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�. ‘ Ì  ∗

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

‚ μ¡² ¸É¨ ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° 	¨ ´±¨ É¨¶  VI, VI0, V, III, I, LRSBI ¨ FRW
¨§ÊÎ¥´  ·μ²Ó ´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¨ ¸ ³μ£μ ¶μ²Ö.
�¡´ ·Ê¦¥´μ, ÎÉμ ¡² £μ¤ ·Ö ¶·¨¸ÊÉ¸É¢¨Õ ´¥É·¨¢¨ ²Ó´ÒÌ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É
É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¢  ´¨§μÉ·μ¶´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢Ò-
Ö¢²ÖÕÉ¸Ö ´¥±μÉμ·Ò¥ ¸ÊÐ¥¸É¢¥´´Ò¥ μ£· ´¨Î¥´¨Ö ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ´  ±μ³¶μ-
´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³μÉ·¥´  ¶μ²¨´μ³¨ ²Ó´ Ö ´¥²¨´¥°´μ¸ÉÓ,
Ö¢²ÖÕÐ Ö¸Ö ËÊ´±Í¨¥° ¨´¢ ·¨ ´Éμ¢, ¶μ¸É·μ¥´´ÒÌ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³.

�¡´ ·Ê¦¥´μ, ÎÉμ ¢ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢ § ¢¨¸¨³μ¸É¨
μÉ ±μ´¸É ´É ¸¢Ö§¨ ¤μ¶Ê¸± ¥É¸Ö ± ± ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥, É ± ¨ ±μ²¥¡ É¥²Ó´Ò° ¸¶μ¸μ¡
Ô¢μ²ÕÍ¨¨.

‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¡² £μ¤ ·Ö ¸¶¥Í¨Ë¨±¥ ¶μ¢¥-
¤¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥ÕÉ¸Ö ¤¢  · §²¨Î´ÒÌ ¸Í¥´ ·¨Ö. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¨´¢ -
·¨ ´ÉÒ, μ¡· §μ¢ ´´Ò¥ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³, É·¨¢¨ ²Ó´Ò, ÎÉμ ¶·¨¢μ¤¨É
± ¡¥§³ ¸¸μ¢μ³Ê ¨ ²¨´¥°´μ³Ê ² £· ´¦¨ ´Ê ¸¶¨´μ·´μ£μ ¶μ²Ö. �ÉμÉ ¸²ÊÎ ° Ô±¢¨¢ -
²¥´É¥´ ¢ ±ÊÊ³´μ³Ê ·¥Ï¥´¨Õ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‚Éμ·μ° ¸²ÊÎ °
¤μ¶Ê¸± ¥É ´¥´Ê²¥¢Ò¥ ¨ ´¥²¨´¥°´Ò¥ ¸² £ ¥³Ò¥, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´É
¸¢Ö§¨ ¶·¨¢μ¤¨É ²¨¡μ ± Ê¸±μ·¥´´μ³Ê · ¸Ï¨·¥´¨Õ ‚¸¥²¥´´μ°, ²¨¡μ, ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö
³ ±¸¨³Ê³ , ± ¸¦ É¨Õ ¨ 	μ²ÓÏμ³Ê Ì·Ê¸ÉÊ, ¨ ¸μ§¤ ¥É¸Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ Ö
¸¨´£Ê²Ö·´μ¸ÉÓ.

‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  V ¸ÊÐ¥¸É¢ÊÕÉ ¤¢¥ ¢μ§³μ¦´μ¸É¨. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¢¸¥
³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¸μ¢¶ ¤ ÕÉ. ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³, ¥¸²¨ ±μ´-
¸É ´É  ¸ ³μ¤¥°¸É¢¨Ö ¶μ²μ¦¨É¥²Ó´ , ¢ Éμ ¢·¥³Ö ± ± μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ ¢¥¤¥É
± Í¨±²¨Î¥¸±μ³Ê ¨²¨ ¶¥·¨μ¤¨Î¥¸±μ³Ê ·¥Ï¥´¨Õ. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨-
´μ·´μ° ³ ¸¸Ò ¨ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸Î¥§ ÕÉ ¨ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ²¨´¥°´μ ¢μ
¢·¥³¥´¨.

‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  III ¶·μ¸É· ´¸É¢μ-¢·¥³Ö μ¸É ´¥É¸Ö ¢¸¥£¤  ¢· Ð É¥²Ó´μ-
¸¨³³¥É·¨Î´Ò³, É ± ÎÉμ ¨§μÉ·μ¶¨Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¤μ¸É¨£ ¥É¸Ö ¶·¨ ¡μ²ÓÏ¨Ì
±μ´¸É ´É Ì ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨. ‚ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´ÉÒ ¸¢Ö§¨ ³μ¤¥²Ó ¤μ-
¶Ê¸± ¥É ± ± Ê¸±μ·¥´´Ò°, É ± ¨ μ¸Í¨²²ÖÉμ·´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö. �É·¨Í É¥²Ó´ Ö
±μ´¸É ´É  ¸¢Ö§¨ ¢¥¤¥É ± μ¸Í¨²²ÖÉμ·´μ³Ê · ¸Ï¨·¥´¨Õ, ¶μ²μ¦¨É¥²Ó´ Ö Å ± · ¸Ï¨·¥-
´¨Õ ¸ ¶μ§¤´¨³ Ê¸±μ·¥´¨¥³. � · ³¥É· § ³¥¤²¥´¨Ö (Ê¸±μ·¥´¨Ö) · ¸Ï¨·¥´¨Ö ¨ ¶ · ³¥É·
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Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö (“‘) ¢ ÔÉμ³ ¸²ÊÎ ¥ ³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³ ¨ ´ Ìμ¤ÖÉ¸Ö ¢ ¸μ£² ¸¨¨
¸ ¸μ¢·¥³¥´´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ μ¡ Ô¢μ²ÕÍ¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ¶·¨-
¢μ¤ÖÉ ± É·¥³ · §²¨Î´Ò³ ¢μ§³μ¦´μ¸ÉÖ³. ‚ ¸²ÊÎ ¥ ¶μ²´μ£μ BI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨
μ¡´ ·Ê¦¨¢ ¥É¸Ö, ÎÉμ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨ ³ ¸¸μ¢Ò° Î²¥´ ¨¸Î¥§ ÕÉ, ¢¸²¥¤-
¸É¢¨¥ Î¥£μ ² £· ´¦¨ ´ ¸É ´μ¢¨É¸Ö ¡¥§³ ¸¸μ¢Ò³ ¨ ²¨´¥°´Ò³. ‚ ¤¢ÊÌ μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ
¶·μ¸É· ´¸É¢μ-¢·¥³Ö Ô¢μ²ÕÍ¨μ´¨·Ê¥É ¢ ¸Éμ·μ´Ê LRSBI ¨²¨ FRW ‚¸¥²¥´´μ°.

…¸²¨ · ¸¸³μÉ·¥ÉÓ ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´ÊÕ ³μ¤¥²Ó BI (LRSBI), ´¨
³ ¸¸μ¢Ò° Î²¥´, ´¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¨¸Î¥§ ÕÉ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ § ¢¨-
¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨³¥¥É¸Ö ²¨¡μ ·¥¦¨³ ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö · ¸Ï¨·¥-
´¨Ö, ²¨¡μ μ¸Í¨²²ÖÉμ·´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨. ‚ · ¸Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ° ¸ÊÐ¥¸É¢Ê¥É
 ¸¨³¶ÉμÉ¨Î¥¸± Ö ¨§μÉ·μ¶¨§ Í¨Ö.

� ±μ´¥Í, ¢ ³μ¤¥²¨ FRW ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¨ ³ ¸¸μ¢Ò° Î²¥´, ´¨ ´¥²¨´¥°-
´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¨¸Î¥§ ÕÉ. Š ± ¨ ¢ ³μ¤¥²¨ LRSBI, ¨³¥¥É¸Ö ¶μ§¤´¥¥ · ¸Ï¨-
·¥´¨¥ ¨²¨ Í¨±²¨Î¥¸±¨° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

„ ´´Ò¥ ¨¸¸²¥¤μ¢ ´¨° ¶μ§¢μ²ÖÕÉ ¶·¨°É¨ ± § ±²ÕÎ¥´¨Õ, ÎÉμ ¸¶¨´μ·´μ¥ ¶μ²¥ μÎ¥´Ó
ÎÊ¢¸É¢¨É¥²Ó´μ ± £· ¢¨É Í¨μ´´μ³Ê.

Within the scope of Bianchi type-VI, VI0, V, III, I, LRSBI and FRW cosmological
models we have studied the role of nonlinear spinor ˇeld in the evolution of the Universe
and the ˇeld itself. It was found that due to the presence of non-trivial non-diagonal com-
ponents of the energy-momentum tensor of the spinor ˇeld in the anisotropic space-time,
there occur some severe restrictions both on the metric functions and on the components
of the spinor ˇeld. In this report we have considered a polynomial nonlinearity which is
a function of invariants constructed from the bilinear spinor forms.

It is found that in case of a Bianchi type-VI space-time, depending on the sign of
self-coupling constants, the model allows either late time acceleration or oscillatory mode
of evolution.

In case of a Bianchi type-VI0 space-time due to the speciˇc behavior of the spinor ˇeld
we have two different scenarios. In one case the invariants constructed from bilinear spinor
forms become trivial, thus giving rise to a massless and linear spinor ˇeld Lagrangian.
This case is equivalent to the vacuum solution of the Bianchi type-VI0 space-time. The
second case allows non-vanishing massive and nonlinear terms, and depending on the sign
of coupling constants, gives rise to accelerating mode of expansion or the one that after
obtaining some maximum value contracts and ends in big crunch, consequently generating
space-time singularity.

In case of a Bianchi type-V model there occur two possibilities. In one case we
found that the metric functions are similar to each other. In this case the Universe expands
with acceleration if the self-coupling constant is taken to be a positive one, whereas a
negative coupling constant gives rise to a cyclic or periodic solution. In the second case
the spinor mass and the spinor ˇeld nonlinearity vanish and the Universe expands linearly
in time.

In case of a Bianchi type-III model the space-time remains locally rotationally symmet-
ric all the time, though the isotropy of space-time can be attained for a large proportionality
constant. As far as evolution is concerned, depending on the sign of coupling constant the
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model allows both accelerated and oscillatory mode of expansion. A negative coupling
constant leads to an oscillatory mode of expansion, whereas a positive coupling constant
generates expanding Universe with late time acceleration. Both deceleration parameter and
EoS parameter in this case vary with time and are in agreement with modern concept of
space-time evolution.

In case of a Bianchi type-I space-time the non-diagonal components lead to three
different possibilities. In case of a full BI space-time we ˇnd that the spinor ˇeld non-
linearity and the massive term vanish, hence the spinor ˇeld Lagrangian becomes mass-
less and linear. In two other cases the space-time evolves into either LRSBI or FRW
Universe.

If we consider a locally rotationally symmetric BI (LRSBI) model, neither the mass
term nor the spinor ˇeld nonlinearity vanishes. In this case depending on the sign of cou-
pling constant we have either late time accelerated mode of expansion or oscillatory mode
of evolution. In this case for an expanding Universe we have asymptotical isotropization.

Finally, in case of a RW model neither the mass term nor the spinor ˇeld nonlinearity
vanishes. Like in LRSBI case we have either late time acceleration or cyclic mode of
evolution.

These ˇndings allow us to conclude that the spinor ˇeld is very sensitive to the
gravitational one.

PACS: 98.80.Cq

‚‚…„…�ˆ…

�¥²¨´¥°´Ò¥ Ö¢²¥´¨Ö ¤²¨É¥²Ó´μ¥ ¢·¥³Ö ¡Ò²¨ μ¤´μ° ¨§ ¸ ³ÒÌ ¶μ¶Ê²Ö·-
´ÒÌ É¥³. �¤´ ±μ ´Ê¦´μ ¶·¨§´ ÉÓ, ÎÉμ ´¥²¨´¥°´Ò¥ ±² ¸¸¨Î¥¸±¨¥ ¶μ²Ö ´¥
¶μ²ÊÎ¨²¨ μ¡Ð¥£μ · ¸¸³μÉ·¥´¨Ö. ‚μ§³μ¦´μ, ÔÉμ ¸²ÊÎ¨²μ¸Ó ¨§-§  ³ É¥³ É¨-
Î¥¸±¨Ì É·Ê¤´μ¸É¥°, ¶·μ¨¸Ìμ¤ÖÐ¨Ì μÉ ´¥¶¥·¥´μ·³¨·Ê¥³μ¸É¨ ”¥·³¨ ¨ ¤·Ê£¨Ì
´¥²¨´¥°´ÒÌ ¸¢Ö§¥° [157]. �¥²¨´¥°´μ¥ ¸ ³μ¤¥°¸É¢¨¥ ¸¶¨´μ·´ÒÌ ¶μ²¥° ³μ¦¥É
¢μ§´¨±´ÊÉÓ ± ± ¸²¥¤¸É¢¨¥ £¥μ³¥É·¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨,
ÉμÎ´¥¥, ¢¸²¥¤¸É¢¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ±·ÊÎ¥´¨Ö. � ´¥¥, ¢ 1938 £., ˆ¢ ´¥´±μ [101]
¶μ± § ², ÎÉμ ·¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö ¶μ² £ ¥É ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¸ ³μ¤¥°-
¸É¢¨¥ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± . �É  É¥μ·¨Ö ¤ ²¥¥ ¡Ò²  · §¢¨É  ¢ [102, 103, 167].
‚ 1950 £. ‚¥°²Ó [248] ¤μ± § ², ÎÉμ, ¥¸²¨  ËË¨´´Ò¥ ¨ ³¥É·¨Î¥¸±¨¥ ¸¢μ°¸É¢ 
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¥§ ¢¨¸¨³Ò, ¸¶¨´μ·´μ¥ ¶μ²¥ Ê¤μ¢²¥É¢μ·Ö¥É ²¨´¥°´Ò³
Ê· ¢´¥´¨Ö³ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ±·ÊÎ¥´¨¥³ ¨²¨ ´¥²¨´¥°´Ò³ ¢ ·¨³ ´μ¢μ³ ¶·μ-
¸É· ´¸É¢¥. ‚²¨Ö´¨¥ ´¥²¨´¥°´ÒÌ (Î¥É¢¥·Éμ£μ ¶μ·Ö¤± ) Î²¥´μ¢ ¢ ² £· ´¦¨ ´¥
´¥±μÉμ·ÒÌ ±² ¸¸¨Î¥¸±¨Ì É¥μ·¨° ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¢ [229]. ‚ ¸²ÊÎ ¥ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ²μ± ²Ó´μ Ê¸Éμ°Î¨¢Ò¥ ±μ´Ë¨£Ê· Í¨¨ ¸ ³¨´¨³ ²Ó´Ò³ Ô´¥·£¥É¨Î¥-
¸±¨³ ¸μ¸ÉμÖ´¨¥³, ± ± ¶μ± § ´μ, ¢¸¥£¤  ¸ÊÐ¥¸É¢ÊÕÉ ¤²Ö ¶μ²μ¦¨É¥²Ó´μ° ±μ´-
¸É ´ÉÒ ¸¢Ö§¨. Š ± Éμ²Ó±μ ¸ ³μ¤¥°¸É¢¨¥ ¨³¥¥É É¨¶ ¸¶¨´Ä¸¶¨´, ÔÉμ ¶μ§¢μ²Ö¥É
¶·¨¶¨¸ ÉÓ ¤¨´ ³¨Î¥¸±ÊÕ ·μ²Ó ¸¶¨´Ê ¨ ¸Ê¤¨ÉÓ μ ¶·μ¨¸Ìμ¦¤¥´¨¨ ´¥²¨´¥°´μ-
¸É¥°. „ ²¥¥ ¤ ´´Ò° ¢μ¶·μ¸ ¡Ò² ¶·μÖ¸´¥´ ¢ ´¥¸±μ²Ó±¨Ì ¸ÊÐ¥¸É¢¥´´ÒÌ · ¡μÉ Ì
“É¨Ö³Ò, Š¨¡²¥ ¨ ‘±¨ ³Ò [109, 225, 238]. Š¢ §¨Î ¸É¨Î´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥-



�…‹ˆ�…‰��‘’œ ‘�ˆ�����ƒ� ��‹Ÿ ˆ ƒ…�Œ…’�ˆŸ ���‘’���‘’‚�-‚�…Œ…�ˆ 273

´¨° ±² ¸¸¨Î¥¸±¨Ì ¸¶¨´μ·´ÒÌ ¶μ²¥° ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ [74, 75, 92]. ‘É ¡¨²Ó-
´μ¸ÉÓ μ¶É¨Î¥¸±¨Ì ¸μ²¨Éμ´μ¢, É. ¥. ²μ± ²¨§μ¢ ´´ÒÌ ·¥Ï¥´¨° ±¢ §¨¸¶¨´μ·´ÒÌ
¸¨¸É¥³, ¡Ò²  ¶·μ ´ ²¨§¨·μ¢ ´  ¢ [13]. �¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥, ¢¢¥¤¥´-
´μ¥ ¸¨³³¥É·¨Î´μ° ¸¢Ö§ÓÕ ³¥¦¤Ê ´Ê±²μ´ ³¨, ³Õμ´ ³¨ ¨ ²¥¶Éμ´ ³¨, ¨¸¸²¥-
¤μ¢ ´μ ¢ [74] ¢ ±² ¸¸¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨. Š² ¸¸¨Î¥¸±μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥,
μ¶·¥¤¥²¥´´μ¥ ¢ ·¨ Í¨μ´´Ò³ ¶·¨´Í¨¶μ³ ¸ ² £· ´¦¨ ´μ³ ¸ ±¢ ¤· É¨Î´Ò³¨
¤¨· ±μ¢¸±¨³¨ ¨ ¡¨±¢ ¤· É´Ò³¨ Ë¥·³¨-Î²¥´ ³¨, ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¢ [75].
‚ ¶·μ¸É¥°Ï¥° ¸Ì¥³¥ ¸ ³μ¤¥°¸É¢¨¥ ¨³¥¥É ¶¸¥¢¤μ¢¥±Éμ·´Ò° É¨¶, ´μ, ± ± ¡Ê¤¥É
¶μ± § ´μ, μ´μ É ±¦¥ ³μ¦¥É ¶μ²ÊÎ¨ÉÓ ¸± ²Ö·´ÊÕ ¸¢Ö§Ó [159]. �·¥¢μ¸Ìμ¤´Ò°
μ¡§μ· ¶·μ¡²¥³Ò ¶·¥¤¸É ¢²¥´ ¢ [91]. �¥²¨´¥°´Ò¥ ±¢ ´Éμ¢Ò¥ ¶μ²Ö „¨· ± 
¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ƒ¥°§¥´¡¥·£μ³ [92, 93] ¢ ¥£μ  ³¡¨Í¨μ§´μ° μ¡Ñ¥¤¨´¥´´μ°
É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. ‘¥°Î ¸ ¨´É¥·¥¸ ± ´¨³ ¢μ§μ¡´μ¢¨²¸Ö ¨§-§  Ï¨-
·μ±μ ¨§¢¥¸É´μ° ¸É ÉÓ¨ ƒ·μ¸¸  ¨ �¥¢ß [86], ¢ ±μÉμ·μ° μ¶¨¸Ò¢ ÕÉ¸Ö ¤¢Ê³¥·´Ò¥
¡¥§³ ¸¸μ¢Ò¥ Ë¥·³¨μ´´Ò¥ É¥μ·¨¨ ¶μ²Ö ¸ ±¢ ¤· É¨Î´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨.
�¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¢ μ¡² ¸É¨ ¶²μ¸±μ¸¨³³¥É·¨Î´μ° ³μ¤¥²¨ £· ¢¨É -
Í¨μ´´μ£μ ¶μ²Ö ¨§ÊÎ¥´μ ¢ [178, 181, 182, 203]. ‘μ¢¸¥³ ´¥¤ ¢´μ ¢ ·¨ Í¨μ´´Ò°
³¥Éμ¤ ¨§ÊÎ¥´¨Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö „¨· ±  ¢ ¢¨¤¥ Ê¥¤¨´¥´´μ° ¢μ²´Ò ¡Ò²
¶·¨³¥´¥´ ¢ [129]. �Ê¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ´¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¸Ò-
£· ²μ ·¥Ï ÕÐÊÕ ·μ²Ó ¢ ±¨· ²Ó´ÒÌ ³μ¤¥²ÖÌ ‘±¨·³Ò ¨ ” ¤¤¥¥¢ . � °¤¥´μ,
ÎÉμ 16-¸¶¨´μ·´μ¥ ¶μ²¥ ¶μ§¢μ²Ö¥É μ¡Ñ¥¤¨´¨ÉÓ ³μ¤¥²¨ ‘±¨·³Ò ¨ ” ¤¤¥¥¢ ,
μ¶¨¸Ò¢ ÕÐ¨¥ ¡ ·¨μ´Ò ¨ ²¥¶Éμ´Ò ± ± Éμ¶μ²μ£¨Î¥¸±¨¥ ¸μ²¨Éμ´Ò [171].

Š¢ ´Éμ¢ Ö É¥μ·¨Ö ¢ ¨¸±·¨¢²¥´´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¡Ò²  ¶·¥¤³¥Éμ³
μ£·μ³´μ£μ ¨´É¥·¥¸  ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¢ ¸¢Ö§¨ ¸ ¥¥ ¶·¨³¥´¥´¨¥³ ¢ ±μ¸³μ²μ-
£¨¨ ¨  ¸É·μË¨§¨±¥. ‘¢¨¤¥É¥²Ó¸É¢  ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¸¨²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ
¶μ²¥° ¢μ ‚¸¥²¥´´μ° ¶·¨¢¥²¨ ± ¨§ÊÎ¥´¨Õ ±¢ ´Éμ¢ÒÌ ÔËË¥±Éμ¢ ³ É¥·¨ ²Ó-
´ÒÌ ¶μ²¥° ¢μ ¢´¥Ï´¥³ ±² ¸¸¨Î¥¸±μ³ £· ¢¨É Í¨μ´´μ³ ¶μ²¥. �μ¸²¥ ¶μÖ¢²¥´¨Ö
¸É ÉÓ¨ � ·±¥·  μ ¸± ²Ö·´ÒÌ ¶μ²ÖÌ [141] ¨ ¶μ²ÖÌ ¸μ ¸¶¨´μ³ 1/2 [142] ´¥-
±μÉμ·Ò¥  ¢Éμ·Ò É ±¦¥ · ¸¸³μÉ·¥²¨ ÔÉÊ É¥³Ê. Šμ¸³μ²μ£¨Ö ¢ §´ Î¨É¥²Ó´μ°
¸É¥¶¥´¨ μ¸´μ¢Ò¢ ¥É¸Ö ´  ·¥Ï¥´¨¨ ”·¨¤³ ´  Ê· ¢´¥´¨° �°´ÏÉ¥°´ , ±μÉμ·μ¥
· ¸¸³ É·¨¢ ¥É ¶μ²´μ¸ÉÓÕ μ¤´μ·μ¤´ÊÕ ¨ ¨§μÉ·μ¶´ÊÕ ‚¸¥²¥´´ÊÕ (®§ ³±´ÊÉÒ¥¯
¨ ®μÉ±·ÒÉÒ¥¯ ³μ¤¥²¨, É. ¥. μ£· ´¨Î¥´´ÊÕ ¨²¨ ´¥μ£· ´¨Î¥´´ÊÕ ‚¸¥²¥´´ÊÕ).
ƒ² ¢´μ¥ ¸¢μ°¸É¢μ ÔÉ¨Ì ³μ¤¥²¥° Å ´¥¸É Í¨μ´ ·´μ¸ÉÓ. ˆ¤¥Ö · ¸Ï¨·ÖÕÐ¥°¸Ö
‚¸¥²¥´´μ°, ¢ÒÉ¥± ÕÐ Ö ¨§ ÔÉμ£μ ¸¢μ°¸É¢ , ¶μ¤É¢¥·¦¤¥´   ¸É·μ´μ³¨Î¥¸±¨³¨
´ ¡²Õ¤¥´¨Ö³¨, ¨ ¸¥°Î ¸ ³μ¦´μ ¡¥§ ¸μ³´¥´¨Ö ¶μ² £ ÉÓ, ÎÉμ ¨§μÉ·μ¶´ Ö ³μ¤¥²Ó
¶·¥¤¸É ¢²Ö¥É ¢ μ¡Ð¨Ì Î¥·É Ì  ¤¥±¢ É´μ¥ μ¶¨¸ ´¨¥ ¸μ¢·¥³¥´´μ£μ ¸μ¸ÉμÖ´¨Ö
‚¸¥²¥´´μ°. ˆ´É¥·¥¸ ± ¨§ÊÎ¥´¨Õ Ê· ¢´¥´¨° Š²¥°´ Äƒμ·¤μ´  ¢  ´¨§μÉ·μ¶´ÒÌ
³μ¤¥²ÖÌ ¢μ§·μ¸ ¶μ¸²¥ Éμ£μ, ± ± •Ê ¨ � ·±¥· [97] ¶μ± § ²¨, ÎÉμ ¢μ§´¨±´μ¢¥´¨¥
¸± ²Ö·´ÒÌ Î ¸É¨Í ´   ´¨§μÉ·μ¶´μ³ Ëμ´¥ ³μ¦¥É Ê´¨ÎÉμ¦¨ÉÓ  ´¨§μÉ·μ¶¨Õ ¢μ
¢·¥³Ö · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ°.

‘ Ê¢¥²¨Î¥´¨¥³ ±μ²¨Î¥¸É¢  ´ ¡²Õ¤ ¥³ÒÌ ¤ ´´ÒÌ ¨§ ¤ ²Ó´¥£μ ±μ¸³μ¸  ´¥-
μ¡Ìμ¤¨³μ¸ÉÓ ¢ ¨§³¥´¥´¨¨ ¸É ´¤ ·É´μ° ±μ¸³μ²μ£¨Î¥¸±μ° ¶ · ¤¨£³Ò ¸É ´μ-
¢¨É¸Ö ´¥¨§¡¥¦´μ°. „μ 1998 £., ±μ£¤  ¥Ð¥ ´¥ ¡Ò²μ ³Ò¸²¨ μ¡ Ê¸±μ·¥´´μ³
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· ¸Ï¨·¥´¨¨, ¤μ¸ÉÊ¶´Ò¥ ´ ¡²Õ¤ ¥³Ò¥ ¤ ´´Ò¥ Ìμ·μÏμ ¸μμÉ¢¥É¸É¢μ¢ ²¨ ¸É ´-
¤ ·É´μ° Ô°´ÏÉ¥°´μ¢¸±μ° ³μ¤¥²¨. �É±·ÒÉ¨¥ ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö · ¸Ï¨·¥´¨Ö
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ μÉ±·Ò²μ ¤μ·μ£Ê ³´μ£μÎ¨¸²¥´´Ò³  ²ÓÉ¥·´ É¨¢´Ò³ ³μ-
¤¥²Ö³ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°.

� ¨¡μ²¥¥ ¶μ¶Ê²Ö·´Ò¥ ³μ¤¥²¨ É¥³´μ° Ô´¥·£¨¨ · ¸¸³ É·¨¢ ÕÉ ¸É ·ÊÕ Ô°´-
ÏÉ¥°´μ¢¸±ÊÕ É¥μ·¨Õ ¸ ´μ¢μ° ®³ É¥·¨¥°¯ ¢ ± Î¥¸É¢¥ ¶μ²Ö ¨¸ÉμÎ´¨± . �Éμ
³μ¤¥²¨ ¸ Λ-Î²¥´μ³ [140,187,222], ±¢¨´ÉÔ¸¸¥´Í¨¥° [50,56,125,139,185,259],
£ §μ³ — ¶²Ò£¨´  [5, 16, 23Ä25, 31, 32, 106] ¨ É. ¤. ¸·¥¤¨ ¡μ²ÓÏ¨´¸É¢  ¨¸¸²¥-
¤Ê¥³ÒÌ, ´μ ¶·¥¤²μ¦¥´Ò ¨ ´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ³μ¤¥²¨ É¥³´μ° Ô´¥·£¨¨. �μ¸²¥
´¥±μÉμ·ÒÌ §´ Î¨É¥²Ó´ÒÌ · ¡μÉ · §²¨Î´ÒÌ  ¢Éμ·μ¢ [8, 94, 117, 137, 160, 173,
174, 177, 179, 180, 186, 189, 190, 192, 230], ¢ ±μÉμ·ÒÌ ¶μ± § ´  ¢ ¦´ Ö ·μ²Ó
¸¶¨´μ·´μ£μ ¶μ²Ö ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°, ¸¶¨´μ·´μ¥ ¶μ²¥ ¡Ò²μ Ï¨·μ±μ ¨¸-
¶μ²Ó§μ¢ ´μ ¢ ³μ¤¥²¨·μ¢ ´¨¨ É¥³´μ° Ô´¥·£¨¨. �ÉμÉ Ê¸¶¥Ì ¶·Ö³μ ¸¢Ö§ ´ ¸ ¢μ§-
³μ¦´μ¸ÉÓÕ μÉ¢¥É¨ÉÓ ´  ´¥±μÉμ·Ò¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¢μ¶·μ¸Ò ¸μ¢·¥³¥´´μ°
±μ¸³μ²μ£¨¨:

1. �·μ¡²¥³  ¶¥·¢μ´ Î ²Ó´μ° ¸¨´£Ê²Ö·´μ¸É¨. �¤´  ¨§ ¶·μ¡²¥³ ¸μ¢·¥³¥´-
´μ° ±μ¸³μ²μ£¨¨ Å ´ ²¨Î¨¥ ¶¥·¢μ´ Î ²Ó´μ° ¸¨´£Ê²Ö·´μ¸É¨, ÎÉμ μ§´ Î ¥É ±μ-
´¥Î´μ¸ÉÓ ¢·¥³¥´¨. �¸´μ¢´ Ö Í¥²Ó ¢¢¥¤¥´¨Ö ´¥²¨´¥°´μ£μ Î²¥´  ¢ ² £· ´¦¨ ´
¸¶¨´μ·´μ£μ ¶μ²Ö Å · ¸¸³μÉ·¥ÉÓ ¢μ§³μ¦´μ¸ÉÓ Ê¸É· ´¥´¨Ö ´ Î ²Ó´μ° ¸¨´£Ê-
²Ö·´μ¸É¨. ‚ ´¥¸±μ²Ó±¨Ì ¸É ÉÓÖÌ [173, 174, 177, 179, 180] ¶μ± § ´μ, ÎÉμ ¢¢¥¤¥-
´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ ¶μ¤Ìμ¤ÖÐ¥° ´¥²¨´¥°´μ¸ÉÓÕ ¤¥°¸É¢¨É¥²Ó´μ ¶·¨¢μ¤¨É
± ³μ¤¥²Ö³ ‚¸¥²¥´´μ° ¡¥§ ¸¨´£Ê²Ö·´μ¸É¨. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥
·¥Ï¥´¨Ö ´ °¤¥´Ò ¶·¨ Ê¸²μ¢¨¨ ¤μ³¨´¨·μ¢ ´¨Ö Ô´¥·£¨¨:

ε +
∑

α

pα � 0, (B.1 )

ε + pα � 0, α = 1, 2, 3, (B.1¡)

£¤¥ ε Å ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¨ pα Å ¤ ¢²¥´¨¥ ¢¤μ²Ó É·¥Ì £² ¢´ÒÌ ´ ¶· -
¢²¥´¨°. ’¥¶¥·Ó, ±μ£¤  Ô´¥·£¨Ö ¨£· ¥É ¤μ³¨´¨·ÊÕÐÊÕ ·μ²Ó ¢μ ‚¸¥²¥´´μ°,
Ê¸²μ¢¨¥ ¤μ³¨´¨·μ¢ ´¨Ö Ô´¥·£¨¨ ¢·¥³Ö μÉ ¢·¥³¥´¨ ´ ·ÊÏ ¥É¸Ö. � ¶·¨³¥·,
Ê¸²μ¢¨¥ (B.1 ) ´ ·ÊÏ ¥É¸Ö ¢ ³μ¤¥²ÖÌ ¸ μ¡ÒÎ´μ° ±¢¨´ÉÔ¸¸¥´Í¨¥° ¨ ±μ¸³μ-
²μ£¨Î¥¸±μ° ±μ´¸É ´Éμ°, £¤¥ Ê¸²μ¢¨¥ (B.1¡) ´ ·ÊÏ¥´μ ¤²Ö É¥³´μ° ³ É¥·¨¨.
�·μ¡²¥³  ¸¨´£Ê²Ö·´μ¸É¨ ¨ ¥¥ ¢μ§³μ¦´μ£μ Ê¸É· ´¥´¨Ö Î¥·¥§ ¸¶¨´μ·´μ¥ ¶μ²¥
μ¡¸Ê¦¤ ¥É¸Ö ¢ [65,147Ä149].

2. �·μ¡²¥³  ¨§μÉ·μ¶¨§ Í¨¨. •μÉÖ ‚¸¥²¥´´ Ö ± ¦¥É¸Ö μ¤´μ·μ¤´μ° ¨ ¨§μ-
É·μ¶´μ° ¢ ´ ¸ÉμÖÐ¥³, ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ¤Ê³ ÉÓ, ÎÉμ É ±μ¥ μ¶¨¸ ´¨¥ ¶μ¤-
Ìμ¤¨É ¤²Ö · ´´¨Ì ¸É ¤¨° · §¢¨É¨Ö ‚¸¥²¥´´μ°, ¤ ´´ÒÌ ´ ¡²Õ¤¥´¨°, £ · ´-
É¨·ÊÕÐ¨Ì ¨§μÉ·μ¶¨Õ ¢ Ô·Ê, ¶·¥¤Ï¥¸É¢ÊÕÐÊÕ ·¥±μ³¡¨´ Í¨¨, ´¥ ¸ÊÐ¥¸É¢Ê¥É.
Œμ¦´μ ´ °É¨ É¥μ·¥É¨Î¥¸±¨¥  ·£Ê³¥´ÉÒ ¢ ¶μ²Ó§Ê ¸ÊÐ¥¸É¢μ¢ ´¨Ö  ´¨§μÉ·μ¶´μ°
Ë §Ò, ¸Ìμ¤ÖÐ¥°¸Ö ± ¨§μÉ·μ¶´μ° [130]. ‘ ¶μ³μÐÓÕ Cosmic Background Ex-
plorer's differential radiometer (COBE) ¡Ò²  μ¡´ ·Ê¦¥´  ¨ ¨§³¥·¥´  ¨§μÉ·μ¶¨Ö
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±μ¸³¨Î¥¸±μ£μ ³¨±·μ¢μ²´μ¢μ£μ Ëμ´  (CMB) ¢ · §²¨Î´ÒÌ Ê£²μ¢ÒÌ ³ ¸ÏÉ ¡ Ì.
� ¨¡μ²¥¥ ¤¥É ²Ó´ Ö ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ± ·É  CMB ¶μ²ÊÎ¥´  ¤¥É¥±Éμ·μ³
Planck. �μ¢ Ö ± ·É  Ê²ÊÎÏ ¥É ´ Ï¥ ¶μ´¨³ ´¨¥ ¢μ§´¨±´μ¢¥´¨Ö ¨ Ô¢μ²ÕÍ¨¨
‚¸¥²¥´´μ°. Š ·É¨´  CMB, ¸μ¸ÉμÖÐ Ö ¨§ ¸¢¥É , § ¶¥Î É²¥´´μ£μ ´  ´¥¡¥, ±μ£¤ 
‚¸¥²¥´´μ° ¡Ò²μ ¢¸¥£μ 380 000 ²¥É, ¶μ± §Ò¢ ¥É ³ ²Ò¥ É¥³¶¥· ÉÊ·´Ò¥ Ë²Ê±-
ÉÊ Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¡² ¸ÉÖ³ ¸² ¡μ · §²¨Î ÕÐ¨Ì¸Ö ¶²μÉ´μ¸É¥° ¢ μÎ¥´Ó
· ´´¨¥ ¢·¥³¥´ . �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉ¨  ´¨§μÉ·μ¶¨¨ ¸±·Ò¢ ÕÉ ¢ ¸¥¡¥ ¢¸Õ
¨¸Éμ·¨Õ ±μ¸³¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨, ¢μ¸Ìμ¤ÖÐ¥° ± Ô¶μÌ¥ ·¥±μ³¡¨´ Í¨¨, ¨ · ¸-
¸³ É·¨¢ ÕÉ¸Ö ± ± μ·¨¥´É¨·μ¢μÎ´Ò¥ £¥μ³¥É·¨¨ ¨ ³ É¥·¨ ²Ò ‚¸¥²¥´´μ°. ‘Ê-
Ð¥¸É¢Ê¥É Ï¨·μ±¨° ±μ´¸¥´¸Ê¸ ¸·¥¤¨ ±μ¸³μ²μ£μ¢ μ Éμ³, ÎÉμ ´¥¡μ²ÓÏ¨¥ Ê£²μ¢Ò¥
±μ¸³¨Î¥¸±¨¥ ³¨±·μ¢μ²´μ¢Ò¥ Ëμ´μ¢Ò¥  ´¨§μÉ·μ¶¨¨ ¡Ò²¨ § ·μ¤ÒÏ ³¨ ¢¸¥Ì
¡Ê¤ÊÐ¨Ì ¸É·Ê±ÉÊ·, É ±¨Ì ± ± ¸μ¢·¥³¥´´Ò¥ §¢¥§¤Ò ¨ £ ² ±É¨±¨. “¸É ´μ¢²¥´μ,
ÎÉμ ¢¢¥¤¥´¨¥ ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö Ê¸±μ·Ö¥É ¶·μÍ¥¸¸ ¨§μÉ·μ¶¨§ Í¨¨
¶¥·¢μ´ Î ²Ó´μ  ´¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° [148,177,179,186].

3. �μ§¤´¥¥ Ê¸±μ·¥´¨¥ · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ°. �¥±μÉμ·Ò¥ ´¥¤ ¢´¨¥ ¨¸-
¸²¥¤μ¢ ´¨Ö ¢ÒÖ¢¨²¨ Ê¸±μ·¥´´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ° [22,144,145,
162,163]. �¡´ ·Ê¦¥´¨¥ ¨ ¤ ²Ó´¥°Ï¥¥ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ ¶μ¤É¢¥·¦¤¥´¨¥ É¥-
±ÊÐ¥£μ ±μ¸³¨Î¥¸±μ£μ Ê¸±μ·¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¤²Ö ±μ¸³μ²μ£μ¢ ËÊ´¤ ³¥´É ²Ó-
´ÊÕ § ¤ ÎÊ ¨¤¥´É¨Ë¨± Í¨¨ ¨ ¢ÒÖ¢²¥´¨Ö ¶·¨Î¨´ É ±μ£μ Ö¢²¥´¨Ö. �ÉμÉ Ë ±É
³μ¦´μ ¸μ£² ¸μ¢ ÉÓ ¸ É¥μ·¨¥°, ¥¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ‚¸¥²¥´´ Ö ¢ μ¸´μ¢´μ³
§ ¶μ²´¥´  É ± ´ §Ò¢ ¥³μ° É¥³´μ° Ô´¥·£¨¥°. �É  Ëμ·³  ³ É¥·¨¨ (Ô´¥·£¨¨) ´¥
´ ¡²Õ¤ ¥É¸Ö ¢ ² ¡μ· Éμ·¨¨ ¨ ´¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ Ô²¥±É·μ³ £´¨É´Ò³ ¨§²Ê-
Î¥´¨¥³. �É¨ Ë ±ÉÒ ¸Ò£· ²¨ ·¥Ï ÕÐÊÕ ·μ²Ó ¢ ¨³¥´μ¢ ´¨¨ ÔÉμ£μ μ¡Ñ¥±É .
‚ μÉ²¨Î¨¥ μÉ É¥³´μ° ³ É¥·¨¨ É¥³´ Ö Ô´¥·£¨Ö:

Å · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´  ¶μ ¶·μ¸É· ´¸É¢Ê;

Å ´¥ ¶¥·¥¶²¥É ¥É¸Ö ¶μ¤ ¢²¨Ö´¨¥³ ¸¨²Ò ÉÖ¦¥¸É¨ ¢μ ¢¸¥Ì ³ ¸ÏÉ ¡ Ì;
Å ¸μ§¤ ¥É ¸¨²Ó´μ¥ μÉ·¨Í É¥²Ó´μ¥ ¤ ¢²¥´¨¥ ¶μ·Ö¤±  Ô´¥·£¨¨ ¶²μÉ´μ¸É¨.

ˆ¸Ìμ¤Ö ¨§ ÔÉ¨Ì ¸¢μ°¸É¢ ±μ¸³μ²μ£¨ ¶·¥¤²μ¦¨²¨ ·Ö¤ ³μ¤¥²¥° É¥³´μ° Ô´¥·-
£¨¨, ±μÉμ·Ò¥ ¸¶μ¸μ¡´Ò μ¡ÑÖ¸´¨ÉÓ É¥±ÊÐÊÕ Ê¸±μ·¥´´ÊÕ Ë §Ê · ¸Ï¨·¥´¨Ö
‚¸¥²¥´´μ°. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¶μÖ¢¨²¸Ö ·Ö¤ · ¡μÉ, ¢ ±μÉμ-
·ÒÌ ¸¶¨´μ·´μ¥ ¶μ²¥ · ¸¸³ É·¨¢ ¥É¸Ö ¢ ± Î¥¸É¢¥  ²ÓÉ¥·´ É¨¢´μ° ³μ¤¥²¨ ¤²Ö
É¥³´μ° Ô´¥·£¨¨ [65,67,147Ä149,160,189,190,192,198,240].

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¡μ²ÓÏ¨´¸É¢μ Ê¶μ³Ö´ÊÉÒÌ · ¡μÉ ¨³¥ÕÉ ¤¥²μ ¸ ±μ¸-
³μ²μ£¨Î¥¸±¨³¨ ³μ¤¥²Ö³¨ 	¨ ´±¨ É¨¶  I. �¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¸ ¨¸¶μ²Ó-
§μ¢ ´¨¥³ ¸¶¨´μ·´μ£μ ¶μ²Ö ± ± ¨¸ÉμÎ´¨±  ±μ¸³μ²μ£¨Î¥¸±μ£μ ¶μ²Ö 	¨ ´±¨
É¨¶  I, ³μ£ÊÉ ¡ÒÉÓ μ¡μ¡Ð¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �μ¤Ìμ¤ÖÐ¨° ¢Ò¡μ· ´¥²¨-
´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö:

 ) Ê¸±μ·Ö¥É ¶·μÍ¥¸¸ ¨§μÉ·μ¶¨§ Í¨¨ [177,180,186];

¡) μ¡¥¸¶¥Î¨¢ ¥É μÉ¸ÊÉ¸É¢¨¥ ¸¨´£Ê²Ö·´μ¸É¨ ¢μ ‚¸¥²¥´´μ° [177,179,180,
186];

¢) ¸μ§¤ ¥É ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥ · ¸Ï¨·¥´¨Ö [160,189,190,192,230].
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‘ ÊÎ¥Éμ³ Éμ° ·μ²¨, ±μÉμ·ÊÕ ¨£· ¥É ¸¶¨´μ·´μ¥ ¶μ²¥ ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´-
´μ°, ¥¸É¥¸É¢¥´´μ ¢μ§´¨± ¥É ¢μ¶·μ¸: ¥¸²¨ ¸¶¨´μ·´μ¥ ¶μ²¥ ³μ¦¥É ¨§³¥´¨ÉÓ
± ·É¨´Ê Ô¢μ²ÕÍ¨¨, ¢Ò§¢ ´´μ° ¨¤¥ ²Ó´μ° ¦¨¤±μ¸ÉÓÕ ¨ É¥³´μ° Ô´¥·£¨¥°, Éμ
³μ¦´μ ²¨ ¸³μ¤¥²¨·μ¢ ÉÓ ¨¤¥ ²Ó´ÊÕ ¦¨¤±μ¸ÉÓ ¨ É¥³´ÊÕ Ô´¥·£¨Õ ¶μ¸·¥¤¸É¢μ³
¸¶¨´μ·´μ£μ ¶μ²Ö? “É¢¥·¤¨É¥²Ó´Ò° μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸ ¶·¨¢¥¤¥´ ¢ ·Ö¤¥ · -
¡μÉ [113, 200, 201, 204, 206], ¢ ±μÉμ·ÒÌ ¤ ´μ ¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ ¨¤¥ ²Ó´μ°
¦¨¤±μ¸É¨ ¨ É¥³´μ° Ô´¥·£¨¨,   É ±¦¥ ÉÐ É¥²Ó´μ ¨§ÊÎ¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¤²Ö · §²¨Î´ÒÌ ³μ¤¥²¥° É¨¶  	¨ ´±¨.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¡μ²¥¥ · ´´¨Ì · ¡μÉ Ì ¡Ò²¨ ÊÎÉ¥´Ò Éμ²Ó±μ ¤¨ -
£μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´ÒÌ ¶μ²¥°. �¥¤ ¢´μ
¡Ò²μ ¶μ± § ´μ, ÎÉμ ¨§-§  ¥£μ ¸¶¥Í¨Ë¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¢ ±·¨¢μ²¨´¥°´μ³
¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸¶¨´μ·´μ¥ ¶μ²¥, ¤ ¦¥ ±μ£¤  μ´μ § ¢¨¸¨É Éμ²Ó±μ μÉ
¢·¥³¥´¨, μ¡² ¤ ¥É ´¥É·¨¢¨ ²Ó´Ò³¨ ´¥¤¨ £μ´ ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨ É¥´§μ· 
Ô´¥·£¨¨-¨³¶Ê²Ó¸ . ‚ · ¡μÉ Ì [212, 214] ¶μ± § ´μ, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ É¨¶ 
μ£· ´¨Î¥´¨Ö, ´ ² £ ¥³μ£μ ´  ´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸ , ¨§´ Î ²Ó´μ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  I ³μ¦¥É Ô¢μ²ÕÍ¨-
μ´¨·μ¢ ÉÓ ± LRS 	¨ ´±¨ É¨¶  I ¨²¨ FRW, ´μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¶¨´μ·´μ¥
¶μ²¥ ¸É ´μ¢¨É¸Ö ¡¥§³ ¸¸μ¢Ò³ ¨ ²¨´¥°´Ò³. ’μ ¦¥ ¸ ³μ¥ ¶·μ¨¸Ìμ¤¨É ¢ ¸²Ê-
Î ¥ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, É. ¥. £¥μ³¥É·¨Ö 	¨ ´±¨ É¨¶  VI0
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¥ ¤μ¶Ê¸± ¥É ¸ÊÐ¥¸É¢μ¢ ´¨Ö ³ ¸¸¨¢´μ£μ ¨/¨²¨ ´¥²¨-
´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö [215]. ‚ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ³Ò ¨§ÊÎ¨²¨ ¢²¨Ö´¨¥
´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ´  £¥μ³¥É·¨Õ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¤²Ö · §-
²¨Î´ÒÌ ³¥É·¨± [216Ä219]. •μÉÖ ¢ ÔÉμ° · ¡μÉ¥ · ¸¸³μÉ·¥´Ò ³μ¤¥²¨ ¸ ¨§μ-
É·μ¶´Ò³ ¤ ¢²¥´¨¥³, ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ±μ¸³μ²μ£¨Î¥¸± Ö Ô¢μ²ÕÍ¨Ö ³ -
É¥·¨¨ ¨¸ÉμÎ´¨±μ¢ ¸ ´¥¡μ²ÓÏμ°  ´¨§μÉ·μ¶¨¥° ¤ ¢²¥´¨Ö ¨§ÊÎ ² ¸Ó ³´μ£¨³¨
 ¢Éμ· ³¨ [14,15,213].

„ ´´ Ö · ¡μÉ  ¸μ¸Éμ¨É ¨§ ´¥¸±μ²Ó±¨Ì · §¤¥²μ¢.

‚ · §¤. 1 ¤ ´μ ¶μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ¸¶¨´μ·´ÒÌ ¶μ²¥° ¨ ¶μ²ÊÎ¥´Ò ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ¨ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö.

‚ · §¤. 2 μ¶¨¸Ò¢ ¥É¸Ö ¶·¨³¥´¥´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¤²Ö μ¡ÑÖ¸´¥´¨Ö ¶μ§¤-
´¥£μ Ê¸±μ·¥´¨Ö ‚¸¥²¥´´μ°.

‚ · §¤. 3 ¸ ¶μ³μÐÓÕ ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸³μ¤¥²¨·μ¢ ´Ò · §-
²¨Î´Ò¥ É¨¶Ò ¦¨¤±μ¸É¨ ¨ É¥³´μ° Ô´¥·£¨¨.

‚ · §¤. 4Ä10 ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° �°´ÏÉ¥°´ Ä„¨· ± 
ÉÐ É¥²Ó´μ ¶·μ ´ ²¨§¨·μ¢ ´Ò ¤²Ö ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° 	¨ ´±¨ É¨¶μ¢ VI,
VI0, V, III, I, LRSBI ¨ FRW.

‚ · §¤. 11 Ë¨§¨Î¥¸±¨¥  ¸¶¥±ÉÒ ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° μ¶¨¸ ´Ò ¤²Ö ³μ¤¥-
²¥° FRW.

‚ § ±²ÕÎ¥´¨¨ μ¡¸Ê¦¤ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ · ³± Ì ¢ÒÏ¥Ê± -
§ ´´ÒÌ ³μ¤¥²¥°.
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1. ‘�ˆ�����… ��‹…

1.1. ‹ £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨ ´¥²¨´¥°´μ¸ÉÓ. •μÉÖ ¸ÊÐ¥¸É¢μ¢ ´¨¥
Ë¥·³¨μ´  ¸μ ¸¶¨´μ³ 1/2 Ö¢²Ö¥É¸Ö ± ± É¥μ·¥É¨Î¥¸±¨, É ± ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ
¡¥¸¸¶μ·´Ò³ Ë ±Éμ³, ÔÉμ Å μ¶¨¸ ´¨¥ ±¢ ´Éμ¢ÒÌ ¸¶¨´μ·´ÒÌ ¶μ²¥°, ±μÉμ·μ¥
¨§´ Î ²Ó´μ ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢ ¶·¥¤¥² Ì ¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‘μμÉ-
¢¥É¸É¢ÊÕÐ¨° ² £· ´¦¨ ´ ¨³¥¥É ¢¨¤

L = ıψ̄γμ∂μψ − mspψ̄ψ, (1.1)

±μÉμ·Ò° ¤ ¥É §´ ³¥´¨Éμ¥ Ê· ¢´¥´¨¥ „¨· ± 

ıγμ∂μψ − mspψ = 0. (1.2)

”μ± ¨ ˆ¢ ´¥´±μ μ¡μ¡Ð¨²¨ Ê· ¢´¥´¨¥ „¨· ±  ¤²Ö Ô²¥±É·μ´  ¢¢¥¤¥´¨¥³
±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥-¢·¥-
³¥´¨ [76Ä78]. „²Ö Éμ£μ, ÎÉμ¡Ò ¢±²ÕÎ¨ÉÓ ¸¶¨´μ·´Ò¥ ¶μ²Ö ¢  ËË¨´´μ-³¥É·¨-
Î¥¸±ÊÕ É¥μ·¨Õ £· ¢¨É Í¨¨, ´¥μ¡Ìμ¤¨³μ ¶μ¸É·μ¨ÉÓ ±μ¢ ·¨ ´É´μ¥ ¤¨ËË¥·¥´-
Í¨·μ¢ ´¨¥ ¸¶¨´μ·μ¢ ¤²Ö μ¡Ð¥°  ËË¨´´μ° ¸¢Ö§´μ¸É¨. „²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ψ
¸¨³³¥É·¨Ö ³¥¦¤Ê ψ ¨ ψ̄ É·¥¡Ê¥É, ÎÉμ¡Ò ¡Ò² ¢Ò¡· ´ ¸¨³³¥É·¨§μ¢ ´´Ò° ² -
£· ´¦¨ ´ [109]. ˆ³¥Ö ÔÉμ ¢ ¢¨¤Ê, ³Ò ¢Ò¡¨· ¥³ ² £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ [177,186]:

Lsp =
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mspψ̄ψ − F, (1.3)

£¤¥ ∇μ Ö¢²Ö¥É¸Ö ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ¸¶¨´μ·´μ£μ ¶μ²Ö. „²Ö ¸μÌ· ´¥´¨Ö
²μ·¥´Íμ¢μ° ¨´¢ ·¨ ´É´μ¸É¨ Ê· ¢´¥´¨° ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ ³μ-
¤¥°¸É¢¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö F ¶μ¸É·μ¥´μ ± ± ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö
¨´¢ ·¨ ´Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¨§ ·¥ ²Ó´ÒÌ ¡¨²¨´¥°´ÒÌ Ëμ·³ ¸¶¨´μ·´μ£μ ¶μ²Ö.
�μ¸±μ²Ó±Ê ψ ¨ ψ∗ (±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´ Ö ψ) ¨³¥ÕÉ Î¥ÉÒ·¥ ±μ³¶μ´¥´ÉÒ
± ¦¤ Ö, ³μ¦´μ ¶μ¸É·μ¨ÉÓ 4× 4 = 16 ´¥§ ¢¨¸¨³ÒÌ ¡¨²¨´¥°´ÒÌ ±μ³¡¨´ Í¨°:

S = ψ̄ψ (¸± ²Ö· Å μ¤´  ±μ³¶μ´¥´É ), (1.4 )

P = ıψ̄γ5ψ (¶¸¥¢¤μ¸± ²Ö· Å μ¤´  ±μ³¶μ´¥´É ), (1.4¡)

vμ = ψ̄γμψ (¢¥±Éμ· Å Î¥ÉÒ·¥ ±μ³¶μ´¥´ÉÒ), (1.4¢)

Aμ = ψ̄γ5γμψ (¶¸¥¢¤μ¢¥±Éμ· Å Î¥ÉÒ·¥ ±μ³¶μ´¥´ÉÒ), (1.4£)

Qμν = ψ̄σμνψ ( ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ· Å Ï¥¸ÉÓ ±μ³¶μ´¥´É), (1.4¤)
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£¤¥ σμν = (ı/2)[γμγν − γνγμ] Å  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·. ˆ´¢ ·¨ ´ÉÒ,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¡¨²¨´¥°´μ° Ëμ·³¥:

I = S2, (1.5 )

J = P 2, (1.5¡)

Iv = vμvμ = (ψ̄γμψ)gμν(ψ̄γνψ), (1.5¢)

IA = AμAμ = (ψ̄γ5γμψ)gμν(ψ̄γ5γνψ), (1.5£)

IQ = QμνQμν = (ψ̄σμνψ)gμαgνβ(ψ̄σαβψ). (1.5¤)

�¥¸±μ²Ó±μ ¨´É¥·¥¸´ÒÌ ³μ¤¥²¥° ¡Ò²¨ ¶·¥¤²μ¦¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò ´  μ¸´μ¢¥
¸± ²Ö·´ÒÌ ¡¨²¨´¥°´ÒÌ ¨´¢ ·¨ ´Éμ¢ [86, 128, 173, 174, 177, 229], ¢¥±Éμ·´ÒÌ
¡¨²¨´¥°´ÒÌ ¨´¢ ·¨ ´Éμ¢ [236],  ±¸¨ ²Ó´ÒÌ ¢¥±Éμ·´ÒÌ ¡¨²¨´¥°´ÒÌ ¨´¢ ·¨-
 ´Éμ¢ [127], ¸± ²Ö·´ÒÌ ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ ¡¨²¨´¥°´ÒÌ ¨´¢ ·¨ ´Éμ¢ [158,
173, 174, 177] ¨ ¸± ²Ö·´ÒÌ ¨ ¢¥±Éμ·´ÒÌ ¡¨²¨´¥°´ÒÌ ¨´¢ ·¨ ´Éμ¢ [135, 232].
‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¸¶¨´μ·´μ¥ ¶μ²¥ ´¥²¨´¥°´μ-
¸É¨ ¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥ ¸É¥¶¥´´μ° ËÊ´±Í¨¨ ¢ÒÏ¥Ê± § ´´ÒÌ ¨´¢ ·¨ ´Éμ¢, £¤¥
¸É¥¶¥´Ó ³μ¦¥É ¡ÒÉÓ ± ± Í¥²μ°, É ± ¨ ¤·μ¡´μ° [128].

�É³¥É¨³, ÎÉμ ¢ ¸¨²Ê Éμ¦¤¥¸É¢  ”¨·Í  ¸·¥¤¨ ¶ÖÉ¨ ¨´¢ ·¨ ´Éμ¢ Éμ²Ó±μ I
¨ J ´¥§ ¢¨¸¨³Ò, É ± ± ± ¢¸¥ ¤·Ê£¨¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò¢¥¤¥´Ò Î¥·¥§ ´¨Ì: Iv =
−IA = I+J ¨ IQ = I−J [11,73,134,234] (¸³. ¶·¨². 1). �μÔÉμ³Ê ¨³¥¥É ¸³Ò¸²
· ¸¸³ É·¨¢ ÉÓ ´¥²¨´¥°´Ò° Î²¥´ F ± ± ËÊ´±Í¨Õ μÉ I ¨ J , É. ¥. F = F (I, J).
‘ ÊÎ¥Éμ³ ¢ÒÏ¥¸± § ´´μ£μ · ¸¸³μÉ·¨³ F = F (K), £¤¥ K ¶·¨´¨³ ¥É μ¤´μ
¨§ ¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨°: {I, J, I + J, I − J}. ’ ± Ö ´¥²¨´¥°´μ¸ÉÓ μ¶¨¸Ò¢ ¥É
´¥²¨´¥°´μ¸ÉÓ ¢ ¸ ³μ³ μ¡Ð¥³ ¢¨¤¥.

‚ ·Ó¨·ÊÖ (1.3) μÉ´μ¸¨É¥²Ó´μ ψ̄ (ψ), ¨³¥¥³ Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö:

ıγμ∇μψ − mspψ −�ψ − ı� γ5ψ = 0, (1.6 )

ı∇μψ̄γμ + mspψ̄ +�ψ̄ + ı� ψ̄γ5 = 0, (1.6¡)

£¤¥ μ¡μ§´ Î¨³ � = 2SFKKI ¨ � = 2PFKKJ , FK = dF/dK , KI = dK/dI ¨
KJ = dK/dJ.

1.2. Šμ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ Ê· ¢´¥´¨¨ (1.3)
∇μ μ¡μ§´ Î ¥É ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ, ¥£μ Ö¢´Ò° ¢¨¤ § ¢¨¸¨É μÉ Éμ£μ,
´  ÎÉμ μ´μ ¤¥°¸É¢Ê¥É. Šμ¢ ·¨ ´É´μ¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨¥
¸É ´¤ ·É´Ò¥ ¸¢μ°¸É¢ :

∇μ(AB) = (∇μA)B + A(∇μB), (1.7)

∇μ(A∗) = (∇μA)∗, (1.8)

∇μγν = 0, (1.9)
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£¤¥ §¢¥§¤μÎ±  μ¡μ§´ Î ¥É Ô·³¨Éμ¢Ê ¸μ¶·Ö¦¥´´μ¸ÉÓ (É· ´¸¶μ´¨·μ¢ ´´μ¥ ±μ³-
¶²¥±¸´μ¥ ¸μ¶·Ö¦¥´¨¥). Ÿ¢´Ò° ¢¨¤ ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ¸¶¨´μ·  § ¤ -
¥É¸Ö ± ± [39,258]

∇μψ = ∂μψ − Γμψ, (1.10 )

∇μψ̄ = ∂μψ̄ + ψ̄Γμ, (1.10¡)

£¤¥ Γμ(x) Å ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ³ É·¨ÍÒ. γ-Œ É·¨ÍÒ ¢ ¶·¥¤Ò¤ÊÐ¨Ì Ê· ¢-
´¥´¨ÖÌ ¸¢Ö§ ´Ò ¸ ³ É·¨Í ³¨ „¨· ±  γ̄ ¤²Ö ¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

γμ(x) = ea
μ(x)γ̄a, γμ(x) = eμ

a(x)γ̄a, (1.11)

£¤¥ ea
μ Å ´ ¡μ· Î¥ÉÒ·¥Ì μ·Éμ£μ´ ²Ó´ÒÌ ¢¥±Éμ·μ¢ (É¥É· ¤) ¨ eμ

a Å μ¡· É-
´μ¥ ± ea

μ:
ea

μeν
a = δν

μ, ea
μeμ

b = δa
b . (1.12)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¤²Ö ¶μ¸É·μ¥´¨Ö μ¡Ð¥±μ¢ ·¨ ´É´μ£μ Ê· ¢´¥´¨Ö „¨-
· ±  ´ ¤μ · ¸¸³ É·¨¢ ÉÓ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö ± ± ¨´¢ ·¨ ´É μÉ´μ-
¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É [150,224]. �μÔÉμ³Ê, ±μ£¤  ¢ ¤μ¶μ²´¥´¨¥
± ¸¨¸É¥³ ³ ±μμ·¤¨´ É É¥É· ¤  μ¶·¥¤¥²Ö¥É¸Ö ¢ ± ¦¤μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨, ¸¶¨´μ·´μ¥ ¶μ²¥ ¤ ¥É ¶·¥¤¸É ¢²¥´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö ‹μ·¥´Í , ±μ-
Éμ·μ¥ ¢· Ð ¥É É¥É· ¤Ê [10, 224]. �μÔÉμ³Ê ²Õ¡μ° ¢¥±Éμ· V ³μ¦¥É ¸¶¥Í¨Ë¨-
Í¨·μ¢ ÉÓ¸Ö ¥£μ ±μ³¶μ´¥´É ³¨ V μ ¶μ μÉ´μÏ¥´¨Õ ± ¸¨¸É¥³¥ ±μμ·¤¨´ É ¨²¨
±μμ·¤¨´ É´μ-¨´¢ ·¨ ´É´Ò³¨ ¶·μ¥±Í¨Ö³¨ V a ¢¥±Éμ·  V ´  ¶μ²¥ É¥É· ¤:

V a = ea
μV μ, V μ = eμ

aV a. (1.13)

’¥¶¥·Ó ¢¸¶μ³´¨³, ÎÉμ ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ³ É·¨ÍÒ „¨· ±  γ̄
Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:

γ̄aγ̄b + γ̄bγ̄a = 2ηab. (1.14)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ³¥É·¨Î¥¸±¨° É¥´§μ· gμν μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ-
¸É¨ ¸¢Ö§ ´ ¸ ±μμ·¤¨´ É´μ-´¥§ ¢¨¸¨³Ò³ ³¥É·¨Î¥¸±¨³ É¥´§μ·μ³ Œ¨´±μ¢¸±μ£μ
ηab = diag (1,−1,−1,−1) Î¥·¥§ É¥É· ¤Ò ± ±

gμν(x) = ea
μ(x)eb

ν(x)ηab. (1.15)

’μ£¤  ¨§ (1.11) ¨ (1.15) ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ³ É·¨ÍÒ γ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤Ê-
ÕÐ¥°  ²£¥¡·¥:

γμγν + γνγμ = eμ
aeν

b γ̄aγ̄b + eν
b eμ

a γ̄bγ̄a =

= eμ
aeν

b

(
γ̄aγ̄b + γ̄bγ̄a

)
= 2eμ

aeν
b ηab = 2gμν . (1.16)



280 ‘�•� 	.

