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INVERSE-SQUARE LAW VIOLATION
AND REACTOR ANTINEUTRINO ANOMALY

D.V. Naumov∗, V. A. Naumov∗∗, D. S. Shkirmanov∗∗∗

Joint Institute for Nuclear Research, Dubna

We discuss a possibility that the so-called reactor antineutrino anomaly can be, at least
in part, explained by applying a quantum ˇeld-theoretical approach to neutrino oscillations,
which in particular predicts a small deviation from the classical inverse-square law at
short but macroscopic distances between the neutrino source and detector. An extensive
statistical analysis of the reactor data is performed to examine this speculation.

PACS: 13.15.+g; 25.30.Pt

INTRODUCTION

Nuclear reactors are intense sources of electron antineutrinos whose spectrum
is composed of thousands of spectral components formed mainly by the β decay
of the ˇssion products of the four parent isotopes: 235U, 238U, 239Pu, and 241Pu.
The very sophisticated recent calculations [1Ä3] yield a net 3Ä3.5% upward shift in
the predicted energy-averaged νe �ux with respect to the previously expected �ux
used in the earlier short baseline (SBL) reactor experiments (ILLÄGrenoble [4,5],
Géosgen [6], Krasnoyarsk [7, 8], Rovno [9Ä11], Bugey [12, 13], Savannah River
Plant [14]). The νe �ux normalization uncertainty in the new calculations is
claimed to be only ±2.7%. This implies [3] that the measured event rates in
the SBL experiments are about 6% too low, giving rise to the so-called ©reactor
antineutrino anomalyª (RAA).

Figure 1 illustrates this issue. The curve shows the ratio of the νe-induced
event rate calculated with and without regard for the 3ν oscillations. Here and
thereafter we use the global best ˇt values for the neutrino mass-squared splittings
and mixing angles from [15] for the normal mass hierarchy; we also assume no
CP violation in mixing. The cross section for the inverse β decay (IBD) is
calculated by using the recent analytical results of [16], which take into account
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the radiative corrections of order α/π and contributions of weak magnetism and
neutron recoil to next-to-leading order in the expansion in inverse powers of the
nucleon mass. In Fig. 1 and below, all the curves correspond to a reactor with
pure 235U fuel∗. The original data from [5Ä14, 17Ä21] are corrected according
to [1] and then renormalized to the new world average value of the neutron
mean life [15]. It is seen that most of the SBL data points (the measurements at
L � 100 m, where L is the distance between the reactor core and detector) are
below the expectation. A clear trend is visible at L � 20 m that the closer detector
is located to reactor, the smaller the measured rate (the larger the discrepancy
between the data and theory). Note that the data points ©Krasnoyarsk-IVª [8] and
©Rovno 92ª [11] are ignored in the numerous RAA analyses, but the latter point
is signiˇcant for revealing the mentioned trend. Also shown are the data from the
medium and long baseline reactor experiments Palo Verde [17], CHOOZ [18],
Double Chooz [19,20], KamLAND [21], RENO [22], and Daya Bay [23,24]. The
data sets from [22,23] are relative measurements, while the recent high-precision
Daya Bay measurement [24] is absolute (in Fig. 1 it is placed at the effective
baseline of 573 m). As is seen, the theory is in rather poor agreement with the
latter result. Hence, both the earlier SBL and new Daya Bay measurements give
a hint to either ©new physicsª or merely a lower νe �ux than predicted in [1, 2].

1. EXTRA NEUTRINOS OR WRONG NORMALIZATION?

Most if not all efforts to resolve the anomaly are based on the hypothesis
of existence of one or more light (eV mass scale) sterile neutrinos, that is,
fundamental neutral fermions with no standard model interactions except those
induced by mixing with the standard (active) neutrinos. The active-to-sterile
neutrino mixing would lead to a distance-dependent spectral distortion and overall
reduction of the reactor νe �ux.

In Fig. 2 we show, as an example, the results of calculations performed in
the framework of the simplest ©3+ 1ª phenomenological model with one sterile
(anti)neutrino, ν4, by using the three pairs of the ν4 − ν1 mixing parameters,
(Δm41, sin2 2θ41), listed in the legend of the ˇgure. These values were derived
in [25] from detailed statistical analyses of all the neutrino oscillation data avail-
able to date. The ©SBL rates onlyª ˇt includes the SBL reactor data except
the points ©Krasnoyarsk-IVª and ©Rovno 92ª (see Fig. 1). The ©SBL+ Bugey 3
spectrumª ˇt includes the same data set and spectral data from Bugey 3 [13]. The
©Global νe disappearanceª ˇt involves the data from the reactor experiments [4,
6Ä10, 12Ä14, 17Ä19, 22, 23, 26], as well as solar neutrinos (261 data points from

