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‚ · ¡μÉ¥ ¨¸¸²¥¤Ê¥É¸Ö ¶·μ¡²¥³  ¶μÖ¢²¥´¨Ö ¸¨³³¥É·¨° ¢ · ´¥¥ ¶·¥¤²μ¦¥´´μ° ³μ¤¥²¨ ‚¸¥-
²¥´´μ° (3-³¥·´ Ö ¸¥ÉÓ, ¶μ¸É·μ¥´´ Ö ¨§ ¸É·Ê´ ¨ ¶μ³¥Ð¥´´ Ö ¢ É¥·³μ¸É É). ‚¢μ¤¨É¸Ö Î¨¸²μ,
¶μ§¢μ²ÖÕÐ¥¥ μÍ¥´¨ÉÓ ¸· ¢´¨É¥²Ó´ÊÕ ¢¥·μÖÉ´μ¸ÉÓ ¨§³¥´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (¨²¨ ¥£μ ´¥-
· ¢´μ¢¥¸´μ£μ  ´ ²μ£ ) ¶μ¤ ¤¥°¸É¢¨¥³ ¸²ÊÎ °´ÒÌ ¸¨². ”μ·³Ê²¨·Ê¥É¸Ö ¶·¨´Í¨¶ ³ ±¸¨³ ²Ó´μ°
Ê¸Éμ°Î¨¢μ¸É¨ (�Œ“), ¸μ£² ¸´μ ±μÉμ·μ³Ê ¢ ¶·¨·μ¤¥ ·¥ ²¨§ÊÕÉ¸Ö ´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢Ò¥ · ¸¶·¥-
¤¥²¥´¨Ö. �¡¸Ê¦¤ ¥É¸Ö ¶·¨·μ¤  ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¨ ¨ ¸Ê¶¥·¸¨³³¥É·¨¨. ‘μ£² ¸´μ �Œ“
¢Ò¤¥²¥´´Ò³¨ μ± §Ò¢ ÕÉ¸Ö £·Ê¶¶Ò ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° SU(5) ¨ SU(3). �μ± § ´μ, ÎÉμ ¢
· ³± Ì ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö μ¡μ¡Ð¥´´ Ö ³μ¤¥²Ó Š ²ÊÍÒÄ
Š²¥°´ ÄŒ ´¤¥²ÖÄ”μ± , μ¡Ñ¥¤¨´ÖÕÐ Ö £· ¢¨É Í¨Õ ¨ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸ . �·¨¢¥¤¥´ ¸μ¸ÉμÖÐ¨°
¨§ É·¨¤Í É¨ ¶Ê´±Éμ¢ ¸¶¨¸μ± ¸²¥¤¸É¢¨° ¨§ ¤ ´´μ° ³μ¤¥²¨, ¸μ¸É ¢²ÖÕÐ¨Ì μ¸´μ¢Ê ¸μ¢·¥³¥´´μ°
Ë¨§¨±¨ (±² ¸¸¨Î¥¸± Ö £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , ±¢ ´Éμ¢ Ö ³¥Ì ´¨± , ± ²¨¡·μ¢μÎ´Ò¥ ¸¨³³¥É·¨¨,
¢´ÊÉ·¥´´¨¥ ¸¨³³¥É·¨¨ ¨ É. ¤.).

The emergence of symmetries in the earlier proposed model of the Universe (3D network of
strings in a thermal bath) is studied. The number is introduced estimating the relative probability of
changing of the Gibbs distribution (or its nonstable analogue) under the action of stochastic forces. The
principle of maximal stability (PMS) stating that only the most stable distributions are realized in the
Universe is formulated. The nature of gauge symmetries and supersymmetries is discussed. According
to PMS the groups SU(5) and SU(3) are advantageous. It is shown that in this model the KaluzaÄ
KleinÄMandelÄFock uniˇcation of gravity and the YangÄMills ˇelds appears in the natural way. The
list of thirty consequences of the model is given. They form the basis of modern physics (classical
Hamiltonian mechanics, quantum mechanics, gauge symmetries, internal symmetries and so on).

PACS: 04.60.-m; 11.25.-w

1. ‚‚…„…�ˆ…

�·¥¤²μ¦¥´´ Ö ¢ [1, 2] ³μ¤¥²Ó ‚¸¥²¥´´μ° ± ± 3-³¥·´μ° ¸¥É¨, ¶μ¸É·μ¥´´μ°
¨§ ¡μ§¥-¸É·Ê´ ¨ ¶μ³¥Ð¥´´μ° ¢ É¥·³μ¸É É, ¤ ¥É μÉ¢¥ÉÒ ´  ³´μ£¨¥ ¢ ¦´¥°Ï¨¥
¢μ¶·μ¸Ò. ’ ±, μ¡ÑÖ¸´ÖÕÉ¸Ö ¶·¨Î¨´  ¶μÖ¢²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° ¢ ³¨±·μ³¨·¥,
¶·¨Î¨´  ¶μÖ¢²¥´¨Ö  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨, ¶·¨·μ¤  ¶μ¸ÉμÖ´´μ° �² ´±  h,
¶·¨Î¨´  ¶μÖ¢²¥´¨Ö ¶·μ¸É· ´¸É¢  ”μ± , ¶·¨Î¨´  μ¤´μ·μ¤´μ¸É¨ ·¥²¨±Éμ¢μ£μ
¨§²ÊÎ¥´¨Ö (¶·μ¡²¥³  £μ·¨§μ´É  ¢ ±μ¸³μ²μ£¨¨), ¶·¨·μ¤  ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ-
¸ÉμÖ´´μ° ¨ É. ¤. 	μ²¥¥ Éμ£μ, ¶·¨ ÔÉμ³ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö ±² ¸-
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¸¨Î¥¸± Ö £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± . �μ¤ ®É¥·³μ¸É Éμ³¯ ¶μ¤· §Ê³¥¢ ¥É¸Ö ¨¸ÉμÎ-
´¨± ¸²ÊÎ °´ÒÌ ¸¨². ‚μ¶·μ¸ μ ¶·¨·μ¤¥ É¥·³μ¸É É , · §Ê³¥¥É¸Ö, ¢ÒÌμ¤¨É § 
· ³±¨ ¸μ¢·¥³¥´´μ° Ë¨§¨±¨, ¶μ¸±μ²Ó±Ê ·¥ÎÓ ¨¤¥É μ ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ.
�μ ¨³¥´´μ É¥·³μ¸É É ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ ¢¥·μÖÉ´μ¸É¥° ¢ ³¨±·μË¨§¨±¥. �± -
§Ò¢ ¥É¸Ö, ÎÉμ Ô¢μ²ÕÍ¨Ö ³ ²ÒÌ μÉ±²μ´¥´¨° μÉ · ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö
ƒ¨¡¡¸  ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ-
¸É¨,   ¶μ¸ÉμÖ´´ Ö �² ´±  h ¥¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´μ·³¨·μ¢μÎ´ Ö ¶μ¸ÉμÖ´´ Ö.
‚¸¥ ÔÉμ μ¤´μ§´ Î´μ ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ¶·μ¸É· ´¸É¢  ”μ±  [1, 2]. �¤-
´μ·μ¤´μ¸ÉÓ ³¨±·μ¢μ²´μ¢μ£μ ¨§²ÊÎ¥´¨Ö (¶·μ¡²¥³  £μ·¨§μ´É ) ¥¸ÉÓ ¸²¥¤¸É¢¨¥
£¨¶μÉ¥§Ò μ¡ μ¤´μ·μ¤´μ¸É¨ É¥·³μ¸É É . Šμ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö ¶μÖ¢²Ö-
¥É¸Ö ¢¸²¥¤¸É¢¨¥ μÉ±²μ´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  μÉ · ¢´μ¢¥¸´μ£μ, Λ = α2/2
(¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥¤¨´¨Í Ì), £¤¥ 1/α = tr Å ¢·¥³Ö ·¥² ±¸ Í¨¨ ´¥· ¢´μ-
¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö, É. ¥. ¥¸²¨ ¡Ò Λ = 0, Éμ ´¥ ¡Ò²μ ¡Ò ¨  ³¶²¨ÉÊ¤
¢¥·μÖÉ´μ¸É¨.

‚ ¤ ´´μ° · ¡μÉ¥ ¸É ¢¨É¸Ö § ¤ Î  ¢ÒÖ¢²¥´¨Ö ´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢ÒÌ, ´ ¨¡μ-
²¥¥ ¢¥·μÖÉ´ÒÌ ¸É·Ê±ÉÊ· ¢ É¥·³μ¸É É¥. ˆ¸Ìμ¤´Ò¥ ¶μ²μ¦¥´¨Ö É ±μ¢Ò: 1) ¸¶· -
¢¥¤²¨¢  ¸É ´¤ ·É´ Ö É¥μ·¨Ö ¢¥·μÖÉ´μ¸É¥° (§ ¤ ¥É¸Ö  ±¸¨μ³ ³¨ �.�.Šμ²³μ£μ-
·μ¢  [3]); 2) ¸É·Ê±ÉÊ·  ¶μ³¥Ð¥´  ¢ É¥·³μ¸É É (¨¸ÉμÎ´¨± ¸²ÊÎ °´ÒÌ ¸¨²);
3) ®³ É¥·¨ ²Ó´Ò¥ ÉμÎ±¨¯ Å μ¡Ñ¥±ÉÒ ¢μ§¤¥°¸É¢¨Ö ¸²ÊÎ °´ÒÌ ¸¨². ‚μ¶·μ¸
μ ¶·¨·μ¤¥ ÔÉ¨Ì ®³ É¥·¨ ²Ó´ÒÌ ÉμÎ¥±¯ É ±¦¥ ¢ÒÌμ¤¨É §  · ³±¨ ¸μ¢·¥³¥´-
´μ° Ë¨§¨±¨. �·¨ ÔÉμ³ ´¥ ¶·¥¤¶μ² £ ¥É¸Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ ± ±¨Ì-²¨¡μ § ±μ´μ¢
³¥Ì ´¨±¨ (´ ¶·¨³¥·, § ±μ´μ¢ �ÓÕÉμ´ ). � ¸¸³ É·¨¢ ¥É¸Ö ²¨ÏÓ ¨Éμ£ ³´μ£μ-
±· É´μ£μ ¢μ§¤¥°¸É¢¨Ö ¸²ÊÎ °´μ° ¸¨²Ò Å ¸²ÊÎ °´ÒÌ ¨§³¥´¥´¨° ¶¥·¥³¥´´ÒÌ
¢ · ¸¶·¥¤¥²¥´¨¨ ƒ¨¡¡¸ . �Î¥¢¨¤´μ, ³ ±¸¨³ ²Ó´μ Ê¸Éμ°Î¨¢Ò³ ¡Ê¤¥É ´ ¨¡μ²¥¥
¢¥·μÖÉ´μ¥ · ¸¶·¥¤¥²¥´¨¥, É. ¥. ¸μ¸ÉμÖ´¨¥ ¸ ³¨´¨³ ²Ó´μ° ¢¥·μÖÉ´μ¸ÉÓÕ ¥£μ
¤¥Ëμ·³ Í¨¨ É¥·³μ¸É Éμ³. �Éμ μÉ´μ¸¨É¸Ö ± ± ± · ¢´μ¢¥¸´Ò³, É ± ¨ ± ´¥· ¢-
´μ¢¥¸´Ò³ · ¸¶·¥¤¥²¥´¨Ö³.

‚ · ¡μÉ¥ ¶μ± § ´μ, ÎÉμ ¶·μ¸É¥°Ï¨³ Ê¸Éμ°Î¨¢Ò³ · ¢´μ¢¥¸´Ò³ · ¸¶·¥¤¥-
²¥´¨¥³ Ö¢²Ö¥É¸Ö É ±μ¢μ¥ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . “É¢¥·¦¤¥´¨¥ ¡ §¨-
·Ê¥É¸Ö ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¥° É¥μ·¥³¥ É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥° (Í¥´É· ²Ó´ Ö ¶·¥-
¤¥²Ó´ Ö É¥μ·¥³ ). ‚¢μ¤¨É¸Ö Î¨¸²μ, Ì · ±É¥·¨§ÊÕÐ¥¥ ¸É¥¶¥´Ó Ê¸Éμ°Î¨¢μ¸É¨
· ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (®¸É¥¶¥´Ó ¸¨³³¥É·¨Î´μ¸É¨¯ £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨°,
μÉ´μ¸¨É¥²Ó´μ ±μÉμ·ÒÌ · ¸¶·¥¤¥²¥´¨¥ ¨´¢ ·¨ ´É´μ, ®¨´¤¥±¸ ¸É ¡¨²Ó´μ¸É¨¯):

r =
l

N
, (1.1)

£¤¥ l Å · ´£ £·Ê¶¶Ò,   N Å ¥¥ · §³¥·´μ¸ÉÓ. —¥³ ¡μ²ÓÏ¥ l, É¥³ ¡μ²ÓÏ¥ ¨´-
¢ ·¨ ´Éμ¢ £·Ê¶¶Ò, ´¥ ³¥´ÖÕÐ¨Ì¸Ö ¶·¨ ¨§³¥´¥´¨¨ ¥¥ ¶ · ³¥É·μ¢, É¥³ ¡μ²ÓÏ¥
¸É ¡¨²Ó´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö,   Î¥³ ³¥´ÓÏ¥ N Å É¥³ ³¥´ÓÏ¥ ¶ · ³¥É·μ¢, μÉ
±μÉμ·ÒÌ μ´μ § ¢¨¸¨É, ¶μÔÉμ³Ê ´ ¨¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³¨ ¸ ÉμÎ±¨ §·¥´¨Ö
· ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  μ± §Ò¢ ÕÉ¸Ö £·Ê¶¶Ò ¸ ³ ±¸¨³ ²Ó´Ò³¨ r. ”μ·³Ê²¨·Ê-
¥É¸Ö ®¶·¨´Í¨¶ ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨¯ (�Œ“) · ¸¶·¥¤¥²¥´¨Ö. …£μ ¸ÊÉÓ:
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¸ ´ ¨¡μ²ÓÏ¥° ¢¥·μÖÉ´μ¸ÉÓÕ ·¥ ²¨§ÊÕÉ¸Ö ´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢Ò¥ ¸É·Ê±ÉÊ·Ò,
É. ¥. ¸É·Ê±ÉÊ·Ò ¸ ³¨´¨³ ²Ó´μ° ¢¥·μÖÉ´μ¸ÉÓÕ ¨§³¥´¥´¨Ö ¨Ì · ¸¶·¥¤¥²¥´¨°.
„²Ö · ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° ³¨´¨³ ²Ó´  ¢¥·μÖÉ´μ¸ÉÓ ¨Ì ¶·¥¢· Ð¥´¨Ö ¢
´¥· ¢´μ¢¥¸´Ò¥,   ¤²Ö ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° ¤ ´´Ò° ¶·¨´Í¨¶ ³¨´¨-
³¨§¨·Ê¥É ¢¥·μÖÉ´μ¸ÉÓ ¨Ì ¨§³¥´¥´¨Ö. �± §Ò¢ ¥É¸Ö, ÎÉμ, ´ ¶·¨³¥·, ¸μ£² ¸´μ
�Œ“ ¸É·Ê´  � ³¡ÊÄƒμÉμ Ö¢²Ö¥É¸Ö ¡μ²¥¥ Ê¸Éμ°Î¨¢Ò³ μ¡· §μ¢ ´¨¥³, ´¥¦¥²¨
¸μ¢μ±Ê¶´μ¸ÉÓ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í. �μÖ¢²¥´¨¥ ¸É·Ê´ ¢²¥Î¥É ¶μÖ¢²¥-
´¨¥ ¢ ¦´¥°Ï¨Ì ¶μ´ÖÉ¨°: ¶¸¥¢¤μ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ,  ´É¨±μ³³ÊÉ¨·ÊÕ-
Ð¨¥ ¶¥·¥³¥´´Ò¥ (Ë¥·³¨μ´Ò), ¨¤¥Ö μ ¸Ê¶¥·¸¨³³¥É·¨¨, ± ²¨¡·μ¢μÎ´Ò¥ ¸¨³-
³¥É·¨¨. „ ²¥¥ ¨§ÊÎ ¥É¸Ö ¢μ¶·μ¸ μ ¶·¥¤¶μÎÉ¨É¥²Ó´μ¸É¨ Éμ° ¨²¨ ¨´μ° £·Ê¶¶Ò
¸¨³³¥É·¨¨ ¸ ÉμÎ±¨ §·¥´¨Ö �Œ“. ‚ÒÖ¸´Ö¥É¸Ö, ÎÉμ ¸μ£² ¸´μ ÔÉμ³Ê ¶·¨´Í¨¶Ê
¶·¥¨³ÊÐ¥¸É¢μ ¨³¥ÕÉ £·Ê¶¶Ò SU(n). �μ ¨³¥´´μ μ´¨ (¨²¨ Ê´¨É ·´μ Ô±¢¨¢ -
²¥´É´Ò¥ ¨³) ¨  ±ÉÊ ²Ó´Ò ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í.

Š ± ´¨ Ê¤¨¢¨É¥²Ó´μ, ¢ ¶·¥¤² £ ¥³μ³ ¶μ¤Ìμ¤¥ Ê¤ ¥É¸Ö ¢ÒÖ¸´¨ÉÓ ¶·¨Î¨´Ê
¶μÖ¢²¥´¨Ö £·Ê¶¶Ò É ± ´ §Ò¢ ¥³μ£μ ‚¥²¨±μ£μ μ¡Ñ¥¤¨´¥´¨Ö SU(5) ¨ Ì·μ³μ-
¤¨´ ³¨Î¥¸±μ° £·Ê¶¶Ò SU(3) [4]. ‚¥±Éμ·´ Ö ¶¥·¥³¥´´ Ö ¸É·Ê´Ò � ³¡ÊÄƒμÉμ
¶·¨´ ¤²¥¦¨É ¶¸¥¢¤μ¥¢±²¨¤μ¢Ê ¶·μ¸É· ´¸É¢Ê (25 + 1) [5, 6]. ‚¢¨¤Ê μÉ¸ÊÉ¸É¢¨Ö
¢ ¥¥ ² £· ´¦¨ ´¥ ¶·μ¤μ²Ó´ÒÌ ¸±μ·μ¸É¥° (¸³. (3.5)) Î¨¸²μ Ë¨§¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ · ¢´μ 24 = 52 − 1, ´μ ÔÉμ ¨ ¥¸ÉÓ · §³¥·´μ¸ÉÓ £·Ê¶¶Ò SU(5).
„·Ê£ Ö £·Ê¶¶  ¨´¢ ·¨ ´É´μ¸É¨ Å £·Ê¶¶  ¸¨³³¥É·¨¨ ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ 
É ±μ° ¦¥ · §³¥·´μ¸É¨, £·Ê¶¶  SO(24), ³¥´¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´  ¸ ÉμÎ±¨ §·¥´¨Ö
�Œ“. �± §Ò¢ ¥É¸Ö, μ¤´ ±μ, ÎÉμ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¸É·Ê´¥ ®¢Ò£μ¤´¥¥¯ § -
±·ÊÎ¨¢ ÉÓ¸Ö ¢ ¸¶¨· ²Ó [2]. „ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¨³¥¥É ¤¢  ¢ ¦´¥°Ï¨Ì
¸²¥¤¸É¢¨Ö: 1) ¢³¥¸Éμ μ¤´μ³¥·´μ° ¸É·Ê´Ò ¶μÖ¢²Ö¥É¸Ö 3-³¥·´ Ö ¸É·Ê±ÉÊ· ,
¸ÊÐ¥¸É¢ÊÕÐ Ö ¢ 3-³¥·´μ³ ¶·μ¸É· ´¸É¢¥; 2) ¶μÖ¢²Ö¥É¸Ö ¨¤¥Ö ¸Ê¶¥·¸¨³³¥-
É·¨¨; É¥μ·¥É¨Î¥¸±¨ ´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢μ° ¸É·Ê±ÉÊ·μ° μ± §Ò¢ ¥É¸Ö ¸Ê¶¥·¸É·Ê´ 
� ³μ´ Ä�¥¢¥Ä˜¢ ·Í . �Éμ ¢¥¤¥É ± ´ ·ÊÏ¥´¨Õ £·Ê¶¶Ò SU(5) ¨ ¶μÖ¢²¥´¨Õ
£·Ê¶¶Ò SU(3). ‚¥±Éμ·´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¸Ê¶¥·¸É·Ê´Ò ¶·¨´ ¤²¥¦ É ¶¸¥¢¤μ-
¥¢±²¨¤μ¢Ê ¶·μ¸É· ´¸É¢Ê (9 + 1). —¨¸²μ ¥¥ ¡μ§μ´´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò · ¢´μ 8 = 32 − 1, É. ¥. · §³¥·´μ¸É¨ £·Ê¶¶Ò SU(3). �μ¸²¥¤´ÖÖ, ¸μ-
£² ¸´μ �Œ“, ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´ , ´¥¦¥²¨ £·Ê¶¶  ¸¨³³¥É·¨¨ ¥¢±²¨¤μ¢ 
¶·μ¸É· ´¸É¢  É ±μ° ¦¥ · §³¥·´μ¸É¨ SO(8).

� ±μ´¥Í, ·¥Ï ¥É¸Ö É ±¦¥ ¢μ¶·μ¸ μ ¶·¥¨³ÊÐ¥¸É¢ Ì Éμ£μ ¨²¨ ¨´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö £·Ê¶¶Ò SU(n). Œ¨´¨³ ²Ó´μ ¤¥Ëμ·³¨·Ê¥³Ò³ μ± §Ò¢ ¥É¸Ö É ±μ¢μ¥,
± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ±μÉμ·μ£μ ·¥ ²¨§ÊÕÉ ¥¥ ËÊ´¤ ³¥´É ²Ó´μ¥ ¶·¥¤¸É -
¢²¥´¨¥. �ÉμÉ ¢Ò¢μ¤ ´¥¡¥§Ò´É¥·¥¸¥´ ¢ ¸¢Ö§¨ ¸ ¤·Ê£μ° μ¡¸Ê¦¤ ¥³μ° μ¸μ¡¥´-
´μ¸ÉÓÕ ³μ¤¥²¨ Å Ö¢´μ° ¢Ò¤¥²¥´´μ¸ÉÓÕ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ. Š ± ¨§-
¢¥¸É´μ, μ¡Ñ¥±É ³¨ ËÊ´¤ ³¥´É ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤ ´´μ° £·Ê¶¶Ò ± ± · § ¨
Ö¢²ÖÕÉ¸Ö ±μ³¶²¥±¸´Ò¥ ËÊ´±Í¨¨.

