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�·¥¤¸É ¢²¥´ μ¡§μ· · ¡μÉ  ¢Éμ·μ¢, ¢ ±μÉμ·ÒÌ ¨§ÊÎ ÕÉ¸Ö ¸²¥¤¸É¢¨Ö ±¢ §¨¨´¢ ·¨-
 ´É´μ¸É¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¶μ ³¥·¥ ‚¨´¥·  μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö £·Ê¶¶Ò
¤¨ËË¥μ³μ·Ë¨§³μ¢, ¨¸¸²¥¤Ê¥É¸Ö ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¶·¨ ´¥²¨´¥°-
´ÒÌ ´¥²μ± ²Ó´ÒÌ § ³¥´ Ì ¶¥·¥³¥´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö. ‚ Î ¸É´μ¸É¨, ¸ ¶μ³μÐÓÕ
É ±¨Ì § ³¥´ Ê¤ ¥É¸Ö μ¶·¥¤¥²¨ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ · §·Ò¢´Ò³ É· ¥±Éμ-
·¨Ö³. �·¥¤²μ¦¥´Ò ¶·μ¸É¥°Ï¨¥ ³μ¤¥²¨ (¥¢±²¨¤μ¢μ°) ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¢ ±μ-
Éμ·ÒÌ ´ ²¨Î¨¥ ¸±·ÒÉÒÌ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨° ²¨¡μ ÊÎ¥É · §·Ò¢´ÒÌ É· ¥±Éμ·¨° ¢
ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ² Ì ¶·¨¢μ¤ÖÉ ± ·Ö¤Ê ¶ · ¤μ±¸ ²Ó´ÒÌ ¸¢μ°¸É¢, ¶·μÉ¨¢μ·¥Î -
Ð¨Ì μ¡ÒÎ´μ° ¨´ÉÊ¨Í¨¨.

We give a review of the papers of the authors where some consequences of the
quasi-invariance of the Wiener functional integrals under the action of the group of dif-
feomorphisms and the behavior of the functional integrals under the nonlinear nonlocal
substitutions are studied. In particular, such substitutions make it possible to deˇne the
functional integrals over the discontinuous trajectories. We propose some simple quantum
ˇeld theory (Euclidean) models where the presence of the hidden symmetries or the dis-
continuous trajectories in functional integration lead to a series of paradoxical properties
that are contrary to the common intuition.

PACS: 02.30.Sa; 03.70.+k; 11.10.-z

‘¢¥É²μ° ¶ ³ÖÉ¨ ‚. ƒ. Š ¤ÒÏ¥¢¸±μ£μ

‘É ÉÓÖ ¶μ¸¢ÖÐ¥´  ¸¢¥É²μ° ¶ ³ÖÉ¨ ¢Ò¤ ÕÐ¥£μ¸Ö ÊÎ¥´μ£μ ¨ § ³¥Î É¥²Ó´μ£μ
Î¥²μ¢¥±  Å ‚² ¤¨³¨·  ƒ¥μ·£¨¥¢¨Î  Š ¤ÒÏ¥¢¸±μ£μ. Œ ¸ÏÉ ¡ ¥£μ ²¨Î´μ¸É¨
É·¥¡μ¢ ² ¶μ¸É ´μ¢±¨ £· ´¤¨μ§´ÒÌ § ¤ Î, ¨ μ´ ¸μ ¸¢μ°¸É¢¥´´Ò³¨ ¥³Ê ¸³¥²μ-
¸ÉÓÕ ¨ Ê¶μ·¸É¢μ³ ¡· ²¸Ö §  ¨Ì ·¥Ï¥´¨¥.
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‘μ§¤ ´¨¥³ ·¥ ²¨¸É¨Î´μ° ³μ¤¥²¨ ´¥²μ± ²Ó´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö,
¢ ±μÉμ·μ° ¶·¨¸ÊÉ¸É¢Ê¥É ËÊ´¤ ³¥´É ²Ó´Ò° · §³¥·´Ò° ¶ · ³¥É· É¨¶  Ô²¥³¥´-
É ·´μ° ¤²¨´Ò ¨²¨ ±·¨¢¨§´Ò ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ , ‚² ¤¨³¨· ƒ¥μ·£¨¥¢¨Î
´ Î ² § ´¨³ ÉÓ¸Ö ¥Ð¥ ¢ ³μ²μ¤μ¸É¨ ¨ ¸μÌ· ´¨² ¶·¨¢Ö§ ´´μ¸ÉÓ ± ÔÉμ° É¥³¥ ´ 
¢¸Õ ¦¨§´Ó. ‚ Éμ ¦¥ ¢·¥³Ö μ´ ¡²¥¸ÉÖÐ¥ · §¡¨· ²¸Ö ¢ ¸ ³ÒÌ · §´ÒÌ μ¡² ¸ÉÖÌ
¸μ¢·¥³¥´´μ° É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° ¨ ¢¸¥£¤  ¡Ò² μÉ±·ÒÉ
¤²Ö ´μ¢ÒÌ ¨¤¥°.

‚² ¤¨³¨· ƒ¥μ·£¨¥¢¨Î ¸ ¡μ²ÓÏ¨³ Ê¢ ¦¥´¨¥³, ´¥¶μ¤¤¥²Ó´Ò³ ¨´É¥·¥¸μ³
¨ § ¡μÉ²¨¢Ò³ ¢´¨³ ´¨¥³ μÉ´μ¸¨²¸Ö ± · ¡μÉ¥ ¸¢μ¨Ì ±μ²²¥£, ± ± Ê¦¥ ¨§¢¥¸É-
´ÒÌ, É ± ¨ ¸μ¢¸¥³ ³μ²μ¤ÒÌ, ¤ ¢ ² μÎ¥´Ó ¶μ²¥§´Ò¥ ¸μ¢¥ÉÒ ¨, ¸ ³μ¥ £² ¢´μ¥,
¢μμ¤ÊÏ¥¢²Ö².

� ³ÖÉÓ μ ´¥³ ¨ £²Ê¡μ± Ö ¡² £μ¤ ·´μ¸ÉÓ Å ´ ¢¸¥£¤  ¢ ´ Ï¨Ì ¸¥·¤Í Ì.

‚‚…„…�ˆ…

‚ ¤ ´´μ° ¸É ÉÓ¥ ¶·¥¤¸É ¢²¥´ μ¡§μ· · ¡μÉ  ¢Éμ·μ¢ [1Ä7], ¢ ±μÉμ·ÒÌ ¨§Ê-
Î ÕÉ¸Ö ¸²¥¤¸É¢¨Ö ¡¥¸±μ´¥Î´μ³¥·´ÒÌ ¸¨³³¥É·¨° ¤²Ö ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥-
£· ²μ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö.

� §¤. 1 ¨³¥¥É ¢¸¶μ³μ£ É¥²Ó´Ò° Ì · ±É¥·. ‡¤¥¸Ó ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥
¸¢¥¤¥´¨Ö μ ³¥·¥ ‚¨´¥· , £·Ê¶¶ Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢ ¨ ¶μ²ÊÎ¥´Ò Ëμ·³Ê²Ò,
§ ¤ ÕÐ¨¥ ¶· ¢¨²  ¶·¥μ¡· §μ¢ ´¨Ö ¢¨´¥·μ¢¸±μ° ³¥·Ò ¶·¨ ¤¥°¸É¢¨¨ £·Ê¶¶Ò
¤¨ËË¥μ³μ·Ë¨§³μ¢.

‚ · §¤. 2 ¶μ± § ´μ, ÎÉμ ±¢ ´Éμ¢Ò¥ ³¥·Ò ¤²Ö ¸¢μ¡μ¤´μ° ¡¥§³ ¸¸μ¢μ° ¨ ¸¢μ-
¡μ¤´μ° ³ ¸¸¨¢´μ° Î ¸É¨Í Ô±¢¨¢ ²¥´É´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¤¨ËË¥μ³μ·Ë¨§³μ¢.

‚ · §¤. 3 ¶·¥¤²μ¦¥´μ μ¡μ¡Ð¥´¨¥ ²μ± ²Ó´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ÊÎ¨-
ÉÒ¢ ÕÐ¥¥ ´ ²¨Î¨¥ ¸±·ÒÉÒÌ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°,   ¨³¥´´μ ¶μ¸É·μ¥´  ³μ-
¤¥²Ó ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ´  ¶·μ¸É· ´¸É¢¥ ¶¥É¥²Ó, ±μÉμ· Ö ¢ ²μ± ²Ó´μ³
¶·¥¤¥²¥ (±μ£¤  ¶¥É²Ö ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉμÎ±Ê) ¶·¥¢· Ð ¥É¸Ö ¢ ²μ± ²Ó´ÊÕ ±¢ ´Éμ-
¢ÊÕ É¥μ·¨Õ ¶μ²Ö ¸μ ¸Ìμ¤ÖÐ¨³¨¸Ö Ë¥°´³ ´μ¢¸±¨³¨ ¤¨ £· ³³ ³¨.

‚ · §¤. 4 ¨ 5 ¨¸¸²¥¤ÊÕÉ¸Ö μ¡Ð¨¥ ¸¢μ°¸É¢  ´¥²¨´¥°´ÒÌ ´¥²μ± ²Ó´ÒÌ § -
³¥´ ¶¥·¥³¥´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ² Ì, ¸¢Ö§ ´´ÒÌ
¸ ¶·¥μ¡· §μ¢ ´¨Ö³¨ £·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢. �μ± § ´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ
É ±¨¥ § ³¥´Ò ¶·¨¢μ¤ÖÉ ± ´¥μ¡Ìμ¤¨³μ¸É¨ ¨´É¥£·¨·μ¢ ÉÓ ¶μ ËÊ´±Í¨μ´ ²Ó´Ò³
¶·μ¸É· ´¸É¢ ³, ¸μ¤¥·¦ Ð¨³ ËÊ´±Í¨¨, ¨³¥ÕÐ¨¥ ¸¨´£Ê²Ö·´μ¸É¨. ‚ ·¥§Ê²ÓÉ É¥
μ± §Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ ¶μ¸É·μ¨ÉÓ ±¢ ´Éμ¢ÊÕ É¥μ·¨Õ ¢ ¸²ÊÎ ÖÌ, £¤¥ ´ ²¨Î¨¥
¸¨´£Ê²Ö·´μ¸É¥° ¶·¨´Í¨¶¨ ²Ó´μ, ´ ¶·¨³¥·, ¢ ±¢ ´Éμ¢μ° ±μ¸³μ²μ£¨¨.

‚ · §¤. 6 ¶·¥¤²μ¦¥´  ¶·μ¸É¥°Ï Ö ±¢ ´Éμ¢ Ö ³μ¤¥²Ó ¸± ²Ö·´μ° £· ¢¨-
É Í¨¨, ¢ ±μÉμ·μ° Ê¤ ¥É¸Ö ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò Ö¢´Ò³
μ¡· §μ³.

‚ · §¤. 7 ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ± ± ¶· ¢¨²Ó´Ò° ÊÎ¥É ¸¨´£Ê²Ö·´μ¸É¥° ¢
ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ² Ì ¶·¨¢μ¤¨É ± ¤μ¶μ²´¨É¥²Ó´μ³Ê ´¥μ¦¨¤ ´´μ³Ê
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ÔËË¥±ÉÊ, ´ §¢ ´´μ³Ê ´ ³¨ ®±¢ ´Éμ¢Ò³ ¢μ¸¸É ´μ¢²¥´¨¥³ ´ ·ÊÏ¥´´μ° ¸¨³-
³¥É·¨¨¯.

‚ · §¤. 8 · ¸Ï¨·¥´¨¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¶·μ¸É· ´¸É¢, ¶μ ±μÉμ·Ò³ ¢¥¤¥É¸Ö
¨´É¥£·¨·μ¢ ´¨¥, ¸¢Ö§Ò¢ ¥É¸Ö ¸ ¨§³¥´¥´¨¥³ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¤²Ö £ ³¨²Ó-
Éμ´¨ ´  ¸¨¸É¥³Ò, ÎÉμ ¶μ§¢μ²Ö¥É μ¶¨¸Ò¢ ÉÓ ¡μ²¥¥ Ï¨·μ±¨° ±·Ê£ Ë¨§¨Î¥¸±¨Ì
Ö¢²¥´¨°.

� §¤. 9 ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥±μÉμ·μ¥ ³ É¥³ É¨Î¥¸±μ¥ ¤μ¶μ²´¥´¨¥, ¢ ±μ-
Éμ·μ³ μ¶¨¸Ò¢ ¥É¸Ö ¸Ì¥³  ¶μ¸É·μ¥´¨Ö ±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥· ´  £·Ê¶¶ Ì ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢ μÉ·¥§±  ¨ μ±·Ê¦´μ¸É¨ ¨ ¶·¨¢μ¤ÖÉ¸Ö ´¥±μÉμ·Ò¥ ´¥μ¦¨¤ ´´Ò¥
¸²¥¤¸É¢¨Ö.

‚ · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¥¢±²¨¤μ¢ ¢ ·¨ ´É ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¢
±μÉμ·μ³ Ë¥°´³ ´μ¢¸±¨¥ ±μ´É¨´Ê ²Ó´Ò¥ ¨´É¥£· ²Ò § ³¥´ÖÕÉ¸Ö ´  ¨´É¥£· ²Ò
‚¨´¥· .

1. Š‚�‡ˆˆ�‚��ˆ��’��‘’œ Œ…�› ‚ˆ�…��
�’��‘ˆ’…‹œ�� ƒ�“��› „ˆ””…�Œ��”ˆ‡Œ�‚

‘´ Î ² , ¤²Ö Ê¤μ¡¸É¢  Î¨É É¥²Ö, ±· É±μ ´ ¶μ³´¨³ ¶·μ¸É¥°Ï¨¥ ¸¢¥¤¥´¨Ö μ
³¥·¥ ¨ ¨´É¥£· ²¥ ‚¨´¥·  [8]. (�μ¤·μ¡´μ¥ ¨ ¸É·μ£μ¥ ¨§²μ¦¥´¨¥ ³μ¦´μ ´ °É¨
¢μ ³´μ£¨Ì ±´¨£ Ì, ¸³., ´ ¶·¨³¥·, [9] ¨²¨ [10].)

� ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢μ C([0, 1]) ¢¥Ð¥¸É¢¥´´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°
´  μÉ·¥§±¥ [0, 1], É ±¨Ì, ÎÉμ x(0) = 0.

�μ¤³´μ¦¥¸É¢μ X ¢ C([0, 1]) ¢¨¤ 

X = {x ∈ C([0, 1]); (x(t1), . . . , x(tn)) ∈ Un},
0 < t1 < t2 < . . . < tn = 1, Un ⊂ Rn,

´ §Ò¢ ¥É¸Ö Í¨²¨´¤·¨Î¥¸±¨³.
�¶·¥¤¥²¨³ ¥£μ ³¥·Ê w(X), ¶μ² £ Ö

w(X) = [(2π)nt1(t2 − t1) · · · (tn − tn−1)]−1/2×

×
∫
Un

exp
{
− u2

1

2t1
− (u2 − u1)2

2(t2 − t1)
− . . . − (un − un−1)2

2(tn − tn−1)

}
du1 · · · dun. (1)

‡ ¤ ´´ Ö É ±¨³ ¸¶μ¸μ¡μ³ ³¥·  ¸Î¥É´μ- ¤¤¨É¨¢´ ∗, ÎÉμ ¶μ§¢μ²Ö¥É ¶·μ-
¤μ²¦¨ÉÓ ¥¥ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ (¸³., ´ ¶·¨³¥·, [11]) ´  ¢¸¥ ¨§³¥·¨³Ò¥ ¶μ

∗’. ¥. μ¡² ¤ ¥É É ±¨³ ¸¢μ°¸É¢μ³, ÎÉμ ³¥·  μ¡Ñ¥¤¨´¥´¨Ö ¸Î¥É´μ£μ Î¨¸²  ¢§ ¨³´μ ´¥¶¥·¥¸¥-
± ÕÐ¨Ì¸Ö ¶μ¤³´μ¦¥¸É¢ · ¢´  ¸Ê³³¥ ¨Ì ³¥·.
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ÔÉμ° ³¥·¥ ¶μ¤³´μ¦¥¸É¢  ¶·μ¸É· ´¸É¢  C([0, 1]). �Éμ ¶·μ¤μ²¦¥´¨¥ ´ §Ò¢ ¥É¸Ö
³¥·μ° ‚¨´¥·  w ¢ ¶·μ¸É· ´¸É¢¥ C([0, 1]).

ˆ´É¥£· ² ¶μ ³¥·¥ w μÉ ËÊ´±Í¨μ´ ²  ´ §Ò¢ ¥É¸Ö ¢¨´¥·μ¢¸±¨³ ¨´É¥£· ²μ³
¨ § ¶¨¸Ò¢ ¥É¸Ö ± ± ∫

C([0, 1])

F (x)w(dx). (2)

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¥£μ ±μ´¸É·Ê±É¨¢´μ¥ μ¶·¥¤¥²¥´¨¥, · ¸¸³μÉ·¨³ ¸´ Î ² 
¨´É¥£· ²Ò μÉ É ± ´ §Ò¢ ¥³ÒÌ Í¨²¨´¤·¨Î¥¸±¨Ì ËÊ´±Í¨μ´ ²μ¢

F (x) = f(x(t1), . . . , x(tn)).

‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¨´¥·μ¢¸±¨° ¨´É¥£· ² ¸¢μ¤¨É¸Ö ± μ¡ÒÎ´μ³Ê n-±· É´μ³Ê ¨´É¥-
£· ²Ê

[(2π)nt1 · · · (tn − tn−1)]
−1/2

+∞∫
−∞

. . .

+∞∫
−∞

f(u1, . . . , un)×

× exp

{
−

n∑
i=1

(ui − ui−1)2

2(ti − ti−1)

}
du1 · · · dun. (3)

‘μ¶μ¸É ¢¨³ É¥¶¥·Ó ´¥¶·¥·Ò¢´μ³Ê ¨ μ£· ´¨Î¥´´μ³Ê ËÊ´±Í¨μ´ ²Ê F (x)
Í¨²¨´¤·¨Î¥¸±¨¥ ËÊ´±Í¨μ´ ²Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

� §μ¡Ó¥³ μÉ·¥§μ± [0, 1] ´  n Î ¸É¥° 0 < t1 < t2 < . . . < tn = 1, Δt ≡
max (tk − tk−1), ¨ · ¸¸³μÉ·¨³ ²μ³ ´ÊÕ ξn(t), § ¤ ¢ ¥³ÊÕ Ê¸²μ¢¨Ö³¨

ξn(0) = x(0) = 0, ξn(t1) = x(t1), . . . , ξn(t) = x(tn).

’¥³ ¸ ³Ò³ ¨³¥¥³ Í¨²¨´¤·¨Î¥¸±¨° ËÊ´±Í¨μ´ ²

F (ξn) = f(x(t1), . . . , x(tn)),

¤²Ö ±μÉμ·μ£μ ¢¨´¥·μ¢¸±¨° ¨´É¥£· ² ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (3).
’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ ¥É¸Ö ¸¥³¥°¸É¢μ §´ Î¥´¨° ¢¨´¥·μ¢¸±¨Ì ¨´É¥£· ²μ¢

¤²Ö ¶μ¸É·μ¥´´ÒÌ ¶μ Ê± § ´´μ³Ê ¶· ¢¨²Ê Í¨²¨´¤·¨Î¥¸±¨Ì ËÊ´±Í¨μ´ ²μ¢.
�± §Ò¢ ¥É¸Ö, ¸ÊÐ¥¸É¢Ê¥É ´¥ § ¢¨¸ÖÐ¨° μÉ ¸¶μ¸μ¡  · §¡¨¥´¨Ö μÉ·¥§±  ¶·¥-

¤¥² ÔÉ¨Ì §´ Î¥´¨° ¶·¨ n → ∞ (Δt → 0), ±μÉμ·Ò° ¨ ¤ ¥É ±μ´¸É·Ê±É¨¢´μ¥
μ¶·¥¤¥²¥´¨¥ ¢¨´¥·μ¢¸±μ£μ ¨´É¥£· ²  (2) μÉ ´¥¶·¥·Ò¢´μ£μ ¨ μ£· ´¨Î¥´´μ£μ
ËÊ´±Í¨μ´ ²  F (x).

