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THREE-LOOP CALCULATIONS

IN NON-ABELIAN GAUGE THEORIES
O. V. Tarasov*, A. A. Vladimirov*™*

Joint Institute for Nuclear Research, Dubna

A detailed description of the method for analytical evaluation of the three-loop contributions
to renormalization group functions is presented. This method is employed to calculate the charge
renormalization function and anomalous dimensions for non-Abelian gauge theories with fermions
in the three-loop approximation. A three-loop expression for the effective charge of QCD is given.
Charge renormalization effect in the SU (4)-supersymmetric gauge model is shown to vanish at this
level. A complete list of required formulas is given in Appendix. The above-mentioned results of
three-loop calculations were published by the present authors (with A. Yu.Zharkov and L. V. Avdeev)
in 1980 in «Physics Letters B». The present text, which treats the subject in more detail and contains
a lot of calculational techniques, was also published in 1980 as the JINR Communication E2-80-483
(Dubna, 1980).

JleT JbHO OMMC H METO[ H JIMTHYECKOTO BBIYKCIICHHS BKJI JOB (DeHHM HOBCKHX I TP MM B pe-
HOPMIPYIIIOBbIE (DYHKIIMH, OCHOB HHBI H P 3MEPHOI Pery/sipi3 LUK U MO3BOJISIONINIT BBIYUCIIUTD BCe
TPEXIET/IeBble 11 TP MMbI J11000i1 peHopMupyeMoii Teopu. C MOMOIIBI0 5TOr0 METOJ B TPEXIETICBOM
NpHONIKEHUN H IiIeHb! (DYyHKIMS PEHOPMHPOBKM 3 PSI W HOM JIbHBIE P 3MEPHOCTH Iollell He Oe-
JIeBOi K JIMOpPOBOYHON Teopuu ¢ (pepMuoH MH. [IpuBeneHo BbIp XeHue Uit 3(PheKTUBHOIO 3 psj
KB HTOBOI XPOMOJNH MHKHU C Y4ETOM TpeX rerenb. [IpoieMOHCTPUPOB HO OTCYTCTBHE PEHOPMHPOBKU
3 pan B SU(4)-cynepcMMeTpudHON K JMOPOBOYHOI MONENH H TPEXIETIEBOM ypoBHE. B mpuio-
JKEHHU JI H TIOJH 5 CBOAK (hOpMyIl, HEOOXONMMBIX [Tl TPEXIICTIIEBBIX BBIYUCICHHIl B He OeleBbIX
K JINOPOBOYHBIX TEOPHSAX. BHINIEyOMSHYyTbIE pPe3yIbT ThI TPEXHETIEBBIX P CUETOB OBUIH OITYOJIHKO-
B Hbl BTOp MU (coBMecTHO ¢ A.1O.2K pxoseiM u JI.B. ABneesbim) B 1980 r. B XypH Jie «Physics
Letters B», T KkxXe, ¢ Gollee #eT JbHBIM U MOAPOOHBIM H3TIOXEHHEM TEXHHKU BBIMUCICHUI, B BUIE
coobmenus OUSIU E2-80-483 (dy6n , 1980).

PACS: 11.10.-Z; 11.10.Gh

INTRODUCTION

The renormalization group method when applied to asymptotically free mod-
els results in an «improved» perturbation theory. Its expansion parameter, an
effective charge g2(Q?%/A?, g°), decreases logarithmically with the increase in the
momentum transfer Q2. The existent QCD calculations of various deep inelastic
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processes in the first two orders in g2 appear to be consistent with the present
experimental data [1]. However, the next-to-leading corrections (i.e., those ~ )
are fairly large. It leaves open the possibility of the higher-order contributions to
be important.

The calculations in higher orders are also of interest from another standpoint.
They might serve as a starting point for summing the perturbation theory ex-
pansions of QCD, as it is done, for instance, in the ¢* model [2]. Moreover,
these calculations can shed light on some peculiar aspects of certain field theory
models. For example, in the SU(4)-supersymmetric non-Abelian gauge model
derived in [3,4], the charge renormalization effects are shown to vanish to the
two-loop order [5]. The corresponding three-loop calculations presented below
give the same answer: The charge renormalization function 3(g?) is equal to
zero. Apparently, the vanishing of 3(g?) at the three-loop level is not a sheer
coincidence, but an indication that this effect holds to all orders.

