¨³¥·, ¸²¥¤ÊÖ ¨¤¥Ö³ · ¡μÉÒ [131, 132], ³Ò
¶μ± ¦¥³, ÎÉμ ¸·¥¤´¨¥ §´ Î¥´¨Ö Ô·³¨Éμ¢μ° (¸ ³μ¸μ¶·Ö¦¥´´μ°) ¸μ¸É ¢²ÖÕÐ¥°
μÉ ẑ ¤ ÕÉ Ê¸·¥¤´¥´´ÊÕ ±μμ·¤¨´ ÉÊ (ÉμÎ¥Î´μ£μ É¨¶ ) [133], Éμ£¤  ± ± ¸·¥¤´¨¥
§´ Î¥´¨Ö μÉ  ´É¨Ô·³¨Éμ¢μ° ( ´É¨¸ ³μ¸μ¶·Ö¦¥´´μ°) Î ¸É¨ μÉ ẑ μ¶·¥¤¥²ÖÕÉ
· §³¥·Ò μ¡² ¸É¨ ²μ± ²¨§ Í¨¨ [2].
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� ¸¸³μÉ·¨³ ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ ° Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ ´Ê²Ó ¢ · Í¨μ-
´ ²Ó´μ° ¸¨¸É¥³¥ ¥¤¨´¨Í ¸ ³¥É·¨±μ° (+ − −−). Š ± ¨§¢¥¸É´μ, μ¶¥· Éμ·
±μμ·¤¨´ ÉÒ i∇p ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö¥É¸Ö ´¥Ô·³¨Éμ¢Ò³ ¨, ¢μ§³μ¦´μ, Ìμ·μ-
Ï¨³ ± ´¤¨¤ Éμ³ ¤²Ö · ¸Ï¨·¥´´μ£μ μ¶¥· Éμ·  ±μμ·¤¨´ ÉÒ. �μ ÎÉμ¡Ò ÔÉμ
¶μ± § ÉÓ, ³Ò · §²μ¦¨³ ¥£μ ´  Ô·³¨Éμ¢Ê ¨  ´É¨Ô·³¨Éμ¢Ê (¨²¨ ¶¨²μμ¡· §´μ
Ô·³¨Éμ¢Ê) ¸μ¸É ¢²ÖÕÐ¨¥ [131].

„²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ V ±μ³¶²¥±¸´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ´  3-³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [121], ¸´ ¡¦¥´´μ¥
¢´ÊÉ·¥´´¨³ ¶·μ¨§¢¥¤¥´¨¥³, ±μÉμ·μ¥ μ¶·¥¤¥²¨³ É ±:

(Ψ, Φ) =
∫

d3p
p0

Ψ∗(p)Φ(p), (43)

£¤¥ p0 =
√

p2 + m2
0. �Ê¸ÉÓ ËÊ´±Í¨Ö ¢ V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

lim
R→∞

∫
SR

dS

p0
Ψ∗(p)Φ(p) = 0, (44)

£¤¥ ¨´É¥£· ² ¢§ÖÉ ¶μ ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¸ · ¤¨Ê¸μ³ R. …¸²¨ U : V → V Å
¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ· ¸ μ¤´μ° ¶¥·¥³¥´´μ°, Éμ Ê¸²μ¢¨¥ (44) ¶μ§¢μ²Ö¥É
¢¢¥¸É¨ μ¶·¥¤¥²¥´¨¥ UT ± ±:

(UT Ψ, Φ) = (Ψ, U Φ) ¤²Ö ¢¸¥Ì Ψ, Φ ∈ V, (45)

£¤¥ U ³¥´Ö¥É¸Ö ´  UT ¨²¨, ´ μ¡μ·μÉ, ¸ ¶μ³μÐÓÕ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³.
„ ²¥¥, ÔÉμ ¶μ§¢μ²Ö¥É ¢¢¥¸É¨ ¤Ê ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (U1, U2) (É. ¥. ¤¥°-

¸É¢ÊÕÐ¥¥ ¶μ-· §´μ³Ê ´  ËÊ´±Í¨Õ ¸²¥¢  ¨ ´  ËÊ´±Í¨Õ ¸¶· ¢ , ¸³. [121])
μÉ ¥¤¨´¸É¢¥´´μ£μ μ¶¥· Éμ·  UT

1 + U2 (É. ¥. ¤¥°¸É¢ÊÕÐ¥£μ Éμ²Ó±μ ´  μ¤´Ê ¨§
ËÊ´±Í¨° ¨ ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ¶¥·¥¡·μÏ¥´ ´  ¤·Ê£ÊÕ μ¶¥· Í¨¥° ¸μ¶·Ö¦¥-
´¨Ö) É ±:

(U1Ψ, Φ) + (Ψ, U2Φ) = (Ψ, (UT
1 + U2)Φ). (46)

’¥¶¥·Ó ´  μ¸´μ¢¥ É ±μ£μ ¤Ê ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ²¥£±μ · §¤¥²¨ÉÓ ¶·μ¨§¢μ²Ó-
´Ò° μ¶¥· Éμ· ´  ¥£μ Ô·³¨Éμ¢Ê ¨  ´É¨Ô·³¨Éμ¢Ê ¸μ¸É ¢²ÖÕÐ¨¥

(Ψ, UΦ) =
1
2

(
(Ψ, UΦ) + (U∗Ψ, Φ)

)
+

1
2

(
(Ψ, UΦ) − (U∗Ψ, Φ)

)
. (47)

‡¤¥¸Ó ¶ · 

1
2

(U∗, U) ≡
↔
Uh (48)
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¸μμÉ¢¥É¸É¢Ê¥É (1/2)(U +U∗T ) ¨ ¶·¥¤¸É ¢²Ö¥É Ô·³¨Éμ¢Ê ±μ³¶μ´¥´ÉÊ, Éμ£¤  ± ±

1
2
(−U∗, U) ≡

↔
Ua (49)

¶·¥¤¸É ¢²Ö¥É  ´É¨Ô·³¨Éμ¢Ê ±μ³¶μ´¥´ÉÊ.
’¥¶¥·Ó · ¸¸³μÉ·¨³ μ¶¥· Éμ· ±μμ·¤¨´ ÉÒ ¶·¨³¥´¨É¥²Ó´μ ± Ê· ¢´¥´¨Õ

Š²¥°´ Äƒμ·¤μ´  ẑ = i∇p. �·¨

U = i
∂

∂pj
(50)

³Ò ¨³¥¥³ [2]

1
2

(U∗, U) =
1
2

(
−i

∂

∂pj
, i

∂

∂pj

)
≡ i

2

↔
∂

∂pj
, (51 )

1
2

(−U∗, U) =
1
2

(
i

∂

∂pj
, i

∂

∂pj

)
≡ i

2

↔
∂ +

∂pj
. (51¡)

ˆ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥¤¨´¸É¢¥´´Ò¥ μ¶¥· Éμ·Ò ¶·¥¢· Ð ÕÉ¸Ö ¢

1
2

(U + U∗T ) = i
∂

∂pj
− i

2
pj

p2 + m2
0

, (52 )

1
2

(U − U∗T ) =
i

2
pj

p2 + m2
0

. (52¡)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ [2], ÎÉμ μ¶¥· Éμ· (52 ) Å ÔÉμ ´¥ ¡μ²¥¥ Î¥³ μ¡ÒÎ´Ò° μ¶¥-
· Éμ· �ÓÕÉμ´ Ä‚¨£´¥· , Éμ£¤  ± ± (52¡) ³μ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·μ¢ ´ [2,24,
131] ± ± μ¶·¥¤¥²ÖÕÐ¨° £· ´¨ÍÒ μ¡² ¸É¨ ²μ± ²¨§ Í¨¨ Ô²²¨¶É¨Î¥¸±μ£μ É¨¶ 
Î¥·¥§ ¥£μ ¸·¥¤´¨¥ §´ Î¥´¨Ö ¶μ · ¸¸³ É·¨¢ ¥³μ³Ê ¢μ²´μ¢μ³Ê ¶ ±¥ÉÊ.

‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¶·¥¤Ò¤ÊÐ¨°
Ëμ·³ ²¨§³ μ¡μ¸´μ¢Ò¢ ¥É ·¥§Ê²ÓÉ ÉÒ, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ · ¡μÉ Ì, ¶μ¤μ¡-
´ÒÌ [131,133]. � §²μ¦¨³ μ¶¥· Éμ· ẑ ´  ¤¢¥ ¡¨²¨´¥°´Ò¥ ¶ ·Ò [2]:

ẑ = i∇p =
i

2
↔
∇p +

i

2
↔
∇

(+)

p , (53)

£¤¥ Ψ∗ ↔
∇p Φ ≡ Ψ∗∇pΦ−Φ∇pΨ∗ ¨ Ψ∗ ↔

∇
(+)

p Φ ≡ Ψ∗∇pΦ+Φ∇pΨ∗ ¨ ¤μ²¦´μ
¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´μ ¶μ¤Ìμ¤ÖÐ¥¥ ¶·μ¸É· ´¸É¢μ ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢ [6, 121, 131,
133]. …£μ Ô·³¨Éμ¢Ê ¸μ¸É ¢²ÖÕÐÊÕ [131,133]

x̂ =
i

2
↔
∇p, (54)
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±μÉμ· Ö, ± ± μ¦¨¤ ²μ¸Ó, ¤ ¥É μ¡ÒÎ´ÊÕ ²μ± ²¨§ Í¨Õ ¢ ÉμÎ±¥, ³μ¦´μ ¢ÒÎ¨-
¸²¨ÉÓ ¶·¨ Ö¢´μ° § ¶¨¸¨

(Ψ, x̂Φ) = i

∫
d3p

p0
Ψ∗(p)∇p Φ(p) (55)

¸ ´ ²μ¦¥´¨¥³ Ô·³¨Éμ¢μ¸É¨, É. ¥. ¶·¨ É·¥¡μ¢ ´¨¨ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¤¨ £μ´ ²Ó-
´ÒÌ Ô²¥³¥´Éμ¢. � ¸Î¥ÉÒ ¤ ÕÉ

�
(
Φ, x̂Φ

)
= i

∫
d3p

p0
Φ∗(p)

↔
∇p Φ(p), (56)

¶·¥¤² £ Ö § ¨³¸É¢μ¢ ÉÓ Éμ²Ó±μ ²μ·¥´Í-¨´¢ ·¨ ´É´ÊÕ ¢¥²¨Î¨´Ê (54) ± ± ¡¨-
²¨´¥°´Ò° Ô·³¨Éμ¢ μ¶¥· Éμ· ±μμ·¤¨´ ÉÒ. ’¥¶¥·Ó, ¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ
Î ¸ÉÖ³, μÉ¡·μ¸¨¢ ¨´É¥£· ² ¶μ ¶μ¢¥·Ì´μ¸É¨, ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ (54)
Ö¢²Ö¥É¸Ö Ô±¢¨¢ ²¥´Éμ³ μ¡ÒÎ´μ£μ μ¶¥· Éμ·  �ÓÕÉμ´ Ä‚¨£´¥· :

x̂h ≡ i

2
↔
∇p ≡ i∇p −

i

2
p

p2 + m2
≡ N − W. (57)

ŒÒ μ¸É ¢¨²¨ (¡¨²¨´¥°´ÊÕ)  ´É¨Ô·³¨Éμ¢Ê ±μ³¶μ´¥´ÉÊ

ŷ =
i

2
↔
∇

(+)

p , (58)

ÎÓ¨ ¸·¥¤´¨¥ §´ Î¥´¨Ö ¶μ · ¸¸³ É·¨¢ ¥³Ò³ ¸μ¸ÉμÖ´¨Ö³ (¢μ²´μ¢μ£μ ¶ ±¥É )
³μ£ÊÉ ¸Î¨É ÉÓ¸Ö ± ± ¤ ÕÐ¨¥ [6,121,131,133] £· ´¨ÍÒ Ô²²¨¶É¨Î¥¸±μ° μ¡² ¸É¨
²μ± ²¨§ Í¨¨.

�μ¸²¥ μÉÌμ¤ , ¸¢Ö§ ´´μ£μ ¸ (53)Ä(58), É¥¶¥·Ó ¤ ¢ °É¥ ¢¥·´¥³¸Ö ´ § ¤ ±
Ëμ·³ ²¨§³Ê, ¢Ò· ¦¥´´μ³Ê ¸ ¶μ³μÐÓÕ (43)Ä(52). ‚ μ¡Ð¥³ μ¶¥· Éμ· ±μμ·¤¨-
´ ÉÒ · ¸Ï¨·¥´´μ£μ É¨¶  ẑ ¤ ¥É

〈Ψ| ẑ |Ψ〉 = (α + Δα) + i (β + Δβ), (59)

£¤¥ Δα ¨ Δβ Å ¸·¥¤´¨¥ μÏ¨¡±¨, ¢¸É·¥Î ¥³Ò¥ ¶·¨ ¨§³¥·¥´¨¨ ±μμ·¤¨´ ÉÒ ¨
· §³¥·μ¢ μ¡² ¸É¨ ²μ± ²¨§ Í¨¨ ¸μμÉ¢¥É¸É¢¥´´μ. �·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ μÍ¥´¨ÉÓ
±μ³³ÊÉ Éμ·Ò É ± (i, j = 1, 2, 3):

(
i

2

↔
∂

∂pi
,

i

2

↔
∂ (+)

∂pj

)
=

i

2 p2
0

(
δij −

2 pipj

p2
0

)
, (60)

£¤¥ ¨§ ®´¥μ¶·¥¤¥²¥´´μ¸É¨ ±μ··¥²ÖÍ¨°¯ ¸²¥¤Ê¥É

Δαi Δβj � 1
4

∣∣∣∣
〈

1
p2
0

(
δij −

2 pipj

p2
0

)〉∣∣∣∣. (61)
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2.2. �¶¥· Éμ· 4-³¥·´μ° ±μμ·¤¨´ ÉÒ ¢ Ê· ¢´¥´¨¨ Š²¥°´ Äƒμ·¤μ´ .
‚ ± Î¥¸É¢¥ μ¶¥· Éμ·  4-³¥·´μ° ±μμ·¤¨´ ÉÒ ³μ¦´μ ¶·¥¤²μ¦¨ÉÓ ¢¥²¨Î¨´Ê
ẑμ = x̂μ+iŷμ, ÎÓÖ Ô·³¨Éμ¢  (²μ·¥´Í-±μ¢ ·¨ ´É´ Ö) Î ¸ÉÓ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ 
± ±:

x̂μ = − i

2

↔
∂

∂pμ
(62)

¨ ¸¢Ö§ ´  ¸ ¥¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ®μ¶¥· Éμ·μ³¯ ¢ 4-¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

p̂μ
h = +

i

2

↔
∂

∂xμ
. (63)

„ ¢ °É¥ ¢¸¶μ³´¨³ ¶·μ¶μ·Í¨μ´ ²Ó´μ¸ÉÓ ³¥¦¤Ê μ¶¥· Éμ·μ³ 4-³¥·´μ£μ ¨³-
¶Ê²Ó¸  ¨ μ¶¥· Éμ·μ³ 4-³¥·´μ° ¶²μÉ´μ¸É¨ Éμ±  ¢ Ì·μ´μÉμ¶´μ³ ¶·μ¸É· ´¸É¢¥,
  É ±¦¥ ± ´μ´¨Î¥¸±μ¥ ¸μμÉ¢¥É¸É¢¨¥ (¢ ¶·μ¸É· ´¸É¢ Ì 4-³¥·´μ° ±μμ·¤¨´ ÉÒ ¨
4-³¥·´μ£μ ¨³¶Ê²Ó¸ ) ³¥¦¤Ê ®μ¶¥· Éμ· ³¨¯ (¸³. ¶·¥¤Ò¤ÊÐ¨° ¶Ê´±É)

m0 ρ̂ ≡ p̂0 =
i

2

↔
∂

∂t
, (64 )

m0 ĵ ≡ p̂ = − i

2

↔
∂

∂r
(64¡)

¨ μ¶¥· Éμ· ³¨

t̂ ≡ − i

2

↔
∂

∂p0
, (65 )

x̂ ≡ i

2

↔
∂

∂p
, (65¡)

£¤¥ ®μ¶¥· Éμ·¯ 4-³¥·´μ° ±μμ·¤¨´ ÉÒ (65) ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ± ± μ¶¥· -
Éμ· 4-³¥·´μ° ¶²μÉ´μ¸É¨ Éμ±  ¢ ¶·μ¸É· ´¸É¢¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸ . �´ ²μ£¨Î´μ¥
· ¸¸³μÉ·¥´¨¥ ³μ¦¥É ¡ÒÉÓ ¶·μ¢¥¤¥´μ ´   ´É¨Ô·³¨Éμ¢Ò Î ¸É¨ (¸³. ¶μ¸²¥¤´ÕÕ
· ¡μÉÊ ¨§ [2]).

