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N =4 SYM LOW-ENERGY EFFECTIVE ACTION
IN N = 4 HARMONIC SUPERSPACE

1. B. Samsonov*

Laboratory of Mathematical Physics, Tomsk Polytechnic University, Tomsk, Russia

We apply the N = 4 harmonic superspace with U Sp(4) harmonic variables for describing the
N = 4 SYM low-energy effective action. Scale invariance and gauge symmetry fix the leading term
in the low-energy effective action uniquely, up to a constant. The value of the remaining constant
can be fixed by the topological quantization condition for the Wess—Zumino term which is present in
the component structure of this action.
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1. INTRODUCTION AND SUMMARY

The problem of low-energy effective action in ' = 4 SYM theory is very
interesting for its applications to the D3-brane dynamics in string theory (see,
e.g., [1]), but it can be considered by its own due to its wonderful properties.
Indeed, the N/ = 4 SYM model is a rare example of completely finite quantum
field theory which respects the superconformal symmetry not only on the classical
but also on the quantum level. The maximally extended supersymmetry and su-
perconformal invariance restrict the quantum dynamics so strong that the leading
terms in the effective action can be obtained without employing the perturbative
calculations. In the present work we demonstrate that the A" = 4 harmonic super-
space approach is very useful for studying the leading terms in the AV = 4 SYM
effective action.

The N' = 4 gauge multiplet consists of ' = 2 gauge multiplet and hyper-
multiplet which are naturally described within the A/ = 2 harmonic superspace
approach [2]. In this superspace, half of supersymmetries of the N' = 4 gauge
theory are realized explicitly while another half are hidden. Therefore it is quite
nontrivial to respect these hidden supersymmetries on the quantum level as the
symmetries of the effective action. For instance, the part of the N/ = 4 SYM
effective action in the sector of A/ = 2 gauge multiplet was known long ago [3,4],
but it took several years to find a hypermultiplet completion of this action which

*E-mail: samsonov@mph.phtd.tpu.ru



1258 SAMSONOV 1. B.

is compatible with hidden A/ = 2 supersymmetries [5]. Our aim is to develop
such a superspace description of the low-energy effective action which makes all
the supersymmetries of the NV = 4 theory manifest.

In the present work we consider the A = 4 harmonic superspace with U.Sp(4)
harmonic variables [6,7]. As will be shown, the A/ = 4 superfield strength in
this superspace is described by single chargeless analytic superfield. It is very
easy to construct a scale-invariant action with this superfield. By considering the
component structure of this action we show that it takes into account all terms in
the A/ = 4 low-energy effective action up to the four-derivative order on mass
shell. In particular, we derive the Wess—Zumino and F*/X* terms.

2. N = 4 SUPERGAUGE MULTIPLET IN NV = 4 USp(4) HARMONIC

SUPERSPACE
Conventional N = 4 superspace is parameterized by the coordinates
(xm,em,eg), where x™ are the Minkowski space coordinates and 6, 9};,
i = 1,2,3,4, are the Grassmann variables. We extend this superspace with
(£,0)  (0,%)

the harmonic variables u; , U, which obey the constraints

WD) 0, 0)

U7(;+7O)U(O’+)i — U§+7O)’u(0’7)i _ u7(;07+)u(7,0)i _ UE_7O)U(O’7)1; — 0, (1)

w{FO(0) 00 | 00,00) 00,05 _ g

Here Q;; is the antisymmetric constant tensor in the U.Sp(4) group which is used
for raising and lowering the indices.

The orthogonality and completeness relations (2) are used for obtaining the
projections of the Grassmann variables and derivatives, e.g.,

g0 = (g, gOE) = 0b)ig,

)

DO = l#ODs, DO 0¥,

where D!, are standard N' = 4 covariant spinor derivatives. There are also
covariant harmonic derivatives

D(ﬂtﬂuo)7 D(Oii)7 D(ﬂtdt)7 D(iﬂF), S, S, 3)

which are written down explicitly in [6,7]. The operators S; and S5 in this list
measure the U(1) charges of the other operators and superfields.

