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„ ´ ±· É±¨° μ¡§μ· É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢ ¨ ¸¢Ö§ ´´ÒÌ ¸ ´¨³¨ (¤¥Ëμ·-
³¨·μ¢ ´´ÒÌ) ¶·¥¶·μ¥±É¨¢´ÒÌ  ²£¥¡·,   É ±¦¥ É¥μ·¨° ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥° ÔÉ¨Ì  ²-
£¥¡·, ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨° ¨ ËÊ´±Éμ·  μÉ· ¦¥´¨Ö. „μ± § ´μ, ÎÉμ ¡¨¥±Í¨Ö ³¥¦¤Ê
¶·μ¸É· ´¸É¢ ³¨ ³μ¤Ê²¥° (¢ Î ¸É´μ¸É¨, ³¥¦¤Ê ±μ²Î ´´Ò³¨ ³´μ£μμ¡· §¨Ö³¨), ¨´¤ÊÍ¨-
·μ¢ ´´ Ö ËÊ´±Éμ·μ³ μÉ· ¦¥´¨Ö, ¥¸ÉÓ ¨§μ³μ·Ë¨§³ ¸¨³¶²¥±É¨Î¥¸±¨Ì  ËË¨´´ÒÌ ³´μ£μ-
μ¡· §¨°. �¶·¥¤¥²¥´Ò £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ, ¨ μ¶¨¸ ´μ
¶·¨³¥´¥´¨¥ ± ´¨³ ËÊ´±Éμ·  μÉ· ¦¥´¨Ö. „ ´ μ¡§μ· · ¡μÉÒ [1], ± ¸ ÕÐ¨°¸Ö ¸²ÊÎ Ö
Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ , ¨ ¢ÒÖ¸´¥´  ·μ²Ó ËÊ´±Éμ·  μÉ· ¦¥´¨Ö ¢ ÔÉμ³ ¸²ÊÎ ¥. ‚ Î ¸É-
´μ¸É¨, μ¶¨¸ ´Ò ®¸¶¨´μ¢Ò¥¯ ¨´É¥£·¨·Ê¥³Ò¥ μ¡μ¡Ð¥´¨Ö ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥·  ¨
¨Ì ¶·¨³¥´¥´¨¥ ± μ¡μ¡Ð¥´¨Ö³ ¨¥· ·Ì¨¨ Š�.

The theory of representations of quivers and their (deformed) preprojective algebras is
reviewed. In particular, moduli spaces of representations of these algebras, quiver varieties
and re	ection functor are described. It is proved that the bijection between moduli spaces
(and, in particular, between the quiver varieties) induced by the re	ection functor is an
isomorphism of symplectic afˇne varieties. Hamiltonian systems on quiver varieties are
deˇned. Application of the re	ection functor to these systems is described. The results
of [1] on the case of cyclic quiver are reviewed and a role of the re	ection functor in this
case is discussed. In particular, ©spinª integrable generalisations of the CalogeroÄMoser
systems and their application to the generalised KP hierarchies are described.
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¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢. �´¨ ¡Ò²¨ ¢¢¥¤¥´Ò 
¥·´ÏÉ¥°´μ³, ƒ¥²ÓË ´¤μ³ ¨
�μ´μ³ ·¥¢Ò³ ¢ · ¡μÉ¥ [2] ´  μ¸´μ¢ ´¨¨ ¨¤¥°, ¨§²μ¦¥´´ÒÌ ¢ · ¡μÉ¥ [3]. �É¨
ËÊ´±Éμ·Ò μÉ· ¦¥´¨° ¡Ò¢ ÕÉ ¤¢ÊÌ É¨¶μ¢: F+

i ¨ F−
i , £¤¥ i Å ¢¥·Ï¨´Ò · ¸-

¸³ É·¨¢ ¥³μ£μ £· Ë . �´¨ ¶¥·¥¢μ¤ÖÉ ¶·¥¤¸É ¢²¥´¨¥ μ·¨¥´É¨·μ¢ ´´μ£μ £· Ë 
¢ ¶·¥¤¸É ¢²¥´¨¥ Éμ£μ ¦¥ £· Ë , ´μ ¸ ®μÉ· ¦¥´´μ°¯ μ·¨¥´É Í¨¥°.

‘¢Ö§Ó É¥μ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¸ É¥μ·¨¥° ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢,
¨¸¸²¥¤Ê¥³ Ö ¢ ¤ ´´μ° · ¡μÉ¥, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ (±μ³¶²¥±¸¨Ë¨Í¨·μ¢ ´´Ò¥)
Ë §μ¢Ò¥ ¶·μ¸É· ´¸É¢  ´¥±μÉμ·ÒÌ ¸¨¸É¥³ ³μ¦´μ ¶μ¶μ²´ÖÉÓ ¤μ É ± ´ §Ò¢ ¥-
³ÒÌ ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨°. �μ¸²¥¤´¨¥ μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ³´μ¦¥¸É¢  ±² ¸-
¸μ¢ Ô±¢¨¢ ²¥´É´μ¸É¨ ¶·¥¤¸É ¢²¥´¨° Ê¤¢μ¥´´ÒÌ ±μ²Î ´μ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì
´¥±μÉμ·Ò³ Ê¸²μ¢¨Ö³. �´¨ ¡Ò²¨ ¢¢¥¤¥´Ò � ± ¤§¨³μ° ¤²Ö £¥μ³¥É·¨Î¥¸±μ£μ
¶μ¸É·μ¥´¨Ö Ê´¨¢¥·¸ ²Ó´ÒÌ μ¡¥·ÉÒ¢ ÕÐ¨Ì  ²£¥¡· Š Í ÄŒÊ¤¨ ¨ ¨Ì ±¢ ´Éμ-
¢ÒÌ ¢¥·¸¨° [4].

’ ±, ³μ¦´μ ¶μ¸É·μ¨ÉÓ (· Í¨μ´ ²Ó´ÊÕ) ¸¨¸É¥³Ê Š ²μ¤¦¥·μÄŒμ§¥·  É¨¶ 
An−1, £¤¥ n Å Î¨¸²μ Î ¸É¨Í. �μ¶μ²´¥´¨¥ (¸¨³³¥É·¨§μ¢ ´´μ£μ) Ë §μ¢μ£μ
¶·μ¸É· ´¸É¢  ÔÉμ° ¸¨¸É¥³Ò ¤ ¥É É ± ´ §Ò¢ ¥³μ¥ ¶·μ¸É· ´¸É¢μ Š ²μ¤¦¥·μÄ
Œμ§¥·  [5], ±μÉμ·μ¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ±μ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ ¤²Ö
±μ²Î ´ , ¸μ¸ÉμÖÐ¥£μ ¨§ μ¤´μ° ¢¥·Ï¨´Ò ¨ μ¤´μ° ¶¥É²¨ (·¥¡· , ¢ÒÌμ¤ÖÐ¥£μ
¨ ¢Ìμ¤ÖÐ¥£μ ¢ ÔÉÊ ¢¥·Ï¨´Ê). ƒ ³¨²ÓÉμ´¨ ´Ò ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥· 
¶·μ¤μ²¦ ÕÉ¸Ö ´  ¢¸¥ ¶·μ¸É· ´¸É¢μ Š ²μ¤¦¥·μÄŒμ§¥·  ¨ μ¶·¥¤¥²ÖÕÉ ´  ´¥³
£ ³¨²ÓÉμ´μ¢Ò ¶μÉμ±¨.

