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We review some recent work on Pohlmeyer reduced theory associated with superstring theory
in AdS5 ×S5. We discuss the S-matrix of the reduced theory and also the computation of the 2-loop
correction to the partition function in a nontrivial background.
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Below we shall review some aspects of our recent work [1,2] on Pohlmeyer
reduced theory associated with superstring theory in AdS5 × S5. Ref. [1] con-
tinued the investigation [3, 4] of the S-matrix of the Pohlmeyer reduced version
of superstring theory on AdS5 × S5. One motivation is to shed light on an
eventual ˇrst-principles solution of the AdS5 × S5 superstring based on quantum
integrability.

One may view the reduced AdS5 × S5 theory as a member of a class of
AdSn × Sn (n = 2, 3, 5) theories which are Pohlmeyer reductions of GreenÄ
Schwarz superstring sigma models based on AdSn × Sn supercosets. These
reduced theories [5Ä7] are fermionic extensions of generalized sine-Gordon mod-
els. Various examples of such bosonic models (also called ®symmetric space
sine-Gordon models¯) are based on a G/H gauged WZW theory with an in-
tegrable potential term. Due to their relation via Pohlmeyer reduction [8] to
classical GS superstring theory on AdSn×Sn (and, more generally, their bosonic
truncations to classical string theory on symmetric spaces), there has been recent
interest in these models.

The ˇelds of the reduced theory are all valued in certain subspaces of a
particular representation of the superalgebra f̂, whose corresponding supergroup
F̂ is the global symmetry of the original superstring sigma model. The latter is
based on the supercoset F̂ /G, where G is a bosonic subgroup of F̂ and is the
gauge group of the superstring sigma model. For the AdS5 × S5 superstring [9]
the supercoset is

PSU(2, 2|4)
Sp(2, 2)× Sp(4)

. (1)
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The gauge group H of the reduced theory is a subgroup of G that appears
upon solving the Virasoro constraints. The reduced theory action is a fermionic
extension of the G/H gauged WZW theory with an integrable potential [5]∗

S =
k

4π
STr

[
1
2

∫
d2x g−1∂+gg−1∂−g−1

3

∫
d3x εmnlg−1∂mgg−1∂ngg−1∂lg+

+
∫

d2x
(
A+∂−gg−1−A−g−1∂+g−g−1A+gA−+A+A−+μ2 (g−1TgT−T 2)

)
+

+
∫

d2x
(
Ψ

L
TD+Ψ

L
+ Ψ

R
TD−Ψ

R
+ μg−1Ψ

L
gΨ

R

)]
. (2)

Here g ∈ G, A± ∈ h = alg (H) and the fermionic ˇelds ΨL , ΨR take values
in fermionic subspaces of f̂; k is a coupling constant (level); μ is a parameter
deˇning the mass of perturbative excitations near g = 1. The constant matrix T
deˇning the potential commutes with H .

In the case of the AdS5 × S5 superstring, the Pohlmeyer reduced theory has
certain unique features; in particular, it is UV-ˇnite and its one-loop semiclassical
partition function is equivalent to that of the original AdS5 ×S5 superstring [10].
This suggests [5] that it may be quantum-equivalent to the AdS5×S5 superstring.
If this were the case, the Pohlmeyer reduced theory could be used as a starting
point for a 2-d Lorentz covariant ®ˇrst-principles¯ solution of the AdS5 × S5

superstring. The Lorentz invariance of (2) is a desirable feature as lack of 2-d
Lorentz symmetry in the light-cone gauge AdS5 ×S5 superstring S-matrix leads,
e.g., to a complicated structure for the corresponding thermodynamic Bethe ansatz
for the full quantum superstring spectrum.

The form of the light-cone gauge AdS5 × S5 superstring S-matrix (corre-
sponding to the spin-chain magnon S-matrix on the gauge theory side) is ˇxed,
up to a phase, by the residual global PSU(2|2) × PSU(2|2) symmetry of the
light-cone gauge Hamiltonian. This S-matrix is the starting point for the con-
jectured Bethe ansatz solution for the superstring energy spectrum based on its
integrability (see [11]). Just as for the standard 2-d sigma models or other similar
massive theories, the starting point for solving the Pohlmeyer reduced theory is
to ˇnd its exact S-matrix. Any proposal for the exact quantum S-matrix should
be, of course, consistent with the perturbative S-matrix computed from the path
integral deˇned by the classical action.