ƒ² ¢´ Ö ¶·μ¡²¥³  ¤ ´´μ£μ ¶μ¤Ìμ¤  Å ³μ¤¥²¨·μ¢ ´¨¥ 3-³¥·´μ° ¸¥É¨. �·¥-
¦¤¥ ¢¸¥£μ ¢¸É ¥É ¤μ¸É ÉμÎ´μ É·Ê¤´Ò° ¢μ¶·μ¸ μ £¥μ³¥É·¨¨ ÖÎ¥¥± ¸ ÉμÎ±¨ §·¥´¨Ö
�Œ“. �´ ²¥£±μ ·¥Ï ¥É¸Ö ¤²Ö 2-³¥·´μ° ¸¥É¨, £¤¥ ÖÎ¥°±μ° ¸²Ê¦¨É ¶· ¢¨²Ó´Ò°
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Ï¥¸É¨Ê£μ²Ó´¨± (¶Î¥²¨´Ò¥ ¸μÉÒ, ®¢¨¤ ¸¢¥·ÌÊ¯). ‚ ¸²ÊÎ ¥ 3-³¥·´μ° ¸¥É¨ ·¥-
Ï¥´¨¥ ´¥¨§¢¥¸É´μ, ´μ ¤²Ö Ëμ·³Ê²¨·μ¢ ´¨Ö μ¸´μ¢´μ° ¨¤¥¨ ³μ¤¥²¨ ¤μ¸É ÉμÎ´μ
· ¸¸³μÉ·¥ÉÓ ±Ê¡¨Î¥¸±ÊÕ ·¥Ï¥É±Ê ¸ ·¥¡· ³¨ ¨§ ¸É·Ê´. �¥μ¡ÒÎ´μ¸ÉÓ ³μ¤¥²¨
¢ Éμ³, ÎÉμ ¨§ μ¤´μ° ÉμÎ±¨ (Ê£μ² ±Ê¡ ) ¢ÒÌμ¤¨É Ï¥¸ÉÓ ¸É·Ê´, ÌμÉÖ μ¡ÒÎ´μ
¢ É¥μ·¨¨ · ¸¸³ É·¨¢ ÕÉ Éμ²Ó±μ ¸²ÊÎ ° É·¥Ì ¸É·Ê´. ’¥³ ´¥ ³¥´¥¥ ¨ §¤¥¸Ó
Ê¤ ¥É¸Ö ¸Ëμ·³Ê²¨·μ¢ ÉÓ μ¸´μ¢´ÊÕ ¨¤¥Õ ¶μ¤Ìμ¤ . �¥¡·  ÖÎ¥°±¨ μ¡· §ÊÕÉ § -
³±´ÊÉÒ¥ ¸É·Ê´Ò (¢ ¨¤¥ ²¥ ¸Ê¶¥·¸É·Ê´Ò). ‚μ§¡Ê¦¤¥´¨Ö ¶μ¸²¥¤´¨Ì ¸μ¤¥·¦ É
¢¸¥ ¨§¢¥¸É´Ò¥ ¶μ²Ö. ‚ ²μ± ²Ó´μ³ ¶·¥¤¥²¥ (· §³¥·Ò ±Ê¡  ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ)
ÖÎ¥°±  ¶·¥¢· Ð ¥É¸Ö ¢ ÉμÎ±Ê, ¨ ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´ ¶·¥¢· Ð ÕÉ¸Ö ¢ μ¡ÒÎ´Ò¥
²μ± ²Ó´Ò¥ ¶μ²Ö ¢ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥. …¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¸¨³-
³¥É·¨Î´Ò³ É¥´§μ·´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ · ´£  2 (³¥É·¨Î¥¸±¨° É¥´§μ·), Éμ ¶μ-
²ÊÎ¨É¸Ö μ¡μ¡Ð¥´´ Ö ³μ¤¥²Ó Š ²ÊÍÒÄŠ²¥°´ ÄŒ ´¤¥²ÖÄ”μ±  (ŠŠŒ”), μ¡Ñ-
¥¤¨´ÖÕÐ Ö £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ ¨ ¢¥±Éμ·´μ¥ ¶μ²¥ ¸ ´¥É·¨¢¨ ²Ó´μ° £·Ê¶¶μ°
¸¨³³¥É·¨¨ (¸± ²Ö·´Ò¥ ¶μ²Ö μ¡ÒÎ´μ ´¥ Ê¶μ³¨´ ÕÉ¸Ö).

‚ · §¤. 2 Ëμ·³Ê²¨·Ê¥É¸Ö ¶·¨´Í¨¶ ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨. �μ± § ´μ,
ÎÉμ ¶·μ¸É¥°Ï¨³ · ¢´μ¢¥¸´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Ö¢²Ö¥É¸Ö É ±μ¢μ¥ ¤²Ö £ ·³μ´¨-
Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . “É¢¥·¦¤¥´¨¥ ¸²¥¤Ê¥É ¨§ Ê¶μ³¨´ ¢Ï¥°¸Ö É¥μ·¥³Ò É¥μ-
·¨¨ ¢¥·μÖÉ´μ¸É¥° (Í¥´É· ²Ó´ Ö ¶·¥¤¥²Ó´ Ö É¥μ·¥³ ) ¨ ±·¨É¥·¨Ö (1.1). Š ±
¨§¢¥¸É´μ, ¸É·Ê´Ò ¨ ¢¸¥ ´ ¡²Õ¤ ¥³Ò¥ ¶μ²Ö ¥¸ÉÓ ¸μ¢μ±Ê¶´μ¸É¨ £ ·³μ´¨Î¥¸±¨Ì
μ¸Í¨²²ÖÉμ·μ¢. �¡¸Ê¦¤ ¥É¸Ö É ±¦¥ ·μ²Ó ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨° ¨ ±μ³¶²¥±¸-
´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ.

‚ · §¤. 3 ¨§² £ ÕÉ¸Ö ¤¨¸±·¥É´Ò¥ É¥μ·¨¨ ¸É·Ê´ ¨ ¡· ´. �± §Ò¢ ¥É¸Ö, ÎÉμ
¸μ£² ¸´μ �Œ“ ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´μ°, ¡μ²¥¥ ¸É ¡¨²Ó´μ° ¶μ ¸· ¢´¥´¨Õ ¸ ´¥-
Ê¶μ·Ö¤μÎ¥´´Ò³ ´ ¡μ·μ³ μ¸Í¨²²ÖÉμ·μ¢ ¶·μ¸É¥°Ï¥° ¸É·Ê±ÉÊ·μ°, ¶μ¸É·μ¥´´μ°
¨§ Ê¶μ³Ö´ÊÉÒÌ ÉμÎ¥Î´ÒÌ μ¡Ñ¥±Éμ¢, Ö¢²Ö¥É¸Ö ®¡μ§¥-¸É·Ê´ ¯, ÉμÎ´¥¥, ¤¨¸±·¥É-
´ Ö ¸É·Ê±ÉÊ· , ¶·¥¢· Ð ÕÐ Ö¸Ö ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¢ ¸É·Ê´Ê � ³¡ÊÄƒμÉμ.
� ¸¸³μÉ·¥´  ¤¨¸±·¥É´ Ö ³μ¤¥²Ó p-¡· ´Ò, ¨ ¶μ± § ´μ, ÎÉμ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨
¡· ´Ò ³¥´¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò ¶μ ¸· ¢´¥´¨Õ ¸μ ¸É·Ê´ ³¨. ‚ ¦´μ¸ÉÓ ¢Ò¤¥-
²¥´´μ¸É¨ ¸É·Ê´ ¸¢Ö§ ´  ¸ É¥³, ÎÉμ μ´¨ ¶μ·μ¦¤ ÕÉ ¶μ´ÖÉ¨¥ ± ²¨¡·μ¢μÎ´μ°
¨´¢ ·¨ ´É´μ¸É¨ Å ¢ ¦´¥°Ï¨°  É·¨¡ÊÉ ¸μ¢·¥³¥´´μ° Ë¨§¨±¨.

	Ê¤ÊÎ¨ ¶μ³¥Ð¥´´μ° ¢ É¥·³μ¸É É, ¸É·Ê´  μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨-
±μ° [1, 2] (É¥·³μ¸É É £¥´¥·¨·Ê¥É ³ ²Ò¥ μÉ±²μ´¥´¨Ö μ¸Í¨²²ÖÉμ·μ¢ μÉ · ¢´μ¢¥¸-
´μ£μ ¸μ¸ÉμÖ´¨Ö, Ô¢μ²ÕÍ¨Ö ±μÉμ·ÒÌ μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨).
‘μ£² ¸´μ ¦¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨¸±·¨¢²¥´´ Ö ¸É·Ê´  ¸É É¨¸É¨Î¥¸±¨ ¡μ²¥¥
¶·¥¤¶μÎÉ¨É¥²Ó´ , ¨¡μ Éμ£¤  ¢ £ ³¨²ÓÉμ´¨ ´¥ ¶μÖ¢²ÖÕÉ¸Ö μÉ·¨Í É¥²Ó´Ò¥ ¸² -
£ ¥³Ò¥ (¶μÖ¢²¥´¨¥ ±¢ ´Éμ¢μ£μ ¶μÉ¥´Í¨ ²  [2] ¢ ¨¸±·¨¢²¥´´μ³ ¶·μ¸É· ´¸É¢¥).
�Éμ · ¤¨± ²Ó´μ ³¥´Ö¥É ¸É·Ê±ÉÊ·Ê ¸É·Ê´Ò: ¸É·Ê´  § ±·ÊÎ¨¢ ¥É¸Ö ¢ ¸¶¨· ²Ó,
¶μÖ¢²ÖÕÉ¸Ö Ë¥·³¨μ´Ò Å  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨¥ ¸¶¨´μ·´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò
¸μ ¸¶¨´μ³ �/2, ¢ ¨¤¥ ²¥ ¢μ§³μ¦´μ ¶μÖ¢²¥´¨¥ ¸Ê¶¥·¸¨³³¥É·¨¨ (· §¤. 4).

ˆÉ ±, ¢ ¨¤¥ ²Ó´μ³ ¸²ÊÎ ¥ ´ ¨³¥´¥¥ ¤¥Ëμ·³¨·Ê¥³Ò³ ¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ-
´Ò³ ¡Ê¤¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , § ¤ ¢ ¥³μ¥ ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ £ ³¨²ÓÉμ-
´¨ ´μ³ (´Ê²¥¢ Ö Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö). ‚ ¤ ´´μ° ³μ¤¥²¨, μ¤´ ±μ,
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± ± ¨ ¢ ·¥ ²Ó´μ¸É¨, ¸Ê¶¥·¸¨³³¥É·¨Ö μÉ¸ÊÉ¸É¢Ê¥É, ¨¡μ ¸É·Ê´  ¤¨¸±·¥É´  ¨ · -
¤¨Ê¸ ¸¶¨· ²¨ ¤μ²¦¥´ ¡ÒÉÓ ³´μ£μ ¡μ²ÓÏ¥ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê μ¡· §ÊÕÐ¨³¨ ¥¥
μ¸Í¨²²ÖÉμ· ³¨. „ ²¥¥, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ �Œ“ ´ ¨¡μ²¥¥ ¸É ¡¨²Ó´Ò³¨ ¨ ¢¥-
·μÖÉ´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨ ¤μ²¦´Ò ¡ÒÉÓ ®´ ¨¡μ²¥¥ ¸¨³³¥É·¨Î´Ò¥¯ ¨§ ´¨Ì,
¶μ¸±μ²Ó±Ê ¥¸²¨ · ¸¶·¥¤¥²¥´¨¥ ´¥ § ¢¨¸¨É μÉ ± ±¨Ì-²¨¡μ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò
(Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³), Éμ Ê³¥´ÓÏ ¥É¸Ö ¢¥·μÖÉ´μ¸ÉÓ ¥£μ ¨§³¥´¥´¨Ö. �Éμ
μ¡ÑÖ¸´Ö¥É ¶μÖ¢²¥´¨¥ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°. ‚ · §¤. 5 £·Ê¶¶Ò ¨ ¨Ì ¶·¥¤¸É -
¢²¥´¨Ö ±² ¸¸¨Ë¨Í¨·ÊÕÉ¸Ö ¸ ÉμÎ±¨ §·¥´¨Ö �Œ“. ‚ É ¡². 1 ¶·¨¢¥¤¥´Ò ¤ ´´Ò¥
μ ±² ¸¸¨Î¥¸±¨Ì £·Ê¶¶ Ì (· ´£¨ ¨ · §³¥·´μ¸É¨ £·Ê¶¶), ¶μ§¢μ²ÖÕÐ¨¥ ¢ÒÎ¨-
¸²¨ÉÓ ¨Ì ¨´¤¥±¸Ò ¸É ¡¨²Ó´μ¸É¨ (1.1). � ¨¡μ²¥¥ Ê¸Éμ°Î¨¢Ò³¨ μ± §Ò¢ ÕÉ¸Ö
£·Ê¶¶Ò SU(n). ‚ É ¡². 2 ¸ ÉμÎ±¨ §·¥´¨Ö �Œ“ · ¸¸³ É·¨¢ ÕÉ¸Ö ¶·μ¸É¥°Ï¨¥
¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶ SU(n).

‚ · §¤. 6 ‚¸¥²¥´´ Ö ³μ¤¥²¨·Ê¥É¸Ö ´ Ìμ¤ÖÐ¥°¸Ö ¢ É¥·³μ¸É É¥ 3-³¥·´μ° ¸¥-
ÉÓÕ, ¶μ¸É·μ¥´´μ° ¨§ ¸É·Ê´. ‚ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³ ¶·¥¤¥²¥ (É. ¥. ¶·¨ ¸É·¥³²¥-
´¨¨ ± ´Ê²Õ · §³¥·  ÖÎ¥¥±) ¶μ²ÊÎ ¥É¸Ö μ¡μ¡Ð¥´´ Ö É¥μ·¨Ö Š ²ÊÍÒÄŠ²¥°´ Ä
Œ ´¤¥²ÖÄ”μ±  ¸ ´¥ ¡¥²¥¢Ò³¨ ¢¥±Éμ·´Ò³¨ ¶μ²Ö³¨.

‚ § ±²ÕÎ¥´¨¨ ¶μ¤¢μ¤ÖÉ¸Ö ¨Éμ£¨ · ¡μÉÒ. �μ¤Î¥·±¨¢ ¥É¸Ö ·μ²Ó ¶·¨´Í¨¶ 
³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨.

‚ ¶·¨²μ¦¥´¨Ö ¢Ò´¥¸¥´Ò ´¥±μÉμ·Ò¥ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ¢μ¶·μ¸Ò, ¢ Î ¸É´μ-
¸É¨, ¤¥³μ´¸É·¨·Ê¥É¸Ö ¥¸É¥¸É¢¥´´μ¸ÉÓ ¶μÖ¢²¥´¨Ö ¢ ¤ ´´μ³ ¶μ¤Ìμ¤¥ ®¶·¥¤¸É -
¢²¥´¨Ö ”μ± ¯.

2. ��ˆ�–ˆ� Œ�Š‘ˆŒ�‹œ��‰ “‘’�‰—ˆ‚�‘’ˆ

2.1. ’¥μ·¨Ö ¢¥·μÖÉ´μ¸É¥° ¨ ¶·¨´Í¨¶ ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨. �μ-
± ¦¥³, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¢ÒÉ¥-
± ¥É ¨§:

1) Í¥´É· ²Ó´μ° ¶·¥¤¥²Ó´μ° É¥μ·¥³Ò É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥°,

2) ¶·¨´Í¨¶  ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö.
�¥·¢μ¥ Ê¸²μ¢¨¥ ¥¸ÉÓ Ìμ·μÏμ ¨§¢¥¸É´Ò° ³ É¥³ É¨Î¥¸±¨° Ë ±É. …¸²¨ μ¤-

´μ³¥·´ Ö ¸¨¸É¥³  ¶μ¤¢¥·¦¥´  ¢μ§¤¥°¸É¢¨Õ ¸²ÊÎ °´ÒÌ ¸¨² ¨ Ì · ±É¥·¨§Ê¥É¸Ö
´¥±μÉμ·Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨, Éμ, μ¶·¥¤¥²ÖÖ ¶·¥¤¥² ¸·¥¤´¥£μ §´ -
Î¥´¨Ö ±μμ·¤¨´ ÉÒ x ¢ ·¥§Ê²ÓÉ É¥ n-±· É´μ£μ ¢μ§¤¥°¸É¢¨Ö ¸¨²Ò

lim
n→∞

x1 + . . . + xn

n
= x̄ (2.1)

¨ ¶·¥¤¥²

lim
n→∞

(x1 + . . . + xn − nx̄)2

n
= σ2, (2.2)
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¤²Ö x = (x1 + . . . + xn − nx̄)/σ
√

n ¶·¨ n → ∞ ¶μ²ÊÎ ¥³ ´μ·³ ²Ó´μ¥ · ¸¶·¥-
¤¥²¥´¨¥ ¸ ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨ [3, ¸. 285]

p(x) =
1√
2π

e−x2/2. (2.3)

„ ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥ μ¡μ¡Ð ¥É¸Ö ´  ¥¢±²¨¤μ¢Ò ¶·μ¸É· ´¸É¢  ¶·μ¨§¢μ²Ó´μ°
±μ´¥Î´μ° · §³¥·´μ¸É¨.

�μ · ¸¶·¥¤¥²¥´¨¥ (2.3) ´¥ ¡Ê¤¥É μ¶É¨³ ²Ó´Ò³ ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ²Õ¡ Ö
¢ ·¨ Í¨Ö x ¶·¥¢· Ð ¥É ¥£μ ¢ ´¥· ¢´μ¢¥¸´μ¥. �¤´ ±μ ¥¸²¨ ¢§ÖÉÓ 2-³¥·´μ¥
· ¸¶·¥¤¥²¥´¨¥ ƒ Ê¸¸ 

w(p, q) =
1
2π

exp
(
−p2 + q2

2

)
, (2.4)

Éμ ¨§³¥´¥´¨Ö p, q, ¸μÌ· ´ÖÕÐ¨¥ ¸Ê³³Ê p2 + q2, μ¸É ¢²ÖÕÉ ¥£μ ´¥¨§³¥´´Ò³.
�μ¤μ¡´Ò¥ ¢ ·¨ Í¨¨ ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ±² ¸¸¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ƒ ³¨²ÓÉμ´ 
¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  [2]. ’ ±¨³ μ¡· §μ³, ÌμÉÖ Î¨¸²μ ¢ ·Ó¨·Ê¥-
³ÒÌ ¶ · ³¥É·μ¢ Ê¤¢μ¨²μ¸Ó, ¶μ-¶·¥¦´¥³Ê ¨§³¥´¥´¨¥ ²¨ÏÓ μ¤´μ£μ ¶ · ³¥É· 
¢Ò¢μ¤¨É ¸¨¸É¥³Ê ¨§ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸´μ¸É¨. ‘²¥¤μ¢ É¥²Ó´μ, ¸ ÉμÎ±¨ §·¥´¨Ö
Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¢Éμ·μ¥ ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´μ. ‚ ÔÉμ³ ¨ ¸μ¸Éμ¨É
¶·¨´Í¨¶ ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö. 	Ê¤¥³ Ì · ±É¥·¨§μ¢ ÉÓ
¸É¥¶¥´Ó Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¶ · ³¥É·μ³

rN =
I

N
, (2.5)

£¤¥ I Å Î¨¸²μ ®¨´¢ ·¨ ´É´ÒÌ ¶ · ³¥É·μ¢¯, É. ¥. ¶ · ³¥É·μ¢, μÉ ±μÉμ·ÒÌ ´¥
§ ¢¨¸¨É · ¸¶·¥¤¥²¥´¨¥,   N Å · §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢ . ’μ£¤  ¤²Ö · ¸¶·¥-
¤¥²¥´¨Ö (2.3) r1 = 0,   ¤²Ö (2.4) r2 = 1/2 ¨ r2 > r1. � ¸¶·¥¤¥²¥´¨¥ (2.4)
¡μ²¥¥ Ê¸Éμ°Î¨¢μ.

ˆÉ ±, ¶μ± § É¥²Ó Ô±¸¶μ´¥´ÉÒ ¢ (2.4) ¶·μ¶μ·Í¨μ´ ²¥´ £ ³¨²ÓÉμ´¨ ´Ê £ ·-
³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥¤¨´¨Í Ì), É. ¥. £ ·³μ´¨Î¥¸±¨°
μ¸Í¨²²ÖÉμ· μ± §Ò¢ ¥É¸Ö ¢Ò¤¥²¥´´Ò³, μ´ ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²¥´ ¸ ÉμÎ±¨ §·¥-
´¨Ö ¶·¨´Í¨¶  ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö. ’¥¶¥·Ó ¢¸¶μ³´¨³,
ÎÉμ ¢¸¥ ¶μ²Ö ¨ ¸É·Ê´Ò ¸ÊÉÓ ¸μ¢μ±Ê¶´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì £ ·³μ´¨Î¥¸±¨Ì
μ¸Í¨²²ÖÉμ·μ¢. „ ´´Ò° Ë ±É ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¢¨¤¥É¥²Ó¸É¢μ ÔËË¥±-
É¨¢´μ¸É¨ ¶·¨´Í¨¶  ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨. � ¨¡μ²¥¥ ®¦¨¢ÊÎ¨³¨¯ μ± -
§Ò¢ ÕÉ¸Ö · ¸¶·¥¤¥²¥´¨Ö ¸ ´ ¨¡μ²ÓÏ¨³¨ rN .

2.2. „¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ ¨ ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥. „¨¸±·¥É-
´Ò¥ ¸¨³³¥É·¨¨. ‚μ§´¨± ¥É ¢μ¶·μ¸: ± ±μ¢  ·μ²Ó ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨° ¢
¶·μ¡²¥³¥ Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨°? ‚ ¸²ÊÎ ¥ μ¤´μ³¥·´μ£μ ®· ¸¶·¥¤¥-
²¥´¨Ö ƒ¨¡¡¸ ¯ G1 ∼ e−q2/2, ± ± μÉ³¥Î ²μ¸Ó, ²Õ¡ Ö ³ ² Ö ¢ ·¨ Í¨Ö ±μ-
μ·¤¨´ ÉÒ q → q + δq ¨§³¥´Ö¥É ¥£μ, ¶μ·μ¦¤ Ö ´¥Ê¸Éμ°Î¨¢μ¥ · ¸¶·¥¤¥²¥-
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´¨¥. ˆ¸±²ÕÎ¥´¨¥³ Ö¢²Ö¥É¸Ö μÉ· ¦¥´¨¥ q → −q. „ ´´ Ö ¤¨¸±·¥É´ Ö ¸¨³-
³¥É·¨Ö ´¥ ³¥´Ö¥É · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ , ´μ ¨ ´¥ ¢²¨Ö¥É ´  ¥£μ Ê¸Éμ°Î¨¢μ¸ÉÓ
(¸μ£² ¸´μ �Œ“). ‚ ¤¢Ê³¥·´μ³ ¸²ÊÎ ¥ ¸μ¢μ±Ê¶´μ¸ÉÓ ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨°

¡μ£ Î¥. �Ê¸ÉÓ ¢¥±Éμ· § ¤ ¥É¸Ö ¸Éμ²¡Íμ³

(
q
p

)
¨ R̂1

(
q
p

)
=

(
−q
p

)
,

R̂2

(
q
p

)
=

(
q
−p

)
, R̂1R̂2 = −Î, R̂2

1 = R̂2
2 = Î , £¤¥ Îx = x, x =

(
q
p

)
.

