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ŒÒ ¨§ÊÎ ¥³ ¨´É¥£·¨·Ê¥³Ò¥ ³μ¤¥²¨ ¢ ¸²ÊÎ ¥ ³¥É·¨±¨ 	ÓÖ´±¨ I ¸μ ¸± ²Ö·´Ò³¨
¶μ²Ö³¨, ³¨´¨³ ²Ó´μ ¨ ´¥³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¸ £· ¢¨É Í¨¥°, ¨ ¸¢Ö§Ó
¨Ì μ¡Ð¨Ì ·¥Ï¥´¨°. ˆ¸¶μ²Ó§ÊÖ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ³μ¤¥²Ó ¸ ³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°-
¸É¢ÊÕÐ¨³ ¸± ²Ö·´Ò³ ¶μ²¥³ ¨ ¶μ¸ÉμÖ´´Ò³ ¶μÉ¥´Í¨ ²μ³, ³Ò Ö¢´μ ¶μ± §Ò¢ ¥³ ¸¶μ¸μ¡
´ Ìμ¦¤¥´¨Ö μ¡Ð¨Ì ·¥Ï¥´¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³μ¤¥²¥° ¢ Ëμ·³Ê²¨·μ¢±¥ ‰μ·¤ ´ .

We study integrable models in the Bianchi I metric case with scalar ˇelds minimally
and non-minimally coupled with gravity and the correspondence between their general
solutions. Using the model with a minimally coupled scalar ˇeld and a constant potential
as an example, we demonstrate how to obtain the general solutions of the corresponding
models in the Jordan frame.

PACS: 98.80Jk; 98.80Cq; 04.20-q; 04.20Jb

‚‚…„…�ˆ…

Šμ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¸μ ¸± ²Ö·´Ò³¨ ¶μ²Ö³¨ ¨£· ÕÉ μ¸´μ¢´ÊÕ ·μ²Ó
¢ μ¶¨¸ ´¨¨ £²μ¡ ²Ó´μ° Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°. Œμ¤¥²¨ ¸μ ¸± ²Ö·μ³ �¨ÎÎ¨,
¶μ³´μ¦¥´´Ò³ ´  ËÊ´±Í¨Õ μÉ ¸± ²Ö·´μ£μ ¶μ²Ö, ¢¶μ²´¥ ¥¸É¥¸É¢¥´´Ò, ¶μ-
¸±μ²Ó±Ê ±¢ ´Éμ¢Ò¥ ¶μ¶· ¢±¨ ± ÔËË¥±É¨¢´μ³Ê ¤¥°¸É¢¨Õ ¸ ³¨´¨³ ²Ó´μ ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨³ ¸± ²Ö·´Ò³ ¶μ²¥³ ¸μ¤¥·¦ É Î²¥´Ò ´¥³¨´¨³ ²Ó´μ£μ ¢§ ¨³μ-
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¤¥°¸É¢¨Ö [1, 2]. ‘μ¢·¥³¥´´Ò¥ ¨´Ë²ÖÍ¨μ´´Ò¥ ³μ¤¥²¨ ¸ ´¥³¨´¨³ ²Ó´μ ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨³ ¸± ²Ö·´Ò³ ¶μ²¥³ ´¥ Éμ²Ó±μ ´¥ ¶·μÉ¨¢μ·¥Î É ´¥¤ ¢´μ ¶μ-
²ÊÎ¥´´Ò³ ¤ ´´Ò³ ´ ¡²Õ¤¥´¨° [3], ´μ ¨ ¸¢Ö§Ò¢ ÕÉ ±μ¸³μ²μ£¨Õ ¸ Ë¨§¨±μ°
Î ¸É¨Í [4Ä6].