The first three-loop QCD calculation in the framework of the renormalization
group has been performed in [6], where the total cross section of the e™e™-an-
nihilation into hadrons has been computed analytically. This result is confirmed
in [7] by a numerical calculation and in [8] also analytically. However, these
calculations involve the 3(g?) function to order g5, whereas all other three-loop
QCD calculations require the next, ~ g%, contribution to 3(g?). The charge renor-
malization function 3(g?) for the non-Abelian gauge theory including fermions is
known to g% only, i.e., in the two-loop approximation [9]. In the present paper,
we describe a method which enables one to evaluate 3(g?) at the three-loop level.
We present the results of these calculations and the full list of needed formulas.

1. RENORMALIZATION GROUP IN THE MINIMAL SUBTRACTION
SCHEME

We consider a non-Abelian gauge theory with fermions belonging to the
representation R of the gauge group G:

1 a a 1 a)2 —a a
»C = ——G GHV — Z (QMAM) — aun Mn —+

4 -
f —_ A
+gf AL iy DY, (1)
m=1

G, = 0AL — 0, A% + gf* " ALAS, Dyl = 0,07 — igRy WAL

Here 7% is the ghost field; « is the gauge parameter, and f°° are the totally
antisymmetric structure constants of the gauge group . The indices of the
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fermion field ¢! specify color (¢) and flavor (m), respectively. The matrices R®
obey the following relations:

[Ra’ Rb], _ ifabcRC, facdfbcd _ CA(Sab,
RR® = Cpl, tr(R°RY) =To.

)

In particular, the values of group invariants C'4, Cp, and T in the fundamental
(quark) representation of SU(N) are

N2 -1 1

Ca=N, Cr=—p—. T=3. 3)

The underlying gauge symmetry of the Lagrangian (1) gives rise to the well-
known Slavnov-Taylor identities [10] extensively used throughout the paper. In
particular, a transversality of the radiative corrections to the gluon propagator
allows one to compute such a correction in the scalar form, i.e., with its Lorentz
indices contracted.

We now turn to a brief discussion of the renormalization procedure. In
this paper, we adopt the renormalization prescription by 't Hooft [11], the so-
called «minimal subtraction scheme», which by definition subtracts only pole
parts in € from a given diagram. The renormalization constants Zr relating the
dimensionally regularized 1PI Green function with the renormalized one,

2 1
I'r (%aaaQQ) :;I_I%ZF (g,a,g2>F(Q2,aB,g%,E), “4)

look in this scheme like

1 _ (1) (. g2)e—n
Zr<5, ) 1+Zc : (5)

n=1

with ¢ = (4 — d)/2, d being the space-time dimension. In (4), u is the renor-
malization parameter with the dimension of mass. The bare charge g% is to be
constructed from appropriate Zs. The most convenient choice is as follows:

9p = n* 92 25" 257, (©)

Here Z; is the renormalization constant of the ghost—ghost—gluon vertex, Zs and
Z5 being those of inverted gluon and ghost propagators, respectively. Note also
ap in (4) to be given by ap = aZ3. The Green function I'r(Q?%/u?, o, g%)
satisfies the renormalization group equation

2 2y 0 2y 0 2 Q* 2
QW_ (g )8—g2—73(a,g )a%—'yp(a,g )]FR<F,04,9>_0 (7
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and the normalization condition I'r(Q? /1%, o, 0) = 1. The anomalous dimensions
Ar are given by the relation

0
r(a,g%) = gzpc(pl)(a, 9%). 8)
g
Similarly, from
o0
gp = 1> >+ _a™(g)e ©9)
n=1

one obtains the charge renormalization function g,

B(e?) = (g£ - 1) oM (g?) =
=g 2%1(e, %) — (0, g%) — 293(a, g%)] . (10)

which is known to be gauge independent [12]. Thus, the computation of yr(c, %)

and 3(g?) requires the functions c(Fl)(a, g?) for the renormalization constants in
the right-hand side of (6).

The residues of higher-order poles in the expansion (5) and (9) are related
with ¢(V) and a(!) by the equalities

d 0 n
B0 55+ (o + (o g”)] e (o) =

0
= ¢* =" (a,¢%), (1)

86 550 0 = (505 — 1) " a?) (12)
We choose to work in the Feynman gauge o = 1 throughout this paper. For
checking the higher residues by means of (11), one may use the results of the
corresponding two-loop calculations [13] performed in a general gauge.
According to the minimal subtraction prescription [11], the renormalization
constants are uniquely determined by requiring that all the divergences in ¢
disappear from the product Zr(1/e,a, g*)T' (QQ,QB,g%,e), so that the limit
€ — 0 in (4) does exist. However, we find a somewhat different (but equivalent)
definition [14] to be more convenient:

Zr =1-KRT. (13)

An operator K picks out all the pole terms in ¢,

KDY bpe™ = bue™. (14)

n<0
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R’ is the BPHZ minimal subtraction procedure (R-operation) with its final sub-
traction missing: R = (1 — K)R’. In other words, the R’-operation subtracts all
the divergences of internal subgraphs but does not subtract an overall divergence
of a diagram. To construct R’ explicitly, one can employ the following recursion
relation [15]:

RG=G+)Y (-KR'G1)--(-KR'Gn)G/Gr + ...+ G, (15)

where the sum is over all sets of disjoint 1PI divergent subgraphs of the diagram
G, and G/ (G1 + ...+ Gy,) is the diagram obtained from G by contracting
Gi,...,Gnp to pomts (as an example, see Fig. 1).