�Î¥¢¨¤´μ, μ¶¥· Éμ·Ò R̂1, R̂2 § ¢¨¸¨³Ò, ¨¡μ R̂2 = −R̂1. ˆÉ ±, ¶μ²´ Ö
£·Ê¶¶  ¸¨³³¥É·¨¨ ¤¢Ê³¥·´μ£μ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  G2 ∼ e−(p2+q2)/2 ¥¸ÉÓ
£·Ê¶¶  SO(2) ¶²Õ¸ μ¶¥· Í¨Ö μÉ· ¦¥´¨Ö, £¥´¥·¨·Ê¥³ Ö μ¶¥· Éμ·μ³ R̂1. ‚Ò-
Ö¸´¨³, ± ±μ¢Ò ¶μ¸²¥¤¸É¢¨Ö ÊÎ¥É  ÔÉμ° ¤¨¸±·¥É´μ° ¸¨³³¥É·¨¨.

�·¥¦¤¥ ¢¸¥£μ μÎ¥¢¨¤´μ, ÎÉμ μ¶¥· Éμ·Ò R̂1, R̂2 ³¥´ÖÕÉ £ ³¨²ÓÉμ´μ¢Ò
Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö q̇ = p, ṗ = −q. „ ²¥¥, ¶μ¤ ¢μ§¤¥°¸É¢¨¥³ ÔÉ¨Ì μ¶¥· Éμ-
·μ¢ ³¥´Ö¥É¸Ö 2-Ëμ·³  dq ∧ dp, § ¤ ÕÐ Ö μ·¨¥´É Í¨Õ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ 
¨ ¸É·¥²Ê ¢·¥³¥´¨ [7]. � ±μ´¥Í, ¤ ´´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥
¨´Ë¨´¨É¥§¨³ ²Ó´Ò. ˆÉ ±, ÌμÉÖ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  G2 ¨ ´¥ ³¥´Ö¥É¸Ö ¶·¨
μÉ· ¦¥´¨ÖÌ R̂1, R̂2, Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´  ¨§³¥´ÖÕÉ¸Ö, ³¥´Ö¥É¸Ö ´ ¶· ¢²¥-
´¨¥ ¸É·¥²Ò ¢·¥³¥´¨, É. ¥. · ¤¨± ²Ó´μ ³¥´Ö¥É¸Ö Ë¨§¨Î¥¸± Ö ± ·É¨´ . ‘²¥¤μ¢ -
É¥²Ó´μ, ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ ´¥²Ó§Ö μÉ´μ¸¨ÉÓ ± · §·Ö¤Ê É ±μ¢ÒÌ, ¶μ¢ÒÏ -
ÕÐ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ . �´¨ ³¥´ÖÕÉ ± ·É¨´Ê ³¨· .

Šμ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥. ‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ±μ³¶²¥±¸-
´Ò¥ ¶¥·¥³¥´´Ò¥, ¶μÔÉμ³Ê μ¡¸Ê¤¨³ μ¸μ¡¥´´μ¸É¨ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ
z = (q + ip)/

√
2 ¨ z̄ = z∗, Î¥·¥§ ±μÉμ·Ò¥ ¢Ò· ¦ ¥É¸Ö ¶μ± § É¥²Ó Ô±¸¶μ´¥´ÉÒ

G2: z̄z = (p2 + q2)/2.
Šμμ·¤¨´ ÉÒ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z μ¡² ¤ ÕÉ ·Ö¤μ³ ´¥μ¡ÒÎ´ÒÌ

¸¢μ°¸É¢. �·¥¦¤¥ ¢¸¥£μ z ¥¸ÉÓ ÉμÎ±  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨, É. ¥. μ´  Ì · ±É¥-
·¨§Ê¥É¸Ö ¤¢Ê³¥·´Ò³ ¢¥±Éμ·μ³. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, z̄, z ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ
± ± ¶ ·Ê ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¶μ²ÊÎ¥´´ÒÌ ¨§ ¶ ·Ò q, p ¸ ¶μ³μÐÓÕ
´¥± ´μ´¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö. „¥°¸É¢¨É¥²Ó´μ, ¸±μ¡±  �Ê ¸¸μ´  § ¤ ¥É¸Ö
· ¢¥´¸É¢μ³

{f, g} =
∂(f, g)
∂(q, p)

≡ ∂f

∂q

∂g

∂p
− ∂f

∂p

∂g

∂q
, {q, p} = 1.

’μ£¤ 

{z̄, z} =
∂(z̄, z)
∂(q, p)

=
1
2
(i + i) = i{q, p},

É. ¥. ¶·¥μ¡· §μ¢ ´¨¥ (q, p) → (z̄, z) ¨§³¥´Ö¥É ¸±μ¡±Ê �Ê ¸¸μ´  ¨ ´¥ Ö¢²Ö¥É¸Ö
± ´μ´¨Î¥¸±¨³ [8]. �μ £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê ³μ¦´μ Ëμ·³Ê²¨·μ¢ ÉÓ ¨ ¢
É¥·³¨´ Ì (q, p), ¨ ¢ É¥·³¨´ Ì (z̄, z). �¸μ¡¥´´μ¸ÉÓ ´μ¢ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ (z̄, z) § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³. ‘ μ¤´μ° ¸Éμ·μ´Ò, ± § ²μ¸Ó ¡Ò,
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z̄ ¨ z Å ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥, ¨¡μ

dz̄

dz
=

∂z̄

∂q

(
∂z

∂q

)−1

+
∂z̄

∂p

(
∂z

∂p

)−1

=
1
1

+
−i

i
= 0.

‘ ¤·Ê£μ° Å ¶¥·¥³¥´´ Ö z̄ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¶μ z, ¨³¥´´μ, μÉ· ¦¥-
´¨¥³ p → −p: z̄ = z|p→−p, É. ¥. ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ z̄ ¥¸ÉÓ ËÊ´±Í¨Ö z. �μ ¨
¸ ÉμÎ±¨ §·¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëμ·³ μ´¨ ¢Ò¸ÉÊ¶ ÕÉ ± ± ´¥§ ¢¨¸¨³Ò¥
¶¥·¥³¥´´Ò¥:

dz̄ ∧ dz =
1
2
d(q − ip) ∧ d(q + ip) = idq ∧ dp.

�μ¤Î¥·±´¥³, ÎÉμ ¤ ´´μ¥ ¸¢μ°¸É¢μ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ Ê´¨± ²Ó´μ. „μ-
¶Ê¸É¨³, ÎÉμ ³Ò ¸²¥£±  ¨§³¥´¨²¨ ¶· ¢¨²μ ¶μ¸É·μ¥´¨Ö z̄ ¶μ z: z̄ → z̄α =
(q − iαp)/

√
2, α �= 1. ’μ£¤  dz̄α/dz = 1 − α �= 0, É. ¥. z̄α É ±¦¥ ¥¸ÉÓ ËÊ´±-

Í¨Ö z, ÌμÉÖ ¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ Ö (²¨´¥°´ Ö). �μ ¶μ-¶·¥¦´¥³Ê dz̄α ∧ dz =
(i/2)(1 + α)dq ∧ dp �= 0.

‚§£²Ö´¥³ ´  ¶·μ¡²¥³Ê ¸ ´¥¸±μ²Ó±μ ¤·Ê£μ° ÉμÎ±¨ §·¥´¨Ö. � °¤¥³ ´ ¨-
¡μ²¥¥  ¤¥±¢ É´Ò¥ ¶¥·¥³¥´´Ò¥ ¤²Ö μ¶¨¸ ´¨Ö ¸¨³³¥É·¨¨ SO(2) · ¸¶·¥¤¥²¥-
´¨Ö G2. �¶¥· Éμ· ¶μ¢μ·μÉ  ¢ ¶²μ¸±μ¸É¨ (q, p) ¥¸ÉÓ exp (iσ2ϕ), £¤¥ iσ2 =(

0 1
−1 0

)
, σ2 Å ³ É·¨Í  � Ê²¨. …¸É¥¸É¢¥´´μ ¶μ¸É ¢¨ÉÓ ¢μ¶·μ¸ μ ¶¥·¥³¥´-

´ÒÌ, £¥´¥· Éμ·μ³ ¨´¢ ·¨ ´É´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ±μÉμ·ÒÌ ¡Ò²  ¡Ò ¤¨ £μ´ ²Ó-
´ Ö ³ É·¨Í . “ É ±¨Ì ¶¥·¥³¥´´ÒÌ ³¥´Ö² ¸Ó ¡Ò Éμ²Ó±μ Ë § . ‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö,

ÎÉμ ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ ³ É·¨ÍÒ iσ2 Ö¢²ÖÕÉ¸Ö 2-¢¥±Éμ·Ò

(
1
±i

)
¸

¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ ±i. �¡μ§´ Î¨³ ψ± =
(

1
±i

)
/
√

2, ψT
±ψ∗

± = 1,

£¤¥ ψT
± = (1,±i)/

√
2. ’μ£¤  ψT

+

(
q
p

)
= z, ψT

−

(
q
p

)
= z̄. ’ ± ± ± ψ±

¥¸ÉÓ ¥¤¨´¨Î´Ò¥ ¢¥±Éμ·Ò, Éμ ¢¸Ö ¨´Ëμ·³ Í¨Ö μ ¶¥·¥³¥´´ÒÌ q, p § ±²ÕÎ¥´  ¢
±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ z, z̄. �·¥¤¸É ¢²Ö¥É¸Ö, ÎÉμ ¨³¥´´μ ±μ³¶²¥±¸´Ò¥ ¶¥-
·¥³¥´´Ò¥ ¨ Ö¢²ÖÕÉ¸Ö ´ ¨¡μ²¥¥  ¤¥±¢ É´Ò³¨ ¤²Ö μ¶¨¸ ´¨Ö ¸¨³³¥É·¨¨ SO(2).
� ¶μ³´¨³, ÎÉμ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨-
É¥²Ó´μ μ¶¥· Í¨¨ R̂1, ¶μÔÉμ³Ê ¤¨¸±·¥É´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ´¥ ¨£· ÕÉ ·μ²¨ ¢
¢μ¶·μ¸¥ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ Éμ£μ ¨²¨ ¨´μ£μ · ¸¶·¥¤¥²¥´¨Ö.

ˆ§²μ¦¥´´μ¥ ¶μ§¢μ²Ö¥É ¤ ÉÓ μÉ¢¥É ´  ¶μ¤´ÖÉÒ° ¢ÒÏ¥ ¢μ¶·μ¸ μ ¶ · ¤μ±¸¥
μÉ´μ¸¨É¥²Ó´μ Éμ£μ, ÎÉμ z̄ ¥¸ÉÓ ËÊ´±Í¨Ö z. �·¥¤¸É ¢¨³ z = x1e1 + x2e2, z̄ =
x1e1 − x2e2, £¤¥ e1, e2 Å ¥¤¨´¨Î´Ò¥ μ·ÉÒ, e2

1 = −e2
2 = 1. �·ÉÒ e1, e2 ³μ¦´μ

μÉμ¦¤¥¸É¢¨ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ ¸ ¥¤¨´¨Î´μ° 2 × 2 ³ É·¨Í¥° ¨ ³ É·¨Í¥° iσ2.
�¶·¥¤¥²ÖÖ μ¶¥· Éμ· ∇ = e1∂/∂x1 − e2∂/∂x2, ¨³¥¥³: ∂z̄/∂x1 �= 0, ∂z̄/∂x2 �=
0, ´μ ∇z̄ = e2

1∂x1/∂x1 + e2
2∂x2/∂x2 = 1 − 1 = ∂z̄/∂z = 0, Éμ£¤  ± ± ∇z =
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∂z/∂z = 2. ‘²¥¤μ¢ É¥²Ó´μ, μ¶¥· Í¨Ö ∂z̄/∂z = ∇z̄ ¢ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¥¸ÉÓ
μ¶¥· Í¨Ö ¢ÒÎ¨¸²¥´¨Ö ¤¨¢¥·£¥´Í¨¨. ˆÉ ±, z̄ = z̄(z), ´μ ¶·μ¨§¢μ¤´ Ö ∂z̄/∂z ´¥
³μ¦¥É ¸²Ê¦¨ÉÓ ±·¨É¥·¨¥³ ´¥§ ¢¨¸¨³μ¸É¨ z̄ μÉ z.

ˆ³¥ÕÉ ²¨ ¶·¥¨³ÊÐ¥¸É¢  ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥ ¸ ÉμÎ±¨ §·¥´¨Ö Ê¸Éμ°-
Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ ? �·¥¤¸É ¢²Ö¥É¸Ö, ÎÉμ ¨³¥ÕÉ. ‚μ-¶¥·¢ÒÌ, ¢³¥-
¸Éμ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ μ± §Ò¢ ¥É¸Ö ¤μ¸É ÉμÎ´Ò³ μ£· ´¨Î¨ÉÓ¸Ö μ¤´μ°. ’¥³ ¸ -
³Ò³ Ê³¥´ÓÏ ¥É¸Ö ¢¥·μÖÉ´μ¸ÉÓ ¨§³¥´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö. “· ¢´¥´¨¥ ¤²Ö ¢Éμ-
·μ° ¶¥·¥³¥´´μ° ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö ¤²Ö ¶¥·¢μ° ¸ ¶μ³μÐÓÕ μ¶¥· Í¨¨
±μ³¶²¥±¸´μ£μ ¸μ¶·Ö¦¥´¨Ö. �μ²´μ¥ μ¶¨¸ ´¨¥ ¤ ¥É¸Ö É¥¶¥·Ó ·¥Ï¥´¨Ö³¨ μ¤-
´μ£μ Ê· ¢´¥´¨Ö. ‚μ-¢Éμ·ÒÌ, ± ± ³Ò Ê¢¨¤¨³ (· §¤. 5), ¸ ÉμÎ±¨ §·¥´¨Ö Ê¸Éμ°Î¨-
¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¶·¥¤¶μÎÉ¥´¨¥ ¨³¥ÕÉ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶·¥¤¸É -
¢²¥´¨Ö £·Ê¶¶ SU(n), ¨§´ Î ²Ó´μ ±μ³¶²¥±¸´Ò¥. Š Éμ³Ê ¦¥ £ ³¨²ÓÉμ´μ¢  ³¥-
Ì ´¨±  ¸μ¤¥·¦¨É μ¡Ñ¥±É, ±¢ ¤· É ±μÉμ·μ£μ · ¢¥´ μÉ·¨Í É¥²Ó´μ° ¢¥²¨Î¨´¥, Å
ÔÉμ ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  ( ´ ²μ£ ³´¨³μ° ¥¤¨´¨ÍÒ). ‚ ¸É ´¤ ·É´μ° Ëμ·-
³Ê²¨·μ¢±¥ ³¥Ì ´¨±¨ ω̂2 = −Î , (ω̂)ij = ωij = −ωji.

3. Š�‹ˆ���‚�—�›… ‘ˆŒŒ…’�ˆˆ

� ¨³¥¥É ²¨ ± ±μ¥-²¨¡μ ¶·¥¨³ÊÐ¥¸É¢μ ¶¥·¥¤ ¤·Ê£¨³¨ ¸É·Ê±ÉÊ· ³¨ ¸É·Ê´ ?
�± §Ò¢ ¥É¸Ö, ¨³¥¥É. Š ± ¨§¢¥¸É´μ, Ê ¸É·Ê´Ò � ³¡ÊÄƒμÉμ ¢μ§¡Ê¦¤ ÕÉ¸Ö Éμ²Ó±μ
¶μ¶¥·¥Î´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò Å ¸±μ·μ¸É¨, ¶·μ¤μ²Ó´Ò¥ ¸É·Ê´¥, ´¥ ¢Ìμ¤ÖÉ ¢ ² -
£· ´¦¨ ´ (¸³. (3.5)).

‘²¥¤μ¢ É¥²Ó´μ, ¸¨¸É¥³μμ¡· §ÊÕÐ¨³ Ô²¥³¥´É ³ ®¢Ò£μ¤´¥¥¯ Ëμ·³¨·μ¢ ÉÓ
Í¥¶μÎ±¨, É ± ± ± Éμ£¤  Ê³¥´ÓÏ ¥É¸Ö ¢¥·μÖÉ´μ¸ÉÓ ¶μÖ¢²¥´¨Ö ´¥· ¢´μ¢¥¸´μ£μ
· ¸¶·¥¤¥²¥´¨Ö. �μ¸±μ²Ó±Ê ¡μ§¥-¸É·Ê´Ò ¸ÊÐ¥¸É¢ÊÕÉ ¢ 26-³¥·´μ³ ¶·μ¸É· ´-
¸É¢¥ [5, 6], ¨¸±²ÕÎ ¥É¸Ö Í¥² Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò ¶μ²Ö. “ p-¡· ´, p > 1, ´¥Ë¨-
§¨Î¥¸±¨³¨ Ö¢²ÖÕÉ¸Ö p ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò, ¨¡μ ¢ ¨Ì ² £· ´¦¨ ´ ¢Ìμ¤ÖÉ Éμ²Ó±μ
¸±μ·μ¸É¨, μ·Éμ£μ´ ²Ó´Ò¥ p-¡· ´¥, ¶μÔÉμ³Ê μ´¨, ± ± ±² ¸¸¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ,
¨³¥ÕÉ ¶·¥¨³ÊÐ¥¸É¢μ ¶¥·¥¤ ¸É·Ê´ ³¨. � ¤μ, μ¤´ ±μ, ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ ¢¸¥
ÔÉ¨ μ¡Ñ¥±ÉÒ μ¶¨¸Ò¢ ÕÉ¸Ö ¢ · ³± Ì ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (É¥·³μ¸É É). ‘É·Ê´ 
³μ¦¥É ¨¸±·¨¢²ÖÉÓ¸Ö. ’μ£¤  ¶·¨ μ¶¨¸ ´¨¨ · ¸¶·μ¸É· ´¥´¨Ö ¢μ§¡Ê¦¤¥´¨° ¶μ
¨¸±·¨¢²¥´´μ° ¸É·Ê´¥ ¸²¥¤Ê¥É ¶·¨´¨³ ÉÓ ¢μ ¢´¨³ ´¨¥ ¶μÖ¢²¥´¨¥ μÉ·¨Í É¥²Ó-
´μ£μ ¢±² ¤  ¢ Ô´¥·£¨Õ (±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ²). ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸μμÉ¢¥É¸É¢¨¨
¸ · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸  ¨¸±·¨¢²¥´´Ò¥ ±μ´Ë¨£Ê· Í¨¨ ¸É·Ê´, ´ ¶·¨³¥·, ¸¶¨-
· ²¨, ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò. Š·μ³¥ Éμ£μ, ¢ ¨¤¥ ²Ó´μ³ ¸²ÊÎ ¥ ¸¶¨· ²Ó μ¶·¥-
¤¥²¥´´μ° ±μ´Ë¨£Ê· Í¨¨ ³μ¤¥²¨·Ê¥É ¸Ê¶¥·¸É·Ê´Ê [2]. “ p-¡· ´, p > 1, ´¥É
¶μ¤μ¡´ÒÌ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ±μ´Ë¨£Ê· Í¨°. � ¸¸³μÉ·¨³ ¢¸¥ ÔÉ¨ ¢μ¶·μ¸Ò
¶μ¤·μ¡´¥¥.

3.1. ‘É·Ê´ . ‹ £· ´¦¨ ´ ¸É·Ê´Ò � ³¡ÊÄƒμÉμ ¶μ²ÊÎ ¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥
± ´¥¶·¥·Ò¢´μ³Ê ¶·¥¤¥²Ê ¢ ²¨´¥°´μ° ¸μ¢μ±Ê¶´μ¸É¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í,
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μ¶¨¸Ò¢ ¥³ÒÌ ² £· ´¦¨ ´μ³

L = −m
√

1 − v2, v =
dr(t)
dt

, (3.1)

¸ ÊÎ¥Éμ³ ¤μ¶μ²´¨É¥²Ó´μ£μ Ê¸²μ¢¨Ö: ¤μ¶Ê¸± ÕÉ¸Ö ²¨ÏÓ ¸³¥Ð¥´¨Ö, ´μ·³ ²Ó´Ò¥
± ¸É·Ê´¥, É. ¥. ± ²¨´¨¨ · §³¥Ð¥´¨Ö Î ¸É¨Í [5]. „·Ê£¨³¨ ¸²μ¢ ³¨, ¢ ¸Ê³³¥
² £· ´¦¨ ´μ¢ (3.1) ´Ê¦´μ ¸¤¥² ÉÓ § ³¥´Ê

v → v⊥ = v − k
(v,k)
k2

, k =
∂r
∂σ

, (3.2)

£¤¥ σ ¶ · ³¥É·¨§Ê¥É ÉμÎ±¨ ¸É·Ê´Ò. ‚ ¸ ³μ³ ¤¥²¥, ¤¥°¸É¢¨¥ ¤²Ö ²¨´¥°´μ£μ
³´μ¦¥¸É¢  ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í μ¤¨´ ±μ¢μ° ³ ¸¸Ò

S̃1 = −m
∑

n

∫
dt

√
1 − v2

n = − m

Δl

∑
n

Δl

∫
dt

√
1 − v2

n, (3.3)

£¤¥ n Å ´μ³¥· Î ¸É¨ÍÒ (n = . . . − 1, 0, 1, . . .), Δl Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
Î ¸É¨Í ³¨, vn(t) = drn(t)/dt, ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¶·¨ Δl → 0, m →
0, n → ∞, Δln → σ, m/Δl → γ, § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

S̃1 → −γ

∫
dl dt

√
1 − v2, v =

∂r(σ, t)
∂t

. (3.4)

�¥·¥Ìμ¤Ö ¢ (3.4) ± ¶μ¶¥·¥Î´Ò³ ¸±μ·μ¸ÉÖ³ (3.2), ¨³¥¥³

S1 = −γ

∫
dt dσ|k|

√
1 − v2

⊥ (Δl = |Δr|). (3.5)

‚¢μ¤Ö É¥¶¥·Ó D-¢¥±Éμ· Xμ(τ, σ): (t(τ, σ), r(t(τ, σ), σ)) ≡ (X0,X), μ =
0, 1, . . . , D− 1, τ Å ¢·¥³¥´´μ° ¨´¢ ·¨ ´É´Ò° ¶ · ³¥É·, t(τ, σ) Å ²μ± ²Ó´μ¥
¢·¥³Ö (§ ¢¨¸¨É μÉ σ), ṫ = ∂t(τ, σ)/∂τ , μ¡´ ·Ê¦¨¢ ¥³, ÎÉμ ¤¥°¸É¢¨¥ S1 · ¢´μ

S1 = −γ

∫
dτ dσ ṫ|k|

√
1 − v2

⊥ = −γ

∫
d2u

√
ṫ2[k2(1 − v2) + (v,k)2],

(3.6)
u0 = τ, u1 = σ.