‚ ¸¢Ö§¨ ¸ ¥¸É¥¸É¢¥´´Ò³ ¦¥² ´¨¥³ § ¶¨¸ ÉÓ ¶²μÉ´μ¸ÉÓ ³¥·Ò ‚¨´¥· 
¢ ±μ³¶ ±É´μ³ ¢¨¤¥ ´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¥¥ § ³¥Î ´¨¥. ‚ ¶·¥¤¥²¥
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n → ∞ (Δt → 0) ¸Ê³³  ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ ¢ Ëμ·³Ê²¥ (1) ¶¥·¥Ìμ-
¤¨É ¢ ¨´É¥£· ²

−1
2

1∫
0

(x′(t))2 dt.

� · ¤μ±¸, μ¤´ ±μ, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ³¥·  ‚¨´¥·  ¸μ¸·¥¤μÉμÎ¥´  ´  É· -
¥±Éμ·¨ÖÌ, ±μÉμ·Ò¥ ¶μÎÉ¨ ¢¸Õ¤Ê ´¥ ¤¨ËË¥·¥´Í¨·Ê¥³Ò, É. ¥. ³´μ¦¥¸É¢  £² ¤±¨Ì
¨²¨ ¤ ¦¥ ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ¢ ¥¤¨´¸É¢¥´´μ° ÉμÎ±¥ μÉ·¥§±  ËÊ´±Í¨° ¨³¥ÕÉ
´Ê²¥¢ÊÕ ³¥·Ê ‚¨´¥· . ’¥³ ´¥ ³¥´¥¥ Ëμ·³ ²Ó´ Ö § ¶¨¸Ó

w(dx) = exp

⎧⎨
⎩−1

2

1∫
0

(x′(t))2 dt

⎫⎬
⎭ dx

μ¶·¥¤¥²Ö¥É ³¥·Ê ‚¨´¥·  ¨ ¶μ§¢μ²Ö¥É ¶·μ¢μ¤¨ÉÓ ¢ÒÎ¨¸²¥´¨¥ ¨´É¥£· ²μ¢.
�·¨ ´¥±μÉμ·ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ³¥·  ‚¨´¥· , § ¤ ´´ Ö ´  ¶·μ¸É· ´¸É¢¥

´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°, ´¥ ¢Ò¢μ¤¨É¸Ö ¨§ ÔÉμ£μ ¶·μ¸É· ´¸É¢ ,   ²¨ÏÓ Ê³´μ¦ -
¥É¸Ö ´  ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ, § ¢¨¸ÖÐÊÕ μÉ ¶·¥μ¡· §μ¢ ´¨Ö, Å É ± ´ §Ò¢ -
¥³ÊÕ ¶·μ¨§¢μ¤´ÊÕ � ¤μ´ Ä�¨±μ¤¨³ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ³¥·  Ö¢²Ö¥É¸Ö ±¢ §¨¨´-
¢ ·¨ ´É´μ°. �·μ¸É¥°Ï¨° ¶·¨³¥· Å ÔÉμ ¸¤¢¨£  ·£Ê³¥´É  ³¥·Ò ´  ´¥±μÉμ·ÊÕ
¤¨ËË¥·¥´Í¨·Ê¥³ÊÕ ËÊ´±Í¨Õ [9].

�± §Ò¢ ¥É¸Ö, ÎÉμ ³¥·  ‚¨´¥·  É ±¦¥ ±¢ §¨¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ
£·Ê¶¶ ¤¨ËË¥μ³μ·Ë¨§³μ¢.

�Ê¸ÉÓ ´  μÉ·¥§±¥ [a, b]∗ ¤¥°¸É¢Ê¥É £·Ê¶¶  ¤¨ËË¥μ³μ·Ë¨§³μ¢

g : [a, b] → [a, b]; g(t) = τ, g−1(τ) = t, g(a) = a, g(b) = b.

	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ g ∈ Diff3
+([a, b]), É. ¥. ËÊ´±Í¨Ö g(t) É·¨¦¤Ò ¤¨ËË¥·¥´-

Í¨·Ê¥³  ¨ g′(t) > 0. �·¨ ÔÉμ³ (g−1(τ))′ = (g′(t))−1. ˜É·¨Ì ′ μ¡μ§´ Î ¥É
¶·μ¨§¢μ¤´ÊÕ ¶μ  ·£Ê³¥´ÉÊ.

‡ ³¥É¨³, ÎÉμ ¢Ò¢μ¤Ò ÔÉμ£μ · §¤¥²  ¸¶· ¢¥¤²¨¢Ò ´¥ Éμ²Ó±μ ¤²Ö ±μ´¥Î´μ£μ
μÉ·¥§± , ´μ ¨ ¤²Ö ¢¸¥° μ¸¨ (−∞, +∞), ¨²¨ ¶μ²Êμ¸¨ (0, +∞).

� ¸¸³μÉ·¨³ É¥¶¥·Ó ³¥·Ê ‚¨´¥· ∗∗:

w(dq) = exp

⎧⎨
⎩−1

2

b∫
a

(q′(τ))2 dτ

⎫⎬
⎭ dq. (4)

∗„μ ¸¨Ì ¶μ· ³Ò £μ¢μ·¨²¨ μ¡ μÉ·¥§±¥ [0, 1], ´μ μÎ¥¢¨¤´μ, ÎÉμ μ´ ³μ¦¥É ¡ÒÉÓ ¶·μ¨§¢μ²Ó´Ò³.
∗∗� ¶μ³´¨³, ÎÉμ §¤¥¸Ó ¨ ¤ ²¥¥ ¶·μ¨§¢μ¤´ Ö ¢ § ¶¨¸¨ ³¥·Ò ‚¨´¥·  ¶μ´¨³ ¥É¸Ö ¢ μ¡μ¡Ð¥´-

´μ³ ¸³Ò¸²¥.
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ˆ§¢¥¸É´μ (¸³., ´ ¶·¨³¥·, [12]), ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ±² ¸¸ ¶·¥μ¡· §μ¢ ´¨°
ËÊ´±Í¨¨ q(τ)

q(τ) = p (g−1(τ)) ((g−1(τ))′)α,

É ±μ°, ÎÉμ ¤²Ö ± ¦¤μ£μ α ³μ¦´μ ¶μ¸É·μ¨ÉÓ ´¥±μÉμ·ÊÕ ±¢ §¨¨´¢ ·¨ ´É´ÊÕ
£ Ê¸¸μ¢Ê ³¥·Ê.

Œ¥·  ‚¨´¥·  (4) μ± §Ò¢ ¥É¸Ö ±¢ §¨¨´¢ ·¨ ´É´μ° ¶·¨ α = −1/2, ÎÉμ
¸¥°Î ¸ ´¥¶μ¸·¥¤¸É¢¥´´μ ¨ ¶·μ¢¥·¨³.

Š¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ ³¥·Ò ‚¨´¥·  ´  ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢-
´ÒÌ ´  μÉ·¥§±¥, ¡Ò²  Ê¸É ´μ¢²¥´  ¢ · ¡μÉ¥ [13], £¤¥ É ±¦¥ ¡Ò²  ¢ÒÎ¨¸²¥´ 
¨ ¶·μ¨§¢μ¤´ Ö � ¤μ´ Ä�¨±μ¤¨³ . ‡¤¥¸Ó ¶·¨¢¥¤¥³ ¤·Ê£μ° ¢Ò¢μ¤ ÔÉμ£μ ·¥§Ê²Ó-
É É .

ˆÉ ±, ¶Ê¸ÉÓ ËÊ´±Í¨Ö q(τ) ¥¸ÉÓ μ¡· § ËÊ´±Í¨¨ p(t) μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨° £·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢, ¶μ²ÊÎ ¥³Ò° ¶μ ¶· ¢¨²Ê

q(τ) = (gp)(τ) = p(t)
√

g′(t) = p (g−1(τ))
1√

(g−1(τ))′
. (5)

’μ£¤ 

q′(τ) = p′(g−1(τ))
(g−1(τ))′√
(g−1(τ))′

− 1
2
p (g−1(τ))

(g−1(τ))′′

[(g−1(τ))′]3/2
.

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ · ¢¥´¸É¢μ

(g−1(τ))′′

[(g−1(τ))′]2
= −g′′(t)

g′(t)
,

¶μ²ÊÎ¨³

b∫
a

(q′(τ))2 dτ =

b∫
a

{
(p′(t))2 + p(t) p′(t)

g′′(t)
g′(t)

+
1
4
p2(t)

(
g′′(t)
g′(t)

)2
}

dt. (6)

’ ±¨³ μ¡· §μ³, ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¤¨ËË¥μ³μ·Ë¨§³μ¢ ³¥·  ‚¨´¥· 
¢¥¤¥É ¸¥¡Ö ± ±

exp

⎧⎨
⎩−1

2

b∫
a

(q′(t))2 dt

⎫⎬
⎭ dq =

= exp

⎧⎨
⎩−1

2

b∫
a

(
p(t) p′(t)

g′′(t)
g′(t)

+
1
4
p2(t)

(
g′′(t)
g′(t)

)2
)

dt

⎫⎬
⎭×

× exp

⎧⎨
⎩−1

2

b∫
a

(p′(t))2 dt

⎫⎬
⎭ dp. (7)
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•μÉÖ ¶·¨¢¥¤¥´´Ò¥ ¢Ò±² ¤±¨ ´μ¸ÖÉ Ëμ·³ ²Ó´Ò° Ì · ±É¥·, ³μ¦´μ ÊÉ¢¥·-
¦¤ ÉÓ, ÎÉμ ÔÉ¨ ³¥·Ò ‚¨´¥·  Ô±¢¨¢ ²¥´É´Ò (¸³. ¢ [9] É¥μ·¥³Ê ”¥²Ó¤³ ´ Ä
ƒ ¥± ). „μ¶μ²´¨É¥²Ó´Ò° ³´μ¦¨É¥²Ó (¶·μ¨§¢μ¤´ Ö � ¤μ´ Ä�¨±μ¤¨³ ) μ¶·¥-
¤¥²¥´ ´  ¶·μ¸É· ´¸É¢¥ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°. ‚ÒÎ¨¸²¨³ É¥¶¥·Ó ¥£μ Ö¢´Ò³
μ¡· §μ³. � ¶μ³´¨³, ÎÉμ q(τ) ¨ p(t) § ¤ ÕÉ ¸ÉμÌ ¸É¨Î¥¸±¨° ¢¨´¥·μ¢¸±¨° ¶·μ-
Í¥¸¸. ‚ ¸¨²Ê ÔÉμ£μ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ (6) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
¸ÉμÌ ¸É¨Î¥¸±¨° ¨´É¥£· ² ˆÉμ (¸³., ´ ¶·¨³¥·, [14]), ±μÉμ·Ò° · ¢¥´∗

b∫
a

p(t) p′(t) f(t) dt =
1
2
[
p2(b)f(b) − p2(a)f(a)

]
−

− 1
2

b∫
a

p2(t)f ′(t) dt − 1
2

b∫
a

f(t) dt. (8)

‡¤¥¸Ó ¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥

f(t) ≡ g′′(t)
g′(t)

.

�μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ (8) (É ± ´ §Ò¢ ¥³Ò° Î²¥´ ˆÉμ) · ¢´μ

−1
2

[ln g′(b) − ln g′(a)] .

’ ±¨³ μ¡· §μ³, ¸ ÊÎ¥Éμ³ Ö±μ¡¨ ´  ¶¥·¥Ìμ¤  μÉ q ± p ¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ¤²Ö
¨§³¥´¥´¨Ö ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ £·Ê¶¶Ò ¤¨Ë-

∗‘²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢μ ²¥£±μ ¶·μ¢¥·¨ÉÓ, ¥¸²¨ ¶·¥¤¸É ¢¨ÉÓ ¨´É¥£· ² ± ± ¶·¥¤¥² ¤¨¸±·¥É´μ°
¸Ê³³Ò

τ
n∑

k=1

(pk − pk−1) pk−1f(tk−1) =
1

2

n∑

k=1

(p2
k − p2

k−1) f(tk−1)−

− 1

2

n∑

k=1

(pk − pk−1)
2f(tk−1) =

1

2

[
p2

nf(tn) − p2
0f(t0)

]
−

− 1

2

n∑

k=1

p2
k [f(tk) − f(tk−1)] − 1

2

n∑

k=1

(pk − pk−1)
2f(tk−1)

¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¤²Ö ¢¨´¥·μ¢¸±μ£μ ¶·μÍ¥¸¸ 

(pk − pk−1)
2 ∼ Δt.
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Ë¥μ³μ·Ë¨§³μ¢

∫
C([a, b])

F [q] exp

⎧⎨
⎩−1

2

b∫
a

(q′(τ))2 dτ

⎫⎬
⎭ dq =

= C(g)
∫

C([a, b])

F [gp] exp

⎧⎨
⎩1

4

b∫
a

p2(t)Sg(t) dt +
1
4

(
p2(b)

g′′(b)
g′(b)

− p2(a)
g′′(a)
g′(a)

)⎫⎬
⎭×

× exp

⎧⎨
⎩−1

2

b∫
a

(p′(t))2 dt

⎫⎬
⎭ dp. (9)

‡¤¥¸Ó Sg μ¡μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ˜¢ ·Í 

Sg(t) ≡
(

g′′(t)
g′(t)

)′
− 1

2

(
g′′(t)
g′(t)

)2

=
g′′′(t)
g′(t)

− 3
2

(
g′′(t)
g′(t)

)2

, (10)

  ±μÔËË¨Í¨¥´É C(g) § ¢¨¸¨É μÉ ¤¨ËË¥μ³μ·Ë¨§³  g(t) ¨ ¶μ¢¥¤¥´¨Ö ¸ÉμÌ ¸É¨-
Î¥¸±μ£μ ¶·μÍ¥¸¸  p(t) ´  £· ´¨Í¥ μÉ·¥§± .

…¸²¨ §´ Î¥´¨Ö p(a) ¨ p(b) Ë¨±¸¨·μ¢ ´Ò, Éμ

C(g) =
1√

g′(a)g′(b)
. (11)

…¸²¨ §´ Î¥´¨¥ p(a) Ë¨±¸¨·μ¢ ´μ,   §´ Î¥´¨¥ p(b) ´¥ Ë¨±¸¨·μ¢ ´μ, Éμ

C(g) =

√
g′(b)√
g′(a)

. (12)

…¸²¨ μ¡  §´ Î¥´¨Ö p(a) ¨ p(b) ´¥ Ë¨±¸¨·μ¢ ´Ò, Éμ

C(g) =
√

g′(a)g′(b). (13)

„²Ö £·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢ μ±·Ê¦´μ¸É¨ Diff3
+(S1) ¶μ²ÊÎ ¥É¸Ö  ´ ²μ-

£¨Î´ Ö Ëμ·³Ê² , ¢ ±μÉμ·μ°, μ¤´ ±μ, ±μÔËË¨Í¨¥´É Cg μ± §Ò¢ ¥É¸Ö · ¢´Ò³
¥¤¨´¨Í¥ ¨ ¨§-§  ¶¥·¨μ¤¨Î´μ¸É¨ μÉ¸ÊÉ¸É¢ÊÕÉ £· ´¨Î´Ò¥ Î²¥´Ò:

∫
F [q] exp

⎧⎨
⎩−1

2

∫
S1

(q′(τ))2 dτ

⎫⎬
⎭ dq =

=
∫

F [gp] exp

⎧⎨
⎩1

4

∫
S1

p2(t)Sg(t) dt

⎫⎬
⎭ exp

⎧⎨
⎩−1

2

∫
S1

(p′(t))2 dt

⎫⎬
⎭ dp. (14)
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Œ¥·  ‚¨´¥·  ´  ¶·μ¸É· ´¸É¢¥ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°, § ¤ ´´ÒÌ ´  μÉ-
·¥§±¥ ¨²¨ μ±·Ê¦´μ¸É¨, Ö¢²Ö¥É¸Ö ±¢ §¨¨´¢ ·¨ ´É´μ° μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶ ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢ μÉ·¥§±  ¨, ¸μμÉ¢¥É¸É¢¥´´μ, μ±·Ê¦´μ¸É¨.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¸ ¶μ³μÐÓÕ ³¥·Ò ‚¨´¥·  ³μ¦´μ ¶μ¸É·μ¨ÉÓ ±¢ §¨¨´-
¢ ·¨ ´É´Ò¥ ³¥·Ò ´  £·Ê¶¶ Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢ μÉ·¥§±  ¨ μ±·Ê¦´μ¸É¨ [20].
�μ¤·μ¡´¥¥ μ¡ ÔÉμ³ ¡Ê¤¥É · ¸¸± § ´μ ¢ · §¤. 9.

ˆ¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ê (14) ¤²Ö ¶μ¸É·μ¥´¨Ö ±¢ ´Éμ¢μ-¶μ²¥¢μ° ³μ¤¥²¨ ´ 
¶·μ¸É· ´¸É¢¥ ¶¥É¥²Ó ¢ · §¤. 3,   ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ μ¡¸Ê¤¨³ μ¤´μ ¨´É¥·¥¸-
´μ¥ ¸²¥¤¸É¢¨¥ Ëμ·³Ê²Ò ¤²Ö ¶·μ¨§¢μ¤´μ° � ¤μ´ Ä�¨±μ¤¨³ .

2. Œ�‘‘� Š‚��’�‚�‰ —�‘’ˆ–›
Š�Š �…‡“‹œ’�’ „ˆ””…�Œ��”ˆ‡Œ�

‚ ÔÉμ³ · §¤¥²¥ ´ °¤¥³ Ö¢´Ò° ¢¨¤ ¤¨ËË¥μ³μ·Ë¨§³μ¢, ¶¥·¥¢μ¤ÖÐ¨Ì ±¢ ´-
Éμ¢ÊÕ ³¥·Ê ¤²Ö ¸¢μ¡μ¤´μ° ¡¥§³ ¸¸μ¢μ° Î ¸É¨ÍÒ ¢ ±¢ ´Éμ¢ÊÕ ³¥·Ê ¤²Ö ¸¢μ-
¡μ¤´μ° ³ ¸¸¨¢´μ° Î ¸É¨ÍÒ.

�¥·¥¶¨Ï¥³ ¤²Ö Ê¤μ¡¸É¢  Ëμ·³Ê²Ê (9) ¢ ¸²ÊÎ ¥, ±μ£¤  Ë¨±¸¨·μ¢ ´Ò μ¡ 
£· ´¨Î´ÒÌ §´ Î¥´¨Ö, ± ±

∫
C([a, b])

F [y] exp

⎧⎨
⎩−1

2

b∫
a

(y′(τ))2 dτ

⎫⎬
⎭ dy =

1√
g′(a)g′(b)

×

×
∫

C([a, b])

F [gx] exp

⎧⎨
⎩1

4

b∫
a

x2(t)Sg(t) dt +
1
4

(
x2(b)

g′′(b)
g′(b)

− x2(a)
g′′(a)
g′(a)

)⎫⎬
⎭×

× exp

⎧⎨
⎩−1

2

b∫
a

(x′(t))2 dt

⎫⎬
⎭ dx. (15)

	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¸ÉμÌ ¸É¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò x(t) ¨ y(t) ¶·¥¤¸É ¢²ÖÕÉ
¸μ¡μ° ¡·μÊ´μ¢¸±¨° ³μ¸É ¨ x(a) = x(b) = y(a) = y(b) = 0.