—Éμ¡Ò ¢Ò¢μ¤¨ÉÓ (1.16), ¨¸¶μ²Ó§Ê¥³ ÉμÉ Ë ±É, ÎÉμ

ea
μeb

ν = eb
νea

μ, (1.17)

ÎÉμ ¸²¥¤Ê¥É ¨§ (1.15) ¡² £μ¤ ·Ö ¸¨³³¥É·¨¨ gμν ¨ ηab. ‘²¥¤Ê¥É ¢¸¶μ³´¨ÉÓ,
ÎÉμ γ̄a ¨ γμ Éμ¦¥ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³ [78]:

γμγ̄a + γ̄aγμ = 2eμa, (1.18 )

γμγ̄a + γ̄aγμ = 2eμ
a . (1.18¡)

“· ¢´¥´¨¥ (1.15) ´ ±² ¤Ò¢ ¥É 10 μ£· ´¨Î¥´¨° ´  16 ±μ³¶μ´¥´É É¥É· ¤. �Éμ
μ¸É ¢²Ö¥É Ï¥¸ÉÓ ±μ³¶μ´¥´É ¶·μ¨§¢μ²Ó´Ò³¨. …¸²¨ ¶μ³¥´ÖÉÓ É¥É· ¤Ê eμ

a ´  ẽμ
b ,

Éμ ¢¥±Éμ· ´μ¢μ° É¥É· ¤Ò ¤μ²¦¥´ ¡ÒÉÓ ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° ¢¥±Éμ·μ¢ ¸É ·μ°
É¥É· ¤Ò:

ẽμ
a = Λb

ae
μ
b . (1.19)

’¥¶¥·Ó
gμν = ẽa

μẽb
νηab = Λa

cΛb
de

c
μed

νηab (1.20)

¤ ¥É
eμ

c eν
dgμν = Λa

cΛb
dηab = ηcd. (1.21)

’ ±¨³ μ¡· §μ³, (1.15) ´ ² £ ¥É Ê¸²μ¢¨¥ μ·Éμ£μ´ ²Ó´μ¸É¨ (1.21) ´  ³ É·¨ÍÊ Λ,
ÔÉμ μ§´ Î ¥É, ÎÉμ Λ Å ²μ·¥´Í¥¢  ³ É·¨Í . ‘²¥¤μ¢ É¥²Ó´μ, £·Ê¶¶  ‹μ·¥´Í 
³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± £·Ê¶¶  É¥É· ¤´μ£μ ¢· Ð¥´¨Ö ¢ μ¡Ð¥° É¥μ·¨¨ μÉ-
´μ¸¨É¥²Ó´μ¸É¨ [91,126].

’¥¶¥·Ó ´ °¤¥³ ¸¶¨´μ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢· Ð¥´¨Ö É¥É· ¤Ò L  ´ ²μ-
£¨Î´μ (1.19):

˜̄γa = Λa
bLγ̄bL−1. (1.22)

�μ¸±μ²Ó±Ê ³ É·¨ÍÒ „¨· ±  γ̄a Ö¢²ÖÕÉ¸Ö ¶μ¸ÉμÖ´´Ò³¨ ¢ ´¥±μÉμ·ÒÌ ¢Ò¡· ´-
´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ, Éμ ¨§ Ê¸²μ¢¨Ö ˜̄γa = γ̄a ¢ÒÉ¥± ¥É, ÎÉμ L Å ËÊ´±Í¨Ö μÉ
Λa

b . „²Ö ¨´Ë¨´¨É¥§¨³ ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹μ·¥´Í 

Λa
b = δa

b + εa
b (1.23)

³μ¦´μ ¶μ± § ÉÓ, ÎÉμ

ηab = Λc
aΛc

bηcd = (δc
a + εc

a)
(
δd
b + εd

b

)
ηcd =

= ηab + εab + εba, (1.24)

£¤¥ ±¢ ¤· É¨Î´Ò° Î²¥´ ¢ εc
aεcb ¡Ò² ¶·μ¨£´μ·¨·μ¢ ´. ’μ£¤  ¨§ (1.24) ¸²¥-

¤Ê¥É, ÎÉμ
εab = −εba, (1.25)



�…‹ˆ�…‰��‘’œ ‘�ˆ�����ƒ� ��‹Ÿ ˆ ƒ…�Œ…’�ˆŸ ���‘’���‘’‚�-‚�…Œ…�ˆ 281

É. ¥. Ï¥¸ÉÓ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ‹μ·¥´Í   ´É¨¸¨³³¥É·¨Î´Ò.
’μ£¤  ¨§ (1.22) ´ Ìμ¤¨³

˜̄γaL = Λa
bLγ̄b = (δa

b + εa
b )Lγ̄b = Lγ̄a + εa

bLγ̄b. (1.26)

„ ²¥¥ ¸ ÊÎ¥Éμ³ ˜̄γa = γ̄a ¨§ (1.26) ¢ÒÉ¥± ¥É, ÎÉμ

γ̄aL − Lγ̄a = [γ̄a, L] = εa
bLγ̄b. (1.27)

„μ¶Ê¸É¨³,

L = 1 +
1
2
εcdG

cd, L−1 = 1 − 1
2
εcdG

cd, (1.28)

£¤¥

Gcd =
1
4
(
γ̄cγ̄d − γ̄dγ̄c

)
(1.29)

Å £¥´¥· Éμ·Ò ¸¶¨´μ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹μ·¥´Í .
„ ²¥¥, ÊÎ¨ÉÒ¢ Ö, ÎÉμ

γ̄cγ̄d =
1
2
(
γ̄cγ̄d + γ̄dγ̄c

)
+

1
2
(
γ̄cγ̄d − γ̄dγ̄c

)
=

=
1
2
{γ̄c, γ̄d} +

1
2
[γ̄c, γ̄d] = gcdI + 2Gcd,

¶μ²ÊÎ ¥³

Gcd =
1
2
γ̄cγ̄d − 1

2
gcdI. (1.30)

� °¤¥³ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¸¶¨´μ·  ψ, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ± ±
¢¥²¨Î¨´ , ±μÉμ· Ö ¶·¨ ¢· Ð¥´¨¨ É¥É· ¤Ò ¶·¥μ¡· §Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ψ̃ = Lψ, (1.31)

Éμ£¤  ± ± ¸μ¶·Ö¦¥´´μ¥ ¥³Ê ψ̄ ¶·¥μ¡· §Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

˜̄ψ = ψ̄L−1. (1.32)

�·μ¨§¢μ¤´ Ö ¸¶¨´μ·  ¶·¥μ¡· §Ê¥É¸Ö ± ±

ψ̃,μ = Lψ,μ + L,μψ, (1.33)

ÎÉμ ´¥ Ö¢²Ö¥É¸Ö ¸¶¨´μ·μ³. �μ ¥¸²¨ ¢¢¥¸É¨ ¸¶¨´μ·´ÊÕ ¸¢Ö§´μ¸ÉÓ Γμ, ±μÉμ· Ö
¶·¥μ¡· §Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Γ̃μ = LΓμL−1 + L,μL−1, (1.34)

¨ μ¶·¥¤¥²¨ÉÓ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¸¶¨´μ·  ± ±

ψ;μ = ψ,μ − Γμψ, (1.35)
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Éμ ´ Ìμ¤¨³

ψ̃;μ = ψ̃,μ − Γ̃μψ̃ = Lψ,μ + L,μψ −
(
LΓμL−1 + L,μL−1

)
Lψ =

= L (ψ,μ − Γμψ) = Lψ;μ. (1.36)

’ ±¨³ μ¡· §μ³, ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¸¶¨´μ·  Ö¢²Ö¥É¸Ö ¸¶¨´μ·μ³.
� ±μ´¥Í, μ¶·¥¤¥²¨³ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ γμ-³ É·¨Í. �·¨´¨³ Ö

¢μ ¢´¨³ ´¨¥, ÎÉμ ±μ¢ ·¨ ´É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¸¶¨´μ·  ¨ ¥£μ ¸μ¶·Ö¦¥´´μ£μ
¨³¥ÕÉ ¢¨¤

ψ;μ = ψ,μ − Γμψ, ψ̄;μ = ψ̄,μ + ψ̄Γμ, (1.37)

¤²Ö ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ψψ̄, ±μÉμ· Ö Ö¢²Ö¥É¸Ö ³ É·¨Í¥° 4 × 4, ¨³¥¥³(
ψψ̄
)
;μ

= ψ;μψ̄ + ψψ̄;μ = (ψ,μ − Γμψ) ψ̄ + ψ
(
ψ̄,μ + ψ̄Γμ

)
=

=
(
ψ,μψ̄ + ψψ̄,μ

)
−
(
Γμψψ̄ − ψψ̄Γμ

)
=
(
ψψ̄
)
,μ
− [Γμ, ψψ̄]. (1.38)

Œ É·¨ÍÒ „¨· ±  γ̄a Å Éμ¦¥ ³ É·¨ÍÒ 4 × 4, ¸²¥¤μ¢ É¥²Ó´μ, ¶·¥μ¡· §ÊÕÉ¸Ö
± ±

γ̄a
;μ = γ̄a

,μ − [Γμ, γ̄a] = −[Γμ, γ̄a], (1.39)

É ± ± ± γ̄a
,μ = 0.

’¥¶¥·Ó ´ °¤¥³ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö ³ É·¨Í „¨· ± , § ¢¨¸ÖÐ¨Ì μÉ
¢·¥³¥´¨. ‘ μ¤´μ° ¸Éμ·μ´Ò, Ê ´ ¸ ¥¸ÉÓ

γν
;μ = γν

,μ + Γν
αμγα. (1.40)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨³¥¥É¸Ö

γν
;μ = (γ̄aeν

a);μ = γ̄a
;μeν

a + γ̄aeν
a;μ = −[Γμ, γ̄a]eν

a = −[Γμ, γν ], (1.41)

£¤¥ ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ÉμÉ Ë ±É, ÎÉμ eν
a;μ = 0. ‘· ¢´¨¢ Ö (1.40) ¨ (1.41),

´ Ìμ¤¨³ ¢Ò· ¦¥´¨¥
γν

,μ + Γν
αμγα = −[Γμ, γ̄ν], (1.42)

±μÉμ·μ¥ ¤ ¥É § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö ³ É·¨Í „¨· ± , § ¢¨¸ÖÐ¨Ì μÉ
¢·¥³¥´¨:

γν
,μ + Γν

λμγλ + [Γμ, γν ] = 0. (1.43)

“· ¢´¥´¨¥ (1.43) ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ´ °É¨  ËË¨´´μ-¸¶¨´μ·´ÊÕ ¸¢Ö§´μ¸ÉÓ Γμ

¤²Ö § ¤ ´´μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. �μ§¦¥ ¢Ò¢¥¤¥³ Ê· ¢´¥´¨¥ (1.43) ¤·Ê£¨³
¸¶μ¸μ¡μ³.

ˆ¸¶μ²Ó§Ê¥³ gμν ¨ gμν ¤²Ö μ¶Ê¸± ´¨Ö ¨²¨ ¶μ¤´ÖÉ¨Ö ¨´¤¥±¸  γ-³ É·¨Í
¨ ηab ¨²¨ ηab ¤²Ö μ¶Ê¸± ´¨Ö ¨²¨ ¶μ¤´ÖÉ¨Ö ¨´¤¥±¸  γ̄-³ É·¨Í:

γμ = gμνγν , γμ = gμνγν , (1.44)

γ̄a = ηabγ̄b, γ̄a = ηabγ̄
b. (1.45)
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1.3. ’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚Ò¢¥¤¥³ É¥´§μ· Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö, ±μÉμ·μ¥ § ¤ ¥É¸Ö ¢ ¢¨¤¥ (1.3). ’¥´§μ· Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¡Ò² ¶μ²ÊÎ¥´ ³´μ£¨³¨  ¢Éμ· ³¨ [33,39,76,122,143,
246,255]. ‚ ÔÉμ° · ¡μÉ¥ ¡Ê¤¥³ ¢ μ¸´μ¢´μ³ ¸²¥¤μ¢ ÉÓ ¶·μÍ¥¤Ê·¥, ¶·¥¤²μ¦¥´-
´μ° ¢ [143].

ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´ÊÕ ¢ ·¨ Í¨μ´´ÊÕ ±μ´Í¥¶Í¨Õ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° É¥´§μ·
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Tμν =
1
8π

√
−g

δ(Lsp/
√−g)

δgμν
=

1
8π

(
δLsp

δgμν
− 1

2
gμνLsp

)
. (1.46)

‚ ¸²ÊÎ ¥ ¸¶¨´μ·´μ£μ ¶μ²Ö (1.46) ¶·¨´¨³ ¥É ¢¨¤

1
8π

δ

∫
Lsp

√
−gd4x =

∫
Tμνδgμν√−gd4x. (1.47)

�μ £μ· §¤μ ¸²μ¦´¥¥ ´ °É¨ ¢ ·¨ Í¨Õ ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö, É ± ± ± ¨§-
³¥´¥´¨¥ ¶μ μÉ´μÏ¥´¨Õ ± gμν § É· £¨¢ ¥É ´¥ Éμ²Ó±μ É¥ ¢Ò· ¦¥´¨Ö, £¤¥ μ´¨
¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¶μ¸É·μ¥´¨Ö ¨´¢ ·¨ ´Éμ¢. �·¨ ¢ ·¨ Í¨¨ ¸¶¨´μ·´μ£μ ¶μ²Ö
¸²¥¤Ê¥É ¶μ³´¨ÉÓ μ¸´μ¢μ¶μ² £ ÕÐ¨¥ μÉ´μÏ¥´¨Ö

γμγν + γνγμ = 2gμν , (1.48 )

γμγν + γνγμ = 2gμν , (1.48¡)

γμγν + γνγμ = 2δμ
ν . (1.48¢)

‚ ·Ó¨·ÊÖ (1.48 ), (1.48¡) ¨ (1.48¢), ¶μ²ÊÎ ¥³

δγμγν + γμδγν + δγνγμ + γνδγμ = 2δgμν , (1.49 )

δγμγν + γμδγν + δγνγμ + γνδγμ = 2δgμν , (1.49¡)

δγμγν + γμδγν + δγνγμ + γνδγμ = 0. (1.49¢)

„¥·¨¢ Í¨Ö (1.48¡) ¤ ¥É

1
2

(
∂γμ

∂xρ
γν + γμ

∂γν

∂xρ
+

∂γν

∂xρ
γμ + γν

∂γμ

∂xρ

)
=

∂gμν

∂xρ
. (1.50)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨³¥¥³

gμν; ρ =
∂gμν

∂xρ
− Γσ

μρgσν − Γσ
νρgμσ = 0 (1.51)

¨

γμ; ρ =
∂γμ

∂xρ
− Γσ

μργσ := Yμρ. (1.52)



284 ‘�•� 	.

’¥¶¥·Ó ¶μ¸É·μ¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

Yμργν + γνYμρ + Yνργμ + γμYνρ =

=
(

∂γμ

∂xρ
− Γσ

μργσ

)
γν + γν

(
∂γμ

∂xρ
− Γσ

μργσ

)
+

+
(

∂γν

∂xρ
− Γσ

νργσ

)
γμ + γμ

(
∂γν

∂xρ
− Γσ

νργσ

)
=

=
(

∂γμ

∂xρ
γν + γμ

∂γν

∂xρ

)
+
(

∂γν

∂xρ
γμ + γν

∂γμ

∂xρ

)
−

− Γσ
μρ (γσγν + γνγσ) − Γσ

νρ (γσγμ + γμγσ) =

=
∂

∂xρ
(γμγν + γνγμ) − 2Γσ

μρgσν − 2Γσ
νρgμσ =

= 2
[
∂gμν

∂xρ
− Γσ

μρgσν − Γσ
νρgμσ

]
= gμν; ρ ≡ 0. (1.53)

�·¥¤¶μ²μ¦¨³, ÎÉμ γ-³ É·¨ÍÒ ¶·¥μ¡· §ÊÕÉ¸Ö ± ±

γ′
μ = γμ + ερYμρ. (1.54)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ

1
2
(
γ′

μγ′
ν + γ′

νγ′
μ

)
= gμν , (1.55)

¨ ¢¢μ¤Ö
S = I + ερΓρ, (1.56)

¨§
γ′

μ = S−1γμS (1.57)

´ Ìμ¤¨³

γ′
μ = (I − ερΓρ)γμ(I + ερΓρ) = γμ + ερ(γμΓρ − Γργμ) + . . . (1.58)

‘· ¢´¨¢ Ö (1.58) ¸ (1.54), ¶μ²ÊÎ¨³

Yμρ = γμΓρ − Γργμ. (1.59)

‚¸É ¢²ÖÖ Yμρ ¨§ (1.59) ¢ (1.52), ´ Ìμ¤¨³

∂γμ

∂xρ
− Γσ

μργσ + Γργμ − γμΓρ = 0. (1.60)

�´ ²μ£¨Î´μ
∂γμ

∂xρ
− Γμ

σργ
σ + Γργ

μ − γμΓρ = 0. (1.61)
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’¥¶¥·Ó ´ °¤¥³ ¢ ·¨ Í¨Õ ¤²Ö γμ, É. ¥. δγμ. ’ ± ± ± ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥-
´¨Ö (1.49 ) ¸μ¤¥·¦¨É δgμν , ¨Ð¥³ δγμ ¢ ¢¨¤¥

δγμ = aAρδg
μρ, (1.62)

£¤¥ a Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö ¨ Aρ Å ³ É·¨Í  4 × 4. �μ¤¸É ¢²ÖÖ (1.62)
¢ (1.49 ), ´ Ìμ¤¨³ ¢Ò· ¦¥´¨¥

2a(Aνγμ + γμAν)δgμν = δgμν , (1.63)

±μÉμ·μ¥ ¸ ÊÎ¥Éμ³ (1.48¢) ¶·¨¢μ¤¨É ± a = 1/2 ¨ Aρ = γρ. ’ ±¨³ μ¡· §μ³,
¨³¥¥³

δγμ =
1
2
γνδgμν . (1.64)

�É³¥É¨³, ÎÉμ ·¥§Ê²ÓÉ É,  ´ ²μ£¨Î´Ò° (1.64), ¡Ò² ¶μ²ÊÎ¥´ ¢ [39, 143], Éμ£¤ 
± ± ¢ [246]  ¢Éμ· · ¸¸³μÉ·¥² ¡μ²¥¥ μ¡Ð¨° ¸²ÊÎ ° ¸

δγμ =
1
2
γνδgμν + [γμ, G], (1.65)

£¤¥ G Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ³ É·¨Í  4 × 4 ¨

[γμ, G] = γμG − Gγμ. (1.66)

’¥¶¥·Ó ´ Ìμ¤¨³ ¢ ·¨ Í¨Õ ¤²Ö Γμ. ˆ³¥¥³

∂γμ

∂xρ
+ Γμ

νργ
ν + Γργ

μ − γμΓρ = 0. (1.67)

‚ ·¨ Í¨Ö (1.67) ¤ ¥É

∂δγμ

∂xρ
+ δΓμ

νργ
ν + Γμ

νρδγ
ν + δΓργ

μ + Γρδγ
μ − δγμΓρ − γμδΓρ = 0. (1.68)

�μ¤¸É ¢²ÖÖ (1.64) ¢ (1.68), ¸ ÊÎ¥Éμ³ (1.67) ´ Ìμ¤¨³

−2 (δΓργ
μ − γμδΓρ) = γν

∂δgμν

∂xρ
+Γσ

νργσδgμν +Γμ
νργσδgσν +2γνδΓμ

νρ. (1.69)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ

δgμν
; ρ =

∂δgμν

∂xρ
+ δ
(
Γμ

σρg
σν + Γν

σρg
μσ
)

= 0, (1.70)

¨§ (1.69) ¶μ¸²¥ ´¥±μÉμ·ÒÌ ³ ´¨¶Ê²ÖÍ¨° ´ Ìμ¤¨³

δΓργ
μ − γμδΓρ =

1
2
(
gμσδΓν

σρ − gνσδΓμ
σρ

)
γν . (1.71)
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’ ± ± ± ²Õ¡ Ö ³ É·¨Í  4 × 4 ³μ¦¥É · ¸±² ¤Ò¢ ÉÓ¸Ö Î¥·¥§ I, γμ ¨ σ[μν] =
(1/2) (γμγν − γνγμ), ¨Ð¥³ δΓμ ¢ ¢¨¤¥

δΓρ = AρI + Bραγα + Cραβσ[αβ]. (1.72)

’μ£¤  ²¥¢ Ö Î ¸ÉÓ (1.71) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ±

δΓργ
μ − γμδΓρ = Aρ (Iγμ − γμI) + Bρα (γαγμ − γμγα) +

+ Cραβ

(
σ[αβ]γμ − γμσ[αβ]

)
. (1.73)

“Î¨ÉÒ¢ Ö, ÎÉμ

σ[αβ]γμ − γμσ[αβ] = 2
(
gμβgαν − gμαgβν

)
γν , (1.74)

¨ ¸· ¢´¨¢ Ö ¶· ¢Ò¥ Î ¸É¨ (1.71) ¨ (1.73), ´ Ìμ¤¨³, ÎÉμ Bμν = 0 ¨

Cρση =
1
8
(
gμηδΓμ

σρ − gμσδΓμ
ηρ

)
. (1.75)

� ±μ´¥Í, ¨³¥¥³

δΓρ =
1
8
(
gμηδΓμ

σρ − gμσδΓμ
ηρ

)
σ[ησ], (1.76)

£¤¥

δΓν
αβ = −gνρgρσΓσ

αβ +
1
2
gνμ

[
∂δgαμ

∂xβ
+

∂δgμβ

∂xα
− ∂δgαβ

∂xμ

]
=

=
1
2
gνμ [(δgαμ);β + (δgμβ);α − (δgαβ);μ] . (1.77)

’μ£¤  ¨§ (1.3) ¶μ²ÊÎ¨³

δLsp =
ı

2
[
ψ̄δγμ∇μψ −∇μψ̄δγμψ

]
+

+
ı

2
[
ψ̄γμ(−δΓμ)ψ + ψ̄(−δΓμ)γμψ

]
=

=
ı

2

[
1
2
(
ψ̄γν∇μψ −∇μψ̄γνψ

)
gμν−

− 1
8
ψ̄
(
gανδΓν

βμ − gβνδΓν
αμ

) (
γμσ[αβ] + σ[αβ]γμ

)
ψ

]
. (1.78)

‚¢¥¤¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

γ[αβμ] =
1
3

[
γασ[βμ] + γβσ[μα] + γμσ[αβ]

]
. (1.79)
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“Î¨ÉÒ¢ Ö, ÎÉμ σ[βμ] = −σ[μβ], ³μ¦´μ ²¥£±μ ¶μ± § ÉÓ, ÎÉμ γ[αβμ] Å ¶μ²´μ¸ÉÓÕ
 ´É¨¸¨³³¥É·¨Î´Ò°. ’ ±¦¥ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ

γ[αβμ] =
1
3

[
σ[βμ]γα + σ[μα]γβ + σ[αβ]γμ

]
. (1.80)

„ ²¥¥, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ σ[αβ] =
1
2
[
γαγβ − γβγα

]
¨ gαβ =

1
2
[
γαγβ + γβγα

]
, ¶μ²ÊÎ ¥³

σ[αβ] = gαβ − γβγα = γαγβ − gαβ . (1.81)

’μ£¤  (1.80) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ± ±

γ[αβμ] =
1
2
[
γμγαγβ − γβγαγμ

]
. (1.82)

„ ²Ó´¥°Ï Ö ³ ´¨¶Ê²ÖÍ¨Ö ¤ ¥É

γ[αβμ] = gμαγβ − gβαγμ + γασ[βμ]. (1.83)

’ ±¨³ μ¡· §μ³, ¨³¥¥³

γμσ[αβ] = γ[μαβ] + gαμγβ − gβμγα. (1.84)

�´ ²μ£¨Î´μ ³μ¦´μ ¤μ± § ÉÓ, ÎÉμ

σ[αβ]γμ = γ[μαβ] − gαμγβ + gβμγα. (1.85)

Šμ³¡¨´¨·ÊÖ (1.84) ¨ (1.85), ´ Ìμ¤¨³

γμσ[αβ] + σ[αβ]γμ = γ[μαβ]. (1.86)

�μ¤¸É ¢²ÖÖ (1.86) ¢ (1.78), ¶μ²ÊÎ¨³

δLsp =
ı

2

[
1
2
(
ψ̄γν∇μψ −∇μψ̄γνψ

)
gμν−

− 1
4
ψ̄
(
gανδΓν

βμ − gβνδΓν
αμ

)
γ[μαβ]ψ

]
. (1.87)

‚ (1.87) δΓν
αμ ¨ δΓν

βμ Å ¸¨³³¥É·¨Î´Ò¥ ¶μ (α, μ) ¨ (β, μ), ¸μμÉ¢¥É¸É¢¥´´μ,

γ[μαβ] Å ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò°. ‘²¥¤μ¢ É¥²Ó´μ, ¢±² ¤ δΓμ ¢ É¥´§μ·
Ô´¥·£¨¨-¨³¶Ê²Ó¸  · ¢¥´ ´Ê²Õ. �μÔÉμ³Ê § ¶¨Ï¥³

δLsp =
ı

4
(
ψ̄γν∇μψ −∇μψ̄γνψ

)
gμν =

=
ı

4
(
ψ̄γν∇μψ + ψ̄γμ∇νψ −∇μψ̄γνψ −∇ν ψ̄γμψ

)
gμν . (1.88)
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’ ±¨³ μ¡· §μ³, ´ °¤¥³ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö

T ρ
μ =

ı

4
gρν
(
ψ̄γμ∇νψ + ψ̄γν∇μψ −∇μψ̄γνψ −∇νψ̄γμψ

)
− δρ

μLsp, (1.89)

±μÉμ·Ò° ¸ ÊÎ¥Éμ³ (1.10) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥

T ρ
μ =

ı

4
gρν
(
ψ̄γμ∂νψ + ψ̄γν∂μψ − ∂μψ̄γνψ − ∂νψ̄γμψ

)
−

− ı

4
gρνψ̄ (γμΓν + Γνγμ + γνΓμ + Γμγν) ψ − δρ

μLsp = (1.90)

= gρν T̄νμ − gρν T̃νμ − δρ
μ(2KFK − F (K)),

£¤¥ ¶·¨³¥³ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¢¢¨¤Ê (1.6) ² £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ¦¥É
¡ÒÉÓ ¢Ò· ¦¥´ ¢ ¢¨¤¥

Lsp =
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mspψ̄ψ − F =

=
1
2
ψ̄ [ıγμ∇μψ − mspψ] − 1

2
[
ı∇μψ̄γμ + mspψ̄

]
ψ − F =

=
1
2
[
�ψ̄ψ + ı� ψ̄γ5ψ

]
− 1

2
[
�ψ̄ψ + ı� ψ̄γ5ψ

]
− F =

= 2 (IKI + JKJ)FK − F (K) = 2KFK − F (K). (1.91)

’¥¶¥·Ó ´ °¤¥³ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨. Œ É·¨ÍÒ ¸¶¨´μ·´ÒÌ  Ë-
Ë¨´´ÒÌ ¸¢Ö§´μ¸É¥° Γμ(x) μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´Ò ¨§  ¤¤¨É¨¢´μ£μ ¶·μ¨§¢¥¤¥-
´¨Ö ¥¤¨´¨Î´μ° ³ É·¨ÍÒ ¸ ¶μ³μÐÓÕ Ê· ¢´¥´¨Ö (1.60) ¨ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò
± ±

Γμ =
1
4
γ̄aγν∂μe(a)

ν − 1
4
γργ

νΓρ
μν . (1.92)

ˆ¸¶μ²Ó§Ê¥³ ³ É·¨ÍÒ „¨· ±  ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢ Ëμ·³¥

γ̄0 =
(

I 0
0 −I

)
, γ̄i =

(
0 σi

−σi 0

)
,

γ̄5 = −ıγ̄0γ̄1γ̄2γ̄3 =
(

0 −I
−I 0

)
,

£¤¥ σi Å ³ É·¨ÍÒ � Ê²¨:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −ı
ı 0

)
, σ3 =

(
1 0
0 −1

)
.

‡ ³¥É¨³, ÎÉμ ³ É·¨ÍÒ γ̄ ¨ σ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¸¢μ°¸É¢ ³:

γ̄iγ̄j + γ̄j γ̄i = 2ηij , i, j = 0, 1, 2, 3,

γ̄iγ̄5 + γ̄5γ̄i = 0, (γ̄5)2 = I, i = 0, 1, 2, 3,

σjσk = δjk + iεjklσ
l, j, k, l = 1, 2, 3,
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£¤¥ ηij = {1,−1,−1,−1} Å ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í ; δjk Å ¸¨³¢μ² Š·μ´¥±¥· 
¨ εjkl Å ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´ Ö ³ É·¨Í  ¸ ε123 = +1.

2. ‘�ˆ�����… ��‹… ˆ �‚�‹�–ˆŸ ���‘’�	�‘’‚	-‚�…Œ…�ˆ

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¤ ´μ ¤¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö, μ¸μ-
¡¥´´μ ¶μ¤·μ¡´μ ´ ¶¨¸ ´Ò Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö, ¥£μ ±μ¢ ·¨ ´É´Ò¥ ¶·μ-
¨§¢μ¤´Ò¥ ¨ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¨¸±·¨¢²¥´´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨.
‚ ÔÉμ³ · §¤¥²¥ Ê¢¨¤¨³, ´ ¸±μ²Ó±μ ¶μ-· §´μ³Ê  ¢Éμ·Ò ¨¸¶μ²Ó§ÊÕÉ ¸¶¨´μ·´μ¥
¶μ²¥ ¤²Ö μ¡ÑÖ¸´¥´¨Ö ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö ‚¸¥²¥´´μ°.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¸¶¨´μ·Ò ¨£· ²¨ ¢ ¦´ÊÕ ·μ²Ó ¢ ³ É¥³ É¨±¥ ¨ Ë¨-
§¨±¥ ´  ¶·μÉÖ¦¥´¨¨ ¶·μÏ²μ£μ ¸Éμ²¥É¨Ö. �´¨ É¥μ·¥É¨Î¥¸±¨ ³μ¤¥²¨·μ¢ ²¨
Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2, É ±¨¥ ± ± Ô²¥±É·μ´, ¢ ¸²ÊÎ ¥ ¸ ³ ¸¸μ° ¨²¨ ´¥°É·¨´μ
(³ ¸¸¨¢´Ò³ ¨²¨ ¡¥§³ ¸¸μ¢Ò³). ‘¶¨´μ¢ Ö ¸É·Ê±ÉÊ·  ³´μ£μμ¡· §¨° ¨£· ¥É ¢ ¦-
´ÊÕ ·μ²Ó ¢ ¸μ¢·¥³¥´´μ° ³ É¥³ É¨±¥, ¢ Éμ ¢·¥³Ö ± ± ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥
ÔÉ  ¸É·Ê±ÉÊ·  ³μÉ¨¢¨·Ê¥É ¶·μ£· ³³Ê ®’¢¨¸É¥·¯ [36].

‚ · ³± Ì Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¢¸¥ ¨¸¶μ²Ó§Ê¥³Ò¥ ¸¶¨´μ·Ò Å
ÔÉμ ²¨¡μ ¸¶¨´μ·Ò „¨· ±  ¨²¨ ‚¥°²Ö (¡¥§³ ¸¸μ¢Ò¥ ¤¨· ±μ¢¸±¨¥ ¸¶¨´μ·Ò),
²¨¡μ ¸¶¨´μ·Ò Œ °μ· ´Ò ψ. ’ ±¨¥ ¸¶¨´μ·Ò ¤μ²¦´Ò ¶μ¤Î¨´ÖÉÓ¸Ö ¶μ²¥¢Ò³
Ê· ¢´¥´¨Ö³ ¶¥·¢μ£μ ¶μ·Ö¤± .

�·¥¦¤¥ Î¥³ ¨§ÊÎ¨ÉÓ ¶μ¸²¥¤´¨¥ ¤μ¸É¨¦¥´¨Ö, μ¡· É¨³¸Ö ± ¨¸Éμ·¨¨. ‘²¥-
¤Ê¥É ´ ¶μ³´¨ÉÓ, ÎÉμ £¥μ³¥É·¨Ö �¨³ ´  ¸ ËÊ´¤ ³¥´É ²Ó´μ° ±¢ ¤· É¨Î´μ° Ëμ·-
³μ° ds2 μ¸É ¥É¸Ö ¶·¨£μ¤´μ° ¤²Ö μ¡ÑÖ¸´¥´¨Ö £· ¢¨É Í¨μ´´ÒÌ Ö¢²¥´¨°, ¢ Éμ
¢·¥³Ö ± ± ±¢ ´Éμ¢Ò¥ ¨ Ô²¥±É·¨Î¥¸±¨¥ Ö¢²¥´¨Ö É·¥¡ÊÕÉ ¢¢¥¤¥´¨Ö £¥μ³¥É·¨Î¥-
¸±¨Ì ¶μ´ÖÉ¨°, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ´μ¢Ò³¨ ¤²Ö £¥μ³¥É·¨¨ �¨³ ´ . ’ ±μ¥ ¶μ´Ö-
É¨¥ ¡Ò²μ ¢¶¥·¢Ò¥ ¢¢¥¤¥´μ „¨· ±μ³ ¢ É¥μ·¨¨ Ô²¥±É·μ´μ¢ [62]. ƒ¥μ³¥É·¨Î¥¸± Ö
¶·¨·μ¤  μ¶¥· Éμ·  „¨· ±  ¡Ò²  μÉ³¥Î¥´  ”μ±μ³ ¨ ˆ¢ ´¥´±μ ¢ [77, 78], £¤¥
μ´¨ ¶·¥¤² £ ²¨ ¢¢¥¸É¨ μ¶¥· Éμ·Ò,  ´ ²μ£¨Î´Ò¥ ³ É·¨Í ³ „¨· ±  ¢ £¥μ³¥É·¨¨
¸ ÊÎ¥Éμ³ ²¨´¥°´μ° ¤¨ËË¥·¥´Í¨ ²Ó´μ° Ëμ·³Ò

ds =
∑

γν dxν , (2.1)

±¢ ¤· É ±μÉμ·μ° ¤ ¥É μ¡ÒÎ´Ò° ¨´É¥·¢ ² �¨³ ´  ds2. �Éμ ³μ¦¥É · ¸¸³ -
É·¨¢ ÉÓ¸Ö ± ± μÉ¶· ¢´ Ö ÉμÎ±  ¶μ´ÖÉ¨Ö ¸¶¨´μ·  ¢ ·¨³ ´μ¢μ° £¥μ³¥É·¨¨.
�μ ÔÉ  É¥μ·¨Ö ¢¸¥ ¥Ð¥ ¡Ò²  ²¨´¥°´μ°. ’μ²Ó±μ ¢ 1938 £. ˆ¢ ´¥´±μ [101]
¢¢¥² ´¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¢ ¸¨¸É¥³Ê. –¥²Ó Å μ¡ÑÖ¸´¨ÉÓ ¢§ ¨³μ¤¥°-
¸É¢¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨. �É  É¥μ·¨Ö ¶μ²ÊÎ¨²  ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¢ · ¡μ-
É Ì [102, 103]. „ ²¥¥ ¢ 1951 £. ´¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥, ¶·¥¤²μ¦¥´´μ¥
¡² £μ¤ ·Ö ¸¨³³¥É·¨Î´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³ ³¥¦¤Ê ´Ê±²μ´ ³¨, ³Õμ´ ³¨ ¨ ²¥¶-
Éμ´ ³¨, ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¢ ±² ¸¸¨Î¥¸±μ°  ¶¶·μ±¸¨³ Í¨¨ ”¨´±¥²ÓÏÉ¥°´μ³
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¸ ¸μ ¢Éμ· ³¨ [74], £¤¥ μ´¨ μ¡μ¡Ð¨²¨ ¤¨· ±μ¢¸±¨° ² £· ´¦¨ ´:

LD =
∫

L d4x, L = μ0I0 + I1, (2.2)

£¤¥

I0 = ıψ†ψ, I1 =
ı

2
[
ψ†γμ∂μψ −

(
∂μψ†) γμψ

]
(2.3)

¨ μ0 Å ±μ´¸É ´É  ¸ · §³¥·´μ¸ÉÓÕ L−1 ¨

L = μ0I0 + I1 + gW (I0, I1, J), (2.4)

£¤¥ J Ê± §Ò¢ ¥É ´  ¤·Ê£¨¥ ¢μ§³μ¦´Ò¥ ¨´¢ ·¨ ´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö, g Å
±μ´¸É ´É  ¸¢Ö§¨ ¨ W Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¨´¢ ·¨ ´Éμ¢, ÎÉμ ¤¥² ¥É É¥μ·¨Õ
´¥²¨´¥°´μ° ¨ ´¥ ¸μ¤¥·¦ Ð¥° ¶·μ¨§¢μ¤´ÒÌ. �¢Éμ·Ò ´ Ï²¨ ´¥±μÉμ·Ò¥ ·¥-
Ï¥´¨Ö ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ²¥¢ÒÌ Ê· ¢´¥´¨°. �É  É¥μ·¨Ö ¡Ò²  ¤ ²¥¥ · §-
¢¨É  ¢ [75].

„ ²¥¥ Š·¥Î¥É ¸ ±μ²²¥£ ³¨ ¶·μ¤μ²¦¨²¨ ¨§ÊÎ¥´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ · -
¡μÉ¥ [114] μ´¨ ¤μ± § ²¨ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¤¨´ ³¨±¨ ´¥°É·¨´μ ¢ ·¨³ ´μ¢μ³
¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¨ ¤¨´ ³¨±¨ ´¥²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ ¶μ²¥° ƒ¥°§¥´-
¡¥·£ Äˆ¢ ´¥´±μ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸ ±·ÊÎ¥´¨¥³.

‚ 1970-¥ ££. ³´μ£μ ¢´¨³ ´¨Ö ¡Ò²μ Ê¤¥²¥´μ ¡¥§³ ¸¸μ¢Ò³ ¸¶¨´μ·´Ò³ ¶μ-
²Ö³ ¢ ±·¨¢μ²¨´¥°´ÒÌ ¶·μ¸É· ´¸É¢ Ì ¨ ¶μ³¨³μ μ¡Ð¨Ì É¥μ·¥³ μ¡ Ê· ¢´¥´¨ÖÌ
¢§ ¨³μ¤¥°¸É¢¨Ö �°´ÏÉ¥°´ Ä‚¥°²Ö ¡Ò²μ ¶μ¸É·μ¥´μ ¨ ¨§ÊÎ¥´μ ³´μ¦¥¸É¢μ Ö¢-
´ÒÌ ·¥Ï¥´¨°. ‚ · ¡μÉ¥ [94] ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  £ ³¨²ÓÉμ´¨ ´  ¡Ò²¨
¶μ²ÊÎ¥´Ò μ¡Ð¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´ Ä„¨· ±  ¤²Ö ¸²ÊÎ Ö, ±μ£¤ 
³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ¸¶¨´μ·´Ò¥ ¶μ²Ö Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ¶·¨ ¶·¥-
μ¡· §μ¢ ´¨ÖÌ É·¥Ì¶ · ³¥É·¨Î¥¸±μ° £·Ê¶¶Ò �¡¥²Ö, ¤¥°¸É¢ÊÕÐ¥° É· ´§¨É¨¢´μ
´  ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨.

2.1. ‘¶¨´μ·´μ¥ ¶μ²¥ ¨ ¸¨´£Ê²Ö·´μ¸ÉÓ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‘¶¨´μ·-
´μ¥ ¶μ²¥, ´ ¸±μ²Ó±μ ´ ³ ¨§¢¥¸É´μ, ¢¶¥·¢Ò¥ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¤²Ö ·¥Ï¥´¨Ö
´¥±μÉμ·ÒÌ ¶·μ¡²¥³ ±μ¸³μ²μ£¨¨ ¢ [226]. �¢Éμ· ÔÉμ° · ¡μÉÒ ¨¸¸²¥¤μ¢ ² ¢μ§-
³μ¦´μ¸ÉÓ Ê¸É· ´¥´¨Ö ¨¸Ìμ¤´μ° ¸¨´£Ê²Ö·´μ¸É¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢ · ³-
± Ì ¢´¥Ï´¥° ³μ¤¥²¨ FRW ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. „ ²¥¥ ¢ ·Ö¤¥ · ¡μÉ ˜¨±¨´
¸ ¸μ ¢Éμ· ³¨ · §¢¨¢ ²¨ ÔÉμ ¨¸¸²¥¤μ¢ ´¨¥ ¢ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±μ° ³μ¤¥²¨
	¨ ´±¨ É¨¶  I, ÎÉμ¡Ò ¶μ´ÖÉÓ ³¥Ì ´¨§³ ¶²μ¸±μ£μ, ¨§´ Î ²Ó´μ  ´¨§μÉ·μ¶´μ£μ
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ [2, 3, 169, 170, 172Ä174]. 	Ò²μ ¶μ± § ´μ, ÎÉμ ¢¢¥¤¥´¨¥
¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ¸¨¸É¥³Ê ¶·¨ ´¥±μÉμ·μ³ ¶μ¤Ìμ¤ÖÐ¥³ ¢Ò¡μ·¥ ´¥²¨´¥°´μ¸É¨
³μ¦¥É £¥´¥·¨·μ¢ ÉÓ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ¨ Ê¸±μ·¨ÉÓ ¶·μÍ¥¸¸ Ê¶²μÐ¥´¨Ö.

‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¢ É¥ ¤´¨ ³ ²μ ±Éμ · ¸¸³ É·¨¢ ² ¸¶¨´μ·´μ¥
¶μ²¥ ¢ ±μ¸³μ²μ£¨¨. ’μ²Ó±μ ¶μ¸²¥ · ¡μÉÒ [177] 2001 £. ¸¶¨´μ·´μ¥ ¶μ²¥ ¸É ²μ
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ±  ²ÓÉ¥·´ É¨¢´Ò° ¨¸ÉμÎ´¨± ¤²Ö μ¡ÑÖ¸´¥´¨Ö ±μ¸³μ²μ£¨Î¥-
¸±¨Ì ¶·μ¡²¥³. � ¶μ³´¨³, ÎÉμ ¢ É¥ ¤´¨ Ö¢²¥´¨¥ ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö ¡Ò²μ
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¥Ð¥ ´¥¨§¢¥¸É´μ. ‚ · ¡μÉ¥ [8]  ¢Éμ·Ò ¢¶¥·¢Ò¥ ¶μ¶ÒÉ ²¨¸Ó μ¡ÑÖ¸´¨ÉÓ ¨´Ë²Ö-
Í¨Õ ¶μ¸·¥¤¸É¢μ³ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ÔÉμ° ¸É ÉÓ¥  ¢Éμ·Ò, · ¸¸³ É·¨¢ ¢Ï¨¥
¢μ§³μ¦´μ¸ÉÓ, ÎÉμ ±² ¸¸¨Î¥¸±μ¥ μ¤´μ·μ¤´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ³μ¦¥É ¨£· ÉÓ
μ¶·¥¤¥²¥´´ÊÕ ·μ²Ó ¢ ±μ¸³μ²μ£¨¨, ¶·¨Ï²¨ ± ¢Ò¢μ¤Ê μ Éμ³, ÎÉμ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨° ¢Ò¡μ· ¸ ³μ¤¥°¸É¢¨Ö ³μ£ ¡Ò ¸μ§¤ ÉÓ ¡μ£ Éμ¥ · §´μμ¡· §¨¥ ¶μ¢¥¤¥´¨°,
±μÉμ·Ò¥ ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ ¨Ì Ï¨·μ±μ ¨§ÊÎ ¥³ÒÌ ¸± ²Ö·´ÒÌ ¶ ·É´¥·μ¢.
�μ ³´¥´¨Õ  ¢Éμ·μ¢, ±² ¸¸¨Î¥¸±μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ μ§´ Î ¥É ´ ¡μ· ¨§ Î¥ÉÒ·¥Ì
±μ³¶²¥±¸´μ§´ Î´ÒÌ ËÊ´±Í¨° ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, ±μÉμ·Ò¥ ¶·¥μ¡· §ÊÕÉ¸Ö
¶μ ¸¶¨´μ·´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ £·Ê¶¶Ò ‹μ·¥´Í .

•μÉÖ ´ ²¨Î¨¥ Ë¥·³¨μ´μ¢ ¸μ ¸¶¨´μ³ 1/2 ± ± É¥μ·¥É¨Î¥¸±¨, É ± ¨ Ô±¸¶¥·¨-
³¥´É ²Ó´μ ¡¥¸¸¶μ·´μ, μ´¨ ¶·¨´ ¤²¥¦ É ± ±¢ ´Éμ¢μ³ ³¨·Ê, ¶μ¤Î¨´ÖÖ¸Ó (1.2).
�¥¶μ´ÖÉ´μ, ¨³¥ÕÉ ²¨ μ´¨ ±² ¸¸¨Î¥¸±¨¥  ´ ²μ£¨, ´μ, ± ± ¡Ò²μ ¶·¥¤²μ¦¥´μ
¢ [8], ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ±² ¸¸¨Î¥¸±¨° ¸¶¨´μ· ± ± ³ É¥³ É¨Î¥¸±μ¥
μ¦¨¤ ´¨¥ ¸¶¨´μ·  ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¸μ¸ÉμÖ´¨¨ |s〉:

ψcl = 〈s|ψ̂|s〉 = 〈ψ̂〉. (2.5)

’μ£¤ , ¶·¨´¨³ Ö ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥ (1.2), ´ Ìμ¤¨³, ÎÉμ ψcl Ê¤μ¢²¥É¢μ-
·Ö¥É Ê· ¢´¥´¨Õ

ıγμ∂μψcl − mspψcl = 0, (2.6)

±μÉμ·μ¥ ¶·μ¸Éμ ÊÉ¢¥·¦¤ ¥É, ÎÉμ ±² ¸¸¨Î¥¸±¨° ¸¶¨´μ· ψcl ¶μ¤Î¨´Ö¥É¸Ö μ¡ÒÎ-
´Ò³ Ê· ¢´¥´¨Ö³ „¨· ± . ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥
¸¶¨´μ·  ¢ Ë¨§¨Î¥¸±μ³ ¸μ¸ÉμÖ´¨¨ Å ÔÉμ ±μ³¶²¥±¸´μ¥ Î¨¸²μ,   ´¥ £· ¸¸³ -
´μ¢μ Î¨¸²μ. �¢Éμ·Ò É ±¦¥ μ¶·¥¤¥²¨²¨, ÎÉμ ¤²Ö Éμ£μ, ÎÉμ¡Ò ±² ¸¸¨Î¥¸±μ¥
¶·¨¡²¨¦¥´¨¥ ¡Ò² ¤¥°¸É¢¨É¥²Ó´Ò³, ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸μμÉ´μÏ¥´¨¥

∣∣∣ 〈ψ̄ψ〉ren − 〈ψ̄〉ren〈ψ〉ren
〈ψ̄〉ren〈ψ〉ren

∣∣∣� 1, (2.7)

£¤¥
〈. . .〉ren = 〈s| . . . |s〉 − 〈0| . . . |0〉 (2.8)

Å ¶¥·¥´μ·³¨·μ¢ ´´Ò° ¶ ·É´¥· ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢¥²¨Î¨´. ‚ · ¡μÉ¥ [36]  ¢-
Éμ·Ò ¶·¥¤²μ¦¨²¨  ´ ²μ£¨Î´Ò° ¸¶μ¸μ¡. Š ± ¡Ò²μ § ³¥Î¥´μ, Ê· ¢´¥´¨¥ ¶μ²Ö
¶¥·¢μ£μ ¶μ·Ö¤±  (1.2) ±μ¸³μ²μ£¨Î¥¸±¨ ¶μ¤· §Ê³¥¢ ¥É, ÎÉμ ¸·¥¤´¥¥ §´ Î¥´¨¥
± ± ρ = ψ̄ψ, É ± ¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸¢μ¡μ¤´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö Ô¢μ²ÕÍ¨-
μ´¨·Ê¥É ± ± ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¶Ò²¨ ¸ ´Ê²¥¢Ò³ ¤ ¢²¥´¨¥³, É. ¥. ¶·μ¶μ·Í¨μ-
´ ²Ó´μ (1 + z)3, £¤¥ z Å ±· ¸´μ¥ ¸³¥Ð¥´¨¥.

2.2. ‘¶¨´μ·´μ¥ ¶μ²¥ ¨ ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥. „ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¸¶¨-
´μ·´μ° ±μ¸³μ²μ£¨¨ ¡Ò²μ ¸¢Ö§ ´μ ¸ ¶μ§¤´¨³ Ê¸±μ·¥´¨¥³. �μ¸²¥ μÉ±·ÒÉ¨Ö
Ê¸±μ·¥´´μ£μ ·¥¦¨³  · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ° ±μ¸³μ²μ£¨ ¢¸¥£μ ³¨·  ¶·¥¤²μ-
¦¨²¨ · §²¨Î´Ò¥ ³μ¤¥²¨ ¤²Ö μ¡ÑÖ¸´¥´¨Ö ÔÉ¨Ì ´μ¢ÒÌ Ö¢²¥´¨°. ‚ · ¡μÉ¥ [160]
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�¨¡ ¸ ¸ ¸μ ¢Éμ· ³¨ ¶μ± § ²¨, ÎÉμ ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¢ Ë¥·³¨μ´´μ³ ¶μ²¥ ± ± ËÊ´±Í¨Õ ¸± ²Ö·´ÒÌ ¨ ¶¸¥¢¤μ¸± ²Ö·´ÒÌ ¨´¢ -
·¨ ´Éμ¢, Éμ

F = λ [β1I + β2J ]n (2.9)

³μ¦¥É ¡ÒÉÓ μÉ¢¥É¸É¢¥´ §  ¶¥·¨μ¤Ò Ê¸±μ·¥´¨Ö ¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°,   ³ -
É¥·¨ ²Ó´μ¥ ¶μ²¥ ¡Ê¤¥É μÉ¢¥Î ÉÓ §  ¶¥·¨μ¤ § ³¥¤²¥´¨Ö. �´¨ ¢Ò¶μ²´Ö²¨ ¸¢μ¨
¨¸¸²¥¤μ¢ ´¨Ö ¢ · ³± Ì ³μ¤¥²¨ FRW. �ÉμÉ ·¥§Ê²ÓÉ É ¡Ò² ¤μ· ¡μÉ ´ ¤²Ö ±μ¸-
³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° 	¨ ´±¨ É¨¶  I ¢ [189, 190, 192, 230]. �  μ¸´μ¢¥ ·¥-
§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¢ [177], ´¥±μÉμ·Ò¥  ¢Éμ·Ò · ¸Ï¨·Ö²¨ ÔÉμ ¨§ÊÎ¥´¨¥
¤μ 8-±μ³¶μ´¥´É´ÒÌ ¸¶¨´μ·´ÒÌ ¶μ²¥°, É ±¦¥ ¨§¢¥¸É´ÒÌ ± ± É¥³´Ò¥ ¸¶¨-
´μ·Ò. �¸´μ¢Ò É¥μ·¨¨ É¥³´μ£μ ¸¶¨´μ·  ¢ ¨´Ë²ÖÍ¨¨ ¶·¥¤¸É ¢²¥´Ò ¢ [34, 36].
ELKO Å ¶μ²¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Î¥·¥§ ¨¸±·¨¢²¥´¨¥ ¸μ ¸¢μ¥° ¸¶¨´μ¢μ° ¶²μÉ-
´μ¸ÉÓÕ Å ¨§ÊÎ¥´μ ¢ [66] ¨ ¤ ²¥¥ · §¢¨Éμ ¢ [67]. Šμ´Ëμ·³´μ¥ ¸μ¶·Ö¦¥´¨¥
É¥³´μ£μ ¸¶¨´μ·  ¸ £· ¢¨É Í¨¥° ¢ · ³± Ì ³μ¤¥²¨ FRW ¨§ÊÎ¥´μ ¢ [120].

‚ Éμ ¦¥ ¢·¥³Ö ¶μ¨¸± ¤²Ö ¨³¨É Í¨¨ É¥³´μ° Ô´¥·£¨¨ ¶μ¸·¥¤¸É¢μ³ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¶·μ¢μ¤¨²¸Ö ³´μ£¨³¨  ¢Éμ· ³¨, ¨ ¢¸±μ·¥ ¢ÒÖ¸´¨²μ¸Ó, ÎÉμ ´¥²¨´¥°-
´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¤¥°¸É¢¨É¥²Ó´μ ³μ¦¥É μ¶¨¸ ÉÓ · §²¨Î´Ò¥ Ì · ±É¥·¨-
¸É¨±¨ ¢¥Ð¥¸É¢ , ´ Î¨´ Ö ¸ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨ ¨ ±μ´Î Ö · §²¨Î´Ò³¨ É¨¶ ³¨
É¥³´μ° Ô´¥·£¨¨. �¡¸Ê¤¨³ ÔÉμÉ ¢μ¶·μ¸ ¢ · §¤. 3.

‚ ¡μ²ÓÏ¨´¸É¢¥ · ¡μÉ, ¶·μ¤¥² ´´ÒÌ ¤μ ´¥¤ ¢´¥£μ ¢·¥³¥´¨, · ¸¸³ É·¨¢ -
²¨¸Ó Éμ²Ó±μ ¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·-
´ÒÌ ¶μ²¥°. �¢Éμ·Ò · ¡μÉÒ [240] ¢¶¥·¢Ò¥ § ³¥É¨²¨, ÎÉμ ÊÎ¥É ´¥¤¨ £μ´ ²Ó-
´ÒÌ ±μ³¶μ´¥´É ´ ±² ¤Ò¢ ¥É ´¥±μÉμ·Ò¥ μ£· ´¨Î¥´¨Ö ´  ¶·μ¸É· ´¸É¢μ-¢·¥³Ö.
‚ ¤ ²Ó´¥°Ï¥³ ÔÉμ ¨¸¸²¥¤μ¢ ´¨¥ ¡Ò²μ · §· ¡μÉ ´μ ¢ ·Ö¤¥ · ¡μÉ ¤²Ö · §²¨Î-
´ÒÌ ³μ¤¥²¥° ‚¸¥²¥´´μ° É¨¶  	¨ ´±¨ [212,214Ä219]. �μ¤·μ¡´μ μ¸É ´μ¢¨³¸Ö
´  ´¨Ì ¢ · §¤. 4Ä10.

�μÔÉμ³Ê ´ ¤μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ´ Ï  ¶μ¸ÉμÖ´´ Ö · ¡μÉ  ´ ¤ ¸¶¨´μ·´Ò³
¶μ²¥³ ´¥ Éμ²Ó±μ ¶·¨¢²¥± ¥É ¢´¨³ ´¨¥ · §´ÒÌ £·Ê¶¶, ÎÉμ¡Ò · ¸¸³μÉ·¥ÉÓ ¸¶¨-
´μ·´μ¥ ¶μ²¥ ± ±  ²ÓÉ¥·´ É¨¢´Ò° ¨¸ÉμÎ´¨± É¥³´μ° Ô´¥·£¨¨ ¤²Ö μ¡ÑÖ¸´¥´¨Ö
¶μ§¤´¥£μ ¢·¥³¥´¨ Ê¸±μ·¥´¨Ö, ´μ ¨ ¨£· ¥É μ¶·¥¤¥²¥´´ÊÕ ·μ²Ó ¢ Ëμ·³¨·μ¢ ´¨¨
´μ¢ÒÌ ´ ¶· ¢²¥´¨°, É ±¨Ì ± ± É¥³´Ò° ¸¶¨´μ·.

3. ‘�ˆ����›… Œ�„…‹ˆ ‚…™…‘’‚	 ˆ ’…Œ��‰ ��…�ƒˆˆ

‚ ÔÉμ³ · §¤¥²¥ ¶μ± ¦¥³, ± ± ´¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ³μ¦¥É ³μ¤¥-
²¨·μ¢ ÉÓ · §²¨Î´Ò¥ ¢¨¤Ò ³ É¥·¨¨, ¢±²ÕÎ Ö É¥³´ÊÕ Ô´¥·£¨Õ. � ¸¸³μÉ·¨³
¸²ÊÎ °, ±μ£¤  ¸¶¨´μ·´μ¥ ¶μ²¥ § ¢¨¸¨É Éμ²Ó±μ μÉ t. �μ¤Î¥·±´¥³, ÎÉμ ¤²Ö ³μ-
¤¥²¨·μ¢ ´¨Ö · §²¨Î´ÒÌ É¨¶μ¢ ¦¨¤±μ¸É¨ ¨ É¥³´μ° Ô´¥·£¨¨ ´Ê¦´Ò Éμ²Ó±μ ¤¨ -
£μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ . Š·μ³¥ Éμ£μ, ¢ ¤ ´´μ³ μ¡-
§μ·¥ · ¸¸³μÉ·¨³ ¸²ÊÎ ¨, ±μ£¤  £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ § ¤ ¥É¸Ö ³μ¤¥²Ö³¨ É¨¶ 
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	¨ ´±¨ VI, VI0, V, III, I, LRSBI ¨ FRW. ‘ ÊÎ¥Éμ³ ÔÉμ£μ § ¶¨Ï¥³ ¤¨ £μ´ ²Ó-
´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  (¸³. ¶·¨². 1):

T 0
0 = mspS + F (K), (3.1 )

T 1
1 = T 2

2 = T 3
3 = F (K) − 2KFK . (3.1¡)

„ ²¥¥, ¢¸¶μ³´¨¢, ÎÉμ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε = T 0
0 ¨ £² ¢´Ò¥ §´ Î¥´¨Ö ¤ ¢²¥´¨Ö

p1 = −T 1
1 , p2 = −T 2

2 , p3 = −T 3
3 , ¨§ (3.1) ´ Ìμ¤¨³

ε = mspS + F (K), (3.2 )

p = 2KFK − F (K). (3.2¡)

Š ± ¡Ê¤¥É ¶μ± § ´μ ¶μ§¦¥ ¢ (4.36), (4.38), (4.41) ¨ (4.45), ¨´¢ ·¨ ´ÉÒ,
¶μ¸É·μ¥´´Ò¥ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³, Ö¢²ÖÕÉ¸Ö μ¡· É´μ ¶·μ¶μ·-
Í¨μ´ ²Ó´Ò³¨ ³ ¸ÏÉ ¡Ê μ¡Ñ¥³  V ,   ¨³¥´´μ:

K =
V 2

0

V 2
. (3.3)

‘μμÉ´μÏ¥´¨¥ (3.3) ¸¶· ¢¥¤²¨¢μ ¤²Ö K = I ± ± ¤²Ö ³ ¸¸¨¢´μ£μ, É ± ¨
¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö, Éμ£¤  ± ±, ¥¸²¨ K ¶·¨´¨³ ¥É μ¤´μ ¨§
¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨° {J, I + J, I − J}, ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö
¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö.

3.1. Š¢¨´ÉÔ¸¸¥´Í¨Ö, Λ-Î²¥´, ¨¤¥ ²Ó´ Ö ¦¨¤±μ¸ÉÓ. ‚¸±μ·¥ ¶μ¸²¥ Éμ£μ,
± ± �°´ÏÉ¥°´ ¶·¥¤²μ¦¨² ¸¢μÕ μ¡ÐÊÕ É¥μ·¨Õ μÉ´μ¸¨É¥²Ó´μ¸É¨, �.”·¨¤³ ´,
¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ÔÉμ° É¥μ·¨¥° ¢ ±μ¸³μ²μ£¨¨, μ¡´ ·Ê¦¨², ÎÉμ ÔÉ  ³μ¤¥²Ó ¤μ-
¶Ê¸± ¥É ´¥¸É Í¨μ´ ·´ÊÕ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° [79, 80]. ‚ É¥ ¢·¥³¥´  ¸Î¨-
É ²μ¸Ó, ÎÉμ ‚¸¥²¥´´ Ö ´ Ï  ´¥¨§³¥´´ Ö. �μÔÉμ³Ê ¤²Ö μ¡¥¸¶¥Î¥´¨Ö ¸É Í¨-
μ´ ·´μ£μ ±μ¸³μ²μ£¨Î¥¸±μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö �°´-
ÏÉ¥°´ ¢¢¥² ËÊ´¤ ³¥´É ²Ó´ÊÕ ¶μ¸ÉμÖ´´ÊÕ, ¨§¢¥¸É´ÊÕ ± ± ±μ¸³μ²μ£¨Î¥¸± Ö
¶μ¸ÉμÖ´´ Ö, ¨²¨ Λ-Î²¥´ ¢ ¸¨¸É¥³¥ [63, 64]. �μ¸²¥ Éμ£μ, ± ± • ¡¡² Ô±¸¶¥-
·¨³¥´É ²Ó´μ ¶μ¤É¢¥·¤¨², ÎÉμ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö, �°´ÏÉ¥°´ ¢¥·´Ê²¸Ö ±
¨¸Ìμ¤´μ° Ëμ·³¥ Ê· ¢´¥´¨Ö, ¸± § ¢ ¶·¨ ÔÉμ³, ÎÉμ ³μ¤¨Ë¨± Í¨Ö, ±μÉμ·ÊÕ μ´
¸¤¥² ², ¡Ò²  ¸ ³μ° ¡μ²ÓÏμ° μÏ¨¡±μ° ¢ ¥£μ ¦¨§´¨. Λ-—²¥´ ¢¥·´Ê²¸Ö ¢ μ¡¨-
Ìμ¤ ¢ ±μ´Í¥ 1960-Ì ££. ´  ±μ·μÉ±¨° ¸·μ±. � ±μ´¥Í, ¶μ¸²¥ ¶¨μ´¥·¸±μ° · ¡μÉÒ
�. ƒÊÉ  [88] ¶μ ¨´Ë²ÖÍ¨μ´´μ° ±μ¸³μ²μ£¨¨, ¨¸¸²¥¤μ¢ É¥²¨ ´ Î ²¨ ¨§ÊÎ ÉÓ ³μ-
¤¥²¨ ¸ Λ-Î²¥´μ³ ¸ ¡μ²ÓÏ¨³ ¨´É¥·¥¸μ³. �É²¨Î´Ò° μ¡§μ· ¶μ ±μ¸³μ²μ£¨Î¥¸±μ°
±μ´¸É ´É¥ ¤ ´ ¢ · ¡μÉ¥ [140].

