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�·¥¤²μ¦¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¶·μ¨§¢μ²Ó´μ£μ ¸É É¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö
±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨° ¢ É¢¥·¤μ³ É¥²¥. �´μ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¥¢±²¨¤μ¢Ê ¢¥·¸¨Õ (1+ 2)-³¥·´μ°
£· ¢¨É Í¨¨, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸ ¶·μ¨§¢μ²Ó´Ò³ Î¨¸²μ³ ÉμÎ¥Î´ÒÌ Î ¸É¨Í. �μ± § ´μ, ÎÉμ ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨° · ¢´μ¢¥¸¨Ö ¶·¨¢μ¤¨É ± § ¤ Î¥ ŠμÏ¨ ¤²Ö ÔËË¥±É¨¢´ÒÌ Ê· ¢´¥´¨°, μ¶·¥¤¥²ÖÕÐ¨Ì
Ëμ·³Ê ¤¨¸²μ± Í¨°,   § ¤ Î  μ ´ Ìμ¦¤¥´¨¨ ³¥É·¨±¨ Å ± ¶·μ¡²¥³¥ �¨³ ´ Äƒ¨²Ó¡¥·É  ¤²Ö ·¥¶¥· 
¸ O(3)-¶·¥¤¸É ¢²¥´¨¥³ ³μ´μ¤·μ³¨¨.

The expression for the free energy of arbitrary static distribution of wedge dislocations is
proposed. It is the sum of the Euclidean action for (1 + 2)-dimensional gravity interacting with
arbitrary number of point particles. We show that solution of the equilibrium equations reduces to the
Cauchy problem for the effective equations deˇning the form of the dislocations, and the problem of
ˇnding the metric reduces to the RiemannÄHilbert problem for the triad with the O(3) representation
of the monodromy.

PACS: 04.20.Cv
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Š²¨´μ¢Ò¥ ¤¨¸²μ± Í¨¨ Ö¢²ÖÕÉ¸Ö ¶·μ¸É¥°Ï¨³¨ ²¨´¥°´Ò³¨ ¤¨¸²μ± Í¨Ö³¨
¢ É¢¥·¤μ³ É¥²¥. ‚³¥¸É¥ ¸ É¥³ ¨Ì μ¶¨¸ ´¨¥ μÎ¥´Ó ¢ ¦´μ, É ± ± ± ³´μ£¨¥
¤¨¸²μ± Í¨¨, ¢¸É·¥Î ÕÐ¨¥¸Ö ¢ ¶·¨·μ¤¥, ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸Ê¶¥·¶μ§¨Í¨Õ
±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨°. � ¶·¨³¥·, ±· ¥¢ Ö ¤¨¸²μ± Í¨Ö Å ÔÉμ ¤¨¶μ²Ó ¨§ ¤¢ÊÌ
±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨° ¸ Ê£² ³¨ ¤¥Ë¨Í¨É  ¶·μÉ¨¢μ¶μ²μ¦´μ£μ §´ ± .

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ËÊ´¤ ³¥´É ²Ó´ Ö É¥μ·¨Ö ¤¨¸²μ± Í¨° μÉ¸ÊÉ¸É¢Ê¥É. �¤-
´¨³ ¨§ ¶¥·¸¶¥±É¨¢´ÒÌ ¶μ¤Ìμ¤μ¢ ± ÔÉμ° ¶·μ¡²¥³¥ Ö¢²Ö¥É¸Ö £¥μ³¥É·¨Î¥¸± Ö
É¥μ·¨Ö ¤¥Ë¥±Éμ¢ [1Ä4]. ‚ ÔÉμ° ³μ¤¥²¨ ´ ²¨Î¨¥ ¤¥Ë¥±Éμ¢ ¶·¨¢μ¤¨É ± ¢μ§´¨±-
´μ¢¥´¨Õ ´¥É·¨¢¨ ²Ó´μ° £¥μ³¥É·¨¨ �¨³ ´ ÄŠ ·É ´ , ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö
´¥É·¨¢¨ ²Ó´μ° ³¥É·¨±μ° ¨ ±·ÊÎ¥´¨¥³ ¢ ¸·¥¤¥, · ¸¸³ É·¨¢ ¥³μ° ± ± Éμ¶μ-
²μ£¨Î¥¸±¨ É·¨¢¨ ²Ó´μ¥ ³´μ£μμ¡· §¨¥. ‚ ¸É É¨Î¥¸±μ³ ¸²ÊÎ ¥ ¶·¨ μÉ¸ÊÉ¸É¢¨¨
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¤¨¸±²¨´ Í¨° SO(3)-¸¢Ö§´μ¸ÉÓ · ¢´  ´Ê²Õ ¨ Ê· ¢´¥´¨Ö · ¢´μ¢¥¸¨Ö ¸¢μ¤ÖÉ¸Ö ±
É·¥Ì³¥·´Ò³ ¥¢±²¨¤μ¢Ò³ Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´ .

‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¢ (1 + 2)-³¥·´μ° £· ¢¨É Í¨¨, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸ Éμ-
Î¥Î´Ò³¨ Î ¸É¨Í ³¨, ¶·μ¨§μÏ²μ ¸ÊÐ¥¸É¢¥´´μ¥ ¶·μ¤¢¨¦¥´¨¥ ¢  ´ ²¨§¥ Ê· ¢-
´¥´¨° ¤¢¨¦¥´¨Ö. �μ¸±μ²Ó±Ê ¢ É·¥Ì³¥·´μ³ ¸²ÊÎ ¥ £· ¢¨É Í¨μ´´Ò¥ ¢μ²´Ò μÉ-
¸ÊÉ¸É¢ÊÕÉ, Éμ ¶·¨ § ¤ ´´μ³ ¶μ²μ¦¥´¨¨ ¨ ¸±μ·μ¸ÉÖÌ Î ¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò°
³μ³¥´É ¢·¥³¥´¨ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ³¥É·¨±Ê, ÎÉμ ¶μ§¢μ²Ö¥É, ¢ ¶·¨´Í¨¶¥, ¨¸-
±²ÕÎ¨ÉÓ ±μ³¶μ´¥´ÉÒ ³¥É·¨±¨ ¨ ´ ¶¨¸ ÉÓ ÔËË¥±É¨¢´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
Éμ²Ó±μ ¤²Ö ±μμ·¤¨´ É Î ¸É¨Í. ‘μμÉ¢¥É¸É¢ÊÕÐ¨°  ´ ²¨§ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö ¶·μ¤¥² ´ ¢ ² £· ´¦¥¢μ³ [5, 6] ¨ £ ³¨²ÓÉμ´μ¢μ³ [7] Ëμ·³ ²¨§³ Ì. �·¨
ÔÉμ³ ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¤¢ÊÌ Î ¸É¨Í ·¥Ï ¥É¸Ö Ö¢´μ. 	Ò²μ É ±¦¥
¶μ± § ´μ, ÎÉμ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (1 + 2)-³¥·´μ° £· ¢¨É Í¨¨ ¸ ÉμÎ¥Î´Ò³¨
Î ¸É¨Í ³¨ ¸¢μ¤ÖÉ¸Ö ± ¶·μ¡²¥³¥ �¨³ ´ Äƒ¨²Ó¡¥·É  [8]. �·¨ ÔÉμ³ ¶μ²μ¦¥-
´¨Ö Î ¸É¨Í ¢ Ë¨±¸¨·μ¢ ´´Ò° ³μ³¥´É ¢·¥³¥´¨ μ¶·¥¤¥²ÖÕÉ ·¥£Ê²Ö·´Ò¥ μ¸μ-
¡¥´´μ¸É¨ ËÊ±¸μ¢  Ê· ¢´¥´¨Ö,   ¨Ì ³ ¸¸Ò Å Ì · ±É¥· ¢¥É¢²¥´¨Ö (²μ± ²Ó´Ò¥
¶μ± § É¥²¨).

