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INTEGRABLE STRING MODELS OF WZNW MODEL
TYPE WITH CONSTANT SU(2), SO(3), SP(2), AND

SU(3) TORSION AND HYDRODYNAMIC CHAINS
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The integrability of string model of WZNW model type with constant SU(2), SO(3), SP(2)
torsion is investigated. The closed boson string model in the background gravity and antisymmetric
B-field is considered as integrable system in terms of initial chiral currents. The model is considered
under assumption that internal torsion related with metric of Riemann—Cartan space and external
torsion related with antisymmetric B-field (anti)coincide. New equation of motion and exact solution
of this equation were obtained for string model with constant SU(2), SO(3), SP(2) torsion. New
equations of motion and new Poisson brackets (PB) for infinite dimensional hydrodynamic chains
were obtained for string model with constant SU(n), SO(n), SP(n) torsion for n — co.

PACS: 02.20.Sv; 11.30.Rd; 11.40.-q; 21.60.Fw

INTRODUCTION

The closed string model in the background gravity g,,(¢) and antisymmetric
fields Bqy(¢) in the conformal g, = e? 7,4 and light-cone gauge is describe by
the Lagrangian
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Here gq4(¢(t,x)) is the metric tensor of curve n-dimensional space ¢%(x +
2m) = ¢(x), (a,b=1,2,...,n), gar(¢) = gba(®), Bap(®) = —Bra(@), g is
the metric tensor of flat space, tangent space to curve space in point ¢(¢,x) and
w,v =1,2,... . n. Both metrics can have the arbitrary signature. gog(t,x) —
metric tensor of curve 2D space, (a, 8 = 0, 1). In the repers formalism g,(¢) =
el (p)el (¢)guy- In the conformal gauge gop = e?“®) 5,5 Lagrangian does not
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depend on the field (¢, x). Let us introduce new variables to obtain the first-order
equation instead of the second-order one

TH() = €4(D)pa — Ban(0)6 *),  Ji(6) = el .
Here canonical momentum is
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Equations of motion in new variables are
QJi — Tl = Cl(9)JEJT,  dody —onJt = —HE ()5 JY. (D)

Here C*** is the torsion:

865 b_a a b 8Bab 8Bca 8Bbc
Cis = g (v —ebek), Hue = 522+ Z05 + 525 (@)

The function H,. is total antisymmetric function on a, b, c¢. Let us consider
commutation relation function J¥, a = 0,1 on the phase space on the PB:

{J6 (@), J§ ()} = CY(9) 5 (2)8(x — y) + HY" (9) T} (2)d(x — ),
@), W)} = (6 R @ —y) + ¢ -5(x —y),
{Ji'(x), JY ()} = 0.
Let us introduce chiral variables:
Ul = 61 Jo, + JE, V= 54 Jo, — JI.

The chiral variables satisfy the following relations under PB [1]:

(3OS + HL YU — (C4 + HE )V x

N =

(U (@), U (1)) =
xd(xz—y)+ 5“”%6(3: —y),
V4 @), V¥ ()} = 51BCL" — HE)VA = (Of — )0 x
x 80 —y) — 5 -5 — ),
(U (@), V¥ ()} = S(CR + HE YU + +(C — HE WAoo — ).

Here function H,,,»(¢) is additional external torsion. These PBs form algebra if:
1) C{Y =0, H{” = 0 and functions U*(x) are Abelian currents; 2) C{", H\"
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are structure constants f{" of Lie algebra, and the functions U*(x) are chiral

currents. Here are two possibilities to simplify this algebra:
1) HY = —Ob,
(VH(@), V" ()} = O 2V~ UN)5(a — ) = 6 -5 — ),
{U"(2), V¥ ()} = CR"V*o(z — ),

(00 ) = R0 ) + 0 e —),

(&)
2) H{" = Oy,

{U%(2), U ()} = O U™~ VA)o(a — ) + 6 5 5(e — ),

(V@) V¥ )} = OV =5 oG — ),
(U(@), V")) = O 05 (x ),

The chiral currents U* in the first case and V# in the second case form Kac—
Moody algebras. The chiral currents U#(x) are generators of translation on the
curve space

09" (z) = {9 (2), 'Un(2)} = eefi(d) = ¢*(9).

Simultaneously, they are generators of group transformations with structure con-
stant C{"" in the tangent space.

