
”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2013. ’. 44. ‚›�. 3
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The proposed by Symanzik approach for the modeling of interaction of a macroscopic material
body with quantum ˇelds is considered. Its application in quantum electrodynamics enables one to
establish the most general form of the action functional describing the interaction of two-dimensional
material surface with photon ˇeld. The models are presented that make it possible to calculate the
Casimir energy, CasimirÄPolder potential, characteristics of scattering processes and investigation of
magneto- and electrostatic phenomena for thin ˇlms from nonideal conducting material. The speciˇc
of regularization and renormalization procedures used by calculations and the physical meaning of
obtained results are discussed.
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INTRODUCTION

The models of quantum ˇeld theory describing interaction of elementary par-
ticles are considered usually in the homogeneous inˇnite space-time [1]. However,
if one tries to construct a theory for investigation of phenomena of quantum ˇelds
interaction with macroscopic bodies, then at least its form must be presented in
the model. This space-time inhomogeneity can change essentially many physical
properties of vacuum and excited states of the system. The study of this problem
is important both from the theoretical point of view and for possible application
in nanotechnology, micromechanics and biophysics.

First quantitative results for quantum ˇeld theory model with space-time inho-
mogeneity were obtained by H.Casimir in 1948. He predicted [2] macroscopical
attractive force between two uncharged conducting plates placed in vacuum. The
force appears due to the in�uence of the boundary conditions on the electromag-
netic quantum vacuum �uctuations. Nowadays, the Casimir effect is veriˇed by
experiments with a precision of 0.5% (see [3] for a review).

The properties of vacuum �uctuations in curved spaces, the scalar ˇeld mod-
els with various boundary conditions and their application to the description of
real electromagnetic effects were actively studied throughout the last decades (see
discussion and references in [4Ä8]). However, it was well understood from the
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beginning that boundary conditions must be considered just as an approximate
description of a complex interaction of quantum ˇelds with the matter. A general-
ization of the boundary conditions method has been proposed by Symanzik [9]. In
the framework of path integral formalism he showed that the presence of material
boundaries (two-dimensional defects) in the system can be modeled with a surface
term added to the action functional. Such singular potentials with δ-type proˇle
functions concentrated on the surface (defect) reproduce some simple boundary
conditions (namely Dirichlet and Neumann ones) in the strong coupling limit.
The additional action of the defect should not violate basic principles of the bulk
model such as gauge invariance (if applicable), locality, and renormalizability.

The quantum ˇeld theory systems with δ-type potentials are mostly investi-
gated for scalar ˇelds, see, for instance, [10]. In [11Ä16], the Symanzik approach
was used to describe similar problems in complete quantum electrodynamics
(QED), and all δ-potentials consistent with the QED basic principles were con-
structed. In this paper we present typical problems which are solved for nonideal
conducting materials in this approach on the cases of Casimir energy for two
parallel plane ˇlms [11] and the spherical surface [14], CasimirÄPolder potential
for the atom near a plane [15], scattering of electromagnetic waves on an inˇnite
plane ˇlm [16], interaction of the plane ˇlm with a parallel to it straight line
current and with a point charge [11].

1. FORMULATION OF THE MODEL

The proposed by Symanzik action functional describing the interaction of the
quantum ˇeld with material body has the form

S(ϕ) = SV (ϕ) + Sdef(ϕ),

where

SV (ϕ) =
∫

L(ϕ(x)) dDx, Sdef(ϕ) =
∫
Γ

Ldef(ϕ(x)) dD′
x,

and Γ is a subspace of dimension D′ < D in D-dimensional space [9].
From the basic principles of QED Å gauge invariance, locality, renormaliz-

ability Å it follows that for thin ˇlm (without charges and currents) which shape
is deˇned by equation Φ(x) = 0, x = (x0, x1, x2, x3), the action describing its
interaction with photon ˇeld Aμ(x) reads

SΦ(A) =
a

2

∫
ελμνρ ∂λΦ(x)Aμ(x)Fνρ(x) δ(Φ(x)) dx, (1)

where Fνρ(x) = ∂νAρ − ∂ρAν ; ελμνρ denotes totally antisymmetric tensor
(ε0123 = 1); a is a constant dimensionless parameter. Expression (1) is the
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most general form of gauge invariant action concentrated on the defect surface
being invariant in respect to reparameterization of one and not having any para-
meters with negative dimensions. The full action functional for electromagnetic
ˇeld in the space-time with ˇlm defect including the usual free action of the
photon ˇeld is written as

S(A, Φ) = S0(A) + SΦ(A), S0 = −1
4

∫
d4xFμν(x)Fμν (x). (2)

In this paper, we consider stationary defects. In this case, ∂0Φ(x) = 0, and
the action SΦ(A) can be written as

SΦ(A) =
a

2

∫
d4x δ(Φ(x))

{
2iA0(x)LΦA(x) + ∂Φ[A(x) × ∂0A(x)]

}
,

where LΦ ≡ i[∂Φ × ∂]. For the sphere with radius r0:

Φ(x) =
√

x2
1 + x2

2 + x2
3 − r0, ∂Φ(x) =

x
|x| = n(x),

LΦ =
1
|x| i[x× ∂] =

1
|x|L.

For the plane x3 = l, the defect action reads

SΦ =
a

2

∫
d4xε3μλκδ(x3 − l)Aμ(x) ∂λAκ(x).