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¤¨ËË¥μ³μ·Ë¨§³Ò ¢¨¤ 

g0(t) =
1

(e2mb − e2ma)
{
(b − a) e2mt + (a e2mb − b e2ma)

}
(16)

¶·¥μ¡· §ÊÕÉ μÉ·¥§μ± ¢ ¸¥¡Ö: [a, b] → [a, b], ¨ ¶·μ¨§¢μ¤´ Ö ˜¢ ·Í  ¤²Ö ´¨Ì
¥¸ÉÓ ±μ´¸É ´É 

Sg0(t) = −2 m2.
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‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¨³ ±μÔËË¨Í¨¥´É · ¢¥´

C(g0) =
sinh (m(b − a))

m(b − a)
. (17)

’ ±¨³ μ¡· §μ³, Ëμ·³Ê²  (15) ¶·¨μ¡·¥É ¥É ¢¨¤

∫
C([a, b])

F [y] exp

⎧⎨
⎩−1

2

b∫
a

(y′(t))2 dt

⎫⎬
⎭ dy =

sinh (m(b − a))
m(b − a)

×

×
∫

C([a, b])

F [gx] exp

⎧⎨
⎩−1

2

b∫
a

m2x2(t) dt − 1
2

b∫
a

(x′(t))2 dt

⎫⎬
⎭ dx. (18)

�É¸Õ¤  ¸²¥¤Ê¥É ¢Ò¢μ¤, ±μÉμ·Ò° ± ¦¥É¸Ö ¶ · ¤μ±¸ ²Ó´Ò³: ±¢ ´Éμ¢ Ö É¥-
μ·¨Ö ¸¢μ¡μ¤´μ° ³ ¸¸¨¢´μ° Î ¸É¨ÍÒ ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ±¢ ´Éμ¢ Ö É¥μ·¨Ö
¸¢μ¡μ¤´μ° ¡¥§³ ¸¸μ¢μ° Î ¸É¨ÍÒ, ´μ ¶·¨ ¤·Ê£μ³ ¸¶μ¸μ¡¥ ¨§³¥·¥´¨Ö ¢·¥³¥´¨
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¨§³¥´¥´¨¨ ± ´μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É.

‚ ¸¨²Ê ¸²¥¤ÊÕÐ¥£μ ¸¢μ°¸É¢  ¶·μ¨§¢μ¤´μ° ˜¢ ·Í 

Sf◦g(t) = Sf (g(t)) (g′(t))2 + Sg(t), ( f ◦ g )(t) = f (g(t)) , (19)

±·μ³¥ (16), ¸ÊÐ¥¸É¢Ê¥É Í¥²Ò° ±² ¸¸ ¤¨ËË¥μ³μ·Ë¨§³μ¢, ¤²Ö ±μÉμ·ÒÌ Sg(t) =
−2 m2.

„¥°¸É¢¨É¥²Ó´μ, ¤²Ö ¤·μ¡´μ-²¨´¥°´ÒÌ ¶·¥μ¡· §μ¢ ´¨°

f(t) =
αt + β

t + δ

¶·μ¨§¢μ¤´ Ö ˜¢ ·Í  · ¢´  ´Ê²Õ.
‚ ¸²ÊÎ ¥ α = (a + b) + δ ¨ β = −ab ¶·¥μ¡· §μ¢ ´¨Ö ¸μÌ· ´ÖÕÉ ±μ´ÍÒ

μÉ·¥§±  [a, b].
�μÔÉμ³Ê ±² ¸¸ ¤¨ËË¥μ³μ·Ë¨§³μ¢, ¶·¨¢μ¤ÖÐ¨Ì ± ¸μμÉ´μÏ¥´¨Õ (18), § -

¶¨¸Ò¢ ¥É¸Ö ± ±

g(t) =
(a + b + δ) g0(t) − ab

g0(t) + δ
, (20)

£¤¥ g0(t) § ¤ ¥É¸Ö Ëμ·³Ê²μ° (16),   δ Å ¶·μ¨§¢μ²Ó´Ò° ¶ · ³¥É·.
‡ ³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³ ±μÔËË¨Í¨¥´É (17) ¨´¢ ·¨ ´É¥´:

C(f ◦ g0) = C(g0).

…¸²¨ ¢ Ëμ·³Ê²¥ (18) ¶μ²μ¦¨ÉÓ F = 1, Éμ ¡¥§ μ¡ÒÎ´ÒÌ £·μ³μ§¤±¨Ì ¢Ò-
Î¨¸²¥´¨° (¸³., ´ ¶·¨³¥·, [15]) ¢ ± Î¥¸É¢¥ ¤μ¶μ²´¨É¥²Ó´μ£μ ¡μ´Ê¸  ¶μ²ÊÎ¨É¸Ö
Ëμ·³Ê²  ”¥°´³ ´ ÄŠ Í .
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�´ ²μ£ ¸μμÉ´μÏ¥´¨Ö (18) ³μ¦´μ É ±¦¥ ¶μ²ÊÎ¨ÉÓ ¢ ·¥§Ê²ÓÉ É¥ ´¥²μ± ²Ó-
´μ° ²¨´¥°´μ° § ³¥´Ò ¢ ¢¨´¥·μ¢¸±μ³ ¨´É¥£· ²¥

y(t) = x(t) + m

t∫
a

x(τ) dτ. (21)

�μÌμ¦¨¥ ´¥²μ± ²Ó´Ò¥, ´μ ´¥²¨´¥°´Ò¥ § ³¥´Ò μ¡¸Ê¦¤ ÕÉ¸Ö ¢ · §¤. 4 ¨ 5.
�¥μ¡Ìμ¤¨³μ § ³¥É¨ÉÓ, ÎÉμ ¸ ¶μ³μÐÓÕ § ³¥´ ¶¥·¥³¥´´ÒÌ ¢ ËÊ´±Í¨μ-

´ ²Ó´ÒÌ ¨´É¥£· ² Ì, ¸μ¶·μ¢μ¦¤ ÕÐ¨Ì¸Ö É ±¦¥ ¨§³¥´¥´¨¥³ ¢·¥³¥´¨, μ± § -
²μ¸Ó ¢μ§³μ¦´Ò³ ¸¢Ö§ ÉÓ ³¥¦¤Ê ¸μ¡μ° ·Ö¤ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì § ¤ Î ¸
· §´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. �μ¸²¥ ¶¨μ´¥·¸±μ° ¸É ÉÓ¨ [16] ¶μ-
Ö¢¨²μ¸Ó ¤μ¢μ²Ó´μ ³´μ£μ · ¡μÉ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨. ‡¤¥¸Ó, μ¤´ ±μ, ³Ò ´¥
¡Ê¤¥³ μ¡¸Ê¦¤ ÉÓ ÔÉÊ É¥³Ê. �É³¥É¨³ ²¨ÏÓ · ¡μÉÊ [17], ¢ ±μÉμ·μ° ¶μ²ÊÎ¥´ 
Ëμ·³Ê² , ¸¢Ö§Ò¢ ÕÐ Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ ËÊ´±Í¨¨ ƒ·¨´  ¤²Ö £ ³¨²ÓÉμ-
´¨ ´μ¢, ¶μ²ÊÎ¥´´ÒÌ ¤·Ê£ ¨§ ¤·Ê£  ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨°,  ´ ²μ£¨Î´ÒÌ
¶·¥μ¡· §μ¢ ´¨Ö³ £·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢∗.

�μ¶·μ¡Ê¥³ μ¶¨¸ ´´ÊÕ ¢ÒÏ¥ ¸Ì¥³Ê ·¥ ²¨§μ¢ ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ μ¡· -
§μ³ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. ‚ μÉ²¨Î¨¥ μÉ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸¨ÉÊ Í¨Ö
§¤¥¸Ó ¡μ²¥¥ ¸²μ¦´ Ö. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¶¥·¥°É¨ ± É·¥Ì³¥·´μ³Ê ¶·¥μ¡· -
§μ¢ ´¨Õ ”Ê·Ó¥ ¶μ²¥¢μ° ËÊ´±Í¨¨, Éμ μ´  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¡¥¸±μ´¥Î´Ò°
´ ¡μ· ±¢ ´Éμ¢ÒÌ £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢ ¸ Î ¸ÉμÉ ³¨

√
k2 ¨

√
k2 + m2,

¸μμÉ¢¥É¸É¢¥´´μ, ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¨ ³ ¸¸¨¢´μ£μ ¶μ²¥°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶¥·¥Ìμ¤
μÉ ¡¥§³ ¸¸μ¢μ° ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ± ³ ¸¸¨¢´μ° ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨Í¥
μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ±μ³¶μ§¨Í¨¨ ¤¨ËË¥μ³μ·Ë¨§³μ¢

g√k2+m2 ◦ g−1√
k2 .

ˆ³¥Ö ¢ ¢¨¤Ê ¡¥¸±μ´¥Î´Ò° ¢·¥³¥´´μ° ¨´É¥·¢ ², · ¸¸³μÉ·¨³ ¤¨ËË¥μ-
³μ·Ë¨§³

g(t) = exp {2mt}.

�·μ¨§¢μ¤´ Ö ˜¢ ·Í  ¤²Ö ´¥£μ · ¢´  −2m2,   μ¡· É´Ò° ¤¨ËË¥μ³μ·Ë¨§³
¨³¥¥É ¢¨¤

g−1(t) =
1

2m
ln t.

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ¨´É¥·¥¸ÊÕÐ¥° ´ ¸ ±μ³¶μ§¨Í¨¨ ¶μ²ÊÎ¨³

τk = g√k2+m2 ◦ g−1√
k2 = g√k2+m2

(
g−1√

k2(t)
)

= tσ(k), (22)

∗�¢Éμ·Ò ¡² £μ¤ ·´Ò ‘. �. ‘Éμ·Î ±Ê §  Í¥´´Ò¥ § ³¥Î ´¨Ö.
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£¤¥

σ(k) =

√
k2 + m2

k2
.

’ ±¨³ μ¡· §μ³, ¤²Ö ¸¢μ¡μ¤´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¨³¥¥³

exp
{
−1

2

∫
d3k

∫
dt
(
|φ̇(t,k)|2 + k2|φ(t,k)|2

)}
dφ =

= exp
{
−1

2

∫
d3k z(k)

∫
dτk

(
|ϕ̇(τk,k)|2 +

(
k2 + m2

)
|ϕ(τk,k)|2

)}
dϕ.

(23)

‡¤¥¸Ó |φ(t,k)|2 = φ(t,k)φ(t,−k), z(k) Å ´¥±μÉμ·Ò° ´μ·³¨·μ¢μÎ´Ò° ³´μ-
¦¨É¥²Ó. �¥É·Ê¤´μ § ³¥É¨ÉÓ, μ¤´ ±μ, ÎÉμ ¶·¨ É ±μ³ ¶¥·¥Ìμ¤¥ μÉ ¡¥§³ ¸¸μ¢μ£μ
¶μ²Ö ± ³ ¸¸¨¢´μ³Ê ¢ ¶· ¢μ° Î ¸É¨ Ëμ·³Ê²Ò (23) ¶μ²ÊÎ ¥É¸Ö ´¥²μ± ²Ó´ Ö
É¥μ·¨Ö.

3. ‹�Š�‹œ��Ÿ Š‚��’�‚�Ÿ ’…��ˆŸ ��‹Ÿ
Š�Š ��…„…‹ ’…��ˆˆ, ‡�„����‰ �� ���‘’���‘’‚… �…’…‹œ

‚ · ¡μÉ Ì [1Ä3] ¡Ò²μ ¶·¥¤²μ¦¥´μ ´¥²μ± ²Ó´μ¥ μ¡μ¡Ð¥´¨¥ ±¢ ´Éμ¢μ°
É¥μ·¨¨ ¶μ²Ö ´  ¶·μ¸É· ´¸É¢¥ ¶¥É¥²Ó ¨ ¨§ÊÎ¥´ ¥¥ ²μ± ²Ó´Ò° ¶·¥¤¥², ¶·¨ ±μ-
Éμ·μ³ · §³¥· ¶¥É²¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ (É. ¥. ¶¥É²Ö ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉμÎ±Ê).

�± §Ò¢ ¥É¸Ö, ÎÉμ ÔÉμÉ ¶·¥¤¥² ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³μ¤¥²Ó ²μ± ²Ó´μ° ±¢ ´-
Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¢ ±μÉμ·μ° Ë¥°´³ ´μ¢¸±¨¥ ¤¨ £· ³³Ò ¸¢μ¡μ¤´Ò μÉ Ê²Ó-
É· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°. ’ ±μ¥ ´¥μ¦¨¤ ´´μ¥ ¸¢μ°¸É¢μ É¥¸´μ ¸¢Ö§ ´μ ¸
¨´¢ ·¨ ´É´μ¸ÉÓÕ ¨¸Ìμ¤´μ° ´¥²μ± ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢.

ˆ¤¥Ö ´¥²μ± ²Ó´μ£μ μ¡μ¡Ð¥´¨Ö ¸μ¸Éμ¨É ¢ § ³¥´¥ μ¡ÒÎ´μ£μ ¨³¶Ê²Ó¸´μ£μ
¶·μ¸É· ´¸É¢  ¶·μ¸É· ´¸É¢μ³ ¶¥É¥²Ó [18]. ’ ±¨³ μ¡· §μ³, ¨³¶Ê²Ó¸´μ¥ ¶·μ-
¸É· ´¸É¢μ ´μ¢μ° É¥μ·¨¨

P = C(S1,R4)

¥¸ÉÓ ¶·μ¸É· ´¸É¢μ ¢¸¥Ì ´¥¶·¥·Ò¢´ÒÌ μÉμ¡· ¦¥´¨° μ±·Ê¦´μ¸É¨ ¥¤¨´¨Î´μ°
¤²¨´Ò ¢ R4 ¸ ´μ·³μ°

‖p‖P = ‖p‖ = max
τ∈S1

‖p(τ)‖,

£¤¥ ‖ · ‖ Å ´μ·³  ¢ R4.
�·μ¨§¢μ²Ó´Ò° Ô²¥³¥´É ÔÉμ£μ ¶·μ¸É· ´¸É¢  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

p(τ) = r +
1√
λ

ξ(τ), (24)
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£¤¥ ξ(τ) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ∫
S1

ξ(τ) dτ = 0. (25)

‚ ²μ± ²Ó´μ³ ¶·¥¤¥²¥ (λ → +∞) p(τ) ¶¥·¥Ìμ¤¨É ¢ r (ÉμÎ±Ê μ¡ÒÎ´μ£μ ¨³-
¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢  R4).

Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó, £·Ê¶¶  ¤¨ËË¥μ³μ·Ë¨§³μ¢ μ±·Ê¦´μ¸É¨

G = Diff3
+(S1), g ∈ G {g : S1 → S1, g′(τ) > 0},

¤¥°¸É¢Ê¥É ´  ¶·μ¸É· ´¸É¢¥ P ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

(gp)(τ) = p (g−1(τ))
1√

(g−1(τ))′
. (26)

�  ¶·μ¸É· ´¸É¢¥ P ´¥ ¸ÊÐ¥¸É¢Ê¥É ³¥·Ò, ¨´¢ ·¨ ´É´μ° μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò G.
Š ± ³Ò ¢¨¤¥²¨ ¢ÒÏ¥, ³¥·  ‚¨´¥· 

wλ(dp) = exp

⎧⎨
⎩−λ

2

∫
S1

‖p′(τ)‖2 dτ

⎫⎬
⎭ dp (27)

Ö¢²Ö¥É¸Ö ±¢ §¨¨´¢ ·¨ ´É´μ° ¨ ¶·¥μ¡· §Ê¥É¸Ö ± ±

wλ(d (gp)) = exp

⎧⎨
⎩λ

4

∫
S1

Sg(τ) ‖p(τ)‖2 dτ

⎫⎬
⎭wλ(dp). (28)

‡ ³¥É¨³, ÎÉμ
wλ(dp) = dr w1(dξ).

�Ê¸ÉÓ E Å £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ¢¸¥Ì ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ
¶μ ³¥·¥ ‚¨´¥·  ËÊ´±Í¨° ϕ : P → C ¸ ¶· ¢¨²μ³ ¸μ¶·Ö¦¥´¨Ö

ϕ(p) = ϕ(−p).

”Ê´±Í¨¨ ϕ ·¥ ²¨§ÊÕÉ ·¥£Ê²Ö·´μ¥ Ê´¨É ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò G ¢
£¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ E:

(g ϕ)(p) = ϕ(g−1 p) exp

⎧⎨
⎩λ

8

∫
S1

Sg−1 (τ) ‖p(τ)‖2 dτ

⎫⎬
⎭ . (29)

�·¨ É ±μ³ μ¶·¥¤¥²¥´¨¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥
∫
P

ϕ(p)φ(p) wλ(dp) μ± §Ò¢ -

¥É¸Ö ¨´¢ ·¨ ´É´Ò³.
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‘¢μ¡μ¤´μ¥ ¤¥°¸É¢¨¥ ¨³¥¥É ¢¨¤

Ag
0[ϕ] =

∫
P

⎛
⎝∫

S1

‖g p(τ)‖2 dτ + m2

⎞
⎠ |ϕ(p)|2 wλ(dp) (30)

¸ ´¥±μÉμ·Ò³ Ë¨±¸¨·μ¢ ´´Ò³ g.
„²Ö ´¥¶·¥·Ò¢´ÒÌ ¶μ²¥¢ÒÌ ËÊ´±Í¨° ϕ(p) ¢ ²μ± ²Ó´μ³ ¶·¥¤¥²¥ ¶μ²ÊÎ¨³

¤¥°¸É¢¨¥ ¸¢μ¡μ¤´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö, Ê³´μ¦¥´´μ¥ ´  Ë ±Éμ·, § ¢¨¸ÖÐ¨°
μÉ g:

lim
λ→+∞

Ag
0[ϕ] =

∫
S1

(g′(τ))2 dτ

∫
R4

|ϕ(r)|2
(
‖r‖2 + m2

)
dr. (31)

� ¸¸³μÉ·¨³ É ±¦¥ ¸²¥¤ÊÕÐ¨° Î²¥´ ¢§ ¨³μ¤¥°¸É¢¨Ö:

Ag
1[ϕ] =

∫
P

· · ·
∫
P

⎛
⎝∫

S1

δ(gp1(τ) + gp2(τ) + gp3(τ) + gp4(τ)) dτ

⎞
⎠×

× ϕ(p1)ϕ(p2)ϕ(p3)ϕ(p4)wλ(dp1)wλ(dp2)wλ(dp3)wλ(dp4). (32)

„²Ö ´¥¶·¥·Ò¢´ÒÌ ¶μ²¥¢ÒÌ ËÊ´±Í¨° ϕ(p) ²μ± ²Ó´Ò° ¶·¥¤¥² ¤ ¥É μ¡ÒÎ´μ¥
¢§ ¨³μ¤¥°¸É¢¨¥ ϕ4, Ê³´μ¦¥´´μ¥ ´  § ¢¨¸ÖÐ¨° μÉ g Ë ±Éμ·:

lim
λ→+∞

Ag
1[ϕ] =

∫
S1

dτ

g′(τ)

∫
R4

· · ·
∫
R4

δ(r1 + r2 + r3 + r4)×

× ϕ(r1)ϕ(r2)ϕ(r3)ϕ(r4) dr1 dr2 dr3 dr4. (33)

“¤μ¡´μ ¸¤¥² ÉÓ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

q(τ) = (gp)(τ), ψ(q) = (gϕ)(q).

�μ¢ Ö ¨³¶Ê²Ó¸´ Ö ¶¥·¥³¥´´ Ö q ¨³¥¥É ¢¨¤ q(τ) = ρ +
1√
λ

η(τ).

