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This review is devoted to exact calculations of cross sections of QED processes in relativistic
approach. We consider the case when the velocity of final heavy particles is not particularly close
to the speed of light. Especially, the cases of muon radiative pair creation are considered. In the
framework of QED with pion form factor, we estimate the pion radiative pair creation. All leading
terms are included in the framework of structure function approach. The annihilation of electron—
positron to the hadronic final state with one additional tagged photon is considered. The radiative
corrections are calculated, and the numerical estimation is made. Target spin asymmetry and charge
asymmetry are investigated for epu-scattering processes. Initial-state radiation (returning to resonance)
mechanism is investigated including radiative corrections to initial and final states. Possible method
of experimental extraction of the ratio of electric and magnetic form factors of a proton is suggested
for different processes in lepton—proton scattering. Some useful algebraic relations and integrals
are presented.

P ccMOTpeHB! BBIYHCIIEHNs] P 3MHYHBIX IporeccoB B p MK X KBl ¢ yueToM M cc TSXeNbIX KO-
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INTRODUCTION

In this paper we obtain the differential cross sections in relativistic approach.
We consider the case when the velocity of final particles is not particularly close
to the speed of light. It gives us the possibility of applying our formulas to the
process near the particle-creation threshold.
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Annihilation channels with production of muon and pion pairs with additional
photon are explicitly considered in Sec. 1. We investigate separately the effects
of initial- and final-state emission. We calculate the explicit form of the third
structure function, beyond Pauli and Dirac form factors, in the amplitude of
the process of elastic electron—-muon scattering, in the presence of two-photon
exchange. We also consider the method of extracting the ratio of electric and
magnetic proton form factors in elastic electron-polarized proton scattering as
well as inelastic electron—proton and photon—proton scattering processes.

The heavy photon Compton tensor in the case of longitudinally polarized
initial fermion and the double logarithmic corrections to the beam asymmetry in
the process of elastic polarized electron—proton scattering are considered at the
end of Sec. 1.

Processes of initial-state hard-photon emission in annihilation channel of
electron—positron collisions are considered in Sec.2. Particularly, we investigate
in detail the processes of creation of muon and pion pairs with a point-like model
of pion. The main attention is paid to the so-called mechanism of return to
resonance in the channel of hadron production. The lowest order RC are taken
into account. The results are generalized to higher orders of PT using the LSF
approach.

Detailed consideration of Compton and double Compton scattering processes
with taking into account RC is given. In Sec.2 we demonstrate analytically the
cancellation of the dependence on the auxiliary angular parameter separating the
regions of collinear and noncollinear additional photon emission.

In Sec.3 we give the tables for one-loop Feynman integrals of scalar, vector,
and tensor types, with two, three, four, and five denominators. All formulae
are presented with the accuracy up to the terms of the order of the ratio of the
electron to the muon masses squared, and the kinematic invariants are assumed
to be large compared to the electron mass squared.

Also we present some integral which could be used for phase volume calcu-
lation with finite mass of particles and put some tricks for trace conversion.

Throughout our paper we use the next designations: DIS — deep inelastic
scattering; FD — Feynman diagram; LLA — leading logarithmic approximation;
LSF — lepton structure functions; NL — next-to-leading; PD — photon detector;
QCD — quantum chromodynamics; QED — quantum electrodynamics; RC —
radiative corrections; SM — Standard Model.

1. EXACT RESULTS FOR 2 — 3 TYPE PROCESSES
1.1. The Cross Sections of the Charged Muon- and Pion-Pairs Production

at Electron—Positron Annihilation near the Threshold. Exact evaluation of the
hadron’s contribution to the anomalous magnetic moment of muon implies the
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knowledge of the cross sections of muon- (tau) and pion-pairs production at the
region where the total c.m.s. energy of pair does not exceed threshold value
significantly. The lowest order RC and effects due to the Coulomb interaction in
the final state become essential [25].

For the purpose of comparison with experimental data, the cases with hard
additional photon must be calculated in the framework of PT. It is a weak point
of approaches based on dimensional regularization methods where the separation
of soft- and hard-photon emission cannot be arranged. Here we calculate these
contributions in the framework of traditional QED approach with assigning to
photon small mass and calculate the virtual-, soft-, and hard-photon contributions
separately. In papers [26,27], the spectra and total cross sections were obtained,
but the calculation method of distribution on invariant mass of muon (tau) pair
and the contribution to the total cross section were too complicated. The radiative
corrections to the pion-pair production including intital- and final-state radiation
was also considered in [99,100]. The leptonic and hadronic cross sections with
O(a) corrections are required to improve the calculation precision of the vacuum
polarization effects in photon propagator at low energies.

Below, using the invariant integration method, we obtain the hard-photon
emission contribution to the spectral distribution on the muon pair effective mass
and the corresponding contribution to the total cross section due to photon radi-
ation by initial or final particles. We do not consider the interference of these
amplitudes assuming the experimental setup to be charge-blind. In this case, the
interference contribution to the total cross section is zero. Similar calculations of
the charged pion-pair production (assuming pion to be point-like object) are done.
Adding the known results for contribution of virtual and real soft-photon emission
we obtain the corresponding total cross sections. These results are in agreement
with ones obtained in previously published papers (see references below), but
have the form more convenient for different applications. Whenever possible, the
analytical results are used as a cross-check with ultrarelativistic limit.

1.1.1. Final-State Radiation (FSR) in Muon-Pair Production. As well as we
are interested in muon effective mass spectrum let us put the cross section in the

form:
1
do = — M2 dT.
=g [ X

spins

The summed over spin states matrix element squared can be put in the form:

1 v
Z ‘M|2 = _(47Ta)28—2LMVT# , S= (p+ +p7)27

L;w =Tr [ﬁ*’}/pf}ii”yl/}v TMV =Tr [(q, + M)Oml((jJr - M)Oun] s
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with
G- +k+M —Gp —k+M
Ow =mw————W+ =" Xz = 2kqx,
- X+
1.2)
p-+py=q=q- +aqr+k =M, pil=m? K
Introducing the energy fractions of final particles we have:
2 2qk
vy = qqi, v L, v+uvy+rvo =2,
s s
B> o
1 d3q_ d®q. d°k
/ dl— / q- d’qy d°k

S
5 g —q k) = dv | d
G 2B 2E, 20 P+ TPt k) 277r3/”/ v
1

A V1
S@-v) £ gR(v), 1-v)(1—v )(1—vy) > or?,
R(l/):\/l— 14_(71/ = 512__:, 6% =1—4o,

V2=

M2

g = —
s

Due to gauge invariance of tensor T#¥, we can write down the following:

1
/ AT = 5 <gw - ) / drr;.

Further simplification follows from gauge invariance of initial lepton tensor
L*¥q, = 0. Simple calculation gives

A B
T =4 _
2.5 {(1—V+)2+1—V++C+(V+—W)]7

A= 53— P)0-5)

qu.9v
q2

C=-2

B= %(3—52)(1 + 3% —2(3 - %) + 2v.

v2

Integration on the muon-energy fraction can be performed using the expressions:

; R(v); n ———=; vR . (13

1—vy vo 2 nl—R(V) vR(v)|- (13)
vy

Distribution on the invariant mass square of muons ¢*> = (q; + ¢_)? =

s(1 — v) for the case when the energy of hard photon exceeds some value
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w > +/sA/2, A < 1 has the form

— 93— 42) + 24 In %ﬁg;;—

_9 {3_52

14

dogsr E H(l +5°)(3-5%
dv  3s v

(1-v)+ 1/} R(Z/)} . (1.4)

Contribution to the total cross section can be obtained performing the integration
on invariant muon mass. We use the set of integrals:

52

1 432 1— 2
/R(l/) {;, 1; l/:| dv = {—Lg—kﬂln(l_ﬁQ)A; 06— 5 Lg;
A

53_52 _ (3+ﬂ2)(1 _ﬂ2)L5:| +O(A),

4 8
(1.5)

2

R(v
R A e e

%(3 +28% +36%)Lg — gﬂ(l + 62)} +0O(A),
with
L@ = hl 1 jg,
(1.6)
() = Lia(1 = §) = Lia(1 + ) — Liz (%) + Liz (#) |
The result is
AT [ ng e fong
3(1+4%) | 9-26%+p 1+
S 8(3-42) T 1653(3 - 5?) Lg+ 3 @(ﬁ)} , (L7)

where op(s) = 2ma?3(3 — 3%)/(3s) is the cross section of muon-pair production
in Born approximation. In the ultrarelativistic limit we have

+

4102 2a 1 3 11
A R Dl - S, — - 1.8
B—1 3s (Zy )nA 4”—’_8 52]’ (1.8)

ete"—utp
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where [, = In (s/M?), & = 72 /6. The contribution from emission of soft real
photons w = vk2 + A2 < /sA/2 by muons (A is «photon mass») is:

, ay [k a \’
ohsn=5(5) (- 1) / o (q—k_qu—k>

performing the standard calculations it can be written in the form:

2 1 2 M
O-ISJ‘SR: 70[0'3(8) |:< —2'_55 Lﬁ—l) (th +1HA> +

2 _
+1;ﬂﬁ {LQ Liz(ﬁ)+Li2(—ﬁ)—Li2<¥>—

—1In (#) ln(1—5)+%ln2(1+ﬂ)+LiQ (%) +Lﬂlnliﬁ] +

147 —f3

Virtual photon emission correction includes the Dirac and Pauli form factors of
muon [2,3]. It has the form:

2 2
7 %GB(S)Kl - 1;; Lﬂ) 1“% o (1;; ) ﬁ) L+

1 2 26 1— 3(1 — 32
(1.10)

23
The sum of the contributions from virtual and soft real photons reads to be:

2
ouis = 2—O(orB(s) Kl+ﬂ Lg—l) InA—1+1In # +
™

FSR — 23
3-28+28°  3(1-p%
+ ( i3 13- 62)> bt
, _
_|_1 ;ﬁﬂ (—QLiz(ﬂ) + 2Lia(—f) + Lia (#) — Liz (%) * 352)} .

(1.11)

In ultrarelativistic limit we have:

20 o (s) {(lu—l)lnA—1+%lu+§2}. (1.12)

™

v+s _
OFSRIg—1 =
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The total sum of contributions from virtual, soft, and hard real photons does not
contain photon mass A and the separation parameter A:

ete— —utu— 2c +,-
opsg = —on(s)Arsr (), (1.13)

where

C3(5-38%) | (1-0)(33 398 — 176% + 76%)

Arsh 0 =35 1636~ ) bt
2
+3In (#) —2Ing+ ! ;—ﬁﬂ F(p),
(1.14)

F(8) = —2Lis(8) + 2Lia(—fF) — 2Lia(1 + B) + 2Lia(1 — 8)+

.
The quantity ALk () agrees with the result obtained in [30]. One can check
this result, describing photon emission in final state, due to that in the ultrarela-
tivistic limit it arrives to the value 3/8:

3
ete~ —

+ dra’ 203«
ag | 1= =
FSR B—

35 T8 s

Cancellation of «large» logarithms [, = In (s/M?) is the consequence of Kino-
shita—Lee—Nauenberg theorem [18].

1.1.2. Initial-State Radiation (ISR) in Muon-Pair Production. Matrix element
of the process of muon-pair production with hard photon radiated from initial
state has the form:

(4ma)3/?

N k+m.
mv(lu) [Qi

o —pr+k+m
) k)

M- =
ISR —2kp+

u(p-),

with @, = @(q—)v,v(qy+) being the muon current.
Using the gauge condition for muon current ¢"Q, =0, ¢ = ¢+ +¢— =
p+ +p— — k we have

Pop Pg Qudv
N et S5 g — gy —q ) =D ( gu, — 222 ),
> /Q#(Q ) ST 55 0 (@~ a4+ —a-) (9/ 7 )

27ts [3— 32
3 2

D =

rw. =),
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with notations given above. Using this relation, the calculation of the summed
upon spin states of matrix element squared is straightforward. Performing the
angular integrations by means of

1
1 4m?
[ e [ s = 12
1

(1.15)

=In—>0,  Bo=q/1- 1,
m S
with m being the electron mass, we obtain the distribution on the muons invariant
mass:
dofsn 4o
dv  3sv(l —v)?

140020, - 1) (257

Further integration on the photon-energy fraction v can be performed using the
set of integrals given above and two additional ones:

[ o]

As a result, we obtain for contribution of hard photon ISR to the total cross
section:

- y> R(v). (1.16)

_ 3
ofsp = 27Oé<7B(5)(le —-1) [ln% - %LB - % +2In li_ﬁﬂ] - (L17)

Taking into account the virtual and soft real photons to the initial state gives:
2a 3
OisR = —o5(s) {(Ze — DA+ e —1+ 52} . (1.18)

The total sum is

2a + -
o™ = L on(s) M ()

) (1.19)
A?S.Jrl{ti(ﬂ):(le—l) {—W[/ 3+21 1+5]+ —le—1+&.

The total sum in ultrarelativistic limit has the form:

36+ 3 4 23

st 8as 1 7 17
oidn srls—1 = = [ lely = 51y — T5le + &2+ ﬂ] , (1.20)

which is in agreement with [26,27]. Leading term ~ [.l,, is in agreement with
the result of [29].
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1.1.3. Two Charged Pion Production in Electron—Positron Annihilation. 1t is
worth to remind that the total cross section o(ete™ — 777~ ) with O(«) correc-
tions is required in many subjects of particle physics. Particularly, it is required
to determine, with a better accuracy, the precision of the evaluation of vacuum
polarization effects in photon propagator. Another well-known application is the
calculation of the hadronic contribution to the anomalous magnetic moment of

muon a4
Liay? | R(s)K(s) o€ e~ —hadr(s)
hadr _ = (& Lils) K (s) _ of e Thade)
G = 3 (ﬂ') / ds s , R(s)= gere —ntu—(s) (1.21)

aM2

with
1

/dxl—x I
2 4+ (1 ’ p_Mﬁ'
0

A contribution to this integral coming from high-energy region can be calculated
within QCD framework, while for the low-energy range the experimental values
R(s) have to be taken as an input. A numerical evaluation of this integral in
relative unities gives the value of ~ 70 ppm.

The goal of the new experiment at BNL (E969) is to measure the anomalous
magnetic moment of muon with the relative accuracy of about ~ 0.25 ppm and
to improve the previous result [24] by a factor of two. It follows that the value
a"dr should be calculated as precisely as possible. In this context, the required
theoretical precision of the cross sections with RC as well as the calculation
accuracy of the vacuum polarization effects should be not worse than ~ 0.2%
as it follows from the estimation: 70 ppm x0.2% ~ 0.14 ppm. This short
observation shows why high precision calculations of the hadronic cross sections
are extremely important.

1.1.4. Final-State Radiation in Pion-Pair Production. As well as it was done
for the muons, the contributions with one-photon radiation in the final state can
be divided into three separate parts: virtual, soft, and hard. The expression for
the virtual photon emission from final state is given by

o M(1_1+ﬁ2

_ 1 2
oy = ContT @)[mn7 . + 5

Lg| —2+ Ls+
),

™

1+ 42 1+ 1-8
+ T( L5+L,31 ﬁ + 2&5 + Lig <m>>] (1.22)

Here Lg, A, 8 were defined above, (3 is the pion velocity in c.m. frame; F(s) —
pion strong interaction form factor; o7, ™ (s) = (7a233)/(3s)|Fx(s)[? is the
cross section of the charged pion-pair production in the Born approximation.
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Additional real soft-photon emission contribution when photon energy does
not exceed Ace in c.m. frame reads:

s o - 2Ae 1+ 32 1

2p
2 _
1—’_55 ( LB+Lﬁ1 —;IB §2+Lig<—1+g>>:|, A€<<€_\/7—
(1.23)

+

The sum of the contributions from virtual and real soft-photon emission can be
presented in convenient way as

oUEs = 2:(7@”"(5){(1;;2@—1) lnA—H)(s)}, (1.24)
where
b(s) = —1+ I;ﬁﬁp+2+ﬂﬂ2 1n1;ﬂ+
P i o (122)]
N

Calculations similar to ones given above for FSR muon-pair production lead
to pion invariant mass distribution m2_ = s(1 — v):

OBsr _ 22°32 Ki _ L= V) R(v) + (1 +5 1) In LR(V)} |[Fr(5)[?,

dv 3s 32 2v 1—R(v)
(1.25)
_ By
R(v) = T

Contribution to the total cross section can be obtained performing the integration
on invariant pion mass. It is in agreement with the results of papers [19,28]. The
relevant contribution has the form:

2 1 2
oton = o8 |y (g b 1)+
3-04* B+pH0-5) 482 14 B2
T2 - e Ly —In f=g + —5—(8)|, (126)

with ®(3) defined above (1.6).
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Now we can collect all the discussed terms and write down the complete
expression for the total cross section including all corrections of order v and the
parametric enhanced Coulomb factor. This expression is given by

+ + 2a .+

opsk "= 0% T ()AFE (9), (1.27)
and
o 3 2
fE =20 ongran 0
— -3 — 2 _ 3 2
+(1 A)(=3 83§’>+7ﬂ 55)%*1;; F(B), (1.28)

with the same expression for F'() as in muon case (1.14). The factor AFSR
represents the correction to the Born cross section caused by final-state radiation
and the Coulomb interaction. In ultrarelativistic limit we have AZgE (8 — 1) =
3/2. One can see again, that all «large» logarithms cancel out in accordance with
Kinoshita-Lee—Nauenberg theorem. In a low 3 limit AFSR = 72/(4/3), which
is the manifestation of the Coulomb interaction of pions.

Expression for AFSR (B) coincides with one obtained in [19,28,31]. It can
be noticed that in these papers the quantity AFSR (B) was presented without
separator A between soft and hard photons. But for some applications it can be
useful to have these two parts of the cross sections separated. For instance, the
differential cross section (1.25) as a function of the invariant pion’s mass is a
valuable tool to verify assumption that pions can be considered as the point-like
objects and scalar QED can be applied.

To verify the validity of this assumption it is necessary to extract events
with FSR from experimental data whereas events with ISR should be suppressed
as much as possible. Numerically the cross section with ISR exceeds the cross
section with FSR by a factor of ten. There are two ways how to isolate this type
of events. It is necessary to select events in the energy range below the p-meson
peak. ISR shifts the effective energy in c.m.s. and as a result the cross section
falls down the more rapidly, the more hard photon is radiated.

It is clear, the second instrument which can help to push down the events
with ISR is the acollinearity cut. The photons radiated from initial state mostly
fly along the beam direction. It results in that space angle between tracks of
pions differs from 180° as bigger as harder photon was emitted. The FSR also
breaks the space angle between tracks, but not so strongly. When the threshold
on photon energy is about 150 MeV, more the ratio arrives the value about 5. It
means, that the relative admixture of events due to ISR makes up ~ 20% only.
It is worth to remind that the spectrum form at high-photon energies is just the
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subject of interest. So, the fraction of admixture events at the end of spectrum
falls down whereas the relative weight of the events with FSR increases. The
comparison of the simulated spectrum with experimental one can elucidate this
problem.

1.1.5. Initial-State Radiation in Pion-Pair Production. Let us consider now
the ISR effects in pion-pair production. Performing the calculations similar to the
case of muon-pair production we have:

+ +

do_IeSFi_Hrr Ty _
dv
_o’14+(1-v)? 2 B —v 2
_gm(h—l)(ﬂ —V) ﬁ‘Fﬂ'(s(l_V)” ) (1.29)

where ¢ = (¢4 + ¢-)? = s(1 — v). Using integrals presented above we can
obtain the following contribution to the total cross section:

U{LSR = M(Ze — 1){1nl +2Iln (ﬂ) _

3s A 1+
4 1 1-33%+43°
_g_ﬁ—’_TLB ,  (1.30)

where [, = In(s/m?). Here we had assumed the pions to be point-like, i.e.,
F, = 1. Contributions of virtual- and soft-photon emission have the form:

2a i 3
Olsk = %Uf” (s) {(le — DA+l —1+ 52} . (13D
The total cross section accounted for initial-state radiation can be presented as

ete " —nta™ 2agﬁ3 ata~
Tisk T= Ak (), (1.32)

+

B ) = (- 1) [2 In

148 3 282 433
3
+qle—1+&. (133

2 4 1 1—332%2+4p33
54 ﬂ+ﬁL4+

In ultrarelativistic limit in point-like approximation for pions we have:

ete " —ntn™ 20{3 1 1 3 1
OlSR4FSR || = {_lelﬂ - §l7r + §le + G +§2} , (1.34)

’,6—& 35 |2

where [, = In (s/M?2).
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1.1.6. Estimation of Accuracy. The theoretical precision of the cross sections
with O(«) corrections given above is defined by the unaccounted higher order
corrections and is estimated to be at 0.2% level. It is worth to notice that vacuum
polarization effects in photon propagator are not considered in this paper and can
be found, for instance, in [78]. Let us list the corrections which were omitted in
the current formulae.