� ¸¸³μÉ·¨³ ±μ¸³μ²μ£¨Î¥¸±ÊÕ ³μ¤¥²Ó, μ¶¨¸Ò¢ ¥³ÊÕ ¸²¥¤ÊÕÐ¨³
¤¥°¸É¢¨¥³:

S =
∫

d4x
√
−g

[
U(σ)R − 1

2
gμνσ,μσ,ν − V (σ)

]
, (1)

£¤¥ U(σ) ¨ V (σ) ¸ÊÉÓ ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö σ.
‚ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì ¸É ÉÓÖÌ [7Ä9] ³Ò · ¸¸³μÉ·¥²¨ ¨´É¥£·¨·Ê¥³Ò¥ ±μ¸-

³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¢ ³¥É·¨±¥ ”·¨¤³ ´ Ä‹¥³¥É· Ä�μ¡¥·É¸μ´ Ä“μ±¥· 
(”‹�“) ¨ ´ Ï²¨ ´μ¢Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ³μ¤¥²¨ ¸ ´¥³¨´¨³ ²Ó´Ò³ ¢§ ¨³μ-
¤¥°¸É¢¨¥³, ¨¸¶μ²Ó§ÊÖ §´ ´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³μ¤¥²¥° ¸ ³¨´¨³ ²Ó´Ò³ ¢§ ¨-
³μ¤¥°¸É¢¨¥³. –¥²Ó ¤ ´´μ° ¸É ÉÓ¨ Å ±· É±μ μ¶¨¸ ÉÓ μ¡μ¡Ð¥´¨¥ · §¢¨Éμ£μ
³¥Éμ¤  ´  ¸²ÊÎ ° ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° 	ÓÖ´±¨ I.

1. Œ�„…‹œ ‘ �…Œˆ�ˆŒ�‹œ�›Œ ‚‡�ˆŒ�„…‰‘’‚ˆ…Œ
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� ¸¸³μÉ·¨³ ³¥É·¨±Ê 	ÓÖ´±¨ I, § ¤ ¢ ¥³ÊÕ ¨´É¥·¢ ²μ³

ds2 = −N2(τ) dτ2 + a2(τ)
(
e2β1(τ) dx2

1 + e2β2(τ) dx2
2 + e2β3(τ) dx2

3

)
, (2)

£¤¥ a(τ) Å ³ ¸ÏÉ ¡´Ò° Ë ±Éμ·; N(τ) Å ËÊ´±Í¨Ö Ìμ¤ ,   ËÊ´±Í¨¨ βi(τ)
Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ β1(τ) + β2(τ) + β3(τ) = 0. ‘²¥¤ÊÖ · ¡μÉ ³ [10, 11],
³Ò ¢¢μ¤¨³ ËÊ´±Í¨Õ ¸¤¢¨£ 

θ ≡ β̇2
1 + β̇2

2 + β̇2
3 = 2

(
β̇2

1 + β̇2
2 + β̇1β̇2

)
. (3)

‡¤¥¸Ó ¨ ¤ ²¥¥ ®ÉμÎ± ¯ μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ¶μ ¢·¥³¥´¨,   ®ÏÉ·¨Ì¯ Å ¶·μ-
¨§¢μ¤´ÊÕ ¶μ σ.

‚ ·Ó¨·ÊÖ ¤¥°¸É¢¨¥ (1), ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ¢ ³¥É·¨±¥
	ÓÖ´±¨ I:

(6h2 − θ)U + 6hU ′σ̇ =
1
2
σ̇2 + N2V, (4)

4Uḣ + 6Uh2 − 4Uh
Ṅ

N
+ 2U ′′σ̇2 + U

[
θ − 2β̈i − 6hβ̇i + 2

Ṅ

N
β̇i

]
+

+ 2U ′

[
σ̈ + 2hσ̇ − β̇iσ̇ − σ̇

Ṅ

N

]
= −1

2
σ̇2 + N2V, (5)

σ̈ +

(
3h − Ṅ

N

)
σ̇ − 6U ′

[
ḣ + 2h2 − h

Ṅ

N
+

1
6
θ

]
+ N2V ′ = 0, (6)
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£¤¥ h ≡ ȧ/a. ŒÒ É ±¦¥ ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö θ, ±μÉμ·μ¥ ²¥£±μ ¨´É¥£·¨-
·Ê¥É¸Ö:

θ̇ = 2

[
Ṅ

N
− 3h − U̇

U

]
θ ⇒ θ =

N2

U2a6
θ0. (7)

�μ μ¶·¥¤¥²¥´¨Õ θ � 0, ¶μÔÉμ³Ê ±μ´¸É ´É  θ0 � 0.