The limit a → ∞ corresponds to ideal conducting surface with conditions
nμF̃μν |S = 0.

The quantitative description of all physical phenomena caused by interaction
of the photon ˇeld with ˇlm and classical charges and currents can be obtained if
the generating functional of the Green functions is known. For gauge condition
φ(A) = 0, it is of the form

G(J) = C

∫
eiS(A,Φ)+iJA δ(φ(A)) dA, (3)

where S(A, Φ) is given in (2), and the constant C is deˇned by normalization
condition G(0)|a=0 = 1, i.e., in pure photodynamics without defect ln G(0)
vanishes. The ˇrst term in the right-hand side is the usual action of photon ˇeld.

The full action S(A, Φ) (2) of the system can be written as S(A, Φ) =
1/2 AμKμν

Φ Aν . The integral (3) is Gaussian and is calculated exactly:

G(J) = exp
{

1
2

Tr ln (DΦD−1) − 1
2
JDφJ

}
,

where DΦ is the propagator DΦ = iK−1
Φ of photodynamics with defect in gauge

φ(A) = 0, and D is the propagator of free photon ˇeld in the same gauge.
For the static defect, function Φ(x) is time-independent, and ln G(0) deˇnes the
Casimir energy.
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2. REGULARIZATION AND EUCLIDEAN ROTATION

To remove the ultraviolet divergencies in G(J), we introduce the PauliÄ
Willars regularization:

S0 → S0r = −1
4

∫
d4xFμν(x)(1 + M−2∂λ∂λ)Fμν(x),

S(A) → Sr(A) = S0r + Sdef .

For performing the calculations, it is convenient to use the Euclidean version of
the action SE , which is obtained by replacement

x0 → −ix0, ∂0 → i∂0, A0 → iA0, a → ia.

In this case,

Fμν(x)Fμν(x) → Fμν(x)Fμν (x), d4x → −id4x,

2iA0(x)LΦA(x) + ∂Φ
[
A(x) × ∂0A(x)

]
→

→ −2A0(x)LΦA(x) + i∂Φ
[
A(x) × ∂0A(x)

]
.

Thus, iSr → −SEr, where

SEr =
1
4

∫
d4x

{
M−2Fμν(x)(M2 − ∂2)Fμν(x)+

+ 2iaδ(Φ(x))
(
2A0(x)LΦA(x) − i∂Φ

[
A(x) × ∂0A(x)

])}
.

3. CASIMIR ENERGY

In the considered model, the Casimir energy ECas is obtained by calculation
of Gaussian functional integral describing the interaction of vacuum �uctuation
with defect:

ECas = − 1
T

ln G(0) = − 1
T

ln
[
C

∫
e−S(A,Φ)DA

]
.

It holds

ECas = − 1
T

Tr ln (DD−1
0 ),

where D is the propagator in the model with defect, and D0 is the propagator for
the model in homogeneous space.

For the simplest case of two plane parallel inˇnite ˇlms, the Casimir energy
was calculated in [11]. If the defects are concentrated on planes x3 = 0 and
x3 = r, the defect action (1) has the form

SΦ = S2P =
1
2

∫
(a1δ(x3) + a2δ(x3 − r)) ε3μνρAμ(x)Fνρ(x) dx.
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For this geometry, it is convenient to use a notation like x = (x0, x1, x2, x3) =
(x, x3).

The defect action S2P was considered in [18] in substantiation of ChernÄ
Simons type boundary conditions chosen for studies of the Casimir effect in
photodynamics. This approach based on boundary conditions is not related di-
rectly to the one we present. The defect action (1) is the main point in our model
formulation, and no any boundary conditions are used.

The action S2P is translationally invariant with respect to coordinates xi,
i = 0, 1, 2. The propagator DΦ(x, y) is written as

D2P (x, y) =
1

(2π)3

∫
D2P (k, x3, y3) eik(x−y) dk,

and D2P (k, x3, y3) can be calculated exactly. Using Latin indices for the com-
ponents of four-tensors with numbers 0, 1, 2 and notations

P lm(k) = δlm − klkm

k2
, Llm(k) = εlmn3kn

(δ is the Kronecker symbol), one can present the results for the Coulomb-like
gauge ∂0A

0 + ∂1A
1 + ∂2A

2 = 0 as follows:

Dlm
2P (k, x3, y3) =

P lm(k)(M1 + M2)
2|k| −

− Llm(k)(N1 − N2)

2|k|2
[(

1 + a1a2(e2i|k|r − 1)
)2 + (a1 + a2)2

] ,

Dl3
2P (k, x3, y3) = D3m

2P (k, x3, y3) = 0,

D33
2P (k, x3, y3) =

−iδ(x3 − y3)
|k|2 , |k| ≡

√
k2
0 − k2

1 − k2
2 ,

with

M1 =
(a1a2 − a2

1a
2
2(1 − e2i|k|r))(ei|k|(|x3|+|y3−r|) + ei|k|(|x3−r|+|y3|)) ei|k|r[

(1 + a1a2(e2i|k|r − 1))2 + (a1 + a2)2
] −

− ei|k||x3−y3|,

M2 =
[
(a2

1 + a2
1a

2
2(1 − e2i|k|r)) ei|k|(|x3|+|y3|)+

+ (a2
2 + a2

1a
2
2(1 − e2i|k|r)) ei|k|(|x3−r|+|y3−r|)]×

×
[
(1 + a1a2(e2i|k|r − 1))2 + (a1 + a2)2

]−1
,

N1 = a1a2(a1 + a2)(ei|k|(|x3|+|y3−r|) + ei|k|(|x3−r|+|y3|))ei|k|r,

N2 = a2(1 + a1(a1 + a2 e2i|k|r)) ei|k|(|x3−r|+|y3−r|)+

+ a1(1 + a2(a2 + a1 e2i|k|r)) ei|k|(|x3|+|y3|).
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The energy density E2P of defect is deˇned as