Weak interactions not considered here arise from replacement of virtual pho-
ton Green function by Z-boson one. It results in

of() M 135
+ M—% ,@ (1.35)
which for /s < 10 GeV is of the order of or smaller than 0.1% in charge-blind

experimental setup, when we can omit the v — Z interference contribution.
Here we systematically omit the terms of order (m/M,)? compared to 1

do — do

2

m

@) (W) < 0.1%. (1.36)
o

The higher-order contributions (not considered here) can be separated by two

classes. One, leading by large logarithm [, = In (s/m?), is connected with ISR:

do [1 e (gle) e (g)} G (g) ~ 0.5%. (137)
T T ™
This corrections are dominant and can reach 5%. This kind of contributions can,
in principle, be taken into account by structure function approach (see [97]).

The higher-order contributions connected with FSR give
do[1+0(21)].  0(St) ~2%, (1.38)
s s

in ultrarelativistic limit they s — In(s/My) as well can be taken into account
by structure function method.

We do not consider C-odd interference in real- and virtual-photons emis-
sion — it gives zero contribution to the total cross section.

One can see that corrections to Born cross sections (2«/m)A can reach
several percent near threshold.

In regions where 3 ~ «, formulaec must be modified [30]. Taking into
account that A (3) ~ 72/43, 3 — 0, we must replace

1+ 27%(1‘) (8) — (1 + 270‘ (A“‘) (8) - g)) f2),

where f(z) = z/(1 — e™#) is the Sommerfeld—Sakharov factor, z = (7wa/f).
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1.2. Radiative Muon-Pair Production in High-Energy Electron—Positron
Annihilation and Crossed Channel Processes. Process of muon-pair produc-
tion as well as radiative muon-pair production [15] at high energy in electron—
positron collisions is commonly used for calibration purposes. This process was
investigated in detail in Born approximation in series of papers of Baier and
Khoze [40,41], where the mechanism of returning to resonant region was found.

One of the motivations of our investigation is the high theoretical accuracy
required for description of differential cross section. An additional interest ap-
pears in the case of small invariant mass of the muon pair. For this case, the
radiative muon-pair production is provided by the initial-state hard-photon emis-
sion kinematics. It can be used as a calibration process in studying the hadronic
systems of small invariant masses created by virtual photon. The lowest order
RC in that kinematics to Born cross section [101] as well as the LL and NL
contributions in all orders of PT were considered in paper [42].

Besides the practical applications [43,44], we pursue another aim [15]. The
problem is to check the validity RG predictions concerning hard processes of type
2— 3.

Basing on exact (with power accuracy of O(M/s)) calculations, we confirm
the Drell-Yan form of the cross section of radiative muon-pair production in LLA.
Estimation of nonleading contributions for several kinematical points is given in
Table 1.

1.2.1. Born Cross Section and RC. For the process

et(py)+e (p-) = (g) + 1 (¢-) + (k1) (1.39)

we use the following kinematics:

X+ = lepzl:v Xil: = 2]€1q:|:a s = (p— +p+)2a
s1=(¢- +q+)% t=(p-—q )% ti=+—q+)°
) ) (1.40)
’U,:(p,—(pr) ) ulz(er_Q*) )
pi=m? qx=M?* Kk*=0,

where M (m) is the muon (electron) mass. Here all kinematical invariants are
much larger than muon (electron) mass, but we take into account terms of order
In (M/m):

S~ S~ —t~ —t ~ =~ —u ~ X > M2 > m?,
(1.41)
s+s1+t+t1+u+u =0.
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The differential cross section of the process with the lowest order RC has the
form:

dog o? «
—=—T)|1 — Avac A Aver A ox A@O )
T~ 52510 + 7r( +Agr + ¢t + Abox + Asoft)

d3qrd>q_d3k,
E4E_W1

(1.42)

dr = s +p- —qr —q- — k).

It is convenient to separate, starting from Born level definite contributions from
hard-photon emission by electron, muon block and their interference:

To =TS +TY + T, (1.43)
where
t2 t2 2 2
Te=A—"_ qpoa il a-LEOTTEW
X=X+ X=X+ 881
(1.44)
: t t [ U
Tént:A[_ ;T 1/ + 1/ + /]'
X—=X- X+X+ X+X— X=X+

The standard evaluation of additional soft-photon emission contribution gives:

2
dosett o [ dko (_ p- P+ q- 4+ )
wa<Aeke

dog — 4Ar2 ) wy \ p_ks  pike  q_ke  qike

= YA AR Aty = TA L (145)
v Vi

Here we denote:

mAe 1 w2
A =2(ps+ L —1)1 ~(ps +L)* — —,
s =2(ps + JIn —=—+5(ps +L)" — 3
MAe 1
AP =2(pg, — L —1)In ——— + =(ps L)?—
s = 2(ps, s —Z=="+ 30 = 1)
1 € T . (1+c
il P T
s T3t 12( 2 )
in 1 tl 1 t
APt = §(Pt1 +Pu)1nz + §(Pt + pu, ) In u—1+
t vmMA t vmMA
+21n—llnu+21n—lnu+
U AEES Uy A\ JEEZ

1+ c_ . (1—c . [(14c o (1—c_
—|—L12<—2 >—|—L12< 2+>—L12< 2+>—L12< B) ),
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where
M m s
L = 1 —_ = 1 _ s — 1 _—,
e S VIR YoM
S1 —t —tl
s — 1 _—, g 1 _—, = 1 —_—, 1.46
Poo = PP P T T (1.46)
=In—— =In—=, ¢ = cos ( ), ¢=cos( )
Pu=n P =N P-aL); W=,

and €,e4 are the energies (in c.m.s.) of electron, muon, and A is the «photon
mass».

Let us now consider RC arising from the Dirac form factor of leptons and
vacuum polarization (the Pauli form-factor contribution is suppressed by a factor
m? /s in our kinematics). They are:

TS + T 51
Ayt Bvae = =07t (ReF (W) + ReH(sl)>+
QTM Tint
il (ReF (iz) +Re H(s)) (1.47)
m

Ty
with
Rr(i)—(l n 1)(1 L) = (o + 12 - X +L)+7r—2
e 2 = |(In h\ Ps 4 Ps 4 Ps 3 5
S1 M 1 1 ’7T2
Rel’ (W) = (1117 - 1) (L =psy + L) = 7(psy = L)* - 7Ps L)+ =,

ReTl(s;) = ReTI®(s;) + ReIl¥(s;) + Re " (s;) + Re 1" (s;),
. 1 5 1 5
Rell®(s;) = 5(ps; + L) — 5, Rell"(s;) = 3(ps, = L) — 5.

Here s; is the kinematical invariant s or s;. The contributions from the vacuum
polarization from the heavy lepton 7 and hadrons II7,II" are given in [78].

1.2.2. Calculations of Box-Type RC. Consider now amplitudes arising from
box-type FD. There are twelve FD of such a kind, or 48 squared matrix elements.
In calculation we restrict ourselves by consideration of only three of box-type FD.
Really the total contribution of interference of box-type and Born amplitudes can
be expressed in the form:

Re SMpox Mg = (1+ P)[(1 — P)BE(ME)* + (1 + Py)BE(ML)*],  (1.48)

with M§ + M} = My, M§(M[') being electron (muon) block emission part of
the Born matrix element; B is the electron emission part of contribution to the
box-type amplitude with uncrossed photon legs. Note that calculating the B¢ we
must consider the pentagon-type FD and two remaining ones.
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The substitution operators P; o work as

Pif(py,p—5a+,9-, k1) = f(q+,q-;p+,p—; —k1),
Pof(py,p—5a+,9-, k1) = f(p+,p—5q—,q+, k1)-

(1.49)

The operator P, «changes» the photon emission from electron line to muon
line. The application of operator P, permits one to obtain the contribution from
FD with crossed virtual photon lines. As a result, we obtain:

tt
Apox = —(ps + pa) In — + ARV, (1.50)
uuUy

The expression for AR is rather cumbersome.

1.2.3. Vertex-Type FD. Let as now consider the contribution arising from FD
with vertex-type insertions V'¢. The other vertex contributions appear from these
ones by using substitutions

ReXMyere My = (14 P1)(1 + P5)Ve(M§)™, (1.51)
with operator P; defined as

P f(p+,0—5q+,9-, k1) = f(p—, P+, 445 q—; F1)- (1.52)

The total answer for vertex-type contribution reads:

lTe + (1/2)Tz

B =~ LI 4 L2 L) pat )=l 1)+ ()]
— 5 L G~ )2 42000, — D)or — 1) = B(pes — 1)+ A (o).

1.2.4. Master Formula. Extracting the explicate dependence on vacuum

polarization in the form and collecting the leading and nonleading terms

1
1 —1IJ?
arising from soft-photon emission, vertex and box-type FD contributions, as well
as lepton form factors, we arrive to the formula:

Agoft + Abox + Avert + App = Ajaq + AnL. (1.53)

This expression is free from the infrared singularities as well as from squares
of large logarithms. The form of Aj..q is consistent with renormalization group
prescriptions:

2
(67 « S
1+;Alead = (1-'—%111 mgPA(6)> X

a s a s
X (1+—1HMI2PA(6+)) (1+—1 !

= o HWPA(S_)) +0(a?), (1.54)



22 ARBUZOV A.B. ET AL.

with Pa being the § part of the kernel of evolution equation:

A
Pal(e )—2ln—€+g,
1.55)
Ae 3 (
Pa(es) :21115_5 +3

An additional hard-photon emission contribution in leading logarithmical order
can be taken into account using the quasi-real electron’s method [5]. It results in
the replacement Pa by the whole kernel of evolution equation of twist-2 operators

P(z) = PW(z) = lim [PAd(1 = 2) + Po(2)],

) (1.56)
3 1
Pa=2lA+2, Po(z)=O(1—A—2)—12
2 1—=2
As a result, we arrive to compact form of the cross section:
doe’ e = n k1) : ;
g - ) - b)
gr P+:9—, 9+, k1 :/d%l/dw><
dz _
/ / +D xla DE(:L.Qas/B)DM (y_vﬁ1> DM (yivﬁ1> X
z_ Z4
e ete—utu~
% ( +;K) do® ¢ wot 'Y('rlp—a'er-i-aQ—vQ-‘rakl)
‘1 — H(smle)P dF1 ’
Z+ S S1
==, == (m-1), ( 5= 1) (157
QR+ R B = o (Hm B = N (1.57)
and the structure functions D(z, s) having the standard form:
T =6(1—2)+PY ()8 +.
Dee,f) = 6(1 =) + PV (@)3 .

Dy(y, 1) = 6(1 —y) + PM(y)B1 +.

The phase volumes entering the left and right parts of master equation are
different:
d3q_ d3qy d>ky

dl’' = 1) _ - —q_ —k
= o o (p+ +p 4+ —4q 1),
BOQ_ dQ, Pk
dr, = Q-dQ L5(apy + 219 — Qs — Q_ — k1), (1.59)
E. B o
Ei = Z—i&?i.

Y+
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The lower limits of the energy fractions integrations x,,, y,, are determined by
the experiment setup conditions. The quantity K (the so-called K factor) collects
all the nonleading contributions. It has contributions from virtual-, soft-, and
hard-photon emission terms. In Table 1 we give its value for typical experimental
points of the considered process keeping all contributions except ones arising
from additional hard-photon emission.

Table 1. Numerical estimation of K factor

N y- | y+ c- ¢+ | Anw
1 1059066 | 029 | -0.06 | 6.77
2 1067 | 067 | 0.50 0.30 | 3.24
3 1068 | 0.65| 069 | -0.50 | 8.68
4 1059 | 056 | -030 [ -0.30 | 8.35

Without additional calculations we can obtain, by the analogy with the result
given above, the cross section of crossing process — radiative electron—-muon
scattering:

e—(p1) + p—(q1) — e—(p2) + p—(g2) + (k1) + (7). (1.60)
It can be constructed in complete analogy with the Drell-Yan form of cross

section of above considered process eye_ — p4p—vy, using in the right-hand
side as a hard subprocess the Born cross section:

dog” (p1, q1;p2, 2, k1)

dlepiy
3 2 2 2 2
_ 2a (P192)” + (p1g1)” + (p2q1)* + (p292) W, (1.61)
1672 (p1q1) (P1p2)(q192)
with
d3qs dPpy 3k
dre/w = ﬁﬁ—l(SZl(pl +q1—p2—q2 — kl)v
420 P20 Wi
(1.62)

2
b1 a1 P2 q2
woo o (Bl ) |
(pl ki qkr peki qoka
It is worth to note that the value of K factor for the last process is not known.

All the used 1-loop integrals of scalar, vector, and tensor types are presented
in Subsec.3.1.
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1.3. Target Normal Spin Asymmetry and Charge Asymmetry for ey Elastic
Scattering and the Crossed Processes. We give here an accurate description of
the process eii — efi(7y); ee — pf(7y) in the framework of QED, in order to
provide a basis for the comparison with experimental data [14]. High precision
experiments on the processes ee — 77 and ee — pp are planned in future ¢ — 7
facilities. Moreover, the possibility of colliding ey beam facilities has been
discussed in the framework of programs on verification of SM prediction.

The obtained results can also be applied, as a realistic model, to electron
(positron) scattering on a point-like hadron (proton).

It is known that in Born approximation the differential cross section of elastic
proton—electron scattering

e(p1) +p(p) — e(@)) +p®) (1.63)

can be expressed in terms of two-proton form factors, F172(q2), which are func-
tions of a single argument, the momentum transfer squared, ¢> = t.

Taking into account two (and more) photon exchanges leads to a general-
ization of the Born picture, namely the amplitude of ep scattering depends on
two Mandelstam variables, the total energy s and ¢. The virtual photon Compton
scattering amplitude is a rather complex object, which can be expressed in terms
of 12 chiral amplitudes. Nevertheless, taking into account parity conservation and
omitting the terms of order m./m,, (which are responsible for chirality violation),
we can reduce the number of relevant amplitudes to three [33]:

M(Q)—@a(’) (p1)
=7 P1)Ypu(p1)X

FQ(S, t)
2M

X (D) | Fy(s, 11 — e+ 1 Fas, 0001 + 50+ ) u(p), (164
with ¢ = p1 — pj, s = 2p1p.

The explicit calculation, given in this Subsection, permits one to extract the
individual contributions F%, F5, and F3, in the framework of QED. The infrared
divergency is cancelled when the relevant soft-photon emission is correctly taken
into account.

Charge-odd and backward—forward asymmetries appear naturally from the
interference of one- and two-photon exchange amplitudes in the framework of
QED and SM due to Zjp-boson exchange in the Born approximation. But at the
energy range reachable at ¢ — 7 factories, the relevant contribution of SM type
is [32]:

odd
j;;ED ~ Mi%avaa ~5-107° 3< /5 <5 GeV, (1.65)

which is quite small compared to QED effects.
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The accuracy of results given below is determined by

2 2 2
o(m_ me m_) ~0.1% (1.66)
My T ''p

and the contribution of higher orders of QED «/m ~ 0.5%. Moreover, we assume
that all the velocities of the final heavy particles are finite in the annihilation as
well as in the scattering channels. This is the reason why Coulomb factors are
neglected.

1.3.1. Process et +e~ — pt + = () TPE Amplitude. At first, we consider
the process of creation of u+u™ pairs in electron—positron annihilation:

e (pr) +e (p-) = nh(as) + 1 (g-) (1.67)
The cross section in the Born approximation can be written as

2
dng = LH2 -5+ 5), (1.68)
M

with s = (p +p_)%2 = 4E?, 32 =1 —4m?/s, E is the electron beam energy in
the center-of-mass reference frame (implied for this process below); m,m. are
the masses of muon and electron; ¢ = cosf, and € is the angle of p_-meson
emission to the electron beam direction.

The interference of the Born amplitude

My = “ 0l pp(p- )l v (as)

with the TPE amplitude My, results in parity violating contributions to the
differential cross section, i.e., the ones, changing the sign at 6 — m — 6. As a
consequence of charge-odd correlations we can construct:

_do(0) —do(m —0)

A(0,AE) = Ton @) . (1.69)

Here we take into account as well the emission of an additional soft real photon
with energy not exceeding some small value AE, so that A(f, AFE) is free from
the infrared singularities.

There are two TPE Feynman amplitudes (Fig. 1). We calculate only one of
them, the uncrossed diagram with matrix element

_ g2 [k alg-)Tv(qr) x 0(p+) Zu(p-)
M, =ie? [ ey

(1.70)
(A)=(k—AP-—m2, (Q)=(k=-Q)P2-m? (Pr)=(kTP)?-)\,
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Fig. 1. Feynman diagrams for two-photon exchange in ee — pji process: box diagram (a)
and crossed box diagram (b)

with A-«photon» mass and

T =yalk—=Q+m)ys, Z=np(k—A)ya,
(1.71)
1 1 1
A=+ —p-) Q=350+ —¢-), P=5p++p-)
We will assume s
m2:Z(1_52)N3~—t~—u. (1.72)
The explicit form of kinematical variables used below is:
1 1
A?=-P?=-2 Q*=-2sf, o=AQ=1(u-t),
(1.73)

w=(p- =)’ = =21+ 52 +280), t=(p-—q)* = —T(1+ 5~ 26c).

The contribution to the cross section of the amplitude arising from the crossed
Feynman diagram (Fig. 1,b), Mj, can be obtained from M, by the crossing

relation
dog(s,t)  dop(s,u)

1.74
i, aQ, (1.74)

which has the form
dog(s,t) Ba’

dQ,  2ms?