‚ § ±²ÕÎ¥´¨¥, μ¶¨· Ö¸Ó ´  ¸¢μ°¸É¢  μ¶¥· Éμ·  ¢·¥³¥´¨ ± ± ³ ±¸¨³ ²Ó´μ
Ô·³¨Éμ¢  μ¶¥· Éμ·  ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ (¸³. ¶. 1.1), ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö
¢ Éμ³, ÎÉμ ·¥²ÖÉ¨¢¨¸É¸±¨° μ¶¥· Éμ· ¢·¥³¥´¨ (65a) (¢ Ê· ¢´¥´¨¨ Š²¥°´ Ä
ƒμ·¤μ´ ) Ö¢²Ö¥É¸Ö É ±¦¥ ¸ ³μ¸μ¶·Ö¦¥´´Ò³ ¡¨²¨´¥°´Ò³ μ¶¥· Éμ·μ³ ¢ ´¥¶·¥-
·Ò¢´μ³ ¸¶¥±É·¥ Ô´¥·£¨¨ ¨ (³ ±¸¨³ ²Ó´Ò³) Ô·³¨Éμ¢Ò³ ²¨´¥°´Ò³ μ¶¥· Éμ·μ³
¤²Ö ¸¢μ¡μ¤´μ ¤¢¨¦ÊÐ¨Ì¸Ö Î ¸É¨Í (¢ ¸¢Ö§¨ ¸ ´ ²¨Î¨¥³ ´¨¦´¥£μ ´Ê²¥¢μ£μ ¶·¥-
¤¥²  ¤²Ö ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¨²¨ m0 ¤²Ö ¶μ²´μ° Ô´¥·£¨¨).
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3. �	 ˆ‘��‹œ‡�‚��ˆˆ �…��Œˆ’�‚›• ƒ�Œˆ‹œ’��ˆ���‚
‚ Œ�„…‹œ�›• ��„•�„�•: Ÿ„…��›… ��’ˆ—…‘Šˆ… Œ�„…‹ˆ

ˆ ŒˆŠ��‘Š��ˆ—…‘Š�Ÿ Š‚��’�‚�Ÿ „ˆ‘‘ˆ��–ˆŸ

3.1. Ÿ¤¥·´ Ö μ¶É¨Î¥¸± Ö ³μ¤¥²Ó. � Î¨´ Ö ¸ ¶ÖÉ¨¤¥¸ÖÉÒÌ £μ¤μ¢ ¤²Ö μ¶¨-
¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ´Ê±²μ´μ¢ ´  Ö¤· Ì ¨ ¡μ-
²¥¥ μ¡Ð¨Ì ¢¨¤μ¢ Ö¤¥·´ÒÌ ¸Éμ²±´μ¢¥´¨° Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö μ¶É¨Î¥¸± Ö ³μ-
¤¥²Ó (¸³., ´ ¶·¨³¥·, [134Ä137], Éμ£¤  ± ± μ¡μ¡Ð¥´´μ° μ¶É¨Î¥¸±μ° ³μ¤¥²¨ Å
³¥Éμ¤Ê ¸¢Ö§ ´´ÒÌ ± ´ ²μ¢ ¸ ¶·¨³¥´¥´¨¥³ μ¶É¨Î¥¸±μ° ³μ¤¥²¨ ¢ ± ¦¤μ³ ± -
´ ²¥ ´Ê±²μ´-Ö¤¥·´μ£μ Ê¶·Ê£μ£μ ¨²¨ ´¥Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö Å μÉ¢¥Î ¥É [138]
¸μ ¸¶¨¸±μ³ ²¨É¥· ÉÊ·Ò). ‚ É ±μ° ³μ¤¥²¨ £ ³¨²ÓÉμ´¨ ´ ¸μ¤¥·¦¨É ±μ³¶²¥±¸-
´Ò° ¶μÉ¥´Í¨ ²,   ¥£μ ³´¨³ Ö Î ¸ÉÓ μ¶¨¸Ò¢ ¥É ¶·μÍ¥¸¸Ò ¶μ£²μÐ¥´¨Ö, ±μ-
Éμ·Ò¥ ¶·μ¨¸Ìμ¤ÖÉ ¶·¨ Ëμ·³¨·μ¢ ´¨¨ ¸μ¸É ¢´μ£μ Ö¤·  ¨ ¶μ¸²¥¤ÊÕÐ¥£μ ¥£μ
· ¸¶ ¤ . �É´μ¸¨É¥²Ó´μ ³ É¥³ É¨Î¥¸±¨Ì ¸¢μ°¸É¢ £ ³¨²ÓÉμ´¨ ´  ¸ ±μ³¶²¥±¸-
´Ò³ ¶μÉ¥´Í¨ ²μ³ ³Ò μ£· ´¨Î¨³¸Ö ²¨ÏÓ ¸¸Ò²±μ° ´  · ¡μÉÒ [139, 140] (¸³.
É ±¦¥ ¸¸Ò²±¨, ¶·¨¢¥¤¥´´Ò¥ É ³), £¤¥ ¨§ÊÎ ²¨¸Ó ´¥Ê´¨É ·´μ¸ÉÓ ¨  ´ ²¨É¨Î¥-
¸± Ö ¸É·Ê±ÉÊ·  S-³ É·¨ÍÒ, ¶μ²´μÉ  ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¨ ´¥±μÉμ·Ò¥ ¤·Ê£¨¥
¸¢μ°¸É¢  (É ±¦¥ ¸³. [141]).

3.2. �¥μ¡· É¨³μ¸ÉÓ ¶μ ¢·¥³¥´¨. T -¸¨³³¥É·¨Ö (¨²¨ ¸¨³³¥É·¨Ö ¶μ μÉ-
´μÏ¥´¨Õ ± μ¡· Ð¥´¨Õ ¢·¥³¥´¨) Å ¸¨³³¥É·¨Ö Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì
§ ±μ´Ò Ë¨§¨±¨, ¶μ μÉ´μÏ¥´¨Õ ± μ¶¥· Í¨¨ § ³¥´Ò ¢·¥³¥´¨ t ´  −t (É. ¥.
± μ¡· Ð¥´¨Õ ¢·¥³¥´¨), ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ³ É¥³ É¨Î¥¸±¨ § ¶¨¸Ò¢ ¥É¸Ö
± ± · ¢¥´¸É¢μ ´Ê²Õ ±μ³³ÊÉ Éμ·  μ¶¥· Éμ·  £ ³¨²ÓÉμ´¨ ´  ¨  ´É¨Ê´¨É ·´μ£μ
μ¶¥· Éμ·  μ¡· Ð¥´¨Ö ¢·¥³¥´¨

T : t → −t. (66)

”¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, ³¥´ÖÕÐ¨¥ §´ ± ¶·¨ μ¡· Ð¥´¨¨ ¢·¥³¥´¨, ´ §Ò¢ ÕÉ¸Ö
T -´¥Î¥É´Ò³¨, ´¥ ³¥´ÖÕÐ¨¥ §´ ± Å T -Î¥É´Ò³¨. ‚¸¥ ³ ¸¸Ò ¨ § ·Ö¤Ò, ¨
μ¸É ²Ó´Ò¥ ±μ´¸É ´ÉÒ, ´¥ ¸¢Ö§ ´´Ò¥ ¸μ ¸² ¡Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³, μ¡² ¤ ÕÉ
¸¨³³¥É·¨¥° ¶·¨ μ¡· Ð¥´¨¨ ¢·¥³¥´¨.

”μ·³Ê²Ò ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨, ±² ¸¸¨Î¥¸±μ° Ô²¥±É·μ¤¨´ ³¨±¨, ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨, É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ´¥ ³¥´ÖÕÉ¸Ö ¶·¨ μ¡· Ð¥´¨¨ ¢·¥-
³¥´¨. ’¥·³μ¤¨´ ³¨± , £¤¥ ¤¥°¸É¢Ê¥É ¢Éμ·μ¥ ´ Î ²μ É¥·³μ¤¨´ ³¨±¨ (§ ±μ´ ´¥-
Ê¡Ò¢ ´¨Ö Ô´É·μ¶¨¨), ´¥¸¨³³¥É·¨Î´  μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ÌμÉÖ
´  Ê·μ¢´¥ ³¥Ì ´¨Î¥¸±¨Ì § ±μ´μ¢, μ¶¨¸Ò¢ ÕÐ¨Ì ¤¢¨¦¥´¨¥ Î ¸É¨Í É¥·³μ¤¨-
´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò, ¢·¥³Ö μ¡· É¨³μ. �Éμ ¸¢Ö§ ´μ ¸ ¡μ²ÓÏ¥° ¢¥·μÖÉ´μ¸ÉÓÕ
¶·¥¡Ò¢ ´¨Ö É¥·³μ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò ¢ ³ ±·μ¸μ¸ÉμÖ´¨¨, ±μÉμ·μ¥ ·¥ ²¨-
§Ê¥É¸Ö ¡μ²ÓÏ¨³ Î¨¸²μ³ (· ¢´μ¢¥·μÖÉ´ÒÌ) ³¨±·μ¸μ¸ÉμÖ´¨°.

‚ ³¨±·μ³¨·¥ T -¸¨³³¥É·¨Ö ´ ·ÊÏ ¥É¸Ö ¢ ¸² ¡ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ. ‹Õ-
¡ Ö · §Ê³´ Ö É¥μ·¨Ö ¶μ²Ö ¤μ²¦´  ¡ÒÉÓ CPT -¨´¢ ·¨ ´É´  (É¥μ·¥³  ‹Õ¤¥·¸ Ä
� Ê²¨). �¤´ ±μ CP -¸¨³³¥É·¨Ö ¢ ¸É ´¤ ·É´μ° ³μ¤¥²¨ ´ ·ÊÏ ¥É¸Ö: CP -´ -
·ÊÏ¥´¨¥ ´ ¡²Õ¤ ¥É¸Ö ¢ ¸² ¡ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ ¢ ±¢ ·±μ¢μ³ ¸¥±Éμ·¥ ³μ¤¥²¨
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(CKM-³ É·¨Í ). CP -´ ·ÊÏ¥´¨¥ É¥μ·¥É¨Î¥¸±¨ ³μ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö ¨ ¢ ¸¨²Ó-
´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ, ´μ CP -´ ·ÊÏ ÕÐ¨° Î²¥´ §¤¥¸Ó ¸¨²Ó´μ μ£· ´¨Î¥´ ´¥-
´ ¡²Õ¤¥´¨¥³ ¢ Ô±¸¶¥·¨³¥´É¥ Ô²¥±É·¨Î¥¸±μ£μ ¤¨¶μ²Ó´μ£μ ³μ³¥´É  ´¥°É·μ´ 
(¸³.: ¶·μ¡²¥³  ¸² ¡μ£μ CP -´ ·ÊÏ¥´¨Ö,  ±¸¨μ´). ˆ§ Éμ£μ, ÎÉμ CP -¸¨³³¥É·¨Ö
´ ·ÊÏ¥´  ¶·¨ ¸μÌ· ´¥´¨¨ CPT -¸¨³³¥É·¨¨, ¸²¥¤Ê¥É ´¥¨´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ-
¸¨É¥²Ó´μ T -¸¨³³¥É·¨¨.

ˆ§ ¸¨³³¥É·¨¨ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ ¢Ò¢μ¤¨É¸Ö · ¢¥´¸É¢μ
´Ê²Õ Ô²¥±É·¨Î¥¸±μ£μ ¤¨¶μ²Ó´μ£μ ³μ³¥´É  Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. � ¶·μÉ¨¢,
¥¸²¨ ± ± Ö-²¨¡μ ¸¨¸É¥³  μ¡´ ·Ê¦¨¢ ¥É ´¥´Ê²¥¢μ° Ô²¥±É·¨Î¥¸±¨° ¤¨¶μ²Ó´Ò°
³μ³¥´É, ÔÉμ μ§´ Î ¥É, ÎÉμ μ´  ´¥¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥-
³¥´¨ (  É ±¦¥ μÉ´μ¸¨É¥²Ó´μ μÉ· ¦¥´¨Ö ±μμ·¤¨´ É) Å T - ¨ P -´¥Î¥É´ .

„¢Ê³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ Î¥É´μ¸É¨ ¤ ÕÉ¸Ö ¶ ·μ° ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ-
´¨°, ±μÉμ·Ò¥ ¶¥·¥Ìμ¤ÖÉ μ¤´μ ¢ ¤·Ê£μ¥ ¶·¨ μ¶·¥¤¥²¥´´μ° Î¥É´μ¸É¨. �¤´ ±μ
É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ³μ¦¥É ¢¸¥£¤  ¡ÒÉÓ ¸¢¥¤¥´μ ± ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¸μ-
¸ÉμÖ´¨°, ± ¦¤μ¥ ¨§ ±μÉμ·ÒÌ Ö¢²Ö¥É¸Ö ¨²¨ Î¥É´Ò³, ¨²¨ ´¥Î¥É´Ò³. ‘²¥¤Ê¥É
μÉ³¥É¨ÉÓ, ÎÉμ ¢¸¥ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ Î¥É´μ¸É¨ Ö¢²ÖÕÉ¸Ö μ¤-
´μ³¥·´Ò³¨. ’¥μ·¥³  Š· ³¥·¸  (Kramers) Ê¸É ´ ¢²¨¢ ¥É, ÎÉμ μ¡· Ð¥´¨¥ ¶μ
¢·¥³¥´¨ ´¥ É·¥¡Ê¥É ÔÉμ£μ ¸¢μ°¸É¢ , ¶μÉμ³Ê ÎÉμ μ´μ ¶·¥¤¸É ¢²Ö¥É¸Ö  ´É¨Ô·³¨-
Éμ¢Ò³ μ¶¥· Éμ·μ³.

�É³¥É¨³ É·¨ ´ ¨¡μ²¥¥ ¢ ¦´ÒÌ ¸¢μ°¸É¢  μ¡· Ð¥´¨Ö ¶μ ¢·¥³¥´¨ ¢ ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¥:

1) μ´μ ¤μ²¦´μ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ Î¥·¥§  ´É¨Ê´¨É ·´Ò° μ¶¥· Éμ·,
2) μ´μ § Ð¨Ð ¥É ´¥¢Ò·μ¦¤¥´´μ¸ÉÓ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° Î¥·¥§ ¨³¥Õ-

Ð¨°¸Ö Ô²¥±É·¨Î¥¸±¨° ¤¨¶μ²Ó´Ò° ³μ³¥´É,
3) μ´μ ¨³¥¥É ¤¢Ê³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸μ ¸¢μ°¸É¢μ³ T 2 = −1.

�·¨£¨´ ²Ó´μ¸ÉÓ É ±μ£μ ·¥§Ê²ÓÉ É  ¸É ´μ¢¨É¸Ö Ö¸´μ°, ¥¸²¨ ¸· ¢´¨ÉÓ ¥£μ ¸ Î¥É-
´μ¸ÉÓÕ. …¸²¨ Î¥É´μ¸ÉÓ ¶·¥¢· Ð ¥É ¶ ·Ê ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° μ¤´μ ¢ ¤·Ê£μ¥,
Éμ ¸Ê³³  ¨ · §´¨Í  ÔÉ¨Ì ¤¢ÊÌ μ¸´μ¢´ÒÌ ¸μ¸ÉμÖ´¨° Ìμ·μÏμ μ¶·¥¤¥²ÖÕÉ Î¥É-
´μ¸ÉÓ. �¡· É¨³μ¸ÉÓ ¶μ ¢·¥³¥´¨ ´¥ ¢¥¤¥É ¸¥¡Ö É ±¨³ μ¡· §μ³. �μ-¢¨¤¨³μ³Ê,
μ´  ³μ¦¥É ´ ·ÊÏ ÉÓ¸Ö É¥μ·¥³μ°, ÎÉμ ¢¸¥  ¡¥²¥¢Ò £·Ê¶¶Ò ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¸
¶μ³μÐÓÕ μ¤´μ³¥·´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°. �·¨Î¨´  ÔÉμ£μ ¸μ¸Éμ¨É
¢ Éμ³, ÎÉμ μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¸ ¶μ³μÐÓÕ  ´É¨Ê´¨É ·´μ£μ μ¶¥· -
Éμ·  (¸³., ´ ¶·¨³¥·, ´¥±μÉμ·Ò¥ · ¡μÉÒ ¶μ ´ ·ÊÏ¥´¨Õ ¨´¢ ·¨ ´É´μ¸É¨ ¶μ
¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ¨ Ö¤¥·´μ° Ë¨§¨±¥ [142Ä144]). — ¸É´Ò³ ¸²ÊÎ ¥³ μ¶¨¸ -
´¨Ö T -´¥¨´¢ ·¨ ´É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¶·¥¤¸É ¢²ÖÕÉ £ ³¨²ÓÉμ´¨ ´Ò, ¸μ¤¥·-
¦ Ð¨¥ ±¢ ´Éμ¢ÊÕ ¤¨¸¸¨¶ Í¨Õ.