‚ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¸¢μ¡μ¤´μ¥ ¤¥°¸É¢¨¥

Ag
0[ψ] = A0[ψ] =

∫
P

⎛
⎝∫

S1

‖q(τ)‖2dτ + m2

⎞
⎠ |ψ(q)|2 wλ(dq) (34)

´¥ § ¢¨¸¨É μÉ g.
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‡ ¢¨¸¨³μ¸ÉÓ Ag
1[ψ] μÉ g ¸μ¤¥·¦¨É¸Ö Éμ²Ó±μ ¢ ¶·μ¨§¢μ¤´μ° ˜¢ ·Í :

Ag
1[ψ] =

∫
P

· · ·
∫
P

⎛
⎝∫

S1

δ(q1(τ) + . . . + q4(τ)) dτ

⎞
⎠×

× exp

⎧⎨
⎩λ

8

∫
S1

Sg−1(τ)
(
‖q1(τ)‖2 + . . . + ‖q4(τ)‖2

)
dτ

⎫⎬
⎭×

× ψ(q1)ψ(q2)ψ(q3)ψ(q4)wλ(dq1)wλ(dq2)wλ(dq3)wλ(dq4). (35)

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¸μ¢¶ ¤¥´¨¥ ¸ ¤¥°¸É¢¨¥³ μ¡ÒÎ´μ° É¥μ·¨¨, ±μ£¤  λ → +∞,
¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ ¤¨ËË¥μ³μ·Ë¨§³Ò gλ(τ), ±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ
Ê¸²μ¢¨Ö³

lim
λ→+∞

g′′λ(τ) = 0, lim
λ→+∞

g′λ(τ) = 1. (36)

‚ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥ É ±¨¥ ¤¨ËË¥μ³μ·Ë¨§³Ò μ¡· Ð ÕÉ¸Ö ¢ Éμ¦¤¥¸É¢¥´´Ò°

lim
λ→+∞

gλ(τ) = τ.

‘¤¥² ¥³ É¥¶¥·Ó § ³¥´Ê

g′′(τ)
g′(τ)

=
1√
λ

f(τ). (37)

‡¤¥¸Ó f ∈ C(S1,R) :
∫
S1

f(τ) dτ = 0.

‚ É¥·³¨´ Ì f ¶·μ¨§¢μ¤´ Ö ˜¢ ·Í  Sg ¨³¥¥É ¢¨¤

Sf (τ) =
1√
λ

f ′(τ) − 1
2λ

f2(τ). (38)

“¸·¥¤´¨³ Î²¥´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ f , ¨¸¶μ²Ó§ÊÖ ±¢ §¨¨´¢ ·¨ ´É´ÊÕ ³¥·Ê
‚¨´¥·  wα(df):

A1 =
∫

Ag
1 wα(df). (39)

‡ ³¥É¨³, ÎÉμ ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¢ Ê¸·¥¤´¥´´μ³ ¤¥°¸É¢¨¨ A1

¤²Ö ± ¦¤μ£μ g ¨³¥¥É μ¤¨´ ¨ ÉμÉ ¦¥ ²μ± ²Ó´Ò° ¶·¥¤¥² (μ¡ÒÎ´μ¥ ¢§ ¨³μ¤¥°-
¸É¢¨¥ ϕ4).

’ ±¨³ μ¡· §μ³, ¢ ²μ± ²Ó´μ³ ¶·¥¤¥²¥ ¢Ò· ¦¥´¨Ö (34) ¨ (39) ¶·¨¢μ¤ÖÉ ±
¸É ´¤ ·É´μ³Ê ±² ¸¸¨Î¥¸±μ³Ê ¤¥°¸É¢¨Õ ¸ ³μ¤¥°¸É¢ÊÕÐ¥£μ ¸± ²Ö·´μ£μ ¶μ²Ö.

�¤´ ±μ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¤²Ö ¶μ²ÊÎ¥´¨Ö ²μ± ²Ó´μ£μ ¶·¥¤¥²  ´¥²Ó§Ö
¶·μ¸Éμ § ³¥´¨ÉÓ ψ(q) → ψ(ρ) ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¶·μ¨§¢μ¤ÖÐ¥£μ
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ËÊ´±Í¨μ´ ² . „¥²μ ¢ Éμ³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³Ò ¨´É¥£·¨·Ê¥³ ¶μ ¶·μ¸É· ´¸É¢Ê
¶μ²¥¢ÒÌ ËÊ´±Í¨° ψ, ±μÉμ·Ò¥ ´¥ Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨∗.

�μÔÉμ³Ê ³Ò ¤μ²¦´Ò ¸´ Î ²  ¶·μ¨´É¥£·¨·μ¢ ÉÓ ¶μ ψ,   § É¥³ ¶¥·¥°É¨ ±
¶·¥¤¥²Ê λ → +∞. (� ¶μ³´¨³, ÎÉμ ¢ ÔÉμ³ ¶·¥¤¥²¥ ¶¥É²Ö ¸ÉÖ£¨¢ ¥É¸Ö ¢ ÉμÎ±Ê
¨ ¤¨ËË¥μ³μ·Ë¨§³Ò ¶·¥¢· Ð ÕÉ¸Ö ¢ Éμ¦¤¥¸É¢μ.)

�·¨ ÔÉμ³ μ± §Ò¢ ¥É¸Ö, ÎÉμ ¶ ³ÖÉÓ μ Éμ³, ÎÉμ É¥μ·¨Ö ¨¸Ìμ¤´μ Ëμ·³Ê²¨-
·μ¢ ² ¸Ó ´  ¶·μ¸É· ´¸É¢¥ ¶¥É¥²Ó, ¸μÌ· ´Ö¥É¸Ö. ‚ Î ¸É´μ¸É¨, ÔÉμ ¶·¨¢μ¤¨É ±
¸Ìμ¤¨³μ¸É¨ Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³.

�·μ¨²²Õ¸É·¨·Ê¥³ ÔÉμ ´  ¶·¨³¥·¥ ¶·μ¸É¥°Ï¥° ¤¨ £· ³³Ò (É ± ´ §Ò¢ ¥-
³μ° ®·Ò¡Ò¯).

”Ê´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¤²Ö ÔÉμ° ¤¨ £· ³³Ò ¨³¥¥É ¢¨¤∫
ψ(q1)ψ(q2)ψ(q3)ψ(q4) (A1[ψ])2 exp {−A0[ψ]} dψ. (40)

ˆ´É¥£·¨·ÊÖ ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö

∫ ∫
ψ(q1) a(q1)wλ(dq1)

∫
ψ(q2) b(q2)wλ(dq2) exp {−A0[ψ]} dψ =

=
∫

1
Ω(q)

a(q) b(−q)wλ(dq) (Ω(q) = ‖q‖2 + m2), (41)

¶μ²ÊÎ¨³

∫ [∫
δ(q1(τ) + q2(τ) − q5(τ) − q6(τ)) dτ

]
×

×
[∫

δ(q3(τ) + q4(τ) + q5(τ) + q6(τ))dτ

]
×

× exp
{

λ

8

∫
Sf1(τ)

(
‖q1(τ)‖2 + ‖q2(τ)‖2 + ‖q5(τ)‖2 + ‖q6(τ)‖2

)
dτ

}
×

× exp
{

λ

8

∫
Sf2(τ)

(
‖q3(τ)‖2 + ‖q4(τ)‖2 + ‖q5(τ)‖2 + ‖q6(τ)‖2

)
dτ

}
×

× 1
Ω(q5)

1
Ω(q6)

wλ(dq5)wλ(dq6)wα(df1)wα(df2). (42)

∗„²Ö Éμ£μ ÎÉμ¡Ò ´  ¶·μ¸É· ´¸É¢¥ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° ³¥·  exp
{
−1/2(T−1ψ, ψ)

}
dψ

¡Ò²  ¸Î¥É´μ- ¤¤¨É¨¢´μ°, ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò μ¶¥· Éμ· T ¡Ò² Ö¤¥·´Ò³ [9]. „²Ö ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö ¢ d-³¥·´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ÔÉμ ¤μ¸É¨£ ¥É¸Ö, Éμ²Ó±μ ±μ£¤  ¸¢μ¡μ¤´Ò° ¶·μ¶ £ Éμ·
¨³¥¥É ¢¨¤ (‖p‖2 +m2)−α, α > d/2. ‚ ·¥ ²¨¸É¨Î´ÒÌ ¦¥ ³μ¤¥²ÖÌ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö α = 1
¨ ±¢ ´Éμ¢Ò³ ¶μ²Ö³ ¸μμÉ¢¥É¸É¢ÊÕÉ μ¡μ¡Ð¥´´Ò¥ ËÊ´±Í¨¨.
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’¥¶¥·Ó ³μ¦´μ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê λ → +∞, ÎÉμ ¤ ¥É

δ(ρ1 + . . . + ρ4)×

×
∫

exp
{
− 1

16
(‖ρ‖2 + ‖ρ1 + ρ2 − ρ‖2)

∫ (
f2
1 (τ) + f2

2 (τ)
)
dτ

}
×

× exp
{

1
4

∫ (
f ′
1(τ) + f ′

2(τ)
)[

(ρ, η5(τ)) + (ρ1 + ρ2 − ρ, η6)
]
dτ

}
×

× J
1

Ω(ρ)
1

Ω(ρ1 + ρ2 − ρ)
dρ w1(dη5)w1(dη6)wα(df1)wα(df2). (43)

Œ´μ¦¨É¥²Ó J ´¥ § ¢¨¸¨É μÉ ρ, η5, η6.
ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ η5, η6 ¨ f1 + f2 ¶·¨¢μ¤¨É ±

I =
∫

1
Ω(ρ)

1
Ω(ρ1 + ρ2 − ρ)

exp
{
− 1

16
‖ρ‖2

∫
v2(τ) dτ

}
dρ wα(dv), (44)

£¤¥ v =
1√
2
(f1 − f2).

�·μ¢μ¤Ö ¶·μ¸É¥°Ï¨¥ μÍ¥´±¨, ¢¨¤¨³, ÎÉμ ¨´É¥£· ² I ¸Ìμ¤¨É¸Ö:

I � C1

∫
exp

{
− 1

16
‖ρ‖2

∫
v2(τ) dτ

}
dρ w1(dv) �

� C2

∫
1(∫

v2(τ) dτ
)2 exp

{
−α

2

∫
v′(τ)2dτ

}
dv < ∞. (45)

	² £μ¤ ·Ö Ê¸·¥¤´¥´¨Õ ¶μ f ¢ ¤¥°¸É¢¨¨ (39) ÉμÉ ¦¥ ¸ ³Ò° ®¢ÒÎ¨É É¥²Ó-
´Ò°¯ ³¥Ì ´¨§³ ¨³¥¥É ³¥¸Éμ ¨ ¢ ¸²ÊÎ ¥ ¤·Ê£¨Ì ¤¨ £· ³³. „¥°¸É¢¨É¥²Ó´μ,
¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ηi ± ¦¤ Ö ²¨´¨Ö ¶·¨μ¡·¥É ¥É Ê¡Ò¢ ÕÐ¨° Ë ±Éμ·

exp
{
− 1

32
‖ρ‖2

∫
v2

i (τ) dτ

}
, ±μÉμ·Ò° μ¡¥¸¶¥Î¨¢ ¥É ¸Ìμ¤¨³μ¸ÉÓ ¤¨ £· ³³Ò.

�ÉμÉ Ê¤¨¢¨É¥²Ó´Ò° ÔËË¥±É ³μ¦´μ ¸³μ¤¥²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ ¶·μ¸ÉÒ³
¶·¨³¥·μ³.

‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ¨´É¥£· ² ¶μ ¢¥Ð¥¸É¢¥´´μ° ¶μ²Êμ¸¨

lim
λ→+∞

λ∫
0

x eıσ

(x eıσ − 1)2
dx

· ¸Ìμ¤¨É¸Ö.
�¤´ ±μ ¨´É¥£· ² ¶μ ¡¥¸±μ´¥Î´μ Ê§±μ° ¶μ²μ¸¥ (É ± ¸± § ÉÓ, ¶μ ®Ë¨§¨Î¥-

¸±μ°¯ ¶·Ö³μ°) ¸ÊÐ¥¸É¢Ê¥É:

lim
λ→+∞

1/λ∫
−1/λ

dσ

λ∫
0

x eıσ

(x eıσ − 1)2
dx = 2π.
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‡¤¥¸Ó É ±¦¥ Ê¸·¥¤´¥´¨¥ ¨ ¶¥·¥Ìμ¤ ± ¶·¥¤¥²Ê ¶·¨¢μ¤ÖÉ ± ¸Ìμ¤¨³μ¸É¨
¨´É¥£· ² .

“¸·¥¤´¥´¨¥ ¶μ ³¥·¥ ‚¨´¥·  wα(df) ¸μ¤¥·¦¨É ¶·μ¨§¢μ² ¢ ¢Ò¡μ·¥ · §³¥·-
´μ£μ ¶ · ³¥É·  α ([α] = [p2]). ‚μ¶·μ¸Ò μ ¸¢Ö§¨ ÔÉμ£μ ¶·μ¨§¢μ²  ¸ ¨§¢¥¸É´Ò³
¶·μ¨§¢μ²μ³ ¢ ¢Ò¡μ·¥ ÉμÎ±¨ ¢ÒÎ¨É ´¨Ö ¢ μ¡ÒÎ´μ° É¥μ·¨¨,   É ±¦¥ ¸¢Ö§¨
· ¸¸³ É·¨¢ ¥³μ° ¸¢μ¡μ¤´μ° μÉ · ¸Ìμ¤¨³μ¸É¥° ³μ¤¥²¨ ¸ μ¡ÒÎ´μ° ¶¥·¥´μ·³¨-
·μ¢ ´´μ° É¥μ·¨¥° μ¸É ÕÉ¸Ö μÉ±·ÒÉÒ³¨.

4. ‡�Œ…�� �…�…Œ…��›• ‚ ”“�Š–ˆ���‹œ�›• ˆ�’…ƒ��‹�•
ˆ ‘��’‚…’‘’‚“�™ˆ… ˆ‡Œ…�…�ˆŸ ”“�Š–ˆ���‹œ�›•

���‘’���‘’‚

� ¸¸³μÉ·¨³ ³¥·Ê ‚¨´¥· 

exp

⎧⎨
⎩−1

2

T1∫
T0

(ẏ(t))2 dt

⎫⎬
⎭ dy ≡ w(dy). (46)

Š ± ¢¨¤´μ ¨§ · §¤. 2, ²¨´¥°´ Ö ´¥²μ± ²Ó´ Ö § ³¥´ 

y(t) = x(t) +

t∫
T0

x(τ) dτ

´¥ ¢Ò¢μ¤¨É ËÊ´±Í¨μ´ ²Ó´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ §  ¶·¥¤¥²Ò ¶·μ¸É· ´¸É¢  ´¥¶·¥-
·Ò¢´ÒÌ ËÊ´±Í¨°. ‚ ÔÉμ³ · §¤¥²¥ ¶μ± ¦¥³, ÎÉμ ´¥²¨´¥°´Ò¥ ´¥²μ± ²Ó´Ò¥
§ ³¥´Ò, ¢μμ¡Ð¥ £μ¢μ·Ö, ¶·¨¢μ¤ÖÉ ± ´¥μ¡Ìμ¤¨³μ¸É¨ ¨´É¥£·¨·μ¢ ÉÓ ¶μ ¡μ²¥¥
¸²μ¦´Ò³ ËÊ´±Í¨μ´ ²Ó´Ò³ ¶·μ¸É· ´¸É¢ ³.

‚ ·¥§Ê²ÓÉ É¥ ´¥²¨´¥°´μ° ´¥²μ± ²Ó´μ° § ³¥´Ò

y(t) = x(t) +

t∫
T0

f
(
x(τ)

)
dτ (47)

³¥·  (46) ¶·¥¢· Ð ¥É¸Ö ¢

exp

⎧⎨
⎩−1

2

T1∫
T0

ẋ2(t) dt − 1
2

T1∫
T0

f2
(
x(t)

)
dt −

t=T1∫
t=T0

f
(
x(t)

)
dx(t)

⎫⎬
⎭ dx. (48)

�μ¸²¥¤´¨° Î²¥´ ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ Å ÔÉμ ¸ÉμÌ ¸É¨Î¥¸±¨° ¨´É¥-
£· ² ˆÉμ

t=T1∫
t=T0

f(x(t)) dx(t).
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�μ³¨³μ £· ´¨Î´ÒÌ Î²¥´μ¢

BT = Φ
(
x(T1)

)
− Φ

(
x(T0)

)
, Φ(u) =

u∫
f(v) dv,

μ´ ¤ ¥É ¥Ð¥ ¤μ¶μ²´¨É¥²Ó´μ¥ ¸² £ ¥³μ¥ (Î²¥´ ˆÉμ)∗

−1
2

T1∫
T0

f ′(x(t)
)
dt.

’ ±¨³ μ¡· §μ³, ³Ò ¨³¥¥³ Ëμ·³ ²Ó´μ¥ · ¢¥´¸É¢μ ³¥·

w(dy) ≡ exp

⎧⎨
⎩−1

2

T1∫
T0

(ẏ(t))2 dt

⎫⎬
⎭ dy =

= exp

⎧⎨
⎩−1

2

T1∫
T0

(
ẋ2(t) + f2

(
x(t)

)
− f ′(x(t)

) )
dt − BT

⎫⎬
⎭ dx. (49)

�Éμ ¸μμÉ´μÏ¥´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Ëμ·³ ²Ó´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê ¸¢μ¡μ¤-
´μ° É¥μ·¨¥° ¨ É¥μ·¨¥° ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³.

‡ ³¥É¨³, ÎÉμ ´ ²¨Î¨¥ Î²¥´  ˆÉμ ¶μ§¢μ²Ö¥É Ë ±Éμ·¨§μ¢ ÉÓ £ ³¨²ÓÉμ´¨ ´

H =
1
2

(
− d2

dx2
+ f2(x) − f ′(x)

)
= a+

f a−
f , (50)

£¤¥

a±
f =

1√
2

(
∓ d

dx
+ f(x)

)
. (51)

∗�Éμ ²¥£±μ ¶·μ¢¥·Ö¥É¸Ö, ¥¸²¨ ¶·¥¤¸É ¢¨ÉÓ ¨´É¥£· ² ± ± ¶·¥¤¥² ¤¨¸±·¥É´μ° ¸Ê³³Ò

n∑

k=1

(xk − xk−1)f(xk−1) =
n∑

k=1

(
Φ(xk) − Φ(xk−1)

)
− 1

2

n∑

k=1

(xk − xk−1)
2f ′(xk−1)

¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¤²Ö ¢¨´¥·μ¢¸±μ£μ ¶·μÍ¥¸¸ 

(xk − xk−1)
2 ∼ Δt.
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…¸²¨ § ³¥´  (47) μ¡· É¨³ , É. ¥. ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É ËÊ´±Í¨Ö x(y), Éμ

∫
X

F (x) exp

⎧⎨
⎩−1

2

T1∫
T0

(
ẋ2(t) + f2

(
x(t)

)
− f ′(x(t)

))
dt − BT

⎫⎬
⎭dx =

=
∫
Y

F (x(y))w(dy). (52)

„μ ¸¨Ì ¶μ· ³Ò ´¨Î¥£μ ´¥ £μ¢μ·¨²¨ ¶·μ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¶·μ¸É· ´¸É¢  X
¨ Y . ‚ ¸²¥¤ÊÕÐ¨Ì ¶·¨³¥· Ì Ê¢¨¤¨³, ÎÉμ μ´¨, ¢μμ¡Ð¥ £μ¢μ·Ö, · §²¨Î´Ò.

5. �„��Œ…���Ÿ Š‚��’�‚�Ÿ ’…��ˆŸ ��‹Ÿ
‘ ‚‡�ˆŒ�„…‰‘’‚ˆ…Œ ϕ4

„²Ö μ¤´μ³¥·´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³
ϕ4 ´¥²¨´¥°´ Ö ´¥²μ± ²Ó´ Ö § ³¥´  ¢Ò£²Ö¤¨É ± ±

χ(t) = ϕ(t) +

t∫
T0

ϕ2(τ) dτ. (53)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ

∫
X

F (ϕ) exp

⎧⎨
⎩−1

2

T1∫
T0

(
(ϕ̇(t))2 + ϕ4(t) − 2ϕ(t)

)
dt − BT

⎫⎬
⎭dϕ =

=
∫

C([T0,T1])

F (ϕ(ξ))w(dξ). (54)

—²¥´ ˆÉμ ¨ £· ´¨Î´Ò¥ Î²¥´Ò · ¢´Ò ¸μμÉ¢¥É¸É¢¥´´μ −2ϕ(t) ¨

BT =
1
3
[ϕ3(1) − ϕ3(0)].