Re [R(s,1)], (1.75)
with

d4k 1
Ris,t) = / i (NQ)E (P

1
T [(@- +m)T(as —m) 7] x
1
X 1 Tr (P4 Zp—,). (1.76)

The scalar, vector, and tensor loop momentum integrals are defined as

LT _ d'k 1§ky§kuku
I3 ‘]*“J“”‘/ i (A)(Q)(P)(P)’ 177
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Using symmetry properties, the vector and tensor integrals can be written as
J/L :JA'A;L+JQ'Q/L7 (178)

J;w = KOQ/LV"'KPID;LPV+KQQMQV+KAA;LA1/+K$(Q;LAV+QVA/L)~ (179)
The quantity R(s,t) can be expressed as a function of polynomials P; as

R=P.J+ Pya + PyJg + PuKo + PsKa + PsKg + PrKp + DK, (1.80)

where the explicit form of polynomials is given in [29]. Using the explicit
expression for the coefficients Ja, ..., K, (see Subsec.3.1) we obtain

R(s,t) = 4(0 — A?)(20 — m?)F 4+ 16(c — A?)(0? + (A%)2 — m?A?) T+
4[(A%)?2 - 3A%0 + 202 — mPo|Fg + 4[2(A%)% — 2A% + 207 — m? A% Fa+
+4[(A%)? + A%0 + m?A%Gg + 4[— (A2 + 0 — 2m* A% Hg, (1.81)

with the quantities /' — H¢ given in Subsec.3.1. Finally the charge-odd part of
differential cross section has the form

dUVllt ( ) - _ @Dann’
aQ,, odd 27s

(1.82)
DY = ~[R(s,) ~ Rls,u)] = (2~ + F*) In G - 2) 35 + DV

and
D = (126 + B22) {1+ﬁ21+2ﬁc <ln1§ﬂc+ln%> _
1+ﬁ2—25c< “+n _>]+
+e[o0) (5 -1 ) ﬂi I N
St T LR, (%)
i (| - e L e
9L, (%) 9L (%)] (183)

where ¢(8) = sFg, Fg is given in Subsec.3.1. The quantity D*"* — D"
suffers from infrared divergences, which will be compensated taking into account
the soft-photon contribution (see below).
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1.3.2. Scattering Channel. Let us consider now the elastic electron muon
scattering

e(p1) + u(p) — e(py) + u(p')

which is the crossed process of (1.67). The Born cross section is the same for the
scattering of electrons and positrons on the same target. Taking the experimental
data from the scattering of electron and positron on the same target (muon or
proton), one can measure the difference of the corresponding cross sections which
is sensitive to the interference of the one- and two-photon exchange amplitudes.
For the case of proton target, in the Laboratory (Lab) frame, the differential cross
section as a function of the energy of the initial electron, F, and of the electron
scattering angle, 6., was derived in [23]:

do®?  a? cos?0./21 [F3 +1F%

dQ  4F?sin'6./2p| 1+7

Oe
+ 27F3, tan? 5|

(1.84)

1+2E,29e —t E? 0.
= —sin®—, T7T=-—5= sin® —
P m 27 4m?2  m?p 27

and it is known as the Rosenbluth formula. The Sachs electric and magnetic
proton form factors, F'y and F);, are related to the Pauli and Dirac form factors
by Fg = F| — 7F,, Fjy = Fy + F5. For the scattering on muon, one replaces
Fy =1, F> =0 and Eq. (1.84) becomes

doy'  a?(s? +u? + 2tm?)

aQ 2m?2p2t2 ’

(1.85)

S
5s=2p1p=2mE, t==2pipi, u:—2pp'1=—;~

The charge-odd contribution to the cross section of ep-elastic scattering is:

dasﬁ.t 0‘3 SC
( . )Odd T 2rm2p? ReD™,
(1.86)
D = 11D(s,1) = D(u, )] = 2[* +u? + 26m?) In —% In =% 4 D¢
t ) ) t2 s )\2 virt»

with

s—u |l o[-t T —t 272
D¥..=——|=1 — | ———h|— Z|67+2—
virt t {2 " <m2) 1+7 n<m2>+ <T+ 1+T>}+

2 2
L D NC DL B D) S (L | (N B NC TG!S (F LI |
t —t s t t U
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(1 - 27—) S _t 2 —Uu 2 S 2
+ (—an) 21n — In 3 +1In - In (m2) + 77+
2 2
+2Lig (1 + m—) — 2Liy (1 + m—>:| + (2m2 — ﬂ) X
S U t

2 _ 2
Ins/m* In—u/m (1.87)
m2 + s m2+u
and
1 . . 2T
Z=——oo 7>+ In(47)Inz + Lis—2v/72 — Li —},
4 T(1+7')[ ) ’ *Va
(1.88)
. V14 T4+ T
VItT—T

1.3.3. Soft-Photon Emission in the Scattering Channel. Charge Asymmetry.
In this Subsection the emission of soft real photons in the Lab reference frame for
ey scattering is calculated. Following the recept of 't Hooft and Weltman, [21],
see also [34], we obtain for the odd part of the cross section

do.:oft 3 (2 2 21 2 2 AE2
® __Ol_(s +u® + m){anpln |:( P ) :|+D:gft}v

aQ o7 2m2p2t2 A2z

(1.89)

1
s = —2Liy (1 - —) + 2Ly (1 - 3) L o=
P T

The sum (da;’,ift + dazzft)odd has the form

d virt d soft 3 2 2 2 2
ol oo _ o (s*4u*42tm?) 9 pn (2pAE) +g|
dQ, dQ, . 2mm?2 p? 12 t

(1.90)

(1]

tQDsq
— R _ virt _ Dsc
¢ [ $2 + u? + 2tm? SO&]

and it is independent of the photon mass .
The function = is shown in Fig.2 as a function of cos 6. for given E/m.
The ratio between the difference and the sum (corresponding to the Born
cross section) of the cross sections for e* s scattering is:

do¢ r—e n(v) _ goetu—etu(n) 4,

_a (2pAE)°
doeth—etu(y) & dge n—e n(v) [“ —2Mnpln [T (1.91)
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E(E, cos 0)

PO ST ST TR (ST SR TR T S il S ST
-1 0.5 0 0.5

cos 6

Fig. 2. Z(s, cos ) for E = 5m (dashed line) and E = 10m (solid line), m is muon mass

1.3.4. Soft-Photon Emission in Annihilation Channel. Charge Asymmetry.
The odd contributions to the differential cross section for the process et +e~ —
w4+ p~, due to soft-photon emission, has the form:

etem—ptu=(y)
(d soft )Odd =

« A3k p— P+ q+ q-
—d = - 2= - _ = . (192
70 ( 271'2) / w ( p_k * pik awk  a-k) g pene (192

Again, the integration must be performed in the special frame SY, where p, +
Pp— — 4+ = G- + k = 0. In this frame we have

(- +k)? —m?=2(F_ 4+ w)w ~ 2mw =
=(py +p-—qi)?—m?=4E(E —¢;), (1.93)
m
E—cey =_——Ae.
E4 ok 3

In the elastic case E — 5‘_11 =0, and the photon energy in the Lab system is
m
AE=¢% —ey = —Aec. 1.94
€4 &+ = gpbe (1.94)
The ’t Hooft—Veltman procedure for soft-photon emission contribution leads to

dots _ don 20
dQ — dQ «

_|_ Dgnn

2
n<4EAE) 1 14 Be (1.95)

mA nl—ﬁc
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with

ann_l i _2/6(1+C) 1 i 2/6(1_6) _
b _2L2<(1—ﬂ)(1—ﬁc)>+2L2<(1+ﬂ)(1—ﬂc)>

1. [ —28(1-¢) 1, 26(1 + ¢)
B ((1 ~B) +ﬁc)> B ((1 o) +ﬁc)> - (199

The total contribution (virtual and soft) is free from infrared singularities and has
the form
daann QSIB

o=@ FAT, T =2

14 fe 2AF
Ty In (—) + ®(s,cosb),

m
(1.97)
D{a/nn

232+ 322
with D™ given in 1.83. The quantity ®(s,cos ) is presented in Fig. 3.

®(s,cos6) =DY" —

D(s, cos 6)

PR S [N T TR T S |
‘~J).\5_‘0059 1

!
-~

Fig. 3. ®(s,cos 0), for s = 10m? (dashed line) and s = 20m? (solid line), m is muon
mass

The relevant asymmetry can be constructed from (1.69)
4
A=y (1.98)
0

1.3.5. Crossing Symmetry. In this Subsection we formally consider the rela-
tions between the kinematical variables in the scattering and in the annihilation
channel, et + e~ — p + p. The reduced form of the differential elastic ep-
scattering cross section, commonly used, is defined as oyeq = 7F3 + cF2, and

it is related to the differential cross section by
do a?cos? 6. /2 1
-5 — OMOreds; OM = N )
1719] Mred M= 4E2sin? /2 pe(147)
1

°T 1+2(1+7) tan? 6. /2’

(1.99)
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where ¢ is the transverse (linear) polarization of a virtual photon and varies from
e=0, for ., =7, to e =1, for 6. = 0.

The crossing relation between the scattering channel e + p — e 4 p and the
annihilation channel e™ + e~ — p + D consists in replacing the variables of the
scattering channel s = 2p;p = 2Em and Q% = —t according to

m?+s—t=-2E*1-pc), Q*— —s=—4E% c=cosf, (1.100)

where 0 is the angle of the antiproton with respect to the incident electron, in
the c.m.s.
The following relation holds for the annihilation channel:

(t—u)?

2
0= ——<
o8 s(s —4M?2)’

s+t—+u=2M?> (1.101)

On the other hand, in the scattering channel, one has:

14+¢e cot?0./2 (s —u)? 9
1—c  1+r oo 9Tt (1.102)

Therefore one proves the validity of the crossing relation:

1
cosf = |5 =y (1.103)
1—¢

based on the analytical continuation from the annihilation channel to the scat-
tering one. This relation was derived in [36]. Using this relation and the

d
property of the 2+ contribution to the annihilation cross section (%(9)) =
2y

do do
—| == — 9)) , le., (—(9)) = cos ff(cos® 0, s), we have for 27y con-
(dQ 2y dQ 2y

tribution to ep-elastic scattering

dAo
dQ.

FW2, Q%) = co(Q*) + y*c1 (@) + y'e2(Q%) + . ..

This property follows from the change of the sign of the contribution for vir-
tual and real photon emission when the (s < u) transformation is applied (see
Eqgs. (1.87), (1.89), (1.90) and relation (1.102)).

This form of the contribution of the interference of Born and TPE amplitudes
to the differential cross section derives explicitly from C invariance and crossing
symmetry of electromagnetic interactions and excludes any linear function of ¢
for a possible parameterization of such contribution.

(e p— e p)=yf(y*Q),

(1.104)
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Let us note that not only the elastic channel must be taken into account:
the interference of the amplitudes corresponding to the emission of a photon by
electron and by proton must be considered, too.

Evidently, the relations derived above are valid for the considered processes
with electrons and heavy lepton setting, respectively, Fg = Fiy = 1.

1.3.6. Derivation of the Additional Structure: Annihilation Channel. Let us
start from the following form of the matrix element for the process e'(py) +
e (p_) — uT(qe) + u(g_) in the presence of 27 exchange (see (1.64) [33]):

Gy o 1.,
x (g ) (Gm - E%MP + 4;G3AQM> v(qy), (1.105)

where the amplitudes G; are complex functions of the two kinematical variables
s and t.

To calculate the structure G3 from the 2+ amplitude (see Eq.(1.70)), dia-
grams (Figs. 1,a and b) must be taken into account. Only one of them can be
calculated explicitly (the uncrossed one), whereas the other, b, can be obtained
from uncrossed one by appropriate replacements.

To extract the structure G we multiply Eq. (1.105) subsequently by

ﬂ(pf)pv(m) X 0(q4 )yaulg-),
ﬂ(pf)CA?v(m) X @(qu(q,), (1.106)
u(p-)Qu(p+) x v(g+)Au(g-),

and perform the summation on fermions spin states.

Solving the algebraical set of equations we find

1 .
Gl = Fiemio {(8B" + A*B?sin* 0)(1 — B cos® 0)—
—4C*Bcos 0 [2 — (1 + cos? 6)] } ,
.1 o )
G2 = Giante {B(1 — B*)(A*Bsin? 6 — 80 cos 0)+ (1.107)
+4B% [2 — 3*(1 + cos® 0)] }
G3 1 [—A“ﬂQ sin? @ cos  — 8 B* cos § + 43C*(1 + cos? 6)] ,

- PBsin'e
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with

u d*k 1 1 o 1 R

A :/Zﬂ__Q(A)(Q)(P+)(P_)gTr(p+Zp*’7/\)ZTr[(Q*+m)T(q+_m)7/\}v
@ = d4—k ! m T (P Zp Al r{(q m . —m

5~ [ e - Bl + T (1?0 )
@ = d4—k ! i T (P Zp Al r{(q m G —m)A
¢ - [ a0 20-Q 3 Tl + m) T = m)AL,

The explicit value for G is:

. 2 1
Gs = 53(17502)2{561@(1 - ) (1 - Be)+

+ %HQ52(1 ~ (=31 56%) — § — B+
+ Facll — 432 + 28" + *32(3 — 46%) — 28¢(1 — 26°)]+

+ Fof [—CQ + e (—% — 452 + §c2> - (—% +26%2 + 202)} _

—2Js3%c(1 — ) (1 - A - pe)+

+ Fe (14 8% — 28" —4B%c? + Be(—3 + 487 + 28 + B°c?)] } (1.109)

The contributions from the crossed Feynman diagram can be obtained from
Eq.(1.109) by

(A B®, C%)eros = —[A%, B, C%(cos ) — — c086)]uncros- (1.110)

The parameterization (1.105) for the contribution to the matrix element arising
from box-type diagrams in terms of three additional functions G, (s,t), i =1,2,3,
suffers from infrared divergencies, which can be eliminated by taking into account
soft-photon emission expressed in terms of structures G1, G2, Gs. This procedure
results in replacing In (m/\) with In A.

1.3.7. One-Spin Asymmetry Caused by Proton Polarization. Let us consider
now the process of electron interaction with a heavy lepton (point-like proton).
For clearness, the expressions are written for the proton case. For the interaction
of electrons with heavy leptons, p or 7, one should take Gg = G = 1 and use
the relevant mass replacement.
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The target spin asymmetry for heavy-fermion production process et (py) +
e (p-) — plg+) + p(g—) (in c.m.s. frame) is defined as

T — do!

% — (an)R., (1.111)
where a is the proton polarization vector; n = (q— X p_)/|q— X p—_| is the
unit vector normal to the scattering plane; do' is the cross section of processes
with proton polarization vector a, do' is the cross section of processes with
proton polarization vector —a. Thus the denominator in the left-hand side of
Eq.(1.111) is the unpolarized cross section of process ete™ — p + p which is
well known [38] (for the case of proton—antiproton creation):

ete™—pp 2
% = % [(1+cos?0) [Gu[” + (1= 3) |G sin0] ,  (1.112)

where 3 = /1 —4M?/s is the velocity of proton in c.m. frame; s is the total
energy square, and 6 is the angle between vectors q_ and p_.

The difference of cross sections in (1.111) is originated by the s-channel
discontinuity of interference of the Born amplitude with TPE amplitude

do! —dot ~Re) (Al - Arpp + Aa - Afpg). (1.113)
Using the density matrix of final proton u(p)u(p) = (p + M)(1 — ~5a) one gets

(47a)? (2mi)?

Re) (A% - Arpp + Ao - Afpp) = 32— —

Re (Y),

dk 1 1 s anoph Ay
Y:/M—QWXZTF[PWPW (k A)V}X
1

x 3T (6= M)(=15a)7a (' + M)y (k= Q+ M)y | . (1.114)

Performing the loop-momenta integration, the right-hand side of Eq.(1.114) can
be expressed in terms of basic integrals (see Subsec.3.1)

Re(Y)=4M(a,A,Q,P)Im (Fy — Gg + Hg), (1.115)

where (a,A,Q, P) = e"*?a,A,Q,P, = (v/s/2)*(an)3sinfd. Using the ex-
pressions listed in Subsec.3.1 we have:

Im (Fg — Gq + Ha) = T4(8) =

T (1—,32 1+
B 1-p

P ln——2>. (1.116)
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Fig. 4. Asymmetry R,, for the case of
structureless proton for energies s =
5 GeV? (dashed line) and s = 15 GeV?

—0.0005
—0.001

Fig. 5. Asymmetry 7, in the case of
structureless proton for £ = 5 GeV
(dashed line) and £ = 10 GeV (solid

(solid line) line)

Thus, after some algebra, the following expression for spin asymmetry can
be obtained for the processes e™ +e¢~ — p + p:

R, — 2@% O (6) sin 6

Vs 2— (2sin® 6’
and it is shown in Fig. 4, as a function of 6 at several values of s for the case of
structureless proton.

Such considerations apply to the scattering channel when the initial protons
are polarized. Similarly to (1.116) one finds

(1.117)

s

(1.118)

(note that the s-channel imaginary part vanishes for the crossed photon diagram
amplitude). The contribution of the polarization vector appears in the same
combination

ME?

1
(a,A,Q,P) = §(a,p,p1,q) = sin f(an). (1.119)
The single-spin asymmetry for the process e~ + p — e~ + p (the initial proton

is polarized) has the form:

do! — dot
- _ T, 1.120
dol + do! (an) ( )
with
« 52 € 0
Ty=———"(1 sin 0 tan? —. 1.121
a0 s 7 A T gy im0 tan (121

This quantity is shown in Fig. 5 for the case of structureless proton as a function
of 6, for two values of s. The asymmetry decreases when the c.m.s. energy
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growth, so in experiment it is useful to measure the asymmetry near the threshold
of proton (or heavy lepton) production.

The results obtained here, for the processes e*p — e®p(7y) are particularly
interesting in view of the experiments planned at Novosibirsk and at JLab as well
as et 4+e~ — NN (v), which can be investigated at Frascati and Bejing (see [37]
and references therein).

1.4. Compton Tensor with Heavy Photon in the Case of Longitudinally
Polarized Fermion. In the case of unpolarized fermions the Compton tensor
with heavy photon was calculated in papers [8] years ago. It accumulates a
considerable part of radiative corrections and can be used as a building block in
calculations of various processes. This
tensor was used for precision calcula- ©
tions of radiative corrections to Bhabha
scattering at LEP, cross section of deep
inelastic scattering with tagged pho-
tons [76], and other.

We will restrict ourselves here in a b
considering only that part of the Comp-
ton tensor which contains the degree of
polarization of the initial electron. The
absence in literature of a closed expression for this quantity and the importance
of it for many applications is the motivation for this investigation.

Let us consider the process (see Fig. 6)

Y e P ky P2

y* q

Fig. 6. The Born-level Feynman diagrams
(a — for t-type, b — for s-type)

7*(q) + e(p1) — (k1) + e(p2),

(1.122)
¢* <0, k=0, pi=pi=m’ pit+g=p2thki,
where m is the electron mass.
The Compton tensor is defined as
Kpo = (87ma) 2XMET 7V (MET )", (1.123)

where the matrix element M describes the Compton scattering process (1.122).
It reads

«
Mp = MOp + Mlp = ﬂ(pQ)OPMu(pl)el)t(kl)v Opu = 01(7(24) + Eo(l)

pH

p2—q4+m prtd+m
%w +m%7p, (1.124)

s=2poky, t=—2piki, u=-2pip2, ¢ =s+t+u.

00 — Yo

i

The quantities O,()%) and O,()L) take into account the lowest and the first orders of
perturbation theory, respectively.
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Calculating the first order correction, we will assume that all kinematical
invariants of the process to be large in comparison with the electron mass squared:

s~ —t~—un~—¢ > m?. (1.125)

So, we will neglect the electron mass in all places, where possible. Note that for
the unpolarized case in [8] the mass was taken into account.
The Compton tensor defined in (1.123) is a Hermitian one by construction:

Koy = K2, (1.126)

We will separate the contributions, associated with the electron polarization:
o
4
0 0 1 1
K,, = Bys +&P,,, K, =T +&P,,,

KPU :KSU+ (K;U+K;;)?

(1.127)

where ¢ is the degree of the initial electron polarization. Quantities B,, and T},
correspond to the case of unpolarized electron:

Byo = Bygpo + B11P1pD1o + B22P2,D20,

1 1 1
By = E[(s +u)® + (t +u)?] — 2m*¢? (S_z + t_2>’ (1.128)
5. A sm? _ A sm?
T s 20 TR g 2’

where the new variables

dpqo ~p P pl,2qu

Jpo = Ypo — 2 P2 =DPi2 — 2 (1.129)

provide an explicit fulfillment of gauge conditions: ¢,K*° = 0, g-K*7 = 0.
Quantity T),, has a rather cumbersome form, it is given in [8].
For the case of the most general form for the electron polarization vector

Yu(p)u(p) = (p+m)(1 — &vsa), (1.130)

one obtains (see also [51,52])

a — 2paa a afl 1
Py, = 4m{(p1qpa)% + (p2gpo) {q— + 222 (— - —>:|+

S
2
+ (gapo) {q— L —m2<8i2 + %)] } (1.131)
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where we used the notation
(abed) = i€qpy5a°b T dC. (1.132)
This object obeys the Shouten identity:
(abed)ef = (fbed)ae + (afcd)be 4 (abfd)ce + (abef)de. (1.133)

Below we restrict ourselves by considering only the case of longitudinally
polarized fermion:

Su(pr)u(pr) = p1(1 = &vs)- (1.134)

This is the most interesting case for physical applications. In the Born approxi-
mation we obtain

_ 0 @ 51
Foo =€ | Poo + 37 P00 (1.135)

2
P) =P+ P = (1) (Prapo) + (u+ 5)(p2gpo)].

The upper indexes ¢t and s mean the contributions of Feynman diagrams (see
Fig. 6). It is useful to present the explicit expressions for Pg;vs:

Poy = L [4(p1p290) (p1p + P2p) + 2(t — 8)(P1p2po) + 2(s + u)(p2qp0)],

slt (1.136)
Py = g[—4(p1p2q0)(p1p + p2p) + 2(s — t)(p1p2po) + 2(s + t)(p1gpo)].