3.3. Œ¨±·μ¸±μ¶¨Î¥¸± Ö ±¢ ´Éμ¢ Ö ¤¨¸¸¨¶ Í¨Ö. �  ¤ ´´μ¥ ¢·¥³Ö Ìμ-
·μÏμ ¨§¢¥¸É´Ò · §²¨Î´Ò¥ ¶μ¤Ìμ¤Ò, · §· ¡μÉ ´´Ò¥ ¸ Í¥²ÓÕ ¢¢¥¸É¨ ¤¨¸¸¨¶ -
Í¨Õ ¨ μ¶¨¸ ÉÓ ¤¥±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. �·¥¦¤¥ ¢¸¥£μ
¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶·μ¸Éμ¥ ¢¢¥¤¥´¨¥ ±¢ ´É  ¢·¥³¥´¨, ´ §Ò¢ ¥³μ£μ ®Ì·μ-
´μ´μ³¯ (®chronon¯, ¸³., ´ ¶·¨³¥·, [145Ä147]), ¶μ§¢μ²Ö¥É ¶¥·¥°É¨ μÉ ¤¨Ë-
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Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ± ±μ´¥Î´μ-· §´μ¸É´Ò³ ¨, ¢ Î ¸É´μ¸É¨, § ¶¨¸ ÉÓ
±¢ ´Éμ¢Ò¥ Ê· ¢´¥´¨Ö (É ±¨¥ ± ± Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ‹¨Ê¢¨²²ÖÄËμ´ �¥°-
³ ´´  ¨ ¤·.) ¸²¥¤ÊÕÐ¨³¨ É·¥³Ö ¸¶μ¸μ¡ ³¨: ¸¨³³¥É·¨Î´Ò³, ¸ § ¶ §¤Ò¢ ´¨¥³
¨ ¸ μ¶¥·¥¦¥´¨¥³. “· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ § ¶ §¤Ò¢ ´¨¥³ μ¶¨¸Ò¢ ¥É ¤¨¸¸¨-
¶ É¨¢´ÊÕ ¸¨¸É¥³Ê ¤μ¸É ÉμÎ´μ ¶·μ¸ÉÒ³ ¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ± ± μ¡³¥´¨-
¢ ÕÐÊÕ¸Ö Ô´¥·£¨¥° ¸μ ¸·¥¤μ° (¨²¨ É¥·ÖÕÐÊÕ Ô´¥·£¨Õ ¶·¨ ¢§ ¨³μ¤¥°¸É¢¨¨
¸μ ¸·¥¤μ°). ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ´¥Ê´¨É ·´Ò° μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨ ¢μ ¢·¥³¥´¨
¶μ¤Î¨´Ö¥É¸Ö § ±μ´Ê ¶μ²Ê£·Ê¶¶ ¨ ¸¢Ö§ ´ ¸ ´¥μ¡· É¨³Ò³¨ ¶·μÍ¥¸¸ ³¨. Š·μ³¥
Éμ£μ, ¶μ¤Ìμ¤ ¸ § ¶ §¤Ò¢ ´¨¥³ ¶·¥¤μ¸É ¢²Ö¥É ¨´É¥·¥¸´Ò° ¶ÊÉÓ ¤²Ö ·¥Ï¥´¨Ö
®¶·μ¡²¥³Ò ¨§³¥·¥´¨°¯ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ¡¥§ ´¥¨§¡¥¦´μ£μ ±μ²² ¶¸  ¢
Ëμ·³ ²¨§³¥ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°: ¸³. [147Ä151]. ’¥μ·¨Ö Ì·μ´μ´μ¢ ³μ¦¥É ¡ÒÉÓ
· ¸¸³μÉ·¥´  ± ± ´¥±μÉμ·μ¥ ¸¶¥Í¨Ë¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ Ô¢μ²ÕÍ¨¨ ¢μ ¢·¥³¥´¨.

‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ (± ± ¶μ± § ´μ, ´ ¶·¨³¥·, ¢ [152]), ÎÉμ Ê¶μ³¨´ ¥-
³Ò° ¤¨¸±·¥É´Ò° ¶μ¤Ìμ¤ ³μ¦¥É ¡ÒÉÓ § ³¥´¥´ ´  ´¥¶·¥·Ò¢´Ò° §  ¸Î¥É ¢¢¥-
¤¥´¨Ö ´¥Ô·³¨Éμ¢  £ ³¨²ÓÉμ´¨ ´ . ’ ±¨¥ ¤ ²Ó´¥°Ï¨¥ ¨¸¸²¥¤μ¢ ´¨Ö ³μ¦´μ
´ °É¨, ´ ¶·¨³¥·, ¢ · ¡μÉ Ì [153Ä157] (¸ ¶·¨¢¥¤¥´¨¥³ μ¡Ï¨·´μ° ²¨É¥· ÉÊ·Ò
¢ ÔÉ¨Ì · ¡μÉ Ì). �¥μ¡Ìμ¤¨³μ ¤μ¡ ¢¨ÉÓ, ÎÉμ É·¥¡Ê¥É¸Ö ¥Ð¥ ³´μ£μ · ¡μÉÒ ¤²Ö
μ¶¨¸ ´¨Ö ´¥μ¡· É¨³μ¸É¨ ¢μ ¢·¥³¥´¨ ´  ³¨±·μ¸±μ¶¨Î¥¸±μ³ Ê·μ¢´¥. ‚ ¸ ³μ³
¤¥²¥, ´  ¤ ´´μ¥ ¢·¥³Ö ¶·¥¤²μ¦¥´Ò · §´μμ¡· §´Ò¥ ¶μ¤Ìμ¤Ò, ¢ ±μÉμ·ÒÌ ¢¢μ-
¤ÖÉ¸Ö ´μ¢Ò¥ ¶ · ³¥É·Ò (Ê¶μ·Ö¤μÎ¥´¨Ö ¨²¨ ¤¨¸¸¨¶ Í¨¨) ¤²Ö μ¶¨¸ ´¨Ö ³¨±·μ-
¸±μ¶¨Î¥¸±μ° ¤¨´ ³¨±¨ (±μÉμ·Ò¥, ¢ ¨§¢¥¸É´μ³ ¸³Ò¸²¥, ¶·μ±² ¤Ò¢ ÕÉ ³μ¸É
³¥¦¤Ê ³¨±·μ¸±μ¶¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¨ ³ ±·μ¸±μ¶¨Î¥¸±¨³¨ Ì · ±É¥·¨¸É¨-
± ³¨). Š·μ³¥ £ ³¨²ÓÉμ´¨ ´  Š ²Ó¤¨·μ²ÒÄŠ ´ ¨ (CaldirolaÄKanai) [158, 159]
(±μÉμ·Ò° ¨¸¶μ²Ó§μ¢ ´, ´ ¶·¨³¥·, ¢ [160])

ĤCK(t) = − �
2

2m

∂2

∂x2
e−γt + V (x) eγt, (67)

³μ¦´μ μÉ³¥É¨ÉÓ ¡μ²¥¥ ¶·μ¸ÉÒ¥ ¶μ¤Ìμ¤Ò, μ¸´μ¢ ´´Ò¥ ´  ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥· 

i�
∂

∂t
Ψ(x, t) = ĤΨ(x, t), (68)

¸ ¢¢μ¤μ³ ±μ³¶μ´¥´ÉÒ, μ¶¨¸Ò¢ ÕÐ¥° ¤¨¸¸¨¶ Í¨Õ ´  ³¨±·μ¸±μ¶¨Î¥¸±μ³ Ê·μ¢´¥
¨ μ¶·¥¤¥²Ö¥³μ° Î¥·¥§ ±μÔËË¨Í¨¥´É Ê£ ¸ ´¨Ö γ:

�) �¥²¨´¥°´Ò¥ (´¥Ô·³¨Éμ¢Ò) £ ³¨²ÓÉμ´¨ ´Ò

Ĥnl = − �
2

2m

∂2

∂x2
+ V (x) + Ŵ (69)

¸ ®¶μÉ¥´Í¨ ²Ó´Ò³¨¯ μ¶¥· Éμ· ³¨ Ŵ ¸²¥¤ÊÕÐ¥£μ É¨¶ :
1) μ¶¥· Éμ· Šμ¸É¨´  (Kostin) (¸³. [161]):

ŴK = − i�

2m

{
ln Ψ
Ψ∗ −

〈
ln Ψ
Ψ∗

〉}
; (70)
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2) μ¶¥· Éμ· �²Ó¡·¥ÌÉ  (Albrecht) (¸³. [162]):

ŴA(x) = 〈p 〉 (x − 〈x〉), (71)

£¤¥ 〈 〉 Å Ê¸·¥¤´¥´¨¥, ¢Ò¶μ²´Ö¥³μ¥ ¶μ |Ψ(x)|2;
3) μ¶¥· Éμ· • ¸¸Ô (Hasse) (¸³. [163]):

ŴH(x) =
1
4

[
x − 〈x〉, p + 〈p 〉

]
+
, (72)

£¤¥ [A, B]+ Å  ´É¨±μ³³ÊÉ Éμ· [A, B]+ = AB + BA.

B) ‹¨´¥°´Ò¥ (´¥Ô·³¨Éμ¢Ò) £ ³¨²ÓÉμ´¨ ´Ò:
1) £ ³¨²ÓÉμ´¨ ´ ƒ¨§¨´  (Gisin) (¸³. [164]):

ĤG = (1 − iγ) Ĥ + iγ〈Ĥ〉; (73)

2) £ ³¨²ÓÉμ´¨ ´ �±¸´¥·  (Exner) (¸³. [165]):

ĤE = Ĥ + i Ŵ (x) − i 〈Ŵ (x) 〉. (74)

’ ±¦¥ ¸²¥¤Ê¥É ¢¸¶μ³´¨ÉÓ ®³¨±·μ¸±μ¶¨Î¥¸±¨¥ ³μ¤¥²¨ ¨ ¶μ¤Ìμ¤Ò¯ ¢ ¤ÊÌ¥
· ¡μÉ [166], ¤ ¦¥ ¥¸²¨ μ´¨ ¨ ´¥ μ¸´μ¢ ´Ò ´  ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥· .

�ÉμÉ ¸¶¨¸μ± £ ³¨²ÓÉμ´¨ ´μ¢ ³μ¦´μ ¤μ¶μ²´¨ÉÓ. „μ ´ ¸ÉμÖÐ¥£μ ¢·¥-
³¥´¨ ¢¸¥ μ´¨, ¶μ-¢¨¤¨³μ³Ê, ¥Ð¥ ´¥ ¨§ÊÎ¥´Ò ¤μ¸É ÉμÎ´μ £²Ê¡μ±μ. �É³¥É¨³
Éμ²Ó±μ ± ± ¶·¨³¥·, ÎÉμ ¶·¨ ¨§ÊÎ¥´¨¨ ÉÊ´´¥²¨·μ¢ ´¨Ö ¸ ¤¨¸¸¨¶ Í¨¥° ¢ ¡μ²¥¥
£²Ê¡μ±μ³ · ¸¸³μÉ·¥´¨¨ ¡Ò²μ ¡Ò ¦¥² É¥²Ó´Ò³ ¶·¨´ÖÉÓ É ±¨¥ Ö¢²¥´¨Ö, ± ±
®ÔËË¥±É • ·É³ ´  (Hartman effect)¯ (  É ±¦¥ ®μ¡μ¡Ð¥´´Ò° ÔËË¥±É • ·É-
³ ´ ¯) [18, 19, 167Ä170] ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ¤·Ê£¨¥: ÔÉμ° É¥³¥ ¶μ¸¢ÖÐ¥´μ
´¥¸±μ²Ó±μ · ¡μÉ (¸³., ´ ¶·¨³¥·, [171,172]). ‚ ¶·¨²μ¦¥´¨¨ ¢ ± Î¥¸É¢¥ ³¥Éμ¤ 
· ¸Î¥É  ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¶·¨ ´ ²¨Î¨¨ ¤¨¸¸¨¶ Í¨¨ ³Ò ¶·¥¤¸É ¢²Ö¥³ ¸Ì¥³Ê
¨É¥· Í¨° (¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°), · ¸¸³μÉ·¥¢ ¢ ± Î¥¸É¢¥ ¶·¨³¥· 
¤μ¸É ÉμÎ´μ ¶·μ¸Éμ° ¶μÉ¥´Í¨ ² �²Ó¡·¥ÌÉ  (¸³. ¶·¨²μ¦¥´¨¥ �). �ÉμÉ ´ Ï
¶μ¤Ìμ¤ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ± ± ¤²Ö ¤¥É ²Ó´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¢μ§³μ¦-
´ÒÌ μÉ±²μ´¥´¨° ¢ ÔËË¥±É¥ • ·É³ ´ , É ± ¨ ¤²Ö  ´ ²¨§  ´μ¢ÒÌ ´¥μ¡· É¨³ÒÌ
Ö¢²¥´¨°. ‚ § ±²ÕÎ¥´¨¥ ¢¸¶μ³´¨³, ÎÉμ, ± ± ¶μ± § ´μ ¢ [153], μ¡  μ¡μ¡Ð¥´´ÒÌ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¢¢¥¤¥´´Ò¥ Š ²Ó¤¨·μ²μ° [154, 173] ¸ Í¥²ÓÕ μ¶¨¸ ÉÓ
¤¢  · §²¨Î´ÒÌ ¤¨¸¸¨¶ É¨¢´ÒÌ ¶·μÍ¥¸¸  (É ±¨Ì ± ± ¶μ¢¥¤¥´¨¥ μÉ±·ÒÉÒÌ ¸¨-
¸É¥³ ¨ ¨§²ÊÎ¥´¨¥ § ·Ö¦¥´´μ° Î ¸É¨ÍÒ), μ¡² ¤ ÕÉ μ¤¨´ ±μ¢μ°  ²£¥¡· ¨Î¥¸±μ°
¸É·Ê±ÉÊ·μ° É¨¶  ¤μ¶Ê¸É¨³ÒÌ £·Ê¶¶ ‹¨ [174].



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 977

4. ‚›‚�„›

1. ‚ ÔÉμ° · ¡μÉ¥ ¶μ± § ´μ, ÎÉμ Ô·³¨Éμ¢ μ¶¥· Éμ· ¢·¥³¥´¨ (1), Ö¢²ÖÖ¸Ó
´¥¸ ³μ¸μ¶·Ö¦¥´´Ò³, É¥³ ´¥ ³¥´¥¥ Ê¸¶¥Ï´μ · ¡μÉ ¥É ¶·¨ μ¶¨¸ ´¨¨ ²Õ¡ÒÌ
±¢ ´Éμ¢ÒÌ ¸Éμ²±´μ¢¥´¨° ¨²¨ ¤¢¨¦¥´¨Ö ¢ ´¥¶·¥·Ò¢´μ³ ¸¶¥±É·¥ Ô´¥·£¨¨ ¢ ´¥-
·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨ ¢ μ¤´μ³¥·´μ° ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ -
³¨±¥. �¤´μ§´ Î´μ¸ÉÓ (³ ±¸¨³ ²Ó´μ£μ) Ô·³¨Éμ¢  μ¶¥· Éμ·  ¢·¥³¥´¨ (1) ¶·Ö³μ
¸²¥¤Ê¥É ¨§ μ¤´μ§´ Î´μ¸É¨ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ μÉ ¶·¥¤¸É ¢²¥´¨Ö ¶μ ¢·¥³¥´¨
± ¶·¥¤¸É ¢²¥´¨Õ ¶μ Ô´¥·£¨¨. �¶¥· Éμ· ¢·¥³¥´¨ (1) Ê¸¶¥Ï´μ ¶·¨³¥´¥´ ¶·¨
μ¶·¥¤¥²¥´¨¨ ¢·¥³¥´ ÉÊ´´¥²¨·μ¢ ´¨Ö (¸³. [18Ä21]),   É ±¦¥ ¶·¨ ¢·¥³¥´´μ³
μ¶¨¸ ´¨¨ Ö¤¥·´ÒÌ ·¥ ±Í¨° ¨ · ¸¶ ¤μ¢ (¸³. [7, 8] ¨ É ±¦¥ [175, 176]). �μ± -
§ ´Ò ¶·¥¨³ÊÐ¥¸É¢  É ±μ£μ ¶μ¤Ìμ¤  ¶μ ¸· ¢´¥´¨Õ ¸ ¶μ¤Ìμ¤μ³ POVM, ±μÉμ·Ò°
μ± §Ò¢ ¥É¸Ö ´¥¶·¨³¥´¨³Ò³ ¤²Ö É·¥Ì³¥·´μ£μ μ¶¨¸ ´¨Ö ¸Éμ²±´μ¢¥´¨° Î ¸É¨Í
¤²Ö Ï¨·μ±μ£μ ±² ¸¸  £ ³¨²ÓÉμ´¨ ´μ¢.

