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�·¥¤¸É ¢²¥´ μ¡§μ· ´¥±μÉμ·ÒÌ ´¥¤ ¢´μ · §· ¡μÉ ´´ÒÌ ³¥Éμ¤μ¢ · ¸Î¥É  ³´μ£μ±· É´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ËμÉμ¨μ´¨§ Í¨¨ ¨ ¨μ´¨§ Í¨¨ Ô²¥±É·μ´´Ò³ Ê¤ ·μ³  Éμ³μ¢ ¨ ³μ²¥±Ê²
¸ ¤¢Ê³Ö  ±É¨¢´Ò³¨ Ô²¥±É·μ´ ³¨. Œ¥Éμ¤Ò μ¸´μ¢ ´Ò ´  μ·¨£¨´ ²Ó´ÒÌ ¶μ¤Ìμ¤ Ì ± ¢ÒÎ¨¸²¥´¨Õ
É·¥ÌÎ ¸É¨Î´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. � ¸¸³μÉ·¥´Ò ¢´¥Ï´¨° ±μ³¶²¥±¸´Ò° ¸±¥°²¨´£
¨ Ëμ·³ ²¨§³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ¨¸ÉμÎ´¨±μ³ ¢ ¶· ¢μ° Î ¸É¨. �·μ¤¥³μ´¸É·¨·μ¢ ´  ÔË-
Ë¥±É¨¢´μ¸ÉÓ ¢·¥³¥´´ÒÌ ¶μ¤Ìμ¤μ¢ ± § ¤ Î¥ · ¸¸¥Ö´¨Ö, É ±¨Ì ± ± ¶ · ±¸¨ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¨
³¥Éμ¤ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É. ‘Ëμ·³Ê²¨·μ¢ ´ μ·¨£¨´ ²Ó´Ò° Î¨¸²¥´´Ò° ³¥Éμ¤, · §· ¡μÉ ´-
´Ò°  ¢Éμ· ³¨ ¤²Ö ·¥Ï¥´¨Ö Ï¥¸É¨³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö  Éμ³  ¸ ¤¢Ê³Ö  ±É¨¢´Ò³¨
Ô²¥±É·μ´ ³¨ ´  μ¸´μ¢¥ ¶·¥μ¡· §μ¢ ´¨Ö — ´£ Ä” ´μ ¨ ¶·¥¤¸É ¢²¥´¨Ö ¤¨¸±·¥É´μ° ¶¥·¥³¥´´μ°.
�  μ¸´μ¢¥ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶·μ ´ ²¨§¨·μ¢ ´μ ¶μ·μ£μ¢μ¥ ¶μ¢¥¤¥´¨¥ Ê£²μ¢ÒÌ · ¸¶·¥¤¥-
²¥´¨° ¤¢ÊÌÔ²¥±É·μ´´μ° ËμÉμ¨μ´¨§ Í¨¨ μÉ·¨Í É¥²Ó´μ£μ ¨μ´  ¢μ¤μ·μ¤  ¨  Éμ³  £¥²¨Ö,   É ±¦¥
³´μ£μ±· É´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö ¨μ´¨§ Í¨¨ Ô²¥±É·μ´´Ò³ Ê¤ ·μ³ ³μ²¥±Ê² ¢μ¤μ·μ¤  ¨
 §μÉ . �·μ¤¥³μ´¸É·¨·μ¢ ´  ´¥±μ··¥±É´μ¸ÉÓ § ±μ´  ‚ ´Ó¥ ¤²Ö Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤¢μ°´μ°
¨μ´¨§ Í¨¨ ¤ ¦¥ ¶·¨ μÎ¥´Ó ³ ²ÒÌ Ô´¥·£¨ÖÌ.

A review of some recently developed methods of calculating multiple differential cross-sections
of photoionization and electron impact ionization of atoms and molecules having two active electrons
is presented. The methods imply original approaches to calculating three-particle Coulomb wave
functions. The external complex scaling method and the formalism of the Schréodinger equation
with a source in the right-hand side are considered. Efˇciency of the time-dependent approaches
to the scattering problem, such as the paraxial approximation and the time-dependent scaling, is
demonstrated. An original numerical method elaborated by the authors for solving the 6D Schréodinger
equation for an atom with two active electrons, based on the ChangÄFano transformation and the
discrete variable representation, is formulated. Basing on numerical simulations, the threshold behavior
of angular distributions of two-electron photoionization of the negative hydrogen ion and helium
atom, and multiple differential cross-sections of electron impact ionization of hydrogen and nitrogen
molecules are analyzed. It is demonstrated that the Wannier law for the angular distribution of double
ionization is not correct even at very small energies.

PACS: 34.80.Gs; 33.80.Eh
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‡´ ´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¶²μÏ´μ£μ ¸¶¥±É·  É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í
É·¥¡Ê¥É¸Ö ¤²Ö · ¸Î¥É  É ±¨Ì ¢ ¦´ÒÌ ¶·μÍ¥¸¸μ¢ ¢  Éμ³´μ° ¨ ³μ²¥±Ê²Ö·´μ°
Ë¨§¨±¥, ± ± ¨μ´¨§ Í¨Ö  Éμ³μ¢ ¨ ³μ²¥±Ê² ³¥¤²¥´´Ò³ Ô²¥±É·μ´μ³, ¤¢μ°´ Ö
ËμÉμ¨μ´¨§ Í¨Ö ¨ É. ¤. ‚¸¥ ÔÉ¨ ¶·μÍ¥¸¸Ò Ì · ±É¥·¨§ÊÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
¸¥Î¥´¨¥³, · ¸Î¥É ±μÉμ·μ£μ ¨ Ö¢²Ö¥É¸Ö Í¥²ÓÕ É¥μ·¨¨. �μ¸±μ²Ó±Ê ±¢ ´Éμ¢μ³¥-
Ì ´¨Î¥¸± Ö § ¤ Î  É·¥Ì É¥², É ± ¦¥ ± ± ¨ ±² ¸¸¨Î¥¸± Ö, ´¥ ¨³¥¥É  ´ ²¨É¨-
Î¥¸±μ£μ ·¥Ï¥´¨Ö, ¤²Ö · ¸Î¥Éμ¢ ¶·¨Ìμ¤¨É¸Ö ²¨¡μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨¡²¨¦¥´´Ò¥
ËÊ´±Í¨¨ [1], ±μ··¥±É´Ò¥ ²¨ÏÓ ¶·¨ ¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ ¨²¨ ¢μ¢¸¥  ´§ Í´Ò¥,
²¨¡μ ¶·¨³¥´ÖÉÓ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò [2]. �·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ § ¤ Î¨ É·¥Ì
É¥² ¨³¥ÕÉ¸Ö ¤¢¥ μ¸´μ¢´Ò¥ ¶·μ¡²¥³Ò. ‚μ-¶¥·¢ÒÌ, ÔÉμ ¢Ò¸μ± Ö · §³¥·´μ¸ÉÓ § -
¤ Î¨: ¶μ¸²¥ μÉ¤¥²¥´¨Ö ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸ μ´  μ¶¨¸Ò¢ ¥É¸Ö Ï¥¸É¨³¥·´Ò³
Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· . ‚μ-¢Éμ·ÒÌ, ÔÉμ ´¥μ¡Ìμ¤¨³μ¸ÉÓ μ¡¥¸¶¥Î¨ÉÓ Ë¨§¨Î¥-
¸±¨ ±μ··¥±É´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢μ²´μ¢μ° ËÊ´±Í¨¨, ¨³¥ÕÐÊÕ ¢ ¤ ´´μ³ ¸²ÊÎ ¥
¢¥¸Ó³  ¸²μ¦´Ò° ¢¨¤ [3]. �  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó ¡Ò²μ ¶·¥¤²μ¦¥´μ ¤μ¸É ÉμÎ´μ
³´μ£μ · §²¨Î´ÒÌ Î¨¸²¥´´ÒÌ ¸Ì¥³, ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ ¨³¥¥É ¸¢μ¨ ¶·¥¨³ÊÐ¥-
¸É¢  ¨ ´¥¤μ¸É É±¨. ˆÌ μ¡§μ·Ê ¨ ¶μ¸¢ÖÐ¥´  ´ ¸ÉμÖÐ Ö · ¡μÉ . ‘ Ë¨§¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ´ §´ Î¥´¨¥ ¢±²ÕÎ¥´´ÒÌ ¢ μ¡§μ· ³¥Éμ¤μ¢ § ±²ÕÎ ¥É¸Ö ¢ μ¡¥¸¶¥-
Î¥´¨¨ ±μ··¥±É´μ£μ É¥μ·¥É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ´μ¢ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¸ ¨¸¶μ²Ó-
§μ¢ ´¨¥³ É¥Ì´¨±¨ ¸μ¢¶ ¤¥´¨°, ¶μ§¢μ²ÖÕÐ¨Ì μ¤´μ¢·¥³¥´´μ ·¥£¨¸É·¨·μ¢ ÉÓ
Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸Ò ¢¸¥Ì ¢Ò²¥É ÕÐ¨Ì Ë· £³¥´Éμ¢. �μÔÉμ³Ê · ¸¸³ É·¨¢ ¥-
³Ò¥ · ¸Î¥É´Ò¥ ³¥Éμ¤Ò ¨²²Õ¸É·¨·ÊÕÉ¸Ö ¶·¨³¥· ³¨ · ¸Î¥Éμ¢ ³´μ£μ±· É´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ËμÉμ- ¨ Ê¤ ·´μ° ¨μ´¨§ Í¨¨  Éμ³μ¢ ¨ ³μ²¥±Ê² ¸
¤¢Ê³Ö  ±É¨¢´Ò³¨ Ô²¥±É·μ´ ³¨. ‡´ Î¨É¥²Ó´ Ö Î ¸ÉÓ ¶·¥¤¸É ¢²¥´´ÒÌ ³¥Éμ¤μ¢
· §· ¡μÉ ´   ¢Éμ· ³¨ μ¡§μ·  ¢ · ¡μÉ Ì [4Ä12].

�±¸¶¥·¨³¥´ÉÒ ¶μ μ¤´μ±· É´μ° ¨ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ Ô²¥±É·μ´´Ò³ Ê¤ -
·μ³ ¸ μ¤´μ¢·¥³¥´´μ° ·¥£¨¸É· Í¨¥° · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´  ¨ Ô²¥±É·μ´μ¢, ¨¸-
¶ÊÐ¥´´ÒÌ ¢ ·¥§Ê²ÓÉ É¥ ¨μ´¨§ Í¨¨, Ö¢²ÖÕÉ¸Ö ¶μ²´Ò³¨ ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ
¢ ´¨Ì ¨§³¥·ÖÕÉ¸Ö Ô´¥·£¨¨ ¨ ¢¥±Éμ·Ò ¨³¶Ê²Ó¸  ¢¸¥Ì ¢Ò²¥É ÕÐ¨Ì Î ¸É¨Í.
’ ±¨¥ Ô±¸¶¥·¨³¥´ÉÒ ¶·¥¤μ¸É ¢²ÖÕÉ Ê´¨± ²Ó´ÊÕ ¢μ§³μ¦´μ¸ÉÓ ¶·μ¢¥·±¨ · §-
²¨Î´ÒÌ É¥μ·¥É¨Î¥¸±¨Ì ³μ¤¥²¥° ¨ ¶μ¤Ìμ¤μ¢. ˆ¸¸²¥¤μ¢ ´¨¥ ¶μ¢¥¤¥´¨Ö ³´μ£μ-
±· É´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö É ±¨Ì ¶·μÍ¥¸¸μ¢ ¤ ¥É μÉ¢¥ÉÒ ´  ¢μ-
¶·μ¸Ò, ¢μ§´¨± ÕÐ¨¥ ¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ §´ ´¨Ö, É ±¨Ì ± ±  ¸É·μË¨§¨± ,
· ¤¨ Í¨μ´´μ¥ ¶μ¢·¥¦¤¥´¨¥ ¦¨¢μ° ³ É¥·¨¨ ¢Éμ·¨Î´Ò³¨ Ô²¥±É·μ´ ³¨ ¨ Ë¨-
§¨±  ¶² §³Ò.

ˆμ´¨§ Í¨Ö H2, Ö¢²ÖÕÐ¥£μ¸Ö ¸ ³Ò³ · ¸¶·μ¸É· ´¥´´Ò³ £ §μ³ ¢μ ‚¸¥²¥´-
´μ°, μ¸μ¡¥´´μ ¨´É¥·¥¸´  ¶μ ·Ö¤Ê ¶·¨Î¨´. �´  ·¥ ²¨§Ê¥É¸Ö ²¥£Î¥, Î¥³ ¨μ-
´¨§ Í¨Ö  Éμ³´μ£μ ¢μ¤μ·μ¤ , ·¥§Ê²ÓÉ ÉÒ ³μ¦´μ ¸· ¢´¨¢ ÉÓ ¸ £¥²¨¥³, ¤¢μ°´ Ö
¨μ´¨§ Í¨Ö ¤¨¸¸μÍ¨ É¨¢´  ¨ ³μ¦¥É ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ± ± ¨¸ÉμÎ´¨± ¶·μÉμ´μ¢.
Œμ²¥±Ê²  ¢μ¤μ·μ¤  ¨³¥¥É ¨§μÉμ¶Ò, ¶μ¢¥¤¥´¨¥ ±μÉμ·ÒÌ ¢ ¶μ¤μ¡´ÒÌ Ô±¸¶¥·¨-
³¥´É Ì ¤ ¥É ¨´É¥·¥¸´ÊÕ ¨´Ëμ·³ Í¨Õ μ ±μ²¥¡ É¥²Ó´ÒÌ ÔËË¥±É Ì [13].
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�μ¸²¥ ¶¨μ´¥·¸±¨Ì · ¡μÉ ¶μ É¥μ·¨¨ ¸Éμ²±´μ¢¥´¨° Ô²¥±É·μ´μ¢ ¸ ³μ²¥±Ê-
² ³¨ [14Ä18] ¨ · ´´¨Ì Ô±¸¶¥·¨³¥´Éμ¢ ¶μ (e, 2e)-¨μ´¨§ Í¨¨ H2 [19Ä22] ¨´É¥-
·¥¸ ± ¶·μ¡²¥³¥ ¨μ´¨§ Í¨¨ ¤¢ÊÌ Éμ³´ÒÌ ¸¨¸É¥³ ¢μ§·μ¤¨²¸Ö ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò ¢
¸¢Ö§¨ ¸ · §· ¡μÉ±μ° Ô±¸¶¥·¨³¥´É ²Ó´μ° É¥Ì´¨±¨ μ¤´μ¢·¥³¥´´μ° ·¥£¨¸É· Í¨¨
Ë· £³¥´Éμ¢, μ¡· §ÊÕÐ¨Ì¸Ö ¶·¨ ¨μ´¨§ Í¨¨ ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê² Ô²¥±É·μ-
´ ³¨ [23, 24] ¨²¨ ¶·μÉμ´ ³¨ [25Ä30]. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¤²Ö ¤¢ÊÌ Éμ³´ÒÌ
³¨Ï¥´¥° ¨³¥¥É¸Ö ³´μ£μ É¥μ·¥É¨Î¥¸±¨Ì ¶μ¤Ìμ¤μ¢ μÉ ¶·μ¸É¥°Ï¥° ²¨´¥°´μ°
±μ³¡¨´ Í¨¨  Éμ³´ÒÌ ³ É·¨Í ¶¥·¥Ìμ¤  [31, 32] ¤μ ¡μ²¥¥ ¸²μ¦´ÒÌ ³μ¤¥²¥°
¨ ³¥Éμ¤μ¢, ´ ¶·¨³¥·, ¸ μ¶¨¸ ´¨¥³ ¤¢ÊÌÍ¥´É·μ¢μ£μ ±Ê²μ´μ¢¸±μ£μ ±μ´É¨´ÊÊ³ 
´  μ¸´μ¢¥ ¶μ¤Ìμ¤  É¨¶  [33] ([34, 35]). �É  ³μ¤¥²Ó ¶μ§¦¥ ¡Ò²  ¨¸¶μ²Ó§μ¢ ´ 
¤²Ö ¶μ¸É·μ¥´¨Ö ¤¢ÊÌÔ²¥±É·μ´´ÒÌ ¤¢ÊÌÍ¥´É·μ¢ÒÌ ±μ··¥²¨·μ¢ ´´ÒÌ ¶·μ¨§¢¥-
¤¥´¨° [36] ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨ (γ, 2e) ³μ²¥±Ê²Ò H2,
  É ±¦¥ ¢ [37] ¤²Ö ¶·μ¸Éμ£μ ¶·μÍ¥¸¸  (e, 2e). � · ²²¥²Ó´μ ¸ Ê± § ´´Ò³¨
¤¢ÊÌÍ¥´É·μ¢Ò³¨ ¶μ¤Ìμ¤ ³¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¤´μÍ¥´É·μ¢Ò¥ ³μ¤¥²¨, É·¥¡ÊÕÐ¨¥
¡μ²ÓÏμ£μ Î¨¸²  ¡ §¨¸´ÒÌ ËÊ´±Í¨°. ’ ±¨¥ ³μ¤¥²¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¶·¨ ¶μ-
¶ÒÉ± Ì ÊÎ¥É  ÔËË¥±Éμ¢ ¢Éμ·μ£μ ¶μ·Ö¤±  [38, 39],   É ±¦¥ ¶·¨ ¶·¨³¥´¥´¨¨
¸Ìμ¤ÖÐ¥£μ¸Ö ³¥Éμ¤  ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢ (CCC) ± ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨
H2 [40]. ‘²¥¤Ê¥É Ê¶μ³Ö´ÊÉÓ É ±¦¥ ³¥Éμ¤ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´ ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ¸¥¶ · ¡¥²Ó´μ¸É¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·μ¨¤ ²Ó´ÒÌ
±μμ·¤¨´ É Ì [9].

�¥¤ ¢´μ ¡Ò²¨ ¢Ò¶μ²´¥´Ò · ¸Î¥ÉÒ ab initio ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨ ³μ²¥-
±Ê²Ö·´μ£μ ¢μ¤μ·μ¤  [41Ä43]. �μ³¨³μ ¸¢μ¥° μÎ¥¢¨¤´μ° ÔËË¥±É¨¢´μ¸É¨, ¶·¨-
³¥´Ö¥³Ò° ¢ ÔÉ¨Ì · ¡μÉ Ì ¶μ¤Ìμ¤ ¤ ¥É Ê¤ Î´ÊÕ ¢μ§³μ¦´μ¸ÉÓ  ¤¥±¢ É´μ£μ μ¶¨-
¸ ´¨Ö ¸μ¸ÉμÖ´¨° ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¤¢ÊÌ ³¥¤²¥´´ÒÌ ¢Ò²¥É ÕÐ¨Ì Ô²¥±-
É·μ´μ¢, ±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É μ¤´Ê ¨§ μ¸´μ¢´ÒÌ É·Ê¤´μ¸É¥° ¢ § ¤ Î Ì ¤¢μ°-
´μ° ¨μ´¨§ Í¨¨. �¤´μ° ¨§ § ¤ Î, · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥, Ö¢²Ö-
¥É¸Ö · ¸¶·μ¸É· ´¥´¨¥ Ê± § ´´μ£μ ¶μ¤Ìμ¤  ´  ¤¢μ°´ÊÕ ¨μ´¨§ Í¨Õ Ô²¥±É·μ´-
´Ò³ Ê¤ ·μ³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢ÒÉÖ´ÊÉμ° ¸Ë¥·μ¨¤ ²Ó´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É,
μ¡² ¤ ÕÐ¥° ¥¸É¥¸É¢¥´´μ° ¸¨³³¥É·¨¥° ¤¢ÊÌ Éμ³´ÒÌ ¸¨¸É¥³ ¨ ¶μ§¢μ²ÖÕÐ¥°
· §¤¥²¨ÉÓ ¶¥·¥³¥´´Ò¥ ¢ ¤¢ÊÌÍ¥´É·μ¢μ³ μ¤´μÔ²¥±É·μ´´μ³ Ê· ¢´¥´¨¨ ˜·¥-
¤¨´£¥· .

„ ²¥¥ ¢ É¥±¸É¥ μ¡§μ· , ¥¸²¨ ´¥ μ£μ¢μ·¥´μ μ¡· É´μ¥, ¶·¨ § ¶¨¸¨ Ëμ·³Ê²
¨¸¶μ²Ó§ÊÕÉ¸Ö  Éμ³´Ò¥ ¥¤¨´¨ÍÒ, ¢ ±μÉμ·ÒÌ § ·Ö¤ ¨ ³ ¸¸  Ô²¥±É·μ´ ,   É ±¦¥
¶μ¸ÉμÖ´´ Ö �² ´±  · ¢´Ò ¥¤¨´¨Í¥, e = me = � = 1.

1. ‘‚…„…�ˆ… ‡�„�—ˆ ��‘‘…Ÿ�ˆŸ
Š ‚�…Œ…���Œ“ “��‚�…�ˆ� ˜�…„ˆ�ƒ…��

‘ ��Œ�™œ� ��ˆ�‹ˆ†…�ˆŸ ����Š‘ˆ�‹œ��‰ ��’ˆŠˆ

‚ É¥μ·¨¨ · ¸¶·μ¸É· ´¥´¨Ö ¸¢¥Éμ¢ÒÌ ¶ÊÎ±μ¢ Ìμ·μÏμ ¨§¢¥¸É´μ É ± ´ §Ò¢ -
¥³μ¥ Ê· ¢´¥´¨¥ ¶ · ±¸¨ ²Ó´μ° μ¶É¨±¨, ±μÉμ·μ¥ ¢ÒÉ¥± ¥É ¨§ ¢μ²´μ¢μ£μ Ê· ¢-
´¥´¨Ö ¶·¨ Ê¸²μ¢¨¨ ³¥¤²¥´´μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¨§³¥´¥´¨Ö μ£¨¡ ÕÐ¥° ¶ÊÎ± .
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�μ ¢¨¤Ê Ê· ¢´¥´¨¥ ¶ · ±¸¨ ²Ó´μ° μ¶É¨±¨ ¸μ¢¶ ¤ ¥É ¸ ¢·¥³¥´´Ò³ Ê· ¢´¥´¨¥³
˜·¥¤¨´£¥· , ´μ ·μ²Ó ¢·¥³¥´¨ ¢ ´¥³ ¨£· ¥É ¶·μ¤μ²Ó´ Ö ±μμ·¤¨´ É . ‚ · -
¡μÉ¥ [8]  ´ ²μ£¨Î´Ò° ¶μ¤Ìμ¤ ¡Ò² ¶·¥¤²μ¦¥´ ¤²Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¡Ò¸É·ÒÌ
(´¥·¥²ÖÉ¨¢¨¸É±¨Ì) Ô²¥±É·μ´μ¢ ´   Éμ³ Ì ¨ ³μ²¥±Ê² Ì. ‚ · ¡μÉ¥ [7] ÔÉμÉ
¶μ¤Ìμ¤ ¢¶¥·¢Ò¥ ¶·¨³¥´¥´ ± ¤¢Ê±· É´μ° Ê¤ ·´μ° ¨μ´¨§ Í¨¨,   ¢ · ¡μÉ¥ [10]
¢¶¥·¢Ò¥ ·¥ ²¨§μ¢ ´ ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°.

‘É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· , μ¶¨¸Ò¢ ÕÐ¥¥ Î ¸É¨ÍÊ ¸ ³ ¸¸μ° μ,
§ ·Ö¤μ³ q ¨ ´ Î ²Ó´Ò³ ¨³¶Ê²Ó¸μ³ ki, ´ ²¥É ÕÐÊÕ ´  ³¨Ï¥´Ó ( Éμ³ ¨²¨ ³μ²¥-
±Ê²Ê), ¶¥·¢μ´ Î ²Ó´μ ´ Ìμ¤ÖÐÊÕ¸Ö ¢ ¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨ ¸ Ô´¥·£¨¥° εi,
¨³¥¥É ¢¨¤[

− 1
2μ

∇2
r0

+ Ĥ(r1) + V (r1, r0)
]

Φ(r0, r1) =
(

k2
i

2μ
+ εi

)
Φ(r0, r1), (1)

£¤¥ r0 Å · ¤¨Ê¸-¢¥±Éμ· ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ; r1 Å · ¤¨Ê¸-¢¥±Éμ· Ô²¥±É·μ´ 
³¨Ï¥´¨ (¤²Ö ¶·μ¸ÉμÉÒ ¶μ² £ ¥³, ÎÉμ ¢ ³¨Ï¥´¨ ¨³¥¥É¸Ö ¢¸¥£μ μ¤¨´  ±É¨¢´Ò°
Ô²¥±É·μ´); Ĥ Å ÔËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ ³¨Ï¥´¨,   V Å ÔËË¥±É¨¢´Ò°
¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ´ ²¥É ÕÐ¥° Î ¸É¨ÍÒ ¸ ³¨Ï¥´ÓÕ. �·¨ r0 → ∞
¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤μ²¦´  ¨³¥ÉÓ  ¸¨³¶ÉμÉ¨±Ê ¢ ¢¨¤¥ ¸Ê³³Ò ¶ ¤ ÕÐ¥° ¶²μ¸-
±μ° ¢μ²´Ò ¨ · ¸Ìμ¤ÖÐ¨Ì¸Ö ¸Ë¥·¨Î¥¸±¨Ì ¢μ²´

Φ(r0, r1) = ϕi(r1) exp (ikiz0) +
∑

n

fn(kn)ϕn(r1)
exp (iknr0)

r0
, (2)

£¤¥ ϕi(r1) Å ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ³¨Ï¥´¨; ϕn(r1) Å ¢μ§³μ¦´Ò¥ ±μ´¥Î´Ò¥
¸μ¸ÉμÖ´¨Ö ³¨Ï¥´¨ ¸ Ô´¥·£¨¥° εn; n Å ´ ¡μ· ±¢ ´Éμ¢ÒÌ Î¨¸¥², μ¤´μ§´ Î´μ
μ¶·¥¤¥²ÖÕÐ¨Ì ¸μ¸ÉμÖ´¨¥ ³¨Ï¥´¨; fn(kn) Å  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ¡Ò¸É·μ£μ
Ô²¥±É·μ´ , ¥¸²¨ ³¨Ï¥´Ó ¶μ¸²¥ · ¸¸¥Ö´¨Ö μ± § ² ¸Ó ¢ ¸μ¸ÉμÖ´¨¨ n.

�·¥¤¸É ¢¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥

Φ(r0, r1) = Ψ̃ (r⊥, z0, r1) exp (ikiz0), (3)

£¤¥ r⊥ = (x0, y0) Å ¤¢ÊÌ±μ³¶μ´¥´É´Ò° ¢¥±Éμ·, ¸μ¸É ¢²¥´´Ò° ¨§ ±μμ·¤¨-
´ É r0, ¶¥·¶¥´¤¨±Ê²Ö·´ÒÌ ki,   Ψ̃ (r⊥, z0, r1) Å μ£¨¡ ÕÐ Ö. ’μ£¤  Ê· ¢´¥-
´¨¥ (1) ¶·¨³¥É ¢¨¤

ki

μ

∂Ψ̃ (r⊥, z0, r1)
∂z0

+
1
2μ

∂2Ψ̃ (r⊥, z0, r1)
∂z2

0

=

=
[
− 1

2μ
∇2

⊥ + Ĥ(r1) + V (r1, r0) − εi

]
Ψ̃ (r⊥, z0, r1) . (4)

…¸²¨ ki � 1, Éμ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ²¥¢μ° Î ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ¡Ê¤¥É ³´μ£μ
¡μ²ÓÏ¥ ¢Éμ·μ£μ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢Éμ·μ° ¶·μ¨§¢μ¤´μ° μÉ Ψ̃ (r⊥, z0, r1) ¶μ
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z0 ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. �Éμ ¨ Ö¢²Ö¥É¸Ö ¶ · ±¸¨ ²Ó´Ò³ ¶·¨¡²¨¦¥´¨¥³. …¸²¨
¢¢¥¸É¨ ¶ · ³¥É· t = z0μ/ki ¨ ¸¤¥² ÉÓ § ³¥´Ê Ψ(r1, r⊥, t) = Ψ̃(r⊥, kit/μ, r1)×
exp (iεit), ³Ò ¶μ²ÊÎ¨³ ¶ÖÉ¨³¥·´μ¥ ¢·¥³¥´´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 

i
∂Ψ(r1, r⊥, t)

∂t
=
[
− 1

2μ
∇2

⊥ + Ĥ(r1) + V

(
r1, r⊥,

ki

μ
t

)]
Ψ(r1, r⊥, t). (5)

‚¸²¥¤¸É¢¨¥ (2) ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¤²Ö Ê· ¢´¥´¨Ö (5) ¨³¥¥É ¢¨¤

Ψ(r1, r⊥, t0) = ϕi(r1) exp (−iεit0) (6)

¶·¨ t0 → −∞.
�É²¨Î¨¥ ¶ · ±¸¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö μÉ Ï¨·μ±μ¨§¢¥¸É´μ£μ Ô°±μ´ ²Ó-

´μ£μ ¶·¨¡²¨¦¥´¨Ö ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¶μ¶¥·¥Î´Ò³
±μμ·¤¨´ É ³ ¡Ò¸É·μ° Î ¸É¨ÍÒ ´¥ ¸Î¨É ÕÉ¸Ö ¶·¥´¥¡·¥¦¨³μ ³ ²Ò³¨.

1.1. ˆ§¢²¥Î¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¨§ μ£¨¡ ÕÐ¥°. �μ¸²¥ ¶μ²ÊÎ¥´¨Ö
¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ(r1, r⊥, t) ´¥μ¡Ìμ¤¨³μ ¨§¢²¥ÎÓ ¨§ ´¥¥ ¨´Ëμ·³ Í¨Õ μ ´ -
¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´ Ì, É. ¥.  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. ‚Ò¶μ²´¨³ ¶·¥μ¡· §μ¢ ´¨¥
”Ê·Ó¥ ¶μ ¶μ¶¥·¥Î´Ò³ ±μμ·¤¨´ É ³ · ¸¸¥Ö´´μ° Î ¸É¨ÍÒ

ψk⊥(r1, t) =
1
2π

exp
(

i
k2
⊥

2μ
t

)∫
exp (−ik⊥r⊥)Ψ(r1, r⊥, t) dr⊥. (7)

‚μ§Ó³¥³ ¶·μ¥±Í¨Õ ψk⊥(r1, t) ´  ´¥±μÉμ·μ¥ ¸μ¸ÉμÖ´¨¥ ³¨Ï¥´¨ ϕn(r1)

cn(k⊥, t) =
∫

ϕ∗
n(r1) exp (iεnt)ψk⊥(r1, t) (8)

¨ ¢Ò¶μ²´¨³ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥

Ψn(r⊥, t) =
1
2π

∫
exp
(

ik⊥r⊥ − i
k2
⊥

2μ
t

)
cn(k⊥, t) dk⊥. (9)

�·¨ ¡μ²ÓÏ¨Ì t ¨ r⊥ ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¡Ò¸É·μ μ¸Í¨²²¨·Ê¥É
¶·¨ ¢¸¥Ì k⊥, §  ¨¸±²ÕÎ¥´¨¥³ §´ Î¥´¨° ¢¡²¨§¨ ¸É Í¨μ´ ·´μ° ÉμÎ±¨ k⊥0, £¤¥
¶μ μ¶·¥¤¥²¥´¨Õ ¥£μ Ë §  ´¥ ¨³¥¥É ²¨´¥°´μ° § ¢¨¸¨³μ¸É¨ μÉ k⊥:

∂

∂k⊥

(
k⊥r⊥ − k2

⊥
2μ

t

)∣∣∣∣
k⊥=k⊥0

= 0, (10)

É. ¥. k⊥0 = μr⊥/t = μv⊥. �μÔÉμ³Ê

Ψn(r⊥, t) � 1
2π

cn(k⊥0, t)
∫

exp
(

ik⊥r⊥ − i
k2
⊥

2μ
t

)
dk⊥ =

=
μ

it
cn(k⊥0, t) exp

(
i
k2
⊥0

2μ
t

)
. (11)
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ˆ§ ¸· ¢´¥´¨Ö ¸ Ê· ¢´¥´¨Ö³¨ (2) ¨ (8) μÎ¥¢¨¤´μ, ÎÉμ ¥¸²¨ n �= i, É. ¥. ¥¸²¨
¸μ¸ÉμÖ´¨¥ ³¨Ï¥´¨ ´¥ ¸μ¢¶ ¤ ¥É ¸ ´ Î ²Ó´Ò³, ¤μ²¦´μ ¡ÒÉÓ

Ψn(r⊥, t → ∞) = fn(kn)
exp [i(knr0 − kiz0 + (εn − εi)t)]

r0
. (12)

�μ¸±μ²Ó±Ê r0/t = ki

√
1 + (r⊥/z0)2/μ = ki

√
1 + (k⊥0/ki)2/μ = ki/μ +

k2
⊥0/2μki + O(k2

⊥0),   kn =
√

k2
i − 2μΔε = ki −μΔε/ki + O[(Δε)2] (§¤¥¸Ó ³Ò

¢¢¥²¨ Δε = εn − εi Å ¨§³¥´¥´¨¥ Ô´¥·£¨¨ ³¨Ï¥´¨), Ë §  ¢Ò· ¦¥´¨Ö (12)

knr0 − kiz0 + (εn − εi)t =
[
knr0

t
− k2

i

μ
+ Δε

]
t � k2

⊥0

2μ
t. (13)

’ ±¨³ μ¡· §μ³, (11) ¸μ¢¶ ¤ ¥É ¸ (12), ¥¸²¨ ¶μ²μ¦¨ÉÓ

fn(kn) = −i
√

k2
i + k2

⊥cn(k⊥, t → ∞). (14)

�Î¥¢¨¤´μ, ÎÉμ §¤¥¸Ó k⊥ Å ¶μ¶¥·¥Î´Ò¥ ±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸  · ¸¸¥Ö´´μ°
Î ¸É¨ÍÒ kn ¨ k⊥ = kn sin θs, £¤¥ θs Å Ê£μ² · ¸¸¥Ö´¨Ö. ’ ±¦¥ ³μ¦´μ § ³¥É¨ÉÓ,
ÎÉμ k⊥ = −K⊥, K = kn − ki Å ¶¥·¥¤ ´´Ò° ³¨Ï¥´¨ ¨³¶Ê²Ó¸.

�É´μÏ¥´¨¥ Î²¥´μ¢, ±μÉμ·Ò³¨ ³Ò ¶·¥´¥¡·¥£²¨ ¢ (13), ± £² ¢´μ³Ê Î²¥´Ê ¢
Ë §¥ ¢μ²´Ò kiz0 ¤ ¥É μÍ¥´±Ê ÉμÎ´μ¸É¨ ¶ · ±¸¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¨, ¸μμÉ-
¢¥É¸É¢¥´´μ, Ê¸²μ¢¨¥ ¥£μ ¶·¨³¥´¨³μ¸É¨

(Δε + E⊥)2

8E2
i

� 1, (15)

£¤¥ E⊥ = K2
⊥/2μ Å Ô´¥·£¨Ö ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´ ,

Ei Å Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´ .
1.2. � · ±¸¨ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¸ ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³ ¶·¨¡²¨¦¥´¨¥³.

‚ ´ Ï¨Ì · ¡μÉ Ì [7, 8] ¶·¥¤²μ¦¥´ ³¥Éμ¤ PA1B, μ¸´μ¢ ´´Ò° ´  ±μ³¡¨-
´ Í¨¨ ¶ · ±¸¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö (PA) ¸ ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³ ¶·¨¡²¨¦¥-
´¨¥³ (1B). Œ¥Éμ¤ PA1B μ¸´μ¢ ´ ´  ´¥¶μ¸·¥¤¸É¢¥´´μ³ ¢ÒÎ¨¸²¥´¨¨ ËÊ·Ó¥-
μ¡· §  ψk⊥(r1, t), μ¶·¥¤¥²Ö¥³μ£μ ¢Ò· ¦¥´¨¥³ (7), ¶ÊÉ¥³ ·¥Ï¥´¨Ö ¶·¨¡²¨-
¦¥´´μ£μ Ê· ¢´¥´¨Ö ¤²Ö ´¥£μ. �·¥¨³ÊÐ¥¸É¢μ³ PA1B Ö¢²Ö¥É¸Ö Éμ, ÎÉμ μ´ É·¥-
¡Ê¥É Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ¸ Î¨¸²μ³ · §³¥·´μ¸É¥°, · ¢´Ò³ Î¨¸²Ê
¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ³¨Ï¥´¨, ¢ Éμ ¢·¥³Ö ± ± ÉμÎ´Ò° PA ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ
¸ Î¨¸²μ³ · §³¥·´μ¸É¥°, ¡μ²ÓÏ¨³ ´  ¤¢ .

”Ê·Ó¥-μ¡· § ψk⊥(r1, t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

i
∂ψk⊥(r1, t)

∂t
= Ĥ(r1)ψk⊥(r1, t)+

+
∫

exp
[
i
k2
⊥ − k′2

⊥
2μ

t

]
Vk⊥−k′

⊥
(r1, t)ψk′

⊥
(r1, t) dk′

⊥, (16)
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£¤¥

Vk⊥(r1, t) =
1

(2π)2

∫
exp (−ik⊥r⊥)V

(
r1, r⊥,

ki

μ
t

)
dr⊥. (17)

�·¥¤¶μ²μ¦¨³, ÎÉμ  ³¶²¨ÉÊ¤  · ¸¸¥Ö´´μ° ¢μ²´Ò £μ· §¤μ ³¥´ÓÏ¥, Î¥³ ¶ ¤ Õ-
Ð¥°. ’μ£¤  ¢ ¨´É¥£· ²¥ ¢ ¶· ¢μ° Î ¸É¨ ³μ¦´μ ¶μ²μ¦¨ÉÓ

ψk′
⊥
(r1, t) � 2πδ(k′

⊥)ϕi(r1) exp (−iεit). (18)

’ ±μ¥ ¶·¨¡²¨¦¥´¨¥ Ô±¢¨¢ ²¥´É´μ ¶·¨³¥´¥´¨Õ ¶¥·¢μ£μ ¡μ·´μ¢¸±μ£μ ¶·¨¡²¨-
¦¥´¨Ö. ‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ (16) ¶·¥¢· Ð ¥É¸Ö ¢ ´¥μ¤´μ·μ¤´μ¥ ¢·¥³¥´´μ¥
Ê· ¢´¥´¨¥

i
∂ψk⊥(r, t)

∂t
= Ĥ(r)ψk⊥(r, t) + Fk⊥(r, t) (19)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ ψk⊥(r,−∞) = 0. —²¥´-¨¸ÉμÎ´¨± ¢ ÔÉμ³ Ê· ¢´¥´¨¨
¨³¥¥É ¢¨¤

Fk⊥(r, t) = 2π exp
[
i

(
k2
⊥

2μ
− εi

)
t

]
Vk⊥(r, t)ϕi(r). (20)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨³¥´¥´¨Ö PA1B · ¸¸³μÉ·¨³ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°-
¸É¢¨Ö Î ¸É¨ÍÒ ¸ § ·Ö¤μ³ q ¸ ¢μ¤μ·μ¤μ¶μ¤μ¡´Ò³ ¨μ´μ³ ¸ § ·Ö¤μ³ Ö¤·  Z

V (r1, r0) = −Zq

r0
+

q

|r1 − r0|
. (21)

”Ê·Ó¥-μ¡· § ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¶μ ¶μ¶¥·¥Î´Ò³ ±μμ·¤¨´ É ³ ³μ¦´μ
¶μ²ÊÎ¨ÉÓ ¨§ ¨§¢¥¸É´μ° Ëμ·³Ê²Ò ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¢ ¨³¶Ê²Ó¸´μ³
¶·¥¤¸É ¢²¥´¨¨ ∫

exp (−ikr)
1
r
dr =

4π

k2
=

4π

k2
z + k2

⊥
(22)

¶ÊÉ¥³ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥∫
exp (−ikr⊥)

1
r
dr⊥ =

1
2π

∞∫
−∞

exp (ikzz)
4π

k2
z + k2

⊥
=

2π

k⊥
exp (−k⊥|z|). (23)

„²Ö ¶μÉ¥´Í¨ ²  (21) ÔÉμ ¤ ¥É

Vk⊥(r1, t) =
q

2πk⊥
[exp (−k⊥|kit/μ − z1| − ik⊥r1⊥) − Z exp (−k⊥|kit/μ|)] .