It is easy to check the following relations:

G Py = GoPpe =0, (Py")" =P, Prtq, =0, Ppr'ee #0. (1137)
Note now that we may consider in calculations only half of the full set of eight

Feynman diagrams in 1-loop level drawn in Fig.7, namely, the diagrams a, b,

e v e Pi ky P2 P & P2 D ki /D2
k
v q
a b c d

Fig. 7. One-loop virtual ¢-type Feynman diagrams with photon emission by the initial
electron
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¢, d. Really the whole contribution may be obtained knowing the values of the
contributions arising from Feynman diagrams (Fig.7) using the rearrangement
operator:

P, = (14 H)(1 = P)(P™" + P'* + P!, + P33, (1.138)

where the operator P is defined as

PF(pv 0,P1,P2,4, S, t) = F(P» 0,p2,P1, 4, 8)7 (1.139)
and the Hermitization operator H acts as

Hayo = al,. (1.140)

Note that PP)%¢ = — PO, The last term in Eq.(1.138) describes the contribu-
tion due to the emission of additional soft photon [8]:

soft _ p0 g¢soft

Ppa _Ppa(s )

5soft__47ra/d3k o p2\’
16w ) w \pik pek

1 1 €1 2 . U —u
22— C-m?2 2 41 L,=In—. (1.141
+2 w3 n o 3 + 12( +45152>], nm2 ( )

[e%

= _{(Lu_l)lnw

)\26162

™

w<Ae

Here Ae is the maximal energy of additional soft photon escaping the detector;
quantities €12 = p‘fz are the energies of the initial and the final electron in the
laboratory reference frame (rest reference frame of the target).

Considering the contribution of Feynman diagrams (Fig. 7, a, b), we may use
the result given in the preprint of paper [8], namely

(Mg + Mg)(~i(dam)*) ™" =

_ 2ﬁa(pz)% [mAl (é e ) +A21%1é} u(pr). (1.142)
T p1k1

Note that this result may be reproduced using the loop integrals list given in the
Appendix of [57] and the standard renormalization procedure. We see that only
structure in front of coefficient Ao survives in the limit m — 0. After simple
algebra we obtain:

20 — 1
ab __ t
P =2

[2(p1p2qo)p2p + (u + 5)((p2gpo) — (Prp2po))],
(1.143)
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The remaining Fig. 7, ¢, d contributions have the form:

1 [d% 1 1 - -
Ple——- [ 2>~ “Trp po — K)o (Pa — G — k) X
[ in? agazag 4 T oy (P2 )Yo (D2 — 4 )

X (D2 = @150, (1.144)

and
d*k 1 1 . R
Pld: —7_’:[‘”‘ A_ko—A—A—kX
pe i apaiasag 4 rp27A (P2 1o (P2 —q )
X (b1 — k) p1y:00,,  (1.145)
where

a0=k2—)\2, a1:k2—2p1k,
(1.146)

ay = k> = 2pok, aq = (p2—q—k)* —m?,

and the matrix 02# differs from Ogu (see Eq. 1.124) by reversal order of gamma
matrices. Using the integrals given in the Appendix of [57] one may perform
the loop-momenta integration in right-hand parts of expressions for P'¢, P'¢ and
obtain the total expression for the Compton tensor. Its explicit form will be given
below.

Now we will concentrate our attention on the terms containing the infrared
singularities. There are three sources of them. The first one is the renormalization
constant

A
Zi=1- 2 (i iom 2+ ?) Liomd (1.147)
2 m 4 m?

which is needed to remove the ultraviolet divergence of the vertex function,
entering into P'¢. The next source is a part of the box contribution P'?¢, which
comes from the terms from the numerator which does not contain loop momenta.
Really for the Feynman diagram Fig.7,d they are associated with the scalar
integral,

d*k 1 1 m 2 q>
I=| ———=—2L,In— - L2+2L,L, — — —2Lis (1 — = | |,
im? apaiazaq  tu ) q T2k 6 2 ( u )]
(1.148)
_g?
Lq =In W

The third source is the emission of additional soft photons, which was given
above. The infrared singularities are cancelled in the total sum.
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Let us consider the contribution from one—loop corrections (see Fig. 7, a—d)
P, =(P"" 4+ P+ P, (1.149)
Extracting the leading logarithmic terms and infrared singularities, we may
present it as follows:

m
P, =Py {—Li —4(Ly = 1) In -+ SLu] + R (1.150)

After Hermitization and rearrangement operations and adding of the soft-
photon contribution we arrive to the result

Ae)? 3
Ppgngg{1+%[(Lu—1)m%+—

2
1 €y T2 . 0 Q
w22 . iy (cos? 2 YR,
SR 12(“’5 2)”+4w 4

uantities an - collect nonleading terms. ey are free from infrare
tit Rfm d R, llect leading t They free fi frared
singularities.

Tensor RZU can be presented in the form:

L,—

R, = A(2q0p) + B(1qop) + C(1290)p1,+
+ D(12q0)p2p + E(12q0)q, + F(120p).

The coefficients A — F' have a rather cumbersome form, we are not going to
present them here. Note only that they obey the condition

Cpiq+ Dpag+ Eq*> — F =0, (1.151)

because of gauge invariance in respect to index p.
The rearrangement operation acts as (we use here the designations (labc) =
(p1abe), ete.):

(1- P)R,, = (A+ B)(2q0p) + (B + A)(1gop) + (C — D)(1290)p1,+
+ (D — C)(1290)p2, + (E + E)(12q0)q, + (F + F)(120p) =
= A1(1qgop) + A2(2q0p) + B1(12q0)p1, + B2(12q0)pa2,~+
+ C1(1290)q, + Fi(120p).  (1.152)

Tests of gauge invariance gives an important check of our calculations:

¢"(1 — P)R,, = B1(12q0)p1q + Ba(12q0)paq + C1(12¢0) >+

+ F(1209) =0, ¢°(1 = P)R,s = Fi(12gp) = 0. (1.153)
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The above conditions yield

=0, Ci= _Bl% _BQ%v

) ] (1.154)
Bip1p + Bapa, + C1q, = B1p1, + Bapap.

By straightforward calculations we checked these relations to be valied.
The Hermitization gives

Rye = (1+ H)(1 - P)R!, = (A1 + A})(1qop) + (A2 + A3)(2q0p)
+ (120)[Bijr, + Bapap) — (124p)[Bifro + Bipas], (1.155)

where (a = s+t, b=s+u,c=t+u)
2 [ 2u(2s —u dus (u ub  2u® 4+ us — s?

A] = — {QLqu + - <_Lqu - 1) + - + 7qu+
st a a a c c

b
+ %L‘“’ —2¢¢(2) — 2Ly + (25 — ¢) Ly — %G+

+<u7b+c>é+5c—25],

2 2(u? — 252 —
_{8_@4(1_ (gH)Lqu) GOt A s

B
Y7 st a b cu

2 2 4 120 4s?
+= (1 + stq> + (20— ) Lo + (—2 e 2 i)Lqu+

4b? 2uc 2t 20 2b?
— Ly, 24+ ——-— |G —+ —
+tu +< +52 s) +<t+t2>

Q
_|_
N

w2 . q2 . t
G:(Lq—Lu)(Lq+Lu—2Lt)—?—QLIQ ].—E +2L12 1—q—2 5

Ay = (s —t)A;, By=—(s—t)B;, G=(s1t)G.

Note that the above expressions are free from kinematical singularities. Really,
in the limits @ — 0, b — 0, and ¢ — 0, the quantities are finite. The symmetry
between A;, By and Ao, B is because of the initial symmetry between p; and
p2 in the traces.

Thus we calculated the part of the leptonic tensor, proportional to the initial
longitudinal polarization. This tensor describes Compton scattering with one
off-shell photon, which is connected with a certain target.

The calculation allows one to obtain the correction coming from one-loop
effects to quantities observable in different polarization experiments. Let us
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consider for definiteness the task of calculation of o2 order radiative correction

in polarized deep inelastic scattering. The results for the lowest order QED
correction for nucleon and nuclear targets can be found in [51,52]. Both the
Born cross section (og) and the cross section at the level of radiative corrections
(orc) can be split into unpolarized and polarized parts

OBRC = OpRe + Eb&a?gﬂ{c, (1.157)

where &, and &; are polarization degrees of beam and target. The correction to
asymmetry (A = gP°'/gU"P):

pol _unp unp _pol
g g — 0 g
AA= BB RC_B (1.158)

TE R+ o)

is usually not large because of mutual cancellation of large factorizing terms in
Eq.(1.158). It is clear that in such cases when relatively small correction is
obtained as a difference of two large terms, the radiative correction cross section
has to be calculated with the most possible accuracy, and special attention has to
be paid to nonfactorizing terms like (1.156).

Now the new methods of experimental data processing, where experimental
information about spin observable is extracted directly from polarized part of
cross section (difference of observed cross sections with opposite spin configu-
rations) [53], are actively developed. It makes new requirements for accuracy
of radiative correction calculation. We note that there is no any cancellation of
leading contributions in this case, and factorizing terms in (1.150) give the basic
contribution.

The kinematical regions with very high y (y ~ 0.9) can be reachable in
the current polarization experiments on DIS [54,55]. In this region, radiative
correction to cross section is comparable or larger than that of Born cross section.
Basically it is originated by contributions of radiative tails from elastic and quasi-
elastic peaks. This calculation firstly allows one to obtain the contribution of these
tails with taking into account loop effects in the next-to-leading approximation.

There is one particular interesting phenomenon. Note, that P,S;) contains
not only the imaginary part, but also a certain real part, which comes from the
imaginary parts of A; and B;. The conversion of this real part of P,E},) with
the ordinary symmetrical part of the hadronic tensor will give rise to one-spin
azimuthal asymmetry for the final electron [56]. The asymmetry is proportional
to the degree of polarization of the initial electron. It is small because of the
extra power of aqgp and the absence of large logarithms.

Compton tensor for longitudinally polarized electron was first obtained in [57].
Some application was considered in [58].
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1.5. Double Logarithmical Corrections to Beam Asymmetry in Polarized
Electron—Proton Scattering. The beam asymmetry due to transversal polarization
of an electron beam scattered on (unpolarized) protons is a pure quantum effect
arising from the interference of the Born amplitude (with one photon exchange)
and the imaginary part of the two-photon exchange amplitude (Fig. 8).

e e e e
*

p p p p

Fig. 8. The beam asymmetry due to transversal polarization of an electron beam in the
lowest order

The corresponding contribution to the differential cross section as well as
to the beam asymmetry is proportional to the electron mass. Therefore, the
presence of this contribution does not contradict the Kinoshita—Lee—Nauenberg
theorem [18] about cancellation of mass singularities, since the corresponding
cross sections are suppressed by the lepton mass.

We show that the main contribution arises from the kinematical region of
loop momenta when the energy of the electron in the intermediate state, being
on mass shell, is small in the reference frame of the center of mass of the initial
particles.

The kinematics is determined by the conservation laws

e (a,p1) + P(p) + (v) = e~ (p)) + X + () — e(py) + P(p') + (v), (1.159)

where a is an electron spin. In general, the emission of real photons must be
considered, in order to avoid infrared divergences, when higher orders of PT are
taken into account. For the case of one-proton intermediate state in the TPE, the
energies of the initial intermediate state and the final elastically scattered electrons
are equal
s — M?
P10 =Py =DPig = €= N s=(p1+p)?
(1.160)
t=(p1—p))?=-2(1~0), pi=(@))’=m* p°=(@) =M

where ¢ = cos and 6 is the scattering angle in the center-of-mass frame. The
absolute values of the photon momenta squared, in TPE amplitude, can reach
Zero:

[t1] = |(p —PY)?| =26 (1= 1), |t2] = |(P} — P))?| = 2€(1 — c2), (1.161)
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where ¢y 2 are the cosines of the angles between the initial and intermediate
electron momenta and the intermediate and final ones, respectively.

For the case of inelastic hadronic intermediate state (for instance, a nucleon
and a pion) the energy of the electron in the intermediate state ¢’ does not exceed
€:m < €’ < e. The exchanged photon momenta squared become:

) m2 e 2

_ " _

t])g = —2e¢c (]. — bC])Q), 1-b"= W (1 — :) . (1162)

The main contribution arises from two regions —t; < to =t and —t2 < t; = t.
Moreover, we will show that the energy of the intermediate electron is much

lower than the electron energy corresponding to the elastic case €’/ < e.
Neglecting the dependence on p{ from the remaining part of the amplitude,

we find the main DL asymptotic behavior of the amplitude:

" de" dO" -1
My, Mg)PD %/67 ~ L2 1.163
( box B) 2’/Tt1t2 At ( )

We do not distinguish here the two kinds of «large logarithms»

— 2¢2(1 —
Ly=1In— i, Ltzln—zzlnLﬁ. (1.164)
m m m
The result of exact calculation consists in the replacement

L? — LiL,. (1.165)

1.5.1. Calculation in Double-Logarithm Approximation. Let us investigate
the question about the size of radiative corrections to the cross section for the
scattering of transversally polarized electron and to the relevant beam asymmetry.
The corrections in the lowest order can be of several types (see Figs.9, 10, 11,
13, 14).

Let us consider first the RC at the lowest order. The contribution from the
emission of virtual photons is twofold. Firstly, it is due to the vertex functions
in the kinematics where both electrons are on mass shell and the photon mass
squared is negative and large (in absolute value) compared to the electron mass
squared (see Fig.9). The main contribution arises from the Dirac form factor. In
the scattering channel we have:

« m 3 1 2 «
Fi(>)=14+—|In—(1—-L,) -1+ "L, — -L?>+ —| =14 —d,(¢*
1(q7) +7T n)\( q) +4q 4q+12 ‘|’ﬂ_ (a),

, , (1.166)
¢* =ttty Ly=1Li,Li,Ly, Li=ln—y, Ly=In—7.

m2’ m2
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Fig. 9. Vertex corrections ¢, which contribute to the asymmetry

e e e

p p p

Fig. 10. Inner bremsstrahlung in two-photon diagram

The second class of contributions arises from emission and absorption of real
photons as an intermediate state of the leptonic block.

Let firstly restrict our considerations to the emission of soft real intermediate
photons (see Fig. 10).

For the corresponding contribution we have

a; :_‘“f_a/cf’_k _p PP
T 16m3 ) w pik  pY Y ik

Using the expressions
_ dma / &k _m?
160° | & ()2
47ra/d3k 2p1pY

167'('3 TW w<A

o m2A2 1 1 e’ 72 1+
= m (B2) o2 S (S) - T
27r|:1n<)\266”>+21 s \e) "3 )]

LA < e (1167)
w<Ay

o . mAq

7 e

w<Aq
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. T

p P p p p p

Fig. 11. Inelastic two-photon contribution §i"¢!

where )\ is a fictitious «photon mass», the resulting contribution
Ops = Op(t) + 0y (t1) + 0u(t2) + 05 (1.168)

suffers from infrared divergences. To remove these divergences, we must take
into account the inelastic process of electron—proton scattering with emission of
additional soft (or hard) real photons by initial and final electrons (see Fig. 11):

géinel_ 47Ta/d?)_k p_l_‘_ﬂ ’
T °  16x3 w pk  plk

The total sum § = 6, 4+ 67! is free from infrared divergences:

Ay K €. (1.169)

)

w<Ag

Ay 1 A% Ay Ay 3
0= 2(Lt—1)h’1 T+§(L1+L2) In Q—ln 7—Lt In ?+Z(Lt+L1+L2)—
S| 1 1 1
—3-T 4 Li2< “;cl>+L12< 202)+Li2< ;Lc> -

4 2

1
- %m? <E—> . (1.170)
€

Keeping in mind that the dominant (DL) contribution arises from the region of
intermediate state with a soft lepton in the presence of photons, we can generalize
the above result including the emission of «hard» internal and external photons.

This can be realized by the choice

Ap ~ Ay~ € (1.171)

In this case, the hadronic block remains the same as for the lowest order of PT.
In DL approximation we have
e 1

1 1
6P% = | Ly + 5 (L1 + L) 1n?—51n2%. (1.172)
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Up to now we calculate the contribution of box diagram to the matrix element.
For the calculation of the asymmetry we must take into account imaginary pairs
of the contribution. By general arguments of analyticity [59], the matrix diagram
with two-photon exchange and insertion of vertex function with correction of o™
order in DL approximation is proportional to Lstnfl.

It is natural to expect (keeping in mind the arguments in favor of expo-
nentiation of soft-photon emission contributions proved by Yenne, Frautchi, and
Suura [13]) that this result can be generalized to all orders of PT:

B Acorr _ Im (MgoxMB)(DL)+C0rr

Roo

A7 " Tm (M, Mp) ™D
L,
(1—c)dO" dl o pr
= -6
/ 2m(1 — bep) (1 — beg) P (71' ) x
0
L 1 -
(1—¢)d0" dI
. (1173
X / 2 (1 = bes)(1 = bea) (1.173)

Born approximation reads:

2 P 2
gBorn _ _MeV/ @200 Ge (1 Q _ 2) . (1.174)

= n =
872 TG3, + €G%, m2

We can use here (see Subsec.3.2)

dO// o 2dCl dCQ

- )
V1= —c2—c2+2ccico

1 1
oPL = %Ltl + 512 - gLf + Z(l — L) [In(1 =bey) +1In(1—beg)], (1.175)
2(¢")%(1 - ¢)

3 .

{=1In
m

The calculation in the lowest order of PT leads to
Rio~1———. (1.176)
Vs

The numerical results for R in the lowest order, Ry,0, and in higher orders, R,
are presented in Fig. 12. One can see they are sizable and should be taken into
account.

The asymmetry at the lowest order of PT has been calculated in previous
papers (see, for instance, [60]).
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Fig. 12. Numerical results for R, Eq.(1.176).
Ry,0 (dashed line) is the result of the calcu-
lation with RC in the lowest order of PT,
R (solid line) when all orders of PT are
F 12 14 16 18 20 22 24°L, taken into account. We assume ¢ = 1/2

~
s b by e s b baa o Ly aa$ g

Mass suppressed amplitudes connected with Higgs production and decay in
DL approximation were calculated in the paper [61].

The contribution to the imaginary part of the amplitude from the square
of the box diagram (Fig. 13) is of order (a/7)?L, and can be omitted in DL
approximation. This holds also for the interference of the born diagram with the
two-loop box diagram (Fig. 14) [2].

*

p p p p

oy

P p p P

Fig. 14. Contribution to the asymmetry of the interference of the Born diagram with the
two-loop box diagram

We note that the limiting case ¢ — 0 cannot be obtained using the approach
described above. Contrary to the hadronic block, where the ¢ — 0 limit can be
put smoothly, the leptonic block drastically depends on the parameter (—t/m?).
For the t = 0 case, the exact cancellation of RC related to the internal emission
of virtual and real photons takes place, as it was shown in Appendix D of [1].

The presence of infrared singularities in RC to the impact factor of the
electron was previously noted in the paper of one of us [7]. In the present paper,
the way to eliminate such singularities is explicitly shown.
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1.6. Possible Method to Measure the Ratio of Proton Form Factors in
Processes with Proton Spin Transmission. The investigation of the proton
electromagnetic form factors, which are very important characteristics of this
fundamental object, provides a deeper insight into the structure of the proton and
the properties of the interaction between the constituent quarks.

Since the mid-1950s [23,71], to obtain the experimental data on the behavior
of the proton electric, G £ (Q?), and magnetic, G;(Q?), form factors (Sachs form
factors) and to analyze the electromagnetic structure of the proton, the electron—
proton elastic scattering has been used. For the case of the unpolarized electrons
and protons, all experimental data on the proton form factors were obtained with
the Rosenbluth formula [23] corresponding to the differential cross section of the
elastic ep — ep process,

do a?E! cos?(0./2) 1
d  4F3sin*(6./2) 1+7

o=

(G% + gaﬁl). (1.177)

Here, 7 = Q?/4M?, where M is the proton mass and Q? = —¢? = 4E.E’x
sin?(f./2); E. and E! are the energies of the initial and final electrons, respec-
tively; 6. is the electron scattering angle in the rest frame of the initial proton;
and the degree of the transverse (linear) polarization of a virtual photon, ¢, is
determined by the expression e =1 = 1+ 2(1 + 7) tan?(6../2).

According to the Rosenbluth formula, the leading contribution to the ep — ep
cross section for high Q2 values comes from the term proportional to the proton
magnetic form factor squared G3,(Q?); therefore, the accuracy of the separation
of the G%(Q?) contribution decreases. For this reason, the use of the Rosenbluth
formula for experimental determining the form factors G(Q?) and G (Q?)
gives significant uncertainties at Q% > 1 GeV?2.