‘ ÊÎ¥Éμ³ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° Ê· ¢´¥´¨¥ �°´ÏÉ¥°´  ¨³¥¥É ¢¨¤

Gν
μ = Rν

μ − 1
2
δν
μR = −κT ν

μ − δν
μΛ. (3.4)

‚ 1998 £. ¤¢¥ £·Ê¶¶Ò [144,162] ´¥§ ¢¨¸¨³μ ¶μ± § ²¨, ÎÉμ ´ Ï  ‚¸¥²¥´´ Ö
· ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³, ¶μ¤É¢¥·¦¤ ÕÐ¨³ ´ ²¨Î¨¥ É¥³´μ° Ô´¥·£¨¨. ‘ ³ Ö
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¶·μ¸É Ö Ëμ·³  É¥³´μ° Ô´¥·£¨¨ Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸Éμ-
Ö´´ Ö. ‚¢¥¤¥´¨¥ ¶μ²μ¦¨É¥²Ó´μ£μ Λ-Î²¥´ , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê´¨¢¥·¸ ²Ó´μ°
¸¨²¥ μÉÉ ²±¨¢ ´¨Ö, ¶·¨¢μ¤¨É ± ´ ¸ÉμÖÐ¥³Ê ·¥¦¨³Ê Ê¸±μ·¥´´μ£μ · ¸Ï¨·¥-
´¨Ö. �μ ÔÉμ ¸μ¶·μ¢μ¦¤ ¥É¸Ö É ±¨³¨ É¥μ·¥É¨Î¥¸±¨³¨ ¶·μ¡²¥³ ³¨, ± ± Éμ´± Ö
´ ¸É·μ°±  ¨ ¶·μ¡²¥³  ¸μ¢¶ ¤¥´¨Ö [244]. Šμ¸³μ²μ£¨Î¥¸± Ö ¶·μ¡²¥³  ¸μμÉ-
¢¥É¸É¢¨Ö ¸¢Ö§ ´  ¸ É¥³, ÎÉμ ¤²Ö μ¡¥¸¶¥Î¥´¨Ö Ê¸±μ·¥´¨Ö ´  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó
¤μ²¦´  ¡ÒÉÓ μÎ¥´Ó ³ ²¥´Ó± Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ εΛ ∼ 10−8 Ô·£/¸³3, Éμ£¤ 
± ± ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ · ¸Î¥ÉÒ, ±μÉμ·Ò¥ ¸Ê³³¨·ÊÕÉ ¢±² ¤Ò μÉ ¢¸¥Ì ¢ -
±ÊÊ³´ÒÌ ·¥¦¨³μ¢ ´¨¦¥ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ° μÉ¸¥Î±¨ ¢ ¶² ´±μ¢¸±μ³ ³ ¸ÏÉ ¡¥,
¶μ± §Ò¢ ÕÉ, ÎÉμ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢ ±ÊÊ³  εΛ ∼ 10112 Ô·£/¸³3. —Éμ ± ¸ -
¥É¸Ö ±μ¸³μ²μ£¨Î¥¸±μ£μ ¸μ¢¶ ¤¥´¨Ö, ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö ´¥ ¨¸Î¥§ ¥É
¸ · ¸Ï¨·¥´¨¥³ ‚¸¥²¥´´μ°, Éμ£¤  ± ± ¶²μÉ´μ¸ÉÓ ³ É¥·¨¨ ¶ ¤ ¥É ¢ μ¡· É´μ°
¶·μ¶μ·Í¨¨ ± μ¡Ñ¥³Ê. �Éμ μ§´ Î ¥É, ÎÉμ ¥¸ÉÓ Éμ²Ó±μ ³¨³μ²¥É´Ò° ³μ³¥´É
±μ¸³μ²μ£¨Î¥¸±μ£μ ¢·¥³¥´¨, ¢ É¥Î¥´¨¥ ±μÉμ·μ£μ ¶²μÉ´μ¸ÉÓ ³ É¥·¨¨ ¡Ê¤¥É ¸μ-
¶μ¸É ¢¨³  ¶μ ¢¥²¨Î¨´¥ ¸ ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨ ¢ ±ÊÊ³ . �É  ¶·μ¡²¥³  ±μ¸-
³μ²μ£¨Î¥¸±μ£μ ¸μ¢¶ ¤¥´¨Ö ¶μ·μ¤¨²  É¥μ·¨¨ §  ¶·¥¤¥² ³¨ ±μ¸³μ²μ£¨Î¥¸±μ°
¶μ¸ÉμÖ´´μ° ¸ ¡μ²¥¥ μ¡Ð¥° Ëμ·³μ° É¥³´μ° Ô´¥·£¨¨ ¸ ¶¥·¥³¥´´μ° ¶²μÉ´μ¸É¨
Ô´¥·£¨¨. …Ð¥ μ¤´  ¶·μ¡²¥³ , ±μÉμ· Ö ¸¢Ö§ ´  ¸ Ê¸±μ·¥´´Ò³ · ¸Ï¨·¥´¨¥³, Å
ÔÉμ ¶·μ¡²¥³  ¢¥Î´μ£μ Ê¸±μ·¥´¨Ö. ‚¢¥¤¥´¨¥ μÉ·¨Í É¥²Ó´μ£μ Λ-Î²¥´ , ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥£μ ¤μ¶μ²´¨É¥²Ó´μ° £· ¢¨É Í¨μ´´μ° ¸¨²¥, ³μ¦¥É ·¥Ï¨ÉÓ ¤ ´´ÊÕ
¶·μ¡²¥³Ê, ÎÉμ ¶μ± § ´μ ¢ [50, 82]. Œμ¤¥²¨ ¸ Λ-Î²¥´μ³ ¸ ¶·μÉ¨¢μ¶μ²μ¦´Ò³
§´ ±μ³ ¡Ò²¨ · ¸¸³μÉ·¥´Ò ¢ · ¡μÉ Ì [176,177,180,187].

�É±·ÒÉ¨¥ Éμ£μ, ÎÉμ · ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ° Ê¸±μ·Ö¥É¸Ö, ¶μμÐ·Ö²μ ¶μ¨¸±
´μ¢ÒÌ ¢¨¤μ¢ ³ É¥·¨¨. �É¨ ³ É¥·¨¨ ³μ£ÊÉ ¢¥¸É¨ ¸¥¡Ö ± ± ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ-
¸ÉμÖ´´ Ö ¨ ±μ³¡¨´¨·μ¢ ÉÓ ¶μ²μ¦¨É¥²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¨ μÉ·¨Í É¥²Ó-
´μ¥ ¤ ¢²¥´¨¥. Š¢¨´ÉÔ¸¸¥´Í¨Ö Å ÔÉμ £¨¶μÉ¥É¨Î¥¸± Ö Ëμ·³  É¥³´μ° Ô´¥·£¨¨,
±μÉμ· Ö ¸Î¨É ¥É¸Ö ¶ÖÉμ° ËÊ´¤ ³¥´É ²Ó´μ° ¸¨²μ°. ’μ£¤  ± ± ±μ¸³μ²μ£¨Î¥-
¸± Ö ¶μ¸ÉμÖ´´ Ö μ¸É ¥É¸Ö ¶μ¸ÉμÖ´´μ° ¢μ ¢·¥³¥´¨, ±¢¨´ÉÔ¸¸¥´Í¨Ö ³¥´Ö¥É¸Ö ¸μ
¢·¥³¥´¥³ ¨§-§  ¥¥ ¤¨´ ³¨Î´μ£μ Ì · ±É¥· , ±μÉμ·Ò° § ¤ ´ Ê· ¢´¥´¨¥³ ¸μ¸Éμ-
Ö´¨Ö. �Éμ ´ ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´´Ò° É¨¶ É¥³´μ° Ô´¥·£¨¨ [43,188,222,259]
¸ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

wq =
pq

εq
, (3.5)

¢ ±μÉμ·μ³ ÔÉμ μÉ´μÏ¥´¨¥ ¶μ¸ÉμÖ´´μ. ’ ±μ¥ Ê· ¢´¥´¨¥ Ìμ·μÏμ ¨§¢¥¸É´μ,
¨³¥´´μ ±μ£¤  wq ∈ [0, 1] μ¶¨¸Ò¢ ¥É ¨¤¥ ²Ó´ÊÕ ¦¨¤±μ¸ÉÓ. �·¨ wq = −1 μ´μ
μ¶¨¸Ò¢ ¥É É¨¶¨Î´ÊÕ ±μ¸³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ (Λ-Î²¥´) [140, 187, 221].
’ ± ÎÉμ ¤²Ö Éμ£μ, ÎÉμ¡Ò ‚¸¥²¥´´ Ö, ´ ¶μ²´¥´´ Ö ¢ μ¸´μ¢´μ³ ¶μ¤μ¡´Ò³ ¢¥-
Ð¥¸É¢μ³, · ¸Ï¨·Ö² ¸Ó ¸ Ê¸±μ·¥´¨¥³, ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö Ê¸²μ¢¨¥ wq <
−1/3. �¡ÒÎ´μ ¶μ¸ÉμÖ´´ Ö wq ³¥´Ö¥É¸Ö ¢ ¶·¥¤¥² Ì μÉ −1 ¨ ¤μ −1/3, É. ¥.
wq ∈ [−1, −1/3]. �Éμ μ£· ´¨Î¥´¨¥ ¸²¥¤Ê¥É μÉ´¥¸É¨ ± ¸²¥¤ÊÕÐ¥³Ê Ë ±ÉÊ.
‘É·μ£μ¥ μ¶·¥¤¥²¥´¨¥ wq (± ± ¤²Ö · ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö, É ± ¨ ¤²Ö ³ ²ÒÌ
¢μ§³ÊÐ¥´¨°) ¶·¥¤¶μ² £ ¥É, ÎÉμ ¶·¨ wq < 1 ¸±μ·μ¸ÉÓ · ¸¶·μ¸É· ´¥´¨Ö ³ ²ÒÌ
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¢μ§³ÊÐ¥´¨° (´ ¶·¨³¥·, §¢Ê± ) ¢ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¶·¥¢ÒÏ ¥É ¸±μ·μ¸ÉÓ ¸¢¥É  ¨,
¸²¥¤μ¢ É¥²Ó´μ, ´¥· ¢¥´¸É¢μ ¶·¨¢μ¤¨É ± ´ ·ÊÏ¥´¨Õ ¶·¨´Í¨¶  ¶·¨Î¨´´μ¸É¨.
Œ´μ£¨¥ ³μ¤¥²¨ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¢¥¤ÊÉ ¸¥¡Ö ± ± É·¥±¥·´μ¥ ¶μ²¥, ±μÉμ·μ¥ Î -
¸É¨Î´μ ·¥Ï ¥É ¶·μ¡²¥³Ê ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° [259]. ‚ ÔÉ¨Ì ³μ¤¥²ÖÌ
¶μ²¥ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¨³¥¥É ³¥´ÓÏÊÕ ¶²μÉ´μ¸ÉÓ ¨§²ÊÎ¥´¨Ö, ±μÉμ· Ö ³¥¤²¥´´μ
³¥´Ö¥É¸Ö ¤μ · ¢¥´¸É¢  ¶²μÉ´μ¸É¨ ³ É¥·¨¨, ÎÉμ ¶·μ¡Ê¦¤ ¥É ¢ ±¢¨´ÉÔ¸¸¥´Í¨¨
Ì · ±É¥·¨¸É¨±¨,  ´ ²μ£¨Î´Ò¥ É¥³´μ° Ô´¥·£¨¨, ±μÉμ·Ò¥ ¢ ±μ´¥Î´μ³ ¸Î¥É¥ ¤μ-
³¨´¨·ÊÕÉ ¢μ ‚¸¥²¥´´μ°.

ˆ Λ-Î²¥´, ¨ ±¢¨´ÉÔ¸¸¥´Í¨Ö Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ±μ¸³μ²μ£¨¨ ¤²Ö μ¡Ñ-
Ö¸´¥´¨Ö ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö ‚¸¥²¥´´μ°. �μ · ´ÓÏ¥, ±μ£¤  Ê ´ ¸ ´¥ ¡Ò²μ ´¨± -
±¨Ì ¤μ± § É¥²Ó¸É¢ μ ·¥¦¨³¥ Ê¸±μ·¥´´μ£μ ·μ¸É , ´ ¨¡μ²¥¥ ¶μ¶Ê²Ö·´Ò¥ ³μ¤¥²¨
Ô¢μ²ÕÍ¨¨ ¡Ò²¨ μ¶¨¸ ´Ò ¨¤¥ ²Ó´μ° ¦¨¤±μ¸ÉÓÕ. �·¨´¨³ Ö ¢¸¥ ÔÉμ ¢μ ¢´¨³ -
´¨¥, ¸³μ¤¥²¨·Ê¥³ ¨¤¥ ²Ó´ÊÕ ¦¨¤±μ¸ÉÓ, ±¢¨´ÉÔ¸¸¥´Í¨Õ ¨ Λ-Î²¥´ ¶μ¸·¥¤¸É¢μ³
¸¶¨´μ·´μ£μ ¶μ²Ö. �·¨ ÔÉμ³ ³Ò μÉ³¥Î ¥³, ÎÉμ ¦¨¤±μ¸ÉÓ ¸ ¡ ·μÉ·μ¶´Ò³ Ê· ¢-
´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

p = Wε, W = const, (3.6)

¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö W μ¶¨¸Ò¢ ¥É ¨¤¥ ²Ó´ÊÕ ¦¨¤±μ¸ÉÓ, ´ Î¨´ Ö ¸ Ë ´-
Éμ³´μ° ³ É¥·¨¨ ¤μ ¥±¶¨·μÉ¨Î¥¸±μ° ³ É¥·¨¨,   ¨³¥´´μ

W = 0 (¶Ò²Ó), (3.7 )

W = 1/3 (¨§²ÊÎ¥´¨¥), (3.7¡)

W ∈ (1/3, 1) (É¢¥·¤ Ö ‚¸¥²¥´´ Ö), (3.7¢)

W = 1 (¦¥¸É± Ö ³ É¥·¨Ö), (3.7£)

W ∈ (−1/3, −1) (±¢¨´ÉÔ¸¸¥´Í¨Ö), (3.7¤)

W = −1 (±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö), (3.7¥)

W < −1 (Ë ´Éμ³´ Ö ³ É¥·¨Ö), (3.7¦)

W > 1 (¥±¶¨·μÉ¨Î¥¸± Ö ³ É¥·¨Ö). (3.7§)

�μ¤¸É ¢²ÖÖ (3.2 ) ¨ (3.2¡) ¢ (3.6), ´ Ìμ¤¨³

2KFK = (1 + W )F (K) + WmspS. (3.8)

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  K = I = S2. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ-
´¨Ö (3.8) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

SFS = (1 + W )F (S) + WmspS (3.9)

¸ ·¥Ï¥´¨¥³

F (S) = λS1+W − mspS, λ = const. (3.10)
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„ ²¥¥, ¶μ¤¸É ¢²ÖÖ (3.10) ¢ (1.3), ´ Ìμ¤¨³

Lsp =
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mspψ̄ψ − F =

=
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− λS1+W . (3.11)

’ ±¨³ μ¡· §μ³, ¡¥§³ ¸¸μ¢Ò¥ ¸¶¨´μ·´Ò¥ ¶μ²Ö ¸ ² £· ´¦¨ ´μ³ (3.11) μ¶¨-
¸Ò¢ ÕÉ ¨¤¥ ²Ó´ÊÕ ¦¨¤±μ¸ÉÓ μÉ Ë ´Éμ³  ¤μ ¥±¶¨·μÉ¨Î¥¸±μ° ³ É¥·¨¨. ‡¤¥¸Ó
¶μ¸ÉμÖ´´ÊÕ ¨´É¥£·¨·μ¢ ´¨Ö λ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±μ´¸É ´ÉÊ ¸ ³μ¤¥°-
¸É¢¨Ö. „¥É ²Ó´Ò°  ´ ²¨§ ÔÉμ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¶·¨¢¥¤¥´ ¢ · ¡μÉ Ì [113, 200,
201,204].

’¥¶¥·Ó ¢¸¶μ³´¨³, ÎÉμ ¢ ¥¤¨´μ° ´¥²¨´¥°´μ° ¸¶¨´μ·´μ° É¥μ·¨¨ ƒ¥°§¥´-
¡¥·£  ³ ¸¸μ¢Ò° Î²¥´ μÉ¸ÊÉ¸É¢Ê¥É. �μ ¢Ò¸± §Ò¢ ´¨Õ ƒ¥°§¥´¡¥·£ , ³ ¸¸Ò Î -
¸É¨Í ¤μ²¦´Ò ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¢ ·¥§Ê²ÓÉ É¥ ±¢ ´Éμ¢ ´¨Ö ¸¶¨´μ·´ÒÌ ¶·¥¤³ É¥-
·¨° [92,93]. ‚ ´¥²¨´¥°´μ³ μ¡μ¡Ð¥´¨¨ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶μ²Ö ³ ¸¸μ-
¢Ò° Î²¥´ ´¥ ¨³¥¥É Éμ£μ §´ Î¥´¨Ö, ±μÉμ·Ò³ μ´ μ¡² ¤ ¥É ¢ ²¨´¥°´μ° É¥μ·¨¨,
É ± ± ± μ´ ´¥ μ¶·¥¤¥²Ö¥É ¶μ²´ÊÕ Ô´¥·£¨Õ (¨²¨ ³ ¸¸Ê) ´¥²¨´¥°´μ° ¸¨¸É¥³Ò.
’ ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸³μ¤¥²¨·μ¢ ÉÓ ¤·Ê£¨¥ ¢¨¤Ò É¥³´μ° Ô´¥·£¨¨, · ¸¸³μ-
É·¨³ ¸²ÊÎ ° ¸ ¡¥§³ ¸¸μ¢Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³, ¶μ¤¸É ¢¨¢ msp = 0. ‚ ÔÉμ³
¸²ÊÎ ¥ ¨§ (3.6) ²¥£±μ ´ Ìμ¤¨³

F (K) = λK(1+W )/2 (3.12)

¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ² £· ´¦¨ ´μ³

Lsp =
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− λK(1+W )/2. (3.13)

3.2. ƒ § — ¶²Ò£¨´ . „²Ö Éμ£μ, ÎÉμ¡Ò μ¡Ñ¥¤¨´¨ÉÓ É ±¨¥ ¤¢  · §´ÒÌ Ë¨-
§¨Î¥¸±¨Ì ¶μ´ÖÉ¨Ö, ± ± É¥³´ Ö ³ É¥·¨Ö ¨ É¥³´ Ö Ô´¥·£¨Ö, ¨, É ±¨³ μ¡· §μ³,
¸μ¥¤¨´¨ÉÓ ¤¢  Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·  ¢ μ¤¨´, ¶·¥¤²μ¦¥´  ³μ¤¥²Ó ¸ ¤μ¢μ²Ó´μ
Ô±§μÉ¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö [106]

pCh = − A

εCh
. (3.14)

‚ ¤ ´´μ° · ¡μÉ¥  ¢Éμ·Ò μ¶¨¸ ²¨ ¶¥·¥Ìμ¤ ‚¸¥²¥´´μ°, ´ ¶μ²´¥´´μ° ¶Ò²ÓÕ,
¢ ¸É·¥³¨É¥²Ó´μ · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ. Œμ¤¥²Ó, ¶·¥¤²μ¦¥´´ Ö ¢ [106],
μ¡μ¡Ð¥´  ¢ · ¡μÉ Ì [23, 32]. �¡μ¡Ð¥´´ Ö ³μ¤¥²Ó £ §  — ¶²Ò£¨´  § ¤ ¥É¸Ö
Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

pCh = − A

εα
Ch

, (3.15)

£¤¥ A Å ¶μ²μ¦¨É¥²Ó´ Ö ¶μ¸ÉμÖ´´ Ö ¨ 0 < α � 1. �¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ
¨§´ Î ²Ó´μ £ § — ¶²Ò£¨´  ¡Ò² ¢¢¥¤¥´ ¢  Ô·μ¤¨´ ³¨±¥ [52]. ‘ÊÐ¥¸É¢Ê¥É ¤μ-
¢μ²Ó´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ · ¡μÉ ¢ ÔÉμ° ³μ¤¥²¨ [4,9, 16,17,20,24,25,28,31,
37,58,59,68,69,81,84,85,89,90,104,116,133,138,185,223,233].
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‘³μ¤¥²¨·Ê¥³ £ § — ¶²Ò£¨´  ¸ ¶μ³μÐÓÕ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ¸²ÊÎ ¥ ¡¥§-
³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö, ¶μ¤¸É ¢²ÖÖ (3.2 ) ¨ (3.2¡) ¢ (3.15) ¤²Ö F , ´ Ìμ¤¨³

FαdF

F 1+α − A
=

1
2

dK

K
(3.16)

¸ ·¥Ï¥´¨¥³ [200,201,204]

F =
(
A + λK(1+α)/2

)1/(1+α)

. (3.17)

‹ £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

L =
i

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
−
(
A + λK(1+α)/2

)1/(1+α)

. (3.18)

3.3. Šμ²¥¡²ÕÐ Ö¸Ö É¥³´ Ö Ô´¥·£¨Ö. �¡´ ·Ê¦¥´¨¥ ¶μ²μ¦¨É¥²Ó´μ£μ
Ê¸±μ·¥´¨Ö ¶μ·μ¦¤ ¥É ·Ö¤ ¶·μ¡²¥³. �¤´μ° ¨§ ¸ ³ÒÌ § £ ¤μÎ´ÒÌ É¥³ Ö¢²Ö-
¥É¸Ö ¶·μ¡²¥³  ¢¥Î´μ£μ Ê¸±μ·¥´¨Ö [168]. �μ²μ¦¨É¥²Ó´Ò° Λ-Î²¥´, É ± ¦¥
± ± ¨ ³´μ£¨¥ ³μ¤¥²¨ É¥³´μ° Ô´¥·£¨¨, ¶·¥¤²μ¦¥´´Ò¥ ¤μ ¸¨Ì ¶μ·, ¶·¨¢μ¤¨É
± ·¥¦¨³Ê ¢¥Î´μ£μ Ê¸±μ·¥´¨Ö. ‚ · ¡μÉ¥ [231]  ¢Éμ·Ò ¶·¥¤²μ¦¨²¨ ±μ¸³μ-
²μ£¨Î¥¸±ÊÕ ³μ¤¥²Ó Í¨±²¨Î¥¸±μ° ‚¸¥²¥´´μ°, ±μÉμ· Ö ¨¸¶ÒÉÒ¢ ¥É ¶¥·¨μ¤¨-
Î¥¸±μ¥ · ¸Ï¨·¥´¨¥ ¨ ¸¦ É¨¥. Š ¦¤Ò° Í¨±² ´ Î¨´ ¥É¸Ö ¸ 	μ²ÓÏμ£μ ¢§·Ò¢ 
¨ § ¢¥·Ï ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³, Éμ²Ó±μ ÎÉμ¡Ò ¸´μ¢  ´ Î ÉÓ ¸ 	μ²ÓÏμ£μ
¢§·Ò¢ . ” §  ¶μ¤Ñ¥³  ± ¦¤μ£μ Í¨±²  ¸μ¤¥·¦¨É Ô·Ê ¨§²ÊÎ¥´¨Ö, ³ É¥·¨¨ ¨
±¢¨´ÉÔ¸¸¥´Í¨¨. �μ¸²¥¤´ÖÖ ¸μμÉ¢¥É¸É¢Ê¥É ¸μ¢·¥³¥´´μ³Ê Ê¸±μ·¥´´μ³Ê ·¥¦¨³Ê
· ¸Ï¨·¥´¨Ö.

‚ · ¡μÉ¥ [70] ¶·¥¤¸É ¢²¥´μ ¨¸¸²¥¤μ¢ ´¨¥ ±μ¸³μ²μ£¨Î¥¸±μ° ³μ¤¥²¨, £¤¥
ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ² V (φ) ³μ¦¥É ¡ÒÉÓ μÉ·¨Í É¥²Ó´Ò³ ¶·¨ ´¥±μÉμ·ÒÌ
§´ Î¥´¨ÖÌ φ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥ ²¨§Ê¥É¸Ö Í¨±²¨Î¥¸± Ö ³μ¤¥²Ó ‚¸¥²¥´´μ°.
�¤´¨³ ¨§ ¸ ³ÒÌ ¶·μ¸ÉÒÌ ¸¶μ¸μ¡μ¢ ¤μ¸É¨¦¥´¨Ö Í¨±²¨Î´μ¸É¨ ³μ¤¥²¨ Ö¢²Ö-
¥É¸Ö ¢¢¥¤¥´¨¥ μÉ·¨Í É¥²Ó´μ£μ Λ-Î²¥´  ¢³¥¸É¥ ¸ ¶μÉ¥´Í¨ ²μ³ ¸¨¸É¥³Ò [50,
177, 180]. �É³¥É¨³, ÎÉμ ¢ ³μ¤¥²ÖÌ, · ¸¸³μÉ·¥´´ÒÌ ¢ · ¡μÉ Ì [175, 177, 180],
·¥Ï¥´¨Ö Í¨±²¨Î¥¸±¨¥ (É ±¦¥ ¨§¢¥¸É´Ò¥ ± ± ´¥¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, É ±
± ± ³ ¸ÏÉ ¡ μ¡Ñ¥³  Ö¢²Ö¥É¸Ö ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´Ò³ ¨, ±μ£¤  μ´ ¸É·¥³¨É¸Ö
± ´Ê²Õ, ¢μ§´¨± ¥É Ë¨§¨Î¥¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ·¥Ï¥´¨¥
³μ¦¥É ¡ÒÉÓ ³ É¥³ É¨Î¥¸±¨ ¶·μ¤μ²¦¥´μ ¨ ¢μ°¤¥É ¢ ´μ¢Ò° Í¨±²) ¨²¨ μ¸Í¨²-
²ÖÉμ·´Ò¥ (¶μ²μ¦¨É¥²Ó´Ò¥ ¢ ± ¦¤μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨). ŒÒ É ±¦¥
¶·¥¤²μ¦¨²¨ ³μ¤¥²Ó ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ Ê· ¢´¥´¨¥³ ¸μ¸Éμ-
Ö´¨Ö [188]

p = W (ε − εcr), W ∈ (−1, 0), (3.19)

£¤¥ εcr Å ´¥±μÉμ· Ö ±·¨É¨Î¥¸± Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨. Œμ¤¥²Ó ¶·¨¢μ¤¨É ± Í¨-
±²¨Î¥¸±μ° ¨²¨ ±μ²¥¡ É¥²Ó´μ° ‚¸¥²¥´´μ°. �μ¤¸É ¢²ÖÖ εcr = 0, ¶μ²ÊÎ ¥³
μ¡ÒÎ´ÊÕ ±¢¨´ÉÔ¸¸¥´Í¨Õ. Š ± ¢¨¤´μ ¨§ (3.19), ¤ ¢²¥´¨¥ μÉ·¨Í É¥²Ó´μ¥, ¶μ± 
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ε > εcr. �μ¸±μ²Ó±Ê ¸ · ¸Ï¨·¥´¨¥³ ‚¸¥²¥´´μ° ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Ê³¥´ÓÏ -
¥É¸Ö, ¢ ´¥±μÉμ·Ò° ³μ³¥´É ¢·¥³¥´¨ ε ¸É ´μ¢¨É¸Ö ³¥´ÓÏ¥, Î¥³ εcr, É. ¥. ε < εcr.
�Éμ ¶·¨¢μ¤¨É ± ¶μ²μ¦¨É¥²Ó´μ³Ê ¤ ¢²¥´¨Õ ¨ ¸Ê¦¥´¨Õ ‚¸¥²¥´´μ°. ‘μμÉ¢¥É-
¸É¢ÊÕÐ¥¥ ¶μ¢¥¤¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨Ö ¶μ± § ´μ ´  ·¨¸. 1.

�¨¸. 1. �²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε ¨ ¤ ¢²¥´¨¥ p ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ Ê· ¢-
´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

�¸Í¨²²¨·ÊÕÐ Ö ³μ¤¥²Ó É¥³´μ° Ô´¥·£¨¨ ¸ ¶¥·¨μ¤¨Î¥¸±¨³ Ê· ¢´¥´¨¥³
¸μ¸ÉμÖ´¨Ö ¢ ¤¢ÊÌ Ô±¢¨¢ ²¥´É´ÒÌ Ëμ·³Ê²¨·μ¢± Ì · ¸¸³μÉ·¥´  ¢ [136]. �μ-
± § ´μ, ÎÉμ É ± Ö ³μ¤¥²Ó ¶·¥¤¶μ² £ ¥É ¥¸É¥¸É¢¥´´μ¥ μ¡Ñ¥¤¨´¥´¨¥ ´ Î ²Ó´μ°
¨´Ë²ÖÍ¨¨ ¸ ¸μ¢·¥³¥´´Ò³ Ê¸±μ·ÖÕÐ¨³¸Ö ·¥¦¨³μ³ · ¸Ï¨·¥´¨Ö. Œμ¤¥²Ó ¸
μ¸Í¨²²¨·ÊÕÐ¥° É¥³´μ° Ô´¥·£¨¥° É ±¦¥ ¡Ò²  ¨§ÊÎ¥´  ¢ [124].

„²Ö ¨³¨É Í¨¨ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ-
´¨Ö, ¶μ¤¸É ¢²ÖÖ (3.2 ) ¨ (3.2¡) ¢ (3.19), ´ Ìμ¤¨³ Ê· ¢´¥´¨¥ ¤²Ö ´¥²¨´¥°´μ¸É¨
¸¶¨´μ·´μ£μ ¶μ²Ö F

dF

[(1 + W )F − εcr]
=

1
2

dK

K
(3.20)

¸ ·¥Ï¥´¨¥³

F = λK(1+W )/2 +
W

1 + W
εcr. (3.21)

‹ £· ´¦¨ ´ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥É ¢¨¤

L =
i

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− λK(1+W )/2 − W

1 + W
εcr. (3.22)

�μ¤¸É ¢²ÖÖ εcr = 0, ¶μ²ÊÎ¨³ (3.13). –¥²Ó ¢¢¥¤¥´¨Ö ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ ³μ¤¨Ë¨-
Í¨·μ¢ ´´Ò³ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö Å ¨§¡¥¦ ÉÓ ¶·μ¡²¥³Ò ¢¥Î´μ£μ Ê¸±μ·¥´¨Ö.
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3.4. Œμ¤¨Ë¨Í¨·μ¢ ´´Ò° £ § — ¶²Ò£¨´ . �¤¨´ ¨§ ¶μ¤Ìμ¤μ¢ ¢ ¸μ¢·¥³¥´-
´μ° ±μ¸³μ²μ£¨¨ ¸μ¸Éμ¨É ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ É¥³´ Ö Ô´¥·£¨Ö ¨ É¥³´ Ö ³ -
É¥·¨Ö Ö¢²ÖÕÉ¸Ö · §²¨Î´Ò³¨ ¶·μÖ¢²¥´¨Ö³¨ ¥¤¨´μ° ¸ÊÐ´μ¸É¨. ‚ ¸μμÉ¢¥É¸É¢¨¨
¸ É ±μ° ¨¤¥¥° ¡Ò²  ¶·¥¤²μ¦¥´  ³μ¤¥²Ó ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´ 
¢ · ¡μÉ¥ [20], ¶μ²ÊÎ¨¢Ï Ö ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¢ [21].

Œμ¤¨Ë¨Í¨·μ¢ ´´Ò° £ § — ¶²Ò£¨´  § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

p = Wε − A/εα, (3.23)

£¤¥ W Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö, A > 0 ¨ 0 � α � 1. �μ± § ´μ, ÎÉμ Ê· ¢´¥´¨¥
¸μ¸ÉμÖ´¨Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´  ¨´É¥·¶μ²¨·Ê¥É ¨§ Ô¶μÌ¨ ¶·¥-
μ¡² ¤ ´¨Ö ³ É¥·¨¨ ¢ Ô¶μÌÊ ¤μ³¨´¨·μ¢ ´¨Ö ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° [21].
ˆ¸¸²¥¤μ¢ ´Ò  ¸É·μ´μ³¨Î¥¸±¨¥ ¨ ±μ¸³μ²μ£¨Î¥¸±¨¥ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥-
É·Ò W , A ¨ α ¢ ³μ¤¥²¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´ , ¨ ¤μ ¸¨Ì ¶μ·
´¥É ¸μ£² ¸¨Ö ¶μ ¶μ¢μ¤Ê ¨Ì §´ Î¥´¨Ö.

�μ¤¸É ¢²ÖÖ (3.2 ) ¨ (3.2¡) ¢ (3.23), ´ Ìμ¤¨³

FαdF

[(1 + W )F 1+α − A]
=

1
2

dK

K
(3.24)

¸ ·¥Ï¥´¨¥³

F =
[

A

1 + W
+ λK(1+α)(1+W )/2

]1/(1+α)

. (3.25)

‘μμÉ¢¥É¸É¢ÊÕÐ¨° ² £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥É ¢¨¤

L =
i

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
−
[

A

1 + W
+ λK(1+α)(1+W )/2

]1/(1+α)

. (3.26)

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¶·¨ W = 0 ´¥²¨´¥°´Ò° Î²¥´ (3.25) ¸μ¢¶ ¤ ¥É ¸
μ¡μ¡Ð¥´´Ò³ £ §μ³ — ¶²Ò£¨´ , É. ¥. ¸ (3.17), Éμ£¤  ± ± ¶·¨ A = 0 (3.25)
¸μ¢¶ ¤ ¥É ¸ ² £· ´¦¨ ´μ³ ¤²Ö ±¢¨´ÉÔ¸¸¥´Í¨¨, É. ¥. (3.12).

3.5. Š¢¨´Éμ³-³μ¤¥²Ó É¥³´μ° Ô´¥·£¨¨. „²Ö Éμ£μ, ÎÉμ¡Ò ¶μ´ÖÉÓ ¶μ¢¥¤¥´¨¥
Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö É¥³´μ° Ô´¥·£¨¨ (3.6) ¸ wquint > −1 ¢ ¶·μÏ²μ³ ¨ ¸
wquint < −1 ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö, ¡Ò²  ¶·¥¤²μ¦¥´  ±¢¨´Éμ³-³μ¤¥²Ó É¥³´μ°
Ô´¥·£¨¨ ¢ [71]. Š¢¨´Éμ³-³μ¤¥²Ó ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¨´ ³¨Î¥¸±ÊÕ ³μ¤¥²Ó
É¥³´μ° Ô´¥·£¨¨, ¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ ³μ¤¥²Ö³¨ É¥³´μ° Ô´¥·£¨¨ μ´ 
μ¶·¥¤¥²Ö¥É ±μ¸³¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ¤·Ê£¨³ μ¡· §μ³. �¤´μ° ¨§ Ì · ±É¥·¨¸É¨±
±¢¨´Éμ³-³μ¤¥²¨ Ö¢²Ö¥É¸Ö ÉμÉ Ë ±É, ÎÉμ ¥¥ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ³μ¦¥É ¶² ¢´μ
¶¥·¥Ìμ¤¨ÉÓ ¢ §´ Î¥´¨¥ wquint = −1 [41]. � ¶·μÉ¨¢, ¢ (3.5), £¤¥ wq Ö¢²Ö¥É¸Ö
¶μ¸ÉμÖ´´μ°, ¢ ±¢¨´Éμ³-³μ¤¥²¨ ÔÉμ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¨ ³μ¦¥É ¡ÒÉÓ § ¤ ´μ
Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö

wquint(t) = −r − s

t2
, (3.27)
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£¤¥ r ¨ s Å ´¥±μÉμ·Ò¥ ¶ · ³¥É·Ò. Œ´μ£¨¥  ¢Éμ·Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ±¢¨´Éμ³-
³μ¤¥²ÓÕ ¤²Ö Éμ£μ, ÎÉμ¡Ò £¥´¥·¨·μ¢ ÉÓ ¸± ÎÊÐÊÕ ‚¸¥²¥´´ÊÕ. ‘¶¨´μ·´μ¥
μ¶¨¸ ´¨¥ ±¢¨´Éμ³-³μ¤¥²¨ ¤ ´μ ¢ [42]. ‘²¥¤ÊÖ [42], ¶μ¸É·μ¨³ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¸ ´¥²¨´¥°´μ¸ÉÓÕ. �·¨ ÔÉμ³ ¸´ Î ²  § ¶¨Ï¥³ ¶ · ³¥É·
Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö. ‘ ÊÎ¥Éμ³ (3.2 ) ¨ (3.2¡) ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ
¶μ²Ö ¨³¥¥³

wquint =
p

ε
=

2KFK − F (K)
F (K)

= −1 +
2KFK

F
. (3.28)

�μ¸±μ²Ó±Ê ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε ¤μ²¦´  ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´μ°, F (K) = ε
É ±¦¥ ¤μ²¦´  ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´μ°. „²Ö wquint > −1 ¢ (3.28) ³Ò ¤μ²¦´Ò
¨³¥ÉÓ FK > 0,   ¤²Ö wquint < −1 ³Ò ¤μ²¦´Ò ¨³¥ÉÓ FK < 0. 	μ²¥¥ Éμ£μ,
¨§ (3.3) ³Ò ¢¨¤¨³, ÎÉμ ¤²Ö · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ° K Ö¢²Ö¥É¸Ö Ê¡Ò¢ ÕÐ¥°
ËÊ´±Í¨¥° ¢·¥³¥´¨. �·¨´¨³ Ö ¢¸¥ ÔÉμ ¢μ ¢´¨³ ´¨¥, ³Ò, ± ± ¢ [42], ¶μ¸É·μ¨³
É·¨ ¸Í¥´ ·¨Ö:

1. ‘Í¥´ ·¨° ±¢¨´Éμ³-�, ±μÉμ·Ò° μ¶¨¸Ò¢ ¥É, ± ± ‚¸¥²¥´´ Ö Ô¢μ²ÕÍ¨μ´¨-
·Ê¥É μÉ Ë §Ò ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ wquint > −1 ¢ Ë ´Éμ³´ÊÕ Ë §Ê ¸ wquint < −1.
‚ ÔÉμ³ ¸²ÊÎ ¥

FK > 0 → FK < 0.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³μ¦´μ · ¸¸³μÉ·¥ÉÓ

F (K) = λ
[
(K − b)2 + c

]
, FK = 2λ(K − b), (3.29)

£¤¥ b ¨ c Å ´¥±μÉμ·Ò¥ ¶μ²μ¦¨É¥²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥. ‚ ÔÉμ³ ¸²ÊÎ ¥ F (K) > 0.
—Éμ ± ¸ ¥É¸Ö FK , ´  ´ Î ²Ó´μ³ ÔÉ ¶¥, ±μ£¤  ‚¸¥²¥´´ Ö ¤μ¸É ÉμÎ´μ ³ ² , É. ¥.
¥¸²¨ V � 1, K = V 2

0 /V 2 Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¡μ²ÓÏ¨³, FK > 0. �Éμ ¶·¨¢μ¤¨É
± wquint > −1, É. ¥. Ê ´ ¸ ¥¸ÉÓ Ë § , ¶μ¤μ¡´ Ö ±¢¨´ÉÔ¸¸¥´Í¨¨. ‚ K = b ¨³¥¥³
FK = 0 ¸ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö wquint = −1. �μ¸²¥ Éμ£μ, ± ±
‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö, K ¡Ê¤¥É ´¥¡μ²ÓÏ¨³, ¸²¥¤μ¢ É¥²Ó´μ, FK < 0. ‚ ·¥-
§Ê²ÓÉ É¥ ¨³¥¥³ Ë ´Éμ³´μ-¶μ¤μ¡´ÊÕ Ë §Ê ¸ wquint < −1. �μ¤ ÔÉμÉ ¢Ò¡μ· Ê
´ ¸ ¥¸ÉÓ

wquint = −1 +
4K(K − b)

[(K − b)2 + c]
. (3.30)

2. ‘Í¥´ ·¨° ±¢¨´Éμ³-‚, ±μÉμ·Ò° μ¶¨¸Ò¢ ¥É, ± ± ‚¸¥²¥´´ Ö Ô¢μ²ÕÍ¨μ´¨-
·Ê¥É μÉ Ë ´Éμ³´μ° Ë §Ò ¸ wquint < −1 ± Ë §¥ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ wquint > −1.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

FK < 0 → FK > 0.

‚ [42] ¶·¥¤²μ¦¥´μ F = λ [−(K − b)K + c]. •μÉÖ ¢ ÔÉμ³ ¸²ÊÎ ¥ Ê¸²μ¢¨¥
FK < 0 → FK > 0 ¢Ò¶μ²´Ö¥É¸Ö, ËÊ´±Í¨Ö F ,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¶²μÉ-
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´μ¸ÉÓ Ô´¥·£¨¨ ¸É ´μ¢ÖÉ¸Ö μÉ·¨Í É¥²Ó´Ò³¨ ¢ · ´´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨. �μ-
ÔÉμ³Ê ¶·¥¤² £ ¥³

F (K) =
λ

[(K − b)2 + c]
, FK = − 2λ(K − b)

[(K − b)2 + c]2
. (3.31)

Š ± ¢¨¤´μ, §´ Î¥´¨¥ F (K) ¢¸¥£¤  ¶μ²μ¦¨É¥²Ó´μ. ˆ§ (3.31) ³μ¦´μ ²¥£±μ
¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ ´ Î ²Ó´μ° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨, ±μ£¤  K Ö¢²Ö¥É¸Ö ¡μ²ÓÏ¨³,
FK < 0. �Éμ Ë ´Éμ³´μ-¶μ¤μ¡´ Ö Ë §  ¸ wquint < −1. ‘ · ¸Ï¨·¥´¨¥³ ‚¸¥-
²¥´´μ° K ¸É ´μ¢¨É¸Ö ³ ²Ò³. �·¨ K = b ¨³¥¥³ FK = 0, É. ¥. wquint = −1.
„ ²¥¥ ¶·¨ Ê³¥´ÓÏ¥´¨¨ K §´ Î¥´¨¥ FK ¸É ´μ¢¨É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³, ÎÉμ ¶μ-
·μ¦¤ ¥É Ë §Ê, ¶μ¤μ¡´ÊÕ ±¢¨´ÉÔ¸¸¥´Í¨¨ ¸ wquint > −1. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

wquint = −1 − 4K(K − b)
[(K − b)2 + c]

. (3.32)

3. ‘Í¥´ ·¨° ±¢¨´Éμ³-‘, ±μ£¤  FK ³¥´Ö¥É §´ ± ¡μ²¥¥ μ¤´μ£μ · § . ‚ ÔÉμ³
¸²ÊÎ ¥ ¨³¥¥³ ´μ¢Ò° ±¢¨´Éμ³-¸Í¥´ ·¨° ¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¶·μ-
Ìμ¤¨É §´ Î¥´¨¥ −1 ³´μ£μ · §. Œμ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ

F (K) = λ
[
K(K − b)2 + c

]
, FK = λ(K − b)(3K − b). (3.33)

ˆ§ (3.33) ¨³¥¥³ F (K) > 0, ¨ FK ³¥´Ö¥É §´ ± ¡μ²¥¥ μ¤´μ£μ · § . ‚ ÔÉμ³
¸²ÊÎ ¥

wquint = −1 − 2K(K − b)(3K − b)
[K(K − b)2 + c]

. (3.34)

�É³¥É¨³, ÎÉμ (3.34) ³μ¦¥É ¡ÒÉÓ ¸³μ¤¥²¨·μ¢ ´μ ¸ ¶μ³μÐÓÕ F (K) = c +
sin (K), £¤¥ c > 1 ¨, ¸²¥¤μ¢ É¥²Ó´μ, F (K) > 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ FK = cos (K)
¨³¥¥É §´ ±μ¶¥·¥³¥´´μ¥ §´ Î¥´¨¥.

3.6. ƒ § ‚ ´ ¤¥· ‚  ²Ó¸ . Šμ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¸ ¡¨´ ·´μ° ¸³¥¸ÓÕ
£ §  ‚ ´ ¤¥· ‚  ²Ó¸  ¨ ¨¤¥ ²Ó´μ° ¦¨¤±μ¸ÉÓÕ ¨/¨²¨ É¥³´μ° Ô´¥·£¨¥° ¡Ò²¨
´¥¤ ¢´μ · ¸¸³μÉ·¥´Ò ¢ ·Ö¤¥ · ¡μÉ [115, 187, 198]. 	Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ¢
¸²ÊÎ ¥ £ §  ‚ ´ ¤¥· ‚  ²Ó¸  ¤ ¢²¥´¨¥ ¨§´ Î ²Ó´μ μÉ·¨Í É¥²Ó´μ¥ ¨ ¸ É¥Î¥-
´¨¥³ ¢·¥³¥´¨ (¢ Ô¢μ²ÕÍ¨¨) ¸É ´μ¢¨É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³. �Éμ μÉ·¨Í É¥²Ó´μ¥
¤ ¢²¥´¨¥ (¸¨²Ê μÉÉ ²±¨¢ ´¨Ö) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¨¸ÉμÎ´¨± ´ Î ²Ó´μ°
¨´Ë²ÖÍ¨¨. ‘μ ¢·¥³¥´¥³ ¤ ¢²¥´¨¥ ¸É ´μ¢¨É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³ ¨ ¸±μ·μ¸ÉÓ · ¸-
Ï¨·¥´¨Ö § ³¥¤²Ö¥É¸Ö.

ƒ § ‚ ´ ¤¥· ‚  ²Ó¸  ³μ¦¥É ¡ÒÉÓ § ¤ ´ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö [115]

p =
8WVdWε

3 − ε
− 3ε2, (3.35)

£¤¥ WVdW Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö. ‚ ¶·¥¤Ò¤ÊÐ¥³ Ê· ¢´¥´¨¨ ¤ ¢²¥´¨¥
p ¨ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ε μ¶¨¸ ´Ò ¢ É¥·³¨´ Ì ¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ ¨
¶ · ³¥É· WVdW ¸¢Ö§ ´ ¶μ´¨¦¥´´μ° É¥³¶¥· ÉÊ·μ°.
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�μ¤¸É ¢²ÖÖ (3.2 ) ¨ (3.2¡) ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö, ¨³¥¥³

2KFK =
F
(
3F 2 − 10F + (3 + 8WVdW)

)
3 − F

, (3.36)

±μÉμ·μ¥ ¢ ¸²ÊÎ ¥ WVdW = 1/2 ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ ¢¨¤¥

6
dF

F
− 7

dF

F − 1
+ 3

dF

3F − 7
= 7

dK

K
(3.37)

¸ ·¥Ï¥´¨¥³
F 6 (3F − 7)

(F − 1)7
= K0K

7, (3.38)

£¤¥ K0 Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö. ‚¥·´¥³¸Ö ± ÔÉμ³Ê ¢ · §¤. 10, £¤¥ ¡Ê¤¥³ ¨§Ê-
Î ÉÓ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ°, ´ ¶μ²´¥´´μ° £ §μ³ ‚ ´ ¤¥· ‚  ²Ó¸ , ¨§²ÊÎ¥´¨¥³
¨ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ £ §μ³ — ¶²Ò£¨´  ¤²Ö Éμ£μ, ÎÉμ¡Ò ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ
¶·¥¨³ÊÐ¥¸É¢μ ¨¸¶μ²Ó§μ¢ ´¨Ö ¸¶¨´μ·´μ£μ μ¶¨¸ ´¨Ö · §²¨Î´ÒÌ ¢¨¤μ¢ ³ É¥·¨¨.

4. ���‘’�	�‘’‚�-‚�…ŒŸ 
ˆ	�Šˆ ’ˆ�	 VI

Œμ¤¥²Ó 	¨ ´±¨ É¨¶  VI μ¶¨¸Ò¢ ¥É  ´¨§μÉ·μ¶´ÊÕ, ´μ μ¤´μ·μ¤´ÊÕ ‚¸¥-
²¥´´ÊÕ. “Î¨ÉÒ¢ Ö ¢ ¦´μ¸ÉÓ ÔÉμ° ³μ¤¥²¨, ¢ ¸¢Ö§¨ ¸ ´ ²¨Î¨¥³ ³ £´¨É´ÒÌ
¶μ²¥° ¢ £ ² ±É¨± Ì, ±μÉμ·μ¥ ¡Ò²μ ¤μ± § ´μ ·Ö¤μ³  ¸É·μË¨§¨Î¥¸±¨Ì ´ ¡²Õ¤¥-
´¨°, ³´μ£¨¥  ¢Éμ·Ò ¨§ÊÎ ²¨ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° ¢ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±μ°
³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI (BVI) [100, 155, 202, 210, 213, 228, 242, 256]. �¥¤ ¢´μ
¡Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ¢ ¸²ÊÎ ¥ ³μ¤¥²¨ BVI Ê¸²μ¢¨¥ ¸μ· §³¥·´μ¸É¨ ¢³¥¸É¥
¸ ´¥¤¨ £μ´ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ �°´ÏÉ¥°´  ¶·¨¢μ¤ÖÉ ± ¨§μÉ·μ¶´μ¸É¨ É¥´-
§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ , É. ¥. T 1

1 = T 2
2 = T 3

3 [213].
‘¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ É¥³´μ° Ô´¥·£¨¨ ¢ · ³± Ì ³μ¤¥²¨ BVI ¤ ´μ ¢ · ¡μ-

É Ì [206,219].
ƒ· ¢¨É Í¨μ´´μ¥ ¶μ²¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ § ¤ ¥É¸Ö  ´¨§μÉ·μ¶´μ° ³μ¤¥²ÓÕ

	¨ ´±¨ É¨¶  VI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ [179,199,210]:

ds2 = dt2 − a2
1 e−2mx3dx2

1 − a2
2 e2nx3dx2

2 − a2
3dx2

3, (4.1)

£¤¥ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ a1, a2 ¨ a3 § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨ ¨ m ¨ n Å ´¥±μÉμ-
·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥. �É³¥É¨³, ÎÉμ ¶·¨ ¶μ¤Ìμ¤ÖÐ¥³ ¢Ò¡μ·¥ m, n,
  É ±¦¥ ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° a1, a2, a3 ¢ (4.1) ³¥É·¨±  BVI ¶μ·μ¦¤ ¥É · §-
´Ò¥ ³μ¤¥²¨ É¨¶  	¨ ´±¨ (¸³. ¶·¨². 2).

„ ²¥¥ ¡Ê¤¥³ ¨¸¸²¥¤μ¢ ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸¨´£Ê²Ö·´μ¸É¨ (μ¸μ¡μ° ÉμÎ±¨)
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶·¨ ¶μ³μÐ¨ ¨´¢ ·¨ ´É´ÒÌ Ì · ±É¥·¨¸É¨± ¶·μ¸É· ´-
¸É¢ -¢·¥³¥´¨. ‚ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ÔÉ¨ ¨´¢ ·¨ ´ÉÒ ¸μ¸ÉμÖÉ ¨§
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É¥´§μ·  ±·¨¢¨§´Ò ¨ ³¥É·¨±¨. ‚ μÉ²¨Î¨¥ μÉ Ô²¥±É·μ¤¨´ ³¨±¨, £¤¥ ¨³¥¥É¸Ö
Éμ²Ó±μ ¤¢  ¨´¢ ·¨ ´É  (J1 = FμνFμν ¨ J2 = �FμνFμν), ¢ Î¥ÉÒ·¥Ì³¥·´μ³
¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ �¨³ ´  ¸ÊÐ¥¸É¢ÊÕÉ 14 ´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´Éμ¢ [131]
(¸³. ¶·¨². 2). ‚³¥¸Éμ Éμ£μ, ÎÉμ¡Ò ¨¸¸²¥¤μ¢ ÉÓ ¢¸¥ ÔÉ¨ 14 ¨´¢ ·¨ ´Éμ¢, ³μ¦´μ
· ¸¸³μÉ·¥ÉÓ Éμ²Ó±μ É·¨ ¨§ ´¨Ì,   ¨³¥´´μ ¸± ²Ö·´ÊÕ ±·¨¢¨§´Ê I1 = R, I2 =
RμνRμν ¨ ¸± ²Ö· Š·¥ÉÎ³ ´  I3 = RαβμνRαβμν . ‚ ²Õ¡μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ¨´¢ ·¨ ´ÉÒ I1, I2, I3 ¤μ²¦´Ò ¡ÒÉÓ Ë¨´¨É´Ò³¨. ’¥¶¥·Ó ¶¥·¥¶¨Ï¥³
ÔÉ¨ ¨´¢ ·¨ ´ÉÒ ¶μ¤·μ¡´μ, ¢ É¥·³¨´ Ì ³ ¸ÏÉ ¡  μ¡Ñ¥³  V :

I1 = R = − 2
V

[
V̈ − ȧ1ȧ2a3 − a1ȧ2ȧ3 − ȧ1a2ȧ3 −

a1a2

a3
(m2 − mn + n2)

]
,

(4.2 )

I2 =
(
R0

0

)2
+
(
R1

1

)2
+
(
R2

2

)2
+
(
R3

3

)2
+ R0

3R
3
0, (4.2¡)

I3 = 4
[(

R01
01

)2
+
(
R02

02

)2
+
(
R03

03

)2
+
(
R12

12

)2
+
(
R31

31

)2
+
(
R23

23

)2]
, (4.2¢)

£¤¥ ³ ¸ÏÉ ¡ μ¡Ñ¥³  V μ¶·¥¤¥²Ö¥É¸Ö ± ±

V = a1a2a3. (4.3)

ˆ§ (4.2) ¸²¥¤Ê¥É, ÎÉμ I1 ∝ 1/V , I2 ∝ 1/V 2 ¨ I3 ∝ 1/V 2. ‘²¥¤Ê¥É μ¡· É¨ÉÓ
¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ¢¸¥ ¤·Ê£¨¥ ¨´¢ ·¨ ´ÉÒ ¸μ¸ÉμÖÉ ¨§ ¤¢ÊÌ ¨²¨ ´¥¸±μ²Ó±¨Ì
É¥´§μ·μ¢ �¨ÎÎ¨, ¶μÔÉμ³Ê Ii ∝ 1/V p, £¤¥ p Å Î¨¸²μ É¥´§μ·μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨° ¨´¢ ·¨ ´É. �É¸Õ¤  § ±²ÕÎ ¥³, ÎÉμ ²Õ¡ Ö ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´ Ö ÉμÎ± , £¤¥ V → 0, Ö¢²Ö¥É¸Ö ¸¨´£Ê²Ö·´μ° ÉμÎ±μ°.

„²Ö ³¥É·¨±¨ (4.1) ¢Ò¡¥·¥³ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥É· ¤´μ£μ 4-¢¥±-
Éμ·  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

e
(0)
0 = 1, e

(1)
1 = a1 e−mx3 , e

(2)
2 = a2 enx3 , e

(3)
3 = a3. (4.4)

’μ£¤  ¨§ (1.92) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¶¨´μ·´μ°  ËË¨´´μ°
¸¢Ö§´μ¸É¨ (¸³. ¶·¨². 3):

Γ0 = 0, (4.5 )

Γ1 =
1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3 , (4.5¡)

Γ2 =
1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3 , (4.5¢)

Γ3 =
1
2
ȧ3γ̄

3γ̄0. (4.5£)
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� ¸¸³μÉ·¨³ ¸¶¨´μ·´μ¥ ¶μ²¥, § ¢¨¸ÖÐ¥¥ Éμ²Ó±μ μÉ ¢·¥³¥´¨ t, É. ¥. ψ =
ψ(t). Š ± ¶μ± § ´μ ¢ ¶·¨². 3, ¢ ÔÉμ³ ¸²ÊÎ ¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¨³¥ÕÉ ¢¨¤

T 0
0 = mspS + F (K), (4.6 )

T 1
1 = F (K) − 2KFK , (4.6¡)

T 2
2 = F (K) − 2KFK , (4.6¢)

T 3
3 = F (K) − 2KFK , (4.6£)

T 0
1 = − (n − 2m) e−mx3

4
a1

a3
A2, (4.6¤)

T 0
2 = − (m − 2n) enx3

4
a2

a3
A1, (4.6¥)

T 0
3 = 0, (4.6¦)

T 1
2 =

a2 e(m+n)x3

4a1

[(
ȧ1

a1
− ȧ2

a2

)
A3 − m + n

a3
A0

]
, (4.6§)

T 1
3 =

a3 emx3

4a1

(
ȧ3

a3
− ȧ1

a1

)
A2, (4.6¨)

T 2
3 =

a3 e−nx3

4a2

(
ȧ2

a2
− ȧ3

a3

)
A1. (4.6±)

Š ± ¢¨¤´μ ¨§ (4.6), ´¥É·¨¢¨ ²Ó´μ¸ÉÓ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É É¥´-
§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ´ ¶·Ö³ÊÕ ¸¢Ö§ ´  ¸μ ¸¶¨´μ·´Ò³¨  ËË¨´´Ò³¨ ¸¢Ö§-
´μ¸ÉÖ³¨ Γi.

ˆ§ (1.6) ³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö ¤²Ö ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ
Ëμ·³ (1.4):

Ṡ0 + �A0
0 = 0, (4.7 )

Ṗ0 − ΦA0
0 = 0, (4.7¡)

Ȧ0
0 −

m − n

a3
A3

0 + ΦP0 − �S0 = 0, (4.7¢)

Ȧ3
0 −

m − n

a3
A0

0 = 0, (4.7£)

v̇0
0 − m − n

a3
v3
0 = 0, (4.7¤)

v̇3
0 − m − n

a3
v0
0 + ΦQ30

0 + �Q21
0 = 0, (4.7¥)

Q̇30
0 − Φv3

0 = 0, (4.7¦)

Q̇21
0 − � v3

0 = 0, (4.7§)
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£¤¥ μ¡μ§´ Î¥´Ò S0 = SV, P0 = PV , Aμ
0 = AμV , vμ

0 = vμV , Qμν
0 = QμνV ¨

Φ = msp +� .
Šμ³¡¨´¨·ÊÖ ÔÉ¨ Ê· ¢´¥´¨Ö, ¶μ²ÊÎ¨³ ¤¢  ¶¥·¢ÒÌ ¨´É¥£· ² :

(S0)2 + (P0)2 + (A0
0)

2 − (A3
0)

2 = C1 = const, (4.8 )

(Q30
0 )2 + (Q21

0 )2 + (v3
0)

2 − (v0
0)2 = C2 = const. (4.8¡)

� ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ . ‘ ÊÎ¥Éμ³ (�2.18) ¨ (4.6) ¨³¥¥³

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
− n2

a2
3

= κ (F (K) − 2KFK) , (4.9 )

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (F (K) − 2KFK) , (4.9¡)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
+

mn

a2
3

= κ (F (K) − 2KFK) , (4.9¢)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− m2 − mn + n2

a2
3

= κ (mspS + F (K)) , (4.9£)

(m − n)
ȧ3

a3
− m

ȧ1

a1
+ n

ȧ2

a2
= 0, (4.9¤)

0 = − (n − 2m) e−mx3

4
a1

a3
A2, (4.9¥)

0 = − (m − 2n) enx3

4
a2

a3
A1, (4.9¦)

0 =
ea2 (m+n)x3

4 a1

[(
ȧ1

a1
− ȧ2

a2

)
A3 − m + n

a3
A0

]
, (4.9§)

0 =
a3 emx3

4 a1

(
ȧ3

a3
− ȧ1

a1

)
A2, (4.9¨)

0 =
a3 e−nx3

4 a2

(
ȧ2

a2
− ȧ3

a3

)
A1. (4.9±)

ˆ§ (4.9¥) ¨ (4.9¦) ´¥¶μ¸·¥¤¸É¢¥´´μ ´ Ìμ¤¨³

A2 = 0, ¨ A1 = 0. (4.10)

‚¢¨¤Ê (4.10) μÉ´μÏ¥´¨Ö (4.9¨) ¨ (4.9±) ¢Ò¶μ²´ÖÕÉ¸Ö ¡¥§ ´ ²μ¦¥´¨Ö ± ±¨Ì-
²¨¡μ μ£· ´¨Î¥´¨° ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨. ˆ§ (4.9§) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¥¥
¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê A0 ¨ A3:(

ȧ1

a1
− ȧ2

a2

)
A3 =

m + n

a3
A0. (4.11)
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�μ¤¸É ¢²ÖÖ (4.11) ¢ (4.7£), ´ Ìμ¤¨³

m + n

m − n

Ȧ3
0

A3
0

=
(

ȧ1

a1
− ȧ2

a2

)
(4.12)

¸ ·¥Ï¥´¨¥³ (
A3

0

)m+n
m−n = X03

(
a1

a2

)
, X03 = const. (4.13)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ (4.9¤) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê
³¥É·¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨:

a3 = X0

(
am
1

an
2

)1/(m−n)

. (4.14)

’ ±¨³ μ¡· §μ³, ´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ´¥
Éμ²Ó±μ ¸¢Ö§Ò¢ ÕÉ · §²¨Î´Ò¥ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, ± ± ¡Ò²μ ´ °¤¥´μ ¢ [179],
´μ ¨ ´ ±² ¤Ò¢ ÕÉ ´¥±μÉμ·Ò¥ μ£· ´¨Î¥´¨Ö ´  ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö.