�´ ²μ£¨Î´μ ¶μ¶μ²´¥´¨¥ ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥· ,  ¸¸μÍ¨¨·μ¢ ´´ÒÌ ¸
μ¡μ¡Ð¥´´Ò³¨ ¸¨³³¥É·¨Î¥¸±¨³¨ £·Ê¶¶ ³¨ Sn�(Z/mZ)n, ¨§μ³μ·Ë´μ ±μ²Î ´-
´μ³Ê ³´μ£μμ¡· §¨Õ ¤²Ö Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ , ¸μ¸ÉμÖÐ¥£μ ¨§ m ¢¥·Ï¨´ ¨
m ·¥¡¥·, μ·¨¥´É¨·μ¢ ´´ÒÌ ¢ μ¤¨´ ±μ¢μ³ ´ ¶· ¢²¥´¨¨ (´ ¶·¨³¥·, ¶μ Î ¸μ¢μ°
¸É·¥²±¥) [6]. ‘²ÊÎ ¨ m = 1 ¨ m = 2 ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¨¸É¥³ ³ Š ²μ¤¦¥·μÄ
Œμ§¥·  É¨¶μ¢ An−1 ¨ Bn ¸μμÉ¢¥É¸É¢¥´´μ.

Šμ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ³´μ¦¥¸É¢  ±² ¸¸μ¢ Ô±¢¨-
¢ ²¥´É´μ¸É¨ ´¥±μÉμ·ÒÌ ¶·¥¤¸É ¢²¥´¨° (¤¥Ëμ·³¨·μ¢ ´´ÒÌ) ¶·¥¶·μ¥±É¨¢´ÒÌ
 ²£¥¡· Πλ(Q), ±μÉμ·Ò¥ ¡Ò²¨ ¢¢¥¤¥´Ò Š·μ²¨-
μÊ¢¨ ¨ •μ²² ´¤μ³ ¢ [7]. �É¨
 ²£¥¡·Ò § ¢¨¸ÖÉ μÉ ±μ²Î ´  Q ¨ ®¶ · ³¥É·  ¤¥Ëμ·³ Í¨¨¯ λ (¢ ¶¥·¢ÒÌ · ¡μÉ Ì
� ± ¤§¨³Ò ±μ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ¸μμÉ¢¥É¸É¢μ¢ ²¨ λ = 0).

’¥μ·¨Ö ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢ ´¥· §·Ò¢´μ ¸¢Ö§ ´  ¸ ¶μ´ÖÉ¨¥³ ¸¨¸É¥³Ò
±μ·´¥° Δ(Q) ¤²Ö ±μ²Î ´  Q (ÉμÎ´¥¥, ¤²Ö £· Ë ) [8]. ” ±É¨Î¥¸±¨ ¸¨¸É¥³Ò
±μ·´¥° ¤ ÕÉ £·Ê¡ÊÕ ±² ¸¸¨Ë¨± Í¨Õ ´¥· §²μ¦¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢.
‚ · ¡μÉ¥ [9] Š·μ²¨-
μÊ¢¨ ±² ¸¸¨Ë¨Í¨·μ¢ ² ±μ·´¨, μÉ¢¥Î ÕÐ¨¥ ´¥¶·¨¢μ¤¨-
³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ (¶·μ¸ÉÒ³ ³μ¤Ê²Ö³) ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò.

�·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò Πλ(Q) (É. ¥. Πλ(Q)-³μ¤Ê²Ó) ¤ ¥É, ¢ Î ¸É´μ¸É¨,
¶·¥¤¸É ¢²¥´¨¥ ±μ²Î ´  Q. Š ¦¤μ³Ê ±μ´¥Î´μ³¥·´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ Q,  
§´ Î¨É ¨ ± ¦¤μ³Ê ±μ´¥Î´μ³¥·´μ³Ê Πλ(Q)-³μ¤Ê²Õ, μÉ¢¥Î ¥É ¸Ê³³  ±μ·´¥°,
¸μμÉ¢¥É¸É¢ÊÕÐ Ö · §²μ¦¥´¨Õ ¶·¥¤¸É ¢²¥´¨Ö ´  ´¥· §²μ¦¨³Ò¥ ±μ³¶μ´¥´ÉÒ.
�´  ´ §Ò¢ ¥É¸Ö · §³¥·´μ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö (³μ¤Ê²Ö). �μ¸±μ²Ó±Ê ¸¨¸É¥³Ò
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±μ·´¥°,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ³´μ¦¥¸É¢  ¨Ì ¸Ê³³ ¤¨¸±·¥É´Ò, ³´μ¦¥¸É¢μ ¢¸¥Ì
±μ´¥Î´μ³¥·´ÒÌ Πλ(Q)-³μ¤Ê²¥° · §¡¨¢ ¥É¸Ö ´  ±μ³¶μ´¥´ÉÒ ¸¢Ö§´μ¸É¨ ¶μ · §-
³¥·´μ¸ÉÖ³.

Œ´μ¦¥¸É¢μ ±² ¸¸μ¢ Ô±¢¨¢ ²¥´É´μ¸É¨ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò Πλ(Q) Ë¨±-
¸¨·μ¢ ´´μ° · §³¥·´μ¸É¨ (¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥°) ´¥ ¢¸¥£¤  Ö¢²Ö¥É¸Ö £² ¤±¨³
³´μ£μμ¡· §¨¥³. —Éμ¡Ò ¸¤¥² ÉÓ ¥£μ ÌμÉÖ ¡Ò  ËË¨´´Ò³ ³´μ£μμ¡· §¨¥³ (¢μ§-
³μ¦´μ, ¶·¨¢μ¤¨³Ò³), ¢ ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥° ¸Éμ¨É ¢±²ÕÎ ÉÓ Éμ²Ó±μ ¶μ²Ê-
¶·μ¸ÉÒ¥ ³μ¤Ê²¨. ‚ · ¡μÉ¥ [9] ´ °¤¥´Ò Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ¶·μ¸É· ´¸É¢ 
³μ¤Ê²¥° £² ¤±¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ´¨ μ¡² ¤ ÕÉ ¸¨³¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ°,
±μÉμ· Ö ¶μ²ÊÎ ¥É¸Ö ¨§ ±μ´¸É·Ê±Í¨¨ £ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¨ ¤²Ö ¶·μ¸É· ´¸É¢
³μ¤Ê²¥°. �μÔÉμ³Ê ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° Ö¢²ÖÕÉ¸Ö ± ´¤¨¤ É ³¨ ¤²Ö ¶μ¸É·μ¥-
´¨Ö ´  ´¨Ì £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³, ¨´É¥£·¨·Ê¥³ÒÌ ¶μ ‹¨Ê¢¨²²Õ. ‚ ¤ ´´μ°
· ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ,
±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³¨ ¸²ÊÎ Ö³¨ ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥°.


μ²¥¥ ÉμÎ´μ, ±μ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ ¤²Ö ±μ²Î ´  Q ¥¸ÉÓ ¶·μ¸É· ´¸É¢μ
³μ¤Ê²¥°  ²£¥¡·Ò Πλ(Qζ), £¤¥ Qζ Å ´μ¢Ò° ±μ²Î ´ ¸ μ¤´μ° ¤μ¶μ²´¨É¥²Ó-
´μ° ¢¥·Ï¨´μ° ¨ ´¥±μÉμ·Ò³ Î¨¸²μ³ ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥· ¨§ ÔÉμ° ´μ¢μ°
¢¥·Ï¨´Ò ¢ ¢¥·Ï¨´Ò ±μ²Î ´  Q. ‚¥±Éμ·´Ò° ¶ · ³¥É· ζ μÉ¢¥Î ¥É §  ±μ²¨-
Î¥¸É¢μ ¨ ´ ¶· ¢²¥´¨¥ ÔÉ¨Ì ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥·. ‚ Î ¸É´μ¸É¨, ±μ²Î ´´Ò¥
³´μ£μμ¡· §¨Ö ¤²Ö ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥· , Ê¶μ³Ö´ÊÉÒ¥ ¢ÒÏ¥, ¸É·μÖÉ¸Ö ¸
¶μ³μÐÓÕ μ¤´μ£μ ¤μ¶μ²´¨É¥²Ó´μ£μ ·¥¡· .