BB KD O
4 <

Fig. 1

The KR'G is the negative of a contribution from G to an appropriate renor-
malization constant. The computation of R'G is simplified drastically owing to
the following fact [16].

Let a diagram G be infrared finite in a range of external momenta k; and
internal masses m;. Then in this range JR'G is a polynomial in k; and m;.
Therefore, it is either independent of k; and m; (for a logarithmically divergent
diagram G) or loses such a dependence after differentiating once or twice with
respect to k;.

2. A METHOD FOR COMPUTING THREE-LOOP INTEGRALS

This feature of JCR'G provides the basis for a simple and efficient computa-
tional technique developed in [15], which enables one to evaluate analytically all
three-loop contributions to the renormalization group functions v and § in any
renormalizable theory. It is shown in [15] that one may calculate X R'G (properly
differentiated, if necessary) with all its external momenta equal to zero and with an
auxiliary mass m # 0 introduced into one of its internal lines (which is sufficient
to remove all infrared divergences). The momentum integration corresponding to
this line is chosen to be the last one. It looks like

d
/ T (10
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and is readily done using Eq. (66) in Appendix. We thus show the last momentum
integration to be trivial. Therefore, the problem of three-loop calculations reduces
to computing the two-loop massless integrals depending on a single momentum p?,

/ dt dg
t20q20 (p — t)*(p — @)% (t — )%’

with «, 0, 7, o, and p being integers. If one of the denominators is missing
(e.g., p = 0,—1,-2,...), the integral (17) can be evaluated by sequential use
of Eq.(67). Otherwise, one needs the nontrivial two-loop integration formu-
las deduced in [17] through the z-space Gegenbauer polynomial technique. In
Appendix, we give a list of relevant integrals of the type (17).

As an illustrative example, we consider an integral

_ dpdq dt (qt)*
J_/p2q2t2(p—q)Q(p—t)Q(k—q)Q(lg—t)2 @ (18)

Due to quadratic divergence, it should be differentiated twice with respect
to k. Using the relation

A7)

02 1
Ok, Ok [(k—g)?(k—t)?] B
) R o (Gt e LAt S
(k—q)*(k —t)? ’

we obtain K92 R'J as displayed in Fig.2 in self-evident notation. Since KXR'.J =
k2A(1/e), we finally get

1y 1 2/ T (i 233 1 1
A<E>IC8_4EIC8RJ(W) (24€2+32€>. (20)

The last two diagrams in Fig.2 diverge logarithmically so that one can compute
them with £ = 0O provided that a nonzero mass is introduced into one of the
differentiated lines, i.e., into that with a blob.

The problem of evaluating KR'G at the three-loop level thus reduces to the
integrations (16) and (17). The described procedure has been employed in a
considerable part of the calculations presented in this paper.

One can also determine the pole part of (18), KJ, by means of a somewhat
different method, which involves transferring an external momentum to the other
vertex in order to simplify the denominator.
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W4

Fig. 3

Consider the difference (Fig. 3)

/ dp dq dt (qt)? [1 (k- q)T
P*@®t(p — @)*(p — 1)*(k — q)*(k — t)? 7
dpdqdt (qt)?(2k,q, — k?) 9
= =2k,J, —k“J1. (21)
/p2t2q4(p —q)%(p —1)?(k — )2 (k —1)2 — 7" '
Let us further subtract from J, the other integral having a more simple
structure of the denominator

B / dp dq dt q,(qt)? _
) PPt (p — )2 (p — )2 (k — g)?
B / dpdq dt g, (qt)?[2k,t, — k?]
) PPttt (p — q)2(p — 1)2(k — q)2(k — )2

There is only one (logarithmically) divergent integral in the right-hand side

of (22), namely,
/ dp dq dt 2q,.t, (qt)* 23)
P~ 02— Pk — P (k1P

Due to the absence of divergent subgraphs, its pole part does not depend on k

and coincides with
dp dq dt 2q,.t, (qt)*
K / - . (24)
P2*to(p — q)*(p — t)2(k — ¢)?