�¡μ§´ Î Ö

Ẋ =
∂X

∂τ
:

(
ṫ,

∂r(σ, t)
∂t

ṫ

)
, X ′ =

∂X

∂σ
: (t′,k + vt′)

¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ Ẋ2 = ṫ2(1−v2), ẊX ′ = ṫ(t′(1−v2)− (v,k)), X ′2 = t′2(1−
v2) − 2(v,k)t′ − k2, Ê¡¥¦¤ ¥³¸Ö, ÎÉμ ±¢ ¤· É ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö
¢ (3.6) · ¢¥´ −g, £¤¥ g Å μ¶·¥¤¥²¨É¥²Ó ¢ ² £· ´¦¥¢μ° ¶²μÉ´μ¸É¨ � ³¡ÊÄƒμÉμ
LNG = −γ|g|1/2:

−g = −
∣∣∣∣ ẊẊ ẊX ′

X ′Ẋ X ′X ′

∣∣∣∣ = ṫ2
[
k2(1 − v2) + (v,k)2

]
.
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ˆÉ ±, ¸É·Ê´  � ³¡ÊÄƒμÉμ ¶μ²ÊÎ ¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ± ´¥¶·¥·Ò¢´μ³Ê ¶·¥-
¤¥²Ê ¢ ²¨´¥°´μ³ ³´μ¦¥¸É¢¥ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í. �·¨ ÔÉμ³ Ê¸²μ¢¨¥ ´μ·-
³ ²Ó´μ¸É¨ ±μ²¥¡ ´¨° (v → v⊥) Ô±¢¨¢ ²¥´É´μ ¢¢¥¤¥´¨Õ μ¸Í¨²²ÖÉμ·´μ£μ ¢§ -
¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨; ¢ ± ²¨¡·μ¢±¥ ẊX ′ = 0, Ẋ2 + X ′2 = 0 [5, 6]
Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö X ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ „ ² ³¡¥· 

�Xμ ≡
(

∂2

∂σ2
− ∂2

∂τ2

)
Xμ = 0, (3.7)

É. ¥. ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö 2-³¥·´μ¥ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ ¶·μ¸É· ´-
¸É¢μ u(τ, σ).

3.2. �· ´Ò. �± §Ò¢ ¥É¸Ö, ÎÉμ ¶·μÍ¥¤Ê·  ¤¨¸±·¥É¨§ Í¨¨ ¸É·Ê´ (¶·¥¤-
¸É ¢²¥´¨Ö ¨Ì ¸μ¢μ±Ê¶´μ¸ÉÓÕ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í [5]), μ¶¨¸ ´´ Ö ¢ ¶. 3.1,
¶·¨³¥´¨³  ¨ ± p-¡· ´ ³, p > 1 [9]. ˆ³¥´´μ, ¥¸²¨ ¢ p-³¥·´μ³ ¥¢±²¨¤μ-
¢μ³ ¶·μ¸É· ´¸É¢¥, ¶μ£·Ê¦¥´´μ³ ¢ D-³¥·´μ¥ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ,
¢§ÖÉÓ ±Ê¡¨Î¥¸±ÊÕ ·¥Ï¥É±Ê ¨ ¶μ³¥¸É¨ÉÓ ¢ ¥¥ Ê§²Ò ·¥²ÖÉ¨¢¨¸É¸±¨¥ Î ¸É¨ÍÒ,
¤μ¶Ê¸É¨¢ Éμ²Ó±μ ´μ·³ ²Ó´Ò¥ ± p-³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê ¤¢¨¦¥´¨Ö Î ¸É¨Í, Éμ
² £· ´¦¨ ´ É ±μ° ¸¨¸É¥³Ò, μ¶·¥¤¥²Ö¥³Ò° ± ± ¸Ê³³  ² £· ´¦¨ ´μ¢ ¸¢μ¡μ¤-
´ÒÌ Î ¸É¨Í, ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ ¶·¥¢· Ð ¥É¸Ö ¢ ² £· ´¦¨ ´ p-¡· ´Ò.
‚Ò¶¨Ï¥³ μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò ¤μ± § É¥²Ó¸É¢ .

Šμμ·¤¨´ ÉÒ Î ¸É¨ÍÒ ¢ Ê§²¥ n ¡· ´Ò, n(n1, . . . , np), ni = . . .−1, 0, 1, . . . ,
i = 1, . . . , p, § ¤ ÕÉ¸Ö (D − 1)-³¥·´Ò³ ¢¥±Éμ·μ³ rn(t). „¥°¸É¢¨¥ ¸¨¸É¥³Ò
Î ¸É¨Í · ¢´μ ¸Ê³³¥

S̃p = −m

∫
dt

∑
n1,...,np

√
1 − v2

n, vn =
drn(t)

dt
. (3.8)

�¡μ¡Ð¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ëμ·³Ê² ¶. 3.1 ´¥ ¸Éμ²Ó ¸²μ¦´μ. �¶·¥¤¥²¨³
Δli = |rn1,...,ni,...,np − rn1,...,ni−1,...,np |, ¶¥·¥°¤¥³ ± ´¥¶·¥·Ò¢´μ³Ê ¶·¥¤¥²Ê

Δlini → ui,
m

Δl1 · · ·Δlp
→ γ, Δli → 0, m → 0, ni → ∞

¨ ¢¢¥¤¥³ ¨´¢ ·¨ ´É´Ò° ¶ · ³¥É· τ . ’μ£¤  tn → t(τ,u) ¨ rn(t) → r(t(τ,u),u)
μ¡· §ÊÕÉ D-¢¥±Éμ· Xμ(τ,u) ¸ ±μ³¶μ´¥´É ³¨

Xμ(τ,u) := (t(τ,u), r(t(τ,u),u)) ≡ (X0(t(τ,u)),X(t(τ,u),u)).

„μ¶Ê¸É¨³ ¤²Ö ¶·μ¸ÉμÉÒ, ÎÉμ ¢¥±Éμ· u § ¤ ´ ¢ μ·Éμ£μ´ ²Ó´μ³ ¡ §¨¸¥. �¥·¥Ìμ¤Ö
± ´μ·³ ²Ó´Ò³ ¸±μ·μ¸ÉÖ³ v(t,u) → v⊥(t,u) = v −

∑
i

(v,ki)ki/k2
i , (ki,v⊥) =

0, £¤¥ ki = ∂r/∂ui, (ki,kj) = δij , v2
⊥ = v2 −

∑
i

(v,ki)2/k2
i , ¶·¨Ìμ¤¨³ ±
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¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ¤¥°¸É¢¨Ö:

S̃p = − m

Δl1 · · ·Δlp

∑
n1,...,np

Δl1 · · ·Δlp

∫
dt

√
1 − v2

n →

→ −γ

∫
dp+1uṫ|k1| · · · |kp|

√
1 − v2 + Σi(v,ki)2/k2

i (3.9)

(§¤¥¸Ó u0 ≡ τ ). ˆ§ μ¶·¥¤¥²¥´¨Ö Xμ(τ,u) ¸²¥¤Ê¥É: Ẋ = ∂X/∂τ = (ṫ,vṫ),
X,i = ∂X/∂ui = (t,i,vt,i + ki). ‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ÔÉ¨Ì ¢¥±Éμ·μ¢
· ¢´Ò

Ẋ2 = ṫ2(1 − v2), X,iX,j = t,it,j(1 − v2) − (v,ki)t,j − (v,kj)t,i − (ki,kj),

ẊX,i = ṫt,i(1 − v2) − ṫ(v,ki).

�μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° Ê¡¥¦¤ ¥³¸Ö, ÎÉμ ¸É ´¤ ·É´μ¥ ¤¥°¸É¢¨¥ p-¡· ´Ò

Sp = −γ

∫
dp+1u

√
| det X,iX,j|, X,iX,j = Xμ

,iX
ν
,jημν (3.10)

¨¤¥´É¨Î´μ ¤¥°¸É¢¨Õ (3.9).
�·¨¢¥¤¥´´μ¥ ¤μ± § É¥²Ó¸É¢μ ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ´¥μ·Éμ£μ´ ²Ó-

´μ£μ ¡ §¨¸ , ±μ£¤  (ki,kj) �= 0 ¶·¨ i �= j, ¨¡μ ¸ ¶μ³μÐÓÕ ¸É ´¤ ·É´μ°
¶·μÍ¥¤Ê·Ò ³μ¦´μ ¶¥·¥°É¨ ± μ·Éμ£μ´ ²Ó´μ³Ê ¡ §¨¸Ê

ki → k′
i = ki −

∑
j<i

(kik′
j)k

′
j/k

′2
j , i = 2, . . . , p, k′

1 = k1.

�É³¥É¨³: §¤¥¸Ó ´¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¡· ´Ò ¶μ¸É·μ¥´Ò ¨§ ¸É·Ê´.
3.3. Š ²¨¡·μ¢μÎ´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ. ‘É·Ê´Ò ¨ ¡· ´Ò ¤ ÕÉ Ìμ·μÏ¨°

¶·¨³¥·, ¨²²Õ¸É·¨·ÊÕÐ¨° ·μ²Ó ¶·¨´Í¨¶  ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö. ‘É·Ê´  ¥¸ÉÓ D-³¥·´μ¥ ¶μ²¥ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ (1 + 1). „μ-
¶Ê¸É¨³Ò · §²¨Î´Ò¥ É¥μ·¨¨. …¸²¨ Ëμ·³Ê²¨·μ¢ ÉÓ É¥μ·¨Õ Ö¢´μ ·¥²ÖÉ¨¢¨¸É¸±¨-
¨´¢ ·¨ ´É´Ò³ μ¡· §μ³ (É. ¥. ¸Î¨É ÉÓ (t, r) ¢¥±Éμ·μ³ ¢ D-³¥·´μ³ ¶¸¥¢¤μ¥¢±²¨-
¤μ¢μ³ ¶·μ¸É· ´¸É¢¥), ´μ ´¥ ¶¥·¥Ìμ¤¨ÉÓ ± ´μ·³ ²Ó´Ò³ ¸±μ·μ¸ÉÖ³ v⊥, ± ±
¢ (3.2), (3.9), Éμ ¶μ²ÊÎ¨É¸Ö É¥μ·¨Ö ¸  ¡¥²¥¢μ° ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶μ° (X0 Å
´¥Ë¨§¨Î¥¸± Ö ¶¥·¥³¥´´ Ö) ¨ ´Ê²¥¢Ò³ £ ³¨²ÓÉμ´¨ ´μ³ (¸¢Ö§Ó, ¸³. ¶·¥¤¨¸²μ-
¢¨¥ ¢ [10] ¨ · ¡μÉÊ [11]). ‘É·Ê´  � ³¡ÊÄƒμÉμ [5] ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ
¤¢Ê³¥·´μ° ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò (μ¡Ð Ö ±μ¢ ·¨ ´É´μ¸ÉÓ ´  ¶¸¥¢¤μ¥¢±²¨¤μ-
¢μ° ¶μ¢¥·Ì´μ¸É¨ (1+1)), ¶μÔÉμ³Ê ¶¥·¥Ìμ¤ v → v⊥ ¨¸±²ÕÎ ¥É Í¥²ÊÕ ¸É¥¶¥´Ó
¸¢μ¡μ¤Ò ¶μ²Ö. ‘²¥¤μ¢ É¥²Ó´μ, ¸ ÉμÎ±¨ §·¥´¨Ö �Œ“ ¨³¥´´μ ÔÉ  ¸É·Ê´  ¨³¥¥É
¶·¥¤¶μÎÉ¥´¨¥.

�μ Éμ£¤ , ± § ²μ¸Ó ¡Ò, p-¡· ´ , p > 1, μ¡² ¤ ¥É ¥Ð¥ ¡μ²ÓÏ¨³ ¶·¥¨³ÊÐ¥-
¸É¢μ³, ¨¡μ ¨§ ¤¨´ ³¨±¨ ¶μ²Ö ¨¸±²ÕÎ ÕÉ¸Ö Í¥²ÒÌ p ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò. „¥²μ
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¢ Éμ³, ÎÉμ ¸É·Ê´¥ Ô´¥·£¥É¨Î¥¸±¨ ¢Ò£μ¤´μ ¸¢¥·ÉÒ¢ ÉÓ¸Ö ¢ ¸¶¨· ²Ó Å Ô¢μ²ÕÍ¨Ö
´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ-
¤ ³¨ ¢¥·μÖÉ´μ¸É¨ [1, 2],   ¶μÖ¢²ÖÕÐ¨°¸Ö ¶·¨ ÔÉμ³ ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² μÉ-
·¨Í É¥²¥´. ‚μ§¡Ê¦¤¥´´ Ö ¸¶¨· ²Ó ³μ¤¥²¨·Ê¥É Ë¥·³¨μ´Ò ¨ ¸Ê¶¥·¸¨³³¥É·¨Õ
(¸³. · §¤. 4). ‘Ê¶¥·¸¨³³¥É·¨Î´Ò¥ É¥μ·¨¨ μ¡² ¤ ÕÉ É¥³ ¶·¥¨³ÊÐ¥¸É¢μ³, ÎÉμ
Ô´¥·£¨Ö ¨Ì μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö · ¢´  ´Ê²Õ, É. ¥. μ´¨ ³ ±¸¨³ ²Ó´μ Ê¸Éμ°-
Î¨¢Ò. �É·¨Í É¥²Ó´Ò° ¶μÉ¥´Í¨ ² ¶μÖ¢²Ö¥É¸Ö Éμ²Ó±μ ¶·¨ ±¢ ´Éμ¢μ³ μ¶¨¸ ´¨¨
¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¢ ¶²μ¸±μ¸É¨. �Éμ£μ ´¥É ¤²Ö p-¡· ´Ò, p > 1. „¥°¸É¢¨É¥²Ó´μ,
¶μ¸±μ²Ó±Ê ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ E2 = p2 + m2 → −Δ + m2, £¤¥ Δ Å
μ¶¥· Éμ· ‹ ¶² ¸  ¢ n-³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥, Éμ ¢ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì r, θ1, . . . , θn−1 μ´ ¨³¥¥É ¢¨¤

−Δ = −∂2
r−

n − 1
r

∂r−
1
r2

ΔΩ = − 1
r(n−1)/2

∂2
rr(n−1)/2+

(n − 1)(n − 3)
4r2

− 1
r2

ΔΩ,

£¤¥ ΔΩ Å Ê£²μ¢ Ö Î ¸ÉÓ μ¶¥· Éμ·  ‹ ¶² ¸  [8,12]. �É¸Õ¤  Ö¸´μ, ÎÉμ ±¢ ´Éμ-
¢Ò° ¶μÉ¥´Í¨ ²

Vq =
(n − 1)(n − 3)

4r2

μÉ·¨Í É¥²¥´ Éμ²Ó±μ ¤²Ö ¤¢Ê³¥·´μ£μ ¶·μ¸É· ´¸É¢ , n = 2. ‚μ ¢¸¥Ì μ¸É ²Ó´ÒÌ
¸²ÊÎ ÖÌ μ´ ¨²¨ ¶μ²μ¦¨É¥²¥´, ¨²¨ · ¢¥´ ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¸μ£² ¸´μ · ¸-
¶·¥¤¥²¥´¨Õ ƒ¨¡¡¸ , p-¡· ´Ò (p > 1) ³¥´¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò ¶μ ¸· ¢´¥´¨Õ
¸μ ¸É·Ê´ ³¨.

Œμ¦¥É ¶μ± § ÉÓ¸Ö, ÎÉμ μ¡· Ð¥´¨¥ ± ·¥²ÖÉ¨¢¨¸É¸±¨³ Î ¸É¨Í ³ (² £· ´-
¦¨ ´ (3.1)) ¥¸ÉÓ μÉ¸ÉÊ¶²¥´¨¥ μÉ μ¸´μ¢´μ° ¨¤¥¨ ¶μ¤Ìμ¤  Å £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ (¶μ¤³¥´  μ¤´μ£μ μ¡Ñ¥±É  ¤·Ê£¨³). ‚ ¤¥°¸É¢¨É¥²Ó´μ-
¸É¨ ¸É·Ê´  (¡· ´ ) ¥¸ÉÓ ²¨´¥°´Ò° (p-³¥·´Ò°) ´ ¡μ· £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²Ö-
Éμ·μ¢ [5],   ³μÉ¨¢ ¶¥·¥Ìμ¤  ± ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ³Ê ¤¥°¸É¢¨Õ (3.10)
É ±μ° ¦¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ μ¤´μ° ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ [10, 11]: ¦¥² ´¨¥
¸Ëμ·³Ê²¨·μ¢ ÉÓ § ¤ ÎÊ ®³ ±¸¨³ ²Ó´μ ¨´¢ ·¨ ´É´Ò³¯ μ¡· §μ³, ´¥ ³¥´ÖÖ ¥¥
Ë¨§¨Î¥¸±μ£μ ¸μ¤¥·¦ ´¨Ö.

’ ±¨³ μ¡· §μ³, ¸μ£² ¸´μ �Œ“ ¶·¥¨³ÊÐ¥¸É¢μ ¶¥·¥¤ ¤·Ê£¨³¨ ¸É·Ê´ ³¨
¨³¥¥É ¸É·Ê´  � ³¡ÊÄƒμÉμ,   ÔÉμ μ§´ Î ¥É ¶μÖ¢²¥´¨¥ ¢ É¥μ·¨¨ ± ²¨¡·μ¢μÎ´μ-
¨´¢ ·¨ ´É´ÒÌ ¸¨¸É¥³, É. ¥. ¸¢μ°¸É¢  ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨.

4. ‘“�…�‘ˆŒŒ…’�ˆŸ

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¶·¨ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ ¶μ ¶²μ¸±μ° ±·¨¢μ° (´ ¶·¨-
³¥·, ¶μ μ±·Ê¦´μ¸É¨) ¶μÖ¢²ÖÕÉ¸Ö ¸μ¸ÉμÖ´¨Ö ¸ μÉ·¨Í É¥²Ó´μ° Ô´¥·£¨¥° [13, 14].
…¸²¨ £ ³¨²ÓÉμ´¨ ´ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ · ¢¥´ Ĥ = −Δ2/2,
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Éμ ¢ ¶μ²Ö·´ÒÌ ±μμ·¤¨´ É Ì μ´ ¥¸ÉÓ

Ĥ = −1
2

(
∂2

∂x2
+

∂2

∂y2

)
=

1
2

(
P̂ 2

r +
1
r2

P̂ 2
φ − 1

4r2

)
, (4.1)

£¤¥ P̂r = −i
1√
r
(∂/∂r)

√
r, P̂φ = −i∂/∂φ (¢ ¥¤¨´¨Í Ì m = � = 1). �·¨

¤¢¨¦¥´¨¨ ¶μ μ±·Ê¦´μ¸É¨ · ¤¨Ê¸  R Ë¨§¨Î¥¸±¨¥ ¢¥±Éμ·Ò ¸μ¸ÉμÖ´¨° ¤μ²¦´Ò
¶μ¤Î¨´ÖÉÓ¸Ö Ê¸²μ¢¨Õ P̂rψph = 0, £ · ´É¨·ÊÕÐ¥³Ê μÉ¸ÊÉ¸É¢¨¥ · ¤¨ ²Ó´μ£μ
¤¢¨¦¥´¨Ö [14]. �É¸Õ¤  ¶μ²ÊÎ ¥³

ĤR =
1
2

(
P̂ 2

φ − 1
4

)
1

R2
. (4.2)

ˆÉ ±, ¶·¨ ¤¢¨¦¥´¨¨ ¶μ μ±·Ê¦´μ¸É¨ ¢ £ ³¨²ÓÉμ´¨ ´¥ (4.2) ¶μÖ¢²Ö¥É¸Ö μÉ-
·¨Í É¥²Ó´μ¥ ¸² £ ¥³μ¥ −1/(8R2). �Éμ ¨ ¥¸ÉÓ ®±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ²¯ Ṽq ¢
´¥·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨. �´ ²μ£¨Î´Ò° Ë ±É, ± ± ³Ò ¢¨¤¥²¨ ¢ ¶. 3.2, ¨³¥¥É
³¥¸Éμ ¨ ¤²Ö μ¶¥· Éμ·  ±¢ ¤· É  Ô´¥·£¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ.