Note that Rosenbluth formula (1.177) valid in the laboratory reference frame,
where the initial proton is at rest, is naturally represented as the sum of two terms
proportional to the squares of the Sachs form factors, G% and G3%,,

g=o11 toy, o= KG%, o] = I{EG?M. (1.178)

Here, ~ is the factor in front of the parentheses in Eq.(1.177). However, the
physical meaning of these terms is not explained in the literature and is unknown
for most researchers. To elucidate the physical meaning of the terms o1 and
o1, the following simple consideration is sufficient. The scattering cross sec-
tion disregarding the polarizations of the initial and final protons can always be
represented as the sum of the cross sections without and with the spin flip of
the initial proton, which should be fully polarized along a certain direction deter-
mined by the process kinematics. Since the initial proton is at rest, this separated
direction can be only the direction of the motion of the scattered proton. Then,
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according to the commonly known additional reasonings (see, e.g., Egs.(4.55)
from [63] or Egs. (8.55) and (8.56) from [64]), in the Breit system of the initial
and final protons, the matrix element of the proton current for the case of the
transition with change in helicity (without spin flip) is expressed only in terms of
the electric form factor G, whereas the matrix element of the proton current for
the case of the transition without change in helicity (with spin flip) is expressed
only in terms of the magnetic form factor G5;. Thus, the terms o4 and oy
in Eq.(1.178) are the cross sections without and with the spin flip for the case
where the initial proton is fully polarized in the direction of motion of the final
proton. Below, we demonstrate that our simple physical consideration is based
on rigorous mathematical results obtained using the approach of the diagonal spin
basis [65,66]. Since the cross sections without and with the proton spin flip in
Eq.(1.178) are expressed only in terms of one of the Sachs form factors, they
can be attractable for performing direct experiments on their measurement and
acquiring new independent data on the behavior of G%, and G3, as functions
of Q2.

Akhiezer and Rekalo [67] proposed a method for measuring the ratio of the
Sachs form factors that is based on the polarization transfer from the longitudinally
polarized initial electron to the final proton and is independent of the Rosenbluth
technique. In [67], it was shown that the ratio of the degrees of the longitudinal,
P, and transverse, P;, polarizations of the scattered proton is proportional to the
ratio of the proton electric and magnetic form factors:

P Gy E. + E. <Ge>
——— ——— tan .

P, Gp 2M

The experiments based on the method of the polarization transfer from the initial
electron to the final proton were recently performed with high accuracy by the
Bates [68] and JLAB [69] Collaborations. They gave surprising results according
to which Gg(Q?) decreases with an increase in Q? faster than G(Q?)) does;
this contradicts the data acquired by means of the Rosenbluth technique according
to which Gg(Q?) and G(Q?)) up to several GeV? approximately follow the
dipole form and, hence, 11,Gr(Q%)/Gn(Q?) =~ 1.

Here it is proposed a new independent method for measuring the squared
Sachs form factors [62]. In this approach, they can be determined separately
and independently by direct measurements of the cross sections without and
with spin flip of the initial proton, which should be at rest and fully polarized
in the direction of the motion of the scattered proton. For the case of the
partially polarized initial proton, we propose measuring the ratio of these cross
sections, which makes it possible to determine the ratio of the squared Sachs form
factors.

According to Eq. (1.178), when the initial and final protons are fully polarized,
the ratio of the cross sections without and with proton spin flip has the extremely

(1.179)



EXACT RESULTS IN QED 53

simple form

2
doyr _ € Gh (1.180)

do Tl - T G?M
The simplest way for verifying the correctness of Eqs.(1.178) and (1.180) is to
use the method for calculating the matrix elements in the diagonal spin basis [66]
(see Eq. (1.201)), which allows one to project the spins in the initial and final states
of the particles onto one common direction. The generalization of Eq. (1.180) for
the most general case of the partially polarized initial proton is given below
(see Eq. (1.190)).

Our proposals are based on the results obtained in [65], where it was shown
that the matrix elements of the proton current in the diagonal spin basis that
correspond to the transitions without and with proton spin flip are expressed only
in terms of the electric, Gg, and magnetic, G, Sachs form factors, respectively.
Note that our terminology for the cross sections (amplitudes) with and without
proton spin flip is not conventional, but has an absolute physical meaning, be-
cause we choose one common direction of the spin projection for the initial and
detected protons; this direction coincides with the direction of the motion of the
scattered proton.

The corresponding experiment on the measurement of the squared Sachs form
factors in the processes with and without proton spin flip can be performed as
follows. The initial proton at rest and detected proton should be partially polarized
along the direction of the scattered proton or in the opposite direction. Measuring
the corresponding differential cross section, one can determine the ratio of the
squared Sachs form factors. The proposed method can be applied to the elastic
muon—proton scattering and implemented in the COMPASS experiment. The
mechanism under consideration is also present in the radiative ep scattering. In
the Bethe—Heitler kinematics, where the leading contribution to the process cross
section comes from two diagrams corresponding to the emission of a photon by an
electron, the above consideration for the elastic ep scattering remains applicable.
The ratio of the squares of the proton electric and magnetic form factors can also
be measured for the process of the photoproduction of lepton pairs on a polarized
proton in the Bethe—Heitler kinematics. Here we consider only the mechanism of
the single-photon exchange between the electron and proton. Our consideration
is inapplicable for the two-photon exchange. However, the contribution of the
two-photon mechanism (caused by the interference of the amplitudes with the
exchange by one and two photons) is about 0.5% of the contribution from the
single-photon mechanism.

1.6.1. Matrix Elements of the Proton Current in the Diagonal Spin Basis. In
the Born approximation, the matrix element corresponding to the electron—proton
elastic scattering,

e(p1)+p(paa) —>e(p2)+p(pl7al)7 (1181)
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where a and a’ are the polarization 4-vectors of the initial and final protons, has
the form

1

= (1.182)
q

Mep—»ep = ﬂ(m)’)’uu(}?l) : ﬂ(p’)Fu((f)u(p)

Fy

F#(QQ) =Fiv+ 4M

(@Y. —Yud), qa=7p —p, (1.183)

with the mass-shell conditions p? = p3 = m? for electrons and p? = p’?> = M?
for protons. The matrix elements of the proton current corresponding to the
transitions without and with spin flip,

(%) = T () (g*)u (), (1.184)

calculated in the diagonal spin basis [65,66] can be expressed in terms of the
Sachs form factors,

Gg=F —71F, Guy=F +F, (1.185)

where F} and F5 are the Dirac and Pauli proton form factors, respectively. The
matrix elements of the proton current given by Eq.(1.184) in the diagonal spin
basis have the form [65, 66]

(J2%) = 2GEM (by),., (1.186)
(S, ) = =26 M /TG s (bs) (1.187)
where
b= 2HP) 4
V(p+p)? V@2
(bl)y = g/wnabgbg 57 (bQ)[L = g/wncrpypmﬁv (1188)
bs = by +idby, §=+1, b3 =0b2=02=—b2=—1.

Here €,,,, is the Levi-Civita tensor (9123 = —1); p is determined from the

normalization conditions, and the set of unit 4-vectors by, b1, bs, b3 is an ortho-
normalized basis, b5 = by — i0bo.

Therefore, the matrix elements of the proton current in the diagonal spin
basis that correspond to the transitions with and without proton spin flip given
by Eqgs.(1.186) and (1.187) are expressed in terms of the electric, Gg, and
magnetic, Gy, form factors, respectively (see [65,66]). In the Breit system of
the initial and final protons, which is a particular case of the diagonal spin basis,
Egs. (1.186) and (1.187) coincide with similar Eq. (4.55) from [63] and Egs. (8.55)
and (8.56) from [64].
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In the diagonal spin basis [65,66], the spin 4-vectors a and a’ of the protons
with the 4-momenta p and p’ (ap = a'p’ = 0, a? = a’?> = —1), respectively, lie
in the hyperplane formed by the 4-vectors p and p’:

. (vv" v — ' o — (v —w R p_’ (1.189)

_\/(1)1)’)2—17 )z =1’ M’ M

Spin 4-vectors (1.189) obviously remain unchanged under the transformations of
the small Lorentz group common for the particles with the 4-momenta p and
p’. Thus, the diagonal spin basis provides the description of the spin states of
the system of two particles by means of the spin projections onto one common
direction. Note that this common direction of the projection of the spins of the
initial and final protons in the rest frame of the initial proton is the direction of
the motion of the final proton (see Subsubsec. 1.6.3).

The fundamental fact of the existence of the small Lorentz group common
for the particles with the momenta p and p’ in the diagonal spin basis gives
rise to a number of remarkable features. First, the particles with the 4-momenta
p (before interaction) and p’ (after interaction) in the diagonal spin basis have
common spin operators. This makes it possible to separate the interactions with
and without change in the spin states of the particles involved in the reaction in
the covariant form and, thus, to trace the dynamics of the spin interaction. The
spin states of massless particles in the diagonal spin basis coincide up to sign with
helical states [66]; in this case, the diagonal spin basis formalism is equivalent to
the CALKUL group method [4].

1.6.2. Generalization of the Diagonal Spin Basis to the Case of Partially
Polarized Protons. The general expression for the ratio of the cross sections for
the ep — ep process with and without spin flip for the partially polarized initial
and final protons has the form:

doyy _ Gp(L+n) +(1/6)G3,(1 —n)
doy,  Gp(1—n)+(r/e)G3(1+n’

n =\, (1.190)

where A and )\’ are the degrees of the polarization of the initial and final protons
in the direction of the motion of the final proton (A, X" < 1).

For the peripheral processes of the radiative electron—proton scattering and
production of pairs by a photon on a polarized proton at high energies, we can
set € = 1. In this approximation, relation (1.190) is valid not only for the elastic
process ep — ep, but also for the ep — epy and vp — eep processes (see
below). To separate elastic events on a proton, it is necessary to measure the
spectrum of elastic electrons in the radiative ep scattering or distribution over the
fraction of the energy of the component of a pair produced in the photoproduction
process.
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Let us consider the radiative electron—proton scattering

e(p1) +p(p,a) — e(p2) + p(p',a’) +~(k,e), (1.191)

where a and o’ are the polarization 4-vectors of the initial and final protons,
respectively, and e is the polarization 4-vector of the photon such that ap =
a'p’ = ek = 0. In the peripheral (Bethe-Heitler) kinematics specified by the
relations

se=2p1p > Q> = —¢* = —(p—p')° ~ M?, (1.192)

the matrix element of process (1.191) has the factorized form (this is easily shown
using the Gribov identity [1]):

4 3/2
M, = QSE%NEN;, (1.193)
q
where
e 1 . 2 1 o\ A
N = al i (Fla?) - 537 Fala®)a) uipa)
1 Po—G+m.  Po—G+m .
N = —u(ps) (p2—L e 4 L2075 ).
Se dg d2

Similar expressions can be written for the matrix element for the production of
pairs by a photon on a polarized proton:

v(k,e) +p(p,a) — e (py) + e (p-) +p(p',d). (1.194)
In the Bethe—Heitler kinematics,
s, = 2kp> Q* ~ M?,

the matrix element of process (1.194) has the form

M, = 257(472172)3/2N7N;, (1.195)
where
Ny = el (F() = Pt ) o)
Ny = ity (ﬁiﬁ" e S _d“mﬁ) o(py).

Calculating the squared absolute values of the matrix elements of the proton
current, [NS|? and |[N]|?, for processes ep — epy (1.191) and yp — eép (1.194)
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with and without spin flip, we arrive at the same expressions

INS(a,+a")|* = |N] (a,%a")|* = 4G4,

s (R0 £+ 7GR (1 ).

Averaging and summing the expression for |N.|? over the spin states of the
electrons and photon, we obtain

§ |N.|? = 4D,
Q*(1 + 2?) 5 1 1,
D.=a(1—z)? (227 _om2p(— —

dy = m2(1 - 2)* + p,
dy =m*(1—z)* + (p2 + q(1 — 7)),

Gt =

where

and z is the energy fraction carried by the scattered electron; p2 is the momentum
component transverse to the electron beam, and q is the transverse momentum
component transferred to the proton.

Finally, averaging and summing the expression for |N,,|? over the spin states
of the components of a pair and the photon for yp — eep process (1.194), we

obtain
Z |N’y|2 =4D,,
Q*(z% +22) 1 1)\?
D.Y:.I‘+Jj_ <£7d+2m233+$_ a_di 7

where x_ and x, are the energy fractions carried by the electron and positron
(x4 +2x_ = 1), respectively; dy = pf +m?; and p_ and p+ are the transverse
momenta of the components of the pair (p— + p+ = q).

Relation (1.190) is valid for processes ep — epy (1.191) and vp — eep
(1.194), because the differential cross sections for these processes in the Bethe—
Heitler kinematics have the form

203 d?q d*ps dx
doP~ (a,4+d') = ——=—=D.Gp —————, 1.196
o (a,%xa’) 2(02)? + (1 —2) ( )
e 203 d?qd*p_ da_
do—’Yp p(a7 :ta/) — WD’YGiT. (1.197)

The integration of differential cross section (1.196) with respect to the transverse
momentum of the final electron yields
do PPy 203
2

M(&, +a/) = WG:I: x [[ri(1+22) + 2]R(m1) — ],  (1.198)
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where 71 = Q?/m? and
R(2) = —— I (VTF 2+ V2. (1.199)
z(1+ 2)

A similar expression for the cross section for the photoproduction of pairs on the
proton has the form

dor—eer N 208
Qzdr " F) = gy
x [r(2% +22) —zya_|R(n) + zra_]. (1.200)

GiX

The details of the ep — ep kinematics in the rest frame of the initial proton are
discussed in Subsubsec. 1.6.3.

1.6.3. Kinematics of the Elastic Process in the Laboratory Reference
Frame. In the laboratory reference frame where the initial proton is at rest,
p = M(1,0,0,0), the polarization 4-vectors a¢ and a’ of the initial and final
protons, respectively, in the diagonal spin basis given by Eqs.(1.189) and the
4-momentum of the final proton p’ have the form

1
a=(0,2)=(Om), o ==, En)

p/ = (E/,pn), E/:M(1+2T)7 p:2MvT(1+T),

where n is the unit vector along the direction of the motion of the final proton.

Thus, the spin 4-vectors of the diagonal spin basis for the initial and final protons

are defined so that the axes of the spin projections of the protons in the laboratory

reference frame under consideration coincide and are directed along the momen-

tum of the final proton: a = n. In this case, the spin state of the final proton is

helical. The 4-momentum of the initial electron has the form p; = E.(1,0,0,1).
Calculating the convolution I = L*¥P,,, of the lepton,

ngp,l/
9

LM = pi'ps + pips +
and proton,

1 A . 1
P = 1 T8+ D)1 = 250 (P~ )

. R L1
X (p+ M)(1 = y5a) 7 (Fl + QWFE) )
tensors and using the kinematic relations
(ad') = =1 =27, (ap')(a'p) = —4M>*r(1 + 1),

(ap')(ap1) = T[2M?(1 + 27) — 3],
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(ap1)(a'p) = —2M(E + M),

T (B M)[-E -+ M(1+27),

(ap1)(a'pr) =

we arrive at the result (1.180). To generalize the diagonal spin basis to the
case of the partially polarized states of the initial and final protons and to derive
the corresponding general expressions for the ratio of the cross sections with
and without proton spin flip, it is necessary to change a — Aa and @’ — Nd/,
A, A < 1. As a result, we obtain Eq. (1.190).

The energy and 3-momentum of the recoil proton in the laboratory reference
frame are expressed in terms of its scattering angle with respect to the direction
of the motion of the initial electron 8, (see [70]) as

E' 1+cos’0, p  2cosb,

M sin29p ’ M_sin29p.

The use of the matrix elements of the proton current given by Eqgs. (1.186)
and (1.187) reduces the calculation of the probability of the ep — ep process to
the calculation of the trivial trace

| T P=
_4AM?*1
=3

> T (G (B2 + m)bo(pr + m)bo + Gy (B + m)bs (1 +m)b; )
1)

As a result, we arrive at the following expression coinciding with the result
presented in [23]:

a’do 1 9 9 1
do = 5 = (GhYi + TGMHI)q—4,
Vi = (pra+)° + @4q®, Yu= (p+a+)° — ¢(¢* + 4m?), (1.201)

pr=p1+p2 q=p+p,

where do is the solid angle element, and w is the total energy in the center-of-mass
system.

The ratio of the cross sections for the processes with and without proton spin
flip is given by the expression

doyy Y1 Gj

— B (1.202)
daTl TYh G?M

In the rest system of the initial proton, neglecting the electron mass, we obtain
Eqgs. (1.178) and (1.180).
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2. RADIATIVE PROCESSES IN e*e~ AND ve® COLLISIONS

2.1. Hadronic Cross Sections in Electron—Positron Annihilation with Tag-
ged Photon. Experiments with tagged photons, radiated from the initial state
in electron—proton and electron—positron collisions become particularly attractive.
The reason is [72] that these radiative processes will permit one to extract in-
formation about the final states at continuously varying values of the collision
energy. To investigate deep inelastic scattering, the authors of [73] suggested to
use radiative events instead of using the colliders at reduced beam energies. The
method takes advantage of a PD placed in the very forward direction from the
incoming electron beam. The effective beam energy, for each radiative event,
is determined by the energy of the hard photon observed in PD. In fact, ra-
diative events were already used to measure the structure function F» down to
Q? > 1.5 GeV? [74]. The specific theoretical work concerns the evaluation of
QED radiative corrections [75,76] to the radiative Born cross section. With an
accurate determination of the cross sections and of the possible sources of back-
ground, we believe that the use of radiative events may become particularly useful
to carry investigations at various present and future machines.

A detailed analysis of bremstrahlung cross section including the case of
polarized photon was considered in papers [94,95].

The important role of the initial-state radiation in the process of electron—
positron annihilation was underlined in a series of papers by V.N.Baier and
V. A.Khoze [39,40,77], where the radiative process was studied in detail in the
Born approximation. In these papers the mechanism of returning to a resonant
region was discovered. This mechanism consists in the preferable emission of
photons from the initial particles, which provides a resonant kinematics of a
subprocess. A utilization of radiative events can become a common type of
investigations at various machines.

In this Section we derive explicit formulae for the spectrum of tagged photons.
The calculations are performed with an accuracy of the per-mill order. Formulae
can be used at electron—positron colliders to investigate, for instance, hadronic
final states at intermediate energies. A measurement of the total hadronic cross
section at low energies is essential as a high precision test of the Standard Model
particularly for a precise determination of the fine structure constant aqrp(Mz)
and of the muon anomalous magnetic moment (g — 2),. The largest contribu-
tion to the errors for these quantities comes from the large indetermination still
present on the measurement of the total hadronic cross section in electron—positron
annihilation at the center-of-mass energies of a few GeV.

We will consider here the RC-corrected cross section for the radiative
electron—positron annihilation process

e (p1) +e"(p2) — (k) + X(q), k=(1-2)p, 2.1
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where X is a generic hadronic state. The hard photon hitting of the PD has a
momentum k and an energy fraction 1 — z with respect to the beam energy. In
the following, we assume that the PD is placed along the electron beam direction,
and has an opening angle 20y < 1, such that €202 > m?2, with m — the electron
mass, and € — the beam energy. Below we first consider the cross section of the
process (2.1) in the Born approximation. We give formulae suitable to study both
the differential distributions in hadronic channels, as well as the total (in terms
of quantity R),

Oce—X

R=——", (2.2)
(o ee— i
and inclusive (in terms of hadron fragmentation functions) hadronic cross sections.
Further we calculate separate contributions into radiative corrected cross section
of the process (2.1) within the next-to-leading accuracy due to virtual- and soft-
photon emission. The case, when additional hard photon hits a PD is considered
as well.
2.1.1. The Born Approximation. In order to obtain the Born approximation for
the cross section of the process (2.1), when the PD is placed in front of electron
(positron) beam, we can use the quasi-real electron method [5,6]. It gives

do(k,p1,p2) = dWp, (k) oo(p1 — k, p2), (2.3)

where dWp, (k) is the probability to radiate photon with energy fraction 1 — z
inside a narrow cone with the polar angle not exceeding 6y < 1 around the
incoming electron, and dog is the differential cross section for the radiationless
process of electron—positron annihilation into hadrons at the reduced electron
beam energy. The form of both, dW,, (k) and o¢(p1 — k, p2) is well known:

AWy, (k) = 3=Pi(z, Lo) dz,
: (2.4)
1 4 22 €202

Pl(Z,L()): 1_Z(L0—1)+(1—Z), Lo=In——.

