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INTERACTIONS FOR MASSIVE MIXED SYMMETRY

FIELD
Yu. M. Zinoviev

Institute for High Energy Physics, Protvino, Russia

Here we give the first two examples of nontrivial interactions for simplest massive mixed
symmetry field (hook) in general (A)dS space with arbitrary value of cosmological constant, including
flat Minkowski space. For that purpose, using frame-like gauge-invariant description of massive
higher spin particles, we extend the Fradkin—Vasiliev approach, initially developed for investigations
of gravitational and other interactions for massless higher spin particles in AdS space, to the case
of arbitrary combinations of massive and/or massless particles, including, e.g., electromagnetic and
gravitational interactions for massive higher spin ones.

PACS: 11.15.Wx

1. MASSIVE FIELDS INTERACTIONS A LA FRADKIN-VASILIEV

As is well known, any attempt to switch on minimal gravitational interactions
for higher spin fields spoils their gauge invariance:

ey = e, thy, D,=D,—w,=05~R,

where R stands for gravitational Riemann tensor and for massless fields in a
flat Minkowski space it cannot be restored by any nonminimal corrections to the
Lagrangian and/or gauge transformations. Similarly, any attempt to switch on
minimal electromagnetic interactions spoils gauge invariance:

D, = DH—FBQA“ — 0S ~ F,

where F' stands for electromagnetic field strength and for massless fields in a
flat Minkowski space it also cannot be restored by nonminimal corrections to the
Lagrangian and/or gauge transformations.

But Fradkin and Vasiliev showed [1,2] that in AdS space it is possible to
restore broken gauge invariance with the introduction of nonminimal higher deriv-
atives corrections containing Riemann tensor with the coefficients proportional to
inverse powers of cosmological constant

55~ %R”
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so that the flat limit A — 0 is impossible. Similarly, for the electromagnetic
interactions it is also possible to restore broken invariance with the nonminimal
higher derivatives corrections containing electromagnetic field strength with the
coefficients proportional to inverse powers of cosmological constant

59 ~ Z %F"

Moreover, the procedure can be reversed: starting with massless field in a flat
space and nonminimal interactions with the highest number of derivatives, one
can reproduce minimal gravitational or electromagnetic interactions by smooth
AdS deformation.

Note that the appearance of higher derivatives in the equations of motion in
general increases the number of degrees of freedom, while appearance of higher
derivatives of gauge parameters in gauge transformations in general increases the
number of constraints, thus decreasing the number of degrees of freedom. It
appears to be highly nontrivial to keep balance between these two mechanisms
in such a way that interacting theory has the same number of physical degrees
of freedom as the initial free one. One of the effective and convenient ways to
resolve these difficulties is to use the so-called frame-like formalism [3,4]. Such
a formalism is just a higher spin generalization of the well-known frame-like
formalism in gravity

h/J/l/ :> hZ @ wzb7 E[i :> Ea @ nab)

where instead of symmetric tensor %, one uses general tensor hj; and auxiliary

Lorentz connection wgb with both their own gauge parameters £ and n?°. In this
case, on the mass shell the Lorentz connection can be expressed through the first
derivatives of hj; w ~ Dh and similarly n ~ D¢.

For the description of spin-3 particles, such a formalism requires introduction
of one auxiliary and one extra field:

ab ab,c ab,cd
Qe = @ & Q7 B X,
f/u/ = gab D nab,c D Cab,cd’
again each with the their own gauge parameters. Thus, on the mass shell one
obtains: Q ~ D®, ¥ ~ D2, ne~ DE C~ D3¢,
For the arbitrary spin particle, one has to introduce a whole bunch of extra
fields and additional gauge parameters:
P=0000E, @ © Ko,
=8NS ® - B2
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On the mass shell all these fields can be expressed through the higher and higher
derivatives of the main field and similarly additional gauge parameters — through
the higher derivatives of the main one. Thus, all these higher derivatives turn out
to be hidden and do not appear explicitly.

Using such a frame-like formalism, Fradkin and Vasiliev developed an effec-
tive approach to investigations of gravitational and other interactions for massless
higher spin particles in AdS space. Let us illustrate this approach using the
simplest but nontrivial example — massless spin 2.