(24)
‚ ·¥§Ê²ÓÉ É¥ Î²¥´-¨¸ÉμÎ´¨± (20) ¶·¨´¨³ ¥É ¢¨¤

Fk⊥(r, t) =
q

k⊥
ei(k2

⊥/2μ−εi)t
[
e−k⊥|kit/μ−z|−ik⊥·r⊥ − Z e−k⊥|kit/μ|

]
ϕi(r).

(25)
�μ¸±μ²Ó±Ê μ´ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨ |t| → ∞, ³μ¦´μ ¶μ²μ-
¦¨ÉÓ ψk⊥(r, t0) = 0, £¤¥ t0 < 0, |t0| � μ/(k⊥ki) ¨ ¢¥¸É¨ ¸Î¥É ¤μ t � μ/(k⊥ki).
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1.3. �·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨ ³¥Éμ¤μ³ ËÊ·Ó¥-· §²μ¦¥´¨Ö
¶μ ¢·¥³¥´¨. �³¶²¨ÉÊ¤  ¨μ´¨§ Í¨¨ ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  ¨§ ψk⊥(r, t), ¶μ-
²ÊÎ¥´´μ° ¸ ¶μ³μÐÓÕ (7), ± ± ¶·μ¥±Í¨Ö ´  ¸μ¸ÉμÖ´¨¥ ±μ´É¨´ÊÊ³  ³¨Ï¥´¨:

f(Ωs, Ee, Ωe) = −iki lim
t→∞

〈ke|ψk⊥(r, t)〉 eiEet. (26)

‡¤¥¸Ó ke Å ¨³¶Ê²Ó¸ ¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´ ; Ee = k2
e/2 Å ¥£μ Ô´¥·£¨Ö;

|ke〉 ≡ ϕ
(−)
ke

(r) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ±μ´É¨´ÊÊ³  ³¨Ï¥´¨.

�μ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨ ³¥Éμ¤, ¶·¥¤-
²μ¦¥´´Ò° ¢ [44], ±μÉμ·Ò° ´¥ É·¥¡Ê¥É §´ ´¨Ö ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ³¨-
Ï¥´¨. �ÉμÉ ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ËÊ·Ó¥-· §²μ¦¥´¨¨ ¶μ ¢·¥³¥´¨ ¶μÉμ±  ¢¥·μÖÉ-
´μ¸É¨ ¸±¢μ§Ó ´¥±μÉμ·ÊÕ § ³±´ÊÉÊÕ ¶μ¢¥·Ì´μ¸ÉÓ:

f = −iki

T∫
t0

dt

∮
S

nS dS · j
[
ψk⊥(r, t), χ(−)∗

ke
(r) eiEet

]
. (27)

‡¤¥¸Ó ¢¥±Éμ· ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨, ¢¢¥¤¥´´Ò° ¢ [44],

j[ψ, ϕ] ≡ i

2
[ψ∇ϕ − ϕ∇ψ], (28)

T Å ¢·¥³Ö, ¤μ ±μÉμ·μ£μ ¸¨³Ê²¨·μ¢ ² ¸Ó Ô¢μ²ÕÍ¨Ö; S Å § ³±´ÊÉ Ö ¶μ¢¥·Ì-
´μ¸ÉÓ, μ±·Ê¦ ÕÐ Ö ¸¨¸É¥³Ê (μ¡ÒÎ´μ ¸Ë¥·  · ¤¨Ê¸  rS), nS Å ´μ·³ ²Ó´Ò°

¢¥±Éμ· ¶μ¢¥·Ì´μ¸É¨; χ
(−)
ke

(r) Å ËÊ´±Í¨Ö, ¸É·¥³ÖÐ Ö¸Ö ± ϕ
(−)
ke

(r) ¶·¨ r → ∞.

‚ · ¡μÉ¥ [10] ¢ ± Î¥¸É¢¥ χ
(−)
ke

(r) ¨¸¶μ²Ó§μ¢ ²¨¸Ó ±¢ §¨±² ¸¸¨Î¥¸±¨¥ ËÊ´±Í¨¨,

±μÉμ·Ò¥ μÉ²¨Î ÕÉ¸Ö μÉ ÉμÎ´ÒÌ ϕ
(−)
ke

(r) ´  O(1/r2).
�¤´ ±μ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¤ ´´μ£μ ³¥Éμ¤  ¢μ§´¨± ¥É ¸¥·Ó¥§´ Ö ¶·μ¡²¥³ :

¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψK⊥(r, t) μ¡ÒÎ´μ ´¥ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´  S ¤ ¦¥ ¶·¨
μÎ¥´Ó ¡μ²ÓÏμ³ T . �Éμ ¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ ¢ ψK⊥(r, t) ¢´μ¸ÖÉ § ³¥É´Ò° ¢±² ¤
¢Ò¸μ±μ¢μ§¡Ê¦¤¥´´Ò¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ³¨Ï¥´¨ ¨ ³¥¤²¥´´Ò¥ ¨¸¶ÊÐ¥´´Ò¥
Ô²¥±É·μ´Ò. ‚¸²¥¤¸É¢¨¥ ÔÉμ£μ (27) ¤ ¥É ·¥§Ê²ÓÉ É, ¸¨²Ó´μ μ¸Í¨²²¨·ÊÕÐ¨° ¸
¨§³¥´¥´¨¥³ T . ŒÒ ¶·¥μ¤μ²¥²¨ ÔÉμÉ  ·É¥Ë ±É, ¶·¥¤¶μ²μ¦¨¢, ÎÉμ

ψk⊥(rS , t > T ) � ψk⊥(rS , T ) exp [−iEeff(rS , T )(t − T )], (29)

£¤¥ Eeff Å ´¥±μÉμ· Ö ±μ³¶²¥±¸´ Ö ÔËË¥±É¨¢´ Ö Ô´¥·£¨Ö. ‚ ·¥§Ê²ÓÉ É¥ ¨´É¥-
£· ² ¢ μ¡² ¸É¨ t ∈ (T,∞) ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´  ´ ²¨É¨Î¥¸±¨. ’μ£¤  ¢Ò· -
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¦¥´¨¥ (27) ¶·¥¢· Ð ¥É¸Ö ¢

f = −iki

∮
S

nS

⎧⎨⎩j

⎡⎣ T∫
0

eiEetψk⊥(r, t) dt−

− eiEeT

i(Ee − Eeff)
ψk⊥(r, t), χ(−)∗

ke
(r)

⎤⎦⎫⎬⎭ dS. (30)

‚ · ¡μÉ¥ [10] ÔËË¥±É¨¢´ Ö Ô´¥·£¨Ö ¢ÒÎ¨¸²Ö² ¸Ó ¸ ¶μ³μÐÓÕ ¢Ò· ¦¥´¨Ö

Eeff(rS , T ) =
i

ψk⊥(rS , t)
∂ψk⊥(rS , T )

∂t
. (31)

“¸²μ¢¨¥ ¶·¨³¥´¨³μ¸É¨ ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö ¨³¥¥É ¢¨¤ |dEeff/dT |/E2
e � 1.

�·¨ T → ∞ μ´μ ¶¥·¥Ìμ¤¨É ¢ [U(rS)/Ee]2 ∼ 1/r2
S � 1, ÎÉμ ¶μ ¶μ·Ö¤±Ê

¸Ìμ¤¨³μ¸É¨ ¸μ¢¶ ¤ ¥É ¸ ÉμÎ´μ¸ÉÓÕ ±¢ §¨±² ¸¸¨Î¥¸±μ° χ
(−)
ke

(r).
„²Ö ¶μ²ÊÎ¥´¨Ö ¤μ¸É ÉμÎ´μ ÉμÎ´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸ ¶μ³μÐÓÕ ÔÉμ£μ ³¥Éμ¤ 

´¥μ¡Ìμ¤¨³μ ¢Ò¶μ²´¨ÉÓ Ô¢μ²ÕÍ¨Õ ´  ¡μ²ÓÏμ³ ¶·μ³¥¦ÊÉ±¥ ¢·¥³¥´¨ T , ³´μ£μ
¡μ²ÓÏ¥³, Î¥³ Ì · ±É¥·´μ¥ ¢·¥³Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³
(±μÉμ·μ¥ ³μ¦´μ μÍ¥´¨ÉÓ ± ± μ/(k⊥ki), ± ± ¶μ± § ´μ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶μ¤-
· §¤¥²¥). �¥É ´¨± ±μ£μ ¸³Ò¸²  ¢Ò¶μ²´ÖÉÓ § É· É´μ¥ ·¥Ï¥´¨¥ ¶ÖÉ¨³¥·´μ£μ
Ê· ¢´¥´¨Ö (5) ´  ¢¸¥³ ¶·μ³¥¦ÊÉ±¥ ¢·¥³¥´¨ T . �μÔÉμ³Ê ¢ [10] ·¥Ï¥´¨¥ (5)
¢Ò¶μ²´Ö²μ¸Ó Éμ²Ó±μ ¤μ TPA � μ/(k⊥ki), ¶μ¸²¥ Î¥£μ ¨§ ¶ÖÉ¨³¥·´μ° ËÊ´±Í¨¨
Ψ(r1, r⊥, TPA) ¸ ¶μ³μÐÓÕ (7) ¨§¢²¥± ²μ¸Ó ψK⊥(r, TPA) ¤²Ö ¨´É¥·¥¸ÊÕÐ¥£μ
Ê£²  · ¸¸¥Ö´¨Ö. ‡ É¥³ ψK⊥(r, TPA) ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ
Ê¸²μ¢¨Ö ¤²Ö É·¥Ì³¥·´μ£μ ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö (19), ±μÉμ·μ¥ ·¥Ï ²μ¸Ó Ê¦¥
¤μ t = T .

1.4. �·¨¡²¨¦¥´¨¥ μ¤´μ£μ  ±É¨¢´μ£μ Ô²¥±É·μ´ . —Éμ¡Ò · ¸Î¥É Ê¤ ·´μ°
¨μ´¨§ Í¨¨ ³´μ£μÔ²¥±É·μ´´ÒÌ ³¨Ï¥´¥° Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´  ¢ · ³± Ì
¶ · ±¸¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¸É ² ¶· ±É¨Î¥¸±¨ ¢μ§³μ¦´Ò³, ¤²Ö ³¨Ï¥´¨ ´¥-
μ¡Ìμ¤¨³μ ¶·¨³¥´¨ÉÓ ¶·¨¡²¨¦¥´¨¥ μ¤´μ£μ  ±É¨¢´μ£μ Ô²¥±É·μ´ . ‚ · ¡μÉ¥ [10]
É ±μ¥ ¶·¨¡²¨¦¥´¨¥ ¸É·μ¨É¸Ö ´  μ¸´μ¢¥ ¶·¨¡²¨¦¥´¨Ö • ·É·¨Ä”μ±  ¨ ¶·¨¡²¨-
¦¥´¨Ö ®§ ³μ·μ¦¥´´ÒÌ¯ μ¡μ²μÎ¥±.

� Î´¥³ ¸ ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö • ·É·¨Ä”μ±  ¤²Ö ¸¨¸É¥³Ò ¢μ ¢´¥Ï-
´¥³ ¶μ²¥

i
∂ψi(r, t)

∂t
= F̂

[
{ψj(r′, t)}Nμ

j=1

]
ψi(r, t) + v(r, t)ψi(r, t). (32)

‡¤¥¸Ó Nμ = Ne/2 Å Î¨¸²μ § ¶μ²´¥´´ÒÌ μ¡μ²μÎ¥±; Ne Å- Î¨¸²μ Ô²¥±É·μ´μ¢
¢ ¸¨¸É¥³¥; v(r, t) Å ¢´¥Ï´¥¥ ¶μ²¥. �¶¥· Éμ· ”μ±  ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ´ ¡μ· 



‘�‚�…Œ…��›… Œ…’�„› ��‘—…’� ”�’�ˆ��ˆ‡�–ˆˆ ˆ ˆ��ˆ‡�–ˆˆ 1443

μ·Éμ£μ´ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° {ϕj}Nμ
j=1 ¨³¥¥É ¢¨¤

F̂
[
{ϕj}No

j=1

]
= ĥ +

No∑
j=1

(
2Ĵ [ϕj ] − K̂[ϕj ]

)
.

�´ ¸μ¤¥·¦¨É μ¤´μÔ²¥±É·μ´´Ò° £ ³¨²ÓÉμ´¨ ´

ĥ = −1
2
∇2 + u(r),

£¤¥ u(r) Å ¶μ²¥ Ö¤¥·,   É ±¦¥ ±Ê²μ´μ¢¸±¨° μ¶¥· Éμ·

Ĵ [ϕ]ψ(r) =
∫ |ϕ(r′)|2

|r − r′| dr′ ψ(r)

¨ μ¡³¥´´Ò° μ¶¥· Éμ·

K̂[ϕ] ψ(r) = ϕ(r)
∫

ϕ∗(r′)ψ(r′)
|r − r′| dr′.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥ μ·¡¨É ²Ó´Ò¥ ËÊ´±Í¨¨ §  ¨¸±²ÕÎ¥´¨¥³ i-° ´¥ ³¥-
´ÖÕÉ¸Ö ¢ É¥Î¥´¨¥ ¶·μÍ¥¸¸ :

ψj(r, t) =
{

ψ(r, t), j = i;
ϕj(r) exp (−iεjt), j �= i;

£¤¥ {ϕj}Nμ
j=1 Å ·¥Ï¥´¨Ö ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö • ·É·¨Ä”μ± .

F̂
[
{ϕj}Nμ

j=1

]
ϕi(r) = εiϕi(r). (33)

ŒÒ ³μ¦¥³ ¢¢¥¸É¨ ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ² μ¸É ÉμÎ´μ£μ ¨μ´  ¶μ¸²¥ ¢Ò-
²¥É  i-£μ Ô²¥±É·μ´ 

wi(r) = 2
Nμ∑
j=1

Ĵ [ϕj ] − Ĵ [ϕi] =
Nμ∑
j=1

(2 − δij)
∫ |ϕj(r2)|2

r12
dr2.

�¸É ÉμÎ´Ò° μ¶¥· Éμ· ¸ Ëμ·³ ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ¨³¥¥É ¢¨¤

X̂i = F̂
[
{ψj}Nμ

j=1

]
−
[
ĥ + wi(r)

]
= 2Ĵ [ψ] − Ĵ [ϕi] −

Nμ∑
j=1

K̂[ψj ],

É. ¥.

X̂iψ =

{
Ĵ [ψ] − Ĵ [ϕi] −

∑
j �=i

K̂[ϕj ]

}
ψ,
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´μ ¶μ¸±μ²Ó±Ê Ĵ [ψ] μ¶¨¸Ò¢ ¥É Ô²¥±É·μ´ ´  Éμ° ¦¥ μ¡μ²μÎ±¥ ¸ ¶·μÉ¨¢μ¶μ²μ¦-
´Ò³ ¸¶¨´μ³, ¸μ¸ÉμÖ´¨¥ ±μÉμ·μ£μ ¢ · ³± Ì ¶·¨¡²¨¦¥´¨Ö ®§ ³μ·μ¦¥´´ÒÌ¯
μ¡μ²μÎ¥± ³Ò É ±¦¥ ³μ¦¥³ ¸Î¨É ÉÓ ´¥¨§³¥´´Ò³ ¢ Ìμ¤¥ ¶·μÍ¥¸¸ , Éμ ¶·¨Ìμ-
¤¨³ ± μ¡³¥´´μ³Ê μ¶¥· Éμ·Ê

X̂i = −
{∑

j �=i

K̂[ϕj ]

}
.

Šμ··¥±É´μ¥ ¢¢¥¤¥´¨¥ ÔÉμ£μ μ¶¥· Éμ·  ¶·¨¢μ¤¨É ± ¨´É¥£· ²Ó´μ³Ê Ê· ¢´¥´¨Õ.
�μ¸±μ²Ó±Ê μ¡³¥´ ¸ÊÐ¥¸É¢¥´ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ±μ£¤  Ô²¥±É·μ´ ´ Ìμ¤¨É¸Ö
¢¡²¨§¨ ³μ²¥±Ê²Ò, ³Ò ³μ¦¥³ ¢¢¥¸É¨ ¶·¨¡²¨¦¥´´Ò° μ¶¥· Éμ· μ¡³¥´ 

X̂N
i = −ÎN

{∑
j �=i

K̂[ϕj ]

}
ÎN ,

£¤¥ ¶·μ¥±Í¨μ´´Ò° μ¶¥· Éμ· ´  ¶μ¤¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨° (33)

ÎNψ(r) =
N∑

k=1

ϕk(r)
∫

ϕ∗
k(r′)ψ(r′) dr′.

’μ£¤  ÔËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ ³¨Ï¥´¨ ¶·¨´¨³ ¥É ¢¨¤

Ĥ = ĥ + wi(r) + X̂N
i . (34)

…¸²¨ N � Nμ, Éμ ¶·¨¡²¨¦¥´´Ò° μ¶¥· Éμ· ¡Ê¤¥É μ¡¥¸¶¥Î¨¢ ÉÓ ±μ··¥±É´Ò¥
μ·¡¨É ²Ó´Ò¥ Ô´¥·£¨¨ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ · ¡μÉ¥ [10]  ¢Éμ·Ò ¶μ² -
£ ²¨ N = Nμ, É¥³ ¸ ³Ò³ Ë ±É¨Î¥¸±¨ ¶·¥´¥¡·¥£ Ö μ¡³¥´μ³ ¤²Ö ¸μcÉμÖ´¨°
±μ´É¨´ÊÊ³  ¨ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �ËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ² ¨μ´ , μÎ¥-
¢¨¤´μ, ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

Ui(r) = u(r) + wi(r). (35)

�μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  ¸ ³μ²¥±Ê²μ° ¢ Ê· ¢-
´¥´¨¨ (5) ¸±² ¤Ò¢ ¥É¸Ö ¨§ ÔËË¥±É¨¢´μ£μ ¶μÉ¥´Í¨ ²  μ¸É ÉμÎ´μ£μ ¨μ´  ¨ ¶μ-
É¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  ¸  ±É¨¢´Ò³ Ô²¥±É·μ´μ³ ³μ-
²¥±Ê²Ò

V (r1, r0) = Ui(r0) +
1

|r1 − r0|
. (36)

„¥É ²¨ Î¨¸²¥´´μ° ¸Ì¥³Ò ¤²Ö ·¥Ï¥´¨Ö ¶ÖÉ¨³¥·´μ£μ ¢·¥³¥´´μ£μ Ê· ¢´¥-
´¨Ö (5) ¨§²μ¦¥´Ò ¢ �.A.1.
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1.5. ‘· ¢´¥´¨¥ ¸ ¤·Ê£¨³¨ ³¥Éμ¤ ³¨. „²Ö É¥¸É¨·μ¢ ´¨Ö ³¥Éμ¤  ¢ [10] ¡Ò²
¶·μ¢¥¤¥´ · ¸Î¥É 3„‘ μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨ £¥²¨Ö Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±-
É·μ´  ¶·¨ ¶ · ³¥É· Ì Ô±¸¶¥·¨³¥´É  [45]: Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´ 
Ei = 500 Ô‚, Ô´¥·£¨Ö ¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´  Ee = 37 Ô‚ ¨ Ee = 74 Ô‚,
¢ É·¥ÉÓ¥³ ´ ¡μ·¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ [45] ¸²¨Ï±μ³ ¡μ²ÓÏ Ö Ô´¥·£¨Ö
¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´  Ee = 205 Ô‚ ¤²Ö · ¸Î¥É  ¸ ¶μ³μÐÓÕ PA. �  ·¨¸. 1
¤¥³μ´¸É·¨·ÊÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ PA, PA1B, Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [45] ¨
·¥§Ê²ÓÉ ÉÒ CCC ¨§ [45] (´μ·³¨·μ¢ ´´Ò¥ ´  ´ ¨²ÊÎÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¤¢μ°´ÒÌ
¶¨±μ¢ ¸ ·¥§Ê²ÓÉ É ³¨ PA, ¶μ¸±μ²Ó±Ê ¢ [45] μ´¨ ¤ ´Ò ¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨-
´¨Í Ì). ‚¨¤´μ, ÎÉμ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ PA μÎ¥´Ó Ìμ·μÏμ ¸μ¢¶ ¤ ÕÉ ± ± ¸

0,2

0,15

0,1

0,05

0 45 90 135 180 225 270 315 360

He: 561,6 ; 37E Ei e� �эВ эВ

a

PA

PA1B

CCC
Эксперимент

� ���e

�
(3

) ,
 a

.e
.

0,07
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0,01
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� ���e
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�
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) ,
 a

.e
.

�¨¸. 1. 3„‘ ¤²Ö ¶·μÍ¥¸¸  He(e, 2e) ± ± ËÊ´±Í¨Ö Ê£²  ¢Ò²¥É  θe ¤²Ö Ô´¥·£¨¨ ¢Ò²¥-
É¥¢Ï¥£μ Ô²¥±É·μ´  Ee = 37 Ô‚ ( ) ¨ Ee = 74 Ô‚ (¡): ·¥§Ê²ÓÉ ÉÒ PA (¸¶²μÏ´ Ö
±·¨¢ Ö), PA1B (ÏÉ·¨Ìμ¢ Ö), CCC [45] (¶Ê´±É¨·´ Ö) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [45]
(±·Ê¦±¨)
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Ô±¸¶¥·¨³¥´Éμ³, É ± ¨ ¸ ¤ ´´Ò³¨ CCC, ¨ ÌμÉÖ ·¥§Ê²ÓÉ ÉÒ CCC ´¥¸±μ²Ó±μ
²ÊÎÏ¥ ¢μ¸¶·μ¨§¢μ¤ÖÉ ¶¨± μÉ¤ Î¨ ¶·¨ Ee = 37 Ô‚, ¶·¨ Ee = 74 Ô‚ ·¥§Ê²ÓÉ ÉÒ
PA ´¥μÉ²¨Î¨³Ò μÉ ·¥§Ê²ÓÉ Éμ¢ CCC.

’ ±¦¥ ¤²Ö ¶ · ³¥É·μ¢ Ô±¸¶¥·¨³¥´É  [45] ¢ · ¡μÉ¥ [10] ¡Ò² ¶·μ¢¥¤¥´
· ¸Î¥É 3„‘ μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨ ´¥μ·¨¥´É¨·μ¢ ´´μ° ³μ²¥±Ê²Ò H2 Ê¤ ·μ³
¡Ò¸É·μ£μ Ô²¥±É·μ´ . 3„‘ · ¸¸Î¨ÉÒ¢ ²μ¸Ó ¤²Ö ´ ¡μ·  Ë¨±¸¨·μ¢ ´´ÒÌ μ·¨-
¥´É Í¨° ³μ²¥±Ê²Ò,   § É¥³ Ê¸·¥¤´Ö²μ¸Ó ¶μ ´ ¶· ¢²¥´¨Õ ³μ²¥±Ê²Ö·´μ° μ¸¨
¤²Ö ¶μ²ÊÎ¥´¨Ö 3„‘ ¤²Ö ´¥μ·¨¥´É¨·μ¢ ´´μ° ³μ²¥±Ê²Ò. �  ·¨¸. 2, ±·μ³¥ ·¥-
§Ê²ÓÉ Éμ¢ PA, PA1B ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ [45], ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ
· ¸Î¥É  ³¥Éμ¤μ³ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  ¸ ÊÎ¥Éμ³ ¢Éμ·μ£μ ¡μ·-
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�¨¸. 2. 3„‘ ¤²Ö ¶·μÍ¥¸¸  H2(e, 2e) ± ± ËÊ´±Í¨Ö Ê£²  ¢Ò²¥É  θe ¤²Ö Ô´¥·£¨° ¢Ò²¥É Õ-
Ð¥£μ Ô²¥±É·μ´  Ee = 37 Ô‚ ( ) ¨ Ee = 74 Ô‚ (¡): ·¥§Ê²ÓÉ ÉÒ PA (¸¶²μÏ´ Ö ±·¨¢ Ö),
PA1B (ÏÉ·¨Ìμ¢ Ö), ECS-2BD [5] (¶Ê´±É¨·´ Ö), M3DW-OAMO [45] (ÏÉ·¨Ì¶Ê´±É¨·-
´ Ö) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [45] (±·Ê¦±¨)
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´μ¢¸±μ£μ Î²¥´  ¢ ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ (ECS-2BD) (¸³. · §¤. 2),   É ±¦¥
·¥§Ê²ÓÉ ÉÒ M3DW-OAMO (Molecular 3-body Distorted Wave approximation
with Orientation Averaged Molecular Orbital, ¶·¨¡²¨¦¥´¨¥ É·¥ÌÉ¥²Ó´μ° ³μ-
²¥±Ê²Ö·´μ° ¨¸± ¦¥´´μ° ¢μ²´Ò ¸μ¢³¥¸É´μ ¸ ¶·¨¡²¨¦¥´¨¥³ Ê¸·¥¤´¥´´μ° ¶μ
´ ¶· ¢²¥´¨Õ ³μ²¥±Ê²Ö·´μ° μ·¡¨É ²¨) [45]. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨
·¥§Ê²ÓÉ ÉÒ M3DW-OAMO ´μ·³¨·μ¢ ´Ò ´  ´ ¨²ÊÎÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¤¢μ°´ÒÌ
¶¨±μ¢ ¸ ·¥§Ê²ÓÉ É ³¨ PA. ‘μ¢¶ ¤¥´¨¥ ´ Ï¨Ì ·¥§Ê²ÓÉ Éμ¢ PA ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ²ÊÎÏ¥, Î¥³ Ê M3DW-OAMO ± ± ¶μ ¶μ²μ¦¥´¨Õ μ¸´μ¢´ÒÌ ¶¨±μ¢,
É ± ¨ ¶μ ¢¥²¨Î¨´¥ ¶¨±μ¢ μÉ¤ Î¨, ÌμÉÖ ¶·¨ Ee = 37 Ô‚ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ,
± ± ¨ ¤²Ö £¥²¨Ö, ´¥¸±μ²Ó±μ ´¥¤μμÍ¥´¨¢ ÕÉ ¢¥²¨Î¨´Ê ¶¨±  μÉ¤ Î¨. �¥§Ê²ÓÉ ÉÒ
ECS-2BD Ìμ·μÏμ ¸μ¢¶ ¤ ÕÉ ¶μ ¢¥²¨Î¨´¥ ¸ ·¥§Ê²ÓÉ É ³¨ PA, ´μ ¤ ÕÉ ¸¨²Ó´μ
§ ´¨¦¥´´ÊÕ ¢¥²¨Î¨´Ê Ê£²μ¢μ£μ ¸¤¢¨£  μÉ´μ¸¨É¥²Ó´μ ´ ¶· ¢²¥´¨Ö ¢¥±Éμ·  ¶¥-
·¥¤ Î¨ ¨³¶Ê²Ó¸  K. �μ¸±μ²Ó±Ê ¢ ECS-2BD ÊÎ¨ÉÒ¢ ² ¸Ó Éμ²Ó±μ ¡¨¤¨¶μ²Ó´ Ö
±μ³¶μ´¥´É  ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´ , É. ¥. ²¨´¥°´Ò° ¶μ · ¤¨Ê¸ ³-¢¥±Éμ· ³
μ¡μ¨Ì Ô²¥±É·μ´μ¢ ³¨Ï¥´¨ ¢±² ¤ ¢ · §²μ¦¥´¨¥ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´ ,
  ¢ PA Å Éμ²Ó±μ ¢§ ¨³μ¤¥°¸É¢¨¥ μ¤´μ£μ ¨§ Ô²¥±É·μ´μ¢ ³¨Ï¥´¨, ³μ¦´μ
¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ μ¸´μ¢´μ° ¢±² ¤ ¢ Ê£²μ¢μ¥ ¸³¥Ð¥´¨¥ ¢´μ¸ÖÉ ±μ³¶μ´¥´ÉÒ
¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´ , § ¢¨¸ÖÐ¨¥ μÉ ±μμ·¤¨´ É Éμ²Ó±μ μ¤´μ£μ ¨§ Ô²¥±-
É·μ´μ¢. �Éμ É ±¦¥ μ¡ÑÖ¸´Ö¥É ´¥¸¶μ¸μ¡´μ¸ÉÓ ECS-2BD ¢μ¸¶·μ¨§¢¥¸É¨ Ëμ·³Ê
Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨ H2 [5].

‚ ± Î¥¸É¢¥ ¥Ð¥ μ¤´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ ¢Ò¶μ²´¥´´Ò° ¢ [10] · ¸-
Î¥É 3„‘ ¤²Ö ´¥μ·¨¥´É¨·μ¢ ´´μ° ³μ²¥±Ê²Ò N2 ¶·¨ ¶ · ³¥É· Ì Ô±¸¶¥·¨³¥´-
Éμ¢ [46,47]. ‚ ± Î¥¸É¢¥ ËÊ´±Í¨° ´ Î ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° μ·¡¨É ²¥° N2 ¨¸¶μ²Ó-
§μ¢ ²¨¸Ó ¢ ·¨ Í¨μ´´Ò¥ ËÊ´±Í¨¨ [48]. �  ·¨¸. 3,  , ¡ ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ PA,
PA1B ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [47],   É ±¦¥ ·¥§Ê²ÓÉ ÉÒ TCC-1B [45]
¤²Ö ¨μ´¨§ Í¨¨ N2 ¸ ¢Ò·Ò¢ ´¨¥³ Ô²¥±É·μ´  ¸ ¢´ÊÉ·¥´´¥° 2σg-μ¡μ²μÎ±¨. �μ-
¸±μ²Ó±Ê PA1B £μ· §¤μ ¡²¨¦¥ ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³, Î¥³ PA, Ô±¸¶¥-
·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨ ·¥§Ê²ÓÉ ÉÒ TCC-1B ´μ·³¨·μ¢ ´Ò ´  PA1B. Œμ¦´μ
¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¸Éμ²Ó μ¡¥¸±Ê· ¦¨¢ ÕÐ¨° ¶·μ¢ ² PA ¸¢Ö§ ´ ¸ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ¶·¨¡²¨¦¥´¨Ö μ¤´μ£μ  ±É¨¢´μ£μ Ô²¥±É·μ´  ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¸ ¶·¥-
´¥¡·¥¦¥´¨¥³ ± ± ¨§³¥´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö μ¸É ²Ó´ÒÌ Ô²¥±É·μ´μ¢ ³¨Ï¥´¨ ¶·¨
¢§ ¨³μ¤¥°¸É¢¨¨ ¸ ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³, É ± ¨ Ô²¥±É·μ´-Ô²¥±É·μ´´μ° ±μ·-
·¥²ÖÍ¨¥° ¢ ³¨Ï¥´¨. �μ¸±μ²Ó±Ê ¶μ¸²¥¤´ÖÖ ¶·¨¢μ¤¨É ± Ê¢¥²¨Î¥´¨Õ ¸·¥¤´¥£μ
· ¸¸ÉμÖ´¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨, μ´ , μÎ¥¢¨¤´μ, ¤μ²¦´  ¶·¨¢μ¤¨ÉÓ ± Ê³¥´Ó-
Ï¥´¨Õ ¢μ§¤¥°¸É¢¨Ö ¢´¥Ï´¨Ì μ¡μ²μÎ¥± ´  ¶·μÌμ¤ÖÐ¨° ¸±¢μ§Ó ´¨Ì ¢Ò¡¨ÉÒ°
¢´ÊÉ·¥´´¨° Ô²¥±É·μ´ (¶μ ¸· ¢´¥´¨Õ ¸ ¶·¨¡²¨¦¥´¨¥³ Ë¨±¸¨·μ¢ ´´ÒÌ ¢´¥Ï-
´¨Ì μ¡μ²μÎ¥±). �  ¶¥·¢Ò° ¡μ·´μ¢¸±¨° Î²¥´, ¶μ-¢¨¤¨³μ³Ê, ÔÉμÉ ÔËË¥±É ´¥
μ± §Ò¢ ¥É §´ Î¨É¥²Ó´μ£μ ¢²¨Ö´¨Ö,   ¤²Ö ¢Ò¸Ï¨Ì ¡μ·´μ¢¸±¨Ì Î²¥´μ¢ ¥£μ ´¥-
ÊÎ¥É ¶·¨¢μ¤¨É ± ¸¨²Ó´μ³Ê § ¢ÒÏ¥´¨Õ ¨Ì ¢±² ¤ , ¨ ¶μÔÉμ³Ê PA1B μ± § ²¸Ö
£μ· §¤μ ¡²¨¦¥ ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³, Î¥³ PA.

�  ·¨¸. 3, ¢, £ ¶μ± § ´μ 3„‘ ¤²Ö ¨μ´¨§ Í¨¨ N2 ¸ ¢Ò·Ò¢ ´¨¥³ Ô²¥±É·μ´ 
¸ ¢´¥Ï´¨Ì μ¡μ²μÎ¥±. ŒÒ · ¸¸Î¨É ²¨ ¢±² ¤Ò ¢ 3„‘ μÉ ¨μ´¨§ Í¨¨ ¸ 3σg-,
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�¨¸. 3. 3„‘ ¤²Ö N2(e, 2e) ¶·μÍ¥¸¸  ´  2σg μ·¡¨É ²¨ ( , ¡) ¨ ¢´¥Ï´¨Ì μ·¡¨É ²ÖÌ (¢, £)
± ± ËÊ´±Í¨Ö Ê£²  ¨¸¶Ê¸± ´¨Ö θe ¤²Ö Ô´¥·£¨¨ · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´  Es = 500 Ô‚
¨ Ê£²  · ¸¸¥Ö´¨Ö θs = −6◦: PA (¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ PA1B (ÏÉ·¨Ìμ¢ Ö). ’ ±¦¥
¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ TCC-1B (¶Ê´±É¨·´ Ö) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ (±·Ê¦±¨)

1πu- ¨ 2σu-μ¡μ²μÎ¥± N2 ¨ ¶·μ¸Ê³³¨·μ¢ ²¨ ¨Ì ¸ ±μÔËË¨Í¨¥´É ³¨ 1, 0,78
¨ 0,32, ¸²¥¤ÊÖ [47]. ‡¤¥¸Ó Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨ TCC-1B ·¥³ ¸ÏÉ -
¡¨·μ¢ ´Ò ´  ¢¥²¨Î¨´Ê ¤¢μ°´μ£μ ¶¨±  ¢ PA. � Ï¨ ·¥§Ê²ÓÉ ÉÒ PA ¢ ¤ ´´μ³
¸²ÊÎ ¥ μÎ¥¢¨¤´Ò³ μ¡· §μ³ ¡²¨¦¥ ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ÉμÎ± ³, Î¥³ ·¥§Ê²Ó-
É ÉÒ PA1B ¨ TCC-1B, ÌμÉÖ PA § ³¥É´μ ´¥¤μμÍ¥´¨¢ ¥É ¢¥²¨Î¨´Ê ¶¨±  μÉ¤ Î¨
¤²Ö Ee = 37 Ô‚ ¨ Ê£²μ¢μ° ¸¤¢¨£ μ¸´μ¢´μ£μ ¶¨±  ¶·¨ Ee = 74 Ô‚. ‚¥·μÖÉ´μ,
ÔÉ¨ · ¸Ìμ¦¤¥´¨Ö ¸¢Ö§ ´Ò ¸ ¤¨´ ³¨±μ° ¢´¥Ï´¨Ì μ¡μ²μÎ¥± ³¨Ï¥´¨.

�μ¸±μ²Ó±Ê PA1B ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ ¸ Î¨¸²μ³ · §³¥·´μ¸É¥°, · ¢´Ò³
Î¨¸²Ê ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ³¨Ï¥´¨, ¤²Ö ³¨Ï¥´¥° ¸ ³ ²Ò³ Î¨¸²μ³ Ô²¥±É·μ´μ¢
μ´μ ³μ¦¥É ÔËË¥±É¨¢´μ ¶·¨³¥´ÖÉÓ¸Ö ¨ ¡¥§ μ¤´μÔ²¥±É·μ´´μ£μ ¶·¨¡²¨¦¥´¨Ö
¤²Ö ³¨Ï¥´¨. ‚ · ¡μÉ¥ [7] ³¥Éμ¤ PA1B ¢ ±μ³¡¨´ Í¨¨ ¸ ³¥Éμ¤μ³ ¸μ¶ÊÉ¸É¢Ê-
ÕÐ¨Ì ±μμ·¤¨´ É (TDS, time-dependent scaling, ¸³. · §¤. 3) ¡Ò² ¨¸¶μ²Ó§μ¢ ´
¤²Ö · ¸Î¥É  ¤¢μ°´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´ . ‘É¨-
³Ê²μ³ ± ÔÉμ° · ¡μÉ¥ Ö¢¨²μ¸Ó ´ ²¨Î¨¥ ¸¥·Ó¥§´ÒÌ · ¸Ìμ¦¤¥´¨° ³¥¦¤Ê Ô±¸¶¥-
·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ [49] ¨ ¶μ²ÊÎ¥´´Ò³¨ ¸Ìμ¤ÖÐ¨³¸Ö ³¥Éμ¤μ³ ¸¨²Ó´μ°
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�¨¸. 4. 5„‘ ¤¢μ°´μ° ¨μ´¨§ Í¨¨  Éμ³  He Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´  ¢ § ¢¨¸¨³μ¸É¨
μÉ θ2 ¶·¨ Ô´¥·£¨¨ ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  Ei = 5600 Ô‚, Ê£²¥ · ¸¸¥Ö´¨Ö θs = 0,45,
Ô´¥·£¨¨ ¢Ò²¥É ÕÐ¨Ì Ô²¥±É·μ´μ¢ E1 = E2 = 10 Ô‚ ¨ Ê£² Ì ¢Ò²¥É  ¶¥·¢μ£μ Ô²¥±É·μ´ :
 ) θ1 = 97◦; ¡) θ1 = 139◦; ¢) θ1 = 263◦ . �¥§Ê²ÓÉ ÉÒ PA1B-TDS (¸¶²μÏ´ Ö ±·¨¢ Ö),
CCC (ÏÉ·¨Ìμ¢ Ö) [50] ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [49]

¸¢Ö§¨ (CCC, Convergent close coupling) [50]. 	Ò²μ ¢Ò¸± § ´μ ¶·¥¤¶μ²μ¦¥-
´¨¥ [51], ÎÉμ · ¸Ìμ¦¤¥´¨¥ ³¥¦¤Ê ‘‘‘-· ¸Î¥É ³¨ ¨ Ô±¸¶¥·¨³¥´Éμ³ μ¡Ê¸²μ-
¢²¥´μ ´¥¶· ¢¨²Ó´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ ËÊ´±Í¨° ¤¢ÊÌÔ²¥±É·μ´-
´μ£μ ±μ´É¨´ÊÊ³ , ¤ ¢ ¥³ÒÌ ‘‘‘. �  ·¨¸. 4 ¶μ± § ´μ ³´μ£μ±· É´μ¥ ¤¨ËË¥-
·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ £¥²¨Ö ± ± ËÊ´±Í¨Ö Ê£²  ¢Ò²¥É  μ¤-
´μ£μ Ô²¥±É·μ´  ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ Ê£²¥ ¢Ò²¥É  ¤·Ê£μ£μ Ô²¥±É·μ´ . � Ï¨
·¥§Ê²ÓÉ ÉÒ ¡²¨§±¨ ± ·¥§Ê²ÓÉ É ³, ¶μ²ÊÎ¥´´Ò³ · ¸Î¥Éμ³ ¶μ ³¥Éμ¤Ê ‘‘‘ [50],
¨ ¢ ´¥¸±μ²Ó±μ · § ³¥´ÓÏ¥ ¶μ ¢¥²¨Î¨´¥, Î¥³ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [49].
�μ¸±μ²Ó±Ê ¶μ¤Ìμ¤ PA1B-TDS [7] · ¤¨± ²Ó´μ μÉ²¨Î ¥É¸Ö μÉ CCC, £¨¶μÉ¥§  μ
Éμ³, ÎÉμ · ¸Ìμ¦¤¥´¨¥ ³¥¦¤Ê ‘‘‘-· ¸Î¥É ³¨ ¨ Ô±¸¶¥·¨³¥´É ³¨ μ¡Ê¸²μ¢²¥´μ
´¥¶· ¢¨²Ó´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ ‘‘‘-ËÊ´±Í¨° ¤¢ÊÌÔ²¥±É·μ´´μ£μ
±μ´É¨´ÊÊ³ , ´¥ ¶μ¤É¢¥·¤¨² ¸Ó.
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‚ · ¡μÉ Ì [4,5] μ¶¨¸ ´  ¢ÒÎ¨¸²¨É¥²Ó´ Ö ¶·μÍ¥¤Ê·  ´  μ¸´μ¢¥ Ëμ·³ ²¨§³ 
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ¨¸ÉμÎ´¨±μ³ ¢ ¶· ¢μ° Î ¸É¨ (driven Schrodinger equa-
tion, ¸³. [53] ¨ ¸¸Ò²±¨ ¢ ÔÉμ° · ¡μÉ¥) ¨ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£ 
(‚Š‘) [54] ¢ ¶·¨³¥´¥´¨¨ ± ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ËμÉμ´ ³¨ [53] ¨ Ô²¥±É·μ´ ³¨.