„²Ö μ¶¨¸ ´¨Ö ±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨° ¶·¥¤²μ¦¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢μ¡μ¤-
´μ° Ô´¥·£¨¨, ±μÉμ·μ¥ · ¢´μ ¸Ê³³¥ ¤²¨´ ¤¨¸²μ± Í¨°. �Éμ ¥¢±²¨¤μ¢  ¢¥·¸¨Ö
É·¥Ì³¥·´μ£μ ¤¥°¸É¢¨Ö ÉμÎ¥Î´ÒÌ Î ¸É¨Í ¢ £· ¢¨É Í¨¨. �μ¸±μ²Ó±Ê ¢ É·¥Ì³¥·-
´μ³ ¸²ÊÎ ¥ ¶μ²´Ò° É¥´§μ· ±·¨¢¨§´Ò μ¶·¥¤¥²Ö¥É¸Ö ¸¢μ¨³ É¥´§μ·μ³ �¨ÎÎ¨, ¢
¸¨²Ê Ê· ¢´¥´¨° · ¢´μ¢¥¸¨Ö μ´ · ¢¥´ ´Ê²Õ ¢´¥ ¤¨¸²μ± Í¨° (μÉ¸ÊÉ¸É¢¨¥ £· ¢¨-
É Í¨μ´´ÒÌ ¢μ²´). …¸²¨ ¸·¥¤Ê ¸ ¤¨¸²μ± Í¨Ö³¨ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ É·¥Ì³¥·´μ£μ
³´μ£μμ¡· §¨Ö, ±μÉμ·μ¥ ¸²μ¨É¸Ö ¤¢Ê³¥·´Ò³¨ ¶μ¢¥·Ì´μ¸ÉÖ³¨, ¶¥·¥¸¥± ÕÐ¨³¨
²¨´¨¨ ¤¨¸²μ± Í¨° μ¤¨´ · §, Éμ § ¤ Î  μ ¸É É¨Î¥¸±μ³ · ¸¶·¥¤¥²¥´¨¨ ¤¨¸²μ-
± Í¨° ¸¢μ¤¨É¸Ö ± ÔËË¥±É¨¢´μ° § ¤ Î¥ ŠμÏ¨ ¤²Ö ²¨´¨° ¤¨¸²μ± Í¨°, ±μÉμ· Ö
´¥ ¸μ¤¥·¦¨É ±μ³¶μ´¥´É ³¥É·¨±¨. Šμ³¶μ´¥´ÉÒ ³¥É·¨±¨ μ¶·¥¤¥²ÖÕÉ¸Ö ËÊ±¸μ-
¢Ò³ Ê· ¢´¥´¨¥³ ´  ¶μ¢¥·Ì´μ¸É¨, ±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ·¥Ï¥´¨Õ ¶·μ¡²¥³Ò
�¨³ ´ Äƒ¨²Ó¡¥·É  ¸ § ¤ ´´Ò³ · ¸¶·¥¤¥²¥´¨¥³ μ¸μ¡ÒÌ ÉμÎ¥± (ÉμÎ±¨ ¶¥·¥¸¥-
Î¥´¨Ö ¶μ¢¥·Ì´μ¸É¨ ²¨´¨Ö³¨ ¤¨¸²μ± Í¨°) ¨ § ¤ ´´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ³μ´μ-
¤·μ³¨¨.

1. “��‚�…�ˆŸ ��‚��‚…‘ˆŸ

‚ £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ¤¥Ë¥±Éμ¢ [1Ä4] Ê¶·Ê£ Ö ¸·¥¤  ¸ ¤¨¸²μ± Í¨Ö³¨
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Éμ¶μ²μ£¨Î¥¸±¨ É·¨¢¨ ²Ó´μ¥ ³´μ£μμ¡· §¨¥ M ≈ R

3, ´ 
±μÉμ·μ³ § ¤ ´  £¥μ³¥É·¨Ö �¨³ ´ ÄŠ ·É ´ , É. ¥. ´¥É·¨¢¨ ²Ó´ Ö ³¥É·¨±  ¨
±·ÊÎ¥´¨¥. …¸²¨ ¤¨¸±²¨´ Í¨¨ ¢ ¸·¥¤¥ μÉ¸ÊÉ¸É¢ÊÕÉ, Éμ ±·¨¢¨§´  · ¢´  ´Ê²Õ,  
±·ÊÎ¥´¨¥ ¨³¥¥É ¸³Ò¸² ¶μ¢¥·Ì´μ¸É´μ° ¶²μÉ´μ¸É¨ ¢¥±Éμ·  	Õ·£¥·¸  ¤²Ö ¤¨¸²μ-
± Í¨°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±·ÊÎ¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ·¥¶¥·μ³, ±μÉμ·Ò° Ê¤μ¢²¥É¢μ·Ö¥É
É·¥Ì³¥·´Ò³ ¥¢±²¨¤μ¢Ò³ Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´ .
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� ²¨Î¨Õ ¤¨¸²μ± Í¨° ¸μμÉ¢¥É¸É¢Ê¥É ·¥¶¥· ea
α(x), ±μÉμ·Ò°, ¢ ¸¢μÕ μÎ¥-

·¥¤Ó, μ¶·¥¤¥²Ö¥É ´¥É·¨¢¨ ²Ó´ÊÕ ³¥É·¨±Ê. �μÔÉμ³Ê ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ
´  M ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢ÊÕÉ. ˆ´¤¥±¸Ò ±μμ·¤¨´ É ¢ ¸·¥¤¥ ¸ ¤¨¸²μ± Í¨-
Ö³¨ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ £·¥Î¥¸±¨³¨ ¡Ê±¢ ³¨ xα, α = 1, 2, 3. ‚ ¤ ²Ó´¥°Ï¥³ É·¥-
ÉÓÖ ±μμ·¤¨´ É  x3 ¡Ê¤¥É ¢Ò¤¥²¥´ , ¶μÔÉμ³Ê μ¡μ§´ Î¨³ ¶¥·¢Ò¥ ¤¢¥ ±μμ·¤¨´ ÉÒ
¨´¤¥±¸ ³¨ ¨§ ¸¥·¥¤¨´Ò £·¥Î¥¸±μ£μ  ²Ë ¢¨É : {xα} = {xμ, x3}, £¤¥ μ = 1, 2.