ln G(0) =
1
2

Tr ln (D2P D−1) = −iTSE2P ,

where T =
∫

dx0 is the time of defect duration, and S =
∫

dx1 dx2 is the area of
one. It is expressed in an explicit form in terms of polylogarithm function Li4(x)
in the following way:

E2P =
2∑

j=1

Ej + ECas, Ej =
1
2

∫
ln (1 + a2

j)
dk

(2π)3
, j = 1, 2,

ECas = − 1
16π2r3

2∑
k=1

Li4

(
a1a2

a1a2 + i(−1)k(a1 + a2) − 1

)
.

Here Ej is an inˇnite constant, which can be interpreted as a self-energy density
on the jth planes, and ECas is an energy density of their interaction. Func-
tion Li4(x) is deˇned as

Li4(x) =
∞∑

k=1

xk

k4
= −1

2

∞∫
0

k2 ln (1 − x e−k) dk.

For identical defect planes (a1 = a2 = a), the force F2P (r, a) between them is
given by

F2P (r, a) = −∂ECas(r, a)
∂r

= − π2

240r4
f(a).

Function f(a) determining Casimir force be-
tween parallel planes

Function f(a) is plotted in the Fi-
gure. It is even (f(a) = f(−a))
and has a minimum at |a| = am ≈
0.5892 (f(am) ≈ 0.11723), f(0) =
f(a0) = 0 by a0 ≈ 1.03246, and
lim

a→∞
f(a) = 1. For 0 < a < a0

(a > a0), function f(a) is negative
(positive). Therefore the force F2P

is repulsive for |a| < a0 and attrac-
tive for |a| > a0. For large |a|, it is
the same as the usual Casimir force
between perfectly conducting planes.
This model predicts that the maximal

magnitude of the repulsive F2P (about 0.1 of the Casimir force magnitude for
perfectly conducting planes) is expected for |a| ≈ 0.6.

For two inˇnitely thick parallel slabs the repulsive CF was predicted also
in [19].
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4. DIVERGENCES AND RENORMALIZATION

For the spherical defect, ECas diverges by M → ∞. For large M , the
asymptotics of the regularized Casimir energy of the spherical defect with radius
r0 has the form

ECas = M3r2
0A(a) + MB(a) +

F (a)
r0

+ O

(
1
M

)
,

with

F (a) =
3
64

a2

16 + a2
+

1
2π

+∞∑
l=1

(2l + 1)×

×
∞∫
0

dp

(
ln

4 − a2Gl(p)Rl(p)
16 + a2

+
a2(2l + 1)4

(16 + a2) (4p2 + (2l + 1)2)3

)
.

Here the following notations are used:

Gl(x) = Il+ 1
2
(x)Kl+ 1

2
(x),

Rl(x) =
(

1
2
Il+ 1

2
(x) + I ′l+ 1

2
(x)

) (
1
2
Kl+ 1

2
(x) + K ′

l+ 1
2
(x)

)
,

with Bessel function Il+1/2(x), Kl+1/2(x).
It is ˇnite for ˇnite M but diverges for removing of regularization M → ∞.

This problem is solved by the renormalization.
For a → ∞, we obtain

F∞ = F (a)|a→∞ =
3
64

+
1
2π

+∞∑
l=1

(2l + 1)×

×
∞∫
0

dp

{
ln[−4Gl(p)Rl(p)] +

(2l + 1)4

(4p2 + (2l + 1)2)3

}
.

It is the result for ideal connecting sphere ECas = F∞/r0, coinciding with one
obtained by Boyer.

For removing of the divergences of Casimir energy in the framework of usual
multiplicative renormalization procedure, one needs to add to the action the terms
without photon ˇeld with Lagrangian

Lcl(x) = (A′r2
0 + B′) δ(|x| − r0),
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having two constant parameters A′, B′. Making renormalization of them one can
cancel the divergences and obtain the ˇnite renormalized Casimir energy

ECas = 4πr2
0α + β +

F (a)
r0

,

with ˇnite parameters α, β of dimension of surface energy density and energy.
If α > 0 and F (σ) > 0, then the function ECas has minimum with r0 =
3
√

F (σ)/8πα.

5. CASIMIRÄPOLDER EFFECT

CasimirÄPolder effect was predicted theoretically in 1948 [17]. Casimir and
Polder found the energy of a neutral atom in its ground state in the presence of
a perfectly conducting inˇnite plane. In the case of a perfectly conducting plane,
one can say that the interaction of a �uctuating dipole with the electric ˇeld of
its image yields the CasimirÄPolder potential.

In our model, the interaction of the plane defect x3 = 0 with a quantum
electromagnetic ˇeld Aμ is described by the action:

Sdef(A) = a

∫
εαβγ3Aα(x) ∂βAγ(x) δ(x3) dx.