2. ˆ�’…ƒ�ˆ�“…Œ›… Œ�„…‹ˆ ‘ Œˆ�ˆŒ�‹œ�›Œ
ˆ �…Œˆ�ˆŒ�‹œ�›Œ ‚‡�ˆŒ�„…‰‘’‚ˆ…Œ

‘¤¥² ¥³ ±μ´Ëμ·³´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ³¥É·¨±¨ gμν = (U0/U)g̃μν , £¤¥
U0 Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ´¸É ´É ,   É ±¦¥ ¢¢¥¤¥³ É ±μ¥ ´μ¢μ¥ ¸± ²Ö·´μ¥ ¶μ²¥ φ,
ÎÉμ

dφ

dσ
=

√
U0(U + 3U ′2)

U
⇒ φ =

∫ √
U0(U + 3U ′2)

U
dσ. (8)

‚ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨¥ (1) É· ´¸Ëμ·³¨·Ê¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥¥ ¤¥°¸É¢¨¥ ¸ ³¨´¨-
³ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³:

S =
∫

d4x
√
−g̃

[
U0R(g̃) − 1

2
g̃μνφ,μφ,ν − W (φ)

]
,

(9)

£¤¥ W (φ) =
U2

0 V (σ(φ))
U2(σ(φ))

.

‚ Ëμ·³Ê²¨·μ¢±¥ �°´ÏÉ¥°´  ³¥É·¨±  (2) ¶·¥μ¡· §Ê¥É¸Ö ¢ ¸²¥¤ÊÕÐÊÕ ³¥-
É·¨±Ê 	ÓÖ´±¨ I:

ds2 = − Ñ2(τ) dτ2 + ã2(τ)
(
e2β1(τ) dx2

1 + e2β2(τ) dx2
2 + e2β3(τ) dx2

3

)
, (10)

£¤¥ ´μ¢ Ö ËÊ´±Í¨Ö Ìμ¤  ¨ ´μ¢Ò° ³ ¸ÏÉ ¡´Ò° Ë ±Éμ· § ¤ ´Ò ¢Ò· ¦¥´¨Ö³¨
Ñ =

√
(U/U0)N , ã =

√
(U/U0)a. ”Ê´±Í¨¨ βi μ¤¨´ ±μ¢Ò ¢ μ¡¥¨Ì Ëμ·³Ê²¨-

·μ¢± Ì. “· ¢´¥´¨Ö ¢ Ëμ·³Ê²¨·μ¢±¥ �°´ÏÉ¥°´  ¨³¥ÕÉ ¢¨¤

U0(6h̃2 − θ) =
1
2
φ̇2 + Ñ2W, (11)

4U0
˙̃
h + 6U0h̃

2 − 4U0h̃
˙̃N

Ñ
+ U0θ = −1

2
φ̇2 + Ñ2W, (12)

φ̈ +

(
3h̃ −

˙̃N
Ñ

)
φ̇ + Ñ2W,φ = 0, (13)

θ̇ = 2

[ ˙̃N
Ñ

− 3h̃

]
θ, (14)
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£¤¥ h̃ ≡ ˙̃a/ã. ‹¥£±μ ·¥Ï Ö Ê· ¢´¥´¨¥ (14), ³Ò ¶μ²ÊÎ ¥³

θ = θ0
Ñ2

ã6U2
0

= θ0
N2

a6U2
. (15)

�·¥¤¶μ²μ¦¨³, ÎÉμ ¤²Ö ´¥±μÉμ·μ£μ ¶μÉ¥´Í¨ ²  W ³Ò §´ ¥³ μ¡Ð¥¥ ·¥-
Ï¥´¨¥ ¸¨¸É¥³Ò (11)Ä(13), É. ¥. ³Ò §´ ¥³ Ö¢´μ ¨²¨ ¢ ±¢ ¤· ÉÊ· Ì ËÊ´±Í¨¨
φ(τ), ã(τ), Ñ(τ). ˆ¸¶μ²Ó§ÊÖ (15), ¶μ²ÊÎ ¥³ ËÊ´±Í¨Õ θ(τ). ŒÒ É ±¦¥ ¶·¥¤-
¶μ² £ ¥³, ÎÉμ ËÊ´±Í¨Ö σ(φ) ¨§¢¥¸É´ . ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° (4)Ä(6) ¸ ¶μÉ¥´Í¨ ²μ³ V (σ) = U2(σ)W (φ(σ))/U2

0 § ¤ ¥É¸Ö
Ëμ·³Ê² ³¨

σ(τ) = σ(φ(τ)),

a(τ) =

√
U0

U(σ(φ(τ)))
ã(τ), (16)

N(τ) =

√
U0

U(σ(φ(τ))
Ñ(τ).

‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³μÉ·¨³ ¸²ÊÎ ° ¶μ¸ÉμÖ´´μ£μ ¶μÉ¥´Í¨ ² : W (φ) =
Λ > 0. ‘Ê³³¨·ÊÖ Ê· ¢´¥´¨Ö (11) ¨ (12) ¨ ¢Ò¡¨· Ö Ñ = 1, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥
´  ¶ · ³¥É· • ¡¡² , ¤ ÕÐ¥¥ ¤¢  ·¥Ï¥´¨Ö:

˙̃
h + 3h̃2 =

Λ
2U0

⇒ h̃1 =
√

Λ
6U0

tanh (υ),

h̃2 =
√

Λ
6U0

coth(υ), υ =
√

3Λ
2U0

(τ − τ0).

�É¨³ ·¥Ï¥´¨Ö³ ¸μμÉ¢¥É¸É¢ÊÕÉ ³ ¸ÏÉ ¡´Ò¥ Ë ±Éμ·Ò ¨, ± ± ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö (13), φ̇:

ã1 = ã0 cosh(υ)1/3, ã2 = Ã0 sinh(υ)1/3,

φ̇1 =
c1

cosh(υ)
, φ̇2 =

c2

sinh(υ)
.

‡¤¥¸Ó τ0, ã0, Ã0, c1 ¨ c2 Å ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö. �μ²ÊÎ¥´´Ò¥ ËÊ´±Í¨¨
¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ (11). �μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¶μ²ÊÎ ¥³ θ0 =
−ã6

0U0(Λ+ c2
1/2) ¤²Ö ¶¥·¢μ£μ ·¥Ï¥´¨Ö. �μ¸±μ²Ó±Ê θ0 < 0, ¶μ¤μ¡´μ¥ ·¥Ï¥´¨¥

´¥ ¸ÊÐ¥¸É¢Ê¥É ¨ ´Ê¦´μ ¢Ò¡· ÉÓ ¤·Ê£μ¥. „²Ö ¢Éμ·μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨¥ (11)
¤ ¥É θ0 = Ã6

0U0(Λ − c2
2/2). ”Ê´±Í¨Ö φ2 · ¢´ 

φ2(τ) =
−2c2

√
6U0

3
√

Λ
arctanh (eυ) + c0, (17)

£¤¥ c0 Å ±μ´¸É ´É . “¸²μ¢¨¥ θ0 � 0 ¤ ¥É c2
2 � 2Λ.
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�μ¤μ¡´Ò¥ ·¥Ï¥´¨Ö ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ ¸²ÊÎ ¥ ³¥É·¨±¨ ”‹�“ [9,12]. …¤¨´-
¸É¢¥´´μ¥ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö ³¥É·¨±¨ ”‹�“ ¸μ¸Éμ¨É ¢ μ£· ´¨Î¥´¨¨ ´  ¢μ§³μ¦-
´Ò¥ §´ Î¥´¨Ö ±μ´¸É ´É ¨´É¥£·¨·μ¢ ´¨Ö, § ¤ ¢ ¥³μ³ Ê· ¢´¥´¨¥³ (11). �¡Ð¥¥
·¥Ï¥´¨¥, ¶μ²ÊÎ¥´´μ¥ ¤²Ö ³μ¤¥²¨ ¸ ³¨´¨³ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¨ ¶μ¸ÉμÖ´-
´Ò³ ¶μÉ¥´Í¨ ²μ³, ¶μ§¢μ²Ö¥É ´ °É¨ ¶μ Ëμ·³Ê² ³ (16) μ¡Ð¥¥ ·¥Ï¥´¨¥ ¤²Ö ³μ-
¤¥²¨ ¸ ´¥³¨´¨³ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¨ ¶μÉ¥´Í¨ ²μ³ V = ΛU2/U2

0 . ’ ±¨³
μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³ ³´μ¦¥¸É¢μ ¨´É¥£·¨·Ê¥³ÒÌ ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥°
¸ ³¥É·¨±μ° 	ÓÖ´±¨ I.