Š²¨´μ¢ Ö ¤¨¸²μ± Í¨Ö [2] ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ²¨´¥°´Ò° ¤¥Ë¥±É ¢ ¸·¥¤¥,
±μÉμ·Ò° μ¶¨¸Ò¢ ¥É¸Ö ´¥±μÉμ·μ° ¤¨ËË¥·¥´Í¨·Ê¥³μ° ±·¨¢μ°, μ¸ÓÕ ¤¨¸²μ± -
Í¨¨, {qα(τ)} ∈ M, £¤¥ τ ∈ R Å ¶ · ³¥É· ¢¤μ²Ó ±·¨¢μ°. „¨¸²μ± Í¨Ö ´ §Ò-
¢ ¥É¸Ö ±²¨´μ¢μ°, ¥¸²¨ ± ¦¤μ¥ ¸¥Î¥´¨¥ M ¤¢Ê³¥·´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ, ¶¥·¶¥´-
¤¨±Ê²Ö·´μ° μ¸¨, ¨³¥¥É ±μ´¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ, · ¸¶μ²μ¦¥´´ÊÕ ¢ ³¥¸É¥
¶¥·¥¸¥Î¥´¨Ö ¶μ¢¥·Ì´μ¸É¨ ¸ μ¸ÓÕ. ‘²ÊÎ ° ¶·Ö³μ²¨´¥°´ÒÌ ¶ · ²²¥²Ó´ÒÌ ±²¨-
´μ¢ÒÌ ¤¨¸²μ± Í¨° ¡Ò² · ¸¸³μÉ·¥´ ¢ [1]. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¤¨¸²μ± Í¨¨ ³μ£ÊÉ
¡ÒÉÓ ¨¸±·¨¢²¥´Ò ¨ μ¶¨¸Ò¢ ÉÓ¸Ö ¸¨¸É¥³μ° ¥¢±²¨¤μ¢ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
¨ Ô±¸É·¥³ ²¥°. ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ¤¨¸²μ± Í¨¨ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö ¨ · ¸¶μ-
²μ¦¥´Ò É ±¨³ μ¡· §μ³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¸¨¸É¥³  ±μμ·¤¨´ É, ¢ ±μÉμ·μ° ¢¤μ²Ó
¢¸¥Ì ¤¨¸²μ± Í¨° q̇3 := dq3/dτ �= 0.

Š ¦¤Ò° ·¥¶¥· ea
α(x) μ¶·¥¤¥²Ö¥É ´  M ³¥É·¨±Ê gαβ := ea

αeb
βδab, ±μÉμ· Ö,

¢ ¸¢μÕ μÎ¥·¥¤Ó, § ¤ ¥É ´¥±μÉμ·ÊÕ ·¨³ ´μ¢Ê £¥μ³¥É·¨Õ. „¥°¸É¢¨¥ (¸¢μ¡μ¤´ Ö
Ô´¥·£¨Ö) ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨°, ¶μ μ¶·¥¤¥-
²¥´¨Õ, ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê ¥¢±²¨¤μ¢  ¤¥°¸É¢¨Ö ƒ¨²Ó¡¥·É Ä�°´ÏÉ¥°´ 
¨ ¤²¨´ ± ¦¤μ° ¤¨¸²μ± Í¨¨:

S = SHE +
N∑

I=1

SI =
∫

d3x
√

gR −
∑

I

mI

∫
dτ

√
q̇α
I q̇β

I gαβ, (1)

£¤¥ g := det gαβ , R Å É·¥Ì³¥·´ Ö ¸± ²Ö·´ Ö ±·¨¢¨§´ , ¶μ¸É·μ¥´´ Ö ¶μ ³¥-
É·¨±¥ gαβ, ¨ q̇α

I := dqα
I /dτ . ˆ´¤¥±¸ I = 1, . . . , N ´Ê³¥·Ê¥É ¤¨¸²μ± Í¨¨. Š ¦-

¤ Ö ¶μ¸ÉμÖ´´ Ö mI := 4πθI Ì · ±É¥·¨§Ê¥É ¤¨¸²μ± Í¨Õ ¨ ¶·μ¶μ·Í¨μ´ ²Ó´ 
Ê£²Ê ¤¥Ë¨Í¨É  2πθI ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±μ´¨Î¥¸±μ° ¸¨´£Ê²Ö·´μ¸É¨. ‚ (1 + 2)-
³¥·´μ° £· ¢¨É Í¨¨ ÔÉμ ³ ¸¸  ÉμÎ¥Î´μ° Î ¸É¨ÍÒ. „²Ö ±²¨´μ¢μ° ¤¨¸²μ± Í¨¨
§´ ± mI ³μ¦¥É ¡ÒÉÓ ¶·μ¨§¢μ²Ó´Ò³: ¶·¨ −1 < θI < 0 ±²¨´ ¢Ò·¥§ ¥É¸Ö,   ¶·¨
θI > 0 Å ¢¸É ¢²Ö¥É¸Ö.

‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö (1) ¶μ ³¥É·¨±¥ gαβ ¨ ±μμ·¤¨´ É ³ μ¸¥° ±²¨´μ¢ÒÌ
¤¨¸²μ± Í¨° qα

I (τ) ¶·¨¢μ¤¨É ¸ ¸¨¸É¥³¥ Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨ Ô±¸É·¥³ ²¥°

Rαβ − 1
2
gαβR = −1

2
Tαβ, (2)

q̈α
I = −Γα

βγ q̇β
I q̇γ

I , (3)

£¤¥

Tαβ =
1
√

g

∑
I

mIq̇Iαq̇Iβ

q̇3
I

δ(x − qI) (4)
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Å É¥´§μ· ´ ¶·Ö¦¥´¨° ¤²Ö ±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨°, Γα
βγ Å ¸¨³¢μ²Ò Š·¨¸ÉμË-

Ë¥²Ö ¤²Ö ³¥É·¨±¨ gαβ , q̇Iα := q̇β
I gβα ¨

δ(x − qI) := δ(x1 − q1
I )δ(x

2 − q2
I ).

Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¶·¥¤¶μ² £ ¥³, ÎÉμ ¤¨¸²μ± Í¨¨ ¢ É¢¥·¤μ³ É¥²¥ · ¸-
¶μ²μ¦¥´Ò É ±, ÎÉμ q̇3

I �= 0.
‚³¥¸Éμ Éμ£μ ÎÉμ¡Ò Ö¢´μ ·¥Ï ÉÓ Ê· ¢´¥´¨Ö · ¢´μ¢¥¸¨Ö (2), (3), ¶μ¸ÉÊ¶¨³

¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �·¥¤¸É ¢¨³ É·¥Ì³¥·´μ¥ ³´μ£μμ¡· §¨¥ (Ê¶·Ê£ÊÕ ¸·¥¤Ê)
¢ ¢¨¤¥ ¸²μ¥´¨Ö ¤¢Ê³¥·´Ò³¨ ¶μ¢¥·Ì´μ¸ÉÖ³¨, ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ ¶¥·¥¸¥± ¥É
²¨´¨¨ ¤¨¸²μ± Í¨° μ¤¨´ · §. „μ¶Ê¸É¨³, ÎÉμ ²¨´¨¨ ¤¨¸²μ± Í¨° ¶·μ¨§¢μ²Ó´Ò
¨ § ¤ ´Ò. ’μ£¤  Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  (2) μ¶·¥¤¥²ÖÕÉ ¢¸¥ ±μ³¶μ´¥´ÉÒ ³¥-
É·¨±¨ ´  ± ¦¤μ° ¨§ ¶μ¢¥·Ì´μ¸É¥°. 	Ê¤¥É ¶μ± § ´μ, ÎÉμ ÔÉ  § ¤ Î  ¸¢μ¤¨É¸Ö ±
·¥Ï¥´¨Õ ËÊ±¸μ¢  Ê· ¢´¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶·μ¡²¥³Ò �¨³ ´ Äƒ¨²Ó¡¥·É  ¸
μ¸μ¡Ò³¨ ÉμÎ± ³¨ ¢ ³¥¸É Ì ¶¥·¥¸¥Î¥´¨Ö ¶μ¢¥·Ì´μ¸É¥° ¸ ²¨´¨Ö³¨ ¤¨¸²μ± Í¨°
¨ O(3)-£·Ê¶¶μ° ³μ´μ¤·μ³¨¨. �μ¸²¥ ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ ³μ¦´μ ¨¸±²ÕÎ¨ÉÓ
±μ³¶μ´¥´ÉÒ ³¥É·¨±¨ ¨§ · ¸¸³μÉ·¥´¨Ö, ¶μ¤¸É ¢¨¢ ¨Ì ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢μ-
¡μ¤´μ° Ô´¥·£¨¨. ‚ ·¥§Ê²ÓÉ É¥ ¢μ§´¨±´ÊÉ ÔËË¥±É¨¢´Ò¥ Ê· ¢´¥´¨Ö · ¢´μ¢¥¸¨Ö
¤²Ö ²¨´¨° ¤¨¸²μ± Í¨°, ¤²Ö ±μÉμ·ÒÌ ³μ¦´μ ¶μ¸É ¢¨ÉÓ § ¤ ÎÊ ŠμÏ¨.