We will use Latin indices for the components of four-tensors with numbers
0, 1, 2 and also the following notations:

P lm(k) = glm − klkm/k2,

Llm(k) = εlmn3kn/|k|, k2 = k2
0 − k2

1 − k2
2 ,

where |k| =
√

k2, and g is the metric tensor.
The atom is modeled as a localized electric dipole at the point (x1, x2, x3) =

(0, 0, l), which is described by the current Jμ(x):

J0(x) =
3∑

i=1

pi(t) ∂iδ(x1) δ(x2) δ(x3 − l),

Ji(x) = −ṗi(t) δ(x1) δ(x2) δ(x3 − l), i = 1, 2, 3.

The condition of the current conservation holds:

∂μJμ = 0,
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pi(t) is a function with a zero average and the pair correlation function

〈pj(t1)pk(t2)〉 = −i

+∞∫
−∞

e−iω(t1−t2)

2π
αjk(ω) dω,

where αjk(ω) for ω > 0 coincides with the atomic polarizability.
The aim is to calculate the interaction energy E of the atom with a plane,

and we will use the following representation for the energy:

E =
i

T

〈{
ln

∫
exp (iS(A) + JA) DA − ln

∫
exp (iS(A)) DA

}
(a)

〉
,

{· · · }(a) means that the a = 0 value of the a-dependent function has to be
subtracted: {f(a)}(a) ≡ f(a) − f(0).

The ground state energy of a neutral atom in the presence of a plane with
ChernÄSimons interaction is obtained in the form [15]

E = − 1
64π2l3

a2

1 + a2

( +∞∫
0

dωe−2ωl2(1 + 2ωl)α33(iω)+

+

+∞∫
0

dωe−2ωl(1 + 2ωl + 4ω2l2)
(
α11(iω) + α22(iω)

))
+

+
1

64π2l2
a

1 + a2

+∞∫
0

dωe−2ωl2ω
(
1 + 2ωl

)(
α12(iω) − α21(iω)

)
.

It yields the well-known CasimirÄPolder potential [17] in the limit a → +∞.
The part of the formula with diagonal matrix elements of matrix αjk(iω) is
equal to a2/(1 + a2) times the CasimirÄPolder interaction of a neutral atom
with a perfectly conducting plane. The last line of the formula is odd in a
and contains the antisymmetric combination of the off-diagonal elements of the
atomic polarizability. It is interesting to analyze the contribution in the energy E
from the off-diagonal elements of the atomic polarizability to the potential in
more detail. The atomic polarizability can be expressed in terms of dipole matrix
elements:

αjk(ω) =
∑

n

(
〈0|dj |n〉〈n|dk|0〉

ωn0 − ω − iε
+

〈0|dk|n〉〈n|dj |0〉
ωn0 + ω − iε

)
,

ωn0 is a transition energy between the excited state |n〉 of the atom and its ground
state |0〉, d is a dipole moment operator in the Schréodinger representation. The
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symmetric αS
jk(ω) and antisymmetric αA

jk(ω) parts of αjk(ω) = αS
jk(ω)+αA

jk(ω)
can be written as follows:

αS
jk(ω) =

∑
n

2ωn0 ReMn
jk

ω2
n0 − ω2

= αS
kj(ω),

αA
jk(ω) =

∑
n

2iω Im Mn
jk

ω2
n0 − ω2

= −αA
kj(ω),

Mn
jk ≡ 〈0|dj |n〉〈n|dk|0〉.

Thus, the contribution of αA
jk(ω) to the potential is different from zero when

matrix elements of a dipole moment operator have imaginary parts.
Consider the system with a nonzero αA

jk(ω) and assume, for simplicity, the
one mode model of the atomic polarizability with a characteristic frequency ω10.
Then αA

12(ω) = iωC2/(2(ω2
10 −ω2)), where C2 is a real constant. In the limit of

large separations ω10l 	 1, we obtain

E|ω01l�1 = − a2

1 + a2

α11(0) + α22(0) + α33(0)
32π2l4

− a

1 + a2

C2

32π2ω2
10l

5
. (4)

At large enough separations, the ˇrst term in E|ω01l�1 always dominates. As-
suming, for simplicity, α11(0) = α22(0) = α33(0) = C1/(3 ω10), C1 is a positive

constant, one can see from (4) that if the condition
|a|C1

|C2|
< 1 holds, then for

separations l � |C2|
|a|C1ω10

the term with off-diagonal elements of the atomic

polarizability (the second term in E|ω01l�1) dominates.
In the limit of short separations (b ≡ ω10l 
 1) we obtain

E|ω01l�1 = − 1
64π2l3

a2

1 + a2

+∞∫
0

dω
(
α11(iω) + α22(iω) + 2α33(iω)

)
−

− C2

32π2l3
a

1 + a2

(
1 − π

2
b + 2b2 − π

2
b3 + . . .

)
�

� − 1
32π2l3

( a2

1 + a2
C1

π

3
+

a

1 + a2
C2

)
for b → 0.