∗Nevertheless, in the following analysis we explicitly take into account the particular fuel
composition in each experiment, since it does have a small impact on the results.
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Fig. 2. Comparison of the data with the ©3+ 1ª model (see text) and with the standard 3ν
oscillation prediction after renormalization of the νe �ux (solid curve). The renormalization
factor is obtained from a ˇt to all the data but RENO and Daya Bay. The ˇlled band
shows the ±1σ uncertainty of the ˇt. The data points are the same as in Fig. 1 but the
eight relative data points (open circles) are shifted by the factor N0 = 0.95

Homestake, SAGE, GALLEX/GNO, Super-Kamiokande, and SNO experiments),
radioactive source experiments at SAGE and GALLEX, and the LSND/KARMEN
νe disappearance data from νe − 12C scattering (see [25] for the full list of ref-
erences and further details). It is necessary to note that these ˇts operate with
somewhat lower (to within roughly 1%) values for the reactor νe induced rates
and with a little bit different covariance matrix, as compared to those used in the
present analysis (the details of our calculations will be published elsewhere).

The solid curve in Fig. 2 represents the same 3ν oscillation prediction as
in Fig. 1, but shifted down by the normalization factor N0 derived from a ˇt
to all the data except these from RENO and Daya Bay. In this ˇt we take
into account the correlation between the data, including the overall normalization
uncertainty, which is taken to be 2.7% [3]. The obtained factor N0 = 0.950+0.028

−0.026

(χ2/NDF ≈ 1) does not contradict the adopted �ux uncertainty, but is somewhat
different from the results of earlier calculations [3, 16, 27], which used different
data subsets and input parameters. All four curves in Fig. 2 are in agreement,
within the errors, with the new Daya Bay measurement [24], but are in some
con�ict with the ILL data point [5].

Recently, it was argued [28] that the true uncertainty in the νe �ux predictions
may be as large as 5% and the spectral shape uncertainties may be much larger
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due to poorly known structure of the forbidden decays. This ˇnding has been
in essence conˇrmed by the new precision measurements of the positron energy
spectra from IBD [24], which show apparent ∼ 10% excess in 4Ä6 MeV region
compared to the expectation based on the models of [1, 2] (see [29] for further
discussion and references). From what has been said it appears that the efforts
to explain the anomaly by the sterile neutrino hypothesis may be somewhat
premature. Moreover, it is seen from Fig. 2 that the proper renormalization of
the �ux is hardly distinguishable from the ©global νe disappearanceª 4ν ˇt and
(maybe somewhat accidentally) almost fully coincides with the ©SBL+ Bugey3
spectrumª ˇt. We emphasize however that the steady decrease of the event
rate at very small L, if real, can be explained by neither the wrong νe �ux
normalization alone nor the ©3+ 1ª scenario. Thus, it is appropriate to consider
an alternative explanation. Such an alternative has been proposed in [30]. It is
based on a quantum ˇeld-theoretical (QFT) approach to the neutrino oscillation
phenomenon, which in particular predicts a small deviation of the (anti)neutrino
event rate, as a function of the distance L between the source and detector, from
the classical inverse-square law (ISL) behavior. Below we consider this issue in
some detail.

2. A SKETCH OF THE QFT APPROACH

The ©neutrino-oscillationª phenomenon in the S-matrix QFT approach is
nothing else than a result of interference of the macroscopic Feynman diagrams
(like that shown in Fig. 3) which describe the lepton-number-violating processes
with the neutrino mass eigenˇelds νi (i = 1, 2, 3) treated as internal lines (prop-
agators). The external lines of the macrodiagrams are assumed corresponding to
asymptotically free quasi-stable wave packets (WP) rather than the conventional
to QFT one-particle Fock's states |k, s〉 with deˇnite 3-momenta k and spin pro-
jections s. According to [31, 32], the free external WP states are constructed as
covariant space-time point x dependent linear superpositions of the one-particle
states,

|p, s, x〉 =
∫

dkφ(k,p) ei(k−p)x

(2π)32Ek
|k, s〉, (1)

satisfying the correspondence principle which demands that |p, s, x〉 turns into
|k, s〉 in the plane-wave limit (PWL) that is equivalent to the following condition
for the relativistic invariant form factor function φ:

φ(k,p) PWL�−→ (2π)32Epδ(k − p).