1. INTEGRABLE STRING MODEL WITH CONSTANT TORSION

To construct integrable system we must have hierarchy of Hamiltonians and
find hierarchy of PB brackets. This way is more simple if the dynamical system
has some group structure. Let torsion Cf.(¢)) # 0 and Cqpe are structure con-
stants of the Lie algebra. In bi-Hamiltonian approach to integrable string models
with constant torsion [2-5] we have considered the conserved primitive chiral
currents Cp, (U(x)), as local fields of the Riemann manifold. The primitive and
nonprimitive local charges of invariant chiral currents form the hierarchy of new
Hamiltonians. The primitive invariant currents are densities of Casimir opera-
tors. The nonprimitive currents are functions of primitive currents. Commutation
relations show that currents U# form closed algebra. Therefore, we will con-
sider PB of right chiral currents U* and Hamiltonians constructed only of right
currents. The constant torsion does not contribute to equation of motion, but it
gives possibility to introduce group structure and to introduce symmetric structure
constant.
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Let ¢, are the generators SU(n), SO(n), SP(n) Lie algebras:
[y, ts] = 2ifunts, p=1,....,n° =1 )

There is additional relation for generators Lie algebra in defining matrix represen-
tation. There is the following relation for symmetric double product generators
of SU(n) algebra:

4
{tu,t,,} = Eéw + Qd/“,/\t)\. (5)

Here d,,,» is the total symmetric structure constant tensor. The similar relation
for total symmetric triple product of SO(n) and SP(n) algebras has form:

tututy) = Va b ©)

Here vy, is the total symmetric structure constant tensor. The invariant chiral
currents for SU(n) group can be constructed as a product of invariant symmetric
tensors and initial chiral currents U*:

dkl de . dknfs

d(Nl"'Mn (w1pe “paks Lo — 10 ) du1u2 = 5#1#27

C’”«(U(x)) = d(Hl"'Hw,)UHIUNQ e UN'rL’ C2 = 5.UIVUMUV'

(M

The invariant chiral currents for SO(n), SP(n) group can be constructed as a
product of invariant symmetric constant tensor and initial chiral currents:

vive ||, Von—3M2n—2/M42n—1M42n)
Y(ur - pzn) = (u1u2usvﬂ4u5 v )

— U2n — P
CQn = Uyl oy, Uk ... Ul 277, CQ — 6#1#2 UrrUH2,

Vs s = Opuypias

@)

The invariant chiral currents for SU(2), SO(3), SP(2) have the form: Cs, =
(C2)™.  Another family of the invariant symmetric currents .J,,, based on the
invariant symmetric chiral currents on simple Lie groups, is realized as symmetric

trace of n-product chiral currents U(x) = ¢, U, p=1,...,n% — 1:
Jp=SymTr (U...U). 9)
These invariant currents are polynomials of product basic chiral currents Cy, k =
2,3,...,k. The commutation relations for chiral curents have the form:
(O, Cul)} = Wonn(9) 500y — ) ~ W (2) 250z — )
m = By Y nm o y)-

Hamiltonian function W, (z) for finite dimensional SU(n), SO(n), SP(n)
group has the form:

Wmn(m) mtn— Zakcm-i-n 2 k Zak (10)
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Here the invariant total symmetric currents C,, k = 1,2... are new cur-
rents, which are polynomials of product basic invariant currents Cy,, C,, - - - Ch,,
ni1 + ...+ n, = n. They can be obtained by the calculation of the total sym-
metric currents .J,, using the different replacements of the double product (5) for
the SU(n) group and of the triple product (6) for the SO(n), SP(n) groups in
the expressions for the invariant currents J,,. This PB can be rewritten as PB of
hydrodynamic type

n—1
{Cm(a:),cn(y)}z m+n_28$20m+n 2k ( y)
k 0
_Zcm+n 2k a—(S(x—y).

Here are only | = n — 1 primitive invariant tensors for SU(n) algebra, | =
(n —1)/2 for SO(n) algebra and | = n/2 for SP(n) algebra. Higher invariant
currents C,, for n > [ + 1 are nonprimitive currents and they are polynomials
of primitive currents. The corresponding nonprimitive chiral currents — the
charges — are not Casimir operators. The expressions for these polynomials [4]
are obtained from the generating function

det (1 — At ,U*) = exp[Tr(In (1 — AU))] = exp <— i >;l—an> .

2. EQUATION OF MOTION FOR SU(2), SO(3), SP(2) TORSION

Here is one primitive invariant tensor on SU(2), SO(3), SP(2) algebras. The
invariant nonprimitive tensors for n > 2 are functions of primitive tensor. Let us

introduce the local chiral currents based on the invariant symmetric polynomials
on SU(2), SO(3), SP(2) Lie group:

Co(U) = 6apUU°,  Con(U) = (0upUU®)", n=1,2,...
{Ca(x), Ca(y)} = 2[C2(y)0y6(y — x) — Ca(x)026(x — y)].