‚ÒÖ¸´¨³ É¥¶¥·Ó, ÎÉμ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¸É· ´¸É¢μ X .
�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ËÊ´±Í¨Ö ϕ(t) ¢ ´¥±μÉμ·ÒÌ ÉμÎ± Ì t = t∗ μÉ·¥§± 

[T0, T1] ³μ¦¥É ¨³¥ÉÓ ¸¨´£Ê²Ö·´μ¸É¨ ¢¨¤ 

ϕ(t) ∼ (t − t∗)−1.

—Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉμ³, ¤μ¸É ÉμÎ´μ § ³¥É¨ÉÓ, ÎÉμ ËÊ´±Í¨Ö χ(t) μ£· ´¨-
Î¥´  ´  μÉ·¥§±¥, ¶·¨ ÔÉμ³ ³μ£ÊÉ ¡ÒÉÓ μ¡² ¸É¨, £¤¥ §´ Î¥´¨Ö ËÊ´±Í¨¨ |ϕ(t)|
¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨¥.
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’μ£¤  ¢ ÔÉ¨Ì μ¡² ¸ÉÖÌ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ϕ(t) § ¤ ¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³ Ê· ¢´¥´¨¥³ ϕ̇ = −ϕ2.

’ ± ± ± ËÊ´±Í¨Ö χ(t) μ£· ´¨Î¥´  ´  μÉ·¥§±¥ [T0, T1], Éμ ¸ÊÐ¥¸É¢Ê¥É ±μ-
´¥Î´Ò° μÉ·¥§μ± [t1, t2] ⊂ [T0, T1], ´  ±μÉμ·μ³ Ê ËÊ´±Í¨¨ ϕ(t) ¸¨´£Ê²Ö·´μ¸ÉÓ
(t − t∗)−1 ¥¤¨´¸É¢¥´´ Ö.

‚ § ¢¨¸¨³μ¸É¨ μÉ ¢¨¤  ËÊ´±Í¨¨ χ(t) ³μ£ÊÉ ¡ÒÉÓ ¤·Ê£¨¥ ±μ´¥Î´Ò¥ μÉ·¥§±¨
[t3, t4], . . ., ´  ±μÉμ·ÒÌ Ê ϕ(t) ¥¸ÉÓ ¸¨´£Ê²Ö·´μ¸É¨ Éμ£μ ¦¥ É¨¶  (t − t∗j )

−1.
�·¨ ¡μ²¥¥ ¤¥É ²Ó´μ³ · ¸¸³μÉ·¥´¨¨ ¢¨¤´μ, ÎÉμ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ϕ(t)

¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ t∗j § ¤ ¥É ¢Ò· ¦¥´¨¥

ϕ(t) =
1

t − t∗j
+ [χ(t) − χ(t∗j )]−

− 2(t − t∗j )
−2

t∫
t∗j

[χ(τ) − χ(t∗j )](τ − t∗j ) dτ + o((t − t∗j )). (55)

‚Éμ·μ¥ ¨ É·¥ÉÓ¥ ¸² £ ¥³Ò¥ Å ÔÉμ ¸ÉμÌ ¸É¨Î¥¸±¨¥ Î²¥´Ò, ±μÉμ·Ò¥ ¢ ÔÉμ°
μ±·¥¸É´μ¸É¨ ¢¥¤ÊÉ ¸¥¡Ö ± ± (t − t∗j )

ε, ε < 1.
’ ±¨³ μ¡· §μ³, ¶·μ¸É· ´¸É¢μ X ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥

X = X0 ∪ X1 ∪ X2 ∪ . . .Xn ∪ . . . ,

£¤¥ X0 = C([T0, T1]), Xn Å ¶·μ¸É· ´¸É¢μ ËÊ´±Í¨°, ¨³¥ÕÐ¨Ì n ¸¨´£Ê²Ö·´μ-
¸É¥° Ê± § ´´μ£μ ¢ÒÏ¥ ¢¨¤ .

� ¢¥´¸É¢μ (54) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ± ±

∞∑
n=0

∫
Xn

F (ϕ) exp

⎧⎨
⎩−1

2

T1∫
T0

(
(ϕ̇(t))2 + ϕ4(t) − 2ϕ(t)

)
dt − BT

⎫⎬
⎭ dϕ =

=
∫

C([T0,T1])

F (ϕ(ξ))w(dξ). (56)

ˆÉ ±, ³Ò ¶μ± § ²¨, ÎÉμ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ ¶·μ¸É· ´¸É¢Ê ´¥-
¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° ¢ ¸¢μ¡μ¤´μ° É¥μ·¨¨ ¶μ²Ö · ¢´Ò ËÊ´±Í¨μ´ ²Ó´Ò³ ¨´É¥-
£· ² ³ ¢ É¥μ·¨¨ ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³, ´μ § ¤ ´´Ò³ ´  ¡μ²¥¥ ¸²μ¦´ÒÌ ËÊ´±Í¨μ-
´ ²Ó´ÒÌ ¶·μ¸É· ´¸É¢ Ì. ‚ Î ¸É´μ¸É¨, ¢ ¤ ´´μ³ ¶·¨³¥·¥ ´¥μ¡Ìμ¤¨³μ ¨´É¥£·¨-
·μ¢ ÉÓ ¶μ ¶·μ¸É· ´¸É¢Ê, ¸μ¤¥·¦ Ð¥³Ê ¶μ¤¶·μ¸É· ´¸É¢  · §·Ò¢´ÒÌ ËÊ´±Í¨°∗.

∗‡ ³¥É¨³, ÎÉμ ¶¥·¥Ìμ¤ μÉ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¶·μ¸É· ´¸É¢Ê ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° ± ¨´É¥-
£·¨·μ¢ ´¨Õ ¶μ ¶·μ¸É· ´¸É¢Ê, ¸μ¤¥·¦ Ð¥³Ê É ±¦¥ ¨ · §·Ò¢´Ò¥ ËÊ´±Í¨¨, ¸¢Ö§ ´ ¸ ´¥²μ± ²Ó´Ò³
Ì · ±É¥·μ³ § ³¥´Ò (47).
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�μ´¨³ ´¨¥ Éμ£μ, ± ±¨³ ¤μ²¦´μ ¡ÒÉÓ ¶·μ¸É· ´¸É¢μ, ¶μ ±μÉμ·μ³Ê ¢ÒÎ¨-
¸²ÖÕÉ¸Ö ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò, Ö¢²Ö¥É¸Ö μ¶·¥¤¥²ÖÕÐ¨³.

’ ±, ¤²Ö ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° ϕ(t) ∈ C([T0, T1]) ¨´É¥£· ² (54) ¥¸ÉÓ ¨´-
É¥£· ² ¶μ ³¥·¥ ‚¨´¥· 

exp

⎧⎨
⎩−1

2

1∫
0

(ϕ̇(t))2dt

⎫⎬
⎭ dϕ = w(dϕ).

ˆ ¶·¨ ÔÉμ³ ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥

exp

⎧⎨
⎩−1

2

1∫
0

(ϕ4(t) + . . .) dt

⎫⎬
⎭

Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´´Ò³ ËÊ´±Í¨μ´ ²μ³. �μÔÉμ³Ê ¨´É¥£· ² Ìμ·μÏμ μ¶·¥¤¥²¥´.
�¤´ ±μ ´  ¶·μ¸É· ´¸É¢ Ì Xn (n � 1) ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¢¨¤ 

∫
Xn

P(ϕ) exp

⎧⎨
⎩−1

2

T1∫
T0

(ϕ̇(t))2 dt

⎫⎬
⎭ dϕ,

£¤¥ P(ϕ) Å ¶μ²¨´μ³, ´¥ ¸ÊÐ¥¸É¢Ê¥É.
� ¢Ò· ¦¥´¨¥

exp

⎧⎨
⎩−1

2

T1∫
T0

(ϕ̇(t))2 dt

⎫⎬
⎭ dϕ

´¥ Ö¢²Ö¥É¸Ö ³¥·μ° ´  Xn (n � 1).
ˆ Éμ²Ó±μ

exp

⎧⎨
⎩−1

2

T1∫
T0

(
(ϕ̇(t))2 + ϕ4(t) − 2ϕ(t)

)
dt − BT

⎫⎬
⎭ dϕ

³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ ³¥·Ò ´  Xn (n � 1). �·¨ ÔÉμ³ ¸μμÉ´μÏ¥-
´¨¥ (54) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´¸É·Ê±É¨¢´μ¥ μ¶·¥¤¥²¥´¨¥ ÔÉμ° ³¥·Ò.

‚ ·¥ ²¨¸É¨Î´ÒÌ ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ³μ¤¥²ÖÌ ¸ ¢§ ¨³μ¤¥°¸É¢¨¥³ (¸ · §³¥·-
´μ¸ÉÓÕ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ d = 4) ¶μ²¥¢Ò¥ ËÊ´±Í¨¨ ´¥ Éμ²Ó±μ ´¥ Ö¢²ÖÕÉ¸Ö
´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨, ´μ ¨, ¡μ²¥¥ Éμ£μ, ¢μμ¡Ð¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
μ¡μ¡Ð¥´´Ò¥ ËÊ´±Í¨¨. �μÔÉμ³Ê ´¥Ê¤¨¢¨É¥²Ó´μ, ÎÉμ ¶μ¶ÒÉ±¨ μ¡· Ð ÉÓ¸Ö ¸
ËÊ´±Í¨μ´ ²Ó´Ò³¨ ¨´É¥£· ² ³¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ± ± ¸ (±¢ §¨-) ¢¨´¥-
·μ¢¸±¨³¨ ¨´É¥£· ² ³¨ ¶·¨¢μ¤ÖÉ ± ¨§¢¥¸É´Ò³ ¶·μ¡²¥³ ³. ‚μ ¢¸Ö±μ³ ¸²ÊÎ ¥
´¥μ¡Ìμ¤¨³μ · ¸¸³ É·¨¢ ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ´  ËÊ´±Í¨μ´ ²Ó´ÒÌ
¶·μ¸É· ´¸É¢ Ì ¡μ²¥¥ ¸²μ¦´ÒÌ, Î¥³ C.
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6. ’�—�� �…˜�…Œ�Ÿ Š‚��’�‚�Ÿ Œ�„…‹œ
‘Š�‹Ÿ���‰ ƒ��‚ˆ’�–ˆˆ

� ¸¸³μÉ·¨³ É¥μ·¨Õ ¸ ³μ¤¥°¸É¢ÊÕÐ¥£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¸ ¤¥°¸É¢¨¥³

Ã(ϕ) =
1
2

T∫
0

{
(ϕ̇(t))2 + λ2 e2αϕ(t) − αλ eαϕ(t)

}
dt. (57)

�μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ §¤¥¸Ó ± ± · § ¨³¥¥É ¢¨¤ Î²¥´  ˆÉμ.
„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ α < 0 ¨ λ < 0.
‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò

ξ(t) = ϕ(t) − ϕ(0) + λ

t∫
0

eαϕ(τ) dτ (58)

³¥·  ¶·¥¢· É¨É¸Ö ¢ ³¥·Ê ‚¨´¥·  w(dξ). ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ÔÉμ ¥¸ÉÓ μ¶·¥¤¥-
²¥´¨¥ ËÊ´±Í¨μ´ ²Ó´μ° ³¥·Ò, § ¤ ¢ ¥³μ° ¤¥°¸É¢¨¥³ Ã(ϕ), ´  ¶·μ¸É· ´¸É¢¥ X :

exp
{
−Ã(ϕ)

}
dϕ = exp

⎧⎨
⎩−1

2

T∫
0

(ξ̇(t))2 dt

⎫⎬
⎭ dξ ≡ w(dξ). (59)

�·¨ t = 0 § ³¥´  (58) ¸¨´£Ê²Ö·´  ¨ ¤μ²¦´  ¶μ´¨³ ÉÓ¸Ö ± ± ¶·¥¤¥² ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ ·¥£Ê²Ö·¨§μ¢ ´´μ£μ ¢Ò· ¦¥´¨Ö.

…¸²¨ μ¡· É¨ÉÓ § ³¥´Ê (58), Éμ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨¨ ϕ(ξ):

ϕ(t) = ξ(t) − 1
α

ln

⎛
⎝αλ

t∫
0

eαξ(τ) dτ

⎞
⎠ . (60)

‚ ·¥§Ê²ÓÉ É¥ ³μ¦´μ ¡Ê¤¥É ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ ¶·μ-
¸É· ´¸É¢Ê ËÊ´±Í¨° ϕ(t):∫

X

F (ϕ) exp
{
−Ã(ϕ)

}
dϕ =

∫
C([0,T ])

F (ϕ(ξ))w(dξ). (61)

‡¤¥¸Ó X Å ¶·μ¸É· ´¸É¢μ ËÊ´±Í¨°, ¨³¥ÕÐ¨Ì ¶·¨ t = 0 ¸¨´£Ê²Ö·´μ¸ÉÓ ¢¨¤ 
ϕ ∼ (−1/α) ln t.

� ¸¸³μÉ·¨³ ÔÉÊ É¥μ·¨Õ ± ± ¶·μ¸É¥°ÏÊÕ ³μ¤¥²Ó ±¢ ´Éμ¢μ° ±μ¸³μ²μ£¨¨, ¢
±μÉμ·μ° ³ ¸ÏÉ ¡´Ò° Ë ±Éμ· ¢ ±μ´Ëμ·³´ÒÌ ±μμ·¤¨´ É Ì ¤²Ö ³¥É·¨±¨ FLRW
§ ¤ ¥É¸Ö ±¢ ´Éμ¢Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³

g(t) ≡ a2(t) = e2ϕ(t). (62)
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ŒÒ ¢Ò¡· ²¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ´ Î ²Ó´μ° ¸¨´£Ê²Ö·´μ¸ÉÓÕ

g(0) = 0, ϕ(0) = −∞. (63)

Œ ¸ÏÉ ¡´Ò° Ë ±Éμ· a(t) ¢ É¥·³¨´ Ì ξ(t) ¨³¥¥É ¢¨¤

a(t) = eϕ(t) = eξ(t)

⎛
⎝αλ

t∫
0

eαξ(τ)dτ

⎞
⎠

−1/α

. (64)

‚ ±¢ ´Éμ¢μ° É¥μ·¨¨, § ¤ ¢ ¥³μ° ¤¥°¸É¢¨¥³ Ã(ϕ), ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤-
´¥¥ §´ Î¥´¨¥ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ· , ³μ³¥´ÉÒ ¨ ¤·Ê£¨¥ ¢¥²¨Î¨´Ò.

„²Ö ³μ¤¥²¥° ¸

α = − 1
n

, n = 1, 2, . . . ,

¢ÒÎ¨¸²¥´¨¥ ³μ¦¥É ¡ÒÉÓ ¶·μ¢¥¤¥´μ Ö¢´Ò³ μ¡· §μ³, ¶μ¸±μ²Ó±Ê ¢¨´¥·μ¢¸±¨¥
¨´É¥£· ²Ò ¸¢μ¤ÖÉ¸Ö ± ¨É¥· Í¨Ö³ μ¡ÒÎ´ÒÌ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢.

�Ê¸ÉÓ, ´ ¶·¨³¥·, α = −1. ‘·¥¤´¥¥ §´ Î¥´¨¥ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  · ¢´μ

〈a(t)〉 = −λ

∫
C([0,1])

eξ(t)

t∫
0

eαξ(τ) dτ w(dξ) = (−2λ)(et/2 − 1). (65)

„²Ö ¤¨¸¶¥·¸¨¨ ¶μ²ÊÎ¨É¸Ö ¢Ò· ¦¥´¨¥

Δ2
a(t) = 〈a2(t)〉 − 〈a(t)〉2 =

= λ2

∫
C([0,1])

e2ξ(t)

⎛
⎝ t∫

0

eαξ(τ) dτ

⎞
⎠

2

w(dξ) − 4λ2(et/2 − 1)2 =

=
1
3
λ2(2 e2t − 12 et + 16 et/2 − 6). (66)

�·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ t ¸·¥¤´¥¥ §´ Î¥´¨¥ ¨ ¤¨¸¶¥·¸¨Ö · ¢´Ò ¸μμÉ¢¥É-
¸É¢¥´´μ

〈a(t)〉 = −λt (λ < 0), Δ2
a(t) =

1
3
λ2 t3. (67)

�μ¸±μ²Ó±Ê Δa ∼ t3/2 � t ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ §´ Î¥´¨ÖÌ t, ¸ÊÐ¥¸É¢Ê¥É
μ¡² ¸ÉÓ, £¤¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ 〈a(t)〉 ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ÉμÎ´μ¥ §´ -
Î¥´¨¥ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ· .

Šμ´¥Î´μ, μ¶¨¸ ´´ Ö ¢ÒÏ¥ ³μ¤¥²Ó ¢·Ö¤ ²¨ ³μ¦¥É ¸Î¨É ÉÓ¸Ö ·¥ ²¨¸É¨Î-
´μ°. �¤´ ±μ ¡² £μ¤ ·Ö Éμ³Ê, ÎÉμ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¢ÒÎ¨¸²ÖÕÉ¸Ö
¢ ´¥° Ö¢´Ò³ μ¡· §μ³, μ´  ³μ¦¥É ¸²Ê¦¨ÉÓ ´¥±μÉμ·Ò³ ³μ¤¥²Ó´Ò³ ¶·¨³¥·μ³,
¶μ²¥§´Ò³ ¤²Ö ¶μ¸É·μ¥´¨Ö ¡Ê¤ÊÐ¥° ´ ¸ÉμÖÐ¥° É¥μ·¨¨.



218 	…‹�Š“��‚ ‚. ‚., ˜�‚ƒ“‹ˆ„‡… …. ’.

7. Š‚��’�‚�… ‚�‘‘’���‚‹…�ˆ… ���“˜…��›• ‘ˆŒŒ…’�ˆ‰

� ¢¥´¸É¢μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¶·¨ · ¸¸³μÉ·¥´-
´μ° ¢ÒÏ¥ ´¥²¨´¥°´μ° ´¥²μ± ²Ó´μ° § ³¥´¥ ¶¥·¥³¥´´ÒÌ ¶·¨¢μ¤¨É ± μ¤´μ³Ê
´¥μ¦¨¤ ´´μ³Ê ÔËË¥±ÉÊ: ¸ÊÐ¥¸É¢ÊÕÉ ¤¥°¸É¢¨Ö, ¤²Ö ±μÉμ·ÒÌ ±² ¸¸¨Î¥¸± Ö É¥-
μ·¨Ö ´¥ ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³ ¶·¥¤¥²μ³ ±¢ ´Éμ¢μ° É¥μ·¨¨, ¶μ¸É·μ¥´´μ°
¶μ ÔÉμ³Ê ¤¥°¸É¢¨Õ.

‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ · ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ ¶·μ¸ÉÊÕ ³μ¤¥²Ó. �Ê¸ÉÓ
¤ ´μ ¤¥°¸É¢¨¥

A =
1
2

+T∫
−T

(ϕ̇(t))2 dt +
a2

2

+T∫
−T

(
ϕ2(t) − β

)2
dt (68)

(
β ≡ b

2a
; a > 0, b > 0

)
.

�μÉ¥´Í¨ ²

V (ϕ(t)) =
1
2
a2(ϕ2(t) − β2)2 (69)

¨³¥¥É ¤¢  ¢Ò·μ¦¤¥´´ÒÌ ³¨´¨³Ê³  ¶·¨ ϕ = ±β, ²μ± ²Ó´Ò° (´¥¸É ¡¨²Ó´Ò°)
³ ±¸¨³Ê³ ¶·¨ ϕ = 0 ¨ ¸¨³³¥É·¨Î¥´: V (−ϕ) = V (ϕ).

“· ¢´¥´¨¥ �°²¥· Ä‹ £· ´¦  ¨³¥¥É ¢¨¤

ϕ̈(t) − 2a2ϕ
(
ϕ2(t) − β2

)
= 0. (70)

’ ±¨³ μ¡· §μ³, ±² ¸¸¨Î¥¸± Ö ¸¨¸É¥³ , § ¤ ¢ ¥³ Ö ¤¥°¸É¢¨¥³ A, ¸¨³³¥-
É·¨Î´  μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò

ϕ → −ϕ.