∗We choose Minkowski signature in 2 dimensions with d2x = dx0dx1, ∂+ ≡ ∂0 ± ∂1. For
algebras [a]2 = a⊕a, i.e., the direct sum. We also use the notation ⊂+ for a semidirect sum of algebras
and � for a central extension. For example, for the semidirect sum a⊂+ b we have the commutation
relations: [a, a] ⊂ a, [b, b] ⊂ b and [a,b] ⊂ b.
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This motivates the study of the perturbative S-matrix of the Pohlmeyer re-
duced AdSn × Sn superstring. In [3] we computed the tree-level two-particle
S-matrix for the 8+8 massive excitations of the reduced AdS5×S5 theory employ-
ing the light-cone A+ = 0 gauge. Remarkably, the resulting S-matrix factorises in
the same way as the non-Lorentz invariant [psu(2|2)]2 �R

3 symmetric light-cone
gauge S-matrix of the AdS5 ×S5 superstring. The factorized S-matrix has an in-
triguing similarity with a particular limit of the quantum-deformed psu(2|2)� R

3

invariant R-matrix of [12,13].
In [4] the perturbative computation was extended to the one-loop level for

the bosonic part of the G/H = SO(N + 1)/SO(N) theories deˇned by (2). It
was argued that the Lagrangian describing the physical ˇelds constructed from the
gauged WZW model (2) should be supplemented by a particular one-loop coun-
terterm coming from the path integral. For the G/H = SU(2)/U(1) theory∗,
the one-loop counterterm contributions to the S-matrix were computed in three
different ways, all giving the same result. These contributions were precisely
those needed to restore the validity of the YangÄBaxter equation (YBE) at
the one-loop level and to match the exact quantum soliton S-matrix proposed
in [14].

In [1] we investigated the quantum S-matrices for the perturbative mas-
sive excitations of the models (2), which are the Pohlmeyer reductions of the
AdS2 × S2, AdS3 × S3 and AdS5 × S5 superstring models. Studying the three
models together turns out to be useful as it reveals certain universal features of
their symmetries and S-matrices, and thus helps to shed light on the structure of
the most nontrivial case of the AdS5×S5 theory. The reduced AdS2×S2 theory
is equivalent [5] to the N = 2 supersymmetric sine-Gordon model. In the reduced
AdS3 × S3 theory, the one-loop S-matrix computed starting from the classical
Lagrangian does not satisfy the YangÄBaxter equation, but we have shown that
one can ˇnd a local counterterm that restores the YBE and thus integrability,
much like in the bosonic complex sine-Gordon theory case discussed in [4]. The
addition of the counterterm not only restores the validity of the YBE, but also
ensures the group factorization property and leads to a novel quantum-deformed
supersymmetry of the S-matrix. The existence of a hidden 2-d supersymmetry
in the classical reduced AdS3 × S3 and AdS5 × S5 theories was conjectured, by
analogy with the AdS2×S2 case, in [5] and was recently demonstrated in [15,16].

Assuming that the group-factorization and the quantum-deformed super-
symmetry are true symmetries of the theory, we conjectured [1] an exact 2-d
Lorentz invariant quantum S-matrix for the perturbative excitations of the re-
duced AdS3 × S3 theory. The phase factor is ˇxed by the unitarity and crossing

∗This theory is classically equivalent to the complex sine-Gordon theory, as seen by ˇxing a
gauge on the group ˇeld g and integrating out A±.
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constraints (and is similar to that in the reduced AdS2 ×S2 theory). We checked
that the resulting exact S-matrix expanded in 1/k agrees with our one-loop com-
putation.

In the AdS5 × S5 case, we observed that the one-loop S-matrix group-
factorizes in the same way as at the tree level in [3]. However, there is a
tree-level anomaly in the YBE [3,4], which is a general feature of the models (2)
with a non-Abelian gauge group H . As in the bosonic case [7], this anomaly
cannot be cancelled by adding a local two-derivative counterterm without breaking
the manifest non-Abelian symmetry, indicating some subtlety with a realization
of integrability.

Motivated by the quantum-deformed supersymmetry, we discovered in the
S-matrix of the reduced AdS3×S3 theory and the quantum-deformed non-Abelian
symmetry expected in soliton S-matrices of the bosonic theories [17] we conjec-
tured that the S-matrix for the perturbative massive excitations of the reduced
AdS5 × S5 theory may be related to a trigonometric relativistic limit of the
quantum-deformed psu(2|2) � R

3 invariant R-matrix of [12, 13], which satisˇes
the YBE by construction. The phase factor can be again ˇxed by unitarity and
crossing and is the same as in the reduced AdS2 × S2 and AdS3 × S3 theories.
The one-loop expansion of the resulting R-matrix indeed has a similar structure
to the one-loop S-matrix that we found by direct computation.