Šμ³¶²¥±¸´Ò° ¸±¥°²¨´£, É. ¥. ¶μ¢μ·μÉ · ¤¨ ²Ó´μ° ±μμ·¤¨´ ÉÒ ¢ Ê· ¢´¥´¨¨
˜·¥¤¨´£¥·  ¢ ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ, ¶¥·¢μ´ Î ²Ó´μ ¡Ò² ¶·¥¤²μ¦¥´ ¤²Ö
¨¸¸²¥¤μ¢ ´¨Ö  ´ ²¨É¨Î¥¸±¨Ì ¸¢μ°¸É¢ S-³ É·¨ÍÒ [55]. 	Ò²μ ¶μ± § ´μ, ÎÉμ
¶·¨ ¶·¥μ¡· §μ¢ ´¨¨

r → r eiη

Ô´¥·£¨¨ ¸μ¸ÉμÖ´¨° ±μ´É¨´ÊÊ³  ¶μ¢μ· Î¨¢ ÕÉ¸Ö ¢ Ô´¥·£¥É¨Î¥¸±μ° ¶²μ¸±μ¸É¨
´  Ê£μ² 2η, Ô´¥·£¨¨ ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° ¶·¨μ¡·¥É ÕÉ ¨Ì ¨¸É¨´-
´ÊÕ ³´¨³ÊÕ Î ¸ÉÓ,   Ô´¥·£¨¨ ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° ´¥ ³¥´ÖÕÉ¸Ö. ‚¸¥
ÔÉμ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ · ¸Ìμ¤ÖÐ Ö¸Ö ¢μ²´  ¶μ¸²¥ É ±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¶·¨-
μ¡·¥É ¥É Ô±¸¶μ´¥´Í¨ ²Ó´μ ¶ ¤ ÕÐÊÕ ¸ · ¤¨Ê¸μ³  ³¶²¨ÉÊ¤Ê. 	. ‘ °³μ´ [54]
¶·¥¤²μ¦¨² ³¥Éμ¤ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  (ECS) (exterior complex
scaling), ±μÉμ·Ò° § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¶μ¢μ·μÉ ¶·μ¨§¢μ¤¨É¸Ö ´¥ ¢μ ¢¸¥°
μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö r,   Éμ²Ó±μ ´ Î¨´ Ö ¸ ´¥±μÉμ·μ° ÉμÎ±¨ rs:

r →
{

r, r < rs;
rs + eiη(r − rs), r > rs,

¨ ¶μ± § ², ÎÉμ ¶·¨ É ±μ³ ¶·¥μ¡· §μ¢ ´¨¨ ¸¶¥±É· ³¥´Ö¥É¸Ö É ± ¦¥, ± ± ¨ ¶·¨
μ¡ÒÎ´μ³ ±μ³¶²¥±¸´μ³ ¸±¥°²¨´£¥. �·¥¨³ÊÐ¥¸É¢μ³ ECS Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¶·¨
r < rs ËÊ´±Í¨Ö ´¥¨§³¥´´ . …¸²¨ ¶·¨ ·¥Ï¥´¨¨ ¨Ð¥É¸Ö · ¸¸¥Ö´´ Ö ¢μ²´ ,
Éμ, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ECS, ³μ¦´μ ·¥Ï ÉÓ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ £· ´¨Î-
´Ò³¨ Ê¸²μ¢¨Ö³¨ „¨·¨Ì²¥. �Éμ ¸´¨³ ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ §´ ´¨Ö ±μ´±·¥É´μ£μ
 ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¢¨¤  ¢μ²´μ¢μ° ËÊ´±Í¨¨.

�¥·¥Ìμ¤ ± Ëμ·³ ²¨§³Ê Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ¨¸ÉμÎ´¨±μ³ ´ Î´¥³ ¸
μ¡Ð¥£μ ¢Ò· ¦¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨

f(k) = 〈ϕ(−)
k |μ̂|ϕ0〉, (37)

£¤¥ ϕ0 ¶·¥¤¸É ¢²Ö¥É ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ³¨Ï¥´¨; μ̂ Å μ¶¥· Éμ· ¢μ§³ÊÐ¥-
´¨Ö ¤²Ö ¤ ´´μ£μ ¶·μÍ¥¸¸ ; k Å ´ ¡μ· ¨³¶Ê²Ó¸μ¢ ¢Ò²¥É¥¢Ï¨Ì Ô²¥±É·μ´μ¢

¨ ϕ
(−)
k Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ±μ´É¨´ÊÊ³  ³¨Ï¥´¨, ¶μ¸É·μ¥´´ Ö ± ± ¸Ê³³ 

¶ ¤ ÕÐ¥° ¢μ²´Ò ¨ ¢Ìμ¤ÖÐ¥° ¸Ë¥·¨Î¥¸±μ° ¢μ²´Ò, Ê¤μ¢²¥É¢μ·ÖÕÐ Ö ¸É Í¨μ-
´ ·´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· 

(Ĥ − E)ϕ(−)
k = 0. (38)
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ƒ ³¨²ÓÉμ´¨ ´ ³¨Ï¥´¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Ĥ = Ĥ0 + V . ‡¤¥¸Ó V (r1, . . . ,

rNe) =
Ne∑
i�= j

1
|ri − rj |

Å ¶μÉ¥´Í¨ ² ³¥¦Ô²¥±É·μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö, Ne Å

Î¨¸²μ Ô²¥±É·μ´μ¢ ³¨Ï¥´¨. �¶¥· Éμ· Ĥ0 =
Ne∑

α=1

[
−1

2
∇2

α + Uα(rα)
]

¶·¥¤-

¸É ¢²Ö¥É £ ³¨²ÓÉμ´¨ ´ Ô²¥±É·μ´μ¢ ¢ ¶μ²¥ Ö¤¥·, μ¶¨¸Ò¢ ¥³μ³ ¶μÉ¥´Í¨ ²μ³

Uα(rα), rα Å ±μμ·¤¨´ ÉÒ Ô²¥±É·μ´μ¢ ³¨Ï¥´¨. �Ê¸ÉÓ ¶·μ¡´ Ö ËÊ´±Í¨Ö χ
(−)
k

Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

(Ĥ0 − E)χ(−)
k = 0. (39)

�μ²Ó§ÊÖ¸Ó Ê· ¢´¥´¨¥³ ‹¨¶¶³ ´ Ä˜¢¨´£¥· 

χ
(−)
k = ϕ

(−)
k +

1
E − Ĥ − iε

(−V )χ(−)
k

¨ § ³¥´ÖÖ ϕ
(−)
k , ´ Ìμ¤¨³

f(k) = 〈[1+(E− Ĥ− iε)−1V ]χ(−)
k |μ̂|ϕ0〉 = 〈χ(−)

k |[1+V (E− Ĥ + iε)−1]μ̂|ϕ0〉.

ˆ¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ 1+V (E−Ĥ+iε)−1 ≡ (E−Ĥ0)(E−Ĥ+iε)−1, ¶μ²ÊÎ ¥³
¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò ¶¥·¥Ìμ¤ 

f(k) = 〈χ(−)
k |E − Ĥ0|ψ(+)〉, (40)

£¤¥ ®¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¶¥·¢μ£μ ¶μ·Ö¤± ¯ ψ(+) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥-
¤¨´£¥·  ¸ ¨¸ÉμÎ´¨±μ³ ¢ ¶· ¢μ° Î ¸É¨

(Ĥ − E)ψ(+) = −μ̂ϕ0 (41)

¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ÊÌμ¤ÖÐ¥° ¢μ²´Ò.
’¥¶¥·Ó · ¸¸³μÉ·¨³ μ¡² ¸ÉÓ V ∈ �3ne ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´-

¸É¢¥, · §³¥·´μ¸ÉÓ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö Î¨¸²μ³ ¨¸¶ÊÐ¥´´ÒÌ Ô²¥±É·μ´μ¢ ne.
ƒ ³¨²ÓÉμ´¨ ´ ¢¸¥£μ ¶·μ¸É· ´¸É¢  ³μ¦´μ · ¸Ð¥¶¨ÉÓ ´  ¤¢  Ô·³¨Éμ¢ÒÌ μ¶¥· -
Éμ·  Å ¢´ÊÉ·¥´´¨°

Ĥin =
{

Ĥ0 + L̂S , r ∈ V ;
0, r /∈ V

¨ ¢´¥Ï´¨°

Ĥout =
{

0, r ∈ V ;
Ĥ0 − L̂S , r /∈ V .
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‡¤¥¸Ó r = {rα}ne
α=1 Å ´ ¡μ· · ¤¨Ê¸μ¢-¢¥±Éμ·μ¢ Ô²¥±É·μ´μ¢. �¶¥· Éμ·

	²μÌ  L̂S Ê¤μ¢²¥É¢μ·Ö¥É Ëμ·³Ê²¥ ƒ·¨´ ∫
�3ne

ϕL̂Sψ dV =
1
2

∮
S

ϕ(nS∇)ψ dS,

£¤¥ S ¶·¥¤¸É ¢²Ö¥É ¶μ¢¥·Ì´μ¸ÉÓ, μ£· ´¨Î¨¢ ÕÐÊÕ μ¡Ñ¥³ V . ˆ¸¶μ²Ó§ÊÖ É ±μ¥
· §¤¥²¥´¨¥, ¶¥·¥¶¨Ï¥³  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤  (40) ¢ ¢¨¤¥

f(k) = 〈χ(−)
k |E − Ĥ0 − L̂S |ψ(+)〉r∈V + 〈χ(−)

k |E − Ĥ0 + L̂S |ψ(+)〉r/∈V .

ˆ¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢μ Ô·³¨Éμ¢μ¸É¨ ¨ (39), ¶μ²ÊÎ ¥³ ¤²Ö ¢´ÊÉ·¥´´¥£μ
¨´É¥£· ² 

〈χ(−)
k |E − Ĥ0 − L̂S|ψ(+)〉r∈V =

= 〈ψ(+)|E − Ĥ0 − L̂S|χ(−)
k 〉∗r∈V = −〈ψ(+)|L̂S |χ(−)

k 〉∗

¨

〈χ(−)
k |E − Ĥ + V + L̂S|ψ(+)〉r/∈V = 〈χ(−)

k |L̂S |ψ(+)〉 + 〈χ(−)
k |V |ψ(+)〉r/∈V

¤²Ö ¢´¥Ï´¥£μ. �Éμ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ Ëμ·³Ê²Ê ¤²Ö  ³¶²¨ÉÊ¤Ò ¢ ¢¨¤¥

f(k) = −〈ψ(+)|L̂S |χ(−)
k 〉∗ + 〈χ(−)

k |L̂S |ψ(+)〉 + 〈χ(−)
k |V |ψ(+)〉r/∈V . (42)

’¥¶¥·Ó, ¶·¥¤¶μ² £ Ö, ÎÉμ μ¡Ñ¥³ V ¢Ò¡· ´ É ±¨³ μ¡· §μ³, ÎÉμ V → 0
¤²Ö r /∈ V , ³μ¦¥³ § ¶¨¸ ÉÓ

f(k) = i

∮
S

(
nS · j[ψ(+), χ

(−)
k ]
)

dS, (43)

£¤¥

j[ψ, ϕ] =
i

2
[ψ∇ϕ∗ − ϕ∗∇ψ]

¶·¥¤¸É ¢²Ö¥É ¶μÉμ± ¢¥·μÖÉ´μ¸É¨ [44].
‚ ¸²ÊÎ ¥ μ¡ÒÎ´μ£μ ±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ V =

1/|r1 − r2| É·¥É¨° Î²¥´ ¢ (42) · ¸Ìμ¤¨É¸Ö, μ¤´ ±μ ¢Ò· ¦¥´¨¥ (43) ¨ ¢ ÔÉμ³
¸²ÊÎ ¥ · ¡μÉ ¥É [56, 57] ¨ ¤ ¥É  ³¶²¨ÉÊ¤Ò, μÉ²¨Î ÕÐ¨¥¸Ö μÉ ÉμÎ´ÒÌ Éμ²Ó±μ
Ë §μ¢Ò³ ³´μ¦¨É¥²¥³. �ÉμÉ ³´μ¦¨É¥²Ó § ¢¨¸¨É μÉ μ¡Ñ¥³  V , ´μ ´¥ ¢²¨Ö¥É ´ 
± ±¨¥-²¨¡μ Ë¨§¨Î¥¸±¨¥ ´ ¡²Õ¤ ¥³Ò¥.

� ¸¸³μÉ·¨³ ¤¢ÊÌ Éμ³´ÊÕ ³μ²¥±Ê²Ê ¸ Ë¨±¸¨·μ¢ ´´Ò³ ³¥¦ÑÖ¤¥·´Ò³ ¢¥±-
Éμ·μ³ R = RnR. �μÉ¥´Í¨ ² ¶·¨ÉÖ¦¥´¨Ö Ö¤¥· ¢ ¸²ÊÎ ¥ H+

2 ¨ H2 ¤ ¥É¸Ö
¢Ò· ¦¥´¨¥³

U(r) = − 1∣∣∣∣r − R
2

∣∣∣∣ −
1∣∣∣∣r +
R
2

∣∣∣∣ .
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„²Ö μ¶¨¸ ´¨Ö Ô²¥±É·μ´μ¢ ¢ É ±μ° ³μ²¥±Ê²¥ ²μ£¨Î´¥¥ ¢¸¥£μ ¨¸¶μ²Ó§μ¢ ÉÓ ±μ´-
Ëμ± ²Ó´Ò¥ Ô²²¨¶É¨Î¥¸±¨¥ (¢ÒÉÖ´ÊÉÒ¥ ¸Ë¥·μ¨¤ ²Ó´Ò¥) ±μμ·¤¨´ ÉÒ

ξ =

∣∣∣∣r− R
2

∣∣∣∣+ ∣∣∣∣r +
R
2

∣∣∣∣
R

∈ [1,∞);

η =

∣∣∣∣r− R
2

∣∣∣∣− ∣∣∣∣r +
R
2

∣∣∣∣
R

∈ [−1, 1]; φ ∈ [0, 2π).

‘É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö μ¤´μÔ²¥±É·μ´´ÒÌ ¸¨¸É¥³ ¸ ¤¢Ê³Ö
±Ê²μ´μ¢¸±¨³¨ Í¥´É· ³¨, É ±¨Ì ± ± H+

2 , ¢ ÔÉμ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¤μ¶Ê¸± ¥É
· §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ, ÎÉμ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¥£μ ¨§´ Î ²Ó´μ° ¤¢ÊÌÍ¥´-
É·μ¢μ° ¸¨³³¥É·¨¨. �μÔÉμ³Ê, ¢ μÉ²¨Î¨¥ μÉ [41Ä43], £¤¥ ¤²Ö ³μ²¥±Ê²Ò H2 ¨¸-
¶μ²Ó§μ¢ ²¨¸Ó ¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ, ¢ [4, 5, 12] ¶·¨³¥´Ö²¨¸Ó ¸Ë¥·μ¨¤ ²Ó-
´Ò¥. �·¥¨³ÊÐ¥¸É¢μ É ±μ£μ ¢Ò¡μ·  ¢ Éμ³, ÎÉμ ¸¨´£Ê²Ö·´Ò¥ ÉμÎ±¨ ¤¢ÊÌÍ¥´É·μ-
¢μ£μ ¶μÉ¥´Í¨ ²  · ¸¶μ²μ¦¥´Ò ´  £· ´¨Í¥ μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ξ = 1, ÎÉμ
¸´¨³ ¥É ¶·μ¡²¥³Ê ´ ²¨Î¨Ö · §·Ò¢  ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨
¢ ÉμÎ± Ì ¸¨´£Ê²Ö·´μ¸É¨ ¶μÉ¥´Í¨ ² . —Éμ¡Ò ¶μ¤Î¥·±´ÊÉÓ μÉ²¨Î¨¥ μÉ ³¥Éμ¤ 
ECS [41Ä43], ¸μ¸ÉμÖÐ¥¥ ¢ ¢Ò¡μ·¥ ±μμ·¤¨´ É´μ° ¸¨¸É¥³Ò, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³¥-
Éμ¤, ¨¸¶μ²Ó§μ¢ ´´Ò° ¢ [4,5,12], ¢´¥Ï´¨³ ±μ³¶²¥±¸´Ò³ ¸±¥°²¨´£μ³ ¢ ¢ÒÉÖ´Ê-
ÉÒÌ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì (prolate spheroidal exterior complex scaling,
PSECS). „¥É ²¨ Î¨¸²¥´´μ° ¸Ì¥³Ò ¤²Ö ·¥Ï¥´¨Ö Ï¥¸É¨³¥·´μ£μ ¸É Í¨μ´ ·´μ£μ
Ê· ¢´¥´¨Ö ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì ¨§²μ¦¥´Ò ¢ �.A.2.

2.1. �·μ¡´Ò¥ ËÊ´±Í¨¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤ ¨μ´¨§ Í¨¨. „²Ö ¨¸-
¶μ²Ó§μ¢ ´¨Ö Ëμ·³Ê²Ò (43) ´¥μ¡Ìμ¤¨³  ¶·μ¡´ Ö ËÊ´±Í¨Ö,  ¸¨³¶ÉμÉ¨Î¥¸±¨°
¢¨¤ ±μÉμ·μ° ¡²¨§μ± ±  ¸¨³¶ÉμÉ¨Î¥¸±μ³Ê ¢¨¤Ê ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥³ ± ´ ²¥ ·¥ ±Í¨¨. �·μ¡´ Ö ËÊ´±Í¨Ö ¤²Ö ¶·μ¸Éμ° ¨μ´¨§ Í¨¨ ¸
μ¡· §μ¢ ´¨¥³ H+

2 ¢ ¸μ¸ÉμÖ´¨¨ (nlm) ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

χ
(−)
knlm(r1, r2) = χ

(−)
k (r1)ϕnlm(r2), (44)

£¤¥ ϕnlm(r) ¶·¥¤¸É ¢²Ö¥É ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸¢Ö§ ´´μ£μ Ô²¥±É·μ´  ¢ ¨μ´¥ H+
2 ,

  χ
(−)
k (r) Å ¤¢ÊÌÍ¥´É·μ¢ÊÕ ±Ê²μ´μ¢¸±ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ±μ´É¨´ÊÊ³  ¤²Ö

¨³¶Ê²Ó¸  k ¨ Ô±· ´¨·μ¢ ´´μ£μ § ·Ö¤  Z+ = 1. …¸É¥¸É¢¥´´Ò³ ¢Ò¡μ·μ³ ¶μ-
¢¥·Ì´μ¸É¨ S ¢ (43) Ö¢²Ö¥É¸Ö ¸Ë¥·μ¨¤, μ¶·¥¤¥²Ö¥³Ò° Ê· ¢´¥´¨¥³ ξ = ξS .
Šμ³¶μ´¥´É  ¶²μÉ´μ¸É¨ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨ ¢¤μ²Ó ´μ·³ ²Ó´μ£μ ¢¥±Éμ·  ¶μ-
¢¥·Ì´μ¸É¨ dS ¶·¨μ¡·¥É ¥É ¢¨¤

jξ dS =
R

4
(ξ2

S − 1)

[
χ

(−)∗
k

∂ψknlm

∂ξ1
− ψknlm

∂χ
(−)∗
k

∂ξ1

]∣∣∣∣∣
ξ1=ξS

dη1 dφ1,

£¤¥ ψknlm(r1) = 〈ϕnlm(r2)|ψ(+)(r1, r2)〉.
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„¢ÊÌÍ¥´É·μ¢ Ö ±Ê²μ´μ¢¸± Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ±μ´É¨´ÊÊ³  ³μ¦¥É ¡ÒÉÓ
¢Ò· ¦¥´  Î¥·¥§ ¸Ê³³Ê ¸Ë¥·μ¨¤ ²Ó´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´

χ
(−)
k (r) = (2π)3/24π

∑
lm

Υ∗
klm(cos θk, φk)il e−iδklmTml (c, ξ)Υklm(η, φ), (45)

£¤¥ c = kR/2, Tml(c, ξ) Å · ¤¨ ²Ó´Ò¥ ±Ê²μ´μ¢¸±¨¥ ¸Ë¥·μ¨¤ ²Ó´Ò¥ ËÊ´±-
Í¨¨ [58]; δklm Å Ë §μ¢Ò¥ ¸¤¢¨£¨,   ®¸Ë¥·μ¨¤ ²Ó´Ò¥ £ ·³μ´¨±¨¯

Υklm(η, ϕ) = Sml (c, η)
exp (imϕ)√

2π
, Υ0lm(cos θ, ϕ) = Ylm(θ, ϕ) (46)

μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ Ê£²μ¢Ò¥ ¸Ë¥·μ¨¤ ²Ó´Ò¥ ËÊ´±Í¨¨ Sml (c, η) [58]. ‚ ¸¢μÕ
μÎ¥·¥¤Ó, ¸Ë¥·μ¨¤ ²Ó´Ò¥ ËÊ´±Í¨¨ Tml(c, ξ) ¨ Sml(c, η) ¶μ²ÊÎ ÕÉ¸Ö Î¨¸²¥´´Ò³
·¥Ï¥´¨¥³ · §¤¥²¥´´ÒÌ Ê· ¢´¥´¨°[

d

dξ
(ξ2 − 1)

d

dξ
+ RZ+ξ − m2

ξ2 − 1
+ c2ξ2 + Aml(c)

]
Tml(c, ξ) = 0,[

d

dη
(1 − η2)

d

dη
− m2

1 − η2
− c2η2 − Aml(c)

]
Sml(c, η) = 0

¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ b-¸¶² °´μ¢ [52] ¨ · §²μ¦¥´¨Ö ¶μ ¶μ²¨´μ³ ³ ‹¥¦ ´¤· , ¸μ-
μÉ¢¥É¸É¢¥´´μ, ¸ Éμ° ¦¥ ¸¥É±μ° ¨ · §³¥·μ³ ¡ §¨¸ , ÎÉμ ¨ ¢ (�.�.2) (§¤¥¸Ó Aml Å
±μ´¸É ´É  · §¤¥²¥´¨Ö).

�·¨ · ¸Î¥É¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ¢ ± Î¥¸É¢¥ ¶μ¢¥·Ì´μ¸É¨ S ¨¸¶μ²Ó§μ¢ ²¸Ö
£¨¶¥·¸Ë¥·μ¨¤, Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê· ¢´¥´¨Õ (ξ1 − 1)2 + (ξ2 − 1)2 = (ξS −
1)2. ‚ ± Î¥¸É¢¥ ¶·μ¡´μ° ËÊ´±Í¨¨ ¤²Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ¶·μÐ¥ ¢¸¥£μ ¢§ÖÉÓ
¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° μ¤´μÔ²¥±É·μ´´μ£μ ±μ´É¨´ÊÊ³ 

χ
(−)
k1k2

(r1, r2) = χ
(−)
k1

(r1)χ
(−)
k2

(r2). (47)

…¸²¨ ¶·μ¡´ Ö ËÊ´±Í¨Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ´¥ μ·Éμ£μ´ ²Ó´  ËÊ´±Í¨¨, μ¶¨¸Ò-
¢ ÕÐ¥° μ¤´μ±· É´ÊÕ ¨μ´¨§ Í¨Õ, Éμ ¢ · ¸¸Î¨É ´´μ° ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò (43)
 ³¶²¨ÉÊ¤¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ¶μÖ¢²Ö¥É¸Ö ¶ · §¨É´Ò° ¢±² ¤ μÉ μ¤´μ±· É-
´μ° ¨μ´¨§ Í¨¨, ±· °´¥ ³¥¤²¥´´μ ¸Ìμ¤ÖÐ¨°¸Ö ± ´Ê²Õ ¸ Ê¢¥²¨Î¥´¨¥³ · ¤¨Ê¸ 
¶μ¢¥·Ì´μ¸É¨, ´  ±μÉμ·μ° ¢ÒÎ¨¸²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤Ò. —Éμ¡Ò ÔÉμ£μ ¨§¡¥¦ ÉÓ,

μ¡¥ ËÊ´±Í¨¨ ±μ´É¨´ÊÊ³  χ
(−)
k1,2

(r) ¢ (47) ¤μ²¦´Ò ¡ÒÉÓ μ·Éμ£μ´ ²Ó´Ò ¢¸¥³

¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³ ϕnlm(r) ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ô²¥±É·μ´  μ¤´μ±· É´μ-

¨μ´¨§¨·μ¢ ´´μ£μ ¨μ´ . „²Ö ÔÉμ£μ, ¸μ£² ¸´μ [53], ËÊ´±Í¨Ö χ
(−)
k (r) ¤μ²¦´ 

¡ÒÉÓ ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° Éμ£μ ¦¥ £ ³¨²ÓÉμ´¨ ´ , ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥°
±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ϕnlm(r), É. ¥. ¢ ¸²ÊÎ ¥ ³μ²¥±Ê²Ò ¢μ-

¤μ·μ¤  ´Ê¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ±Ê²μ´μ¢¸±ÊÕ ¸Ë¥·μ¨¤ ²Ó´ÊÕ ËÊ´±Í¨Õ χ
(−)
k (r)

¶·¨ Z+ = 2.
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2.2. �¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö ¤²Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¡Ò¸É·Ò³ ´ ²¥É ÕÐ¨³
Ô²¥±É·μ´μ³. „²Ö ´ Î ²  ¢Ò¶¨Ï¥³ μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö ¤²Ö μ¤´μËμÉμ´´μ°
¨μ´¨§ Í¨¨ ¶μ¤ ¤¥°¸É¢¨¥³ ¶¥·¨μ¤¨Î¥¸±μ£μ ¢´¥Ï´¥£μ ¶μ²Ö ¡¥¸±μ´¥Î´μ° ¤²¨-
É¥²Ó´μ¸É¨ ¢ ±μμ·¤¨´ É´μ° ± ²¨¡·μ¢±¥

μ̂ =
ne∑

α=1

e · rα; (48)

§¤¥¸Ó e Å ¢¥±Éμ· ¶μ²Ö·¨§ Í¨¨ ¶ ¤ ÕÐ¥£μ ¨§²ÊÎ¥´¨Ö.
„²Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌÔ²¥±É·μ´´μ° ¤¢ÊÌÍ¥´É·μ¢μ° ³μ²¥±Ê²Ò ¸ ¡Ò¸É·Ò³

´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³ ¡μ·´μ¢¸±¨° Î²¥´ ¶¥·¢μ£μ ¶μ·Ö¤±  μ¶¥· Éμ·  ¢μ§¡Ê-
¦¤¥´¨Ö § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ [4]

μ̂1B = − 1
2π

〈ks|V |ki〉 = − 2
K2

[
eiK·r1 + eiK·r2 − eiK·R/2 − e−iK·R/2

]
, (49)

£¤¥ ki Å ¨³¶Ê²Ó¸ ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´ ; ks Å ¨³¶Ê²Ó¸ · ¸¸¥Ö´´μ£μ Ô²¥±-
É·μ´ ,   K Å ¨³¶Ê²Ó¸, ¶¥·¥¤ ¢ ¥³Ò° ³¨Ï¥´¨ μÉ ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  ¸
· ¤¨Ê¸μ³-¢¥±Éμ·μ³ r0; r1,2 Å · ¤¨Ê¸Ò-¢¥±Éμ·Ò ³μ²¥±Ê²Ö·´ÒÌ Ô²¥±É·μ´μ¢;
¢¥±Éμ· R μ¶·¥¤¥²Ö¥É ³¥¦ÑÖ¤¥·´μ¥ · ¸¸ÉμÖ´¨¥ ¨ μ·¨¥´É Í¨Õ ³μ²¥±Ê²Ö·´μ°
μ¸¨; |k〉 ≡ | exp (ik · r0)〉.

�¥·¢Ò° ¡μ·´μ¢¸±¨° Î²¥´ μ¶¨¸Ò¢ ¥É μ¤´μ±· É´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ´ ²¥-
É ÕÐ¥£μ Ô²¥±É·μ´  ¸ ³¨Ï¥´ÓÕ. �·¨ ÔÉμ³ ¤¢μ°´ Ö ¨μ´¨§ Í¨Ö ³μ¦¥É ¶·μ-
¨§μ°É¨ ¶μ¸·¥¤¸É¢μ³ ¤¢ÊÌ ¢μ§³μ¦´ÒÌ ³¥Ì ´¨§³μ¢ Å ®¸É·ÖÌ¨¢ ´¨Ö¯ ¨ ®¢Ò¡¨-
¢ ´¨Ö¯ [67]. �¡  ÔÉ¨Ì ¶·μÍ¥¸¸  ´ Î¨´ ÕÉ¸Ö ¸ ¢Ò¡¨¢ ´¨Ö μ¤´μ£μ ¨§ Ô²¥±É·μ-
´μ¢ ³¨Ï¥´¨ ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³. ‚Éμ·μ° Ô²¥±É·μ´ ¶μ¸²¥ ÔÉμ£μ ³μ¦¥É
¢Ò²¥É¥ÉÓ ¢¸²¥¤¸É¢¨¥ ·¥§±μ£μ ¨§³¥´¥´¨Ö ¤¥°¸É¢ÊÕÐ¥£μ ´  ´¥£μ ÔËË¥±É¨¢´μ£μ
¶μÉ¥´Í¨ ²  (®¸É·ÖÌ¨¢ ´¨¥¯) ¨²¨ ¡ÒÉÓ ¢Ò¡¨ÉÒ³ ¶¥·¢Ò³ Ô²¥±É·μ´μ³ (®¢Ò¡¨-
¢ ´¨¥¯). �μ, ± ± ¡Ò²μ ¶μ± § ´μ ¢ [4], ¶·¨ Ô´¥·£¨ÖÌ ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´ 
Ei < 1 ±Ô‚ ¢ ¤¢μ°´ÊÕ ¨μ´¨§ Í¨Õ ¢´μ¸¨É ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¶·μÍ¥¸¸ ¶μ-
¸²¥¤μ¢ É¥²Ó´μ° ¤¢μ°´μ° ¨μ´¨§ Í¨¨, ±μÉμ·Ò° ´¥ ¶·¨´¨³ ¥É¸Ö ¢μ ¢´¨³ ´¨¥
¢ ¶¥·¢μ³ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨. �ÉμÉ ¶·μÍ¥¸¸ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ
´ ²¥É ÕÐ¨° Ô²¥±É·μ´ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò¡¨¢ ¥É ± ¦¤Ò° ¨§ Ô²¥±É·μ´μ¢ ³¨-
Ï¥´¨. „²Ö ¥£μ ÊÎ¥É  ¢ μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö ¤μ²¦¥´ ¡ÒÉÓ ¢±²ÕÎ¥´ ¨ ¢Éμ·μ°
¡μ·´μ¢¸±¨° Î²¥´. ‚μ¶·μ¸ ¶·¨³¥´¨³μ¸É¨ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ ¶·¨¡²¨¦¥´¨Ö
± ¶·μ¡²¥³¥ Ê¤ ·´μ° ¨μ´¨§ Í¨¨ ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´ ¢ [68].

‚Éμ·μ° ¡μ·´μ¢¸±¨° Î²¥´ ¢  ³¶²¨ÉÊ¤¥ ¶¥·¥Ìμ¤  ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ [5]

f2B = − 1
2π

∑
n

∫
dk

(2π)3
〈ksf |V |kn〉〈kn|V |kii〉

k2
i /2 + E0 − k2/2 − En + iε

,

£¤¥ |kii〉 ≡ |eiki·r0ψi(r1, r2)〉, |ksf〉 ≡ |eiks·r0ψf (r1, r2)〉 ¨ |kn〉 ≡
|eik·r0ψn(r1, r2)〉 ¶·¥¤¸É ¢²ÖÕÉ ´ Î ²Ó´μ¥, ±μ´¥Î´μ¥ ¨ ¶·μ³¥¦ÊÉμÎ´μ¥ ¸μ¸Éμ-
Ö´¨Ö ¸¨¸É¥³Ò. ‡¤¥¸Ó E0 ¨ En Å Ô´¥·£¨¨ ´ Î ²Ó´μ£μ ¨ ¶·μ³¥¦ÊÉμÎ´μ£μ
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¸μ¸ÉμÖ´¨° ³¨Ï¥´¨. „²Ö Ê¶·μÐ¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¢ [5] ¨¸¶μ²Ó§μ¢ ´μ ¶·¨¡²¨-
¦¥´¨¥ § ³Ò± ´¨Ö ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  (¸³. [59] ¨ ¸¸Ò²±¨ ¢ ÔÉμ° · ¡μÉ¥),
±μÉμ·μ¥ ¸μ¸Éμ¨É ¢ § ³¥´¥ En ¢ §´ ³¥´ É¥²¥ ´  ´¥±μÉμ·μ¥ Et, μ¤¨´ ±μ-
¢μ¥ ¤²Ö ¢¸¥Ì ± ´ ²μ¢. �Éμ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¸μμÉ´μÏ¥´¨¥ ¶μ²´μÉÒ∑
n

ψ∗
n(r)ψn(r′) = δ(r − r′) ¨ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥

f2B = − 1
2π

〈ψf |
∫

dk
(2π)3

〈ks|V |k〉〈k|V |ki〉
k2

i /2 + E0 − k2/2 − Et + iε
|ψi〉.

‚ ·¥§Ê²ÓÉ É¥ ¸· ¢´¥´¨Ö ¸ μ¡Ð¨³ ¢Ò· ¦¥´¨¥³ ¤²Ö  ³¶²¨ÉÊ¤Ò f2B =
〈ψf |μ̂2B|ψi〉 ³μ¦´μ § ¶¨¸ ÉÓ μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö ¤²Ö ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ
Î²¥´  ± ±

μ̂2B = − 1
2π

∫
dk

(2π)3
〈ks|V |k〉〈k|V |ki〉

k2
i /2 + E0 − k2/2 − Et + iε

. (50)

‚ · ³± Ì ¶·¨¡²¨¦¥´¨Ö § ³Ò± ´¨Ö ·¥§Ê²ÓÉ É ´¥ ¤μ²¦¥´ ¡ÒÉÓ ÎÊ¢¸É¢¨É¥-
²¥´ ± ±μ´±·¥É´μ³Ê ¢Ò¡μ·Ê Et, ¥¸²¨ Et ¡²¨§±μ ± Ô´¥·£¨¨ ¤μ³¨´¨·ÊÕÐ¥£μ
¶·μ³¥¦ÊÉμÎ´μ£μ ± ´ ² . ‚ · ¡μÉ¥ [5] ÔÉμ ¡Ò²μ ¶·μ¢¥·¥´μ ¶ÊÉ¥³ ¢ÒÎ¨¸²¥-
´¨Ö ³´μ£μ±· É´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö (Œ„‘) ¤²Ö ´¥¸±μ²Ó±¨Ì §´ -
Î¥´¨° Et ∈ (E0, Ef ), £¤¥ Ef Å Ô´¥·£¨Ö ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ³¨Ï¥´¨. �·¨
ÔÉμ³ ¡Ò²μ μ¡´ ·Ê¦¥´  ´¥§ ¢¨¸¨³μ¸ÉÓ Œ„‘ μÉ Et, ÎÉμ μ¶· ¢¤Ò¢ ¥É ¨¸¶μ²Ó-
§μ¢ ´¨¥ ¶·¨¡²¨¦¥´¨Ö § ³Ò± ´¨Ö.

„²Ö · ¸Î¥Éμ¢ [5] ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢Ò· ¦¥´¨¥ Et = E0 + ki(ki − ks)/2 �
(E0+Ef )/2, ¶·¥¤²μ¦¥´´μ¥ ¢ [50]. �·¨ Ê¤ ·´μ° ¨μ´¨§ Í¨¨ ¡Ò¸É·Ò³ Ô²¥±É·μ-
´μ³ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³
¨ ³¨Ï¥´ÓÕ H2 ¢  Éμ³´ÒÌ ¥¤¨´¨Í Ì ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

V (r0, r1, r2) =
1

|r1 − r0|
+

1
|r2 − r0|

− 1
|R/2 − r0|

− 1
|R/2 + r0|

.

‘ ¶μ³μÐÓÕ  ´ ²¨É¨Î¥¸±μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈k|V |k′〉
μ¶¥· Éμ· (50) ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§

W(ki,K; r1, r2) = − 1
2π

∫
dk

(2π)3

4π

|q2|2
exp (iq2r2)

4π

|q|2 exp (iqr1)

k2
i /2 + E0 − k2/2 − Et + iε

=

= −exp (iKr2)
π2ki

I(ki,K; r1 − r2). (51)

‡¤¥¸Ó ¢¢¥¤¥´Ò ¢¥±Éμ·Ò ¶·μ³¥¦ÊÉμÎ´μ° ¶¥·¥¤ Î¨ ¨³¶Ê²Ó¸  q = ki − k, q2 =
k − ks = K − q. ˆ´É¥£· ² I(ki,K; r) ¤ ¥É¸Ö Ëμ·³Ê²μ° (	.1). �μ¤·μ¡´μ¸É¨
¶·μÍ¥¤Ê·Ò ¨´É¥£·¨·μ¢ ´¨Ö ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 	.
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�¥¶μ¸·¥¤¸É¢¥´´μ¥ ¶·¨³¥´¥´¨¥ ¢ μ¶¥· Éμ·¥ ¢μ§³ÊÐ¥´¨Ö ¸μμÉ´μÏ¥´¨° (48),
(49) ¨ (51) ´¥Ê¤μ¡´μ ¢ ¸²ÊÎ ¥ ´¥μ·¨¥´É¨·μ¢ ´´ÒÌ ³μ²¥±Ê², É ± ± ± ¨Ì ¨¸-
¶μ²Ó§μ¢ ´¨¥ É·¥¡Ê¥É ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (41) ¤²Ö ± ¦¤μ° μ·¨¥´É Í¨¨ R.