The analytic subspace in the full superspace contains eight of sixteen Grass-
mann variables,

(¢ u} = {(@,655,00,000 00 u), (4)
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where
=™ — 100:=) g0, +) 4 ;9(0,4) ;mg(0,—) _
— 00 mg—0) 4 jg(—0me(+0) - (5)
In this analytic subspace, the following Grassmann derivatives become short:

0 _ 0
pDO.+) — HE0 _
a i(_‘99(0,:F a’ @ 99(F.0)a” ©)

In the conventional N' = 4 superspace {z™,0;,,0%}, the N = 4 gauge
superfield strength W is constrained by [8]
- L — 1
W = _sz7 W = §Eijlekl7
1 (7
DiWk £ DIW™* =0, D;Wi* = g(531‘%W”€ — 88D Wh).
Among six different harmonic projections of W, we pick out the following one:
W = u" PO ®)

which is real under special conjugation in the harmonic superspace, W = W.
This superfield alone is sufficient to describe the N/ = 4 gauge multiplet. The
constraints (7) imply the following restrictions on W:

DLHIW =DPIw =D{Hw =D %w =,
DO — p=0yy — pO+Hyy — pO—y — o, 9)
(D(+’+))2W =0.
One can check that these equations kill all auxiliary field components in W and
put the physical ones on shell. In particular, subject to (9) the component structure
of W in the bosonic sector reads

(1) (=) () (1, =)
W = ga—i—{(l‘l ny =y, )+

+ 7 (9&+,0)9§3—70)Jmo¢d0_n[3d N gé@-i-)ég)v—)o_mdao_n(yﬂ)an_
419(4— 0)0(0 Jr)aozafzj (=,0) (0,*) _ 4i9(—,0)é('ovf)8adfijufi+70)u(0,+)+

U Yy o & Jl
+ 4009 fiiufOuG ) i 00 9o praut O+
+49((;“0)9;3_70)9_&074_)9!(.307_)80(&865[ fz]( (+ 0) §] ,0) ug) +) ;?7 ))]
(10)
Here ¢ and f¥ = —fJ% are six scalar fields, and F,, is the Maxwell field
strength.

(2
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3. N = 4 SYM LOW-ENERGY EFFECTIVE ACTION

The most general action with the superfield (10) which involves at most four
space-time derivatives reads

T, = /d(de(W), (11

with some function H(W) to be determined. We point out that the analytic
superspace measure d( is dimensionless and has eight Grassmann derivatives
which are equivalent to four space-time ones. Since the mass dimension of the
superfield W is equal to one, it is necessary to introduce a scale A, [A] = 1,
H(W) = H(W/A). The scale invariance of the effective action fixes the form of
this function H uniquely, up to a constant,

d w
Ad—AH(W/A)foéchan. (12)

As a result, the four-derivative part of the N' = 4 SYM low-energy effective
action acquires extremely simple form,

F4=c/dCdv In &, (13)
A
with ¢ being some coefficient. For the case of gauge group SU(2) spontaneously
broken down to U(1), this coefficient is ¢ = —1/(9672).
Substituting (10) into (13) we find that this action contains the following two
terms among the others:

3 4 FpnF " Fy P — 1/41(quF7"1)2
I'pa = ——c/d T (0 F Xox)2 , (14)
8 mn abede 4 g ( (Xfo)/SOQ)
Swz = —gce Pl /d T = XaOmXp0n X0, X0 Xe,
(15)
where
5 x (3 + 5x2)
= — | 3arct - 16
g(x) 82 < arctanx 1 +$2)2 ; (16)

and X, are five scalar fields related with f;; by means of the SO(5) gamma-
matrices, X, = v f;;. Here (14) is the well-known F*/X* term which is
explicitly SO(6) invariant, while (15) is the Wess—Zumino term which is given
here in the SO(5) covariant form.
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