…¸²¨ · ¸¸³ É·¨¢ ¥É¸Ö ´¥¸±μ²Ó±μ Î ¸É¨Í, Éμ μÉ·¨Í É¥²Ó´Ò° ¢±² ¤ ¢ Ô´¥·-
£¨Õ ³μ¦¥É ¡ÒÉÓ §´ Î¨É¥²Ó´Ò³,   ¥¸²¨ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í ¡¥¸-
±μ´¥Î´μ, Éμ μ¡· §Ê¥É¸Ö Í¥²Ò° ®¶μ¤¢ ²¯ ¸μ¸ÉμÖ´¨° ¸ μÉ·¨Í É¥²Ó´Ò³¨ Ô´¥·£¨-
Ö³¨. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ¶·¨ ¶·¥¤¢ ·¨É¥²Ó´μ³ · ¸¸³μÉ·¥´¨¨ ¶·¥¨³ÊÐ¥¸É¢¥´´μ°
¸É·Ê±ÉÊ·μ° μ± § ² ¸Ó ¡μ§¥-¸É·Ê´ . �μ ¨§ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸²¥¤Ê¥É, ÎÉμ ¤²Ö
¢μ§¡Ê¦¤¥´´μ° ¸É·Ê´Ò ¸ ÉμÎ±¨ §·¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¶·¥¤¶μÎÉ¥´¨¥
¸²¥¤Ê¥É μÉ¤ ÉÓ ¨¸±·¨¢²¥´´μ° ¸É·Ê´¥ Å Ô´¥·£¨Ö · ¸¶·μ¸É· ´ÖÕÐ¨Ì¸Ö ¶μ ´¥°
¢μ§¡Ê¦¤¥´¨° μ± §Ò¢ ¥É¸Ö ³¥´ÓÏ¥. „ ²¥¥ ³μ¦´μ ¶μ¸ÉÊ¶¨ÉÓ ¤¢μÖ±μ. �·μÐ¥
¢¸¥£μ μ£· ´¨Î¨ÉÓ¸Ö § ³¥Î ´¨¥³: ¸ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö
ƒ¨¡¡¸  ´ ¨¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´  ¸¨¸É¥³  ¸ ´Ê²¥¢μ° ´ ¨³¥´ÓÏ¥° Ô´¥·£¨¥°.
’ ±¨¥ ¸¨¸É¥³Ò ¨§¢¥¸É´Ò Å ÔÉμ ¸¨¸É¥³Ò ¸ ¡μ§μ´´Ò³¨ ¨ Ë¥·³¨μ´´Ò³¨ ¸É¥-
¶¥´Ö³¨ ¸¢μ¡μ¤Ò, μ¡² ¤ ÕÐ¨¥ ¸¢μ°¸É¢μ³ ¸Ê¶¥·¸¨³³¥É·¨¨. ˆÌ £² ¢´ Ö μ¸μ-
¡¥´´μ¸ÉÓ Å ´Ê²¥¢ Ö Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. �μÔÉμ³Ê ¤¥²μ ¸¢μ¤¨É¸Ö
± ¶μ¸É·μ¥´¨Õ ¨§ É¥Ì ¨²¨ ¨´ÒÌ ¸μμ¡· ¦¥´¨° ³μ¤¥²¨, ¢ μ¸´μ¢¥ ±μÉμ·μ° ²¥-
¦¨É ¡μ§¥-¸É·Ê´  ¨ ±μÉμ· Ö ¢ ¨¤¥ ²¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ ¸Ê¶¥·¸¨³³¥É·¨¨, Å
É. ¥. ³μ¤¥²¨ ¸Ê¶¥·¸É·Ê´Ò. 	μ²¥¥ ¶μÊÎ¨É¥²Ó´μ, μ¤´ ±μ, ¨§ÊÎ¨ÉÓ ¡μ§¥-¸É·Ê´Ò ¸
ÉμÎ±¨ §·¥´¨Ö ¨Ì Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· .

‘Ê¶¥·¸¨³³¥É·¨Ö ¶μ·μ¦¤ ¥É ³´μ£μ ¢μ¶·μ¸μ¢. ‘ μ¤´μ° ¸Éμ·μ´Ò, μ´  ¢ ¢Ò¸-
Ï¥° ¸É¥¶¥´¨ ¦¥² É¥²Ó´ , ¨¡μ ¸³Ö£Î ¥É ¶·μ¡²¥³Ê Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨-
³μ¸É¥°. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ³ ¸¸Ò ¢¸¥Ì Î ¸É¨Í
(¡μ§μ´μ¢ ¨ Ë¥·³¨μ´μ¢) ¤μ²¦´Ò ¡ÒÉÓ μ¤¨´ ±μ¢Ò. �μ ÔÉμ£μ ´¥É ¢ ¶·¨·μ¤¥.
�¥É ÔÉμ£μ ¨ ¢ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨. � ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¸Ê¶¥·¸¨³³¥É·¨¨ ¸
ÉμÎ±¨ §·¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¤²Ö μ¸Í¨²²ÖÉμ·μ¢.

4.1. � ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö Ë¥·³¨μ´μ¢. �μ¸±μ²Ó±Ê Ê· ¢´¥´¨Ö ƒ -
³¨²ÓÉμ´  ¤²Ö ¡μ§μ´μ¢ ¢ÒÉ¥± ÕÉ ¨§ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  [2], ¥¸É¥¸É¢¥´´μ
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¶μ¸É ¢¨ÉÓ ¢μ¶·μ¸ μ · ¸¶·¥¤¥²¥´¨¨ ƒ¨¡¡¸  ¤²Ö Ë¥·³¨μ´μ¢. ‚ ±² ¸¸¨Î¥¸±μ°
Ë¨§¨±¥ ¢μ¶·μ¸ ´¥ ¢μ§´¨± ¥É, ¶μ¸±μ²Ó±Ê Ë¥·³¨μ´Ò ¶μÖ¢²ÖÕÉ¸Ö ¢ ±¢ ´Éμ¢μ°
É¥μ·¨¨. �μ ¢ ¤ ´´μ³ ¶μ¤Ìμ¤¥ ¢ μ¸´μ¢¥ ²¥¦¨É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , ¶μÔÉμ³Ê
¨ ¢μ§´¨± ¥É Ê¶μ³Ö´ÊÉÒ° ¢μ¶·μ¸ μ¡ ÔÉμ³ · ¸¶·¥¤¥²¥´¨¨ ¤²Ö  ´É¨±μ³³ÊÉ¨·Ê-
ÕÐ¨Ì ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ.

‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ¤¢ÊÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ θ1, θ2 (θ+
i = θi,

[θi, θj ]+ = 0) ¢¢¥¤¥³ ¶¥·¥³¥´´Ò¥ θ± = (θ1 ± θ2)/
√

2 ¨ μ£· ´¨Î¨³¸Ö £ -
³¨²ÓÉμ´¨ ´μ³ ¤²Ö Ë¥·³¨-μ¸Í¨²²ÖÉμ·  H(θ) = ωθ+θ−. ’μ£¤  · ¸¶·¥¤¥²¥´¨¥
ƒ¨¡¡¸  ¥¸ÉÓ

G(θ) = Z−1 exp
(
−ωθ+θ−

kT

)
≡ � exp

(
−θ+θ−

�

)
. (4.3)

�·¨ ¸É ´¤ ·É´μ³ μ¶·¥¤¥²¥´¨¨ ¶· ¢¨² ¨´É¥£·¨·μ¢ ´¨Ö [15Ä17]
∫

dθ = 0,∫
dθ θ = 1 ¨ ÊÎ¨ÉÒ¢ Ö · ¢¥´¸É¢μ exp (−θ+θ−/�) = 1 − θ+θ−/�, Ê¡¥¦¤ -

¥³¸Ö, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ (4.3) ¶μ £· ¸¸³ ´μ¢Ò³ ¶¥·¥³¥´´Ò³ ´μ·³¨·μ¢ ´μ ´ 
¥¤¨´¨ÍÊ:

�

∫
dθ+dθ− exp

(
−θ+θ−

�

)
= 1. (4.4)

‡¤¥¸Ó § ³¥Î É¥²Ó´Ò ´¥¸±μ²Ó±μ μ¡¸ÉμÖÉ¥²Ó¸É¢. 1) ’·¥¡Ê¥É¸Ö · ¸¶·μ¸É· ´¨ÉÓ
É¥μ·¨Õ ¢¥·μÖÉ´μ¸É¥° ´  £· ¸¸³ ´μ¢Ò ¶¥·¥³¥´´Ò¥. 2) � ¸¶·¥¤¥²¥´¨¥, ± ± ¨
¢ ¸²ÊÎ ¥ ±μ³³ÊÉ¨·ÊÕÐ¨Ì ¶¥·¥³¥´´ÒÌ, ¤ ¥É¸Ö Ô±¸¶μ´¥´Éμ° μÉ ¡¨²¨´¥°´μ°
ËÊ´±Í¨¨. 3) ‚±Ê¶¥ ¸ · ¸¶·¥¤¥²¥´¨¥³ ¤²Ö ¡μ§μ´´μ£μ μ¸Í¨²²ÖÉμ·  ¶μ²ÊÎ ¥É¸Ö
É¥μ·¨Ö ¸ ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³

G(z̄, z, θ+, θ−) = exp
(
− z̄z + θ+θ−

�

)
(4.5)

(¶μ± § É¥²Ó Ô±¸¶μ´¥´ÉÒ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ § ³¥´ z̄ � θ+, z � θ−).
4) �μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó ¢ (4.5) μ± §Ò¢ ¥É¸Ö · ¢´Ò³ ¥¤¨´¨Í¥. �ÉμÉ ¶μ-
¸²¥¤´¨° Ë ±É μ§´ Î ¥É, ÎÉμ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ É¥μ·¨ÖÌ ´¥ Éμ²Ó±μ ³ ¸¸Ò
¡μ§μ´μ¢ ¨ Ë¥·³¨μ´μ¢ ¤μ²¦´Ò ¡ÒÉÓ · ¢´Ò. ‘²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¢ ´¨Ì
¤μ²¦´Ò μÉ¸ÊÉ¸É¢μ¢ ÉÓ ¨  ±¸¨ ²Ó´Ò¥  ´μ³ ²¨¨, ¨¡μ ¶·μ¨§¢¥¤¥´¨¥ ´μ·³¨·μ-
¢μÎ´ÒÌ ³´μ¦¨É¥²¥° �

−1 ¨ � · ¢´μ ¥¤¨´¨Í¥. �μ, ¸μ£² ¸´μ [18], ¨³¥´´μ ³¥· 
¨´É¥£·¨·μ¢ ´¨Ö ¶μ Ë¥·³¨μ´´Ò³ ¶¥·¥³¥´´Ò³ ´ ·ÊÏ ¥É γ5-¨´¢ ·¨ ´É´μ¸ÉÓ.

�μ¤μ¡´Ò¥ ¸Ê¶¥·¸¨³³¥É·¨Î´Ò¥ μ¡Ñ¥±ÉÒ É ±¦¥ ³μ£ÊÉ μ¡· §μ¢Ò¢ ÉÓ μ¤´μ-
³¥·´Ò¥ ¸É·Ê±ÉÊ·Ò, μ¡² ¤ ÕÐ¨¥ ÉμÎ´μ° ¸Ê¶¥·¸¨³³¥É·¨¥°, Å ¸Ê¶¥·¸É·Ê´Ò.
’μ£¤  ¢¸É ¥É ¢μ¶·μ¸ μ ¶·¨·μ¤¥ ¨¸Ìμ¤´ÒÌ ®¶¥·¢μÎ ¸É¨Í¯ Å Ö¢²ÖÕÉ¸Ö ²¨
μ´¨ μ¡ÒÎ´Ò³¨ μ¸Í¨²²ÖÉμ· ³¨ ¨²¨ μ¡Ñ¥±É ³¨, μ¶¨¸Ò¢ ¥³Ò³¨ ¸Ê¶¥·¸¨³³¥-
É·¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³, Ë¨£Ê·¨·ÊÕÐ¨³ ¢ Ô±¸¶μ´¥´É¥ · ¸¶·¥¤¥²¥´¨Ö (4.5).
�μ¸±μ²Ó±Ê ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ 3-³¥·´ Ö ¸¥ÉÓ μ¡² ¤ ²  ¡Ò ÉμÎ´μ° ¸Ê¶¥·¸¨³-
³¥É·¨¥°, ± ±μ¢ Ö ¢ ¶·¨·μ¤¥ ´¥ ´ ¡²Õ¤ ¥É¸Ö, ´ ¤μ ¶μ² £ ÉÓ, ÎÉμ ¢ μ¸´μ¢¥
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¢¸¥£μ ¸ÊÐ¥£μ ²¥¦¨É μ¡ÒÎ´Ò° μ¸Í¨²²ÖÉμ· ¸ · ¸¶·¥¤¥²¥´¨¥³ (2.4), ¸²¥¤ÊÕ-
Ð¨³ ¨§ ¶·¥¤¥²Ó´μ° É¥μ·¥³Ò É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥°,   Ë¥·³¨μ´´ Ö ¸É¥¶¥´Ó
¸¢μ¡μ¤Ò ³μ¤¥²¨·Ê¥É¸Ö ´¥É·¨¢¨ ²Ó´μ° ¸É·Ê±ÉÊ·μ°. �·μ ´ ²¨§¨·Ê¥³ ¡μ²¥¥ ¶μ-
¤·μ¡´μ ³μ¤¥²Ó ¸Ê¶¥·¸É·Ê´Ò, ¶·¥¤²μ¦¥´´ÊÕ ¢ [2].

4.2. Œμ¤¥²¨·μ¢ ´¨¥ Ë¥·³¨μ´μ¢. ‘¶¨· ²Ó. ’¨¶Ò ¶¥·¨μ¤¨Î¥¸±¨Ì ¶·μÍ¥¸-
¸μ¢. Œμ¦´μ £μ¢μ·¨ÉÓ μ ¤¢ÊÌ É¨¶ Ì ¶¥·¨μ¤¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ¸ Ë¨±¸¨·μ¢ ´-
´μ° Î ¸ÉμÉμ°:

1) ¤¢¨¦¥´¨¥ ¶μ μ±·Ê¦´μ¸É¨ ¢ ¤¢Ê³¥·´μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É-
· ´¸É¢¥;

2) ¤¢¨¦¥´¨¥ ¶μ μ±·Ê¦´μ¸É¨ ¢ ¤¢Ê³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ (£ ·³μ-
´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ·).

‚ ¸μ¢·¥³¥´´μ° Ë¨§¨±¥ ÔÉμ ¸μ¢¥·Ï¥´´μ · §´Ò¥ ¶·μÍ¥¸¸Ò, ´μ ¶·¨ ¨§ÊÎ¥-
´¨¨ · ¸¶·μ¸É· ´¥´¨Ö ¢μ§¡Ê¦¤¥´¨° ¶μ ¸¶¨· ²¨ ¶·¨Ìμ¤¨É¸Ö ¨³¥ÉÓ ¤¥²μ ¸ μ¡μ-
¨³¨ É¨¶ ³¨ μ¸Í¨²²ÖÍ¨°. 	μ²¥¥ Éμ£μ, ¢ ¶·¥¤² £ ¥³μ³ ¶μ¤Ìμ¤¥ (¶. 2.1) ³¥¦¤Ê
´¨³¨ ´¥É ¶·¨´Í¨¶¨ ²Ó´μ° · §´¨ÍÒ. ‚¥¸Ó³  ¡¥£²μ ÔÉμÉ ¢μ¶·μ¸ μ¡¸Ê¦¤ ²¸Ö
¢ [2]. � ¸¸³μÉ·¨³ ¥£μ ¡μ²¥¥ ¶μ¤·μ¡´μ.

…¸²¨ ¢μ§¡Ê¦¤¥´¨Ö μ¤´μ³¥·´μ° Í¥¶μÎ±¨ ¢ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ μ¶¨¸Ò¢ -
ÕÉ¸Ö Ê· ¢´¥´¨¥³ „ ² ³¡¥· 

(∂2
t − ∂2

z )F (t, z) = 0, (4.6)

Éμ ¥£μ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤ F (t, z) = f1(t+z)+f2(t−z), £¤¥ f1,2 Å ¶·μ-
¨§¢μ²Ó´Ò¥ ¤¢ ¦¤Ò ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨. ‚¢¥¤¥³ ¶¥·¥³¥´´Ò¥ z± =
t ± z. ƒ·Ê¶¶  ¸¨³³¥É·¨¨ Ê· ¢´¥´¨Ö (4.6) ¥¸ÉÓ μ¤´μ¶ · ³¥É·¨Î¥¸± Ö £·Ê¶¶ 
SO(1, 1). ‚¸¥ ¥¥ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö μ¤´μ³¥·´Ò. �¥É·Ê¤´μ Ê¡¥-
¤¨ÉÓ¸Ö, ÎÉμ ¶·¨ ²μ·¥´Í¥¢ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ Å
®¶μ¢μ·μÉ Ì ´  Ê£μ² ϑ¯ Å ¢¥±Éμ·Ò z± ¶·¥μ¡· §ÊÕÉ¸Ö ¶μ ¶· ¢¨²Ê z′± =
exp (∓ϑ)z±. Œμ¦´μ ¤¢¨£ ÉÓ¸Ö ¢ ¤¢ÊÌ ´ ¶· ¢²¥´¨ÖÌ.

‚μ-¶¥·¢ÒÌ, ¨§ÊÎ¨ÉÓ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò SO(1, 1). �¥É·Ê¤´μ ¢¨¤¥ÉÓ,
ÎÉμ u±(κ) = zκ

±, £¤¥ κ Å ¢¥Ð¥¸É¢¥´´μ¥ Î¨¸²μ, ·¥ ²¨§ÊÕÉ ¢¸¥ ´¥¶·¨¢μ¤¨-
³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ÔÉμ° £·Ê¶¶Ò, ¨¡μ zκ

+zκ
− = (t2 − z2)κ = inv. ‘·¥¤¨

´¨Ì ³μ¦´μ ¢Ò¤¥²¨ÉÓ ®É¥´§μ·´Ò¥¯ (κ = n ∈ N ) ¨ ®¸¶¨´μ·´μ¥¯ (κ = 1/2).
�¥·¢Ò¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¨ · §²μ¦¥´¨¨ ËÊ´±Í¨° f1,2 ¢ ·Ö¤Ò ’¥°²μ· . �μ-
¸²¥¤´¥¥ ¶μ±  ´¨Î¥³ ´¥ ¢Ò¤¥²¥´μ, ÌμÉÖ ¶μ²¥§´μ μ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  ¸²¥-

¤ÊÕÐ¥¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ. �¥·¥Ìμ¤Ö μÉ ´¥¶·¨¢μ¤¨³ÒÌ ¸¶¨´μ·μ¢ u± = z
1/2
± ±

¶·¨¢μ¤¨³Ò³ u1 = (u− + u+)/2, u2 = (u− − u+)/2 ¨ μ¶·¥¤¥²ÖÖ μ¶¥· Éμ·Ò:
σ−u+ = u−, σ+u− = u+, σ+u+ = σ−u− = 0, ¨³¥¥³

(σ±)2 = 0, σ+σ− + σ−σ+ = 1. (4.7)

�¶¥· Éμ·Ò σ± μ¶·¥¤¥²ÖÕÉ¸Ö ³ É·¨Í ³¨ 2 × 2. ‚¢μ¤Ö ¤¢ÊÌ±μ³¶μ´¥´É´Ò°
¸¶¨´μ· u = (u1, u2), § ¤ ¤¨³ ®³ É·¨ÍÒ „¨· ± ¯ γ1 = σ− − σ+ = −iσ2,
γ0 = (σ− + σ+)γ1 = σ1γ1 = σ3, £¤¥ σ1,2,3 Å ³ É·¨ÍÒ � Ê²¨. Š ± μ¡ÒÎ´μ,
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ū = u∗γ0, É. ¥. ū = uγ0. ’μ£¤  ūγ1u ≡ uγ0γ1u = −2u1u2 = −(u2
−−u2

+)/2 = z,
ūγ0u = u2

1 + u2
2 = (u2

− + u2
+)/2 = t, É. ¥. ūγau, a = 0, 1, ¥¸ÉÓ ¢¥±Éμ·. 	μ²¥¥

Éμ£μ, ¸¶¨´μ· u Ê¤μ¢²¥É¢μ·Ö¥É ¤¢Ê³¥·´μ³Ê Ê· ¢´¥´¨Õ „¨· ± 

γa∂au =
(

∂t ∂z

−∂z −∂t

) (
u1

u2

)
=

1
2

(
∂t ∂z

−∂z −∂t

) (
u− + u+

u− − u+

)
= 0.

(4.8)
�μ¸²¥¤´¥¥ ¶μ²ÊÎ ¥É¸Ö ¢ ·Ó¨·μ¢ ´¨¥³ ¤¥°¸É¢¨Ö

S =
∫

dt dz ūiγa∂au. (4.9)

�É³¥É¨³, ÎÉμ  ´ ²μ£¨Î´μ¥ ®Ê· ¢´¥´¨¥ „¨· ± ¯ ¶μ²ÊÎ ²μ¸Ó ¡Ò ¨ ¤²Ö ®¸¶¨´μ-
·μ¢¯ u±(κ) = zκ

±, κ �= 1/2, 1 > κ > 0, ¥¸²¨ μ¶·¥¤¥²¨ÉÓ ū(κ) = u(1 − κ)γ0, ¨
u1(κ) = (u−(κ) + u+(κ))/2, u2(κ) = (u−(κ) − u+(κ))/2.

�μ¸±μ²Ó±Ê Ê· ¢´¥´¨Õ (4.8) Ê¤μ¢²¥É¢μ·Ö¥É ²Õ¡ Ö ËÊ´±Í¨Ö u(κ) = (u1(κ),
u2(κ)), 0 < κ < 1, ¢¸É ¥É ¢μ¶·μ¸: ¶μÎ¥³Ê ¢ ¶·¨·μ¤¥ ·¥ ²¨§Ê¥É¸Ö ¸²ÊÎ °
κ = 1/2? ’μÉ Ë ±É, ÎÉμ det (σx′) = det (σx) = det (σ0t − σixi) = t2 − r2,
£¤¥ σ0 = Î , Î Å ¥¤¨´¨Î´ Ö 2 × 2 ³ É·¨Í , σi (i = 1, 2, 3) Å ³ É·¨ÍÒ � -
Ê²¨, ¸¢¨¤¥É¥²Ó¸É¢Ê¥É ²¨ÏÓ μ Éμ³, ÎÉμ §¤¥¸Ó ¢Ò¡μ· κ = 1/2 ¸¤¥² ´  ¶·¨μ·´μ,
¡¥§μÉ´μ¸¨É¥²Ó´μ ± ·¥ ²¨Ö³ ¶·μ¡²¥³Ò. �¡· É¨³, μ¤´ ±μ, ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ
Éμ²Ó±μ ¶·¨ κ = 1/2 ¨³¥¥É ³¥¸Éμ μ¸´μ¢´μ° ¶μ¸ÉÊ² É ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ Å
¢Ò· ¦¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ Î¥·¥§  ³¶²¨ÉÊ¤Ò. ‘²¥¤μ¢ É¥²Ó´μ, ¤ ´´μ¥
¶· ¢¨²μ ¤μ²¦´μ ¢ÒÉ¥± ÉÓ ¨§ μ¸´μ¢´ÒÌ ¶μ¸ÉÊ² Éμ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¨²¨ ¨§
É ±μ¢ÒÌ, ¢¥¤ÊÐ¨Ì ± ´¥°. �μ ¸μ£² ¸´μ [1, 2] ¨³¥´´μ É ±μ³Ê ¶· ¢¨²Ê ¨ ¤μ²¦´Ò
¶μ¤Î¨´ÖÉÓ¸Ö  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨. ’¥μ·¨Ö £·Ê¶¶ É ±¦¥ μÉ¤ ¥É ¶·¥¤¶μÎÉ¥-
´¨¥ ¢¥²¨Î¨´¥ κ = 1/2.