”μÉμ¨μ´¨§ Í¨μ´´Ò° μ¶¥· Éμ· ¢μ§³ÊÐ¥´¨Ö (48) ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§
Σ- ¨ Π-¢μ²´Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ´ ¶· ¢²¥´¨Ö³ ¶μ²Ö·¨§ Í¨¨ ¶ ¤ ÕÐ¥£μ ¨§-
²ÊÎ¥´¨Ö ¢¤μ²Ó ¨ ¶μ¶¥·¥± ³μ²¥±Ê²Ö·´μ° μ¸¨. �¥Ï¨¢ (41) ¤²Ö ± ¦¤μ° ¨§ ÔÉ¨Ì
¸¨ÉÊ Í¨° ¶μ μÉ¤¥²Ó´μ¸É¨ ¨ ¶μ²ÊÎ¨¢  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨, Î¥·¥§ ´¨Ì ³μ¦´μ
¢Ò· §¨ÉÓ  ³¶²¨ÉÊ¤Ê ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ´ ¶· ¢²¥´¨Ö ³μ²¥±Ê²Ö·´μ° μ¸¨ [43].

�¥·¢Ò° ¡μ·´μ¢¸±¨° μ¶¥· Éμ· (49) ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ · §²μ¦¥´¨¥
¶²μ¸±μ° ¢μ²´Ò [103] ¢ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì

exp (iKr) = 4π

∞∑
M=−∞

∞∑
L=|M|

Υ∗
KLM(cos θKR, ϕKR)iL×

× ΥKLM(η, ϕ) jeML (c, ξ) , (52)

£¤¥ θKR, ϕKR Å Ê£²Ò, § ¤ ÕÐ¨¥ ´ ¶· ¢²¥´¨¥ ¢¥±Éμ·  ¶¥·¥¤ Î¨ ¨³¶Ê²Ó-
¸  K ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É, ¶·¨¢Ö§ ´´μ° ± ´ ¶· ¢²¥´¨Õ ³μ²¥±Ê²Ö·´μ° μ¸¨,
jeML(c, ξ) Å Ô²²¨¶É¨Î¥¸± Ö ËÊ´±Í¨Ö 	¥¸¸¥²Ö. “· ¢´¥´¨¥ (41) ·¥Ï ¥É¸Ö ¤²Ö
± ¦¤μ£μ ¨§ Î²¥´μ¢ ¶ ·Í¨ ²Ó´μ£μ · §²μ¦¥´¨Ö (52) ¶μ μÉ¤¥²Ó´μ¸É¨:

(Ĥ − E)ψ(+)
LM (r′1, r

′
2)=

8πiL

K2
[ΥKLM(η1, ϕ1) jeML+

+ΥKLM(η2, ϕ2) jeML (c, ξ2)] ϕ0(r′1, r
′
2), (53)

¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ¶μ²ÊÎ ¥É¸Ö ¶ ·Í¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψ
(+)
LM (r′1, r

′
2),

£¤¥ r′1,2 Å ¢¥±Éμ·Ò ±μμ·¤¨´ É ¢ ¸¨¸É¥³¥, ¶·¨¢Ö§ ´´μ° ± ³μ²¥±Ê²¥, Oz′||R.
ˆ§ ÔÉ¨Ì ¶ ·Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¸ ¶μ³μÐÓÕ ¢Ò· ¦¥´¨Ö (43) ³μ¦´μ · ¸¸Î¨-
É ÉÓ ¶ ·Í¨ ²Ó´Ò¥  ³¶²¨ÉÊ¤Ò ¤¢μ°´μ° ¨μ´¨§ Í¨¨ fLM . � ¨§ ¶ ·Í¨ ²Ó´ÒÌ
 ³¶²¨ÉÊ¤ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ  ³¶²¨ÉÊ¤Ê ¶¥·¢μ£μ ¡μ·´μ¢¸±μ£μ ¶·μÍ¥¸¸  ¤²Ö ¶·μ-
¨§¢μ²Ó´μ° μ·¨¥´É Í¨¨ ³μ²¥±Ê²Ö·´μ° μ¸¨

f1B =
∑
LM

fLMΥ∗
KLM(cos θKR, ϕKR). (54)

„²Ö ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  (51)  ´ ²¨É¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ¶μ ¶ ·Í¨-
 ²Ó´Ò³ ¢μ²´ ³ μÉ¸ÊÉ¸É¢Ê¥É. �μÔÉμ³Ê ¤²Ö ´¥£μ ¶·¨Ìμ¤¨É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ³Ê²Ó-
É¨¶μ²Ó´μ¥ · §²μ¦¥´¨¥. ‚ · ¡μÉ¥ [5] ÊÎ¨ÉÒ¢ ²¸Ö Éμ²Ó±μ ¡¨¤¨¶μ²Ó´Ò° Î²¥´

μ̂2BD(r1, r2) =
1∑

M1,M2=−1

MM1M2(x1M1 + x2M1 )(x1M2 + x2M2), (55)
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±μÉμ·Ò°, ¶·¥¤¶μ²μ¦¨É¥²Ó´μ, ¤μ²¦¥´ ¢´μ¸¨ÉÓ ¢¥¤ÊÐ¨° ¢±² ¤ ¢ ¤¢μ°´ÊÕ ¨μ-
´¨§ Í¨Õ. ‡¤¥¸Ó xα,±1 = 1/

√
2(∓xα − iyα), xα0 = zα,   É¥´§μ· ¢Éμ·μ£μ · ´£ 

MM1M2 =
∂2W(r1, r2)
∂x1M1 ∂x2M2

∣∣∣∣
r1=0, r2=0

. (56)

’μ£¤  ¸ ¶μ³μÐÓÕ (55) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ (41) ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¨§ ¤¥¢ÖÉ¨
´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°

(Ĥ − E)ψ(+)
M1M2

(r′1, r
′
2) = −(x′

1M1
+ x′

2M1
)(x′

1M2
+ x′

2M2
)ϕ0(r′1, r

′
2). (57)

ˆ§ ¶ ·Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ψ
(+)
M1M2

¸ ¶μ³μÐÓÕ ¢Ò· ¦¥´¨Ö (43) ³μ¦´μ · ¸-
¸Î¨É ÉÓ ¶ ·Í¨ ²Ó´Ò¥  ³¶²¨ÉÊ¤Ò fM1M2 . �±μ´Î É¥²Ó´μ,  ³¶²¨ÉÊ¤  ¢Éμ·μ£μ
¡μ·´μ¢¸±μ£μ ¶·μÍ¥¸¸  ¤²Ö ¶·μ¨§¢μ²Ó´μ° μ·¨¥´É Í¨¨ ³μ²¥±Ê²Ö·´μ° μ¸¨ ³μ-
¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ±

f2B =
1∑

M1,M2=−1

M′M1M2(nR)fM1M2 , (58)

£¤¥ M′ ¸μμÉ¢¥É¸É¢Ê¥É É¥´§μ·Ê, μ¶·¥¤¥²¥´´μ³Ê ¢ (56), ¶·¥μ¡· §μ¢ ´´μ³Ê ¢ ³μ-
²¥±Ê²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¶·¨ Ë¨±¸¨·μ¢ ´´μ° μ·¨¥´É Í¨¨ R ¸ ¶μ³μÐÓÕ
Ëμ·³Ê²Ò ¤²Ö ±μ´É· ¢ ·¨ ´É´ÒÌ É¥´§μ·μ¢ [60]

M′M1M2(nR) =
1∑

M ′
1,M ′

2=−1

MM ′
1M ′

2D1∗
M ′

1M1
(ϕR, θR, 0)D1∗

M ′
2M2

(ϕR, θR, 0),

£¤¥ Dl
mm′(α, β, γ) Å D-ËÊ´±Í¨Ö ‚¨£´¥· . ‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (57) ´Ê¦´μ

·¥Ï ÉÓ Éμ²Ó±μ ¤²Ö Î¥ÉÒ·¥Ì ±μ³¡¨´ Í¨° (M1, M2): (0, 0), (−1, 1), (1, 1)
¨ (1, 0). ‚¸¥ ¤·Ê£¨¥ ψ

(+)
M1M2

³μ¦´μ ¢Ò¢¥¸É¨ ¨§ ÔÉ¨Ì Î¥ÉÒ·¥Ì §´ Î¥´¨° ¸ ¶μ-

³μÐÓÕ ¸¨³³¥É·¨¨ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ Ô²¥±É·μ´μ¢ ψ
(+)
M2M1

(r1, r2) =

ψ
(+)
M1M2

(r1, r2) ¨  ±¸¨ ²Ó´μ° ¸¨³³¥É·¨¨ 〈�1m1�2m2|ψ(+)
−M1,−M2

〉 =

〈�1,−m1, �2,−m2|ψ(+)
M1,M2

〉.
Š ± ¶μ± § ´μ ¢ [50], ¤¨¶μ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ

Î²¥´  ¢ μ¡ÒÎ´μ³ ¢¨¤¥ ¤ ¥É ¸¨²Ó´μ § ¢ÒÏ¥´´ÊÕ μÍ¥´±Ê, ¶μ¸±μ²Ó±Ê § ¢¨¸¨-
³μ¸ÉÓ ¡¨²¨´¥°´μ£μ μ¶¥· Éμ·  (55) μÉ ±μμ·¤¨´ É ¸É ´μ¢¨É¸Ö § ³¥É´μ ¡μ²ÓÏ¥
¶μ²´μ£μ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  (51) Ê¦¥ ´  · ¸¸ÉμÖ´¨¨ ¶μ·Ö¤±  · §³¥· 
 Éμ³ . Œ¥Éμ¤ ±μ··¥±Í¨¨, ¶·¥¤²μ¦¥´´Ò° ¢ [50], ´¥¸μ¢³¥¸É¨³ ¸ ¨¸¶μ²Ó§Ê¥³μ°
¢ [5] ¶·μÍ¥¤Ê·μ°. �μÔÉμ³Ê ¤¨¶μ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¡Ò²μ ¸±μ··¥±É¨·μ¢ ´μ
 ²ÓÉ¥·´ É¨¢´Ò³ ¸¶μ¸μ¡μ³. 	Ò² ¢¢¥¤¥´ É¥´§μ·

WM1M2(r1, r2) =
∮ ∮

Y ∗
1M1

(Ω1)Y ∗
1M2

(Ω2)W(r1, r2) dΩ1 dΩ2. (59)
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„¨¶μ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ (55) Ô±¢¨¢ ²¥´É´μ ¡¨²¨´¥°´μ³Ê ¶·¨¡²¨¦¥´¨Õ
WM1M2(r1, r2) � (4π/3)MM1M2r1r2. Œμ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¡¨²¨´¥°´μ¥ ¶·¨-

¡²¨¦¥´¨¥ ¢¨¤  (4π/3)M̃M1M2r1r2 É ±μ¥, ÎÉμ μ´μ ÉμÎ´μ ¸μ¢¶ ¤¥É
¸ WM1M2(r1, r2) ¤²Ö ´¥±μÉμ·μ£μ · ¤¨Ê¸  rmol. ˆ§ ¸μμÉ´μÏ¥´¨Ö

WM1M2(rmol, rmol) =
4π

3
M̃M1M2r2

mol

¸²¥¤Ê¥É

M̃M1M2 =
3
4π

WM1M2(rmol, rmol)
r2
mol

. (60)

�·¨ rmol → 0 ¢Ò· ¦¥´¨¥ (60) ¸μ¢¶ ¤ ¥É ¸ (56).
‚ · ¡μÉ¥ [5] · ¤¨Ê¸ rmol ¡Ò² ¢Ò¡· ´ · ¢´Ò³ · ¤¨Ê¸Ê ´ ¨¢Ò¸Ï¥° Ô²¥±-

É·μ´´μ° ¶²μÉ´μ¸É¨ ¢ ´¥¢μ§³ÊÐ¥´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨, ±μÉμ· Ö · ¢´  ¶· -
¢μ° Î ¸É¨ (¶. Î.) (57), É. ¥. ³ ±¸¨³Ê³Ê ¢Ò· ¦¥´¨Ö |[¶. Î. (57)]|2r2

1r
2
2 . ‘ ¨¸¶μ²Ó-

§μ¢ ´¨¥³ ´¥±μ··¥²¨·μ¢ ´´μ° ´ Î ²Ó´μ° ËÊ´±Í¨¨ ψi(r1, r2) = ϕ1(r1)ϕ1(r2)
¶μ¸²¥ Ê¸·¥¤´¥´¨Ö ¶μ Ê£² ³ ¢ [5] rmol ¡Ò²μ ¶μ²ÊÎ¥´μ ¨§ Ê¸²μ¢¨Ö

∂

∂r

[
r4

∮
|ϕ1(r)|2dΩ

]∣∣∣∣
rmol

= 0.

„²Ö He ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¤´μÔ±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ ϕ1(r) ∼ exp (−ζr),
ζ = 27/16, ¡Ò²μ ¶μ²ÊÎ¥´μ rmol = 1,19. „²Ö H2 ¡Ò²  ¢Ò¡· ´  ËÊ´±Í¨Ö
ŠμÊ²¸μ´  ϕ1(r) ∼ exp (−ζ|r − R/2|) + exp (−ζ|r + R/2|), ζ = 1,197; ¶·¨
ÔÉμ³ ¶μ²ÊÎ¨²μ¸Ó rmol = 1,76. �μ¤Î¥·±´¥³, ÎÉμ ´¥±μ··¥²¨·μ¢ ´´Ò¥ ËÊ´±Í¨¨
¨¸¶μ²Ó§μ¢ ²¨¸Ó ¢ [5] Éμ²Ó±μ ¤²Ö μÍ¥´±¨ rmol. �·¨ ·¥Ï¥´¨¨ ¦¥ Ê· ¢´¥´¨Ö (57)
¨¸¶μ²Ó§μ¢ ² ¸Ó ¶μ²´μ¸ÉÓÕ ±μ··¥²¨·μ¢ ´´ Ö ´ Î ²Ó´ Ö ËÊ´±Í¨Ö (¸³. ¶μ¤·μ¡-
´μ¸É¨ ¢ [4]).

2.3. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¨ ¸· ¢´¥´¨¥ ¸ ¤·Ê£¨³¨ · ¡μÉ ³¨. ‚ [4] ¸ ¶μ³μ-
ÐÓÕ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì
(PSECS, prolate spheroidal external complex scaling) ¡Ò² ¢Ò¶μ²´¥´ · ¸Î¥É
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨ H2. �Éμ ¡Ò²μ ¸¤¥² ´μ
¤²Ö Éμ£μ, ÎÉμ¡Ò ¸· ¢´¨ÉÓ PSECS ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ É¥μ·¥É¨Î¥¸±¨³¨ ·¥§Ê²Ó-
É É ³¨ [43] ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì
(ECS), ±μÉμ·Ò¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¸μ£² ¸ÊÕÉ¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ·¥§Ê²Ó-
É É ³¨ [29,30]. Š ± ³μ¦´μ ¢¨¤¥ÉÓ ¨§ ·¨¸. 5,  , ¤¢¥ ±·¨¢Ò¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
3„‘ ¤²Ö μ·¨¥´É¨·μ¢ ´´μ° ³μ²¥±Ê²Ò H2,

σ(3)(ω, E1, θ1, φ1, θ2, φ2;R) =
4π2ω

c
k1k2|f(k1,k2;R)|2,

¢ § ¢¨¸¨³μ¸É¨ μÉ μ¤´μ£μ ¨§ Ê£²μ¢ ¢Ò²¥É , ¶μ²ÊÎ¥´´Ò¥ ¸ ¶μ³μÐÓÕ ECS ¨
PSECS, ¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê.
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�¨¸. 5. „¢Ê±· É´ Ö μ¤´μËμÉμ´´ Ö ËμÉμ¨μ´¨§ Í¨Ö H2 ¶·¨ Ô´¥·£¨¨ ËμÉμ´  ω = 75 Ô‚:
 ) 3„‘ ± ± ËÊ´±Í¨Ö θ1 ¤²Ö E1 = 0,8E, θ2 = 40◦, Ê£²Ò ³¥¦¤Ê ´ ¶· ¢²¥´¨¥³ ¶μ-
²Ö·¨§ Í¨¨ ¨ ³μ²¥±Ê²Ö·´μ° μ¸ÓÕ θR = 20◦, φR = 0◦; ¡) „‘ ± ± ËÊ´±Í¨Ö Ô´¥·£¨¨
¢Ò²¥É  E1 (¸¶²μÏ´Ò¥ ±·¨¢Ò¥) ¨ ¢±² ¤Ò ±μ³¶μ´¥´É Σu (ÏÉ·¨Ìμ¢Ò¥) ¨ Πu (¶Ê´±É¨·-
´Ò¥). ’μ²¸ÉÒ¥ ±·¨¢Ò¥ Å ·¥§Ê²ÓÉ ÉÒ PSECS, Éμ´±¨¥ Å ·¥§Ê²ÓÉ ÉÒ ECS ¢ ¸Ë¥·¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì [43]

�μ PSECS ¤ ¥É ¨´É¥£· ²Ó´μ¥ ¸¥Î¥´¨¥ σ = 2,77 ±¡,   ECS Å σ =
2,61 ±¡ [43]. � §²¨Î¨¥ ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö §´ Î¥´¨Ö³¨ ´ ³´μ£μ ¡μ²ÓÏ¥, Î¥³
¶μ·Ö¤μ± Î¨¸²¥´´μ° μÏ¨¡±¨ ¢ · ¸Î¥É Ì PSECS (¸³. �.�.2). �¤´μ±· É´μ¥ ¤¨Ë-

Ë¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ („‘)
dσ

dE1
=

1
3

(
dσ(Σ)

dE1
+ 2

dσ(Π)

dE1

)
¨ ¢±² ¤Ò ¢ ´¥£μ

Σu- ¨ Πu-±μ³¶μ´¥´É (¤²Ö ³μ²¥±Ê², μ·¨¥´É¨·μ¢ ´´ÒÌ ¶ · ²²¥²Ó´μ ¨ ¶¥·¶¥´-
¤¨±Ê²Ö·´μ ¶μ²Ö·¨§ Í¨¨ ¨§²ÊÎ¥´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ), ¶μ± § ´´Ò¥ ´  ·¨¸. 5, ¡,
É ±¦¥ ¤¥³μ´¸É·¨·ÊÕÉ É ±μ¥ · ¸Ìμ¦¤¥´¨¥. Œ¥Éμ¤ PSECS ¤ ¥É § ³¥É´μ ¡μ²Ó-
Ï¨¥ §´ Î¥´¨Ö, Î¥³ ECS, É ± ÎÉμ ±·¨¢ Ö Πu, · ¸¸Î¨É ´´ Ö ¸ ¶μ³μÐÓÕ PSECS,
Ë ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ¥É ¸ ±·¨¢μ° ¶μ²´μ£μ „‘, · ¸¸Î¨É ´´μ£μ ¸ ¶μ³μÐÓÕ ECS.

‚¥·μÖÉ´μ, Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥ PSECS ¨ ECS ¤²Ö Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥-
´¨Ö μ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉμ ¢ · ¸Î¥É Ì ECS ¢ ¸É ÉÓ¥ [43] ¨¸¶μ²Ó§μ¢ ²¸Ö Ê£²μ¢μ°
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¡ §¨¸ ¸ ³ ±¸¨³ ²Ó´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ lmax = 7,   ¤²Ö ¨´É¥£· ²Ó´μ£μ ¸¥Î¥-
´¨Ö Å lmax = 5. ’ ±¨³ μ¡· §μ³, ·¥§Ê²ÓÉ ÉÒ PSECS [4] ÉμÎ´¥¥ ¶·¨ ³¥´ÓÏ¥³
Ê£²μ¢μ³ ¡ §¨¸¥ (¸³. �.�.2), ÎÉμ ¤¥³μ´¸É·¨·Ê¥É ¶·¥¨³ÊÐ¥¸É¢μ ¨¸¶μ²Ó§μ¢ -
´¨Ö ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É. ‚¶·μÎ¥³, · §²¨Î¨¥ ³¥¦¤Ê ·¥§Ê²ÓÉ É ³¨ [4] ¨
·¥§Ê²ÓÉ É ³¨ [43] ´ ³´μ£μ ³¥´ÓÏ¥ μÏ¨¡±¨ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ¤ ´´ÒÌ ¤²Ö ¨´É¥£· ²Ó´μ£μ ¸¥Î¥´¨Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨ [61, 62]. 	μ²¥¥
¶μ§¤´¨¥ · ¸Î¥ÉÒ [63], ¢ ±μÉμ·ÒÌ É ±¦¥ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸Ë¥·μ¨¤ ²Ó´Ò¥ ±μμ·-
¤¨´ ÉÒ, ¤ ²¨ ¸É· ´´Ò° ·¥§Ê²ÓÉ É Å § ³¥É´μ¥ μÉ±²μ´¥´¨¥ μÉ ·¥§Ê²ÓÉ Éμ¢ [43],
´μ ¢ ¶·μÉ¨¢μ¶μ²μ¦´ÊÕ ¸Éμ·μ´Ê ¶μ ¸· ¢´¥´¨Õ ¸ [4]. …Ð¥ ¶μ§¤´¥¥ ¶μÖ¢¨² ¸Ó
· ¡μÉ  [64], £¤¥ ¸ ¶μ³μÐÓÕ ¢·¥³¥´´μ£μ ¶μ¤Ìμ¤  ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨-
´ É Ì ¡Ò²¨ ¶μ²ÊÎ¥´Ò ·¥§Ê²ÓÉ ÉÒ, ¸μ¢¶ ¤ ÕÐ¨¥ ¸ [4]. ‚ · ¡μÉ¥ [12] ³¥Éμ¤
PSECS ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ¨§ÊÎ¥´¨Ö ¶·μÖ¢²¥´¨Ö ¤¢ÊÌÍ¥´É·μ¢μ° ¨´É¥·Ë¥·¥´Í¨¨
¢ μ¤´μËμÉμ´´μ° ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ ³μ²¥±Ê²Ò ¢μ¤μ·μ¤  ¸ ´¥· ¢´μ¢¥¸´Ò³
· ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê Ö¤· ³¨.

„²Ö ¤¥³μ´¸É· Í¨¨ · §²¨Î¨Ö ±μ··¥±É¨·μ¢ ´´μ£μ ¨ ´¥±μ··¥±É¨·μ¢ ´´μ£μ
¡¨¤¨¶μ²Ó´μ£μ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  ¢ [5] ¶·μ¢¥¤¥´ · ¸Î¥É 3„‘ ¨μ´¨-
§ Í¨¨-¢μ§¡Ê¦¤¥´¨Ö  Éμ³  £¥²¨Ö Ô²¥±É·μ´´Ò³ Ê¤ ·μ³ ¸ μ¡· §μ¢ ´¨¥³ μ¸É -
ÉμÎ´μ£μ ¨μ´  ¢ ¢μ§¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨ n = 2 ¶·¨ ¶ · ³¥É· Ì Ô±¸¶¥·¨-
³¥´É  [66]. ‚ [5] PSECS-³¥Éμ¤ ¸ μ¶¥· Éμ·μ³ ¢μ§³ÊÐ¥´¨Ö, ¸μ¤¥·¦ Ð¨³ ¶¥·-
¢Ò° ¡μ·´μ¢¸±¨° Î²¥´ (49) ¨ ¢Éμ·μ° ¡μ·´μ¢¸±¨° Î²¥´ (55) ¢ μ·¨£¨´ ²Ó´μ³ ¡¨-
¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ (É. ¥. ±μ£¤  ¢ ¸μμÉ´μÏ¥´¨¥ (58) ¢Ìμ¤¨É É¥´§μ· (56)),
μ¡μ§´ Î ¥É¸Ö ECS-2BD,   ±μ£¤  ¢ (58) ¨¸¶μ²Ó§Ê¥É¸Ö ¸±μ··¥±É¨·μ¢ ´´Ò° É¥´-
§μ· (60) Å ECS-2BCD. Š·¨¢Ò¥ ¡¥§ ÊÎ¥É  ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  μ¡μ-
§´ ÕÉ¸Ö ECS-1B. �  ·¨¸. 6 ¶·μ¢μ¤¨É¸Ö ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ
³¥Éμ¤ ³¨ PSECS ¨ ‘‘‘ ¸ ÊÎ¥Éμ³ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  ¢ ¡¨¤¨¶μ²Ó-
´μ³ ¶·¨¡²¨¦¥´¨¨ (CCC-2BCD) ¨§ · ¡μÉÒ [50],   É ±¦¥ ³¥Éμ¤μ³ R-³ É·¨ÍÒ
¸ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨Ö³¨ ¸ ÊÎ¥Éμ³ ¶μ²´μ£μ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  (RMPS-
2B) [69]. ‚¨¤´μ, ÎÉμ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ECS-2BCD μÎ¥´Ó ¡²¨§±¨ ± ·¥§Ê²ÓÉ É ³
CCC-2BCD, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ³Ò ¨¸¶μ²Ó§Ê¥³ ¸μ¢¥·Ï¥´´μ ¤·Ê£μ° ¶μ¤Ìμ¤ ±
±μ··¥±Í¨¨ ¡¨¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö. �¤´ ±μ ¨§ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨ [66] ¨ ¸ ±·¨¢μ° RMPS-2B Ö¸´μ, ÎÉμ ¡¨¤¨¶μ²Ó´μ£μ ¶·¨-
¡²¨¦¥´¨Ö ´¥¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ¢μ¸¶·μ¨§¢¥¸É¨ ¶μ²μ¦¥´¨¥ ³ ±¸¨³Ê³μ¢ 3„‘,
¨, ¸²¥¤μ¢ É¥²Ó´μ, ³μ¦¥É ¶μÉ·¥¡μ¢ ÉÓ¸Ö ÊÎ¥É ¤·Ê£¨Ì Î²¥´μ¢ ³Ê²ÓÉ¨¶μ²Ó´μ£μ
· §²μ¦¥´¨Ö ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´ .

‚ [4, 5] ¡Ò² ¶·μ¢¥¤¥´ · ¸Î¥É Î¥ÉÒ·¥Ì±· É´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥-
´¨Ö (4„‘)

σ(4)(Ei, θs, φs, E1, E2, θ1, φ1) =
d4σ

dΩs dE1 dEd Ω1
=
∮

σ(5)dΩ2

¤¢μ°´μ° ¨μ´¨§ Í¨¨ H2 Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´  ¤²Ö ¸²ÊÎ °´μ μ·¨¥´É¨·μ-
¢ ´´ÒÌ ³μ²¥±Ê². 	Ò²  ¢Ò¡· ´  É  ¦¥ ¤¨´ ³¨Î¥¸± Ö ¸¨ÉÊ Í¨Ö, ÎÉμ ¨ ¢ Ô±¸¶¥·¨-
³¥´É¥ [65]: Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  ¶μ² £ ² ¸Ó Ei = 612 Ô‚, Ô´¥·£¨Ö
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�¨¸. 6. 3„‘ Ê¤ ·´μ° ¨μ´¨§ Í¨¨ He ¸ ¢μ§¡Ê¦¤¥´¨¥³ μ¸É ÉμÎ´μ£μ ¨μ´  ¢ § ¢¨¸¨³μ¸É¨
μÉ θe:  ) Ô´¥·£¨Ö · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´  Es = 570 Ô‚, Ê£μ² · ¸¸¥Ö´¨Ö θs = −4◦,
Ô´¥·£¨Ö ¢Ò²¥É¥¢Ï¥£μ Ô²¥±É·μ´  Ee = 40 Ô‚; ¡) Es = 1500 Ô‚, θs = −4◦, Ee = 20 Ô‚.
�¥§Ê²ÓÉ ÉÒ ECS-2BD (Éμ´± Ö ¸¶²μÏ´ Ö ±·¨¢ Ö), ECS-1B (ÏÉ·¨Ìμ¢ Ö), CCC-2BCD [50]
(¶Ê´±É¨·´ Ö), RMPS-2B [69] (ÏÉ·¨Ì¶Ê´±É¨·´ Ö), Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [66]
(±·Ê¦±¨)

· ¸¸¥Ö´´μ£μ Ô²¥±É·μ´  Es = 500 Ô‚, Ê£μ² · ¸¸¥Ö´¨Ö θs = 1,5◦, ·¥£¨¸É·¨·Ê-
¥É¸Ö Éμ²Ó±μ μ¤¨´ ¨§ ¢Ò²¥É ÕÐ¨Ì Ô²¥±É·μ´μ¢, ¨³¥ÕÐ¨° Ô´¥·£¨Õ E1 = 51 Ô‚.
‡ ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¶μ§¢μ²Ö¥É Ô±¸¶¥·¨³¥´É Éμ· ³ ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¨Õ
´¥´ ¡²Õ¤ ¥³μ£μ ¢Ò²¥É ÕÐ¥£μ Ô²¥±É·μ´  E2 = 10 Ô‚.

�ÖÉ¨±· É´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ (5„‘) ¨μ´¨§ Í¨¨ ´¥μ·¨¥´É¨·μ-
¢ ´´μ° ³μ²¥±Ê²Ò (·¨¸. 7)

σ(5)(Ei, θs, φs, E1, θ1, φ1, E2, θ2, φ2) =

=
d5σ

dΩs dE1 dΩ1 dE2d Ω2
=

1
4π

∮
σ(5)(R) dΩR
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�¨¸. 7. 5„‘ ¤²Ö ¤¢Ê±· É´μ° Ê¤ ·´μ° ¨μ´¨§ Í¨¨ ´¥μ·¨¥´É¨·μ¢ ´´μ£μ H2 ± ± ËÊ´±Í¨Ö
Ê£²μ¢ ¨¸¶Ê¸± ´¨Ö θ1 ¨ θ2 ¶·¨ Ei = 612 Ô‚, θs = −1,5◦, Es = 500 Ô‚, E1 = 51 Ô‚,
· ¸¸Î¨É ´´μ¥ ¸ ¶μ³μÐÓÕ PSECS ¸ ÊÎ¥Éμ³ ¡¨¤¨¶μ²Ó´μ£μ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´ 

�¨¸. 8. 4„‘ ¤²Ö (e, 3−1e)-¶·μÍ¥¸¸  ´  ´¥μ·¨¥´É¨·μ¢ ´´μ³ H2 ± ± ËÊ´±Í¨Ö θ1 ¶·¨
Ei = 612 Ô‚, θs = −1,5◦, Es = 500 Ô‚, E1 = 51 Ô‚. �¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¸
¶μ³μÐÓÕ PSECS ¸ ÊÎ¥Éμ³ ¡¨¤¨¶μ²Ó´μ£μ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  (Éμ´± Ö ¸¶²μÏ-
´ Ö ±·¨¢ Ö), ¸ ±μ··¥±É¨·μ¢ ´´Ò³ ¡¨¤¨¶μ²Ó´Ò³ ¢Éμ·Ò³ ¡μ·´μ¢¸±¨³ Î²¥´μ³ (Éμ²¸É Ö
¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ Éμ²Ó±μ ¸ ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³ Î²¥´μ³ (ÏÉ·¨Ìμ¢ Ö). ’ ±¦¥ ¶μ± -
§ ´Ò ·¥§Ê²ÓÉ ÉÒ 3C-· ¸Î¥Éμ¢ ¸ ÊÎ¥Éμ³ ¢Éμ·μ£μ ¡μ·´μ¢¸±μ£μ Î²¥´  [38] (¶Ê´±É¨·´ Ö
±·¨¢ Ö) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [65] (±·Ê¦±¨)
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¢ÒÎ¨¸²Ö²μ¸Ó ¶ÊÉ¥³ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ´ ¶· ¢²¥´¨Õ ³μ²¥±Ê²Ö·´μ° μ¸¨ 5„‘
¨μ´¨§ Í¨¨ μ·¨¥´É¨·μ¢ ´´μ° ³μ²¥±Ê²Ò:

σ(5)(Ei, θs, φs, E1, θ1, φ1, E2, θ2, φ2;R) =
k1k2ks

ki
|f(k1,k2,K;R)|2.

‘· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ PSECS ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ [65] ¨
·¥§Ê²ÓÉ É ³¨ É¥μ·¥É¨Î¥¸±¨Ì · ¸Î¥Éμ¢ ¸ ¶·¨³¥´¥´¨¥³ ¶·¨¡²¨¦¥´´μ° 3‘-ËÊ´-
±Í¨¨ [38] ¶μ± § ´μ ´  ·¨¸. 8. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [65] ¶μ²ÊÎ¥´Ò
¢ ¶·μ¨§¢μ²Ó´ÒÌ ¥¤¨´¨Í Ì. �μÔÉμ³Ê ¢ [4, 5] ¨Ì ´μ·³¨·μ¢ ²¨ É ±, ÎÉμ¡Ò ¤μ-
¡¨ÉÓ¸Ö ´ ¨²ÊÎÏ¥£μ ¢¨§Ê ²Ó´μ£μ ¸μ¢¶ ¤¥´¨Ö ¸ ±·¨¢Ò³¨ PSECS. Š ± ¶μ± §Ò-
¢ ¥É ·¨¸. 8, ¢Éμ·μ° ¡μ·´μ¢¸±¨° Î²¥´ ¢ ¡¨¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ ´¥ ¢´μ¸¨É
¸ÊÐ¥¸É¢¥´´μ° ±μ··¥±Í¨¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³ ¶·¨¡²¨¦¥´¨¥³,
¢ Î ¸É´μ¸É¨, ¸μ¢¥·Ï¥´´μ ´¥ ³¥´Ö¥É ¶μ²μ¦¥´¨¥ ³ ±¸¨³Ê³μ¢ · ¸¶·¥¤¥²¥´¨Ö.
�μ-¢¨¤¨³μ³Ê, ÔÉμ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¨³¶Ê²Ó¸, ¶¥·¥¤ ¢ ¥³Ò° ³μ²¥±Ê²¥ ¶·¨
± ¦¤μ³ ¨§ ¤¢ÊÌ ¢§ ¨³μ¤¥°¸É¢¨° ¸ ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³, ¶·¨ ¨¸¶μ²Ó§μ¢ -
´¨¨ ¡¨¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö Ë ±É¨Î¥¸±¨ ¶μ² £ ¥É¸Ö · ¢´Ò³ ´Ê²Õ.

3. Œ…’�„ ‘��“’‘’‚“�™ˆ• Š���„ˆ��’
„‹Ÿ �…˜…�ˆŸ ‚�…Œ…���ƒ� “��‚�…�ˆŸ ˜�…„ˆ�ƒ…��

� Î´¥³ ¸ ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

i
∂ψ(r, t)

∂t
= Ĥ0(r)ψ(r, t). (61)

‡¤¥¸Ó £ ³¨²ÓÉμ´¨ ´

Ĥ0(r) = −1
2
∇2 + U(r) (62)

¶μ² £ ¥³ ´¥ § ¢¨¸ÖÐ¨³ μÉ ¢·¥³¥´¨, É. ¥. · ¸¸³ É·¨¢ ¥³ ¸¨ÉÊ Í¨Õ ¶μ¸²¥ ¶·¥-
±· Ð¥´¨Ö ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö ´  ¸¨¸É¥³Ê.

�¥Ï¥´¨¥ ψ(r, t) Ê· ¢´¥´¨Ö (61) ³μ¦´μ · §²μ¦¨ÉÓ ¶μ ¸μ¡¸É¢¥´´Ò³ ËÊ´±-
Í¨Ö³ ¸¨¸É¥³Ò

ψ(r, t) =
∫

C(k)ϕ(−)
k (r) e−iEtdk +

∑
nlm

Cnlmϕnlm(r) e−iEnlmt. (63)

‡¤¥¸Ó E = k2/2, ϕk(r) Å ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¸¶²μÏ´μ£μ ¸¶¥±É·  ³¨Ï¥´¨,
´μ·³¨·μ¢ ´´Ò¥ ± ± ∫

ϕ
(−)
k′ (r)ϕ(−)

k (r) dr = δ(k′ − k),

  ϕnlm(r) Å ËÊ´±Í¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ³¨Ï¥´¨.
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‘μ£² ¸´μ [70], ¢ ¸²ÊÎ ¥, ¥¸²¨ ¶μÉ¥´Í¨ ² U(r) Å ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨°,
 ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¥¸ÉÓ

ψ(r → ∞, t → ∞) =
1

(it)3Ne/2
exp
(

i

2
r2

t

)
C(k0), (64)

£¤¥

k0 =
r
t

¶·¥¤¸É ¢²Ö¥É ¸É Í¨μ´ ·´ÊÕ ÉμÎ±Ê ¨´É¥£· ²  ¢ (63), Ne Å ±μ²¨Î¥¸É¢μ ¨¸¶Ê-
Ð¥´´ÒÌ ¶·¨ ¨μ´¨§ Í¨¨ Ô²¥±É·μ´μ¢.

…¸²¨ ¶μÉ¥´Í¨ ² ¸μ¤¥·¦¨É ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨° ±Ê²μ´μ¢¸±¨° ¶μÉ¥´-
Í¨ ², É. ¥.

U(r → ∞) = −Z

r
,

Éμ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

ψ(r → ∞, t → ∞) =
1

(it)3Ne/2
exp
(

i

2
r2

t
+ i

Z

ke
ln 2k2

et

)
C(k0), (65)

£¤¥ ¸É Í¨μ´ ·´ÊÕ ÉμÎ±Ê ¨´É¥£· ²  k0 ¶·¨¡²¨¦¥´´μ ³μ¦´μ μ¶¨¸ ÉÓ ¢Ò· ¦¥-
´¨¥³

k0 = ke − Z
ln 2k2

et

k2
et

ke

ke
,

£¤¥ ke = r/t Å ¨³¶Ê²Ó¸ Ô²¥±É·μ´  ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μÉ Í¥´É· .
—¨¸²¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ψ(r, t) ¸É ²±¨¢ ¥É¸Ö ¸ ¶·μ¡²¥³ ³¨, ¸¢Ö§ ´´Ò³¨

¸ ±μ´¥Î´Ò³ · §³¥·μ³ ¶·μ¸É· ´¸É¢¥´´μ° ¸¥É±¨. Šμ£¤  ¢μ²´μ¢μ° ¶ ±¥É · ¸¶·μ-
¸É· ´Ö¥É¸Ö ¢ É¥Î¥´¨¥ ¤²¨É¥²Ó´μ£μ ¢·¥³¥´¨ t, ±μ³¶μ´¥´É  ¢μ²´μ¢μ° ËÊ´±Í¨¨,
μÉ´μ¸ÖÐ Ö¸Ö ± ¸¶²μÏ´μ³Ê ¸¶¥±É·Ê, · ¸Ï¨·Ö¥É¸Ö ¨ μÉ· ¦ ¥É¸Ö μÉ £· ´¨ÍÒ
¸¥É±¨ ±μ´¥Î´μ£μ · §³¥· . 	μ²¥¥ Éμ£μ, ¶·μ¸É· ´¸É¢¥´´Ò° £· ¤¨¥´É Ë §Ò ¢μ§-
· ¸É ¥É ¸μ ¢·¥³¥´¥³, É ± ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸É ´μ¢¨É¸Ö ¸¨²Ó´μ μ¸Í¨²²¨·Ê-
ÕÐ¥°. —Éμ¡Ò ¨§¡¥¦ ÉÓ ÔÉ¨Ì É·Ê¤´μ¸É¥°, ‘¨¤±¨ [71] ¶·¥¤²μ¦¨² ¨¸¶μ²Ó§μ¢ ÉÓ
§ ¢¨¸ÖÐ¥¥ μÉ ¢·¥³¥´¨ ³ ¸ÏÉ ¡´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ [72]

r = a(t)ξ, (66)

£¤¥ ξ Å ¢¥±Éμ· ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É,   a = a(t) Å ³ ¸ÏÉ ¡´Ò° ³´μ-
¦¨É¥²Ó, ±μÉμ·Ò° § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨.