—Éμ¡Ò ´ °É¨ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ Ö¢´μ, ´ ¤μ ·¥Ï¨ÉÓ ¤¨ £μ´ ²Ó´Ò¥ Ê· ¢-
´¥´¨Ö ¸¨¸É¥³Ò �°´ÏÉ¥°´ . ‘Ê³³¨·μ¢ ´¨¥ Ê· ¢´¥´¨° (4.9 ), (4.9¡), (4.9¢) ¨
É·¨¦¤Ò (4.9£) ¤ ¥É

V̈ = 2
m2 − mn + n2

a2
3

V +
3κ

2
[mspS + 2 (F − KFK)] V. (4.15)

Ÿ¢´μ¥ ¶·¨¸ÊÉ¸É¢¨¥ a3 ¢ (4.15) § ¸É ¢²Ö¥É ´ ²μ¦¨ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö.
‚ · ´´¨Ì · ¡μÉ Ì [179] ¶·¥¤² £ ²¨¸Ó ¤¢¥ · §²¨Î´Ò¥ ¸¨ÉÊ Í¨¨,   ¨³¥´´μ:
¶·¨´Ö²¨ a3 =

√
V ¨ a3 = V , ÎÉμ ¤ ²μ ¢μ§³μ¦´μ¸ÉÓ ´ °É¨ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö

¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨°.
‚ ¸²ÊÎ ¥ a3 = V ¸ ÊÎ¥Éμ³ (4.3) ¨ (4.14) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö

¤²Ö a1 ¨ a2:

a1 =
[

V

X0

]m−n
m+n

, a2 =
[

V

X0

]n−m
m+n

. (4.16)

“· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö V ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

V̈ = 2
m2 − mn + n2

V
+

3κ

2
[mspS + 2 (F − KFK)]V. (4.17)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶·¨´Ö¢ a3 =
√

V , ´ Ìμ¤¨³

a1 = X
n−m
m+n

0 V
m

2(m+n) , a2 = X
m−n

n
0 V

n
2(m+n) . (4.18)

“· ¢´¥´¨¥ ¤²Ö V ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

V̈ = 2
[
m2 − mn + n2

]
+

3κ

2
[mspS + 2 (F − KFK)] V. (4.19)
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‚ ´¥¤ ¢´¨Ì · ¡μÉ Ì [205,208] ¢¢¥¤¥´μ Ê¸²μ¢¨¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨, ±μ-
Éμ·μ¥ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ²¨É¥· ÉÊ·¥. �μÉ·¥¡Ê¥³, ÎÉμ¡Ò · ¸Ï¨·¥´¨¥ ¡Ò²μ
¶·μ¶μ·Í¨μ´ ²Ó´μ ±μ³¶μ´¥´É¥ É¥´§μ·  ¸¤¢¨£ ,   ¨³¥´´μ:

ϑ = N3σ
3
3 . (4.20)

ŒμÉ¨¢ Í¨Ö ¤²Ö É ±μ£μ ¶·¥¤¶μ²μ¦¥´¨Ö μ¡ÑÖ¸´Ö¥É¸Ö ¸¸Ò²±μ° ´  · ¡μÉÊ
’μ·´  [237]. �μ ´ ¡²Õ¤¥´¨Ö³ ¸μμÉ´μÏ¥´¨Ö ¸±μ·μ¸É¨ ¨ ±· ¸´μ£μ ¸³¥Ð¥´¨Ö
¤²Ö ¢´¥£ ² ±É¨Î¥¸±¨Ì ¨¸ÉμÎ´¨±μ¢ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ · ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ°
• ¡¡²  ¨§μÉ·μ¶´μ ¸¥£μ¤´Ö ¢ ¶·¥¤¥² Ì ≈ 30% [107, 118]. ’μÎ´¥¥, ¨¸¸²¥¤μ¢ -
´¨¥ ±· ¸´μ£μ ¸³¥Ð¥´¨Ö ¤ ¥É ¶·¥¤¥²

σ

H
� 0,3 (4.21)

´  μÉ´μÏ¥´¨¥ ¸¤¢¨£  σ ± ¶μ¸ÉμÖ´´μ° • ¡¡²  H ¢ μ±·¥¸É´μ¸É¨ ´ Ï¥° ƒ -
² ±É¨±¨ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨. Šμ²²¨´¸ ¸ ¸μ ¢Éμ· ³¨ [57] Ê± § ²¨, ÎÉμ ¤²Ö
¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ° ³¥É·¨±¨ ´μ·³ ²Ó´ Ö ±μ´£·ÊÔ´É´μ¸ÉÓ ¢ μ¤´μ·μ¤-
´μ³ · ¸Ï¨·¥´¨¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ σ/θ = const. �·¨ Ê¸²μ¢¨¨ ¶·μ-
¶μ·Í¨μ´ ²Ó´μ¸É¨ É ±¦¥ μ¡´ ·Ê¦¥´μ, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢
³μ¤¥²¨ ¸É·μ£μ ¨§μÉ·μ¶´μ, ÎÉμ  ¡¸μ²ÕÉ´μ ¸¶· ¢¥¤²¨¢μ ¢ ´ Ï¥³ ¸²ÊÎ ¥.

� Ìμ¤¨³ · ¸Ï¨·¥´¨Ö ¨ ¸¤¢¨£ ¤²Ö ³¥É·¨±¨ BVI. � ¸Ï¨·¥´¨¥ § ¤ ¥É¸Ö
Ëμ·³Ê²μ°

ϑ = uμ
;μ = uμ

μ + Γμ
μαuα, (4.22)

  ¸¤¢¨£ ¢Ò· ¦¥´¨¥³

σ2 =
1
2
σμνσμν (4.23)

¸

σμν =
1
2
[
uμ;αPα

ν + uν;αPα
μ

]
− 1

3
ϑPμν , (4.24)

£¤¥ ¢¥±Éμ· ¶·μ¥±Í¨¨ P :

P 2 = P, Pμν = gμν − uμuν, Pμ
ν = δμ

ν − uμuν . (4.25)

‚ ¸μ¶ÊÉ¸É¢ÊÕÐ¥° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¨³¥¥³ uμ = (1, 0, 0, 0). ‚ ÔÉμ³ ¸²ÊÎ ¥
´ Ìμ¤¨³

ϑ =
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3
=

V̇

V
(4.26)

¨

σ1
1 = −1

3

(
−2

ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
=

ȧ1

a1
− 1

3
ϑ, (4.27 )

σ2
2 = −1

3

(
−2

ȧ2

a2
+

ȧ3

a3
+

ȧ1

a1

)
=

ȧ2

a2
− 1

3
ϑ, (4.27¡)

σ3
3 = −1

3

(
−2

ȧ3

a3
+

ȧ1

a1
+

ȧ2

a2

)
=

ȧ3

a3
− 1

3
ϑ. (4.27¢)
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’μ£¤  ¶μ²ÊÎ¨³

σ2 =
1
2

[
3∑

i=1

(
ȧi

ai

)2

− 1
3
ϑ2

]
=

1
2

[
3∑

i=1

H2
i − 1

3
ϑ2

]
. (4.28)

Š ± ¢¨¤´μ ¨§ (4.26), (4.27) ¨ (4.28), ¢Ò· ¦¥´¨Ö ¤²Ö · ¸Ï¨·¥´¨Ö, ¸¤¢¨£ 
¨ ±μ³¶μ´¥´É É¥´§μ·  ¸¤¢¨£  ´¥ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ m ¨ n, ¸²¥¤μ¢ É¥²Ó´μ,
¡Ê¤¥É Éμ ¦¥ ¸ ³μ¥ ¤²Ö ¤·Ê£¨Ì ³μ¤¥²¥° 	¨ ´±¨, ±μÉμ·Ò¥ ¢ÒÉ¥± ÕÉ ¨§ (4.1).

�μ¤¸É ¢²ÖÖ (4.14) ¢ (4.26), (4.27) ¨ (4.28), ´ Ìμ¤¨³

ϑ =
2m − n

m − n

ȧ1

a1
+

m − 2n

m − n

ȧ2

a2
(4.29)

¨

σ1
1 =

m − 2n

3(m − n)

(
ȧ1

a1
− ȧ2

a2

)
, (4.30 )

σ2
2 =

n − 2m

3(m − n)

(
ȧ1

a1
− ȧ2

a2

)
, (4.30¡)

σ3
3 =

m + n

3(m − n)

(
ȧ1

a1
− ȧ2

a2

)
. (4.30¢)

‘ ÊÎ¥Éμ³ (4.14), (4.27¢), (4.3) ¨§ (4.20) ¶μ²ÊÎ¨³

a1 =

[
X

(m−n)/(m−2n)
1

X0
V

] 1
3+N3

m−2n
m+n

, (4.31 )

a2 = X1

[
X

(m−n)/(m−2n)
1

X0
V

] 1
3+N3

n−2m
m+n

, (4.31¡)

a3 = X0X
−n/(m−n)
1

[
X

(m−n)/(m−2n)
1

X0
V

] 1
3+N3

, (4.31¢)

£¤¥ X1 Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö. „ ²¥¥, ÊÎ¨ÉÒ¢ Ö, ÎÉμ V = a1a2a3,
¨§ (4.31) ´ Ìμ¤¨³

X
m−n

m−2n + m−2n
m−n

1 = 1, (4.32)

£¤¥ ²¨¡μ X1 = 1, ²¨¡μ
m − n

m − 2n
+

m − 2n

m − n
= 0. ’ ± ± ± (m−n)2+(m−2n)2 
=

0, § ±²ÕÎ ¥³, ÎÉμ X1 = 1. ’ ±¨³ μ¡· §μ³, ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶μ²ÊÎ¨³

a1 =
[

V

X0

] 1
3+N3

m−2n
m+n

, a2 =
[

V

X0

] 1
3+N3

n−2m
m+n

, a3 = X0

[
V

X0

] 1
3+N3

.

(4.33)
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“· ¢´¥´¨¥ ¤²Ö V ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¨§ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  (4.9 )Ä
(4.9£), ±μÉμ·μ¥ ¶μ¸²¥ ´¥±μÉμ·μ° ³ ´¨¶Ê²ÖÍ¨¨ ¢Ò£²Ö¤¨É ± ±

V̈ = 2(m2 − mn + n2)X2N3−4/3
0 V 1/3−2N3 +

3κ

2
[mspS + 2 (F (K) − KFK)] V.

(4.34)
Š ± ¢¨¤´μ, ¶μ¤¸É ¢²ÖÖ N3 = 2/3 ¢ (4.33) ¨ (4.34), ¶μ²ÊÎ ¥³ (4.16) ¨ (4.17)
¸μμÉ¢¥É¸É¢¥´´μ, Éμ£¤  ± ± ¤²Ö N3 = 1/6 ¨ X0 = 1 ¶μ²ÊÎ ¥³ (4.18) ¨ (4.19)
¸μμÉ¢¥É¸É¢¥´´μ.

„²Ö Éμ£μ, ÎÉμ¡Ò ·¥Ï¨ÉÓ (4.34), ³Ò ¤μ²¦´Ò ¢Ò· §¨ÉÓ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨-
´μ·´μ£μ ¶μ²Ö ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨´¢ ·¨ ´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö K ¢ É¥·³¨´ Ì
³ ¸ÏÉ ¡  μ¡Ñ¥³  V . —Éμ¡Ò ¸¤¥² ÉÓ ÔÉμ, ¢¸¶μ³´¨³, ÎÉμ K ¨³¥¥É μ¤´μ ¨§
¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨°: {I, J, I + J, I − J}.

‚¸¶μ³´¨¢, ÎÉμ � = 2SFKKJ ¨ � = 2PFKKJ ¢ ¸²ÊÎ ¥ K = I , É. ¥.
� = 0, ¨§ (4.7 ) ´¥¶μ¸·¥¤¸É¢¥´´μ ¨³¥¥³

Ṡ0 = 0 (4.35)

¸ ·¥Ï¥´¨¥³

K = I = S2 =
V 2

0

V 2
→ S =

V0

V
, V0 = const. (4.36)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ³μ¦¥É ¡ÒÉÓ ± ± ³ ¸¸¨¢´Ò³, É ± ¨ ¡¥§³ ¸¸μ¢Ò³.
Š ± Ê¦¥ ¡Ò²μ ¸± § ´μ · ´ÓÏ¥, ¢ É¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  K ¶·¨´¨³ ¥É μ¤´μ

¨§ §´ Î¥´¨° {J, I + J, I − J}, ³Ò · ¸¸³μÉ·¨³ Éμ²Ó±μ ¡¥§³ ¸¸μ¢μ¥ ¸¶¨´μ·´μ¥
¶μ²¥.

‚ ¸²ÊÎ ¥ K = J , É. ¥. Φ = msp +� = 0 ¨§ (4.7¡), ¨³¥¥³

Ṗ0 = 0 (4.37)

¸ ·¥Ï¥´¨¥³

K = J = P 2 =
V 2

0

V 2
→ P =

V0

V
, V0 = const. (4.38)

‚ ¸²ÊÎ ¥ K = I + J Ê· ¢´¥´¨Ö (4.7 ) ¨ (4.7¡) ³μ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò ¢
¢¨¤¥

Ṡ0 + 2PFKA0
0 = 0, (4.39 )

Ṗ0 − 2SFKA0
0 = 0, (4.39¡)

ÎÉμ ³μ¦´μ § ¶¨¸ ÉÓ ± ±

S0Ṡ0 + P0Ṗ0 =
d

dt

(
S2

0 + P 2
0

)
=

d

dt

(
V 2K

)
= 0 (4.40)
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¸ ·¥Ï¥´¨¥³

K =
V 2

0

V 2
, V0 = const. (4.41)

‡ ³¥É¨³, ÎÉμ S ¨ P ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

S =
V0

V
sin θ, P =

V0

V
cos θ. (4.42)

‚¥²¨Î¨´  θ ³μ¦¥É ¡ÒÉÓ Ê¸É ´μ¢²¥´  ¨§ (4.39 ) ¨²¨ ¨§ (4.39¡) ¸ ÊÎ¥Éμ³ (4.11),
(4.13) ¨ (4.33).

� ±μ´¥Í, ¤²Ö K = I − J Ê· ¢´¥´¨Ö (4.7 ) ¨ (4.7¡) ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É -
¢²¥´Ò ¢ ¢¨¤¥ Ê· ¢´¥´¨°

Ṡ0 − 2PFKA0
0 = 0, (4.43 )

Ṗ0 − 2SFKA0
0 = 0, (4.43¡)

±μÉμ·Ò¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

S0Ṡ0 − P0Ṗ0 =
d

dt

(
S2

0 − P 2
0

)
=

d

dt

(
V 2K

)
= 0 (4.44)

¸ ·¥Ï¥´¨¥³

K =
V 2

0

V 2
, V0 = const. (4.45)

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, S ¨ P ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

S =
V0

V
cosh θ, P =

V0

V
sinh θ. (4.46)

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¢¥²¨Î¨´  θ ³μ¦¥É ¡ÒÉÓ Ê¸É ´μ¢²¥´  ¨§ (4.43 )
¨²¨ (4.43¡) ¸ ÊÎ¥Éμ³ (4.11), (4.13) ¨ (4.33).

4.1. �¥Ï¥´¨Ö Ê· ¢´¥´¨° ¶μ²¥°. ’¥¶¥·Ó ¶μ²ÊÎ¨³ ·¥Ï¥´¨Ö ¶μ²¥¢ÒÌ Ê· ¢-
´¥´¨°. � Î´¥³ ¸ Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚¢¨¤Ê (1.10) ¨ (4.5) Ê· ¢´¥´¨Ö
¸¶¨´μ·´μ£μ ¶μ²Ö (1.6 ) ¶·¨´¨³ ÕÉ ¢¨¤

ıγ̄0

(
ψ̇ +

1
2

V̇

V
ψ

)
− mspψ − m − n

2a3
γ̄3ψ −�ψ − ı� γ̄5ψ = 0, (4.47 )

ı

(
˙̄ψ +

1
2

V̇

V
ψ̄

)
γ̄0 + mspψ̄ − m − n

2a3
ψ̄γ̄3 +�ψ̄ + ı� ψ̄γ̄5 = 0. (4.47¡)

Š ± ¡Ò²μ ¸± § ´μ, ψ § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨ t. ŒÒ · ¸¸³μÉ·¨³ 4-±μ³-
¶μ´¥´É´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥

ψ =

⎛
⎜⎜⎝

ψ1

ψ2

ψ3

ψ4

⎞
⎟⎟⎠ . (4.48)
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�¡μ§´ Î¨¢ φi =
√

V ψi ¨ X̄0 = (m − n)XN3−2/3
0 , ¨§ (4.47) ¤²Ö ¸¶¨´μ·´μ£μ

¶μ²Ö ¨³¥¥³

φ̇1 + ıΦφ1 +
[
ı

X̄0

2V 1/3+N3
+ �

]
φ3 = 0, (4.49 )

φ̇2 + ıΦφ2 −
[
ı

X̄0

2V 1/3+N3
− �

]
φ4 = 0, (4.49¡)

φ̇3 − ıΦφ3 +
[
ı

X̄0

2V 1/3+N3
− �

]
φ1 = 0, (4.49¢)

φ̇4 − ıΦφ4 −
[
ı

X̄0

2V 1/3+N3
+ �

]
φ2 = 0. (4.49£)

„ ²¥¥, μ¡μ§´ Î¨¢ � =
X̄0

2V 1/3+N3
, § ¶¨Ï¥³ ¶·¥¤Ò¤ÊÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

¢ ¢¨¤¥
φ̇ = Aφ, (4.50)

£¤¥ φ = col (φ1, φ2, φ3, φ4) ¨

A =

⎛
⎜⎜⎝

−ıΦ 0 −ı� − � 0
0 −ıΦ 0 ı� − �

−ı� + � 0 ıΦ 0
0 ı� + � 0 ıΦ

⎞
⎟⎟⎠ . (4.51)

Œμ¦´μ ²¥£±μ ´ °É¨, ÎÉμ

detA =
(
Φ2 + �

2 + �
2
)2

. (4.52)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.50) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ Ëμ·³¥

φ(t) = T exp

⎛
⎝−

t1∫
t

A1(τ)dτ

⎞
⎠ φ(t1), (4.53)

£¤¥

A1 =

⎛
⎜⎜⎝

−ı� 0 −ı� − � 0
0 −ı� 0 ı� − �

−ı� + � 0 ı� 0
0 ı� + � 0 ı�

⎞
⎟⎟⎠ (4.54)

¨ φ(t1) Å ·¥Ï¥´¨¥ ¶·¨ t = t1. Š ± ³Ò Ê¦¥ ¶μ± § ²¨, K = V 2
0 /V 2 ¤²Ö

K = {J, I + J, I − J} ¶·¨ ´Ê²¥¢μ° ³ ¸¸¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨ K = V 2
0 /V 2 ¤²Ö

K = I ¶·¨ ²Õ¡μ° ³ ¸¸¥ ¸¶¨´μ·´μ£μ ¶μ²Ö. �μ¸±μ²Ó±Ê ´ Ï  ‚¸¥²¥´´ Ö · ¸Ï¨-
·Ö¥É¸Ö, ¢¥²¨Î¨´Ò � , � ¨ � ¸É ´μ¢ÖÉ¸Ö É·¨¢¨ ²Ó´Ò³¨ ¶·¨ ¡μ²ÓÏ¨Ì t. ’ ±¨³
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μ¡· §μ³, ¢ ¸²ÊÎ ¥ K = I ¸ ´¥É·¨¢¨ ²Ó´μ° ³ ¸¸μ° ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ¦´μ
¶·¥¤¶μ² £ ÉÓ, ÎÉμ φ(t1) = col (e−ımspt1 , e−ımspt1 , eımspt1 , eımspt1), Éμ£¤  ± ± ¢
¸²ÊÎ ÖÌ ¸ ´Ê²¥¢μ° ³ ¸¸μ° ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥³ φ(t1) = col

(
φ0

1, φ
0
2, φ

0
3, φ

0
4

)
,

£¤¥ φ0
i Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö. „·Ê£μ° ³¥Éμ¤ ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥-

´¨° (4.49) ¤ ´ ¢ · ¡μÉ¥ [179].
—Éμ ± ¸ ¥É¸Ö Ê· ¢´¥´¨Ö ¤²Ö V , É. ¥. (4.34), ·¥Ï¨³ ¥£μ, ¶μ² £ Ö K = I ,

É ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ´¥´Ê²¥¢μ° ³ ¸¸μ¢Ò° Î²¥´.
�μ² £ Ö

F =
∑

k

λkInk =
∑

k

λkS2nk , (4.55)

¸ ÊÎ¥Éμ³ S = V0/V ´ Ìμ¤¨³

V̈ = Φ(V ), (4.56)

Φ(V ) = X̄V 1/3−2N3 +
3κ

2

[
msp V0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]
,

£¤¥ X̄ = 2
(
m2 − mn + n2

)
X

(2N3−4/3)
0 .

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ Ê· ¢´¥´¨¥ (4.56) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥
(¸³. ¶·¨². 4). �¥·¢Ò° ¨´É¥£· ² Ê· ¢´¥´¨Ö (4.56):

V̇ = Φ1(V ), (4.57)

Φ1(V ) =

√√√√X̄1V (4/3−2N3) + 3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk) + C̄

]
,

£¤¥ X̄1 = 6X̄/(4 − 6N3) ¨ C̄ Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö. �¥Ï¥´¨¥ ¤²Ö V
³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ±¢ ¤· ÉÊ· Ì:

∫
dV√√√√X̄1V (4/3−2N3) + 3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ C̄

= t + t0,

(4.58)
£¤¥ C̄ ¨ t0 Å ´¥±μÉμ·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥. ’μÎ´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö (4.56) ¨²¨ (4.57) ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò Éμ²Ó±μ ¤²Ö ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ
¸²ÊÎ ¥¢ ¶·¨ ´ ²μ¦¥´¨¨ ¦¥¸É±¨Ì μ£· ´¨Î¥´¨° ´  ¶ · ³¥É·Ò. ‚ · §¤. 9 ¶·μ¨²-
²Õ¸É·¨·μ¢ ´Ò ´¥±μÉμ·Ò¥ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ³μ¤¥²¨ LRSBI. �´ ²μ£¨Î´Ò¥
·¥Ï¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò É ±¦¥ ¤²Ö Ê· ¢´¥´¨Ö (4.56).
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4.2. 	¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨°. —Éμ¡Ò μ¶·¥¤¥²¨ÉÓ Ì · ±-
É¥· Ô¢μ²ÕÍ¨¨, ¸´ Î ²  ¸²¥¤Ê¥É ¨§ÊÎ¨ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ Ê· ¢´¥-
´¨Ö (4.56). � ¶μ³´¨³, ÎÉμ K = V 2

0 /V 2. �μ¸±μ²Ó±Ê ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨-
Î¨´Ò, ¶μ¸É·μ¥´´Ò¥ ¨§ ¸¶¨´μ·´ÒÌ ¶μ²¥°,   É ±¦¥ ¨´¢ ·¨ ´ÉÒ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö Ö¢²ÖÕÉ¸Ö μ¡· É´μ° ËÊ´±Í¨¥° V ¢ ´¥±μÉμ·μ° ¸É¥¶¥´¨, ³μ¦´μ ¸¤¥-
² ÉÓ ¢Ò¢μ¤, ÎÉμ ²Õ¡ Ö ÉμÎ±  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, £¤¥ V ¸É ´μ¢¨É¸Ö · ¢´Ò³
´Ê²Õ, Å ÔÉμ μ¸μ¡ Ö ÉμÎ±  [177]. �μÔÉμ³Ê ¶·¥¤¶μ² £ ¥³, ÎÉμ ¢´ Î ²¥ V ¡Ò²
³ ²Ò³, ´μ ´¥ ´Ê²¥¢Ò³. ‡ É¥³ ¨§ (4.56) ³Ò ¢¨¤¨³, ÎÉμ ¶·¨ t → 0 ´¥²¨´¥°´μ¥
¸² £ ¥³μ¥ ¶·¥μ¡² ¤ ¥É, ¥¸²¨ nk = n1 : n1 > max [1/2, N3 + 1/3]. �μ¸±μ²Ó±Ê
³Ò · ¸¸³ É·¨¢ ¥³ · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ, ¶·¨ t → ∞ ³ ¸ÏÉ ¡ μ¡Ñ¥³ 
V ¤μ²¦¥´ ¡ÒÉÓ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥²¨´¥°´μ¥ ¸² £ ¥³μ¥
¶·¥μ¡² ¤ ¥É ´ ¤ ¶¥·¢Ò³ Î²¥´μ³, ¥¸²¨ nk = n2 : n2 < min [1/2, N3 + 1/3].
„²Ö nk = n0 : 1 − 2n0 = 0, É. ¥. n0 = 1/2, ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö
¨¸Î¥§ ¥É ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° É¥·³ ¡Ê¤¥É Ô±¢¨¢ ²¥´É¥´ (ÔËË¥±É¨¢´μ) ³ ¸¸μ¢μ-
³Ê Î²¥´Ê.

4.3. � · ³¥É· § ³¥¤²¥´¨Ö. —Éμ¡Ò μ¶·¥¤¥²¨ÉÓ, ¶μ§¢μ²Ö¥É ³μ¤¥²Ó § -
³¥¤²¥´´Ò° ¨²¨ Ê¸±μ·¥´´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö, ¢ÒÎ¨¸²¨³ ¶ · ³¥É· § ³¥¤²¥-
´¨Ö q, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É¸Ö ± ±

q = −V V̈

V̇ 2
(4.59)

¨ ¢¢¨¤Ê (4.56) ¨ (4.57) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ Ëμ·³¥

q = −V Φ(V )
Φ2

1(V )
=

= −
X̄V (4/3−2N3) +

3κ

2

[
mspV0V + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]

X̄1V (4/3−2N3) + 3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ C̄

. (4.60)

’¥¶¥·Ó ¶μ¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ ¶ · ³¥É·μ³ § ³¥¤²¥´¨Ö ¶·¨ t → ∞.
Š ± Ê¦¥ ¡Ò²μ Ê¸É ´μ¢²¥´μ, ¶·¨ n2 < 1/2 ¨ n2 < 1/3 + N3 ´¥²¨´¥°´μ¥
¸² £ ¥³μ¥ ¶·¥μ¡² ¤ ¥É ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥

q ≈ −(1 − n2) < 0, (4.61)

Éμ£¤  ± ± ¤²Ö N3 < 1/6 ¨ n2 > 1/3 + N3 ¨³¥¥³

q ≈ − X̄

X̄1
= −(2/3 − N3) < 0. (4.62)
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’ ±¨³ μ¡· §μ³, ³Ò ¢¨¤¨³, ÎÉμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ¸
Ê¸±μ·¥´¨¥³.

‘²¥¤Ê¥É É ±¦¥ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¤²Ö n1 > 1/2 ¨ N3 > 1/6 ³ ¸¸μ¢Ò°
Î²¥´ ¶·¥μ¡² ¤ ¥É  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¶·¨ t → ∞ ¨ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ± ±
±¢ ¤· É¨Î´ Ö ËÊ´±Í¨Ö ¢·¥³¥´¨, É. ¥. V |t→∞ ∝ t2.

�·¨¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ μÉ¸ÊÉ¸É¢¨¥ ³ ¸¸μ¢μ£μ Î²¥´ 
¶·¨¢μ¤¨É ± ¶μ¸ÉμÖ´´μ³Ê ¶ · ³¥É·Ê § ³¥¤²¥´¨Ö, Éμ£¤  ± ± ¤²Ö Éμ£μ, ÎÉμ¡Ò
¶ · ³¥É· § ³¥¤²¥´¨Ö ³¥´Ö²¸Ö ¢ É¥Î¥´¨¥ ¢·¥³¥´¨, ´ ²¨Î¨¥ ´¥´Ê²¥¢μ° ³ ¸¸Ò
Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨¥³.

4.4. � · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö. �μ¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¢
ÔÉμ° ³μ¤¥²¨ ¸ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö. �μ¤¸É ¢²ÖÖ (4.55) ¢ (4.6 )
¨ (4.6¡), (4.6¢) ¨ (4.6£), ´ Ìμ¤¨³ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε = T 0

0 ¨
¤ ¢²¥´¨Ö p = −T 1

1 (¢ ÔÉμ³ ¸²ÊÎ ¥ T 1
1 = T 2

2 = T 3
3 ):

ε = msp
V0

V
+
∑

k

λk
V 2nk

0

V 2nk
, p =

∑
k

λk(2nk − 1)
V 2nk

0

V 2nk
. (4.63)

‚¢¨¤Ê (4.63) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ´ Ìμ¤¨³

W =
p

ε
=

∑
k

λk(2nk − 1)
V 2nk

0

V 2nk

msp
V0

V
+
∑

k

λk
V 2nk

0

V 2nk

. (4.64)

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ´  · ´´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸Éμ-
Ö´¨Ö ¢Ò· ¦ ¥É ¶·¥μ¡² ¤ ´¨¥ μ¡ÒÎ´μ° ³ É¥·¨¨,   ´  ¡μ²¥¥ ¶μ§¤´¨Ì ¸É ¤¨ÖÌ
É¥³´ Ö Ô´¥·£¨Ö ¸É ´μ¢¨É¸Ö ¤μ³¨´¨·ÊÕÐ¥°. 	μ²¥¥ Éμ£μ, ¢ μÉ¸ÊÉ¸É¢¨¥ ³ ¸¸μ-
¢μ£μ Î²¥´  ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¸É ´μ¢¨É¸Ö ¶μ¸ÉμÖ´´Ò³, É ± ± ± ¢
ÔÉμ³ ¸²ÊÎ ¥ W = 2nk−1, ¢ Éμ ¢·¥³Ö ± ± ¤²Ö ´¥É·¨¢¨ ²Ó´μ£μ ³ ¸¸μ¢μ£μ Î²¥´ 
¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö Å ÔÉμ ¶¥·¥³¥´´ Ö ËÊ´±Í¨¨ ¢·¥³¥´¨. ‡¤¥¸Ó ³Ò
¨¸¶μ²Ó§μ¢ ²¨ ÉμÉ Ë ±É, ÎÉμ ¢ ²Õ¡μ° ±μ´±·¥É´μ° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨ μ¤´μ ¨§
¸² £ ¥³ÒÌ ¸Ê³³Ò ¡Ê¤¥É ¶·¥μ¡² ¤ ÕÐ¨³ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¤·Ê£¨¥ ³μ£ÊÉ ¡ÒÉÓ
¶·μ¶ÊÐ¥´Ò.

4.5. ‚Ò¡μ· ´¥²¨´¥°´μ¸É¨. Œμ£ÊÉ ¢μ§´¨± ÉÓ ´¥±μÉμ·Ò¥ ¢μ¶·μ¸Ò μÉ´μ-
¸¨É¥²Ó´μ ¢Ò¡μ·  ´¥²¨´¥°´μ¸É¨ ¢ Ëμ·³¥ (4.55). �·¨Î¨´  ±·μ¥É¸Ö ¢ Éμ³, ÎÉμ
¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ · §²¨Î´ÒÌ ¢¨¤μ¢ ¦¨¤±μ¸É¨ ¨ É¥³´μ° Ô´¥·£¨¨, É ±¨Ì ± ±
¥±¶¨·μÉ¨Î¥¸±¨¥ ¢¥Ð¥¸É¢ , ¶Ò²Ó, ¨§²ÊÎ¥´¨¥, ±¢¨´ÉÔ¸¸¥´Í¨Ö, £ § — ¶²Ò£¨´ ,
Ë ´Éμ³´ Ö ³ É¥·¨Ö ¨ É. ¤., ¢ Éμ° ¨²¨ ¨´μ° Ëμ·³¥ § ¤ ¥É¸Ö ± ± ¸É¥¶¥´´ Ö
ËÊ´±Í¨Ö ¨´¢ ·¨ ´Éμ¢ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ Éμ ¢·¥³Ö, ± ± ¸¶¨´μ·´μ¥ μ¶¨-
¸ ´¨¥ ¦¨¤±μ¸É¨ ¨²¨ É¥³´μ° Ô´¥·£¨¨ ¶·¨¢μ¤¨É ± ¨¸Î¥§´μ¢¥´¨Õ ³ ¸¸μ¢μ£μ
Î²¥´ , ¢Ò¡μ· (4.55) ¢¸¥ ¦¥ ¶μ§¢μ²Ö¥É ¨§ÊÎ¨ÉÓ ·μ²Ó ³ ¸¸Ò ¸¶¨´μ·´μ£μ ¶μ²Ö
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¢ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°. —Éμ¡Ò ¶μ± § ÉÓ ÔÉμ, ´ ¶μ³´¨³, ÎÉμ Éμ²Ó±μ ¢ ¸²ÊÎ ¥
K = I = S2 ³μ¦´μ ¡Ò²μ ¡Ò ¢Ò· §¨ÉÓ K ¢ É¥·³¨´ Ì V ¸ ´¥É·¨¢¨ ²Ó´Ò³¨
±μ³¶μ´¥´É ³¨ (4.6 ), (4.6¡), (4.6¢) ¨ (4.6£) ¨§

W =
p

ε
, (4.65)

¨ ´ Ìμ¤¨³ [200,201,204,206]

F = λS1+W − mS = λ
V 1+W

0

V 1+W
− m

V0

V
, (4.66)

±μÉμ·Ò° ¸μμÉ¢¥É¸É¢Ê¥É ¶Ò²¨ (W = 0), ¨§²ÊÎ¥´¨Õ (W = 1/3), ¦¥¸É±μ°
‚¸¥²¥´´μ° (W ∈ (1/3, 1)), ‚¸¥²¥´´μ° ‡¥²Ó¤μ¢¨Î  (W = 1), ±¢¨´ÉÔ¸¸¥´-
Í¨¨ (W ∈ (−1/3, −1)), ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° (W = −1), Ë ´Éμ³´μ°
³ É¥·¨¨ (W < −1) ¨ ¥±¶¨·μÉ¨Î¥¸±μ° ³ É¥·¨¨ (W > 1) ¸μμÉ¢¥É¸É¢¥´´μ. �μ¤-
¸É ¢²ÖÖ (4.66) ¢ (1.3), ´ Ìμ¤¨³, ÎÉμ ³ ¸¸μ¢Ò° Î²¥´ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨¸Î¥§ ¥É, ¢
Éμ ¢·¥³Ö ± ± ¸¶¨´μ·´μ¥ ¶μ²¥ ¸ ´¥²¨´¥°´μ¸ÉÓÕ, § ¤ ´´μ° (4.55), ´¥ ¨¸Î¥§ ¥É.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨Ö ´ Ìμ¤¨³ ε = λV 1+W

0 /V 1+W

¨ p = λWV 1+W
0 /V 1+W ¸μμÉ¢¥É¸É¢¥´´μ. � · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢

ÔÉμ³ ¸²ÊÎ ¥ ¶μ μ¶·¥¤¥²¥´¨Õ Å ¶μ¸ÉμÖ´´ Ö, Éμ£¤  ± ± ¢ μÉ¸ÊÉ¸É¢¨¥ ³ ¸-
¸μ¢μ£μ Î²¥´  ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö É ±¦¥ ¸É ´μ¢¨É¸Ö ¶μ¸ÉμÖ´´μ°.
�¤´ ±μ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ (4.55) ¸ É·¨¢¨ ²Ó´μ° ³ ¸¸μ° ¢ ² £· ´¦¨ ´¥ ¨

¸Ê³³ 

(∑
k

)
¢ (4.55) ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´  ± ± ³Ê²ÓÉ¨±μ³¶μ´¥´É´Ò° ¨¸-

ÉμÎ´¨±, £¤¥ k μÉ¢¥Î ¥É §  · §²¨Î´Ò¥ É¨¶Ò ³ É¥·¨¨ ¨ É¥³´μ° Ô´¥·£¨¨, É ±¨¥
± ± ¥±¶¨·μÉ¨Î¥¸± Ö ³ É¥·¨Ö, ¶Ò²Ó, ¨§²ÊÎ¥´¨¥, ±¢¨´ÉÔ¸¸¥´Í¨Ö, £ § — ¶²Ò£¨´ ,
Ë ´Éμ³´ Ö ³ É¥·¨Ö ¨ É. ¤.

‘· ¢´¨¢ Ö (4.55) ¸ (4.66), ´ Ìμ¤¨³ 2nk = W + 1. „ ²¥¥, ¶μ¤¸É ¢²ÖÖ
§´ Î¥´¨Ö W ¤²Ö · §²¨Î´ÒÌ ¦¨¤±μ¸É¥° ¨ É¥³´μ° Ô´¥·£¨¨, ´ Ìμ¤¨³ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö ¤²Ö nk: ¶Ò²¨ (nk = 1/2), ¨§²ÊÎ¥´¨Ö (nk = 2/3), ¦¥¸É±μ°
‚¸¥²¥´´μ° (nk ∈ (2/3, 1)), ‚¸¥²¥´´μ° ‡¥²Ó¤μ¢¨Î  (nk = 1), ±¢¨´ÉÔ¸¸¥´Í¨¨
(nk ∈ (0, 1/3)), ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° (nk = 0), Ë ´Éμ³´μ° ³ É¥·¨¨
(nk < 0) ¨ ¥±¶¨·μÉ¨Î¥¸±μ° ³ É¥·¨¨ (nk > 1) ¸μμÉ¢¥É¸É¢¥´´μ. �μ± § ´μ, ÎÉμ,
±μ£¤  nk = 1/2, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Î²¥´ ³μ¦¥É ¡ÒÉÓ ¤μ¡ ¢²¥´ ± ³ ¸¸μ¢μ³Ê
Î²¥´Ê. ’ ±¨³ μ¡· §μ³, § ±²ÕÎ ¥³, ÎÉμ Î²¥´ ¸ nk = 1/2, ±μÉμ·Ò° É ±¦¥
μ¶¨¸Ò¢ ¥É ¶Ò²Ó, ¢¥¤¥É ¸¥¡Ö ± ± ³ ¸¸μ¢Ò° Î²¥´.

4.6. �·¥¨³ÊÐ¥¸É¢μ ¸¶¨´μ·´μ£μ μ¶¨¸ ´¨Ö. �¤´μ ¨§ £² ¢´ÒÌ ¶·¥¨³Ê-
Ð¥¸É¢ ¨¸¶μ²Ó§μ¢ ´¨Ö ¸¶¨´μ·´ÒÌ μ¶¨¸ ´¨° ¨¸ÉμÎ´¨±μ¢ ¶μ²Ö μ¸´μ¢ ´μ ´  Éμ³,
ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ´¥ ´Ê¦´μ ¤Ê³ ÉÓ, ÎÉμ ±μ³¶μ´¥´ÉÒ, ¸μ¤¥·¦ Ð¨¥¸Ö ¢ · ¸-
¸³ É·¨¢ ¥³μ° ¸¨¸É¥³¥, ³μ£ÊÉ ¡ÒÉÓ · §¤¥²¥´Ò. —Éμ¡Ò ¶μ± § ÉÓ ÔÉμ, § ¶¨Ï¥³
Éμ¦¤¥¸É¢μ 	¨ ´±¨ Gν

μ;ν = 0, ±μÉμ·μ¥ ¶·¨¢μ¤¨É ±

T ν
μ;ν = T ν

μ,ν + Γν
ρνT ρ

μ − Γρ
μνT ν

ρ = 0, (4.67)
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ÎÉμ ¤²Ö ³¥É·¨±¨ (4.1) ¸ ÊÎ¥Éμ³ ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¨³¥¥É ¢¨¤

ε̇ +
V̇

V
(ε + p) = 0. (4.68)

�μ¤¸É ¢²ÖÖ ε ¨ p ¨§ (4.6 ), (4.6¡), (4.6¢) ¨ (4.6£) ¢ (4.68), ´ Ìμ¤¨³

mspṠ + Ḟ +
V̇

V
(mspS + 2KFK) = 0, (4.69)

ÎÉμ ¶μ¸²¥ ´¥±μÉμ·μ° ³ ´¨¶Ê²ÖÍ¨¨ ¤ ¥É

msp

V

d

dt
(SV ) +

FK

V 2

d

dt

(
KV 2

)
= 0. (4.70)

‚ ¸²ÊÎ ¥ K = I = S2 (4.70) ¢Ò¶μ²´Ö¥É¸Ö ¨¤¥´É¨Î´μ ¡² £μ¤ ·Ö (4.36),
É. ¥. SV = const ¨ KV 2 = const, Éμ£¤  ± ± ¢ ¸²ÊÎ ¥, ±μ£¤  K ¶·¨´¨³ ¥É
μ¤´μ ¨§ ¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨° {J, I + J, I − J}, ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·-
´μ£μ ¶μ²Ö (4.70) ¢Ò¶μ²´Ö¥É¸Ö ¨¤¥´É¨Î´μ ¡² £μ¤ ·Ö (4.38), (4.41) ¨ (4.45),
É. ¥. KV 2 = const. ‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ ³Ò ¨¸¶μ²Ó§Ê¥³ ¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥
· §²¨Î´ÒÌ ¦¨¤±μ¸É¥° ¨ É¥³´μ° Ô´¥·£¨¨, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö, Éμ¦¤¥¸É¢μ 	¨ ´±¨ Éμ¦¥ ¡Ê¤¥É ¢Ò¶μ²´ÖÉÓ¸Ö, ´¥
¢Ò§Ò¢ Ö ± ±¨Ì-²¨¡μ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨°.

4.7. —¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö. �¥Ï¨³ Ê· ¢´¥´¨¥ (4.56) Î¨¸²¥´´μ. „²Ö ¶·μ-
¸ÉμÉÒ · ¸¸³μÉ·¨³ ¸¨¸É¥³Ê Éμ²Ó±μ ¸ ¤¢Ê³Ö ±μ³¶μ´¥´É ³¨. ‚ ÔÉμ³ ¸²ÊÎ ¥
¨³¥¥³

V̈ = Φ(V ), (4.71)

Φ(V ) = X̄V 1/3−2N3+

+
3κ

2

[
msp V0 + 2λ1(1 − n1)V 2n1

0 V 1−2n1 + 2λ2(1 − n2)V 2n2
0 V 1−2n2

]
¸ ¶¥·¢Ò³ ¨´É¥£· ²μ³

V̇ = Φ1(V ), (4.72)

Φ2
1(V ) = X̄1V

(4/3−2N3)+

+ 3κ
[
mspV0V + λ1V

2n1
0 V 2(1−n1) + λ2V

2n2
0 V 2(1−n2) + C̄

]
.

�μ¸±μ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É ± Î¥¸É¢¥´´ Ö ± ·É¨´ , ¢Ò¡¥·¥³ μÎ¥´Ó ¶·μ¸ÉÒ¥
§´ Î¥´¨Ö ¶ · ³¥É·μ¢ § ¤ Î¨. �·¨ ÔÉμ³ §´ Î¥´¨Ö ¤²Ö N3, n1 ¨ n2 ¤μ²¦´Ò
¡ÒÉÓ É ±μ¢Ò, ÎÉμ¡Ò ´¨ μ¤¨´ ¨§ Î¥ÉÒ·¥Ì Î²¥´μ¢ ¢ ¶· ¢μ° Î ¸É¨ (4.71) ´¥
¸²¨¢ ²¸Ö ¸ ¤·Ê£¨³. Š·μ³¥ Éμ£μ, · ¸¸³μÉ·¨³ ±μ´¸É ´ÉÒ λ1 ¨ λ2 ¸ · §´Ò³¨
§´ ± ³¨. � Î ²Ó´μ¥ §´ Î¥´¨¥ V (0) ¶·¥¤¶μ²μ¦¨³ ´¥¡μ²ÓÏ¨³, ´μ ´¥´Ê²¥¢Ò³
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É ±¨³ μ¡· §μ³, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ (4.72) μ¸É ´¥É¸Ö ´¥μÉ·¨Í É¥²Ó´μ°. „²Ö ¤ ´-
´μ£μ ´ Î ²Ó´μ£μ §´ Î¥´¨Ö V (0) ¨§ (4.72) μ¶·¥¤¥²Ö¥É¸Ö §´ Î¥´¨¥ V̇ (0).

ˆ§ (4.72) ³μ¦´μ ²¥£±μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ Éμ²Ó±μ ¢ ¸²ÊÎ ¥, ±μ£¤  μ¡¥ ±μ´-
¸É ´ÉÒ λ1 ¨ λ2 ¶μ²μ¦¨É¥²Ó´Ò, ³μ¤¥²Ó ¤μ¶Ê¸± ¥É ¢¥Î´μ · ¸Ï¨·ÖÕÐ¥¥¸Ö ·¥Ï¥-
´¨¥, Éμ£¤  ± ± ¥¸²¨ μ¤´  ¨§ λi μÉ·¨Í É¥²Ó´ , Ê¸²μ¢¨¥ ´¥μÉ·¨Í É¥²Ó´μ¸É¨ ¢Ò-
· ¦¥´¨Ö ¶μ¤ ±μ·´¥³ ´ ² £ ¥É ´¥±μÉμ·Ò¥ μ£· ´¨Î¥´¨Ö ´  §´ Î¥´¨Ö V . �É·¨-
Í É¥²Ó´μ¥ §´ Î¥´¨¥ λ1 ¶μ·μ¦¤ ¥É ³¨´¨³Ê³, Éμ£¤  ± ± μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥
λ2 ¶μ·μ¦¤ ¥É ³ ±¸¨³Ê³. ‚ ¸²ÊÎ ¥, ¥¸²¨ ³¨´¨³Ê³ ¢μ§´¨± ¥É ¶·¨ μÉ·¨Í É¥²Ó-
´μ³ §´ Î¥´¨¨ V , ³Ò ¨³¥¥³ ‚¸¥²¥´´ÊÕ, ±μÉμ· Ö · ¸Ï¨·Ö¥É¸Ö ¤μ ´¥±μÉμ·μ£μ
³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö, ¨ ¶μÉμ³ ´ Î¨´ ¥É¸Ö ¸¦ É¨¥, ±μÉμ·μ¥ § ± ´Î¨¢ ¥É¸Ö
	μ²ÓÏ¨³ Ì·Ê¸Éμ³. …¸²¨ ¢¸¥ ³¨´¨³Ê³Ò ¨ ³ ±¸¨³Ê³Ò Ö¢²ÖÕÉ¸Ö ´¥É·¨¢¨ ²Ó-
´Ò³¨, Éμ ¨³¥¥³ ¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¡¥§ ´ Î ²  ¨ ±μ´Í . ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ
λ2 < 0. …¸²¨ λ2 > 0, ´¥§ ¢¨¸¨³μ μÉ Éμ£μ, ¨³¥¥É ²¨ λ1 ¶μ²μ¦¨É¥²Ó´μ¥ ¨²¨
μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥, ¨³¥¥³ ¢¥Î´μ · ¸Ï¨·ÖÕÐ¥¥¸Ö ·¥Ï¥´¨¥.

„²Ö ¶·μ¸ÉμÉÒ ¶·¨³¥³ m = 1, n = 2, X0 = 1, V0 = 1, msp = 1,
C0 = 1, κ = 1. ”¨±¸¨·ÊÖ N3 = −1/3 ¨§ n1 > max [1/2, N3 + 1/3], ¶·¨³¥³
n1 = 3/2 (¥±¶¨·μÉ¨Î¥¸± Ö ³ É¥·¨Ö) ¨ n1 = 2/3 (¨§²ÊÎ¥´¨¥), Éμ£¤  ± ± ¨§
n2 < min [1/2, N3 + 1/3] ¶·¨³¥³ n2 = 1/4 (±¢¨´ÉÔ¸¸¥´Í¨Ö) ¨ n2 = −1 (Ë ´-
Éμ³´ Ö ³ É¥·¨Ö). —Éμ ± ¸ ¥É¸Ö ±μ´¸É ´É ¢§ ¨³μ¤¥°¸É¢¨Ö, Éμ · ¸¸³μÉ·¨³ ¤¢ 
¸²ÊÎ Ö Å ¸ λ1 = {1,−0,001} ¨ λ2 = {1,−1}. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ §´ Î¥´¨Ö
V (0) ¶·¨³¥³ V (0) = 0,01.

�  ·¨¸. 2 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  V ¤²Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ¸¶¨´μ·´Ò³ ¶μ²¥³ ¸ ´¥É·¨¢¨ ²Ó´μ° ³ ¸¸μ°, ¶·¨ n1 = 2/3, n2 = 1/4,
λ1 = 1 ¨ λ2 = 1. �  ·¨¸. 3Ä5 ¶·¥¤¸É ¢²¥´  ± ·É¨´  Ô¢μ²ÕÍ¨¨ V ¤²Ö

�¨¸. 2. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ-
²¥³, ¶·¨ n1 = 2/3, n2 = 1/4, λ1 = 1
¨ λ2 = 1

�¨¸. 3. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³,
¶·¨ n1 = 2/3, n2 = −1, λ1 = 1 ¨
λ2 = −1
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�¨¸. 4. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ-
²¥³, ¶·¨ n1 = 3/2, n2 = 1/4 ¨
λ1 = −0,001, λ2 = 1

�¨¸. 5. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³,
¶·¨ n1 = 2/3, n2 = −1 ¨ λ1 =
−0,001, λ2 = −1

�¨¸. 6. �μ¢¥¤¥´¨¥ ¶ · ³¥É·  § ³¥¤²¥-
´¨Ö q ¶·¨ n1 = 2/3, n2 = 1/4 ¨ λ1 = 1,
λ2 = 1

�¨¸. 7. �μ¢¥¤¥´¨¥ ¶ · ³¥É·  § ³¥¤²¥-
´¨Ö q ¶·¨ n1 = 3/2, n2 = 1/4 ¨
λ1 = −0,001, λ2 = 1

{n1 = 2/3, n2 = −1, λ1 = 1, λ2 = −1}; {n1 = 3/2, n2 = 1/4, λ1 = −0,001,
λ2 = 1} ¨ {n1 = 2/3, n2 = −1, λ1 = −0,001, λ2 = −1} ¸μμÉ¢¥É¸É¢¥´´μ.
�  ·¨¸. 6 ¨ 7 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶ · ³¥É·  § ³¥¤²¥´¨Ö q Éμ²Ó±μ ¤²Ö ¶μ²μ¦¨-
É¥²Ó´μ£μ §´ Î¥´¨Ö λ2.

’ ±¨³ μ¡· §μ³, ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ É¨¶  BVI ´¥É·¨¢¨ ²Ó´Ò¥ ´¥¤¨ -
£μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¶·¨¢μ-
¤ÖÉ ± Ê¸É· ´¥´¨Õ ´¥²¨´¥°´μ¸É¨ ¨ ³ ¸¸μ¢μ£μ Î²¥´  ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ § -
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¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´É ¢§ ¨³μ¤¥°¸É¢¨° ¤ ´´ Ö ³μ¤¥²Ó ¢ ÔÉμ³ ¸²ÊÎ ¥
¤μ¶Ê¸± ¥É ²¨¡μ ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥, ²¨¡μ ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

5. ���‘’�	�‘’‚�-‚�…ŒŸ 
ˆ	�Šˆ ’ˆ�	 VI0

Œμ¤¥²Ó 	¨ ´±¨ É¨¶  VI0 μ¶¨¸Ò¢ ¥É  ´¨§μÉ·μ¶´μ¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö
¨ ¢Ò§Ò¢ ¥É μ¸μ¡Ò° ¨´É¥·¥¸ ¸·¥¤¨ Ë¨§¨±μ¢. �·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨-
¶  VI0 ¢ ¸¢Ö§¨ ¸ ³ ¸¸¨¢´μ° ¸É·Ê´μ° ¨§ÊÎ¥´μ ¢ · ¡μÉ Ì [12, 100, 228, 243].
�¥¤ ¢´μ 	¥²¨´¸μ´ [19] ¨§ÊÎ¨² ´¥¸±μ²Ó±μ ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° ¸ ¸¨³³¥-
É·¨Ö³¨ BVI0 ¨ BIII ³¥Éμ¤μ³ ¸ ³μ¶μ¤μ¡¨Ö. “Î¨ÉÒ¢ Ö ¢μ§· ¸É ÕÐ¨° ¨´É¥·¥¸
±μ¸³μ²μ£μ¢, ³Ò ¨§ÊÎ ¥³ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° ¢ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±μ° ³μ-
¤¥²¨ BVI0. ‚ · ¡μÉ¥ [213] ¨¸¸²¥¤μ¢ ´  ´μ¢ Ö  ´¨§μÉ·μ¶´ Ö ³μ¤¥²Ó É¥³´μ°
Ô´¥·£¨¨ 	¨ ´±¨ É¨¶  BVI0 ¸ ¶¥·¥³¥´´Ò³ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö
Ω ¸ ¶μ³μÐÓÕ § ±μ´  ¨§³¥´¥´¨Ö ¶ · ³¥É·  • ¡¡² , ¶·¥¤²μ¦¥´´μ£μ ¢ · ¡μ-
É Ì [26,27], ±μÉμ·Ò° ¤ ¥É ¶μ¸ÉμÖ´´μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  § ³¥¤²¥´¨Ö. ‚ ÔÉμ³
¸²ÊÎ ¥ ¡Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ¤¢  μ¸´μ¢´ÒÌ ¤ ¢²¥´¨Ö · ¢´Ò, É. ¥. T 1

1 = T 2
2 .

‘¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ É¥³´μ° Ô´¥·£¨¨ ¢ · ³± Ì ³μ¤¥²¨ BVI0 ¤ ´μ ¢ [206]. �¥-
¤ ¢´μ ¡Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ´ ¢Ö§Ò¢ ÕÉ ´¥±μÉμ·Ò¥ ¦¥¸É±¨¥ μ£· ´¨Î¥´¨Ö ± ±
´  ¸¶¨´μ·´μ¥, É ± ¨ ´  £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ [215]. Œμ¤¥²Ó 	¨ ´±¨ É¨¶  VI0
¸ ¶¥·¥³¥´´Ò³ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¨§ÊÎ¥´  ¢ [6].

�´¨§μÉ·μ¶´μ¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  VI0 § ¤ ¥É¸Ö ¢ ¢¨¤¥ [215]

ds2 = dt2 − a2
1 e−2mx3dx2

1 − a2
2 e2mx3dx2

2 − a2
3dx2

3. (5.1)

„²Ö ³¥É·¨±¨ (5.1) ¢Ò¡¥·¥³ É¥É· ¤Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

e
(0)
0 = 1, e

(1)
1 = a1 e−mx3 , e

(2)
2 = a2 emx3 , e

(3)
3 = a3. (5.2)

ˆ§ (1.92) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¶¨´μ·´ÒÌ  ËË¨´´ÒÌ ¸¢Ö§-
´μ¸É¥°:

Γ0 = 0, (5.3 )

Γ1 =
1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3 , (5.3¡)

Γ2 =
1
2

(
ȧ2γ̄

2γ̄0 + m
a2

a3
γ̄2γ̄3

)
emx3 , (5.3¢)

Γ3 =
ȧ3

2
γ̄3γ̄0. (5.3£)
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Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¡¨²¨´¥°´Ò¥ ¸¶¨´μ·´Ò¥ Ëμ·-
³Ò (1.4) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ Ê· ¢´¥´¨°:

Ṡ0 + �A0
0 = 0, (5.4 )

Ṗ0 − ΦA0
0 = 0, (5.4¡)

Ȧ0
0 + ΦP0 − �S0 = 0, (5.4¢)

Ȧ3
0 = 0, (5.4£)

v̇0
0 = 0, (5.4¤)

v̇3
0 + ΦQ30

0 + �Q21
0 = 0, (5.4¥)

Q̇30
0 − Φv3

0 = 0, (5.4¦)

Q̇21
0 − � v3

0 = 0. (5.4§)

Šμ³¡¨´¨·ÊÖ ÔÉ¨ Ê· ¢´¥´¨Ö, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¶¥·¢Ò¥ ¨´É¥£· ²Ò:

(S0)2 + (P0)2 + (A0
0)

2 = l21 = const, (5.5 )

A3
0 = l22 = const, (5.5¡)

(Q30
0 )2 + (Q21

0 )2 + (v3
0)2 = l23 = const, (5.5¢)

v0
0 = l24 = const. (5.5£)

‘¨¸É¥³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
− m2

a2
3

= κ (F (K) − 2KFK) , (5.6 )

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (F (K) − 2KFK) , (5.6¡)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
+

m2

a2
3

= κ (F (K) − 2KFK) , (5.6¢)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (mspS + F (K)) , (5.6£)

ȧ1

a1
− ȧ2

a2
= 0, (5.6¤)
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0 =
a1 m e−mx3

4 a3
A2, (5.6¥)

0 =
a2 m emx3

4 a3
A1, (5.6¦)

0 =
a2 e2mx3

4 a1

[(
ȧ1

a1
− ȧ2

a2

)
A3 − 2m

a3
A0

]
, (5.6§)

0 =
a3 emx3

4 a1

(
ȧ3

a3
− ȧ1

a1

)
A2, (5.6¨)

0 =
a3 e−mx3

4 a2

(
ȧ2

a2
− ȧ3

a3

)
A1. (5.6±)

ˆ§ (5.6¤) ´¥¶μ¸·¥¤¸É¢¥´´μ ´ Ìμ¤¨³

a2 = X0a1, X0 = const. (5.7)

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¨¸¶μ²Ó§Ê¥³ Ê¸²μ¢¨¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ¸-
É¨ (4.20). ’μ£¤  ¸ ÊÎ¥Éμ³ (4.3) ´ Ìμ¤¨³

a1 =
[

1
X0X1

V

] 1
3−

1
2N3

, a2 = X0

[
1

X0X1
V

] 1
3−

1
2N3

,

a3 = X1

[
1

X0X1
V

] 1
3+ 1

N3

.

(5.8)

ˆ§ (5.8) ¸²¥¤Ê¥É, ÎÉμ ¨§μÉ·μ¶¨§ Í¨Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¶·μ¨¸Ìμ¤¨É Éμ²Ó±μ
¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ N3.

“· ¢´¥´¨¥ ¤²Ö V ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ¨§ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  (�2.18),
±μÉμ·μ¥ ¶μ¸²¥ ´¥±μÉμ·ÒÌ ³ ´¨¶Ê²ÖÍ¨° ¢Ò£²Ö¤¨É ± ±

V̈ = X̄V 1/3−2/N3 +
3κ

2
[mspS + 2 (F (K) − KFK)] V, (5.9)

£¤¥ X̄ = 2m2X
2/N3+2/3
0 X

2/N3−1/3
1 .

„²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥³

φ̇1 + ı Φφ1 + �φ3 = 0, (5.10 )

φ̇2 + ı Φφ2 + �φ4 = 0, (5.10¡)

φ̇3 − ı Φφ3 − �φ1 = 0, (5.10¢)

φ̇4 − ı Φφ4 − �φ2 = 0. (5.10£)
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�É  ¸¨¸É¥³  ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ Ëμ·³¥ (4.50) ¸

A =

⎛
⎜⎜⎝

−ı Φ 0 −� 0
0 −ı Φ 0 −�
� 0 ı Φ 0
0 � 0 ı Φ

⎞
⎟⎟⎠ . (5.11)

Œμ¦´μ ²¥£±μ ´ °É¨, ÎÉμ

detA =
(
Φ2 + �

2
)2

. (5.12)

�¥Ï¥´¨¥ Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ (4.53).
’¥¶¥·Ó ¨§ÊÎ¨³ ¢²¨Ö´¨¥ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É ¸¨¸É¥³Ò Ê· ¢´¥´¨°

�°´ÏÉ¥°´ .
ˆ§ (5.6¥) ¨ (5.6¦) ¸· §Ê ´ Ìμ¤¨³

A2 = 0 ¨ A1 = 0. (5.13)

‚¢¨¤Ê (5.13) μÉ´μÏ¥´¨Ö (5.6¨) ¨ (5.6±) ¢Ò¶μ²´ÖÕÉ¸Ö ¡¥§ ´ ²μ¦¥´¨Ö μ£· ´¨-
Î¥´¨° ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨. ‘ ÊÎ¥Éμ³ (5.6¤) ¨§ (5.6§) ´ Ìμ¤¨³

A0 = 0. (5.14)

� ¢¥´¸É¢  (5.13) ¨ (5.14) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ É¥·³¨´ Ì ±μ³¶μ´¥´É ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ψ∗
1ψ2 − ψ∗

2ψ1 + ψ∗
3ψ4 − ψ∗

4ψ3 = 0, (5.15 )

ψ∗
1ψ2 + ψ∗

2ψ1 + ψ∗
3ψ4 + ψ∗

4ψ3 = 0, (5.15¡)

ψ∗
1ψ3 + ψ∗

2ψ4 + ψ∗
3ψ1 + ψ∗

4ψ2 = 0. (5.15¢)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢¢¨¤Ê (5.13) ¨ (5.14) ¨§ · ¢¥´¸É¢ 

vμAμ = 0 ⇒ v3A
3 = 0 (5.16)

¨³¥¥³ ²¨¡μ
A3 = 0 ⇒ ψ∗

1ψ1 − ψ∗
2ψ2 + ψ∗

3ψ3 − ψ∗
4ψ4 = 0, (5.17)

²¨¡μ
v3 = 0 ⇒ ψ∗

1ψ3 − ψ∗
2ψ4 + ψ∗

3ψ1 − ψ∗
4ψ2 = 0. (5.18)

‚ ¸²ÊÎ ¥ A3 = 0 ´ Ìμ¤¨³ Aμ = 0. ’μ£¤  ¸ ÊÎ¥Éμ³ ÔÉμ£μ, ¶·¨´¨³ Ö ¢μ
¢´¨³ ´¨¥, ÎÉμ IA = AμAμ = −(S2 + P 2), ´ ±μ´¥Í, ´ Ìμ¤¨³ [214]

S2 + P 2 = 0 ⇒ S = 0 ¨ P = 0. (5.19)
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’ ±¨³ μ¡· §μ³, ³Ò ¢¨¤¨³, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¨§´ Î ²Ó´μ ³ ¸-
¸¨¢´μ¥ ´¥²¨´¥°´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¸É ´μ¢¨É¸Ö ²¨´¥°´Ò³ ¨ ¡¥§³ ¸¸μ¢Ò³
¢ ·¥§Ê²ÓÉ É¥ ¸¶¥Í¨Ë¨±¨ £¥μ³¥É·¨¨ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥-
´¨, ÎÉμ Ô±¢¨¢ ²¥´É´μ ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
¢ ¢ ±ÊÊ³¥.

‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö V ¶μ²ÊÎ¨³

V̈ = X̄V 1/3−2/N3 (5.20)

¸ ·¥Ï¥´¨¥³ ¢ ±¢ ¤· ÉÊ· Ì

∫
dV

Φ0
= t + t0, Φ0 =

√
6N3X̄

4N3 − 6
V (4N3−6)/3N3 + C0, (5.21)

£¤¥ t0 ¨ C0 Å ´¥±μÉμ·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥.
�  ·¨¸. 8 ¶·¥¤¸É ¢²¥´ £· Ë¨± Ô¢μ²ÕÍ¨¨ ³ ¸ÏÉ ¡  μ¡Ñ¥³ . „²Ö ¶·μ¸ÉμÉÒ

¢Ò¡¥·¥³ m = 1, X0 = 1, X1 = 1, C0 = 10 ¨ N3 = 3. � Î ²Ó´μ¥ §´ Î¥´¨¥
³ ¸ÏÉ ¡  μ¡Ñ¥³  ¢Ò¡· ´μ V (0) = 0,1,   V̇ (0) ¢ÒÎ¨¸²¥´μ ¨§ (5.21).