‚ · ¡μÉ¥ [7]  ¢Éμ·Ò É ±¦¥ ¢¢¥²¨ ËÊ´±Éμ· μÉ· ¦¥´¨Ö ¤²Ö ¶·¥¶·μ¥±É¨¢-
´ÒÌ  ²£¥¡·. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ´ Éμ²Ó±μ μ¤´μ£μ É¨¶ , É. ¥. § ¢¨¸¨É ²¨ÏÓ μÉ i
¨ λ. ’ ±¦¥ μ´ ¶¥·¥¢μ¤¨É ¶·¥¤¸É ¢²¥´¨Ö ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò Πλ(Q) ¢
¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò Πriλ(Q), £¤¥ riλ Å ®μÉ· ¦¥´´Ò°¯ ¶ · ³¥É·.

”Ê´±Éμ· μÉ· ¦¥´¨Ö μ¶·¥¤¥²Ö¥É ¨§μ³μ·Ë¨§³ ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥°, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨Ì · §´Ò³ · §³¥·´μ¸ÉÖ³. ‚ ÔÉμ° · ¡μÉ¥ ¶·¨¢μ¤¨É¸Ö ¤μ± § É¥²Ó¸É¢μ
Éμ£μ, ÎÉμ μ´ ¸μÌ· ´Ö¥É  ²£¥¡· ¨Î¥¸±ÊÕ ¨ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ò ¶·μ-
¸É· ´¸É¢ ³μ¤Ê²¥°. �·¨³¥´ÖÖ ¥£μ ± ±μ²Î ´´Ò³ ³´μ£μμ¡· §¨Ö³, ³Ò ¶μ± §Ò¢ ¥³,
ÎÉμ μ´ É ±¦¥ ¸¢Ö§Ò¢ ¥É μ¶·¥¤¥²¥´´Ò¥ ´  ´¨Ì £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò. �Éμ,
¢ Î ¸É´μ¸É¨, μ§´ Î ¥É, ÎÉμ ³μ¦´μ ¤μ± §Ò¢ ÉÓ ¨´É¥£·¨·Ê¥³μ¸ÉÓ ²¨ÏÓ ¤²Ö ´¥-
±μÉμ·ÒÌ · §³¥·´μ¸É¥°,   ¤²Ö ¤·Ê£¨Ì · §³¥·´μ¸É¥° Å ¶μ²ÊÎ ÉÓ ¥¥ ¸ ¶μ³μÐÓÕ
ÔÉ¨Ì ¨§μ³μ·Ë¨§³μ¢.

�ÉμÉ ³¥Éμ¤ ¶·μ¤¥³μ´¸É·¨·μ¢ ´ ´  ¶·¨³¥·¥ Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ . ˆ´-
É¥£·¨·Ê¥³μ¸ÉÓ £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¡Ò²  ¤μ± § ´ 
¢ · ¡μÉ¥ [1]. �μ²ÊÎ¥´´Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ³μ¦´μ ¨´É¥·¶·¥É¨·μ-
¢ ÉÓ ± ± ´¥±μÉμ·Ò¥ ®¸¶¨´μ¢Ò¥¯ ¢¥·¸¨¨ ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥·  ¤²Ö £·Ê¶¶
Sn�(Z/mZ)n. ‘¶¨´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ¢μ§´¨± ÕÉ ¨§-§  Éμ£μ, ÎÉμ ¢ μ¡Ð¥³ ¸²Ê-
Î ¥ Î¨¸²μ ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥· ±μ²Î ´  Qζ ¡μ²ÓÏ¥ ¥¤¨´¨ÍÒ. �μ²ÊÎ¥´´Ò¥
¸¶¨´μ¢Ò¥ ¸¨¸É¥³Ò μ¡μ¡Ð ÕÉ ¸¨¸É¥³Ê ƒ¨¡¡μ´¸ Ä•¥·³¸¥´  [10].

Šμ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ μ¤´μ¶¥É²¥¢μ£μ ±μ²Î ´ , É. ¥. Í¨±²¨Î¥¸±μ£μ ±μ²-
Î ´  ¶·¨ m = 1, ¤²Ö μ¡Ð¥£μ ζ (Î¨¸²  ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥· ¢ Qζ) ¥¸ÉÓ
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¶μ¶μ²´¥´¨¥ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ , ¶μ¤μ¡´μ
¸¨ÉÊ Í¨¨ ¸ ¶·μ¸É· ´¸É¢μ³ Š ²μ¤¦¥·μÄŒμ§¥· . ƒ ³¨²ÓÉμ´¨ ´Ò ƒ¨¡¡μ´¸ Ä
•¥·³¸¥´  ¥¸ÉÓ ¢ ÉμÎ´μ¸É¨ μ£· ´¨Î¥´¨Ö £ ³¨²ÓÉμ´¨ ´μ¢, μ¶·¥¤¥²¥´´ÒÌ ´  ±μ²-
Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ, ´  ´¥¶μ¶μ²´¥´´μ¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ. �´ ²μ£¨Î´μ
¶μ²ÊÎ¥´´Ò¥ ¸¨¸É¥³Ò, μ¡μ¡Ð ÕÐ¨¥ ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ , ³μ¦´μ · ¸-
¸³ É·¨¢ ÉÓ ± ± μ£· ´¨Î¥´¨¥ £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· -
§¨ÖÌ ´  ´¥±μÉμ·Ò¥ ¢¸Õ¤Ê ¶²μÉ´Ò¥ ¶μ¤³´μ¦¥¸É¢ .

Œμ¦´μ μ¡μ¡Ð¨ÉÓ ÔÉÊ ±μ´¸É·Ê±Í¨Õ ¸ ¶μ³μÐÓÕ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°
³Ê²ÓÉ¨¶²¨± É¨¢´μ° ¢¥·¸¨¨ ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò ¤²Ö Í¨±²¨Î¥¸±μ£μ ±μ²-
Î ´  [11]. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ μ¶·¥¤¥²Ö¥³ÒÌ ¸¨¸É¥³ ¸É·μ-
¨É¸Ö ¸ ¶μ³μÐÓÕ ±¢ §¨£ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¨. �μ²ÊÎ ¥³Ò¥ ¨´É¥£·¨·Ê¥³Ò¥
¸¨¸É¥³Ò ³μ£ÊÉ ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´Ò ¸ ¸¨¸É¥³ ³¨ �Ê¤¦¨´ ·¸ Ä˜´ °¤¥·  ¨ ¨Ì
μ¡μ¡Ð¥´¨Ö³¨.

ƒ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö
¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨° ´¥±μÉμ·ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¨ ¨Ì ¨¥· ·Ì¨°. ‚¶¥·¢Ò¥ ÔÉμ § ³¥Î¥´μ ¢ · ¡μÉ¥ [12], £¤¥ ¡Ò²¨ ¶μ¸É·μ¥´Ò
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Šμ·É¥¢¥£ Ä¤¥ ”·¨§  (Š¤”) ¢ ¢¨¤¥ · Í¨μ´ ²Ó´ÒÌ ËÊ´±-
Í¨° ¸ ¶μ²Õ¸ ³¨, ¤¢¨£ ÕÐ¨³¨¸Ö ± ± Î ¸É¨ÍÒ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥· .
‚ · ¡μÉ Ì [13, 14] ¡Ò²μ ¸¤¥² ´μ Éμ ¦¥ ¸ ³μ¥ ¤²Ö Ê· ¢´¥´¨Ö Š ¤μ³Í¥¢ Ä
�¥É¢¨ Ï¢¨²¨ (Š�). �μ§¦¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Š� ¡Ò²¨ · ¸Ï¨·¥´Ò ¤μ
·¥Ï¥´¨° ¢¸¥° ¨¥· ·Ì¨¨ Š� [5]. ‚ ÔÉμ° · ¡μÉ¥ “¨²¸μ´ ¤μ± § ² (¸ ¶μ³μ-
ÐÓÕ  ¤¥²¨Î¥¸±¨Ì £· ¸¸³ ´¨ ´μ¢), ÎÉμ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¨¥· ·Ì¨¨ Š�
¢§ ¨³´μ-μ¤´μ§´ Î´μ ¸μμÉ¢¥É¸É¢ÊÕÉ ÉμÎ± ³ ¶·μ¸É· ´¸É¢ Š ²μ¤¦¥·μÄŒμ§¥· ,
É. ¥. ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨° ¤²Ö μ¤´μ¶¥É²¥¢μ£μ ±μ²Î ´ . ‚ · ¡μÉ¥ [1] ¡Ò²¨
¶·¥¤²μ¦¥´Ò μ¡μ¡Ð¥´¨Ö ¨¥· ·Ì¨¨ Š� ¨ ¥¥ ³ É·¨Î´μ° ¢¥·¸¨¨ ¨ ¶μ¸É·μ¥´Ò
· Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì μ¡μ¡Ð¥´¨° ¸ ¶μ³μÐÓÕ Í¨±²¨Î¥¸±¨Ì ±μ²Î ´μ¢ ¨
£ ³¨²ÓÉμ´μ¢ÒÌ ¶μÉμ±μ¢ ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ.