”¨§¨Î¥¸±¨ ¤ ´´Ò° ¶·¨¥³ μ§´ Î ¥É · ¸Ï¨·¥´¨¥ ±μμ·¤¨´ É´μ° ¸¥É±¨ ¢³¥-
¸É¥ ¸ ¢μ§´¨±Ï¨³ ¶·¨ ¨μ´¨§ Í¨¨ ¢μ²´μ¢Ò³ ¶ ±¥Éμ³. �Ê¦´μ μÉ³¥É¨ÉÓ, ÎÉμ
¢¶¥·¢Ò¥ μ´ ¡Ò² ¶·¥¤²μ¦¥´ ¢ [72] ¤²Ö Ëμ·³Ê²¨·μ¢±¨ ±μ··¥±É´μ£μ  ¤¨ ¡ É¨-
Î¥¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö É·¥ÌÎ ¸É¨Î´μ° ±Ê²μ´μ¢¸±μ° § ¤ Î¨. ‚ · ³± Ì  Éμ³´μ°
Ë¨§¨±¨ μ´ ¡Ò² § É¥³ · ¸¶·μ¸É· ´¥´ ´  μ¶¨¸ ´¨¥ ¶·μÍ¥¸¸μ¢ ¨μ´¨§ Í¨¨ ¶·¨
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¸Éμ²±´μ¢¥´¨ÖÌ  Éμ³μ¢ ¸ ¤·Ê£¨³¨  Éμ³ ³¨ ¨ ¨μ´ ³¨ [73], ¢§ ¨³μ¤¥°¸É¢¨Ö  Éμ-
³μ¢ ¨ ³μ²¥±Ê² ¸ Ô²¥±É·μ³ £´¨É´Ò³¨ ¨³¶Ê²Ó¸ ³¨ [71, 74] ¨, ´ ±μ´¥Í, Ê¤ ·-
´μ° μ¤´μ±· É´μ° ¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ £¥²¨Ö [7, 8]. �μ¤μ¡´Ò° ¶μ¤Ìμ¤
¨¸¶μ²Ó§μ¢ ²¸Ö É ±¦¥ ¢ Ë¨§¨±¥ ¶² §³Ò ¤²Ö ¢ ±ÊÊ³´μ£μ · ¸Ï¨·¥´¨Ö ±² ¸¸¨-
Î¥¸±μ° μ¤´μ³¥·´μ° ¡¥¸¸Éμ²±´μ¢¨É¥²Ó´μ° ¤¢ÊÌ±μ³¶μ´¥´É´μ° ¶² §³Ò,   É ±¦¥
±¢ ´Éμ¢μ£μ Ô²¥±É·μ´´μ£μ £ §  ¢ ¶²μ¸±μ° £¥μ³¥É·¨¨ [75, 76]. Š·μ³¥ Éμ£μ,
μ´ ¶·¨³¥´Ö²¸Ö ¢ ±¢ ´Éμ¢μ° μ¶É¨±¥ ¤²Ö ¸¢μ¡μ¤´μ£μ · ¸Ï¨·¥´¨Ö ±μ´¤¥´¸ É 
	μ§¥Ä�°´ÏÉ¥°´  [77, 78] ¨ ¤ ¦¥ ¢  ¸É·μË¨§¨±¥ ¤²Ö μ¶¨¸ ´¨Ö ¸¢μ°¸É¢ ¶μ¤μ-
¡¨Ö ¨ § ±μ´μ¢ ³ ¸ÏÉ ¡¨·μ¢ ´¨Ö ¤²Ö ¨§²ÊÎ ÕÐ¨Ì ¦¨¤±μ¸É¥° [79]. �¤ ¶É¨¢-
´Ò¥ ¸¥É±¨ ¶·¨³¥´ÖÕÉ¸Ö ¢ ´¥²¨´¥°´μ° μ¶É¨±¥ ¤²Ö μ¶¨¸ ´¨Ö · ¸¶·μ¸É· ´¥´¨Ö
¸¢¥Éμ¢ÒÌ ¶ÊÎ±μ¢ ¨ ¨³¶Ê²Ó¸μ¢ ¸ ¸¨²Ó´μ ¨§³¥´ÖÕÐ¨³¨¸Ö ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨
¶·μ¸É· ´¸É¢¥´´Ò³¨ ¨ ¢·¥³¥´´Ò³¨ ³ ¸ÏÉ ¡ ³¨ (¸³., ´ ¶·¨³¥·, [80]). �¡§μ·
·Ö¤  ¶·¨³¥´¥´¨° ³¥Éμ¤  ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É ¶·¨¢¥¤¥´ ¢ [81].

�μ¤¸É ´μ¢±  (66) ¢μ ¢·¥³¥´´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (61) ¤ ¥É Ê· ¢-
´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ ¶¥·¢Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ±μμ·¤¨´ É ³ ¨ Î²¥´ ¸ ³´¨³μ°
±μ´¸É ´Éμ°. —Éμ¡Ò ¶·¨¢¥¸É¨ ¥£μ ± ¢¨¤Ê,  ´ ²μ£¨Î´μ³Ê ¨¸Ìμ¤´μ³Ê ¢·¥³¥´-
´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· , ´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ § ³¥´Ê ¢μ²´μ¢μ° ËÊ´±Í¨¨

ψ(r, t) =
1

a3Ne/2
exp
(

i

2
aȧξ2

)
Ψ(ξ, t), (67)

£¤¥ ȧ = da/dt ¨ Ψ(ξ, t) Å ®¶¨²μÉ´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö¯ ·¥Ï¥´¨Ö ψ(r, t),
Ê¤μ¢²¥É¢μ·ÖÕÐ Ö ¢·¥³¥´´μ³Ê Ê· ¢´¥´¨Õ Ï·¥¤¨´£¥·μ¢¸±μ£μ É¨¶  [72]

i
∂

∂t
Ψ(ξ, t) =

[
Ĥ0(a(t)ξ) +

1
2
a(t) ä(t)ξ2

]
Ψ(ξ, t). (68)

‡ ³¥É¨³, ÎÉμ ¥¸²¨ ä > 0, Éμ ¸¶¥±É· μ¶¥· Éμ·  ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì Î¨¸Éμ
¤¨¸±·¥É´Ò°. �Éμ ¸´¨³ ¥É É¥μ·¥É¨Î¥¸±¨¥ ¢μ¶·μ¸Ò ¶μ ¶μ¢μ¤Ê ¶· ¢μ³¥·´μ¸É¨
¶·¨¡²¨¦¥´¨Ö ±μ´É¨´ÊÊ³  ±μ´¥Î´Ò³ ´ ¡μ·μ³ ¡ §¨¸´ÒÌ ËÊ´±Í¨°.

� ¸¸³μÉ·¨³ ³ ¸ÏÉ ¡´Ò° ¶ · ³¥É·, ²¨´¥°´μ · ¸ÉÊÐ¨° ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ°
μ¡² ¸É¨:

a(t → ∞) = ȧ∞t, ȧ∞ > 0. (69)

‘· ¢´¨¢ Ö (65) ¨ (67), ¶·¨Ìμ¤¨³ ±  ¸¨³ÉμÉ¨Î¥¸±μ³Ê ¢¨¤Ê ¶¨²μÉ´μ° ËÊ´±Í¨¨
¶·¨ ¡μ²ÓÏ¨Ì t [74]

Ψ(ξ, t) = (−iȧ∞)3Ne/2C(k0) exp
(

i
Z

ke
ln 2k2

et

)
, (70)

£¤¥ ke = ȧξ. ’ ±¨³ μ¡· §μ³, ¶·μ¸É· ´¸É¢¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶¨²μÉ´μ° ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ Ψ(ξ, t) ¶·¨ ¡μ²ÓÏ¨Ì t ¶·μ¸Éμ ¶·μ¶μ·Í¨μ´ ²Ó´μ ¨³¶Ê²Ó¸´μ³Ê
· ¸¶·¥¤¥²¥´¨Õ  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨. �Éμ, ¢¶·μÎ¥³, μÎ¥¢¨¤´μ ¨ ¨§ ±² ¸-
¸¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨°: §  ¢·¥³Ö t Ô²¥±É·μ´ Ê²¥É ¥É μÉ Í¥´É·  ´  · ¸¸ÉμÖ-
´¨¥ r = ket. �·¨ ÔÉμ³ ÉμÎ± , Ë¨±¸¨·μ¢ ´´ Ö ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É Ì,
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¢ μ¡ÒÎ´ÒÌ ±μμ·¤¨´ É Ì Éμ¦¥ · ¢´μ³¥·´μ Ê¤ ²Ö¥É¸Ö μÉ ´ Î ²  ±μμ·¤¨´ É, É ±
ÎÉμ ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É Ì Ê²¥É ÕÐ¨° Ô²¥±É·μ´ ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ±
¸μ¸ÉμÖ´¨Õ ´¥¶μ¤¢¨¦´μ¸É¨.

‡ ³¥É¨³, ÎÉμ ¶·¥μ¡· §μ¢ ´¨¥ (67) Ê¤ ²Ö¥É ¨§ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±¢ ¤· -
É¨Î´ÊÕ Ë §Ê, ¡Ò¸É·μ · ¸ÉÊÐÊÕ ¸ Ê¢¥²¨Î¥´¨¥³ ¢·¥³¥´¨. Š ± ¸²¥¤Ê¥É ¨§ (70),
¶·¨ ´ ²¨Î¨¨ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  § ¢¨¸¨³μ¸ÉÓ Ë §Ò ¶¨²μÉ´μ° ËÊ´±Í¨¨
μÉ ¢·¥³¥´¨ ¸μÌ· ´Ö¥É¸Ö, ´μ ¶μ¸±μ²Ó±Ê ÔÉ  § ¢¨¸¨³μ¸ÉÓ ²μ£ ·¨Ë³¨Î¥¸± Ö, ¸Ê-
Ð¥¸É¢¥´´ÒÌ ¶·μ¡²¥³ ¤²Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ÔÉμ ´¥ ¢Ò§Ò¢ ¥É [74].

�·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ±¢ ¤· É  ³μ¤Ê²Ö ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ± ±¢ ¤· ÉÊ ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò ¨μ´¨§ Í¨¨ (±μÉμ·Ò° ¶·μ¶μ·Í¨μ´ ²¥´
¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê ¸¥Î¥´¨Õ). �·¨ ξ � Rb/a(t), £¤¥ Rb Å É¨¶¨Î´Ò° · ¤¨Ê¸
¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò,

|C(ke)|2 =
1

ȧ3Ne∞
|Ψ(ke/ȧ∞, t)|2 + O

(
Z ln t

t

)
+ O

(
Ri

t

)
, (71)

£¤¥ Ri Å · ¤¨Ê¸ ¢μ²´μ¢μ£μ ¶ ±¥É  ¤μ · ¸Ï¨·¥´¨Ö.
3.1. �·¨³¥´¥´¨¥ ³¥Éμ¤  ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É ± · ¸Î¥ÉÊ ¨μ´¨§ -

Í¨¨  Éμ³  £¥²¨Ö. � ¸¸³μÉ·¨³ ¶·¨³¥´¥´¨¥ ÔÉμ£μ ¶μ¤Ìμ¤  ¤²Ö ¤¢Ê±· É´μ°
¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö μ¤´¨³ ËμÉμ´μ³. ‚ ÔÉμ³ ¸²ÊÎ ¥, É. ¥. ¤²Ö ¤¢ÊÌ Ô²¥±É·μ-
´μ¢ ¢ ¶μ²¥ ´¥¶μ¤¢¨¦´μ£μ Ö¤· , (68) ¨³¥¥É ¢¨¤

i
∂Ψ(ξ1, ξ2, t)

∂t
=
{

ĥ1(t) + ĥ2(t) +
1

a(t)|ξ2 − ξ1|

}
Ψ(ξ1, ξ2, t). (72)

‡¤¥¸Ó ĥ1,2(t) Å μ¤´μÔ²¥±É·μ´´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨-
´ É Ì,

ĥα(t) = − 1
2a2(t)

∇2
ξ

α

− Z

a(t)ξα
+

a(t)ä(t)
2

ξ2
α. (73)

‹¥£±μ ¶μ± § ÉÓ [82], ÎÉμ ¥¸²¨ ·¥Ï¨ÉÓ Ê· ¢´¥´¨¥ (72) ¸ ´ Î ²Ó´Ò³ Ê¸²μ-
¢¨¥³

Ψ(r1, r2, 0) = (e · r1 + e · r2)ϕ0(r1, r2), (74)

£¤¥ ϕ0(r1, r2) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö, e Å ´ ¶· ¢²¥´¨¥
¶μ²Ö·¨§ Í¨¨ ¶ ¤ ÕÐ¥£μ ¨§²ÊÎ¥´¨Ö, Éμ ±μÔËË¨Í¨¥´É · §²μ¦¥´¨Ö C(k) ¢ (63)
¡Ê¤¥É ¸μ¢¶ ¤ ÉÓ ¸  ³¶²¨ÉÊ¤μ° μ¤´μËμÉμ´´μ° ¨μ´¨§ Í¨¨ ¢ ±μμ·¤¨´ É´μ° ± -
²¨¡·μ¢±¥.

„²Ö ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ ËμÉμ´μ³ ¸ Ô´¥·£¨¥° ω = E + IDI (IDI Å
¶μÉ¥´Í¨ ² ¤¢μ°´μ° ¨μ´¨§ Í¨¨, E Å ¶μ²´ Ö Ô´¥·£¨Ö ¤¢ÊÌ ¢Ò²¥É¥¢Ï¨Ì Ô²¥±-
É·μ´μ¢) ¸¥Î¥´¨¥ ¤ ¥É¸Ö Ëμ·³Ê²μ°

σ(3)
ω (Ω1, E2, Ω2) =

4π2ω

c
k1k2ȧ

−6
∞ lim

t→∞
|Ψ(k1/ȧ∞,k2/ȧ∞, t)|2 .
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‘¥Î¥´¨¥ μ¤´μ±· É´μ° ËμÉμ¨μ´¨§ Í¨¨

σ(1)
ω (Ω2) =

4π2ω

c
k2ȧ

−3
∞ lim

t→∞
a3/2(t) |〈ϕnlm(a(t)ξ1)|Ψ(ξ1,k2/ȧ∞, t)〉|2 ,

£¤¥ ϕnlm(r) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸É ÉμÎ´μ£μ ¨μ´ .
‚ · ¡μÉ Ì [6,7, 11] ¨¸¶μ²Ó§μ¢ ²¸Ö ³ ¸ÏÉ ¡´Ò° ³´μ¦¨É¥²Ó ¢ ¢¨¤¥

a(t) =

{
1, t � tint;
[1 + γ2(t − tint)2]1/2, t > tint,

(75)

£¤¥ tint Å ¢·¥³Ö μ±μ´Î ´¨Ö ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö ´   Éμ³. �·¨ É ±μ³ ¢Ò-
¡μ·¥ ȧ∞ = γ,   ¶¥·¥Ìμ¤ ± · ¸Ï¨·¥´¨Õ ¶·μ¨¸Ìμ¤¨É £² ¤±μ. �·¥¨³ÊÐ¥¸É¢μ³
¤ ´´μ£μ ±μ´±·¥É´μ£μ ¢Ò¡μ·  a(t) (ÌμÉÖ ¨ ³ ²μ¸ÊÐ¥¸É¢¥´´Ò³) Ö¢²Ö¥É¸Ö Éμ,
ÎÉμ a(t)/γ ¸μ¢¶ ¤ ¥É ¸ § ¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´¨ · ¤¨Ê¸  ¸¢μ¡μ¤´μ£μ £ Ê¸¸μ¢ 
¢μ²´μ¢μ£μ ¶ ±¥É  ¸ ´ Î ²Ó´Ò³ §´ Î¥´¨¥³ 1/γ.

�¸´μ¢´Ò³ ¤μ¸Éμ¨´¸É¢μ³ ³¥Éμ¤  ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É ¢ ¶·¨²μ¦¥´¨¨
± ¢ÒÎ¨¸²¥´¨Õ μ¤´μËμÉμ´´μ° ËμÉμ¨μ´¨§ Í¨¨ Ö¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¶μ²ÊÎ¥-
´¨Ö ³´μ£μ±· É´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö ¨μ´¨§ Í¨¨ ¤²Ö ¢¸¥Ì §´ Î¥´¨°
Ô´¥·£¨¨ ¶ ¤ ÕÐ¥£μ ËμÉμ´  §  μ¤¨´ ¶·μ£μ´ ¶·μ£· ³³Ò. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ -
¥É¸Ö ´¥¶·¥·Ò¢´ Ö § ¢¨¸¨³μ¸ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö μÉ Ô´¥·£¨¨, Éμ£¤ 
± ± ¤·Ê£¨¥ Ï¨·μ±μ · ¸¶·μ¸É· ´¥´´Ò¥ ab initio ³¥Éμ¤Ò ¶μ¤· §Ê³¥¢ ÕÉ μÉ¤¥²Ó-
´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö Ô´¥·£¨¨. „¥É ²¨ Î¨¸²¥´´μ° ¸Ì¥³Ò ¤²Ö
·¥Ï¥´¨Ö ¤¢ÊÌÔ²¥±É·μ´´μ£μ ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸³. ¢ �.�.3.

‘ÊÐ¥¸É¢Ê¥É, μ¤´ ±μ, ¢ÒÎ¨¸²¨É¥²Ó´ Ö É·Ê¤´μ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É: ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì · §³¥· ¸¢Ö§ ´´ÒÌ
¨ μ¤´μ±· É´μ ¨μ´¨§¨·μ¢ ´´ÒÌ (¸¢Ö§ ´´ÒÌ ¶μ μ¤´μ° ±μμ·¤¨´ É¥) ¸μ¸ÉμÖ´¨°
Ê¡Ò¢ ¥É ¸μ ¢·¥³¥´¥³, É ± ÎÉμ · ¤¨ ²Ó´μ¥ ±μ´¥Î´μ-· §´μ¸É´μ¥ ¶·¨¡²¨¦¥´¨¥
(¸³. �.�.3) ¢ ±μ´¥Î´μ³ ¸Î¥É¥ ¸É ´μ¢¨É¸Ö ¶²μÌ¨³. „²Ö ²Õ¡ÒÌ ¶· ±É¨Î¥¸±¨
¤μ¸É¨¦¨³ÒÌ ¶ · ³¥É·μ¢ ¸¥É±¨ Ì · ±É¥·´Ò° · §³¥· μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¸É -
´μ¢¨É¸Ö ³¥´ÓÏ¥ Ï £  ¸¥É±¨ § ¤μ²£μ ¤μ Éμ£μ, ± ± ¤μ¸É¨£ ¥É¸Ö ¸Ìμ¤¨³μ¸ÉÓ ¸¥-
Î¥´¨Ö. ‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ± ¸± § ´´μ³Ê ´  ·¨¸. 9,   ¶μ± § ´  ¶²μÉ´μ¸ÉÓ
¢¥·μÖÉ´μ¸É¨, ¶·μ¨´É¥£·¨·μ¢ ´´ Ö ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³, ¢ § ¢¨¸¨³μ¸É¨ μÉ
· ¤¨ ²Ó´ÒÌ ±μμ·¤¨´ É ¤¢ÊÌ Ô²¥±É·μ´μ¢ ¶·¨ t = tint. �  ·¨¸. 9, ¡ Éμ ¦¥ ¸ ³μ¥
· ¸¶·¥¤¥²¥´¨¥ ¶μ± § ´μ ¶·¨ ¡μ²ÓÏμ³ t. ®	μ±μ¢Ò¥ ¸É¥´±¨¯ ¸μμÉ¢¥É¸É¢ÊÕÉ
μ¤´μ±· É´μ ¨μ´¨§¨·μ¢ ´´Ò³ ¸μ¸ÉμÖ´¨Ö³,   ¶¨± ¢¡²¨§¨ Í¥´É·  Å ¸¢Ö§ ´´Ò³
¸μ¸ÉμÖ´¨Ö³. �¸É ²Ó´ Ö £² ¤± Ö Î ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö μÉ¢¥Î ¥É ¤¢Ê±· É´μ ¨μ-
´¨§¨·μ¢ ´´μ³Ê ¸μ¸ÉμÖ´¨Õ. ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ¤²Ö ±Ê²μ´μ¢¸±¨Ì ¶μÉ¥´Í¨ -
²μ¢ ÔÉ  ¶·μ¡²¥³  ´¥¸ÊÐ¥¸É¢¥´´ , É ± ± ± ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ±μ²² ¶¸¨·ÊÕÉ
¢ Ê§¥², ¡²¨¦ °Ï¨° ± Ö¤·Ê. �Éμ ´¥ ¢²¨Ö¥É ´  ¸¥Î¥´¨¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨,
μ¸´μ¢´μ° ¢±² ¤ ¢ ±μÉμ·μ¥ ¤ ÕÉ Ê¤ ²¥´´Ò¥ Ê§²Ò.

	μ²ÓÏ¥ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¶·μ¡²¥³ ¢μ§´¨± ¥É ¨§-§  ¤¢Ê±· É´μ ¢μ§¡Ê¦¤¥´-
´ÒÌ ( ¢Éμ¨μ´¨§ Í¨μ´´ÒÌ) ¸μ¸ÉμÖ´¨°. —¨¸²¥´´ Ö μÏ¨¡± , · ¸ÉÊÐ Ö ¸ t, ¸¤¢¨-
£ ¥É ¤¥°¸É¢¨É¥²Ó´ÊÕ Î ¸ÉÓ Ô´¥·£¨¨ É ±¨Ì ¸μ¸ÉμÖ´¨°. ‚ ·¥§Ê²ÓÉ É¥ ¶μÖ¢²ÖÕÉ¸Ö
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�¨¸. 9. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ μ¡´ ·Ê¦¥´¨Ö Ô²¥±É·μ´μ¢ ¢  Éμ³¥ £¥-
²¨Ö ¶μ¸²¥ Ê¤ ·  ¡Ò¸É·Ò³ Ô²¥±É·μ´μ³, ¶·μ¨´É¥£·¨·μ¢ ´´μ¥ ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³,
¢ § ¢¨¸¨³μ¸É¨ μÉ · ¤¨ ²Ó´ÒÌ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É ξ1, ξ2:  ) ¶μ¸²¥ Ê¤ · , ´μ ¤μ
´ Î ²  · ¸Ï¨·¥´¨Ö ±μμ·¤¨´ É´μ° ¸¥É±¨ (t = 3  . ¥.); ¡) ¶μ¸²¥ · ¸Ï¨·¥´¨Ö (t = 1000)

´¥Ë¨§¨Î¥¸±¨¥ μ¸Í¨²²ÖÍ¨¨ ¢ § ¢¨¸¨³μ¸É¨ ¸¥Î¥´¨Ö μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨ μÉ
Ô´¥·£¨¨ ¢Ò²¥É ÕÐ¥£μ Ô²¥±É·μ´ . „²Ö Ê¸É· ´¥´¨Ö ÔÉμ£μ  ·É¥Ë ±É  ¢ · ¡μÉ¥ [7]
³Ò ¶μ¤ ¢²Ö²¨ ÔÉ¨ ¸μ¸ÉμÖ´¨Ö ¤μ ´ Î ²  · ¸Ï¨·¥´¨Ö ±μμ·¤¨´ É ¸ ¶μ³μÐÓÕ
Ë¨²ÓÉ· Í¨¨ ¨¸Ìμ¤´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨:

ΨLM
flt (tint) = exp (−Ĥ0tflt)

Nflt∏
n=1

(Ĥ0 − En)ΨLM (tint),
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£¤¥ En Å Ô´¥·£¨¨ ¤¢Ê±· É´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°; Nflt Å Î¨¸²μ ¤¢Ê-
±· É´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°, § ³¥É´μ § ¸¥²Ö¥³ÒÌ ¢μ ¢·¥³Ö Ê¤ · . “³´μ-
¦¥´¨¥ ´  (Ĥ0 − En) ¸ÊÐ¥¸É¢¥´´μ ÊÏ¨·Ö¥É ¢μ²´μ¢μ° ¶ ±¥É ¢ Ô´¥·£¥É¨Î¥¸±μ³
¶·μ¸É· ´¸É¢¥. „²Ö ±μ··¥±Í¨¨ ÔÉμ£μ ³μ¦´μ ¶μ¤ ¢¨ÉÓ ¢Ò¸μ±μÔ´¥·£¥É¨Î¥¸±ÊÕ
Î ¸ÉÓ ¸¶¥±É·  ¸ ¶μ³μÐÓÕ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ ³´μ¦¨É¥²Ö, ÎÉμ ²¥£±μ ·¥ ²¨-
§Ê¥É¸Ö ¶ÊÉ¥³ · ¸¶·μ¸É· ´¥´¨Ö ¢ ³´¨³μ³ ¢·¥³¥´¨ ¢ É¥Î¥´¨¥ tflt. ‚μ ¢¸¥Ì
· ¸Î¥É Ì ¢ [7] ¨¸¶μ²Ó§μ¢ ²μ¸Ó Nflt = 1 ¨ E1 = −0,625 ¸ tflt = 0,2, Î¥£μ
¡Ò²μ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ¸¤¥² ÉÓ ´¥Ë¨§¨Î¥¸±¨¥ μ¸Í¨²²ÖÍ¨¨ ¶·¥´¥¡·¥¦¨³μ
³ ²Ò³¨.

�μ¸±μ²Ó±Ê ¤²¨´  ¢μ²´Ò ´¥Ë¨§¨Î¥¸±¨Ì μ¸Í¨²²ÖÍ¨°, ¢μ§´¨± ÕÐ¨Ì ¨§-§ 
 ¢Éμ¨μ´¨§ Í¨μ´´ÒÌ ¸μ¸ÉμÖ´¨°, ¢¸¥£¤  Éμ£μ ¦¥ ¶μ·Ö¤± , ÎÉμ ¨ Ï £ · ¤¨ ²Ó-
´μ° ¸¥É±¨ h, ¢ · ¡μÉ¥ [11] ¨¸¶μ²Ó§μ¢ ²¸Ö ¤·Ê£μ° ³¥Éμ¤ ¨§¡ ¢²¥´¨Ö μÉ ´¨Ì.
‚³¥¸Éμ Ë¨²ÓÉ· Í¨¨ ¤μ · ¸Ï¨·¥´¨Ö ¶·¨³¥´Ö² ¸Ó Ë¨²ÓÉ· Í¨Ö ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ¶μ¸²¥ § ¢¥·Ï¥´¨Ö Ô¢μ²ÕÍ¨¨ ¶ÊÉ¥³ ¨¸±²ÕÎ¥´¨Ö ±μ³¶μ´¥´É ¸ ¤²¨´ ³¨
¢μ²´ ³¥´ÓÏ¥, Î¥³ 4h.

‚ · ¡μÉ¥ [7] ³¥Éμ¤ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É (TDS) (time-dependent scal-
ing) ¢ ±μ³¡¨´ Í¨¨ ¸ PA1B ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ¤²Ö · ¸Î¥É  ¤¢μ°´μ° ¨μ´¨§ Í¨¨
 Éμ³  £¥²¨Ö Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´ , ¸³. · §¤. 1 ¨ ·¨¸. 4.

3.2. ˆ¸¶μ²Ó§μ¢ ´¨¥ · ¸¸Î¨É ´´μ£μ 3„‘ ¤²Ö  ´ ²¨§  Ê£²μ¢μ° ±μ··¥²Ö-
Í¨¨ Ô²¥±É·μ´μ¢ ¢ Ìμ¤¥ ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨. �´¥·£μÊ£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ
3„‘, ¶μ²ÊÎ¥´´ Ö ¸ ¶μ³μÐÓÕ ´ Ï¥£μ ³¥Éμ¤ , ¶μ§¢μ²Ö¥É ¶μ²´μ μÌ · ±É¥·¨-
§μ¢ ÉÓ ¶·μÍ¥¸¸ „”ˆ. �·¨·μ¤  ¶μ¸²¥¤´¥£μ É ±μ¢ , ÎÉμ μ´ ¢μ§³μ¦¥´ ²¨ÏÓ
¡² £μ¤ ·Ö ´ ²¨Î¨Õ ³¥¦Ô²¥±É·μ´´ÒÌ ±μ··¥²ÖÍ¨°, É ± ÎÉμ  ´ ²¨§ · ¸¸Î¨É ´-
´μ£μ 3„‘ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¨§ÊÎ¥´¨Ö ÔÉμ£μ Ö¢²¥´¨Ö. �¡Ð¥¶·¨´ÖÉÒ³ ¶·¨¡²¨-
¦¥´´Ò³  ´ ²¨É¨Î¥¸±¨³ ¶μ¤Ìμ¤μ³ ± · ¸¸³μÉ·¥´¨Õ ¢²¨Ö´¨Ö ³¥¦Ô²¥±É·μ´´ÒÌ
±μ··¥²ÖÍ¨° ´  ¤¢μ°´ÊÕ ¨μ´¨§ Í¨Õ Ö¢²Ö¥É¸Ö É¥μ·¨Ö ‚ ´Ó¥. ŒÒ ¨¸¶μ²Ó§μ¢ ²¨
¶μ²ÊÎ¥´´μ¥ ¢ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì 3„‘ ¤²Ö ¶·μ¢¥·±¨ ¸²¥¤¸É¢¨° ÔÉμ° É¥μ·¨¨.

	μ²¥¥ 50 ²¥É ´ § ¤ ‚ ´Ó¥ [83] ¶μ± § ², ÎÉμ ¥¸²¨ ¤¢  ³¥¤²¥´´ÒÌ Ô²¥±É·μ´ 
¶μ±¨¤ ÕÉ ¢ ·¥§Ê²ÓÉ É¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ¶μ²μ¦¨É¥²Ó´μ § ·Ö¦¥´´Ò° μ¸Éμ¢,
Éμ ¶μ²´μ¥ ¸¥Î¥´¨¥ σ § ¢¨¸¨É μÉ ¶μ²´μ° Ô´¥·£¨¨ Ô²¥±É·μ´μ¢ E ¶μ § ±μ´Ê
σ ∝ Eα, £¤¥ α > 1 § ¢¨¸¨É Éμ²Ó±μ μÉ § ·Ö¤  μ¸É ÉμÎ´μ£μ ¨μ´ . �Éμ ¢Ò· ¦¥-
´¨¥ ¡Ò²μ ¶μ²ÊÎ¥´μ ¶ÊÉ¥³ · §¤¥²¥´¨Ö μ±·Ê¦ ÕÐ¥£μ ¨μ´ ¶·μ¸É· ´¸É¢  ´  É·¨
μ¡² ¸É¨: §μ´Ê ·¥ ±Í¨¨, ¨§ ±μÉμ·μ° ¸É ·ÉÊÕÉ Ô²¥±É·μ´Ò, ±Ê²μ´μ¢¸±ÊÕ §μ´Ê, ¢
±μÉμ·μ° Ô´¥·£¨Ö ±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´μ¢ ¨ ¶μ²μ¦¨É¥²Ó´μ£μ
μ¸Éμ¢  ´ ³´μ£μ ¡μ²ÓÏ¥ E, ¨ §μ´Ê ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö, £¤¥, ´ ¶·μÉ¨¢, ±¨-
´¥É¨Î¥¸± Ö Ô´¥·£¨Ö Ô²¥±É·μ´μ¢ ´ ³´μ£μ ¡μ²ÓÏ¥ ¶μÉ¥´Í¨ ²Ó´μ°. �·¨ ÔÉμ³ ¢
±Ê²μ´μ¢¸±μ° §μ´¥ ¤¢¨¦¥´¨¥ Ô²¥±É·μ´μ¢ μ¶¨¸Ò¢ ¥É¸Ö ±² ¸¸¨Î¥¸±¨³ μ¡· §μ³.
ˆ§ É¥μ·¨¨ ‚ ´Ó¥ É ±¦¥ ¸²¥¤Ê¥É, ÎÉμ ´ ¨¡μ²¥¥ ¢¥·μÖÉ¥´ ¢Ò²¥É Ô²¥±É·μ´μ¢ ¢
¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ´ ¶· ¢²¥´¨ÖÌ. „μ ´¥¤ ¢´¥£μ ¢·¥³¥´¨ Ô±¸¶¥·¨³¥´É ²Ó´μ³Ê
¨§³¥·¥´¨Õ ¡Ò²¨ ¤μ¸ÉÊ¶´Ò ²¨ÏÓ ¶μ²´Ò¥ ¸¥Î¥´¨Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨, ¶μ± 
´¥ ¶μÖ¢¨² ¸Ó É¥Ì´¨±  ¸μ¢¶ ¤¥´¨° [84], ¶μ§¢μ²ÖÕÐ Ö ¨§³¥·ÖÉÓ ³´μ£μ±· É´Ò¥
¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸¥Î¥´¨Ö, § ¢¨¸ÖÐ¨¥ μÉ Éμ£μ, ± ± Ô´¥·£¨Ö ¤¥²¨É¸Ö ³¥¦¤Ê
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¢Ò²¥É ÕÐ¨³¨ Ô²¥±É·μ´ ³¨ ¨ ± ±μ¢Ò Ê£²Ò ¨Ì ¢Ò²¥É . �É¨ ¤ ´´Ò¥ ´¥¸ÊÉ ¨´-
Ëμ·³ Í¨Õ μ ±μ··¥²ÖÍ¨¨ ³¥¦¤Ê Ô²¥±É·μ´ ³¨.

�¤´¨³ ¨§ ¶·μ¸É¥°Ï¨Ì ¶·μÍ¥¸¸μ¢, μ¶·¥¤¥²Ö¥³ÒÌ ±μ··¥²ÖÍ¨¥° Ô²¥±É·μ´μ¢,
Ö¢²Ö¥É¸Ö ¤¢μ°´ Ö ¨μ´¨§ Í¨Ö £¥²¨Ö μ¤´¨³ ËμÉμ´μ³ [85]. 	Ò²μ ¶μ± § ´μ [86],
ÎÉμ ¥¸²¨ ¶ ¤ ÕÐ¥¥ ¨§²ÊÎ¥´¨¥ ²¨´¥°´μ ¶μ²Ö·¨§μ¢ ´μ ¢ ´ ¶· ¢²¥´¨¨ μ¸¨ z, Éμ
É·¥Ì±· É´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ (3„‘) ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨  Éμ³ 
μ¤´¨³ ËμÉμ´μ³ ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ ¸Ê³³Ê Î¥É´μ° ¨ ´¥Î¥É´μ°  ³¶²¨ÉÊ¤:

d3σ

dE1 dΩ1 dΩ2
= |ag(E1, E2, θ12)(cos θ1 + cos θ2)+

+ au(E1, E2, θ12)(cos θ1 − cos θ2)|2, (76)

£¤¥ E1,2 Å Ô´¥·£¨¨ ¢Ò²¥É¥¢Ï¨Ì Ô²¥±É·μ´μ¢ (¨Ì ¶μ²´ Ö Ô´¥·£¨Ö E = E1+E2);
θ1,2 Å Ê£²Ò ¢Ò²¥É  Ô²¥±É·μ´μ¢ μÉ´μ¸¨É¥²Ó´μ ´ ¶· ¢²¥´¨Ö ¶μ²Ö·¨§ Í¨¨ ¶ ¤ -
ÕÐ¥£μ ¨§²ÊÎ¥´¨Ö; θ12 Å μÉ´μ¸¨É¥²Ó´Ò° Ê£μ² ³¥¦¤Ê ´ ¶· ¢²¥´¨Ö³¨ ¨Ì · §-
²¥É ; ag ¨ au Å Î¥É´ Ö ¨ ´¥Î¥É´ Ö  ³¶²¨ÉÊ¤Ò ¸μμÉ¢¥É¸É¢¥´´μ (¶¥·¢ÊÕ μ¡ÒÎ´μ
´ §Ò¢ ÕÉ ±μ··¥²ÖÍ¨μ´´Ò³ ¶ · ³¥É·μ³). ‘μ³´μ¦¨É¥²¨ cos θ1 ± cos θ2 ¶·¥¤-
¸É ¢²ÖÕÉ ¸μ¡μ° ±¨´¥³ É¨Î¥¸±ÊÕ ±μ³¶μ´¥´ÉÊ 3„‘, Ö¢´Ò³ μ¡· §μ³ μÉ¤¥²¥´´ÊÕ
¢ ÔÉμ° Ëμ·³Ê²¥ μÉ ¤¨´ ³¨Î¥¸±μ°. Š·μ³¥ Éμ£μ, ¶·¨ E1 = E2 au = 0. —¥É´ÊÕ
 ³¶²¨ÉÊ¤Ê ag μ¡ÒÎ´μ ´ §Ò¢ ÕÉ ±μ··¥²ÖÍ¨μ´´Ò³ ¶ · ³¥É·μ³. ‘²¥¤ÊÖ É¥μ·¨¨
‚ ´Ó¥ [83], ¶μÉ¥´Í¨ ² ³¥¦Ô²¥±É·μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ³μ¦´μ  ¶¶·μ±¸¨-
³¨·μ¢ ÉÓ ±¢ ¤· É¨Î´Ò³ Î²¥´μ³ · §²μ¦¥´¨Ö ’¥°²μ·  ¶μ ¸É¥¶¥´Ö³ ¢¥²¨Î¨´Ò
(θ12 − π) ¢ ¸¥¤²μ¢μ° ÉμÎ±¥ (θ12 = π, r1 = r2), É. ¥. ¶μÉ¥´Í¨ ²μ³ £ ·³μ´¨-
Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¸ Î ¸ÉμÉμ°, § ¢¨¸ÖÐ¥° μÉ £¨¶¥·· ¤¨Ê¸  R =

√
r2
1 + r2

2 .
� Ê [87] ¶·¥¤¶μ²μ¦¨², ÎÉμ Ê£²μ¢μ¥ ¶μ¢¥¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢¡²¨§¨ ¸¥¤-
²μ¢μ° ÉμÎ±¨ ¸μ¢¶ ¤ ¥É ¸ ¢μ²´μ¢μ° ËÊ´±Í¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö £ ·³μ´¨Î¥-
¸±μ£μ μ¸Í¨²²ÖÉμ·  ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö R ¢ ¶·¥¤¥² Ì ±Ê²μ´μ¢¸±μ° §μ´Ò,   ¢
¸¢μ¡μ¤´μ° §μ´¥ ÔÉ  § ¢¨¸¨³μ¸ÉÓ ®§ ³μ· ¦¨¢ ¥É¸Ö¯ ¨ μ¸É ¥É¸Ö É ±μ° ¦¥, ± ±
´  £· ´¨Í¥ ³¥¦¤Ê ´¨³¨. �Éμ ¶·¨¢μ¤¨É ± £ Ê¸¸μ¢μ° Ëμ·³¥ ±μ··¥²ÖÍ¨μ´´μ£μ
¶ · ³¥É·  [88]

ag(E1, E2, θ12) � A exp
[
−2 ln 2

(θ12 − π)2

γ2

]
(77)

¸ £ Ê¸¸μ¢μ° Ï¨·¨´μ°
γ = γ0E

1/4, (78)

£¤¥ A Å ¶μ¸ÉμÖ´´ Ö,   ¶·¨¢¥¤¥´´ Ö £ Ê¸¸μ¢  Ï¨·¨´  γ0 § ¢¨¸¨É μÉ ¢Ò¡μ· 
£¨¶¥·· ¤¨Ê¸  £· ´¨ÍÒ ³¥¦¤Ê ±Ê²μ´μ¢¸±μ° ¨ ¸¢μ¡μ¤´μ° §μ´ ³¨. ƒ Ê¸¸μ¢  Ï¨-
·¨´  Ì · ±É¥·¨§Ê¥É Ê£²μ¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ±μ··¥²ÖÍ¨μ´´μ£μ ¶ · ³¥É· : ¡μ²Ó-
Ï Ö ¢¥²¨Î¨´  γ μ§´ Î ¥É ¸² ¡ÊÕ ±μ··¥²ÖÍ¨Õ ¨ ´ μ¡μ·μÉ. �μ ÔÉμ° ¶·¨Î¨´¥
¤ ´´Ò° ¶ · ³¥É· Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ ¤²Ö μÍ¥´±¨ ¸É¥¶¥´¨ Ô²¥±É·μ´-Ô²¥±É·μ´´μ°
±μ··¥²ÖÍ¨¨. �μ  ´ ²μ£¨¨ ¸ ¶μ·μ£μ¢Ò³ § ±μ´μ³ ‚ ´Ó¥ ¤²Ö ¶μ²´μ£μ ¸¥Î¥´¨Ö
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· ¢¥´¸É¢μ (78) μ¡ÒÎ´μ É ±¦¥ ´ §Ò¢ ÕÉ § ±μ´μ³ ‚ ´Ó¥, ÌμÉÖ ¸ ³ ‚ ´Ó¥ ´¥
¨³¥¥É ± ´¥³Ê ¶·Ö³μ£μ μÉ´μÏ¥´¨Ö.