�  μ¸´μ¢ ´¨¨ ³ É¥³ É¨Î¥¸±¨Ì ¸¢μ°¸É¢ Ê± § ´´μ£μ μ¶¥· Éμ·  ¢·¥³¥´¨
¨ ¡¥§ ¢¢¥¤¥´¨Ö ¤μ¶μ²´¨É¥²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶μ¸ÉÊ² Éμ¢ ´ £²Ö¤´μ ¶μ± § ´μ,
ÎÉμ ¢·¥³Ö ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´μ ± ± ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö ´ ¡²Õ¤ ¥-
³ Ö ¸ É ±μ° ¦¥ ¸É¥¶¥´ÓÕ, ± ± ¨ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò (Ô´¥·£¨Ö, ¨³-
¶Ê²Ó¸, ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ. . . ). �´ ²¨§ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μ-
Ï¥´¨° (8), (21), (32) ¨ ¸μμÉ´μÏ¥´¨° ´¥μ¶·¥¤¥²¥´´μ¸É¨ (19) ¶μ± §Ò¢ ¥É, ÎÉμ
μ´¨  ´ ²μ£¨Î´Ò ¤·Ê£¨³ ¨§¢¥¸É´Ò³ ¶ · ³ ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´ÒÌ ´ ¡²Õ-
¤ ¥³ÒÌ (É ±¨Ì, ± ±, ´ ¶·¨³¥·, ±μμ·¤¨´ É  x̂ ¨ ¨³¶Ê²Ó¸ p̂x ¢ ¸²ÊÎ ¥ (19)).
Šμ´¥Î´μ, ´ Ï¨ ´μ¢Ò¥ ¸μμÉ´μÏ¥´¨Ö ´¥ § ³¥´ÖÕÉ,   Éμ²Ó±μ · ¸Ï¨·ÖÕÉ ¶μ-
´¨³ ´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¢·¥³¥´¨ ¨ Ô´¥·£¨¨, ¤ ´´μ¥, ´ ¶·¨³¥·, ¢ [49].
‚ ¶. 1.6 ¶·μ ´ ²¨§¨·μ¢ ´Ò ¸¢μ°¸É¢  ¢·¥³¥´¨ ± ± ´ ¡²Õ¤ ¥³μ° ¤²Ö ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨¨.

2. �μ± § ´μ, ÎÉμ ¢μ ¢·¥³¥´´μ³  ´ ²¨§¥ Ö¤¥·´ÒÌ ¸Éμ²±´μ¢¥´¨° ¨ · ¸¶ -
¤μ¢ [7, 8] μ¶¥· Éμ· ¢·¥³¥´¨ (1) ¨ ¸μμÉ´μÏ¥´¨Ö (12), (13), (14), (25), (26)
Ê¦¥ ÔËË¥±É¨¢´μ ¶·¨³¥´ÖÕÉ¸Ö ± ± ¶·¨ ¶¥·¥Ìμ¤¥ μÉ § ¤¥·¦±¨ ± μ¶¥·¥¦¥´¨Õ
¢ Ö¤¥·´ÒÌ ·¥ ±Í¨ÖÌ ¢ μ¡² ¸É¨ ¨¸± ¦¥´´ÒÌ ·¥§μ´ ´¸μ¢ [175], É ± ¨ ¶·¨ μ¶¨-
¸ ´¨¨ ¢·¥³¥´´ÒÌ ·¥§μ´ ´¸μ¢ (¢§·Ò¢μ¢) ¢Ò¸μ±μ¢μ§¡Ê¦¤¥´´ÒÌ ±μ³¶ Ê´¤-Ö¤¥·
¨ ±μ³¶ Ê´¤-Ë· £³¥´Éμ¢ [176]. �É³¥É¨³, ÎÉμ, ¶μ¤μ¡´μ ¢·¥³¥´¨, ¢ ± Î¥¸É¢¥
±¢ ´Éμ¢μ° ´ ¡²Õ¤ ¥³μ° ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¨ ¤·Ê£¨¥ ¢¥²¨Î¨´Ò, ±μÉμ·Ò³
μÉ¢¥Î ¥É (³ ±¸¨³ ²Ó´Ò°) Ô·³¨Éμ¢ μ¶¥· Éμ·: ´ ¶·¨³¥·, Ëμ´ �¥°³ ´ [6, 125]
· ¸¸³ É·¨¢ ² μ¶¥· Éμ· ¨³¶Ê²Ó¸  −i∂/∂x ¢ ¶μ²Ê¶·μ¸É· ´¸É¢¥ ¸ ¦¥¸É±μ° ¸É¥´-
±μ°, μ·Éμ£μ´ ²Ó´μ° ± μ¸¨ x ¢ ÉμÎ±¥ x = 0, ¨ μ¶¥· Éμ· · ¤¨ ²Ó´μ£μ ¨³¶Ê²Ó¸ 
−i∂/∂r, ±μÉμ·Ò¥ μ¡  ¤¥°¸É¢ÊÕÉ ´  ¢μ²´μ¢μ° ¶ ±¥É, μ¶·¥¤¥²¥´´Ò° ²¨ÏÓ ´ 
¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ x ¨²¨ · ¤¨ ²Ó´μ° ¶μ²Êμ¸¨ r. ‚ ¶. 1.5 · ¸¸³μÉ·¥´
´μ¢Ò° ®£ ³¨²ÓÉμ´μ¢ ¶μ¤Ìμ¤¯,   ¨³¥´´μ, ¢¢¥¤¥´  ´ ²μ£ ®£ ³¨²ÓÉμ´¨ ´ ¯ ¤²Ö
μ¶¥· Éμ·  ¢·¥³¥´¨.

3. ‚ · §¤. 2 ´ ³¨ ¶·¥¤²μ¦¥´μ μ¡μ¡Ð¥´¨¥ μ¶¥· Éμ·  ¢·¥³¥´¨ (¨²¨, ¢¥·´¥¥,
μ¶¥· Éμ·  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨), ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¢ ·¥²Ö-
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É¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. � ¶·¨³¥·, ¤²Ö Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´ 
³Ò ¶μ± § ²¨, ÎÉμ Ô·³¨Éμ¢  Î ¸ÉÓ μ¶¥· Éμ·  É·¥Ì³¥·´μ° ±μμ·¤¨´ ÉÒ x̂ Å
ÔÉμ ´¥ ¡μ²¥¥ Î¥³ μ¶¥· Éμ· �ÓÕÉμ´ Ä‚¨£´¥· , ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ±μμ·¤¨´ É¥
®ÉμÎ¥Î´μ£μ É¨¶ ¯, Éμ£¤  ± ± ¥£μ  ´É¨Ô·³¨Éμ¢  Î ¸ÉÓ ³μ¦¥É ¡ÒÉÓ ¸¢Ö§ ´  ¸
μ¶¥· Éμ·μ³, μ¶·¥¤¥²ÖÕÐ¨³ · §³¥·Ò · ¸Ï¨·¥´´μ° ²μ± ²¨§ Í¨¨ Ô²²¨¶É¨Î¥-
¸±μ£μ É¨¶ . —Éμ¡Ò ¨³¥ÉÓ ¤¥²μ ¸ Î¥ÉÒ·¥Ì³¥·´Ò³ ¸ ³μ¸μ¶·Ö¦¥´´Ò³ μ¶¥· -
Éμ·μ³, ´¥μ¡Ìμ¤¨³μ ´ °É¨, ÎÉμ μ¶¥· Éμ· ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³
¤²Ö ´¥μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ¸¶¥±É·  Ô´¥·£¨¨. �μ μ´ Ö¢²Ö¥É¸Ö (³ ±¸¨³ ²Ó-
´Ò³) Ô·³¨Éμ¢Ò³ μ¶¥· Éμ·μ³, ¶μ¸±μ²Ó±Ê ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö,   É ±¦¥ ¶μ²-
´ Ö Ô´¥·£¨Ö μ£· ´¨Î¥´Ò ´Ê²¥¢μ° Ô´¥·£¨¥°, ± ± ¨ ¤²Ö ¸¢μ¡μ¤´ÒÌ Î ¸É¨Í. ‚
¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ´ ³¨ ÔÉμ ¢Ò¶μ²´¥´μ ¢ §´ Î¨É¥²Ó´μ° ¸É¥¶¥´¨ ¶·¨ ¶μ³μÐ¨
¡¨²¨´¥°´ÒÌ Ëμ·³, ±μÉμ·Ò¥ μ¸¢μ¡μ¦¤ ÕÉ¸Ö μÉ ´¨¦´¥° ÉμÎ±¨, ±μÉμ· Ö ¸μμÉ-
¢¥É¸É¢Ê¥É ´Ê²¥¢μ° ¸±μ·μ¸É¨, ¶ÊÉ¥³ ¥¥ ¨¸±²ÕÎ¥´¨Ö. 
Ò²μ ¡Ò ¨´É¥·¥¸´μ ¢Ò-
¶μ²´¨ÉÓ ¤ ²Ó´¥°Ï¨¥ μ¡μ¡Ð¥´¨Ö μ¶¥· Éμ·μ¢ 3-³¥·´μ° ¨ 4-³¥·´μ° ±μμ·¤¨´ É
¢ ¤·Ê£¨Ì ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸²ÊÎ ÖÌ ¨ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¶·μ¡²¥³Ê ²μ± ²¨§ Í¨¨,
¸¢Ö§ ´´ÊÕ ¸ Î ¸É¨Í ³¨ „¨· ±  ¨²¨ ¢ 2-³¥·´μ° ¨ 3-³¥·´μ° ±¢ ´Éμ¢μ° Ô²¥±-
É·μ¤¨´ ³¨±¥. ’ ± Ö · ¡μÉ  ¸¥°Î ¸ ´ ³¨ ¶·μ¢μ¤¨É¸Ö ¶μ ¢·¥³¥´´μ³Ê  ´ ²¨§Ê
¢ 2-³¥·´μ° ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¥ ¢ ¶·¨³¥´¥´¨¨, ´ ¶·¨³¥·, ± ¸²¥£± 
´ ·ÊÏ¥´´Ò³ (¨²¨ ¶μÎÉ¨ ¶μ²´μ¸ÉÓÕ) ¢´ÊÉ·¥´´¨³ μÉ· ¦¥´¨Ö³. „ ²¥¥ ¤μ²¦´ 
¡ÒÉÓ ¶·μ¢¥¤¥´  · ¡μÉ  ¨ ¢ μ¡Ñ¥¤¨´¥´´μ³ μ¶¨¸ ´¨¨ Î ¸É¨Í ¨  ´É¨Î ¸É¨Í.

4. �¥Ô·³¨Éμ¢Ò £ ³¨²ÓÉμ´¨ ´Ò ¨ ´¥Ê´¨É ·´Ò¥ μ¶¥· Éμ·Ò Ô¢μ²ÕÍ¨¨ ¢μ
¢·¥³¥´¨ ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ³¨±·μ¸±μ¶¨Î¥¸±μ° ¤¨¸¸¨-
¶ Í¨¨ [50Ä66]:   ¨³¥´´μ, ¶·¨ μ¶¨¸ ´¨¨ ¤¥±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨° ´  μ¸´μ¢¥
ÊÎ¥É  ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¸·¥¤μ° [146, 147]. �Éμ° É¥³¥ ¶μ¸¢ÖÐ¥´ · §¤. 3, £¤¥
É ±¦¥ · ¸¸³μÉ·¥´ ¢μ¶·μ¸ ¸Éμ²±´μ¢¥´¨° ¢  ¡¸μ·¡¨·ÊÕÐ¥° ¸·¥¤¥. ‚ Î ¸É´μ-
¸É¨, §¤¥¸Ó · ¸¸³μÉ·¥´  μ¶É¨Î¥¸± Ö ³μ¤¥²Ó ¢ Ö¤¥·´μ° Ë¨§¨±¥ ¸ ÊÎ¥Éμ³ Éμ£μ,
ÎÉμ ´¥Ô·³¨Éμ¢Ò μ¶¥· Éμ·Ò μ¡´ ·Ê¦¥´Ò ¤ ¦¥ ¶·¨ ÉÊ´´¥²¨·μ¢ ´¨¨, ´ ¶·¨-
³¥·, ¢ ¤¥²¥´¨¨ ¸ ±¢ ´Éμ¢μ° ¤¨¸¸¨¶ Í¨¥° ¨ ±¢ ´Éμ¢Ò³ É·¥´¨¥³. —Éμ ± ¸ ¥É¸Ö
±¢ ´Éμ¢μ° É¥μ·¨¨ ³¨±·μ¸±μ¶¨Î¥¸±μ° ¤¨¸¸¨¶ Í¨¨, Éμ ¸·¥¤¨ ³´μ¦¥¸É¢  ¶μ¤-
Ìμ¤μ¢ ± μ¶¨¸ ´¨Õ ´¥μ¡· É¨³μ¸É¨ ¢μ ¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ±μÉμ-
·Ò¥ ³Ò μ¡¸Ê¤¨²¨ ¢ ¶. 3.3, Ê± § ´μ ¢μ§³μ¦´μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò ±¢ ´Éμ¢ÒÌ
¨§³¥·¥´¨° (Î¥·¥§ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ ¸·¥¤μ°) ¸ ¶μ³μÐÓÕ ¢¢¥¤¥´¨Ö ±μ´¥Î´μ-
· §´μ¸É´ÒÌ Ê· ¢´¥´¨° (´ ¶·¨³¥·, ¢ É¥·³¨´ Ì ±¢ ´Éμ¢ ¢·¥³¥´¨, ´ §Ò¢ ¥³ÒÌ
®Ì·μ´μ´ ³¨¯).

	² £μ¤ ·´μ¸É¨. �¢Éμ·Ò £²Ê¡μ±μ ¶·¨§´ É¥²Ó´Ò 	.�Ì ·μ´μ¢Ê (Y.Aharo-
nov), �. ‘.•μ²¥¢μ (A. S. Holevo), ‚. ‹.‹Õ¡μÏ¨ÍÊ (V. L. Lyuboshitz), ‚. �¥É-
·¨²²μ (V. Petrillo), ƒ. ‘ ²¥§¨ (G. Salesi) ¨ 
. �. ‡ Ì ·Ó¥¢Ê (B.N. Zakhariev) § 
´¥¸μ³´¥´´μ ¨´É¥·¥¸´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ ¤¨¸±Ê¸¸¨¨, ¸É¨³Ê²¨·ÊÕÐ¨¥ ¢¸¥ ÔÉ¨
¨¸¸²¥¤μ¢ ´¨Ö.
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‚¢¥¤¥´¨¥. � ¸¸³μÉ·¨³ ´¥¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· :

i
∂

∂t
Ψ(x, t) =

(
− ∂2

∂x2
+ V (x, t)

)
Ψ(x, t), (75)

£¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö ´μ·³¨·μ¢±  � = 1. ‡ ¢¨¸ÖÐÊÕ μÉ ¢·¥³¥´¨ ¢μ²´μ¢ÊÕ ËÊ´±-
Í¨Õ (‚”) Ψ(x, t) (±μÉμ·ÊÕ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ É ±¦¥ ± ± ¢μ²´μ¢μ° ¶ ±¥É
(‚�)) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ¨´É¥£· ²  ”Ê·Ó¥:

Ψ(x, t) =

E0∫
0

g(E) e−iEt ϕ(E, x) dE, (76)

£¤¥ ϕ(E, x) Å ±μ³¶μ´¥´É , Ê¦¥ ´¥ § ¢¨¸ÖÐ Ö μÉ ¢·¥³¥´¨ t; g(E) Å ¢¥¸μ¢μ°
³´μ¦¨É¥²Ó. ”Ê´±Í¨Õ g(E) ¢Ò¡¥·¥³ ¢ ¢¨¤¥ £ Ê¸¸¨ ´  ¢¨¤ 

g(E) = A e−a2(k−k̄)2 , (77)

£¤¥ A ¨ a Å ¶μ¸ÉμÖ´´Ò¥; k̄ Å ¢Ò¡· ´´μ¥ §´ Î¥´¨¥ ¨³¶Ê²Ó¸ , μÉ´μ¸¨É¥²Ó´μ
±μÉμ·μ£μ ¢Ò¶μ²´Ö¥É¸Ö ²μ± ²¨§ Í¨Ö ‚�.