‘É·Ê±ÉÊ·  ¤ ´´μ° · ¡μÉÒ ¸μ¸Éμ¨É ¨§ ¸²¥¤ÊÕÐ¨Ì · §¤¥²μ¢.
‚ · §¤. 1 ¢¢μ¤ÖÉ¸Ö μ¸´μ¢´Ò¥ ¶μ´ÖÉ¨Ö ¨ ±μ´¸É·Ê±Í¨¨. �μ´ÖÉ¨Ö ±μ²Î ´μ¢

¨ ¨Ì ¶·¥¤¸É ¢²¥´¨° μ¶·¥¤¥²¥´Ò ¢ ¶. 1.1. ‡¤¥¸Ó ¦¥ ¢¢μ¤¨É¸Ö  ²£¥¡·  ¶ÊÉ¥°,  
É ±¦¥ £·Ê¶¶Ò, ¤¥°¸É¢ÊÕÐ¨¥ ´  ¶·μ¸É· ´¸É¢ Ì ¶·¥¤¸É ¢²¥´¨° ¨ ¸¢Ö§Ò¢ ÕÐ¨¥
¸¢μ¨³ ¤¥°¸É¢¨¥³ ¨§μ³μ·Ë´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. �. 1.2 ¶μ¸¢ÖÐ¥´ ±μ·´Ö³, ¨Ì
μÉ· ¦¥´¨Ö³ ¨ ·μ²¨ ±μ·´¥° ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢. ‚ ¶. 1.3 ¢¢μ-
¤¨É¸Ö Ê¤¢μ¥´´Ò° ±μ²Î ´ ¨ μ¶·¥¤¥²Ö¥É¸Ö ¶·¥¶·μ¥±É¨¢´ Ö  ²£¥¡·  ± ± Ë ±Éμ·-
 ²£¥¡·   ²£¥¡·Ò ¶ÊÉ¥° Ê¤¢μ¥´´μ£μ ±μ²Î ´ . ’ ±¦¥ μ¶·¥¤¥²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ
³μ¤Ê²¥° ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò. ‚ ¶. 1.4 μ¶¨¸ ´  μ¡Ð Ö ±μ´¸É·Ê±Í¨Ö £ -
³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¨,   É ±¦¥ ¥¥ ¶·¨³¥´¥´¨¥ ± ¶μ¸É·μ¥´¨Õ ¶·μ¸É· ´¸É¢
³μ¤Ê²¥°. �Éμ ¤ ¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ´  ÔÉ¨Ì ¶·μ¸É· ´¸É¢ Ì.

� §¤. 2 ¶μ¸¢ÖÐ¥´ ËÊ´±Éμ·Ê μÉ· ¦¥´¨Ö ¨ ¥£μ ¶·¨²μ¦¥´¨Õ ± ¶·μ¸É· ´-
¸É¢ ³ ³μ¤Ê²¥°. ‚ ¶. 2.1 μ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Éμ· μÉ· ¦¥´¨Ö: ± ¦¤μ³Ê ³μ¤Ê²Õ
¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ³μ¤Ê²Ó ¤·Ê£μ° ¶·¥¶·μ¥±-
É¨¢´μ°  ²£¥¡·Ò (¸ μÉ· ¦¥´´Ò³ ¶ · ³¥É·μ³). ‘μ¶μ¸É ¢²ÖÖ ³μ·Ë¨§³ ³μ¤Ê²¥°
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¶¥·¢μ°  ²£¥¡·Ò ¨ ³μ·Ë¨§³ ³μ¤Ê²¥° ¢Éμ·μ°  ²£¥¡·Ò, ³Ò ¤μ± §Ò¢ ¥³ ËÊ´±Éμ-
·¨ ²Ó´μ¸ÉÓ ¤ ´´μ£μ ¸μ¶μ¸É ¢²¥´¨Ö. ’ ±¦¥ ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ ËÊ´±Éμ· μÉ· -
¦¥´¨Ö Ö¢²Ö¥É¸Ö Ô±¢¨¢ ²¥´É´μ¸ÉÓÕ ± É¥£μ·¨°. �. 2.2 ¶μ¸¢ÖÐ¥´ ¨´¤ÊÍ¨·μ¢ ´-
´μ³Ê ¨§μ³μ·Ë¨§³Ê ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥°: ¶μ¸±μ²Ó±Ê · §³¥·´μ¸É¨ ³μ¤Ê²¥° ¶μ¤
¤¥°¸É¢¨¥³ ËÊ´±Éμ·  μÉ· ¦¥´¨Ö ¶·¥μ¡· §ÊÕÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μÉ· ¦¥´¨Ö³¨
±μ·´¥°, ¶μ²ÊÎ ¥É¸Ö ¡¨¥±Í¨Ö ³¥¦¤Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·μ¸É· ´¸É¢ ³¨ ³μ-
¤Ê²¥°. ‘μÌ· ´¥´¨¥ ÔÉμ° ¡¨¥±Í¨¥°  ²£¥¡· ¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¤μ± §Ò¢ ¥É¸Ö ¸
¶μ³μÐÓÕ ¸²¥¤¸É¢¨Ö É¥μ·¥³Ò ‹¥ 
·Õ´ Ä�·μÎ¥§¨ [15]. „²Ö ÔÉμ£μ ¢ÒÖ¸´Ö¥É¸Ö,
± ± ³¥´ÖÕÉ¸Ö μ¡· §ÊÕÐ¨¥ ·¥£Ê²Ö·´ÒÌ ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢ Ì ³μ¤Ê²¥°.
‚ ±μ´Í¥ ¶Ê´±É  ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ ¶μ¸É·μ¥´´Ò° ¨§μ³μ·Ë¨§³ ¶·μ¸É· ´¸É¢ ³μ-
¤Ê²¥° É ±¦¥ ¸μÌ· ´Ö¥É ¨Ì ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê.

‚ · §¤. 3 · ¸¸³ É·¨¢ ÕÉ¸Ö ±μ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¨ £ -
³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ÔÉ¨Ì ³´μ£μμ¡· §¨ÖÌ. ‚ ¶. 3.1 ±μ²Î ´´Ò¥ ³´μ£μμ¡· -
§¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ± ± Î ¸É´Ò° ¸²ÊÎ ° ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥°. ‚¢μ¤ÖÉ¸Ö Ê¸²μ¢¨Ö
´  ¶ · ³¥É·Ò, £ · ´É¨·ÊÕÐ¨¥ £² ¤±μ¸ÉÓ ÔÉ¨Ì ³´μ£μμ¡· §¨°. �. 3.2 ¶μ¸¢ÖÐ¥´
¶μ¸É·μ¥´¨Õ ´¥±μÉμ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ ´  ±μ²Î ´´ÒÌ
³´μ£μμ¡· §¨ÖÌ. ’ ±¦¥ μ¶·¥¤¥²ÖÕÉ¸Ö £ ³¨²ÓÉμ´¨ ´Ò ¸¨¸É¥³Ò ¨ ¢¢μ¤¨É¸Ö ¸¥-
³¥°¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, μ¡· §ÊÕÐ¥¥  ²£¥¡·Ê ‹¨ μÉ´μ¸¨É¥²Ó´μ ¸±μ¡μ±
�Ê ¸¸μ´ . ‚ ÔÉμ³ ¸¥³¥°¸É¢¥ ¢Ò¤¥²Ö¥É¸Ö ¶μ¤¸¥³¥°¸É¢μ ±μ³³ÊÉ¨·ÊÕÐ¨Ì ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö. ‚ ¶. 3.3 ¨§μ³μ·Ë¨§³, ¨´¤ÊÍ¨·μ¢ ´´Ò° ËÊ´±Éμ·μ³ μÉ· ¦¥-
´¨Ö, ¶·¨³¥´Ö¥É¸Ö ± ±μ²Î ´´Ò³ ³´μ£μμ¡· §¨Ö³. �μ± § ´μ, ÎÉμ £ ³¨²ÓÉμ´¨ ´Ò
¨  ²£¥¡·Ò ‹¨, ¶μ·μ¦¤¥´´Ò¥ £ ³¨²ÓÉμ´¨ ´ ³¨ ¨ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö, ¶¥-
·¥Ìμ¤ÖÉ ¤·Ê£ ¢ ¤·Ê£ .