One possibility is that the S-matrix for the perturbative excitations in a
gauge-ˇxed Lagrangian is given by a certain non-unitary rotation of the quantum-
deformed R-matrix. The violation of the YBE by the S-matrix computed directly
from the Lagrangian may be related to some tension between gauge-ˇxing of
the non-Abelian H symmetry and the conservation of hidden charges. It is also
possible that the physical excitations whose S-matrix is the quantum-deformed
R-matrix may be some nontrivial gauge-invariant combinations of the Lagrangian
ˇelds∗. At the moment it is still an open question as to what is the origin of the
quantum deformation. An alternative approach based on semiclassical quantiza-
tion of solitons [16,17] may shed more light on this issue.

Let us now turn to the question of quantum partition function of reduced
theory [2]. While the conformal-gauge AdS5 × S5 string theory (ST) and the
associated Pohlmeyer-reduced theory (PRT) are closely related at the classical
level, PRT has important simplifying features being 2d Lorentz invariant and
quadratic in fermions, which have standard 2d kinetic terms. When expanded
near the respective vacua, the two theories are described by the equivalent sets
of 8 + 8 boson+fermion physical 2d ˇelds. This raises a hope that PRT may be
useful in an attempt to solve the AdS5 × S5 ST from ˇrst principles.

∗In the reduced AdS3 × S3 and AdS5 × S5 theories, the quantum deformation parameter is,
respectively, q = e−2iπ/k and e−iπ/k ; i.e., it is the coupling constant k that controls the deformation.
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The relation between the AdS5×S5 ST and PRT is established at the classical
level and involves a transformation from coset currents to new ˇelds in a way that
solves the conformal gauge conditions algebraically (both theories originate from
the same set of ˇrst-order equations for the currents). The classical solutions are
thus in correspondence (though the values of the two actions on the associated
solutions are, in general, different).

The relation between the AdS5 × S5 ST and PRT at the quantum level is a
priori unclear. Nevertheless, given their classical connection, and the integrability
and UV ˇniteness of both theories, one may conjecture that the two quantum
theories should also be closely related. The precise form of such a relation
remains to be understood. An indication of a quantum relation is the equality of
the one-loop partition functions of the two theories computed by expanding near
®dual¯ solutions [10]

Z
(1)

ST = Z
(1)

PRT. (3)

While one may be tempted to view this one-loop relation as a consequence of the
classical equivalence of the two theories (suggesting that determinants of small
�uctuation operators found by perturbing the classical solutions should match), it
is still a nontrivial test∗ of the correspondence between the underlying physical
degrees of freedom of the two theories.

The aim of [2] was to explore possible relations between the two quantum
partition functions at the two-loop level. Since the two-loop computations in a
nontrivial background are, in general, very complicated, here we will consider the
simplest string solution Å the inˇnite spin (scaling) limit of the folded spinning
(S, J) string in AdS3 × S1 subspace of AdS5 × S5 [18] and the associated
solution of the reduced theory. As a further simpliˇcation, we will consider the
limit J → 0 when the logarithm of the string theory worldsheet partition function
is simply proportional to a function of the coupling constant (i.e., to the universal
scaling function of string tension on the string theory side). The conclusion (in
both AdS5×S5 and AdS3×S3 cases) is the following: while the nontrivial parts
of the two two-loop partition functions (coming from the most complicated two-
loop integrals) appear to be a direct correspondence, the reduced theory partition
function contains an extra two-loop term proportional to the square of the one-
loop coefˇcient. Thus, if the two quantum partition functions are indeed related,
this relation may be effectively nonlinear. It is also possible that the matching of
two partition functions may be restored by modifying the PRT action by a certain
one-loop counterterm that may be required to maintain its quantum integrability,
i.e., to preserve certain hidden (super)symmetries.

