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To analyze the reducibility of the Verma modules one often needs to find the extremal vectors of
the given representations. On the example of algebra Ug(sl(3, C)) we study how the set of extremal
vectors is affected when we factorize the original representation and give their explicit formula.
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INTRODUCTION

The importance of finding all extremal vectors for reducibility analysis is well
known (see, e.g. [1-4]). We are interested in the case of factor-representations
of the algebra U, (sl(3,C)). Let ¢ be not root of unity. We start with the algebra
Uqg(9l(3)). This algebra is generated by the elements L; = ¢®, i = 1, 2, 3,
Li_l, Eq2, E23, Eoq, and E35 which fulfill the relations

LL;, = L,L;,
L;Ej; = ¢*9 % E;,L;,

L,L- —L7'Li,
[Ei,i+1an+17j} = qu_ qfl

dig

E2E2; — (¢ + ¢ )EsE12Eq; + E3;E1 = 0,
E23Ef, — (¢ + ¢ ) E12E23E 12 + EZ,Eg3 = 0,
ExE3, — (¢+ ¢ ')E3E0 Esy + E3,Es =0,
EsE3) — (¢ + ¢ )E21E3Eg; + E3 Eg = 0.

*The authors acknowledge support by GA Czech Republic (project P201/10/1509).
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It is a Chevalley basis for this algebra. We will need a Cartan—Weyl basis, so we
define

Ei3 = E1sEs; — ¢ 'Eo3E12, Ez = EgEs — gEoEso.
Now we denote
n_ .—n
i,y = BRES,  [nly = —1 .
q—q
The algebra U, (sl(3)) is then defined by the following relations:

Esz|n1,n2) = |n1 + 1, na),

E31|n1, na ”1|n1 no + 1>

“Hnalglns — Ling + 1) + ¢~ ™2 |ny, no)Eay,

Kllnla n2 nl n2|n1)n2>K17

Ka|ni, na TEmmn2n ng) Ko,

) =
)
Eog1|n1,n2)
)
)
)

Eq2|n1,ne) = —Q[nz] [ny1 + 1,2 — 1)K1 + |01, n2)Eq2,
g " ]

Easlni,na) = P Lny —1,m9)Ko—
- %{;[nl]q 1 = 1,n2)Ky ' + ¢ no]glny, n2 — 1Eax Ky
Ei3lni,no) = % In1,ns — VK Ky—
- % [n1,ng — 1>K1_1K2_1 +q ™" [ng],|n1 — 1, n2)E1oKo,

where K1, K, E1p a Ey; form a subalgebra U, (gl(2)) with Casimir operator
K;K3 =L LyL; 2. One of the representations of this subalgebra we get putting
In3) = Eb?. Now we factorize this taking Ejz — 0, K; — ¢™ and Ky — ¢*2
We get the following representation:

Eg1|ng) = [n3 + 1),
Ki|ns) = ¢* " ng), Kalns) = ¢»"|n3),
E1z|n3) = [n3]q[A1 — ng + 1]¢|ns — 1),

where )\17 X2 € C ang e Ng.
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Combining with previous relations we finally get the Verma module of
U,(sl(3)) which is given by the following relations:

Esz|ni,ng,n3) = |n1 + 1,n2,n3),
Es31|n1,n2,n3) = ¢"*n1,ne + 1, n3),

¢ "2 g ng,ns + 1) — q_l[nl]q|n1 —1,n2 + 1,n3),

)\1 +ni1—ng—2ns |7,l1
)

Ki|n1,no, ng na, n3),

) =
)
Es1|n1,ne, n3)
)
Ka|ni,ng, n3)

)=

@I s ) ny ng),
[n

Ei2|ni,n2,n3 3lg[A1 — 3 + 1]g|ni, no,n3 — 1)—

- q)\172n3+1[n2]q|n1 + 1,712 - ]-a TL3>,
Ess|ng, ng, ng) = [nilq[Ae — n1 —ng + ng + 1]4|n1 — 1,19, n3)+

+ g 2T g Ing, ng — 1,n3 + 1),

Eq3|n1,n2,n3) = ¢~ " [n2lq[A1 + A2 — n1 — na — ng + 1]4|n1,n2 — 1, n3)+

+ M T 0y Ins] [\ — ns + 1glna — 1,ng,m3 — 1),
where A\, Ay € C a ny, ny, ng € Ng. For Ay = J € Ny we have

JeNg, X€eC, ni,ne€Ny, n3=0,1,...,J

1. THE EXTREMAL VECTORS

Now we are interested in the set of extremal vectors. We have three positive
roots of sl(3), ay = (2,—1), a2 = (—1,2) and a3 = 3 + a2 corresponding to the
generators Eq5 (i.e., n3), Eog (ie., n1) and E13 (n2). We denote A = (A1, A2) and
VA = U, (sl(3))vo. The space V* is decomposed to @, V5, where = (u1, i)
and V) = {v € V; Kiv = ¢"v, Kyv = ¢">v}. In order to vector
[n1,n2,n3) = E3 E5?ES} be an element from the space V), we get the condition
1= A—njaz —noasz — n3ag. Let us now denote 0 = (1/2)(a1 + as + ag3),
A= \—34, u = [ — 4. If the vector Vu is an extremal vector from the space
V’\, ie., if Vu is nonzero vector such that Elgvﬁ = Eggv,’) = Elgvﬁ =0, we
must have I = s, (:\\) for some w which is an element of the Weyl group of
the algebra sl(3). Let Verma module V(*1:*2) is generated by the vector vy.