(22)
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As to the integral Ji, it diverges logarithmically and contains divergent subgraphs.
We note the difference

dp dq dt (qt)?
J1 — 25
! /p2q4t4(p —q)*(p—1t)*(k—q)? =

to be convergent, and combining the last five relations finally obtain

dpdq dt (qt)*[4(kt)(kq) + 2¢°t* — t*(k — q)*]
= ’C/ PEVLTL () s EY ey -

. 1 2
- _(m2)3(12e2 MR ) - 20

This integral is easy to evaluate with the use of formulas listed in Appendix.
Adding to (26) the appropriate counterterms gives for R’J the same answer as
in (20).

The essence of the procedure presented above is as follows. One subtracts
from the initial integral J an infrared finite integral J’' with a more simple
denominator reducing thus the degree of divergence. Such a subtraction is to be
repeated until the difference becomes convergent.

3. CALCULATION OF SPECIFIC DIAGRAMS

It is now seen that the three-loop momentum integrals contributing to Zs
are always calculable. However, one must introduce an auxiliary mass into the
diagram (which, as a rule, represents a sum of distinct integrals similar to (18))
and into all its counterterms in a consistent fashion. For the most complicated
diagrams of the gluon propagator, this task appears to be unmanageable. There-
fore, we deal with the diagrams of the topological type, depicted in Fig.4, as
follows. We reduce the numerator of the integrand to the scalar form and then
decompose it into a sum of invariants like k%(q —t)%, p?¢®(p —t)?, ... Canceling
numerator against denominator and taking symmetry into account results in at
most 66 distinct three-loop massless integrals. Their pole parts are to be found
either by direct use of (67)—(72) or by differentiating, introducing a mass, and
then converting KR’ into K through the compensating subtraction. The latter
pole parts are given in Appendix.

U & W D

Fig. 4
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QO @ O D O

Fig. 5

The propagator diagrams of more simple («nested») topology (Fig.5) can be
computed straightforwardly using (67)—(72). The remaining topological type is
represented by a single diagram (all others equal zero owing to the antisymmetry
of the group structure constants) which can be easily calculated by means of
differentiation:

Juv W\@W =
Ca

¢TCr=CO\Cr =5 ) 116 20 32
(47T)6(k2<)3e—1 > <@ +— B+ O(U) - @)

All the diagrams of the ghost—ghost—gluon vertex diverge logarithmically.
We evaluate them setting all external momenta to be zero and introducing an
auxiliary mass into one of the internal lines. For each particular diagram, this
«potentially infrared» line is easy to identify.

Thus, all the diagrams of a certain Green function are calculated in the same
fashion: with an auxiliary mass for the vertices and without it for propagators.
It enables one to perform the subtractions either following ’t Hooft [11] or de-
termining JCR'G for each individual diagram. In order to check the intermediate
results, we choose the latter way.

The problem of evaluating the group weights appears to be of no substantial
difficulty. Mostly it reduces to making contractions in the products of several
structure constants 2%, The following graphical representation is here of great

use [18]:
\(: fabc _ 5ab
i i _ _%)\ — fdaefebgfgcd _ _%C«Afabc7

-0 = fgaifijdfjbhfhegfdce —=0.

— fcadfdbc _ —CAéab,

(28)
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The last two relations are derived from the Jacobi identity

> < — I + % — fabCfade + fabefacd + fabdfaec =0. (29)

The only products of structure constants which cannot be contracted by the se-
quential use of (28) are the following (Fig. 6):

A A

Fig. 6

From (29) we obtain

1
A /% ‘5(’3*' o

However, one fails to express the graphs of Fig. 6 separately in terms of C4. In
a specific case of the SU(N) group, we have found

3
=35N . (€29

Fortunately, the relation (30) is quite sufficient for the three-loop calculations
of the renormalization group functions. Only the sum of the diagrams of Fig.6
contributes to the final answer. This fact is easy to explain. The nontrivial
products (Fig.6) might contribute to the vertex anomalous dimension, ¥ («, g2),
only. But it is known to vanish in the Landau gauge: 7(0,¢%) = 0. Hence
these products do not contribute to the gauge independent function 3(g?) and,
consequently, to 7 (c, g%) in arbitrary gauge as well.