� §¤. 4 ¶μ¸¢ÖÐ¥´ £ ³¨²ÓÉμ´μ¢Ò³ ¸¨¸É¥³ ³ ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ
¤²Ö Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ . ‚ ¶. 4.1 ¢¢μ¤¨É¸Ö Í¨±²¨Î¥¸±¨° ±μ²Î ´ ¸ m ¢¥·-
Ï¨´ ³¨, ´ Ìμ¤¨É¸Ö ¢¨¤ £ ³¨²ÓÉμ´¨ ´μ¢ ¨ ¨Ì ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¢ μ¡Ð¥³
¸²ÊÎ ¥. „ ²¥¥ ¶μ¤·μ¡´μ · ¸¸³ É·¨¢ ÕÉ¸Ö Î ¸É´Ò¥ ¸²ÊÎ ¨ ¸ ¶μ¸É·μ¥´¨¥³ ±μ-
μ·¤¨´ É „ ·¡Ê. ‚ ¶. 4.2 μ¶¨¸ ´ ¸²ÊÎ ° m = 1 ¸ ¶·μ¸É¥°Ï¨³ (¢ ¤ ´´μ³ ¸²ÊÎ ¥
μ¤´μ³¥·´Ò³) ¢¥±Éμ·μ³ ζ, · ¢´Ò³ ¥¤¨´¨Í¥. Šμ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ¢ ÔÉμ³
¸²ÊÎ ¥ ¥¸ÉÓ ¶·μ¸É· ´¸É¢  Š ²μ¤¦¥·μÄŒμ§¥· , μ¶·¥¤¥²¥´´Ò¥ “¨²¸μ´μ³. ‡¤¥¸Ó
¸É·μÖÉ¸Ö ±μμ·¤¨´ ÉÒ „ ·¡Ê, ¢ ±μÉμ·ÒÌ £ ³¨²ÓÉμ´¨ ´Ò ¸μ¢¶ ¤ ÕÉ ¸ £ ³¨²ÓÉμ-
´¨ ´ ³¨ Š ²μ¤¦¥·μÄŒμ§¥·  É¨¶  An−1. ‚ ¶. 4.3 ÔÉ¨ ±μμ·¤¨´ ÉÒ μ¡μ¡Ð ÕÉ¸Ö
´  ¸²ÊÎ ° μ¡Ð¥£μ ¢¥±Éμ·  ζ (¶·¨ m = 1). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ²ÊÎ ÕÉ¸Ö £ ³¨²Ó-
Éμ´¨ ´Ò ¨ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö ¤²Ö ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ . ‚ ¶. 4.4
· ¸¸³μÉ·¥´ ¸²ÊÎ ° μ¡Ð¥£μ m ¨ (m-³¥·´μ£μ) ¢¥±Éμ·  ζ ¸ μ¤´μ° ´¥´Ê²¥¢μ°
±μ³¶μ´¥´Éμ°. Šμμ·¤¨´ ÉÒ „ ·¡Ê ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ²Î ´´ÒÌ ³´μ£μμ¡· -
§¨ÖÌ ¤ ÕÉ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥·  ¤²Ö Sn � (Z/mZ)n ¨ ¨Ì ¸¶¨´μ¢Ò¥
μ¡μ¡Ð¥´¨Ö É¨¶  ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ . �É¨ ±μμ·¤¨´ ÉÒ (ÉμÎ´¥¥, ±μμ·¤¨´ ÉÒ,
¤Ê ²Ó´Ò¥ ¨³) É ±¦¥ ¶μ§¢μ²ÖÕÉ ¤μ± § ÉÓ ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¶μ²ÊÎ¥´´ÒÌ ¸¨¸É¥³.
�. 4.5 ¶μ¸¢ÖÐ¥´ μ¡μ¡Ð¥´¨Õ ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢ ´  ¸²ÊÎ °, ±μ£¤  ¢¸¥ ±μ³¶μ-
´¥´ÉÒ ¢¥±Éμ·  ζ μ¤¨´ ±μ¢Ò. �μ²ÊÎ ÕÉ¸Ö ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ¸ ¡μ²¥¥
¸²μ¦´Ò³¨ ®¸¶¨´μ¢Ò³¨¯ ¶¥·¥³¥´´Ò³¨.
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‚ · §¤. 5 ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶·¨³¥´ÖÕÉ¸Ö
± ¨¥· ·Ì¨¨ Š� ¨ ¥¥ μ¡μ¡Ð¥´¨Ö³. ‚ ¶. 5.1 μ¶¨¸ ´Ò ¨¥· ·Ì¨Ö Š� ¢ É¥·³¨-
´ Ì ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢,   É ±¦¥ ¶·¨³¥´¥´¨¥ ¶·μ¸É· ´¸É¢
Š ²μ¤¦¥·μÄŒμ§¥·  ± ¶μ²ÊÎ¥´¨Õ · Í¨μ´ ²Ó´ÒÌ ·¥Ï¥´¨° ¨¥· ·Ì¨¨ Š�. �ÉμÉ
¸²ÊÎ ° ¡¥·¥É¸Ö §  μ¸´μ¢Ê ¤²Ö μ¡μ¡Ð¥´¨Ö ´  ¸²ÊÎ ° Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  ¸
m ¢¥·Ï¨´ ³¨. �. 5.2 ¶μ¸¢ÖÐ¥´ μ¡μ¡Ð¥´¨Õ ¨¥· ·Ì¨¨ Š� ¸ ¶μ³μÐÓÕ  ²£¥¡·Ò
—¥·¥¤´¨±  ¤²Ö Í¨±²¨Î¥¸±μ° £·Ê¶¶Ò ¶μ·Ö¤±  m. � ¸Ï¨·ÖÖ  ²£¥¡·Ê —¥·¥¤´¨± ,
¶μ²ÊÎ ¥³  ´ ²μ£  ²£¥¡·Ò ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢. �Éμ ¶μ§¢μ-
²Ö¥É μ¶·¥¤¥²¨ÉÓ ¤¢  μ¡μ¡Ð¥´¨Ö ¨¥· ·Ì¨¨ Š�: μ¡μ¡Ð¥´´ÊÕ ¨¥· ·Ì¨Õ Š� ¨
¥¥ ¸Ë¥·¨Î¥¸±ÊÕ ¶μ¤Ò¥· ·Ì¨Õ. ˆÌ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¸É·μÖÉ¸Ö ¸ ¶μ³μ-
ÐÓÕ ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨° ¤²Ö Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¢¥±Éμ·μ¢ ζ. ‚ ¶. 5.3 ¸É·μÖÉ¸Ö μ¡μ¡Ð¥´¨Ö ³ É·¨Î´μ° ¨¥· ·Ì¨¨ Š� ¢ ¶μ²´μ°
 ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³ ¸²ÊÎ ¥³. � Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¸É·μÖÉ¸Ö É ± ¦¥, ´μ
¤²Ö ¡μ²¥¥ μ¡Ð¨Ì ¢¥±Éμ·μ¢ ζ.

