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A nonlocal gravity model with a function f(O~!R), where O is the d’Alembert operator, is
considered. The algorithm, allowing one to reconstruct (0! R), corresponding to the given Hubble
parameter and the state parameter of the matter, is proposed. Using this algorithm, we find the
functions (O~ R), corresponding to de Sitter solutions.

PACS: 11.10.Lm

1. NONLOCAL GRAVITATIONAL MODELS

In this paper we consider nonlocal gravity models, which are described by
the action

S = /hﬁ{# [R(1+ 7 (@7R)) —24] + zmmer} .M

where k2 = 87T/Mp12, the Planck mass being Mp; = 1.2 - 1019 GeV. We use
the signature (—,+,+,+), ¢ is the determinant of the metric tensor g,,, A
is the cosmological constant, f is a differentiable function, and Ly a¢ter 1S the
matter Lagrangian. Note that the modified gravity action (1) does not include
a new dimensional parameter. This nonlocal model has a local scalar-tensor
formulation. Introducing two scalar fields, n and &, we can rewrite action (1) in
the following local form:

5= [atov=a{ 5 RO+ 100 = ) + €90 = 201+ Lyar | @)

By varying the action (2) over £, we get On = R. Substituting n = O~ 'R into
action (2), one reobtains action (1). Varying action (2) with respect to the metric
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tensor g,,,,, one gets

59 [ROUE (1) = €) — 0,600 — 2A] ~ R (14 f(n) — &)+

1
+ 5 (aufaﬂ] + ap,naug) - (g;wD - Vp,au) (f(n) - g) + HQTmatterp,u = 07 (3)

where V, is the covariant derivative and Tiatter uv the energy-momentum tensor
of matter.

Variation of action (2) with respect to n yields O¢ + f/(n)R = 0, where the
prime denotes derivative with respect to 7. If the scalar fields n and ¢ depend
on time only, then in the spatially flat Friedmann-Lemaitre-Robertson—Walker
metric with the interval

ds® = —dt* + a*(t)(da? + da3 + da3), ()]

Eq. (3) are equivalent to the following ones:

1. .
—3H*(1+ ) + 5577—3H@+A+/<;2pm =0, 5)

. 1. .. .
(2H +3H*)(1 + ) + §§ﬁ+\11+2H\1: — A+ k2P, =0, (6)

where U(t) = f(n(t)) — &(t), H = a/a is the Hubble parameter, differen-
tiation with respect to time ¢ is denoted by a dot. For a perfect matter fluid,
we have Taster00 = pm(t) and Thatterij = Pm(t)gi;. The equation of state
(EoS) is

Pm = _3H(Pm + pm)- @)

The equations of motion for the scalar fields 7 and & are as follows:
ij+ 3H7n = —6(H + 2H?), )

§+3HE =6(H +2H?)f (). )

Note that the considered system of equations does not include the function
n, but only f(n), f'(n) and time derivatives of 1. Also, one can add a constant
to f(n) and the same constant to &, without changing equations. So, f(n) can be
determined up to a constant.

Our goal is to demonstrate how one can reconstruct f(7) and get a model with
the exact solution for the given Hubble parameter H (¢) and the state parameter
Wy (t) = Pr(t)/pm(t). We show that to do this it is enough to solve only linear
equations.
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The algorithm is as follows:

e Assume the explicit form of H (t) and wy, (t).

e Solve (7) and get p,,(¢).

e Solve (8) and get 7)(t).

e Subtracting equation (5) from equation (6), get a linear differential equation

U+ 5HY + (2H + 6H?)(1 4+ W) — 2A + 62(wm — D)pm =0, (10)

e Using the known H (t), w,,(t), and p,,(t), solve (10) and get W(¢).
o Substituting £(t) = f(n(t)) — ¥(t) into Eq. (9), we get a linear differential
equation for f(n)

F"(mn? —12(H +2H?) f'(n) = ¥ + 3HV. (11)

To get (11) we also use the inverse function ¢(n). Note that Eq. (11) is a necessary
condition that the model has the solutions in the given form.

e Solve (11) and get the sought-for function f(n).

e Substitute the obtained function f(n) to Eq. (5) and Eq. (6) to check the
existence of the solutions in the given form.

2. NONLOCAL MODELS WITH DE SITTER SOLUTIONS

To demonstrate how the algorithm works we seek such f(n) that the model
has a de Sitter solution, in other words, the Hubble parameter is a nonzero
constant: H = Hj. In this case, Eq. (8) has the following general solution:

n(t) = —4Ho(t — to) — no e 3Holt=to), (12)

with integration constants ¢y and 7. All equations are homogeneous. If a solution
exists at typ = 0, then it exists at an arbitrary ¢y. So, without loss of generality
we can set tg = 0.

Note that Eq. (11) has been obtained without any restrictions on solutions
and the perfect matter fluid. To demonstrate how one can get f(7), which admits
the existence of de Sitter solutions, in the explicit form, we restrict ourselves to
the case g = 0. In this case, Eq. (11) has the following form:

LGHG f"(n) — 24H3 f' (1) = ®(n), (13)
where ®(n) = ®(—4Hot) = ¥ + 3H,W. We get the following solution

n ¢

L / /@(é)e—35/2d§+16031{g e32d¢ + Oy, (14)

f(n):TH(?

where C'5 and Cy are arbitrary constants. We can fix C; without loss of generality.
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Following [1], we consider the matter with the state parameter w,,, = Py, /pm
to be a constant, not equal to —1. Thus, equation (7) has the following general
solution

pm = poe” dHumI ol (15)

where pg is an arbitrary constant. Equation (10) has the following general solu-
tion:
o At w,, # 0 and w,, # —1/3,

A K2 po (W —1) .
\I/ $) = C —3Hot C —2Hot __ 1 m 73H0(w7”+1)t7
1) = Cre™ 4+ Coe T 3H T 3HZwn (143w

o At w,, = —1/3,

: A 4K2
Uy(t) = Ch e~ 3Hot (1, o=2Hot _q 4 T i 3HP0 o—2Hot
0 0

t,

o At w,, =0,

—3Hot —2Hot A K200 3yt
\113(t)zcle 0 +02€ 0 —1+W_Toe 0/t7
0

where C and C5 are arbitrary constants.
Substituting the explicit form of ¥ (), we get

filn) = % e"/2—|—C 0311/2 Lo, - ,#po 3wmt)n/4 0 ” _l
! 4 K 4 3(1+3wm) HE mroy
(16)
Py = O2 a2 3n/2 K%po 1 n/2 1
filn) = 1 +Cse +C4+4H§ 1 37) " at w,, = 3
(17)

where C'5 and Cj are arbitrary constants. Note that C is an arbitrary constant as
well.

One can see that the key ingredient of all functions f;(n) is an exponent
function. For the models with f(n) equal to an exponential function or a sum
of exponential functions, particular de Sitter solutions have been found in [1,2].
de Sitter solutions in the case of the exponential function f have been generalized
and their stability has been analysed in [3].

CONCLUSION

Exact solutions play an important role in modern cosmological models, in
particular, in nonlocal cosmological models [1-6]. The main result of this paper
is the algorithm, using which one can reconstruct f(O~!R), corresponding to the
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given Hubble parameter and the state parameter of the matter. We have found
that the function f corresponding to de Sitter solution is an exponential function
or a sum of exponential functions*. In the case of the exponential function f,
expanding universe solutions a ~ t™ have been found in [2,6]. We plan to
analyse possible forms of the corresponding function f in future investigations.
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*If the model includes the perfect fluid with wy,, = —1/3, the form of f is more complicated
(formula (17)).