2. ����‹…Œ� �ˆŒ���Äƒˆ‹œ�…�’�

� ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  (2) ¤²Ö ·¥¶¥·  ea
α(x), a = 1, 2, 3, ±μ-

Éμ·Ò° μ¶·¥¤¥²Ö¥É¸Ö μ¡ÒÎ´Ò³ μ¡· §μ³:

gαβ = ea
αeb

βδab, (5)

£¤¥ δab = diag (+ + +) Å ¥¢±²¨¤μ¢  ³¥É·¨± . �·¨ § ¤ ´´μ° ³¥É·¨±¥ ÔÉμ
¸μμÉ´μÏ¥´¨¥ μ¶·¥¤¥²Ö¥É ·¥¶¥· ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ²μ± ²Ó´ÒÌ O(3)-¢· Ð¥´¨°.

‚ É¥Ì μ¡² ¸ÉÖÌ ¶·μ¸É· ´¸É¢ , £¤¥ É¥´§μ· ´ ¶·Ö¦¥´¨° ¸·¥¤Ò · ¢¥´ ´Ê²Õ,
Tαβ = 0, · ¢¥´ ´Ê²Õ É ±¦¥ É¥´§μ· �¨ÎÎ¨: Rαβ = 0. �μ¸±μ²Ó±Ê ¢ É·¥Ì³¥·-
´μ³ ¶·μ¸É· ´¸É¢¥ ¶μ²´Ò° É¥´§μ· ±·¨¢¨§´Ò ¢§ ¨³´μ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö
¸¢μ¨³ É¥´§μ·μ³ �¨ÎÎ¨

Rαβγδ =
1
2
εαβεεγδζR

εζ ,

£¤¥ εαβγ Å ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ· É·¥ÉÓ¥£μ · ´£ , Éμ μ´ É ±¦¥
μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ‘²¥¤μ¢ É¥²Ó´μ, ¶·μ¸É· ´¸É¢μ ¸ ¤¨¸²μ± Í¨Ö³¨ Ö¢²Ö¥É¸Ö
¶²μ¸±¨³ ¢´¥ ¨¸ÉμÎ´¨±μ¢, É. ¥. ¢ É¥Ì μ¡² ¸ÉÖÌ, £¤¥ É¥´§μ· �¨ÎÎ¨ · ¢¥´ ´Ê²Õ.
�μÔÉμ³Ê ²μ± ²Ó´μ ¸ÊÐ¥¸É¢ÊÕÉ É·¨ ËÊ´±Í¨¨ ya(x) : R3 → R3, É ±¨¥, ÎÉμ

ea
α = ∂αya. (6)
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…¸²¨ ¤¨¸²μ± Í¨¨ μÉ¸ÊÉ¸É¢ÊÕÉ, Éμ μÉμ¡· ¦¥´¨¥

R
3 � x �→ y(x) ∈ R

3

Ö¢²Ö¥É¸Ö ¡¨¥±É¨¢´Ò³ ¨ ËÊ´±Í¨¨ ya μ¶·¥¤¥²ÖÕÉ £²μ¡ ²Ó´ÊÕ ¤¥± ·Éμ¢Ê ¸¨-
¸É¥³Ê ±μμ·¤¨´ É ¢ R3. …¸²¨ ¦¥ ¤¨¸²μ± Í¨¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ, Éμ ËÊ´±Í¨¨ ya(x)
μ¶·¥¤¥²¥´Ò Éμ²Ó±μ ²μ± ²Ó´μ ¤²Ö É¥Ì ·¥£Ê²Ö·´ÒÌ ÉμÎ¥±, ±μÉμ·Ò¥ ´¥ ²¥¦ É ´ 
²¨´¨ÖÌ ¤¨¸²μ± Í¨°. „²Ö ± ¦¤μ° ·¥£Ê²Ö·´μ° ÉμÎ±¨ ËÊ´±Í¨¨ ya μ¶·¥¤¥²¥´Ò ¢
μ¤´μ¸¢Ö§´ÒÌ μ¡² ¸ÉÖÌ, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§ R3 ¶μ¸²¥ Ê¤ ²¥´¨Ö ´¥±μÉμ·ÒÌ
· §·¥§μ¢ ¶μ ¶μ²Ê¶²μ¸±μ¸ÉÖ³, ¤²Ö ±μÉμ·ÒÌ μ¸¨ ¤¨¸²μ± Í¨° Ö¢²ÖÕÉ¸Ö ±· Ö³¨.
ŒÒ ¢Ò¡¨· ¥³ · §·¥§Ò É ±¨³ μ¡· §μ³, ÎÉμ¡Ò μ´¨ ´¨£¤¥ ´¥ ¶¥·¥¸¥± ²¨¸Ó.

”Ê´±Í¨¨ ya μ¶·¥¤¥²¥´Ò ´¥μ¤´μ§´ Î´μ. —Éμ¡Ò ¨Ì Ë¨±¸¨·μ¢ ÉÓ, § ¤ ¤¨³
± ²¨¡·μ¢μÎ´Ò¥ Ê¸²μ¢¨Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³μÉ·¨³ ¤¢Ê³¥·´ÊÕ ¶μ¢¥·Ì-
´μ¸ÉÓ S, ¢²μ¦¥´´ÊÕ ¢ É·¥Ì³¥·´μ¥ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ. ‚²μ¦¥´¨¥ S ↪→ R3

μ¶·¥¤¥²Ö¥É¸Ö É·¥³Ö ËÊ´±Í¨Ö³¨ ya(u), £¤¥ u = {uμ}, μ = 1, 2, Å ±μμ·¤¨´ ÉÒ
´  ¶μ¢¥·Ì´μ¸É¨. ‚²μ¦¥´¨¥ μ¶·¥¤¥²Ö¥É ´  S ¨´¤ÊÍ¨·μ¢ ´´ÊÕ ³¥É·¨±Ê

gμν := ∂μya∂νybδab.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶μ¢¥·Ì´μ¸ÉÓ S ¨³¥¥É ³¨´¨³ ²Ó´ÊÕ ¶²μÐ ¤Ó, É. ¥. ËÊ´±-
Í¨¨ ya ³¨´¨³¨§¨·ÊÕÉ ËÊ´±Í¨μ´ ²

S =
∫

d2u
√

det gμν . (7)