�μ¤¸É ¢¨³ ËÊ·Ó¥-· §²μ¦¥´¨¥ (76) ¤²Ö ‚” ¢ Ê· ¢´¥´¨¥ (75). ‹¥¢ÊÕ Î ¸ÉÓ
Ê· ¢´¥´¨Ö ¶·¥μ¡· §Ê¥³ É ±:

i
∂

∂t
Ψ(x, t) =

E0∫
0

g(E) e−iEt ϕ(E, x) E dE, (78)

  ¶· ¢ÊÕ Î ¸ÉÓ Ê· ¢´¥´¨Ö (75) ¶·¥μ¡· §Ê¥³ É ±:

(
− ∂2

∂x2
+ V (x, t)

)
Ψ(x, t) = −

E0∫
0

g(E) e−iEt ∂
2ϕ(E, x)

∂x2
dE+

+

E0∫
0

g(E)V (x, Ē, t) e−iEtϕ(E, x) dE. (79)
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�  μ¸´μ¢¥ (78) ¨ (79) Ê· ¢´¥´¨¥ (75) ¶·¥μ¡· §Ê¥É¸Ö ¢ É ±μ¥:

E0∫
0

g(E) e−iEt ϕ(E, x) E dE = −
E0∫
0

g(E) e−iEt ∂2ϕ(E, x)
∂x2

dE+

+

E0∫
0

g(E)V (x, Ē, t) e−iEt ϕ(E, x) dE. (80)

�·¨³¥´¨³ ± ÔÉμ³Ê Ê· ¢´¥´¨Õ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥. ’¥¶¥·Ó
²¥¢ Ö Î ¸ÉÓ ¶·¥μ¡· §Ê¥É¸Ö É ±:

1
2π

∫
dt eiE′t

E0∫
0

g(E) e−iEt ϕ(E, x) E dE =

=
1
2π

E0∫
0

dE E g(E)ϕ(E, x)
∫

ei(E′−E)tdt =

=

E0∫
0

g(E)ϕ(E, x)δ(E′ − E) E dE = g(E′)E′ ϕ(E′, x), (81)

  ¶· ¢ Ö Î ¸ÉÓ É ±:

− 1
2π

∫
dt eiE′t

E0∫
0

g(E) e−iEt ∂2ϕ(E, x)
∂x2

dE+

+
1
2π

∫
dt eiE′t

E0∫
0

g(E)V (x, Ē, t) e−iEt ϕ(E, x) dE =

= − 1
2π

E0∫
0

dE g(E)
∂2ϕ(E, x)

∂x2

∫
ei(E′−E)t dt+

+
1
2π

E0∫
0

dE g(E)ϕ(E, x)
∫

V (x, Ē, t) ei(E′−E)t dt =

= −g(E′)
∂2ϕ(E′, x)

∂x2
+

1
2π

E0∫
0

dE g(E)ϕ(E, x)
∫

V (x, Ē, t) ei(E′−E)t dt.

(82)
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‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ (80) ¶μ²ÊÎ ¥É ¢¨¤

g(E′)E′ ϕ(E′, x) = −g(E′)
∂2ϕ(E′, x)

∂x2
+

+
1
2π

E0∫
0

dE g(E)ϕ(E, x)
∫

V (x, Ē, t) ei(E′−E)t dt. (83)

�μÉ¥´Í¨ ² �²Ó¡·¥ÌÉ . ‚ ± Î¥¸É¢¥ ¶μÉ¥´Í¨ ²  V (x) ¢Ò¡¥·¥³ ¶μÉ¥´Í¨ ²
�²Ó¡·¥ÌÉ :

V (x) = V0(x) + γWA(x). (84)

‡¤¥¸Ó γ Å ¶μ¸ÉμÖ´´ Ö, V0(x) Å ¸É Í¨μ´ ·´ Ö ±μ³¶μ´¥´É  μÉ V (x) ¨
WA(x) Å ¤¨¸¸¨¶ É¨¢´ Ö ±μ³¶μ´¥´É  μÉ V (x), ¨³¥ÕÐ Ö ¢¨¤

WA(x) = 〈p〉(x − 〈x〉), (85)

£¤¥ Ê¸·¥¤´¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ dx ¸ ËÊ´±Í¨-
Ö³¨ Ψ∗(x, t) ¨ Ψ(x, t). � °¤¥³ Ê¸·¥¤´¥´´Ò¥ ¸μ¸É ¢²ÖÕÐ¨¥ ¢ ¶· ¢μ° Î ¸É¨
¢Ò· ¦¥´¨Ö (85):

〈p〉 = −i

∫
dx

E0∫
0

dE1

E0∫
0

dE2 g(E1) g(E2) ei(E1−E2)t ϕ∗(E1, x)
∂ϕ(E2, x)

∂x
,

(86)

〈x〉 =
∫

dx

E0∫
0

dE3

E0∫
0

dE4 g(E3) g(E4) ei(E3−E4)t x ϕ∗(E3, x)ϕ(E4, x).

‘ ÊÎ¥Éμ³ ÔÉμ£μ § ¶¨Ï¥³ ¤¨¸¸¨¶ É¨¢´ÊÕ ±μ³¶μ´¥´ÉÊ WA:

WA(x, t)=−i

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4g(E1) g(E2) g(E3) g(E4)×

× exp [i(E1 − E2 + E3 − E4)t](x − x2) ϕ∗(E1, x1)×

× ∂ϕ(E2, x1)
∂x1

ϕ∗(E3, x2)ϕ(E4, x2). (87)
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’¥¶¥·Ó § ¶¨Ï¥³ ¶μ²´Ò° ¶μÉ¥´Í¨ ² V (x):

V (x, t) =

= V0(x) − iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4g(E1)g(E2)g(E3)g(E4)×

× exp [i(E1 − E2 + E3 − E4)t](x − x2)ϕ∗(E1, x1)×

× ∂ϕ(E2, x1)
∂x1

ϕ∗(E3, x2)ϕ(E4, x2). (88)

‘ ÊÎ¥Éμ³ ÔÉμ£μ ´ °¤¥³ ¨´É¥£· ² ¶μ ¢·¥³¥´¨ ¢ ¶· ¢μ° Î ¸É¨ (83):

1
2π

∫
V (x, Ē, t) ei(E′−E)t dt = V0(x)δ(E′ − E)−

− iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4×

× g(E1) g(E2) g(E3) g(E4) (x − x2)×

× ϕ∗(E1, x1)
∂ϕ(E2, x1)

∂x1
ϕ∗(E3, x2)ϕ(E4, x2)×

× δ(E′ − E + E1 − E2 + E3 − E4). (89)

’¥¶¥·Ó ¢ ¶· ¢μ° Î ¸É¨ ¢Ò· ¦¥´¨Ö (83) ´ °¤¥³ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¶μ²´μ¸ÉÓÕ:

1

2π

E0∫

0

dEg(E)ϕ(E,x)

∫
V (x, Ē, t) ei(E′−E)tdt =

=

E0∫

0

dEg(E)ϕ(E,x)V0(x)δ(E′ − E) − iγ

E0∫

0

dE g(E)ϕ(E, x)×

×
∫

dx1

∫
dx2

E0∫

0

dE1

E0∫

0

dE2

E0∫

0

dE3

E0∫

0

dE4g(E1) g(E2) g(E3) g(E4)×

× (x − x2)ϕ
∗(E1, x1)

∂ϕ(E2, x1)

∂x1
ϕ∗(E3, x2) ϕ(E4, x2)×

× δ(E′ − E + E1 − E2 + E3 − E4) = g(E′)ϕ(E′, x)V0(x) − iγ×

×
∫

dx1

∫
dx2

E0∫

0

dE1

E0∫

0

dE2

E0∫

0

dE3

E0∫

0

dE4g(E1) g(E2) g(E3) g(E4) g(E′′)×

× (x − x2)ϕ
∗(E1, x1)

∂ϕ(E2, x1)

∂x1
ϕ∗(E3, x2)ϕ(E4, x2)ϕ(E′′, x), (90)
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£¤¥
E′′ = E′ + E1 − E2 + E3 − E4. (91)

‘ ÊÎ¥Éμ³ ´ °¤¥´´μ£μ Ê· ¢´¥´¨¥ (83) ¶·¥μ¡· §Ê¥É¸Ö ± É ±μ³Ê (¸ § ³¥´μ° μ¡μ-
§´ Î¥´¨° E′ → E):(

− ∂2

∂x2
+ V0(x) − E

)
ϕ(E, x) =

= iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4
g(E1) g(E2) g(E3) g(E4) g(E′′)

g(E)
×

× (x − x2)ϕ∗(E1, x1)
∂ϕ(E2, x1)

∂x1
ϕ∗(E3, x2)ϕ(E4, x2)ϕ(E′′, x). (92)

’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ¨²¨ Ê· ¢´¥´¨¥, ´¥ § ¢¨¸ÖÐ¥¥ μÉ ¢·¥³¥´¨ t, ´μ ÊÎ¨-
ÉÒ¢ ÕÐ¥¥ ¤¨¸¸¨¶ Í¨Õ. Œμ¦´μ ¢¨¤¥ÉÓ, ÎÉμ ¶ · ³¥É· γ μ¶·¥¤¥²Ö¥É ¸É¥¶¥´Ó
¤¨¸¸¨¶ Í¨¨ ¢ ¨¸¸²¥¤Ê¥³μ³ ¶·μÍ¥¸¸¥. …¸²¨ μ´ ¸É·¥³¨É¸Ö ± ´Ê²Õ, Éμ£¤  Ê· ¢´¥-
´¨¥ (91) ¶·¥¢· Ð ¥É¸Ö ÉμÎ´μ ¢ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ¶μÉ¥´-
Í¨ ²μ³ V0(x) ¨ ¡¥§ ¤¨¸¸¨¶ Í¨¨, ¨ ³Ò ¶¥·¥Ìμ¤¨³ ± ¸É Í¨μ´ ·´μ³Ê ¶·μÍ¥¸¸Ê.

Œ¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. ‘Î¨É Ö ±μÔËË¨Í¨¥´É γ ³ ²Ò³,
¡Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ´¥¨§¢¥¸É´μ° ËÊ´±Í¨¨ ϕ(x) ¢ ¢¨¤¥

ϕ(x) = ϕ0(x) + γϕ1(x), (93)

£¤¥ ¢ ± Î¥¸É¢¥ ËÊ´±Í¨¨ ϕ0(x) ¢Ò¡¥·¥³ ‚” ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¸ ¶μÉ¥´Í¨ ²μ³ V0(x) ¶·¨ Ô´¥·£¨¨ E0:(

− ∂2

∂x2
+ V0(x)

)
ϕ0(x) = E0ϕ0(x). (94)

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨¥ (93) ¢ Ê· ¢´¥´¨¥ (91), ³Ò ¶μ²ÊÎ¨³ ´μ¢μ¥ Ê· ¢´¥´¨¥
¸μ ¸² £ ¥³Ò³¨ ¶·¨ ³´μ¦¨É¥²ÖÌ γn ¸ · §´Ò³¨ ¸É¥¶¥´Ö³¨ n. ‚Ò¶¨Ï¥³ ÔÉμ
Ê· ¢´¥´¨¥ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ γ1:(

− ∂2

∂x2
+ V0(x) − E

)(
ϕ0(E, x) + γϕ1(E, x)

)
=

= iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4
g(E1) g(E2) g(E3) g(E4) g(E′′)

g(E)
×

× (x − x2)ϕ∗
0(E1, x1)

∂ϕ0(E2, x1)
∂x1

ϕ∗
0(E3, x2)ϕ0(E4, x2)ϕ0(E′′, x). (95)

ŒÒ ¢¨¤¨³, ÎÉμ ¢ ¶· ¢ÊÕ Î ¸ÉÓ ÔÉμ£μ Ê· ¢´¥´¨Ö ´¥ ¢Ìμ¤¨É ´¥¨§¢¥¸É´ Ö ϕ1(x)!
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’¥¶¥·Ó · ¸¸³μÉ·¨³ ¸²ÊÎ °

E = E0. (96)

’μ£¤  · ¸¶¨Ï¥³ ¢ (95) ¸² £ ¥³Ò¥ ¶·¨ · §´ÒÌ ¸É¥¶¥´ÖÌ γ μÉ¤¥²Ó´μ:

γ0 :
(
− ∂2

∂x2
+ V0(x) − E0

)
ϕ0(E0, x) = 0,

γ1 :
(
− ∂2

∂x2
+ V0(x) − E0

)
ϕ1(E0, x) =

= iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4
g(E1) g(E2) g(E3) g(E4) g(E′′)

g(E0)
×

× (x − x2)ϕ∗
0(E1, x1)

∂ϕ0(E2, x1)
∂x1

ϕ∗
0(E3, x2)ϕ0(E4, x2) ϕ0(E′′, x), (97)

£¤¥
E′′ = E0 + E1 − E2 + E3 − E4. (98)

‡¤¥¸Ó ¶¥·¢μ¥ Ê· ¢´¥´¨¥ Å ÔÉμ Éμ¦¤¥¸É¢μ ¶μ Ê¸²μ¢¨Õ § ¤ Î¨. ‚Éμ·μ¥ Ê· ¢-
´¥´¨¥ μ¶·¥¤¥²Ö¥É ´¥¨§¢¥¸É´ÊÕ ËÊ´±Í¨Õ ϕ1 ´  μ¸´μ¢¥ § ¤ ´´μ° ϕ0. �´μ
Ö¢²Ö¥É¸Ö (μ¡Ò±´μ¢¥´´Ò³ ?) ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¢Éμ·μ£μ ¶μ·Ö¤± ,
¨ ¤²Ö ¥£μ ·¥Ï¥´¨Ö ¶·¨³¥´¨³Ò ³¥Éμ¤Ò Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨°.

�¥Ï¥´¨¥ ¤²Ö ¶μ¶· ¢±¨ ϕ1. „²Ö ¤ ²Ó´¥°Ï¥£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (97)
´ ³ ¸²¥¤Ê¥É §´ ÉÓ ´¥¨§¢¥¸É´ÊÕ ¶μ¶· ¢±Ê ϕ1. „²Ö Ê¤μ¡¸É¢  μ¡μ§´ Î¨³ ¶· ¢ÊÕ
Î ¸ÉÓ ¢ Ê· ¢´¥´¨¨ ± ±

f(x) = iγ

∫
dx1

∫
dx2

E0∫
0

dE1

E0∫
0

dE2

E0∫
0

dE3

E0∫
0

dE4×

× g(E1) g(E2) g(E3) g(E4) g(E′′)
g(E0)

×

× (x − x2)ϕ∗
0(E1, x1)

∂ϕ0(E2, x1)
∂x1

ϕ∗
0(E3, x2)ϕ0(E4, x2)ϕ0(E′′, x). (99)

’μ£¤  Ê· ¢´¥´¨¥ (97) ¤²Ö μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨¨ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥(
− ∂2

∂x2
+ V0(x) − E0

)
ϕ1(E0, x) = f(x). (100)

„μ³´μ¦¨¢ ÔÉμ Ê· ¢´¥´¨¥ ¸²¥¢  ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ϕ0(x), ¶μ²ÊÎ¨³

− ∂

∂x

[
ϕ2

0(x)
∂

∂x

ϕ1(x)
ϕ0(x)

]
= ϕ0(x) f(x). (101)
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“Î¨ÉÒ¢ Ö, ÎÉμ ËÊ´±Í¨¨ ϕ0(x) ¨ f(x) ¨§¢¥¸É´Ò, ¶·μ¨´É¥£·¨·Ê¥³ ÔÉμ Ê· ¢´¥´¨¥
¶μ dx:

−ϕ2
0(x)

∂

∂x

ϕ1(x)
ϕ0(x)

=
∫

ϕ0(x) f(x) dx + C1. (102)

„ ²¥¥ ³Ò ´¥ ¡Ê¤¥³ ÊÎ¨ÉÒ¢ ÉÓ μ¸μ¡¥´´μ¸É¥°. ’μ£¤  ¨§ (102) ´ Ìμ¤¨³

∂

∂x

ϕ1(x)
ϕ0(x)

= − 1
ϕ2

0(x)

{∫
ϕ0(x) f(x) dx + C1

}
. (103)

ˆ´É¥£·¨·ÊÖ ÔÉμ Ê· ¢´¥´¨¥ ¶μ dx ¢´μ¢Ó, ¶μ²ÊÎ¨³

ϕ1(x)
ϕ0(x)

= −
∫

1
ϕ2

0(x)

[∫
ϕ0(x) f(x) dx + C1

]
dx + C2. (104)

�É¸Õ¤  ¶μ²ÊÎ ¥³ μ±μ´Î É¥²Ó´μ¥ ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¤²Ö ´¥¨§¢¥¸É´μ° ËÊ´±-
Í¨¨ ϕ1:

ϕ1(x) = −ϕ0(x)

{∫
1

ϕ2
0(x)

[∫
ϕ0(x) f(x) dx + C1

]
dx + C2

}
. (105)

�É¸Õ¤  ³μ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¸ ¶μ³μÐÓÕ ±μ´¸É ´É C1 ¨ C2 ³μ¦´μ ¤¥-
Ëμ·³¨·μ¢ ÉÓ ¶μ¶· ¢±Ê ϕ1 ¶·¨ § ¤ ´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ0. �Éμ ³μ¦¥É
μ± § ÉÓ¸Ö μÎ¥´Ó ¶μ²¥§´Ò³ ¨´¸É·Ê³¥´Éμ³ ¶·¨ ¤ ²Ó´¥°Ï¥³ ³μ¤¥²¨·μ¢ ´¨¨ ´μ-
¢ÒÌ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¸ ¤¨¸¸¨¶ Í¨¥°.