3. ‚›‚�„›

‚ ÔÉμ° ´¥¡μ²ÓÏμ° ¸É ÉÓ¥ ³Ò ¶μ± § ²¨, ÎÉμ ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ¨´É¥£·¨·Ê¥-
³ÒÌ ³μ¤¥²¥° ¸ ´¥³¨´¨³ ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³ ¸± ²Ö·´Ò³ ¶μ²¥³, ¶·¥¤²μ-
¦¥´´Ò° ¢ [7], ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´ ´  ³μ¤¥²¨ ¸ ³¥É·¨±μ° 	ÓÖ´±¨ I. ŒÒ · ¸-
¸³μÉ·¥²¨ ¶·μ¸Éμ° ¶·¨³¥· ¸ ¶μ¸ÉμÖ´´Ò³ ¶μÉ¥´Í¨ ²μ³ ¨ ´ ¤¥¥³¸Ö ¶·¥¤¸É ¢¨ÉÓ
¶·¨³¥·Ò ¸ ¡μ²¥¥ ¸²μ¦´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¢ ¶μ¸²¥¤ÊÕÐ¥° ¶Ê¡²¨± Í¨¨ [13].
ˆ´É¥£·¨·Ê¥³ Ö ³μ¤¥²Ó 	ÓÖ´±¨ I ¡¥§ ¸± ²Ö·´μ£μ ¶μ²Ö, ´μ ¸ ±μ¸³μ²μ£¨Î¥¸±μ°
±μ´¸É ´Éμ°, ³ É¥·¨¥° c ¶ · ³¥É·μ³ ¸μ¸ÉμÖ´¨Ö, · ¢´Ò³ ¥¤¨´¨Í¥, ¨ ¶Ò²ÓÕ · ¸-
¸³μÉ·¥´  ¢ · ¡μÉ Ì [14,15], £¤¥ μ¡Ð¨¥ ·¥Ï¥´¨Ö ´ °¤¥´Ò. 	Ò²μ ¡Ò ¨´É¥·¥¸´μ
μ¡μ¡Ð¨ÉÓ ´ Ï ¶μ¤Ìμ¤ ´  ±μ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¸ ¶Ò²ÓÕ ¨ · ¤¨ Í¨¥°.
—¨¸²μ ¨§¢¥¸É´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ³μ¤¥²¥° ¸ ³¥É·¨±μ° 	ÓÖ´±¨ I ³¥´ÓÏ¥, Î¥³
Î¨¸²μ ¨´É¥£·¨·Ê¥³ÒÌ ³μ¤¥²¥° ¸ ³¥É·¨±μ° ”‹�“∗. ŒÒ ´ ¤¥¥³¸Ö, ÎÉμ ¶·¥¤²μ-
¦¥´´Ò° ³¥Éμ¤ ¶μ³μ¦¥É ´ °É¨ ´μ¢Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ³μ¤¥²¨ ¸ ³¨´¨³ ²Ó´Ò³
¨ ´¥³¨´¨³ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³.

� ¡μÉ  �.Š. Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  £· ´Éμ³ �””ˆ 14-02-00894. ˆ¸¸²¥-
¤μ¢ ´¨¥ …. �. Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´μ £· ´Éμ³ ŒŠ-7835.2016.2 �·¥§¨¤¥´É 
�μ¸¸¨°¸±μ° ”¥¤¥· Í¨¨. ˆ¸¸²¥¤μ¢ ´¨¥ ‘. ‚. Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´μ £· ´Éμ³
�˜-7989.2016.2 �·¥§¨¤¥´É  �μ¸¸¨°¸±μ° ”¥¤¥· Í¨¨. ˆ¸¸²¥¤μ¢ ´¨Ö ….�.
¨ ‘.‚. Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´Ò £· ´Éμ³ �””ˆ 14-01-00707.
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