�¥¸³μÉ·Ö ´  Éμ, ÎÉμ μ¡² ¸ÉÓ Ô´¥·£¨°, ¢ ±μÉμ·μ° ¸¶· ¢¥¤²¨¢μ ¢Ò· ¦¥-
´¨¥ (78), ¤μ ¸¨Ì ¶μ· ´¥ μ¶·¥¤¥²¥´ , ¨ Ô±¸¶¥·¨³¥´É Éμ·Ò, ¨ É¥μ·¥É¨±¨ Î -
¸Éμ ¨¸¶μ²Ó§ÊÕÉ ¥£μ ¶·¨ ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ, ¶ÒÉ Ö¸Ó ´ °É¨ ¶·¨¢¥¤¥´´ÊÕ
£ Ê¸¸μ¢Ê Ï¨·¨´Ê γ0. Œ´μ¦¥¸É¢μ Ëμ·³Ê² ¤²Ö γ0 ¶·¥¤²μ¦¥´μ · §²¨Î´Ò³¨
 ¢Éμ· ³¨ [89]. Œ¥¦¤Ê É¥³, Š § ´¸±¨° ¨ �¸É·μ¢¸±¨° [90] ¶ÊÉ¥³ ¨¸¶μ²Ó-
§μ¢ ´¨Ö § ³¥´Ò ¶¥·¥³¥´´ÒÌ, μ¡¥¸¶¥Î¨¢ ÕÐ¥° ¸¢¥¤¥´¨¥ § ¤ Î¨ ± Ô¢μ²ÕÍ¨¨
¢μ²´μ¢μ£μ ¶ ±¥É  ¢ ¶μÉ¥´Í¨ ²¥ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¶¥·¥³¥´´μ° Î -
¸ÉμÉÒ, ¶μ± § ²¨, ÎÉμ Ï¨·¨´  ¶ ±¥É  ´¥ ³μ¦¥É  ¤¨ ¡ É¨Î¥¸±¨ ¸²¥¤μ¢ ÉÓ § 
¨§³¥´¥´¨¥³ Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·  ¨§-§  § ³¥¤²¥´¨Ö Ô²¥±É·μ´μ¢ ¶μ²¥³ Ö¤· .
� ÔÉμ ¶·μÉ¨¢μ·¥Î¨É ¤μ¶ÊÐ¥´¨Ö³, ´  μ¸´μ¢ ´¨¨ ±μÉμ·ÒÌ ¢ [88] ¡Ò²  ¢Ò¢¥-
¤¥´  Ëμ·³Ê²  (78). �·¨ ÊÎ¥É¥ ´¥ ¤¨ ¡ É¨Î´μ¸É¨ ¶μ¢¥¤¥´¨¥ £ Ê¸¸μ¢μ° Ï¨·¨´Ò
¢¡²¨§¨ ¶μ·μ£  ¸¨²Ó´μ ¨§³¥´Ö¥É¸Ö. �·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ¶·¨ ³ ²ÒÌ Ô´¥·-
£¨ÖÌ ¨§ ·¥ ±Í¨μ´´μ° §μ´Ò ³μ¦¥É ¢Ò°É¨ ¢μ²´μ¢μ° ¶ ±¥É, ¸μ¤¥·¦ Ð¨° Éμ²Ó±μ
μ¸´μ¢´ÊÕ μ¸Í¨²²ÖÉμ·´ÊÕ ³μ¤Ê, É ±¦¥ ´¥¢¥·´μ, ± ± ¡Ò²μ ¶μ± § ´μ É¥³¨ ¦¥
 ¢Éμ· ³¨. ‘²¥¤μ¢ É¥²Ó´μ, ¸μ£² ¸´μ [90], ag(θ12) § ¢¨¸¨É μÉ ¤¥É ²¥° ¶·μÉ¥± -
´¨Ö ¶·μÍ¥¸¸  ¢´ÊÉ·¨ ·¥ ±Í¨μ´´μ° §μ´Ò ¨ ³μ¦¥É ¨³¥ÉÓ ´¥£ Ê¸¸μ¢ ¢¨¤ ¤ ¦¥
¶·¨ E → 0.

�¥·¢μ´ Î ²Ó´μ° ³μÉ¨¢ Í¨¥° ¤¥É ²Ó´μ£μ  ´ ²¨§  [11] Ìμ·μÏμ ¨§¢¥¸É´μ°
¨, ´  ¶¥·¢Ò° ¢§£²Ö¤, ¶μ´ÖÉ´μ° § ¤ Î¨ μ¡ Ô´¥·£¥É¨Î¥¸±μ° § ¢¨¸¨³μ¸É¨ £ Ê¸¸μ-
¢μ° Ï¨·¨´Ò ±μ··¥²ÖÍ¨μ´´μ£μ ¶ · ³¥É·  ¤²Ö  Éμ³  £¥²¨Ö ¨ £¥²¨¥¶μ¤μ¡´ÒÌ
¨μ´μ¢ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ¶μ¸²Ê¦¨²μ μ¡´ ·Ê¦¥´´μ¥ ¢ [6] Ö¢²¥´¨¥: ¤²Ö μÉ-
·¨Í É¥²Ó´μ£μ ¨μ´  ¢μ¤μ·μ¤  (¶·μÉμ´ ¸ ¤¢Ê³Ö Ô²¥±É·μ´ ³¨) ¢ μ¡² ¸É¨ ´¨§±¨Ì
Ô´¥·£¨° γ ´ Î¨´ ¥É · ¸É¨ ¶μ ³¥·¥ Ê¡Ò¢ ´¨Ö Ô´¥·£¨¨, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ö¢-
´μ³ ¶·μÉ¨¢μ·¥Î¨¨ ¸ ¶μ·μ£μ¢Ò³ § ±μ´μ³ ‚ ´Ó¥. ‚ · ¸Î¥É Ì [11] ¨¸¶μ²Ó§μ¢ ´
³¥Éμ¤ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É ¤²Ö ·¥Ï¥´¨Ö ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  [6,7], ¨§²μ¦¥´´Ò° ¢ · §¤. 3.

�¥§Ê²ÓÉ ÉÒ · ¸Î¥É  3„‘ § É¥³ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¤²Ö μ¶·¥¤¥²¥´¨Ö £ Ê¸¸μ¢μ°
Ï¨·¨´Ò γ. Š¢ ¤· É ³μ¤Ê²Ö ±μ··¥²ÖÍ¨μ´´μ£μ ¶ · ³¥É·  |ag(E1, E1, θ12)|2
³μ¦´μ ¨§¢²¥ÎÓ ¨§ 3„‘ ¸ ¶μ³μÐÓÕ Ê· ¢´¥´¨Ö (76) ¸ ¶μ¸²¥¤ÊÕÐ¥°  ¶¶·μ±¸¨-
³ Í¨¥° ¢Ò· ¦¥´¨¥³ (77) ¶μ ³¥Éμ¤Ê ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ [91]. �²ÓÉ¥·´ É¨¢-
´Ò° ¶μ¤Ìμ¤ [92] μ¸´μ¢ ´ ´   ¶¶·μ±¸¨³ Í¨¨ ¤¢Ê±· É´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ

¸¥Î¥´¨Ö (2„‘) σ(2)(E1, E2, θ12) =
d2σ

dE1 dθ12
¢Ò· ¦¥´¨¥³

σ(2)(E1, E2 = E1, θ12) �
32π2

3
|A|2 exp

[
−4 ln 2(π − θ12)2

γ2

]
cos2

θ12

2
, (79)

±μÉμ·μ¥ ¶μ²ÊÎ ¥É¸Ö ¨§ (76) ¶μ¸·¥¤¸É¢μ³ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢¸¥³ Ê£² ³, ±·μ³¥
θ12. �μ¸±μ²Ó±Ê ±μ··¥²ÖÍ¨μ´´Ò° ¶ · ³¥É· ag(θ12) ³μ¦¥É §´ Î¨É¥²Ó´μ μÉ±²μ-
´ÖÉÓ¸Ö μÉ £ Ê¸¸μ¢μ° Ëμ·³Ò, ¢¥²¨Î¨´Ò γ, ¢ÒÎ¨¸²¥´´Ò¥ ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨, · §-
²¨Î ÕÉ¸Ö. ’ ±, ¢ ³¥Éμ¤¥ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ §´ Î¥´¨Ö 3„‘ ¢¡²¨§¨ θ12 = π
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¢´μ¸ÖÉ ¢±² ¤ ¢ ¸Ê³³Ê ±¢ ¤· Éμ¢ ¸ ³¥´ÓÏ¨³ ¢¥¸μ³ ¶·¨ ¶μ¤£μ´±¥ σ(2)(θ12), Î¥³
¶·¨ ¶μ¤£μ´±¥ |ag(θ12)|2. ƒ Ê¸¸μ¢  Ï¨·¨´ , ¶μ²ÊÎ¥´´ Ö ¶μ¤£μ´±μ° |ag(θ12)|2,
¡Ê¤¥É ´¨¦¥ μ¡μ§´ Î ÉÓ¸Ö ± ± γ(|ag|2),   ¶μ²ÊÎ¥´´ Ö ¶μ¤£μ´±μ° σ(2)(θ12) Å
± ± γ(σ(2)).

3.2.1. ”μÉμ¨μ´¨§ Í¨Ö £¥²¨Ö ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖ´¨¨. �  ·¨¸. 10 ¶·¨¢¥-
¤¥´  § ¢¨¸¨³μ¸ÉÓ £ Ê¸¸μ¢μ° Ï¨·¨´Ò γ μÉ ¶μ²´μ° Ô´¥·£¨¨ ¢Ò²¥É¥¢Ï¨Ì Ô²¥±-
É·μ´μ¢ E ¤²Ö ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨ £¥²¨Ö ¨§ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨
Ê¸²μ¢¨¨, ÎÉμ Ô´¥·£¨Ö ¤¥²¨É¸Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ ¶μ·μ¢´Ê. �¥§Ê²ÓÉ ÉÒ ³¥-
Éμ¤  ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É (TDS) ¤¥³μ´¸É·¨·ÊÕÉ μÉ²¨Î´μ¥ ¸μ£² ¸¨¥ ¸
Ô±¸¶¥·¨³¥´Éμ³ ¢μ ¢¸¥³ ¤¨ ¶ §μ´¥ Ô´¥·£¨° μÉ 0,1 ¤μ 100 Ô‚, ±·μ³¥ ÉμÎ±¨
¶·¨ 4 Ô‚ ¨§ [93]. �¸μ¡μ μÉ³¥É¨³ ÉμÎ´μ¥ ¸μ¢¶ ¤¥´¨¥ ±·¨¢μ° TDS γ(σ(2))
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ÉμÎ± ³¨ ¶·¨ 0,116 ¨ 0,209 Ô‚ [92]. Š·¨¢ Ö γ(|ag|2)
ÌÊ¦¥ ¸μ£² ¸Ê¥É¸Ö ¸ ÔÉ¨³¨ ÉμÎ± ³¨, ¨ ÔÉμ ²¥£±μ μ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉμ ¢ Ô±¸-
¶¥·¨³¥´É¥ [92] μ¶·¥¤¥²Ö² ¸Ó ¨³¥´´μ γ(σ(2)). �·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ Ô±¸-
¶¥·¨³¥´É ²Ó´ Ö ÉμÎ±  ´  80 Ô‚ [94] ¡Ò²  ¶μ²ÊÎ¥´  ¶μ¤£μ´±μ° |ag(θ12)|2,
É ± ÎÉμ ´¥Ê¤¨¢¨É¥²Ó´μ, ÎÉμ ÔÉ  ÉμÎ±  ´ Ìμ¤¨É¸Ö £μ· §¤μ ¡²¨¦¥ ± ±·¨¢μ°
TDS γ(|ag|2), Î¥³ ± TDS γ(σ(2)). ‚μμ¡Ð¥ £μ¢μ·Ö, · §²¨Î¨¥ ³¥¦¤Ê γ(|ag|2)
¨ γ(σ(2)) ³μ¦¥É ¡ÒÉÓ ¶·μÖ¢²¥´¨¥³ ¸É¥¶¥´¨ μÉ±²μ´¥´¨Ö ag(θ12) μÉ £ Ê¸¸μ¢μ°
Ëμ·³Ò, ÌμÉÖ ¸μ¢¶ ¤¥´¨¥ ÔÉ¨Ì ±·¨¢ÒÌ ´¥ μ§´ Î ¥É, ÎÉμ ËÊ´±Í¨Ö ag(θ12) Î¨¸Éμ
£ Ê¸¸μ¢ . �  ·¨¸. 10 ¶μ± § ´Ò É ±¦¥ ·¥§Ê²ÓÉ ÉÒ ¤·Ê£¨Ì · ¸Î¥Éμ¢ ¨§ ¶¥·¢ÒÌ
¶·¨´Í¨¶μ¢. ‘μ£² ¸¨¥ ·¥§Ê²ÓÉ Éμ¢ ‘‘‘ [91, 95] ¸ ·¥§Ê²ÓÉ É ³¨ TDS Ìμ·μÏ¥¥
¤²Ö E > 10 Ô‚ ¨ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ¥ ¶·¨ ¡μ²¥¥ ´¨§±¨Ì Ô´¥·£¨ÖÌ. �¥§Ê²ÓÉ ÉÒ
TDCC [96] É ³, £¤¥ μ´¨ ¨³¥ÕÉ¸Ö, ¡²¨§±¨ ± TDS,   ·¥§Ê²ÓÉ ÉÒ HRM-SOW [97]
¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ ¢¸¥Ì μ¸É ²Ó´ÒÌ ±·¨¢ÒÌ.
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�¨¸. 10. ƒ Ê¸¸μ¢  Ï¨·¨´  γ ± ± ËÊ´±Í¨Ö ¶μ²´μ° Ô´¥·£¨¨ ¨¸¶ÊÐ¥´´ÒÌ Ô²¥±É·μ´μ¢
E: ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ �Š- ¶¶·μ±¸¨³ Í¨¥° σ(2)(θ12) (Éμ²¸É Ö ¸¶²μÏ´ Ö ±·¨¢ Ö)
¨ |ag(θ12)|2 (Éμ´± Ö ¸¶²μÏ´ Ö), ¢ÒÎ¨¸²¥´´ÒÌ ¸ ¶μ³μÐÓÕ TDS,   É ±¦¥ ·¥§Ê²ÓÉ ÉÒ
CCC [91,95] (ÏÉ·¨Ìμ¢ Ö), TDCC [96] (¶Ê´±É¨·´ Ö), HRM-SOW [97] (ÏÉ·¨Ì¶Ê´±É¨·-
´ Ö) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ [25,92Ä94,112,113] (±·Ê¦±¨)
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ƒ· Ë¨±¨ ´  ·¨¸. 10 ¶μ¸É·μ¥´Ò ¶μ μ¡¥¨³ μ¸Ö³ ¢ ²μ£ ·¨Ë³¨Î¥¸±μ³ ³ ¸-
ÏÉ ¡¥, ¢ ±μÉμ·μ³ ¸É¥¶¥´´Ò¥ § ¢¨¸¨³μ¸É¨ É¨¶  § ±μ´  ‚ ´Ó¥ (78) ¢Ò£²Ö¤ÖÉ ± ±
´ ±²μ´´Ò¥ ¶·Ö³Ò¥ ²¨´¨¨. ˆ ¤¥°¸É¢¨É¥²Ó´μ, £· Ë¨±¨ TDS ¡²¨§±¨ ± ¶·Ö³Ò³
²¨´¨Ö³, ±μ£¤  E ´¥ ¶·¥¢ÒÏ ¥É ´¥¸±μ²Ó±¨Ì Ô²¥±É·μ´¢μ²ÓÉ. �¤´ ±μ ¶μ± -
§ É¥²Ó ¸É¥¶¥´¨ ¢μ¢¸¥ ´¥ · ¢¥´ 1/4. ‚ ¨´É¥·¢ ²¥ Ô´¥·£¨° μÉ 0,1 ¤μ 2 Ô‚
 ¶¶·μ±¸¨³ Í¨Ö ±·¨¢μ° γ(σ(2)) ¸É¥¶¥´´Ò³ § ±μ´μ³ μ¡Ð¥£μ ¢¨¤ 

γ = γ̃0E
s (80)

¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¤ ¥É ¶μ± § É¥²Ó s = 1/10
¨ ±μÔËË¨Í¨¥´É ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨ γ̃0 = 70◦· Ô‚−s. ‘Éμ²Ó §´ Î¨É¥²Ó´μ¥
μÉ±²μ´¥´¨¥ μÉ ¶μ·μ£μ¢μ£μ § ±μ´  ‚ ´Ó¥, Î ¸Éμ ¨¸¶μ²Ó§Ê¥³μ£μ ¶·¨ ¨´É¥·¶·¥-
É Í¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨ É¥μ·¥É¨Î¥¸±¨Ì ¤ ´´ÒÌ, ¢Ò£²Ö¤¨É μ¡¥¸±Ê· ¦¨-
¢ ÕÐ¥.

�¨¸. 11. �·¨¢¥¤¥´´ Ö £ Ê¸¸μ¢  Ï¨·¨´  γ0 ¤²Ö He ± ± ËÊ´±Í¨Ö E: ·¥§Ê²ÓÉ ÉÒ,
¶μ²ÊÎ¥´´Ò¥ �Š- ¶¶·μ±¸¨³ Í¨¥° ¢ÒÎ¨¸²¥´´ÒÌ ¸¥Î¥´¨° σ(2)(θ12) (Éμ²¸É Ö ²¨´¨Ö) ¨
|ag(θ12)|2 (Éμ´± Ö), ¢ÒÎ¨¸²¥´´ÒÌ ¸ ¶μ³μÐÓÕ TDS, ¨ ¶μ·μ£μ¢Ò° § ±μ´ Š § ´¸±μ£μÄ
�¸É·μ¢¸±μ£μ [90] (ÏÉ·¨Ìμ¢ Ö)

�  ·¨¸. 11 ¶μ± § ´  ¶·¨¢¥¤¥´´ Ö £ Ê¸¸μ¢  Ï¨·¨´  γ0(E) = γ(E)/E1/4

¢ ¸· ¢´¥´¨¨ ¸ ±·¨¢μ°, ¶μ²ÊÎ¥´´μ° ¢ [90] ¶ÊÉ¥³ ¨¸¶μ²Ó§μ¢ ´¨Ö ±¢ ¤· É¨Î-
´μ°  ¶¶·μ±¸¨³ Í¨¨ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Ô²¥±É·μ´ ³¨ ¢¡²¨§¨
(θ12 − π) ¨ ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¸
ÊÎ¥Éμ³ ´¥ ¤¨ ¡ É¨Î¥¸±μ° § ¢¨¸¨³μ¸É¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ μÉ £¨¶¥·· ¤¨Ê¸ ,  
É ±¦¥ ¶·¥¤¶μ²μ¦¥´¨Ö μ Éμ³, ÎÉμ Éμ²Ó±μ ´ ¨´¨§Ï Ö ³μ¤  ¶μ θ12 § ¸¥²¥´  ´ 
£· ´¨Í¥ ·¥ ±Í¨μ´´μ° §μ´Ò, £¨¶¥·· ¤¨Ê¸ ±μÉμ·μ° ¶μ² £ ²¸Ö · ¢´Ò³ R = 4.
�μ¸²¥¤´ÕÕ § ±μ´μ³¥·´μ¸ÉÓ ´¨¦¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶μ·μ£μ¢Ò³ § ±μ´μ³
Š § ´¸±μ£μÄ�¸É·μ¢¸±μ£μ (Š�). ‚¨¤´μ, ÎÉμ ±·¨¢Ò¥ TDS ¡²¨§±¨ ± ¶μ·μ£μ-
¢μ³Ê § ±μ´Ê Š� ¢¶²μÉÓ ¤μ ³¨´¨³ ²Ó´μ° Ô´¥·£¨¨ E = 0,1 Ô‚, ¤μ¸É¨£´ÊÉμ°
¢ · ¸Î¥É Ì. �  ·¨¸. 11 ¶μ·μ£μ¢Ò° § ±μ´ ‚ ´Ó¥ (78) ¢Ò£²Ö¤¥² ¡Ò ± ± £μ-
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·¨§μ´É ²Ó´ Ö ¶·Ö³ Ö ²¨´¨Ö. �·¨ μÎ¥´Ó ´¨§±¨Ì Ô´¥·£¨ÖÌ ¶μ·Ö¤±  10−5 Ô‚
±·¨¢ Ö Š� ± ¦¥É¸Ö ¢ÒÌμ¤ÖÐ¥° ´  £μ·¨§μ´É ²Ó, μ¤´ ±μ ÔÉμ ¶·μ¨¸Ìμ¤¨É ²¨ÏÓ
¶μÉμ³Ê, ÎÉμ Ô´¥·£¨¨ ´¨¦¥ 10−6 Ô‚ ´¥ ¶μ± § ´Ò ´  ·¨¸Ê´±¥. ‘μ£² ¸´μ [90],
§ ¢¨¸¨³μ¸ÉÓ γ0(E) ¶·¨ Ê¡Ò¢ ´¨¨ Ô´¥·£¨¨ ¨³¥¥É μ¸Í¨²²¨·ÊÕÐ¨° Ì · ±É¥· ¸
¶¥·¨μ¤μ³, ±μÉμ·Ò° ¶μ¸ÉμÖ´¥´ ¢ ²μ£ ·¨Ë³¨Î¥¸±μ° Ï± ²¥ (´  ·¨¸. 11 ¶μ± § ´ 
¶μ²μ¢¨´  ÔÉμ£μ ¶¥·¨μ¤ ), ¨ ´¨±μ£¤  ´¥ ¶¥·¥Ìμ¤¨É ¢ ¶μ·μ£μ¢Ò° § ±μ´ ‚ ´Ó¥.

3.2.2. ”μÉμ¨μ´¨§ Í¨Ö ³¨Ï¥´¥° ¸ ¸¨²Ó´μ  ¸¨³³¥É·¨Î´μ° ±μ´Ë¨£Ê· Í¨¥°
´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ · ¡μÉ¥ [6] ¸· ¢´¨¢ ²¨¸Ó § ¢¨¸¨³μ¸É¨ γ(E) ¤²Ö
· §²¨Î´ÒÌ £¥²¨¥¶μ¤μ¡´ÒÌ ¨μ´μ¢. 	Ò²μ μ¡´ ·Ê¦¥´μ, ÎÉμ ¤²Ö μÉ·¨Í É¥²Ó´μ£μ
¨μ´  H− ÔÉ  ËÊ´±Í¨Ö ´ Î¨´ ¥É · ¸É¨ ¶·¨ Ô´¥·£¨ÖÌ ´¨¦¥ 2,5 Ô‚. �Éμ ·¥§±μ
μÉ²¨Î ¥É¸Ö μÉ ¶μ¢¥¤¥´¨Ö ±·¨¢ÒÌ, ¶μ²ÊÎ¥´´ÒÌ ¤²Ö £¥²¨Ö ¨ ¶μ²μ¦¨É¥²Ó´ÒÌ
£¥²¨¥¶μ¤μ¡´ÒÌ ¨μ´μ¢. ‚ [11] ÔÉ¨ · ¸Î¥ÉÒ ¡Ò²¨ ¶·μ¤μ²¦¥´Ò ¤μ ³¥´ÓÏ¥°

�¨¸. 12. „¢Ê±· É´ Ö ¨μ´¨§ Í¨Ö μÉ·¨Í É¥²Ó´μ£μ ¨μ´  ¢μ¤μ·μ¤ .  ) ƒ Ê¸¸μ¢  Ï¨·¨´  γ
± ± ËÊ´±Í¨Ö E: ·¥§Ê²ÓÉ ÉÒ TDS (¸¶²μÏ´Ò¥ ±·¨¢Ò¥) ¨ ¶μ·μ£μ¢Ò° § ±μ´ Š § ´¸±μ£μÄ
�¸É·μ¢¸±μ£μ [90] (ÏÉ·¨Ìμ¢ Ö). ¡) „¢Ê±· É´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ± ± ËÊ´±-
Í¨Ö ³¥¦Ô²¥±É·μ´´μ£μ Ê£²  θ12 ¤²Ö E = 0,1 Ô‚ (¸¶²μÏ´ Ö ±·¨¢ Ö), ¥¥ ¶·Ö³ Ö  ¶¶·μ±-
¸¨³ Í¨Ö £ Ê¸¸μ¢μ° ±·¨¢μ° (ÏÉ·¨Ìμ¢ Ö) ¨ Î¥·¥§ £ Ê¸¸μ¢Ê  ¶¶·μ±¸¨³ Í¨Õ |ag(θ12)|2
(¶Ê´±É¨·´ Ö)
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Ô´¥·£¨¨ 0,06 Ô‚; ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 12. ˆ§ ·¨¸. 12,   ¢¨¤´μ,
ÎÉμ γ(σ(2)) · ¸É¥É ¸ Ê³¥´ÓÏ¥´¨¥³ Ô´¥·£¨¨ μÉ 2,6 ¤μ 0,23 Ô‚. �  ·¨¸. 12, ¡ ¶μ-
± § ´  § ¢¨¸¨³μ¸ÉÓ 2„‘ μÉ ³¥¦Ô²¥±É·μ´´μ£μ Ê£²  θ12 ¨ ·¥§Ê²ÓÉ ÉÒ £ Ê¸¸μ¢μ°
 ¶¶·μ±¸¨³ Í¨¨ ÔÉμ° § ¢¨¸¨³μ¸É¨ ¤²Ö E ´¨¦¥ §´ Î¥´¨Ö, ±μÉμ·μ¥ ¸μμÉ¢¥É-
¸É¢Ê¥É ³ ±¸¨³Ê³Ê ËÊ´±Í¨¨ ´  ·¨¸. 12,  . �·¨ Ô´¥·£¨ÖÌ ´¨¦¥ 0,09 Ô‚ ËÊ´±-
Í¨Ö γ(σ(2)) μ± §Ò¢ ¥É¸Ö ¸É¥¶¥´´μ° ËÊ´±Í¨¥° Ô´¥·£¨¨ ¸ ¶μ± § É¥²¥³ ¸É¥¶¥´¨
s = 0,083 ¨ γ̃0 = 74◦ Ô‚−s, μ¤´ ±μ ¤¨ ¶ §μ´ Ô´¥·£¨° ¸²¨Ï±μ³ Ê§μ±, ÎÉμ¡Ò
· ¸¸³ É·¨¢ ÉÓ ÔÉμ ´ ¡²Õ¤¥´¨¥ ± ± ¸É·μ£¨° ¢Ò¢μ¤. Š ± ¢¨¤´μ ¨§ ·¨¸. 12,  ,
¤²Ö μÉ·¨Í É¥²Ó´μ£μ ¨μ´  ¢μ¤μ·μ¤  ·¥§Ê²ÓÉ ÉÒ TDS ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÕÉ¸Ö
μÉ ¶μ·μ£μ¢μ£μ § ±μ´  Š�, Éμ£¤  ± ± ¤²Ö  Éμ³  £¥²¨Ö (·¨¸. 11) ¨³¥²μ ³¥¸Éμ Ìμ-
·μÏ¥¥ ¸μ£² ¸¨¥. ’ ±¦¥ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ § ¢¨¸¨³μ¸ÉÓ γ(E), ¶μ²ÊÎ¥´´ Ö
Š § ´¸±¨³ ¨ �¸É·μ¢¸±¨³, ³μ´μÉμ´´  (·¨¸. 12,  ), ÌμÉÖ γ0(E) μ¸Í¨²²¨·Ê¥É.

�¸´μ¢´ Ö £¨¶μÉ¥§ , ¢Ò¤¢¨£ ¥³ Ö ¢ [11], ÎÉμ¡Ò μ¡ÑÖ¸´¨ÉÓ μÉ²¨Î¨¥ ·¥§Ê²Ó-
É Éμ¢ ¤²Ö H− μÉ É ±μ¢ÒÌ ¤²Ö £¥²¨Ö ¨ £¥²¨¥¶μ¤μ¡´ÒÌ ¨μ´μ¢ [6], § ±²ÕÎ ¥É¸Ö
¢ ¸¨²Ó´μ³ · §²¨Î¨¨ ±μ´Ë¨£Ê· Í¨° ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ³¨Ï¥´¥°. „¥°¸É¢¨-
É¥²Ó´μ, ¶·¨ r1,2 → ∞ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö H− ¨³¥¥É
 ¸¨³¶ÉμÉ¨Î¥¸±¨° ¢¨¤

ϕ0(r1, r2) ∼ e−r1
e−0,235r2

r2
+ e−r2

e−0,235r1

r1
. (81)

’. ¥. H− Å ¤¥°É·μ´μ¶μ¤μ¡´ Ö ¸² ¡μ¸¢Ö§ ´´ Ö ¸¨¸É¥³ , ¸μ¸ÉμÖÐ Ö ¨§  Éμ³ 
¢μ¤μ·μ¤  ¨ Ô²¥±É·μ´ , ¶·μ¢μ¤ÖÐ¥£μ ¡μ²ÓÏÊÕ Î ¸ÉÓ ¢·¥³¥´¨ ¢´¥ μ¡² ¸É¨ ¤¥°-
¸É¢¨Ö ¶μÉ¥´Í¨ ²  ¶·¨ÉÖ¦¥´¨Ö. „²Ö ¶·μ¢¥·±¨ ÔÉμ° £¨¶μÉ¥§Ò ¢ [11] ¡Ò²¨ ¶·μ-
¢¥¤¥´Ò · ¸Î¥ÉÒ ¤²Ö ¤·Ê£¨Ì ³¨Ï¥´¥° ¸ ¸¨²Ó´μ  ¸¨³³¥É·¨Î´μ° ±μ´Ë¨£Ê· Í¨¥°
¨¸Ìμ¤´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö,   ¨³¥´´μ ¤²Ö  Éμ³  £¥²¨Ö ¢ ¢μ§¡Ê¦¤¥´´ÒÌ
¸μ¸ÉμÖ´¨ÖÌ 2s1S ¨ 3s1S.

�  ·¨¸. 13,   ¶μ± § ´  γ ± ± ËÊ´±Í¨Ö E ¤²Ö ËμÉμ¨μ´¨§ Í¨¨ £¥²¨Ö ¨§ ³¥-
É ¸É ¡¨²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö 2s1S. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ³ ²μ μÉ²¨Î ÕÉ¸Ö μÉ ‘‘‘-
· ¸Î¥Éμ¢ [95] ¶μ ¢¥²¨Î¨´¥, ´μ ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ¸ÊÉ¸É¢¨¥³ μ¸Í¨²²ÖÍ¨°.
�·¨ ¶μ´¨¦¥´¨¨ Ô´¥·£¨¨ γ, ± ± ¨ ¤²Ö H−, ¢´ Î ²¥ Ê¡Ò¢ ¥É,   § É¥³ ´ Î¨´ ¥É
· ¸É¨ (¤²Ö γ(σ(2)) ÔÉμ ¶·μ¨¸Ìμ¤¨É ¶·¨ E = 2,5 Ô‚). Š ´ Ï¥³Ê Ê¤¨¢²¥´¨Õ,
¶·¨ E > 5 Ô‚ · §´μ¸ÉÓ ³¥¦¤Ê γ(|ag|2) ¨ γ(σ(2)) ¸É ´μ¢¨É¸Ö £·μ³ ¤´μ°. �·¨-
Î¨´  ÔÉμ£μ ¸É ´μ¢¨É¸Ö Ö¸´μ° ¨§ ·¨¸. 13, ¡Ä£. ŠμÔËË¨Í¨¥´É ±μ··¥²ÖÍ¨¨ ¨³¥¥É
Ëμ·³Ê, ¸¨²Ó´μ μÉ²¨Î ÕÐÊÕ¸Ö μÉ £ Ê¸¸μ¢μ°, ¸ ¤¢Ê³Ö ¶¨± ³¨ ¤ ¦¥ ¶·¨ ´¨§-
±μ° Ô´¥·£¨¨ E = 1 Ô‚. �·¨ Ê¡Ò¢ ´¨¨ Ô´¥·£¨¨ ¶μ¡μÎ´Ò° ¶¨± Ê³¥´ÓÏ ¥É¸Ö
¨ · ¸¶·¥¤¥²¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ £ Ê¸¸μ¢μ, ± ± ¸²¥¤Ê¥É ¨§ É¥μ·¨¨ ‚ ´Ó¥. Šμ-
£¤  Ô´¥·£¨Ö · ¸É¥É, ¶μ¡μÎ´Ò° ¶¨± É ±¦¥ Ê¢¥²¨Î¨¢ ¥É¸Ö, ¸É ´μ¢Ö¸Ó ¡μ²ÓÏ¥
μ¸´μ¢´μ£μ ¶·¨ E = 11,3 Ô‚, ± ± ¢¨¤´μ ¨§ ·¨¸. 13, ¢ ¨ £. ‚ ÔÉμ³ ¸²ÊÎ ¥  ¶-
¶·μ±¸¨³ Í¨Ö £ Ê¸¸μ¢μ° ËÊ´±Í¨¥°, ¥¸É¥¸É¢¥´´μ, ´¥¶·¨³¥´¨³ .

�  ·¨¸. 14,   ¶μ± § ´  § ¢¨¸¨³μ¸ÉÓ γ μÉ E ¤²Ö ËμÉμ¨μ´¨§ Í¨¨  Éμ³  £¥-
²¨Ö ¨§ ¸μ¸ÉμÖ´¨Ö 3s1S. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ É ±μ¢ÒÌ,
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�¨¸. 13. ”μÉμ¨μ´¨§ Í¨Ö £¥²¨Ö ¨§ ³¥É ¸É ¡¨²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö 2s1S.  ) ƒ Ê¸¸μ¢  Ï¨-
·¨´  γ ± ± ËÊ´±Í¨Ö E: ·¥§Ê²ÓÉ ÉÒ TDS (¸¶²μÏ´Ò¥ ±·¨¢Ò¥) ¨ CCC [95] (ÏÉ·¨Ìμ¢ Ö).
2„‘ ± ± ËÊ´±Í¨Ö ³¥¦Ô²¥±É·μ´´μ£μ Ê£²  θ12 ¤²Ö E = 1 Ô‚ (¡); E = 11 Ô‚ (¢);
E = 20 Ô‚ (£): ÉμÎ´ Ö (¸¶²μÏ´ Ö ±·¨¢ Ö), ¥¥ ¶·Ö³ Ö  ¶¶·μ±¸¨³ Í¨Ö £ Ê¸¸μ¢μ° ±·¨¢μ°
(ÏÉ·¨Ìμ¢ Ö) ¨ Î¥·¥§ £ Ê¸¸μ¢Ê  ¶¶·μ±¸¨³ Í¨Õ |ag(θ12)|2 (¶Ê´±É¨·´ Ö)

¶μ²ÊÎ¥´´ÒÌ ³¥Éμ¤μ³ ‘‘‘ [95], ± ± ¶μ ¢¥²¨Î¨´¥, É ± ¨ ¶μ Ì · ±É¥·Ê ¶μ¢¥-
¤¥´¨Ö. �¡Ð¨° ¢¨¤ ±·¨¢μ°  ´ ²μ£¨Î¥´ ¸²ÊÎ Õ ¨μ´¨§ Í¨¨ ¨§ ¸μ¸ÉμÖ´¨Ö 2s1S,
μ¤´ ±μ γ(σ(2)) ¤μ¸É¨£ ¥É ²μ± ²Ó´μ£μ ³ ±¸¨³Ê³  ¶·¨ E = 1,5 Ô‚. ˆ§ ·¨¸. 14,
¡Ä£ ¢¨¤´μ, ÎÉμ Ô´¥·£¥É¨Î¥¸± Ö § ¢¨¸¨³μ¸ÉÓ ±μ··¥²ÖÍ¨μ´´μ£μ ¶ · ³¥É·  ¸¨²Ó-
´μ ´¥£ Ê¸¸μ¢ , ± ± ¨ ¤²Ö 2s1S, ´μ ¨³¥¥É ´¥ ¤¢ ,   É·¨ ¶¨±  ¶·¨ ´¨§±¨Ì
Ô´¥·£¨ÖÌ. ‘ ·μ¸Éμ³ Ô´¥·£¨¨ ¤¢  ³¥´ÓÏ¨Ì ¶¨±  ¸É ´μ¢ÖÉ¸Ö ¢ÒÏ¥ ¨ ¸²¨¢ ÕÉ¸Ö,
É ± ÎÉμ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ E Ëμ·³  § ¢¨¸¨³μ¸É¨ σ(2)(θ12) ¸É ´μ¢¨É¸Ö
¢¥¸Ó³  ¸²μ¦´μ°.