‚ É¥μ·¨¨ ¸É·Ê´ Ìμ·μÏμ ¨§¢¥¸É´μ, ÎÉμ Ê· ¢´¥´¨Ö �°²¥· Ä‹ £· ´¦  ¤²Ö ¤ ´-
´μ£μ ËÊ´±Í¨μ´ ²  Ô±¢¨¢ ²¥´É´Ò Ê· ¢´¥´¨Ö³ �°²¥· Ä‹ £· ´¦  ¤²Ö ËÊ´±Í¨-
μ´ ² 

SP =
∫

d2u
√

h hμν∂μya∂νybδab, (8)

£¤¥ hμν(u) Å ´μ¢ Ö ¤μ¶μ²´¨É¥²Ó´ Ö ³¥É·¨±  ´  S, ±μÉμ· Ö · ¸¸³ É·¨¢ -
¥É¸Ö ± ± ´¥§ ¢¨¸¨³μ¥ ¶μ²¥, ¶μ ±μÉμ·μ³Ê ¶·μ¢μ¤¨É¸Ö ¢ ·Ó¨·μ¢ ´¨¥, ¨ h :=
det (hμν). ‚ ·Ó¨·μ¢ ´¨¥ ¤¥°¸É¢¨Ö (8) ¶μ hμν ¶·¨¢μ¤¨É ± · ¢¥´¸É¢Ê hμν = gμν

(¶μ¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö ‚¥°²Ö),   ¢ ·Ó¨·μ¢ ´¨¥ ¶μ ya Å ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥
Ê· ¢´¥´¨°:

∂μ (
√

ggμν∂νya) = 0. (9)

’¥¶¥·Ó § Ë¨±¸¨·Ê¥³ ±μ´Ëμ·³´μ ¶²μ¸±ÊÕ ± ²¨¡·μ¢±Ê. � ¨³¥´´μ, ¡Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ ¨´¤ÊÍ¨·μ¢ ´´ Ö ¤¢Ê³¥·´ Ö ³¥É·¨±  ´  ¶μ¢¥·Ì´μ¸É¨ S Ö¢²Ö¥É¸Ö
±μ´Ëμ·³´μ ¶²μ¸±μ°:

gμν = e2φδμν , φ = φ(u), (10)

£¤¥ e2φ Å ´¥¨§¢¥¸É´Ò° ±μ´Ëμ·³´Ò° ³´μ¦¨É¥²Ó ¨ δμν Å ¥¢±²¨¤μ¢  ³¥É·¨± .
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‚ ±μ´Ëμ·³´μ ¶²μ¸±μ° ± ²¨¡·μ¢±¥ (10) ¨ ¢ ±μ³¶²¥±¸´ÒÌ ±μμ·¤¨´ É Ì
z = u1 + iu2 Ê· ¢´¥´¨¥ (9) ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ ‹ ¶² ¸ 

Δya = 4∂z̄∂zy
a = 0, (11)

É. ¥. ËÊ´±Í¨¨ ya Ö¢²ÖÕÉ¸Ö £ ·³μ´¨Î¥¸±¨³¨:

ya(z, z̄, x3) = F a(z, x3) + Ga(z̄, x3) + Ha(x3), (12)

£¤¥ F a(z) ¨ Ga(z̄) Å £μ²μ³μ·Ë´Ò¥ ¨  ´É¨£μ²μ³μ·Ë´Ò¥ ËÊ´±Í¨¨ ¤²Ö ¢¸¥Ì
§´ Î¥´¨° x3. ”Ê´±Í¨¨ Ha(x3) Å ¶·μ¨§¢μ²Ó´Ò¥ ¤μ¸É ÉμÎ´μ £² ¤±¨¥ ¢¥Ð¥-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨ μÉ ±μμ·¤¨´ ÉÒ x3, ±μÉμ· Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¶ · ³¥É·.
‚¥Ð¥¸É¢¥´´μ¸ÉÓ ËÊ´±Í¨° ya ¢²¥Î¥É §  ¸μ¡μ° μ£· ´¨Î¥´¨¥ ´  ¢¨¤ ¶·μ¨§¢μ²Ó-
´ÒÌ ËÊ´±Í¨° ¢ ·¥Ï¥´¨¨ (12):

Ga(z̄) = F a(z) = F
a
(z̄).

�·¥¤¶μ²μ¦¨³, ÎÉμ ³´μ£μμ¡· §¨¥ M ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸²μ¥´¨¥ ¸¥³¥°-
¸É¢μ³ ³¨´¨³ ²Ó´ÒÌ ¶μ¢¥·Ì´μ¸É¥° S, ±μÉμ·μ¥ ¶ · ³¥É·¨§Ê¥É¸Ö ¶ · ³¥É·μ³ x3.
‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ¢ ´¥±μÉμ·μ° μ±·¥¸É´μ¸É¨ ·¥£Ê²Ö·´μ° ÉμÎ±¨
±μμ·¤¨´ ÉÒ (x1, x2, x3) := (u1, u2, x3). �μ¸±μ²Ó±Ê ³Ò Ê¦¥ ¨¸¶μ²Ó§μ¢ ²¨ ±μ´-
Ëμ·³´ÊÕ ± ²¨¡·μ¢±Ê ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö (9), Éμ ËÊ´±Í¨¨ F a ¨ Ga ´¥
³μ£ÊÉ ¡ÒÉÓ ¸μ¢¥·Ï¥´´μ ¶·μ¨§¢μ²Ó´Ò³¨. �  ´¨Ì ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ ´¥±μ-
Éμ·Ò¥ Ê¸²μ¢¨Ö, ±μÉμ·Ò¥ ¡Ê¤ÊÉ ¶·¨¢¥¤¥´Ò ´¨¦¥.

ˆ§ ¢Ò· ¦¥´¨° (12) ¸²¥¤Ê¥É, ÎÉμ z-±μ³¶μ´¥´ÉÒ ·¥¶¥·  Ö¢²ÖÕÉ¸Ö, ¸μμÉ¢¥É-
¸É¢¥´´μ, £μ²μ³μ·Ë´Ò³¨ ¨  ´É¨£μ²μ³μ·Ë´Ò³¨ ËÊ´±Í¨Ö³¨:

ea
z := ∂zy

a = ea
z(z, x3) Å £μ²μ³μ·Ë´Ò¥,

ea
z̄ := ∂z̄y

a = ea
z̄(z̄, x3) Å  ´É¨£μ²μ³μ·Ë´Ò¥.

‡ ³¥É¨³, ÎÉμ ¢ ±μ³¶²¥±¸´ÒÌ ±μμ·¤¨´ É Ì ¢³¥¸Éμ Ï¥¸É¨ ¢¥Ð¥¸É¢¥´´ÒÌ
±μ³¶μ´¥´É ·¥¶¥·  ea

1 ¨ ea
2 ¢¢μ¤¨É¸Ö É·¨ ±μ³¶²¥±¸´ÒÌ ±μ³¶μ´¥´ÉÒ:

ea
z =

1
2
ea
1 +

1
2i

ea
2 , ea

z̄ =
1
2
ea
1 − 1

2i
ea
2 .