“ ±² ¸¸¨Î¥¸±μ° ¸¨¸É¥³Ò, § ¤ ¢ ¥³μ° ¤¥°¸É¢¨¥³

A+ = A − a

+T∫
−T

ϕ(t) dt +

+
a

3
[ϕ3(+T )− ϕ3(−T )] − aβ2[ϕ(+T ) − ϕ(−T )], (71)

ÔÉ  ¸¨³³¥É·¨Ö ´ ·ÊÏ¥´  Î²¥´μ³, ²¨´¥°´Ò³ ¶μ ϕ, ¨ £· ´¨Î´Ò³¨ Î²¥´ ³¨.
�Éμ ± ± · § Éμ, ÎÉμ ¤ ¥É ¨´É¥£· ² ˆÉμ.

„¥°¸É¢¨¥ A+ ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ �°²¥· Ä‹ £· ´¦ 

ϕ̈(t) − 2a2ϕ(ϕ2(t) − β2) + a = 0 (72)
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¨ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

ϕ̇(±T ) + a(ϕ2(±T )− β2) = 0. (73)

‘μμÉ¢¥É¸É¢ÊÕÐ Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö § ¤ ¥É¸Ö ËÊ´±Í¨μ´ ²Ó´μ° ³¥·μ°∫
exp {−A+(ϕ)} dϕ.

Š ± ³Ò ¢¨¤¥²¨, § ³¥´ 

χ(t) = ϕ(t) + a

t∫
−T

(ϕ2(τ) − β2) dτ (74)

¶·¨¢μ¤¨É ± · ¢¥´¸É¢Ê ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢

∫
X+

F (ϕ) exp {−A+(ϕ)} dϕ =

=
∫

C([−T,+T ])

F (ϕ(χ)) exp

⎧⎨
⎩−1

2

+T∫
−T

(χ̇(t))2 dt

⎫⎬
⎭ dχ. (75)

�·¨ ÔÉμ³ ËÊ´±Í¨μ´ ²Ó´μ¥ ¶·μ¸É· ´¸É¢μ X+ Å ÔÉμ ¶·μ¸É· ´¸É¢μ ËÊ´±Í¨°,
±μÉμ·Ò¥ ³μ£ÊÉ ¨³¥ÉÓ ¸¨´£Ê²Ö·´μ¸É¨ ´  μÉ·¥§±¥ [−T, +T ].

� ¸¸³μÉ·¨³ É¥¶¥·Ó ±² ¸¸¨Î¥¸±¨° ¶·¥¤¥² ¢Ò· ¦¥´¨Ö (75)

F (ϕ̃) = lim
�→0

∫
X+

F (ϕ) exp
{
−1

�
A+(ϕ)

}
dϕ =

= lim
�→0

∫
C([−T,+T ])

F (ϕ(χ)) exp

⎧⎨
⎩− 1

2�

+T∫
−T

(χ̇(t))2 dt

⎫⎬
⎭ dχ. (76)

‚ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (76) ±² ¸¸¨Î¥¸±¨° ¶·¥¤¥² ¤ ¥É Ê· ¢´¥´¨¥

χ̈(t) = 0

¨²¨
χ̇(t) = const.

‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨, const = 0, ¶μ¸±μ²Ó±Ê §´ Î¥´¨¥ χ(+T ) ´¥ Ë¨±¸¨·μ¢ ´μ.
�Éμ ¸²¥¤Ê¥É É ±¦¥ ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨° (73).



220 	…‹�Š“��‚ ‚. ‚., ˜�‚ƒ“‹ˆ„‡… …. ’.

‚ É¥·³¨´ Ì ËÊ´±Í¨¨ ϕ(t) Ê· ¢´¥´¨¥ ¢Ò£²Ö¤¨É ± ±

ϕ̇(t) + a(ϕ2(t) − β2) = 0. (77)

‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (70) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥

ϕ̇ = ±
√

f(ϕ).

�·¨ ÔÉμ³ · §´Ò³ §´ ± ³ ¸μμÉ¢¥É¸É¢ÊÕÉ ¤¢¥ · §´Ò¥ ¢¥É¢¨ ·¥Ï¥´¨°.
‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ Ê· ¢´¥´¨¥ (77) Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¢¥É¢¥° Ê· ¢´¥-

´¨Ö (70) ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±μ´¸É ´Éμ° ¨´É¥£·¨·μ¢ ´¨Ö.
’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (77) ϕ̃+(t) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢-

´¥´¨Ö (70), ´μ ´¥ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (72).
‚ ÔÉμ³ ¸³Ò¸²¥ ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¢μ¸¸É ´ ¢²¨¢ ¥É ¸¨³³¥É·¨Õ, ´ ·ÊÏ¥´-

´ÊÕ ¢ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨.
Š²ÕÎ¥¢μ° ³μ³¥´É §¤¥¸Ó Å ÔÉμ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ËÊ´±Í¨μ´ ²Ó´μ³Ê ¶·μ-

¸É· ´¸É¢Ê X+, ¸μ¤¥·¦ Ð¥³Ê ¸¨´£Ê²Ö·´Ò¥ ËÊ´±Í¨¨.
…¸²¨ ¡Ò ³Ò μ£· ´¨Î¨²¨¸Ó ¨´É¥£·¨·μ¢ ´¨¥³ Éμ²Ó±μ ¶μ ¶·μ¸É· ´¸É¢Ê C,

Éμ ¨³¥²¨ ¡Ò É· ¤¨Í¨μ´´Ò° ·¥§Ê²ÓÉ É, ¶μ²ÊÎ ¥³Ò° ¨´É¥£·¨·μ¢ ´¨¥³ μ£· ´¨-
Î¥´´μ£μ ËÊ´±Í¨μ´ ²  ¶μ ³¥·¥ ‚¨´¥· 

exp

⎧⎨
⎩−1

2

1∫
0

(ϕ̇(t))2 dt

⎫⎬
⎭ dϕ.

‹¥£±μ ´ °É¨ Ö¢´Ò° ¢¨¤ ·¥Ï¥´¨° ϕ̃+(t).
‚ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö £· ´¨Î´μ£μ Ê¸²μ¢¨Ö

ϕ̃+(−T ) ≡ −α

¶μ²ÊÎ¨³
ϕ̃+

α (t) = β tanh (bt + c), −α > −β, (78)

¨²¨
ϕ̃+

α (t) = β coth (bt + c), −α < −β. (79)

…¸²¨ ¶μ²μ¦¨³ ¶μ¸ÉμÖ´´ÊÕ ¨´É¥£·¨·μ¢ ´¨Ö c · ¢´μ° ´Ê²Õ, Éμ ·¥Ï¥´¨¥
¡Ê¤¥É ´¥Î¥É´μ° ËÊ´±Í¨¥°

ϕ̃+(−t) = −ϕ̃+(t).

‚ ÔÉμ³ ¸²ÊÎ ¥ §´ Î¥´¨Ö ËÊ´±Í¨μ´ ²μ¢ ¤¥°¸É¢¨Ö ´  ±² ¸¸¨Î¥¸±μ³ ·¥Ï¥-
´¨¨ ϕ̃+ ¸μ¢¶ ¤ ÕÉ:

A+(ϕ̃+) = A(ϕ̃+).
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„μ ¸¨Ì ¶μ· ³Ò · ¸¸³ É·¨¢ ²¨ É¥μ·¨Õ, § ¤ ¢ ¥³ÊÕ ¤¥°¸É¢¨¥³ A+.
�¤´ ±μ  ´ ²μ£¨Î´ Ö ± ·É¨´  ¨³¥¥É ³¥¸Éμ ¨ ¤²Ö ®§¥·± ²Ó´μ£μ¯ ¤¥°¸É¢¨Ö

A− = A + a

+T∫
−T

ϕ(t) dt−

− a

3
[ϕ3(+T )− ϕ3(−T )] + aβ2[ϕ(+T ) − ϕ(−T )]. (80)

‘μμÉ¢¥É¸É¢ÊÕÐ Ö § ³¥´  ¶¥·¥³¥´´ÒÌ ¨³¥¥É ¢¨¤

χ(t) = ϕ(t) − a

t∫
−T

(ϕ2(τ) − β2) dτ. (81)

ˆ ¸¶· ¢¥¤²¨¢μ · ¢¥´¸É¢μ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢

∫
X−

F (ϕ) exp {−A−(ϕ)} dϕ =

=
∫

C([−T,+T ])

F (ϕ(χ)) exp

⎧⎨
⎩−1

2

+T∫
−T

(χ̇(t))2 dt

⎫⎬
⎭ dχ. (82)

‘É·Ê±ÉÊ·  ¶·μ¸É· ´¸É¢  X− É ± Ö ¦¥, ± ± ¨ ¸É·Ê±ÉÊ·  ¶·μ¸É· ´¸É¢  X+.
�μ ËÊ´±Í¨¨ ¨§ X+ ¨ X− ¨³¥ÕÉ ¸¨´£Ê²Ö·´μ¸É¨ ¢ · §´ÒÌ ÉμÎ± Ì.

’ ±μ° ¦¥ ÔËË¥±É ¨³¥¥É ³¥¸Éμ ¨ ¢ · ¸¸³μÉ·¥´´μ° ¢ÒÏ¥ ³μ¤¥²¨ ‹¨Ê¢¨²²Ö.
Š² ¸¸¨Î¥¸±μ¥ ¤¥°¸É¢¨¥ Ã(ϕ) ¨ ±² ¸¸¨Î¥¸±¨° ¶·¥¤¥² A(ϕ) ±¢ ´Éμ¢μ° É¥μ·¨¨,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ÔÉμ³Ê ±² ¸¸¨Î¥¸±μ³Ê ¤¥°¸É¢¨Õ, μ± §Ò¢ ÕÉ¸Ö · §²¨Î´Ò³¨.

Š² ¸¸¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê· ¢´¥´¨¥ �°²¥-
· Ä‹ £· ´¦  ¤²Ö ¤¥°¸É¢¨Ö A(ϕ), ´μ ´¥ ¤²Ö ¤¥°¸É¢¨Ö Ã(ϕ).

’ ±¨³ μ¡· §μ³, ±² ¸¸¨Î¥¸±μ¥ ¶μ²¥ ϕc(t) ¥¸ÉÓ

ϕc(t) = − 1
α

ln (αλt), α < 0, λ < 0. (83)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ μ¡ÒÎ´μ ´ ²¨Î¨¥ ¸¨´£Ê²Ö·´μ¸É¥° · ¸¸³ É·¨¢ ¥É¸Ö
± ± ¸¢¨¤¥É¥²Ó¸É¢μ ¶·μÉ¨¢μ·¥Î¨¢μ¸É¨ É¥μ·¨¨. ‚ Î ¸É´μ¸É¨, ¨§-§  ¸¨´£Ê²Ö·´μ-
¸É¨ ±² ¸¸¨Î¥¸±μ¥ ¤¥°¸É¢¨¥ Ã ´¥ ¶μ¤Ìμ¤¨É ¤²Ö μ¶¨¸ ´¨Ö ¤¨´ ³¨±¨ ‚¸¥²¥´´μ°.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸¨´£Ê²Ö·´μ¸É¥° ¸ÊÐ¥¸É¢¥´´μ ¤²Ö  ¤¥-
±¢ É´μ° Ëμ·³Ê²¨·μ¢±¨ ±¢ ´Éμ¢μ° É¥μ·¨¨. ’¥³ ¸ ³Ò³ ³Ò ³μ¦¥³ ´¥ Éμ²Ó±μ
ÊÎ¥¸ÉÓ ±¢ ´Éμ¢Ò¥ ÔËË¥±ÉÒ, ´μ ¨ ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ¶· ¢¨²Ó´Ò³ μ¡· §μ³ ±² ¸-
¸¨Î¥¸±ÊÕ É¥μ·¨Õ.
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8. ƒ���ˆ—�›… “‘‹�‚ˆŸ „‹Ÿ ƒ�Œˆ‹œ’��ˆ���‚,
��‹“—…��›• ‚ �…‡“‹œ’�’… �…‹ˆ�…‰�›• �…‹�Š�‹œ�›•
‡�Œ…� �…�…Œ…��›• ‚ ”“�Š–ˆ���‹œ�›• ˆ�’…ƒ��‹�•

ˆ§ÊÎ¨³ É¥¶¥·Ó ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò, ¸¢Ö§ ´´Ò¥ ¸ ¶μ²ÊÎ¥´´Ò³¨
³¥· ³¨ ´  ¶·μ¸É· ´¸É¢¥ · §·Ò¢´ÒÌ ËÊ´±Í¨°. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ËÊ´±Í¨Õ
u(q, t), § ¤ ¢ ¥³ÊÕ ËÊ´±Í¨μ´ ²Ó´Ò³ ¨´É¥£· ²μ³ ¶μ ³¥·¥ (49):

u(q, t) =
∫

x(t)=q

exp

{
−1

2

t∫
T0

(
ẋ2(τ) + f2(x(τ))−

− f ′(x(τ))
)
dτ − BT

}
u0(x(T0)) dx =

=
∫

xy(t)=q

u0(xy(T0)) exp

⎧⎨
⎩−1

2

t∫
T0

ẏ2(τ) dτ

⎫⎬
⎭ dy. (84)

‡´ Î¥´¨¥ ÔÉμ° ËÊ´±Í¨¨ ¢ ¤·Ê£μ° ³μ³¥´É ¢·¥³¥´¨ · ¢´μ

u(q, t + Δt) =
∫

xy(t+Δt)=q

u0(xy(T0)) exp

⎧⎨
⎩−1

2

t∫
T0

ẏ2(τ) dτ

⎫⎬
⎭×

× exp

⎧⎨
⎩−1

2

t+Δt∫
t

ẏ2(τ)dτ

⎫⎬
⎭ dy. (85)

’¥¶¥·Ó ¸¤¥² ¥³ § ³¥´Ê, ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ · §¡¨¥´¨Õ Ô±¸¶μ´¥´ÉÒ ¢ ¶·¥¤Ò¤Ê-
Ð¥° Ëμ·³Ê²¥:

y(τ) = y1(τ); T0 � τ � t,

y(τ) = y1(τ) + z(τ); t � τ � t + Δt, z(t) = 0.

’μ£¤  ¨´É¥£· ² (85) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´ ± ±

∫
xy1,z(t+Δt)=q, z(t)=0

u0 (xy1,z(T0)) exp

⎧⎨
⎩−1

2

t∫
T0

ẏ1
2(τ) dτ

⎫⎬
⎭ dy1×

× exp

⎧⎨
⎩−1

2

t+Δt∫
t

ż2(τ) dτ

⎫⎬
⎭ dz. (86)
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‘ ÊÎ¥Éμ³ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¢ Ëμ·³Ê²¥ (84) ¶μ²ÊÎ¨³

u(q, t + Δt) =
∫

xy,z(t+Δt)=q, z(t)=0

u(xy,z(t), t) exp

⎧⎨
⎩−1

2

t+Δt∫
t

ż2(τ) dτ

⎫⎬
⎭ dz.

(87)
‚¸¶μ³¨´ Ö ¢¨¤ ´¥²μ± ²Ó´μ° ´¥²¨´¥°´μ° § ³¥´Ò (47), ¨³¥¥³

xy,z(t + Δt) − xy,z(t) = y(t + Δt) − y(t) −
t+Δt∫
t

f(x(τ)) dτ,

μÉ±Ê¤  ´ Ìμ¤¨³

xy,z(t) = q − z(t + Δt) + f(q)Δt + o(Δt).

� §² £ Ö É¥¶¥·Ó ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¢ ¶· ¢μ° Î ¸É¨ (87) ¢ ·Ö¤
’¥°²μ·  ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ ¤²Ö ¢¨´¥·μ¢¸±μ£μ ¶·μÍ¥¸¸ 

∫
z(t)=0

z2(t + Δt) exp

⎧⎨
⎩−1

2

t+Δt∫
t

ż2(τ) dτ

⎫⎬
⎭ dz = Δt + o(Δt),

  § É¥³ ¶¥·¥Ìμ¤Ö ± ¶·¥¤¥²Ê Δt → 0, ¶μ²ÊÎ¨³ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥

∂

∂t
u(q, t) =

1
2

∂2

∂q2
u(q, t) + f(q)

∂

∂q
u(q, t) ≡ −Huu. (88)

“· ¢´¥´¨¥ (88) ³μ¦´μ É ±¦¥ ¢Ò¢¥¸É¨, ¥¸²¨ · ¸¸³μÉ·¥ÉÓ ¢´ Î ²¥ ËÊ´±Í¨Õ

v(q, t) = eΦ(q) u(q, t).

„²Ö ´¥¥ ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¨³¥¥É ¢¨¤

v(q, t) =
∫

x(t)=q

exp

⎧⎨
⎩−1

2

t∫
T0

(
ẋ2(t) + f2 (x(t)) − f ′(x(t))

)
dt

⎫⎬
⎭ v0(x(T0)) dx.

(89)
’ ±¨³ μ¡· §μ³, v(q, t) Ê¤μ¢²¥É¢μ·Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ

∂

∂t
v(q, t) =

1
2

∂2

∂q2
v(q, t) − 1

2
(
f2(q) − f ′(q)

)
v(q, t) (90)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³
v(q, T0) = v0(q).
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‚μ§¢· Ð Ö¸Ó μ¡· É´μ ± ËÊ´±Í¨¨ u, ¶μ²ÊÎ¨³ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥-
´¨¥ (88).

� ¸¸³μÉ·¨³ ¤¥°¸É¢¨¥ ± ¦¤μ£μ ¨§ ¸² £ ¥³ÒÌ ¢ £ ³¨²ÓÉμ´¨ ´¥ ¶μ μÉ¤¥²Ó-
´μ¸É¨:

Hu = −A − B, A =
1
2

d2

dq2
, B = f(q)

∂

∂q
. (91)

„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¶μ²μ¦¨³ f(q) = aq2 + bq.
�¶¥· Éμ· eAt ®· §³ §Ò¢ ¥É¯ ´ Î ²Ó´ÊÕ ËÊ´±Í¨Õ u0(q):

u(q, t) = eAt u0(q) =
1√
2π

+∞∫
−∞

exp
(
− (q − q0)2

2t

)
u0(q0) dq0.

ˆ ¤²Ö ¥£μ ´μ·³Ò ¨³¥¥³

‖eAt‖ ≡ sup
u0 	=0

‖eAtu0‖
‖u0‖

� 1. (92)

�¶¥· Éμ· eBt ¶¥·¥´μ¸¨É ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö ¢¤μ²Ó Ì · ±É¥·¨¸É¨± ²¨´¥°-
´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¶¥·¢μ£μ ¶μ·Ö¤± 

∂u

∂t
− (aq2 + bq)

∂u

∂q
= 0. (93)

‚ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö Éμ²Ó±μ ÔÉμ£μ μ¶¥· Éμ· 

u(q, t) = eBt u0(q) = u0

(
bq

aq (e−bt − 1) + b e−bt

)
. (94)

�¡  ¶·¥¤¥²  lim
q→±∞

u ¸ÊÐ¥¸É¢ÊÕÉ ¨ · ¢´Ò ¤·Ê£ ¤·Ê£Ê:

u(−∞, t) = u(+∞, t) = u0

(
b

a (e−bt − 1)

)
. (95)

�Î¥¢¨¤´μ, ÎÉμ
‖eBt‖ = 1.

ˆ§ Ëμ·³Ê²Ò ’·μÉÉ¥· 

e(A+B)t = lim
n→∞

(
exp

(
At

n

)
exp

(
Bt

n

))n

¸²¥¤Ê¥É, ÎÉμ
‖e(A+B)t‖ � 1. (96)
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‚ ¸¨²Ê Ê¸²μ¢¨° (95) ¥¸É¥¸É¢¥´´μ · ¸¸³ É·¨¢ ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (88)
´  ±μ³¶ ±É¨Ë¨Í¨·μ¢ ´´μ° ¢¥Ð¥¸É¢¥´´μ° μ¸¨ R = R

⋃
{∞}. ’μ£¤  ¤²Ö ´¥-

¶·¥·Ò¢´μ° ´  ±μ³¶ ±É¥ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨Î¥´´μ° ´ Î ²Ó´μ° ËÊ´±Í¨¨
u0 ∈ C (R) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (88) É ±¦¥ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°

u(q, t) = e−Hut u0 ∈ C (R).