Œμ¦´μ § ³¥É¨ÉÓ, ÎÉμ Î¨¸²μ ¶¨±μ¢ σ(2)(θ12) ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ · ¢´μ
Î¨¸²Ê ¶¨±μ¢ · ¤¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ®¢´¥Ï´¥£μ¯ Ô²¥±É·μ´  ¢
´ Î ²Ó´μ³ ¸μ¸ÉμÖ´¨¨ ³¨Ï¥´¨. �Éμ Î¨¸²μ · ¢´μ ¥¤¨´¨Í¥ ¤²Ö H− (·¨¸. 12, ¡),
¤¢Ê³ ¤²Ö He(2s1S) (·¨¸. 13, ¡) ¨ É·¥³ ¤²Ö He(3s1S) (·¨¸. 14, ¡). �·¨Î¨´Ò
¢μ§´¨±´μ¢¥´¨Ö ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶¨±μ¢ ¢ Ê£²μ¢μ³ · ¸¶·¥¤¥²¥´¨¨ ¡Ò²¨ ¶μ§¦¥
μ¡ÑÖ¸´¥´Ò ¢ [98] ´  ¶·¨³¥·¥ He(2s1S). „ ´´Ò° ÔËË¥±É ¢Ò§¢ ´ É¥³, ÎÉμ ¢
2s1S-¸μ¸ÉμÖ´¨¨ Ê ¢μ§¡Ê¦¤¥´´μ£μ Ô²¥±É·μ´  ¨³¥¥É¸Ö ¤¢  Ìμ·μÏμ ¨§μ²¨·μ¢ ´-
´ÒÌ μ¡² ±  ¢¥·μÖÉ´μ¸É¨, ¤²Ö ±μÉμ·ÒÌ Ì · ±É¥·´Ò ¸ÊÐ¥¸É¢¥´´μ · §²¨Î ÕÐ¨-
¥¸Ö Ê·μ¢´¨ Ê£²μ¢ÒÌ ±μ··¥²ÖÍ¨° ¸ ´¥¢μ§¡Ê¦¤¥´´Ò³ Ô²¥±É·μ´μ³. �·¨ ¤¢μ°´μ°
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�¨¸. 14. ”μÉμ¨μ´¨§ Í¨Ö £¥²¨Ö ¨§ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö 3s1S.  ) ƒ Ê¸¸μ¢  Ï¨-
·¨´  γ ± ± ËÊ´±Í¨Ö E: ·¥§Ê²ÓÉ ÉÒ TDS (¸¶²μÏ´Ò¥ ±·¨¢Ò¥) ¨ CCC [95] (ÏÉ·¨Ìμ-
¢ Ö). 2„‘ ± ± ËÊ´±Í¨Ö ³¥¦Ô²¥±É·μ´´μ£μ Ê£²  θ12 ¤²Ö E = 1 Ô‚ (¡); E = 5 Ô‚ (¢);
E = 20 Ô‚ (£): ÉμÎ´ Ö (¸¶²μÏ´ Ö ±·¨¢ Ö), ¥¥ ¶·Ö³ Ö  ¶¶·μ±¸¨³ Í¨Ö £ Ê¸¸μ¢μ° ±·¨¢μ°
(ÏÉ·¨Ìμ¢ Ö) ¨ · ¸Î¥É Î¥·¥§ £ Ê¸¸μ¢Ê  ¶¶·μ±¸¨³ Í¨Õ |ag(θ12)|2 (¶Ê´±É¨·´ Ö)

¨μ´¨§ Í¨¨ ± ¦¤μ¥ ¨§ ÔÉ¨Ì μ¡² ±μ¢ ¤ ¥É £ Ê¸¸μ¢μ · ¸¶·¥¤¥²¥´¨¥ ¢¨¤  (77) ¸
Ï¨·¨´μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ê·μ¢´Õ ´ Î ²Ó´μ° Ê£²μ¢μ° ±μ··¥²ÖÍ¨¨,   ±μ´¥Î-
´ Ö ¸¨³³¥É·¨Î´ Ö  ³¶²¨ÉÊ¤  Ö¢²Ö¥É¸Ö ¸Ê³³μ° ÔÉ¨Ì ¤¢ÊÌ £ Ê¸¸μ¢ÒÌ · ¸¶·¥-
¤¥²¥´¨° ¸ ¶·μÉ¨¢μ¶μ²μ¦´Ò³¨ §´ ± ³¨ (¨§-§  Éμ£μ, ÎÉμ §´ ±¨ ¤¢ÊÌ μ¡² ±μ¢
¢ ´ Î ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶·μÉ¨¢μ¶μ²μ¦´Ò). ‚ ·¥§Ê²ÓÉ É¥ ¢ § ¢¨¸¨³μ-
¸É¨ ag(θ) ¢μ§´¨± ÕÉ Ê§¥² ¨ ¤¢  ¶¨± .

�Î¥¢¨¤´μ, ÎÉμ  ´ ²μ£¨Î´Ò¥ · ¸¸Ê¦¤¥´¨Ö ¢¥·´Ò ¨ ¤²Ö 3s1S- ¸μ¸ÉμÖ´¨Ö ¸
Éμ° · §´¨Í¥°, ÎÉμ ±μ´¥Î´ Ö  ³¶²¨ÉÊ¤  Å ¸Ê³³  É·¥Ì · ¸¶·¥¤¥²¥´¨° (77) ¸
· §´Ò³¨ §´ Î¥´¨Ö³¨ £ Ê¸¸μ¢μ° Ï¨·¨´Ò. �Éμ ¤ ¥É É·¨ ¶¨±  ¨ ¤¢  Ê§² , ÎÉμ ¨
´ ¡²Õ¤ ¥É¸Ö ´  ·¨¸. 14, ¡.

‡�Š‹�—…�ˆ…

‚ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥ ³Ò · ¸¸³μÉ·¥²¨ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò μ¶·¥¤¥²¥´¨Ö
É·¥ÌÎ ¸É¨Î´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¨ ¸¥-
Î¥´¨° Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ´  ¨Ì μ¸´μ¢¥. Š É ±¨³ ¶·μÍ¥¸¸ ³ μÉ´μ¸ÖÉ¸Ö
¨μ´¨§ Í¨Ö Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´  ¨ ¤¢μ°´ Ö ËμÉμ¨μ´¨§ Í¨Ö. ˆ§ÊÎ¥´¨¥
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ÔÉ¨Ì ¶·μÍ¥¸¸μ¢ ¢ ¦´μ ¤²Ö ¶μ´¨³ ´¨Ö Ö¢²¥´¨Ö ³¥¦Ô²¥±É·μ´´μ° ±μ··¥²ÖÍ¨¨,
±μÉμ·μ¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ¨£· ¥É ¢ ¦´¥°ÏÊÕ ·μ²Ó ¢ Ì¨³¨¨ ¨ Ë¨§¨±¥ É¢¥·-
¤μ£μ É¥² .

�μ ¶·¨Î¨´¥ μ¡Ï¨·´μ¸É¨ É¥³Ò ¢ ¤ ´´μ° · ¡μÉ¥ ³Ò ¸μ¸·¥¤μÉμÎ¨²¨¸Ó ¢
μ¸´μ¢´μ³ ´  ³¥Éμ¤ Ì, ±μÉμ·Ò¥ ¶·¨³¥´Ö²¨ ¢ ¸¢μ¨Ì ¸μ¡¸É¢¥´´ÒÌ · ¡μÉ Ì. ‚ μ¡-
§μ·¥ ¡Ò²μ · ¸¸³μÉ·¥´μ ¶·¨³¥´¥´¨¥ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  ¤²Ö
μ¡¥¸¶¥Î¥´¨Ö £· ´¨Î´ÒÌ Ê¸²μ¢¨° ÊÌμ¤ÖÐ¥° ¢μ²´Ò. �·μ¤¥³μ´¸É·¨·μ¢ ´μ, ± ±
· ¸Î¥É μ¤´μ±· É´μ° ¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ μ¤´¨³ ËμÉμ´μ³ ¨²¨ ¡Ò¸É·Ò³
Ô²¥±É·μ´μ³ ³μ¦´μ ¸¢¥¸É¨ ± ·¥Ï¥´¨Õ Ï¥¸É¨³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¸ ¶· ¢μ° Î ¸ÉÓÕ ¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ÊÌμ¤ÖÐ¥° ¢μ²´Ò. �ÊÉ¥³ ¸μ¶μ¸É -
¢²¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ · §´ÒÌ  ¢Éμ·μ¢ ¶μ± § ´  ¶·¥¤¶μÎÉ¨É¥²Ó´μ¸ÉÓ ¶·¨³¥´¥-
´¨Ö ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É ¤²Ö · ¸Î¥É  ¨μ´¨§ Í¨¨ ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê²
¶μ ¸· ¢´¥´¨Õ ¸μ ¸Ë¥·¨Î¥¸±¨³¨. � ¸¸³μÉ·¥´μ ¨¸¶μ²Ó§μ¢ ´¨¥ ¶ · ±¸¨ ²Ó´μ£μ
¶·¨¡²¨¦¥´¨Ö ¢μ²´μ¢μ¤´μ° μ¶É¨±¨ ¤²Ö · ¸Î¥É  ¨μ´¨§ Í¨¨ Ê¤ ·μ³ ¡Ò¸É·μ° Î -
¸É¨ÍÒ ¨ ¥£μ ¶·¥¤¥²Ò ¶·¨³¥´¨³μ¸É¨. �μ± § ´μ Ê¤μ¡¸É¢μ ¶·¨³¥´¥´¨Ö ³¥Éμ¤ 
· ¸Ï¨·ÖÕÐ¥°¸Ö ±μμ·¤¨´ É´μ° ¸¥É±¨ ¤²Ö · ¸Î¥É  ³´μ£μ±· É´μ£μ ¸¥Î¥´¨Ö ¤¢Ê-
±· É´μ° ¨μ´¨§ Í¨¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ ³¥Éμ¤ ³¨.

� ³ ¶·¥¤¸É ¢²Ö¥É¸Ö, ÎÉμ ´ ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´Ò¥ Ë¨§¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ,
±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò  ¢Éμ· ³¨ ´ ¸ÉμÖÐ¥£μ μ¡§μ·  ¸ ¶μ³μÐÓÕ ¨§²μ¦¥´´ÒÌ ¢ ´¥³
³¥Éμ¤μ¢, § ±²ÕÎ ÕÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³.

1. ‡ ±μ´ ‚ ´Ó¥ ¤²Ö Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢Ò²¥É¥¢Ï¨Ì ¶·¨ ¤¢μ°´μ° ¨μ-
´¨§ Í¨¨ Ô²¥±É·μ´μ¢ ´¥±μ··¥±É¥´ ¤ ¦¥ ¶·¨ μÎ¥´Ó ³ ²ÒÌ Ô´¥·£¨ÖÌ.

2. ˆ³¥¥É ³¥¸Éμ ¶·Ö³ Ö ¸¢Ö§Ó ±μ²¨Î¥¸É¢  ¶¨±μ¢ ¢ ¸¨³³¥É·¨Î´μ°  ³¶²¨-
ÉÊ¤¥ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ ¸ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ
¸μ¸ÉμÖ´¨Ö.

3. �·¨ ¨μ´¨§ Í¨¨  Éμ³μ¢ ¨ ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê² Ê¤ ·μ³ Ô²¥±É·μ´  ¶·μ-
³¥¦ÊÉμÎ´μ° Ô´¥·£¨¨ μÉ±²μ´¥´¨Ö Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢Ò²¥É¥¢Ï¨Ì Ô²¥±-
É·μ´μ¢ μÉ ·¥§Ê²ÓÉ Éμ¢ ¶¥·¢μ£μ ¡μ·´μ¢¸±μ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö · ¸¸¥Ö´´ÒÌ
Ô²¥±É·μ´μ¢, ¢ μ¸´μ¢´μ³, ¢Ò§¢ ´Ò ¢§ ¨³μ¤¥°¸É¢¨¥³ ¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´ 
¸ · ¸¸¥Ö´´Ò³ ¶μ¸²¥ ¨¸¶Ê¸± ´¨Ö.

4. ‚μ¶·¥±¨ μ¦¨¤ ´¨Ö³ ¡¨¤¨¶μ²Ó´Ò° ¢Éμ·μ° ¡μ·´μ¢¸±¨° Î²¥´, μ¶¨¸Ò¢ -
ÕÐ¨° ¶μ¸²¥¤μ¢ É¥²Ó´ÊÕ ¤¢μ°´ÊÕ ¨μ´¨§ Í¨Õ ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê² Ê¤ ·μ³
Ô²¥±É·μ´  ¶·μ³¥¦ÊÉμÎ´ÒÌ Ô´¥·£¨°, ´¥ ¢´μ¸¨É ¸ÊÐ¥¸É¢¥´´μ£μ ¢±² ¤  ¢ ³´μ-
£μ±· É´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥.

5. „²Ö ³μ²¥±Ê²Ò ¢μ¤μ·μ¤  ¸ ´¥· ¢´μ¢¥¸´Ò³ · ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê  Éμ³ ³¨
¨´É¥·Ë¥·¥´Í¨Ö Ô²¥±É·μ´μ¢, ¨¸¶ÊÐ¥´´ÒÌ · §´Ò³¨ Í¥´É· ³¨ ¶·¨ μ¤´μ±· É´μ°
¨μ´¨§ Í¨¨, ¸ÊÐ¥¸É¢¥´´μ ¢²¨Ö¥É ´  ¢¥·μÖÉ´μ¸ÉÓ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ ¨ Ê£²μ-
¢μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢Ò²¥É¥¢Ï¨Ì ¶·¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨ Ô²¥±É·μ´μ¢. �Éμ
μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ´ ¡²Õ¤¥´¨Ö § ¢¨¸¨³μ¸É¨ ¤¢ÊÌ-
Í¥´É·μ¢μ° ¨´É¥·Ë¥·¥´Í¨¨ μÉ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê Ö¤· ³¨, É ± ± ± ¤¢μ°´ Ö
¨μ´¨§ Í¨Ö ¸μ¶·μ¢μ¦¤ ¥É¸Ö ¤¨¸¸μÍ¨ Í¨¥°, ¶μ¸²¥ ±μÉμ·μ°, ¶μ Ô´¥·£¨¨ · §²¥-
É¥¢Ï¨Ì¸Ö ¶·μÉμ´μ¢, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ´ Î ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ö¤· ³¨.
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� ¡μÉ  ¶μ¤¤¥·¦ ´  £· ´Éμ³ �·¥§¨¤¥´É  �” ¤²Ö ³μ²μ¤ÒÌ ± ´¤¨¤ Éμ¢ ´ Ê±
MK-2344.2010.2 ¨ £· ´Éμ³ �””ˆ 11-01-00523-a ®Œ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ-
¢ ´¨¥ ¢μ§¤¥°¸É¢¨Ö ¡Ò¸É·ÒÌ Î ¸É¨Í, ² §¥·´ÒÌ ¨³¶Ê²Ó¸μ¢ ¨ ³ £´¨É´ÒÌ ¶μ²¥°
´   Éμ³Ò, ³μ²¥±Ê²Ò ¨ ¶μ²Ê¶·μ¢μ¤´¨±μ¢Ò¥ ´ ´μ¸É·Ê±ÉÊ·Ò¯. �¢Éμ·Ò ¡² £μ-
¤ ·´Ò ¶·μË. 	.†Ê² ±Ö´Ê (B. Joulakian) §  ³´μ£μ²¥É´¥¥ ¸μÉ·Ê¤´¨Î¥¸É¢μ ¨ ±μ²-
²¥±É¨¢Ê ‹ ¡μ· Éμ·¨¨ ³μ²¥±Ê²Ö·´μ° Ë¨§¨±¨ ¨ ¸Éμ²±´μ¢¥´¨° “´¨¢¥·¸¨É¥É 
£.Œ¥Í (”· ´Í¨Ö) (Laboratoire de Physique Mol
eculaire et Collisions, Universit
e
Paul Verlaine, Metz, France) §  ¶μ¤¤¥·¦±Ê ¨¸¸²¥¤μ¢ ´¨° ¢ · ³± Ì ¸μ¢³¥¸É´μ£μ
¶·μ¥±É . ‚ § ±²ÕÎ¥´¨¥  ¢Éμ·Ò ¡² £μ¤ ·ÖÉ ˆ. ‚.�Ê§Ò´¨´ , ‚.‚.�Ê¶ÒÏ¥¢  ¨
ÊÎ ¸É´¨±μ¢ ¸¥³¨´ ·  ¶μ ³ ²μÎ ¸É¨Î´Ò³ ¸¨¸É¥³ ³ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥-
¸±μ° Ë¨§¨±¨ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° §  ¶μ²¥§´Ò¥
μ¡¸Ê¦¤¥´¨Ö ¶·¥¤¸É ¢²¥´´μ£μ μ¡§μ· .

�·¨²μ¦¥´¨¥ �

—ˆ‘‹…��›… Œ…’�„›

�.A.1. —¨¸²¥´´ Ö ¸Ì¥³  ´  μ¸´μ¢¥ ¶·¥¤¸É ¢²¥´¨Ö ¤¨¸±·¥É´μ° ¶¥·¥-
³¥´´μ° ¤²Ö ·¥Ï¥´¨Ö ¶ÖÉ¨³¥·´μ£μ ¶ · ±¸¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö. —¨¸²¥´-
´ Ö ¸Ì¥³  ¤²Ö · ¸Î¥É  Ô¢μ²ÕÍ¨¨ ¶μ ¢·¥³¥´¨ μ¸´μ¢ ´  ´  ³¥Éμ¤¥ · ¸Ð¥¶²¥-
´¨Ö [107]. „²Ö ÔÉμ£μ ¶¥·¶¥´¤¨±Ê²Ö·´Ò° (É· ´¸¢¥·¸ ²Ó´Ò°) £ ³¨²ÓÉμ´¨ ´ ¢
Ê· ¢´¥´¨¨ (5)

Ĥ⊥ = − 1
2μ

∇2
⊥ + V (r1, r0) + Ĥ(r1) (A.1)

· ¸Ð¥¶²Ö²¸Ö ´  É·¨ ¸² £ ¥³ÒÌ, ¤²Ö ± ¦¤μ£μ ¨§ ±μÉμ·ÒÌ ¶·μ¶ £ Í¨Ö ¢μ ¢·¥-
³¥´¨ ¢Ò¶μ²´Ö² ¸Ó ¶·¨ ¶μ³μÐ¨ ³¥Éμ¤  Š· ´± Ä�¨±μ²¸μ´ , §  ¨¸±²ÕÎ¥´¨¥³
ÔËË¥±É¨¢´μ£μ £ ³¨²ÓÉμ´¨ ´  ³¨Ï¥´¨ (34), ¤²Ö ±μÉμ·μ£μ É ±¦¥ ¢Ò¶μ²´Ö²μ¸Ó
· ¸Ð¥¶²¥´¨¥. �¶¶·μ±¸¨³ Í¨Ö ¶·μ¸É· ´¸É¢¥´´ÒÌ μ¶¥· Éμ·μ¢ ¢Ò¶μ²´Ö² ¸Ó ¸
¶μ³μÐÓÕ ¶·¥¤¸É ¢²¥´¨Ö ¤¨¸±·¥É´μ° ¶¥·¥³¥´´μ° (DVR) [99].

�μ¶¥·¥Î´Ò¥ ¶¥·¥³¥´´Ò¥ ¶ ¤ ÕÐ¥£μ Ô²¥±É·μ´  ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¢ Í¨-
²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É. �μ Ê£²μ¢μ° ¶¥·¥³¥´´μ° φs ¨¸¶μ²Ó§μ¢ ²μ¸Ó
· §²μ¦¥´¨¥ ¶μ ËÊ´±Í¨Ö³

ϕm(φ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1√
2π

, m = 0;

1√
π

cosmφ, m > 0;

1√
π

sin mφ, m < 0.
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„²Ö · ¤¨ ²Ó´μ° ¶¥·¥³¥´´μ° ρs ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤ ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢
´  ±¢ ¤· ÉÊ· Ì ƒ Ê¸¸ Ä‹μ¡ ÉÉμ (£¨¡·¨¤ �„� ¨ ³¥Éμ¤  ±μ´¥Î´ÒÌ Ô²¥³¥´-
Éμ¢, ŒŠ�-�„� [99, 100]), ¤²Ö μ¡¥¸¶¥Î¥´¨Ö ±μ··¥±É´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°
¶·¨ ρ = 0 ¢ ¶¥·¢μ³ ±μ´¥Î´μ³ Ô²¥³¥´É¥ ¨¸¶μ²Ó§μ¢ ² ¸Ó ±¢ ¤· ÉÊ·  ƒ Ê¸¸ Ä
� ¤ Ê. �μ¸²¥ ¢Ò¶μ²´¥´¨Ö Ï £  ¸ μ¶¥· Éμ·μ³ ¶μ¶¥·¥Î´μ° Î ¸É¨ ±¨´¥É¨Î¥-
¸±μ° Ô´¥·£¨¨ ¶ ¤ ÕÐ¥£μ Ô²¥±É·μ´  μ¸ÊÐ¥¸É¢²Ö²¸Ö (¶·¨ ¶μ³μÐ¨ ¤¨¸±·¥É´μ£μ
¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥) ¶¥·¥Ìμ¤ ± �„� ¶μ Ê£²μ¢μ° ¶¥·¥³¥´´μ° φs ¸ Ê§² ³¨
±¢ ¤· ÉÊ·Ò

ϕj =
2π

Nϕ
(j − 1), j = 1, . . . , Nϕ

(Nφ Å Î¨¸²μ Ê§²μ¢ ¸¥É±¨ ¶μ φ), É ± ÎÉμ μ¶¥· Éμ· ¶μÉ¥´Í¨ ²  ¸É ´μ¢¨²¸Ö
¤¨ £μ´ ²Ó´Ò³. � ÎÉμ¡Ò ¨§¡¥¦ ÉÓ ¸¨´£Ê²Ö·´μ¸É¨ ¢ ÉμÎ±¥ r1 = r0, ¢³¥¸Éμ
1/|r1 − r0| ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ · §²μ¦¥´¨¥ �¥°³ ´ . „²Ö μ¡¥¸-
¶¥Î¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨ Î¥·¥¤μ¢ ´¨¥ Ï £μ¢ ³¥Éμ¤  · ¸Ð¥¶²¥´¨Ö
³¥´Ö²μ¸Ó, É. ¥. Ï £¨ ¢Ò¶μ²´Ö²¨¸Ó ¢ ¶μ·Ö¤±¥:

Å ¤¥°¸É¢¨¥ μ¶¥· Éμ·  − 1
2μ

∇2
⊥,

Å μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ ¶μ ¶¥·¥³¥´´μ° φs,

Å ¤¥°¸É¢¨¥ μ¶¥· Éμ·  Ui(r0) +
1

|r1 − r0|
,

Å ¤¥°¸É¢¨¥ μ¶¥· Éμ·  2Ĥi(r1),

Å ¤¥°¸É¢¨¥ μ¶¥· Éμ·  Ui(r0) +
1

|r1 − r0|
,

Å ¶·Ö³μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥,

Å ¤¥°¸É¢¨¥ μ¶¥· Éμ·  − 1
2μ

∇2
⊥.

�μ¸±μ²Ó±Ê Ï £ ¶μ ¢·¥³¥´¨ ¶μ² £ ²¸Ö · ¢´Ò³ τ , ¶μ¸²¥ ¶·μÌμ¦¤¥´¨Ö ¢¸¥Ì
¸²μ¥¢ · ¸Ð¥¶²¥´¨Ö ¢ ¶·Ö³μ³ ¨ μ¡· É´μ³ ¶μ·Ö¤±¥ ¶μ²ÊÎ ² ¸Ó ¢μ²´μ¢ Ö ËÊ´±-
Í¨Ö ¢ ³μ³¥´É ¢·¥³¥´¨ t + 2τ .

„²Ö ¢Ò¶μ²´¥´¨Ö Ï £  · ¸Ð¥¶²¥´¨Ö ¸ £ ³¨²ÓÉμ´¨ ´μ³ ³¨Ï¥´¨ ¢ ¸²ÊÎ ¥
μ¤´μÍ¥´É·μ¢ÒÌ ³¨Ï¥´¥° ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤ [101] ¸ É¥³ μÉ²¨Î¨¥³, ÎÉμ ¤²Ö
· ¤¨ ²Ó´μ° ¶¥·¥³¥´´μ° r ¨¸¶μ²Ó§μ¢ ²¸Ö ŒŠ�-�„� [99],   ¤²Ö ¶μ¤ ¢²¥´¨Ö
´¥Ë¨§¨Î¥¸±μ£μ μÉ· ¦¥´¨Ö μÉ £· ´¨Í ¸¥É±¨ ¶μ r ¶·¨³¥´Ö²¸Ö ³¥Éμ¤ ¢´¥Ï´¥£μ
±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  (¸³. · §¤. 2). �μ¸±μ²Ó±Ê ¤²Ö ¤¢ÊÌÍ¥´É·μ¢ÒÌ ³¨Ï¥´¥°
¸ ¡μ²ÓÏ¨³¨ § ·Ö¤ ³¨ Ö¤¥· ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸Ìμ¤¨É¸Ö ¸ Ê¢¥²¨Î¥´¨¥³ Î¨¸² 
¡ §¨¸´ÒÌ ËÊ´±Í¨° Î·¥§¢ÒÎ °´μ ³¥¤²¥´´μ, ¤²Ö ´¨Ì ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸Ë¥·μ¨-
¤ ²Ó´Ò¥ (Ô²²¨¶É¨Î¥¸±¨¥) ±μμ·¤¨´ ÉÒ ¨ · §²μ¦¥´¨¥ ËÊ´±Í¨¨ ¶μ ¡ §¨¸Ê

Φijm(ξ, η, φ) =

√
8

R3(ξ2
i − η2

j )
fmi(ξ) ςmj(η)ϕm(φ).
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‡¤¥¸Ó R Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ö¤· ³¨ (μ·¨¥´É Í¨Ö ³μ²¥±Ê²Ö·´μ° μ¸¨ μÉ´μ¸¨-
É¥²Ó´μ ´ ¶· ¢²¥´¨Ö ¶ ¤¥´¨Ö ki ³μ£²  ¢Ò¡¨· É¸Ö ¶·μ¨§¢μ²Ó´μ°),

fmi(ξ) =

⎧⎪⎪⎨⎪⎪⎩
fi(ξ), ´¥Î¥É´μ¥ m;

ξi√
ξ2
i − 1

√
ξ2 − 1
ξ

fi(ξ), Î¥É´μ¥ m;

£¤¥ fi(ξ) Å ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ŒŠ�-�„�, ¸μ¸É ¢²¥´´Ò¥ ¨§ ±Ê¸±μ¢ ¶μ²¨´μ-
³μ¢ ‹ £· ´¦ , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ fi(ξi′ ) = δii′/

√
wi; ξi ¨ wi Å Ê§²Ò

¨ ¢¥¸  ±¢ ¤· ÉÊ·Ò, ¸μ¸É ¢²¥´´μ° ¨§ ±¢ ¤· ÉÊ·Ò ƒ Ê¸¸ Ä� ¤ Ê ¤²Ö ¶¥·¢μ£μ
±μ´¥Î´μ£μ Ô²¥³¥´É  ¨ ƒ Ê¸¸ Ä‹μ¡ ÉÉμ ¤²Ö μ¸É ²Ó´ÒÌ, ¶·¨ ρ = ρmax ¸É ¢¨-
²μ¸Ó £· ´¨Î´μ¥ Ê¸²μ¢¨¥ �¥°³ ´ . ‚¢¥¤¥´¨¥ fmi(ξ) μ¡¥¸¶¥Î¨¢ ¥É ±μ··¥±É´ÊÕ
 ¸¨³¶μÉμÉ¨±Ê ¶·¨ ξ = 1 ¤²Ö ´¥Î¥É´ÒÌ m ¶·¨ ¸μÌ· ´¥´¨¨ μ¸´μ¢´μ£μ ¸¢μ°-
¸É¢  ËÊ´±Í¨¨ ‹¥¦ ´¤·  fmi(ξi′ ) = δii′/

√
wi. ‚ ± Î¥¸É¢¥ Ê£²μ¢ÒÌ ¡ §¨¸´ÒÌ

ËÊ´±Í¨° ¨¸¶μ²Ó§μ¢ ²¨¸Ó ËÊ´±Í¨¨ ‹¥¦ ´¤· 

ςmj(η) =
√

�j

lmax∑
l=0

P̄m
l (ηj)P̄m

l (η),

£¤¥ ηj , �j, j = 1, . . . , lmax + 1 Å Ê§²Ò ¨ ¢¥¸  ±¢ ¤· ÉÊ·Ò ƒ Ê¸¸ Ä‹¥¦ ´¤· 
´  μÉ·¥§±¥ η = [−1, 1]; P̄m

l (η) Å ¶·¨¸μ¥¤¨´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· , μ·-
Éμ´μ·³¨·μ¢ ´´Ò¥ ´  ±¢ ¤· ÉÊ·¥ ƒ Ê¸¸ Ä‹¥¦ ´¤·  [101]. ’ ±¨³ μ¡· §μ³, ¢
³ É·¨Í¥ £ ³¨²ÓÉμ´¨ ´  ³¨Ï¥´¨ ¢Ò¤¥²ÖÕÉ¸Ö ¤¢  ¸² £ ¥³ÒÌ: ±¢ §¨· ¤¨ ²Ó´Ò°
£ ³¨²ÓÉμ´¨ ´

Hmj
ξii′ =

2

R2
√

(ξ2
i − η2

j )(ξ2
i′ − η2

j )
×

×

⎡⎣ ξmax∫
0

f ′
mi(ξ)(ξ

2 − 1)f ′
mi′(ξ) dξ + R(Z1 + Z2) ξiδii′

⎤⎦ ,

Ö¢²ÖÕÐ¨°¸Ö ³ É·¨Í¥° ¸ ¶μ²ÊÏ¨·¨´μ° ²¥´ÉÒ s (s Å ¶μ·Ö¤μ± ±μ´¥Î´ÒÌ Ô²¥-
³¥´Éμ¢) ¨ · ´£μ³ Nnodes = sNr (Nr Å Î¨¸²μ ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢), ¨ ±¢ §¨-
Ê£²μ¢μ° £ ³¨²ÓÉμ´¨ ´

Hmi
ηjj′ =

2

R2
√

(ξ2
i − η2

j )(ξ2
i − η2

j′ )
×

×

⎡⎣√�j�j′

lmax+|m|∑
l=|m|

P
m

l (ηj)l(l + 1)P
m

l (ηj′ ) + R(Z1 − Z2)ηjδjj′

⎤⎦ ,
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Ö¢²ÖÕÐ¨°¸Ö ¶μ²´μ¸ÉÓÕ § ¶μ²´¥´´μ° ±¢ ¤· É´μ° ³ É·¨Í¥° · ´£  lmax + 1.
’ ±¨³ μ¡· §μ³, £ ³¨²ÓÉμ´¨ ´ ³¨Ï¥´¨ · ¸Ð¥¶²Ö²¸Ö ´  Î¥ÉÒ·¥ ¸² £ ¥³ÒÌ: Ĥξ ,

Ĥη , Ush(r) = Ui(r)+Z1/|r1−R/2|+Z2/|r1 +R/2| ¨ X̂i. �μ¸²¥ ¢Ò¶μ²´¥´¨Ö

Ï £μ¢ ¤²Ö Ĥξ ¨ Ĥη ¢Ò¶μ²´Ö²¸Ö ¶¥·¥Ìμ¤ ± �„� ¤²Ö φ ¸ ¶μ³μÐÓÕ ËÊ·Ó¥-
¶·¥μ¡· §μ¢ ´¨Ö, ¡² £μ¤ ·Ö Î¥³Ê ³ É·¨Í  ¶μÉ¥´Í¨ ²  Ush(r) (¸μ¤¥·¦ Ð¥£μ
¸·¥¤´¨° ¶μÉ¥´Í¨ ² ´¥ ±É¨¢´ÒÌ μ¡μ²μÎ¥± ¨ ¢¸¥Ì Ö¤¥·, ±·μ³¥ ¶¥·¢ÒÌ ¤¢ÊÌ)
¸É ´μ¢¨² ¸Ó ¤¨ £μ´ ²Ó´μ°. ˜ £ ¸ ¶·¨¡²¨¦¥´´Ò³ μ¡³¥´´Ò³ μ¶¥· Éμ·μ³ X̂i

¢Ò¶μ²´Ö²¸Ö É ±¨³ μ¡· §μ³: ¢μ²´μ¢ Ö ËÊ´±Í¨Ö · ¸±² ¤Ò¢ ² ¸Ó ¶μ ¢μ²´μ¢Ò³
ËÊ´±Í¨Ö³ μ¡μ²μÎ¥± ϕn(r), ¶μ¸²¥ Î¥£μ ¢Ò¤¥²Ö² ¸Ó Î ¸ÉÓ ¢μ²´μ¢μ° ËÊ´±Í¨¨,
μ·Éμ£μ´ ²Ó´ Ö ¨³ ¢¸¥³:

Cn(t) =
∫

ϕ∗
n(r)ψ(r, t) dr;

ψrest(r, t) = ψ(r, t) −
N∑

n=1

Cn(t)ϕk(r).

˜ £ ¶μ ¢·¥³¥´¨ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Cn ¢Ò¶μ²´Ö²¸Ö ¶μ ¸Ì¥³¥ Š· ´± Ä
�¨±μ²¸μ´ 

C(t + τ) =
[
I +

iτ

2
X
]−1 [

I − iτ

2
X
]
C(t),

£¤¥ Ink = δnk ¨

Xnk = 〈ϕn|X̂i|ϕk〉 +
1 − δni

τ
δnk.

Šμ ¢¸¥³ ¤¨ £μ´ ²Ó´Ò³ Ô²¥³¥´É ³ ³ É·¨ÍÒ X, ±·μ³¥ i-£μ (±μÉμ·Ò° ¸μμÉ¢¥É-
¸É¢Ê¥É ´μ³¥·Ê  ±É¨¢´μ£μ Ô²¥±É·μ´ ), ³Ò ¤μ¡ ¢¨²¨ ¡μ²ÓÏ¨¥ Î¨¸²  1/τ , ÎÉμ¡Ò
¶μ¤ ¢¨ÉÓ § ¶·¥Ð¥´´Ò° ¶·¨´Í¨¶μ³ � Ê²¨ ¶¥·¥Ìμ¤  ±É¨¢´μ£μ Ô²¥±É·μ´  ¢ ¸μ-
¸ÉμÖ´¨Ö, § ´ÖÉÒ¥ ¤·Ê£¨³¨ Ô²¥±É·μ´ ³¨. �μ¸²¥ ¢Ò¶μ²´¥´¨Ö ÔÉμ£μ Ï £  ¨§³¥-
´¨¢Ï Ö¸Ö §  ¸Î¥É μ¡³¥´  Î ¸ÉÓ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤μ¡ ¢²Ö² ¸Ó ± μ¸É ÉμÎ´μ°
Î ¸É¨

ψ(r, t + τ) = ψrest(r, t) +
N∑

n=1

Cn(t + τ)ϕk(r).

’ ±¨³ μ¡· §μ³, ±μ´¥Î´Ò° ¶μ·Ö¤μ± Ï £μ¢ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Ô¢μ²ÕÍ¨¨ Ô²¥±-
É·μ´  ³¨Ï¥´¨: Ush(r), X̂i, Ĥξ, 2Ĥη, Ĥξ , X̂i, Ush(r).

�.A.2. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ¶· ¢μ° Î ¸ÉÓÕ ¢ ¸Ë¥·μ¨¤ ²Ó-
´ÒÌ ±μμ·¤¨´ É Ì ¤²Ö ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê² ¸ ¤¢Ê³Ö  ±É¨¢´Ò³¨ Ô²¥±É·μ-
´ ³¨. ‚ · ¡μÉ Ì [4, 5] Ê· ¢´¥´¨¥ (41) ·¥Ï ²μ¸Ó ¤²Ö ± ¦¤μ£μ ¸μ¡¸É¢¥´´μ£μ
§´ Î¥´¨Ö M z-±μ³¶μ´¥´ÉÒ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¤¢ÊÌ Ô²¥±É·μ´μ¢ ¶·¨
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¶μ³μÐ¨ · §²μ¦¥´¨Ö

ψ
(+)
M (r1, r2) =

∑
m

Nl−1+|M−m|∑
l1=|M−m|

Nl−1+|m|∑
l2=|m|

Nξ∑
j1,j2=1

ψMmj1j2l1l2 ϕj1l1,M−m ×

× (ξ1, η1, φ1)ϕj2l2m(ξ2, η2, φ2), (A.2)

£¤¥

ϕj lm(ξ, η, φ) = bmj(ξ)Ylm(arccos η, φ).

‚ ± Î¥¸É¢¥ ®· ¤¨ ²Ó´μ£μ¯ ¡ §¨¸  ¨¸¶μ²Ó§μ¢ ²¨¸Ó b-¸¶² °´Ò ¶μ·Ö¤±  k [52],
³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ¤²Ö ¸μ£² ¸μ¢ ´¨Ö ¸ ±¢ ¤· É´μ±μ·´¥¢Ò³¨  ¸¨³¶ÉμÉ¨± ³¨
¶·¨ ξ → 1 ¤²Ö m �= 0

bmj(ξ) =

⎧⎪⎪⎨⎪⎪⎩
bk
j (ξ), ¥¸²¨ m Î¥É´μ¥;√

ξ2 − 1
ξ

bk
j (ξ), ¥¸²¨ m ´¥Î¥É´μ¥.

‡¤¥¸Ó ¨ ¤ ²¥¥ Nξ Å Î¨¸²μ b-¸¶² °´μ¢; Nl Å Î¨¸²μ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨±
´  Ô²¥±É·μ´. ‡ ³¥É¨³, ÎÉμ l Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢Ò³ Î¨¸²μ³ Ê£²μ¢μ£μ ³μ³¥´É 
Éμ²Ó±μ ¶·¨ ξ → ∞. � ¡μ· ¨§ Nm Ô²¥³¥´Éμ¢ m Å ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
±μ³¶μ´¥´ÉÒ Ê£²μ¢μ£μ ³μ³¥´É  ¢¤μ²Ó ³μ²¥±Ê²Ö·´μ° μ¸¨ Å ¢Ò¡¨· ¥É¸Ö É ±,
ÎÉμ¡Ò ´¥ ´ ·ÊÏ ÉÓ ¸¨³³¥É·¨Õ ¢μ²´μ¢μ° ËÊ´±Í¨¨.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¶μÉ¥´Í¨ ²  Ô²¥±É·μ´-Ô²¥±É·μ´-
´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¢ÒÉÖ´ÊÉÒÌ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì, ÎÉμ¡Ò ¨§¡¥-
¦ ÉÓ ¸¨´£Ê²Ö·´μ¸É¥°, Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ · §²μ¦¥´¨¥ �¥°³ ´  [102]

1
|r1 − r2|

=
∞∑

μ=−∞

∞∑
λ=|μ|

Uλμ(ξ1, ξ2)Yλμ(arccos η1, φ1)Yλ,−μ(arccosη2, φ2),

(A.3)
£¤¥

Uλμ(ξ1, ξ2) =
8π

R

[
(λ − μ)!
(λ + μ)!

]
Pμ

λ (ξ<)Qμ
λ(ξ>). (A.4)

‡¤¥¸Ó Pm
l (x) ¨ Qm

l (x) Å ·¥£Ê²Ö·´ Ö ¨ ´¥·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö ‹¥¦ ´¤· . ’ ±
± ± · §²μ¦¥´¨¥ Ê£²μ¢μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ (A.2) μ£· ´¨Î¥´μ ¢¥²¨Î¨´ ³¨ Nl

¨ Nm, ³Ò ¢§Ö²¨ ¶·¥¤¥²Ò · §²μ¦¥´¨Ö �¥°³ ´  (A.3) É ±¨³¨, ÎÉμ |μ| � μmax �
Nm − 1, λ ∈ [μmax, μmax + λmax], λmax � Nl − 1. ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ¨²¨
²¨´¥°´ÊÕ ¸¨¸É¥³Ê ¸ · §·¥¦¥´´μ° ³ É·¨Í¥°

(H1 ⊗ S2 + S1 ⊗ H2 + U12 − E S1 ⊗ S2) · ψ = f . (A.5)
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‡¤¥¸Ó Sα Å μ¤´μÎ ¸É¨Î´Ò¥ ³ É·¨ÍÒ ¶¥·¥±·ÒÉ¨Ö ¸ Ô²¥³¥´É ³¨

Sjlm,j′l′m′ = 〈jlm|j′l′m′〉 =
R3

8

∫
ϕ∗

j lmϕj′ l′m′ (ξ2 − η2) dξ dη dφ =

=
R3

8
δmm′

⎡⎣δll′

ξmax∫
1

bmjξ
2bmj′dξ − 〈lm|η2|l′m〉

ξmax∫
1

bmjbmj′ dξ

⎤⎦ , (A.6)

  Hα Å ³ É·¨ÍÒ μ¤´μÎ ¸É¨Î´μ£μ £ ³¨²ÓÉμ´¨ ´  ¸ Ô²¥³¥´É ³¨

Hjlm,j′l′m′ =
R

4
δmm′δll′

⎧⎨⎩
ξmax∫
1

b′mj (ξ2 − 1)b′mj′ dξ +

+

ξmax∫
1

bmj

[
m2

ξ2 − 1
+ l(l + 1) − RZ+

2
ξ

]
bmj′ dξ

⎫⎬⎭
(Z+ Å ¶μ²´Ò° § ·Ö¤ Ö¤¥·, ¶μ² £ ¢Ï¨°¸Ö ¤²Ö H2 · ¢´Ò³ 2).