Hence, if the condition
|a|C1

|C2|
π

3
< 1 holds, then the term with off-diagonal

elements of the atomic polarizability dominates in E|ω01l�1 in the limit of short
separations. Thus, if we consider the one mode model for the atomic polarizability
and if the criterion |a| � |C2|/C1 holds, then the antisymmetric part of the atomic
polarizability plays a dominant role in the interaction of the atom with the ChernÄ
Simons plane.
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6. MODIFICATION OF MAXWELL EQUATIONS

The interaction of electromagnetic ˇeld with the thin ˇlm changes the dy-
namical equation of the ˇeld. The modiˇed homogeneous Maxwell equations are
obtained as the EulerÄLagrange equations by variation of the action functional
S(A, Φ) in (2). For the plane defect Φ(x) = x3, they are written as follows:

δS(A)
δAν

= ∂μFμν + aε3νσρFσρδ(x3) = 0. (5)

Equations (5) were solved in [11]. To solve them, it is convenient to use the
Fourier transform over coordinates x0, x1, x2 for the vector-potential Aμ:

Aμ(x) =
1

(2π)3/2

∫
eipxAμ(x3, p) dp,

Aμ(x3, p) =
1

(2π)3/2

∫
e−ipxAμ(x) dx.

(6)

Here and later we use the notation p for vector p = (p0, p1, p2), p2 = p2
0−p2

1−p2
2,

px = p0x0−p1x1−p2x2. It follows from the second equation in (6) and reality of
Aμ(x) that A∗(x3, p) = A(x3,−p). Using this relation we can obtain an integral
representation

Aμ(x) =
1

(2π)3/2

∫
θ(p0)

[
eipx Aμ(x3, p) + e−ipxA∗

μ(x3, p)
]
dp =

=
2 Re

(2π)3/2

∫
θ(p0)

[
eipx Aμ(x3, p)

]
dp, (7)

where Re denotes the real part.
Action S(A, Φ) and EulerÄLagrange equations (5) are invariant in respect to

the gauge transformation Aμ(x) → Aμ(x) + ∂μϕ(x). Thus, the solution of (5)
is deˇned up to a gauge transformation, and we can ˇx it by a gauge condition.
We make calculations in the temporal gauge A0 = 0, where electric and magnetic
ˇelds E, H are expressed through the vector-potential A = (0,A) by relations
E = ∂0A, H = ∂×A, and we can rewrite equations (5) for A(x3, p) in the form

p2A3 − ∂3(ip1A1 + ip2A2) = 0, (8)

p0(ip1A1 + ip2A2 + ∂3A3) − 2a(p1A2 − p2A1)δ(x3) = 0, (9)

(−p2 − ∂2
3)A1 + ip1(ip1A1 + ip2A2 + ∂3A3) + 2aip0A2δ(x3) = 0, (10)

(−p2 − ∂2
3)A2 + ip2(ip1A1 + ip2A2 + ∂3A3) − 2aip0A1δ(x3) = 0. (11)

These linear homogeneous equations describe electromagnetic waves interact-
ing with the material plane x3 = 0. The general solution of (8)Ä(11) is constructed
in [11] and the most characteristic features of scattering processes on the defect
are investigated.
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7. SOLUTION OF THE EULERÄLAGRANGE EQUATIONS

Let us denote A1(0, p) = a1(p), A2(0, p) = a2(p). Then it follows from (9)
that

ip1A1 + ip2A2 + ∂3A3 = 2a
p1a2 − p2a1

p0
δ(x3),

and in virtue of (10), (11), the ˇelds A1, A2 satisfy the equations

(p2 + ∂2
3)Ai + ciδ(x3) = 0, i = 1, 2,

in which

c1 ≡ −2ia

p0

[
(p2

1 − p2
0)a2 − p1p2a1

]
, c2 ≡ 2ia

p0

[
(p2

2 − p2
0)a1 − p1p2a2

]
. (12)

General solution of the equation

∂2
t ψ + k2ψ + cδ(t) = 0

is

ψ(t) = d1 eikt + d2 e−ikt +
c e−ik|t|

2pi
,

where d1, d2 are arbitrary constants. Hence,

A1(x3, p) = d
(1)
1 eiρx3 + d

(1)
2 e−iρx3 +

c1 e−iρ|x3|

2iρ
, (13)

A2(x3, p) = d
(2)
1 eiρx3 + d

(2)
2 e−iρx3 +

c2 e−iρ|x3|

2iρ
, (14)

where ρ ≡
√

p2, and d
(j)
i , i, j = 1, 2 are functions of p̄. We can obtain the ˇeld

A3 directly from Eq. (8):

A3(x3, p) = d
(3)
1 eiρx3 + d

(3)
2 e−iρx3 + ε(x3)

c3 e−iρ|x3|

2iρ
, (15)

where

d
(3)
1 = −1

ρ
(p1d

(1)
1 +p2d

(2)
1 ), d

(3)
2 =

1
ρ
(p1d

(1)
2 +p2d

(2)
2 ), c3 =

1
ρ
(p1c1 +p2c2),

and ε(x3) ≡ x3/|x3|. We assume that the components of the vector-potential
A(x3, p) are limited for any value x3. That is possible only if p2 � 0. Therefore,
we consider only the case ρ � 0.
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Putting x3 = 0 in (13), (14) and denoting Dj ≡ d
(j)
1 + d

(j)
2 , j = 1, 2, we

obtain the relations

aj = d
(j)
1 + d

(j)
2 +

cj

2iρ
, j = 1, 2. (16)

In virtue of (16) and (12), a1, a2 satisfy the system of linear equations

a1(p0ρ − ap1p2) + aa2(p2
1 − p2

0) = D1p0,

aa1(p2
2 − p2

0) − a2(p0ρ + ap1p2) = −D2p0.
(17)

Thus, it follows from (17), (12) that

a1 =
aD2(p2

0 − p2
1) + D1(ap1p2 + p0ρ)

p0ρ2(a2 + 1)
,

a2 = −aD1(p2
0 − p2

2) + D2(ap1p2 − p0ρ)
p0ρ2(a2 + 1)

,

and

c1 = −2ai[D1(ap0ρ − p1p2) − D2(p2
0 − p2

1)]
p0ρ(a2 + 1)

,

c2 = −2ai[D2(ap0ρ + p1p2)] + D1(p2
0 − p2

2)]
p0ρ(a2 + 1)

.