‚μ-¢Éμ·ÒÌ, ¨§ÊÎ¨ÉÓ ¤¨´ ³¨±Ê ÔËË¥±É¨¢´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸¶¨· ²¨.
‘¶¨· ²Ó Å ¤μ¸É ÉμÎ´μ ¸²μ¦´ Ö ¸É·Ê±ÉÊ·  [19, 20]. “ ´¥¥, ¢ μÉ²¨Î¨¥ μÉ
¸É·Ê´Ò, £μ· §¤μ ¡μ²ÓÏ¥ ¸ÊÐ¥¸É¢¥´´μ · §²¨Î´ÒÌ É¨¶μ¢ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò.
� ¶·¨³¥·, ¤¢¨¦¥´¨¥ ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´Ò ¶μ ¸¶¨· ²¨ ¸ ´¥´Ê²¥¢Ò³ Ê£²μ¢Ò³
³μ³¥´Éμ³, ±μ²¥¡ ´¨Ö Í¥´É·μ¢ ÉÖ¦¥¸É¨ ¢¨É±μ¢ ¸É·Ê´Ò, ¨§³¥´¥´¨¥ · ¤¨Ê¸μ¢
¢¨É±μ¢ ¸¶¨· ²¨. ‚¸¥ μ´¨ ¢ ¦´Ò, μ¸μ¡¥´´μ ®¸± ²Ö·´Ò¥¯ Å ¢ ¸¢Ö§¨ ¸ ¶·μ¡²¥-
³μ° ¶·¨·μ¤Ò ¶μ²Ö •¨££¸ . Š¢ ´Éμ¢ Ö É¥μ·¨Ö ¸¶¨· ²¥° ¶μ±  ´¥ ¶μ¸É·μ¥´ .

5. ‚�“’�…��ˆ… ‘ˆŒŒ…’�ˆˆ

ˆÉ ±, ¸ ÉμÎ±¨ §·¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¸ ¡μ²ÓÏ¥° ¢¥·μÖÉ´μ¸ÉÓÕ ·¥-
 ²¨§ÊÕÉ¸Ö μ¤´μ³¥·´Ò¥ ¸É·Ê±ÉÊ·Ò Å ¸É·Ê´Ò. �μ¸±μ²Ó±Ê Ô¢μ²ÕÍ¨Ö ³ ²ÒÌ
μÉ±²μ´¥´¨° μÉ · ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨-
±μ° [1, 2, 7], ¸É·Ê´  ¤μ²¦´  ¡ÒÉÓ ±¢ ´Éμ¢ ´´μ°. Š ± ¨§¢¥¸É´μ, ±¢ ´Éμ¢ ´´ Ö
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¸É·Ê´  � ³¡ÊÄƒμÉμ ¸ÊÐ¥¸É¢Ê¥É ¢ 26-³¥·´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ [5, 6]. ‘μ-
£² ¸´μ ¶. 3.1 ¤¢¥ ¥¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ´¥Ë¨§¨Î¥¸±¨¥, É. ¥. μ¸É ¥É¸Ö ¢¥±Éμ·´μ¥
¶μ²¥ ¢ 24-³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥.

„ ²¥¥, ±¢ ´Éμ¢ ´´ Ö ¸É·Ê´  � ³¡ÊÄƒμÉμ ¸¢¥·ÉÒ¢ ¥É¸Ö ¢ ¸¶¨· ²Ó [1, 2].
�μ¸²¥¤´ÖÖ ³μ¤¥²¨·Ê¥É ¸Ê¶¥·¸É·Ê´Ê, ´ ·ÊÏ Ö μ¤´μ¢·¥³¥´´μ 26-³¥·´ÊÕ ¸¨³-
³¥É·¨Õ. ‘Ê¶¥·¸É·Ê´  ¸ÊÐ¥¸É¢Ê¥É ¢ 10-³¥·´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ [5, 6].
Š ± ¨ ¢ ¸²ÊÎ ¥ ¸É·Ê´Ò � ³¡ÊÄƒμÉμ, ¤¢¥ ¨§ 10 ¥¥ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò Å ´¥-
Ë¨§¨Î¥¸±¨¥. ’¥¶¥·Ó Ê¦¥ μ¸É ¥É¸Ö ¢¥±Éμ·´μ¥ ¶μ²¥ ¢ 8-³¥·´μ³ ¥¢±²¨¤μ¢μ³
¶·μ¸É· ´¸É¢¥. ‚ÒÖ¸´¨³, ± ±μ¢Ò ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò¥ (´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢Ò¥)
¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´ [4].

ƒ·Ê¶¶Ò. �¡Ñ¥±É ³¨ ¢μ§¤¥°¸É¢¨Ö ¸²ÊÎ °´ÒÌ ¸¨² Ö¢²ÖÕÉ¸Ö Ô²¥³¥´ÉÒ ¸É·Ê±-
ÉÊ·Ò, ·¥ ²¨§ÊÕÐ¨¥ 24-³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö μ¤´μ° ¨§ £·Ê¶¶: SU(5) (¶·¨¸μ-
¥¤¨´¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥) ¨²¨ SO(24) (¢¥±Éμ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥). ‚μ¶·μ¸:
± ± Ö ¨§ ÔÉ¨Ì £·Ê¶¶ ¡μ²¥¥ Ê¸Éμ°Î¨¢ ? ‘μ£² ¸´μ ±·¨É¥·¨Õ (1.1) ¤²Ö £·Ê¶¶Ò
SU(5) rSU(5) = l/N = 1/6 (l = 4, N = 24),   ¤²Ö £·Ê¶¶Ò SO(24) rSO(24) =
1/23 (l = 12, N = 276) (É ¡². 1). �μ¸±μ²Ó±Ê 1/6 > 1/23, ¡μ²¥¥ Ê¸Éμ°Î¨¢Ò³¨
¡Ê¤ÊÉ · ¸¶·¥¤¥²¥´¨Ö, ¨´¢ ·¨ ´É´Ò¥ μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò SU(5).

�μ ¸¨³³¥É·¨Ö SU(5) ´¥ Ö¢²Ö¥É¸Ö ÉμÎ´μ°. ‘¶¨· ²Ó ¸ÊÐ¥¸É¢Ê¥É ¢ 3-³¥·´μ³
¶·μ¸É· ´¸É¢¥, É. ¥. ÔÉμ ¶·μ¸É· ´¸É¢μ ¢Ò¤¥²¥´μ, ÎÉμ μ§´ Î ¥É ´ ·ÊÏ¥´¨¥ ¸¨³-
³¥É·¨¨ 24-³¥·´μ£μ ¶·μ¸É· ´¸É¢ . ‚ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³ ¶·¥¤¥²¥ ¸¶¨· ²Ó ³μ-
¤¥²¨·Ê¥É ¸Ê¶¥·¸É·Ê´Ê. �μ¸²¥¤´ÖÖ ¸ÊÐ¥¸É¢Ê¥É ¢ 10-³¥·´μ³ ¶·μ¸É· ´¸É¢¥-
¢·¥³¥´¨ (9+1). “Î¨ÉÒ¢ Ö, ÎÉμ ¤¢¥ ¥¥ ¸¶¨´-¢¥±Éμ·´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ´¥Ë¨-
§¨Î¥¸±¨¥, ¶·¨Ìμ¤¨³ ± £·Ê¶¶μ¢μ³Ê ¶·μ¸É· ´¸É¢Ê · §³¥·´μ¸É¨ 8. ˆ§ ¤¢ÊÌ £·Ê¶¶

’ ¡²¨Í  1. ‘É¥¶¥´¨ ¸¨³³¥É·¨Î´μ¸É¨ ±² ¸¸¨Î¥¸±¨Ì £·Ê¶¶

ƒ·Ê¶¶  n
‘É¥¶¥´Ó ¨´¢ ·¨ ´É´ÒÌ

¶μ²¨´μ³μ¢ ri
� §³¥·´μ¸ÉÓ £·Ê¶¶ N r = l/N

SU(n) l + 1 i + 1, i � l n2 − 1 = l(l + 2)
1

l + 2

SO(n) 2l + 1 2i, i � l
n(n − 1)

2
= l(2l + 1)

1

2l + 1

Sp(n) 2l 2i, i � l
n(n + 1)

2
= l(2l + 1)

1

2l + 1

SO(n) 2l 2i (i < l), l
n(n − 1)

2
= l(2l − 1)

1

2l − 1

G2 2, 6 14 2/14 = 1/7

F4 2, 6, 8, 12 52 4/52 = 1/13

E6 2, 5, 6, 8, 9, 12 78 6/78 = 1/13

E7 2, 6, 8, 10, 12, 14, 18 133 7/133 = 1/19

E8 2, 8, 12, 14, 18, 20, 24, 30 248 8/248 = 1/31
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SU(3) ¨ SO(8), ¨³¥ÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨Ö ¤ ´´μ° · §³¥·´μ¸É¨, ¡μ²¥¥ Ê¸Éμ°-
Î¨¢μ° μ± §Ò¢ ¥É¸Ö ¶¥·¢ Ö, ¨¡μ, ¸μ£² ¸´μ ±·¨É¥·¨Õ (1.1), rSU(3) = 2/8 = 1/4
(l = 2, N = 8), Éμ£¤  ± ± rSO(8) = 4/28 = 1/7 (l = 4, N = 28) (¸³. É ¡². 1).
�μ¸±μ²Ó±Ê 1/4 > 1/7, ¶μÖ¢²¥´¨¥ ¢μ§¡Ê¦¤¥´¨°, ·¥ ²¨§ÊÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨Ö
£·Ê¶¶Ò SU(3), Ö¢²Ö¥É¸Ö ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³. ‡ ³¥Î É¥²Ó´μ, ÎÉμ ¢ ³μ¤¥²¨
¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²ÖÕÉ¸Ö £·Ê¶¶Ò SU(5) ¨ SU(3), ¶·¨Î¥³ ¢Éμ· Ö ¶μ-
²ÊÎ ¥É¸Ö ¢ ·¥§Ê²ÓÉ É¥ ´ ·ÊÏ¥´¨Ö £·Ê¶¶μ¢μ° ¸¨³³¥É·¨¨ ¶¥·¢μ° [4]. �É³¥É¨³
¶μ¶ÊÉ´μ: rSU(3) > rSU(5), ÎÉμ Éμ¦¥ § ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö. �± §Ò¢ ¥É¸Ö, ÎÉμ
£·Ê¶¶  SU(3) ¨³¥¥É ¶·¥¨³ÊÐ¥¸É¢μ ¶μ ¸· ¢´¥´¨Õ ¸ £·Ê¶¶μ° SU(5) ¥Ð¥ ¨
¸μ£² ¸´μ ±·¨É¥·¨Õ (1.1).

�·¥¤¸É ¢²¥´¨Ö. ’¥¶¥·Ó ¢¸É ¥É ¢μ¶·μ¸: ¨³¥ÕÉ¸Ö ²¨ ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó-
´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Ê ¤ ´´μ° £·Ê¶¶Ò? �Î¥¢¨¤´μ, N ¸²¥¤Ê¥É μÉμ¦¤¥¸É¢¨ÉÓ ¸
· §³¥·´μ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö, É. ¥. ¸ ¶μ²´Ò³ Î¨¸²μ³ ¶ · ³¥É·μ¢, ¶μ¤¢¥·¦¥´-
´ÒÌ ¢μ§¤¥°¸É¢¨Õ ¸²ÊÎ °´ÒÌ ¸¨². ‘· ¢´¨³ ¶ · ³¥É·Ò r ¤²Ö ËÊ´¤ ³¥´É ²Ó´μ£μ
(N = 5) ¨ ¶·¨¸μ¥¤¨´¥´´μ£μ (N = 24) ¶·¥¤¸É ¢²¥´¨° (É ¡². 2). ‚ ¶¥·¢μ³ ¸²Ê-
Î ¥ r = l/N = 4/5, ¢μ ¢Éμ·μ³ r = 4/24 = 1/6. �μ¸±μ²Ó±Ê 4/5 > 1/6,
ËÊ´¤ ³¥´É ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò SU(5) ¡μ²¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´μ. �´ -
²μ£¨Î´Ò° ·¥§Ê²ÓÉ É ¶μ²ÊÎ ¥É¸Ö ¨ ¤²Ö £·Ê¶¶Ò SU(3): l = 2, N = 3, r = 2/3
¤²Ö ËÊ´¤ ³¥´É ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¨ r = 2/8 = 1/4 ¤²Ö ¶·¨¸μ¥¤¨´¥´´μ£μ,
2/3 > 1/4. �·¥¤¸É ¢²¥´¨Ö ¡
μ²ÓÏ¨Ì · §³¥·´μ¸É¥° ¥Ð¥ ³¥´¥¥ ¶·¥¤¶μÎÉ¨-
É¥²Ó´Ò, ¨¡μ · ´£ £·Ê¶¶Ò ´¥ ³¥´Ö¥É¸Ö,   · §³¥·´μ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö Ê¢¥²¨Î¨-
¢ ¥É¸Ö.

’ ¡²¨Í  2. ‚¥²¨Î¨´Ò r ¤²Ö ¶·μ¸É¥°Ï¨Ì ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶ SU(n)

�·¥¤¸É ¢²¥´¨¥ � §³¥·´μ¸ÉÓ r = l/N , l = n − 1

”Ê´¤ ³¥´É ²Ó´μ¥ n
n − 1

n
(N = n)

�·¨¸μ¥¤¨´¥´´μ¥ n2 − 1
n − 1

n2 − 1
=

1

n + 1
(N = n2 − 1)

�¸É ¥É¸Ö ¥Ð¥ μ¤¨´ ¢μ¶·μ¸. ”Ê´¤ ³¥´É ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶ SU(n)
±μ³¶²¥±¸´Ò, ¸²¥¤μ¢ É¥²Ó´μ, ´¥μ¡Ìμ¤¨³μ · ¸¸³ É·¨¢ ÉÓ ¢μ§¤¥°¸É¢¨Ö ¸²ÊÎ °-
´ÒÌ ¸¨² ´  ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥. �§´ Î ¥É ²¨ ÔÉμ, ÎÉμ ³μ¦´μ ¢¢¥¸É¨
¶μ´ÖÉ¨¥ ±μ³¶²¥±¸´ÒÌ ¸¨²? �É¢¥É É ±μ¢: ¶μ¸±μ²Ó±Ê £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê
³μ¦´μ Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ,   £ ³¨²ÓÉμ´¨ ´ H(z̄, z)
§ ¤ ´, Éμ ¢ · ³± Ì ¸É ´¤ ·É´μ£μ Ëμ·³ ²¨§³  ³μ¦´μ ¢¢¥¸É¨ ¶μ´ÖÉ¨¥ ±μ³¶²¥±¸-
´μ° ¸¨²Ò. ” ±É, ÎÉμ ±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥ μ± §Ò¢ ÕÉ¸Ö ¶·¥¤¶μÎÉ¨É¥²Ó-
´Ò³¨ ¨ ¸ ÉμÎ±¨ §·¥´¨Ö ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶, ¸²Ê¦¨É ¥Ð¥ μ¤´¨³  ·£Ê³¥´Éμ³
¢ ¶μ²Ó§Ê ¢Ò¤¥²¥´´μ¸É¨ (¡μ²ÓÏ¥° ¶·¥¤¶μÎÉ¨É¥²Ó´μ¸É¨) ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ, ²¥-
¦ Ð¨Ì ¢ μ¸´μ¢¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨.
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�· ¢¤ , Éμ£¤  ´¥μ¡Ìμ¤¨³μ μ¡ÑÖ¸´¨ÉÓ, ¶μÎ¥³Ê ¢ ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¥ ¨¸-
¶μ²Ó§ÊÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò¥ ¶¥·¥³¥´´Ò¥. �É¢¥É ¶·μ¸É. Š² ¸¸¨Î¥¸± Ö Ë¨§¨±  Å
Ë¨§¨±  ³ ±·μÉ¥², É. ¥. μ¡Ñ¥±Éμ¢ ¸ μÎ¥´Ó ¡μ²ÓÏ¨³ Î¨¸²μ³ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò.
‚ ´¥° μ¶¨¸Ò¢ ÕÉ¸Ö ¤¢¨¦¥´¨Ö Í¥´É·μ¢ ³ ¸¸ ¢μ§¡Ê¦¤¥´¨° ¶μ²¥°, ¶·¨ ÔÉμ³
±¢ ´Éμ¢Ò³¨ ÔËË¥±É ³¨ (´ ¶·¨³¥·, · ¸¶²Ò¢ ´¨¥³ ¶ ±¥Éμ¢) ¶·¥´¥¡·¥£ ÕÉ. �μ
¤¢¨¦¥´¨¥ ¶·μ¨¸Ìμ¤¨É ¢ 3-³¥·´μ³ ¶·μ¸É· ´¸É¢¥, É. ¥. μ´μ μ¶¨¸Ò¢ ¥É¸Ö ¢¥Ð¥-
¸É¢¥´´Ò³¨ ¢¥²¨Î¨´ ³¨.

�É³¥É¨³, ÎÉμ ¦¥² ´¨¥ ¸Ëμ·³Ê²¨·μ¢ ÉÓ Ë¨§¨±Ê Éμ²Ó±μ ¢ É¥·³¨´ Ì ¢¥-
Ð¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ Î¨¸Éμ ¸Ê¡Ñ¥±É¨¢´μ ¨ ¨³¥¥É ¨¸Éμ·¨Î¥¸±¨¥ ±μ·´¨.
Š² ¸¸¨Î¥¸± Ö Ë¨§¨±  ¤μ¶Ê¸± ¥É ¨³¥´´μ É ±ÊÕ Ëμ·³Ê²¨·μ¢±Ê. �μ ¶·¨·μ¤ 
´¥ μ¡Ö§ ´  ¸²¥¤μ¢ ÉÓ Î¥²μ¢¥Î¥¸±¨³ ¶·¥¤· ¸¸Ê¤± ³ Å ¥¥ § ±μ´Ò ³μ£ÊÉ ¶μ¤Î¨-
´ÖÉÓ¸Ö ¤·Ê£¨³ ¶·¨´Í¨¶ ³, ´ ¶·¨³¥·, ¶·¨´Í¨¶Ê ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨.

ˆÉ ±, ¢ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ ´ Ìμ¤¨É ¥¸É¥¸É¢¥´´μ¥ μ¡ÑÖ¸´¥´¨¥ ¶μÖ¢²¥´¨¥
£·Ê¶¶ SU(5) ¨ SU(3).

6. ���ƒ��ŒŒ� Š�‹“–›ÄŠ‹…‰��ÄŒ��„…‹ŸÄ”�Š�
ˆ ��š…„ˆ�…�ˆ… ‚‡�ˆŒ�„…‰‘’‚ˆ‰

�·¥¦¤¥ Î¥³ ¶¥·¥Ìμ¤¨ÉÓ ± ¨§ÊÎ¥´¨Õ ³μ¤¥²¨, ¶·¨¢¥¤¥³ ´¥μ¡Ìμ¤¨³Ò¥
¤²Ö ¤ ²Ó´¥°Ï¥£μ ¸¢¥¤¥´¨Ö μ ¢Ò´¥¸¥´´μ° ¢ ´ §¢ ´¨¥ · §¤¥²  É¥μ·¨¨
ŠŠŒ” [21Ä24]. „¥°¸É¢¨¥ D-³¥·´μ° £· ¢¨É Í¨¨ ¤ ¥É¸Ö ¨´É¥£· ²μ³

S =
∫

dDx
√
|gD|RD, (6.1)

£¤¥ RD Å ¸± ²Ö·´ Ö ±·¨¢¨§´  D-³¥·´μ£μ ¶·μ¸É· ´¸É¢ ,   gD = det gμν .
Œ¥É·¨Î¥¸±¨° É¥´§μ· gμν ¡¥·¥É¸Ö ¢ ¢¨¤¥

gμν =
(

gij + gabA
a
i Ab

j Aa
i gab

Ab
jgba gab

)
≡

(
g̃ij Aib

Aaj gab

)
, (6.2)

gμν =
(

gij −Ab
jg

ij

−Aa
i gij gab + gijAa

i Ab
j

)
≡

(
gij −Aib

−Aaj g̃ab

)
; (6.3)

§¤¥¸Ó μ, ν = 0, 1, . . . , D − 1; i, j = 0, 1, . . . , p; a, b = p + 1, . . . , D − 1. ‚Ò-
¡· ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö gμν μ¡¥¸¶¥Î¨¢ ¥É ¶·μ¸É¥°ÏÊÕ Ëμ·³Ê gμν . …¸²¨
¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ³¥É·¨Î¥¸±¨° É¥´§μ· gμν ´¥ § ¢¨¸¥² μÉ ±μμ·¤¨´ É xa ¶·μ-
¸É· ´¸É¢  · §³¥·´μ¸É¨ D−p−1, ¤μ¶μ²´¨É¥²Ó´μ£μ ± Ë¨§¨Î¥¸±μ³Ê,   ³¥É·¨Î¥-
¸±¨° É¥´§μ· gab ´¥ § ¢¨¸¥² ¥Ð¥ ¨ μÉ ±μμ·¤¨´ É xi Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ 

∂gμν

∂xa
= 0,

∂gab

∂xμ
= 0, (6.4)

Éμ ¤¥°¸É¢¨¥ (6.1) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ [25]

S = V D−p−1

∫
dp+1x

√
|g|

(
R − 1

4
F 2 + . . .

)
, (6.5)
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£¤¥ V D−p−1 Å μ¡Ñ¥³ (¡¥¸±μ´¥Î´Ò°) ¤μ¶μ²´¨É¥²Ó´μ£μ ± Ë¨§¨Î¥¸±μ³Ê ¶·μ-
¸É· ´¸É¢ , g = det gij , R Å ¸± ²Ö·´ Ö ±·¨¢¨§´  (p+1)-³¥·´μ£μ Ë¨§¨Î¥¸±μ£μ

¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, F 2 = gabF
a
kiF

b
ljg

klgij , F̂kj = [D̂k, D̂j], D̂k Å μ¶¥· -
Éμ· ±μ¢ ·¨ ´É´μ£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¢ É¥μ·¨¨ Ÿ´£ ÄŒ¨²²¸ . …¸²¨ ¢Éμ·μ¥
Ê¸²μ¢¨¥ (6.4) ´¥ ¢Ò¶μ²´Ö¥É¸Ö, Éμ ¢ É¥μ·¨¨ ¶μÖ¢²ÖÕÉ¸Ö ¸± ²Ö·´Ò¥ ¶μ²Ö.