�É±Ê¤  ¸²¥¤Ê¥É · ¢¥´¸É¢μ
ea

z̄ = ea
z . (13)

Œ¥É·¨±  gμν = ea
μeb

νδab ´  ¸¥Î¥´¨ÖÌ x3 = const, ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ,
Ö¢²Ö¥É¸Ö ±μ´Ëμ·³´μ ¶²μ¸±μ° (10). �Éμ μ§´ Î ¥É, ÎÉμ ´  ËÊ´±Í¨¨ F a ´ ±² -
¤Ò¢ ÕÉ¸Ö μ£· ´¨Î¥´¨Ö

∂zy
a∂zy

bδab = 0 ⇔ ∂z̄y
a∂z̄y

bδab = 0. (14)

ˆ§ ÔÉ¨Ì · ¢¥´¸É¢ ´¥ ¸²¥¤Ê¥É, ÎÉμ ¢¥±Éμ· ∂zy
a · ¢¥´ ´Ê²Õ, É ± ± ± ¥£μ ±μ³¶μ-

´¥´ÉÒ ±μ³¶²¥±¸´Ò.
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’ ±¨³ μ¡· §μ³, ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨ÖÌ �°´-
ÏÉ¥°´  ¤μ¸É ÉμÎ´μ ¢Ò¡· ÉÓ ea

z . ’μ£¤  ±μ³¶μ´¥´ÉÒ ea
z̄ ¶μ²ÊÎ ÕÉ¸Ö ¨§ ea

z ±μ³-
¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³,   ¨§ Ê· ¢´¥´¨Ö (12) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ μ¸É ¢Ï¨¥¸Ö
±μ³¶μ´¥´ÉÒ:

ea
3 = Ca(x3) + ∂3

∫
dz ea

z + ∂3

∫
dz̄ ea

z̄ ,

£¤¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¢μ¤¨É¸Ö ¢¤μ²Ó ¶·μ¨§¢μ²Ó´μ° ±·¨¢μ°, ´¥ ¶¥·¥¸¥± ÕÐ¥°
²¨´¨¨ ¤¨¸²μ± Í¨°, ¨ Ca(x3) := ∂3H

a Å ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨, ±μÉμ·Ò¥
Ë¨±¸¨·ÊÕÉ¸Ö £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ [8].

‚ £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ¤¥Ë¥±Éμ¢ ¶·¥¤¶μ² £ ¥³, ÎÉμ ËÊ´±Í¨¨ ea
z(z)

 ´ ²¨É¨Î´Ò ´  ¢¸¥Ì ¸¥Î¥´¨ÖÌ x3 = const §  ¨¸±²ÕÎ¥´¨¥³ ¨§μ²¨·μ¢ ´´ÒÌ
·¥£Ê²Ö·´ÒÌ μ¸μ¡ÒÌ ÉμÎ¥± zI(x3), ¢ ±μÉμ·ÒÌ ²¨´¨¨ ¤¨¸²μ± Í¨° ¶¥·¥¸¥± ÕÉ
¶μ¢¥·Ì´μ¸É¨ x3 = const. ‚ ·¥£Ê²Ö·´ÒÌ μ¸μ¡ÒÌ ÉμÎ± Ì ±μ³¶μ´¥´ÉÒ ·¥¶¥·  ea

z

¢¥É¢ÖÉ¸Ö. ‚ ¤ ²Ó´¥°Ï¥³ · ¸¸³ É·¨¢ ¥³ ¢¸¥ ¸¥Î¥´¨Ö x3 = const ± ± ¸Ë¥·Ò
�¨³ ´  C. ‡ Ë¨±¸¨·Ê¥³ ± ±ÊÕ-´¨¡Ê¤Ó ´¥μ¸μ¡ÊÕ ÉμÎ±Ê z0 ∈ C ¨ ¢Ò¡¥·¥³ ¢
´¥° É·¥Ì³¥·´Ò° ¢¥±Éμ· ea

z(z0). …¸²¨  ´ ²¨É¨Î¥¸±¨ ¶·μ¤μ²¦¨ÉÓ ÔÉμÉ ¢¥±Éμ·
¢¤μ²Ó § ³±´ÊÉμ° ±·¨¢μ° γ, ±μÉμ· Ö ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉμÎ±Ê, Éμ μ´ ´¥ ¨§³¥´¨É¸Ö ¢
¸¨²Ê £μ²μ³μ·Ë´μ¸É¨. …¸²¨ ¦¥ ¶¥É²Ö γI μÌ¢ ÉÒ¢ ¥É μ¤´Ê ¨§ μ¸μ¡ÒÌ ÉμÎ¥± zI,
Éμ ¢¥±Éμ· ¶μ¢¥·´¥É¸Ö ´  ´¥±μÉμ·Ò° Ê£μ² (Ê£μ² ¤¥Ë¨Í¨É  ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
±²¨´μ¢μ° ¤¨¸²μ± Í¨¨). ’ ±¨³ μ¡· §μ³ ¢μ§´¨± ¥É ¶·¥¤¸É ¢²¥´¨¥ ËÊ´¤ ³¥´-
É ²Ó´μ° £·Ê¶¶Ò (¸³., ´ ¶·¨³¥·, [9, 10]):

π
(
C \ {z1, . . . , zN}, z0

)
� [γ] �→ S ∈ O(3) ⊂ GL(3, C), (15)

£¤¥ [γ] Å ±² ¸¸ £μ³μÉμ¶¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ÒÌ ¶ÊÉ¥°. �¡· §ÊÕÐ¨³¨ ËÊ´¤ -
³¥´É ²Ó´μ° £·Ê¶¶Ò Ö¢²ÖÕÉ¸Ö ±² ¸¸Ò £μ³μÉμ¶¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ÒÌ ¶ÊÉ¥° [γI],
μÌ¢ ÉÒ¢ ÕÐ¨Ì μ¤´Ê μ¸μ¡ÊÕ ÉμÎ±Ê zI. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö ³ É·¨Í  SI Ö¢²Ö¥É¸Ö
³ É·¨Í¥° ³μ´μ¤·μ³¨¨ ¢ ÉμÎ±¥ zI.

„μ¶Ê¸É¨³, ÎÉμ ¶·¨ ± ¦¤μ³ §´ Î¥´¨¨ x3 ³Ò §´ ¥³ · ¸¶μ²μ¦¥´¨¥ ¢¸¥Ì
μ¸μ¡ÒÌ ÉμÎ¥± zI(x3) ¨ ¨Ì Ê£²Ò ´ ±²μ´  pI(x3) ± ¸¥Î¥´¨Õ x3 = const. ’μ-
£¤  ¶μ¢μ·μÉ ¢¥±Éμ·  ea