We need further the general form of the lowest order cross section o for the
process e (21p2)+e” (2p1) — v*(¢)+ hadrons boosted along the beam axis (p1):

87r2a2 LpO'HpU
0’0(2’,2’1) = m /T(q) dF(Q)? T(q) - W’
2 3
7 . d°g;
Lo = 5 Gpo + 22 P1pP1o. dl(q) = (27)" (q -3 (Jj) I1 m 2.5)
J

_ 2 _ ~ 4pq0 ~ P19
q=2zp1+21P2, 4 =522, Jpo = Ypo — 2 P TP T o
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where ¢ is the full 4-momentum of final hadrons; ¢; is 4-momentum of an
individual hadron; s = 2p;p, = 42 is the full center-of-mass energy squared,
and H,, is the hadronic tensor. The vacuum polarization operator I1(¢%) of
the virtual photon with momentum ¢ is a known function [78] and will not be
specified here.

Tensors H,, and L,, obey the current conservation conditions once saturated
with the 4-vector ¢q. The differential cross section with respect to the tagged
photon energy fraction z can be obtained by performing the integration on the
hadrons phase space. It takes the form

do @

— = —P(z,L 1). 2.6
dz o l(zv O) 0-0('27 ) ( )

Each hadronic state is described by its own hadronic tensor. The cross section
in Eqgs. (2.4) and (2.5) is suitable for different uses and, as mentioned above, it
can be used to check different theoretical predictions.

The sum of the contributions of all hadronic channels by means of the relation
S [ Huo 08 = (@) @7
h

can be expressed in terms of the ratio of the total cross section for annihilation
into hadrons and muons R = 0, /0,,. For the "y~ final state we get

2 2m2 4m2
q 2 2 o [ m
f}L 6 (q )7 (q ) ( q2 ) q2 ’

2p( .2
fu(a?) = TR e g2) 2.8)
™

Substituting this expression into the right-hand side of Eqgs. (2.4), (2.5) results in
the replacement o (z, z1) = R(¢?)4ma’K (¢%)/(3¢?).

In experiments of semi—inclusive type one fixes an hadron with 3-momentum
q; energy ¢; and mass M in every event and sums over all the rest. In this case
instead of Eq. (2.7) we will have (similarly to the DIS case [76]):

and so,

- 4 -
Hﬁzﬂmﬁmm—;&mfmﬂm (2.9)

q ~ 1
n=5—>1 q=q- %,
2qq q
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where we have introduced two dimensionless functions F}(n, ¢?) and F(n, ¢?)
in a way similar to the DIS case.

By introducing the dimensionless variable x = 2gq1/(2zp1g1), we can write
the corresponding cross section for radiative events in e*e™ annihilation in the
same form as in the case of deep inelastic scattering with a tagged photon [76]:

do _a*(¢?) o 1 dq
dz 27 27 (¢?)2 e’

P1(z, Lo)S(n, X, ¢%)

- , e (2.10)

S, x.¢*) = Fi(n,¢%) + % (x -1- —2772X2)~
nx q

2.1.2. Corrections Due to the Virtual and Real Soft Photons. The interference
of Born and one-loop contributions to the amplitude of the initial-state radiation
in annihilation of eTe™ into hadrons can be obtained from the analogous quantity
of hard-photon emission in electron—proton scattering [76]. We do that by using
the crossing transformation. The contribution coming from the emission of real
soft photons is:

do® « mAe 1 2
— =—|2(Ls— 1)1 —L? - —|,
dog 7 ( )In Ae +2 S 3
2.11)
s 4
LSZIHW:L()-'—LQ, L9:1H9—2.

where A is the «photon mass», Ac is the energy in c.m.s. carried by the soft
photon. The sum of the two contributions is free from infrared singularities.
It reads

8m2a? el H,y(q)dl'(q) o &3k
doV+S = —— — B A, e A 212
a S|1—H(q2)|2 27T[p P! (q)+ 4 (Q)] (q2)2 47T2 w ) ( )
where
2 A
p:4(LS—1)1nA—|—3Lq—% —g, Ly=Ls+lnz, A= 75 <1, (2.13)

where k£ and w are the 3-momentum and the energy of the hard photon, respec-
tively. The tensors A,, and B,, have a rather involved form. The first can be
obtained from the corresponding expressions of [8]. The tensor B, coincides
with the one of the Born approximation. In the kinematical region where the hard
photon is emitted close to the initial electron direction of motion one has

2 1+ 22 2m2z
( >LPU(Q)7

By = = -
2 \m(l-2)

) (2.14)
Apo = q_gAngU(‘I)v q = zp1 + p2,
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where tensor L, is given in Eq. (2.5), y1 = 2kpi, and quantity A, reads

dzsm? 142°
Ay = ZS;” L.lnz+ — { tz (—QLS In 2z —In® 2 + 2Liy(1 — 2)+
Y1 yill—2

i 142z — 22
2In =1 — . (2.15
e e nz>+ 20— | @Y

Further integration over the hard-photon phase space can be performed within the
logarithmic accuracy by using the integrals

dk [1 m? In(y/m?) 1 1 1., 1
;W [ iy ——— L2 4 —Lyln (1 — .
/27rk0 Lﬂ’y%’ " ] /{2 T AR oln( Z)}dz

The final expression for the Born cross section corrected for the emission of soft
and virtual photons has the form

doB+V+S a a \?
———— =o00(z,1)|5=Pu(z, Lo) + | 5= | (pPi(z,Lo) + N)|,
dz 2m 2m
14 22 2 2
N =— 1tZZ [(LO +Inz)lnz— % + 2Li2(z)} Lo — 2P1(Z,L0)ln%)—|—
142z — 22 4z
L Loln z. (2.16
20—z Loty lelnz (216)

2.1.3. Two Hard Photons Are Tagged by the Detector. If an additional hard
photon emitted by the initial-state electron hits the PD, we cannot use the quasi-
real electron method and have to calculate the corresponding contribution starting
from the Feynman diagrams.

We can use double hard photon spectra as given in [79] for annihilation
diagrams only and write the cross section under consideration as follows:

dofl a)?
dz —UO(Z,I)(g) LOX
T (1-20-2-2)
T (YT 9 4 l-z)*l—-2z—x
— | =L 1- 1
</ 5{2 0+ (22 + (1—2))n - +

—|—zx(1—z—x)—xQ(l—x—z)2—2T(1—x)}, (2.17)
t=2(l-2)?Q—-2z—-2), y=1+1-2)? 7=22+1-2)°

Here the variable = under the integral is the energy fraction of one hard photon.
The quantity 1 — 2z — x is the energy fraction of the second hard photon provided
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that their total energy fraction equals 1 — z. We write the index cl in the left-
hand side of Eq. (2.17) to emphasize that this contribution arises from the collinear
kinematics, when the additional hard photon is emitted along the initial electron
with 4-momentum p;.

The integration in the right-hand side of Eq. (2.17) leads to the result

do‘ﬁ o 2L0 (2) 1422 3
dz —00(2,1)<%> 7{|:P® (Z)+2?Z<IHZ—§—21HA>:|LO+

3+2% 41+2)2 1-2
+6(1—z)+ﬁln Z— 1—2 In A s (218)

where the quantity P(E)Q)(z) represents the so-called © term of the second-order
electron structure function:

2 2
PP () = gl (m ) §) +(14+2)lnz-21-2). (2.19
1—2 z 2

2.1.4. Additional Hard Photon Is Emitted outside PD. If an additional hard
photon, emitted from the initial state, does not hit the PD situated in the direction
of motion of the initial electron, we distinguish the case when it is emitted in the
direction close, within a small cone with angle 6’ < 1, to the direction of the
initial positron. In this case we obtain:

1-6/z

H
do g = £P1(Z,L0) / ;Pl(l —xz,LNog(z,1 —2)dx, (2.20)
™

dz 2w
A

where L' = Ly +1n(62/4), § = M?/s, and M? is the minimal hadron mass
squared. We suppose that z ~ 1.

We have introduced the additional auxiliary parameter §’ < 1 which, together
with 6y, separates collinear and semicollinear kinematics of the second hard
photon. Contrary to 6y, which is supposed to determine the PD acceptance, 6’
will disappear in the sum of the collinear and semicollinear contributions of the
second photon. This last kinematical region gives

doli a2 A3k, 16732’
s — (—) Pi(z,L B I
dz (271') 1(2, 0)/ Qﬁwi’) (1— 62)22 (¢c,2z,x),

_ Hpo(g2)dI'(g2) (s — 20)2 4 22(1 — 21)2
o5 = [ AT 3o~ o+ <20 - o

+2(2(1 —a1) — xz)(z2p1ppla +p2pp20) , (221

—

x x
x1=§(1—c), $2:§(1+C)7 q2 = zp1 +p2 — k1, ¢ =cos kip1.
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The phase volume of the second photon is parameterized as

5 % o0 1-62/2
d°ky de [ dp ~ 2(z—9)
_ [dz [dp - “E=9 222
/ 2mw3 / x / 2m / de, & 1+ z+c¢(1—2) (2.22)
A 0 —14672/2

Explicitly extracting the angular singularities we represent this expression as

z—0
H 2 2 2
4 —
- <ﬁ> Py(z, Lo) lZsC(zH—ln— doz” (=) oo(z —z, 1)+

dz 27 02 x 22
A
1-6/z
4 dz
+In / —(+0- z)?)ao(z,1 - fﬂ)] , (2.23)
A

1@
87202 /d /d_x T(c,z,x)—T(1, z,2) N T(c,z,z) —T(—1,z,x)
B ]z 1—-¢ 1+c¢ '

-1 A

2.1.5. Complete QED Correction and Leading Logarithmic Approximation.
The final result in the order O(«) for radiative corrections to radiative events can
be written as follows:

do a

dz  on

2
= %Pl(z,Lo)ao(z, 1)+ (i) {L()(%LoP(?)(z)—FG) o0(z,1)+ Py(z, Lo)x

27
}, (2.24)

Pl(Z, LQ)Uo(Z, 1)(1 + ’I") =

1-6/z z—0

X / Ci(z)oo(z,1 —x)dx + Ly / Cy(z,2)o0(z—x,1) de+Xg
0 0

where the last term is defined by Eq. (2.23), Ly = In4/ 93 and

Ci(x) =P (1 —x2,Ls)O(x — A) + (Ls — 1) (2 InA + g) o(x),

2 o2
Cy(z,x) = %@(m —A)+ (2 InA + g —2In z) o(z),
) ) (2.25)
G(z) = 11tzz (3In z — 2Li2(2)) + %(1 +2)In?z — 2(1# In(1-2)+

1—162—22+4zlnz
2(1—=z) 11—z~
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In order to include the higher order leading corrections to the tagged photon
differential cross section and show the agreement of our calculation with the well-
known Drell-Yan representation for the total hadronic cross section at electron—
positron annihilation [11]

1 1
a(s) :/dl'l / dxo D(x1, aetr) D (22, et )00 (T1228), (2.26)
§ 6/:61

where the electron structure functions include both nonsinglet and singlet parts

D(x1, et) = DV5(, qtesr) + D% (1, o), (2.27)
it is convenient to introduce the quantity
1 1
Y = D(z, Qesr) / dx / dzo D(x1, der) D(22, Qe )00 (2x1228).  (2.28)
6/z &/zx1

Note that we use here another definition of nonsinglet structure function [80,81],
which enters into the right-hand side of Eq. (2.27)

DN (z, o) = 6(1 —2) + Y % (O‘EH> P& (2), (2.29)
n=1

2

2 3
1 € ]- € 2
.Ds(x7 Ckeﬁr) = 5 (2:) R(iL’) + g (2:) |:2P1 & R(l’) - §R(.’E):| y (230)

with P;(z) given above (see [97]) and

R(z) = 2(1 +z) lnx+13_—xx(4+7x+4x2), 2.31)
1
Pi(z) ® R(z) = /Pl(t)RG) %, (2.32)

x

and the effective electromagnetic couplings in the right-habd side of Eq. (2.28) are

ot = —37T1n<1 - ﬁL(}),
3

R—
e = —3mIn | —3T— | | (2.33)
1— =1,
3T
«
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At fixed values of z (2 < 1), the quantity 3 defines the leading logarithmic
contributions into differential cross section for the events with tagged particles.
That corresponds to only © terms in the expansion of the structure function
D(z, aerr) before the integral in Eq. (2.28). If we consider photon corrections (as
in the previous Sections) it needs to restrict ourselves with the nonsinglet part of
the electron structure functions and with the first order terms in the expansion of
all effective couplings, namely:

Qef — Lo, OQeg — aLg, Geg — L. (2.34)

It is easy to see that in this case the leading contribution into differential cross
section (2.24) can be obtained as an expansion of the quantity 3(z < 1) by the
powers of «, keeping the terms of the order o in the production of D functions.

To include the contribution due to e™e™-pair (real and virtual) production, it
is required [82] to use both nonsinglet and singlet structure functions and effective
couplings defined by Eq.(2.33). Note that the insertion into consideration of
higher order corrections rises additional questions about experimental conditions
concerning registration of events with eTe™ pairs.

The total hadronic cross section in eTe™ annihilation can be obtained by
integration of quantity ¥ over z (see (2.28))

1

o(s) z/dzD(z,aeﬁr)/ldxlx
/z

5 s
X /dl’gD(SL’1,aeH)D($2,deﬂ)U(Z$1x28). (2.35)
&)z

We can integrate the expression in the right-hand side of Eq.(2.35) over the
variable z provided the quantity zx; = y fixed

1 1 1 1

/dzD(z,deﬁc)/dxl D(x1, Qesr) :/dz/dyD(z,Oéeff)D<y,aeﬁf> =
z

5 §/z 5 Y

1

= / dy D(y, Geft + Qeft), Ooff + Qei = G- (2.36)
o

Using this result and definition of &.g we indicate the equivalence of the Drell—
Yan form of the total cross section as given by Eq.(2.26) and the representation
of the cross section by Eq. (2.35).
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Let us show now that D functions in expression for the quantity > have
effective couplings as given by Eq.(2.33). By definition, the nonsinglet electron
structure function satisfies the equation [9, 12]

S

1
1
D(z,8,8)=0(1—z)+ — / @a(sl) %D(Z)D<£, $—1>, (2.37)
S1 z zZ So
S0 x

where «(s1) is the electromagnetic running coupling

-1
a(s) = a(l S S—1> ,

3r m?

and so(s) is the minimal (maximal) virtuality of the particle, which radiates
photons and eTe™ pairs.

The structure function D(z, Q) describes the photon emission and pair pro-
duction inside narrow cone along the electron beam direction. In this kinematics
sg = m?, s = €2602. The corresponding iterative solution of Eq.(2.37) has the
form (2.29) with cer = @esr. The structure function D(z1, Gesr) describes the
events, when emitted (by the electron) particles escape this narrow cone. In this
case sop = €202, s = 4e2. The corresponding solution of Eq.(2.37) gives the
structure function with qer = Q. At last, the structure function D(zg, Qesr)
is responsible for the radiation off the positron into the whole phase space. In
this case so = m?2, s = 4¢2. Therefore we obtain D function with ceg = Aof.
The analogous consideration can be performed for the singlet part of structure
functions.

When writing the representation (2.35) for the total cross section we, in fact,
divide the phase space of the particles emitted by the electron on the regions
inside and outside the narrow cone along electron beam direction. Therefore, we
can use this representation to investigate the events with tagged particles in both
these regions. As we saw before, the differential cross section for events with
tagged particles inside the narrow cone is defined by the quantity X(z < 1). In
order to obtain the corresponding differential cross section for events with tagged
particles outside this narrow cone we have to change the places of qeg and Qg in
expression for X(z,1). This follows from the symmetry of representation (2.35)
relative to such a change.

2.1.6. Numerical Estimation. In Fig.15, we show the cross section do/dz
as a function of z. The beam energy is chosen to be Epeam = 0.5 GeV. The
region of z values is limited by the pion production threshold at the left, and by
the threshold of photon detection (we choose 50 MeV) at the right. The peak in
the middle corresponds to the large contribution of the p meson. Values of R,
used for numerical estimations, were taken from [20]. The values of corrections
r (see Eq.(2.36)) in percent are shown in Fig. 16.
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Fig. 15. The cross section of ete” —  Fig. 16. The radiative corrections to
hadrons with tagged photon ete™ — hadrons with tagged photon

So, we calculated the cross section of ete™ annihilation with detection of a
hard photon at small angles in respect to the electron beam. The general structure
of a measured cross section, from which one should extract the annihilation cross
section o, looks as follows:

2 2 2
o= oy algL+b1g+a2<g> L2+b2<g> L+Cg<g> +(’)(a3)], (2.38)
s Vs s ™ Vs

where L denotes some large logarithm. We calculated the terms a4, by, as, be and
some contributions to ce. The generalized formula (2.28) allows one to involve
the leading terms of the order O(a®L?). In this way our formulae provide high
theoretical precision.

Similar formulae can be obtained for an experimental setup by tagging a def-
inite hadron. Keeping in mind such installations as BEPS, DA®NE [83], VEPP,
CLEO, SLAC-B/factory and others with luminosity of order 1033 cm=2-s~!, one
may be in principle able to scan, by measuring the initial-state radiation spectrum,
the whole energy region of hadron production with an effective luminosity of the
order of 103! cm~2.s71. We hope further study will follow on these issues both
from the experiments and theory.

2.2. High-Accuracy Description of Radiative Return Production of Low-
Mass Muon and Pion Pairs at eTe~ Colliders. Radiative return method, when
the hard initial-state radiation is used to reduce the invariant mass of a hadronic
system produced in the high-energy electron—positron annihilation, provides an
important tool to study various hadronic cross sections in a wide range of in-
variant masses without actually changing the center-of-mass energy of the col-
lider [39,77,85]. The very high luminosity of the modern meson factories makes
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the method competitive with the more conventional energy scan approach [86,87].
Preliminary experimental studies both at KLOE [88], BABAR [89], and BELLE
confirm the excellent potential of the radiative return method. The case of res-
onance production by this mechanism was first considered in [90]. Recently,
considerable efforts were devoted to elucidate the theoretical understanding of the
radiative return process, especially for the case of low-energy pion-pair produc-
tion (see, for example, [44,91,92]). In this Subsection [84] we, by means of
explicit calculations, confirm the Drell-Yan form of the cross section. This fact
allows us to take into account all leading and next-to-leading terms in all orders
of PT and as a consequence to improve the accuracy of theoretical predictions.
The case, when the invariant mass of hadron system ,/s7 is small compared
to the center-of-mass total energy /s = 2¢, represents a special interest. Such
situation is realized, for example, in the BABAR radiative return studies, where
such interesting physical quantities as form factors of the pion and the nucleon can
be investigated. The processes of radiative annihilation into muon and pion pairs,
considered here, play a crucial role in such studies, both for the normalization
purposes and as one of the principal hadron-production process at low energies.
We specify the kinematics of the radiative muon (pion)-pair creation process

e—(p-) +es(p+) = p—(q-) + p4-(q4) + (k1) (2.39)

as follows:
pi=m? ¢ =M ki=0,
X+ :2k1'p:|:7 Xél::2kl'q:|:a s:(p—+p+)2a
, (2.40)
s1=(q- +q)°, t=-2p_-q., t1=-2py-qy,
u=-=2p_-q4, w1 =—-2py-q-,

where m and M are the electron and muon (pion) masses, respectively. Through-
out the paper we will suppose

S~ =t~ —t] ~ =~ —uy > AM? > m?, (2.41)

and s> s; > M?2.

We will systematically omit the terms of the order of M?/s and m?/s;
compared with the leading ones. In O («) radiative corrections, we will drop
also terms suppressed by the factor s1/s. Also we imply that the invariant mass
51 K ME, where Mz is the mass of Z boson (due to we do not consider the
weak interactions).

In this Subsection we will consider only the charge-even part of the differ-
ential cross section, which can be measured in an experimental setup blind to the

charges of the created particles. So we omit the contribution from box-type FD,
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when additional virtual photon connects both muon and electron line. In the final
state we consider corrections only in the lowest order of PT including 1-loop
virtual corrections, soft real ones and hard real photon contributions. We imply
that invariant mass of the final pairs with photon emission is small compared
with /s.