The detail properties of the WP states (1) are discussed in [33,34].
Within the outlined approach, and after applying several more or less ©tech-

nicalª simpliˇcations, it is proved [32] that the neutrino induced event rate in an
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Fig. 3. A generic macroscopic Feyn-
man diagram. Here Is,d and Fs,d

denote the sets of the initial (I) and
ˇnal (F ) WP states in the ©sourceª
(Xs) and ©detectorª (Xd) vertices;
F ′

s,d = Fs,d ⊕ �+,−
α,β , where �+,−

α,β

are the charged lepton WP states
(α, β = e, μ, τ ); qs,d are the 4-
momentum transfers in the vertices,
as deˇned by Eq. (5). The vertices
are in general macroscopically sepa-
rated in space and time. The par-
ticular ©decryptionª of the neutrino
production/absorption mechanism as-
sumes the standard model charged cur-
rent interaction of quarks and leptons
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ideal detector can be written (somewhat symbolically) in the form

dN

dτ
=

1
VDVS

∫
VS

dx
∫

VD

dy
∫

dFν

∫
dσνDPαβ (Eν , |y − x|) . (2)

Here τ is the detector exposure time, Eν is the neutrino energy, Pαβ is the
QFT generalization of the standard quantum-mechanical neutrino �avor transition
probability, the differential form dσνD represents the differential cross section
of the neutrino scattering from the whole detector device; dFν is the differential
neutrino �ux incident on the detector from a stationary source device (e.g., a
ˇssion reactor core). The integrations in (2) are over the source and detector
ˇducial volumes VS and VD. The theory explicitly predicts that the neutrino
�ux decreases with increasing the distance |y − x| in compliance with the usual
inverse-square law (ISL):

dFν ∝ |y − x|−2. (3)

This quite expected result has been derived by using the so-called GrimusÄ
Stockinger (GS) theorem [35], which deˇnes the asymptotic behavior of the
amplitude at L → ∞ and this is the crucial point in the context of the problem
under consideration.

As it follows from the formalism, the L dependence of the amplitude de-
scribed by the macrodiagram shown in Fig. 3 is deˇned by the neutrino propagator
modiˇed by the external wave packets,

(i∂̂ + mi)
∫

d4q

(2π)4
δ̃s(q − qs)δ̃d(q + qd) e−iqx

q2 − m2
i + iε

, (4)
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where x = (y0 − x0,y − x) ≡ (T,L), qs and qd are the 4-momentum transfers,

qs =
∑
a∈Is

pa −
∑
b∈Fs

pb, qd =
∑
a∈Id

pa −
∑
b∈Fd

pb, (5)

pκ are the most probable (on-shell) 4-momenta of the external packets κ ∈
Is ⊕ Id ⊕ Fs ⊕ Fd, and mi is the mass of the neutrino ˇeld νi. The functions
δ̃s(q−qs) and δ̃d(q+qd) are the ©smearedª δ functions (see [30] for their explicit
form) deˇned by the 4-momenta pκ, masses mκ (m2

κ
= p2

κ
), and momentum

spreads σκ of the external in and out packets (σ2
κ

≪ m2
κ
). In the plane-wave

limit (σκ → 0, ∀κ) these functions turn into the ordinary Dirac δ functions,

δ̃s(q − qs)
PWL�−→ δ(q − qs), δ̃d(q + qd)

PWL�−→ δ(q + qd), thus leading to the exact
energy-momentum conservation in the vertices of the macrodiagram, and the
function (4) becomes, up to a multiplier, the standard fermion propagator. If,
however, the momentum spreads σκ are ˇnite, the space-time behavior of the
function (4) is nontrivial. In particular, its spatial dependence at sufˇciently
large distances L is given by the above-mentioned GS theorem [35], according
to which∗

J(L, κ) =
∫

dq
(2π)3

Φ(q) eiqL

q2 − κ2 − iε
=

eiκLΦ(−κl)
4πL

[
1 + O

(
∞√
L

)] (
l =

L
L

)
as L = |L| → ∞. This offers the QFT explanation of the ISL behavior (3) but
does not, however, provide the spatial scale above which the distance L may be
considered as ©sufˇciently largeª.

In [30], an extended version of the GS theorem has been proved, which
parametrically deˇnes such a scale by using the asymptotic expansion of the
integral J(L, κ) in terms of inverse powers of L at large L. To be more precise,
the theorem in its simplest form states that for any function Φ(q) in the Schwartz
space S(R3)

J(L, κ) =
eiκL

4πL

⎡⎣Φ(q) +
∑
n�1

(−i)nDnΦ(q)
Ln

⎤⎦
q=−κl

, L → ∞, (6)

where Dn are explicitly deˇned differential operators on the momentum space;
the lowest order operators, sufˇcient for our present purpose, are

D1 =
κ

2
[
∇2

q − (l∇q)2
]
− (l∇q),

D2 =
κ2

8
[
∇2

q − (l∇q)2
]2 − κ(l∇q)

[
∇2

q − (l∇q)2
]
− 1

2
[
∇2

q − 3(l∇q)2
]
.

