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INTRODUCTION

Since the time, when it was formulated in 1946, the Bogoliubov—Born—
Green—Kirkwood—Yvon (BBGKY) [1,2] hierarchy of kinetic equations was the
object of investigation for physicists as well as mathematicians.

Well known, that charged particles interact via the Coulomb potential. Until
present, there is no solution of the BBGKY hierarchy of quantum kinetic equations
in the case when the particles interact via a Coulomb potential. This is an
important problem for many researchers. The present paper addresses the solution
of this problem.

1. FORMULATION OF THE PROBLEM

We consider the hierarchy BBGKY of quantum kinetic equations, which
describes the evolution of a system of identical particles with mass m and charge
q interacting via a Coulomb potential [1,3,4] ¢(z;,z;) = ¢*/|x; — x;|, which
depends on the distance between particles |x; — x;| and charges g. We assume
that the charge is a real constant.

In the present work, the Cauchy problem is solved for a quantum system of
finite number paricles contained in the finite bounded region (vessel) with volume
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V = |A|. The BBGKY hierarchy is given by [1,2]

oMtz weid,
i ps( T 8179 X7 .Tfs) :[Hé\’pé\](t’xl’”.7x3;x/17”.7x;)+
N s ,
+v (1 - N) Tra, Z (D541 (1w — Ts1]) — Bisr1 (2] — s11]))
1<i<s
pfq\+1(tax1a'"axsvxs-‘rl;xllv'"’xg’xs"rl)? (1)

with the initial condition
A A
pa(t, ..y, T im0 = p2 (0,21, ..., s XY, .., 2. )

In the problem given by equation (1) and (2) the vector represented by x; gives the

position of ith particle in the 3-dimensional Euclidean space R?, z; = (z}, 22, 23),

1=1,2,...,s and =¥, = 1,2, 3 are coordinates of a vector ;. The length of
the vector z; is denoted by

il = ((21)? + (27)* + ()2,

In (1) =1 is the Plank constant and [,] denotes the Poisson bracket.
The reduced statistical operator of s particles is p2(zy,...,zs; 2, ..., z%)
related by positive symmetric density matrix of N particles by [1,2]

A . Iy _

P (T1, ., xexy, .. 2k) =

__ /s A o /

=V Tre 0o DN (1, T, T, - ENI T, o X g1, ., TN,

where s € N, N is the number of particles, V' — the volume of the system of
particles. The trace is defined in terms of the kernel p”(x, ') by the formula

Tr,pt :/pA(x,x) dx.
A

The Hamiltonian of the system is defined as
1
A A
) = 3 (g @)+ 5 oullen -,
1<i<s 1<i<j<s
where A\; is the Laplacian

82 32 32 q2
3(:51)2 + 8(902)2 + 3@3)2’ ¢i,j(|$i - x]\) = m7

7 K2 7

Ni =

and v () is an external field which keeps the system in the region A (u(x) = 0
if z € A and u’(z) = o0 if x ¢ A). Here ¢; ;(|z; — x;|) is symmetric.
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2. SOLUTION OF THE CAUCHY PROBLEM FOR BBGKY HIERARCHY
OF QUANTUM KINETIC EQUATIONS WITH COULOMB POTENTIAL

To obtain the solution of the Cauchy problem defined by (1) and (2), we use
a semigroup method [5-9].

Let L5(A) be the Hilbert space of functions (w1, ..., z4), x; € R3(A),
and B2 be the Banach space of positive-definite, self-adjoint nuclear operators
oMy, .. w2, ... 2h) on Li(A)

() (@, ) =/p?(ﬂcu.--,xs;m’l,---wé)wé‘(ﬂc’u---w;)dr’l~~~dx;7
A

with norm
2 =sup > [(phvs @),

1<i<oo

where the upper bound is taken over all orthonormalized systems of finite, twice
differentiable functions with compact support {17} and {¢7} in L5(A), s > 1.
We’ll suppose that the operators p® and H? act in the space L§(A) with zero
boundary conditions.