Concluding this section, we wish to discuss one more example where Slavnov—
Taylor identities [10] have been fruitfully used. To facilitate the computation of
the vertex diagram with the two-loop three-gluon insertion

u
’ 1 / dp p,
= 2
KR K4—25 (2m)4p*(p? + m?) R p|’ 32)
o2 /D X
v 1
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we employ an identity

pulor (k,q,p) =

b+ a
=GO | M2k, q,p)D ()@ 9or — @) + [ = v ||, (33)
gk
where a notation is as follows:
a
kSp
A7/ N rer (k,q,p),
b c
= g M3(k, q,p),
) (34)
= ~id" 5 G(?),
5 Pup Pup
a b:_-_ _}LV,DQ HV.
H—- YT T [(g“” P? #) +a P>

In our case k£ = 0 so that (33) transforms into
pul82e (0, —p,p) = G(P*)D ™ (0*)(P°Guo — PuDe) MIEE(0,—p,p).  (35)

Identity (35) allows us to calculate M%%¢ rather than fairly complicated three-

op
abc
gluon vertex I'))F.

4. THREE-LOOP RESULTS FOR QCD

A total number of topologically distinct three-loop diagrams contributing to
B(g?) amounts to 440 (without counting opposite directions of the ghost and
fermion lines). For performing the Lorentz and Dirac algebra, reducing the
integrands, decomposing the scalar products, evaluating and summing standard
integrals, the computer program SCHOONSCHIP [19] has been substantially used.
The total execution time is rather difficult to estimate. Here we only indicate that
the diagrams of Fig. 7 require 110 and 90 seconds, respectively, at the CDC-6500
computer.
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Fig. 7
Our final results obtained in collaboration with A. Yu. Zharkov are as follows
(f is the number of flavors, h = g2/(47)?):

125
32

Ca

3 15
a1(1,h)=—7h— chh%h?’( ci;+§cf,Tf), (36)

v3(1,h) = h <§CA - %Tf) + h? <%C§ —5C,Tf — 4CFTf> +

it | (Tap - 5o0) e+ (-5 1800 ) TS -
) 2 76 2,0 44 2 (2
- (E + 24§(3)) CaCpTf +2CpTf + 5 CAT"f* + 5 CpT™f } , (37)
A3(1,h) = %h + h? (gcf, - %CATf> + A3 {<22—279 + Zq(s)) c3 -
- (i + 9@(3)) CATf + (—ﬁ 4 124(3)) CACPTS ~ ﬁCATQF} .69
216 4 27

11 4 34 20
B(h) = h* <—§CA + ng> + A3 <—§cf, + 5 CaTf + 4CFTf> +

158

—CT22
o7 A fo+

2857 1415

+ b (—5—403, + 2—70ij -
2 44

+%0ACFTf — 3CFTQf2 — ZC%Tf) . (39

The cancellation of the transcendental ((3) in the expression for B(h) is in
complete analogy with QED treated in the minimal subtraction scheme, where [20]
4a? a? 62 ot

Paep(@) = 372+ 40 = 5 “0)
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In a particular case of QCD, when fermions transform according to the funda-
mental representation of SU(3), B(h) reads

+h4<—g @f—%f>. (41)

Now we are in a position to find an effective charge h(Q?/u?, h) from
@ _ [
xXT —
In% = [ =2 = (k) —y(h 42
0% = [ 35 = v~ v, )
h

h —
where 1 (h) represents an indefinite integral [ dz/3(x). Let us express h in terms
of renormalization group invariant quantity In Q2%/u? + ¢(h) = In Q?/A%? = L
where A is the momentum scale. Assuming

B(z) = =Bz’ — fra® — foa + O(2®), (43)
we arrive at
1 B1 B2 — 33 2
h)=—+—Inh+06+——5—h h
P(h) ol + 7 nh+6+—— 7 + O(h?) (44)

and obtain from (42)
R(L) = 1 filnL 632 —pilngy,  BZln*L
- Bl By LA By L? ByL3

lnL 61 261
ﬂo 3

1
(560 B11n ﬁo)} + L3—ﬂ(5) X

3
x [B2B0 — B + B1(685 — B1In Bo) + (685 — B11n By)?] + O (IHL—4L> , (45)

with § being an arbitrary constant. Fixing the momentum scale A by choosing,

B11n By
2

0

_ 1 BiInL  FE*L—InL) ffo— B2 In® L
L —_— = = — . (4
M) =g - Fmt gt ogm tO () 4o
Using (41), (43), and (46), one readily finds the QCD effective charge in the
three-loop approximation.

as usual, § = , we finally get
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5. VANISHING OF 3(g?) IN A SUPERSYMMETRIC GAUGE MODEL

Some time ago a very interesting SU (4)-supersymmetric non-Abelian gauge
model has been derived [3, 4] which exhibits the vanishing charge renormalization
effects, since its charge renormalization function (3(g?) proves to be zero through
the two-loop order [5]. The Lagrangian is [4]:

1<, & 1 1
L= Lym+ 5X, DA + 5 (Do)’ + 5 (D)’ -

= ST N [+ 155 X
2
= L[t hen) + (Foxix)? + 20000hxg)?] . @)

with a,b,c =1,...,N>—1; m,n=1,...,4; r,t = 1,2,3. Here Ly is the
pure Yang-Mills Lagrangian with SU(N) gauge symmetry. The matter fields
(Majorana spinors A% , scalars ¢2, and pseudoscalars x %) transform according to

the adjoint (regular) representation of SU (V). Hence

be Ab

DHAgn = 8lt)‘?r1, + gfa CAH)‘fn,a
with similar expressions for D, ¢¢ and D, x5. The six real antisymmetric 4 x 4
matrices ", 8" obey the relations

[@", o]y = [B", 8+ = =26, [a",B']_ =0. (48)

The other properties of these matrices and their explicit form are given in Ap-
pendix.

To determine the contributions to the renormalization group functions of the
model (47) from the diagrams without scalar and pseudoscalar particles, one may
use the results (36)—(39) with

Cy=Crp=N, Tf=2N. (49)

This leads to

101 .
5(h)without scalars — _Nh2 + 10N2h3 + TN3h4~ (50)
Now an appropriate scalar contribution must be added to (50). In the two-loop
approximation it has been done in [5] with the intriguing result 5(h) = 0.

The method of our three-loop calculations is described above. Here we
shall only consider the issue of applicability of the standard dimensional reg-

ularization to supersymmetric theories. This subject has been discussed by
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various authors [21]. Proceeding in the spirit of [21] we write down the
following rules of the «supersymmetric dimensional regularization» which is
to maintain both gauge invariance and global supersymmetry: The relations
defining the Dirac matrices look as in four dimensions (see Appendix),
while the numbers of scalar and pseudoscalar fields equal 3 + ¢ rather than 3.
This modification of the regularization maintains equal (and integral) total num-
bers of Bose and Fermi degrees of freedom even in 4 — 2¢ dimensions:
8 components of four Majorana spinors correspond to (2 — 2¢) massless
vectors +(3 + ) scalars +(3 + ¢) pseudoscalars = 8 bosons. It is this match-
ing of the Fermi and Bose field components that is crucial for preserving super-
symmetry [21].

For lack of a rigorous proof, we have verified the invariance of the supersym-
metric dimensional regularization by direct calculation of 3(h) at the two-loop
level in two different ways:

B(h) = h[271(h) — v3(h) — 273(h)] (51

and

B(h) = h[2v4(h) = v4(h) — 29x(h)]. (52)
Here 77 and ~4 are the anomalous dimensions of the ghost—-ghost—gluon and
fermion—fermion—scalar vertices, and 73, 3, 74, and 7, are those of gluon, ghost,
scalar, and fermion propagators, respectively. In the standard (with §"" = 3)
dimensional regularization, these anomalous dimensions are (in the Feynman
gauge):

Nh
o= ZNW, 4 = —5Nh +5N%h2,

N2p2
s =—2Nh+ ——, Yo = —2Nh, (53)
_ Nk
o= - N2p2, v = —4Nh 4+ 6N2h2.

With the use of supersymmetric dimensional regularization (with 6" = 3 + ¢),
we obtain

Nh 3 11
5o 22,2 — _5N 2T N2R2

71 5 1 h , Y4 5Nh + 5 h ,

v3 = —2Nh + N2h?, Y4 = —2Nh — N?h?, (54)
_  Nh 5

Vs =5 - 1N2h2, va = —4Nh 4+ 6N2h2.

Using (51) gives B(h) = 0 for both regularizations, while (52) leads to 5(h) =
—2N?2h3 for the standard regularization and to 3(h) = 0 for the supersymmetric
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one. This discrepancy shows the former regularization to be noninvariant under
supersymmetric transformations.

For our three-loop calculations we employ formula (51). Below we write
down the scalar contributions to anomalous dimensions through the three-loop
order calculated in the supersymmetric dimensional regularization scheme (in
collaboration with L. V. Avdeev):

53 69 9
Y5 = —Nh+ =N2h2 + [ = — S ¢(3) ) N3h?,
4 8 4
13 7719
~scal 212 31,3
=——N*"h — 4+ =((3) ) N°h 55
101 _ .
~scal 31,3
= —N°h".
M 39
From (55) and (51) we obtain
scal 2 213 101 31,4
B*(h) = Nh —10Nh—7Nh, (56)
and using (50), arrive at the final result
ﬂ(h)three loops = 0. (57)

It is worth mentioning that the use of the standard dimensional regularization
yields

1 1
ygel = —Nh+ 2 N2 4 (ﬁ - 24(3)) NR?,

4 48
11 927 9 . 87 ...
~scal __ 212 e 313 ~scal _ 31,3
Fgeal — 8Nh+<24+8§(3)>Nh, Fil= N, (8)

ﬁ(h)three loops — 8N3h4.