We denote a = (a1, a2, a3), c = (c1, c2, c3)/(2iρ), dj = (d(1)
j , d

(2)
j , d

(2)
j ),

j = 1, 2, and rewrite (13)Ä(15) in a compact form:

A(x3, p) = d1(p) eiρx3 + d2(p) e−iρx3 + R(x3)c(p) e−iρ|x3|, (18)

where R(x3) Å diagonal matrix with elements R11(x3) = R22(x3) = 1,
R33(x3) = ε(x3).

Thus, using (7), (18), we obtain the following presentation for solution of
EulerÄLagrange equations of our model:

A(x) =
θ(x3)2 Re
(2π)3/2

∫
θ(p0)

{
d1(p) ei(px+ρx3) + [d2(p)+ c (p)] ei(px−ρx3)

}
dp+

+
θ(−x3)2 Re

(2π)3/2

∫
θ(p0)

{
[d1(p)+ Tc (p)] ei(px+ρx3) +d2(p) ei(px−ρx3)

}
dp.

(19)

Here T is a diagonal matrix with elements T11 = T22 = −T33 = 1. The ˇrst
terms in the integrands in (19) describe waves moving in the negative direction
of the third axis, and the second ones correspond to waves moving in the positive
direction.
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8. SCATTERING ON THE DEFECT

For the wave falling on the plane x3 = 0 from the half space with negative
coordinate x3, we should have in a half space x3 > 0 only the transmitted wave,
moving from the plane x3 = 0 in positive direction of the third axis. Hence,
in (19) we must set d1 = 0. As a result, we obtain

A(x) =
θ(x3)2Re

(2π)3/2

∫
θ(p0)Atr(p) ei(px−ρx3)dp+

+
θ(−x3)2Re

(2π)3/2

∫
θ(p0)

{
Ar ei(px+ρx3) + Ain ei(px−ρx3)

}
dp,

where vector amplitudes Ain(p), Ar(p), Atr(p) of the incident, transmitted, and
re�ected waves can be written as

Ain(p) = d2(p), Ar(p) = Tc (p), Atr(p) = d2(p) + c (p). (20)

In virtue of (20), they satisfy the relation

Ar = T (Atr − Ain). (21)

Thus, the vector amplitude of the re�ected wave is obtained from the difference
between the amplitudes of the incident and transmitted waves by changing the sign
of its third component. It follows from (21) that there are only two independent
vector wave amplitudes which determine the third.

9. EIGENMODES

We call eigenmodes the waves for which the amplitudes of the incident and
transmitted waves are proportional to each other:

Atr(p) = λAin(p). (22)

For them, it follows from (21), (22) that

Ar(p) = (λ − 1)TAin(p), a1 = λd
(1)
2 , a2 = λd

(2)
2 .

Two last relations considered as a system of linear homogeneous equations for

d
(1)
2 , d

(2)
2 , have a nontrivial solution if (a2 + 1)λ2 − 2λ + 1 = 0. Thus, there are

two eigenmodes with

λ =
i

i − a
≡ λ1, A(1)

in = g1V1; λ =
i

i + a
≡ λ2, A(2)

in = g2V2, (23)
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where
V1 ≡ (p2

0 − p2
1, −ip0ρ − p1p2, −ip0p2 + p1ρ),

V2 ≡ (p2
0 − p2

1, ip0ρ − p1p2, ip0p2 + p1ρ),
(24)

and g1, g2 are arbitrary functions of p. Using the notations of (23), (24), we
can write the eigenmode vector amplitudes Ain(p), Ar(p), Atr(p) of incident,
re�ected, and transmitted waves in the form

A(j)
in = gj(p)Vj(p), A(j)

r = gj(p)K(j)
r TVj(p),

A(j)
tr = gj(p)K(j)

tr Vj(p), j = 1, 2.

Here we used the notations

K(1)
r =

ia + a2

1 + a2
, K(2)

r =
−ia + a2

1 + a2
, K

(1)
tr =

1 − ia

1 + a2
, K

(2)
tr =

1 + ia

1 + a2
.

The obtained characteristics of eigenmodes satisfy the following relations: λ2 =
λ∗

1, V2 = V∗
1, V1V∗

2 = 0, |V1|2 = |V2|2 = 2p2
0(p

2
0 − p2

1), K
(2)
tr = K

(1)∗
tr ,

K
(2)
r = K

(1)∗
r .

10. PLANE WAVES

Choosing the functions g1(p̄), g2(p̄) in (23), we can represent in general case
the amplitude of incident plane wave as a linear combination of eigenmodes

Ain = A(1)
in + A(2)

in = g1V1 + g2V∗
1 = f1U1 + if2U2.