‚ ±μ´Í¥ ¤ ´ ¸¶¨¸μ± ´¥±μÉμ·ÒÌ μÉ±·ÒÉÒÌ ¢μ¶·μ¸μ¢ ¶μ ¤ ´´μ° É¥³¥.
’ ±¦¥ ¸μ¸É ¢²¥´Ò ¤¢  ¶·¨²μ¦¥´¨Ö. ‚ ¶·¨²μ¦¥´¨¨ � μ¶¨¸ ´ ³¥Éμ¤ ¢Ò-

Î¨¸²¥´¨Ö ¸±μ¡μ± �Ê ¸¸μ´  ¢ ³ É·¨Î´μ° Ëμ·³¥. �´ ¶·¨³¥´Ö¥É¸Ö ± ¢Ò¢μ¤Ê
´¥±μÉμ·ÒÌ Ëμ·³Ê². ‚ ¶·¨²μ¦¥´¨¨ 
 ¶·μÖ¸´Ö¥É¸Ö ¢μ¶·μ¸ μ ¤¥°¸É¢¨¨ ËÊ´±-
Éμ·  μÉ· ¦¥´¨Ö ´  ¶·μ¸É· ´¸É¢ Ì ¶·¥¤¸É ¢²¥´¨° ¤μ Ë ±Éμ·¨§ Í¨¨ ¶μ ¨§μ-
³μ·Ë´μ¸É¨,   É ±¦¥ ¤ ¥É¸Ö  ²ÓÉ¥·´ É¨¢´μ¥ ¤μ± § É¥²Ó¸É¢μ Éμ£μ, ÎÉμ ËÊ´±Éμ·
μÉ· ¦¥´¨Ö ¸μÌ· ´Ö¥É  ²£¥¡· ¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê, ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö É¥μ·¥³Ò
‹¥ 
·Õ´ Ä�·μÎ¥§¨.

1. Š�‹—��›, ��…���…Š’ˆ‚�›… �‹ƒ…��›
ˆ ˆ• ��…„‘’�‚‹…�ˆŸ

‚¢¥¤¥³ μ¸´μ¢´Ò¥ ¶μ´ÖÉ¨Ö ¨ ¸Ëμ·³Ê²¨·Ê¥³ ¢ ¦´¥°Ï¨¥ ÊÉ¢¥·¦¤¥´¨Ö ¨§
É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢ ¨ ¨Ì ¶·¥¶·μ¥±É¨¢´ÒÌ  ²£¥¡·. ‚ Î ¸É´μ¸É¨,
μ¶·¥¤¥²¨³ ¸¨¸É¥³Ò ±μ·´¥° ¨ μ¶¨Ï¥³ ¨Ì ¸¢Ö§Ó ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨. � ±μ´¥Í,
μ¶¨Ï¥³ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò ¢ É¥·³¨´ Ì £ ³¨²Ó-
Éμ´μ¢μ° ·¥¤Ê±Í¨¨.

1.1. Šμ²Î ´Ò, ¨Ì ²¨´¥°´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¨  ²£¥¡·  ¶ÊÉ¥°. Šμ²Î ´
Q Å ÔÉμ μ·¨¥´É¨·μ¢ ´´Ò° £· Ë. ”μ·³ ²Ó´μ Å ÔÉμ Î¥É¢¥·±  (I, E, t, h), ¸μ-
¸ÉμÖÐ Ö ¨§ ³´μ¦¥¸É¢ I ¨ E, ±μÉμ·Ò¥ ¡Ê¤¥³ ¢¸¥£¤  ¶·¥¤¶μ² £ ÉÓ ±μ´¥Î´Ò³¨,
  É ±¦¥ ¨§ ¤¢ÊÌ μÉμ¡· ¦¥´¨° t : E → I ¨ h : E → I . Œ´μ¦¥¸É¢μ I ¨´É¥·-
¶·¥É¨·Ê¥É¸Ö ± ± ³´μ¦¥¸É¢μ ¢¥·Ï¨´ £· Ë , E Å ± ± ³´μ¦¥¸É¢μ ¥£μ ·¥¡¥·,
  §´ Î¥´¨Ö t(a) ¨ h(a) ´  ·¥¡·¥ a ∈ E ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ´ Î ²μ ¨ ±μ´¥Í
·¥¡·  a ¸μμÉ¢¥É¸É¢¥´´μ. 
Ê¤¥³ ¶¨¸ ÉÓ a : i → j ¨²¨ i

a−→ j ¢ ¸²ÊÎ ¥, ±μ£¤ 
t(a) = i ¨ h(a) = j, É. ¥. ¥¸²¨ a ∈ E Å ·¥¡·μ ¨§ ¢¥·Ï¨´Ò i ∈ I ¢ ¢¥·Ï¨´Ê
j ∈ I . �μ¸±μ²Ó±Ê ÔÉ  Ëμ·³  § ¶¨¸¨ ¤¥² ¥É ´¥´Ê¦´Ò³ Ö¢´μ¥ μ¡μ§´ Î¥´¨¥ ¤²Ö
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μÉμ¡· ¦¥´¨° t ¨ h, Éμ ¡Ê¤¥³ ¶¨¸ ÉÓ Q = (I, E), ¶·¥¤¶μ² £ Ö, ÎÉμ § ¤ ´Ò ´¥-
μ¡μ§´ Î¥´´Ò¥ μÉμ¡· ¦¥´¨Ö ¤²Ö ´ Î ²  ¨ ±μ´Í  ± ¦¤μ£μ ·¥¡· . 
Ê¤¥³ ¢³¥¸Éμ
a ∈ E ¶¨¸ ÉÓ a ∈ Q.

‚ ± Î¥¸É¢¥ ¡ §μ¢μ£μ ¶μ²Ö § Ë¨±¸¨·Ê¥³ ¶μ²¥ ±μ³¶²¥±¸´ÒÌ Î¨¸¥² C.
�·¥¤¸É ¢²¥´¨¥³ ±μ²Î ´  Q = (I, E) ´ §Ò¢ ¥É¸Ö ´ ¡μ· ¢¥±Éμ·´ÒÌ ¶·μ-

¸É· ´¸É¢ Vi, i ∈ I , ¸ ´ ¡μ·μ³ ²¨´¥°´ÒÌ μÉμ¡· ¦¥´¨° Va : Vi → Vj , § ¤ ´´ÒÌ
¤²Ö ± ¦¤μ£μ ·¥¡·  a : i → j.

�¡μ§´ Î¨³ §  CI ¸²¥¤ÊÕÐÊÕ  ²£¥¡·Ê ´ ¤ C. �Éμ ±μ´¥Î´μ³¥·´μ¥ ¢¥±Éμ·-
´μ¥ ¶·μ¸É· ´¸É¢μ

⊕
i∈I

C1i ¸ Ê³´μ¦¥´¨¥³

1i · 1j = δij1i. (1.1)

’ ±¨³ μ¡· §μ³, CI ¥¸ÉÓ ±μ³³ÊÉ É¨¢´ Ö ¶μ²Ê¶·μ¸É Ö  ²£¥¡·  ¸ ¥¤¨´¨Í¥°:
1 =

∑
i∈I

1i.

‹Õ¡μ° CI-³μ¤Ê²Ó V · ¸¶ ¤ ¥É¸Ö ¢ ¶·Ö³ÊÕ ¸Ê³³Ê V =
⊕
i∈I

Vi, £¤¥ Vi =

1iV . �  ¢¥±Éμ· Ì v = (vi)i∈I ∈ V , vi ∈ Vi,  ²£¥¡·  CI ¤¥°¸É¢Ê¥É ± ±
1jv = (δijvi)i∈I . ˆ μ¡· É´μ: ²Õ¡μ° ´ ¡μ· ¢¥±Éμ·´ÒÌ ¶·μ¸É· ´¸É¢ (Vi)i∈I

§ ¤ ¥É ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò CI ´  ¶·μ¸É· ´¸É¢¥ V =
⊕
i∈I

Vi ¸ μ¶¨¸ ´´Ò³

¢ÒÏ¥ ¤¥°¸É¢¨¥³. ‚ Î ¸É´μ¸É¨, ¶·¥¤¸É ¢²¥´¨¥ ±μ²Î ´  Q = (I, E) ¤ ¥É ¶·¥¤-
¸É ¢²¥´¨¥ CI .