�´ ²¨§ μ¸μ¡¥´´μ¸É¥° ¶μ¶· ¢±¨ ϕ1 ¢ Ê§² Ì ËÊ´±Í¨¨ ϕ0. �´ ²¨§¨·ÊÖ
¢¨¤ (105) ´ °¤¥´´μ£μ ·¥Ï¥´¨Ö, ³μ¦´μ μ¡´ ·Ê¦¨ÉÓ, ÎÉμ μ´μ ¢ §´ ³¥´ É¥²¥
¸μ¤¥·¦¨É ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ϕ0. „²Ö μ¸´μ¢´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö É ± Ö
¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ê§²μ¢ ´¥ ¸μ¤¥·¦¨É, ¶μÔÉμ³Ê ·¥Ï¥´¨¥ (105) ´¥ ¢Ò§Ò¢ ¥É ¢μ-
¶·μ¸μ¢ ¨ ¥£μ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ. �¤´ ±μ ¢μ ¢¸¥Ì ¢μ§¡Ê¦¤¥´´ÒÌ ¸¢Ö§ ´´ÒÌ
¸μ¸ÉμÖ´¨ÖÌ ¢ ¤¨¸±·¥É´μ³ ¸¶¥±É·¥ Ô´¥·£¨¨,   É ±¦¥ ¢ ¸μ¸ÉμÖ´¨ÖÌ ¢ ´¥¶·¥·Ò¢-
´μ³ ¸¶¥±É·¥ Ô´¥·£¨¨ ÔÉ  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ϕ0 Ê§²Ò ¨³¥¥É ¢¸¥£¤ . Œμ¦´μ
¡Ò²μ ¡Ò ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¢ ÔÉ¨Ì ÉμÎ± Ì ¶μ¶· ¢±  ϕ1 ¤μ²¦´  ¨³¥ÉÓ · ¸Ìμ-
¤¨³μ¸ÉÓ. �É¸Õ¤  ¶μÖ¢²Ö¥É¸Ö ¢μ¶·μ¸ μ ¸¨²Ó´μ° μ£· ´¨Î¥´´μ¸É¨ ´ °¤¥´´μ£μ
·¥Ï¥´¨Ö (105), ÎÉμ ³μ£²μ ¡Ò ¸¤¥² ÉÓ ¥£μ ¡¥¸¸³Ò¸²¥´´Ò³. „ ¢ °É¥ ¶·μ ´ -
²¨§¨·Ê¥³, · ¸Ìμ¤¨É¸Ö ²¨ ·¥Ï¥´¨¥ (105) ¤²Ö ¶μ¶· ¢±¨ ϕ1 ¢ ÉμÎ± Ì xnod, £¤¥
¢μ²´μ¢ Ö ËÊ´±Í¨Ö ϕ0 ¨³¥¥É Ê§²Ò: ϕ0(xnod) = 0.

‚Ò¡¥·¥³ ¶μ¸ÉμÖ´´ÊÕ C1 É ±, ÎÉμ¡Ò ¢Ò· ¦¥´¨¥ ¸ ¨´É¥£· ²μ³∫
ϕ0(x) f(x) dx + C1

¸É·¥³¨²μ¸Ó ± ´Ê²Õ ¢ ÉμÎ±¥ xnod. �É¸Õ¤  ¶μ²ÊÎ¨³ Ê¸²μ¢¨¥ ¤²Ö μ¶·¥¤¥²¥-
´¨Ö C1:

C1 = −
∫

ϕ0(x) f(x) dx

∣∣∣∣∣
x→xnod

. (106)
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�·¨ É ±μ³ Ê¸²μ¢¨¨ ³Ò ¶μ²ÊÎ ¥³ ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ ¤²Ö ¶μ¤Ò´É¥£· ²Ó´μ°
ËÊ´±Í¨¨ ¢ ·¥Ï¥´¨¨ (105). „²Ö ¥¥ · ¸±·ÒÉ¨Ö ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶· ¢¨²μ³ ‹μ-
¶¨É ²Ö ¨ ¶μ²ÊÎ¨³

1
ϕ2

0(x)

[∫
ϕ0(x) f(x) dx + C1

]∣∣∣∣∣
x→xnod

=
ϕ0(x) f(x)

2 ϕ0(x)ϕ′
0(x)

∣∣∣∣
x→xnod

=

=
f(x)

2 ϕ′
0(x)

∣∣∣∣
x→xnod

. (107)

‘²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¢ Ê§²¥ ¶·μ¨§¢μ¤´ Ö ϕ′
0 μÉ²¨Î´  μÉ ´Ê²Ö. ‚ É ±μ³ ¸²ÊÎ ¥

± ± ÔÉμ ·¥Ï¥´¨¥, É ± ¨ ·¥Ï¥´¨¥ (105) ¤²Ö ¶μ¶· ¢±¨ ϕ1 ¢ Ê§² Ì · ¸Ìμ¤¨³μ¸É¥°
´¥ ¨³¥¥É. �μÔÉμ³Ê μ´μ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´μ ± § ¤ Î ³ ¸ ²Õ¡Ò³¨ ¸μ¸ÉμÖ-
´¨Ö³¨, £¤¥ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ϕ0(x) ¨³¥¥É Ê§²Ò, ¨ ¢ Î ¸É´μ¸É¨, ± § ¤ Î ³ ¸
´¥¶·¥·Ò¢´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨¨, £¤¥ ¥¸ÉÓ ÉÊ´´¥²¨·μ¢ ´¨¥ Î¥·¥§ ¡ ·Ó¥·! �Éμ
Î·¥§¢ÒÎ °´μ ¶μ¢ÒÏ ¥É ¨´É¥·¥¸ ± ´ °¤¥´´μ³Ê ·¥Ï¥´¨Õ.

‘ ÊÎ¥Éμ³ ´ °¤¥´´μ£μ ¶·¥¤¥²  ´ °¤¥³ ¢¨¤ ±μ··¥±Í¨¨ ϕ1 ¢ Ê§² Ì:

ϕ1(x) = −ϕ0(x)

{∫
1

ϕ2
0(x)

[∫
ϕ0(x) f(x) dx + C1

]
dx + C2

}
=

= −ϕ0(x)

{∫
f(x)

2 ϕ′
0(x)

dx + C2

}
. (108)

ŒÒ ¢¨¤¨³, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢ Ê§² Ì ¢μ²´μ¢μ° ËÊ´±Í¨¨ ϕ0(x) ¥¥ ±μ··¥±-
Í¨Ö ϕ1(x) É ±¦¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ. ’ ±¨³ μ¡· §μ³, ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¤²Ö
±μ··¥±Í¨¨ · ¸Ìμ¤¨³μ¸É¥° ´¥ ¨³¥¥É. ’ ±¦¥ ¢¨¤´μ, ÎÉμ ¸ ¶μ³μÐÓÕ μ¤´μ°
¶μ¸ÉμÖ´´μ° C2 ³μ¦´μ ¤¥Ëμ·³¨·μ¢ ÉÓ ·¥Ï¥´¨¥ ± ± ¤²Ö ¶μ¶· ¢±¨ ϕ1(x), É ±
¨ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ Í¥²μ³.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. Pauli W. Handbuch der Physik. V. 5/1. Ed.: S. Fluegge. Berlin, 1926. P. 60;
Pauli W. General Principles of Quantum Theory. Berlin: Springer, 1980.

2. Olkhovsky V. S., Recami E. Space-time Shifts and Cross-sections in Collisions be-
tween Relativistic Wave Packets // Nuovo Cim. A. 1968. V. 53, No. 3. P. 610Ä624;
Olkhovsky V. S., Recami E. About Collision-process Lifetimes and Causality // Nuovo
Cim. A. 1969. V. 63, No. 3. P. 814Ä826.

3. Olkhovsky V. S., Recami E. About a Space-time Operator in Collision Descriptions //
Lett. Nuovo Cim. (First Series). 1970. V. 4, No. 24. P. 1165Ä1173.

4. �²ÓÌμ¢¸±¨° ‚. ‘. � ¶·μ¡²¥³¥ μ¶¥· Éμ·  ¢·¥³¥´¨ ¨ ¶·μ¤μ²¦¨É¥²Ó´μ¸É¥° ¸Éμ²±-
´μ¢¥´¨° // “±·. Ë¨§. ¦Ê·´. 1973. ’. 18. ‘. 1910.

5. Olkhovsky V. S., Recami E., Gerasimchuk A. Time Operator in Quantum Mechanics:
Nonrelativistic Case // Nuovo Cim. A. 1974. V. 22, No. 2 P. 263Ä278.



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 987

6. Recami E. A Time Operator and the Time-energy Uncertainty Relation // The Un-
certainty Principle and Foundation of Quantum Mechanics / Eds.: C. Price and
S. Chissik. London, 1977. Ch. 4. P. 21Ä28;
Recami E. An Operator for the Observable Time // Proc. of the XIII Karpatz Winter
School on Theor. Phys. ®Recent Developments in Relativistic Q.F.T. and Its Appli-
cation¯, Wroclaw, 1976. V. II / Ed.: W.Karwowski. Wroclaw Univ. Press, 1976.
P. 251Ä265.

7. �²ÓÌμ¢¸±¨° ‚. ‘. Š ¨¸¸²¥¤μ¢ ´¨Õ Ö¤¥·´ÒÌ ·¥ ±Í¨° · ¸¶ ¤μ¢ ¸ ¶μ³μÐÓÕ  ´ ²¨§ 
¨Ì ¤²¨É¥²Ó´μ¸É¥° // �—�Ÿ. 1984. ’. 15, ¢Ò¶. 2. ‘. 293Ä327.

8. Olkhovsky V. S. Nonstationary Characteristics in Study of Nuclear Reaction Mech-
anism and Kinetics and Compound-nucleus Properties // Nukleonika. 1990. V. 35,
No. 1Ä3. P. 99Ä144;
Olkhovsky V. S. Time Analysis of Nuclear Collisions and Decays // Atti Accademia
Peloritana dei Pericolanti. Classe di Scienze Fisiche, Matematiche e Naturali. 1992.
V. 70. P. 21;
Olkhovsky V. S. On Time as a Quantum-physical Observable Quantity // AIP Conf.
Proc. ®Mysteries, Puzzles and Paradoxes in Quantum Mechanics¯. V. 461 / Ed.:
R. Bonifaccio. Amer. Inst. of Phys. Woodbury, NY, 1999. P. 272Ä276.

9. Holevo A. S. Estimation of Shift Parameters of a Quantum State // Rep. Math. Phys.
1978. V. 13, No. 3. P. 379Ä399;
Holevo A. S. Probabilistic and Statistical Aspects of Quantum Theory. V. 1. Ser.
®Statistics and Probability¯. Amsterdam: North-Holland, 1982.

10. Srinivas M.D., Vijayalakshmi R. // Pramana J. Phys. 1981. V. 16. P. 173.
11. Busch P., Grabowski M., Lahti P. J. Time Observables in Quantum Theory // Phys.

Lett. A. 1994. V. 191, No. 5Ä6. P. 357Ä361.
12. Kobe D.H., Aguilera-Navarro V. C. Derivation of the Energy-time Uncertainty Rela-

tion // Phys. Rev. A. 1994. V. 50, No. 2. P. 933Ä938.
13. Blanchard P., Jadczyk A. Time of Events in Quantum Theory // Helvetica Physica

Acta. 1996. V. 69, No. 5Ä6. P. 613Ä635.
14. Grot N., Rovelli C., Tate R. S. Time of Arrival in Quantum Mechanics // Phys. Rev.

A. 1996. V. 54, No. 6. P. 4676Ä4690.
15. Leo'n J. Time-of-arrival Formalism for the Relativistic Particle // J. Phys. A. 1997.

V. 30, No. 13. P. 4791Ä4801.
16. Aharonov Y. et al. Measurement of Time of Arrival in Quantum Mechanics // Phys.

Rev. A. 1998. V. 57, No. 6. P. 4130Ä4139.
17. Atmanspacher H., Amann A. Positive-operator-valued Measures and Projection-valued

Measures of Noncommutative Time Operators // Intern. J. Theor. Phys. 1998. V. 37,
No. 2. P. 629Ä650.

18. Olkhovsky V. S., Recami E. Recent Developments in the Time Analysis of Tunneling
Processes // Phys. Rep. 1992. V. 214, No. 6. P. 339Ä356;
Olkhovsky V. S. et al. More about Tunnelling Times, the Dwell Time and the ®Hart-
man Effect¯ // J. Phys. I (France). 1995. V. 5, No. 10. P. 1351Ä1365.

19. Olkhovsky V. S., Recami E., Jakiel J. Uniˇed Time Analysis of Photon and Particle
Tunnelling // Phys. Rep. 2004. V. 398, No. 3. P. 133Ä178.

20. Olkhovsky V. S., Recami E. Time as a Quantum Observable // Intern. J. Mod. Phys.
A. 2007. V. 22, No. 28. P. 5063Ä5067.



988 �‹œ•�‚‘Šˆ‰ ‚. ‘., Œ�‰„��	Š ‘. �., �…Š�Œˆ �.

21. Olkhovsky V. S., Agresti A. Developments in Time Analysis of Particles and Photon
Tunnelling // Proc. of the Adriatico Research Conf. on Tunnelling and Its Implications
(ICTP 1996), Trieste, Italy, 1996. World Sci., 1996. P. 327Ä355.

22. Giannitrapani R. Positive-operator-valued Time Observable in Quantum Mechanics //
Intern. J. Theor. Phys. 1997. V. 36, No. 7. P. 1575Ä1584.

23. Kijowski J. Comment on ®Arrival Time in Quantum Mechanics¯ and ®Time of
Arrival in Quantum Mechanics¯ // Phys. Rev. A. 1999. V. 59, No. 1. P. 897Ä899.

24. Toller M. Localization of Events in Space-time // Ibid. No. 2. P. 960Ä970.
25. Delgado V. Quantum Probability Distribution of Arrival Times and Probability Cur-

rent Density // Ibid. P. 1010Ä1020.
26. Muga J., Palao J., Leavens C. Arrival Time Distributions and Perfect Absorption in

Classical and Quantum Mechanics // Phys. Lett. A. 1999. V. 253, No. 1Ä2. P. 21Ä27.
Egusquiza I. L., Muga J. G. Free-motion Time-of-arrival Operator and Probability
Distribution // Phys. Rev. A. 1999. V. 61, No. 1. P. 012104Ä012112.

27. Kocha'nski P., Wo'dkievicz K. Operational Time of Arrival in Quantum Phase Space //
Ibid. V. 60, No. 4. P. 2689Ä2699.

28. G�o�zd�z A., De	bicki M. Time Operator and Quantum Projection Evolution // Phys. At.
Nucl. 2007. V. 70, No. 3. P. 529Ä536.

29. Wang Z.-Y., Xiong C.-D. How to Introduce Time Operator // Ann. Phys. 2007. V. 322,
No. 10. P. 2304Ä2314.

30. ‡ Ì ·Ó¥¢ 
. �., Šμ¸Éμ¢ �. �., �²¥Ì ´μ¢ …. 
. ’μÎ´μ ·¥Ï ¥³Ò¥ μ¤´μ- ¨ ³´μ£μ-
± ´ ²Ó´Ò¥ ³μ¤¥²¨ (Ê·μ±¨ ±¢ ´Éμ¢μ° ¨´ÉÊ¨Í¨¨) // �—�Ÿ. 1990. ’. 21, ¢Ò¶. 4.
‘. 914Ä962.