’ ±¨³ μ¡· §μ³, ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³ .

’¥μ·¥³ 
1. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (88) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ

¨´É¥£· ²  (84) ¶μ ¶·μ¸É· ´¸É¢Ê X , ¸μ¤¥·¦ Ð¥³Ê · §·Ò¢´Ò¥ É· ¥±Éμ·¨¨.
2. �¢μ²ÕÍ¨μ´´μ¥ Ê· ¢´¥´¨¥ (88) § ¤ ¥É μ¤´μ¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê ¶·¥-

μ¡· §μ¢ ´¨° e−Hut ¢ ¶·μ¸É· ´¸É¢¥ C (R). �·¨ ÔÉμ³ ¶·μ¨§¢μ¤ÖÐ¨° μ¶¥· Éμ·
£·Ê¶¶Ò Hu ´  ¶·μ¸É· ´¸É¢¥ £² ¤±¨Ì ËÊ´±Í¨° ψ(q) ¨³¥¥É ¢¨¤

Hu = −1
2

d2

dq2
− f(q)

∂

∂q
(97)

¨ μ¶·¥¤¥²Ö¥É¸Ö £· ´¨Î´Ò³ Ê¸²μ¢¨¥³

ψ(−∞) = ψ(+∞). (98)

…¸²¨ · ¸¸³ É·¨¢ ÉÓ Ê· ¢´¥´¨¥ (88) ± ± Ê· ¢´¥´¨¥ É¥¶²μ¶·μ¢μ¤´μ¸É¨, Éμ
³Ò ¨³¥¥³ ¤¥²μ ¸ Ö¢²¥´¨¥³, ¶·¨ ±μÉμ·μ³ ¶·μ¨¸Ìμ¤¨É ¶¥·¥´μ¸ É¥¶²  Î¥·¥§
¡¥¸±μ´¥Î´μ¸ÉÓ.

ˆ´É¥·¥¸´μ, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ÔÉμ£μ μ¶¥· Éμ· , ¢μμ¡Ð¥ £μ¢μ·Ö,
´¥ ¶·¨´ ¤²¥¦ É £¨²Ó¡¥·Éμ¢Ê ¶·μ¸É· ´¸É¢Ê. ’ ±, ¥¸²¨ Ë ±Éμ·¨§μ¢ ÉÓ £ ³¨²Ó-
Éμ´¨ ´

Hu =
1
2

(
− d

dq
− 2f(q)

)
d

dq
,

Éμ ¢¨¤´μ, ÎÉμ ¥£μ ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ψ0, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´Ê²¥¢μ³Ê ¸μ¡-
¸É¢¥´´μ³Ê §´ Î¥´¨Õ, ¥¸ÉÓ ¶·μ¸Éμ ±μ´¸É ´É :

Huψ0 = 0, ψ0 = const. (99)

9. Œ�’…Œ�’ˆ—…‘Šˆ… Š“�œ…‡›,
‘‚Ÿ‡���›… ‘ Œ…��‰ ‚ˆ�…��

9.1. Š¢ §¨¨´¢ ·¨ ´É´Ò¥ ³¥·Ò ´  £·Ê¶¶ Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢. Š ± ¨§-
¢¥¸É´μ, ´  ¡¥¸±μ´¥Î´μ³¥·´ÒÌ £·Ê¶¶ Ì ´¥ ¸ÊÐ¥¸É¢Ê¥É ¨´¢ ·¨ ´É´μ° ³¥·Ò Å
 ´ ²μ£  ³¥·Ò •  ·  ´  ±μ´¥Î´μ³¥·´ÒÌ £·Ê¶¶ Ì. �¤´ ±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ
¶μ¸É·μ¨ÉÓ ³¥·Ê, ±¢ §¨¨´¢ ·¨ ´É´ÊÕ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ¡μ²¥¥ £² ¤±μ°
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¶μ¤£·Ê¶¶Ò. �Éμ μ§´ Î ¥É, ÎÉμ ¶·¨ ¤¥°¸É¢¨¨ ¶μ¤£·Ê¶¶Ò ³¥·  ¶¥·¥Ìμ¤¨É ¢
¸¥¡Ö ¨ Ê³´μ¦ ¥É¸Ö ´  ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ, ¶ · ³¥É·¨§Ê¥³ÊÕ Ô²¥³¥´É ³¨
¶μ¤£·Ê¶¶Ò, Å É ± ´ §Ò¢ ¥³ÊÕ ¶·μ¨§¢μ¤´ÊÕ � ¤μ´ Ä�¨±μ¤¨³  (¶μ¤·μ¡´¥¥
¸³., ´ ¶·¨³¥·, [9, 19]).

‚ · ¡μÉ Ì [20Ä24] ¶μ¸É·μ¥´Ò ±¢ §¨¨´¢ ·¨ ´É´Ò¥ ³¥·Ò ´  £·Ê¶¶ Ì ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢ Diff1

+([0, 1]) ¨ Diff1
+(S1), ¨¸¸²¥¤μ¢ ´Ò ¨Ì ¸¢μ°¸É¢  ¨ ¶μ²ÊÎ¥´

·Ö¤ ¸μ¢¥·Ï¥´´μ Ê¤¨¢¨É¥²Ó´ÒÌ ¸²¥¤¸É¢¨°.
‚ ÔÉμ³ · §¤¥²¥, ±μÉμ·Ò° ¨³¥¥É ¡μ²¥¥ ³ É¥³ É¨§¨·μ¢ ´´Ò° Ì · ±É¥·, Î¥³

¶·¥¤Ò¤ÊÐ¨¥, ³Ò μ¶¨Ï¥³ ¸Ì¥³Ê ¶μ¸É·μ¥´¨Ö É ±¨Ì ±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥· ¨
¶·¨¢¥¤¥³ ¶ ·Ê ¨§ ÔÉ¨Ì ³ É¥³ É¨Î¥¸±¨Ì ¶ · ¤μ±¸μ¢.

�Ê¸ÉÓ Diff1
+([0, 1]) Å £·Ê¶¶  ¢¸¥Ì ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ¤¨Ë-

Ë¥μ³μ·Ë¨§³μ¢ μÉ·¥§±  [0, 1], ¸μÌ· ´ÖÕÐ¨Ì ±μ´ÍÒ; Diff3
+([0, 1]) Å ¶μ¤£·Ê¶¶ 

¢¸¥Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢ ±² ¸¸  £² ¤±μ¸É¨ C3 £·Ê¶¶Ò Diff1
+([0, 1]); C0([0, 1]) Å

¶·μ¸É· ´¸É¢μ ¢¸¥Ì ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°, μ¶·¥¤¥²¥´´ÒÌ ´  μÉ·¥§±¥ [0, 1] ¨
¶·¨´¨³ ÕÐ¨Ì ´Ê²¥¢μ¥ §´ Î¥´¨¥ ¢ ÉμÎ±¥ 0.

‚¢¥¤¥³ μÉμ¡· ¦¥´¨¥

A : Diff1
+([0, 1]) → C0([0, 1]),

¶μ² £ Ö

x(t) = (A(f)) (t) = ln (f ′(t)) − ln (f ′(0)), ∀t ∈ [0, 1]. (100)

�Éμ¡· ¦¥´¨¥ A μÉμ¦¤¥¸É¢²Ö¥É ¶·μ¸É· ´¸É¢  Diff1
+([0, 1]) ¨ C0([0, 1]),

¶·¨Î¥³

A−1(x)(t) =

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

. (101)

‚¢¥¤¥³ ´  C0([0, 1]) ³¥·Ê ‚¨´¥·  wσ ¸ ¤¨¸¶¥·¸¨¥° σ.
�¶·¥¤¥²¨³ É¥¶¥·Ó ´  £·Ê¶¶¥ Diff1

+([0, 1]) ³¥·Ê μσ , ¶μ² £ Ö μσ(X) =
wσ(A(X)) ¤²Ö ²Õ¡μ£μ ¨§³¥·¨³μ£μ ¶μ¤³´μ¦¥¸É¢  X ¶·μ¸É· ´¸É¢ 
Diff1

+([0, 1]).
„²Ö ± ¦¤μ£μ ϕ ∈ Diff3

+([0, 1]) ¨ ¶·μ¨§¢μ²Ó´μ£μ f ∈ Diff1
+([0, 1]) μ¶·¥¤¥-

²¨³ Lϕ(f) = ϕ ◦ f ¨ Rϕ(f) = f ◦ ϕ.
�Éμ¡· ¦¥´¨Ö R ¨ L § ¤ ÕÉ ¶· ¢μ¥ ¨ ²¥¢μ¥ ¤¥°¸É¢¨Ö ¶μ¤£·Ê¶¶Ò

Diff3
+([0, 1]) ´  £·Ê¶¶¥ Diff1

+([0, 1]).
Œ¥·  μσ Ö¢²Ö¥É¸Ö ±¢ §¨¨´¢ ·¨ ´É´μ° ³¥·μ° μÉ´μ¸¨É¥²Ó´μ ²¥¢μ£μ ¤¥°-

¸É¢¨Ö L ¶μ¤£·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff3
+([0, 1]) ´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·-

Ë¨§³μ¢ Diff1
+([0, 1]).

�¶¨Ï¥³ ±· É±ÊÕ ¸Ì¥³Ê ¤μ± § É¥²Ó¸É¢  ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö. (�μ²´μ¥, ¤μ-
¢μ²Ó´μ ¤²¨´´μ¥, ¤μ± § É¥²Ó¸É¢μ ¤ ´μ ¢ [23].)
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‘ ¶μ³μÐÓÕ μÉμ¡· ¦¥´¨Ö A ¸¢¥¤¥³ § ¤ ÎÊ ± ¶·μ¢¥·±¥ ±¢ §¨¨´¢ ·¨ ´É-
´μ¸É¨ ³¥·Ò ‚¨´¥·  ¨ ´ Ìμ¦¤¥´¨Õ ¥¥ ¶·μ¨§¢μ¤´μ° � ¤μ´ Ä�¨±μ¤¨³  ¶·¨
¤¥°¸É¢¨¨ ALϕA−1 ´  ¶·μ¸É· ´¸É¢¥ C0([0, 1]). ˆÉ ±, ¶Ê¸ÉÓ

y = ALϕA−1(x).

’. ¥.

y(t) = x(t) + h

⎛
⎜⎜⎜⎝

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠ , (102)

£¤¥ h = A(ϕ),
h(t) = ln ϕ′(t) − ln ϕ′(0).

‡ ³¥É¨³, ÎÉμ ¥¸²¨ ϕ ∈ Diff3
+([0, 1]), Éμ h ∈ C2

0 ([0, 1]).
Ÿ±μ¡¨ ´ μÉμ¡· ¦¥´¨Ö (102) ´ Ìμ¤¨É¸Ö ¸ ¶μ³μÐÓÕ · §¡¨¥´¨Ö μÉ·¥§±  [0, 1]

¨ ¤¨¸±·¥É¨§ Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ëμ·³Ê².
�± §Ò¢ ¥É¸Ö, ÎÉμ Ö±μ¡¨ ´ μÉμ¡· ¦¥´¨Ö ¢ ÉμÎ±¥ x ´¥ § ¢¨¸¨É μÉ x ¨ · ¢¥´

(ϕ′(1))−1.
„²Ö ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³μ° ËÊ´±Í¨¨ y ¨³¥¥³

1∫
0

(y′(t))2 dt =

1∫
0

(x′(t))2 dt + W + V,

£¤¥

W = 2

1∫
0

x′(t)h′

⎛
⎜⎜⎜⎝

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠ ex(t) dt

1∫
0

ex(τ) dτ

dt,

V =

1∫
0

⎛
⎜⎜⎜⎝h′

⎛
⎜⎜⎜⎝

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠

2

e2x(t) dt(
1∫
0

ex(τ) dτ

)2 dt.

…¸²¨ Φ Å ´¥¶·¥·Ò¢´Ò°, μ£· ´¨Î¥´´Ò° ËÊ´±Í¨μ´ ² ´  C0([0, 1]), Éμ∫
C0([0, 1])

Φ(y)wσ(dy) =

=
1

ϕ′(1)

∫
C0([0, 1])

Φ(ALϕA−1(x)) exp
{
− 1

2σ2
(W + V )

}
wσ(dx).
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‡ ³¥É¨³, ÎÉμ ¥¸²¨ ¡Ò x ¡Ò² ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³, Éμ ¸ ¶μ³μ-
ÐÓÕ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³ ¤²Ö W ³Ò ¡Ò ¶μ²ÊÎ¨²¨

1
2
W = h′(1)

ex(1)

1∫
0

ex(τ) dτ

− h′(0)
1

1∫
0

ex(τ) dτ

−

−
1∫

0

h′′

⎛
⎜⎜⎜⎝

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠ e2x(t) dt(

1∫
0

ex(τ) dτ

)2 dt.

�¤´ ±μ ¨§-§  Éμ£μ, ÎÉμ ¢¨´¥·μ¢¸±¨° ¶·μÍ¥¸¸ x(t) ´¥ Ö¢²Ö¥É¸Ö £² ¤±¨³, ¢μ§-
´¨± ÕÉ ¤μ¶μ²´¨É¥²Ó´Ò¥ Î²¥´Ò, ±μÉμ·Ò¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶ÊÉ¥³ ¤¨¸±·¥É¨§ Í¨¨
¨ ±μ··¥±É´μ£μ ¶¥·¥Ìμ¤  ± ´¥¶·¥·Ò¢´μ³Ê ¶·¥¤¥²Ê (¶μ¤·μ¡´μ¸É¨ ¸³. ¢ [23]).

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³∫
C0([0, 1])

Φ(y)wσ(dy) =
1√

ϕ′(1)ϕ′(1)
×

×
∫

C0([0, 1])

Φ(ALϕA−1x) exp

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
− 1

2σ2

⎛
⎜⎜⎜⎝h′(1)

ex(1)

1∫
0

ex(τ) dτ

− h′(0)
1

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

+

+ exp

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
σ2

1∫
0

Sϕ

⎛
⎜⎜⎜⎝

t∫
0

ex(τ) dτ

1∫
0

ex(τ) dτ

⎞
⎟⎟⎟⎠ e2x(t) dt(

1∫
0

ex(τ) dτ

)2 dt

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

wσ(dx). (103)

‡ ³¥É¨³, ÎÉμ

Sϕ(t) =
(

ϕ′′(t)
ϕ′(t)

)′
− 1

2

(
ϕ′′(t)
ϕ′(t)

)2

= h′′(t) − 1
2
(h(t))2.

‘ ¶μ³μÐÓÕ μÉμ¡· ¦¥´¨Ö A−1 ¶μ²ÊÎ¨³∫
Diff1

+([0,1])

F (g)μσ(dg) =
1√

ϕ′(0)ϕ′(1)

∫
Diff1

+([0,1])

F (ϕ ◦ f)×

×exp

⎧⎨
⎩ 1

2σ2

(
ϕ′′(0)
ϕ′(0)

f ′(0) − ϕ′′(1)
ϕ′(1)

f ′(1)
)

+
1
σ2

1∫
0

Sϕ(f(t))(f ′(t))2 dt

⎫⎬
⎭μσ(df).
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�É¸Õ¤  ¸²¥¤Ê¥É ±¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ ³¥·Ò μσ μÉ´μ¸¨É¥²Ó´μ ²¥¢μ£μ ¤¥°-
¸É¢¨Ö L ¶μ¤£·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff3

+([0, 1]) ´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·Ë¨§-

³μ¢ Diff1
+([0, 1]):

μσ(Lϕ(X)) =
∫
X

pϕ(f)μσ(df), (104)

£¤¥ ¶·μ¨§¢μ¤´ Ö � ¤μ´ Ä�¨±μ¤¨³  · ¢´ 

pϕ(f) =
1√

ϕ′(0)ϕ′(1)
exp

{
1

2σ2

(
ϕ′′(0)
ϕ′(0)

f ′(0) − ϕ′′(1)
ϕ′(1)

f ′(1)
)

+

+
1
σ2

1∫
0

Sϕ(f(t))(f ′(t))2 dt

}
. (105)

� °¤¥´´Ò° ¢¨¤ ¶·μ¨§¢μ¤´μ° � ¤μ´ Ä�¨±μ¤¨³  ¶μ§¢μ²Ö¥É ¶·¥¤¸É ¢¨ÉÓ
¨´É¥£· ² μÉ ËÊ´±Í¨μ´ ²  F ¶μ ³¥·¥ μσ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² 

∫
Diff1

+([0,1])

F (f), μσ(df) =
∫

Diff1
+([0,1])

F (f)
1√

f ′(0)f ′(1)
×

× exp

⎧⎨
⎩ 1

2σ2

(
f ′′(0)
f ′(0)

− f ′′(1)
f ′(1)

)
+

1
σ2

1∫
0

Sf (t) dt

⎫⎬
⎭ df. (106)

„²Ö ± ¦¤μ£μ ¨§³¥·¨³μ£μ ¶μ ³¥·¥ μσ ³´μ¦¥¸É¢  X ⊂ Diff1
+([0, 1]) ¶μ-

²μ¦¨³

X−1 = {f−1 : f ∈ X},

É. ¥. ³´μ¦¥¸É¢μ X−1 ¸μ¸Éμ¨É ¨§ μÉμ¡· ¦¥´¨°, μ¡· É´ÒÌ ± ¤¨ËË¥μ³μ·Ë¨§³ ³
¨§ ³´μ¦¥¸É¢  X .

�  £·Ê¶¶¥ Diff1
+([0, 1]) § ¤ ¤¨³ É ±¦¥ ³¥·Ê γσ , ¶μ² £ Ö

γσ(X) = μσ(X−1).

ˆ§ ¶·¥¤Ò¤ÊÐ¥£μ ¸²¥¤Ê¥É, ÎÉμ ³¥·  γσ ±¢ §¨¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ
¶· ¢μ£μ ¤¥°¸É¢¨Ö R ¶μ¤£·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff3

+([0, 1]) ´  £·Ê¶¶¥ ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢ Diff1

+([0, 1]):

γσ(Rϕ(X)) =
∫
X

�ϕ(f) γσ(df). (107)
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‚ ÔÉμ³ ¸²ÊÎ ¥ ¶·μ¨§¢μ¤´ Ö � ¤μ´ Ä�¨±μ¤¨³  · ¢´ 

�ϕ(f) =
√

ϕ′(0)ϕ′(1) exp

{
1

2σ2

(
ϕ′′(1)

(ϕ′(1))2f ′(1)
− ϕ′′(0)

(ϕ′(0))2f ′(0)

)
−

− 1
σ2

1∫
0

Sϕ(t)
1

f ′(ϕ(t))ϕ′(t)
dt

}
. (108)

ˆ§ ¢¨¤  ¶·μ¨§¢μ¤´μ° � ¤μ´ Ä�¨±μ¤¨³  ¸²¥¤Ê¥É, ÎÉμ ¨´É¥£· ² μÉ ËÊ´±-
Í¨μ´ ²  F ¶μ ³¥·¥ γσ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² 

∫
Diff1

+([0,1])

F (f), γσ(df) =
∫

Diff1
+([0,1])

F (f)
√

f ′(0)f ′(1) ×

× exp

⎧⎨
⎩ 1

2σ2

(
f ′′(1)

(f ′(1))2
− f ′′(0)

(f ′(0))2

)
− 1

σ2

1∫
0

Sf (t)
1

f ′(t)
dt

⎫⎬
⎭ df. (109)

�´ ²μ£¨Î´Ò¥ ±¢ §¨¨´¢ ·¨ ´É´Ò¥ ³¥·Ò ³μ¦´μ ¢¢¥¸É¨ ¨ ´  £·Ê¶¶¥ ¤¨Ë-
Ë¥μ³μ·Ë¨§³μ¢ μ±·Ê¦´μ¸É¨. � ¨³¥´´μ ³¥·Ê νσ , ±¢ §¨¨´¢ ·¨ ´É´ÊÕ μÉ´μ¸¨-
É¥²Ó´μ ²¥¢μ£μ ¤¥°¸É¢¨Ö Lϕ(f) = ϕ ◦f ¶μ¤£·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff3

+(S1)
´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff1

+(S1), ¨ ³¥·Ê ησ , ±¢ §¨¨´¢ ·¨ ´É´ÊÕ μÉ-
´μ¸¨É¥²Ó´μ ¶· ¢μ£μ ¤¥°¸É¢¨Ö Rϕ(f) = f ◦ ϕ ¶μ¤£·Ê¶¶Ò ¤¨ËË¥μ³μ·Ë¨§³μ¢
Diff3

+(S1) ´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff1
+(S1).