The result (57) implies the absence of the charge renormalization effects in
the model (47) to the three-loop order. It confirms a conjecture that 3(h) in this
model vanishes to all orders. If it were the case, the model (47) would be unique
in the four-dimensional quantum field theory. The vanishing S(h) might imply,
for instance, that this model would be free of supersymmetric anomalies [22].
In any case, a rigorous argument proving this conjecture on symmetry ground is
now of great urgency.

We would like to thank L. V. Avdeev, G. A. Chochia, and A. Yu. Zharkov for
the help in some calculations.
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APPENDIX

A.1. Feynman Rules for the Model (1)

: i Pup
A& A A - F&“b <g,“, + (o — 1)%) :
_ , i u
oo 6,
p
p .
P 5y,
p
.
u // abc
O apu f*°°,
b
n/J
“ ig7, 0" RY,
m 3
1
b
a —lf— ﬁ/p abc k k
: < 9f*l(p = @)a 98y + (@ = k) gary + (k = D)~ Gasl;
Yt
P A

— g2 [ FU(290,950 — Gav9Bu — JapGuw)+
o Jld + £ 2% (290300 — Gar98u — Jaudsw))-

A.2. Additional Feynman Rules for the Model (47)

. r ip
14 ——Ab F(sab(smn;
Pleveeennns b 7
aT ¢; _26ab5rta
X/r ——————— Xl‘
m,a
é’t\/\/\/< - g’Yufabc(smn;
™
r T
o .
Cfv\/\/\ = Cf\/\/\,\i —glk+ p)uf“bcé,«t,
P b P N.b
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my,a

T .

PRER < _ngabca:mq/7
"N
m,a

o — g f 5 B
"Np

a c c
u T ut T
. /
= < ng guvért(facefbde + fadefbce),
AN
L S S S N
7"(1. /.(}S
< _ zg2 6rt55u(facefbde + fadefbce)’
AN
) N
a c \(L ¢
r St . t
AN /
= >< - ig2 [fabedee(Q(srt(ssu - 5rs(5tu - 5ru5ts)+
9 u 8/'/ \,\u +facefbde(25 S — 5l — 5.5 )]
b d b d rsOtu rtOsu ruOts)]|-

In addition to this:

a) each closed loop brings a factor (27) ™4,

b) each fermion or ghost loop gives an extra minus sign,

c¢) arrows on the Majorana spinor lines should be ignored in calculating the
symmetry factors.

A.3. Dirac Matrices in 4 — 2¢ Dimensions. We use the metric g, =
(1,-1,-1,...), gup =4 —2¢.
s Wl =295 W =4-26, Y = (26 = 2)m,
VYo VoV = 4Gvp = 26MYps VW VYoV = 2 Ww¥pYo — 2% VpVvs (59)
(5, ul+ =0, 73 =—1, trys =0, trl =4, tr(y.7) = 49w,
tr(VunYa¥8) = Hgwgas = Juagvs + gusgva);  (Vur - Yuonsa) = 0.

A.4. The o- and [-Matrices of the Model (47). These real antisymmetric
4 x 4 matrices have an explicit representation in terms of the Pauli matrices:

Oél _ 0 g1 042 o 0 —03 ag _ iO’Q 0
- —01 0 ’ o g3 0 ’ - 0 iJg ’

(60)

(0 oy (0 1 [ —io2 O
P T ) = (L0) = (0 )
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Their relevant properties are
[arvat]Jr = [ﬂrvﬂt]Jr = _25717 [araﬂt]* = 07
tra” =trf" =tr(a”B) =0, tr(a"a’)=tr(8"4") = —46".

(61)

The supersymmetric regularization used in Sec.5 implies 6"" = 3 + ¢ giving rise
to the following relations:

a'a" =f"F"=-3—¢, a’ada"=(1+e)t, BB =(1+e)B, (62)
whereas the standard dimensional regularization prescribes
5T =3, oa" =84 =-3, a'ata’ =af, B8 =g (63)
A.5. Properties of the Euler I'-function
INz+1)=2I(z), T'(1)=T(2)=1, T'(N+1)=N,

—yx + Z(—l)”@x” ,
n=2

(64)
I'(1+z) =exp

where v is the Euler constant and ¢ is the Riemann function. We note that
and ¢(2) do not occur in KR'G, and consequently in the renormalization group
functions.