31. ‡ Ì ·Ó¥¢ 
. �., — ¡ ´μ¢ ‚. Œ. Š Î¥¸É¢¥´´ Ö É¥μ·¨Ö Ê¶· ¢²¥´¨Ö ¸¶¥±É· ³¨, · ¸-
¸¥Ö´¨¥³, · ¸¶ ¤ ³¨ (Ê·μ±¨ ±¢ ´Éμ¢μ° ¨´ÉÊ¨Í¨¨) // �—�Ÿ. 1994. ’. 25, ¢Ò¶. 6.
‘. 1561Ä1597.

32. ‡ Ì ·Ó¥¢ 
. �., — ¡ ´μ¢ ‚. Œ. Š ± Î¥¸É¢¥´´μ° É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ ¶·¥μ¡· -
§μ¢ ´¨° μ¤´μ- ¨ ³´μ£μ± ´ ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ ¶μ¤Ìμ¤¥ μ¡· É´μ° § ¤ Î¨
(¨Ì ±μ´¸É·Ê¨·μ¢ ´¨¥ ¸ § ¤ ´´Ò³¨ ¸¶¥±É· ²Ó´Ò³¨ ¶ · ³¥É· ³¨) // �—�Ÿ. 1999.
’. 30, ¢Ò¶. 2. ‘. 277Ä320.

33. ‡ Ì ·Ó¥¢ 
. �., — ¡ ´μ¢ ‚. Œ. ‘¶¥±É·μ¸±μ¶¨Ö, ¶μÉ¥´Í¨ ²Ó´Ò¥ ¡ ·Ó¥·Ò, ·¥§μ-
´ ´¸Ò (´μ¢Ò¥ Ê¸¶¥Ì¨ ±¢ ´Éμ¢μ£μ ¤¨§ °´ ) // �—�Ÿ. 2002. ’. 33, ¢Ò¶. 2. ‘. 348Ä
392.

34. Cooper F., Khare A., Sukhatme U. Supersymmetry and Quantum Mechanics // Phys.
Rep. 1995. V. 251, No. 5Ä6. P. 267Ä385; hep-th/9405029.

35. Lahiri A., Roy P. K., Bagchi B. Supersymmetry in Quantum Mechanics // Intern. J.
Mod. Phys. A. 1990. V. 5, No. 8. P. 1383Ä1456.

36. Witten E. Dynamical Breaking of Supersymmetry // Nucl. Phys. B. 1981. V. 188,
No. 3. P. 513Ä554.

37. Gendenshtein L. Derivation of Exact Spectra of the Schréodinger Equation by Means
of Supersymmetry // JETP Lett. 1983. V. 38. P. 356.

38. Sukumar C. V. Supersymmetry, Factorisation of the Schréodinger Equation and a
Hamiltonian Hierarchy // J. Phys. A. 1985. V. 18, No. 2. P. L57ÄL61.

39. Andrianov A. A., Borisov N. V., Ioffe M. V. The Factorization Method and Quantum
Systems with Equivalent Energy Spectra // Phys. Lett. A. 1984. V. 105, No. 1Ä2.
P. 19Ä22.



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 989

40. Andrianov A. A., Borisov N. V., Ioffe M. V. Factorization Method and Darboux Trans-
formation for Multidimensional Hamiltonians // Theor. Math. Phys. 1984. V. 61,
No. 2. P. 1078Ä1088.

41. Maydanyuk S. P. SUSY-hierarhy of One-dimensional Re�ectionless Potentials // Ann.
Phys. 2005. V. 316, No. 2. P. 440Ä465; hep-th/0407237.

42. Maydanyuk S. P. New Exactly Solvable Re�ectionless Potentials of Gamov's Type //
Surv. HEP. 2004. V. 19, No. 3Ä4. P. 175Ä192; nucl-th/0504077.

43. Andrianov A. A., Cannata F., Sokolov A. V. Non-linear Supersymmetry for Non-
Hermitian, Non-diagonalizable Hamiltonians. I. General Properties // Nucl. Phys. B.
2007. V. 773, No. 3. P. 107Ä136; math-ph/0610024.

44. Sokolov A. V. Non-linear Supersymmetry for Non-Hermitian, Non-diagonalizable
Hamiltonians: II. Rigorous Results // Ibid. P. 137Ä171; math-ph/0610022.

45. 
 £·μ¢ ‚. ƒ., ‘ ³¸μ´μ¢ 
.”. �·¥μ¡· §μ¢ ´¨Ö „ ·¡Ê Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  //
�—�Ÿ. 1997. T. 28, ¢Ò¶. 4. ‘. 951Ä1012.

46. Bagrov V. G., Samsonov B. F., Shekoyan L. A. N-order Darboux Transformation and
a Spectral Problem on Semiaxis. quant-ph/9804032.

47. Sukumar C. V. Supersymmetric Quantum Mechanics of One-dimensional Systems //
J. Phys. A. 1985. V. 18, No. 15. P. 2917Ä2936.

48. Sukumar C. V. Supersymmetric Quantum Mechanics and the Inverse Scattering
Method // Ibid. P. 2937Ä2955.

49. Sukumar C. V. Potentials Generated by SU(1, 1) // J. Phys. A. 1986. V. 19, No. 11.
P. 2229Ä2232.

50. Sukumar C. V. Supersymmetry, Potentials with Bound States at Arbitrary Energies
and Multi-soliton Conˇgurations // Ibid. No. 12. P. 2297Ä2316.

51. Sukumar C. V. Supersymmetry and Potentials with Bound States at Arbitrary Ener-
gies. II // J. Phys. A. 1987. V. 20, No. 9. P. 2461Ä2481.

52. Sukumar C. V. Supersymmetric Transformations and Hamiltonians Generated by the
Marchenko Equations // J. Phys. A. 1988. V. 21, No. 8. P. L455ÄL458.

53. Andrianov A. A. et al. Second Order Derivative Supersymmetry and Scattering Prob-
lem // Intern. J. Mod. Phys. A. 1995. V. 10, No. 18. P. 2683Ä2702; hep-th/9404061.

54. Andrianov A. A., Ioffe M. V., Nishnianidze D.N. Polynomial SUSY in Quantum Me-
chanics and Second Derivative Darboux Transformations // Phys. Lett. A. 1995.
V. 201, No. 2Ä3. P. 103; hep-th/9404120.

55. Samsonov B. F. New Possibilities for Supersymmetry Breakdown in Quantum Me-
chanics and Second-Order Irreducible Darboux Transformations // Phys. Lett. A.
1999. V. 263, No. 4Ä6. P. 274Ä280; quant-ph/9904009.

56. Samsonov B. F., Stancu F. Phase Equivalent Chains of Darboux Transformations in
Scattering Theory // Phys. Rev. C. 2002. V. 66, No. 3. P. 034001Ä034012; quant-
ph/0204112.

57. Fernandez D. J. et al. The Phenomenon of Darboux Displacements // Phys. Lett. A.
2002. V. 294, No. 3Ä4. P. 168Ä174; quant-ph/0302204.

58. Rosu H.C. Short Survey of Darboux Transformations. Talk given at the 1st Bur-
gos Intern. Workshop on Symmetries in Quantum Mechanics and Quantum Optics,
Burgos, Spain, Sept. 21Ä24, 1998; quant-ph/9809056.

59. Matveev V. B., Salle M. A. Darboux Transformation and Solitons. Springer-Verlag,
1991. P. 128.



990 �‹œ•�‚‘Šˆ‰ ‚. ‘., Œ�‰„��	Š ‘. �., �…Š�Œˆ �.

60. Infeld L., Hull T. E. The Factorization Method // Rev. Mod. Phys. 1951. V. 23, No. 1.
P. 21Ä68.

61. Mielnik B., Rosas-Ortiz O. Factorization: Little or Great Algorithm? // J. Phys. A.
2004. V. 37, No. 43. P. 10007Ä10035.

62. Darboux G. // C. R. Acad. Sci. 1882. V. 94. P. 1456.
63. Baye D., Levai G., Sparenberg J. M. Phase-equivalent Complex Potentials // Nucl.

Phys. A. 1996. V. 599, No. 3Ä4. P. 435Ä456.
64. Andrianov A. A. et al. SUSY Quantum Mechanics with Complex Superpotentials and

Real Energy // Intern. J. Mod. Phys. A. 1999. V. 14, No. 17. P. 2675Ä2688.
65. Chabanov V.M., Zakhariev B. N. Unusual (Non-Gamov) Decay States // Inverse

Problems. 2001. V. 17, No. 4. P. 683Ä693.
66. Deb R. N., Khare A., Roy B.D. Complex Optical Potentials and Pseudo-Hermitian

Hamiltonians // Phys. Lett. A. 2003. V. 307, No. 4. P. 215Ä221.
67. Bender C.M., Boettcher S. Real Spectra in Non-Hermitian Hamiltonians Having

PT-Symmetry // Phys. Rev. Lett. 1998. V. 80, No. 24. P. 5243Ä5246.
68. Bender C.M., Boettcher S., Meisinger P. PT-symmetric Quantum Mechanics // J.

Math. Phys. 1999. V. 40, No. 5. P. 2201Ä2229; quant-ph/9809072.
69. Znojil M. PT-symmetric Harmonic Oscillator // Phys. Lett. A. 1999. V. 259, No. 3Ä4.

P. 220Ä223; quant-ph/9905020.
70. Znojil M. PT-symmetrically Regularized Eckart, PoeschlÄTeller and Hulthen Poten-

tials // J. Phys. A. 2000. V. 33, No. 24. P. 4561Ä4572; quant-ph/0101131.
71. Znojil M. PT-Symmetric Square Well // Phys. Lett. A. 2001. V. 285, No. 1Ä2. P. 7Ä10;

quant-ph/0101131.
72. Znojil M., Levai G. The Interplay of Supersymmetry and PT-Symmetry in Quantum

Mechanics: A Case Study for the Scarf II Potential // J. Phys. A. 2002. V. 35, No. 41.
P. 8793Ä8804.

73. Znojil M. Matching Method and Exact Solvability of Discrete PT-symmetric Square
Wells // J. Phys. A. 2006. V. 39, No. 32. P. 10247Ä10261.

74. Znojil M. et al. Supersymmetry Without Hermiticity within PT-Symmetric Quantum
Mechanics // Phys. Lett. B. 2000. V. 483, No. 1Ä3. P. 284Ä289; hep-th/0003277.

75. Levai G., Cannata F., Ventura A. Algebraic and Scattering Aspects of a PT-symmetric
Solvable Potential // J. Phys. A. 2001. V. 34, No. 4. P. 839Ä844.

76. Levai G., Cannata F., Ventura A. PT-symmetric Potentials and the so(2,2) Algebra //
J. Phys. A. 2002. V. 35, No. 24. P. 5041Ä5057.

77. Znojil M. PT-symmetric Regularizations in Supersymmetric Quantum Mechanics //
J. Phys. A. 2004. V. 37, No. 43. P. 10209Ä10222; hep-th/0404145.

78. Levai G. Exact Analytic Study of the PT-symmetry-breaking Mechanism // Czech. J.
Phys. 2004. V. 54, No. 1. P. 77Ä84.

79. Levai G. Supersymmetry without Hermiticity // Czech. J. Phys. 2004. V. 54, No. 10.
P. 1121Ä1124.

80. Znojil M., Jakubsky V. Solvability and PT-symmetry in a Double-well Model with
Point Interactions // J. Phys. A. 2005. V. 38, No. 22. P. 5041Ä5056.

81. Znojil M. Exactly Solvable Models with PT-symmetry and with an Asymmetric
Coupling of Channels // J. Phys. A. 2006. V. 39, No. 15. P. 4047-4061.

82. Cannata F., Dedonder J.-P., Ventura A. Scattering in PT-symmetric Quantum Me-
chanics // Ann. Phys. 2007. V. 322, No. 2. P. 397Ä433; quant-ph/0606129.



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 991

83. Pashnev A. I. One-dimensional Supersymmetric Quantum Mechanics with N � 2 //
Theor. Math. Phys. 1986. V. 69, No. 2. P. 1172Ä1175 (¶¥·.: ’¥μ·. ³ É. Ë¨§. 1986.
’. 69, ¢Ò¶. 2. ‘. 311Ä315).

84. Berezovoi V. N., Pashnev A. I. Supersymmetric Quantum Mechanics and Rearrange-
ment of the Spectra of Hamiltonians // Theor. Math. Phys. 1987. V. 70, No. 1. P. 102Ä
107 (¶¥·.: ’¥μ·. ³ É. Ë¨§. 1987. ’. 70, ¢Ò¶. 1. ‘. 146Ä153).

85. Berezovoi V. N., Pashnev A. I. N = 2 Supersymmetric Quantum Mechanics and the
Inverse Scattering Problem // Theor. Math. Phys. 1988. V. 74, No. 3. P. 264Ä268
(¶¥·.: ’¥μ·. ³ É. Ë¨§. 1988. ’. 74, ¢Ò¶. 3. ‘. 392Ä398).

86. Berezovoj V. P., Pashnev A. I. Extended N = 2 Supersymmetric Quantum Mechanics
and Isospectral Hamiltonians // Z. Phys. C. 1991. V. 51. P. 525Ä529.

87. Samsonov B. F., Pecheritshin A. A. Chains of Darboux Transformations for the Matrix
Schréodinger Equation // J. Phys. A. 2004. V. 37, No. 1. P. 239Ä250.

88. Cannata F., Ioffe M. V. Coupled-channel Scattering and Separation of Coupled Dif-
ferential Equations by Generalized Darboux Transformations // J. Phys. A. 1993.
V. 26, No. 3. P. L89ÄL92.

89. Suzko A. A. Darboux Transformations for a System of Coupled Discrete Schréodinger
Equations // Phys. At. Nucl. 2002. V. 65, No. 8. P. 1553Ä1559.

90. Humi M. Darboux Transformations for the Schréodinger Equation in 3 Dimensions //
J. Phys. A. 1988. V. 21, No. 9. P. 2075Ä2084.

91. Gonzalez-Lopez A., Kamran N. The Multidimensional Darboux Transformations // J.
Geom. Phys. 1998. V. 26, No. 3Ä4. P. 202Ä226; hep-th/9612100.

92. Andrianov A. A., Sokolov A. V. Nonlinear Supersymmetry in Quantum Mechanics:
Algebraic Properties and Differential Representation // Nucl. Phys. B. 2003. V. 660,
No. 1Ä2. P. 25Ä50; hep-th/0301062.

93. Andrianov A. A., Cannata F. Nonlinear Supersymmetry for Spectral Design in Quan-
tum Mechanics // J. Phys. A. 2004. V. 37, No. 43. P. 10297Ä10323; hep-th/0407077.

94. Correa F., Plyushchay M. S. Hidden Supersymmetry in Quantum Bosonic Systems //
Ann. Phys. 2007. V. 322, No. 10. P. 2493Ä2500; hep-th/0605104.

95. Correa F., Plyushchay M. S. Peculiarities of the Hidden Nonlinear Supersymmetry
of PoschlÄTeller System in the Light of Lame Equation // J. Phys. A: Math. Theor.
2007. V. 40, No. 48. P. 14403Ä14412; arXiv:0706.1114.

96. Correa F. , Nieto L.-M., Plyushchay M. S. Hidden Nonlinear Supersymmetry of Finite-
gap Lame Equation // Phys. Lett. B. 2007. V. 644, No. 1. P. 94Ä98; hep-th/0608096.

97. Klishevich S. M., Plyushchay M. S. Nonlinear Supersymmetry, Quantum Anomaly and
Quasiexactly Solvable Systems // Nucl. Phys. B. 2001. V. 606, No. 3. P. 583Ä612;
hep-th/0012023.

98. Plyushchay M. S. Hidden Nonlinear Supersymmetries in Pure Parabosonic Systems //
Intern. J. Mod. Phys. A. 2000. V. 15, No. 23. P. 3679Ä3698; hep-th/9903130.

99. Plyushchay M. S. Deformed Heisenberg Algebra, Fractional Spin Fields and Super-
symmetry without Fermions // Ann. Phys. 1996. V. 245, No. 2. P. 339Ä360; hep-
th/9601116.

100. Aoyama H., Sato M., Tanaka T. N-fold Supersymmetry in Quantum Mechanics:
General Formalism // Nucl. Phys. B. 2001. V. 619. P. 105Ä127; quant-ph/0106037.