We will consider Cy(x) as a local field on the Riemann space of chiral currents.
As Hamiltonians we choose functions

n+1
H, = 11
(n+ 1 / % (b
The equation of motion for density of the first Casimir operator has the form:
ocC C
2 4 (2n+1)(Cy)" =2 = 0. (12)

Oty ox
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The equation for currents C% is the following:
oCcy Ccy
8Tj + (C’g)”a—i =0, 7= 2n+ 1)t,.

This equation is the inviscid Burgers equation. The solution of the last equation
is defined by the Lambert function:

1 . ;
Cy = HW(ZTH et tiry,

Consequently solution for the first Casimir operator is

1/n

! W(i(2n + 1)t, e* )| . (13)

Gl ®) = | s 1

The equation of motion for initial chiral current U* is defined by PB (3) and
Hamiltonian (11):

our
Ot

It is possible to rewrite this equation as a linear nonhomogeneous equation using
solution (13), which diagonalizes Eq. (12):

ozt n
T 02! + 0p f(tn, ), 2¢=WU"* f=C7%.

= 9, UM UUY], n=1,23. (14)

3. EQUATION OF MOTION FOR SU(3) TORSION

The invariant chiral currents C2(U), C3(U) form closed system. The non-
primitive currents have the form:

Con = C%, Copyyr = CH 103,

The algebra of corresponding charges is not Abelian, but charges C5,, form in-
variant subalgebra. The currents C and C'5 are local coordinates on the Riemann
space, and invariant currents Cb,, are densities of Hamiltonians. Equation of
motion for Cj5 is the following:

aC
8?;(‘”) = —2008,C; — 6C30,C2.
n
In terms of variables g = In Cs, f = C3' it is a linear equation
9y

+2f0,9+ 60, f = 0.

n
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4. INFINITE DIMENSIONAL HYDRODYNAMIC CHAIN

In the case, if dimension of matrix representation n is not ended, all the
chiral currents are primitive currents. The algebra of PB for chiral currents has
the form:

{Cm(x); Cn(y)} = Wmn(y)gé(y - :L') - an(x)g(S(x - y)v

oy ox
mn(n —1
W (z) = man_2 _’(_ o 2)Cm+n—2(37)-

This PB satisfies the skew-symmetric condition and Jacobi identity impose con-
ditions on the Hamiltonian function W, (z):

9 9
(Wkl) + ka’)—Wmn = (Wk’m, + Wm,k)—an,

8Ck ack
0 0 0 0
%Wkpa—c,kwnm - %kaa—c,kwnp

The Jacobi identity satisfies metric tensor W,,,, (U) for m = p from compatibility
condition Kronekers 0,,4yn—2.% and 6p4pn—2 k. This PB can be rewritten as PB of
hydrodynamic type and describe the hydrodynamic chain (see [6,7] and references
therein):

mn(n—1) 0

{Cn(@), Culy)} = = 5o

Cm+n—2(m)5(x - y)_

0
- mnCern,g(x)%é(x —y).

2
The algebra of charges [ C,(z)dz is Abelian algebra. Let us choose as Hamil-
0

tonians the Casimir operators C,,:
2m
1
an—/C’n(m)dx, n=23... (15)
n
0

The equations of motion for densities of Casimir operators are the following:

2
OCpm(z) 1
Ttn = / Winn(y) 0y6(y — x) dy—
0
1 27 ( 1)
m(n —

0
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We can construct equations of motion for initial chiral currents U#* using flat
PB (3) and Hamiltonians H,, (11), where C, (x) are defined by (7) for SU(o0)

group:

2
our(z) 1 .
atn - E/dy{U (x)acn(y)}o,
OU,(x) 0 (17)
U,(x
a%n = 0u(d3 ), 2y - =2 UM (2) - UF 2 ().

As an example we consider n = 3:

U, _

N 12823
Bl 0z (du U"U?).

This system is bi-Hamiltonian with Hamiltonian C> and metric tensor W, =
d,wAU?. The Jacobi identity is satisfied by the equation

duw\d/}a¢ + duuadp)\¢ + duu¢duka =0

for n — oo. By similar manner, we can obtain equation of motion for chiral
currents of SO(n), SP(n):

U, ()
Otn

_ am(vlﬁ . ',Uk2n73 U+ ... Uuzna). (18)

H1p2p3 Hen—2H2n—1H

As an example we consider n = 4:

Uy _ O (VA , U UMUP).
oty

CONCLUSIONS

We obtained hydrodynamic PBs and hydrodynamic equations for invariant
chiral currents and initial canonical currents of string model in the background
gravity and antisymmetric fields. We obtained bi-Hamiltonian system in sugges-
tion, that internal torsion, related with metric of string coordinates, and external
torsion, related with antisymmetric fields, (anti)coincide. The equations of mo-
tion are obtained for string with constant SU(2), SO(3), SP(n) torsion and for
infinite hydrodynamic chains.
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