In a frame-like formalism, free Lagrangian describing massless spin-2 particle
in AdS space has the form

A(d

1 va a c -2 a
{ } ac bc__ 1% }wubDVhoz_T){ }h hb (1)

92 abc
It is invariant under the following gauge transformations:
Sohh = Dp&® + 0%, Sowi = Dyn™ + Aeloe), 2)

It is easy to construct two gauge-invariant objects (linearized curvature and
torsion):

RZZL = D[uwy] + Ae ah
a a a (3)
T/U’ = D[Hh’l/] — w[,UqV]'

Moreover, the free Lagrangian can be rewritten through these curvatures as
follows: 1
L :_7{/“’045}]% abR cd. 4
0 32A(d _ 3) abed pv af ( )
Now let us consider the most general corrections for curvatures quadratic in fields,
as well as the most general corrections to gauge transformations linear in fields,
and require that variations of deformed curvatures be proportional to curvatures
themselves. It is not hard to check that with the deformed curvatures

Ru™ = Dy + Ay i+ wy,"w = Ay, hay,

. (5)
T = Dl = @i = "oy’

and corresponding corrections to gauge transformations
5w'uab _ nc[awub]c _ Ahu[agb], 5hz _ nabhll: _ C")Mabé-bv (6)

we indeed obtain

6Rpl/ab _ nC[aRul/b]C _ ATHV[agb], 5]1,‘,/& _ nabﬂujb _ Rul/abgb- (7)
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Now we can easily construct an interacting Lagrangian keeping the same form as
for the free one but with curvatures replaced by the deformed ones:

1 .
—_ praf ab cd
Lo = 32A(d — 3) { abed }R’“’ Rag™. ®

As we have seen, two main ingredients of the Fradkin—Vasiliev approach are
gauge invariance and frame-like formalism. But there exists a frame-like gauge
invariant description for massive fields (both symmetric and mixed symmetry
ones) [5-8] that nicely works in (A)dS spaces and flat Minkowski space, includ-
ing all possible massless and partially massless limits. Thus, it seems natural to
extend the Fradkin—Vasiliev approach to such a frame-like gauge-invariant for-
malism for investigation of possible interactions for any combination of massive
and/or massless particles. In what follows, we consider two examples of such an
approach, namely, electromagnetic and gravitational interactions for the simplest
massive mixed symmetry field (hook).

2. ELECTROMAGNETIC INTERACTIONS FOR MASSIVE HOOK

In this section, we consider electromagnetic interactions for massive hook [9].
The frame-like gauge-invariant description requires two pairs of fields: (£2,,%%,
Q,%) and (C%¢, B%) (all of them are antisymmetric in local indices). Free
Lagrangian for AdS space looks as follows:

1

3w 3w
£o:_Z{ZbSLﬂMQJM'_§ %:}QJWU%QQM__E e’

1 3
o Zepacvabcl)HBbc _ mzeu,a 5Quachbc + CabCQH,bC _

2 =2
my be _ M1 5 2

-5 {0 = =2 Ba?, )

where mj o — two mass-like parameters such that 3m3 — m$ ~ A. This La-

grangian is invariant under the following gauge transformations:

4 2
5Quabc _ Dunabc + ?)(Tn_hg)e#[anbd? 5QMab _ Dunab _ 277“(11)’

5cabc — 6m277abc, 5Bab — _4m2nab.

(10)
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It is straightforward to construct corresponding gauge-invariant objects (we will
call them curvatures) for all four fields:

4m 4m2
abc abc a bc] a be
Ry ™ = Dy + o5 3(d— 3) N[ Cy (d 3) [N[ Q) ]’

a a a 2m a

f'u,y b = D[HQV] b + QQ[H7V] b (d 3) [p,[ B ] ]
(11)
2

Cuabc _ Ducabc _ 6mgguabc _ (d ml'?)) [aBbc]

a a 4 a a
B, =D,B b+§CM bt 4mo, 0.

Moreover, the free Lagrangian can be rewritten as an expression quadratic in
these curvatures:

Ly = { abcd } [alR;w beR 5cde + a2}—;w .7:0( ]
+ { gg} [agcu(wdCVde 4 a4BHacBVbc] , (12)

where a3 ~ 1/m%, a4 ~ 1.