101. Aoyama H., Sato M., Tanaka T. General Forms of a N-fold Supersymmetric Family //
Phys. Lett. B. 2001. V. 503. P. 423Ä429; quant-ph/0012065.



992 �‹œ•�‚‘Šˆ‰ ‚. ‘., Œ�‰„��	Š ‘. �., �…Š�Œˆ �.

102. Aoyama H. et al. Classiˇcation of Type A N-fold Supersymmetry // Phys. Lett. B.
2001. V. 521. P. 400Ä408; hep-th/0108124.

103. Sato M., Tanaka T. N-fold Supersymmetry in Quantum Mechanics Å Analyses of
Particular Models // J. Math. Phys. 2002. V. 43. P. 3484Ä3510; hep-th/0109179.

104. Gonzalez-Lopez A., Tanaka T. A New Family of N-fold Supersymmetry: Type B //
Phys. Lett. B. 2004. V. 586. P. 117Ä124; hep-th/0307094.

105. Ho C.-L., Tanaka T. Simultaneous Ordinary and Type A N-fold Supersymmetries in
Schroedinger, Pauli, and Dirac Equations // Ann. Phys. 2006. V. 321. P. 1375Ä1407;
hep-th/0509020.

106. Gamov G. // Z. Phys. Bd. 1928. V. 51. P. 2004.
107. Siegert A. J. F. On the Derivation of the Dispersion Formula for Nuclear Reactions //

Phys. Rev. 1939. V. 56, No. 8. P. 750Ä752.
108. Ho Y.K. The Method of Complex Coordinate Rotation and Its Applications to Atomic

Collision Processes // Phys. Rep. 1983. V. 99, No. 1. P. 1Ä68.
109. Li K.-H. Physics of Open Systems // Phys. Rep. 1986. V. 134, No. 1. P. 1Ä85.
110. Moiseyev N. Quantum Theory of Resonances: Calculating Energies, Widths and

Cross-sections by Complex Scaling // Phys. Rep. 1998. V. 302, No. 5Ä6. P. 212Ä293.
111. Dittes F.-M. The Decay of Quantum Systems with a Small Number of Open Chan-

nels // Phys. Rep. 2000. V. 339, No. 4. P. 215Ä316.
112. Andersson N. On the Asymptotic Distribution of Quasinormal-mode Frequencies for

Schwarzschild Black Holes // Class. Quant. Grav. 1993. V. 10, No. 6. P. L61ÄL67.
113. Liu H. Asymptotic Behaviour of Quasi-normal Modes of Schwarzschild Black

Holes // Class. Quant. Grav. 1995. V. 12, No. 2. P. 543Ä552.
114. Nollert H.-P. Quasinormal Modes: The Characteristic ®Sound¯ of Black Holes and

Neutron Stars // Class. Quant. Grav. 1999. V. 16, No. 12. P. R159ÄR216.
115. Kokkotas K.D., Schmidt B. G. Quasi-Normal Modes of Stars and Black Holes //

Living Rev. Rel. 1999. V. 2. P. 2; gr-qc/9909058.
116. Daghigh R. G., Green M. D. A Detailed Analytic Study of the Asymptotic Quasinor-

mal Modes of Schwarzschild Å Anti de Sitter Black Holes // Class. Quant. Grav.
2009. V. 26, No. 12. P. 125.

117. Tomson J. J. // Proc. London. Math. Soc. 1884. V. 15, No. 1. P. 197.
118. Lamb H. // Proc. London. Math. Soc. 1900. V. 32, No. 1. P. 208.
119. Lave A. E.H. // Proc. London. Math. Soc. 1904. V. 2, No. 2. P. 88.
120. � °³ ·± Œ. �. ‘¶¥±É· ²Ó´Ò¥ ËÊ´±Í¨¨ ¸¨³³¥É·¨Î¥¸±μ£μ μ¶¥· Éμ·  // ˆ§¢. ��

‘‘‘�. ‘¥·. ³ É. 1940. ’. 4, ¢Ò¶. 3. ‘. 277Ä318.
121. Recami E., Rodrigues W. A., Smrz P. // Hadronic J. 1983. V. 6. P. 1773Ä1789.
122. �Ì¨¥§¥· �.ˆ., ƒ² §³ ´ ˆ.Œ. ’¥μ·¨Ö ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ-

¸É· ´¸É¢¥. Œ., 1966. ‘. 543 ( ´£².: Akhiezer N. I., Glazman I. M. The Theory of
Linear Operators in Hilbert Space. Boston: Pitman, Mass., 1981).

123. Olkhovsky V. S., Recami E. New Developments in the Study of Time as a Quantum
Observable // Intern. J. Mod. Phys. B. 2008. V. 22, No. 12. P. 1877Ä1897.

124. Stone M.H. Linear Transformations in Hilbert Space. Operational Methods and Group
Theory // Proc. of the National Academy of Sci. of the United States of America.
1930. V. 16, No. 2. P. 172Ä175.

125. Neumann von J. Mathematical Foundations of Quantum Mechanics. Princeton:
Princeton Univ. Press, N. J., 1955.



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 993

126. Aharonov Y., Bohm D. Time in the Quantum Theory and the Uncertainty Relation
for Time and Energy // Phys. Rev. A. 1961. V. 122, No. 5. P. 1649Ä1658.

127. � °³ ·± Œ. �. ”Ê´±Í¨¨ ¶μ²μ¦¨É¥²Ó´μ£μ μ¶·¥¤¥²¥´´μ£μ μ¶¥· Éμ·  ´  ±μ³³ÊÉ -
É¨¢´ÒÌ £·Ê¶¶ Ì // ˆ§¢. �� ‘‘‘�. ‘¥·. ³ É. 1943. ’. 7, ¢Ò¶. 5. ‘. 237Ä244.

128. Carleman T. Sur les �equations int�egrales singuli�eres �a noyau r�eel et sym�etrique.
Uppsala, 1923.

129. Schweber S. An Introduction to Relativistic Quantum Field Theory. Ch. 5.3. Row,
Peterson, Evanston, Ill, USA, 1961;
�Ì¨¥§¥· �. ˆ., 
¥·¥¸É¥Í±¨° ‚. 
. Š¢ ´Éμ¢ Ö Ô²¥±É·μ¤¨´ ³¨± . Œ.: ”¨§³ É¨§,
1959.

130. Rosenbaum D.M. Super Hilbert Space and the Quantum-mechanical Time Opera-
tors // J. Math. Phys. 1969. V. 10. P. 1127Ä1144.

131. Ka'lnay A. J. Lorentz-covariant Localized States and the Extended-type Position Op-
erator // Boletin del IMAF (Co'rdoba). 1966. V. 2. P. 11;
Ka'lnay A. J., Toledo B. P. A Reinterpretation of the Notion of Localization // Nuovo
Cim. A. 1967. V. 48, No. 4. P. 997Ä1007;
Gallardo J. A. et al. The Punctual Approximations to the Extended-type Position //
Ibid. P. 1008Ä1013.
Gallardo J. A. et al. Philips Lorentz-covariant Localized States and the Extended-type
Position Operator // Ibid. V. 49, No. 3. P. 393Ä398.
Gallardo J. A., Ka'lnay A. J., Risenberg S.H. Lorentz-invariant Localization for Ele-
mentary Systems // Phys. Rev. 1967. V. 158, No. 5. P. 1484Ä1490.

132. ter Haar D. Elements of Hamiltonian Mechanics. Oxford, 1971.
133. Recami E. // Atti Accad. Naz. Lincei (Roma). 1970. V. 49. P. 77;

Baldo M., Recami E. Comments about Recent Letters on Spacelike States // Lett.
Nuovo Cim. 1969. V. 2. P. 613.

134. Feshbach H., Porter C. E., Weisskopf V. F. Model for Nuclear Reactions with Neu-
trons // Phys. Rev. 1954. V. 96, No. 2. P. 448Ä464.

135. Hodgson P. I. The Optical Model of Elasstic Scattering. Oxford: Clarendon Press,
1963.

136. Moldauer P. A. Optical Model of Low Energy Neutron Interactions with Spherical
Nuclei // Nucl. Phys. 1963. V. 47. P. 65Ä92.

137. Koning A. G., Delaroche J. P. Local and Global Nucleon Optical Models from 1 keV
to 200 MeV // Nucl. Phys. A. 2003. V. 713, No. 3Ä4. P. 231Ä310.

138. Kunieda S. et al. // J. Nucl. Sci. Tech. 2007. V. 44. P. 838.
139. Olkhovsky V. S. // Theor. Math. Phys. 1975. V. 20. P. 774.
140. Olkhovsky V. S., Zaichenko A. K. Analytical Properties and Resonant Structure of the

S-matrix in Case of Noncentral and Parity-violating Interactions // Nuovo Cim. A.
1981. V. 63, No. 2. P. 155Ä170.

141. Nikolaiev M. V., Olkhovsky V. S. // Theor. Math. Phys. 1977. V. 31. P. 418.
142. Gudkov V. P. Sign Correlations and the Mechanism for Parity Violation // Phys. Rev.

C. 1992. V. 46. P. 357.
143. Bunakov V. E. Enhancement Effects of the P-Conserving T-Invariance Violation in

Neutron Transmission // Phys. Rev. Lett. 1998. V. 60. P. 2250Ä2253.
144. Dobaczewski J., Engel J. Nuclear Time-reversal Violation and the Schiff Moment of

Ra-225 // Phys. Rev. Lett. 2005. V. 94. P. 232502Ä232505; nucl-th/0503057.



994 �‹œ•�‚‘Šˆ‰ ‚. ‘., Œ�‰„��	Š ‘. �., �…Š�Œˆ �.

145. Caldirola P. A Relativistic Theory of the Classical Electron // Rivista Nuovo Cim.
1979. V. 2, No. 13. P. 1Ä49;
Caldirola P. Dissipation in Quantum Theory (40 Years of Research) // Hadr. J. 1983.
V. 6. P. 1400Ä1433;
Caldirola P., Lugiato L. // Physica A. 1982. V. 116. P. 248;
Caldirola P., Casati G., Prosperetti A. On the Classical Theory of the Electron //
Nuovo Cim. A. 1978. V. 43. P. 127Ä142.

146. Caldirola P., Montaldi E. // Nuovo Cim. B. 1979. V. 53. P. 291.
147. Farias A. R. H., Recami E. Introduction of a Quantum of Time (®Chronon¯) and Its

Consequences for Quantum Mechanics. quant-ph/97060509v3. 2007.
148. Bonifacio R. A Coarse Grained Description of Time Evolution: Irreversible State

Reduction and Time-energy Relation // Lett. Nuovo Cim. 1983. V. 37, No. 14. P. 481Ä
489.

149. Bonifacio R., Caldirola P. Finite-difference Equation and Quasi-diagonal form in
Quantum-statistical Mechanics // Lett. Nuovo Cim. 1983. V. 38, No. 18. P. 615Ä619.

150. Ghirardi G. C., Weber T. Finite-difference Evolution Equations and Quantum-
dynamical Semi-groups // Lett. Nuovo Cim. 1984. V. 39, No. 8. P. 157Ä164.

151. Recami E., Farias A. R. H. A Simple Quantum Equation for Decoherence and Dis-
sipation. Report NSF-ITP-02-62. KIPT, UCSB: Santa Barbara, CA, 2002; quant-
ph/97060509.

152. Casagrande F., Montaldi E. Some Remarks on Finite Difference Equations of Phys-
ical Interest // Nuovo Cim. A. 1977. V. 40, No. 4. P. 369Ä382.

153. Mignani R. On the Lie Admissible Structure of the Caldirola Equations for Dissipative
Processes // Lett. Nuovo Cim. 1983. V. 38. P. 169.

154. Caldirola P. // Nuovo Cim. 1941. V. 18. P. 393.
155. Janussis A. et al. // Lett. Nuovo Cim. 1980. V. 29. P. 259; 1981. V. 30. P. 289; V. 31.

P. 533; 1982. V. 34. P. 571; V. 35. P. 485; 1984. V. 39. P. 75; Nuovo Cim. B. 1982.
V. 67. P. 161.

156. Brodimas G., Janussis A., Mignani R. Bose Realization of a Noncanonical Heisenberg
Algebra // J. Phys. A. 1991. V. 25. P. L329Ä334.

157. Janussis A., Leodaris A., Mignani R. Non-Hermitian Realization of a Lie-deformed
Heisenberg Algebra // Phys. Lett. A. 1995. V. 197, No. 3. P. 187Ä191.

158. Caldirola P. // Nuovo Cim. 1941. V. 18. P. 393.
159. Kanai E. // Progr. Theor. Phys. 1948. V. 3. P. 440.
160. Angelopoulon P. et al. // Intern. J. Mod. Phys. B. 1995. V. 9. P. 2083.
161. Kostin M. // J. Chem. Phys. 1972. V. 57. P. 358.
162. Albrecht K. A New Class of Schrodinger Operators for Quantized Friction // Phys.

Lett. B. 1975. V. 56, No. 2. P. 127Ä129.
163. Hasse R. On the Quantum Mechanical Treatment of Dissipative Systems // J. Math.

Phys. 1975. V. 16, No. 10. P. 2005Ä2011.
164. Gisin N. Microscopic Derivation of a Class of Non-linear Dissipative Schrodinger-

like Equations // Physica A. 1982. V. 111, No. 1Ä2. P. 364Ä370.
165. Exner P. Complex-potential Description of the Damped Harmonic Oscillator // J.

Math. Phys. 1983. V. 24, No. 5. P. 1129Ä1135.
166. Caldeira A., Leggett A. Dynamics of the Dissipative Two-level System // Ann. Phys.

1983. V. 149, No. 2. P. 374Ä456.



� �…‘�Œ�‘���Ÿ†…��›• ��…��’���• 995

167. Olkhovsky V. S., Recami E., Salesi G. Tunneling Through Two Successive Barriers
and the Hartman (Superluminal) Effect // Europhys. Lett. 2002. V. 57, No. 6. P. 879Ä
884; quant-ph/0002022.

168. Aharonov Y., Erez N., Resnik B. Superoscillations and Tunneling times // Phys. Rev.
A. 2002. V. 65, No. 5. P. 052124Ä052128.

169. Olkhovsky V. S., Recami E., Zaichenko A. K. Resonant and Non-resonant Tunneling
through a Doublec Barrier // Europhys. Lett. 2005. V. 70, No. 6. P. 712Ä718; quant-
th/0410128.

170. Recami E. Superluminal Tunneling Through Successive Barriers. Does QM Predict
Inˇnite Group-velocities? // J. Mod. Opt. 2004. V. 51, No. 6. P. 913Ä923.

171. Raciti F., Salesi G. Complex-barrier Tunnelling Times // J. Phys. I (France). 1994.
V. 4, No. 12. P. 1783Ä1789.

172. Nimtz G., Spieker H., Brodowsky M. Tunneling with Dissipation // Ibid. No. 10.
P. 1379Ä1382.

173. Caldirola P. On the Introduction of a Fundamental Interval of Time in Quantum
Mechanics // Lett. Nuovo Cim. 1976. V. 16, No. 5. P. 151Ä155;
Caldirola P. On the Finite Difference Schrodinger Equation // Ibid. V. 17, No. 14.
P. 461Ä464;
Caldirola P. Chronon in Quantum Theory // Lett. Nuovo Cim. 1977. V. 18, No. 15.
P. 465Ä468.

174. Santilli R. M. Foundations of Theoretical Mechanics. V. II: Birkhofˇan Generalization
of Hamiltonian Mechanics. Berlin: Springer, 1983.

175. Olkhovsky V. S., Doroshko N. L. Cross-sections and Durations of the ProtonÄNucleus
Scattering Near a Resonance Distorted by the Nonresonance Background and Their
Phase-shift Analysis // Europhys. Lett. 1992. V. 18, No. 6. P. 483Ä486;
D'Arrigo A. et al. Bremsstrahlung Study of Nuclear-reaction Dynamics: the 16O+ p
Reaction // Nucl. Phys. A. 1992. V. 549, No. 3. P. 375Ä386;
D'Arrigo A. et al. Delay-advance Phenomenon Observed by Bremsstrahlung Spec-
trum of the 12C + p Collision // Nucl. Phys. A. 1993. V. 564, No. 2. P. 217Ä226.

176. Olkhovsky V. S., Dolinska M. E., Omelchenko S. A. The Possibility of Time Resonance
(Explosion) Phenomena in High-energy Nuclear Reactions // Centr. Eur. J. Phys.
2006. V. 4, No. 2. P. 1Ä18.