The Weyl group has six elements. Analyzing these cases separately, we get the
following results:
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L. If Ay, A2, A1 + A2 + 1 ¢ N, there is only one extremal vector vy.

2. If Ay € Ng and A1 + A2 + 1 ¢ Ny, there are just two extremal elements:
v and

Vgil):ii)z,mr)\zﬂ) = E5i lvo.
3.If Ay € Ng and A\; + A2 + 1 ¢ Ny, there are just two extremal elements:
vo and
Vin s -2 = B3 o
4. If Ay +A2+1 € Ny and Ay, A2 ¢ Ny, there are just two extremal elements:
v and

(A1,A2) _
V(:)\ziz,f)\lfz) =
A1+ Az+2
_ 125 (—1)"grOatPa=nt2) ) | [)\2 + 1} P1 + X+ 2} "
a n n
n=0 q q

x By TR By T oy,

5.If Ay € Ny and Ao = —1, there are just three extremal elements: vy,

(A1,—1)

_ A+l
V(_/\1_27)\1)—E21 Vo,

(A1,—-1) _ phatlpA+l o A+l (A1)
E3p " Ey T vo=ER v

(=1,=-A1—-2) — (=A1=2,A1)"
6. If Ao € Ny and A\; = —1, there are just three extremal elements: vy,
(—1,A2) e+l
V(Xg,—ig—Q) - EJ; Vo,
—1,A PUNE Y Aol (=12
VE—/\2—2;7—1) =By B vo = Ef " VEA2,—§)2—2>'
7.1f Ay e Nand Ay = -2, =3, ..., —A; — 1, there are just four extremal
elements: v,
(A1,A2) A+l
(—1>\1i2,/\1+>\2+1) =E5{ " vo,
Ar+A2+2
A1, N — Ag+1 A1+A2+2
ngl)\zi)Q,f)\lfm _ Z (_Unqn()\ +2X2—n+2) [n]q! [ g ] [ : %
n=0 q q

A+ —n+2pn pAi+Az—nt2
x E33 Ez E5q Vo,
(A1,A2)

a2l A+ +2 (A1)
(A2,=A1—=A2—3) — E‘3é ’ EQi Vo= E321 v

(=M —2, 1 +A241)

7)\271 ()\17)\2)
~ B v e a2y
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8. If \a € Nand \; = —2, =3, ..., —\o — 1, there are just four extremal
elements: v,
(A1,22) _ 1A+l
Vi et -a—2) = B33 Vo,
(A17k2) —
V(*)\2*27*>\1*2) o
A1 +A2+2
_ Z (_1)nqn()\1+2)\2—n+2) [n] | |:)\2 + 1:| |:/\1 + Ao + 2:| %
a n n
n=0 q q
X Bt EL BN o,
(A1,A2) _ m—Ai—1_(A1,22) A+ 2 A +1 _
Vica—xa—3,1) = E;; Vicas—2,-a-2) "~ | E33 " vo =

_ At Ae+2 (A,22)
= Ej VuAa+1,-22—-2)"

9. If A1, A2 € Ny, there are six extremal elements: v,

(A17)\2) _ EA1+1

V(—A1=2,A1+A2+1) 21 Vo,

V&irﬁiﬂ,—xg—z) = E?)EHV&
E;\;jizgl_M_g) = Eg ™ Ey v = E§21+)\2+2V81):1)\i)2,/\1+>\2+1)’
Ei&,ﬁ)&_wl) - E§i+’\2+2E§§HVo _ E§\11+/\2+2V813;\§2+1,—A2—2)’
) _A2+1(_1)n nOat2xe—nt2)1 1 A2 1] [Adr+ A2 +2
(—A2—2,—A1—2) — Z q [n]4! [ n L [ n L X

n=0
A+ —n+2n A1 +Aa—n+2
x Eg3 E; E5; vo.

On the other hand, in the case of factor-representation when A\; = J € Ny,

we get the following:
L. If J+ A2 + 1 ¢ Ny, there is only one extremal vector vy.

2. If Ay = —1, there is only one extremal vector vy.
3.If JeNand \ = -2, -3, ..., —J — 1, there are two extremal vectors:
Vo and
J+Aa+2
T non _n Ao+1 J+Ao+2
Véf,\;))fz,fjfz) _ Z (-1)"q (J+2X2—n+2) [n]4! [ . ] [ n X
q q

n=>Az+2
J+Az—nt2mn pJ+As—nt2
x Egy E5 E5 vo.

. (J:A2) _
4. If Ay € Ny, there are two extremal vectors: vy and VA t1,—Ae—2) =

E .
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