Now let us consider appropriate deformations for curvatures. As for the
hook’s curvatures, it turns out that their deformation corresponds to standard
minimal substitution D, = D,, + epA,. After that they transform as follows:

SR, ™" = ege Fyn™9 | §F,, " = ege F,,n™. (13)

In this case, deformation for electromagnetic field strength appears to be nontrivial
and looks like

. - . . 2 , ,
be, be, b, b,
Fu = Fuy + age” [Q[Ma ‘ zQV]a = 3(d - 3) C[Ma zcu]a T+
2m1 bi bi 2m% , .
Q a ,’LQ ab,j __ B aﬂB a,] 14
+(d gy e @3B B (14)
while transformations for deformed field strength have the form
. - . ) 2m? ) .
0B, = 2a0e {Rwabcﬁlnabcﬁﬁ + T%)ﬂ,ﬂbﬂnabﬂ} . (15)

At last, we consider an interacting Lagrangian which has the same form as the
free one but with curvatures replaced by the deformed ones:

L= { Zgziﬁ} [alﬁuyabeﬁaﬁcde + aQﬁuyabﬁaﬁcd} +

+{0} asCL“dCL"”d+a4l?u“l’3‘u"c} E.2. (16)

»-lklb—‘
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In this case, the requirement that this Lagrangian be invariant in the linear ap-
proximation gives one relation on the parameters:

€g ~ aom%.

A few remarks are in order.

e It is possible to take a smooth massless limit in AdS space: my — 0,
m? ~ —A and thus obtain electromagnetic interactions for massless hook in AdS.

e Similarly, nothing prevents us from considering flat limit: m3 — 3m2,
A — 0, thus giving us one more nontrivial example of electromagnetic interactions
for massive particle in a flat Minkowski space.

e At the same time, it turns out to be impossible to take a massless limit in
dS space m; — 0 without switching off electromagnetic interactions.

3. GRAVITATIONAL INTERACTIONS FOR MASSIVE HOOK

In this section, we consider gravitational interactions for massive hook [10],
using the same description for free hook, so we will not repeat it here. Instead,
we begin directly with the search for appropriate curvatures deformations.

As for the hook’s curvatures, this time they also correspond just to the
standard minimal substitution rule:

a a a
e, =€, +h,, Dy=Dy,—uw,

In this case, deformed curvatures transform as follows:

- 4m?
SR Vabc —R Vd[a beld 1 T V[a be]
a wo T T g@ gy
6]:‘Hu(lb _ ZnabCIWNVC _ Rul/C[anb]C7 (17)

6C,%¢ =0, 6B, =0.

At the same time, deformed Riemann tensor (we will not need deformed torsion
here) has the form

4

5 ab b dey bed b
Rpl/a _ Rl“ja +Cl0 Q['uac Qy] C: + 9(d_ 3) C['ucacy] c__
4m? m3
- — 1 0,0, - —21 B *°B," 18
33y Ty gl Bus (18)
while its transformations look like
. 4m?2
6Rpuab _ _aonCd[aRu,Vb]Cd + miao nc[a]:HVb]C' (19)

3(d—3)
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Now we consider an interacting Lagrangian which has the same form as the free
one but with curvatures replaced by the deformed ones:

»CO — { Zogcoéﬁ} {alﬁuuabeﬁaﬁaie + a2ﬁuyabﬁaﬁcd:| +
+ { Zé/} [agéﬂracdéybcd + G4BHQCBVI)C} _

—_ ; /'“’aﬁ D ab D cd
32A(d — 3) { abed }Rw Reop (20)

and require that it be gauge-invariant in the linear approximation. This gives us

9(d — 3)A
a0 = —55 32
32m7

A few remarks are in order.

e Massless limit in AdS space is nonsingular, and we obtain gravitational
interactions for massless hook in AdS that agree with previously obtained re-
sults [11].

o Flat limit is nontrivial due to massless graviton:

1 5 A
Ly~ B2, OR~ 2 R,

but at least for cubic interactions it is nonsingular, giving us an example of
gravitational interactions for massive field in a flat Minkowski space.

e Similarly to the electromagnetic case, it is impossible to take massless limit
in dS space (m; — 0) without switching off minimal interactions.

CONCLUSION

Thus, we have seen that the Fradkin—Vasiliev approach with frame-like
gauge-invariant formalism allows one to effectively investigate possible inter-
actions for any set of massive and/or massless fields both in AdS and in flat
Minkowski space. In particular, it turns out to be very well suited for investi-
gations of electromagnetic and gravitational interactions for massive higher spin
particles. One of the issues that deserve further study is flat limit for interactions
of massive higher spin particles with massless gravity. Also, it would be inter-
esting to understand the striking difference between massless limits in AdS and
dS spaces as far as possibility to switch on interactions is concerned.
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