�¨¸. 8. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¢ μÉ¸ÊÉ¸É¢¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö (¢ ±ÊÊ³´μ¥ ·¥Ï¥´¨¥)

—Éμ ± ¸ ¥É¸Ö ¸¶¨´μ·´μ£μ ¶μ²Ö, Éμ ³ É·¨Í  A ¢ (4.50) ¢ ÔÉμ³ ¸²ÊÎ ¥
¸É ´μ¢¨É¸Ö É·¨¢¨ ²Ó´μ° ¨ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥ÕÉ ¢¨¤

ψi =
ci√
V

, i = 1, 2, 3, 4, (5.22)

£¤¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ci Ê¤μ¢²¥É¢μ·ÖÕÉ

c∗1c1 + c∗2c2 − c∗3c3 − c∗4c4 = 0, (5.23 )

c∗1c3 + c∗2c4 − c∗3c1 − c∗4c2 = 0. (5.23¡)
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Š ±  ²ÓÉ¥·´ É¨¢´Ò° ¸²ÊÎ ° ³μ¦´μ É ±¦¥ · ¸¸³ É·¨¢ ÉÓ (5.18) ¸ A3 
= 0.
‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥²¨´¥°´μ¸ÉÓ, É ± ¦¥ ± ± ¨ ³ ¸¸μ¢Ò° Î²¥´, ´¥ ¨¸Î¥§ ¥É. ‚Ò-
¡¨· Ö ¸¶¨´μ·´μ¥ ¶μ²¥ ¸ ´¥²¨´¥°´μ¸ÉÓÕ ¢ Ëμ·³¥ (4.55) ¨ ¶μ¤¸É ¢²ÖÖ ¢ (5.9),
  É ±¦¥ ÊÎ¨ÉÒ¢ Ö, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ S = V0/V , ´ Ìμ¤¨³

V̈ = Φ1(V ), (5.24)

Φ1 = X̄V 1/3−2/N3 +
3κ

2

[
msp V0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]

¸ ·¥Ï¥´¨¥³ ¢ ±¢ ¤· ÉÊ· Ì

∫
dV

Φ2
= t + t0, (5.25)

Φ2 =

√√√√ 6N3X̄

4N3 − 6
V (4N3−6)/3N3 + 3κ

[
msp V0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ C1,

£¤¥ t0 ¨ C1 Å ´¥±μÉμ·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥.
Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ

¶μ²Ö,   É ±¦¥ ¨´¢ ·¨ ´ÉÒ, ¶μ¸É·μ¥´´Ò¥ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³,
Ö¢²ÖÕÉ¸Ö μ¡· É´μ° ËÊ´±Í¨¥° μÉ V ¢ ´¥±μÉμ·μ° ¸É¥¶¥´¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ,
¢ ²Õ¡μ° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ÉμÎ±¥, £¤¥ V = 0, ¥¸ÉÓ ¸¨´£Ê²Ö·´μ¸ÉÓ.
�μÔÉμ³Ê ¶·¥¤¶μ² £ ¥³, ÎÉμ ¢´ Î ²¥ V ¡Ò² ³ ²Ò³, ´μ ´¥ ´Ê²¥¢Ò³. ˆ§ (5.24)
¢¨¤¨³, ÎÉμ ´  ´ Î ²Ó´μ³ ÔÉ ¶¥ ´¥²¨´¥°´μ¥ ¸² £ ¥³μ¥ ¶·¥μ¡² ¤ ¥É, ¥¸²¨ nk =
n1 É ±μ¥, ÎÉμ n1 > 1/2 ¨ n1 > 1/3 + 1/N3, Éμ£¤  ± ± ¤²Ö Éμ£μ, ÎÉμ¡Ò
´¥²¨´¥°´μ¸ÉÓ ¸É ²  ¤μ³¨´¨·ÊÕÐ¥° ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° V , ´¥μ¡Ìμ¤¨³μ
nk = n2 É ±μ¥, ÎÉμ n2 < 1/2 ¨ n2 < 1/3 + 1/N3.

�  ·¨¸. 9 ¨ 10 ¶μ± § ´ £· Ë¨± Ô¢μ²ÕÍ¨¨ ³ ¸ÏÉ ¡  μ¡Ñ¥³  V ¤²Ö ¶μ-
²μ¦¨É¥²Ó´ÒÌ ¨ μÉ·¨Í É¥²Ó´ÒÌ ±μ´¸É ´É ¸¢Ö§¨ λ1 ¨ λ2 ¸μμÉ¢¥É¸É¢¥´´μ. „²Ö
¶·μ¸ÉμÉÒ ¶·¨³¥³ m = 1, X0 = 1, X1 = 1, N3 = 3, msp = 1, V0 = 1, κ = 1,
C1 = 10, n1 = 3, n2 = 1/4 ¨ N3 = 3. �·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ´¸É ´É Ì
λ1 = 1 ¨ λ2 = 1 ¤ ´´ Ö ³μ¤¥²Ó μ¶¨¸Ò¢ ¥É · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ, ¢ Éμ
¢·¥³Ö ± ± ¤²Ö μÉ·¨Í É¥²Ó´ÒÌ ±μ´¸É ´É ¸¢Ö§¨ λ1 = −0,5 ¨ λ2 = −0,5 ¨³¥¥³
Í¨±²¨Î¥¸±ÊÕ ‚¸¥²¥´´ÊÕ, ±μÉμ· Ö · ¸Ï¨·Ö¥É¸Ö ¤μ ´¥±μÉμ·μ£μ ³ ±¸¨³Ê³ ,  
§ É¥³ ¸¦¨³ ¥É¸Ö ¤μ ³¨´¨³Ê³ , Éμ²Ó±μ ÎÉμ¡Ò ¸´μ¢  · ¸Ï¨·ÖÉÓ¸Ö. � Î ²Ó´μ¥
§´ Î¥´¨¥ ³ ¸ÏÉ ¡  μ¡Ñ¥³  ¢Ò¡¥·¥³ V (0) = 0,1, ¨ V̇ (0) ´ Ìμ¤¨³ ¨§ (5.25).

�μ¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ ¶ · ³¥É·μ³ § ³¥¤²¥´¨Ö ¶·¨ ¶μ²μ¦¨É¥²Ó-
´ÒÌ ±μ´¸É ´É Ì ¸¢Ö§¨. ˆ§ μ¶·¥¤¥²¥´¨Ö

q = −V V̈

V̇ 2
= −V Φ1

Φ2
2

(5.26)
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�¨¸. 9. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³,
¶·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ´¸É ´É Ì ¸¢Ö§¨
λ1 = 1 ¨ λ2 = 1

�¨¸. 10. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ³ ¸¸¨¢´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³,
¶·¨ μÉ·¨Í É¥²Ó´ÒÌ ±μ´¸É ´É Ì ¸¢Ö§¨
λ1 = −0,5 ¨ λ2 = −0,5

³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ‚¸¥²¥´´ Ö ¢ ¤ ´´μ° ³μ¤¥²¨ · ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³.
“Î¨ÉÒ¢ Ö ¤¨¸±Ê¸¸¨Õ μ §´ Î¥´¨¨ nk, ¶¥·¥¶¨Ï¥³

q = − X̄V 4/3−2/N3+ 3κ
2 [mspV0V +2λ1(1−n1)V

2n1
0 V 2(1−n1)+2λ2(1−n2)V

2n2
0 V 2(1−n2)]

6N3X̄
4N3−6V 4/3−2/N3+3κ[msp V0V +λ1V

2n1
0 V 2(1−n1)+λ2V

2n2
0 V 2(1−n2)]+C1

.

(5.27)

Š ± ¡Ò²μ μÉ³¥Î¥´μ, ¶·¨ ¡μ²ÓÏ¨Ì t, ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¶·¨ ¡μ²ÓÏ¨Ì V ¶·¥μ¡-
² ¤ ¥É Î²¥´ ¸ nk = n2 < 1/2. ‘ ÊÎ¥Éμ³ ÔÉμ£μ ´ Ìμ¤¨³

lim
V →∞

q → −(1 − n2) < 0. (5.28)

�  ·¨¸. 11 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶ · ³¥É·  § ³¥¤²¥´¨Ö. Š ± ¢¨¤´μ ¨§ ÔÉμ£μ
·¨¸Ê´± , ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¶·¨¢μ¤¨É ± ¶μ§¤´¥³Ê Ê¸±μ·¥´´μ³Ê
· ¸Ï¨·¥´¨Õ ‚¸¥²¥´´μ°.

’ ±¨³ μ¡· §μ³, ¢ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¨§-§ 
¸¶¥Í¨Ë¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥³ ¤¢  · §²¨Î´ÒÌ ¸Í¥´ ·¨Ö.
‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¨´¢ ·¨ ´ÉÒ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³ ¸É ´μ¢ÖÉ¸Ö É·¨¢¨-
 ²Ó´Ò³¨, É ±¨³ μ¡· §μ³ ¶μ·μ¦¤ Ö ² £· ´¦¨ ´ ¤²Ö ¡¥§³ ¸¸μ¢μ£μ ¨ ²¨´¥°´μ£μ
¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö Ô±¢¨¢ ²¥´É´Ò³¨ ·¥Ï¥-
´¨Ö³ Ê· ¢´¥´¨Ö 	¨ ´±¨ É¨¶  VI0 ¢ ¢ ±ÊÊ³¥. ‚Éμ·μ° ¸²ÊÎ ° ¤μ¶Ê¸± ¥É ´¥¨¸-
Î¥§ ÕÐ¨¥ ³ ¸¸μ¢Ò¥ ¨ ´¥²¨´¥°´Ò¥ Î²¥´Ò ¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´É
¸¢Ö§¥° ¶·¨¢μ¤¨É ²¨¡μ ± Ê¸±μ·¥´´μ³Ê ·¥¦¨³Ê · ¸Ï¨·¥´¨Ö, ²¨¡μ ± ·¥Ï¥´¨Õ,
¢ ±μÉμ·μ³ ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö ´¥±μÉμ·μ£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ‚¸¥²¥´´ Ö
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�¨¸. 11. �¢μ²ÕÍ¨Ö ¶ · ³¥É·  § ³¥¤²¥´¨Ö ¤²Ö ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ³ ¸¸¨¢´Ò³
¸¶¨´μ·´Ò³ ¶μ²¥³, ¶·¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ´¸É ´É Ì ¸¢Ö§¨ λ1 = 1 ¨ λ2 = 1

¸¦¨³ ¥É¸Ö ¨ § ± ´Î¨¢ ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³, ¶μ·μ¦¤ Ö ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ. �ÉμÉ ·¥§Ê²ÓÉ É ¸´μ¢  ¶μ± §Ò¢ ¥É ÎÊ¢¸É¢¨É¥²Ó´μ¸ÉÓ
¸¶¨´μ·´μ£μ ¶μ²Ö ± £· ¢¨É Í¨μ´´μ³Ê ¶μ²Õ.

6. ���‘’�	�‘’‚�-‚�…ŒŸ 
ˆ	�Šˆ ’ˆ�	 V

’¥¶¥·Ó · ¸¸³μÉ·¨³ ³μ¤¥²Ó 	¨ ´±¨ É¨¶  V (BV) ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.
�¥±μÉμ·Ò¥ ³μ¤¥²¨ É¥³´μ° Ô´¥·£¨¨ ¡Ò²¨ ¨§ÊÎ¥´Ò ¢ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±μ°
³μ¤¥²¨ BV ¢ [252]. �·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  V ¸ ¶¥·¥³¥´´Ò³ ¶ -
· ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¨¸¸²¥¤μ¢ ´μ ¢ [209]. ‘¶¨´μ·´μ¥ μ¶¨¸ ´¨¥
É¥³´μ° Ô´¥·£¨¨ ¢ · ³± Ì ³μ¤¥²¨ BV ¤ ´μ ¢ [206]. Šμ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨
	¨ ´±¨ É¨¶  V ¢ É¥μ·¨¨ 	· ´¸ Ä„¨±±¥ ¨§ÊÎ¥´Ò ¢ · ¡μÉ Ì [51,54,119]. �´¨§μ-
É·μ¶´ Ö ³μ¤¥²Ó 	¨ ´±¨ É¨¶  V É ±¦¥ ¨§ÊÎ ¥É¸Ö ¢ [213]. “¸É ´μ¢²¥´μ, ÎÉμ ¶·¨
´ ²¨Î¨¨ Ê¸²μ¢¨Ö ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¶μ¤Î¨´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Õ T 1

1 + T 2
2 = 2T 3

3 , ¥¸²¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ É¥´§μ·
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨³¥¥É Éμ²Ó±μ ¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ. Œμ¤¥²Ó 	¨ ´±¨
É¨¶  V ¸ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ ¨ ¸ ·μ¦¤¥´¨¥³ Î ¸É¨Í ¨§ÊÎ¥´  ¢ [257]. Œμ¤¥²Ó
	¨ ´±¨ É¨¶  V ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, § ¶μ²´¥´´μ£μ ´¥²¨´¥°´Ò³ ¸¶¨´μ·´Ò³
¶μ²¥³, ¨¸¸²¥¤μ¢ ´  ¢ [179,217].

�·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  V § ¤ ¥É¸Ö [179,199,209] ± ±

ds2 = dt2 − a2
1 e2mx3dx2

1 − a2
2 e2mx3dx2

2 − a2
3dx2

3, (6.1)

£¤¥ a1, a2 ¨ a3 § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨ ¨ m Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö
¶μ¸ÉμÖ´´ Ö.
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„²Ö ³¥É·¨±¨ (6.1) ¢Ò¡¥·¥³ É¥É· ¤Ê ¢ ¢¨¤¥

e
(0)
0 = 1, e

(1)
1 = a1 emx3 , e

(2)
2 = a2 emx3 , e

(3)
3 = a3. (6.2)

’μ£¤  ¤²Ö ³¥É·¨±¨ 	¨ ´±¨ É¨¶  V ¨§ (1.92) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö
¤²Ö ¸¶¨´μ·´ÒÌ  ËË¨´´ÒÌ ¸¢Ö§´μ¸É¥°:

Γ0 = 0, (6.3 )

Γ1 =
1
2

(
ȧ1γ̄

1γ̄0 + m
a1

a3
γ̄1γ̄3

)
emx3 , (6.3¡)

Γ2 =
1
2

(
ȧ2γ̄

2γ̄0 + m
a2

a3
γ̄2γ̄3

)
emx3 , (6.3¢)

Γ3 =
ȧ3

2
γ̄3γ̄0. (6.3£)

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¡¨²¨´¥°´Ò¥ ¸¶¨´μ·´Ò¥ Ëμ·³Ò ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¤-
Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ Ê· ¢´¥´¨°:

Ṡ0 + �A0
0 = 0, (6.4 )

Ṗ0 − ΦA0
0 = 0, (6.4¡)

Ȧ0
0 +

2m

a3
A3

0 + ΦP0 − �S0 = 0, (6.4¢)

Ȧ3
0 +

2m

a3
A0

0 = 0, (6.4£)

v̇0
0 +

2m

a3
v3
0 = 0, (6.4¤)

v̇3
0 +

2m

a3
v0
0 + ΦQ30

0 + �Q21
0 = 0, (6.4¥)

Q̇30
0 − Φv3

0 = 0, (6.4¦)

Q̇21
0 − � v3

0 = 0. (6.4§)

�¡Ñ¥¤¨´ÖÖ ÔÉ¨ Ê· ¢´¥´¨Ö, ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥ ¶¥·¢Ò¥ ¨´É¥£· ²Ò:

(S0)2 + (P0)2 + (A0
0)

2 − (A3
0)

2 = C1 = const, (6.5 )

(Q30
0 )2 + (Q21

0 )2 + (v3
0)

2 − (v0
0)2 = C2 = const. (6.5¡)

“· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ (4.50) ¸

A =

⎛
⎜⎜⎜⎝

−ı Φ 0 −ı� − � 0
0 −ı Φ 0 ı� − �

−ı� + � 0 ı Φ 0
0 ı� + � 0 ı Φ

⎞
⎟⎟⎟⎠ , (6.6)



328 ‘�•� 	.

£¤¥ μ¡μ§´ Î¥´μ, ÎÉμ � = X̄0/V 1/3. Œμ¦´μ ²¥£±μ ´ °É¨, ÎÉμ

detA =
(
Φ2 + �

2 + �
2
)2

. (6.7)

�¥Ï¥´¨Ö Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ Ëμ·³¥ (4.53).
‘¨¸É¥³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¢ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ BV ¨³¥-

¥É ¢¨¤

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
− m2

a2
3

= κ (F (K) − 2KFK) , (6.8 )

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (F (K) − 2KFK) , (6.8¡)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
− m2

a2
3

= κ (F (K) − 2KFK) , (6.8¢)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− 3m2

a2
3

= κ (mspS + F (K)) , (6.8£)

ȧ1

a1
+

ȧ2

a2
− 2

ȧ3

a3
= 0, (6.8¤)

0 =
3 a1 m emx3

4 a3
A2, (6.8¥)

0 = −3 a2 m e−mx3

4 a3
A1, (6.8¦)

0 =
a2

4 a1

(
ȧ1

a1
− ȧ2

a2

)
A3, (6.8§)

0 =
a3

4 a1
emx3

(
ȧ3

a3
− ȧ1

a1

)
A2, (6.8¨)

0 =
a3

4 a2
emx3

(
ȧ2

a2
− ȧ3

a3

)
A1. (6.8±)

ˆ§ (6.8¤) ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ³¥É·¨Î¥¸±¨³¨ ËÊ´±-
Í¨Ö³¨:

a1a2 = X2a
2
3, X2 = const. (6.9)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ (6.8¥) ¨ (6.8¦) ¸· §Ê ¸²¥¤Ê¥É

A2 = 0 ¨ A1 = 0. (6.10)

‚¢¨¤Ê (6.10) μÉ´μÏ¥´¨Ö (6.8¨) ¨ (6.8±) ¢Ò¶μ²´ÖÕÉ¸Ö ¡¥§ ± ±μ£μ-²¨¡μ μ£· ´¨-
Î¥´¨Ö ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨. ˆ§ (6.8§) ¨³¥ÕÉ¸Ö ¤¢¥ · §´Ò¥ ¢μ§³μ¦´μ¸É¨:

1) μ£· ´¨Î¥´¨¥ ´  ³¥É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ

ȧ1

a1
− ȧ2

a2
= 0, (6.11)
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2) μ£· ´¨Î¥´¨¥ ´  ¸¶¨´μ·´μ¥ ¶μ²¥:

A3 = 0. (6.12)

‘²ÊÎ ° I. � ²μ¦¨¢ μ£· ´¨Î¥´¨¥ ´  ³¥É·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ (6.11), ´ Ìμ-
¤¨³ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê a1 ¨ a2:

a2 = X1a1, X1 = const. (6.13)

’μ£¤  ¸ ÊÎ¥Éμ³ (4.3) ¨§ (6.9) ¨ (6.13) ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° μ±μ´Î É¥²Ó´μ
¨³¥¥³

a1 =
X

1/6
2√
X1

V 1/3, a2 = X
1/6
2

√
X1V

1/3, a3 = X
−1/3
2 V 1/3. (6.14)

’ ±¨³ μ¡· §μ³, ³Ò ¢¨¤¨³, ÎÉμ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¶·¨¢μ¤¨É
± a1 ∼ a2 ∼ a3 ¸ ¸ ³μ£μ ´ Î ² , ¥¸²¨ μ£· ´¨Î¥´¨¥ ´ ²μ¦¥´μ ´  ³¥É·¨Î¥¸±¨¥
ËÊ´±Í¨¨. �´ ²μ£¨Î´Ò° ·¥§Ê²ÓÉ É ´ °¤¥´ ¤²Ö 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ¢ [214]. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¡² £μ¤ ·Ö ´¥¤¨ £μ´ ²Ó´Ò³ ±μ³¶μ-
´¥´É ³ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ³Ò ¸³μ£²¨
´ °É¨ ¢Ò· ¦¥´¨Ö ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨°,
É ±¨Ì ± ± ¶·μ¶μ·Í¨μ´ ²Ó´μ¸ÉÓ ¸¤¢¨£  ¨ · ¸Ï¨·¥´¨¥.

’ ±¨³ μ¡· §μ³, ¢Ò· ¦¥´¨Ö ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶μ²ÊÎ¥´Ò ¢ É¥·-
³¨´ Ì V . “· ¢´¥´¨¥ ¤²Ö V ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¨§ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ 
(�2.18), ±μÉμ·μ¥ ¶μ¸²¥ ´¥±μÉμ·ÒÌ ³ ´¨¶Ê²ÖÍ¨° ¢Ò£²Ö¤¨É ± ±

V̈ = 6m2X
2/3
2 V 1/3 +

3κ

2
[mspS + 2 (F (K) − KFK)] V. (6.15)

„ ²¥¥, § ¤ ¢ ±μ´±·¥É´ÊÕ Ëμ·³Ê F (K), ³μ¦´μ ´ ·¨¸μ¢ ÉÓ ± ·É¨´Ê Ô¢μ²ÕÍ¨¨
‚¸¥²¥´´μ°. Š ± ¡Ò²μ ¶μ± § ´μ · ´¥¥, K = V 2

0 /V 2 ¤²Ö ¢¸¥Ì ¸²ÊÎ ¥¢ ¸ ´Ê²¥¢μ°
³ ¸¸μ° ¸¶¨´μ·´μ£μ ¶μ²Ö,   É ±¦¥ ¸ ´¥´Ê²¥¢μ° ³ ¸¸μ° ¸¶¨´μ·´μ£μ ¶μ²Ö K =
I = S2. �μÔÉμ³Ê ³Ò ¤μ²¦´Ò · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° ¸ K = I , ¶μ² £ Ö F = F (I).
�μ¤¸É ¢²ÖÖ (4.55) ¢ (6.15), ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥:

V̈ = Φ1(V ), (6.16)

Φ1(V ) ≡ 6m2X
2/3
2 V 1/3 +

3κ

2

[
mspV0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]
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¸ ¶¥·¢Ò³ ¨´É¥£· ²μ³

V̇ = Φ2(V ), (6.17)

Φ2(V ) ≡

√√√√9m2X
2/3
2 V 4/3 + 3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ Vc,

Vc = const.

�¥Ï¥´¨¥ ¶·¥¤Ò¤ÊÐ¥£μ Ê· ¢´¥´¨Ö Ëμ·³ ²Ó´μ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ±¢ ¤· ÉÊ-
· Ì ± ±

∫
dV√

9m2X
2/3
2 V 4/3 + 3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ Vc

=

= t + t0, t0 = const. (6.18)

“· ¢´¥´¨¥ (6.16) ³μ¦´μ ·¥Ï¨ÉÓ Î¨¸²¥´´μ. „²Ö ÔÉμ£μ ´ ¤μ § ¤ ÉÓ ±μ´±·¥É-
´Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ m, X2, κ, msp, λk, V0, nk, Vc ¨ ´ Î ²Ó´μ¥ §´ Î¥´¨¥
V = V (0), Éμ£¤  ± ± §´ Î¥´¨¥ V̇ (0) ´Ê¦´μ ´ °É¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢Ò· ¦¥-
´¨Ö (6.17), ±μÉμ·μ¥, ¡Ê¤ÊÎ¨ ±¢ ¤· É´Ò³ ±μ·´¥³, ´ ±² ¤Ò¢ ¥É ¥¸É¥¸É¢¥´´Ò¥
μ£· ´¨Î¥´¨Ö ´  ¢Ò¡μ· ¶ · ³¥É·μ¢ ¨ ´ Î ²Ó´μ¥ §´ Î¥´¨¥.

—Éμ¡Ò μ¶·¥¤¥²¨ÉÓ Ì · ±É¥· Ô¢μ²ÕÍ¨¨, ¸´ Î ²  ¨§ÊÎ¨³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶μ¢¥¤¥´¨¥ Ê· ¢´¥´¨Ö (6.16). ‚¸¶μ³´¨¢, ÎÉμ ²Õ¡ Ö ÉμÎ±  ¶·μ¸É· ´¸É¢ -¢·¥-
³¥´¨, £¤¥ ³ ¸ÏÉ ¡ μ¡Ñ¥³  ¸É ´μ¢¨É¸Ö · ¢´Ò³ ´Ê²Õ, Ö¢²Ö¥É¸Ö μ¸μ¡μ° ÉμÎ-
±μ° [177], ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¶·¥¤¶μ²μ¦¨³, ÎÉμ ´ Î ²Ó´μ¥ §´ -
Î¥´¨¥ V ³ ²μ, ´μ ´¥ ´Ê²¥¢μ¥. ’μ£¤  ¨§ (6.16) ¢¨¤¨³, ÎÉμ ¶·¨ t → 0 Î²¥´
mspV0 ¶·¥μ¡² ¤ ¥É, ¥¸²¨ nk = n1 : 1 − 2n1 > 0, É. ¥. n1 < 1/2. ‚ ¸²Ê-
Î ¥ nk = n0 : n0 = 1/2 ÔÉμ ³μ¦¥É ¡ÒÉÓ μ¡Ñ¥¤¨´¥´μ ¸ ³ ¸¸μ¢Ò³ Î²¥´μ³.
ˆ, ´ ±μ´¥Í, ¤²Ö n1 > 1/2 ´¥²¨´¥°´Ò° Î²¥´ ¶·¥μ¡² ¤ ¥É ¢ ´ Î ²Ó´μ° ¸É ¤¨¨
Ô¢μ²ÕÍ¨¨. � ¶μ³´¨³, ÎÉμ ³Ò · ¸¸³ É·¨¢ ¥³ · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ,
¸²¥¤μ¢ É¥²Ó´μ, ¶·¨ t → ∞ V ¤μ²¦´μ ¡ÒÉÓ ¤μ¢μ²Ó´μ ¡μ²ÓÏ¨³. ‚ ÔÉμ³ ¸²ÊÎ ¥

Î²¥´ 6m2X
2/3
2 V 1/3 ¶·¥μ¡² ¤ ¥É, ¥¸²¨ nk = n2 : 1−2n2 < 1/3, É. ¥. n2 > 1/3,

±μ£¤  ¤²Ö n2 < 1/3 ´¥²¨´¥°´μ¸ÉÓ ¶·¥μ¡² ¤ ¥É ¶·¨ t → ∞. ’ ±¨³ μ¡· §μ³,
¶μ²¨´μ³¨ ²Ó´ Ö ´¥²¨´¥°´μ¸ÉÓ ¸ n1 > 1/2 > 1/3 ¨ n2 < 1/3 < 1/2 ¨£· ¥É
¢ ¦´ÊÕ ·μ²Ó ± ± ´  ´ Î ²Ó´μ°, É ± ¨ ´  ¶μ§¤´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨.

„²Ö μ¶·¥¤¥²¥´¨Ö Ì · ±É¥·  · ¸Ï¨·¥´¨Ö ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì ¢¢¥¤¥³
¶ · ³¥É· § ³¥¤²¥´¨Ö ¨ μ¶·¥¤¥²¨³ ¥£μ ± ±

q = −V V̈

V̇ 2
, (6.19)
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ÎÉμ ¢¢¨¤Ê (6.16) ¨ (6.17) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

q = −V Φ1(V )
Φ2

2(V )
=

= − 6m2X
2/3
2 V 4/3+ 3κ

2 [mspV0V +2λ1(1−n1)V
2n1
0 V 2(1−n1)+2λ2(1−n2)V

2n2
0 V 2(1−n2)]

9m2X
2/3
2 V 4/3+3κ[mspV0V +λ1V

2n1
0 V 2(1−n1)+λ2V

2n2
0 V 2(1−n2)]+Vc

.

(6.20)

�μ¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ q ¶·¨ ¡μ²ÓÏ¨Ì t.
…¸²¨ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° ¸ n2 < 1/3, ±μ£¤  ´¥²¨´¥°´μ¥ ¸² £ ¥³μ¥ ·¥Ï¨-

É¥²Ó´μ ¶·¥μ¡² ¤ ¥É ¶·¨ ¡μ²ÓÏ¨Ì t, ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ (6.20) ¢ ¢¨¤¥

q
∣∣
t→∞≈ −3κλ(1 − n2)V 2n2

0 V 2(1−n2)

3κλV 2n2
0 V 2(1−n2)

= −(1 − n2) < 0 ¤²Ö n2 <
1
3
, (6.21)

Éμ£¤  ± ±, ¥¸²¨ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° ¸ n1 > 1/2 > 1/3, ±μ£¤  ¶·¥μ¡² ¤ ¥É Î²¥´

¸ 6m2X
2/3
2 V 1/3 ¶·¨ ¡μ²ÓÏ¨Ì t, ¤²Ö q ¨³¥¥³

q
∣∣
t→∞≈ −6m2X

2/3
2 V 4/3

9m2X
2/3
2 V 4/3

= −2
3

< 0 ¶·¨ n2 >
1
3
. (6.22)

’ ±¨³ μ¡· §μ³, ¤¥² ¥³ ¢Ò¢μ¤, ÎÉμ ³μ¤¥²Ó ¶μ·μ¦¤ ¥É Ê¸±μ·¥´´Ò° ·¥¦¨³
· ¸Ï¨·¥´¨Ö.

�  ·¨¸. 12 ¨ 13 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö V (t) ¨ ¶ · ³¥É·  § ³¥¤²¥´¨Ö q ¸μ-
μÉ¢¥É¸É¢¥´´μ. „²Ö ÔÉμ£μ ³Ò ¶·¥¤¶μ² £ ²¨ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢:
m = 1, X2 = 1, κ = 1, msp = 1, λ = 1, V0 = 1, Vc = 10 ¨ V (0) = 0,9.
‡ ³¥É¨³, ÎÉμ ¶ · ³¥É· m ¢Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ (6.16) ± ± m2, ¸²¥¤μ¢ É¥²Ó´μ,
§´ ± ¶ · ³¥É·  m ´¥ ¨£· ¥É ´¨± ±μ° ·μ²¨. —Éμ ± ¸ ¥É¸Ö nk, ³Ò · ¸¸³μÉ·¥²¨
¤¢  · §´ÒÌ §´ Î¥´¨Ö nk,   ¨³¥´´μ: nk = n2 = 1/4, ÎÉμ ¶·¨¢μ¤¨É ± Éμ³Ê,
ÎÉμ ´¥²¨´¥°´Ò° Î²¥´ ¶·¥μ¡² ¤ ¥É ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì t, ¨ nk = n1 = 2,
±μ£¤  ¶·¥μ¡² ¤ ¥É Î²¥´ ¸ ¶ · ³¥É·μ³ m. Š ± ³Ò ¶μ± § ²¨ ¢  ¸¨³¶ÉμÉ¨Î¥-
¸±μ³  ´ ²¨§¥, ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ q < 0, É. ¥. ³μ¤¥²Ó · ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³.
�  ·¨¸. 12 ¨ 13 ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö ¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ, ±μ£¤  ´¥²¨´¥°´Ò°
Î²¥´ ¶·¥μ¡² ¤ ¥É ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì,   ¸¶²μÏ´ Ö ±·¨¢ Ö Å ¸²ÊÎ Õ, ±μ-
£¤  ¶·¥μ¡² ¤ ¥É ¶¥·¢Ò° Î²¥´ ¸ ¶ · ³¥É·μ³ m, É. ¥. Î²¥´, ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
£¥μ³¥É·¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¸²ÊÎ ¥ I ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Í¨±²¨Î¥¸±¨¥ ¨²¨ ¶¥·¨-
μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¤²Ö V . �  ¸ ³μ³ ¤¥²¥ μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ ±μ´¸É ´ÉÒ
¸¢Ö§¨ λ2 ¸ n2 < 1/3 ³μ¦¥É ¶·¨¢¥¸É¨ ± É ±μ³Ê ·¥Ï¥´¨Õ. �  ·¨¸. 14 ¶μ± § ´ 
Ô¢μ²ÕÍ¨Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  V ¤²Ö μÉ·¨Í É¥²Ó´μ£μ §´ Î¥´¨Ö λ2. Š ± ¢¨¤´μ
´  ·¨¸Ê´±¥, ¢ ÔÉμ³ ¸²ÊÎ ¥ ‚¸¥²¥´´ Ö ´ Î¨´ ¥É · ¸Ï¨·ÖÉÓ¸Ö ¸ ´ Î ²Ó´μ° ¶μ-
§¨Í¨¨, ¤μ¸É¨£ ¥É ´¥±μÉμ·μ£μ ³ ±¸¨³Ê³ , ¶·¥¦¤¥ Î¥³ ¸´μ¢  ¸¦ ÉÓ¸Ö.

‘²ÊÎ ° II. �±¸¶²Ê É¨·ÊÖ μ£· ´¨Î¥´¨Ö (6.12), É. ¥. A3 = 0 ¨§ (6.4£), ´ -
Ìμ¤¨³ A0 = 0. ’ ±¨³ μ¡· §μ³, ¢ ¸²ÊÎ ¥ II ´ Ìμ¤¨³ Aμ = 0, ÎÉμ ¡² £μ¤ ·Ö
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�¨¸. 12. �¢μ²ÕÍ¨Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  V ,
±μ£¤  ‚¸¥²¥´´ Ö § ¶μ²´¥´  ¸¶¨´μ·´Ò³
¶μ²¥³ ¸ ´¥É·¨¢¨ ²Ó´μ° ³ ¸¸μ°, ¸μ ¸²¥¤Ê-
ÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·μ¢: m = 1,
X2 = 1, κ = 1, msp = 1, λ = 1, V0 = 1,
Vc = 10 ¨ V (0) = 0,9. ˜É·¨Ìμ¢ Ö ±·¨¢ Ö
¸μμÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ n2 = 1/4, ¸¶²μÏ-
´ Ö Å n1 = 2

�¨¸. 13. �¢μ²ÕÍ¨Ö ¶ · ³¥É·  § ³¥¤²¥-
´¨Ö q ¸μ ¸²¥¤ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¶ -
· ³¥É·μ¢: m = 1, X2 = 1, κ = 1,
msp = 1, λ = 1, V0 = 1, Vc = 10
¨ V (0) = 0,9. ˜É·¨Ìμ¢ Ö ±·¨¢ Ö ¸μ-
μÉ¢¥É¸É¢Ê¥É ¸²ÊÎ Õ n2 = 1/4, ¸¶²μÏ-
´ Ö Å n1 = 2

�¨¸. 14. �¢μ²ÕÍ¨Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  V , ±μ£¤  ‚¸¥²¥´´ Ö § ¶μ²´¥´  ¸¶¨´μ·´Ò³ ¶μ²¥³
¸ ´¥É·¨¢¨ ²Ó´μ° ³ ¸¸μ°, ¸μ ¸²¥¤ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·μ¢: m = 1, X2 = 1,
κ = 1, msp = 1, λ = −1, V0 = 1, Vc = 10, n1 = 1/4 ¨ V (0) = 0,9. �É·¨Í É¥²Ó´μ¥
§´ Î¥´¨¥ λ ¶μ·μ¦¤ ¥É ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö
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Éμ¦¤¥¸É¢Ê IA = −(I + J) = −(S2 + P 2) = 0 ¢ ±μ´¥Î´μ³ ¸Î¥É¥ ¶·¨¢μ¤¨É
± S = 0 ¨ P = 0, É. ¥. ¢ ÔÉμ³ ¸²ÊÎ ¥ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸Î¥-
§ ¥É [214].

„²Ö V ´ Ìμ¤¨³
V̈ = 0 (6.23)

¸ ·¥Ï¥´¨¥³
V = b0t + b1, b0, b1 Å const. (6.24)

—Éμ ± ¸ ¥É¸Ö ¸¶¨´μ·´μ£μ ¶μ²Ö, ³ É·¨Í  A ¢ (4.50) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸É ´μ¢¨É¸Ö
É·¨¢¨ ²Ó´μ° ¨ ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

ψi =
ci√
V

, i = 1, 2, 3, 4, (6.25)

£¤¥ ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö ci Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³

c∗1c1 + c∗2c2 − c∗3c3 − c∗4c4 = 0, (6.26 )

c∗1c3 + c∗2c4 − c∗3c1 − c∗4c2 = 0. (6.26¡)

�É³¥É¨³, ÎÉμ ÔÉμÉ ·¥§Ê²ÓÉ É ¸μ¢¶ ¤ ¥É ¸ É¥³, ÎÉμ ¡Ò² ¶μ²ÊÎ¥´ ¤²Ö ¶·μ¸É· ´-
¸É¢ -¢·¥³¥´¨ 	¨ ´±¨ É¨¶  VI0 [215]. �´ ²μ£¨Î´Ò° ·¥§Ê²ÓÉ É ¡Ò² ¶μ²ÊÎ¥´
¤²Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ 	¨ ´±¨ É¨¶  I, ±μ£¤  μ£· ´¨Î¥´¨¥ ¡Ò²μ ´ ²μ¦¥´μ
Éμ²Ó±μ ´  ¸¶¨´μ·´μ¥ ¶μ²¥ [214].

“¸É ´μ¢²¥´μ, ÎÉμ ´ ²¨Î¨¥ ´¥É·¨¢¨ ²Ó´ÒÌ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É
É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ´ ±² ¤Ò¢ ¥É ´¥±μÉμ·Ò¥ ¦¥¸É±¨¥
μ£· ´¨Î¥´¨Ö ´  ¸¨¸É¥³Ê. ‚ μ¤´μ³ ¸²ÊÎ ¥ ³Ò μ¡´ ·Ê¦¨²¨, ÎÉμ ³¥É·¨Î¥¸±¨¥
ËÊ´±Í¨¨ ¶μÌμ¦¨ ¤·Ê£ ´  ¤·Ê£ , É. ¥. a1 ∼ a2 ∼ a3. �´ ²μ£¨Î´Ò° ·¥§Ê²Ó-
É É ¡Ò² ¶μ²ÊÎ¥´ ¤²Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ 	¨ ´±¨ É¨¶  I, ±μÉμ·μ¥ § É¥³
¶¥·¥Ìμ¤¨É ¢ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö FRW [212, 214]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ‚¸¥²¥´´ Ö
· ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³, ¥¸²¨ ±μ´¸É ´É  ¸¢Ö§¨ λ2 ¶μ²μ¦¨É¥²Ó´ Ö,   μÉ·¨-
Í É¥²Ó´ Ö λ2 ¶μ·μ¦¤ ¥É Í¨±²¨Î¥¸±μ¥ ¨²¨ ¶¥·¨μ¤¨Î¥¸±μ¥ ·¥Ï¥´¨¥. ‡´ ± λ1

´¥ ¢ ¦¥´ ¤²Ö Í¨±²¨Î¥¸±μ£μ ¨²¨ ¶¥·¨μ¤¨Î¥¸±μ£μ ·¥Ï¥´¨Ö, ´μ μÉ·¨Í É¥²Ó´ Ö
λ1 £¥´¥·¨·Ê¥É ³¨´¨³Ê³. ‚ ¸²ÊÎ ¥ ¥¸²¨ §´ Î¥´¨¥ ³¨´¨³Ê³  ¶μ²μ¦¨É¥²Ó´μ,
Éμ ³μ¤¥²Ó ¸ μÉ·¨Í É¥²Ó´Ò³¨ §´ Î¥´¨Ö³¨ λ1 ¨ λ2 ¶μ·μ¦¤ ¥É ‚¸¥²¥´´ÊÕ, ±μ-
Éμ· Ö ¶μ²´μ¸ÉÓÕ ·¥£Ê²Ö·´ . ‚ ¸²ÊÎ ¥ II ³ ¸¸  ¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ
¶μ²Ö ¨¸Î¥§ ÕÉ ¨ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ²¨´¥°´μ ¢μ ¢·¥³¥´¨. �ÉμÉ ·¥§Ê²ÓÉ É
 ´ ²μ£¨Î¥´ É¥³, ÎÉμ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ [212, 214] ¤²Ö ³μ¤¥²¨ 	¨ ´±¨ É¨¶  I
¨ ¢ [215] ¤²Ö 	¨ ´±¨ É¨¶  VI0.

7. ���‘’�	�‘’‚�-‚�…ŒŸ 
ˆ	�Šˆ ’ˆ�	 III

�·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´Ò¥ ¨  ´¨§μÉ·μ¶´Ò¥ ±μ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨
¨£· ÕÉ §´ Î¨É¥²Ó´ÊÕ ·μ²Ó ¢ μ¶¨¸ ´¨¨ ¶μ¢¥¤¥´¨Ö ‚¸¥²¥´´μ° ¢ ±·Ê¶´ÒÌ ³ ¸-
ÏÉ ¡ Ì, ¨ É ±¨¥ ³μ¤¥²¨ Ï¨·μ±μ ¨§ÊÎ¥´Ò ¢ · ³± Ì μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó-
´μ¸É¨ ¢ ¶μ¨¸± Ì ·¥ ²Ó´μ° ± ·É¨´Ò ³¨·μ§¤ ´¨Ö ´  ¥¥ · ´´¨Ì ¸É ¤¨ÖÌ. ‚ ¸¢Ö§¨
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¸ ÔÉ¨³ ´¥¤ ¢´μ ¡Ò²μ ¨§ÊÎ¥´μ μ¤´μ·μ¤´μ¥ ¨  ´¨§μÉ·μ¶´μ¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö
	¨ ´±¨ É¨¶  III ¢ ±μ´É¥±¸É¥ ³ ¸¸¨¢´ÒÌ ¸É·Ê´ ¢ · ¡μÉ Ì [153, 154, 251, 253].
�¥¤ ¢´μ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ [254]  ´¨§μÉ·μ¶´Ò¥ ³μ¤¥²¨ É¥³´μ° Ô´¥·£¨¨ 	¨ ´±¨
É¨¶  III ¸ ¶μ¸ÉμÖ´´Ò³ ¶ · ³¥É·μ³ § ³¥¤²¥´¨Ö. Œμ¤¥²Ó É¥³´μ° Ô´¥·£¨¨ 	¨-
 ´±¨ É¨¶  III ¸ ¶¥·¥³¥´´Ò³ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ω ¨¸¸²¥¤μ¢ ´ 
¢ [213]. ‚ ¶μ²ÊÎ¥´´μ° ³μ¤¥²¨ ‚¸¥²¥´´μ° ¸ É¥³´μ° Ô´¥·£¨¥° ±μ¸³μ²μ£¨Î¥-
¸± Ö ¶μ¸ÉμÖ´´ Ö Ö¢²Ö¥É¸Ö Ê¡Ò¢ ÕÐ¥° ËÊ´±Í¨¥° ¢·¥³¥´¨ ¨ ¶·¨¡²¨¦ ¥É¸Ö ±
´¥¡μ²ÓÏμ³Ê ¶μ²μ¦¨É¥²Ó´μ³Ê §´ Î¥´¨Õ ¢ ¶μ§¤´¥¥ ¢·¥³Ö (É. ¥. ¢ ´ ¸ÉμÖÐ¥¥
¢·¥³Ö). ‡´ Î¥´¨Ö ±μ¸³μ²μ£¨Î¥¸±μ° ®¶μ¸ÉμÖ´´μ°¯ ¤²Ö ¤ ´´μ° ³μ¤¥²¨ ´ °-
¤¥´Ò ´¥¡μ²ÓÏ¨³¨ ¨ ¶μ²μ¦¨É¥²Ó´Ò³¨, ÎÉμ ¶μ¤É¢¥·¦¤ ¥É¸Ö ´ ¡²Õ¤¥´¨Ö³¨.
‘¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ É¥³´μ° Ô´¥·£¨¨ ¢ · ³± Ì ³μ¤¥²¨ 	¨ ´±¨ É¨¶  III ¤ ´μ
¢ [206]. ‚ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¢²¨Ö´¨¥ ´¥É·¨¢¨ ²Ó´ÒÌ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ-
´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸¸²¥¤μ¢ ´μ ¢ [218].

�´¨§μÉ·μ¶´μ¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  III § ¤ ¥É¸Ö ³¥É·¨±μ°

ds2 = dt2 − a2
1 e−2mx3 dx2

1 − a2
2 dx2

2 − a2
3 dx2

3, (7.1)

£¤¥ a1, a2 ¨ a3 § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨ ¨ m Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö.

’¥É· ¤Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥É·¨±¥ (7.1), ¢Ò¡¥·¥³ ¢ ¢¨¤¥

e
(0)
0 = 1, e

(1)
1 = a1 e−mx3 , e

(2)
2 = a2, e

(3)
3 = a3. (7.2)

„²Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ 	¨ ´±¨ É¨¶  III ¨§ (1.92) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥
¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨:

Γ0 = 0, (7.3 )

Γ1 =
1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3 , (7.3¡)

Γ2 =
1
2
ȧ2γ̄

2γ̄0, (7.3¢)

Γ3 =
1
2
ȧ3γ̄

3γ̄0. (7.3£)

	¨²¨´¥°´Ò¥ ¸¶¨´μ·´Ò¥ Ëμ·³Ò Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ Ê· ¢´¥´¨Ö³:

Ṡ0 + �A0
0 = 0, (7.4 )

Ṗ0 − ΦA0
0 = 0, (7.4¡)

Ȧ0
0 −

m

a3
A3

0 + ΦP0 − �S0 = 0, (7.4¢)
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Ȧ3
0 −

m

a3
A0

0 = 0, (7.4£)

v̇0
0 − m

a3
v3
0 = 0, (7.4¤)

v̇3
0 − m

a3
v0
0 + ΦQ30

0 + �Q21
0 = 0, (7.4¥)

Q̇30
0 − Φv3

0 = 0, (7.4¦)

Q̇21
0 − � v3

0 = 0. (7.4§)

�¥·¢Ò¥ ¨´É¥£· ²Ò ¶·¥¤Ò¤ÊÐ¥° ¸¨¸É¥³Ò ¨³¥ÕÉ ¢¨¤

(S0)2 + (P0)2 + (A0
0)

2 − (A3
0)

2 = C1 = const, (7.5 )

(Q30
0 )2 + (Q21

0 )2 + (v3
0)

2 − (v0
0)2 = C2 = const. (7.5¡)

‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
= κ (F (K) − 2KFK) , (7.6 )

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (F (K) − 2KFK) , (7.6¡)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
= κ (F (K) − 2KFK) , (7.6¢)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ (mspS + F (K)) , (7.6£)

m

(
ȧ3

a3
− ȧ1

a1

)
= 0, (7.6¤)

0 =
a1 m e−mx3

2a3
A2, (7.6¥)

0 = −m a2

4 a3
A1, (7.6¦)

0 =
a2 emx3

4 a1

[(
ȧ1

a1
− ȧ2

a2

)
A3 − m

a3
A0

]
, (7.6§)

0 =
a3 emx3

4 a1

(
ȧ3

a3
− ȧ1

a1

)
A2, (7.6¨)

0 =
a3

4 a2

(
ȧ2

a2
− ȧ3

a3

)
A1. (7.6±)

ˆ§ (7.6¥) ¨ (7.6¦) ¸· §Ê ´ Ìμ¤¨³

A2 = 0, A1 = 0, (7.7)
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Éμ£¤  ± ± ¨§ (7.6¤) ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê a1 ¨ a3:

a3 = X0a1, X0 = const. (7.8)

‚¢¨¤Ê (7.7) ¸μμÉ´μÏ¥´¨Ö (7.6¨) ¨ (7.6±) ¢Ò¶μ²´ÖÕÉ¸Ö ¡¥§ ¤μ¶μ²´¨É¥²Ó-
´ÒÌ μ£· ´¨Î¥´¨° ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨. ˆ§ (7.6§) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¥¥
¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê A0 ¨ A3:(

ȧ1

a1
− ȧ2

a2

)
A3 =

m

a3
A0. (7.9)

�μ¤¸É ¢²ÖÖ (7.9) ¢ (7.4£), ´ Ìμ¤¨³

Ȧ3
0

A3
0

=
(

ȧ1

a1
− ȧ2

a2

)
(7.10)

¸ ·¥Ï¥´¨¥³

A3
0 = X03

(
a1

a2

)
, X03 = const. (7.11)

ˆ§-§  Ö¢´μ£μ ¶·¨¸ÊÉ¸É¢¨Ö a3 ¢ Ê· ¢´¥´¨ÖÌ �°´ÏÉ¥°´  ´Ê¦´Ò ± ±¨¥-Éμ
¤μ¶μ²´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¨Ì ·¥Ï¥´¨Ö. ’·¥¡ÊÖ, ÎÉμ¡Ò · ¸Ï¨·¥´¨¥ ¡Ò²μ
¶·μ¶μ·Í¨μ´ ²Ó´μ ¤²Ö ±μ³¶μ´¥´É É¥´§μ·  ¸¤¢¨£ , É. ¥. ¢¢¨¤Ê (4.20), ¤²Ö ³¥É·¨-
Î¥¸±μ° ËÊ´±Í¨¨ ´ Ìμ¤¨³

a1 =
[

1
X0X1

V

] 1
3+ 1

N3

, a2 = X1

[
1

X0X1
V

] 1
3−

2
N3

, a3 = X0

[
1

X0X1
V

] 1
3+ 1

N3

,

(7.12)
£¤¥ X1 Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö. Š ± ¢¨¤´μ ¨§ (7.12), ¶·μÍ¥¸¸ ¨§μÉ·μ-
¶¨§ Í¨¨ ¶·μ¨¸Ìμ¤¨É Éμ²Ó±μ ¶·¨ N3 � 1.

“· ¢´¥´¨¥ ¤²Ö V ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° �°´ÏÉ¥°-
´  (7.6 )Ä(7.6£):

V̈ = X̄V
1
3−

2
N3 +

3κ

2
[mspS + 2 (F (K) − KFK)] V, X̄ = 2m2X

2
N3

− 4
3

0 X
2

N3
+ 2

3
1 .

(7.13)
‘¨¸É¥³  Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ (4.50) ¸

A =

⎛
⎜⎜⎝

−ı Φ 0 −ı� − � 0
0 −ı Φ 0 ı� − �

−ı� + � 0 ı Φ 0
0 ı� + � 0 ı Φ

⎞
⎟⎟⎠ , (7.14)

£¤¥ � = X̄0/(2V 1/3+1/N3) ¸ X̄0 = mX
1/N3−2/3
0 X

1/N3+1/3
1 .
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Œμ¦´μ ´ °É¨, ÎÉμ

detA =
(
Φ2 + �

2 + �
2
)2

. (7.15)

�¥Ï¥´¨¥ Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö § ¤ ¥É¸Ö ¢ Ëμ·³¥ (4.53).
�μ¸²¥ ¢Ò¡μ·  ´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨§ (4.55) ´ Ìμ¤¨³

V̈ = Φ1(V ), (7.16)

Φ1(V ) = X̄V
1
3−

2
N3 +

3κ

2

[
mspV0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]
.

—Éμ¡Ò μ¶·¥¤¥²¨ÉÓ É¨¶ ´¥²¨´¥°´μ¸É¨, ±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ ¤μ³¨´¨·ÊÕÐ¥° ± ±
´  · ´´¥° ¸É ¤¨¨, É ± ¨ ¢ ¶μ§¤´¥¥ ¢·¥³Ö Ô¢μ²ÕÍ¨¨, ¢¥·´¥³¸Ö ± (7.16). Š ±
¢¨¤´μ, ´¥²¨´¥°´μ¸ÉÓ ¡Ê¤¥É ¤μ³¨´¨·ÊÕÐ¥° ´  · ´´¥³ ÔÉ ¶¥, ±μ£¤  V → 0,
¶·¨ nk = n1: n1 > 1/2 ¨ n1 > 1/3 + 1/N3. „²Ö nk = n0: n0 = 1/2 ÔÉμÉ
Î²¥´ ³μ¦¥É ¡ÒÉÓ ¤μ¡ ¢²¥´ ± ³ ¸¸μ¢μ³Ê Î²¥´Ê. ˆ, ´ ±μ´¥Í, ¤²Ö Éμ£μ, ÎÉμ¡Ò
´¥²¨´¥°´Ò° Î²¥´ ¶·¥μ¡² ¤ ² ¢ ¶μ§¤´¥¥ ¢·¥³Ö, ±μ£¤  V → ∞, ´ ¤μ ¢Ò¡¨· ÉÓ
nk = n2: n2 < 1/2 ¨ n2 < 1/3 + 1/N3. ’μ£¤  ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Ê· ¢´¥´¨¥
¤²Ö V ¸ ´¥²¨´¥°´Ò³¨ Î²¥´ ³¨, ±μÉμ·Ò¥ ¨£· ÕÉ μ¶·¥¤¥²ÖÕÐÊÕ ·μ²Ó ± ± ´ 
· ´´¥° ¸É ¤¨¨, É ± ¨ ´  ¶μ§¤´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

V̈ = Φ1(V ), (7.17)

Φ1(V ) = X̄V
1
3−

2
N3 +

+
3κ

2
[
(msp + λ0)V0 + 2λ1(1 − n1)V 2n1

0 V 1−2n1 + 2λ2(1 − n2)V 2n2
0 V 1−2n2

]
¸ ¶¥·¢Ò³ ¨´É¥£· ²μ³

V̇ = Φ2(V ), (7.18)

Φ2(V ) =

=
√

X̄1V
4N3−6
3N3 + 3κ[(msp+ λ0)V0V+ λ1V

2n1
0 V 2(1−n1)+ λ2V

2n2
0 V 2(1−n2)]+ C̄,

£¤¥ μ¡μ§´ Î¨³ X̄1 = 3N3X̄/(2N3 − 3). ‡¤¥¸Ó C̄ Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ -
´¨Ö. �¥Ï¥´¨¥ ¤²Ö V ¢ ±¢ ¤· ÉÊ· Ì ¨³¥¥É ¢¨¤∫

dV

Φ2(V )
= t + t0, t0 = const. (7.19)

„ ²¥¥ ·¥Ï¨³ Ê· ¢´¥´¨¥ (7.16) Î¨¸²¥´´μ. „²Ö ÔÉμ£μ μ¶·¥¤¥²¨³ V̇ (0)
¨§ (7.18) ¶·¨ § ¤ ´´μ³ §´ Î¥´¨¨ V (0). —Éμ¡Ò μ¶·¥¤¥²¨ÉÓ, ¤μ¶Ê¸± ¥É ²¨
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´ Ï  ³μ¤¥²Ó § ³¥¤²ÖÕÐ¨° ¨²¨ Ê¸±μ·ÖÕÐ¨° ·¥¦¨³ · ¸Ï¨·¥´¨Ö, É ±¦¥ ¨§Ê-
Î¨³ ¶μ¢¥¤¥´¨¥ ¶ · ³¥É·  § ³¥¤²¥´¨Ö q:

q = −V V̈

V̇ 2
= −V Φ(V )

Φ2
1(V )

, (7.20)

±μÉμ·Ò° ¢¢¨¤Ê (7.17) ¨ (7.18) ¶·¨´¨³ ¥É ¢¨¤

q =

− X̄V (4N3−6)/3N3+ 3κ
2 [(msp+λ0)V0V+2λ1(1−n1)V

2n1
0 V 2(1−n1)+2λ2(1−n2)V

2n2
0 V 2(1−n2)]

X̄1V (4N3−6)/3N3+3κ[(msp+λ0)V0V +λ1V
2n1
0 V 2(1−n1)+λ2V

2n2
0 V 2(1−n2)]+C̄

.

(7.21)

ˆ§ (7.21) ³μ¦´μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ

lim
V →∞

q → −(1 − n2) < 0, n2 < 1/2. (7.22)

’ ±¨³ μ¡· §μ³, ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¶μ·μ¦¤ ¥É ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥.
� ±μ´¥Í, ¶μ¸³μÉ·¨³, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö.

‚¢¨¤Ê ¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö
¨ (4.55) ¤²Ö ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ω ¨³¥¥³

ω =
p

ε
= −T 1

1

T 0
0

=

∑
k

λk(2nk − 1)S2nk

∑
k

λkS2nk + mspS
, (7.23)

±μÉμ·μ¥ ¸ ÊÎ¥Éμ³ ¢ÒÏ¥¨§²μ¦¥´´μ£μ · ¸¸Ê¦¤¥´¨Ö ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

ω =
λ1(2n1 − 1)V 2n1

0 V 2n2 + λ2(2n2 − 1)V 2n2
0 V 2n1

(λ0 + msp)V0V 2(n1+n2)−1 + λ1V
2n1
0 V 2n2 + λ2V

2n2
0 V 2n1

. (7.24)

�μ¸±μ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É ± Î¥¸É¢¥´´ Ö ± ·É¨´  ‚¸¥²¥´´μ°, Ê¸É ´μ¢¨³
¶·μ¸ÉÒ¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢. ‡¤¥¸Ó ¶·¥¤¶μ²μ¦¨É¥²Ó´μ Ê¸É ´ ¢²¨¢ ¥³ m = 1,
X1 = 1, X0 = 1, V0 = 1, λ0 = 1, msp = 1, C0 = 1, κ = 1, N3 = 3. � ¸¸³μÉ·¨³
¤¢  ¸²ÊÎ Ö ¤²Ö · §²¨Î´ÒÌ ¸μÎ¥É ´¨° ¸ λ1 = ±1 ¨ λ2 = ±1. “¸É ´μ¢²¥´μ, ÎÉμ
¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  λ2 ³μ¤¥²Ó μ¡¥¸¶¥Î¨¢ ¥É ¤¢  · §´ÒÌ É¨¶  ·¥Ï¥´¨Ö,  
¨³¥´´μ: ¶·¨ ¶μ²μ¦¨É¥²Ó´μ³ §´ ±¥ λ2 ¤ ¥É · ¸Ï¨·ÖÕÐ¨°¸Ö ·¥¦¨³ Ô¢μ²ÕÍ¨¨,
Éμ£¤  ± ± ¶·¨ μÉ·¨Í É¥²Ó´μ³ λ2 £¥´¥·¨·Ê¥É ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.
�  ·¨¸. 15 ¨ 16 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ ¨ μÉ·¨-
Í É¥²Ó´μ£μ §´ Î¥´¨° λ2 ¸μμÉ¢¥É¸É¢¥´´μ. ‡´ ± λ1 ´¥ ¤ ¥É ± Î¥¸É¢¥´´μ ¨´μ°
± ·É¨´Ò. �  ·¨¸. 17 ¶·¥¤¸É ¢²¥´ £· Ë¨± ¤¨´ ³¨±¨ ¶ · ³¥É·  § ³¥¤²¥´¨Ö q,
ÎÉμ ¶μ± §Ò¢ ¥É Ê¸±μ·¥´¨¥ ¶μ§¤´¥£μ ¢·¥³¥´¨. �  ·¨¸. 18 μÉ· ¦¥´μ ¶μ¢¥¤¥´¨¥
¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö w ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ §´ Î¥´¨Ö λ2, ÎÉμ ¢Ò-
§Ò¢ ¥É Ê¸±μ·¥´´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö. Š ± ¢¨¤´μ, μ´ ¶μ²μ¦¨É¥²¥´ ¢´ Î ²¥
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�¨¸. 15. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ¸¶¨´μ·´Ò³ ¶μ²¥³ ¸ ´¥É·¨¢¨ ²Ó-
´μ° ³ ¸¸μ°, ¶·¨ ¶μ²μ¦¨É¥²Ó´μ³ §´ Î¥-
´¨¨ λ2, λ1 = 1 ¨ λ2 = 1

�¨¸. 16. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, § ¶μ²-
´¥´´μ° ¸¶¨´μ·´Ò³ ¶μ²¥³ ¸ ´¥É·¨¢¨ ²Ó-
´μ° ³ ¸¸μ°, ¶·¨ μÉ·¨Í É¥²Ó´μ³ §´ Î¥-
´¨¨ λ2, λ1 = −1 ¨ λ2 = −1

�¨¸. 17. �μ¢¥¤¥´¨¥ ¶ · ³¥É·  § ³¥¤²¥-
´¨Ö q ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ §´ Î¥´¨Ö λ2

(¸μμÉ¢¥É¸É¢Ê¥É ¶μ¢¥¤¥´¨Õ V , § ¤ ´´μ³Ê
´  ·¨¸. 15)

�¨¸. 18. �μ¢¥¤¥´¨¥ ¶ · ³¥É·  Ê· ¢´¥-
´¨Ö ¸μ¸ÉμÖ´¨Ö w ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ
§´ Î¥´¨Ö λ2 (¸μμÉ¢¥É¸É¢Ê¥É ¶μ¢¥¤¥´¨Õ
V , § ¤ ´´μ³Ê ´  ·¨¸. 15)

¨ ¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´Ò³ ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨, ±μÉμ· Ö ¸μ£² ¸Ê¥É¸Ö ¸ ¸¥-
£μ¤´ÖÏ´¨³ ´ ¡²Õ¤¥´¨¥³. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¨ ¶ · ³¥É· § ³¥¤²¥´¨Ö, ¨
¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ³¥´ÖÕÉ¸Ö ¢μ ¢·¥³¥´¨. �ÉμÉ Ë ±É É ±¦¥ ¸μ£² -
¸Ê¥É¸Ö ¸ ¸μ¢·¥³¥´´μ° ± ·É¨´μ° Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°.
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‚ μÉ²¨Î¨¥ μÉ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  I, V ¨²¨ VI0, £¤¥ ¨ ³ ¸¸μ¢Ò° Î²¥´,
¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸Î¥§ ÕÉ [212, 214, 215] ¨²¨ ³¥É·¨Î¥¸±¨¥
ËÊ´±Í¨¨ ¸É ´μ¢ÖÉ¸Ö ¶μÌμ¦¨³¨ ¤·Ê£ ´  ¤·Ê£ , É. ¥. a1 ∼ a2 ∼ a3, ¢ ¤ ´´μ³
¸²ÊÎ ¥ É ±¨¥ ¸¨ÉÊ Í¨¨ ´¥ ¢μ§´¨± ÕÉ. Š ± ¢¨¤´μ ¨§ (7.12), ¶·μ¸É· ´¸É¢μ-¢·¥³Ö
μ¸É ¥É¸Ö ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´Ò³ ¨  ´¨§μÉ·μ¶´Ò³ ¢¸¥ ¢·¥³Ö,
ÌμÉÖ ¨§μÉ·μ¶¨Ö ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ³μ¦¥É ¡ÒÉÓ ¤μ¸É¨£´ÊÉ  §  ¸Î¥É ¡μ²ÓÏμ°
¶μ¸ÉμÖ´´μ° ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨. —Éμ ± ¸ ¥É¸Ö Ô¢μ²ÕÍ¨¨, ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ ±  ±μ´¸É ´É ¸¢Ö§¨ ³μ¤¥²¨ ¶μ§¢μ²ÖÕÉ ± ± Ê¸±μ·¥´´Ò°, É ± ¨ ±μ²¥¡ É¥²Ó´Ò°
·¥¦¨³ · ¸Ï¨·¥´¨Ö. �É·¨Í É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ ¶·¨¢μ¤ÖÉ ± ±μ²¥¡ É¥²Ó´μ³Ê
·¥¦¨³Ê · ¸Ï¨·¥´¨Ö, ¢ Éμ ¢·¥³Ö ± ± ¶μ²μ¦¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ ¶μ·μ¦¤ ÕÉ
· ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ ¸ ¶μ§¤´¨³ Ê¸±μ·¥´¨¥³. � · ³¥É· § ³¥¤²¥´¨Ö ¨
¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ³¥´ÖÕÉ¸Ö ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨ ¨
´ Ìμ¤ÖÉ¸Ö ¢ ¸μ£² ¸¨¨ ¸ ¸μ¢·¥³¥´´μ° ±μ´Í¥¶Í¨¥° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ°
Ô¢μ²ÕÍ¨¨.