∗It is assumed that the complex-valued function Φ(q) itself and its ˇrst and second derivatives
decrease at least like 1/|q|2 as |q| → ∞ and κ2 > 0; see [30] for details.
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Additional important features can be found in [30, 36]. An analysis of Eq. (6)
shows that the 1/L behavior of the amplitude (and thus the ISL behavior of the
event rate) is violated at the distances L � L0, where

L0 ∼ κσ−2
eff ≈ 20

( κ

1 MeV

) ( σeff

1 eV

)−2

cm (7)

and the function σeff = σeff(κ; {vκ , mκ, σκ}) represents an effective momentum
spread dependent on the neutrino momentum κ as well as on the mean velocities,
masses, and momentum spreads of the external (in and out) wave packets κ.
The explicit form of this function can be found after speciˇcation of a particular
model for the external WP states. A simple example is discussed in [30] within
the so-called contracted relativistic Gaussian packet (CRGP) model [33, 34]. It
is in particular shown that σeff is deˇned through the transverse (with respect to
the neutrino propagation direction l) components of the inverse overlap tensors
which determine the effective space-time overlap volumes of the WP states in the
vertices of the macrodiagram. It is signiˇcant that these components are nearly
independent of the neutrino masses (assuming these to be small with respect to
the neutrino energy and thus κ � Eν ). Within the CRGP model, it can also
be shown that the magnitude of σeff is strongly affected by the hierarchy of the
external momentum spreads σκ but in the simplest case when these spreads are
similar in order of magnitude, σeff is of the same order, too. So, as is seen from
Eq. (7), the spatial scale (7) can be macroscopically large at sufˇciently small
external momentum spreads, thus leading to a measurable ISL violation (ISLV).

It is shown in [33] that Eq. (6) modiˇes the formula for the event rate (2) in
such a way that the relation (3) for the �ux is replaced by

dFν ∝ 1
|y − x|2

⎛⎝1 +
∑
n�1

Cn

|y − x|2n

⎞⎠ , (8)

where the coefˇcient functions Cn are explicitly deˇned from Eq. (6). By making
expedient assumptions, it can be proved (and this is a crucial point) that C1 < 0.
Hence, using Eq. (8) in leading order (thereby assuming that the ISLV correction
is small) yields the following simple replacement for the event rate:

dN

dτ
�−→

(
1 − L

2

0

L2

)
dN

dτ
(9)

(provided that L
2

0 � L2). Here L0 ∼ 〈L0〉 is a neutrino energy dependent
parameter of dimension of length. Needless to say, at present this parameter
cannot be obtained from ˇrst-principle calculations, but it can be measured.
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3. DATA ANALYSIS

To check the assumption that the ISLV effect could actually be, in part,
responsible for RAA, we performed a statistical analysis of the reactor data
discussed in Introduction. Since in this paper we use only the spectrum-averaged
event rates, the L dependent factor in Eq. (9) can be replaced by (1 − L2

0/L2),
where L0 ∼ 〈L0〉 is an energy independent parameter, which is a subject of
the present study. Taking into account the large uncertainty in the νe �ux
normalization, we shall use the following theoretical model to ˇt the data:

T (L; N0, L0) = N0

(
1 − L2

0

L2

) ∞∫
0

dEν

∑
k

fkP 3ν
surv(L, Eν)σ(Eν )Sk(Eν)

∞∫
0

dEν

∑
k

fkσ(Eν)Sk(Eν)
. (10)

Here N0 is the required normalization parameter, fk is the reactor ˇssile isotope
fraction, Sk(Eν) is the νe energy spectrum (taken from [1]), σ(Eν) is the IBD
cross section [16] and P 3ν

surv(L, Eν) is the νe survival probability in the standard
3ν mixing scheme∗. In order to ˇnd the best-ˇt parameters N0 and L0, we
minimize the standard χ2 with the full covariance matrix for the correlated data.
The results of the ˇts of several types are shown in Figs. 4Ä6.
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Fig. 4. One-parameter ˇt to the SBL data set assuming N0 = 1