…¸²¨ V ±μ´¥Î´μ³¥·´μ, Éμ ¢¸¥ Vi ±μ´¥Î´μ³¥·´Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¥±Éμ·
α = (αi)i∈I ∈ ZI

�0 ¸ ±μ³¶μ´¥´É ³¨ αi = dimC Vi ´ §Ò¢ ¥É¸Ö · §³¥·´μ-
¸ÉÓÕ CI-³μ¤Ê²Ö V ¨ μ¡μ§´ Î ¥É¸Ö dimCI V , ¶·¨ ÔÉμ³ dimC V = |α|, £¤¥
|α| :=

∑
i∈I

αi. ‘ÊÐ¥¸É¢Ê¥É ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ±μ´¥Î´μ-

³¥·´Ò³¨ CI-³μ¤Ê²Ö³¨ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨§μ³μ·Ë¨§³ ) ¨ ¢¥±Éμ· ³¨ α ∈ ZI
�0.

‚¥±Éμ·Ê α ¸ ±μ³¶μ´¥´É ³¨ αi ∈ Z�0 ¸μμÉ¢¥É¸É¢Ê¥É CI-³μ¤Ê²Ó V =
⊕
i∈I

Vi, £¤¥

Vi = Cαi , μ´ ¨§μ³μ·Ë¥´ ²Õ¡μ³Ê CI-³μ¤Ê²Õ · §³¥·´μ¸É¨ α.
�·¥¤¸É ¢²¥´¨¥ ±μ²Î ´  Q = (I, E), ±μÉμ·μ¥ ± ± CI-³μ¤Ê²Ó ¨³¥¥É · §-

³¥·´μ¸ÉÓ α, ´ §Ò¢ ¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥³ ±μ²Î ´  Q · §³¥·´μ¸É¨ α. Œ´μ-
¦¥¸É¢μ ¢¸¥Ì ¶·¥¤¸É ¢²¥´¨° ´  CI-³μ¤Ê²¥ V =

⊕
i∈I

Vi, £¤¥ Vi = C
αi , ¸μ-

£² ¸μ¢ ´´ÒÌ ¸μ ¸É·Ê±ÉÊ·μ° CI-³μ¤Ê²Ö, μ¡μ§´ Î ¥É¸Ö Rep(Q, α). —Éμ¡Ò § -
¤ ÉÓ É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥, ´Ê¦´μ ¢§ÖÉÓ ¶·μ¨§¢μ²Ó´Ò° ´ ¡μ· ²¨´¥°´ÒÌ μ¶¥-
· Éμ·μ¢ ¨§ Cαi ¢ Cαj ¤²Ö ± ¦¤μ£μ ·¥¡·  a : i → j, É ±¨³ μ¡· §μ³, ¶μ²Ê-
Î ¥³ Rep(Q, α) =

∏
a : i→j

Hom(Cαi , Cαj ) (¶·μ¨§¢¥¤¥´¨¥ ¶μ ¢¸¥³ a ∈ Q), £¤¥

Hom(Cαi , Cαj ) Å ¶·μ¸É· ´¸É¢μ ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ ¨§ Cαi ¢ Cαj (±μ³-
¶²¥±¸´ÒÌ ³ É·¨Í αj × αi). ‡ ³¥É¨³, ÎÉμ ³´μ¦¥¸É¢μ Rep(Q, α) Ö¢²Ö¥É¸Ö
¢¥±Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³ ¨, ¢ Î ¸É´μ¸É¨,  ËË¨´´Ò³ ³´μ£μμ¡· §¨¥³.
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�Ê¸ÉÓ CE ¥¸ÉÓ ±μ´¥Î´μ³¥·´μ¥ ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ, ¸¢μ¡μ¤´μ ¶μ·μ-
¦¤¥´´μ¥ ³´μ¦¥¸É¢μ³ E, É. ¥. CE =

⊕
a∈Q

Ca. �  ´¥³ ¨³¥¥É¸Ö ¥¸É¥¸É¢¥´´ Ö

¸É·Ê±ÉÊ·  CI-¡¨³μ¤Ê²Ö:

1k · a = δjka, a · 1k = δika ¤²Ö a : i → j. (1.2)

�¶·¥¤¥²¨³  ²£¥¡·Ê ¶ÊÉ¥° ¤²Ö ±μ²Î ´  Q = (I, E) ± ± CQ = TCICE, £¤¥
TAM ¥¸ÉÓ É¥´§μ·´ Ö  ²£¥¡·  ¡¨³μ¤Ê²Ö M ´ ¤  ²£¥¡·μ° A, É. ¥.

CQ =
∞⊕

�=0

(CQ)�, (CQ)0 = CI, (CQ)1 = CE,

(CQ)2 = CE ⊗CI CE, (CQ)3 = CE ⊗CI CE ⊗CI CE, . . .

‹¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ (CQ)�, £¤¥ � � 0, ¸¢μ¡μ¤´μ ¶μ·μ¦¤¥´μ Ô²¥³¥´É ³¨
¢¨¤  a� · · · a2a11i0 , £¤¥ ak : ik−1 → ik Å ·¥¡· , ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨¤ÊÐ¨¥
³¥¦¤Ê ¢¥·Ï¨´ ³¨ i0, i1, . . . , i� ∈ I . ’ ±¨¥ Ô²¥³¥´ÉÒ ´ §Ò¢ ÕÉ¸Ö ¶ÊÉÖ³¨
¤²¨´Ò � ¨§ ¢¥·Ï¨´Ò i0 ¢ ¢¥·Ï¨´Ê i�. �²¥³¥´ÉÒ 1i ¶μ·μ¦¤ ÕÉ ¶μ¤ ²£¥¡·Ê
CI ⊂ CQ ¨ ´ §Ò¢ ÕÉ¸Ö É·¨¢¨ ²Ó´Ò³¨ ¶ÊÉÖ³¨. ’·¨¢¨ ²Ó´Ò° ¶ÊÉÓ 1i ¥¸ÉÓ
¶ÊÉÓ ¤²¨´Ò ´μ²Ó ¨§ i ¢ i. �ÊÉ¨ ¤²¨´Ò μ¤¨´ Å ÔÉμ ·¥¡·  a ∈ Q. �²£¥¡·Ê
CQ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ± ±  ²£¥¡·Ê, ¶μ·μ¦¤¥´´ÊÕ £¥´¥· Éμ· ³¨ 1i ¨ a ∈ Q ¸
¸μμÉ´μÏ¥´¨Ö³¨ (1.1), (1.2). ’ ±¦¥ § ³¥É¨³, ÎÉμ ¨§ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¸²¥¤Ê¥É

ba = 0 ¶·¨ a : i → j, b : i′ → j′, j �= i′.