ˆÉ ±, £· ¢¨É Í¨μ´´μ¥ ¤¥°¸É¢¨¥ (6.1) ¢ D-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¸μ¤¥·¦¨É
± ± ³¨´¨³Ê³ É¥μ·¨Õ ÉÖ£μÉ¥´¨Ö ¨ É¥μ·¨Õ ± ²¨¡·μ¢μÎ´μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö Aa

i

¢ ¶·μ¸É· ´¸É¢¥ · §³¥·´μ¸É¨ p + 1 < D. �μ± ¦¥³ É¥¶¥·Ó, ÎÉμ ¢ ¶·¥¤² £ ¥-
³μ° ³μ¤¥²¨ É¥´§μ·´μ¥ ¢μ§¡Ê¦¤¥´¨¥ § ³±´ÊÉÒÌ ¸É·Ê´ ÖÎ¥°±¨ XμXν ¸¢Ö§ ´μ
(¢ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³ ¶·¥¤¥²¥) ¸ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ μ¡· §μ¢ ´´μ£μ ¸¥ÉÓÕ
¶·μ¸É· ´¸É¢ .

‚ ¶·μ¸É· ´¸É¢¥ MD ¢¢¥¤¥³ ±μμ·¤¨´ ÉÒ xi(= ui), xa, i = 0, 1, . . . , p, a =
p + 1, . . . , D − 1, £¤¥ xi ¶ · ³¥É·¨§ÊÕÉ ³¨·μ¢ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ±¢ §¨¡· ´Ò
(¸¥É¨ ¢ ±·Ê¶´μ³ ¸ÏÉ ¡´μ³ ¶·¥¤¥²¥),   xa Å ±μμ·¤¨´ ÉÒ ¤μ¶μ²´¨É¥²Ó´μ£μ
(D − p − 1)-³¥·´μ£μ ±μ¶·μ¸É· ´¸É¢ . �·¥¦¤¥ ¢¸¥£μ ¶μ± ¦¥³, ÎÉμ ¢ ± ¦¤μ°
ÖÎ¥°±¥ (p-±Ê¡¥) ¢¸¥£¤  ³μ¦´μ ¢Ò¤¥²¨ÉÓ ¸μ¢μ±Ê¶´μ¸ÉÓ Î ¸É¨Í, μ¡· §ÊÕÐ¨Ì
§ ³±´ÊÉÊÕ ¸É·Ê´Ê. ‚ ¸²ÊÎ ¥ ³¥³¡· ´Ò ÔÉμ É·¨¢¨ ²Ó´μ Å ·¥¡· , ´ ¶·¨³¥·,
±¢ ¤· É  ¸ ¢¥·Ï¨´ ³¨ (0, 0), (1, 0), (1, 1), (0, 1) μ¡· §ÊÕÉ § ³±´ÊÉÊÕ ²¨´¨Õ
(μ¤´  ¨§ ¢¥·Ï¨´ ¶μ³¥Ð¥´  ¢ ´ Î ²μ ±μμ·¤¨´ É,   ¤²¨´  ·¥¡·  · ¢´  ¥¤¨´¨Í¥).
�É³¥É¨³, ÎÉμ ¢μ§³μ¦´μ¸ÉÓ ¢Ò¡μ·  ¤²Ö ³¥³¡· ´Ò ¢ ± Î¥¸É¢¥ ÖÎ¥¥± ±¢ ¤· Éμ¢
³μ¦¥É ¸²Ê¦¨ÉÓ  ·£Ê³¥´Éμ³ ¢ ¶μ²Ó§Ê ¤μ¶Ê¸É¨³μ¸É¨ ¨¸¶μ²Ó§μ¢ ´¨Ö p-³¥·´μ£μ
±Ê¡  ¶·¨ p > 2. ‚ ¸²ÊÎ ¥ p ¨§³¥·¥´¨° § ³±´ÊÉÊÕ ²¨´¨Õ μ¡· §Ê¥É, ´ ¶·¨³¥·,
Í¥¶μÎ±  ¢¥±Éμ·μ¢

(0, . . . , 0) → (1, . . . , 0) → (1, 1, 0, . . . , 0) → . . . → (1, . . . , 1) →
→ (0, 1, . . . , 1) → . . . → (0, . . . , 0, 1) → (0, . . . , 0)

(± ¦¤ Ö ¸É·¥²±  μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ·¥¡·μ³, ¢¸¥£μ 2p ·¥¡¥·). � ¸ ¨´É¥·¥-
¸Ê¥É ¸²μ¦´μ¥ ¢μ§¡Ê¦¤¥´¨¥ ¸É·Ê´Ò, Ì · ±É¥·¨§Ê¥³μ¥ ¶·μ¨§¢¥¤¥´¨¥³ g̃μν =
Xμ(τ, σ)Xν(τ, σ), £¤¥ σ ¶ · ³¥É·¨§Ê¥É ÉμÎ±¨ ¸É·Ê´Ò. ‚ É¥μ·¨¨ ¸É·Ê´ ¸ ÔÉ¨³
¢μ§¡Ê¦¤¥´¨¥³ ¸¢Ö§Ò¢ ÕÉ £· ¢¨Éμ´ (¸¶¨´ 2, ³ ¸¸  ´μ²Ó). ‚ ¤ ´´μ³ ¸²ÊÎ ¥
ÔÉμ£μ ´¥¤μ¸É ÉμÎ´μ. ‚μ-¶¥·¢ÒÌ, §¤¥¸Ó § ³±´ÊÉÒ¥ ¸É·Ê´Ò ´¥ Ö¢²ÖÕÉ¸Ö ¸¢μ¡μ¤-
´Ò³¨. �·¨Ìμ¤¨É¸Ö ¤μ¶Ê¸É¨ÉÓ, ÎÉμ ¨Ì ¡¨²¨´¥°´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö É ±¦¥ ³μ¦´μ
μÉμ¦¤¥¸É¢¨ÉÓ ¸ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³. ‚μ-¢Éμ·ÒÌ, ¨Ì ¡¨²¨´¥°´Ò¥ ¢μ§¡Ê¦¤¥-
´¨Ö (®£· ¢¨Éμ´Ò¯) ³μ£ÊÉ μ± § ÉÓ¸Ö ³ ¸¸¨¢´Ò³¨. �μ ÔÉμ ´¥ ¥¸ÉÓ É·Ê¤´μ¸ÉÓ,
¨¡μ ¢ ¤ ´´μ° ³μ¤¥²¨ ¨ ¡¥§ Éμ£μ ¢¸¥ ¶μ²Ö, ¢±²ÕÎ Ö £· ¢¨É Í¨μ´´μ¥, μ¡² -
¤ ÕÉ ³ ¸¸μ° [2]. ‚μ¶·μ¸ μ ¢¥²¨Î¨´¥ ¶μ¤μ¡´μ° ¢μ§³μ¦´μ° ¤μ¡ ¢±¨ ± ³ ¸¸¥
μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. ‚-É·¥ÉÓ¨Ì, ´¥μ¡Ìμ¤¨³μ ¶μ± § ÉÓ, ÎÉμ É¥´§μ· g̃μν ¤¥°¸É¢¨-
É¥²Ó´μ ³μ¦´μ ¸¢Ö§ ÉÓ ¸ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ ¢ D-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¸
¢²μ¦¥´´μ° ¢ ´¥£μ (p + 1)-³¥·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ (±¢ §¨¡· ´μ°). �  ¶¥·-
¢Ò° ¢§£²Ö¤ ÔÉμ ´¥¢μ§³μ¦´μ, ¨¡μ 1) g̃μν ¨³¥¥É · §³¥·´μ¸ÉÓ ±¢ ¤· É  ¤²¨´Ò L2,
Éμ£¤  ± ± ³¥É·¨Î¥¸±¨° É¥´§μ· ¡¥§· §³¥·¥´; 2) ¤²¨´  ¢¥±Éμ·μ¢ Y μ, μ·Éμ£μ´ ²Ó-
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´ÒÌ ¢ MD ± ¢¥±Éμ·Ê Xμ ((XY ) = ημνXμY ν = 0, ημν Å ³¥É·¨Î¥¸±¨° É¥´-
§μ· D-³¥·´μ£μ ¶¸¥¢¤μ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ ), · ¢´  ´Ê²Õ (g̃μνY μY ν = 0),
ÎÉμ ´¥¶·¨¥³²¥³μ. �¡¥ É·Ê¤´μ¸É¨ ²¥£±μ ¶·¥μ¤μ²¥¢ ÕÉ¸Ö. …¸²¨ ¢ ³μ¤¥²¨ ¥¸ÉÓ
Ê´¨¢¥·¸ ²Ó´Ò° ³ ¸ÏÉ ¡ (´ ¶·¨³¥·, · §³¥· ÖÎ¥°±¨ l), Éμ É¥´§μ· g̃μν μ¡¥§-
· §³¥·¨¢ ¥É¸Ö ¤¥²¥´¨¥³ ¥£μ ´  l2. „ ²¥¥, ´ ¸ ¨´É¥·¥¸Ê¥É É¥μ·¨Ö ¢ ¶·¥¤¥²¥,
±μ£¤  · §³¥·Ò ÖÎ¥¥± ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ÖÎ¥°±  ¶·¥¢· Ð ¥É¸Ö
¢ ÉμÎ±Ê, ¨ ³¥É·¨Î¥¸±¨° É¥´§μ· ¢ ÉμÎ±¥ ¤μ²¦¥´ Ì · ±É¥·¨§μ¢ ÉÓ ¸μ¢μ±Ê¶´μ¥
¢μ§¡Ê¦¤¥´¨¥ · §²¨Î´ÒÌ § ³±´ÊÉÒÌ ¸É·Ê´ ÖÎ¥°±¨.

�¶·¥¤¥²¨³ É¥´§μ· gμν ¸Ê³³μ° gμν = ημν +Δμν , £¤¥ Δμν ¥¸ÉÓ ¸·¥¤´¥¥ μÉ
¨´É¥£· ²μ¢ ¶μ § ³±´ÊÉÒ³ ¸É·Ê´ ³:

Δμν
(n) =

1
l2

1
Lc

1
Np

∑ ∮
n

dσXμ(τ, σ)Xν(τ, σ); (6.6)

§¤¥¸Ó n(n1, . . . , np) Ë¨±¸¨·Ê¥É, ¸± ¦¥³, Í¥´É· ÖÎ¥°±¨ (p-±Ê¡ ),   Lc Å ¸·¥¤-
´ÖÖ ¤²¨´  ±μ´ÉÊ·  ¨´É¥£·¨·μ¢ ´¨Ö; ¸Ê³³  ¡¥·¥É¸Ö ¶μ ¢¸¥³ Np ´¥§ ¢¨¸¨³Ò³
§ ³±´ÊÉÒ³ ±μ´ÉÊ· ³ ¢ ÖÎ¥°±¥. � ¸¸³ É·¨¢ ÕÉ¸Ö ³ ²Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê±-
ÉÊ·Ò. ‚ ´¥¶·¥·Ò¢´μ³ ¶·¥¤¥²¥ nj lj → xj (lj Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Í¥´-
É· ³¨ ±Ê¡μ¢ ¢¤μ²Ó μ¸¨ j), nj → ∞, lj → 0, j = 1, 2, . . . , p, ¶μ²ÊÎ ¥³ É¥´-
§μ· gμν(x), x(x0, x1, . . . , xp), μ¡· É´Ò° ±μÉμ·μ³Ê ¤μ¶Ê¸± ¥É μÉμ¦¤¥¸É¢²¥´¨¥
¸ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ D-³¥·´μ£μ ¶·μ¸É· ´¸É¢ ; μ¤´  ¨§ ±μμ·¤¨´ É´ÒÌ £¨-
¶¥·¶μ¢¥·Ì´μ¸É¥° ÔÉμ£μ ¶·μ¸É· ´¸É¢  ¸μ¢¶ ¤ ¥É ¸ ³¨·μ¢μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ
p-³¥·´μ° ¸É·Ê±ÉÊ·Ò (¸¥É¨).

Œμ¦¥É ¢μ§´¨±´ÊÉÓ ¢μ¶·μ¸ μ ¶μÖ¢²¥´¨¨ ¢ ¤ ´´μ° É¥μ·¨¨ ¶· ¢¨²Ó´μ£μ ¢Ò-
· ¦¥´¨Ö ¤²Ö ¢§ ¨³μ¤¥°¸É¢¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸ ³ É¥·¨¥° (Î²¥´ κT ij

¢ £· ¢¨É Í¨μ´´ÒÌ Ê· ¢´¥´¨ÖÌ, £¤¥ κ Å ¶μ¸ÉμÖ´´ Ö £· ¢¨É Í¨μ´´μ£μ ¢§ ¨-
³μ¤¥°¸É¢¨Ö,   T ij Å É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ ). �μ Ê¦¥ ¤¥°¸É¢¨¥ (6.5) ¤ ¥É
¶· ¢¨²Ó´Ò° μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸, ¶μ¸±μ²Ó±Ê ¢¥±Éμ·´μ¥ ¶μ²¥ Aa

i ¨ ¥¸ÉÓ ¶μ²¥
³ É¥·¨¨.

�É³¥É¨³, ÎÉμ É¥´§μ· gμν(x) ´¥ § ¢¨¸¨É μÉ ±μμ·¤¨´ É ¤μ¶μ²´¨É¥²Ó´μ£μ
¶·μ¸É· ´¸É¢  xa, É. ¥.  ¢Éμ³ É¨Î¥¸±¨ ¢Ò¶μ²´Ö¥É¸Ö ¶¥·¢μ¥ Ê¸²μ¢¨¥ (6.4). �Éμ
±· °´¥ ¢ ¦´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ¶μ¸±μ²Ó±Ê É¥³ ¸ ³Ò³ ·¥Ï ¥É¸Ö ¶·μ¡²¥³  ±μ³-
¶ ±É¨Ë¨± Í¨¨ ¢ ³μ¤¥²¨ ŠŠŒ”, ¨¡μ ¢μ§¡Ê¦¤¥´¨¥ ¸¥É¨ ´¥ ³μ¦¥É ¥¥ ¶μ±¨´ÊÉÓ.
„ ²¥¥, ¥¸²¨ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò É¥´§μ· gab ¢ (6.2) ´¥ § ¢¨¸¥² μÉ xμ, É. ¥. ¥¸²¨
¨¸±²ÕÎ¨ÉÓ ¸± ²Ö·´Ò¥ ¶μ²Ö, Éμ ¶μ²ÊÎ ¥³ ¶·μ¸É¥°Ï¨° ¢ ·¨ ´É É¥μ·¨¨ ŠŠŒ”
¤²Ö ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  ¸ ¤¥°¸É¢¨¥³ (6.5). ‚μ¶·μ¸ μ £·Ê¶¶¥ ¸¨³³¥É·¨¨ ÔÉ¨Ì
¶μ²¥° É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¢¢¨¤Ê ¸²μ¦´μ¸É¨ ¨¸Ìμ¤´μ° ¸É·Ê±ÉÊ·Ò.

7. ‡�Š‹	—…�ˆ…

�¸´μ¢´Ò¥ ¶μ²μ¦¥´¨Ö ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ É ±μ¢Ò. ’μÎ¥Î´Ò¥ μ¡Ñ¥±ÉÒ
¢ ¶·μ¸É· ´¸É¢¥ ´¥±μÉμ·μ° (´¥¨§¢¥¸É´μ°) · §³¥·´μ¸É¨ ¶μ¤¢¥·¦¥´Ò ¤¥°¸É¢¨Õ
¸²ÊÎ °´ÒÌ ¸¨² (É¥·³μ¸É É). ˆÌ · ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö · ¸¶·¥-
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¤¥²¥´¨¥³ ƒ¨¡¡¸ . ˆ¸Ìμ¤Ö ¨§ ´¥£μ ³μ¦´μ ¢¢¥¸É¨ ´¥· ¢´μ¢¥¸´Ò¥ · ¸¶·¥¤¥²¥´¨Ö.
‚ ¸²ÊÎ ¥ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Ô¢μ²ÕÍ¨Ö ¶μ¸²¥¤´¨Ì ¸μ ¢·¥³¥´¥³ μ¶¨-
¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ( ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨ [1, 2]). �·¨ ÔÉμ³
 ¢Éμ³ É¨Î¥¸±¨ ¶μÖ¢²ÖÕÉ¸Ö, ´ ¶·¨³¥·, ¶μ¸ÉμÖ´´ Ö �² ´±  h ¨ ¶·μ¸É· ´¸É¢μ
”μ±  [2]. � ¸¶·¥¤¥²¥´¨Ö ³μ¦´μ Ì · ±É¥·¨§μ¢ ÉÓ ¶ · ³¥É·μ³ (1.1) r (¨´-
¤¥±¸μ³ ¸É ¡¨²Ó´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö), ¶μ§¢μ²ÖÕÐ¨³ μÍ¥´¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ ¨Ì
¨§³¥´¥´¨Ö ¶μ¤ ¤¥°¸É¢¨¥³ ¸²ÊÎ °´ÒÌ ¸¨². �± §Ò¢ ¥É¸Ö, ÎÉμ ¸μ£² ¸´μ ¶·¥¤² £ -
¥³μ³Ê ±·¨É¥·¨Õ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö μ¸Í¨²²ÖÉμ·  (¤¢Ê³¥·´μ¥ · ¸¶·¥¤¥-
²¥´¨¥ ƒ Ê¸¸ ) ¡μ²¥¥ Ê¸Éμ°Î¨¢μ, Î¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ μ¤´μ³¥·´μ¥ · ¸¶·¥¤¥²¥-
´¨¥. „ ²¥¥, ¸μ£² ¸´μ ¶·¥¤² £ ¥³μ³Ê ±·¨É¥·¨Õ μ¸Í¨²²ÖÉμ· ³ ®¢Ò£μ¤´μ¯ μ¡· -
§μ¢ ÉÓ μ¤´μ³¥·´ÊÕ ¸É·Ê±ÉÊ·Ê Å ¡μ§¥-¸É·Ê´Ê � ³¡ÊÄƒμÉμ. �Éμ ¢ ¦´¥°Ï¨° ¨
¶·¨´Í¨¶¨ ²Ó´¥°Ï¨° Ë ±É ¢¸¥£μ ¶μ¤Ìμ¤  ¢¢¨¤Ê ¸²¥¤ÊÕÐ¨Ì μ¡¸ÉμÖÉ¥²Ó¸É¢.

‘É·Ê´  ¥¸ÉÓ ¸μ¢μ±Ê¶´μ¸ÉÓ μ¸Í¨²²ÖÉμ·μ¢, Ô¢μ²ÕÍ¨Ö ¸μ ¢·¥³¥´¥³ ¥¥ ³ ²ÒÌ
μÉ±²μ´¥´¨° μÉ · ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö μ¶¨¸Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨-
±μ°,   ¥¥ ¶·¥¤¶μÎÉ¨É¥²Ó´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö �Œ“: · ¸¶·¥¤¥²¥´¨¥ É¥³ ¡μ²¥¥
Ê¸Éμ°Î¨¢μ, Î¥³ ¡μ²¥¥ μ´μ ¸¨³³¥É·¨Î´μ, É. ¥. Î¥³ ³¥´ÓÏ¥ Î¨¸²μ ¶ · ³¥É·μ¢,
μÉ ±μÉμ·ÒÌ § ¢¨¸¨É £ ³¨²ÓÉμ´¨ ´ (± ± ³Ò ¢¨¤¥²¨, ¢ ¸É·Ê´¥ � ³¡ÊÄƒμÉμ ¨¸-
±²ÕÎ ¥É¸Ö Í¥² Ö ¶μ²¥¢ Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò, ¶. 3.3). �·¨ ÔÉμ³ ¶μÖ¢²Ö¥É¸Ö ·Ö¤
´μ¢ÒÌ ¢ ¦´¥°Ï¨Ì ¶μ´ÖÉ¨°, Ì · ±É¥·¨§ÊÕÐ¨Ì ³μ¤¥²Ó: ¶μ´ÖÉ¨¥ ³ É¥·¨¨ Å
¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´Ò ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± ®Î ¸É¨ÍÒ¯, ®·¥²ÖÉ¨¢¨¸É¸± Ö ¨´-
¢ ·¨ ´É´μ¸ÉÓ¯ Å ¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´Ò ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ „ ² ³¡¥· ,
¶μ´ÖÉ¨¥ ®Ë¨§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ¯ (μ¤´μ³¥·´μ¥) Å ÔÉμ ¸É·Ê´ , ¶μ ±μÉμ·μ°
· ¸¶·μ¸É· ´ÖÕÉ¸Ö ¢μ§¡Ê¦¤¥´¨Ö. � ±μ´¥Í, ¶μÖ¢²Ö¥É¸Ö ¶μ´ÖÉ¨¥ ®± ²¨¡·μ¢μÎ-
´ Ö ¸¨³³¥É·¨Ö¯ (§ ¢¨¸¨³μ¸ÉÓ £·Ê¶¶μ¢ÒÌ ¶ · ³¥É·μ¢ μÉ ±μμ·¤¨´ É (ÉμÎ¥±)
¸É·Ê´Ò). �μ ¸ÊÐ¥¸É¢Ê, ¶μÖ¢²ÖÕÉ¸Ö ¢¸¥ ¢ ¦´¥°Ï¨¥ Ô²¥³¥´ÉÒ ¸μ¢·¥³¥´´μ°
Ë¨§¨±¨.