8. ���‘’�	�‘’‚�-‚�…ŒŸ 
ˆ	�Šˆ ’ˆ�	 I

Œμ¤¥²Ó 	¨ ´±¨ É¨¶  I (BI) ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ μ¡μ¡-
Ð¥´¨¥³ ¶²μ¸±μ° ‚¸¥²¥´´μ° ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥·  (FRW). �Éμ μ¤´ 
¨§ ¸ ³ÒÌ ¶·μ¸ÉÒÌ ³μ¤¥²¥°  ´¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°, ±μÉμ· Ö μ¶¨¸Ò¢ ¥É μ¤-
´μ·μ¤´ÊÕ ¨ ¶·μ¸É· ´¸É¢¥´´μ-¶²μ¸±ÊÕ ‚¸¥²¥´´ÊÕ. ‚ μÉ²¨Î¨¥ μÉ FRW ‚¸¥-
²¥´´μ°, ±μÉμ· Ö ¨³¥¥É μ¤¨´ ±μ¢Ò¥ ³ ¸ÏÉ ¡´Ò¥ Ë ±Éμ·Ò ¤²Ö ± ¦¤μ£μ ¨§
É·¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ´ ¶· ¢²¥´¨°, BI ‚¸¥²¥´´ Ö ¨³¥¥É · §´Ò¥ ³ ¸ÏÉ ¡´Ò¥
Ë ±Éμ·Ò ¢ ± ¦¤μ³ ´ ¶· ¢²¥´¨¨, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ¢ ¸¨¸É¥³¥ ¢μ§´¨± ¥É  ´¨§μ-
É·μ¶¨Ö. Š·μ³¥ Éμ£μ, μ´  μ¡² ¤ ¥É É¥³ ¶·¨ÖÉ´Ò³ ¸¢μ°¸É¢μ³, ÎÉμ ¢μ§²¥ ¸¨´£Ê-
²Ö·´μ¸É¨ μ´  ¢¥¤¥É ¸¥¡Ö ± ± ‚¸¥²¥´´ Ö Š §´¥·  ¤ ¦¥ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ³ É¥·¨¨
¨, ¸²¥¤μ¢ É¥²Ó´μ, ¶μ¤¶ ¤ ¥É ¶μ¤ μ¡Ð¨°  ´ ²¨§ ¸¨´£Ê²Ö·´μ¸É¨, ¸¤¥² ´´Ò° ¢
· ¡μÉ¥ [18]. ’ ±¦¥ ¢μ ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ³ É¥·¨¥° ¸ p = ζ ε, ζ < 1,
¡Ò²μ ¶μ± § ´μ, ÎÉμ ²Õ¡Ò¥ ¶¥·¢μ´ Î ²Ó´Ò¥ ´¥μ¤´μ·μ¤´μ¸É¨ ¢ BI ‚¸¥²¥´´μ°
¡Ò¸É·μ ¨¸Î¥§ ÕÉ, ¢ ±μ´¥Î´μ³ ¸Î¥É¥ BI ¶·¥¢· Ð ¥É¸Ö ¢ FRW ‚¸¥²¥´´ÊÕ [105].
�μ¸±μ²Ó±Ê ‚¸¥²¥´´ Ö ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö Ê¤¨¢¨É¥²Ó´Ò³ μ¡· §μ³
¨§μÉ·μ¶´μ°, μ´  ¶·¥¢· Ð ¥É BI ‚¸¥²¥´´ÊÕ ¢ £² ¢´μ£μ ± ´¤¨¤ É  ¤²Ö ¨§ÊÎ¥´¨Ö
¢μ§³μ¦´ÒÌ ¶μ¸²¥¤¸É¢¨°  ´¨§μÉ·μ¶¨¨ ¢ · ´´¥° ‚¸¥²¥´´μ° ´  μ¸´μ¢¥ ¸μ¢·¥-
³¥´´ÒÌ ´ ¡²Õ¤¥´¨°. “Î¨ÉÒ¢ Ö ¢ ¦´μ¸ÉÓ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢, ³´μ£¨¥
 ¢Éμ·Ò ¨§ÊÎ ²¨ BI ‚¸¥²¥´´ÊÕ ¸ · §´ÒÌ ÉμÎ¥± §·¥´¨Ö. �´¨§μÉ·μ¶´Ò¥ ±μ¸³μ-
²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ BI ¸ ¶μ¸ÉμÖ´´Ò³ ¶ · ³¥É·μ³ § ³¥¤²¥´¨Ö ¡Ò²¨ ¨§ÊÎ¥´Ò
¢ [151]. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ°, ´ ¶μ²´¥´´μ° ´¥²¨´¥°´Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³,
¨§ÊÎ ² ¸Ó ¢ ·Ö¤¥ · ¡μÉ [55, 173, 177, 180, 190, 198, 204, 212, 214]. Œμ¤¥²Ó 	¨-
 ´±¨ É¨¶  I ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ¸¶¨´μ·´Ò³ ¶μ²¥³ ¨ ¢Ö§±μ° ¦¨¤±μ¸ÉÓÕ,
¨§ÊÎ¥´  ¢ · ¡μÉ Ì [183, 184, 191, 193Ä197, 239]. �·μ¡²¥³  ¸μ¢·¥³¥´´μ° ±μ¸-
³μ²μ£¨¨ ¢ ¸¢¥É¥ ¸¶¨´μ·´μ£μ ¶μ²Ö μ¡¸Ê¦¤ ¥É¸Ö ¢ [207,211].
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�´¨§μÉ·μ¶´μ¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  I § ¤ ¥É¸Ö ¢ ¢¨¤¥

ds2 = dt2 − a2
1 dx2

1 − a2
2 dx2

2 − a2
3 dx2

3, (8.1)

£¤¥ a1, a2 ¨ a3 § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨. �Éμ ¶·μ¸É¥°Ï Ö  ´¨§μÉ·μ¶´ Ö ³μ-
¤¥²Ó ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. �¸´μ¢ ´¨¥³ ¤²Ö · ¸¸³μÉ·¥´¨Ö  ´¨§μÉ·μ¶´μ° ³μ-
¤¥²¨ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ, ÌμÉÖ ¨§μÉ·μ¶´ Ö ³μ¤¥²Ó FRW μ¶¨¸Ò¢ ¥É ¸¥£μ¤´ÖÏ´ÕÕ
‚¸¥²¥´´ÊÕ ¸ ¡μ²ÓÏμ° ÉμÎ´μ¸ÉÓÕ, ¸ÊÐ¥¸É¢ÊÕÉ ± ± É¥μ·¥É¨Î¥¸±¨¥  ·£Ê³¥´ÉÒ,
É ± ¨ ¤ ´´Ò¥ ´ ¡²Õ¤¥´¨°, ¶·¥¤¶μ² £ ÕÐ¨¥ ´ ²¨Î¨¥  ´¨§μÉ·μ¶´μ° Ë §Ò ¢
¤ ²¥±μ³ ¶·μÏ²μ³.

„²Ö ³¥É·¨±¨ (8.1) ¢Ò¡¥·¥³ É¥É· ¤Ò ¢ ¢¨¤¥

e
(0)
0 = 1, e

(1)
1 = a1, e

(2)
2 = a2, e

(3)
3 = a3. (8.2)

ˆ§ (1.92) ´ Ìμ¤¨³ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨:

Γ0 = 0, (8.3 )

Γ1 =
ȧ1

2
γ̄1γ̄0, (8.3¡)

Γ2 =
ȧ2

2
γ̄2γ̄0, (8.3¢)

Γ3 =
ȧ3

2
γ̄3γ̄0. (8.3£)

„²Ö ¨´¢ ·¨ ´Éμ¢ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³ ¨³¥¥³

Ṡ0 + �A0
0 = 0, (8.4 )

Ṗ0 − ΦA0
0 = 0, (8.4¡)

Ȧ0
0 + ΦP0 − �S0 = 0, (8.4¢)

Ȧ3
0 = 0, (8.4£)

v̇0
0 = 0, (8.4¤)

v̇3
0 + ΦQ30

0 + �Q21
0 = 0, (8.4¥)

Q̇30
0 − Φv3

0 = 0, (8.4¦)

Q̇21
0 − � v3

0 = 0. (8.4§)

ˆ§ (8.4 )Ä(8.4§) ´ Ìμ¤¨³ ¸μμÉ´μÏ¥´¨Ö

(S0)2 + (P0)2 + (A0
0)

2 = C1 = const, (8.5 )

A3
0 = C2 = const, (8.5¡)

v0
0 = C3 = const, (8.5¢)

(Q30
0 )2 + (Q21

0 )2 + (v3
0)2 = C4 = const. (8.5£)
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‘¨¸É¥³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨³¥¥É ¢¨¤

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
= κ (F (S) − SFS) , (8.6 )

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
= κ (F (S) − SFS) , (8.6¡)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
= κ (F (S) − SFS) , (8.6¢)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
= κ (mspS + F (S)) , (8.6£)

0 =
(

ȧ1

a1
− ȧ2

a2

)
A3, (8.6¤)

0 =
(

ȧ2

a2
− ȧ3

a3

)
A2, (8.6¥)

0 =
(

ȧ3

a3
− ȧ1

a1

)
A1. (8.6¦)

‚Ò· §¨³ a1, a2, a3 Î¥·¥§ V . �É³¥É¨³, ÎÉμ · §´μ¸ÉÓ Ê· ¢´¥´¨° (8.6¡)
¨ (8.6 ) ¶·¨¢μ¤¨É ±

ä1

a1
− ä2

a2
+

ȧ1

a1

ȧ3

a3
− ȧ2

a2

ȧ3

a3
=

d

dt

(
ȧ1

a1
− ȧ2

a2

)
+
(

ȧ1

a1
− ȧ2

a2

)(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
= 0.

(8.7)
ˆ§ (8.7) ´ Ìμ¤¨³ (

ȧ1

a1
− ȧ2

a2

)
V = X1, X1 = const. (8.8)

�Éμ μ§´ Î ¥É, ÎÉμ ¶·¨ V → ∞ ¸±μ·μ¸ÉÓ · ¸Ï¨·¥´¨Ö ´  x1x2-¶²μ¸±μ¸É¨
¸É ´μ¢¨É¸Ö ¨§μÉ·μ¶´μ°, É. ¥.

ȧ1

a1
=

ȧ2

a2
, a1 = c0a2, c0 = const. (8.9)

‚ μ¡Ð¥³ (8.8) § ¤ ¥É

a1

a2
= D1 exp

(
X1

∫
dt

V

)
, D1 = const, X1 = const. (8.10)

�´ ²μ£¨Î´μ ¨³¥¥³

a2

a3
= D2 exp

(
X2

∫
dt

V

)
,

a3

a1
= D3 exp

(
X3

∫
dt

V

)
, (8.11)
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£¤¥ D2, D3, X2, X3 Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö. ‚¢¨¤Ê Ê· ¢´¥´¨Ö (4.3)
´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ § ¢¨¸¨³μ¸É¨ ³¥¦¤Ê ±μ´¸É ´É ³¨ D1,
D2, D3, X1, X2, X3:

D1D2D3 = 1, X1 + X2 + X3 = 0.

� ±μ´¥Í, ¨§ (8.10) ¨ (8.11) ¤²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° § ¶¨Ï¥³

a1(t) = A1 V 1/3 exp
[(

B1

3

)∫
dt

V

]
, (8.12 )

a2(t) = A2 V 1/3 exp
[(

B2

3

)∫
dt

V

]
, (8.12¡)

a3(t) = A3 V 1/3 exp
[(

B3

3

)∫
dt

V

]
(8.12¢)

¸

A1 = 3

√(
D1

D3

)
, A2 = 3

√
1

(D2
1D3)

, A1 = 3
√

(D1D2
3),

B1 = X1 − X3, B2 = −(2X1 + X3), B3 = X1 + 2X3.

’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¶μ²´μ¸ÉÓÕ ¶·μ¨´É¥£·¨-
·μ¢ ´ . Š ± ¢¨¤´μ, ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¢Ò· ¦¥´Ò ¢ É¥·³¨´ Ì V , ¶μÔÉμ³Ê
§ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ¤²Ö V . ‘Ê³³  Ê· ¢´¥´¨° (8.6 ), (8.6¡), (8.6¢) ¨ É·¨-
¦¤Ò (8.6£) ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ ¤²Ö V [177]

V̈ =
3κ

2
(T 0

0 + T 1
1 )V =

3κ

2
[mspS + 2 (F (K) − KFK)] V. (8.13)

�¥·¥¤ É¥³, ± ± ·¥Ï ÉÓ (8.13), ¶μ¸³μÉ·¨³, ± ± ¢²¨ÖÕÉ ´¥¤¨ £μ´ ²Ó´Ò¥
±μ³¶μ´¥´ÉÒ ¸¨¸É¥³Ò (8.6). “· ¢´¥´¨Ö (8.6¤), (8.6¥) ¨ (8.6¦) ´ ² £ ÕÉ ´¥±μ-
Éμ·Ò¥ μ£· ´¨Î¥´¨Ö ²¨¡μ ´  ¸¶¨´μ·´μ¥ ¶μ²¥, ²¨¡μ ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨,
²¨¡μ ´  ¢¸¥ ¢³¥¸É¥.

‘²ÊÎ ° I. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ´ ²μ¦¥´Ò μ£· ´¨Î¥´¨Ö Éμ²Ó±μ ´ 
¸¶¨´μ·´Ò¥ ¶μ²Ö. �Éμ ¶·¨¢μ¤¨É ±

A3 = A2 = A1 = 0. (8.14)

’μ£¤  ¨§ · ¢¥´¸É¢ 
Aμvμ = 0 (8.15)

´ Ìμ¤¨³
A0v

0 = ψ̄γ5γ0ψψ̄γ0ψ = ψ̄γ5γ0ψψ̄∗ψ = 0. (8.16)
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’ ± ± ± ψ̄∗ψ 
= 0, ¨§ (8.16) ¸²¥¤Ê¥É, ÎÉμ A0 = 0, ¸²¥¤μ¢ É¥²Ó´μ, IA = 0. �μ
¢¢¨¤Ê Éμ¦¤¥¸É¢  ”¨·Í  Iv = −IA = I + J ¨ IT = I − J. ’ ±¨³ μ¡· §μ³,
¨³¥¥³

IA = −(S2 + P 2) = 0, (8.17)

ÎÉμ ¶·¨¢μ¤¨É ±

S = ψ̄ψ = 0, P = iψ̄γ5ψ = 0. (8.18)

�Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¤ ¦¥ ¡¥§ ¸¸Ò²±¨ ´  ƒ¥°§¥´¡¥·£  ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ Éμ³,
ÎÉμ ¸¶¨´μ·´μ¥ ¶μ²¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤μ²¦´μ ¡ÒÉÓ ¡¥§³ ¸¸μ¢Ò³. ’ ±¨³ μ¡· -
§μ³, ¥¸²¨ μ£· ´¨Î¥´¨¥ ´ ²μ¦¥´μ Éμ²Ó±μ ´  ¸¶¨´μ·´μ¥ ¶μ²¥, μ´μ ¸É ´μ¢¨É¸Ö
²¨´¥°´Ò³ ¨ ¡¥§³ ¸¸μ¢Ò³. “· ¢´¥´¨¥ ¤²Ö V ¨³¥¥É ¢¨¤

V̈ = 0 (8.19)

¸ ·¥Ï¥´¨¥³

V = V1t + V2, V1, V2 Å const. (8.20)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¤ ´´Ò° ¸²ÊÎ ° Ô±¢¨¢ ²¥´É¥´ ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö �°´-
ÏÉ¥°´  ¢ ¢ ±ÊÊ³¥. ‚ μÉ²¨Î¨¥ μÉ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢
¤ ´´μ³ ¸²ÊÎ ¥ V Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ËÊ´±Í¨¥° μÉ ¢·¥³¥´¨ t.

„²Ö ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¨³¥¥³

ai = Di (V1t + V2)
1
3+

Xi
V1 ,

3∏
i=1

Di = 1,
3∑

i=1

Xi = 1. (8.21)

‚ ÔÉμ³ ¸²ÊÎ ¥
ai

a

∣∣
t→∞= (V1t + V2)

Xi/V1
∣∣
t→∞� const. �Éμ μ§´ Î ¥É, ÎÉμ ¢

μÉ¸ÊÉ¸É¢¨¥ ´¥²¨´¥°´μ¸É¨ ´¨± ±μ° ¨§μÉ·μ¶¨§ Í¨¨ ´¥ ¶·μ¨¸Ìμ¤¨É.
‘²ÊÎ ° II. � ²μ¦¨¢ μ£· ´¨Î¥´¨Ö ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¨ ¸¶¨´μ·´μ¥

¶μ²¥, ¨³¥¥³
ȧ2

a2
− ȧ3

a3
= 0 (8.22)

¢³¥¸É¥ ¸

A2 = A3 = 0. (8.23)

ˆ§ (8.22) ´ Ìμ¤¨³

a2 = c1a3, c1 = const. (8.24)

�·¨ ¶μ¤¸É ´μ¢±¥ (8.24) ¢ (8.1) μ¡Ð¥¥ 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢μ-¢·¥³Ö
¶·¥μ¡· §Ê¥É¸Ö ¢ ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´μ¥ (LRS) 	¨ ´±¨ É¨¶  I
¶·μ¸É· ´¸É¢μ-¢·¥³Ö. ˆ§ÊÎ¨³ ÔÉÊ ³¥É·¨±Ê ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.
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‘²ÊÎ ° III. � ±μ´¥Í, ´ ²μ¦¨¢ μ£· ´¨Î¥´¨Ö ¶μ²´μ¸ÉÓÕ Éμ²Ó±μ ´  ³¥É·¨-
Î¥¸±¨¥ ËÊ´±Í¨¨ ¨§ (8.6¤), (8.6¥) ¨ (8.6¦), ´ Ìμ¤¨³

ȧ1

a1
− ȧ2

a2
=

ȧ2

a2
− ȧ3

a3
=

ȧ3

a3
− ȧ1

a1
= 0, (8.25)

ÎÉμ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ ¢¨¤¥

ȧ1

a1
=

ȧ2

a2
=

ȧ3

a3
≡ ȧ

a
. (8.26)

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ¶·¥μ¡· -
§Ê¥É¸Ö ¢ ¨§μÉ·μ¶´ÊÕ ¨ μ¤´μ·μ¤´ÊÕ ‚¸¥²¥´´ÊÕ ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä“μ±¥· 
FRW. ˆ§ÊÎ¨³ ÔÉμÉ ¸²ÊÎ ° ¢ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì.

9. ���‘’�	�‘’‚�-‚�…ŒŸ LRS 
ˆ	�Šˆ ’ˆ�	 I

•μÉÖ ¨§μÉ·μ¶¨Ö ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö (CMB) μ¡´ ·Ê¦¥´  ¸¶ÊÉ´¨-
±μ³ ®Šμ¸³¨Î¥¸±¨° Ëμ´μ¢Ò° ¶μ±μ·¨É¥²Ó¯ (Cosmic Background Explorer
(COBE)) [227],   § É¥³ ¶μ¤É¢¥·¦¤¥´  ³¨±·μ¢μ²´μ¢Ò³ §μ´¤μ³  ´¨§μÉ·μ¶¨¨
“¨²±¨´¸μ´  (Wilkinson Microwave Anisotropy Probe (WMAP)) [95] ¨ ¥¸ÉÓ
¶·¥¤¶μ²μ¦¥´¨¥, ÎÉμ ¶μ²μ¦¥´¨¥ ‡¥³²¨ ¢μ ‚¸¥²¥´´μ° ´¨±μ¨³ μ¡· §μ³ ´¥ ¶·¥¤-
¸É ¢²Ö¥É ´¨Î¥£μ μ¸μ¡¥´´μ£μ,   É ±¦¥ ¶μ¤Î¥·±¨¢ ¥É¸Ö ±μ¸³μ²μ£¨Î¥¸±¨° ¶·¨´-
Í¨¶, ±μÉμ·Ò° £² ¸¨É, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ ¢¥Ð¥¸É¢  ¢μ ‚¸¥²¥´´μ° μ¤´μ·μ¤´μ
¨ ¨§μÉ·μ¶´μ, É. ¥. ´ Ï  ‚¸¥²¥´´ Ö ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´  ³μ¤¥²ÓÕ FRW, É¥³
´¥ ³¥´¥¥ μ¸É ²¨¸Ó ¥Ð¥ É¥μ·¥É¨Î¥¸±¨¥ ¨ ´ ¡²Õ¤ ¥³Ò¥ ¸¢¨¤¥É¥²Ó¸É¢ , ±μÉμ-
·Ò¥ ¶μ¤É¢¥·¦¤ ÕÉ ´ ²¨Î¨¥ ±·μÏ¥Î´ÒÌ ´¥μ¤´μ·μ¤´μ¸É¥° ¢ ±μ¸³μ²μ£¨Î¥¸±μ³
Ëμ´μ¢μ³ ¨§²ÊÎ¥´¨¨ ¨ · ¸¶·¥¤¥²¥´¨¨ ³ É¥·¨¨ [38,130,249]. Œ ²μ¸ÉÓ  ³¶²¨-
ÉÊ¤Ò ±¢ ¤·Ê¶μ²Ö CMB, ¨§¢¥¸É´ Ö ± ± ¶·μ¡²¥³  ±¢ ¤·Ê¶μ²Ö, ¶μ¤·μ¡´μ ¨§ÊÎ¥´ 
¢ [35, 61, 72, 83, 87, 108, 132, 146, 156] ¢ μ¸´μ¢´μ³ ¶μÉμ³Ê, ÎÉμ ÔÉμ ³μ¦¥É ¤ ÉÓ
´¥±μÉμ·Ò° ¸¨£´ ² ²¨¡μ μ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¨, ²¨¡μ μ¡ μÉ±²μ´¥´¨¨ μÉ
¨§μÉ·μ¶´μ¸É¨ ±·Ê¶´μ³ ¸ÏÉ ¡´μ° £¥μ³¥É·¨¨ ‚¸¥²¥´´μ°. �  ¸ ³μ³ ¤¥²¥ ´¨-
ÎÉμ¦´μ¥ μÉ±²μ´¥´¨¥ μÉ ¨¤¥ ²Ó´μ° ¨§μÉ·μ¶¨¨ ¡Ò²μ μ¡´ ·Ê¦¥´μ COBE [22],
¨ ÔÉ   ´¨§μÉ·μ¶¨Ö (10−5) ¶μ¤É¢¥·¦¤¥´  ¤ ´´Ò³¨ ¨§ WMAP. Š ± ¡Ò²μ ¶μ± -
§ ´μ ¢ [245], ÔÉμÉ ´ ¡²Õ¤ ¥³Ò° ¸¶¥±É· CMB ´ Ìμ¤¨É¸Ö ¢ Ìμ·μÏ¥³ ¸μ£² ¸¨¨
¸ ¶·¥¤¸± § ´¨¥³ ³μ¤¥²¨ Λ-CDM. �¥¤ ¢´μ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ±μ¸³μ²μ£¨Î¥-
¸± Ö ³μ¤¥²Ó 	¨ ´±¨ É¨¶  I ¸ ¶·μ¸É· ´¸É¢¥´´μ-¶²μ¸±μ° ³¥É·¨±μ°, ±μÉμ· Ö ¨§-
¢¥¸É´  É ±¦¥ ± ± ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´ Ö ³μ¤¥²Ó 	¨ ´±¨ É¨¶  I,
¤μ¶Ê¸± ¥É ²ÊÎÏ¥¥ ¸μ£² ¸μ¢ ´¨¥ ¸ ±·Ê¶´μ³ ¸ÏÉ ¡´Ò³¨ CMB  ´¨§μÉ·μ¶´Ò³¨
¤ ´´Ò³¨ [29,45Ä47,111]. ’¥μ·¨Ö Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ ¢¸¥²¥´´ÒÌ ¢ ¤ ²Ó´¥°Ï¥³
¡Ò²  · §¢¨É  ¢ · ¡μÉ Ì [48, 49]. ‚¢¨¤Ê ÔÉμ£μ ³Ò ¶μ¤·μ¡´μ ¨§ÊÎ¨³ ³μ¤¥²Ó
LRSBI ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ¸¶¨´μ·´Ò³ ¶μ²¥³.
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�·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ¥ ¨  ´¨§μÉ·μ¶´μ¥ ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³-
³¥É·¨Î´μ¥ 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢μ-¢·¥³Ö (LRSBI) Å ÔÉμ μ¡ÒÎ´ Ö ³μ¤¥²Ó
	¨ ´±¨ É¨¶  I, Ê ±μÉμ·μ° ¤¢¥ ¨§ É·¥Ì ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° · ¢´Ò ¤·Ê£ ¤·Ê£Ê.
�¥¤ ¢´μ ¨§ÊÎ¥´  ³μ¤¥²Ó LRSBI ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° ¨¤¥ ²Ó´μ° ¦¨¤±μ-
¸ÉÓÕ ¨  ´¨§μÉ·μ¶´μ° É¥³´μ° Ô´¥·£¨¥°, ¨³¥ÕÐ¥° ¤¨´ ³¨Î¥¸±ÊÕ ¶²μÉ´μ¸ÉÓ
Ô´¥·£¨¨, ¢ [213, 250]. Œμ¤¥²Ó LRSBI ¸ ¶μ¸ÉμÖ´´Ò³ ¶ · ³¥É·μ³ § ³¥¤²¥´¨Ö
¨¸¸²¥¤μ¢ ´  ¢ [1]. �¢μ²ÕÍ¨Ö LRSBI ‚¸¥²¥´´μ°, ´ ¶μ²´¥´´μ° ¸¶¨´μ·´Ò³
¶μ²¥³, ¨§ÊÎ¥´  ¢ [216].

LRSBI ¶·μ¸É· ´¸É¢μ-¢·¥³Ö § ¤ ¥É¸Ö ¢ ¢¨¤¥

ds2 = dt2 − a2
1

[
dx2 + dy2

]
− a2

3 dz2, (9.1)

£¤¥ a1 ¨ a3 § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨.
’¥É· ¤Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥É·¨±¥ (9.1), ¨³¥ÕÉ ¢¨¤

e
(0)
0 = 1, e

(1)
1 = a1, e

(2)
2 = a1, e

(3)
3 = a3. (9.2)

ˆ§ (1.92) ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¶¨´μ·´μ°  ËË¨´´μ° ¸¢Ö§-
´μ¸É¨:

Γ0 = 0, Γ1 =
ȧ1

2
γ̄1γ̄0, Γ2 =

ȧ1

2
γ̄2γ̄0, Γ3 =

ȧ3

2
γ̄3γ̄0. (9.3)

’μ£¤  ¸¨¸É¥³Ê Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¤²Ö ³¥É·¨±¨ LRSBI ³μ¦´μ § ¶¨¸ ÉÓ
¢ ¢¨¤¥

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
= κ(F (K) − 2KFK), (9.4 )

2
ä1

a1
+

ȧ2
1

a2
1

= κ(F (K) − 2KFK), (9.4¡)

ȧ2
1

a2
1

+ 2
ȧ3

a3

ȧ1

a1
= κ(mspS + F (K)), (9.4¢)

0 =
(

ȧ3

a3
− ȧ1

a1

)
A2, (9.4£)

0 =
(

ȧ1

a1
− ȧ3

a3

)
A1. (9.4¤)

�É³¥É¨³, ÎÉμ ¨´¢ ·¨ ´ÉÒ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³ ¢ ÔÉμ³ ¸²ÊÎ ¥
¶μ¤Î¨´ÖÕÉ¸Ö (8.4) ¨ (8.5).

‚¥·´¥³¸Ö ± Ê· ¢´¥´¨Ö³ �°´ÏÉ¥°´ . �¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Ê· ¢-
´¥´¨° �°´ÏÉ¥°´  (9.4£) ¨ (9.4¤) ´ ² £ ÕÉ ¸²¥¤ÊÕÐ¨¥ μ£· ´¨Î¥´¨Ö ²¨¡μ ´ 
¸¶¨´μ·´μ¥ ¶μ²¥, ²¨¡μ ´  ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨:

A2 = 0, A1 = 0, (9.5 )

ȧ3

a3
− ȧ1

a1
= 0. (9.5¡)
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�£· ´¨Î¥´¨¥ (9.5¡) ¶·¨¢μ¤¨É ± a3 = q0a1, £¤¥ q0 Å ´¥±μÉμ· Ö ¶μ¸Éμ-
Ö´´ Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´  FRW ¸ ¸ ³μ£μ ´ Î ² .
ˆ§ÊÎ¨³ ÔÉμÉ ¸²ÊÎ ° ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

„¥É ²Ó´μ · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  μ£· ´¨Î¥´¨¥ ´ ²μ¦¥´μ ´  ±μ³¶μ-
´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ÒÎ¨É Ö (9.4¡) ¨§ (9.4 ), ´ Ìμ¤¨³

ä3

a3
− ä1

a1
+

ȧ1

a1

(
ȧ3

a3
− ȧ1

a1

)
= 0, (9.6)

ÎÉμ ¶·¨¢μ¤¨É ± [177]

a1 = D1V
1/3 exp

(
X1

∫
dt

V

)
, a3 =

(
1

D2
1

)
V 1/3 exp

(
−2X1

∫
dt

V

)
, (9.7)

£¤¥ D1 ¨ X1 Å ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö. ’ ±¨³ μ¡· §μ³, ³¥É·¨Î¥¸±¨¥
ËÊ´±Í¨¨ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò ¸ ¶μ³μÐÓÕ V = a2

1a3.
�μ¸³μÉ·¨³, ¸É ´μ¢¨É¸Ö ²¨ ³μ¤¥²Ó  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¨§μÉ·μ¶´μ°. Œμ¦´μ

¶μ± § ÉÓ, ÎÉμ ¤²Ö · ¸Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ°, ±μ£¤  V → ∞ ¶·¨ t → ∞,
¶·μ¨¸Ìμ¤¨É ¶·μÍ¥¸¸ ¨§μÉ·μ¶¨§ Í¨¨. —Éμ¡Ò ¤μ± § ÉÓ ÔÉμ, ³Ò ¢μ¸¶μ²Ó§Ê¥³¸Ö
Ê¸²μ¢¨¥³ ¨§μÉ·μ¶¨§ Í¨¨, ¶·¥¤²μ¦¥´´Ò³ ¢ [40]:

ai

a

∣∣∣∣
t→∞

→ const. (9.8)

‡ É¥³ ¶ÊÉ¥³ ¶μ¢Éμ·´μ£μ ³ ¸ÏÉ ¡¨·μ¢ ´¨Ö ´¥±μÉμ·ÒÌ ±μμ·¤¨´ É ³μ¦´μ ¸¤¥-
² ÉÓ ai/a → 1, ¨ ³¥É·¨±  ¸É ´¥É Ö¢´μ ¨§μÉ·μ¶´μ° ¶·¨ ¡μ²ÓÏ¨Ì t.

“Î¨ÉÒ¢ Ö, ÎÉμ a = 3
√

V , ¨§ (9.7) ´ Ìμ¤¨³

a1

a
= D1 exp

(
X1

∫
dt

V

)
→ D1,

a3

a
=
(

1
D2

1

)
exp
(
−2X1

∫
dt

V

)
→ 1

D2
1

(9.9)

¶·¨ V → ∞. � ¶μ³´¨³, ÎÉμ ¢ ¨§μÉ·μ¶´μ° ³μ¤¥²¨ FRW ¨³¥¥É¸Ö μ¤¨´ ¨
ÉμÉ ¦¥ ³ ¸ÏÉ ¡´Ò° Ë ±Éμ· ¶μ ¢¸¥³ É·¥³ ´ ¶· ¢²¥´¨Ö³, É. ¥. a1(t) = a2(t) =
a3(t) = a(t). „²Ö Éμ£μ ÎÉμ¡Ò LRSBI ‚¸¥²¥´´ Ö ¶¥·¥Ï²  ¢ FRW, ³Ò ¤μ²¦´Ò
¶μ¤¸É ¢¨ÉÓ D1 = 1. Š·μ³¥ Éμ£μ, ¨§μÉ·μ¶´μ¸ÉÓ ´ ¸ÉμÖÐ¥° ‚¸¥²¥´´μ° ¶·¨¢μ-
¤¨É ± |X1| � 1, É ± ÎÉμ

∫
[V (t)]−1dt → 0 ¤²Ö t < ∞ (¤²Ö V (t) = tn ¸ n > 1

¨´É¥£· ² ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨ t → ∞).
‚¥·´¥³¸Ö ± Ê· ¢´¥´¨Ö³ ¸¶¨´μ·´μ£μ ¶μ²Ö (4.47). �¡μ§´ Î¨¢ φi =

√
V ψi,

¨§ (4.47) ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ´ Ìμ¤¨³

φ̇1 + ı [msp +� ] φ1 + �φ3 = 0, (9.10 )

φ̇2 + ı [msp +� ] φ2 + �φ4 = 0, (9.10¡)

φ̇3 − ı [msp +� ] φ3 − �φ1 = 0, (9.10¢)

φ̇4 − ı [msp +� ] φ4 − �φ2 = 0. (9.10£)
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…¸²¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö · ¸¸³μÉ·¥ÉÓ ± ± ËÊ´±Í¨Õ μÉ ¨´¢ -
·¨ ´É  I , É. ¥. ¢ ¸²ÊÎ ¥ K = I , ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¨§ (9.10) ¨³¥¥³

φ̇1 + ı [msp +� ] φ1 = 0, (9.11 )

φ̇2 + ı [msp +� ] φ2 = 0, (9.11¡)

φ̇3 − ı [msp +� ] φ3 = 0, (9.11¢)

φ̇4 − ı [msp +� ] φ4 = 0 (9.11£)

¸ ·¥Ï¥´¨¥³

ψ1(t) =
C1√
V

exp (−ı [msp +� ] dt) , (9.12 )

ψ2(t) =
C2√
V

exp (−ı [msp +� ] dt) , (9.12¡)

ψ3(t) =
C3√
V

exp (ı [msp +� ] dt) , (9.12¢)

ψ4(t) =
C4√
V

exp (ı [msp +� ] dt) , (9.12£)

£¤¥ C1, C2, C3, C4 Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ V0 ± ±

C∗
1C1 + C∗

2C2 − C∗
3C3 − C∗

4C4 = V0,

£¤¥ V0 É ±μ°, ÎÉμ I = V 2
0 /V 2.

ˆ§ÊÎ¨³ ¸²ÊÎ °, ±μ£¤  K = J . Š ± ¡Ò²μ Ê¶μ³Ö´ÊÉμ, ¢ ÔÉμ³ ¸²ÊÎ ¥ · ¸¸³ -
É·¨¢ ¥É¸Ö ¡¥§³ ¸¸μ¢μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥. ’μ£¤  ¸¨¸É¥³  Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ
¶μ²Ö (9.10) ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

φ̇1 − �φ3 = 0, (9.13 )

φ̇2 − �φ4 = 0, (9.13¡)

φ̇3 + �φ1 = 0, (9.13¢)

φ̇4 + �φ2 = 0. (9.13£)

�¡μ§´ Î¨¢ U(σ) = φ(t), £¤¥ σ =
∫
� dt, ¶¥·¥¶¨Ï¥³ (9.13) ¢ ¢¨¤¥

U ′
1 − U3 = 0, (9.14 )

U ′
2 − U4 = 0, (9.14¡)

U ′
3 + U1 = 0, (9.14¢)

U ′
4 + U2 = 0, (9.14£)
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£¤¥ ÏÉ·¨Ì μ¡μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ μÉ´μÏ¥´¨Õ ± σ. „¨ËË¥·¥´Í¨-
·ÊÖ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (9.14) ¨ ÊÎ¨ÉÒ¢ Ö É·¥ÉÓ¥ Ê· ¢´¥´¨¥, ¶μ²ÊÎ¨³

U ′′
1 + U1 = 0, (9.15)

ÎÉμ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ·¥Ï¥´¨Õ:

U1 = D1 eiσ + iD3 e−iσ,

U3 = iD1 eiσ + D3 e−iσ.

�´ ²μ£¨Î´μ ¤²Ö U2 ¨ U4 ´ Ìμ¤¨³

U2 = D2 eiσ + iD4 e−iσ,

U4 = iD2 eiσ + D4 e−iσ,

£¤¥ Di Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö. � ±μ´¥Í, ¨³¥¥³

ψ1 =
1√
V

(
D1 eiσ + iD3 e−iσ

)
, (9.16 )

ψ2 =
1√
V

(
D2 eiσ + iD4 e−iσ

)
, (9.16¡)

ψ3 =
1√
V

(
iD1 eiσ + D3 e−iσ

)
, (9.16¢)

ψ4 =
1√
V

(
iD2 eiσ + D4 e−iσ

)
. (9.16£)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ K = V 2
0 /V 2, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶μ¸ÉμÖ´´Ò¥ ¨´É¥-

£·¨·μ¢ ´¨Ö Di ¸¢Ö§ ´Ò ¸ V0 ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

D∗
1D1 + D∗

2D2 − D∗
3D3 − D∗

4D4 = V0.

‚ ¸²ÊÎ ÖÌ ¸ K = I + J ¨ K = I − J ³μ¦´μ § ¶¨¸ ÉÓ ·¥Ï¥´¨Ö ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨° ¢ Ëμ·³¥ (4.50) ¸

A =

⎛
⎜⎜⎝

−ı� 0 −� 0
0 −ı� 0 −�
� 0 ı� 0
0 � 0 ı�

⎞
⎟⎟⎠ . (9.17)

’ ±¨³ μ¡· §μ³, ¢¨¤´μ, ÎÉμ ¨ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, ¨ ±μ³¶μ´¥´ÉÒ ¸¶¨-
´μ·´μ£μ ¶μ²Ö ´ Ìμ¤ÖÉ¸Ö ¢ ´¥±μÉμ·μ° ËÊ´±Í¨μ´ ²Ó´μ° § ¢¨¸¨³μ¸É¨ μÉ V . „ -
²¥¥ ´ Ìμ¤¨³ Ê· ¢´¥´¨¥ ¤²Ö V ¨ ¨§ÊÎ¨³ Ô¢μ²ÕÍ¨Õ ³ ¸ÏÉ ¡  μ¡Ñ¥³  ¢ ¤¥É ²ÖÌ.
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‘Ê³³¨·ÊÖ ¤¨ £μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  (9.4 ), (9.4¡) ¨ (9.4¢) ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³, ¤²Ö V ´ Ìμ¤¨³ [177]

V̈ =
3κ

2
(msp S + 2(F (K) − KFK))V. (9.18)

� ¸¸³μÉ·¨³ ¸²ÊÎ ° ¸ K = I . �μ¤¸É ¢¨¢ §´ Î¥´¨¥ ³ ¸¸Ò ¸¶¨´μ·´μ£μ ¶μ²Ö,
· ¢´μ¥ ´Ê²Õ, É. ¥. msp = 0, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¤·Ê£¨Ì ¸²ÊÎ ¥¢.
�μ² £ Ö, ÎÉμ F =

∑
k

λkInk =
∑
k

λkS2nk , ¸ ÊÎ¥Éμ³ S = V0/V ´ Ìμ¤¨³

V̈ =
3κ

2

[
msp V0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]
(9.19)

¸ ·¥Ï¥´¨¥³ ¢ ±¢ ¤· ÉÊ· Ì∫
dV√

3κ

[
mspV0V +

∑
k

λkV 2nk
0 V 2(1−nk)

]
+ C̄

= t + t0, (9.20)

£¤¥ C̄ ¨ t0 Å ´¥±μÉμ·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥.
’ ±¨³ μ¡· §μ³, ¢¨¤´μ, ÎÉμ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·-

´μ£μ ¶μ²Ö,   É ±¦¥ ¨´¢ ·¨ ´ÉÒ, ¶μ¸É·μ¥´´Ò¥ ¨§ ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¨
¸¶¨´μ·´ÒÌ ¶μ²¥°, Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ V ¢ μÉ·¨Í É¥²Ó´μ° ¸É¥¶¥´¨. ‘²¥-
¤μ¢ É¥²Ó´μ, ²Õ¡ Ö ÉμÎ±  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, £¤¥ V = 0, Å ÔÉμ μ¸μ¡ Ö
ÉμÎ± . �μÔÉμ³Ê ³Ò ¸Î¨É ¥³, ÎÉμ ´ Î ²Ó´μ¥ §´ Î¥´¨¥ V (0) ¤μ²¦´μ ¡ÒÉÓ ³ -
²Ò³, ´μ ´¥ ´Ê²¥¢Ò³. „²Ö Éμ£μ, ÎÉμ¡Ò ¶·¥μ¡² ¤ ² ´¥²¨´¥°´Ò° Î²¥´, ¢ (9.19)
´ ¤μ ¶μ¤¸É ¢¨ÉÓ nk = n1 : 1 − 2n1 < 0, É. ¥. n1 > 1/2, Éμ£¤  ± ± ¤²Ö · ¸-
Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ°, ±μ£¤  V → ∞, ± ± Éμ²Ó±μ t → ∞, ´ ¤μ ¶·¨´ÖÉÓ
nk = n2 : 1 − 2n2 > 0, É. ¥. n2 < 1/2. Š ± ¢¨¤´μ ¨§ (9.19), nk = n0 : n0 =
1/2 ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Î²¥´ ´ ¤μ ¸²μ¦¨ÉÓ ¸ ³ ¸¸μ¢Ò³
Î²¥´μ³.

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

V̈ = Φ1(V ), (9.21)

Φ1(V ) =

=
3κ

2
[
(msp + λ0)V0 + 2λ1(1 − n1)V 2n1

0 V 1−2n1 + 2λ2(1 − n2)V 2n2
0 V 1−2n2

]
.

“· ¢´¥´¨¥ (9.21) ¤μ¶Ê¸± ¥É ¶¥·¢Ò° ¨´É¥£· ²

V̇ = Φ2(V ), (9.22)

Φ2(V ) =
√

3κ
[
(msp + λ0)V0V + λ1V

2n1
0 V 2(1−n1)+ λ2V

2n2
0 V 2(1−n2)+ C̄

]
.

(9.23)
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�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (9.21) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ±¢ ¤· ÉÊ· Ì∫
dV

Φ2(V )
= t + t0. (9.24)

—Éμ¡Ò ·¥Ï¨ÉÓ Ê· ¢´¥´¨¥ (9.21), ´ ¤μ ¢Ò¡· ÉÓ ¶ · ³¥É·Ò V0, msp, κ,
C̄, λk,   É ±¦¥ ´ Î ²Ó´μ¥ §´ Î¥´¨¥ V (0) É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ÔÉμ ´¥ ¶·¨-
¢μ¤¨²μ ±

(msp + λ0)V0V + λ1V
2n1
0 V 2(1−n1) + λ2V

2n2
0 V 2(1−n2) + C̄ < 0.

„²Ö ¶·μ¸ÉμÉÒ ¶·¨³¥³ V0 = 1, msp = 1, C0 = 10, κ = 1. ‚ ¸μμÉ¢¥É¸É¢¨¨
¸ ´ Ï¨³¨ · ¸¸Ê¦¤¥´¨Ö³¨ ¶·¨³¥³ n0 = 1/2, n1 = 2 ¨ n2 = 0,   V (0) = 0,5.
� ¸¸³μÉ·¨³ λ0 = 1, λ1 = ±1 ¨ λ2 = ±1 ¢ · §²¨Î´ÒÌ ±μ³¡¨´ Í¨ÖÌ. �± §Ò¢ -
¥É¸Ö, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  λ2 ³μ¤¥²Ó ¤μ¶Ê¸± ¥É ¶·¨´Í¨¶¨ ²Ó´μ · §´Ò¥
·¥Ï¥´¨Ö,   ¨³¥´´μ: ¢ ¸²ÊÎ ¥ ¶μ²μ¦¨É¥²Ó´μ£μ §´ Î¥´¨Ö λ2 ¨³¥¥³ Ê¸±μ·¥´-
´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö ‚¸¥²¥´´μ°,   ¶·¨ μÉ·¨Í É¥²Ó´μ³ §´ Î¥´¨¨ λ2 ¨³¥¥³
±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

�¶·¥¤¥²¨³ ¶ · ³¥É· § ³¥¤²¥´¨Ö

q = −V V̈

V̇ 2
= −V Φ1(V )

Φ2
2(V )

, (9.25)

¨§ (9.21) ¨ (9.22) ´ Ìμ¤¨³

q = −
3κ
2 [(msp+λ0)V0V +2λ1(1−n1)V

2n1
0 V 2(1−n1)+2λ2(1−n2)V

2n2
0 V 2(1−n2)]

3κ[(msp+λ0)V0V +λ1V
2n1
0 V 2(1−n1)+λ2V

2n2
0 V 2(1−n2)+C̄] . (9.26)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ ¤²Ö · ¸Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ° ¶·¨ ¡μ²Ó-
Ï¨Ì t Î²¥´ V 1−2n2 ¶·¥μ¡² ¤ ¥É, ¤²Ö ¶ · ³¥É·  § ³¥¤²¥´¨Ö ¨³¥¥³

lim
V →∞

q → −(1 − n2) < 0, n2 < 1/2. (9.27)

’ ±¨³ μ¡· §μ³, ¢¨¤¨³, ÎÉμ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¶μ·μ¦¤ ¥É ¶μ§¤´¥¥
Ê¸±μ·¥´´μ¥ · ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ°.

�  ·¨¸. 19 ¨ 20 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ³ ¸ÏÉ ¡  μ¡Ñ¥³  V ¶·¨ ¶μ²μ¦¨É¥²Ó-
´μ° ¨ μÉ·¨Í É¥²Ó´μ° ±μ´¸É ´É¥ ¸ ³μ¤¥°¸É¢¨Ö λ2 ¸μμÉ¢¥É¸É¢¥´´μ. Š ± ¢¨¤´μ
¨§ ·¨¸. 19, ¶μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥ λ2 ¶μ·μ¦¤ ¥É Ê¸±μ·¥´´μ¥ · ¸Ï¨·¥´¨¥
‚¸¥²¥´´μ°, Éμ£¤  ± ± ´  ·¨¸. 20 ¶·¨ μÉ·¨Í É¥²Ó´μ³ §´ Î¥´¨¨ λ2 ¶μ± § ´ ±μ-
²¥¡ É¥²Ó´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö. �  ·¨¸. 21 ¶μ± § ´μ ¶μ¢¥¤¥´¨¥ ¶ · ³¥É· 
§ ³¥¤²¥´¨Ö q ¶·¨ ¶μ²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ λ2.

’ ±¨³ μ¡· §μ³, ¢¨¤´μ, ÎÉμ Éμ£¤ , ± ± ¨ ¢ ¸²ÊÎ ¥ μ¡Ð¥° ¨²¨ ¶μ²´μ° ³μ-
¤¥²¨ 	¨ ´±¨ É¨¶  I [212, 214] ¨ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI0, ³ ¸¸μ¢Ò° Î²¥´ ¨
´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ² £· ´¦¨ ´¥ ¨¸Î¥§ ÕÉ. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ´¨
³ ¸¸μ¢Ò° Î²¥´, ´¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¨¸Î¥§ ÕÉ. 	μ²¥¥ Éμ£μ,
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�¨¸. 19. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ ¶μ²μ-
¦¨É¥²Ó´μ³ §´ Î¥´¨¨ λ2

�¨¸. 20. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ μÉ-
·¨Í É¥²Ó´μ³ §´ Î¥´¨¨ λ2

�¨¸. 21. � · ³¥É· § ³¥¤²¥´¨Ö q ¶·¨ ¶μ²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ λ2

¢ μÉ²¨Î¨¥ μÉ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI, ¤ ´´ Ö ³μ¤¥²Ó ¶·¨¢μ¤¨É ±  ¸¨³¶Éμ-
É¨Î¥¸±μ° ¨§μÉ·μ¶¨§ Í¨¨. ’ ±¦¥ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ± 
±μ´¸É ´ÉÒ ¸ ³μ¤¥°¸É¢¨Ö ÔÉ  ³μ¤¥²Ó ¤μ¶Ê¸± ¥É ²¨¡μ Ê¸±μ·¥´´Ò° ·¥¦¨³ · ¸-
Ï¨·¥´¨Ö, ²¨¡μ ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (9.21) ³μ¦´μ ÉμÎ´μ ·¥Ï¨ÉÓ ¢ ´¥±μÉμ·ÒÌ ¸¶¥Í¨-
 ²Ó´ÒÌ ¸²ÊÎ ÖÌ. � ¶·¨³¥·, ¥¸²¨ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° ¸ msp + λ0 = 0 (¨²¨
Ô±¢¨¢ ²¥´É´μ, ¸ ¡¥§³ ¸¸μ¢Ò³ ¸¶¨´μ·´Ò³ ¶μ²¥³ msp = 0 ¨ ±μ´¸É ´Éμ° ¸¢Ö§¨
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λ0 = 0), ¤²Ö V ¨³¥¥³

V̈ = 3κ

[
λ1V − λ2

V 4
0

V 3

]
(9.28)

¸ ¶¥·¢Ò³ ¨´É¥£· ²μ³

V̇ =

√
3κ

[
λ1V 2 + λ2

V 4
0

V 2
+ C̄

]
. (9.29)

„ ²¥¥, ¶μ¤¸É ¢²ÖÖ Y = V 2, (9.29) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥∫
dY√

Y 2 + 2C̄1Y + C̄2

= 2
√

3κλ1 (t + t0) , (9.30)

£¤¥ μ¡μ§´ Î¨²¨ 2C̄1 = C̄/λ1 ¨ C̄2 = λ2V
4
0 /λ1. �·¥¤Ò¤ÊÐ¥¥ Ê· ¢´¥´¨¥ ¤μ¶Ê¸-

± ¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥. —Éμ¡Ò ´ °É¨ ¥£μ ¢ Ö¢´μ³ ¢¨¤¥, § ¶¨Ï¥³ ÔÉμ ¢ Ëμ·³¥∫
dY√(

Y + C̄1

)2 + C̄2 − C̄2
1

= 2
√

3κλ1 (t + t0) (9.31)

¸ ·¥Ï¥´¨¥³

V =

√√
C̄2 − C̄2

1 sinh
[
2
√

3κλ1 (t + t0)
]
− C̄1. (9.32)

10. ���‘’�	�‘’‚�-‚�…ŒŸ FRW

� ±μ´¥Í, · ¸¸³μÉ·¨³ ¨§μÉ·μ¶´μ¥ FRW ¶·μ¸É· ´¸É¢μ-¢·¥³Ö. Œμ¤¥²Ó
FRW μ¶¨¸Ò¢ ¥É ¨§μÉ·μ¶´ÊÕ ¨ μ¤´μ·μ¤´ÊÕ ‚¸¥²¥´´ÊÕ. Š ´ ¸ÉμÖÐ¥³Ê ¢·¥-
³¥´¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ μ Éμ³, ÎÉμ ´ Ï  ‚¸¥²¥´-
´ Ö ¤¥°¸É¢¨É¥²Ó´μ ¨§μÉ·μ¶´  ¨ μ¤´μ·μ¤´  ¢ ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì. ‚μÉ ¶μ-
Î¥³Ê ¶·¨ ¨§ÊÎ¥´¨¨ ¸μ¢·¥³¥´´μ° ‚¸¥²¥´´μ° ¤μ³¨´¨·Ê¥É ³μ¤¥²Ó FRW. ’μÎ-
´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¡Ò²μ ´ °¤¥´μ ·μ¸¸¨°¸±¨³ ³ É¥³ É¨±μ³
�.�.”·¨¤³ ´μ³, ±μÉμ·μ¥ ¶μ± § ²μ, ÎÉμ ´ Ï  ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö. �´
É ±¦¥ μÉ³¥É¨², ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ É·¨ ¢¨¤  ·¥Ï¥´¨Ö: § ±·ÒÉμ¥, ¶²μ¸±μ¥ ¨ μÉ-
±·ÒÉμ¥ [79, 80]. �μ ¢ É¥ £μ¤Ò Ë¨§¨±¨ ¸Î¨É ²¨, ÎÉμ ‚¸¥²¥´´ Ö ¸É É¨Î´  ¨
´¥¨§³¥´´ . �μÔÉμ³Ê �°´ÏÉ¥°´ μÉ¢¥·£ ¥É ·¥Ï¥´¨Ö ”·¨¤³ ´  ¨ ¢¢μ¤¨É ±μ¸-
³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ ¢ ¸¨¸É¥³Ê, ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ ¶μ¸ÉμÖ´´μ¥ ·¥Ï¥´¨¥
¸¢μ¥£μ Ê· ¢´¥´¨Ö. ‚ 1929 £. �.• ¡¡² Ô±¸¶¥·¨³¥´É ²Ó´μ ¶μ± § ², ÎÉμ ‚¸¥²¥´-
´ Ö · ¸Ï¨·Ö¥É¸Ö ¨ ¥¸ÉÓ ³´μ£μ £ ² ±É¨± §  ¶·¥¤¥² ³¨ Œ²¥Î´μ£μ �ÊÉ¨ [98].
�Éμ ¶μÌμ·μ´¨²μ ¨¤¥Õ ¸É É¨Î¥¸±μ° ‚¸¥²¥´´μ°. „ ²¥¥ ÔÉ  ³μ¤¥²Ó ¡Ò²  ¸ ³μ-
¸ÉμÖÉ¥²Ó´μ · §· ¡μÉ ´   ¢Éμ· ³¨ · ¡μÉ [121,164Ä166,241]. ˆ³¥´´μ ¶μÔÉμ³Ê
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¤ ´´ Ö ³μ¤¥²Ó ¨§¢¥¸É´  ± ± ³μ¤¥²Ó ”·¨¤³ ´ Ä‹¥³¥É· Ä�μ¡¥·É¸μ´ Ä“μ±¥· 
(FLRW).

ˆ§μÉ·μ¶¨Ö ±μ¸³¨Î¥¸±μ£μ Ëμ´μ¢μ£μ ¨§²ÊÎ¥´¨Ö, ¢¶¥·¢Ò¥ μ¡´ ·Ê¦¥´´ Ö
¸¶ÊÉ´¨±μ³ COBE [227] ¨ ¶μ¤É¢¥·¦¤¥´´ Ö ¤ ´´Ò³¨ WMAP [95],   É ±¦¥
¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ´ Ï¥ ¶μ²μ¦¥´¨¥ ¢μ ‚¸¥²¥´´μ° ´¥ Ö¢²Ö¥É¸Ö μ¸μ-
¡Ò³, ¶μ¤Î¥·±¨¢ ¥É¸Ö ±μ¸³μ²μ£¨Î¥¸±¨³ ¶·¨´Í¨¶μ³. �μ ÔÉμ³Ê ¶·¨´Í¨¶Ê ³Ò
¦¨¢¥³ ¢ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°, μ¶¨¸Ò¢ ¥³μ° ³μ¤¥²ÓÕ FRW.
’ ±¨³ μ¡· §μ³, FRW ¨³¥¥É ´¥ Éμ²Ó±μ ³ É¥³ É¨Î¥¸±ÊÕ ¶·μ¸ÉμÉÊ, ´μ ¨ Ô±¸-
¶¥·¨³¥´É ²Ó´ÊÕ ¶μ¤¤¥·¦±Ê.

Šμ¸³μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¸μ ¸¶¨´μ·´Ò³ ¶μ²¥³ ¢ · ³± Ì FRW ¶·μ¸É· ´-
¸É¢ -¢·¥³¥´¨ ¨§ÊÎ¥´Ò ¢ · ¡μÉ Ì [161, 212, 214]. Šμ¸³μ²μ£¨Î¥¸± Ö ³μ¤¥²Ó
FRW ¸ ¤¢Ê³Ö ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¨ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¦¨¤±μ¸ÉÖ³¨
¨§ÊÎ¥´  ¢ [152]. –¥²Ó ÔÉμ° · ¡μÉÒ Å ¨§ÊÎ¥´¨¥ ·μ²¨ ´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¢ Ô¢μ²ÕÍ¨¨ ¨§μÉ·μ¶´μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. Š·μ³¥ Éμ£μ, ¤ ¤¨³
¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ ¦¨¤±μ¸É¥° ¨ É¥³´μ° Ô´¥·£¨¨ ¨ ¶μ± ¦¥³, ¶μÎ¥³Ê ÔÉμÉ
³¥Éμ¤ Ê¤μ¡¥´ ¤²Ö ¨§ÊÎ¥´¨Ö Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°.

ˆ§μÉ·μ¶´μ¥ FRW ¶·μ¸É· ´¸É¢μ-¢·¥³Ö § ¤ ¥É¸Ö ¢ ¢¨¤¥

ds2 = dt2 − a2
[
dx2 + dy2 + dz2

]
, (10.1)

£¤¥ a § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ· 

�¨³ ´ :

R01
01 = R02

02 = R03
03 = − ä

a
, (10.2 )

R12
12 = R23

23 = R31
31 = − ȧ2

a2
. (10.2¡)

„²Ö ´¥É·¨¢¨ ²Ó´ÒÌ ±μ³¶μ´¥´É É¥´§μ·  �¨ÎÎ¨ ¨³¥¥³

R0
0 = 3

ä

a
, (10.3 )

R1
1 = R2

2 = R3
3 = −

(
ä

a
+ 2

ȧ2

a2

)
. (10.3¡)

‘± ²Ö· �¨ÎÎ¨ (¸± ²Ö·´ Ö ±·¨¢¨§´ ) ¨³¥¥É ¢¨¤

R = 6
(

ä

a
+

ȧ2

a2

)
. (10.4)

’ ±¨³ μ¡· §μ³, ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¨´¢ ·¨ ´É £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö
μ¡· É´μ° ËÊ´±Í¨¥° a.
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�¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  �°´ÏÉ¥°´ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥-
É·¨±¥ (10.1), ¥¸ÉÓ

G1
1 = G2

2 = G3
3 = −

(
2
ä

a
+

ȧ2

a2

)
, (10.5 )

G0
0 = −3

ȧ2

a2
. (10.5¡)

„²Ö ³¥É·¨±¨ (10.1) É¥É· ¤Ò ¢Ò¡¥·¥³ ¢ ¢¨¤¥

e
(0)
0 = 1, e

(1)
1 = a, e

(2)
2 = a, e

(3)
3 = a. (10.6)

ˆ§ (1.92) ´ Ìμ¤¨³ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨:

Γ0 = 0, Γ1 =
ȧ

2
γ̄1γ̄0, Γ2 =

ȧ

2
γ̄2γ̄0, Γ3 =

ȧ

2
γ̄3γ̄0. (10.7)

ˆ§ (1.90) ¤²Ö ´¥É·¨¢¨ ²Ó´ÒÌ ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨³¥-
¥³ [188]

T 0
0 = mspS + F (K), (10.8 )

T 1
1 = F (K) − 2KFK , (10.8¡)

T 2
2 = F (K) − 2KFK , (10.8¢)

T 3
3 = F (K) − 2KFK . (10.8£)

�μ¤μ¡´μ ³μ¤¥²Ö³ BI ¨ LRSBI, ¨´¢ ·¨ ´ÉÒ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³
¢ ÔÉμ³ ¸²ÊÎ ¥ É ±¦¥ Ê¤μ¢²¥É¢μ·ÖÕÉ (8.4) ¸ S0 = Sa3, P0 = Pa3, Aμ

0 =
Aμa3, vμ

0 = vμa3, Qμν
0 = Qμνa3 ¨ ¶μ¤Î¨´ÖÕÉ¸Ö (8.5). �μÔÉμ³Ê ¶μ²´ Ö ¸¨-

¸É¥³  Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¤²Ö ³¥É·¨±¨ FRW ¤μ²¦´  ¡ÒÉÓ

2
ä

a
+

ȧ2

a2
= κ(F (K) − 2KFK), (10.9 )

3
ȧ2

a2
= κ(mspS + F (K)). (10.9¡)

‡ ³¥É¨³, ÎÉμ ³μ¦´μ ·¥Ï ÉÓ (10.9¡) ¤²Ö ´ Ìμ¦¤¥´¨Ö a, ´μ ¤²Ö Éμ£μ, ÎÉμ¡Ò
¶·¨´¨³ ÉÓ ¢μ ¢´¨³ ´¨¥ μ¡  Ê· ¢´¥´¨Ö (10.9), ¸²¥¤Ê¥É ¸±μ³¡¨´¨·μ¢ ÉÓ ¨Ì
¢³¥¸É¥:

ä =
κ

6
(
3T 1

1 − T 0
0

)
a =

κ

6
(2F (K) − 6KFK − mspS) a. (10.10)
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�¥·¥¤ É¥³, ± ± ·¥Ï ÉÓ ÔÉ¨ Ê· ¢´¥´¨Ö, ¶μ¸³μÉ·¨³ Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ
¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸ ÊÎ¥Éμ³ (1.10) ¨ (10.7) Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö (1.6 )
¶·¨´¨³ ÕÉ ¢¨¤

ıγ̄0

(
ψ̇ +

3
2

ȧ

a
ψ

)
− mspψ − �ψ − ı� γ̄5ψ = 0, (10.11 )

ı

(
˙̄ψ +

3
2

ȧ

a
ψ̄

)
γ̄0 + mspψ̄ + �ψ̄ + ı� ψ̄γ̄5 = 0. (10.11¡)

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¨§ (10.11) ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ

K =
V 2

0

a6
. (10.12)

‘μμÉ´μÏ¥´¨¥ (10.12) ¸¶· ¢¥¤²¨¢μ ¤²Ö K = I ± ± ¤²Ö É·¨¢¨ ²Ó´μ°, É ± ¨ ¤²Ö
´¥É·¨¢¨ ²Ó´μ° ³ ¸¸Ò ¸¶¨´μ·´μ£μ ¶μ²Ö, Éμ£¤  ± ± ¥¸²¨ K ¶·¨´¨³ ¥É μ¤´μ
¨§ ¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨° {J, I + J, I − J}, Éμ (10.12) ¸¶· ¢¥¤²¨¢μ Éμ²Ó±μ ¤²Ö
¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö.