z ¶·¨ μ¡Ìμ¤¥ μ¸μ¡μ° ÉμÎ±¨ μ¤¨´ · § ¶·μÉ¨¢ Î ¸μ¢μ°
¸É·¥²±¨ μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´ (¸³. ´¨¦¥). ’¥³ ¸ ³Ò³ μ¶·¥¤¥²¥´μ ¶·¥¤¸É ¢²¥-
´¨¥ μ¡· §ÊÕÐ¨Ì ËÊ´¤ ³¥´É ²Ó´μ° £·Ê¶¶Ò, É. ¥. ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ ¢ μ¸μ-
¡ÒÌ ÉμÎ± Ì zI. ’ ±¨³ μ¡· §μ³, ¤²Ö μ¶·¥¤¥²¥´¨Ö ±μ³¶μ´¥´É ·¥¶¥·  ¨, ¸²¥¤μ-
¢ É¥²Ó´μ, ³¥É·¨±¨ ¶·¨ § ¤ ´´ÒÌ ±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨ÖÌ ¢μ§´¨± ¥É ¶·μ¡²¥³ 
�¨³ ´ Äƒ¨²Ó¡¥·É  (¸³., ´ ¶·¨³¥·, [9, 10]): ¶μ § ¤ ´´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ³μ-
´μ¤·μ³¨¨ ¶μ¸É·μ¨ÉÓ ËÊ±¸μ¢Ê ¸¨¸É¥³Ê ¨§ É·¥Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¶¥·¢μ£μ ¶μ·Ö¤±  (¨²¨ μ¤´μ ËÊ±¸μ¢μ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ É·¥ÉÓ¥£μ
¶μ·Ö¤± ) ¸ § ¤ ´´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ³μ´μ¤·μ³¨¨. �μ¸²¥ ¶μ¸É·μ¥´¨Ö ¤ ´´μ°
¸¨¸É¥³Ò ¥¥ ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ ¨ É¥³ ¸ ³Ò³ ´ °É¨ ¢¸¥ ±μ³¶μ´¥´ÉÒ ·¥¶¥· 
¤²Ö ¶·μ¨§¢μ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤¨¸²μ± Í¨°. ‡ É¥³ ¤ ´´μ¥ ·¥Ï¥´¨¥ ¸²¥¤Ê¥É
¶μ¤¸É ¢¨ÉÓ ¢ Ê· ¢´¥´¨Ö, μ¶·¥¤¥²ÖÕÐ¨¥ ¤¨¸²μ± Í¨¨. ’ ±¨³ μ¡· §μ³, ¢μ§´¨-
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± ÕÉ ÔËË¥±É¨¢´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö Ëμ·³Ò ¤¨¸²μ± Í¨° ¢ É¢¥·¤μ³
É¥²¥, ±μÉμ·Ò¥ ¢μμ¡Ð¥ ´¥ ¸μ¤¥·¦ É ±μ³¶μ´¥´É ³¥É·¨±¨.

� ¸¸³ É·¨¢ ¥³ Ö ¸¨ÉÊ Í¨Ö É ± Ö ¦¥, ± ± ¨ ¢ ³¥Ì ´¨±¥ �ÓÕÉμ´ . „¢¨-
¦¥´¨¥ Î ¸É¨Í, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, μ¶·¥-
¤¥²Ö¥É¸Ö ¸¨¸É¥³μ° μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ±μÉμ·Ò¥ ´¥
¸μ¤¥·¦ É £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ². �μ¸²¥ ´ Ìμ¦¤¥´¨Ö É· ¥±Éμ·¨° Î ¸É¨Í ¢
± ¦¤Ò° ³μ³¥´É ¢·¥³¥´¨ ¢μ§³μ¦´μ μ¶·¥¤¥²¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² 
¶ÊÉ¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö �Ê ¸¸μ´  ¸ § ¤ ´´Ò³¨ ¨¸ÉμÎ´¨± ³¨. ‚ · ¸¸³ É·¨-
¢ ¥³μ³ ¸²ÊÎ ¥ ¶μ¸²¥ μ¶·¥¤¥²¥´¨Ö Ëμ·³Ò ¤¨¸²μ± Í¨° ¢μ§´¨± ¥É ¶·μ¡²¥³ 
�¨³ ´ Äƒ¨²Ó¡¥·É  ¤²Ö ·¥¶¥· , ±μÉμ·Ò° ¸μμÉ¢¥É¸É¢Ê¥É £· ¢¨É Í¨μ´´μ³Ê ¶μ-
É¥´Í¨ ²Ê.

’¥¶¥·Ó μ¶·¥¤¥²¨³ ³ É·¨ÍÊ ³μ´μ¤·μ³¨¨ ¢ μ¸μ¡μ° ÉμÎ±¥ zI. �·¨ ¸μ§¤ ´¨¨
±²¨´μ¢μ° ¤¨¸²μ± Í¨¨ μ¡Ìμ¤ ¶μ § ³±´ÊÉμ³Ê ±μ´ÉÊ·Ê ¢μ±·Ê£ ²¨´¨¨ ¤¨¸²μ± -
Í¨¨ zI ¶·¨¢μ¤¨É ± ¶μ¢μ·μÉÊ ·¥¶¥·  ea

z ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê£μ²:

ẽa
z = eb

zS
a
Ib, (16)

£¤¥

Sa
Ib =

⎛
⎝ 1 0 0

0 cos 2πθI sin 2πθI

0 − sin 2πθI cos 2πθI

⎞
⎠ (17)

¨ θI Å Ê£μ² ¤¥Ë¨Í¨É  I-° ±²¨´μ¢μ° ¤¨¸²μ± Í¨¨. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ³ É·¨Í 
¢· Ð¥´¨° Sb

Ia Ö¢²Ö¥É¸Ö ³ É·¨Í¥° ³μ´μ¤·μ³¨¨ ¤²Ö ¢¥±Éμ·  ea
z ¢ ÉμÎ±¥ zI,

¥¸²¨ ´ Î ²Ó´ Ö ÉμÎ±  ²¥¦¨É ¢¡²¨§¨ ¤ ´´μ° μ¸μ¡μ° ÉμÎ±¨. ‡´ ´¨¥ ³ É·¨ÍÒ
³μ´μ¤·μ³¨¨ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ²μ± ²Ó´Ò¥ ¶μ± § É¥²¨  ¸¨³¶ÉμÉ¨± βaI ¶μ
Ëμ·³Ê²¥ [10]

βaI =
1

2πi
ln λaI,

£¤¥ λaI, a = 1, 2, 3, Å É·¨ ¸μ¡¸É¢¥´´ÒÌ Î¨¸²  ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ (17).
‘μ¡¸É¢¥´´Ò¥ Î¨¸²  ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ: {λaI} =
{1, exp (2πiθI), exp (−2πiθI)}. �μ¸±μ²Ó±Ê ¢¸¥ ¸μ¡¸É¢¥´´Ò¥ Î¨¸²  · §²¨Î´Ò
¨ ´¥ μÉ²¨Î ÕÉ¸Ö ´  ´ ÉÊ· ²Ó´μ¥ Î¨¸²μ, Éμ · ¸¸³ É·¨¢ ¥³Ò° ¸²ÊÎ ° ´¥·¥§μ-
´ ´¸´Ò°. �É¸Õ¤  ´ Ìμ¤ÖÉ¸Ö ²μ± ²Ó´Ò¥ ¶μ± § É¥²¨  ¸¨³¶ÉμÉ¨±:

{βaI} = {0, θI,−θI}. (18)

�¸¨³¶ÉμÉ¨±  ±μ³¶μ´¥´É ·¥¶¥·  ea
z ¢¡²¨§¨ μ¸μ¡μ° ÉμÎ±¨ zI μ¶·¥¤¥²Ö¥É¸Ö

²μ± ²Ó´Ò³¨ ¶μ± § É¥²Ö³¨

ea
z

∣∣
z→zI

� (z − zI)βaIBa(z),

£¤¥ Ba Å ´¥±μÉμ· Ö £μ²μ³μ·Ë´ Ö ËÊ´±Í¨Ö, É ± Ö, ÎÉμ Ba(zI) �= 0. ‚¥±Éμ·
	Õ·£¥·¸  bI ±²¨´μ¢μ° ¤¨¸²μ± Í¨¨ ¢ ÉμÎ±¥ zI μ¶·¥¤¥²Ö¥É¸Ö ¨´É¥£· ²μ³ ¶μ
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§ ³±´ÊÉμ³Ê ±μ´ÉÊ·Ê, μÌ¢ ÉÒ¢ ÕÐ¥³Ê ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ μ¸μ¡ÊÕ ÉμÎ±Ê. ˆ´É¥-
£· ² ¶μ ¡¥¸±μ´¥Î´μ ³ ²μ° μ±·Ê¦´μ¸É¨ · ¤¨Ê¸  r ¢μ±·Ê£ zI ²¥£±μ μÍ¥´¨ÉÓ:

ba
I :=

∮
zI

dz ea
z ∼ 1

βaI + 1
r2π(βaI+1).