We used the notations f1 = g1 + g2, f2 = g1 − g2,

U1 = �V1 = (p2
0 − p2

1, −p1p2, p1ρ), U2 = 
V1 = (0, −p0ρ, −p0p2).

It is easy to see that |U1| = |U2| = |V1|/2, U1U2 = 0. If we denote Y1 ≡
aU1 − U2, Y2 ≡ aU2 + U1, then for the amplitudes of re�ected and incident
waves, we have

Ar =
a

1 + a2
(f1TY1 + if2TY2), Atr =

1
1 + a2

(f1Y2 − if2Y1).

The plane wave is characterized by its propagation direction n and frequency
ω, which are expressed through the components of the momentum p = (p0,p):
p0 = ω,p = ωn. In virtue of (7), the vector potentials Ain(pin; x), Ar(pr; x),
Atr(ptr; x) of incident re�ected and transmitted waves have the form

Ain(pin; x) = αinU1 − βinU2, Ar(pr; , x) = αrTY1 − βrTY2,

Atr(ptr; x) = αtrY2 + βtrY1,

where pin = ptr = (p0, p1, p2, ρ), pr = (p0, p1, p2,−ρ),
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αin =
2|f1|

(2π)3/2
cos (pinx + φ1), αr =

a

1 + a2

2|f1|
(2π)3/2

cos (prx + φ1),

αtr =
1

1 + a2
αin,

βin =
2|f2|

(2π)3/2
sin (pinx + φ2), βr =

a

1 + a2

2|f2|
(2π)3/2

sin (prx + φ2),

βtr =
1

1 + a2
βin,

and φi = −i ln fi/|fi|, i = 1, 2.
In the gauge A0 = 0, the electric ˇeld E is the derivative over x0 of the

vector potential A

Ein = −p0

(
βin|f1|
|f2|

U1 +
αin|f2|
|f1|

U2

)
,

Er = −p0

(
βr|f1|
|f2|

TY1 +
αr|f2|
|f1|

TY2

)
,

Etr = −p0

(
βtr|f1|
|f2|

Y2 −
αtr|f2|
|f1|

Y1

)
.

The magnetic ˇeld is calculated by the formula H = [∂ × A], from which we
obtain immediately the following result:

Hin = − [pin × Ein]
p0

, Hr = − [pr × Er]
p0

, Htr = − [ptr × Etr]
p0

.

For the intensities Iin, Ir , Itr of the incident, re�ected, and transmitted waves
we have

Iin ≡ |Ain(p) ei(px−ρx3)|2
2π3

=
|Ain(p)|2

2π3
, Ir =

|Ar(p))|2
2π3

, Itr =
|Atr(p))|2

2π3
.

Therefore,

Ir =
a2

1 + a2
Iin, Itr =

1
1 + a2

Iin.

Hence, the re�ection Kr ≡ Ir/Iin and transmission coefˇcients Ktr ≡ Itr/Iin for
�at waves scattering on the plane do not depend on the frequency and incidence
angle and can be expressed through the characterizing the scattering material
coupling constant a:

Kr =
a2

1 + a2
, Ktr =

1
1 + a2

.
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Let us consider the movement of waves along the axis x3. In this case,
p1 = p2 = 0, ρ = p0,

Ein = p3
0(−βin, αin, 0), Etr =

1
1 + a2

Ein +
a

1 + a2
Q,

Q ≡ p3
0(αin, βin, 0), Er =

ap3
0

1 + a2
(−βra − αr, αra − βr, −0),

and replacing in Er the sign of x3 on the opposite one, we obtain

TEr =
a2

1 + a2
Ein − a

1 + a2
Q.

We see that by the scattering of waves moving perpendicular to the plane, apart
from the usual for process of scattering waves, there are waves with electric ˇeld
rotated by an angle π/2 (EinQ = 0).

11. EXTERNAL CLASSICAL CHARGE AND CURRENT

The classical charge and the wire with current near defect plane are mod-
eled by appropriately chosen 4-current J in (3). The mean vector potential Aμ

generated by J and the plane x3 = 0, with a1 = a can be calculated as

Aμ = −i
δG(J)
δJμ

∣∣∣∣∣
a1=a,a2=0

= iDμν
2P Jν |a1=a,a2=0. (25)

Using notations Fik = ∂iAk − ∂kAi, one can present electric and magnetic
ˇelds as �E = (F01,F02,F03), H = (F23,F31,F12). For charge e at the point
(x1, x2, x3) = (0, 0, l), l > 0, the corresponding classical 4-current is

Jμ(x) = 4πeδ(x1) δ(x2) δ(x3 − l) δ0μ.