�·¨ ÔÉμ³ ¨´É¥£· ² μÉ ËÊ´±Í¨μ´ ²  F ´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·Ë¨§³μ¢
Diff1

+(S1) ¶μ ³¥·¥ νσ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´-
É¥£· ² 

∫
Diff1

+(S1)

F (f), νσ(df) =
∫

Diff1
+(S1)

F (f) exp

⎧⎨
⎩ 1

σ2

∫
S1

Sf (t)dt

⎫⎬
⎭ df. (110)

� ¨´É¥£· ² μÉ ËÊ´±Í¨μ´ ²  F ´  £·Ê¶¶¥ ¤¨ËË¥μ³μ·Ë¨§³μ¢ Diff1
+(S1)

¶μ ³¥·¥ ησ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² 

∫
Diff1

+(S1)

F (f), ησ(df) =
∫

Diff1
+(S1)

F (f) exp

⎧⎨
⎩− 1

σ2

1∫
0

Sf (t)
1

f ′(t)
dt

⎫⎬
⎭ df. (111)

9.2. �¥μ¡ÒÎ´Ò¥ ¸¢μ°¸É¢  ±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥·. � ¸¸³μÉ·¨³ ³¥·Ê
‚¨´¥·  wσ ´  C([0, 1]) ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ±μ´ÍÒ É· ¥±Éμ·¨° ´¥ Ë¨±¸¨·μ¢ ´Ò.
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‚μ§Ó³¥³ É· ¥±Éμ·¨Õ x(t), Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ Ê¸²μ¢¨Õ x(t) > 0, ∀t ∈ [0, 1],
É. ¥. x(t) ∈ C+([0, 1]) Å ³´μ¦¥¸É¢μ ¢¸¥Ì ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°, ¶·¨´¨³ Õ-
Ð¨Ì ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö.

„²Ö ÔÉμ° É· ¥±Éμ·¨¨ μ¶·¥¤¥²¨³ ρ > 0 · ¢¥´¸É¢μ³

1
ρ2

=

1∫
0

1
x2(t)

dt (112)

¨ · ¸¸³μÉ·¨³ ¤¨ËË¥μ³μ·Ë¨§³

f−1(t) = ρ2

t∫
0

1
x2(t)

dt. (113)

‡ ³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³

f−1(t) = ρ2

t∫
0

1
x2(t)

dt. (114)

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥É¸Ö ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ μÉμ¡· ¦¥´¨¥

(0, +∞) × Diff1([0, 1]) ↔ C+([0, 1]).

�²¥³¥´ÉÊ

gx(t) = x
(
g−1(t)

) 1√
(g−1(t))′

¸μμÉ¢¥É¸É¢Ê¥É ¶ ·  (�, g ◦ f).
‚ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö £·Ê¶¶Ò Diff1([0, 1]) ´  ¶·μ¸É· ´¸É¢¥ C+([0, 1]) ¢μ§-

´¨± ÕÉ μ·¡¨ÉÒ, ±μÉμ·Ò¥ ¶ · ³¥É·¨§ÊÕÉ¸Ö Î¨¸²μ³ �. „·Ê£¨³¨ ¸²μ¢ ³¨, ¤²Ö
± ¦¤μ£μ Ë¨±¸¨·μ¢ ´´μ£μ � μ·¡¨É  ¸μ¸Éμ¨É ¨§ É· ¥±Éμ·¨°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì
· ¢¥´¸É¢Ê (112). Š ¦¤μ° ÉμÎ±¥ μ·¡¨ÉÒ ¸μμÉ¢¥É¸É¢Ê¥É ¤¨ËË¥μ³μ·Ë¨§³ (113).

Œ¥·  ‚¨´¥·  wσ ´  C([0, 1]) ±¢ §¨¨´¢ ·¨ ´É´ . …¥ ¸Ê¦¥´¨¥ ´  μ·¡¨ÉÊ
É ±¦¥ ±¢ §¨¨´¢ ·¨ ´É´μ.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¶·¨ ¶¥·¥´μ¸¥ ³¥·Ò ¸ μ·¡¨ÉÒ ´  £·Ê¶¶Ê ¤¨ËË¥μ³μ·Ë¨§-
³μ¢ ¶μ²ÊÎ ¥É¸Ö ³¥·  μα, £¤¥ α = �σ. …¸²¨ ¢¸¶μ³´¨ÉÓ, ÎÉμ ³¥·  μα ¸É·μ¨É¸Ö
¶μ ³¥·¥ ‚¨´¥·  ¸²μ¦´Ò³ ´¥²¨´¥°´Ò³ μ¡· §μ³, Éμ É ±μ¥ ´¥μ¦¨¤ ´´μ¥ ¸μ¢¶ -
¤¥´¨¥ ³¥· ¶·¥¤¸É ¢²Ö¥É¸Ö Ê¤¨¢¨É¥²Ó´Ò³.

„·Ê£μ¥ ´¥μ¦¨¤ ´´μ¥ ¶μ· §¨É¥²Ó´μ¥ ¸¢μ°¸É¢μ ¤¥³μ´¸É·¨·Ê¥É ¸¢¥·É±  ±¢ -
§¨¨´¢ ·¨ ´É´ÒÌ ³¥·.

ƒ·Ê¶¶μ¢ Ö μ¶¥· Í¨Ö § ¤ ¥É μÉμ¡· ¦¥´¨¥

Φ : Diff1
+([0, 1]) × Diff1

+([0, 1]) → Diff1
+([0, 1])
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¶μ Ëμ·³Ê²¥
Φ(f, g) = f ◦ g.

‡ ¤ ¤¨³ ´  ¤¥± ·Éμ¢μ³ ¶·μ¨§¢¥¤¥´¨¨ Diff1
+([0, 1])×Diff1

+([0, 1]) ³¥·Ê μα⊗γβ .
�Éμ¡· ¦¥´¨¥ Φ μ¶·¥¤¥²Ö¥É ³¥·Ê ζα,β ´  Diff1

+([0, 1]), Ö¢²ÖÕÐÊÕ¸Ö ¸¢¥·É-
±μ° ³¥· μα ¨ γβ μÉ´μ¸¨É¥²Ó´μ μ¶¥· Í¨¨ ±μ³¶μ§¨Í¨¨, ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ζα,β(X) = μα ⊗ γβ(Φ−1(X)) =

=
∫

Diff1
+([0,1])

μα(X ◦ f−1) γβ(df) =
∫

Diff1
+([0,1])

γβ(g−1 ◦ X)μα(dg), (115)

X ⊂ Diff1
+([0, 1]).

Œ¥·  ζα,β ±¢ §¨¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶· ¢μ£μ ¨ ²¥¢μ£μ ¤¥°¸É¢¨°
¶μ¤£·Ê¶¶Ò Diff3

+([0, 1]).
� ¸¸³μÉ·¨³ ³´μ¦¥¸É¢μ Z ⊂ Diff1

+([0, 1]) × Diff1
+([0, 1]), ¸μ¸ÉμÖÐ¥¥ ¨§

¢¸¥Ì ¶ · (f, g), ¤²Ö ±μÉμ·ÒÌ ¢¥·´μ · ¢¥´¸É¢μ

α + β√
f ′(f−1(t))

= lim
Δt→+0

| ln (g′(t + Δt)) − ln (g′(t))|√
2Δt ln | ln Δt|

(116)

¤²Ö ¢¸¥Ì · Í¨μ´ ²Ó´ÒÌ t ∈ [0, 1].
�μ¸±μ²Ó±Ê ³´μ¦¥¸É¢μ · Í¨μ´ ²Ó´ÒÌ Î¨¸¥² ¸Î¥É´μ, ¨§ § ±μ´  ¶μ¢Éμ·´μ£μ

²μ£ ·¨Ë³  (¸³., ´ ¶·¨³¥·, [25]) ¨ Éμ£μ Ë ±É , ÎÉμ ³¥·Ò μα ¨ γβ ¢ μ¸´μ¢¥
¸¢μ¥° μ¶·¥¤¥²ÖÕÉ¸Ö ³¥·μ° ‚¨´¥· , ¸²¥¤Ê¥É, ÎÉμ

μα ⊗ γβ(Z) = 1.

�μÔÉμ³Ê
μα ⊗ γβ(Diff1

+([0, 1]) × Diff1
+([0, 1])/Z) = 0,

É. ¥. ¢¸¥³¨ ÉμÎ± ³¨, ´¥ ¢Ìμ¤ÖÐ¨³¨ ¢ Z, ³μ¦´μ ¶·¥´¥¡·¥ÎÓ.
Œ´μ¦¥¸É¢μ · Í¨μ´ ²Ó´ÒÌ ÉμÎ¥± ´  μÉ·¥§±¥ ¶²μÉ´μ. �É¸Õ¤  ¨ ¨§ ¶μ¸²¥¤-

´¥° Ëμ·³Ê²Ò ¢ÒÉ¥± ¥É, ÎÉμ ¸Ê¦¥´¨¥ μÉμ¡· ¦¥´¨Ö Φ ´  Z μ¡· É¨³μ.
’ ±¨³ μ¡· §μ³, μÉμ¡· ¦¥´¨¥ Φ ¶μÎÉ¨ ¢¸Õ¤Ê μ¡· É¨³μ μÉ´μ¸¨É¥²Ó´μ ¸μ-

μÉ¢¥É¸É¢ÊÕÐ¨Ì ³¥·, É. ¥. ¶μ ± ¦¤μ³Ê Ô²¥³¥´ÉÊ £·Ê¶¶Ò Diff1
+([0, 1]) μ¤´μ-

§´ Î´μ, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ³´μ¦¥¸É¢, ¶·¥´¥¡·¥¦¨³ÒÌ μÉ´μ¸¨É¥²Ó´μ ³¥·, ¢μ¸-
¸É ´ ¢²¨¢ ¥É¸Ö ¶ ·  ¸μ³´μ¦¨É¥²¥° ¨§ Diff1

+([0, 1]) × Diff1
+([0, 1]).

�É³¥É¨³ ´¥μ¡ÒÎ´μ¸ÉÓ ¸¢μ°¸É¢  ®¶μ ¶·μ¨§¢¥¤¥´¨Õ μ¤´μ§´ Î´μ ¢μ¸¸É ´ -
¢²¨¢ ÕÉ¸Ö ¸μ³´μ¦¨É¥²¨¯ ¨ Ê´¨± ²Ó´μ¸ÉÓ ¢ ÔÉμ³ ¸³Ò¸²¥ ¶μ¸É·μ¥´´ÒÌ ±¢ §¨-
¨´¢ ·¨ ´É´ÒÌ ³¥· ´  £·Ê¶¶ Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢. ‚ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ Å ¤²Ö
±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥· ´  ²μ± ²Ó´μ-±μ³¶ ±É´ÒÌ £·Ê¶¶ Ì ¨ ¤²Ö ¤·Ê£¨Ì ¨§-
¢¥¸É´ÒÌ ±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥· ´  ¡¥¸±μ´¥Î´μ³¥·´ÒÌ £·Ê¶¶ Ì Å ¶μ¤μ¡´μ¥
¸¢μ°¸É¢μ ´¥ ¨³¥¥É ³¥¸É .
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ˆ§ ¶·¨¢¥¤¥´´ÒÌ ¶·¨³¥·μ¢ ¢¨¤´μ, ÎÉμ ¨¸¶μ²Ó§Ê¥³Ò° ³ É¥³ É¨Î¥¸±¨°  ¶-
¶ · É ±¢ §¨¨´¢ ·¨ ´É´ÒÌ ³¥· ´  £·Ê¶¶ Ì ¤¨ËË¥μ³μ·Ë¨§³μ¢ ¢¥¸Ó³  ´¥É·¨-
¢¨ ²¥´,   ÔÉ¨ ³¥·Ò μ¡² ¤ ÕÉ ·Ö¤μ³ ¸¢μ°¸É¢, ¶ · ¤μ±¸ ²Ó´ÒÌ ¸ ¨´ÉÊ¨É¨¢´μ°
ÉμÎ±¨ §·¥´¨Ö.

‡�Š‹�—…�ˆ…

•μÉÖ ËÊ´±Í¨μ´ ²Ó´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤μ¢μ²Ó´μ ¸²μ¦-
´Ò° ¨ ¨´É¥´¸¨¢´μ · §¢¨¢ ÕÐ¨°¸Ö · §¤¥² ³ É¥³ É¨±¨ (¸³., ´ ¶·¨³¥·, [26, 10]),
¨¸¶μ²Ó§μ¢ ´¨¥ ¥£μ ¢ ±¢ ´Éμ¢μ° Ë¨§¨±¥ Ö¢²Ö¥É¸Ö μ¡Ð¥¶·¨´ÖÉÒ³. ‚μ§´¨±Ï¨°
± ± £¥´¨ ²Ó´μ¥ ¶·μ§·¥´¨¥ ”¥°´³ ´  [27], ÔÉμÉ ¶μ¤Ìμ¤ ¶μ§¢μ²¨² ¶μ¸É·μ¨ÉÓ
±¢ ´Éμ¢ÊÕ É¥μ·¨Õ ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° [28], ´ °É¨ ¸μμÉ´μÏ¥-
´¨Ö ³¥¦¤Ê ¢¥·Ï¨´´Ò³¨ ËÊ´±Í¨Ö³¨ ¨ ¤μ± § ÉÓ ¶¥·¥´μ·³¨·Ê¥³μ¸ÉÓ ÔÉμ° É¥μ-
·¨¨ [29], ¨¸¸²¥¤μ¢ ÉÓ ¶μ¢¥¤¥´¨¥ ±¢ ´Éμ¢ÒÌ  ³¶²¨ÉÊ¤ (¸³., ´ ¶·¨³¥·, [30,31]),
  É ±¦¥ ¶μ²ÊÎ¨ÉÓ ¥Ð¥ Í¥²Ò° ·Ö¤ § ³¥Î É¥²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢.

�¤´ ±μ, ± ± ¶· ¢¨²μ, ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¢ Ë¨§¨Î¥¸±μ° ²¨É¥-
· ÉÊ·¥ ¶μ´¨³ ÕÉ¸Ö ´¥¸±μ²Ó±μ Ê¶·μÐ¥´´μ. ‚ ²ÊÎÏ¥³ ¸²ÊÎ ¥ μ´¨ ¸Î¨É ÕÉ¸Ö
Î¥³-Éμ ¢·μ¤¥ ¢¨´¥·μ¢¸±¨Ì ¨´É¥£· ²μ¢,   ËÊ´±Í¨μ´ ²Ó´Ò¥ ¶·μ¸É· ´¸É¢ , ¶μ
±μÉμ·Ò³ ¶·μ¢μ¤¨É¸Ö ¨´É¥£·¨·μ¢ ´¨¥ ± ± ¤²Ö ¸¢μ¡μ¤´ÒÌ, É ± ¨ ¤²Ö ¢§ ¨³μ-
¤¥°¸É¢ÊÕÐ¨Ì ¶μ²¥°, ¶μ² £ ÕÉ¸Ö ¶·μ¸Éμ ¶·μ¸É· ´¸É¢μ³ ´¥¶·¥·Ò¢´ÒÌ ËÊ´±-
Í¨°. �μ-¢¨¤¨³μ³Ê, É ±μ¥ μ£· ´¨Î¥´´μ¥ ¶μ´¨³ ´¨¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥-
£· ²μ¢ Ö¢²Ö¥É¸Ö ´¥¤μ¸É ÉμÎ´Ò³ ¤²Ö ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. ’¥³ ¡μ²¥¥ ÎÉμ
³ É¥³ É¨Î¥¸±¨°  ¶¶ · É ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¥Ð¥ ¤ ²¥± μÉ § -
¢¥·Ï¥´´μ¸É¨. Š ± ³Ò ¢¨¤¥²¨, ¤ ¦¥ ¤²Ö, ± § ²μ¸Ó ¡Ò, Ìμ·μÏμ ¨¸¸²¥¤μ¢ ´´ÒÌ
¢¨´¥·μ¢¸±¨Ì ¨´É¥£· ²μ¢ μ¡´ ·Ê¦¨¢ ÕÉ¸Ö ¶ · ¤μ±¸ ²Ó´Ò¥ ¸¢μ°¸É¢  ¶·¨ ´μ¢ÒÌ
±² ¸¸ Ì ¶·¥μ¡· §μ¢ ´¨° ¶μ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨°.

‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤²μ¦¥´μ μ¡μ¡Ð¥´¨¥ ²μ± ²Ó´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö ¸ ÊÎ¥Éμ³ ¸±·ÒÉÒÌ ¢´ÊÉ·¥´´¨Ì ¸¨³³¥É·¨°,   É ±¦¥ ¸ ¶μ³μÐÓÕ ´¥²μ± ²Ó-
´ÒÌ § ³¥´ ¶¥·¥³¥´´ÒÌ μ¶·¥¤¥²¥´Ò ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ · §·Ò¢´Ò³
É· ¥±Éμ·¨Ö³. �·¨ ÔÉμ³ ³Ò ¶·μ¤¥³μ´¸É·¨·μ¢ ²¨ ·Ö¤ ±Ê·Ó¥§μ¢ ËÊ´±Í¨μ´ ²Ó-
´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö (¨³¥¥É¸Ö ¢ ¢¨¤Ê §´ Î¥´¨¥ ¸²μ¢  ®±Ê·Ó¥§¯ ± ± ´¥μ¡ÒÎ-
´μ¥, ¸É· ´´μ¥ Ö¢²¥´¨¥). “¦¥ ¶·μ¸É¥°Ï¨¥ · ¸¸³μÉ·¥´´Ò¥ ³μ¤¥²¨, μ± §Ò¢ -
¥É¸Ö, μ¡² ¤ ÕÉ ·Ö¤μ³ ´¥μ¡ÒÎ´ÒÌ ¸¢μ°¸É¢, ¶·μÉ¨¢μ·¥Î Ð¨Ì μ¡ÒÎ´μ° ¨´ÉÊ¨-
Í¨¨, ¸¢Ö§ ´´μ° ¸  ´ ²¨§μ³ ´  ±μ´¥Î´μ³¥·´ÒÌ ¶·μ¸É· ´¸É¢ Ì ¨ ¶·μ¸É¥°Ï¨³¨
¶· ¢¨² ³¨ ¢ÒÎ¨¸²¥´¨Ö ¡¥¸±μ´¥Î´μ³¥·´ÒÌ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢.

Œμ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ¤ ²Ó´¥°Ï¥£μ · §¢¨É¨Ö Ëμ·³ -
²¨§³  ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¨ ´ ¤²¥¦ Ð¥£μ ¨¸¶μ²Ó§μ¢ ´¨Ö ¥£μ
¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ±¢ ´Éμ¢μ-¶μ²¥¢ Ö ± ·É¨´  ³¨·  ¡Ê¤¥É ¸É ´μ¢¨ÉÓ¸Ö
®curiouser and curiouser¯ [32].

	² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·´Ò ‚.�. �Ê¡ ±μ¢Ê ¨ �.�. ‘² ¢´μ¢Ê § 
¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ·Ö¤  ¢μ¶·μ¸μ¢, § É·μ´ÊÉÒÌ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥.
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