∗One may, in principle, construct a pair of classically equivalent theories that have different
one-loop partition functions.
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Let us recall the known structure of the two-loop string partition in the long
spinning string background [19, 20]. The (S, J) spinning string background in
the large spin limit has the following form in terms of the AdS5 ×S5 embedding
coordinates (S =

√
λS, J =

√
λJ , where

√
λ/2π is string tension):

Y0 + iY5 = cosh (�σ) eiκτ , Y1 + iY2 = sinh (�σ) eiκτ , Y3,4 = 0,
(4)

X1 + iX2 = eiμτ , X3,4,5,6 = 0,

where the parameters κ � 1, � � 1 and μ are related by

κ2 = �2 + μ2, � =
1
π

lnS � 1, J = μ. (5)

We will be interested in the limit μ → 0 when κ → � is the only scale in the
problem. The logarithm of the resulting quantum partition function is given by
(V2 is the volume)

ΓST = − lnZST =
1
2π

f(λ)V2, (6)

f(λ) = a1 +
a2√
λ

+ O

(
1

(
√

λ)2

)
, (7)

a1 = −3 ln 2, a2 = a2B + a2F = K − 2K = −K. (8)

Here a1 is the one-loop and a2 is the two-loop contribution (K is Catalan's
constant). In a2 we indicated separately the part coming from purely bosonic
graphs and graphs involving fermions. The spectrum of the string �uctuation
modes [18] includes one AdS3 mode with m2 = 4, two AdS5 modes ®trans-
verse¯ to AdS3 with m2 = 2, ˇve S5 modes with m2 = 0 and eight fermionic
modes with m2 = 1. Contributions proportional to K originate from two-loop
®sunset¯ graphs with three propagators that are expressed in terms of the follow-
ing momentum integrals:

I[m2
i , m

2
j , m

2
k] ≡

∫
d2qi d2qj d2qk

(2π)4
δ(2)(qi + qj + qk)

(q2
i + m2

i )(q
2
j + m2

j)(q
2
k + m2

k)
, (9)

I[4, 2, 2] =
1

(4π)2
K, I[2, 1, 1] =

2
(4π)2

K. (10)

Here both the bosonic I[4, 2, 2] and the fermionic I[2, 1, 1] contributions involve
the ®transverse¯ AdS5 modes with m2 = 2. Since such modes are absent in the
case of the AdS3 × S3 superstring theory, one expects to ˇnd there no Catalan
constant contribution. Indeed, there [2]

AdS3 × S3 : a1 = −2 ln 2, a2 = 0. (11)
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Let us now summarize the results of the corresponding two-loop computation
in the reduced theory [2]. The coupling constant k of the reduced theory is
undetermined by the classical reduction procedure. If the quantum string theory
and the quantum reduced theory are to be related at all, k should be related to
the string tension or

√
λ. Observing that the μ-dependent terms in the reduced

theory Lagrangian (2) are exactly equal to the superstring Lagrangian (with the

components of the coset current replaced by its reduced theory values J
(2)
+ = μT ,

J
(2)
− = μg−1Tg, etc.), one may conjecture that

k = 2
√

λ. (12)

While the matching of the one-loop partition functions (3) is not sensitive to
the values of the two coupling constants (as they do not enter the determinants
of the quadratic �uctuation operators), the comparison of higher-loop quantum
corrections crucially depends on a relation like (12).

The aim is to compute the two-loop correction to the partition function of
the PRT expanded near a solution which is a counterpart of the long spinning
string solution (4). In the reduced theory, the parameter μ of the solution in (4)
becomes identiˇed with the μ in the PRT action∗. The logarithm of the quantum
partition function in the reduced theory has a similar form as in string theory
(cf. (6), (7)):

ΓPRT = − ln ZPRT =
1
2π

f(k)V2, (13)

f(k) = a1 +
2a2

k
+ O

(
1
k2

)
. (14)

Explicit results for the coefˇcients an are [2] (cf. (8))

a1 = −3 ln 2, a2 = ā2 + ã2, ā2 = −K, ã2 = −1
4
(a1)2 = −9

4
(ln 2)2. (15)

The value of the one-loop coefˇcient a1 matches the string theory one in (8),
and in agreement with (3). The Catalan constant term in ā2 has exactly the
same coefˇcient as in the string partition function in (8), provided we assume
the identiˇcation of couplings in (12). Moreover, the pattern of the bosonic and
fermionic contributions (i.e., +K − 2K = −K) is exactly the same as in the
string theory expression in (8).