A.6. One-Loop Integration Formulas. We choose a volume of the unit

sphere in 4 — 2¢ dimensions to be

/dp (p*)* =0  for any A, (65)
dp _im? T(a+B-24+e)l(2—a—¢) 66)
| ey = o
——
¢**(p — q)*°
_irTl—e)T(a+B—-2+e)T2—a—e)l(2—F—¢) 67)
B (p?)e A= 2T ()D(B)I(4 — a — B — 2¢) ’
/ dg qu  _
¢**(p — q)*°
_ i pu I‘(l—ae)I‘(Oc—i—ﬁ—2—!—5—:)I‘(3—04—5)I‘(2—¢6’—<€)7 68)

(PP PTG — o — b - 2)
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/ dq qugy

> (p — q)*"

it? T(1—e)l(a+B—-3+e)’B—a—e)l(2—8—¢)
(p?)o A2+ () (B)T(6 — o — 3 — 2)

1
X {(a+6—3+5)(3—a—6)pupu+—(2—5—5)9Wp2 , (69)

2
/ dq 4uavar
¢**(p — q)*"
it T(1—e)l(a+B-3+e)(d—a—e)(2—0F—¢)
(p?)o B2 ()T (B)I(7 — a — B — 2¢)

x [<a B3+ (d—a—E)pupuprt

+=(2= B —=2)p*(pugur + Pugur + Prgu) |- (70)

N =

A.7. Two-Loop Integration Formulas [17]

(p2)01+5+’}’+0'+p74+25 / dt dq
=V
(i7T2)2 t2(’q2[3 (p — t)Q’Y (p _ q)20 (t _ q)2p (Ot, ﬂv v, 0, P);

V(a715’y7151):
- DPA-gl(-1+2)1—a—e)T(1—y—e)l(a+vy— 2+ 2) "
B ()T (TG —a -7 - 3)
'B—a—-vy-3) T(a+y—-1+¢) I'a)
F2—a—-vy-¢) T(a+y-2+3e) T(a—1+2¢)
I'(v) re2—a—-2) TI'2-~v-2¢
T it Ta-a  Ta-4 |0 P

C DPA-gl2-a—-el2-—e)T2—-p—e¢)
Vel = [~ 29T ()T (p) "

y i (_)mF(’I’L—FQ—25)F(m+n+a+ﬁ+p_2+2€)
o yminl(n+1—e)ld—m—-a—-F—-p=3)l(m+n+2—c¢)
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1 1
+ +
(n+p)m+ntatp—1+e) (m+p)m+n+f+p—1+e)
1
+ +
(m+n+a)m+n+a+p—1+¢)
1
+ +
(m+n+pB)(m+n+B+p—1+¢)
n 1 n 1
(m+n+a)n+2—p—2) (m+n+8)(n+2—p—2)

X

(72)

A.8. Individual Two-Loop Integrals. Here we write down the relevant
integrals V(a, 3,7, 0, p) with all the arguments being positive integers, retaining
the 1/£2,1/¢ and O(1) terms.

V(1,1,1,1,1) = 6{(3),

1 1 1
V(2,1,1,1,1):@—2—€+§,

1 1
V(1,1,1,1,2) = = + = — 3,
( )=+

1
V2,11,1)=" -,

9

1 1
V(2,1,2,1,1)= = — = —1,
( )=
V(2,1,1,2,1) = 213

s Ly by Sy 752 c ’

1 5 11

V(3,1,1,1,1)2E+§ E

A.9. Pole Parts of the Essentially Three-Loop Integrals of the Form

(K22t / dpdqdtY (p,q,t, k)
(im2)3 ) p?@®t2(k — p)2(k — )2 (k — t)2(p — ¢)*(p — t)%(¢ — t)*

2 61 877 4
V= (potPes_— > O 2
=1 = 33~ gz 10: T 2¢O

1 41 31 6

223

63+6€2+€ EC()’
12

(p =)'k = — (),
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(k—q)® = 75 +

(k—q)°k* = L+—+—<(3>,

5 N 73 +_§§1
12e3 242 48¢’
1 65 865

17 31
(k—q)'p— 1)’k = 33 T 3.2 T3z
3 53
k— )% (p— )k — 242
( q) (p ) 33 e2 38,
1 17 199
k—g)pt = — ¢+ - 4 7
(k=a)p 68 T 122 T aae
1 49 531
k—q)fp? = — 4 — 4 200
(k=a)p 58 T 182 T 96e

1 3 55
k—q)iph? = — + — + 22,
( 9)°p 6e3 + 2e2 + 6e
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