�μ¸±μ²Ó±Ê ¤²Ö ±²¨´μ¢μ° ¤¨¸²μ± Í¨¨ ¶·¨ μÉ·¨Í É¥²Ó´ÒÌ Ê£² Ì ¤¥Ë¨Í¨É 
lim

z→zI
ba
I = 0, μÉ¸Õ¤  ¢ÒÉ¥± ¥É μ£· ´¨Î¥´¨¥ ´  ¢μ§³μ¦´Ò° Ê£μ² ¤¥Ë¨Í¨É :

θI > −1. �Éμ μ£· ´¨Î¥´¨¥ ´μ¸¨É ¶·μ¸Éμ° £¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸²: ¨§ ¶²μ¸±μ-
¸É¨ ´¥²Ó§Ö ¢Ò·¥§ ÉÓ Ê£μ², ¶·¥¢ÒÏ ÕÐ¨° 2π.

„²Ö ±μ³¶μ´¥´É ·¥¶¥·  ea
z(z) ¶·¨ § ¤ ´´μ³ ¶·¥¤¸É ¢²¥´¨¨ ³μ´μ¤·μ³¨¨

³μ¦´μ § ¶¨¸ ÉÓ ËÊ±¸μ¢Ê ¸¨¸É¥³Ê ¨§ É·¥Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (¨²¨
μ¤´μ Ê· ¢´¥´¨¥ É·¥ÉÓ¥£μ ¶μ·Ö¤± ) [9, 10], ±μÉμ·ÊÕ ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ. �É 
§ ¤ Î  ¸²μ¦´ , ¨ ³Ò μ¸É ¢¨³ ¥¥ ¤²Ö ¡Ê¤ÊÐ¥£μ  ´ ²¨§ . �¥Ï¥´¨Ö ËÊ±¸μ¢μ° ¸¨-
¸É¥³Ò μ¶·¥¤¥²ÖÕÉ ·¥¶¥· ¶·¨ ¶·μ¨§¢μ²Ó´μ³ · ¸¶μ²μ¦¥´¨¨ ¤¨¸²μ± Í¨°. �μ¸²¥
ÔÉμ£μ ¤ ´´μ¥ ·¥Ï¥´¨¥ ³μ¦´μ ¶μ¤¸É ¢¨ÉÓ ¢ Ê· ¢´¥´¨Ö (3). �¥Ï¥´¨¥ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° § ¤ Î¨ ŠμÏ¨ ¶μ§¢μ²Ö¥É ´ °É¨ Ëμ·³Ê ¤¨¸²μ± Í¨°.

‡�Š‹�—…�ˆ…

‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ¶·¥¤²μ¦¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¶·μ-
¨§¢μ²Ó´μ · ¸¶μ²μ¦¥´´ÒÌ ±²¨´μ¢ÒÌ ¤¨¸²μ± Í¨°. �μ± § ´μ, ÎÉμ ±μ³¶μ´¥´ÉÒ
³¥É·¨±¨ ³μ¦´μ ¶μ²´μ¸ÉÓÕ ¨¸±²ÕÎ¨ÉÓ ¨§ · ¸¸³μÉ·¥´¨Ö, ·¥Ï¨¢ Ê· ¢´¥´¨Ö · ¢-
´μ¢¥¸¨Ö. �·¨ ± ¦¤μ³ §´ Î¥´¨¨ ±μμ·¤¨´ ÉÒ x3, ±μÉμ· Ö · ¸¸³ É·¨¢ ¥É¸Ö ¢
± Î¥¸É¢¥ ¶ · ³¥É·  Ô¢μ²ÕÍ¨¨, § ¤ Î  ´ Ìμ¦¤¥´¨Ö ±μ³¶μ´¥´É ·¥¶¥·  ¸¢μ¤¨É¸Ö
± ·¥Ï¥´¨Õ ËÊ±¸μ¢  Ê· ¢´¥´¨Ö.

‡ ³¥É¨³, ÎÉμ § ¤ Î  μ ¶·μ¨§¢μ²Ó´μ³ · ¸¶·¥¤¥²¥´¨¨ ±²¨´μ¢ÒÌ ¤¨¸²μ-
± Í¨°, ´ ¸±μ²Ó±μ ¨§¢¥¸É´μ  ¢Éμ· ³, ´¥ ¸É ¢¨É¸Ö ¢ · ³± Ì μ¡ÒÎ´μ° É¥μ·¨¨
Ê¶·Ê£μ¸É¨. …¸²¨ § ¤ ÉÓ Ëμ·³Ê ¤¨¸²μ± Í¨°, Éμ ¢ ¶·μ¸É¥°Ï¨Ì ¸²ÊÎ ÖÌ ³μ¦´μ
μ¶·¥¤¥²¨ÉÓ É¥´§μ· ¤¥Ëμ·³ Í¨¨ (±μ³¶μ´¥´ÉÒ ³¥É·¨±¨), ·¥Ï¨¢ Ê· ¢´¥´¨Ö É¥μ-
·¨¨ Ê¶·Ê£μ¸É¨ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨. �¤´ ±μ ´¥ Ö¸´μ,
± ± ¶·¨ ÔÉμ³ ¶μ¸É ¢¨ÉÓ § ¤ ÎÊ ¤²Ö μ¶·¥¤¥²¥´¨Ö Ëμ·³Ò ¸ ³¨Ì ¤¨¸²μ± Í¨°. ‚
· ³± Ì £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ¤¥Ë¥±Éμ¢ § ¤ Î  μ¤´μ¢·¥³¥´´μ£μ ´ Ìμ¦¤¥´¨Ö
Ëμ·³Ò ¤¨¸²μ± Í¨° ¨ É¥´§μ·  ¤¥Ëμ·³ Í¨° ¸É ¢¨É¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³.
�É  § ¤ Î  ¸²μ¦´ , ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´¥ ·¥Ï¥´  ¨ É·¥¡Ê¥É ¤ ²Ó´¥°Ï¥£μ
¨¸¸²¥¤μ¢ ´¨Ö.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¨¸±·¥´´ÕÕ ¡² £μ¤ ·´μ¸ÉÓ ˆ. ‚. ‚μ²μ¢¨ÎÊ §  μ¡¸Ê¦¤¥-
´¨¥ ¸É ÉÓ¨ ¨ ¶μ²¥§´Ò¥ § ³¥Î ´¨Ö. � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Î ¸É¨Î´μ° ¶μ¤-
¤¥·¦±¥ �””ˆ (£· ´ÉÒ 11-01-00828-  ¨ 11-01-12114-μË¨ ³), ¶·μ£· ³³Ò ¶μ¤-
¤¥·¦±¨ ¢¥¤ÊÐ¨Ì ´ ÊÎ´ÒÌ Ï±μ² (£· ´É �˜-2928.2012.1) ¨ ¶·μ£· ³³Ò ®‘μ-
¢·¥³¥´´Ò¥ ¶·μ¡²¥³Ò É¥μ·¥É¨Î¥¸±μ° ³ É¥³ É¨±¨¯ �μ¸¸¨°¸±μ°  ± ¤¥³¨¨ ´ Ê±.
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