“· ¢´¥´¨¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

φ̇1 + ı (msp +�)φ1 + �φ3 = 0, (10.13 )

φ̇2 + ı (msp +�)φ2 + �φ4 = 0, (10.13¡)

φ̇3 − ı (msp +�)φ3 − �φ1 = 0, (10.13¢)

φ̇4 − ı (msp +�)φ4 − �φ2 = 0, (10.13£)

£¤¥ ³Ò ¢¢¥²¨ μ¡μ§´ Î¥´¨¥ φi = a3/2ψi.
‚ ¸²ÊÎ ¥ K = I ¤²Ö ±μ³¶μ´¥´É ¸¶¨´μ·´μ£μ ¶μ²Ö ¨§ (10.11) ¨³¥¥³

ψ1(t) =
C1

a3/2
exp (−ı [msp +� ] dt) , (10.14 )

ψ2(t) =
C2

a3/2
exp (−ı [msp +� ] dt) , (10.14¡)

ψ3(t) =
C3

a3/2
exp (ı [msp +� ] dt) , (10.14¢)

ψ4(t) =
C4

a3/2
exp (ı [msp +� ] dt) , (10.14£)

£¤¥ C1, C2, C3, C4 Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ V0 ± ±

C∗
1C1 + C∗

2C2 − C∗
3C3 − C∗

4C4 = V0,
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£¤¥ V0 É ±μ°, ÎÉμ I = V 2
0 /a6. ‚ ¸²ÊÎ ¥ ¡¥§³ ¸¸μ¢μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ K = J

¨³¥¥³

ψ1 =
1

a3/2

(
D1 eiσ + iD3 e−iσ

)
, (10.15 )

ψ2 =
1

a3/2

(
D2 eiσ + iD4 e−iσ

)
, (10.15¡)

ψ3 =
1

a3/2

(
iD1 eiσ + D3 e−iσ

)
, (10.15¢)

ψ4 =
1

a3/2

(
iD2 eiσ + D4 e−iσ

)
, (10.15£)

£¤¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö Di Ê¤μ¢²¥É¢μ·ÖÕÉ D∗
1D1 + D∗

2D2 − D∗
3D3 −

D∗
4D4 = V0, £¤¥ K = V 2

0 /a6.
—Éμ ± ¸ ¥É¸Ö K = I +J ¨ K = I−J , Éμ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ ´ Ìμ¤¨³ ·¥Ï¥´¨¥

 ´ ²μ£¨Î´μ ³μ¤¥²¨ LRSBI.
‚¥·´¥³¸Ö ± Ê· ¢´¥´¨Õ (10.10). Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¸²ÊÎ ÖÌ, ¢Ò¡¥·¥³

´¥²¨´¥°´μ¸ÉÓ ¢ ¢¨¤¥ (4.55) ¸ K = I . “Î¨ÉÒ¢ Ö, ÎÉμ S = V0/a3 (I = V 2
0 /a6),

¨³¥¥³

ä =
κ

6

(
2
∑

k

λk (1 − 3nk)
V 2nk

0

a6nk
− msp

V0

a3

)
a. (10.16)

�¥Ï¨³ ÔÉμ Ê· ¢´¥´¨¥ Î¨¸²¥´´μ. �μ¸±μ²Ó±Ê ²Õ¡ Ö ÉμÎ±  ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨, £¤¥ a = 0, Å ÔÉμ μ¸μ¡ Ö ÉμÎ± , Éμ ¸Î¨É ¥³, ÎÉμ ´ Î ²Ó´μ¥ §´ Î¥-
´¨¥ ¶¥·¥³¥´´μ° a(0) ¡Ò²μ ³ ²Ò³, ´μ ´¥ ´Ê²¥¢Ò³. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö Éμ£μ,
ÎÉμ¡Ò ´¥²¨´¥°´Ò° Î²¥´ ¶·¥μ¡² ¤ ² ¢ (10.16) ´  · ´´¥° ¸É ¤¨¨, ³Ò ¤μ²¦´Ò
¨³¥ÉÓ nk = n1 : 1 − 6n1 < −2, É. ¥. n1 > 1/2, Éμ£¤  ± ± ¢ ¸²ÊÎ ¥ · ¸-
Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ°, ±μ£¤  a → ∞ ¶·¨ t → ∞, ´¥μ¡Ìμ¤¨³μ ¨³¥ÉÓ
nk = n2 : 1 − 6n2 > −2, É. ¥. n2 < 1/2. ’ ±¨³ μ¡· §μ³, ¢ ÔÉμ° ³μ¤¥²¨
¨³¥¥³ ¤¥²μ ¸ ¤¢ÊÌ¦¨¤±μ¸É´μ° ¸¨¸É¥³μ°. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ³μ¤¥²Ó É¥³´μ°
Ô´¥·£¨¨ ¸ ¤¢Ê³Ö ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ¦¨¤±μ¸ÉÖ³¨ ¢ · ³± Ì FRW ‚¸¥²¥´´μ°
¡Ò²  ¨¸¸²¥¤μ¢ ´  ¢ [7].

‘ ÊÎ¥Éμ³ ÔÉμ£μ ¶·¥¤Ò¤ÊÐ¥¥ Ê· ¢´¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ä = Φ(a), (10.17)

Φ(a) =
κ

6

(
2λ1 (1 − 3n1)

V 2n1
0

a6n1
+ 2λ2 (1 − 3n2)

V 2n2
0

a6n2
− msp

V0

a3

)
a

¸ ¶¥·¢Ò³ ¨´É¥£· ²μ³

ȧ = Φ1(a), (10.18)

Φ1(a) =

√
κ

3

(
V 2n1

0 λ1a2(1−3n1) + V 2n2
0 λ2a2(1−3n2) + msp

V0

a

)
+ C̄,

£¤¥ C̄ Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö.
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ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (10.17) Î¨¸²¥´´μ. Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¸²ÊÎ ÖÌ,
¶·¨³¥³ ³ ²μ¥, ´μ ´¥É·¨¢¨ ²Ó´μ¥ ´ Î ²Ó´μ¥ §´ Î¥´¨¥ ¤²Ö a(t),   ¨³¥´´μ
a(0) = 0,5,   ȧ(t) ¢ÒÎ¨¸²Ö¥É¸Ö ¨§ (10.18). �·¨³¥³ É ±¦¥ V0 = 1, msp = 0,01,
C̄ = 1, κ = 1, n1 = 2/3 ¨ n2 = −1/6. � ¸¸³μÉ·¨³ ± ± ¶μ²μ¦¨É¥²Ó´μ¥, É ±
¨ μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ ¤²Ö λ1 (λ1 = ±0,0001) ¨ λ2 (λ2 = ±0,03). �± §Ò-
¢ ¥É¸Ö, ÎÉμ §´ ± λ1 Ë ±É¨Î¥¸±¨ ´¥ ¨³¥¥É ´¨± ±μ£μ ¢²¨Ö´¨Ö, Éμ£¤  ± ± §´ ±
λ2 Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³. �μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥ λ2 ¶μ·μ¦¤ ¥É · ¸Ï¨·ÖÕ-
ÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ (·¨¸. 22),   μÉ·¨Í É¥²Ó´μ¥ §´ Î¥´¨¥ λ2 ¶μ·μ¦¤ ¥É ‚¸¥²¥´-
´ÊÕ (·¨¸. 23), ±μÉμ· Ö ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö ´¥±μÉμ·μ£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö
´ Î¨´ ¥É ¸¦¨³ ÉÓ¸Ö ¨ ¢ ±μ´Í¥ ±μ´Íμ¢ § ± ´Î¨¢ ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³. � 
·¨¸. 24 ¨ 25 ¤ ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ± ·É¨´Ò Ô¢μ²ÕÍ¨¨ ¶ · ³¥É·  § ³¥¤²¥´¨Ö.

„μ ¸¨Ì ¶μ· ³Ò · ¸¸³ É·¨¢ ²¨ ³ ¸¸¨¢´μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ ¨ ¨§ÊÎ ²¨
Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° ¤²Ö ¶μ²¨´μ³¨ ²Ó´μ° ´¥²¨´¥°´μ¸É¨. ‚¸¶μ³´¨³, ÎÉμ ¢
· §¤. 3 ¡Ò²¨ ¸³μ¤¥²¨·μ¢ ´Ò · §´Ò¥ É¨¶Ò ¦¨¤±μ¸É¨ ¨ É¥³´μ° Ô´¥·£¨¨ ¸ ¶μ-
³μÐÓÕ ´¥²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ ¶μ²¥°.

’¥¶¥·Ó · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¸¶¨´μ·´μ¥ ¶μ²¥ ¶μ·μ¦¤ ¥É ¦¨¤±μ¸ÉÓ,
¶μ¤Î¨´ÖÕÐÊÕ¸Ö ¡ ·μÉ·μ¶¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö. �·¨´¨³ Ö ¢μ ¢´¨-
³ ´¨¥, ÎÉμ K = V 2

0 /a6 (³Ò · ¸¸³ É·¨¢ ¥³ ¡¥§³ ¸¸μ¢μ¥ ¸¶¨´μ·´μ¥ ¶μ²¥), ¢
ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

F (K) = λ
V 1+W

0

a3(1+W )
. (10.19)

Š ± ¡Ò²μ ¸± § ´μ, ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö W ÔÉ  ´¥²¨´¥°´μ¸ÉÓ ¶μ·μ¦¤ ¥É
¶Ò²Ó (W = 0), ¨§²ÊÎ¥´¨¥ (W = 1/3), ¦¥¸É±ÊÕ ‚¸¥²¥´´ÊÕ (W ∈ (1/3, 1)),
‚¸¥²¥´´ÊÕ ‡¥²Ó¤μ¢¨Î  (W = 1), ±¢¨´ÉÔ¸¸¥´Í¨Õ (W ∈ (−1/3, −1)), ±μ¸-
³μ²μ£¨Î¥¸±ÊÕ ¶μ¸ÉμÖ´´ÊÕ (W = −1), Ë ´Éμ³´ÊÕ ³ É¥·¨Õ (W < −1) ¨

�¨¸. 22. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ ¶μ-
²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ λ2

�¨¸. 23. �¢μ²ÕÍ¨Ö ‚¸¥²¥´´μ° ¶·¨ μÉ-
·¨Í É¥²Ó´μ³ §´ Î¥´¨¨ λ2
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�¨¸. 24. � · ³¥É· § ³¥¤²¥´¨Ö q ¶·¨ ¶μ-
²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ λ2

�¨¸. 25. � · ³¥É· § ³¥¤²¥´¨Ö q ¶·¨ μÉ-
·¨Í É¥²Ó´μ³ §´ Î¥´¨¨ λ2

¥±¶¨·μÉ¨Î¥¸±ÊÕ ³ É¥·¨Õ (W > 1). �  ·¨¸. 26 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö a, ±μ£¤ 
‚¸¥²¥´´ Ö § ¶μ²´¥´  ±¢¨´ÉÔ¸¸¥´Í¨¥°, ¶·¨ W = −1/2.

—Éμ ± ¸ ¥É¸Ö £ §  — ¶²Ò£¨´ , μ´ § ¤ ¥É¸Ö

F =

(
A + λ

V
(1+α)
0

a3(1+α)

)1/(1+α)

, (10.20)

£¤¥ A Å ¶μ²μ¦¨É¥²Ó´ Ö ¶μ¸ÉμÖ´´ Ö ¨ 0 < α � 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ô¢μ²ÕÍ¨Ö a
¶μ± § ´  ´  ·¨¸. 27.

�¨¸. 26. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a
¢ ¸²ÊÎ ¥ ±¢¨´ÉÔ¸¸¥´Í¨¨

�¨¸. 27. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a
¢ ¸²ÊÎ ¥ £ §  — ¶²Ò£¨´ 
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�¸Í¨²²¨·ÊÕÐ Ö É¥³´ Ö Ô´¥·£¨Ö (³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ±¢¨´ÉÔ¸¸¥´Í¨Ö) § -
¤ ¥É¸Ö

F = λ
V

(1+W )
0

a3(1+W )
+

W

1 + W
εcr, (10.21)

£¤¥ εcr Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ μ¸Í¨²²¨·ÊÕÐ¨° ·¥¦¨³
Ô¢μ²ÕÍ¨¨, ¶μ± § ´´Ò° ´  ·¨¸. 28.

�¨¸. 28. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a
¢ ¸²ÊÎ ¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ° ±¢¨´ÉÔ¸-
¸¥´Í¨¨

�¨¸. 29. �²μÉ´μ¸ÉÓ Ô´¥·£¨¨ (ÏÉ·¨Ì-
¶Ê´±É¨·´ Ö ±·¨¢ Ö) ¨ ¤ ¢²¥´¨¥ (¸¶²μÏ-
´ Ö) ¢ ¸²ÊÎ ¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ° ±¢¨´-
ÉÔ¸¸¥´Í¨¨

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¨ ¤ ¢²¥´¨¥ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 29.
Š ± ¢¨¤´μ ¨§ ·¨¸Ê´± , ± ± Éμ²Ó±μ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸É ´μ¢¨É¸Ö ³¥´ÓÏ¥
Î¥³ εcr, ¤ ¢²¥´¨¥ ¸É ´μ¢¨É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³. �Éμ ¶·¨¢μ¤¨É ± ¸¦ É¨Õ ¶·μ-
¸É· ´¸É¢ -¢·¥³¥´¨, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ Ê¢¥²¨Î¨¢ ¥É¸Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨. ‚¸²¥¤-
¸É¢¨¥ ÔÉμ£μ ¤ ¢²¥´¨¥ ¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´Ò³ ¨ ‚¸¥²¥´´ Ö ´ Î¨´ ¥É ¡Ò¸É·μ
· ¸Ï¨·ÖÉÓ¸Ö. ’ ±¨³ μ¡· §μ³, ¢¨¤´μ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ‚¸¥²¥´´ Ö ¢μ§´¨-
± ¥É ¨§ ´ Î ²Ó´μ° ¸¨´£Ê²Ö·´μ¸É¨ (	μ²ÓÏμ£μ ¢§·Ò¢ ), · ¸Ï¨·Ö¥É¸Ö ¤μ ´¥±μ-
Éμ·μ£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¨ § ± ´Î¨¢ ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³, ÎÉμ¡Ò
´ Î¨´ ÉÓ¸Ö ¸´μ¢  ¨§ 	μ²ÓÏμ£μ ¢§·Ò¢ .
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‚ ¸²ÊÎ ¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´  ¨³¥¥³

F =

(
A

1 + W
+ λ

V
(1+α)(1+W )
0

a3(1+α)(1+W )

)1/(1+α)

. (10.22)

‘μμÉ¢¥É¸É¢ÊÕÐ Ö Ô¢μ²ÕÍ¨Ö ¤ ´  ´  ·¨¸. 30.

�¨¸. 30. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¢ ¸²ÊÎ ¥
³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´ 

—Éμ ± ¸ ¥É¸Ö ±¢¨´Éμ³-¸Í¥´ ·¨Ö, ¤²Ö ³μ¤¥²¨ FRW ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ ± ·-
É¨´Ê Ô¢μ²ÕÍ¨¨.

‚ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-A ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö:

F =
λ

a12

[(
V 2

0 − ba6
)2

+ ca12
]
, (10.23)

Wquint = −1 +
4V 2

0 (V 2
0 − ba6)

[(V 2
0 − ba6)2 + ca12]

. (10.24)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶μ¢¥¤¥´¨¥ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¨ ¶ · ³¥É·  Ê· ¢-
´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¶μ± § ´Ò ´  ·¨¸. 31 ¨ 32.

‚ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-B ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö:

F =
λa12

[(V 2
0 − ba6)2 + ca12]

(10.25)

¨

Wquint = −1 − 4V 2
0 (V 2

0 − ba6)
[(V 2

0 − ba6)2 + ca12]
. (10.26)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶μ¢¥¤¥´¨¥ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¨ ¶ · ³¥É·  Ê· ¢-
´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¶μ± § ´μ ´  ·¨¸. 33 ¨ 34.
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�¨¸. 31. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a
¢ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-A

�¨¸. 32. ‚¨¤ ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ-
¸ÉμÖ´¨Ö ¢ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-A

�¨¸. 33. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¢
¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-B

�¨¸. 34. ‚¨¤ ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸Éμ-
Ö´¨Ö ¢ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-B

‚ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-C ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·-
´μ£μ ¶μ²Ö ¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö:

F =
λ

a18

[
V 2

0 (V 2
0 − ba6)2 + c18

]
(10.27)

¨

Wquint = −1 − 2V 2
0 (V 2

0 − ba6)(3V 2
0 − ba6)

[V 2
0 (V 2

0 − ba6)2 + ca18]
. (10.28)
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�¨¸. 35. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¢
¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-C

�¨¸. 36. ‚¨¤ ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ-
¸ÉμÖ´¨Ö ¢ ¸²ÊÎ ¥ ¸Í¥´ ·¨Ö ±¢¨´Éμ³-C

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶μ¢¥¤¥´¨¥ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¨ ¶ · ³¥É·  Ê· ¢-
´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¶μ± § ´Ò ´  ·¨¸. 35 ¨ 36.

Œμ¦¥É ¢μ§´¨±´ÊÉÓ ¢μ¶·μ¸: ¶μÎ¥³Ê ´ ³ ´Ê¦´μ ¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥ ¢¥-
Ð¥¸É¢ ? —Éμ¡Ò μÉ¢¥É¨ÉÓ ´  ´¥£μ, ¢¸¶μ³´¨³, ÎÉμ ‚¸¥²¥´´ Ö ¡Ò²  § ¶μ²´¥´ 
· §´Ò³¨ ³ É¥·¨Ö³¨ ¢ Ìμ¤¥ Ô¢μ²ÕÍ¨¨. ‚ ¶·μÏ²μ³ ³ É¥·¨Ö ¤μ³¨´¨·μ¢ ²  ¢
Ìμ¤¥ Ô¢μ²ÕÍ¨¨, É¥¶¥·Ó ¤μ³¨´¨·ÊÕÐ¨³ ±μ³¶μ´¥´Éμ³ ¸É ²  É¥³´ Ö Ô´¥·£¨Ö.
‚ ¸²ÊÎ ¥, ±μ£¤  ¥¸ÉÓ Éμ²Ó±μ ¤¢  ±μ³¶μ´¥´É , ´ ¶·¨³¥·, ¨§²ÊÎ¥´¨¥ ¨ É¥³´ Ö
Ô´¥·£¨Ö, Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ³μ¦¥É ¡ÒÉÓ ²¥£±μ · §¤¥²¥´μ ¡² £μ¤ ·Ö
Éμ³Ê, ÎÉμ É¥³´ Ö Ô´¥·£¨Ö ´¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ μ¡ÒÎ´μ° ³ É¥·¨¥°. �μ ¢ ¸²Ê-
Î ¥ É·¥Ì ¨²¨ ¡μ²¥¥ ±μ³¶μ´¥´Éμ¢ ¸¨ÉÊ Í¨Ö ¸É ´μ¢¨É¸Ö ¸²μ¦´¥¥. ˆ¸¶μ²Ó§ÊÖ
¸¶¨´μ·´μ¥ μ¶¨¸ ´¨¥, ³μ¦´μ ¨§¡¥¦ ÉÓ É ±μ° ¸¨ÉÊ Í¨¨, É ± ± ± Ê· ¢´¥´¨¥ ´¥-
¶·¥·Ò¢´μ¸É¨ ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¢Ò¶μ²´Ö¥É¸Ö Éμ¦¤¥¸É¢¥´´μ (¸³. (4.70) ¨
μ¡¸Ê¦¤¥´¨Ö ¶μ¸²¥ ÔÉμ£μ). —Éμ¡Ò ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ ÔÉμ, · ¸¸³μÉ·¨³ ¸²ÊÎ °
¸ £ §μ³ ‚ ´ ¤¥· ‚  ²Ó¸ , ¨§²ÊÎ¥´¨¥³ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ £ §μ³ — ¶²Ò-
£¨´  [220]. ˆ³¥¥³
ε = εVdW + εrad + εm Chap,

p = pVdW + prad + pm Chap = (10.29)

=
8WVdWεVdW

3 − εVdW
− 3ε2

VdW + Wradεrad + Wm Chapεm Chap − A

εα
m Chap

.

’¥¶¥·Ó ¨§ (4.68) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³

ε̇VdW + ε̇rad + ε̇m Chap+

+ 3
ȧ

a
[(εVdW + pVdW) + (εrad + prad) + (εm Chap + pm Chap)] = 0. (10.30)
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…¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ É¥³´ Ö Ô´¥·£¨Ö ´¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ μ¡ÒÎ´μ° ³ É¥-
·¨¥°, ¢ÒÏ¥Ê¶μ³Ö´ÊÉμ¥ Ê· ¢´¥´¨¥ ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´μ ´  ¸²¥¤ÊÕÐ¨¥ ¸¨-
¸É¥³Ò:

ε̇VdW + ε̇rad + 3
ȧ

a
[(εVdW + pVdW) + (εrad + prad)] = 0, (10.31 )

ε̇m Chap + 3
ȧ

a
(εm Chap + pm Chap) = 0. (10.31¡)

’ ±¨³ μ¡· §μ³, ¨³¥¥³ Éμ²Ó±μ ¤¢  Ê· ¢´¥´¨Ö ¤²Ö É·¥Ì ´¥¨§¢¥¸É´ÒÌ. �·¨´¨³ Ö
¢μ ¢´¨³ ´¨¥, ÎÉμ ¶·¨ ¢Ò· ¦¥´¨¨ Éμ²Ó±μ ¤¢ÊÌ ¨§ É·¥Ì ±μ³¶μ´¥´Éμ¢ (´ ¶·¨³¥·,
· ¤¨ Í¨¨ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ £ §  — ¶²Ò£¨´ ) ¢ É¥·³¨´ Ì ´¥²¨´¥°´μ¸É¨
¸¶¨´μ·´μ£μ ¶μ²Ö, ³μ¦´μ ²¥£±μ ¶·¥μ¤μ²¥ÉÓ ÔÉÊ ¸¨ÉÊ Í¨Õ.

„ ²¥¥, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¨§²ÊÎ¥´¨¥ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° £ § — ¶²Ò-
£¨´ , ³μ¦´μ ¸³μ¤¥²¨·μ¢ ÉÓ ¸ ¶μ³μÐÓÕ ¸¶¨´μ·´μ£μ ¶μ²Ö ± ± ´¥²¨´¥°´μ¸É¨

εrad = λradS4/3, εm Chap =
(

A

1 + W
+ λm ChapS(1+W )(1+α)

)1/(1+α)

.(10.32)

“· ¢´¥´¨¥ (10.10) ¢³¥¸É¥ ¸ Ê· ¢´¥´¨¥³ ´¥¶·¥·Ò¢´μ¸É¨ ³μ¦¥É ¡ÒÉÓ § ¶¨-
¸ ´μ ¢ ¢¨¤¥

Ḣ = −H2 − κ

6
f(a, εVdW), (10.33 )

ȧ = aH, (10.33¡)

ε̇VdW = −3H

(
εVdW +

8WvdwεVdW

3 − εVdW
− 3ε2

VdW

)
, (10.33¢)

£¤¥

f(a, εVdW) =
24WVdWεVdW

3 − εVdW
− 9ε2

VdW + εVdW +
2λradV

4/3
0

a4
+

+ (3W + 1)

(
A

1 + W
+

λm ChapV
(1+W )(1+α)
0

a3(1+W )(1+α)

)1/(1+α)

−

− 3A
/( A

1 + W
+

λm ChapV
(1+W )(1+α)
0

a3(1+W )(1+α)

)α/(1+α)

. (10.34)

„ ²¥¥ ·¥Ï¨³ ¢ÒÏ¥¨§²μ¦¥´´ÊÕ ¸¨¸É¥³Ê Î¨¸²¥´´μ. � Ï  Í¥²Ó §¤¥¸Ó Î¨¸Éμ
¶¥¤ £μ£¨Î¥¸± Ö, ¶μÔÉμ³Ê ¨¸¶μ²Ó§Ê¥³ ³ ±¸¨³ ²Ó´μ ¶·μ¸ÉÒ¥ §´ Î¥´¨Ö ¤²Ö ¶ -
· ³¥É·μ¢ κ = 1, V0 = 1, λrad = 1, λm Chap = 1, WVdW = 1/2, α = 1/2,
W = −1/2 ¨ A = 1. „²Ö ´ Î ²Ó´ÒÌ §´ Î¥´¨° ¨¸¶μ²Ó§Ê¥³ H(0) = 0,1,
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�¨¸. 37. ‚¨¤ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ a ¢
¸²ÊÎ ¥ FRW ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ°
£ §μ³ ‚ ´ ¤¥· ‚  ²Ó¸ , ¨§²ÊÎ¥´¨¥³ ¨
³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ £ §μ³ — ¶²Ò£¨´ 

�¨¸. 38. ‚¨¤ ¶ · ³¥É·  • ¡¡²  ¢ ¸²Ê-
Î ¥ FRW ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° £ -
§μ³ ‚ ´ ¤¥· ‚  ²Ó¸ , ¨§²ÊÎ¥´¨¥³ ¨
³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ £ §μ³ — ¶²Ò£¨´ 

�¨¸. 39. �¢μ²ÕÍ¨Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨
£ §  ‚ ´ ¤¥· ‚  ²Ó¸ 

�¨¸. 40. �¢μ²ÕÍ¨Ö ¤ ¢²¥´¨Ö £ § 
‚ ´ ¤¥· ‚  ²Ó¸ 

a(0) = 0,9 ¨ εVdW(0) = 0,9. �  ·¨¸. 37 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ³¥É·¨Î¥¸±μ°
ËÊ´±Í¨¨, ±μ£¤  ‚¸¥²¥´´ Ö ´ ¶μ²´¥´  £ §μ³ ‚ ´ ¤¥· ‚  ²Ó¸ , ¨§²ÊÎ¥´¨¥³ ¨
³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ £ §μ³ — ¶²Ò£¨´ . �¢μ²ÕÍ¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶ · ³¥-
É·  • ¡¡²  ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 38. �  ·¨¸. 39Ä41 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶²μÉ´μ-
¸É¨ Ô´¥·£¨¨, ¤ ¢²¥´¨Ö ¨ ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö £ §  ‚ ´ ¤¥· ‚  ²Ó¸ 
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�¨¸. 41. �¢μ²ÕÍ¨Ö ¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö £ §  ‚ ´ ¤¥· ‚  ²Ó¸ 

�¨¸. 42. �¢μ²ÕÍ¨Ö ¶μ²´μ° ¶²μÉ´μ-
¸É¨ Ô´¥·£¨¨ ¸¨¸É¥³Ò

�¨¸. 43. �¢μ²ÕÍ¨Ö ¶μ²´μ£μ ¤ ¢²¥´¨Ö
¸¨¸É¥³Ò

¸μμÉ¢¥É¸É¢¥´´μ. Š ± ¢¨¤´μ, £ § ‚ ´ ¤¥· ‚  ²Ó¸  μ¡² ¤ ¥É μÉ·¨Í É¥²Ó´Ò³ ¤ -
¢²¥´¨¥³ ´  · ´´¥° ¸É ¤¨¨, ÎÉμ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´μ ¤²Ö ¶μ·μ¦¤¥´¨Ö
¶¥·¢μ´ Î ²Ó´μ° ¨´Ë²ÖÍ¨¨.

�·μ¨²²Õ¸É·¨·Ê¥³ Ô¢μ²ÕÍ¨Õ ¶μ²´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¨ ¶μ²´μ£μ ¤ ¢²¥-
´¨Ö ¸¨¸É¥³Ò.
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�  ·¨¸. 42 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸¨¸É¥³Ò. Š ± ¨ ¸²¥¤μ-
¢ ²μ μ¦¨¤ ÉÓ, ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸¨¸É¥³Ò Ê³¥´ÓÏ ¥É¸Ö ¶μ ³¥·¥ · ¸Ï¨·¥´¨Ö
‚¸¥²¥´´μ°. �  ·¨¸. 43 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶μ²´μ£μ ¤ ¢²¥´¨Ö ¸¨¸É¥³Ò. ˆ§´ -
Î ²Ó´μ μ´μ ¨³¥¥É ¡μ²ÓÏ¨¥ μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö §  ¸Î¥É £ §  ‚ ´ ¤¥· ‚ -
 ²Ó¸ , ÎÉμ ¶μ·μ¦¤ ¥É ¶¥·¢μ´ Î ²Ó´ÊÕ ¨´Ë²ÖÍ¨Õ. ‡ É¥³ ¡² £μ¤ ·Ö ¨§²ÊÎ¥-
´¨Õ §´ Î¥´¨¥ ¤ ¢²¥´¨Ö ¶μ¢ÒÏ ¥É¸Ö, ÎÉμ ¶·¨¢μ¤¨É ± § ³¥¤²¥´¨Õ. � ±μ´¥Í,
¢±²ÕÎ ¥É¸Ö ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° £ § — ¶²Ò£¨´ , ÎÉμ ¸²Ê¦¨É μ¸´μ¢ ´¨¥³ ¤²Ö
¶μÖ¢²¥´¨Ö ¶μ§¤´¥£μ Ê¸±μ·¥´¨Ö. ˆ§ÊÎ¥´¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê É¥³´μ° ¨
μ¡ÒÎ´μ° ³ É¥·¨Ö³¨ μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸ÉÓ μ¡´ ·Ê¦¥´¨Ö É¥³´μ° Ô´¥·£¨¨.
‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¤ ´´Ò¥, ¶·¥¤¸É ¢²¥´´Ò¥ ¸±μ¶²¥´¨¥³ �¡¥² A586 (the
Abell Cluster A586), ¶μ¤¤¥·¦¨¢ ÕÉ ¨¤¥Õ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê É¥³´μ° Ô´¥·-
£¨¥° ¨ É¥³´μ° ³ É¥·¨¥° [30,60].

11. ”ˆ‡ˆ—…‘Šˆ… 	‘�…Š’› Œ�„…‹…‰

‚ ÔÉμ³ · §¤¥²¥ μ¡¸Ê¤¨³ Ë¨§¨Î¥¸±¨¥  ¸¶¥±ÉÒ ³μ¤¥²¥°, · ¸¸³μÉ·¥´´ÒÌ
¢ÒÏ¥. �μ¸±μ²Ó±Ê ³μ¤¥²Ó FRW ´¥ Éμ²Ó±μ Ö¢²Ö¥É¸Ö ¸ ³μ° ¶·μ¸Éμ° ¨ ¶μ¶Ê-
²Ö·´μ°, ´μ ¨ ¤ ¥É ·¥ ²¨¸É¨Î´μ¥ μ¶¨¸ ´¨¥ ¸¥£μ¤´ÖÏ´¥° ‚¸¥²¥´´μ°, ¨§ÊÎ¨³
Ë¨§¨Î¥¸±¨¥  ¸¶¥±ÉÒ ³μ¤¥²¨ ¸μ ¸¶¨´μ·´Ò³ ¶μ²¥³ Éμ²Ó±μ ¢ · ³± Ì FRW
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. �·¨ ÔÉμ³ · ¸¸³μÉ·¨³ ¸¶¨´μ·´μ¥ ¶μ²¥ ¸ ´¥´Ê²¥¢μ°
³ ¸¸μ° ¨ ¸· ¢´¨³ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ ´¥±μÉμ·Ò³¨ ¤ ´´Ò³¨ ´¥¤ ¢´¨Ì
´ ¡²Õ¤¥´¨°. „²Ö ´ Î ²  § ¶¨Ï¥³ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö W ± ± ¸μ-
μÉ´μÏ¥´¨¥ ³¥¦¤Ê ¤ ¢²¥´¨¥³ ¨ ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨. “Î¨ÉÒ¢ Ö, ÎÉμ T 0

0 = ε ¨
T 1

1 = −p, ¨§ (10.9) ¶μ²ÊÎ ¥³

W =
p

ε
= −

2
ä

a
+

ȧ2

a2

3
ȧ2

a2

, (11.1)

ÎÉμ ¸ ÊÎ¥Éμ³ q = −aä/ȧ2 ¤ ¥É Ï¨·μ±μ ¨§¢¥¸É´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¶ · -
³¥É·μ³ § ³¥¤²¥´¨Ö q ¨ ¶ · ³¥É·μ³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö W :

q =
3
2

(
W +

1
3

)
. (11.2)

ˆ§ (11.2) ¢¨¤¨³, ÎÉμ ¤²Ö W > −1/3 ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ¸ § ³¥¤²¥´¨¥³,
Éμ£¤  ± ± Ê¸±μ·¥´´Ò° ·¥¦¨³ · ¸Ï¨·¥´¨Ö ¨³¥¥É ³¥¸Éμ Éμ²Ó±μ ¶·¨ W < −1/3.
„²Ö W = −1/3 ¶ · ³¥É· § ³¥¤²¥´¨Ö ¸É ´μ¢¨É¸Ö É·¨¢¨ ²Ó´Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥
³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö ²¨¡μ ¶μ¸ÉμÖ´´ Ö (a = const), ²¨¡μ ²¨´¥°´ Ö ËÊ´±Í¨Ö
μÉ ¢·¥³¥´¨ (a = C1t + C2).

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ (10.8 ), (10.8¡), (10.8¢) ¨ (10.8£) ¨³¥¥³

W =
p

ε
=

2KFK − F

mS + F
. (11.3)
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‚ · ¡μÉ Ì [177,179] · ¸¸³μÉ·¥´Ò · §²¨Î´Ò¥ É¨¶Ò ´¥²¨´¥°´μ¸É¥° ¸¶¨´μ·´μ£μ
¶μ²Ö. Š ± ¡Ò²μ ¶μ± § ´μ · ´ÓÏ¥, ¡μ²ÓÏ¨´¸É¢μ Ê¸É ´μ¢²¥´´ÒÌ ¨¸ÉμÎ´¨±μ¢
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨´¨Í¨¨·Ê¥É¸Ö ¸¶¨´μ·´Ò³ ¶μ²¥³ ¸μ ¸É¥¶¥´´μ° ´¥²¨-
´¥°´μ¸ÉÓÕ. ‘ ÊÎ¥Éμ³ ÔÉμ£μ, ¶μ¤¸É ¢²ÖÖ (4.55) ¢ (11.3), ¶μ²ÊÎ¨³

W =

∑
k

(2nk − 1)λkS2nk

mspS +
∑
k

λkS2nk
. (11.4)

‚¸¶μ³´¨³, ÎÉμ ¤²Ö nk = n1 : n1 > 1/4 ´¥²¨´¥°´Ò° Î²¥´ ¶·¥μ¡² ¤ ¥É ¢ · ´-
´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨ ¨ ¤²Ö nk = n2 : n2 < 1/4 ´¥²¨´¥°´Ò° Î²¥´ ¸É ´μ¢¨É¸Ö
¤μ³¨´¨·ÊÕÐ¨³ ¢ ¶μ§¤´¥¥ ¢·¥³Ö. ˆ, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ S = V0/a3,
¶·¥¤Ò¤ÊÐ¥¥ ¢Ò· ¦¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

W =
(2n1 − 1)λ1V

2n1
0 /a6n1 + (2n2 − 1)λ2V

2n2
0 /a6n2

mspV0/a3 + λ1V
2n1
0 /a6n1 + λ2V

2n2
0 /a6n2

. (11.5)

‡¤¥¸Ó ³Ò · ¸¸³ É·¨¢ ¥³ · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ. Š ± ¡Ò²μ μÉ³¥Î¥´μ
¢ÒÏ¥, Î²¥´ V 2n1

0 /a6n1 ¶·¥μ¡² ¤ ¥É ¢ · ´´¥° ¸É ¤¨¨ Ô¢μ²ÕÍ¨¨, ¶μÔÉμ³Ê ¨³¥¥³

W
∣∣
t→0

→ 2n1 − 1, (11.6)

Éμ£¤  ± ± ¢ ¶μ§¤´¥¥ ¢·¥³Ö, ±μ£¤  Î²¥´ V 2n2
0 /a6n2 ¸É ´μ¢¨É¸Ö ¤μ³¨´¨·ÊÕÐ¨³,

W
∣∣
t→∞→ 2n2 − 1. (11.7)

„²Ö Éμ£μ ÎÉμ¡Ò ‚¸¥²¥´´ Ö · ¸Ï¨·Ö² ¸Ó ¸ § ³¥¤²¥´¨¥³, ´Ê¦´μ, ÎÉμ¡Ò
W > −1/3, ¨ ¨§ (11.6) ¨ (11.7) ¶μ²ÊÎ¨³ n1 > 1/3 ¨ n2 > 1/3. ’ ± ± ±
¨³¥¥³ n1 > 1/4 ¨ n2 < 1/4, Éμ Éμ²Ó±μ É¥·³¨´ ¸ n1 ³μ¦¥É ¶·¨¢¥¸É¨ ± · ¸-
Ï¨·¥´¨Õ ¸ § ³¥¤²¥´¨¥³. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¤²Ö · ¸Ï¨·¥´¨Ö ¸ Ê¸±μ·¥´¨¥³
³Ò ¤μ²¦´Ò ¨³¥ÉÓ W < −1/3, ÎÉμ ¶·¨¢μ¤¨É ± n1 < 1/3 ¨ n2 < 1/3. �Éμ
μ§´ Î ¥É, ÎÉμ ¥¸²¨ n1 ∈ (1/4, 1/3), Éμ Î²¥´ ¶μ·μ¦¤ ¥É (´ Î ²Ó´μ¥) Ê¸±μ·¥´¨¥,
Éμ£¤  ± ± n2, ¡Ê¤ÊÎ¨ ³¥´¥¥ Î¥³ 1/4, ¢¸¥£¤  ¶μ·μ¦¤ ¥É · ¸Ï¨·¥´¨¥ ¸ Ê¸±μ-
·¥´¨¥³. ’ ±¨³ μ¡· §μ³, ³Ò ¢¨¤¨³, ÎÉμ ¥¸²¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö
¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥ ¶μ²¨´μ³ , Éμ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ³¥´Ö¥É¸Ö ¸
Ô¢μ²ÕÍ¨¥° ‚¸¥²¥´´μ°, ¤ ¦¥ ¥¸²¨ ³ ¸¸μ¢Ò° Î²¥´ μÉ¸ÊÉ¸É¢Ê¥É. �μ ¥¸²¨ ´¥-
²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö § ¤ ¥É¸Ö ¢ ¢¨¤¥ ¸É¥¶¥´´μ° ËÊ´±Í¨¨, ´ ¶·¨³¥·,
F = λIn = λS2n, Éμ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ¢¨¤

W =
λ (2n − 1)S2n

mS + λS2n
. (11.8)

„ ²¥¥, ¢¸¶μ³´¨¢, ÎÉμ S = V0/a3, ¨§ (11.8) ´ Ìμ¤¨³

W =
λ (2n− 1)V 2n

0 /a6n

mV0/a3 + λV 2n
0 /a6n

=
λ(2n − 1)

λ + m̃a3(2n−1)
, m̃ = m/V

(2n−1)
0 . (11.9)
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‘μμÉ´μÏ¥´¨¥ (11.9) ¶μ± §Ò¢ ¥É, ÎÉμ Éμ²Ó±μ ¤²Ö n < 1/3 ¸¶¨´μ·´μ¥
¶μ²¥ ¢ ¤ ´´μ° ³μ¤¥²¨ ³μ¦¥É ¶·¨¢¥¸É¨ ± Ê¸±μ·¥´´μ³Ê ·¥¦¨³Ê · ¸Ï¨·¥´¨Ö.
ˆ§ (11.9) É ±¦¥ ¢¨¤¨³, ÎÉμ ¤²Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¸ É·¨¢¨ ²Ó´μ° ³ ¸¸μ° ¶ · -
³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö Å ¶μ¸ÉμÖ´´ Ö,   ¨³¥´´μ W = 2n − 1, Éμ£¤  ± ±,
¥¸²¨ ¸¶¨´μ·´μ¥ ¶μ²¥ ¨³¥¥É ´¥´Ê²¥¢ÊÕ ³ ¸¸Ê, ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö
§ ¢¨¸¨É μÉ ¢·¥³¥´¨. 	μ²¥¥ Éμ£μ, ¢ μÉ¸ÊÉ¸É¢¨¥ ´¥²¨´¥°´μ£μ Î²¥´  (λ = 0 ¨/¨²¨
n = 1/2) ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¸É ´μ¢¨É¸Ö É·¨¢¨ ²Ó´Ò³ (W = 0).

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö § ¢¨¸¨É μÉ ¢·¥-
³¥´¨. � · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö É ±¦¥ ³μ¦¥É ¡ÒÉÓ ËÊ´±Í¨¥° ±· ¸´μ£μ
¸³¥Ð¥´¨Ö z ¨²¨ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  a (ÎÉμ ¥¸ÉÓ ´  ¸ ³μ³ ¤¥²¥). ‡ ¢¨¸¨-
³μ¸ÉÓ W μÉ ±· ¸´μ£μ ¸³¥Ð¥´¨Ö ³μ¦¥É ¡ÒÉÓ ²¨´¥°´μ°:

W (z) = W0 + W ′z, (11.10)

£¤¥ W ′ =
dW

dz

∣∣∣∣
z=0

(¸³. [99,247]), ¨²¨ ´¥²¨´¥°´μ° [53,123]:

W (z) = W0 +
W1z

1 + z
. (11.11)

—Éμ ± ¸ ¥É¸Ö § ¢¨¸¨³μ¸É¨ W μÉ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ· , Éμ ¶ · ³¥É·¨§ Í¨Ö

W (a) = W0 + Wa(1 − a), (11.12)

£¤¥ W0 Å ´ ¸ÉμÖÐ¥¥ §´ Î¥´¨¥, Wa Å ³¥·  ¨§³¥´¥´¨Ö ¶μ ¢·¥³¥´¨ (a = 1) ¨
W ′ Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ²¨É¥· ÉÊ·¥ [125].

�μÔÉμ³Ê, ¥¸²¨ ¤ ´´Ò¥ ÔÉμ° · ¡μÉÒ ¸· ¢´¨ÉÓ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´-
´Ò³¨, ¶μ²ÊÎ¥´´Ò³¨ ¢ · ¡μÉ Ì [96,110,112,235], ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ μ£· -
´¨Î¥´¨¥ W Ê· ¢´¥´¨¥³ (11.9) ³μ¦¥É μ¡¥¸¶¥Î¨ÉÓ ¶·¨¥³²¥³Ò° ¤¨ ¶ §μ´ ¤²Ö
¶ · ³¥É·  Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö. Š ± Ê¦¥ ¡Ò²μ ¸± § ´μ, ¶ · ³¥É· Ê· ¢´¥´¨Ö
¸μ¸ÉμÖ´¨Ö ¨¸Î¥§ ¥É ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö.

—Éμ¡Ò §´ Î¥´¨¥ W ¡Ò²μ ¸μ£² ¸μ¢ ´μ ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [110],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

a[1] < a < a[2], (11.13)

£¤¥

a[1] =
[
− (n + 0,67)λ

1,67m̃

]1/3(n−1)

, a[2] =
[
− (n − 0,38)λ

0,62m̃

]1/3(n−1)

. (11.14)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,67 < W < −0,62, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μÏ¥³
¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨° SNe
Ia [110].
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—Éμ¡Ò §´ Î¥´¨¥ W ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [235],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

a[3] < a < a[4], (11.15)

£¤¥

a[3] =
[
− (n + 0,33)λ

1,33m̃

]1/3(n−1)

, a[4] =
[
− (n − 0,21)λ

0,79m̃

]1/3(n−1)

. (11.16)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,33 < W < −0,79, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μÏ¥³
¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨° SNe
Ia [235].

—Éμ¡Ò §´ Î¥´¨¥ W ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [96,112],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

a[5] < a < a[6], (11.17)

£¤¥

a[5] =
[
− (n + 0,44)λ

1,44m̃

]1/3(n−1)

, a[6] =
[
− (n − 0,08)λ

0,92m̃

]1/3(n−1)

. (11.18)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,44 < W < −0,92, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μÏ¥³
¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨° SNe
Ia [96,112].

’ ±¦¥ μÉ³¥É¨³, ÎÉμ

a[0] =
[
−nλ

m̃

]1/3(n−1)

, (11.19)

Éμ£¤  ¤²Ö a = a[0] ¨³¥¥³ W = −1, É. ¥. ‚¸¥²¥´´ÊÕ ¸ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸Éμ-
Ö´´μ°. …¸²¨ a < a[0], ¨³¥¥³ W > −1, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ±¢¨´ÉÔ¸¸¥´Í¨¨, Éμ£¤ 
± ± ¤²Ö a > a[0] ¨³¥¥³ W < −1, É. ¥. ‚¸¥²¥´´ÊÕ ¸ Ë ´Éμ³´μ° ³ É¥·¨¥° [44].

�μ¸±μ²Ó±Ê ¤²Ö ³μ¤¥²¥° 	¨ ´±¨ É¨¶  I, § ¤ ´´ÒÌ (8.1), ¨ ³ ¸¸μ¢Ò° Î²¥´,
¨ ´¥²¨´¥°´Ò° Î²¥´ ¢ ² £· ´¦¨ ´¥ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸Î¥§ ÕÉ, ´¥É ´¨± ±μ°
´¥μ¡Ìμ¤¨³μ¸É¨ ¶·μ¢μ¤¨ÉÓ  ´ ²¨§, ± ± ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥. —Éμ ± ¸ ¥É¸Ö ³μ-
¤¥²¨ LRS 	¨ ´±¨ É¨¶  I, ³μ¦´μ ¸· ¢´¨ÉÓ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ ¤ ´´Ò³¨
´ ¡²Õ¤¥´¨°, É ± ¦¥ ± ± ¨ ¢ ¸²ÊÎ ¥ ³¥É·¨±¨ FRW. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¢¨¤Ê
S = V0/V ¨§ (11.5) ´ Ìμ¤¨³

W =
λ(2n − 1)

λ + m̃V (2n−1)
, m̃ =

m

V
2(n−1)
0

. (11.20)
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—Éμ¡Ò §´ Î¥´¨¥ W ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [110],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

V[1] < V < V[2], (11.21)

£¤¥

V[1] =
[
− (n + 0,67)λ

1,67m̃

]1/(n−1)

, V[2] =
[
− (n − 0,38)λ

0,62m̃

]1/(n−1)

. (11.22)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,67 < W < −0,62, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μ-
Ï¥³ ¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨°
SNe Ia [110].

—Éμ¡Ò §´ Î¥´¨¥ W ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [235],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

V[3] < V < V[4], (11.23)

£¤¥

V[3] =
[
− (n + 0,33)λ

1,33m̃

]1/(n−1)

, V[4] =
[
− (n − 0,21)λ

0,79m̃

]1/(n−1)

. (11.24)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,33 < W < −0,79, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μ-
Ï¥³ ¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨°
SNe Ia [235].

—Éμ¡Ò §´ Î¥´¨¥ W ¸μ£² ¸μ¢Ò¢ ²μ¸Ó ¸ ¤ ´´Ò³¨ ´ ¡²Õ¤¥´¨° ¨§ [96,112],
¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

V[5] < V < V[6], (11.25)

£¤¥

V[5] =
[
− (n + 0,44)λ

1,44m̃

]1/(n−1)

, V[6] =
[
− (n − 0,08)λ

0,92m̃

]1/(n−1)

. (11.26)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ −1,44 < W < −0,92, ÎÉμ ´ Ìμ¤¨É¸Ö ¢ Ìμ·μ-
Ï¥³ ¸μ£² ¸¨¨ ¸ μ£· ´¨Î¥´¨Ö³¨, ¶μ²ÊÎ¥´´Ò³¨ ¨§ ·¥§Ê²ÓÉ Éμ¢ ´ ¡²Õ¤¥´¨°
SNe Ia [96,112].

’ ±¦¥ ´ Ìμ¤¨³, ÎÉμ

V[0] =
[
−nλ

m̃

]1/(n−1)

, (11.27)

¤²Ö V = V[0] ¨³¥¥³ W = −1, É. ¥. ‚¸¥²¥´´ÊÕ ¸ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°.
…¸²¨ V < V[0], Éμ ¨³¥¥³ W > −1, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ±¢¨´ÉÔ¸¸¥´Í¨¨,   ¤²Ö
V > V[0] ¨³¥¥³ W < −1, É. ¥. ‚¸¥²¥´´ÊÕ ¸ Ë ´Éμ³´μ° ³ É¥·¨¥° [44].
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‚ · ³± Ì ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° 	¨ ´±¨ É¨¶  VI, VI0, V, III, I,
LRSBI ¨ FRW ¨§ÊÎ¥´  ·μ²Ó ´¥²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ Ô¢μ²ÕÍ¨¨ ± ±
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, É ± ¨ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ÒÖ¸´¨²μ¸Ó, ÎÉμ ¨§-§  ´ -
²¨Î¨Ö ´¥É·¨¢¨ ²Ó´ÒÌ ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¸¶¨´μ·´μ£μ ¶μ²Ö ¢μ§´¨± ÕÉ ´¥±μÉμ·Ò¥ ¸¥·Ó¥§´Ò¥ μ£· ´¨Î¥´¨Ö ± ± ´  ³¥-
É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, É ± ¨ ´  ±μ³¶μ´¥´ÉÒ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ± Î¥¸É¢¥ ´¥-
²¨´¥°´μ¸É¨ · ¸¸³μÉ·¥´ ¶μ²¨´μ³, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¨´¢ ·¨ ´Éμ¢,
¶μ¸É·μ¥´´ÒÌ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³.

Œμ¤¥²Ó 	¨ ´±¨ É¨¶  VI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ± 
±μ´¸É ´ÉÒ ¸ ³μ¤¥°¸É¢¨Ö ¶μ§¢μ²Ö¥É ²¨¡μ ¶μ§¤´¥¥ Ê¸±μ·¥´¨¥, ²¨¡μ ±μ²¥¡ É¥²Ó-
´Ò° ·¥¦¨³ Ô¢μ²ÕÍ¨¨.

‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¨§-§  ¸¶¥Í¨Ë¨Î¥¸±μ£μ
¶μ¢¥¤¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¨³¥¥³ ¤¢  · §´ÒÌ ¸Í¥´ ·¨Ö. ‚ μ¤´μ³ ¸²ÊÎ ¥
¨´¢ ·¨ ´ÉÒ, ¶μ¸É·μ¥´´Ò¥ ¨§ ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³, ¸É ´μ¢ÖÉ¸Ö É·¨-
¢¨ ²Ó´Ò³¨, ÎÉμ ¶μ·μ¦¤ ¥É ² £· ´¦¨ ´ ¡¥§³ ¸¸μ¢μ£μ ¨ ²¨´¥°´μ£μ ¸¶¨´μ·´μ£μ
¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö Ô±¢¨¢ ²¥´É´Ò³ ¢ ±ÊÊ³´μ³Ê ·¥Ï¥´¨Õ
	¨ ´±¨ É¨¶  VI0 ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ´¨ ³ ¸¸μ¢Ò° Î²¥´,
´¨ ´¥²¨´¥°´Ò° Î²¥´ ´¥ ¨¸Î¥§ ÕÉ ¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´ÉÒ ¸ ³μ-
¤¥°¸É¢¨Ö ¢μ§´¨± ¥É ²¨¡μ ·¥¦¨³ Ê¸±μ·¥´´μ£μ · ¸Ï¨·¥´¨Ö, ²¨¡μ ·¥¦¨³, ¶·¨
±μÉμ·μ³ ‚¸¥²¥´´ Ö ¶μ¸²¥ ¤μ¸É¨¦¥´¨Ö ´¥±μÉμ·μ£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö
¸¦¨³ ¥É¸Ö ¨ ¤ ²¥¥ § ± ´Î¨¢ ¥É¸Ö 	μ²ÓÏ¨³ Ì·Ê¸Éμ³, ¸²¥¤μ¢ É¥²Ó´μ, ¸μ§¤ ¥É¸Ö
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ Ö ¸¨´£Ê²Ö·´μ¸ÉÓ. �ÉμÉ ·¥§Ê²ÓÉ É ¸´μ¢  ¶μ± §Ò¢ ¥É
ÎÊ¢¸É¢¨É¥²Ó´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ± £· ¢¨É Í¨μ´´μ³Ê.

‚ ¸²ÊÎ ¥ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  V μ¡´ ·Ê¦¥´μ, ÎÉμ ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨
¶μÌμ¦¨ ¤·Ê£ ´  ¤·Ê£ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ¸ Ê¸±μ·¥´¨¥³,
¥¸²¨ ±μ´¸É ´É  ¸ ³μ¤¥°¸É¢¨Ö ¶μ²μ¦¨É¥²Ó´ Ö, ¢ Éμ ¢·¥³Ö ± ± μÉ·¨Í É¥²Ó´ Ö
±μ´¸É ´É  ¶μ·μ¦¤ ¥É Í¨±²¨Î¥¸±μ¥ ¨²¨ ¶¥·¨μ¤¨Î¥¸±μ¥ ·¥Ï¥´¨¥. ‚μ ¢Éμ·μ³
¸²ÊÎ ¥ ³ ¸¸  ¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨¸Î¥§ ÕÉ ¨ ‚¸¥²¥´´ Ö · ¸Ï¨-
·Ö¥É¸Ö ²¨´¥°´μ ¢μ ¢·¥³¥´¨.

‚ ¸²ÊÎ ¥ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  III ¶·μ¸É· ´¸É¢μ-¢·¥³Ö μ¸É ¥É¸Ö ²μ± ²Ó´μ
¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥ ´Ê¦´μ ´¨± ±¨Ì ¤μ¶μ²´¨É¥²Ó-
´ÒÌ Ê¸²μ¢¨°, É ±¨Ì ± ± Ê¸²μ¢¨¥ ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨. —Éμ ± ¸ ¥É¸Ö Ô¢μ²ÕÍ¨¨,
Éμ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´ÉÒ ¸¢Ö§¨ ³μ¤¥²Ó ¤μ¶Ê¸± ¥É Ê¸±μ·¥´´Ò° ¨
±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³Ò · ¸Ï¨·¥´¨Ö. �É·¨Í É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¶·¨-
¢μ¤ÖÉ ± ¢μ§´¨±´μ¢¥´¨Õ ±μ²¥¡ É¥²Ó´μ£μ ·¥¦¨³  · ¸Ï¨·¥´¨Ö, ¢ Éμ ¢·¥³Ö ± ±
¶μ²μ¦¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ ¶μ·μ¦¤ ÕÉ · ¸Ï¨·ÖÕÐÊÕ¸Ö ‚¸¥²¥´´ÊÕ ¸ ¶μ§¤´¨³
Ê¸±μ·¥´¨¥³. ˆ ¶ · ³¥É· § ³¥¤²¥´¨Ö, ¨ ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢ ÔÉμ³
¸²ÊÎ ¥ ³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³ ¨ ´ Ìμ¤ÖÉ¸Ö ¢ Ìμ·μÏ¥³ ¸μ£² ¸¨¨ ¸ ¸μ¢·¥³¥´´μ°
±μ´Í¥¶Í¨¥° Ô¢μ²ÕÍ¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.
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‚ ³μ¤¥²¨ 	¨ ´±¨ É¨¶  I ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ-
´¥´ÉÒ ¶·¨¢μ¤ÖÉ ± É·¥³ · §²¨Î´Ò³ ¢μ§³μ¦´μ¸ÉÖ³. ‚ ¸²ÊÎ ¥ ¶μ²´μ£μ BI ¶·μ-
¸É· ´¸É¢ -¢·¥³¥´¨ ¢¨¤¨³, ÎÉμ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ¨ ¥£μ ³ ¸¸μ¢Ò°
Î²¥´ ¨¸Î¥§ ÕÉ, ¸²¥¤μ¢ É¥²Ó´μ, ² £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ¸É ´μ¢¨É¸Ö ¡¥§-
³ ¸¸μ¢Ò³ ¨ ²¨´¥°´Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ‚¸¥²¥´´ Ö · ¸Ï¨·Ö¥É¸Ö ²¨´¥°´μ ¢μ
¢·¥³¥´¨.

…¸²¨ · ¸¸³ É·¨¢ ÉÓ ²μ± ²Ó´μ ¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´ÊÕ ³μ¤¥²Ó BI
(LRSBI), Éμ ´¨ ³ ¸¸μ¢Ò° Î²¥´, ´¨ ´¥²¨´¥°´μ¸ÉÓ ¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¨¸-
Î¥§ ÕÉ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨³¥¥³ ²¨¡μ
·¥¦¨³ · ¸Ï¨·¥´¨Ö ¸ ¶μ§¤´¨³ Ê¸±μ·¥´¨¥³, ²¨¡μ ±μ²¥¡ É¥²Ó´Ò° ·¥¦¨³ Ô¢μ-
²ÕÍ¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö · ¸Ï¨·ÖÕÐ¥°¸Ö ‚¸¥²¥´´μ° ³Ò ¨³¥¥³  ¸¨³¶ÉμÉ¨-
Î¥¸±ÊÕ ¨§μÉ·μ¶¨§ Í¨Õ.

� ±μ´¥Í, ¢ ¸²ÊÎ ¥ ³μ¤¥²¨ FRW ´¨ ³ ¸¸μ¢Ò° Î²¥´, ´¨ ´¥²¨´¥°´μ¸ÉÓ
¸¶¨´μ·´μ£μ ¶μ²Ö ´¥ ¨¸Î¥§ ÕÉ. Š ± ¨ ¢ ¸²ÊÎ ¥ ³μ¤¥²¨ LRSBI, ¨³¥¥³ ²¨¡μ
¶μ§¤´¥¥ Ê¸±μ·¥´¨¥, ²¨¡μ Í¨±²¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ÌμÉÖ ´¥±μÉμ·Ò¥  ¢Éμ·Ò [8,36] ¶·¥¤¶μ²μ¦¨²¨, ÎÉμ
±² ¸¸¨Î¥¸±¨° ¸¶¨´μ· ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥
¸¶¨´μ·  ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¸μ¸ÉμÖ´¨¨, ³Ò ´¥ ¢¢μ¤¨²¨ ´¨± ±¨Ì μ£· ´¨Î¥´¨°,
¶μ¤μ¡´ÒÌ ÔÉμ³Ê, ¨ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ · ¸¸³μÉ·¥²¨ ¸¶¨´μ·´μ¥ ¶μ²¥ ± ±
£· ¸¸³ ´μ¢Ê ¢¥²¨Î¨´Ê. � ¢¥·´Ö±  ¤²Ö ¶μ²´μÉÒ ± ·É¨´Ò ´Ê¦´μ ¨§ÊÎ¨ÉÓ ¥£μ
±¢ ´Éμ¢Ò°  ´ ²μ£.

�·¨²μ¦¥´¨¥ 1
�’��˜…�ˆ… Œ…†„“ ˆ�‚	�ˆ	�’	Œˆ, ��‘’��…��›Œˆ

ˆ‡ 
ˆ‹ˆ�…‰�›• ‘�ˆ����›• ”��Œ

Š ± ¡Ò²μ ¸± § ´μ · ´¥¥, ¨§ ¶ÖÉ¨ ¨´¢ ·¨ ´Éμ¢, ¶μ¸É·μ¥´´ÒÌ ¨§ ¡¨²¨´¥°-
´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³, Éμ²Ó±μ ¤¢  Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨. „μ± ¦¥³ ÔÉμ.

�μ¸±μ²Ó±Ê ψ ¨ ψ
 (±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´ Ö ψ) ¨³¥ÕÉ Î¥ÉÒ·¥ ±μ³-
¶μ´¥´ÉÒ ± ¦¤ Ö, ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¢¸¥£μ 4 · 4 = 16 ´¥§ ¢¨¸¨³ÒÌ ¡¨²¨´¥°-
´ÒÌ ±μ³¡¨´ Í¨°. �Éμ ¸± ²Ö·, ¶¸¥¢¤μ¸± ²Ö·, ¢¥±Éμ·,  ±¸¨ ²Ó´Ò° ¢¥±Éμ· ¨
É¥´§μ·:

S = ψ̄ψ, (�1.1 )

P = iψ̄γ5ψ, (�1.1¡)

vμ = (ψ̄γμψ), (�1.1¢)

Aμ = (ψ̄γ5γμψ), (�1.1£)

Qμν = (ψ̄σμνψ), (�1.1¤)
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£¤¥ σμν = (i/2)[γμγν−γνγμ] Å  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥
¨´¢ ·¨ ´ÉÒ:

I = S2 = (ψ̄ψ)2, (�1.2 )

J = P 2 = (iψ̄γ5ψ)2, (�1.2¡)

Iv = vμ vμ = (ψ̄γμψ) gμν(ψ̄γνψ), (�1.2¢)

IA = Aμ Aμ = (ψ̄γ5γμψ) gμν(ψ̄γ5γνψ), (�1.2£)

IQ = Qμν Qμν = (ψ̄σμνψ) gμαgνβ(ψ̄σαβψ). (�1.2¤)

γ-Œ É·¨ÍÒ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¥°  ²£¥¡·¥:

γμγν + γνγμ = 2gμν . (�1.3)

�É¨ γ-³ É·¨ÍÒ ¸¢Ö§ ´Ò ¸ γ̄a = {γ̄0, γ̄1, γ̄2, γ̄3}, ¨§¢¥¸É´Ò³¨ ± ± ³ É·¨ÍÒ
„¨· ±  ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

gμν(x) = ea
μ(x)eb

ν(x)ηab, γμ(x) = ea
μ(x)γ̄a, (�1.4)

£¤¥ ηab = diag (1,−1,−1,−1) ¨ ea
μ Å ´ ¡μ· 4-¢¥±Éμ·μ¢, ±μÉμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö

É¥É· ¤ ³¨.
‚ ¶·¥¤¸É ¢²¥´¨¨ „¨· ±  Î¥ÉÒ·¥ ±μ´É· ¢ ·¨ ´É´Ò¥ £ ³³ -³ É·¨ÍÒ γ̄a

¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¨³¥ÕÉ ¢¨¤

γ̄0 =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎟⎠ , γ̄1 =

⎛
⎜⎜⎝

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

⎞
⎟⎟⎠ ,

γ̄2 =

⎛
⎜⎜⎝

0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

⎞
⎟⎟⎠ , γ̄3 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

⎞
⎟⎟⎠ ,

£¤¥ γ̄0 Å ¢·¥³¥´¨¶μ¤μ¡´ Ö ³ É·¨Í , Éμ£¤  ± ± μ¸É ²Ó´Ò¥ É·¨ Å ¶·μ¸É· ´-
¸É¢¥´´μ¶μ¤μ¡´Ò¥. Š ± ¢¨¤´μ, ³ É·¨ÍÒ „¨· ±  ¸¢Ö§ ´Ò ¸ ³ É·¨Í ³¨ � Ê²¨
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

γ̄0 =
(

I 0
0 −I

)
, γ̄1 =

(
0 σ1

−σ1 0

)
,

γ̄2 =
(

0 σ2

−σ2 0

)
, γ̄3 =

(
0 σ3

−σ3 0

)
.
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�¶·¥¤¥²¨¢ γ5 ± ±

γ5 = − i

4
Eμνσργμγνγσγρ, Eμνσρ =

√
−gεμνσρ, ε0123 = 1,

γ5 = −i
√
−gγ0γ1γ2γ3 = −iγ̄0γ̄1γ̄2γ̄3 = γ̄5,

´ Ìμ¤¨³

γ̄5 =

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ .

Šμ¢ ·¨ ´É´Ò¥ £ ³³ -³ É·¨ÍÒ γ̄a μ¶·¥¤¥²ÖÕÉ¸Ö ± ±

γ̄a = ηabγ̄
b = {γ̄0, −γ̄1, −γ̄2, −γ̄3}. (�1.5)

‚¸¶μ³´¨³, ÎÉμ ψ Å Î¥ÉÒ·¥Ì±μ³¶μ´¥´É´ Ö ËÊ´±Í¨Ö:

ψ =

⎛
⎜⎜⎝

ψ1

ψ2

ψ3

ψ4

⎞
⎟⎟⎠ , ψ̄ = ψ∗γ0 = (ψ∗

1 , ψ∗
2 , −ψ∗

3 , −ψ∗
4). (�1.6)

�¶·¥¤¥²¨¢ F̄ ¨ F ± ± ¡¨²¨´¥°´Ò¥ Ëμ·³Ò ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ Œ¨´-
±μ¢¸±μ£μ ¨ ¢ ±·¨¢μ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸μμÉ¢¥É¸É¢¥´´μ, ¨³¥¥³
¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¡¨²¨´¥°´ÒÌ ¸¶¨´μ·´ÒÌ Ëμ·³:

S̄ = (ψ∗
1ψ1 + ψ∗

2ψ2 − ψ∗
3ψ3 − ψ∗

4ψ4), (�1.7 )

P̄ = −i(ψ∗
1ψ3 + ψ∗

2ψ4 − ψ∗
3ψ1 − ψ∗

4ψ2), (�1.7¡)

V̄ 0 = (ψ∗
1ψ1 + ψ∗

2ψ2 + ψ∗
3ψ3 + ψ∗

4ψ4), (�1.7¢)

V̄ 1 = (ψ∗
1ψ4 + ψ∗

2ψ3 + ψ∗
3ψ2 + ψ∗

4ψ1), (�1.7£)

V̄ 2 = −i(ψ∗
1ψ4 − ψ∗

2ψ3 + ψ∗
3ψ2 − ψ∗

4ψ1), (�1.7¤)

V̄ 3 = (ψ∗
1ψ3 − ψ∗

2ψ4 + ψ∗
3ψ1 − ψ∗

4ψ2), (�1.7¥)

Ā0 = (ψ∗
1ψ3 + ψ∗

2ψ4 + ψ∗
3ψ1 + ψ∗

4ψ2), (�1.7¦)

Ā1 = (ψ∗
1ψ2 + ψ∗

2ψ1 + ψ∗
3ψ4 + ψ∗

4ψ3), (�1.7§)

Ā2 = −i(ψ∗
1ψ2 − ψ∗

2ψ1 + ψ∗
3ψ4 − ψ∗

4ψ3), (�1.7¨)

Ā3 = (ψ∗
1ψ1 − ψ∗

2ψ2 + ψ∗
3ψ3 − ψ∗

4ψ4), (�1.7±)
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Q̄01 = i(ψ∗
1ψ4 + ψ∗

2ψ3 − ψ∗
3ψ2 − ψ∗

4ψ1), (�1.7²)

Q̄02 = (ψ∗
1ψ4 − ψ∗

2ψ3 − ψ∗
3ψ2 + ψ∗

4ψ1), (�1.7³)

Q̄03 = i(ψ∗
1ψ3 − ψ∗

2ψ4 − ψ∗
3ψ1 + ψ∗

4ψ2), (�1.7´)

Q̄12 = (ψ∗
1ψ1 − ψ∗

2ψ2 − ψ∗
3ψ3 + ψ∗

4ψ4), (�1.7μ)

Q̄23 = (ψ∗
1ψ2 + ψ∗

2ψ1 − ψ∗
3ψ4 − ψ∗

4ψ3), (�1.7¶)

Q̄13 = i(ψ∗
1ψ2 − ψ∗

2ψ1 − ψ∗
3ψ4 + ψ∗

4ψ3). (�1.7·)

„²Ö ¸± ²Ö·  ¨ ¶¸¥¢¤μ¸± ²Ö·  ¨§ (�1.2 ) ¨ (�1.2¡) ¶μ²ÊÎ¨³ S = S̄ ¨
P = P̄ , ¸²¥¤μ¢ É¥²Ó´μ, I = S2 = S̄2 ¨ J = P 2 = P̄ 2. ‚¸¶μ³´¨³, ÎÉμ
vμ = eμ

a v̄a, £¤¥ vμ = ψ̄γμψ Å ±μ³¶μ´¥´É  ¢¥±Éμ·  v ¢ ±μμ·¤¨´ É´μ° ¸¨¸É¥³¥
¨ va = ψ̄γ̄aψ Å ±μ³¶μ´¥´É  ¢¥±Éμ·  v ¢ ¡ §¨¸¥, ´¥ § ¢¨¸ÖÐ¥³ μÉ ±μμ·¤¨-
´ É. �´ ²μ£¨Î´μ § ¶¨Ï¥³ Aμ = eμ

aĀa ¨ Qμν = eμ
aeν

b Q̄ab. ’μ£¤  ¨§ (�1.2¢),
(�1.2£) ¨ (�1.2¤) ¨³¥¥³

Iv = vμ vμ = ea
μv̄aeμ

b v̄b = v̄av̄a,

IA = Aμ Aμ = ea
μĀaeμ

b Āb = ĀaĀa,

IT = Tμν T μν = ea
μeb

ν T̄abe
μ
c eν

dT̄ cd = T̄abT̄
ab.

ˆ²¨  ²ÓÉ¥·´ É¨¢´μ, ÊÎ¨ÉÒ¢ Ö, ÎÉμ γμ = eμ
a γ̄a ¨ γμ = ea

μγ̄a, ´ Ìμ¤¨³

Iv = vμ vμ = (ψ̄γμψ)(ψ̄γμψ) = (ψ̄ea
μγ̄aψ)(ψ̄eμ

b γ̄bψ) =

= (ψ̄γ̄aψ)(ψ̄γ̄aψ) = v̄av̄a,

IA = Aμ Aμ = (ψ̄γμγ5ψ)(ψ̄γμγ5ψ) = (ψ̄ea
μγ̄aγ̄5ψ)(ψ̄eμ

b γ̄bγ̄5ψ) =

= (ψ̄γ̄aγ̄5ψ)(ψ̄γ̄aγ̄5ψ) = ĀaĀa,

IT = Tμν T μν = (ψ̄σμνψ)(ψ̄σμνψ) = (ψ̄ea
μeb

ν σ̄abψ)(ψ̄eμ
c eν

dσ̄cdψ) =

= (ψ̄σ̄abψ)(ψ̄σ̄abψ) = T̄abT̄
ab.

’μ£¤  ¨§ (�1.7) ´ Ìμ¤¨³

IS = S2 = (ψ∗
1ψ1)2 + (ψ∗

2ψ2)2 + (ψ∗
3ψ3)2 + (ψ∗

4ψ4)2+
+ 2[ψ∗

1ψ1ψ
∗
2ψ2 − ψ∗

1ψ1ψ
∗
3ψ3 − ψ∗

1ψ1ψ
∗
4ψ4−

− ψ∗
2ψ2ψ

∗
3ψ3 − ψ∗

2ψ2ψ
∗
4ψ4 + ψ∗

3ψ3ψ
∗
4ψ4], (�1.8)

IP = P 2 = −(ψ∗
1ψ3)2 − (ψ∗

2ψ4)2 − (ψ∗
3ψ1)2 − (ψ∗

4ψ2)2−
− 2[ψ∗

1ψ3ψ
∗
2ψ4 − ψ∗

1ψ1ψ
∗
3ψ3 − ψ∗

1ψ3ψ
∗
4ψ2−

− ψ∗
2ψ4ψ

∗
3ψ1 − ψ∗

2ψ2ψ
∗
4ψ4 + ψ∗

3ψ1ψ
∗
4ψ2], (�1.9)
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IV = (V̄ 0)2 − (V̄ 1)2 − (V̄ 2)2 − (V̄ 3)2 =

= (ψ∗
1ψ1)2 + (ψ∗

2ψ2)2 + (ψ∗
3ψ3)2 + (ψ∗

4ψ4)2−
− (ψ∗

1ψ3)2 − (ψ∗
2ψ4)2 − (ψ∗

3ψ1)2 − (ψ∗
4ψ2)2+

+ 2[ψ∗
1ψ1ψ

∗
2ψ2 − ψ∗

1ψ1ψ
∗
4ψ4 − ψ∗

2ψ2ψ
∗
3ψ3 + ψ∗

3ψ3ψ
∗
4ψ4−

− ψ∗
1ψ4ψ

∗
2ψ3 − ψ∗

3ψ2ψ
∗
4ψ1 + ψ∗

1ψ3ψ
∗
4ψ2 + ψ∗

2ψ4ψ
∗
3ψ1] =

= IS + IP , (�1.10)

IA = (Ā0)2 − (Ā1)2 − (Ā2)2 − (Ā3)2 =

= −(ψ∗
1ψ1)2 − (ψ∗

2ψ2)2 − (ψ∗
3ψ3)2 − (ψ∗

4ψ4)2+

+ (ψ∗
1ψ3)2 + (ψ∗

2ψ4)2 + (ψ∗
3ψ1)2 + (ψ∗

4ψ2)2−
− 2[ψ∗

1ψ1ψ
∗
2ψ2 − ψ∗

1ψ1ψ
∗
4ψ4 − ψ∗

2ψ2ψ
∗
3ψ3 + ψ∗

3ψ3ψ
∗
4ψ4−

− ψ∗
1ψ4ψ

∗
2ψ3 − ψ∗

3ψ2ψ
∗
4ψ1 + ψ∗

1ψ3ψ
∗
4ψ2 + ψ∗

2ψ4ψ
∗
3ψ1] =

= −(IS + IP ), (�1.11)

IQ = 2[(Q̄12)2 + (Q̄13)2 + (Q̄23)2 − (Q̄01)2 − (Q̄02)2 − (Q̄03)2] =

= (ψ∗
1ψ1)2 + (ψ∗

2ψ2)2 + (ψ∗
3ψ3)2 + (ψ∗

4ψ4)2+

+ (ψ∗
1ψ3)2 + (ψ∗

2ψ4)2 + (ψ∗
3ψ1)2 + (ψ∗

4ψ2)2+
+ 2[ψ∗

1ψ1ψ
∗
2ψ2 − ψ∗

1ψ1ψ
∗
4ψ4 − ψ∗

2ψ2ψ
∗
3ψ3 + ψ∗

3ψ3ψ
∗
4ψ4+

+ ψ∗
1ψ4ψ

∗
2ψ3 + ψ∗

3ψ2ψ
∗
4ψ1 − ψ∗

1ψ3ψ
∗
4ψ2 − ψ∗

2ψ4ψ
∗
3ψ1]−

− 4(ψ∗
1ψ1ψ

∗
3ψ3 + ψ∗

2ψ2ψ
∗
4ψ4) = 2(IS − IP ). (�1.12)

’ ±¨³ μ¡· §μ³, ¨´¢ ·¨ ´ÉÒ IV , IA ¨ IQ ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢
É¥·³¨´ Ì IS ¨ IP .

�·¨²μ¦¥´¨¥ 2
ˆ�‚	�ˆ	�’› ���‘’�	�‘’‚	-‚�…Œ…�ˆ

ˆ ’…�‡�� �‰�˜’…‰�	

� °¤¥³ ¨´¢ ·¨ ´ÉÒ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¤²Ö 	¨ ´±¨ É¨¶  VI (BVI)
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨

ds2 = dt2 − a2
1 e−2mx3dx2

1 − a2
2 e2nx3dx2

2 − a2
3dx2

3, (�2.1)

£¤¥ a1, a2 ¨ a3 § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨ ¨ m ¨ n Å ´¥±μÉμ·Ò¥ ¶·μ¨§¢μ²Ó´Ò¥
¶μ¸ÉμÖ´´Ò¥. ŒÒ ¤¥² ¥³ ÔÉμ ¤²Ö ³¥É·¨±¨ É¨¶  	¨ ´±¨ VI, É ± ± ± ¶μ¤Ìμ¤ÖÐ¨°
¢Ò¡μ· m, n, É ± ¦¥ ± ± ¨ ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° a1, a2, a3 ¢ BVI, § ¤ ´´ÒÌ
¢ (4.1), ¶μ·μ¦¤ ¥É ¸²¥¤ÊÕÐ¨¥ É¨¶Ò ‚¸¥²¥´´μ° 	¨ ´±¨:
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• ¶·¨ m = n ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ 	¨ ´±¨ É¨¶  VI0 (BVI0), É. ¥.
m = n, BVI ⇒ BVI0 ∈ μÉ±·ÒÉμ° FRW:

ds2 = dt2 − a2
1 e−2mx3dx2

1 − a2
2 e2mx3dx2

2 − a2
3dx2

3; (�2.2)

• ¶·¨ m = −n ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ 	¨ ´±¨ É¨¶  V (BV), É. ¥.
m = −n, BVI ⇒ BV ∈ μÉ±·ÒÉμ° FRW:

ds2 = dt2 − a2
1 e2mx3dx2

1 − a2
2 e2mx3dx2

2 − a2
3dx2

3; (�2.3)

• ¶·¨ n = 0 ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ 	¨ ´±¨ É¨¶  III (BIII), É. ¥.
n = 0, BVI ⇒ BIII:

ds2 = dt2 − a2
1 e−2mx3dx2

1 − a2
2dx2

2 − a2
3dx2

3; (�2.4)

• ¶·¨ m = n = 0 ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ 	¨ ´±¨ É¨¶  I (BI), É. ¥.
m = n = 0, BVI ⇒ BI:

ds2 = dt2 − a2
1dx2

1 − a2
2dx2

2 − a2
3dx2

3; (�2.5)

• ¶·¨ m = n = 0 ¨ a1 = a2 ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ ²μ± ²Ó´μ
¢· Ð É¥²Ó´μ-¸¨³³¥É·¨Î´ÊÕ 	¨ ´±¨ É¨¶  I (LRSBI), É. ¥. m = n = 0, a1 = a2,
BVI ⇒ BI:

ds2 = dt2 − a2
1

[
dx2

1 + dx2
2

]
− a2

3dx2
3; (�2.6)

• ¶·¨ m = n = 0 ¨ ¶·¨ · ¢´ÒÌ ³ ¸ÏÉ ¡´ÒÌ Ë ±Éμ· Ì ´  ¢¸¥Ì É·¥Ì
´ ¶· ¢²¥´¨ÖÌ ³¥É·¨±  BVI ¶·¥μ¡· §Ê¥É¸Ö ¢ ³¥É·¨±Ê ”·¨¤³ ´ Ä�μ¡¥·É¸μ´ Ä
“μ±¥·  (FRW) ‚¸¥²¥´´μ°, É. ¥. m = n = 0 ¨ a1 = a2 = a3 = a, BVI ⇒ FRW:

ds2 = dt2 − a2
(
dx2

1 + dx2
2 + dx2

3

)
. (�2.7)

ˆ§ÊÎ¨³ ¶μ¤·μ¡´μ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö 	¨ ´±¨ É¨¶  VI, ÎÉμ¡Ò ´ °É¨ ¨´-
¢ ·¨ ´ÉÒ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

‡ ¶¨Ï¥³ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ¢ ·¨ ´É´Ò¥ ¨ ±μ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ
³¥É·¨±¨ (�2.1):

g00 = 1, g11 = −a2
1 e−2mx3 , g22 = −a2

2 e2nx3 , g33 = −a2
3, (�2.8)

g00 = 1, g11 = − 1
a2
1 e−2mx3

, g22 = − 1
a2
2 e2nx3

, g33 = − 1
a2
3

. (�2.9)

�μ¤¸É ¢²ÖÖ (�2.8) ¨ (�2.9) ¢

Γα
μν =

1
2
gαρ

(
∂gμρ

∂xν
+

∂gρν

∂xμ
− ∂gμν

∂xρ

)
, (�2.10)
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´ Ìμ¤¨³ ´¥É·¨¢¨ ²Ó´Ò¥ ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö ¤²Ö ³¥É·¨±¨ (4.1):

Γ1
01 =

ȧ1

a1
,

Γ2
02 =

ȧ2

a2
,

Γ3
03 =

ȧ3

a3
,

Γ0
11 = a1ȧ1 e−2mx3 ,

Γ0
22 = a2ȧ2 e2nx3 , (�2.11)

Γ0
33 = a3ȧ3,

Γ1
31 = −m,

Γ2
32 = n,

Γ3
11 =

ma2
1

a2
3

e−2mx3 ,

Γ3
22 = −na2

2

a2
3

e2nx3 .

�¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  �¨³ ´ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ (4.1), ¨³¥-
ÕÉ ¢¨¤

R01
01 = − ä1

a1
, (�2.12 )

R02
02 = − ä2

a2
, (�2.12¡)

R03
03 = − ä3

a3
, (�2.12¢)

R12
12 = −mn

a2
3

− ȧ1

a1

ȧ2

a2
, (�2.12£)

R13
13 =

m2

a2
3

− ȧ3

a3

ȧ1

a1
, (�2.12¤)

R23
23 =

n2

a2
3

− ȧ2

a2

ȧ3

a3
(�2.12¥)

R10
31 =

m

a2
3

(
ȧ1

a1
− ȧ3

a3

)
, (�2.12¦)

R13
01 = m

(
ȧ3

a3
− ȧ1

a1

)
, (�2.12§)

R20
32 =

n

a2
3

(
ȧ3

a3
− ȧ1

a1

)
, (�2.12¨)

R23
02 = n

(
ȧ2

a2
− ȧ3

a3

)
. (�2.12±)
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Š ± ¢¨¤´μ, ±μ³¶μ´¥´ÉÒ R01
01, R02

02 ¨ R03
03 ´¥ § ¢¨¸ÖÉ μÉ m, n, Éμ£¤  ± ±

¤·Ê£¨¥ § ¢¨¸ÖÉ.
‚¢¥¤¥³ ´μ¢ÊÕ ËÊ´±Í¨Õ Å ³ ¸ÏÉ ¡ μ¡Ñ¥³  V :

V = a1a2a3. (�2.13)

Š ± ¡Ê¤¥É ¶μ± § ´μ, ³ ¸ÏÉ ¡ μ¡Ñ¥³  V ¨£· ¥É ±²ÕÎ¥¢ÊÕ ·μ²Ó ¢ Ô¢μ²ÕÍ¨¨,
É ± ± ± ¢¸¥ ¤·Ê£¨¥ ¢¥²¨Î¨´Ò, É ±¨¥ ± ± ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, ¨´¢ ·¨ ´ÉÒ
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò (§ ·Ö¤, Éμ± ¸¶¨´  ¨ É. ¤.), ´ -
Ìμ¤ÖÉ¸Ö ¢ ËÊ´±Í¨μ´ ²Ó´μ° § ¢¨¸¨³μ¸É¨ μÉ V .

‚¢¨¤Ê (�2.13) ´¥´Ê²¥¢Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  �¨ÎÎ¨ ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

R0
0 =
(

ä1

a1
+

ä2

a2
+

ä3

a3

)
=

= − 1
V

[ä1a2a3 + ä2a3a1 + ä3a1a2 ], (�2.14 )

R1
1 = −

(
ä1

a1
+

ȧ1

a1

ȧ2

a2
+

ȧ3

a3

ȧ1

a1
− m2 − mn

a2
3

)
=

= − 1
V

[ä1a2a3 + ȧ1ȧ2a3 + ȧ3ȧ1a2 ] +
m2 − mn

a2
3

, (�2.14¡)

R2
2 = −

(
ä2

a2
+

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
− n2 − mn

a2
3

)
=

= − 1
V

[a1ä2a3 + ȧ1ȧ2a3 + ȧ2ȧ3a1 ] +
n2 − mn

a2
3

, (�2.14¢)

R3
3 = −

(
ä3

a3
+

ȧ3

a3

ȧ1

a1
+

ȧ2

a2

ȧ3

a3
− m2 + n2

a2
3

)
=

= − 1
V

[ä3a1a2 + ȧ3ȧ1a2 + ȧ2ȧ3a1 ] +
m2 + n2

a2
3

, (�2.14£)

R0
3 =
(

m
ȧ1

a1
− n

ȧ2

a2
− (m − n)

ȧ3

a3

)
=

=
1
V

[mȧ1a2a3 − nȧ2a3a1 − (m − n)ȧ3a1a2 ]. (�2.14¤)

� ±μ´¥Í, ¤²Ö ¸± ²Ö·  �¨ÎÎ¨ R ¨³¥¥³

R = 2
[
ä1

a1
+

ä2

a2
+

ä3

a3
+

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− 1

a2
3

(
m2 − mn + n2

)]
.

(�2.15)
„ ²¥¥ ¡Ê¤¥³ ¨¸¸²¥¤μ¢ ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¸¨´£Ê²Ö·´μ¸É¨ (μ¸μ¡μ° ÉμÎ±¨)

£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸ ¶μ³μÐÓÕ  ´ ²¨§  ¨´¢ ·¨ ´É´ÒÌ Ì · ±É¥·¨¸É¨± ¶·μ-
¸É· ´¸É¢ -¢·¥³¥´¨. ‚ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ÔÉ¨ ¨´¢ ·¨ ´ÉÒ ¸μ¸ÉμÖÉ
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¨§ É¥´§μ·  ±·¨¢¨§´Ò ¨ ³¥É·¨Î¥¸±μ£μ É¥´§μ· . ‚μ¶·¥±¨ Ô²¥±É·μ¤¨´ ³¨±¥, £¤¥
¨³¥¥É¸Ö Éμ²Ó±μ ¤¢  ¨´¢ ·¨ ´É  (J1 = FμνFμν ¨ J2 = �FμνFμν ), ¢ Î¥ÉÒ·¥Ì-
³¥·´μ³ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸ÊÐ¥¸É¢ÊÕÉ 14 ´¥§ ¢¨¸¨³ÒÌ ¨´¢ -
·¨ ´Éμ¢. �Éμ ¨´¢ ·¨ ´ÉÒ [131]

I1 = R, (�2.16 )

I2 = RμνRμν , (�2.16¡)

I3 = RαβμνRαβμν , (�2.16¢)

I4 = �RαβμνRαβμν , (�2.16£)

I5 = Rα
βRβ

μRμ
α, (�2.16¤)

I6 = RαβRμνRαμβν , (�2.16¥)

I7 = RαβRμν�Rαμβν , (�2.16¦)

I8 = RαβμνRαβσρR
σρ

μν , (�2.16§)

I9 = �RαβμνRαβσρR
σρ

μν , (�2.16¨)

I10 = Rβ
αRαμRμνRν

β , (�2.16±)

I11 = Rμ
νR σα

ρμ R β[ν
σα R

ρ ]
β , (�2.16²)

I12 = Rμ
ν�Rσα

ρμR β[ν
σα R

ρ ]
β , (�2.16³)

I13 = Rμν
αβ

(
Aαβ

μν + Rα
ρ Rρ

σRσ
ηRη

μδβ
ν

)
, (�2.16´)

I14 = �R μν
αβ Aαβ

μν , (�2.16μ)

£¤¥ Aαβ
μν = 4Rα

ρ Rρ
σRσ

μRβ
ν + 3Rα

ρ Rρ
μRβ

σRσ
ν ¨ �Rαβμν = (1/2)EαβσρR

σρ
μν =

(1/2)EσρμνR σρ
αβ , �R μν

αβ = (1/2)EαβσρR
σρμν ¸ Eαβμν =

√−gεαβμν ¨

Eαβμν = (−1/
√−g)εαβμν . ‡¤¥¸Ó εαβμν Å ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò°

É¥´§μ· ‹¥¢¨Ä—¥¢¨ÉÒ ¸ ε0123 = 1.
’ ±¨³ μ¡· §μ³, ¨³¥¥³ ¨´¢ ·¨ ´ÉÒ ¤²Ö ³¥É·¨±¨ 	¨ ´±¨ É¨¶  VI ¶·μ-

¸É· ´¸É¢ -¢·¥³¥´¨. Š ± ¢¨¤¨³, ¢¢μ¤Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö m ¨ n, ³μ¦-
´μ ´ Ìμ¤¨ÉÓ ¨´¢ ·¨ ´ÉÒ ¤²Ö ¤·Ê£¨Ì ³μ¤¥²¥°.

� ±μ´¥Í, § ¶¨Ï¥³ ´¥É·¨¢¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  �°´ÏÉ¥°´ , ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥É·¨±¥ (�2.1):

G1
1 = − ä2

a2
− ä3

a3
− ȧ2

a2

ȧ3

a3
+

n2

a2
3

, (�2.17 )

G2
2 = − ä3

a3
− ä1

a1
− ȧ3

a3

ȧ1

a1
+

m2

a2
3

, (�2.17¡)

G3
3 = − ä1

a1
− ä2

a2
− ȧ1

a1

ȧ2

a2
− mn

a2
3

, (�2.17¢)
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G0
0 = − ȧ1

a1

ȧ2

a2
− ȧ2

a2

ȧ3

a3
− ȧ3

a3

ȧ1

a1
+

m2 − mn + n2

a2
3

, (�2.17£)

G0
3 = (m − n)

ȧ3

a3
− m

ȧ1

a1
+ n

ȧ2

a2
. (�2.17¤)

�·¨²μ¦¥´¨¥ 3
’…�‡�� ��…�ƒˆˆ-ˆŒ�“‹œ‘	 ‘�ˆ�����ƒ� ��‹Ÿ

� °¤¥³ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¤²Ö ³¥-
É·¨±¨ É¨¶  	¨ ´±¨ VI (BVI). —Éμ¡Ò ´ °É¨ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸ , ´Ê¦´μ Ö¢´μ § ¶¨¸ ÉÓ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨ Γμ.

„ ²¥¥ ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ É¥É· ¤Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³¥É·¨±¥ (�2.1). “Î¨-
ÉÒ¢ Ö, ÎÉμ É¥É· ¤Ò ¸μ¥¤¨´¥´Ò ¸ ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¥° ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

gμν = e(a)
μ e(b)

ν ηab, (�3.1)

£¤¥ ηab = diag {1, −1, −1, −1}, ¤²Ö ³¥É·¨±¨ (�2.1) ¢Ò¡¥·¥³ É¥É· ¤Ò

e
(0)
0 = 1, e

(1)
1 = a1 e−mx3 , e

(2)
2 = a2 enx3 , e

(3)
3 = a3. (�3.2)

’μ£¤  ¨§
γμ = e(a)

μ γ̄a, γμ = eμ
(a)γ̄

a, (�3.3)

£¤¥ eμ
(a) Å μ¡· É´μ¥ ± e

(a)
μ :

e(a)
μ eμ

(b) = δa
b , e(a)

μ eν
(a) = δμ

ν , (�3.4)

¤²Ö (�2.1) ´ Ìμ¤¨³

γ0 = γ̄0, γ1 = a1 e−mx3 γ̄1, γ2 = a2 enx3 γ̄2, γ3 = a3γ̄3. (�3.5)

‡¤¥¸Ó γ̄ Å £ ³³ -³ É·¨ÍÒ „¨· ±  ¢ ¶²μ¸±μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨¥

γ̄aγ̄b + γ̄bγ̄a = 2ηab, (�3.6)

γ̄aγ̄b + γ̄bγ̄a = 2ηab, (�3.7)

¨ γ̄ Å £ ³³ -³ É·¨ÍÒ „¨· ±  ¢ ±·¨¢μ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨. ‚¸¶μ-
³´¨³, ÎÉμ γμ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ μ¡Ð¨³ ¸μμÉ´μÏ¥´¨Ö³:

γμγν + γνγμ = 2gμν , (�3.8 )

γμγν + γνγμ = 2gμν . (�3.8¡)
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„ ²¥¥, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥

γ̄0 = γ̄0, γ̄1 = −γ̄1, γ̄2 = −γ̄2, γ̄3 = −γ̄3,

´ Ìμ¤¨³

γ0 = γ̄0, γ1 =
emx3

a1
γ̄1, γ2 =

e−nx3

a2
γ̄2, γ3 =

1
a3

γ̄3. (�3.9)

’¥¶¥·Ó ¢ÒÎ¨¸²¨³ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨. ‚¸¶μ³´¨¢, ÎÉμ

Γμ =
1
4
γ̄aγν∂μe(a)

ν − 1
4
γργ

νΓρ
μν , (�3.10)

¤²Ö BVI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´ Ìμ¤¨³

Γ0 =
1
4
γ̄aγν∂te

(a)
ν − 1

4
γργ

νΓρ
0ν =

=
1
4

(
γ̄1γ

1∂te
(1)
1 + γ̄2γ

2∂te
(2)
2 + γ̄3γ

3∂te
(3)
3

)
−

− 1
4
(
γ1γ

1Γ1
01 + γ2γ

2Γ2
02 + γ3γ

3Γ3
03

)
=

=
1
4

(
γ̄1

emx3

a1
γ̄1ȧ1 e−mx3 + γ̄2

e−nx3

a2
γ̄2ȧ2 enx3 + γ̄3

1
a3

γ̄3ȧ3

)
−

− 1
4

(
a1 e−mx3 γ̄1

emx3

a1
γ̄1 ȧ1

a1
+ a2 enx3 γ̄2

e−nx3

a2
γ̄2 ȧ2

a2
+ a3γ̄3

1
a3

γ̄3 ȧ3

a3

)
=

=
1
4

(
− ȧ1

a1
γ̄1γ̄1 − ȧ2

a2
γ̄2γ̄2 − ȧ3

a3
γ̄3γ̄3

)
−

− 1
4

(
− ȧ1

a1
γ̄1γ̄1 − ȧ2

a2
γ̄2γ̄2 − ȧ3

a3
γ̄3γ̄3

)
=

= 0, (�3.11 )

Γ1 = −1
4
γργ

νΓρ
1ν = −1

4
(
γ1γ

0Γ1
10 + γ0γ

1Γ0
11 + γ1γ

3Γ1
13 + γ3γ

1Γ3
11

)
=

= −1
4

(
− a1 e−mx3 γ̄1γ̄0 ȧ1

a1
+ γ̄0 emx3

a1
γ̄1a1ȧ1 e−2mx3+

+ a1 e−mx3 γ̄1 1
a3

γ̄3m − a3γ̄
3 emx3

a1
γ̄1 ma2

1

a2
3

e−2mx3

)
=

=
1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3 , (�3.11¡)
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Γ2 = −1
4
γργ

νΓρ
2ν = −1

4
(
γ2γ

0Γ2
20 + γ0γ

2Γ0
22 + γ2γ

3Γ2
23 + γ3γ

2Γ3
22

)
=

= −1
4

(
− a2 enx3 γ̄2γ̄0 ȧ2

a2
+ γ̄0 e−nx3

a2
γ̄2a2ȧ2 e2nx3−

− a2 enx3 γ̄2 1
a3

γ̄3n + a3γ̄
3 e−nx3

a2
γ̄2 na2

2

a2
3

e2nx3

)
=

=
1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3 , (�3.11¢)

Γ3 =
1
4
γ̄aγν∂x3e

(a)
ν − 1

4
γργ

νΓρ
3ν =

=
1
4

(
γ̄1γ

1∂x3e
(1)
1 + γ̄2γ

2∂x3e
(2)
2

)
−

− 1
4
(
γ3γ

0Γ3
30 + γ0γ

3Γ0
33 + γ1γ

1Γ1
31 + γ2γ

2Γ2
32

)
=

=
1
4

(
γ̄1 emx3

a1
γ̄1ma1 e−mx3 − γ̄2 e−nx3

a2
γ̄2n enx3

)
−

− 1
4

(
− a3γ̄

3γ̄0 ȧ3

a3
+ γ̄0 1

a3
γ̄3a3ȧ3+

+ a1 e−mx3 γ̄1 emx3

a1
γ̄1m − a2 enx3 γ̄2 e−nx3

a2
γ̄2n

)
=

=
1
2
ȧ3γ̄

3γ̄0. (�3.11£)

‚Ò¡¨· Ö m, n, ³μ¦´μ ´ °É¨ ¸¶¨´μ·´Ò¥  ËË¨´´Ò¥ ¸¢Ö§´μ¸É¨ ¤²Ö ¤·Ê£¨Ì
³¥É·¨± É¨¶  	¨ ´±¨.

� Ìμ¤¨³ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö § ¤ ´´Ò³ ¢Ò· -
¦¥´¨¥³

T ρ
μ =

ı

4
gρν
(
ψ̄γμ∇νψ + ψ̄γν∇μψ −∇μψ̄γνψ −∇ν ψ̄γμψ

)
− δρ

μLsp =

=
ı

4
gρν
[
ψ̄γμ (∂νψ − Γνψ) + ψ̄γν (∂μψ − Γμψ)−

−
(
∂μψ̄ + ψ̄Γμ

)
γνψ −

(
∂ν ψ̄ + ψ̄Γν

)
γμψ
]
− δρ

μLsp =

=
ı

4
gρν
(
ψ̄γμ∂νψ + ψ̄γν∂μψ − ∂μψ̄γνψ − ∂νψ̄γμψ

)
−

− ı

4
gρν ψ̄ (γμΓν + Γνγμ + γνΓμ + Γμγν)ψ − δρ

μLsp =

= gρν T̄νμ − gρν T̃νμ − δρ
μ(2KFK − F (K)), (�3.12)
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£¤¥ μ¡μ§´ Î¨²¨

T̄νμ =
ı

4
(
ψ̄γμ∂νψ + ψ̄γν∂μψ − ∂μψ̄γνψ − ∂νψ̄γμψ

)
, (�3.13)

T̃νμ =
ı

4
ψ̄ (γμΓν + Γνγμ + γνΓμ + Γμγν)ψ. (�3.14)

‚ (�3.12) É ±¦¥ ÊÎÉ¥´μ, ÎÉμ ¡² £μ¤ ·Ö Ê· ¢´¥´¨Ö³ ¸¶¨´μ·´μ£μ ¶μ²Ö

ıγμ∇μψ − mspψ − 2SFIψ − 2ıPFJγ5ψ = 0, (�3.15 )

ı∇μψ̄γμ + mspψ̄ + 2SFI ψ̄ + 2ıPFJ ψ̄γ5 = 0 (�3.15¡)

² £· ´¦¨ ´ ¸¶¨´μ·´μ£μ ¶μ²Ö ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

Lsp =
ı

2
[
ψ̄γμ∇μψ −∇μψ̄γμψ

]
− mspψ̄ψ − F =

=
1
2
ψ̄ [ıγμ∇μψ − mspψ] − 1

2
[
ı∇μψ̄γμ + mspψ̄

]
ψ − F =

=
1
2
[
�ψ̄ψ + ı� ψ̄γ5ψ

]
− 1

2
[
�ψ̄ψ + ı� ψ̄γ5ψ

]
− F =

= 2 (IKI + JKJ)FK − F (K) = 2KFK − F (K), (�3.16)

£¤¥ K ¶·¨´¨³ ¥É μ¤´μ ¨§ ¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨°: {I, J, I + J, I − J}.
˜ £ §  Ï £μ³ ´ Ìμ¤¨³ T̄νμ ¨ T̃νμ. —Éμ¡Ò ´ °É¨ T̄νμ, ´Ê¦´μ ¶¥·¥¶¨¸ ÉÓ

Ê· ¢´¥´¨Ö ¸¶¨´μ·´μ£μ ¶μ²Ö ¢ Ö¢´μ³ ¢¨¤¥. �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ ¢ ´ Ï¥³
¸²ÊÎ ¥ ¸¶¨´μ·´μ¥ ¶μ²¥ § ¢¨¸¨É Éμ²Ó±μ μÉ t, É. ¥. ψ = ψ(t) ¨ ψ̄ = ψ̄(t), ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ¸¶¨´μ·´μ£μ ¶μ²Ö ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

ıγ0ψ̇ − ıγμΓμψ − mspψ − 2SFIψ − 2ıPFJγ5ψ = 0, (�3.17 )

ı ˙̄ψγ0 + ıψ̄Γμγμ + mspψ̄ + 2SFIψ̄ + 2ıPFJ ψ̄γ5 = 0, (�3.17¡)

£¤¥ ÊÎÉ¥´μ, ÎÉμ

∇μψ = ∂μψ − Γμψ, ∇μψ̄ = ∂μψ̄ + ψ̄Γμ. (�3.18)

’μ£¤  ¨§ (�3.11 )Ä(�3.11£) ´ Ìμ¤¨³

γμΓμ = γ1Γ1 + γ2Γ2 + γ3Γ3 =

=
emx3

2a1
γ̄1

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3+

+
e−nx3

2a2
γ̄2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3 +

1
2a3

γ̄3ȧ3γ̄
3γ̄0 =

= −1
2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
γ̄0 +

m − n

2a3
γ̄3, (�3.19)
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Γμγμ = Γ1γ
1 + Γ2γ

2 + Γ3γ
3 =

=
(

ȧ1γ̄
1γ̄0 − m

a1

a3
γ̄1γ̄3

)
e−mx3

emx3

2a1
γ̄1+

+
(

ȧ2γ̄
2γ̄0 + n

a2

a3
γ̄2γ̄3

)
emx3

e−nx3

2a2
γ̄2 + ȧ3γ̄

3γ̄0
1

2a3
γ̄3 =

=
1
2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
γ̄0 − m − n

2a3
γ̄3. (�3.20)

‘ ÊÎ¥Éμ³ (�3.19) ¨ (�3.20) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ (�3.17 ), (�3.17¡) ¢ Ëμ·³¥

ıγ̄0ψ̇ +
ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
γ̄0ψ − ı

m − n

2a3
γ̄3ψ−

− mspψ − 2SFIψ − 2ıPFJ γ̄5ψ = 0, (�3.21 )

ı ˙̄ψγ̄0 +
ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
ψ̄γ̄0 − ı

m − n

2a3
ψ̄γ̄3+

+ mspψ̄ + 2SFI ψ̄ + 2ıPFJ ψ̄γ5 = 0. (�3.21¡)

ˆ§ (�3.21 ), (�3.21¡) ¸· §Ê ´ Ìμ¤¨³

ı

2

(
ψ̄γ̄0ψ̇ − ˙̄ψγ̄0ψ

)
= mspS + 2(IFI + JFJ) = mspS + 2KFK . (�3.22)

“³´μ¦ Ö (�3.21 ) ´  γ̄0 ¸²¥¢  ¨ (�3.21¡) ´  γ̄0 ¸¶· ¢ , ¶μ²ÊÎ¨³

ıψ̇+
ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
ψ − ı

m − n

2a3
γ̄0γ̄3ψ−

− (msp + 2SFI) γ̄0ψ − 2ıPFJ γ̄0γ̄5ψ = 0, (�3.23 )

ı ˙̄ψ+
ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
ψ̄ − ı

m − n

2a3
ψ̄γ̄3γ̄0+

+ (msp + 2SFI) ψ̄γ̄0 + 2ıPFJ ψ̄γ5γ̄0 = 0. (�3.23¡)

“³´μ¦ Ö (�3.23 ) ´  ψ̄γ̄i ¸²¥¢  ¨ (�3.23¡) ´  γ̄iψ ¸¶· ¢  ¨ ¢ÒÎ¨É Ö, ´ Ìμ¤¨³

ı(ψ̄γ̄1ψ̇ − ˙̄ψγ̄1ψ) =

= − ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
(ψ̄γ̄1ψ − ψ̄γ̄1ψ) + ı

m − n

2a3
(ψ̄γ̄1γ̄0γ̄3ψ − ψ̄γ̄3γ̄0γ̄1ψ)+

+ (msp + 2SFI)
(
ψ̄γ̄1γ̄0ψ + ψ̄γ0γ̄1ψ

)
+ 2ıPFJ

(
ψ̄γ̄1γ̄0γ̄5ψ + ψ̄γ̄5γ̄0γ̄1ψ

)
=

= ı
m − n

a3
ψ̄γ̄3γ̄1γ̄0ψ, (�3.24)
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ı(ψ̄γ̄2ψ̇ − ˙̄ψγ̄2ψ) =

= − ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
(ψ̄γ̄2ψ − ψ̄γ̄2ψ) + ı

m − n

2a3
(ψ̄γ̄2γ̄0γ̄3ψ − ψ̄γ̄3γ̄0γ̄2ψ)+

+ (msp + 2SFI)
(
ψ̄γ̄2γ̄0ψ + ψ̄γ̄0γ̄2ψ

)
+ 2ıPFJ

(
ψ̄γ̄2γ̄0γ̄5ψ + ψ̄γ̄5γ̄0γ̄2ψ

)
=

= −ı
m− n

a3
ψ̄γ̄2γ̄3γ̄0ψ. (�3.25)

ı(ψ̄γ̄3ψ̇ − ˙̄ψγ̄3ψ) =

= − ı

2

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
(ψ̄γ̄3ψ − ψ̄γ̄3ψ) + ı

m − n

2a3
(ψ̄γ̄3γ̄0γ̄3ψ − ψ̄γ̄3γ̄0γ̄3ψ)+

+ (msp + 2SFI)
(
ψ̄γ̄3γ̄0ψ + ψ̄γ̄0γ̄3ψ

)
+ 2ıPFJ

(
ψ̄γ̄3γ̄0γ̄5ψ + ψ̄γ̄5γ̄0γ̄3ψ

)
=

= 0. (�3.26)

’μ£¤  ¨§ (�3.13) ¶μ²ÊÎ¨³

T̄00 =
ı

2

(
ψ̄γ0ψ̇ − ˙̄ψγ0ψ

)
=

ı

2

(
ψ̄γ̄0ψ̇ − ˙̄ψγ̄0ψ

)
= mspS + 2KFK , (�3.27 )

T̄10 =
ı

4

(
ψ̄γ1ψ̇ − ˙̄ψγ1ψ

)
= − ıa1 e−mx3

4

(
ψ̄γ̄1ψ̇ − ˙̄ψγ̄1ψ

)
=

= −ı
(m − n)a1 e−mx3

4a3
ψ̄γ̄3γ̄1γ̄0ψ, (�3.27¡)

T̄20 =
ı

4

(
ψ̄γ2ψ̇ − ˙̄ψγ2ψ

)
= − ıa2 enx3

4

(
ψ̄γ̄2ψ̇ − ˙̄ψγ̄2ψ

)
=

= ı
(m − n)a2 enx3

4a3
ψ̄γ̄2γ̄3γ̄0ψ, (�3.27¢)

T̄30 =
ı

4

(
ψ̄γ3ψ̇ − ˙̄ψγ3ψ

)
= − ıa3

4

(
ψ̄γ̄3ψ̇ − ˙̄ψγ̄3ψ

)
= 0. (�3.27£)

� °¤¥³ T̃μν . „²Ö ÔÉμ£μ ¸´ Î ²  Ö¢´μ § ¶¨Ï¥³ ¢Ò· ¦¥´¨Ö (γμΓν + Γνγμ).
“Î¨ÉÒ¢ Ö, ÎÉμ γ̄iγ̄iγ̄j + γ̄iγ̄j γ̄i = 0 ¨ γ̄iγ̄j γ̄k + γ̄j γ̄kγ̄i = 2γ̄iγ̄j γ̄k, ¤²Ö i 
= j 
=
k = 0, 1, 2, 3 ´ Ìμ¤¨³

γ1Γ1 + Γ1γ1 = −a1 e−mx3 γ̄1 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3−

− 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3a1 e−mx3 γ̄1 =

= −1
2
a1ȧ1 e−2mx3

(
γ̄1γ̄1γ̄0 + γ̄1γ̄0γ̄1

)
+

+ m
a2
1

a3
e−2mx3

(
γ̄1γ̄1γ̄3 + γ̄1γ̄3γ̄1

)
= 0,
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γ2Γ2 + Γ2γ2 = −a2 enx3 γ̄2 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3−

− 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3a2 enx3 γ̄2 =

= −1
2
a2ȧ2 e2nx3

(
γ̄2γ̄2γ̄0 + γ̄2γ̄0γ̄2

)
−

− n
a2
2

a3
e2nx3

(
γ̄2γ̄2γ̄3 + γ̄2γ̄3γ̄2

)
= 0,

γ3Γ3 + Γ3γ3 = −a3γ̄
3 1
2
ȧ3γ̄

3γ̄0 − 1
2
ȧ3γ̄

3γ̄0a3γ̄
3 =

= −1
2
a3ȧ3

(
γ̄3γ̄3γ̄0 + γ̄3γ̄0γ̄3

)
= 0,

γ1Γ2 + Γ2γ1 = −a1 e−mx3 γ̄1 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3−

− 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3a1 e−mx3 γ̄1 =

= −1
2
a1ȧ2 e(n−m)x3

(
γ̄1γ̄2γ̄0 + γ̄2γ̄0γ̄1

)
−

− n

2
a1a2

a3
e(n−m)x3

(
γ̄1γ̄2γ̄3 + γ̄2γ̄3γ̄1

)
=

=
[
−a1ȧ2γ̄

1γ̄2γ̄0 − n
a1a2

a3
γ̄1γ̄2γ̄3

]
e(n−m)x3 ,

γ2Γ1 + Γ1γ2 = −a2 enx3 γ̄2 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3−

− 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3a2 enx3 γ̄2 =

= −1
2
a2ȧ1 e(n−m)x3

(
γ̄2γ̄1γ̄0 + γ̄1γ̄0γ̄2

)
+

+
m

2
a1a2

a3
e(n−m)x3

(
γ̄2γ̄1γ̄3 + γ̄1γ̄3γ̄2

)
=

=
[
a2ȧ1γ̄

1γ̄2γ̄0 − m
a1a2

a3
γ̄1γ̄2γ̄3

]
e(n−m)x3 ,

γ1Γ3 + Γ3γ1 = −a1 e−mx3 γ̄1 1
2
ȧ3γ̄

3γ̄0 − 1
2
ȧ3γ̄

3γ̄0a1 e−mx3 γ̄1 =

= −a1ȧ3 e−mx3
(
γ̄1γ̄3γ̄0 + γ̄3γ̄0γ̄1

)
=

= a1ȧ3 e−mx3 γ̄3γ̄1γ̄0,
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γ3Γ1 + Γ1γ3 = −a3γ̄
3 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3−

− 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3a3γ̄

3 =

= −1
2
a3ȧ1 e−mx3

(
γ̄3γ̄1γ̄0 + γ̄1γ̄0γ̄3

)
+

+ ma1 e−mx3
(
γ̄3γ̄1γ̄3 + γ̄1γ̄3γ̄3

)
=

= −a3ȧ1γ̄
3γ̄1γ̄0 e−mx3 ,

γ2Γ3 + Γ3γ2 = −a2 enx3 γ̄2 1
2
ȧ3γ̄

3γ̄0 − 1
2
ȧ3γ̄

3γ̄0a2 enx3 γ̄2 =

= −a2ȧ3 enx3
(
γ̄2γ̄3γ̄0 + γ̄3γ̄0γ̄2

)
= −a2ȧ3γ̄

2γ̄3γ̄0 enx3 ,

γ3Γ2 + Γ2γ3 = −a3γ̄
3 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3−

− 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3a3γ̄

3 =

= −1
2
a3ȧ2 enx3

(
γ̄3γ̄2γ̄0 + γ̄2γ̄0γ̄3

)
−

− na2 enx3
(
γ̄3γ̄2γ̄3 + γ̄2γ̄3γ̄3

)
= a3ȧ2γ̄

2γ̄3γ̄0 enx3 ,

γ0Γ1 + Γ1γ0 = γ̄0 1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3+

+
1
2

(
ȧ1γ̄

1γ̄0 − m
a1

a3
γ̄1γ̄3

)
e−mx3 γ̄0 =

=
1
2
ȧ1 e−mx3

(
γ̄0γ̄1γ̄0 + γ̄1γ̄0γ̄0

)
−

− m
a1

a3
e−mx3

(
γ̄0γ̄1γ̄3 + γ̄1γ̄3γ̄0

)
=

= m
a1

a3
e−mx3 γ̄3γ̄1γ̄0,

γ0Γ2 + Γ2γ0 = γ̄0 1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3+

+
1
2

(
ȧ2γ̄

2γ̄0 + n
a2

a3
γ̄2γ̄3

)
enx3 γ̄0 =

=
1
2
ȧ2 enx3

(
γ̄0γ̄2γ̄0 + γ̄2γ̄0γ̄0

)
+

+ n
a2

a3
enx3
(
γ̄0γ̄2γ̄3 + γ̄2γ̄3γ̄0

)
= n

a2

a3
enx3 γ̄2γ̄3γ̄0,

γ0Γ3 + Γ3γ0 = γ̄0 1
2
ȧ3γ̄

3γ̄0 +
1
2
ȧ3γ̄

3γ̄0γ̄0 =
1
2
ȧ3

(
γ̄0γ̄3γ̄0 + γ̄3γ̄0γ̄0

)
= 0.
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’μ£¤  ¨§ (�3.14) ´ Ìμ¤¨³

T̃00 =
ı

2
ψ̄ (γ0Γ0 + Γ0γ0) ψ = 0, (�3.28 )

T̃11 =
ı

2
ψ̄ (γ1Γ1 + Γ1γ1) ψ = 0, (�3.28¡)

T̃22 =
ı

2
ψ̄ (γ2Γ2 + Γ2γ2) ψ = 0, (�3.28¢)

T̃33 =
ı

2
ψ̄ (γ3Γ3 + Γ3γ3) ψ = 0, (�3.28£)

T̃03 =
ı

4
ψ̄ (γ0Γ3 + Γ3γ0) ψ = 0, (�3.28¤)

T̃01 =
ı

4
ψ̄ (γ0Γ1 + Γ1γ0) ψ =

ı

4
m

a1

a3
e−mx3ψ̄γ̄3γ̄1γ̄0ψ, (�3.28¥)

T̃02 =
ı

4
ψ̄ (γ0Γ2 + Γ2γ0) ψ =

ı

4
n

a2

a3
enx3ψ̄γ̄2γ̄3γ̄0ψ, (�3.28¦)

T̃12 =
ı

4
ψ̄ (γ1Γ2 + Γ2γ1 + γ2Γ1 + Γ1γ2)ψ =

=
ı

4
a1a2

[(
ȧ1

a1
− ȧ2

a2

)
ψ̄γ̄1γ̄2γ̄0ψ−

− m + n

a3
ψ̄γ̄1γ̄2γ̄3ψ

]
e(n−m)x3 , (�3.28§)

T̃23 =
ı

4
ψ̄ (γ2Γ3 + Γ3γ2 + γ3Γ2 + Γ2γ3)ψ =

=
ı

4
a2a3

(
ȧ2

a2
− ȧ3

a3

)
enx3ψ̄γ̄2γ̄3γ̄0ψ, (�3.28¨)

T̃31 =
ı

4
ψ̄ (γ3Γ1 + Γ1γ3 + γ1Γ3 + Γ3γ1)ψ =

=
ı

4
a3a1

(
ȧ3

a2
− ȧ1

a1

)
e−mx3ψ̄γ̄3γ̄1γ̄0ψ. (�3.28±)

�μ¤¸É ¢²ÖÖ T̄μν ¨§ (�3.27 )Ä(�3.27£) ¨ T̃μν ¨§ (�3.28 )Ä(�3.28±)
¢ (�3.12), ´ Ìμ¤¨³

T 0
0 = g00T̄00 − L = mspS + 2KFK − (2KFK − F ) =

= mspS + F (K), (�3.29 )

T 1
1 = −L = F (K) − 2KFK , (�3.29¡)

T 2
2 = −L = F (K) − 2KFK , (�3.29¢)

T 3
3 = −L = F (K) − 2KFK , (�3.29£)
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T 0
1 = g00T̄01 − g00T̃01 =

= −ı
(m − n)a1 e−mx3

4a3
ψ̄γ̄3γ̄1γ̄0ψ − ı

4
m

a1

a3
e−mx3ψ̄γ̄3γ̄1γ̄0ψ =

=
ı(n − 2m)

4
a1

a3
e−mx3 ψ̄γ̄3γ̄1γ̄0ψ =

= − (n − 2m)
4

a1

a3
e−mx3 A2, (�3.29¤)

T 0
2 = g00T̄02 − g00T̃02 =

= ı
(m − n)a2 enx3

4a3
ψ̄γ̄2γ̄3γ̄0ψ − ı

4
n

a2

a3
enx3ψ̄γ̄2γ̄3γ̄0ψ =

=
ı(m − 2n)

4
a2

a3
enx3 ψ̄γ̄2γ̄3γ̄0ψ = − (m − 2n)

4
a2

a3
enx3 A1, (�3.29¥)

T 0
3 = 0, (�3.29¦)

T 1
2 = g11T̃12 = − 1

a2
1 e−2mx3

ı

4
a1a2×

×
[(

ȧ1

a1
− ȧ2

a2

)
ψ̄γ̄1γ̄2γ̄0ψ − m + n

a3
ψ̄γ̄1γ̄2γ̄3ψ

]
e(n−m)x3 =

= − ı

4
a2

a1
e(m+n)x3

[(
ȧ1

a1
− ȧ2

a2

)
ψ̄γ̄1γ̄2γ̄0ψ − m + n

a3
ψ̄γ̄1γ̄2γ̄3ψ

]
=

=
a2

4a1
e(m+n)x3

[(
ȧ1

a1
− ȧ2

a2

)
A3 − m + n

a3
A0

]
, (�3.29§)

T 1
3 = g11T̃13 = − 1

a2
1 e−2mx3

ı

4
a3a1

(
ȧ3

a2
− ȧ1

a1

)
e−mx3ψ̄γ̄3γ̄1 =

= − ı

4
a3

a1
emx3

(
ȧ3

a3
− ȧ1

a1

)
ψ̄γ̄3γ̄1γ̄0ψ =

=
a3

4a1
emx3

(
ȧ3

a3
− ȧ1

a1

)
A2, (�3.29¨)

T 2
3 = g11T̃12 = − 1

a2
2 e2nx3

ı

4
a2a3

(
ȧ2

a2
− ȧ3

a3

)
enx3ψ̄γ̄2γ̄3γ̄0ψ =

= − ı

4
a3

a2
e−nx3

(
ȧ2

a2
− ȧ3

a3

)
ψ̄γ̄2γ̄3γ̄0ψ =

=
a3

4a2
e−nx3

(
ȧ2

a2
− ȧ3

a3

)
A1. (�3.29±)

’ ±¨³ μ¡· §μ³, ³Ò ´ Ï²¨ ¢Ò· ¦¥´¨Ö ¤²Ö ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ ¶μ²Ö ¤²Ö 	¨ ´±¨ É¨¶  BVI ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. Š ±
¢¨¤´μ, ¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ´¥ § ¢¨¸ÖÉ μÉ m ¨²¨ n, ¢ Éμ ¢·¥³Ö ± ±
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´¥¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ § ¢¨¸ÖÉ. ‘²¥¤μ¢ É¥²Ó´μ, ¶μ¤¸É ¢²ÖÖ m = n,
m = −n, n = 0, m = n = 0, m = n = 0 ¨ a1 = a2, ´ ±μ´¥Í, m = n = 0
¨ a1 = a2 = a3, ³μ¦´μ ´ °É¨ ±μ³¶μ´¥´ÉÒ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¶¨´μ·´μ£μ
¶μ²Ö ¤²Ö ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥° BVI0, BV, BIII, BI, LRSBI ¨ FRW
¸μμÉ¢¥É¸É¢¥´´μ.

Š ± ¢¨¤´μ ¨§ (�3.29 )Ä(�3.29±), ¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  μ¤¨´ ±μ¢Ò ¤²Ö ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ¤¥²¥°
¨ § ¢¨¸ÖÉ μÉ ³ ¸¸Ò ¨ ´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö. ‚ ¸²ÊÎ ¥ ²¨´¥°´μ£μ
¸¶¨´μ·´μ£μ ¶μ²Ö ¢¸¥ É·¨ ±μ³¶μ´¥´ÉÒ ´  μ¸´μ¢´μ° ¤¨ £μ´ ²¨ ¡Ê¤ÊÉ · ¢´Ò
´Ê²Õ. —Éμ ± ¸ ¥É¸Ö ´¥¤¨ £μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É, μ´¨ ´¥ § ¢¨¸ÖÉ μÉ ³ ¸¸Ò ¨²¨
´¥²¨´¥°´μ¸É¨ ¸¶¨´μ·´μ£μ ¶μ²Ö. ’μ²Ó±μ ¢ ¸²ÊÎ ¥ ³μ¤¥²¨ FRW ¢¸¥ ´¥¤¨ £μ-
´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ¸É ´μ¢ÖÉ¸Ö ´Ê²¥¢Ò³¨, ¢ Éμ ¢·¥³Ö ± ± ¢ ¸²ÊÎ ¥ ¤·Ê£¨Ì
³μ¤¥²¥°, ¨§ÊÎ ¥³ÒÌ §¤¥¸Ó, ¨³¥ÕÉ¸Ö ¶μ ±· °´¥° ³¥·¥ ¤¢¥ ´¥É·¨¢¨ ²Ó´Ò¥ ´¥-
¤¨ £μ´ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ.

�·¨²μ¦¥´¨¥ 4
‘“™…‘’‚�‚	�ˆ… ˆ …„ˆ�‘’‚…���‘’œ �…˜…�ˆŸ

„μ± ¦¥³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4.56) ¨ μ´μ ¥¤¨´¸É¢¥´´μ¥:

V̈ = Φ(V ), Φ(V ) = X̄V 1/3−2N3+

+
3κ

2

[
msp V0 + 2

∑
k

λk(1 − nk)V 2nk
0 V 1−2nk

]
, (�4.1)

£¤¥ X̄ = 2
(
m2 − mn + n2

)
X

(2N3−4/3)
0 .

„²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ¶· ¢ÊÕ Î ¸ÉÓ Ê· ¢´¥´¨Ö (�4.1) ¨ ¶·μ¢¥·¨³, Ê¤μ-
¢²¥É¢μ·Ö¥É ²¨ Φ(t, V ) Ê¸²μ¢¨Õ ‹¨¶Ï¨Í . ‡ ¶¨Ï¥³ (�4.1) ¢ ¢¨¤¥

Ẇ = Φ(V ), (�4.2 )

V̇ = W. (�4.2¡)

�Ê¸ÉÓ (t∗, V∗) ¨ (t∗, W∗) Å ´¥±μÉμ·Ò¥ ±μ´±·¥É´Ò¥ ¶ ·Ò §´ Î¥´¨°, § ¤ ´-
´Ò¥ ¤²Ö ·¥ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ (t, V ) ¨ (t∗, W∗), É ±¨¥, ÎÉμ ¢ ¶·Ö³μÊ£μ²Ó´μ³
¤μ³¥´¥ D, μ±·Ê¦ ÕÐ¥³ ÉμÎ±Ê (t∗, V∗) ¨ μ¶·¥¤¥²¥´´μ³ ´¥· ¢¥´¸É¢μ³

|t − t∗| � A∗, |V − V∗| � B∗, (�4.3)

Φ(t, V ) Å μ¤´μ§´ Î´ Ö ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö μÉ t ¨ V . „²Ö ¤·Ê£μ£μ Ë¨±¸¨-
·μ¢ ´´μ£μ ¶ · ³¥É·  Φ(t, V ) Å μ¤´μ§´ Î´ Ö ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö. ‚¸¶μ-
³´¨¢, ÎÉμ V = 0 ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ¸¨´£Ê²Ö·´μ¸É¨
¨ V ¶μ ¸ÊÐ¥¸É¢Ê ´¥μÉ·¨Í É¥²Ó´ Ö, ¤²Ö ²Õ¡μ£μ ´¥É·¨¢¨ ²Ó´μ£μ §´ Î¥´¨Ö V
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§ ±²ÕÎ ¥³, ÎÉμ |Φ(t, V )| ¨³¥¥É ´¥±μÉμ·ÊÕ ¢¥·Ì´ÕÕ £· ´¨ÍÊ M ¢ D. ’ ±¦¥
μ¶·¥¤¥²¨³ h = min (A∗, B∗/M). …¸²¨ h < A∗, ´  t ´ ²μ¦¨³ ¤μ¶μ²´¨É¥²Ó´μ¥
Ê¸²μ¢¨¥ |t − t∗| < h. �Ê¸ÉÓ (t1, V1) ¨ (t2, V2) Å ¤¢¥ ÉμÎ±¨ ¢ ¶·¥¤¥² Ì D.

“¸²μ¢¨¥ ‹¨¶Ï¨Í  ¢ ÔÉμ³ ¸²ÊÎ ¥ £² ¸¨É

√
[Φ(t1, V1) − Φ(t2, V2)]

2 + (W1 − W2)2 �
� L
√

(V1 − V2)2 + (W1 − W2)2 (�4.4)

¤²Ö ²Õ¡μ£μ L > 1, ±μÉμ·μ¥ ¸²¥¤Ê¥É ¨§

√
[Φ(t1, V1) − Φ(t2, V2)]

2 � L
√

(V1 − V2)2. (�4.5)

‡¤¥¸Ó L Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö. �μ¤¸É ¢²ÖÖ Φ(t, V ) ¨§ (4.56) ¢ ²¥¢ÊÕ
Î ¸ÉÓ (�4.5), ´ Ìμ¤¨³

|Φ(t1, V1) − Φ(t2, V2)| =

=
∣∣∣X̄ (V 1/3−2N3

1 − V
1/3−2N3
2

)
+3κ

∑
k

λk(1−nk)V 2nk
0

[
V 1−2nk

1 − V 1−2nk
2

]∣∣∣ =
=
∣∣∣∣(V2 − V1)

[
X̄1(V ∗)−(2/3+2N3) +

∑
k

λ∗
k(V ∗)−2nk

]∣∣∣∣, (�4.6)

£¤¥ V ∗ ∈ [V1, V2], V1 > 0, V2 > 0. ‡¤¥¸Ó ³Ò μ¡μ§´ Î¨²¨, ÎÉμ X̄1 = (1/3 −
2N3)X̄ ¨ λ∗

k = 2κ(1−nk)(1−2nk)V 2nk
0 λk, ¨ ¨¸¶μ²Ó§μ¢ ²¨ É¥μ·¥³Ê μ ¸·¥¤´¥³

§´ Î¥´¨¨.

�μ¸±μ²Ó±Ê

[
X̄1(V )−(2/3+2N3) +

∑
k

λ∗
k(V )−2nk

]
´¥¶·¥·Ò¢´ , μ´  μ¡² ¤ ¥É

´¥±μÉμ·Ò³ ³ ±¸¨³Ê³μ³ L ¢ ¨´É¥·¢ ²¥ [V1, V2], É ±¨³ ÎÉμ

|Φ(t1, V1) − Φ(t2, V2)| � L |V2 − V1| (�4.7)

¢ ¤μ³¥´¥ D. „ ²¥¥, · ¸Ï¨·ÖÖ ÔÉμ ¨¸¸²¥¤μ¢ ´¨¥ ´  ¤·Ê£¨¥ ¤μ³¥´Ò, ³μ¦´μ
¶μ± § ÉÓ, ÎÉμ Ê¸²μ¢¨¥ (�4.7) ¸¶· ¢¥¤²¨¢μ ¢ D =

⋃
V1>0,V2<∞

[V1, V2].

’ ±¨³ μ¡· §μ³, Φ(t, V ) Å ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö, Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ-
¢¨Õ ‹¨¶Ï¨Í  ¢ ¤μ³¥´¥ D. ‘²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨¥ (4.56) ¤μ¶Ê¸± ¥É ¥¤¨´-
¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥.


² £μ¤ ·´μ¸É¨. � ¡μÉ  ¢Ò¶μ²´¥´  ¡² £μ¤ ·Ö ¶·μ¥±ÉÊ Joint Romanian-LIT
(�ˆŸˆ, „Ê¡´ ) º05-6-1119-2014/2016.
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