∗While we keep μ nonzero at the intermediate stages, to be able to obtain the explicit two-loop
result, we will take the μ → 0 limit in the ˇnal expression; i.e., we will do the two-loop quantum
PRT computation for the counterpart of the long spinning string with J = 0.
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While the mass spectra of the quadratic �uctuation Lagrangians are equiv-
alent, the interaction vertices could, in principle, generate additional nontrivial
contributions in PRT, e.g., proportional to I[4, 4, 4] in (9), which are not related
to Catalan's constant. However, all such extra nontrivial integrals happen not to
appear in PRT. This and the matching of Catalan's constant is a strong indication
that the two quantum theories are indeed closely connected.

Acknowledgements. I would like to acknowledge the hospitality of the
organizers of the SQS'2011 conference.

REFERENCES

1. Hoare B., Tseytlin A. A. Towards the Quantum S-Matrix of the Pohlmeyer Reduced
Version of AdS5×S5 Superstring Theory // Nucl. Phys. B. 2011. V. 851. P. 161Ä190.

2. Iwashita Y., Roiban R., Tseytlin A. A. Two-Loop Corrections to Partition Function of
Pohlmeyer-Reduced Theory for AdS5 × S5 Superstring // Phys. Rev. D. 2011. V. 84.
P. 126017.

3. Hoare B., Tseytlin A. A. Tree-Level S-Matrix of Pohlmeyer Reduced Form of AdS5 ×
S5 Superstring Theory // JHEP. 2010. V. 1002. P. 094.

4. Hoare B., Tseytlin A. A. On the Perturbative S-Matrix of Generalized Sine-Gordon
Models // Ibid. V. 1011. P. 111.

5. Grigoriev M., Tseytlin A. A. Pohlmeyer Reduction of AdS5 × S5 Superstring Sigma
Model // Nucl. Phys. B. 2008. V. 800. P. 450Ä501.

6. Mikhailov A., Schafer-Nameki S. Sine-Gordon-Like Action for the Superstring in
AdS5 × S5 // JHEP. 2008. V. 0805. P. 075.

7. Grigoriev M., Tseytlin A. A. On Reduced Models for Superstrings on AdS5 × S5 //
Intern. J. Mod. Phys. A. 2008. V. 23. P. 2107Ä2117.

8. Pohlmeyer K. Integrable Hamiltonian Systems and Interactions through Quadratic
Constraints // Commun. Math. Phys. 1976. V. 46. P. 207.

9. Metsaev R. R., Tseytlin A. A. Type IIB Superstring Action in AdS5×S5 Background //
Nucl. Phys. B. 1998. V. 533. P. 109Ä126.

10. Hoare B., Iwashita Y., Tseytlin A. A. Pohlmeyer-Reduced Form of String Theory in
AdS5 × S5: Semiclassical Expansion // J. Phys. A. 2009. V. 42. P. 375204.

11. Arutyunov G., Frolov S. Foundations of the AdS5 × S5 Superstring. Part I // Ibid.
P. 254003.

12. Beisert N., Koroteev P. Quantum Deformations of the One-Dimensional Hubbard
Model // J. Phys. A. 2008. V. 41. P. 255204.

13. Beisert N. The Classical Trigonometric r-Matrix for the Quantum-Deformed Hubbard
Chain // J. Phys. A. 2011. V. 44. P. 265202.

14. Dorey N., Hollowood T. J. Quantum Scattering of Charged Solitons in the Complex
Sine-Gordon Model // Nucl. Phys. B. 1995. V. 440. P. 215.



ASPECTS OF POHLMEYER REDUCTION FOR SUPERSTRINGS IN AdS5 × S5 1157

15. Goykhman M., Ivanov E. Worldsheet Supersymmetry of Pohlmeyer-Reduced AdSn ×
Sn Superstrings // JHEP. 2011. V. 1109. P. 078.

16. Hollowood T. J., Miramontes J. L. The AdS5×S5 Semi-Symmetric Space Sine-Gordon
Theory // Ibid. V. 1105. P. 136.

17. Hollowood T. J., Miramontes J. L. The Semi-Classical Spectrum of Solitons and Giant
Magnons // Ibid. P. 062.

18. Frolov S., Tseytlin A. A. Semiclassical Quantization of Rotating Superstring in AdS5×
S5 // JHEP. 2002. V. 0206. P. 007.

19. Frolov S., Tirziu A., Tseytlin A. A. Logarithmic Corrections to Higher Twist Scaling at
Strong Coupling from AdS/CFT // Nucl. Phys. B. 2007. V. 766. P. 232.

20. Roiban R., Tseytlin A. A. Strong-Coupling Expansion of Cusp Anomaly from Quantum
Superstring // JHEP. 2007. V. 0711. P. 016.