∗We thereby neglect the decoherence effects predicted in the QFT approach [32], reasonably
assuming that the baselines under consideration are too short for their manifestation.
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Figure 4 represents the results of the simplest one-parameter ˇt, in which
N0 is set to 1 and only the SBL data (L < 300 m) are used in the analysis.
Here and below, the ˇlled band represents the ±1σ uncertainty. It is seen that
despite relatively small value of χ2/NDF the best-ˇt curve is in rather poor
agreement with the data; in particular, it is in con�ict with the recent Daya Bay
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Fig. 5. Two-parameter ˇts to the SBL data subset (a) and to the full (SBL +MBL+LBL)
reactor data set (b); the data of RENO [22] and Daya Bay [23, 24] are not included into
the statistical analysis. The eight relative data points in the panels a and b are shifted by
the factors 0.975 and 0.966, respectively. The inserts clarify the agreement between the
best-ˇt curves and Daya Bay relative and absolute data points
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measurement. This indicates that the ISLV suppression alone is not sufˇcient and
the �ux renormalization is actually required.

Figure 5 illustrates the results of the two-parameter ˇts performed with two
different data subsets, namely with the SBL data only, and with all the data except
those from RENO and Daya Bay. As is seen from the ˇgure, these two ˇts are
in reasonable agreement with each other and both describe the reactor data rather
well. Although the value of χ2/NDF for the SBL data is nominally a bit better
than that for the ˇt to all data (0.63 and 0.74, respectively), the latter ˇt is (as
is clearly seen in the inserts of Fig. 5) in better agreement with the Daya Bay
point (let us remind that it does not participate in the analysis). By comparing
these results with the ˇts shown in Fig. 2, we may conclude that the ISLV effect
in combination with the proper renormalization of the νe �ux provides a better
resolution of the anomaly.

To gain a bit deeper understanding of our results, we compare in Fig. 6 the
68% C.L. error contours for the pair of the ˇtted parameters (N0, L0), obtained
from the ˇts to different data subsets. Figure 6, a shows the contours for the
ˇts to all data and SBL data subset. Figure 6, b shows the same but with the
ILL data point excluded from the analysis. It is seen with no need of additional
explanation that the Grenoble experiment is the ©cornerstoneª for veriˇcation of
the ISLV effect. It is, however, quite remarkable that even without the ILL point
we obtain essentially the same best-ˇt values for the parameters N0 and L0.

a bL 9 m�SBL data
SBL data

All data

All data

N
0

1
�

0.92 0.96 1.00 0.92 0.96 1.00N0 N0

3.5

3.0

2.5

2.0

1.5
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0.5

0

L
0
, 

m

Fig. 6. a) The 68% C.L. error contours for the pair of the parameters N0 and L0 extracted
from the ˇts to all data and SBL data subset (L < 300 m). The one-parameter (with N0

ˇxed to 1) ˇt to SBL data is also shown for comparison. b) The same as in panel a, but
with the ILL data point excluded from the statistical analysis. In both panels, the circles
correspond to the best-ˇt values of the parameters (N0, L0) with LSBL data

0 > LAll data
0 and

NSBL data
0 > NAll data

0
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CONCLUSIONS

The QFT approach predicts a deviation from the classical inverse-square law
at short baselines. While the numerical value of the spatial scale at which the
deviation becomes essential cannot be predicted from the present-day theory, it
can be extracted, under reasonable assumptions, from the data of the past and
current reactor antineutrino experiments. Our statistical analysis demonstrates that
the value of the scale (L0) averaged over the reactor antineutrino spectrum is about
3 m, which roughly corresponds to the spectrum-averaged effective momentum
spread 〈σeff〉 of about 0.5Ä0.8 eV (thereby hinting that the wave packets of the
particles and nuclei involved in the reactor νe production and detection may have
©mesoscopicª effective dimensions). This is in agreement with the conservative
estimate presented in [30]. Besides, the best-ˇt value of L0 is very stable with
respect to choice of the data subset and νe spectrum model. To check the latter,
we performed the same one- and two-parameter ˇts as described above, but with
the input νe energy spectra from [37] and [38] derived by very different methods,
as well as with combinations of the models [1,2] and the cumulative νe spectrum
from 238U ˇssion recently measured with the scientiˇc neutron source FRM II
in Garching [39]. We conclude from these exercises that value of L0 is almost
insensitive (within the errors) to the spectrum variations. Needless to say, it is
not the case for the normalization parameter N0.

Although the available reactor data cannot deˇnitely conˇrm or exclude the
light sterile neutrino hypothesis, and do not provide unambiguous support for
the ISLV effect, they are in much better agreement with the latter. The next-
generation experiments with very short baselines (L � 20 m), small neutrino or
antineutrino sources, and high-precision, desirably movable detectors are required
in order to conˇrm or disconˇrm our explanation.
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