2.2.1. The Born-Level Cross Section. Within the Born approximation, the
corresponding contribution to the cross section is

da]é ol . . .
_ R, RI= BPU'(OJ)’ = u,
dl 8m2ss? Yoot =T
(2.42)
Bpo’ = ngpo + Bll(pfpf)pa + B22(p+p+)/707
2 2
_ 4
Bg:_(51+x+) Flrtx ) g A
X+X- X+X—
A (2.43)
Bay = — o )
X+X—-

where we have used the shorthand notations (¢¢) o = ¢p4o» (Pq) po = PpGo+pPo-
For muon-pair final state
S1

g = 41(a+0-)p0 — Gpo |- (2.44)

For the case of pions,

O™ = |F2 (s1) (0= — q4)p(a- — a4)os (2.45)

where F5'(sq) is the pion strong interaction form factor, in which we include all
the effects of strong interactions in two-pion formation.

Note that the Born-level cross section for the ete™ — u™ ™~y process was
calculated in [29,93].

For the case of small invariant mass of the created pair s; < s, the phase
space volume of the final particles can be rewritten as

dl' = 72dz_ dedsq (2.46)

(note that s; is small (s; ~ 4u2) due to ¢ — 1, but the energy of muon pair is
large: sz% >> 4M?) and approximately

gr="E s 4az_=1, c=-cos(p_q=) = cos b. (2.47)
3

We will assume that the emission angle of the hard photon lies outside the narrow
cones around the beam axis: 0y < 8 < 7 — g, with 0y < 1, Oge > M.
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When the initial-state radiation dominates, the Born cross section takes a
rather simple form:

a3(1 4 2
dag)(p,,pgkhqﬂqﬁ = ﬁ@a—l— 1—2z_xy|de_decdsy,
(m) ag(l + 62) str 2
dog’ (p—,p+ik1,q-,q+) = s(l— ) |[F2 (s1)]° [~o +x_2y]dx_dcdsy,
1 1 AM?2 M2
= ]-_ — = ]. = ]_— = —.
2( /3) <'CL. < 2( +/6)7 /6 Sl ) g 81

Here S is the velocity of the pair component in the center-of-mass reference frame
of the pair.

2.2.2. Radiative Corrections. Radiative corrections can be separated into three
gauge-invariant parts. They can be taken into account by the formal replacement
(see (2.42)):

j po Jj
R—2 — QK#, (2.48)
S1 511 —II(s1)[?
where TI(s;) describes the vacuum polarization of the virtual photon, K*7 is
the initial-state emission Compton tensor with RC taken into account; Jgg is the
final-state current tensor with O (o) RC.

First we consider the explicit formulae for RC due to virtual, soft, and hard
collinear final-state emission. As concerns RC to the initial state for the charge-
blind experimental setup considered here, we will use the explicit expression
for the Compton tensor with heavy photon K7 calculated in paper [8] for the
scattering channel and apply the crossing transformation. Possible contribution
due to emission of an additional real photon from the initial state will be taken
into account, too.

2.2.3. Corrections Connected with the Final State. The third part is related
to the lowest order RC to the muon (pion) current

Jpe =i +ils) (). (2.49)
The virtual photon contribution iﬁff,) takes into account the Dirac and Pauli form
factors of the muon current

B7ifl) =By ) ISP+ Bu |3 p- - TP+

pol pol

+) g - S (2.50)

pol
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Here ¥ means a sum over the muon spin states and

(e 0
Z | T2 = p [—8(s1+ 2M2) f) - 1281f2(#)],

pol

1
™

pol

(2.51)

Explicit expressions for the Dirac and Pauli form factors of muon are well
known [3]:

a a
Pﬂ$:1+;ﬂ%@,}M@:;E9@L fiz=ReF. (252
For the pion final state we have
o (VT 0% O' T
B” ,LE)U) :2;39 (0 )fQED
a ™ « Str
BP7ir) = 2 |3 (s1)[ x

1
x [(A:M2 —51)By + §S2Bl1(fﬂ+ —a 21+ )| fREP

Explicit expression for the f@FP form factor of pion is [3]:

Re [FR0(s1)] = 1+ Zf2%P(s.),

FOED (5 ) — (m% _ 1) (1 _1 ;ﬁﬂzLQ) +

1+ 42 1+8 1-8
+7< 4Lﬁ—|—L51n 33 +?+L12 (ﬂ))’ (2.53)

144
1-4

Soft-photon emission correction to the final-state currents reads

Lg=1In

(s7 «a (O (s «a ,
ZEw Y= ;Am/lgzr ), ému) = ;A1/2/ZE>?7”),
1 (kg g\’
Sz == | o ok ok -
T) w \¢+k g w<Ae
2 A 2M2 1 2
:<1+ﬂ 1+ )1 (Ae) LB

In—— —1
20 1-0 e2x x_ N2 20

21+ﬁ 1+8, 1-p%2 =2 . (B—-1
NN E N ()]
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1
B dt 1—12 (zy —a)?\
1= [ =1+ ) -
0
1+ 0 z . 1-p4 . 1-0
(155 ) (142 - ) i (5 )+ (1) -
() (5),

B=14/1— 4M2 (M?F Mx) r=lry —z_|.
— +

This formulae provide the generalization of known expression (see (25), (26)
in [22]) for the case of small invariant mass 4M?2 ~ N G

The contribution of an additional hard-photon emission (with momentum k)
by the muon block, provided §; = (¢+ + ¢— + k2)2 ~ §1 K s, can be found by
the expression

Beoiln) — / B S I (J0)

47T2 w2

(2.54)

w2 2 Ae
with

koo qo) + (ks - qp)?
SR = 4Q3(s1 + 2k g+ 2hy - gy + 20a2) — g P2 )t (R )

(k2-q-)(k2-qy)

4 4
@ k2 gy ke

and
D NTD - pi? = =8Q%(q— - p+) (g4 - pr)+

+8(pi-k2)<Q q+pi q— L0t ?) +8(ps k2)<pi g- P 'q+>+
q+ k2 g ke
(Ko - pi)zM >
(k2 -4 ) (k2 - q-)
For the case of charged pion-pair production, the radiative current tensor has
the form

2
pZﬂ') 4 2/‘ str ‘2 o |:X2_ (QlQl)pcf %+ (QQQQ)pU

+8(p+ - Q)P+ - g+ — P+ - q-) —

. (2.55)

wa>Ae

- 1
- ﬁ(@l@ﬁpa + 9po — X?(qu_)p” * E(Q2q+)pa]

Q1=q- —qy +kay, Qa=q- —qy—ka, xox=2k2 qx.
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One can check that the Bose symmetry and the gauge invariance condition are
valid for the pion current tensor. Namely, it is invariant with regard to the
permutation of the pion momenta and turns to zero after conversion with 4-vec-
tor q.

The sum of soft- and hard-photon corrections to the final current does not
depend on Ac/e.

2.2.4. Corrections Connected with the Initial State. Let us now consider the
Compton tensor with RC, which describes virtual corrections to the initial state.
In our kinematical region it will be convenient to rewrite the tensor explicitly
extracting large logarithms. We will distinguish two kinds of large logarithms:

L=, L=l (2.56)
m S1

We rewrite the Compton tensor [8] in the form:

«@

[0
KU:(l —)B,,
P +27Tp p+27r

|:ngpcr + 711 (p—p—)P”+
1
+ T2 (P1P+)po — §T12(p—p+)pa , (2.57)
m 4 9
= —4In—~—(Ly—1)—L?>+3L, -3l + -n* — =,
P n- ( ) s +3 3l + 37 3
with 7; given in [8].
The infrared singularity (the presence of the photon mass A in p) is compen-
sated by taking into account soft-photon emission from the initial particles:

; «
dO’bOft = dUo;Am,

(2.58)

1 3k [ py o 2 mAe 1 2
Apg=— [ —| — - — =2(Ls—1)1 i
12 4T w <p+k p-k/) | ca- ( )In Ae +2 53

As a result, the quantity p in formula (2.57) will change to
Ae 272 3
=(4dln—+3)(Ls—1) -3+ — — =.
P—>PA<H6+>( )=t ==
Cross section of two hard photons emission for the case when one of them is

emitted collinearly to the incoming electron or positron can be obtained by means
of the quasi-real electron method [5]:

do dily (p— (1 — x3),py; b )
7, coll _ B\D— x3), P+;R1,q+,4—
dr_ deds; AWy (ks) dr_dcds;

d&JB(pf,de(]_ - 1’3); klqurv Q—)
dr_ dcdsy ’

_|_

+ dWP+ (k3)
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with

de(kS) =

2R

x2 €6p)? dz
{(1—x3+73>1n(m02) —(1—=x3) =3,

z3
xr3 = —, T3> —.
3

Here we suppose that the polar angle f3 between the directions of the additional
collinear photon and the beam axis does not exceed some small value 0y < 1,
ey > m. ‘

The boosted differential cross section dol(p—x,p4+y; k1, q4,q—) with re-
duced momenta of the incoming particles reads (compare with Eq. (2.21))

dols (prae, p—x15 k1, ¢4, q-)

dx_ dcdsy

(1420 —2v_(1 —v_))(a3(1 — ¢)? + 23(1 + ¢)?)

N s187223(1 — 2)(z1 + 22 + c(x2 — 71)) ’
(2.59)

Ao (p4w2, p—a13k1,q4,q-) _ (v (1 —v) —0)(af(1 — ¢)* +23(1 +¢)?)
dz_ dcdsy a s182223(1 — ) (21 + 22 + (v —21))

oz B 22122
T E’ b2 = 1 + 29 + (e — 1)

In a certain experimental situation, an estimate of the contribution of the
additional hard-photon emission outside the narrow cones around the beam axes
is needed. It can be estimated by

do’i’v,noncoll _ o d3k3 g2 + (5 - W3)2 «
dx_ decdsy 472 w3 Ews
v 1 daé(p,(l—xg),p+;k1,q+,q,)+
ks-p_ dr_dcdsy
n 1 dof(p—,pr(1—23)ik1,q5.9-) )
ks py dz_ dedsq Ty

where the integration was done under condition that 03 > 6y, Ae < w3 < wy.

It is a simplified expression for the two-photon initial state emission cross
section. Deviation, for the case of a large angle emission, of our estimate from
the exact result is small. It does not depend on s and slightly depends on 6. For
6o ~ 1072 we have

™ f(dagy%noncoll — do—gy’y,noncoll eXaCt) < 101! (2.60)
a [ do, ~ '
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2.2.5. Master Formula. By summing up all contributions for the charge-even
part, we can put the cross section of the radiative production in the form:

do? (p4,p—; k1, a4, q— // dxy dro
[1-1I

dx_ dcdsy (sx122)|?

,..j . 4
o daB(erm’p_xl’kl’q+’q_)D(x1,5)D(x2,ﬂ)(1 N %K’)—k

dr_ dedsy
1 .
+ ol dx Ml 90 +x dop(p—(1 — ), p+ik1, ¢+, 9-)
2m x dx_ dcdsy

d&%( — p+( ) k1 yd+,4 ) :l dafy'y, noncoll

2.61
dr_ dcdsy der_dcdsy’ (2.61)

D(x,3) = 6(1 —x) + PV (z) + ...,

14 22 .
A:— P(l) = = .
; (x) =), e

The boosted cross sections do are defined above in Eq. (2.59). The lower limits
of the integrals over 1 » depend on the experimental conditions.

The structure function D includes all dependence on the large logarithm L.
The so-called K factor reads

K = = B}\O‘ ( j(0d) | Zg\”‘j) + Z)m ) + Rcompt (2.62)

Quantities Rcompt include the «nonleading» contributions from the initial-
state radiation. Generally, they are rather cumbersome expressions for the case
s1 ~ s. For the case s; ~ M? < s we obtain

(1) () c?
R =R +
compt — compt (1 o 21',.’E+ + 20_)(1 + 02) 9

R 1—c* (5+2c+c? In2 2 _
compt = 4(1 4+ ¢?) 1—¢? 1+4+¢

— 2 -2 2 2
0 ‘I +5 c+ec I _
1+c¢ 1+¢ 1—¢2 1-c

5+c 2 c? w2
— 1 -4 —. (2.
1—cn<1—c> 1—02}+3 (2.63)




EXACT RESULTS IN QED 79

Here we see the remarkable phenomena: the cancellation of terms containing
In (s/s1). In such a way only one kind of large logarithm L enters into the final
result. This fact is the consequence of the renormalization group invariance.

This result shows that the cross section in our quasi 2 — 2 kinematics can be
written in the form of the cross section of the Drell-Yan process. Thus the results
of Structure Function Approach (see [97]) for the RC to the one-photon eTe™
annihilation into hadrons are generalized to the situation when a hard photon at a
large angle is present in the final state.

This generalization is not a trivial fact because the two types of large loga-
rithms are present in the problem.

Possible background from the peripheral process ee — eeupi is negligible
in our kinematics: it is suppressed by the factor «/ms;/s and, besides, can
be eliminated if the registration of the primary hard photon (see Eq.(2.39)) is
required by the experimental cuts for event selection.

2.3. Compton and Double Compton Scattering Processes at Colliding
Electron—Photon Beams. The Compton scattering process [45]

(k1) + e (p1) — v(k2) + e (p2),

k%:k?:()v p%:p%:mQ’
K1 = 2p1k1 = 461&)1, K‘ll = 2p2k1 = 262&)1(1 — C)7 (264)
51 = 2p1p2 = 2e162(1 + ¢),
261&)1

1 2

K1~ Ky ~8>m, €= -0 tal+to
(where €12, w; are the energies of initial and scattered electrons and the initial
photon; ¢ = cosf, 6 is the angle between po,k;) plays an important role as
a perspective calibration process at high-energy photon—electron colliders [46].
Modern methods based on the renormalization group approach in combination
with the lowest order radiative corrections (RC) permit us to obtain a differential
cross section with the leading (((o/m)L)"™ ~ 1, with «large logarithm» L =
In (s1/m?)) and the next-to-leading approximation (i.e., keeping the terms of the
order (a/7)" L™ 1). So the accuracy of the formulae given below is determined
by the terms of the order (which are systematically omitted)

m ! K
— L aﬁé, (2.65)
compared with the terms of the order of unity and is at the level of per mill
for typical experimental conditions [46] # ~ 1,k; ~ 10 GeV2. We consider
the energies of initial particles to be much less than the Z-boson mass M and,
therefore, the weak corrections to the Compton effect in our consideration are
beyond our accuracy.
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First papers devoted to calculation of radiative corrections to Compton scat-
tering were published in 1952 by Brown and Feynman [16] (virtual and soft
real photon emission contribution), and Mandl and Skyrme [47] (emission of an
additional hard photon).

In the work of H. Veltman [48], the lowest order radiative corrections to the
polarized Compton scattering were calculated in nonrelativistic kinematics. This
case of kinematics was also considered in the paper of M. Swartz [49].

In the papers of A. Denner and S. Dittmaier [50,80], the lowest order radiative
corrections in the framework of Standard Model were calculated for the case of
polarized electron and photon.

In this Subsection we consider the case of high-energy electron and photon
Compton scattering (CMS energy supposed to be much higher than the electron
mass but much less than the Z-boson mass). We found that the cross section
with radiative corrections of all orders of PT taken into account could be written
down in the form of the Drell-Yan process. Both leading and next-to-leading
contributions are derived explicitly.

We imply the kinematics when the initial photon and electron move along
the z axis in the opposite directions The energy of the scattered electron will be
the function of its scattering angle:

2025_2:2_/)’ a=alc,p)=1—c+p(l+c), ng—l. (2.66)
w1 a w1
Hereafter we imply the kinematic case p < 1. The case p > 1 will be considered
in Subsubsec. 2.3.6.
The differential cross section in the Born approximation will be

dop wa2Uy a 1—c
998 (. 0) = TX0 g, = . 2.67
de (P1,6) w?a? =TT, (2.67)

When taking into account RC of higher orders (arising from both emission of
virtual and real photons), a simple relation between the scattered electron energy
and the scattering angle changes, so the differential cross section is in general
dependent on the energy fraction z of the scattered electron. Accepting the
Drell-Yan form of cross section, we can put it in the form

do
w(pl,ﬁ,z):
/ T d
_ at (% 40h o
—/de(x,ﬁ)/ tD(t,ﬁ) T (wp1, 6, 1) (1+7TK), (2.68)
0 z

where the structure function D(z, 3) (see [97]) describes the probability of finding
the electron (considered as a parton) inside the electron, K is the so-called
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K factor which can be calculated from the lowest RC orders, and the «hard»
Cross section is

dO’h

dO'B
d dt(xpl’e’t) dC (xplve)d(t_t(x))’
do’B(ZL'p1,9) - ’/T_O£2 1 <
de W (T—c+pz(l+¢)?
1—c¢c 1—c+pz(1+c) (2.69)
1—c+px(l+c) 1—c¢ T
2
ta) = -

1—c+pr(l1+c)’

with K specified below (see (2.71), (2.81), (2.87)).

The cross section being written in the Drell-Yan form explicitly satisfies
the Kinoshita—Lee—Nauenberg theorem about mass singularities cancellation [18].
Really, being integrated on the scattered electron energy fraction z, the structure
function corresponding to the scattered electron turns to unity due to its property

1 1 1

/ﬁa/%p(?g)ﬂw:/ﬁuuy (2.70)

0 z 0

Mass singularities associated with the initial lepton structure function remain.
So our master formula for the cross section with RC taken into account is

1
dx UB c
0)D =
dch p1,p2 / t(x (xpl» ) (t(ﬂ?)’l@) +
d 6
4 2doPL0) e )+ K, 271
e dc
2 “(1-0) Zoizopll +0)
N S S R i P Sl Sl
PSL S S Ay PR T

The second term in the r.h.s. of (2.71) collects all the nonleading contri-
butions from virtual, soft- and hard-photons emission, with Kgy given in Sub-
subsec.2.3.1 where the virtual, soft real and additional hard-photon emission is
considered. We introduce an auxiliary parameter 6, to distinguish the collinear
and noncollinear kinematics of photon emission. Also, we put the expression for
the hard-photon contribution Kp.
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2.3.1. Contribution of Virtual and Soft Real Photons. To obtain the explicit
form of the K factor, we reproduce the lowest order RC calculation. It consists of
virtual photon emission contribution and the contribution from the real (soft and
hard) photon emission taken into account. The virtual- and soft-photon emission
contribution was first calculated in the famous paper of the 1952 year by Laura
Brown and Richard Feynman [16]. The result has the form

doyire al;
-zt 2.72
dop Uy’ ( )
with (see [16], kinematic case II):
Uy 3 A 1 5, =« Ko | K1
—=(1-L)=+2ln— L ———-K Up=—+—, 273
Soa-n(Grm) i - Tk n=24 5 o)
with Ky, (virtual photon contribution to the K factor):
1
Ky=——|(1-22 5 (123 %t 9152 o (2.74)
Uy 2K1 ) K1 K1 R1
+ (1 S @> <ln28—1 L —lnﬂ+ﬂ2>}, (2.75)
2K9 K1 K2 K1 R2
and
@:ZO(I_C)’ 8_1220(14-6)7 s1_pld+e) (2.76)
K1 2p K1 2 Ko 1—c¢
The soft-photon emission for our kinematics has the form
doso 4 a3k
Osoft _ WS/_ (p_l _ p_2> .
dUB 167 w plk pgk Ww=VEKZFAZ < AeLeq e
Standard calculations lead to the result
dUsoft
dO'B -
« m?Ae? 1 1 S 1-—c
=— |(L-1)1 L —-In® = — — 4+ Lip ([——)|. (.78
7T|:( )n<>\26162>+2 2n62 3+12<2>:| ( )

The resulting contribution to the cross section from virtual and soft real photons
does not depend on the fictitious «photon mass» A as well as the terms of L2
type. It can be written in the form

do _ dUVirt + dUsoft
dzdc) , N de

_ g dUB(plv 0)
2 dc

0(z — 20) =

(L —1)(Pia + Paa) + 2Ksv]6(z — 20), (2.79)
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where we have introduced the notation

3 A 3 A
Pia=242m2E, Pppa=24+2m=s (2.80)
2 €1 2 £2
We can see that the terms proportional to the «large» logarithm L have the form
conforming with the RG prescription of the structure function. The contribution
of nonleading terms Kgv is

2 1-— 1
Ksy = —— 4 Liy [ —— ) = =>4 Ky (2.81)
6 2 2 P

2.3.2. Contribution of the Hard Collinear Real Photon Emission. The depen-
dence on the auxiliary parameter Ae will be eliminated when taking into account
the emission of real additional hard photon with 4-momentum k and the energy w
exceeding Ae.