‘¨¸É¥³  ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (A.5) ·¥Ï ¥É¸Ö ³¥Éμ¤μ³ ¸μ¶·Ö¦¥´´ÒÌ £· -
¤¨¥´Éμ¢ (‘ƒ) ¸ ¶·¥±μ´¤¨Í¨μ´¥·μ³ [2]

Ã = H1 ⊗ SD
2 + SD

1 ⊗ H2 − E SD
1 ⊗ SD

2 ,

£¤¥ SD ¶·¥¤¸É ¢²Ö¥É ¤¨ £μ´ ²Ó´ÊÕ Î ¸ÉÓ S μÉ´μ¸¨É¥²Ó´μ ¨´¤¥±¸  l,
SD

jlm,j′l′m = Sjlm,j′lmδll′ ,   S É·¥Ì¤¨ £μ´ ²Ó´  ¶μ l.
„²Ö · §¡¨¥´¨Ö μ¶¥· Éμ·  ¢μ§³ÊÐ¥´¨Ö ¶¥·¢μ£μ ¡μ·´μ¢¸±μ£μ ¶μ·Ö¤±  (49)

´  ¶ ·Í¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ¶·¨³¥´Ö²μ¸Ó · §²μ¦¥´¨¥ (52). �·¥¤¥²Ò ÔÉμ£μ
· §²μ¦¥´¨Ö ¢Ò¡¨· ²¨¸Ó ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³μ¤Ê²¥³ ¢¥±Éμ·  ¶¥·¥¤ Î¨ ¨³-
¶Ê²Ó¸  K . ‚ · ¸Î¥É Ì, ± ¸ ÕÐ¨Ì¸Ö ¶·μ¸Éμ° (e, 2e)-¨μ´¨§ Í¨¨, ³Ò ¡· ²¨
¶ ·Í¨ ²Ó´Ò¥ ¢μ²´Ò ¤μ Lmax = 4, Mmax = 3 ¢ ¸²ÊÎ ¥ θs = 1◦ (K = 0,3233)
¨ Lmax = 5, Mmax = 4 ¤²Ö θs = 3◦ (K = 0,9087). ‚ · ¸Î¥É Ì (e, 3e), ±μ£¤ 
K = 0,6682  . ¥., ³Ò ¨¸¶μ²Ó§μ¢ ²¨ Lmax = 4, Mmax = 4.

„²Ö Ê´¨Ë¨± Í¨¨ ¨ ¡μ²ÓÏ¥° Ö¸´μ¸É¨ μ¶·¥¤¥²¥´¨Ö · ¤¨ ²Ó´μ° ¸¥É±¨ ¢¢¥-
¤¥³ ¢¸¶μ³μ£ É¥²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ r̃ = R/2(ξ − 1). ‚ · ¸Î¥É Ì ³Ò ¨¸¶μ²Ó§μ-
¢ ²¨ b-¸¶² °´Ò Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ´  · ¢´μ³¥·´μ° ¸¥É±¥ ¸ Ï £μ³ Δr̃ = 0,5 ¨
r̃max = 50, ÎÉμ ¤¥² ¥É Î¨¸²μ ¸¶² °´μ¢ · ¢´Ò³ Nξ = 104. � · ³¥É·Ò Ê£²μ¢μ£μ
¡ §¨¸  ¢Ò¡¨· ²¨¸Ó · ¢´Ò³¨ Nl = 6, NΣ

m = 7 ¤²Ö Î¥É´ÒÌ M ¨ NΠ
m = 8 ¤²Ö

´¥Î¥É´ÒÌ M . —Éμ¡Ò £ · ´É¨·μ¢ ÉÓ ¢Ò¶μ²´¥´¨¥ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ÊÌμ¤Ö-
Ð¥° ¢μ²´Ò, ³Ò ¶·¨³¥´Ö²¨ ³¥Éμ¤ ¢´¥Ï´¥£μ ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  [53,54],
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ±μÉμ·Ò³ μ¸ÊÐ¥¸É¢²Ö²¸Ö ¶μ¢μ·μÉ ±μ´ÉÊ·  ¢ ÉμÎ±¥ r̃ECS = 40
¢ ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ ´  Ê£μ² θECS = 45◦. � §²μ¦¥´¨¥ �¥°³ ´  (A.3)
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¡Ò²μ μ£· ´¨Î¥´μ λmax = Nl − 1, μmax = NΠ
m/2. „²Ö É ±¨Ì ¶ · ³¥É·μ¢ ³¥-

Éμ¤ ¸μ¶·Ö¦¥´´ÒÌ ¸Ìμ¤¨²¸Ö ± μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¥ 10−6 ¶μ¸²¥ ¶·¨³¥·´μ
20Ä30 ¨É¥· Í¨°.

‚ · ¸Î¥É Ì (e, 2e) ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ³¥´ÓÏ¨° Ê£²μ¢μ° ¡ §¨¸: Nm = 3 ¤²Ö
M = 0 ¨ Nm = 2 ¤²Ö ¤·Ê£¨Ì §´ Î¥´¨° M , Nl = 6, λmax = 3 ¨ μmax = 1.
� ¡²Õ¤¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö ¤μ¸É¨¦¥´¨Ö Éμ° ¦¥ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ-
¸É¨ ¢ ³¥Éμ¤¥ ‘ƒ É·¥¡Ê¥É¸Ö ¡μ²ÓÏ¥¥ Î¨¸²μ ¨É¥· Í¨° (μ±μ²μ 60Ä70). �Éμ,
μÎ¥¢¨¤´μ, μ¡ÑÖ¸´Ö¥É¸Ö É¥³ Ë ±Éμ³, ÎÉμ ±μ´¥Î´ Ö Ô´¥·£¨Ö E < 0 ²¥¦¨É ´¨¦¥
¶μ·μ£  ¤¢μ°´μ° ¨μ´¨§ Í¨¨. ‘· ¢´¥´¨¥ ¸¥Î¥´¨°, · ¸¸Î¨É ´´ÒÌ ¶·¨ · §²¨Î´ÒÌ
· §³¥· Ì ¡ §¨¸  (¸³. É ¡²¨ÍÊ) ¨ ¤·Ê£¨Ì ¶ · ³¥É· Ì ¸Ì¥³Ò (· ¤¨Ê¸ ¶·μ¸É· ´-
¸É¢¥´´μ° μ¡² ¸É¨ r̃max, Ê£μ² ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  θECS, ÉμÎ±  ¶μ¢μ·μÉ 
±μ´ÉÊ·  r̃ECS ¨ · ¤¨Ê¸ ¢Ò¤¥²¥´¨Ö  ³¶²¨ÉÊ¤Ò r̃S), ¶μ± §Ò¢ ¥É, ÎÉμ Î¨¸²¥´´ Ö
μÏ¨¡±  ´ Ï¨Ì · ¸Î¥Éμ¢ ´¥ ¶·¥¢ÒÏ ¥É 2 % ¤²Ö · ¸Î¥É  „”ˆ ¨ 5 % ¢ · ¸Î¥-
É Ì (e, 3e).

‘Ìμ¤¨³μ¸ÉÓ ¸¥Î¥´¨Ö ¤¢μ°´μ° ¨μ´¨§ Í¨¨ H2 ËμÉμ´ ³¨ ¸ Ô´¥·£¨¥° 75 Ô‚ ¢ § ¢¨-
¸¨³μ¸É¨ μÉ Ï £  ¸¥É±¨ Δr̃ ¨ ¶ · ³¥É·  Ê£²μ¢μ£μ ¡ §¨¸  Nl. „·Ê£¨¥ ¶ · ³¥É·Ò
¶μ² £ ²¨¸Ó · ¢´Ò³¨ k = 4, r̃max = 50, r̃ECS = 40, θECS = 45◦, NΠ

m = 2(Nl − 2),
NΣ

m = NΠ
m − 1, λmax = Nl − 1, μmax = NΠ

m/2 ¨ r̃S = 38

Nl
Δr̃

1,0 0,5 0,333333

4 3165,03 3034,37 3028,05

5 2963,59 2836,08

6 2899,06 2773,35

7 2891,90

ŒÒ ´ Î ²¨ ¸ · ¸Î¥É  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö H2, ±μ-
Éμ· Ö ´¥μ¡Ìμ¤¨³  ± ± ËÊ´±Í¨Ö ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ϕ0 ¢ ¶· ¢μ° Î ¸É¨
Ê· ¢´¥´¨Ö (41). 	Ê¤ÊÎ¨ ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° Éμ£μ ¦¥ £ ³¨²ÓÉμ´¨ ´ , μ´ 
μ·Éμ£μ´ ²Ó´  ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ (37). ˆ¸¶μ²Ó§μ¢ ²¸Ö ´¥¶·¥-
·Ò¢´Ò°  ´ ²μ£ ³¥Éμ¤  �ÓÕÉμ´  (��Œ�) [104,105], ±μÉμ·Ò° ´  ± ¦¤μ³ Ï £¥
¤ ¥É ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° É¨¶  (A.5). �·¨ ³¥¦ÑÖ¤¥·´μ³ · ¸¸ÉμÖ´¨¨
R = 1,4  . ¥. ¨ ¶·¨ ¢ÒÏ¥´ §¢ ´´ÒÌ ¶ · ³¥É· Ì ¡ §¨¸  ¤²Ö · ¸Î¥É  „”ˆ ³Ò
¶μ²ÊÎ¨²¨ Ô´¥·£¨Õ 	μ·´ Ä�¶¶¥´£¥°³¥·  EH2 = −1,17419  . ¥. ¶·¨ ÉμÎ´μ³
§´ Î¥´¨¨ EH2 = −1,174475714220  . ¥. [106].

„²Ö · ¸Î¥Éμ¢ ¤¢μ°´μ° ËμÉμ¨μ´¨§ Í¨¨ ¦¥² É¥²Ó´μ ¨¸¶μ²Ó§μ¢ ÉÓ b-¸¶² °´Ò
´¥ ´¨¦¥ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± , ¶μ¸±μ²Ó±Ê ¶·¨ ¶·μ¢¥¤¥´¨¨ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ
£¨¶¥·¸Ë¥·¥ ¢μ§´¨± ¥É ´¥¡μ²ÓÏμ° Î²¥´ ¶¥·¥±·Ò¢ ´¨Ö ¶·μ¡´μ° ËÊ´±Í¨¨ (47)
¤¢μ°´μ£μ ±μ´É¨´ÊÊ³  ¨ ËÊ´±Í¨° ¸μ¸ÉμÖ´¨° μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨. ‘ ³¨ Î¨-
¸²¥´´μ · ¸¸Î¨É ´´Ò¥ ËÊ´±Í¨¨ ±μ´É¨´ÊÊ³  H+

2 , ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ (47), ÉμÎ´μ
(¸ ³ Ï¨´´μ° ÉμÎ´μ¸ÉÓÕ) μ·Éμ£μ´ ²Ó´Ò ËÊ´±Í¨Ö³ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° H+

2 ,
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¨ ¶¥·¥±·Ò¢ ´¨¥ ¢μ§´¨± ¥É Éμ²Ó±μ §  ¸Î¥É ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¨¸±·¨¢²¥´´μ°
£¨¶¥·¶μ¢¥·Ì´μ¸É¨. ŒÒ § ³¥É¨²¨, ÎÉμ ÔÉμÉ  ·É¥Ë ±É μÎ¥´Ó ÎÊ¢¸É¢¨É¥²¥´ ±
£² ¤±μ¸É¨ ¶·μ¨§¢μ¤´ÒÌ ¢μ²´μ¢μ° ¨ ¶·μ¡´μ° ËÊ´±Í¨° ¢ (43). �μÔÉμ³Ê ¤²Ö
±Ê¡¨Î¥¸±¨Ì b-¸¶² °´μ¢, ¨³¥ÕÐ¨Ì · §·Ò¢ ¶·μ¨§¢μ¤´μ° É·¥ÉÓ¥£μ ¶μ·Ö¤± , ÔÉμ
¶¥·¥±·Ò¢ ´¨¥ ¶·μÖ¢²Ö¥É¸Ö ± ± ³ ²Ò¥ μ¸Í¨²²ÖÍ¨¨ · ¸¸Î¨É ´´μ£μ ¸¥Î¥´¨Ö. ‚¥-
²¨Î¨´  ÔÉ¨Ì μ¸Í¨²²ÖÍ¨°, ¢μμ¡Ð¥ £μ¢μ·Ö, ¨³¥¥É ¶μ·Ö¤μ± Î¨¸²¥´´μ° μÏ¨¡±¨
¨ μ¡ÒÎ´μ ´¥ ¢²¨Ö¥É ´  ·¥§Ê²ÓÉ ÉÒ. �¤´ ±μ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ, ± ±, ´ -
¶·¨³¥·, ¶·¨ μ¶·¥¤¥²¥´¨¨ ¨§³¥´¥´¨Ö ¶ · ³¥É·   ¸¨³³¥É·¨¨ β ¸ ¨§³¥´¥´¨¥³
Ô´¥·£¨¨ ¢Ò²¥É¥¢Ï¥£μ Ô²¥±É·μ´ , ÔÉ¨ μ¸Í¨²²ÖÍ¨¨ Ö¸´μ ¢¨¤´Ò. �μÔÉμ³Ê ¤²Ö
· ¸Î¥É  „”ˆ ¶·¨³¥´Ö²¨¸Ó b-¸¶² °´Ò Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  [52], ÎÉμ, ± ± ³Ò
Ê¡¥¤¨²¨¸Ó, ¶μ§¢μ²Ö¥É ¨§¡ ¢¨ÉÓ¸Ö μÉ Ê± § ´´ÒÌ μ¸Í¨²²ÖÍ¨°.

�.A.3. —¨¸²¥´´Ò° ³¥Éμ¤ ¤²Ö Ï¥¸É¨³¥·´μ£μ ¢·¥³¥´´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ´  μ¸´μ¢¥ ¶·¥μ¡· §μ¢ ´¨Ö — ´£ Ä” ´μ ¨ ¶·¥¤¸É ¢²¥´¨Ö ¤¨¸-
±·¥É´μ° ¶¥·¥³¥´´μ°. � ¸¸³μÉ·¨³ £¥²¨¥¶μ¤μ¡´Ò°  Éμ³ ¨ ¨¸¶μ²Ó§Ê¥³ ± ± ¶ -
· ±¸¨ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥, É ± ¨ ³¥Éμ¤ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É. ‘μμÉ¢¥É-
¸É¢ÊÕÐ¥¥ ¤¢ÊÌÔ²¥±É·μ´´μ¥ ´¥μ¤´μ·μ¤´μ¥ Ê· ¢´¥´¨¥ Ï·¥¤¨´£¥·μ¢¸±μ£μ É¨¶ 
¶·¨´¨³ ¥É ¢¨¤

i
∂Ψ(ξ1, ξ2, t)

∂t
=
{
ĥ1(t) + ĥ2(t) + U(|ξ2 − ξ1|, t)

}
Ψ(ξ1, ξ2, t) + F (ξ1, ξ2, t).

(A.7)
‡¤¥¸Ó ĥ1,2(t) ¤ ´Ò ¢Ò· ¦¥´¨Ö³¨ (73), U(ξ12, t) Å ¶μÉ¥´Í¨ ² ³¥¦Ô²¥±É·μ´-
´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö,

U(ξ12, t) =
1

a(t)ξ12
.

—²¥´ F (ξ1, ξ2, t) ¢ ¶· ¢μ° Î ¸É¨ (A.7) μÉ¸ÊÉ¸É¢Ê¥É ¶·¨ · ¸Î¥É¥ ËμÉμ¨μ´¨§ -
Í¨¨ [7, 11], ´μ ¶μÖ¢²Ö¥É¸Ö ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¨¡²¨¦¥´¨Ö PA1B ¤²Ö ¤¢Ê-
±· É´μ° ¨μ´¨§ Í¨¨ Ê¤ ·μ³ ¡Ò¸É·μ£μ Ô²¥±É·μ´  [7].

�μ¸²¥ μ±μ´Î ´¨Ö ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö ¶μ²´Ò° Ê£²μ¢μ° ³μ³¥´É ¨ ¥£μ
¶·μ¥±Í¨Ö ¸μÌ· ´ÖÕÉ¸Ö, É ± ÎÉμ ·¥Ï¥´¨¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±

Ψ(ξ1, ξ2, t) =
∑
LM

ΨLM(ξ1, ξ2, t), (A.8)

£¤¥ L and M Å ±¢ ´Éμ¢Ò¥ Î¨¸²  ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¥£μ ¶·μ¥±Í¨¨
¸μμÉ¢¥É¸É¢¥´´μ. � §²μ¦¨³ ΨLM ¶μ ¡¨¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³ [60]

ΨLM (ξ1, ξ2, t) =
1

ξ1ξ2

∑
l1,l2

Y LM
l1l2 (θ1, ϕ1, θ2, ϕ2)ψLM

l1l2 (ξ1, ξ2, t). (A.9)

ŠμÔËË¨Í¨¥´ÉÒ  ´ ²μ£¨Î´μ£μ · §²μ¦¥´¨Ö ¨¸ÉμÎ´¨±  F (ξ1, ξ2, t) μ¡μ§´ Î¨³

fLM
l1l2 (ξ1, ξ2, t) = ξ1ξ2〈LMl1l2|F (ξ1, ξ2, t)〉.
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„²Ö ·¥Ï¥´¨Ö ¶μ²ÊÎ¨¢Ï¥°¸Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ³Ò ¨¸¶μ²Ó§Ê¥³ ³¥Éμ¤ ¤¢Ê-
Í¨±²¨Î¥¸±μ£μ · ¸Ð¥¶²¥´¨Ö [107], ¢ ±μÉμ·μ³ ± ¦¤Ò° Ï £ Ô¢μ²ÕÍ¨¨ · ¸Ð¥¶-
²Ö¥É¸Ö ´  ¶μ¤Ï £¨, ²¥£±μ ·¥ ²¨§Ê¥³Ò¥ ¸ ¶μ³μÐÓÕ ¶·μ¸Éμ° ¸Ì¥³Ò Š· ´± Ä
�¨±μ²¸μ´  [108]. ‚¢μ¤Ö · ¤¨ ²Ó´ÊÕ ¸¥É±Ê {ξ1i1 , ξ2i2}, iα = 1 . . .Nr, ¤¨¸-

±·¥É´Ò¥ ¢·¥³¥´´Ò¥ ÉμÎ±¨ tn ¨ μ¡μ§´ Î¥´¨¥ ψLM
l1l2i1i2n = ψLM

l1l2
(ξ1i1 , ξ2i2 , tn),

³μ¦´μ μ¸ÊÐ¥¸É¢¨ÉÓ Ô¢μ²ÕÍ¨Õ μÉ tn ± tn+2 ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥

ψLM
l1l2i1i2n+1/4 = ψLM

l1l2i1i2n − iτnfLM
l1l2i1i2n, (A.10 )[

δj1
i1

+
iτn

2
Hj1

l1i1
(tn+1)

]
ψLM

l1l2j1i2n+1/2 =
[
δj1
i1

− iτn

2
Hj1

l1i1
(tn+1)

]
ψLM

l1l2j1i2n+1/4,

(A.10¡)[
δj2
i2

+
iτn

2
Hj2

l2i2
(tn+1)

]
ψLM

l1l2i1j2n+3/4 =
[
δj2
i2

− iτn

2
Hj2

l2i2
(tn+1)

]
ψLM

l1l2i1j2n+1/2,

(A.10¢)

φLM
km2i1i2n+3/4 = P l2

km2
CLl1

l2m2
ψLM

l1l2i1i2n+3/4, (A.10£)

φLM
kmi1i2n+5/4 =

1 − iτnUi1i2k(tn+1)
1 + iτnUi1i2k(tn+1)

φLM
kmi1i2n+3/4,

(A.10¤)

ψLM
l1l2i1i2n+5/4 = CLm2

l1l2 Pk

l2m2
φLM

km2i1i2n+5/4, (A.10¥)[
δj2
i2

+
iτn

2
Hj2

l2i2
(tn+1)

]
ψLM

l1l2i1j2n+3/2 =
[
δj2
i2

− iτn

2
Hj2

l2i2
(tn+1)

]
ψLM

l1l2i1j2n+5/4,

(A.10¦)[
δj1
i1

+
iτn

2
Hj1

l1i1
(tn+1)

]
ψLM

l1l2j1i2n+7/4 =
[
δj1
i1

− iτn

2
Hj1

l1i1
(tn+1)

]
ψLM

l1l2j1i2n+3/2,

(A.10§)

ψLM
l1l2i1i2n+2 = ψLM

l1l2i1i2n+7/4 − iτnfLM
l1l2i1i2n+2.

(A.10¨)

„²Ö Ê¶·μÐ¥´¨Ö § ¶¨¸¨ Ê· ¢´¥´¨° ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¶· ¢¨²μ ¸Ê³³¨·μ¢ ´¨Ö
�°´ÏÉ¥°´ . �  ± ¦¤μ³ ¢·¥³¥´´μ³ Ï £¥ τn = (tn+2 − tn)/2 ¸·¥¤´¥¥ ¢·¥³Ö
¶μ² £ ²μ¸Ó · ¢´Ò³ tn+1 = (tn+2 + tn)/2. Œ É·¨ÍÒ Hjα

lαiα
(t) Ö¢²ÖÕÉ¸Ö

±μ´¥Î´μ-· §´μ¸É´Ò³¨  ¶¶·μ±¸¨³ Í¨Ö³¨ μ¤´μ³¥·´ÒÌ · ¤¨ ²Ó´ÒÌ £ ³¨²ÓÉμ-
´¨ ´μ¢

Ĥαlα(t) = − 1
2a2(t)

(
∂2

∂ξ2
α

− lα(lα + 1)
ξ2
α

)
− Z

a(t)ξα
+

a(t)ä(t)
2

ξ2
α.

—Éμ¡Ò ¤¨ £μ´ ²¨§μ¢ ÉÓ ¶μÉ¥´Í¨ ² Ô²¥±É·μ´-Ô²¥±É·μ´´μ£μ ¢§ ¨³μ¤¥°-
¸É¢¨Ö, ¨¸¶μ²Ó§Ê¥³ ¤¢  μ·Éμ£μ´ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨Ö. ‘´ Î ²  ¶·¨³¥´¨³
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¶·¥μ¡· §μ¢ ´¨¥ — ´£ Ä” ´μ [16], μ¡¥¸¶¥Î¨¢ ÕÐ¥¥ ¶¥·¥Ìμ¤ μÉ ¡¨¸Ë¥·¨Î¥¸-
±μ£μ ¡ §¨¸  (A.9) ± D-¡ §¨¸Ê [60]

ΨLM (ξ1, ξ2, t) =
1

ξ1ξ2

√
2L + 1

4π

∑
l2,m2

DL∗
Mm2

(ϕ1, θ1, ϕ12)×

× Yl2 m2(θ12, 0)χLM
l2m2

(ξ1, ξ2, t), (A.10)

£¤¥ Dl
m1m2

Å ËÊ´±Í¨Ö ‚¨£´¥· . Œ É·¨ÍÒ · §³¥·´μ¸É¨ (2 min (L, l2) + 1) ×
(2 min(L, l2)+1), μ¸ÊÐ¥¸É¢²ÖÕÐ¨¥ ¶·Ö³μ¥ ¨ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ — ´£ Ä
” ´μ, ¨³¥ÕÉ ¢¨¤

CLl1
l2m2

= (−1)l2+m2Cl10
l2−m2Lm2

, (A.12 )

CLm2

l1l2 = (−1)l2+m2Cl10
l2−m2Lm2

, (A.12¡)

£¤¥ Cl3m3
l1m1l2m2

Å ±μÔËË¨Í¨¥´ÉÒ Š²¥¡Ï Äƒμ·¤ ´  [60], l2 = 0, . . . , l2max,

l1 = |L − l2|, . . . , L + l2, m2 = −min (L, l2), . . . , min (L, l2). � ¤²Ö Ë¨´ ²Ó-
´μ° ¤¨ £μ´ ²¨§ Í¨¨ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ ¤¨¸±·¥É´μ° ¶¥·¥³¥´´μ° [109],
μ¸´μ¢ ´´μ¥ ´  ¶·¥μ¡· §μ¢ ´¨¨

φLM
km (ξ1, ξ2, t) =

Nm−1∑
l=0

χLM
lm (ξ1, ξ2, t)Pm

l (ηm
k ), (A.11)

£¤¥ φLM
km (ξ1, ξ2, t) Å §´ Î¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ k-³ Ê§²¥ Ê£²μ¢μ° ·¥-

Ï¥É±¨, η = cos θ12; ηm2
k ¨ λm2

k Å Ê§²Ò ¨ ¢¥¸  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±¢ ¤· -
ÉÊ· ƒ Ê¸¸ Ä‹¥¦ ´¤· , k = 1, . . . , Nm2 ; Pm

l (η) Å ´μ·³¨·μ¢ ´´Ò¥ ¶·¨¸μ¥¤¨-
´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· ; Nm2 Å Î¨¸²μ ¶μ²¨´μ³μ¢ ¢ · §²μ¦¥´¨¨ ¤²Ö
¤ ´´μ£μ m2. Œ É·¨ÍÒ · §³¥·´μ¸É¨ Nm2 × Nm2 ¶·Ö³μ£μ ¨ μ¡· É´μ£μ ¶·¥-
μ¡· §μ¢ ´¨Ö ¨³¥ÕÉ ¢¨¤

P l
km = Pm

l (ηm
k ), (A.14 )

Pk

lm = Pm
l (ηm

k )λk. (A.12¡)

�·Ö³Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ´  Ï £¥ (A.10£)  ²£μ·¨É³ . 	² £μ-
¤ ·Ö ¨³ ¶μÉ¥´Í¨ ² Ô²¥±É·μ´-Ô²¥±É·μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨μ¡·¥É ¥É ¤¨ -
£μ´ ²Ó´Ò° ¢¨¤. ‚ ·¥§Ê²ÓÉ É¥ ¶·¨³¥´¥´¨¥ ¸Ì¥³Ò Š· ´± Ä�¨±μ²¸μ´  ´ 
Ï £¥ (A.10¤) ¸¢μ¤¨É¸Ö ± Ê³´μ¦¥´¨Õ ´  Ë §μ¢Ò° ³´μ¦¨É¥²Ó. �μ¸²¥ ÔÉμ£μ
¢Ò¶μ²´ÖÕÉ¸Ö μ¡· É´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö (A.10¥), ÎÉμ¡Ò ¢¥·´ÊÉÓ¸Ö ¢ ¡¨¸Ë¥-
·¨Î¥¸±¨° ¡ §¨¸, Ê¤μ¡´Ò° ¤²Ö ¢ÒÎ¨¸²¥´¨°, ¢±²ÕÎ ÕÐ¨Ì μ¤´μÔ²¥±É·μ´´Ò¥
£ ³¨²ÓÉμ´¨ ´Ò.
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„²Ö ¶·¥¤¸É ¢²¥´¨Ö · ¤¨ ²Ó´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¢ · ¡μ-
É Ì [6,7,11] ¨¸¶μ²Ó§μ¢ ² ¸Ó ¶ÖÉ¨ÉμÎ¥Î´ Ö ±μ´¥Î´μ-· §´μ¸É´ Ö  ¶¶·μ±¸¨³ Í¨Ö
Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ´  ¸¥É±¥ ¸ Ê§² ³¨

ξαi = hi, i = 1 . . .Nr, h =
ξmax

Nr
,

£¤¥ ξmax Å · §³¥· ¸¥É±¨ ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·¤¨´ É Ì; Nr Å Î¨¸²μ · ¤¨ ²Ó-
´ÒÌ Ê§²μ¢. �μ¸±μ²Ó±Ê ´ ¸ ¢ μ¸´μ¢´μ³ ¨´É¥·¥¸μ¢ ²  ¨μ´¨§ Í¨Ö ¸ ¨¸¶Ê¸± ´¨¥³
Ô²¥±É·μ´μ¢ μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ Ô´¥·£¨°, ³Ò ¶μ³¨³μ ¶¥·¥Ìμ¤  ± ¸μ¶ÊÉ¸É¢ÊÕ-
Ð¨³ ±μμ·¤¨´ É ³ ¨¸¶μ²Ó§μ¢ ²¨ ¢´¥Ï´¨° ±μ³¶²¥±¸´Ò° ¸±¥°²¨´£ (¸³. · §¤. 2),
μ¡¥¸¶¥Î¨¢ ÕÐ¨° ¶μ£²μÐ¥´¨¥ ¢Ò¸μ±μÔ´¥·£¨Î´ÒÌ Ô²¥±É·μ´μ¢, ÎÉμ ¶μ§¢μ²Ö¥É
Ê³¥´ÓÏ¨ÉÓ É·¥¡ÊÕÐ¨°¸Ö · §³¥· ¸¥É±¨ ξmax. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¦¥ ´¥· ¢´μ³¥·-
´ÒÌ ¸¥Éμ±, ± ± ¢ · ¡μÉ¥ [7], μ± § ²μ¸Ó ´¥¶· ±É¨Î´Ò³.

Œ¥Éμ¤ · ¸Ð¥¶²¥´¨Ö Ê¸Éμ°Î¨¢, ¥¸²¨ Ï £ ¶μ ¢·¥³¥´¨ τ Ê¤μ¢²¥É¢μ·Ö¥É
Ê¸²μ¢¨Õ

τ � h2

4a2
. (A.12)

�¤´ ±μ ¶· ±É¨Î¥¸±¨¥ · ¸Î¥ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¤²Ö L > 0 Ï £ τ ³μ¦¥É ¡ÒÉÓ
¢§ÖÉ ¢ ´¥¸±μ²Ó±μ · § ¡μ²ÓÏ¨³ ¡¥§ ± ±μ£μ-²¨¡μ ¢·¥¤ . �Éμ ¸¢Ö§ ´μ ¸ μÉ¸ÊÉ-
¸É¢¨¥³ É·¥ÌÎ ¸É¨Î´ÒÌ ¸Éμ²±´μ¢¥´¨° ¢ ¸²ÊÎ ¥ L > 0. ŒÒ ¨¸¶μ²Ó§μ¢ ²¨ § -
¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ Ï £ τn = τ(tn+1) = a(tn+1)τ0, ¶μ¸±μ²Ó±Ê ´ ¨³¥´¥¥
³¥¤²¥´´μ ¶·¨ · ¸Ï¨·¥´¨¨ ¸¥É±¨ Ê¡Ò¢ ¥É ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ²,   ÔÉμ ¶·μ-
¨¸Ìμ¤¨É ¶μ § ±μ´Ê 1/a(t). �·¨ É ±μ³ ¢Ò¡μ·¥ Ï £  ±μ³¶ÓÕÉ¥·´μ¥ ¢·¥³Ö, ´¥-
μ¡Ìμ¤¨³μ¥ ¤²Ö · ¸Î¥É  Ô¢μ²ÕÍ¨¨ ¢¶²μÉÓ ¤μ § ¤ ´´μ£μ Ë¨§¨Î¥¸±μ£μ ¢·¥³¥´¨ t,
¶·μ¶μ·Í¨μ´ ²Ó´μ log t.

‚ · ¸Î¥É Ì ËμÉμ¨μ´¨§ Í¨¨ £¥²¨Ö [11] ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ ¶ · -
³¥É·Ò Î¨¸²¥´´μ° ¸Ì¥³Ò: ¶ · ³¥É· Ê£²μ¢μ£μ ¡ §¨¸  l2max = 13, · ¢´μ³¥·´ÊÕ
· ¤¨ ²Ó´ÊÕ ¸¥É±Ê ¸ Nr = 500 ¨ · §³¥·μ³ ξmax = 25, · ¤¨Ê¸ ±μ³¶²¥±¸´μ£μ
¸±¥°²¨´£  ξsc = 22,5, Ê£μ² ±μ³¶²¥±¸´μ£μ ¸±¥°²¨´£  θsc = 30◦, ¸±μ·μ¸ÉÓ · ¸-
Ï¨·¥´¨Ö ¸¥É±¨ ȧ∞ = 0,01. Œμ¤¥²¨·μ¢ ² ¸Ó Ô¢μ²ÕÍ¨Ö ¢¶²μÉÓ ¤μ ¢·¥³¥´¨
tmax = 12800. „²Ö ¤·Ê£¨Ì ³¨Ï¥´¥° ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¨´Ò¥ ¶ · ³¥É·Ò · ¤¨-
 ²Ó´μ° ¸¥É±¨: Nr = 500, ξmax = 50, ξsc = 45, ȧ∞ = 0,05 ¤²Ö H−; Nr = 1000,
ξmax = 50, ξsc = 40, ȧ∞ = 0,05 ¤²Ö He ¢ ¢μ§¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨ 1s2s1S
¨ Nr = 1400, ξmax = 70, ξsc = 60, ȧ∞ = 1/30 ¤²Ö He ¢ ¢μ§¡Ê¦¤¥´´μ³
¸μ¸ÉμÖ´¨¨ 1s3s1S.

� Î ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ³¨Ï¥´¨ ϕ0(r1, r2), ´¥μ¡Ìμ¤¨³ Ö ¢ (74) ¨
Î²¥´¥-¨¸ÉμÎ´¨±¥ ¢ PA1B, · ¸Î¨ÉÒ¢ ² ¸Ó ³¥Éμ¤μ³ Ô¢μ²ÕÍ¨¨ ¢ ³´¨³μ³ ¢·¥-
³¥´¨ [110].
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‚ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¸ Oz||ki ³μ¦´μ § ¶¨¸ ÉÓ

I(ki,K; r) =

∞∫
0

dq

q

∮
dΩq

1
|K− q|2 exp (iqr)

cos θq −
q2/2 + Et − E0

kiq
+ iε

. (	.1)

ŒÒ § ³¥´¨²¨ ¶¥·¥³¥´´ÊÕ ¨´É¥£·¨·μ¢ ´¨Ö k ´  q, ¶μÉμ³Ê ÎÉμ ¶·¨ ÔÉμ³ Ê£²μ-
¢ Ö § ¢¨¸¨³μ¸ÉÓ ¢ 1/|q|2 ¶·μ¶ ¤ ¥É. ‘´ Î ²  ¸¢¥¤¥³ ÔÉμÉ ¨´É¥£· ² ± ¸Ê³³¥ ¡μ-
²¥¥ ¶·μ¸ÉÒÌ ¨´É¥£· ²μ¢ ¸ ¶μ³μÐÓÕ ¤¢ÊÌ Ìμ·μÏμ ¨§¢¥¸É´ÒÌ · §²μ¦¥´¨° [60]

exp (iqr) �
�max∑
�=0

i�j�(qr)(2� + 1)P�(cos q̂r), (	.2)

¨
1

|K− q|2 � 1
2Kq

lmax∑
l=0

Ql

(
K2 + q2

2Kq

)
Pl(cos K̂q), (	.3)

£¤¥

Pl(cos n̂n′) =
4π

2l + 1

l∑
m=−l

Y ∗
lm(θ, φ)Ylm(θ′, φ′). (	.4)

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ  §¨³ÊÉ ²Ó´μ³Ê Ê£²Ê φq É·¨¢¨ ²Ó´μ. ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ θq

¢Ò¶μ²´Ö¥É¸Ö ¸ ¶·¨³¥´¥´¨¥³ Éμ¦¤¥¸É¢  ¤²Ö ¶·μ¨§¢¥¤¥´¨° ¸Ë¥·¨Î¥¸±¨Ì £ ·-
³μ´¨± [60], ÎÉμ ¶·¨¢μ¤¨É ±

1∫
−1

Pl(x′)
x′ − x + iε

dx =

{
−2Ql(x) − iπPl(x), x ∈ [−1, 1];
−2Ql(x), x > 1,

(	.5)

£¤¥ Pl(x) Å ¶μ²¨´μ³ ‹¥¦ ´¤· ; Ql(x) Å ËÊ´±Í¨Ö ‹¥¦ ´¤·  ¢Éμ·μ£μ ·μ¤ ,
μ¶·¥¤¥²¥´´ Ö ´  ¨´É¥·¢ ²¥ x ∈ [−1,∞) ¨ Ê¤μ¢²¥É¢μ·ÖÕÐ Ö ¸μμÉ´μÏ¥´¨Õ

Q0(x) =
1
2

ln
∣∣∣∣x + 1
x − 1

∣∣∣∣, Q1(x) = xQ0(x) − 1, Ql(x) =
2l − 1

l
xQl−1(x) −

l − 1
l

Ql−2(x). ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ q § É¥³ ¶·μ¨§¢μ¤¨É¸Ö Î¨¸²¥´´μ, ¸ ¶μ³μÐÓÕ

±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê², ÊÎ¨ÉÒ¢ ÕÐ¨Ì ´ ²¨Î¨¥ ²μ£ ·¨Ë³¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´μ-

¸É¥° ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö ¢ ÉμÎ± Ì qa,b = ki ∓
√

k2
i − 2(Et − Ei).

„²Ö q > qb ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¡Ò¸É·μ ¸É·¥³¨É¸Ö ± ´Ê²Õ. �Éμ ¶μ-
§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ±μ´¥Î´Ò° ¢¥·Ì´¨° ¶·¥¤¥² ¨´É¥£·¨·μ¢ ´¨Ö qmax = 2ki.
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�·Ö³μ¥ ¶·¨³¥´¥´¨¥ · §²μ¦¥´¨Ö (	.3) ¶·¥¤¸É ¢²Ö¥É ¤μ¶μ²´¨É¥²Ó´ÊÕ É·Ê¤-
´μ¸ÉÓ, É ± ± ± ´¥ £ · ´É¨·Ê¥É ¸Ìμ¤¨³μ¸É¨ ¢´¥μ¡μ²μÎ¥Î´μ° Î ¸É¨ ¨´É¥£· ²  I
¸ ·μ¸Éμ³ lmax, ¶μ¸±μ²Ó±Ê ¢Ò· ¦¥´¨¥ (	.3) ¨³¥¥É μ¸μ¡¥´´μ¸É¨ ´  ¸Ë¥·¥ q = K
¤²Ö ²Õ¡μ£μ ±μ´¥Î´μ£μ Î¨¸²  lmax. —Éμ¡Ò ¨§¡¥¦ ÉÓ ÔÉμ° É·Ê¤´μ¸É¨, ³Ò ¨¸-
¶μ²Ó§μ¢ ²¨ · §²μ¦¥´¨¥

1
|K− q|2 =

1
K2 + q2 − 2(K · q)

� 1
K2 + q2

lmax∑
s=0

[
2(K · q)
K2 + q2

]s
,

±μÉμ·μ¥ ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥° ¤²Ö K > 0. �Éμ Ô±¢¨¢ ²¥´É´μ § ³¥´¥ Ql(x)
¢ (	.3) ¥£μ · §²μ¦¥´¨¥³ ¢ ±μ´¥Î´Ò° ·Ö¤

Q
[lmax]
l (x) =

1
x

�(lmax−l)/2�∑
n=0

(2n + l)!
(2n)!!(2n + 2l + 1)!!

1
x2n+l

. (	.6)

�·¨ É ±μ³ ¶μ¤Ìμ¤¥ · ¸¸Î¨É ´´μ¥ §´ Î¥´¨¥ (	.1) ³μ´μÉμ´´μ ¸Ìμ¤¨É¸Ö ¸ ·μ-
¸Éμ³ lmax. ‚μ ¢¸¥Ì · ¸Î¥É Ì ¢ [5] ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¶ · ³¥É·Ò lmax = 99
¨ �max = 3.
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