In virtue of (25), the electric ˇeld in considered system is the same as one
generated in usual classical electrostatics by charge e placed on distance l from
inˇnitely thick slab with dielectric constant ε = 2a2 +1. The defect plane induces
also a magnetic ˇeld H = (H1, H2, H3):

H1 =
eax1

(a2 + 1)ρ3
, H2 =

eax2

(a2 + 1)ρ3
, H3 =

ea(|x3| + l)
(a2 + 1)ρ3

,

where ρ = (x2
1 + x2

2 + (|x3| + l)2)1/2. It is an anomalous ˇeld which does not
arise in classical electrostatics. Its direction depends on sign of a. A current with
density j �owing in the wire along the x1 axis is modeled by

Jμ(x) = 4πjδ(x3 − l) δ(x2) δμ1.
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For magnetic ˇeld from (25) we obtain usual results of classical electrodynamics
for the rectilinear current parallel to inˇnitely thick slab with permeability μ =
(2a2 + 1)−1. There is also an anomalous electric ˇeld E = (0, E2, E3):

E2 =
2ja

a2 + 1
x2

τ2
, E3 =

2ja

a2 + 1
,
|x3| + l

τ2
,

where τ = (x2
2 + (|x3| + l)2)1/2. Comparing both formulae for parameter a, we

obtain the relation ε μ = 1. It holds for material of thick slab interaction which
with point charge and current in classical electrodynamics was compared with
results for thin ˇlm of our model. The speed of light in this hypothetical material
is equal to one in the vacuum. From the physical point of view, it could be
expected, because interaction of ˇlm with photon ˇeld is a surface effect which
cannot generate the bulk phenomena like decreasing the speed of light in the
considered slab.

CONCLUSION

Most essential features of presented results are the following. The considered
approach enables one to investigate, in the framework of one model with small
number of parameter, many physical phenomena. In this model, the interaction
of thin ˇlm with the electromagnetic ˇelds is described by the defect action (1)
obtained by most general assumptions consistent with locality, gauge invariance
and renormalizability. Thus, basic principles of quantum electrodynamics are used
essentially for investigation of interaction effects between quantum and classical
degrees of freedom in considered systems.

For plane ˇlms, it was demonstrated that the Casimir force is not universal
and depends on properties of the material presented by the interaction constant a.
For a → ∞, one obtains the usual force for ideal conducting planes. In this
case, the model coincides with photodynamics considered in [20] with boundary
condition εijk3Fjk = 0 (i = 0, 1, 2) on orthogonal to the x3-axis planes. For
sufˇciently small a, the Casimir force appears to be repulsive. Interaction of
plane ˇlms with charges and currents generates anomalous magnetic and electric
ˇelds which do not arise in classical electrodynamics.

The Casimir energy was calculated for spherical ˇlms interacting with quan-
tum electromagnetic ˇeld. The result obtained in the framework of multiplicative
renormalization procedure depends on three parameters. One of them is dimen-
sionless and is a coupling constant of the sphere with photon ˇeld. If it is given,
the 1/r0-contribution to Casimir energy is calculated exactly. The renormalization
procedure requires the presence in the model of two complementary parameters,
which make two additional terms to Casimit energy: one independent of the
radius r0 and one proportional to r2

0 .
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Thus, the Casimir energy appears to be nonuniversal and dependent on the
properties of material. The presented approach can by applied for the problem of
stability of fullerenes and nanotubules.

In the framework of quantum electrodynamics with the ChernÄSimons poten-
tial describing the interaction, a two-dimensional plane with neutral atom (mole-
cule), the energy of the system as a function of the atom distance from the plane,
was calculated. In the limit a → +∞ for coupling constant, the result coincides
with the CasimirÄPolder potential [17] for the energy of interaction of a neutral
atom with a perfectly conducting plane. The essential feature of the result is
the term depending on the antisymmetric part of a dipole correlation function for
ˇnite values of the parameter a. The criterion of its dominance in terms of imag-
inary and real parts of dipole matrix elements of the atom and the parameter a of
the ChernÄSimons ponential was presented.

The scattering processes in the model of the ChernÄSimons interaction with
the coupling constant a between electromagnetic ˇeld and the material plane
were investigated. The EulerÄLagrange equations of the model are the modiˇed
Maxwell equations including the parameter a characterizing the material of the
scattering plane. They were solved in the temporal gauge A0 = 0. For the spatial
part of the vector potential, the result is represented as a linear combination of two
orthogonal eigenmodes of the scattering problem. For the case of a monochro-
matic plane wave with arbitrary polarization, the vectors of electric and magnetic
ˇelds of the re�ected and transmitted waves, and also the transmission and re�ec-
tion coefˇcients are obtained in an explicit form. The transmission and re�ection
coefˇcients Ktr, Kr are expressed through coupling constant a: Ktr = (1+a2)−1,
Kr = a2(1+ a2)−1. They do not depend on the wave frequency and propagation
direction. For waves propagating in the orthogonal to the plane direction by
small a, the electric ˇeld vector of the re�ected wave is rotated on the close to
π/2 angle with respect to its direction for the case of a perfectly conducting plane
(a → ∞). Electric ˇeld vector of the transmitted wave, vanishing for large a,
turned toward his direction in the incident wave on an angle close to π/2.

The presented effects may be used for experimental determination of the
parameter a of material of thin ˇlms. The measurement of the Casimir force and
CasimirÄPolder potential for thin material ˇlms, studies of scattering on them of
electromagnetic waves, investigation of magneto- and electrostatic properties of
ˇlms would give the possibility to verify the correctness of the proposed in [11]
approach for the theoretical investigation of the nanophysical phenomena.

One can expect that quantum Hall effect systems, graphene, fullerene two-
dimensional magnetoelectric materials [21], sharp boundaries of material bod-
ies [22] are the most promising from known materials for this aim. The mea-
surements of the antisymmetric part of the atomic polarizability by means of the
CasimirÄPolder effect can be an independent possibility for the study of antisym-
metric parts of atomic polarizabilities in various atomic and molecular systems.
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