Let BM be the Banach space of sequences of nuclear operators

o = {pbh, M xh), . R (@, e, 2,

where pf)} are complex numbers,

Al | A A A
p0|1_|p0|andps Cst
A / ’

ps(z1, ... x50, .., 2%) =0, when s> sg,

where sg is finite and the norm is

o0
M= ok
s=0
The Coulomb potential ¢; ; = ¢*/|r; ;| can be represented as

1 2
¢i,j = ¢i,j + ¢i,ja

where

ol — 7 1 C Lao(R?) 2 __ ¢ (R?)
] ‘Ti,j| 1+ ‘Ti,j ) 1,) 1+ "ri,j o] ’

1/2
rig = (2 —2;)? + (@f —23)* + (a7 —23)?) .
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Therefore the Coulomb potential satisfies the conditions of Theorem X.15 [10],
and the Hamiltonian with Coulomb potential

Hf(xl,...,xi,...,a:j, Z AM-F Z

1<z<s 1<z<g<s

is a self-adjoint operator on the set D(H?) = D (— 3 Ai)

1<i<s
Let B be a dense set of «good» elements of BA of type BA N D(HM) ®
D(HY), where D(H?) is the domain of the operator H* [4] and ® denotes the
algebraic tensor product.
We introduce the operators w” (), Q(A), and U(t) on the space B* by

A
WA (@, .. mai 2, 2h) = (TR GHIY gy Lz, 2,

(Q(A)pA)S(xl,...,xs;x’l,...,x;) ( )

X /Zpé\+1(xlv <oy Tsy Ts415 xllv .- -Tga $s+1) (strl)gl (xs+1)dxs+17 (3)
7

UMD (1, ... zes 2, . 2h) =
J— T\
= (SHN) T o= UN) pA GIHTE) (0w, @),

In (3), g} (ws+1) is a complete orthonormal system of vectors in the one-particle
space La(A).

Let
(HApA)s(ml,...,xs;x'l,...,x;):
_ HA A R / N 1 T
= S,ps](ml,...,x‘g,xl,...,xs)+V _N ooy X
X > (Gisir(|mi — zara]) = Gisir(J0f — zap1])) X

1<i<s
A W
X ps+1(x17' sy Ls415L7, .- ~,$5+1).

Theorem. The operator U™(t) generates a strongly continuous group of
bounded operators on B, whose generators coincide with the operator — iHA
on BA everywhere dense in B®.

Proof. The proof is summarized in the following four steps:

Step 1. Let us show that the operator U”(¢) is bounded on B*. We begin
by evaluating the operator Q*:

[Q(A)]; = maxg N

v (1 — N)‘ = o) = const. 4
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From the boundedness of the operator Q(A) (4), it follows that e2(M) is
bounded [e**M)|; < e!/v(A), The operator U”(t), as a product of the bounded
operators of e*?(Y) and the unitary operators eTiHxt
the estimate U™ (t) < /") on B,

Step 2. Strong continuity of the operator U*(¢) on B follows from bound-
edness of the operator e**(A) and the strong continuity of the operator w”(t) on
B 16,7].

Step 3. The operator U™ (t) satisfies the group property on B*:

Urt)UM ) p™ = UMty + t2)p™ and U (t2) UM (1) p™ = U (ta + t1)p™.

Step 4. The generator of the operator U”(t) defined on B consides with
—iH™ on BA.

(UA(t)pA -

P
t > (1’1,...,‘%5;%/1,...,1';)_
S
— (=i([HY, pM(21, . .y ss 2, oo 2+

N 5
57 (1= %) Moas X @usalln = 2eal) = bl = e ) x

1<i<s

, is bounded and satisfies

lim
t—0

A o / _
Xps-‘,—l('rla"'ax87x3+1ax17"'7xsa'rs+l)) =0.
1

This implies that multiplication of the infinitesimal operator of the group
UA(t) on B2 by i concides with the operator

w120 3)-

X Tre,y Y (Bisrr(lz — 2ogal) = disrr(l2] — 2e51])  (5)
1<i<s
on the right-hand side of the BBGKY hierarchy of quantum kinetic equations
on B2,

According to [4] and Theorem 2.2 of Ch.XIX of [8], since UA(t) is a
strongly continuous semigroup on B with generator on B2 which is dense in
BQ, the abstract Cauchy problem (1), (2) associated with operator (5) has the
unique solution

A A
Ps (tvxlv o ~7(Es;xl17 s 71{9)) = (UA(t)p )s (1.17 s vms;xllv cee 7$g) =
= (eQ(A) emiH M o= (A) pA eiHAt) (1,...,25;2),...,2) (6)
S
for each p2(z1,..., 24 2),...,2,) C B2, For the initial data p® belonging to

a certain subset of B2 (to the domain of definition of D( —iH™)), which is
everewhere dense in Bg\, (6) is a strong solution of Cauchy problem (1), (2).
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