It is convenient to consider the kinematics when this additional photon moves
within the narrow cone of the angular size m/e; < 6y < 1 along the directions
of the initial or scattered electrons. The contribution of these kinematic regions
can be obtained by using the «Quasi-Real Electron Method» [5] instead of using a
general (rather cumbersome) expression for the cross section of the DC scattering
process [47].

In the case when the collinear photon is emitted along the initial electron the
result has the form:

1— Ac
€1
do « dop 1+ 22
=— de—— 0 Li—1)+1—z|0(z—t¢
(i), =5 [ @ [T =041 -] i)
(2.82)
02e2 02p
L =In 2L —[ 4+1p—29"
! m?2 * n220(1+c)

When the photon is emitted along the scattered electron, we have:

do _ﬁda_B( 9)x
dzdc k||p2_27r de Pv

dt 1+ 22/t2 2
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where z = e} /w; < zp is the energy fraction of the scattered electron (after
emission of the collinear photon).

It is convenient to write down the contribution of the collinear kinematics in
the form

doy, «
= —(L-1
(dz dc) coll 27r( )

1

14 22 dog(xp1,0)
/dm T H(I—x—Al)T

d(z—t(x))+

0

20

dt 1+ (z/t)? z dop(p1,0) df®  daf®
el G700 Py SRR N 1Y RO TP
/ t 1—z/t ( t 2) de (t = 20) dZdC+dZdC7
with
ar a’ 2—z(1+¢) N y
dzde  4p(1 — c)w? 2 2—2(14c¢)

—|—1—x] 01—z —Ay),

1+ a2 " p0?2
11—z 221 +c¢)

=0
(2.84)
df® a? 1—c a
= + X
dzdc  4dpaw?\ a 1—c
1+ 22/t2 262 A
|: +27/ n £ 70 —|—1—z:| Q(I—E—Az), A12:—€~
1—2z/t  2p(1+c)zo =20 t ' €1,2

We use here the relation 6(z — t(z)) = (222p/(2%(1 — ¢))d(z — z0).

Again we can see that the terms containing large logarithm L have the form
conforming with the structure function. So our suggestion (2.68) is confirmed.

The auxiliary parameter 6y dependence vanishes when taking into account
the contribution of noncollinear kinematics of the additional hard-photon emission
(see Subsubsec.?2.3.4).

2.3.3. Noncollinear Kinematics Contribution. Double Compton Scattering
Process. The general expression for the cross section of the DC scattering process

v(k1) + e (p1) = v(k2) + (k) + € (p2),

= 2k ' = 2k = 2k =2k (289
K = 24KP1, K = 24KP2, K2 = zR2P1, Ko = 4K2P2

was obtained years ago by Mandl and Skyrme [47]. The expression for the
cross section presented in this paper is exact but, unfortunately, too complicated.
Instead, we use the expression for the differential cross section calculated (by the
methods of chiral amplitudes (see [98])) with the assumption that all kinematic
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invariants are large compared with the electron mass squared k ~ k' ~ k; ~
K} > m?
€2d0.(])DC 1 043 d3k‘2 d3]4}

d3ps _52772,%1qu>’ e wy W

§'(p1 + k1 — p2 — ko — k),

(2.86)
ki (K2 4+ K2) + k1K) (K2 + K2) + Kok (K3 + )
KK K1K)] Kok '

RZSI

The explicit expression for the contribution to the K factor from hard-photon
emission K, is

d doPC g qr2
adop - %%, AT AT (2.87)
T dc dzdc dzdc dzde
with
dUéDDC o’z
= Rd® 2.88
dz dc 2!47rp/ ’ (2.88)

and the phase volume d® is restricted by the conditions w,ws > Ac and the re-
quirement that the angles between 3-vectors ko, k and 3-vectors p1, p2 exceed 6.

The values of K} calculated numerically are given in Tables 2, 8. We show
numerically and analytically (see Subsubsec.2.3.4) the independence of Kj; on
the auxiliary parameters 6g, Ac.

Table 2. The value of K}, as a function of z, cos 6 (calculated for p = 0.4)

cos 6
-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8

0.1 -2.82 | -2.61 | -2.39 | -2.19 | -2.09 | -1.89 | -1.87 | -2.06 | -2.75
0.2 =277 | -2.47 | -2.17 | -1.90 | -1.65 | -1.46 | -1.39 | -1.56 | -2.30
0.3 -3.43 | =298 | =255 | -2.14 | -1.77 | -1.47 | -1.30 | -1.38 | -2.13
0.4 -496 | -3.87 | -3.23 | -2.65 | -2.13 | -1.67 | -1.34 | -1.30 | -2.02

The cross section of the DC scattering process in an inclusive experimental
setup with the leading logarithmic approximation in terms of structure functions
has the form

1
doPC (p1, b1y pa, b ko) = /de(xHB)X
0
z dt ip2
X /D (?,ﬁ) ?dO'(l))C <x;01,k1; 7,]€,/€2> , (2.89)

z
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where the structure functions could be found in [97] and

[!ZOC(‘D ,k 7p2,k,k2)—
«a R 2 p2

4
= +ky —ps—ke— k). (2.
4’/T2/<;1 Wz (5 (p1 k‘l P2 k2 ]{i) ( 90)

2.3.4. Cancellation of 8 Dependence. Performing the integration over ko of
the phase volume

_ Ehdhy
o w W2

do

§MQ—k—ka), Q=pi+ki—ps (2.91)
we can put it in the form

0D — wd;J 2dcydes
wi VD

><6[2p—pz(1+c)—z(l—c)—wil(p(l—cl)—z(l—cQ)—i—l—Fcl) )

where D = 1 —¢? — 3 — ¢® — 2ccica; 1, ¢ are the cosines of the angles between

k and p;, p2, respectively.
For collinear kinematics the following relation can be useful:
L.k~ (1-2)p

2xp z(1—¢)\ 1+ 22 1
R =R =
! ilips (z(l —c) + 2zp ) (1 —x2)22p%(1 — ¢1)aw?’
d3k 1—z)dzdc
d‘bl = dq)‘k”pl = 275((33‘]71 + k‘l —p2)2) = 27‘(‘%6(37 — Jfo),
(2.92)

do} o’z / _ o? 1+x%x

dzdc — 2dnp P T (1= o)1 —

() )

In the last equation we take into account the same contribution from the region
kg ~ (1 — £L')p1.
2. For the case k ~ (t/z — 1)p2, we obtain

R = R B 2xp z(1—¢)\ 1+ 22 1
2T AT T 2ep ) (- a)2202(1 - er)awd’

(2.93)

(1 —-2a)dzde 5z — z0).

d®y = dP| 2d3k5((:c +k )2) = 2r2
= = _— —_— = i
2 kil w pr i 2—2z(14¢)
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So the contribution of the case k||p2 (kz||p2) has the form

do? a3z o?
S L
dzde  24pw? / 2T dpaw? %

1-c¢ a 1+ 22/t2 4
X In{—=)]. (29
( a +1—c> 1—2z/t " 62 (2:94)
Comparing formulae (2.92), (2.94) with (2.84) we can see explicit cancellation
of the 6y dependence.
2.3.5. Numerical Estimation. The characteristic form «reverse radiative tail»
(see Tables3, 5) of the differential cross section on the energy fraction z can

be reproduced if one uses the «smoothed» expression for nonsinglet structure
functions which includes the virtual electron pair production (see [97]).

Table 3. The value of w?/a? do/(dcdz) (leading contribution, first term in the right-
hand side of the master formula (2.71) ) as a function of z, cos 6 (calculated for p = 0.4,
w1 = 5 GeV)

cos
0.8 -0.6 0.4 -0.2 0.0 0.2 0.4 0.6 0.8

0.1 0.211 | 0.237 | 0.265 | 0.299 | 0.345 | 0.413 | 0.526 | 0.754 | 1.450
0.2 0.337 | 0.357 | 0.378 | 0.405 | 0.445 | 0.508 | 0.618 | 0.850 | 1.576
0.3 0.703 | 0.669 | 0.643 | 0.634 | 0.644 | 0.685 | 0.782 | 1.013 | 1.784
0.4 3.883 | 2.153 | 1.554 | 1.264 | 1.113 | 1.054 | 1.090 | 1.296 | 2.122

In Fig. 17 we put the magnitude of RC  R()

in the leading approximation 0.07f
0.06F
dop\ * 0.05F
RO)=| — 2
(0) ( T ) X 0.04F
do  do jout3
o B E
x| [d ——]. (295 00
( : dzdc de > ( ) 0.01 z_

. . oL rufill I BRI B |

The results cited above imply the ex- -1 =05 0 05 <ol

perimental setup without additional ete™,
wrp~, 7w~ real pairs in the final state.

The accuracy of the formulae given
above is determined by the order of magni-
tude of the terms omitted (see (2.65)) com-
pared to the terms of order of unity, i.e., is of the order of 0.1% for typical
experimental conditions. In particular, it is the reason why we omit the evolution
effect of the K-factor terms.

Fig. 17. The leading order radiative
corrections as cos@ distribution (see
formulae (2.95))
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Table 4. Born cross section (2.67) (without factor o / w?) for p=04

cos 6
-08 | =06 | 04 | -0.2 0.0 0.2 0.4 0.6 0.8

w% dop

2 de 1.779 | 2.038 | 2.365 | 2.796 | 3.389 | 4.266 | 5.721 | 8.669 | 17.881

Table 5. The value of ¢?/a?d5/(dcdy) (leading contribution, first term in the right-
hand side of the master formula (2.98)) as a function of z, cos 6 (calculated for w; =
400 MeV, €1 = 6 GeV)

cos
-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
0.05 9.658 | 11.110 | 13.626 | 17.513 | 23.678 | 34.116 | 53.669 | 98.208

0.10 | 11.350 | 15.024 | 22.633 | 39.297 | 86.017
0.15 | 13.839 | 23.190 | 56.097
0.20 | 17.735 | 45.672
0.25 | 24.303

Y

Table 6. Born cross section (2.99) (without factor o /w?) for w; = 400 MeV, &1 = 6 GeV

cos 0
-0.8 | 0.6 0.4 -0.2 0.0 0.2 0.4 0.6 0.88

5% dop

o2 de 93.317|60.706 [ 49.42 8 |44.994 | 44.351 | 47.084 | 54.584 | 72.444 | 129.944

The numerical value of K7}, leading contributions, and the Born cross section
for different kinematic regions are presented as a functions of z, ¢ in Tables 2-6, 8.

2.3.6. Kinematical Region p > 1. Here we put the different case of kinematic
region for p, z.

All the above formulae were considered for the case p < 1, and the possible
region for the variable z was determined by the equation zo < 1

2p
< — 2.96
STt (1+o (2.96)

which means that the low boundary of integration in formula (2.71) is less than 1.
In the case of p > 1 it is convenient to put the new variable

w1 € €2 2n
n=— Y= _27 Yo =

—_—— < 1. 2.97
€1 €1 €1 1+C—|—77(1—C) n ( )
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The master equation (2.71) for the case p > 1 (or n < 1) reads
1

o) = [ 5 5P (L )

dy dc J t(x) de t(x)
ﬁw {f(sv(ﬂy — o) + fgh} 7
T dc
) (2.98)
. yn(1 —c) ~ 2efyo(l4+¢) - 2nx
o 2n—y(l+c¢)’ n m?2 » H) 2(14+¢)+n(l—c)
B = g(f’ - 1)7
2

with the possible values for energy fraction of the scattered electron
y(@o < 1): y < yo. The Born cross section (2.67), (2.69) and formulae for
hard-photon emission, Kgy, Kj, for the case p > 1 appear just by appropriate
exchange p — 1~

dop(wp1,6) _ ma 1 .
de el (n(l—c)+z(1+¢))?
n(l—o) n(1—c)+z(1+c)
g (77(1 —o)t2(l+0) o0 =) ) (2.99)

Large amounts of the leading contribution near the kinematic bound can be
understood as manifestation of the §(y — yo) character of the differential cross
section. The yg, z9 dependence is given in Table 7.

Table 7. The value of yo, 2o as a function of ¢ for n» = 0.064 and p = 0.4

cos 6
-0.8 -0.6 -0.4 -0.2 0.0 0.2 04 0.6 0.8

yo | 0.417 | 0.263 | 0.192 | 0.152 | 0.125 | 0.106 | 0.093 | 0.082 | 0.074
zo | 0.423 | 0.455 | 0.489 | 0.526 | 0.571 | 0.625 | 0.690 | 0.769 | 0.870

Table 8. The value of K, as a function of Y, cos 6 (calculated for n = 0.064)

cos 0
-0.8 | -06 | -04 | -0.2 0.0 0.2 0.4 0.6 0.8
0.05 | 0.70 | -1.97 | -7.41 | -15.54 | -26.90 | -42.70 | —65.40 | —=100.64 | -166.21
0.10 | 0.36 |-3.20|-9.85|-18.38 | -18.35
0.15 | 0.03 |-3.38|-1.34
0.20 |-0.20| 0.29
0.25 | -0.25
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3. TABLE OF INTEGRALS. ONE-LOOP FEYNMAN INTEGRALS

3.1. Integrals for Process ete~ — ptp~. Considering the lowest order
radiative corrections to the amplitude of process annihilation of electron—positron
pair to muon—antimuon pair

et(py) +e (p-) = ut(gr) +u(q-), pi=m2 ¢ =m? @31

it is convenient to use such linear combinations of 4-vectros:

1

1 1
A=§(p+—p—), Q=§(Q+—Q—)7 P=5(p+ +p-) (3.2)

and kinematical invariants:

s=(pr+p-)? = 4B t=(p- —q-)? = =1+ 5 — 26c)

(3.3)
u=(p- —qs)* = —Z[l + 8% + 28],

where E is the energy of electron in the center-of-mass initial particles frame:
c = cos 6, 0 is the angle between 3-momentum of electron and negatively charged
muon, 3 = /1 — (4m?)/s is the muon velocity. We will suppose below the value
(B not to be specially close to unity

2
g1, Mo«

s
Another bilinear combinations are
1
A2:—P2:—Z, QQZ—ZﬁQ, o= AQ=J(u—1). (3.4)

We use the following set of scalar integrals with three and four denominators
defined as [29]:

(A)=(—-AP-mZ, (Q)=(k-Q)>—-m? (P:)=(k+P)>-X\. (35)
They have the form [10, 17,29,93,96]:

F_—_z'/ dk 1 1 a0
ST m PP s [6 T2 mE)

—1 d4k
%‘F/@mmnf
_ 1 Fln? 1-6_ %1112 # +Li2<#> —Li2<ﬂ)} ;
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—i d*k —i d*k 1
"= F/ m@E) ¢ F/ BQP) ~ 2Amr-1)

x[anmz_ +<21 m22t+lnmz)x
Xln)\—;—%IQm—z—QLQ(— 5 t)] (3.6)
F=-sJ— =—2(m21_)[<21nm;;t+ln:;>lnﬂj2—
127712215_‘_%12 ;+2Li2<_m2_t)}’
15 | wraeam = s ()

The terms proportional to mZ /s, m?/m?, were neglected.
The vector integrals with three denominators are:

1 ktd*k 1. m2—t
— | ————~ =HpP"+ HAA¥ + HoQ", Hg=-1
Z'7r/(A)(C2)(P+) pER A HAGS + HQQP, Ho = 3In =05,
1 m2 m?4+t, m2-—t
HA:m2—t<_nm§_ t n m? )’
2 2 _
Hp = H + — t(lnm2+21nm 2t>, (3.7)
m? — m?2 m
1 k* d*k 1 s 1. 45 s 2
— | = A =—|2ln—+=-In"—+— ],
= @y ~aats Gam(camin gt e
1 ktd*k 1 S
— = H =—|—2In— +sFg) .
i?T/(Q)(P+)(P_) GaQ". Ga s —4m? ( e s Q)
Four denominator vector and tensor integrals have the form:
d*k k. kuk
JL;JLD:/._ ARt 5 JL:JAA +J Qu
e in? (A)(@P)(P-) e s

J;w = Kog;w + KPPMPV + KQQMQV + KAAMAV + Kw(QuAV + QVAP«)'
The relevant coefficients are:

JA = % [(F+ Fa)o — Q*(F + Fg)] ,

1
Jo = 33 [(F+Fo)o = A*(F + Fa)], d=A%Q* -0,
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1

Ky = % [O’(F — G+ Hp+ Ha+ Hg)+ Ha(o — A2) — Hg(o — Q2)+
+2P?*(A* = 20)Ja + A’Ga — Q*Gq — 2P?Q%Jg] ,
1
Ka =5 (Q*0(G — F — Hp — 3Ha + 6P%Ja)+
g

+(A’Q% + 0%)(Ha —2P%Ja — Ga) — (Q*)*(Hq — 2P%Jg — Gq)|, (3.9)

1.1
Kp QJ(HA—2P2JA+HP+5F—§G)+Q2(HQ—2P2JQ—GQ)—

~ 9P

— AQ(HA — QPQJA —Ga)l,

1
Kq = 5= [-A%0Ap +2(A%)As + (0" — 20°Q%) Ag]
Ko =~ (0Ap + Q2Aq — 207A4)

2d
where we used
Ap = Ha +2A%Ja — Ga, Aq = Hg +2A%]g — Go,
Ap=F —G+ Hp+3Hp +6A%Jx.
3.2. Some Useful One-Fold Integrals. Trace Conversion. Loop momentum

integrals by means of Feynman joining denominators trick
1

1 T(a+b) / drx= (1 — )’ ! (3.10)
yivs  T@I0) ) (e +ya(l - 2))o+ '
can integrate over Feynman parameters. We put some of them below:
1 1
/ dz 1 I / zdz 1 | R(1) b
= — , = — In — ,
) R(z) d / R(z) 2a ¢ 2aVd
/ d b +ab — 2 2 / d 2a+b b
¥4 + ab — 2ac a zdaz a+
= — L = - L, (3.11
/R%z) Ryed  vao ) Bk~ Ry vao O
0 0
1
/ 22dz _2c+b  2c I
R(z)  dRO) VB
0
with
2 2
R(z) =az* +bz+c, d=0b*—4ac>0, L:IHM (3.12)

4cR(1)
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In problems with two fixed axes, the angular phase volume for the case of
one axis [ dO,, = [ dysin6df must be replaced by

dxy dx
\1/52 D=1-a?—-2? - 224 2az,25 > 0, (3.13)

with @ = cosfy, x; = cosf;,i = 1,2 and g being the angle between the axes
directions, 6; — the angles between the current three-vector n and one of axes
directions. We present below some onefold integrals. Writing D = (21 —

x_)(xy —21), 74 = m2a + /(1 — a?)(1 — 23) and using the Euler substitution

t2 = (x4 — 1) /(21 — 2_) we obtain:

dO, =2

T4

jxi“ "””1’9”2}—“[1 aws; a*z3 + ;(1—x2)(1—a2)],
r+d-r1 1 . 1 _ 1 1—ﬁax2
VD [1 — Bz’ (1 —ﬁx2)2} -7 {;’ T} ;o 1Bl<1, G4

= V= B )1~ Bay) = \/(a — faa)? + (1 - B2)(1 - 23).
Also the next twofold integrals colud be useful:

T4

; dxl o
_/1“2/(1—5@(1—52@)@‘

T 4 1—-p1fea+ R

= {lnl_ﬁl—kl —2+21 — 1 3.15)
1 T4

/dm /7‘“1 = T 0

S ) T D T T

with

R=1/(1-fiha)? - (1- ﬂf)(l — ) =
=V (1 — B2)? + f1B2(1 = a)2 — F1B2(1 4 a)], (3.16)

here we assume that 0 < 3, B12 < L.
The following relation of converted tensor can be useful in hand calculation
of traces:

1 “ 1 - A 1 an A
1 Tr [dvab'y,,é%\]z Tr [dy7éy” f4*] = 8ad - be - c¢f +2- I Tr[édbfaé], (3.17)
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or in more general form

1 R N R 1 . - .
1 Tr [yaG2Ysb2vuE2 (02 + B275)] 1 Tr [Ya@1Ysb170¢1 (01 + B1ys)] =
= 8(a1g + 1 f2)arasz - bibs - cica+

1 ~ ~
+2- 1 Tr [¢1a2b1C2a1ba(0y a2 — 152 + y5(a1 B2 — azf1))].
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