�μ ÔÉμ Éμ²Ó±μ ´ Î ²μ. Š ± ¡Ò²μ ¶μ± § ´μ (· §¤. 5), ¶μÖ¢²Ö¥É¸Ö £·Ê¶¶ 
SU(5) (É¥μ·¨Ö ‚¥²¨±μ£μ μ¡Ñ¥¤¨´¥´¨Ö). „ ²¥¥, ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨§μ£´Ê-
É Ö ¸É·Ê´  μ¡² ¤ ¥É ³¥´ÓÏ¥° Ô´¥·£¨¥° (±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² Vq =
−�

2/4r2 < 0). � ¨³¥´ÓÏ Ö Ô´¥·£¨Ö μÉ¢¥Î ¥É ¸μ¸ÉμÖ´¨Õ ¸ ³¨´¨³ ²Ó´Ò³
· ¤¨Ê¸μ³ ±·¨¢¨§´Ò (r → 0). „²Ö ¤¨¸±·¥É´μ° ¸É·Ê´Ò É ±μ¥ ¸μ¸ÉμÖ´¨¥ ´¥-
¢μ§³μ¦´μ, ´μ ¸É·Ê´  ³μ¦¥É ¸±·ÊÉ¨ÉÓ¸Ö ¢ ¸¶¨· ²Ó ¸ ´¥±μÉμ·Ò³ · ¤¨Ê¸μ³
±μ²¥Í R. ‘μ£² ¸´μ (4.2) Ô´¥·£¨Ö ¶¥·¥³¥Ð ÕÐ¥£μ¸Ö ¶μ ¸¶¨· ²¨ ¢μ§³ÊÐ¥-
´¨Ö ¶μ²μ¦¨É¥²Ó´  Éμ²Ó±μ ¶·¨ P̂ 2 − �

2/4R2 > 0, £¤¥ P̂ = −i�R−1d/dφ Å
μ¶¥· Éμ· ¨³¶Ê²Ó¸  ¤¢¨¦¥´¨Ö ¶μ μ±·Ê¦´μ¸É¨. �Ê²¥¢ Ö Ô´¥·£¨Ö ¤¢¨¦¥´¨Ö ¶μ
μ±·Ê¦´μ¸É¨ μÉ¢¥Î ¥É ¨³¶Ê²Ó¸Ê P = �/2R. �Éμ ¨³¶Ê²Ó¸ ¶¥·¢μ£μ ¢μ§¡Ê¦¤¥´-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¤¢μ¥´´μ£μ ±μ²ÓÍ  [2],   ¥£μ Ê£²μ¢μ° ³μ³¥´É J = [r,P] · ¢¥´
¸¶¨´Ê Ë¥·³¨μ´ , |J| = �/2.

‹Õ¡μ¶ÒÉ´μ¥ ´ ¡²Õ¤¥´¨¥ ¸¤¥² ´μ ¢ [26]: ¢μ ¢¸¥ ³¨·μ¢Ò¥ ¶μ¸ÉμÖ´´Ò¥, É -
±¨¥ ± ± ¤²¨´  �² ´±  LP =

√
�GN/c3 (GN Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö),

¶μ¸ÉμÖ´´ Ö Éμ´±μ° ¸É·Ê±ÉÊ·Ò α = e2/�c, ¶μ¸ÉμÖ´´ Ö ”¥·³¨ GF /(�c)3 ¨ É. ¤.,
¶μ¸ÉμÖ´´ Ö �² ´±  h ¨ ¸±μ·μ¸ÉÓ ¸¢¥É  c ¢Ìμ¤ÖÉ ®Î¥É´Ò³ μ¡· §μ³¯, É. ¥. ³¨·μ-
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¢Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¤´μ¢·¥³¥´´μ£μ ¨§³¥´¥´¨Ö §´ ± 
¶μ¸²¥¤´¨Ì (� → −�, c → −c). �μ ¶μ¸ÉμÖ´´ Ö � ¥¸ÉÓ ´¥ Éμ²Ó±μ ¥¤¨´¨Í 
¶²μÐ ¤¨ Ë §μ¢μ° ¶²μ¸±μ¸É¨. ˆ§³¥´¥´¨¥ ¥¥ §´ ±  ³¥´Ö¥É μ·¨¥´É Í¨Õ ÔÉμ°
¶²μ¸±μ¸É¨, É. ¥. ³¥´Ö¥É ´ ¶· ¢²¥´¨¥ ¸É·¥²Ò ¢·¥³¥´¨ [7]. ‘±μ·μ¸ÉÓ ¸¢¥É  c
É ±¦¥ ³¥´Ö¥É §´ ± ¶·¨ μÉ· ¦¥´¨¨ ¢·¥³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨·μ¤  ¢¸¥Ì
μ¸´μ¢´ÒÌ ³¨·μ¢ÒÌ ¶μ¸ÉμÖ´´ÒÌ É ±μ¢ , ÎÉμ μ´¨ ´¥ ¸¢Ö§ ´Ò ¸ ¢·¥³¥´´
μ° ¶¥-
·¥³¥´´μ°. „ ´´Ò° Ë ±É ¶·¥¤¸É ¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¤²Ö ³μ¤¥²¨, ¢ ±μÉμ·μ°
¶·μ¸É· ´¸É¢μ μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ´¥±μÉμ·μ° 3-³¥·´μ° ¸É·Ê±ÉÊ·μ°. ’μ£¤  ¢¸¥
ÔÉ¨ ³¨·μ¢Ò¥ ¶μ¸ÉμÖ´´Ò¥ Ì · ±É¥·¨§ÊÕÉ Éμ²Ó±μ ¤ ´´ÊÕ ¸É·Ê±ÉÊ·Ê, ÎÉμ ³μ¦´μ
É· ±Éμ¢ ÉÓ ± ± ¥Ð¥ μ¤´μ ¸¢¨¤¥É¥²Ó¸É¢μ ¢ ¶μ²Ó§Ê ¶·¥¤² £ ¥³μ° ³μ¤¥²¨.

	μ²¥¥ Éμ£μ, ¢ ³μ¤¥²¨ ´ Ìμ¤¨É ¥¸É¥¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³  É¥³´μ°
³ É¥·¨¨. ˆ¸Ìμ¤´ Ö ¸É·Ê±ÉÊ·  Å 3-³¥·´ Ö ¸¥ÉÓ Å ¸Éμ²Ó ¸²μ¦´ , ÎÉμ ¨§¢¥¸É´Ò¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶μ²Ö (¸¶¨´μ·´Ò¥, ¢¥±Éμ·´Ò¥, £· ¢¨É Í¨μ´´μ¥) ¸μ¸É ¢²ÖÕÉ
²¨ÏÓ ´¥¡μ²ÓÏÊÕ Î ¸ÉÓ ¥¥ ¢μ§³μ¦´ÒÌ ¢μ§¡Ê¦¤¥´¨°.

�μ¤¢μ¤Ö ¨Éμ£¨, ¶¥·¥Î¨¸²¨³ ´¥±μÉμ·Ò¥ ¸²¥¤¸É¢¨Ö ³μ¤¥²¨·μ¢ ´¨Ö ³¨·  3-
³¥·´μ° ¸¥ÉÓÕ ¢ É¥·³μ¸É É¥. ‚ÒÖ¢²ÖÕÉ¸Ö ¨²¨ μ¡ÑÖ¸´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ë ±ÉÒ.

1. Š² ¸¸¨Î¥¸± Ö £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  (¸²¥¤Ê¥É ¨§ ¸É Í¨μ´ ·´μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  [2, 7]).

2. Œ¨±·μ± ´μ´¨Î¥¸±μ¥ · ¸¶·¥¤¥²¥´¨¥ (¸²¥¤Ê¥É ¨§ ¶. 1).

3. �·£μ¤¨Î´μ¸ÉÓ ³¥Ì ´¨±¨ (¸²¥¤Ê¥É ¨§ ¶¶. 1, 2).

4. ‘É·¥²  ¢·¥³¥´¨ (£ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , ¸²¥¤¸É¢¨¥ μ·¨¥´É¨·Ê¥³μ¸É¨
Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  [7]).

5. �³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ (´ ²¨Î¨¥ ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° ƒ¨¡-
¡¸  [2]).

6. �μ¸ÉμÖ´´ Ö �² ´±  h (®μ¡Ñ¥³¯ 2-³¥·´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ,
¸Ë¥·Ò [7]).

7. “· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (¸²¥¤¸É¢¨¥ ¶¶. 1, 5).
8. CPT-¨´¢ ·¨ ´É´μ¸ÉÓ (¸²¥¤¸É¢¨¥ ¶¶. 5Ä7 ¨ ¶·¥¤¶μ²μ¦¥´¨Ö, ÎÉμ C=∗).

9. �·μ¸É· ´¸É¢μ ”μ±  (¸²¥¤¸É¢¨¥ ¶¶. 5Ä7).

10. �¸¥¢¤μ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ (¢μ§¡Ê¦¤¥´¨Ö ¸É·Ê´Ò ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢-
´¥´¨Õ „ ² ³¡¥· ).

11. Šμ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö (¸²¥¤¸É¢¨¥ ¶. 5, Λ = 1/2t2r, tr Å ¢·¥³Ö
·¥² ±¸ Í¨¨ ´¥· ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö).

12. �· ¢¨²Ó´Ò° §´ ± ³´¨³μ° ¤μ¡ ¢±¨ ¢ ¶·μ¶ £ Éμ·¥ (i/(k2−m2+iε), ε ∼
1/tr > 0, ¸²¥¤¸É¢¨¥ ¶. 5).

13. ˆ´Ë²ÖÍ¨μ´´Ò° ¶¥·¨μ¤ (£¨£ ´É¸± Ö Ë²Ê±ÉÊ Í¨Ö ¢ É¥·³μ¸É É¥).
14. �¥Ï¥´¨¥ ¶·μ¡²¥³Ò £μ·¨§μ´É  (μ¤´μ·μ¤´μ¸ÉÓ ‚¸¥²¥´´μ° Å ¸¢μ°¸É¢μ

É¥·³μ¸É É ).

15. �É¸ÊÉ¸É¢¨¥ · ¸Ìμ¤¨³μ¸É¥° (¤¨¸±·¥É´μ¸ÉÓ ¸É·Ê´).
16. Œμ¤¥²Ó Î¥·´μ° ¤Ò·Ò (¢μ§¡Ê¦¤¥´´μ¥ ¸μ¸ÉμÖ´¨¥ ÖÎ¥°±¨ ¸¥É¨ [2]).
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17. �¥Ï¥´¨¥ ¶·μ¡²¥³Ò ±μ³¶ ±É¨Ë¨± Í¨¨ ¢ ¶μ¤Ìμ¤¥ Š ²ÊÍÒÄŠ²¥°´ Ä
Œ ´¤¥²ÖÄ”μ±  (³ É¥·¨Ö ¥¸ÉÓ ¢μ§¡Ê¦¤¥´¨¥ ¸¥É¨, μ´  ´¥ ³μ¦¥É ®¶μ±¨-
´ÊÉÓ¯ ¸¥ÉÓ).

18. �¥Ï¥´¨¥ ¶·μ¡²¥³Ò ®¶μ¤¢ ²  „¨· ± ¯ (¢ ³μ¤¥²¨ ¥£μ Ô²¥±É·¨Î¥¸±¨°
§ ·Ö¤ · ¢¥´ ´Ê²Õ).

19. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ¸É·Ê´ (¤¨±ÉÊ¥É¸Ö ¶·¨´Í¨¶μ³ ³ ±¸¨³ ²Ó´μ° Ê¸Éμ°Î¨-
¢μ¸É¨).

20. �μÖ¢²¥´¨¥ ± ²¨¡·μ¢μÎ´ÒÌ ¸¨³³¥É·¨° (¸¢μ°¸É¢μ ¸É·Ê´Ò � ³¡ÊÄ
ƒμÉμ [5, 6]).

21. �μÖ¢²¥´¨¥  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨Ì ¶¥·¥³¥´´ÒÌ (¸²¥¤¸É¢¨¥ § ±·ÊÎ¨¢ ´¨Ö
¸É·Ê´ ¢ ¸¶¨· ²Ó [2]).

22. ‘ÊÐ¥¸É¢μ¢ ´¨¥ Ë¥·³¨μ´μ¢ (¸¶¨´ �/2, ¸²¥¤¸É¢¨¥ § ±·ÊÎ¨¢ ´¨Ö ¸É·Ê´
¢ ¸¶¨· ²Ó [2]).

23. Œμ¤¥²Ó ¸Ê¶¥·¸¨³³¥É·¨¨ (μ¶É¨³ ²Ó´μ¥, ´μ ¶·¨¡²¨¦¥´´μ¥ ¸¢μ°¸É¢μ).
24. Œμ¤¥²Ó ¸Ê¶¥·¸É·Ê´Ò (¸²¥¤¸É¢¨¥ ¶. 23).
25. �μÖ¢²¥´¨¥ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° (¤¨±ÉÊ¥É¸Ö ¶·¨´Í¨¶μ³ ³ ±¸¨³ ²Ó-

´μ° Ê¸Éμ°Î¨¢μ¸É¨).
26. �μÖ¢²¥´¨¥ £·Ê¶¶ SU(5) ¨ SU(3) (¸¢μ°¸É¢  ¸É·Ê´ ¨ ¸Ê¶¥·¸É·Ê´).
27. �¡Ñ¥¤¨´¥´¨¥ ¢§ ¨³μ¤¥°¸É¢¨° ¢ · ³± Ì ¶μ¤Ìμ¤  Š ²ÊÍÒÄŠ²¥°´ ÄŒ ´-

¤¥²ÖÄ”μ±  (¸²¥¤¸É¢¨¥ ³μ¤¥²¨).
28. ‘ÊÐ¥¸É¢μ¢ ´¨¥ É¥³´μ° ³ É¥·¨¨ (¸²¥¤¸É¢¨¥ ³μ¤¥²¨).
29. � ·ÊÏ¥´¨¥ ±¨· ²Ó´μ° ¸¨³³¥É·¨¨ (¸²¥¤¸É¢¨¥ ³μ¤¥²¨).
30. Œμ¤¥²Ó D-¡· ´Ò (μ¡μ¡Ð¥´¨¥ ³μ¤¥²¨ ´  ¢Ò¸Ï¨¥ ¨§³¥·¥´¨Ö).
Ÿ¸´μ, ÎÉμ ¶¥·¥Î¨¸²¥´´Ò¥ ¸²¥¤¸É¢¨Ö · §¢¨¢ ¥³μ£μ ¶μ¤Ìμ¤  ´¥ ³μ£ÊÉ ¡ÒÉÓ

¨£·μ° ¸²ÊÎ Ö ¨ ³μ¤¥²Ó § ¸²Ê¦¨¢ ¥É ¸¥·Ó¥§´μ£μ ¢´¨³ ´¨Ö.

�·¨²μ¦¥´¨¥ 1
��‘��…„…‹…�ˆ… ƒˆ��‘� ‚ Š‚��’�‚�‰ Œ…•��ˆŠ…

‚ÒÖ¸´¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸  ¶·¨ ¥£μ ³ ²ÒÌ ¤¥-
Ëμ·³ Í¨ÖÌ, É. ¥. ¶·¨ ¶¥·¥Ìμ¤¥ ± ±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ. „²Ö μÉ¢¥É  ´  ÔÉμÉ
¢μ¶·μ¸ ´¥μ¡Ìμ¤¨³μ Ìμ·μÏμ ¶·¥¤¸É ¢²ÖÉÓ ¸ÊÐ¥¸É¢μ ³μ¤¥²¨. ‚ [2] ¡Ò²μ ¶μ± -
§ ´μ, ÎÉμ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ r, ϕ, z = r eiϕ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö:

ϕ̇ = −ω, ṙ = 0. (�1.1)

„²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Zn(z) = z̃n/
√

n!, z̃ = z/
√

� ¨§ Ê· ¢´¥´¨Ö Żn =
−iωz̃ dZn/dz̃ ¸²¥¤Ê¥É, ÎÉμ

Żn = −inωZn. (�1.2)

�μ¸±μ²Ó±Ê r ´¥ ³¥´Ö¥É¸Ö ¸μ ¢·¥³¥´¥³, ±¢ ´Éμ¢ ´¨¥ Ô´¥·£¨¨ μ± §Ò¢ ¥É¸Ö
¸²¥¤¸É¢¨¥³ Ê¸²μ¢¨Ö ¶¥·¨μ¤¨Î´μ¸É¨ ±² ¸¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö ¶¥·¥³¥´´μ° ϕ,
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Zn(r, ϕ + 2π) = Zn(r, ϕ). � ¸¶·¥¤¥²¥´¨¥ ¶μ r Ê´¨¢¥·¸ ²Ó´μ,   · ¸¶·¥¤¥²¥´¨¥
¢¥·μÖÉ´μ¸É¨ ¶μ ϕ ´¥ § ¢¨¸¨É μÉ ϕ. ‘μ£² ¸´μ É¥μ·¥³¥ ¢¨·¨ ²  ¢ μ¸´μ¢´μ³
¸μ¸ÉμÖ´¨¨ (· ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ ) ´  ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ r, ϕ ¤μ²¦´Ò
¶·¨Ìμ¤¨ÉÓ¸Ö · ¢´Ò¥ ¤μ²¨ ¸·¥¤´¥° Ô´¥·£¨¨ E0 = �ω, É. ¥. ¶μ �ω/2. „¢¨¦¥´¨Õ
¶μ μ±·Ê¦´μ¸É¨ ¸  ³¶²¨ÉÊ¤μ° ¢¥·μÖÉ´μ¸É¨ einϕ μÉ¢¥Î ¥É Ô´¥·£¨Ö n�ω, É. ¥. ¢
¸Ê³³¥ ¸ Ô´¥·£¨¥° �ω/2, ¸¢Ö§ ´´μ° ¸ ¶¥·¥³¥´´μ° r, ¨³¥¥³ En = �ω(n + 1/2).
�Éμ ¥¸ÉÓ Ô´¥·£¨Ö ±¢ ´Éμ¢ ´´μ£μ μ¸Í¨²²ÖÉμ· . �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ · ¸¶·¥¤¥-
²¥´¨¥ ƒ¨¡¡¸  ´¥μ¡Ìμ¤¨³μ ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ § ±μ´ ³¨ ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨. Š² ¸¸¨Î¥¸±¨° £ ³¨²ÓÉμ´¨ ´ H(p, q) ¸²¥¤Ê¥É § ³¥´¨ÉÓ ´ 
μ¶¥· Éμ· Ĥ , É. ¥. · ¸¶·¥¤¥²¥´¨¥ ¤μ²¦´μ ¨³¥ÉÓ ¢¨¤

Ĝ = Z−1 e−βĤ . (�1.3)

�É¸Õ¤  ¶μ²ÊÎ ÕÉ¸Ö, ¢μ-¶¥·¢ÒÌ, · ¸¶·¥¤¥²¥´¨¥ �² ´± , ¢μ-¢Éμ·ÒÌ, · ¸¶·¥¤¥-
²¥´¨¥ ƒ¨¡¡¸  ¤²Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  e−β�ω(n+1/2) (¸·. [27]).

�·¨²μ¦¥´¨¥ 2
��…„‘’�‚‹…�ˆ… ”�Š�

Š ± ¨§¢¥¸É´μ [1, 2], ¤²Ö ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° (±¢ ´Éμ¢ Ö ³¥Ì -
´¨± ) ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢¥±Éμ·μ¢ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ μ¶·¥-
¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

(g, f) ≡
∫

dμ(z̄, z) ḡ(z) f(z) =

=
∫

dz̄ ∧ dz

2πi�
e−z̄z/�

∞∑
n,m=0

ḡnfm

˜̄znz̃m

√
n!m!

=
∞∑

n=0

ḡnfn, z̃ =
z√
�
. (�2.1)

�É¸Õ¤  ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É ¢¥¸Ó³  ´¥É·¨¢¨ ²Ó´μ¥ ®¶·¥¤¸É ¢²¥´¨¥ ”μ-
± ¯ [28] ¤²Ö ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö (g, f).

�¥·¥°¤¥³ μÉ z̄, z ± ¢¥Ð¥¸É¢¥´´Ò³ ¶¥·¥³¥´´Ò³ r, ϕ, z = r eiϕ ¨ ¶μ²μ¦¨³
¤²Ö ¶·μ¸ÉμÉÒ � = 1. ’μ£¤  dz = (dr + irdϕ) eiϕ ¨ −idz̄ ∧ dz = 2dr ∧ rdϕ.
ˆ´É¥£·¨·ÊÖ ¢ (2.1) ¶μ r, ¨³¥¥³

(g, f) =

∞∫
0

2rdr

2π

2π∫
0

dϕ

∞∑
n,m=0

ḡnfm e−r2 rn+m

√
n!m!

eiϕ(m−n) =

=

2π∫
0

dϕ

2π

∞∑
n,m=0

ḡnfm

(
n + m

2

)
!
eiϕ(m−n)

√
n!m!

.
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�μ¸²¥¤´¨° ¨´É¥£· ² μÉ²¨Î¥´ μÉ ´Ê²Ö Éμ²Ó±μ ¶·¨ n = m, ¶μÔÉμ³Ê ¥£μ ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¢¨¤¥

2π∫
0

dϕ

2π

∞∑
n,m=0

ḡn e−inϕfm eimϕ.

„ ²¥¥, ¨´É¥£· ² ¶μ ϕ ³μ¦´μ ¸Î¨É ÉÓ ¨´É¥£· ²μ³ ¶μ μ±·Ê¦´μ¸É¨ ¥¤¨´¨Î´μ£μ
· ¤¨Ê¸  ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨. �¥·¥Ìμ¤Ö ± ¨´É¥£· ²Ê ¶μ μ±·Ê¦´μ¸É¨ ¶·μ-
¨§¢μ²Ó´μ£μ · ¤¨Ê¸  r, ¨³¥¥³

(g, f) =
1

2πi

∮
rd eiϕ

r eiϕ

∞∑
n=0

ḡn
1

rn einϕ

∞∑
m=0

fmrmeimϕ =
1

2πi

∮
dη

η
g(η) f(η),

(�2.2)

£¤¥ η = r eiϕ, g(η) ≡
∞∑

n=0
ḡnη−n. �μ ÔÉμ ¨ ¥¸ÉÓ ¶·¥¤¸É ¢²¥´¨¥ ”μ±  ¤²Ö

¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö £¨²Ó¡¥·Éμ¢ÒÌ ¢¥±Éμ·μ¢ [28].
�¸μ¡¥´´μ¸ÉÓÕ ¤ ´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö, ´¥μ¡ÒÎ´μ° ¸ ÉμÎ±¨ §·¥´¨Ö ±¢ ´-

Éμ¢μ° ³¥Ì ´¨±¨, ¸²¥¤Ê¥É ¶·¨§´ ÉÓ § ³¥´Ê μ¶¥· Í¨¨ ±μ³¶²¥±¸´μ£μ ¸μ¶·Ö¦¥-
´¨Ö ¨´¢¥·¸¨¥° η → η−1. …¸²¨ ¦¥ ¸μÌ· ´¨ÉÓ μ¶¥· Í¨Õ z → z̄, Éμ ¢ Ëμ·-
³Ê²¥ (�2.2) ¶·¨¤¥É¸Ö μ£· ´¨Î¨ÉÓ¸Ö ¨´É¥£·¨·μ¢ ´¨¥³ Éμ²Ó±μ ¶μ μ±·Ê¦´μ¸É¨
|z| = 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ (eiϕ)∗ = 1/eiϕ.

�¢Éμ· £²Ê¡μ±μ ¡² £μ¤ ·¥´ ‚.�.”· ´±¥ §  Í¥´´Ò¥ § ³¥Î ´¨Ö.
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