…¸²¨ (Vi, Va) Å ¶·¥¤¸É ¢²¥´¨¥ ±μ²Î ´  Q, Éμ ´  V =
⊕
i∈I

Vi ¤¥°¸É¢ÊÕÉ

É·¨¢¨ ²Ó´Ò¥ ¶ÊÉ¨ 1i, ± ± μ¶·¥¤¥²¥´μ ¢ÒÏ¥, ¨ ³μ¦´μ É ±¦¥ § ¤ ÉÓ ¤¥°¸É¢¨¥
·¥¡¥· a ∈ Q ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¤²Ö a : i → j ¨ v = (vl)l∈I μ¶·¥¤¥²¨³
av = Vavi, £¤¥ Vavi ¶μ´¨³ ¥É¸Ö ± ± Ô²¥³¥´É V Î¥·¥§ ¢²μ¦¥´¨¥ Vj ⊂ V .
’ ±μ¥ ¤¥°¸É¢¨¥ ¸μ£² ¸μ¢ ´μ ¸ ¸μμÉ´μÏ¥´¨Ö³¨ (1.2) ¨, ¸²¥¤μ¢ É¥²Ó´μ, § ¤ ¥É
¸É·Ê±ÉÊ·Ê CQ-³μ¤Ê²Ö ´  V . ˆ μ¡· É´μ: ²Õ¡μ° CQ-³μ¤Ê²Ó V Ö¢²Ö¥É¸Ö CI-
³μ¤Ê²¥³, ¨ ·¥¡·  a : i → j ¤¥°¸É¢ÊÕÉ ´  v = (vl)l∈I ± ± av = Vavi ¤²Ö
´¥±μÉμ·ÒÌ ²¨´¥°´ÒÌ μÉμ¡· ¦¥´¨° Va : Vi → Vj . �Éμ μ§´ Î ¥É, ÎÉμ ¶·¥¤¸É -
¢²¥´¨Ö  ²£¥¡·Ò ¶ÊÉ¥° (CQ-³μ¤Ê²¨) ´ Ìμ¤ÖÉ¸Ö ¢μ ¢§ ¨³´μ-μ¤´μ§´ Î´μ³ ¸μμÉ-
¢¥É¸É¢¨¨ ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨ ±μ²Î ´  Q. 
μ²¥¥ Éμ£μ, ¨³¥¥É¸Ö μÉμ¦¤¥¸É¢²¥-
´¨¥ Rep(CQ, α) = Rep(Q, α), £¤¥ Rep(CQ, α) Å ³´μ¦¥¸É¢μ ¶·¥¤¸É ¢²¥´¨°
(£μ³μ³μ·Ë¨§³μ¢ C- ²£¥¡·) ρ : CQ → EndV ´  V =

⊕
i∈I

Vi, Vi = Cαi , ¸μ-

£² ¸μ¢ ´´ÒÌ ¸μ ¸É·Ê±ÉÊ·μ° CI-³μ¤Ê²Ö: ρ(1i) = 1i ∀ i ∈ I . Œ´μ£μμ¡· §¨¥
¢¸¥Ì n-³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ρ : CQ → End(Cn) · ¸¶ ¤ ¥É¸Ö ¢ ´¥¸¢Ö§´μ¥
μ¡Ñ¥¤¨´¥´¨¥ Rep(CQ, n) =

⊔
|α|=n

Rep(CQ, α).
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�Ê¸ÉÓ GL(α) :=
∏
i∈I

GL(αi, C). �²¥³¥´ÉÒ g = (gi)i∈I ∈ GL(α) ¤¥°¸É¢ÊÕÉ

´  ¢¥±Éμ· Ì v = (vi)i∈I ∈ V =
⊕
i∈I

Vi ¸ ¶μ³μÐÓÕ ¤¥°¸É¢¨° ± ¦¤μ° ±μ³¶μ-

´¥´ÉÒ GL(αi, C) ´  Vi = Cαi , É. ¥. gv = (givi)i∈I . �Éμ ¨´¤ÊÍ¨·Ê¥É ¤¥°¸É¢¨¥
GL(α) ´  Rep(Q, α):

Va �→ gjVag−1
i , a : i → j. (1.3)

�Ê¸ÉÓ V = (Vi, Va) ¨ Ṽ = (Ṽi, Ṽa) Å ¶·¥¤¸É ¢²¥´¨Ö ±μ²Î ´  Q. ˆÌ ³μ·-
Ë¨§³ Å ÔÉμ ³μ·Ë¨§³ CQ-³μ¤Ê²¥° φ : V → Ṽ , μ´ ¨³¥¥É ¢¨¤ φ = (φi)i∈I :=⊕
i∈I

φi, £¤¥ φi : Vi → Ṽi Å ²¨´¥°´Ò¥ μÉμ¡· ¦¥´¨Ö, É ±¨¥, ÎÉμ φjVa = Ṽaφi

¤²Ö ± ¦¤μ£μ a : i → j. ‹Õ¡μ° Ô²¥³¥´É g ∈ GL(α) ¶¥·¥¢μ¤¨É ¶·¥¤¸É ¢²¥´¨¥
V = (Vi, Va) ¢ ¨§μ³μ·Ë´μ¥ ¶·¥¤¸É ¢²¥´¨¥: ¨Ì ¨§μ³μ·Ë¨§³ ¤ ¥É¸Ö μÉμ¡· ¦¥-
´¨Ö³¨ φi = gi : Cαi → Cαi . 
μ²¥¥ Éμ£μ, ¶·¥¤¸É ¢²¥´¨Ö V, Ṽ ∈ Rep (Q, α)
¨§μ³μ·Ë´Ò, ¥¸²¨ ¨ Éμ²Ó±μ ¥¸²¨ Ṽ = g.V ¤²Ö ´¥±μÉμ·μ£μ g ∈ GL(α).

„²Ö  ËË¨´´μ£μ ³´μ£μμ¡· §¨Ö M μ¡μ§´ Î¨³ Î¥·¥§ C[M ]- ²£¥¡·Ê ·¥£Ê²Ö·-
´ÒÌ ËÊ´±Í¨° f : M → C. …¸²¨ ´  M ¤¥°¸É¢Ê¥É £·Ê¶¶  G, Éμ ¢ ÔÉμ°  ²£¥¡·¥
¨³¥¥É¸Ö ¶μ¤ ²£¥¡·  ¨´¢ ·¨ ´É´ÒÌ ËÊ´±Í¨°

C[M ]G := {f ∈ C[M ] | f(gx) = f(x) ∀ g ∈ G, x ∈ M}.

�²¥³¥´É p ∈ CQ ´ §Ò¢ ¥É¸Ö Í¨±²μ³, ¥¸²¨ ÔÉμ ¶ÊÉÓ ¨§ ´¥±μÉμ·μ° ¢¥·Ï¨´Ò
i ∈ I ¢ ´¥¥ ¦¥. „²Ö ± ¦¤μ£μ Í¨±²  p = a� · · · a2a11i μ¶·¥¤¥²¨³ ·¥£Ê²Ö·´ÊÕ
ËÊ´±Í¨Õ trα(p) ∈ C

[
Rep(Q, α)

]
, ±μÉμ· Ö μÉμ¡· ¦ ¥É ¶·¥¤¸É ¢²¥´¨¥ V =

(Vi, Va) ∈ Rep(Q, α) ¢ Î¨¸²μ tr(Vak
· · ·Va2Va1 idCαi ) ∈ C, £¤¥ ¸²¥¤ ¡¥·¥É¸Ö

¶μ ¶·μ¸É· ´¸É¢Ê Vi = Cαi (¤²Ö É·¨¢¨ ²Ó´ÒÌ ¶ÊÉ¥° ¶μ²ÊÎ ¥³ ¶μ¸ÉμÖ´´Ò¥
ËÊ´±Í¨¨, Ì · ±É¥·¨§ÊÕÐ¨¥ · §³¥·´μ¸ÉÓ trα(1i) = αi)∗. ˆ§ Ëμ·³Ê²Ò (1.3)

¢¨¤´μ, ÎÉμ trα(p) ∈ C
[
Rep (Q, α)

]GL(α)
.

‘É·Ê±ÉÊ·   ²£¥¡·Ò ¨´¢ ·¨ ´É´ÒÌ ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥-
´¨° ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¥° É¥μ·¥³μ° ‹¥ 
·Õ´ Ä�·μÎ¥§¨.

’¥μ·¥³  1.1. [15]. �²£¥¡·  C
[
Rep (Q, α)

]GL(α)
¶μ·μ¦¤¥´  ËÊ´±Í¨Ö³¨

trα(p).
1.2. Šμ·´¨. ’¥μ·¨Ö ¶·¥¤¸É ¢²¥´¨° ±μ²Î ´μ¢ É¥¸´μ ¸¢Ö§ ´  ¸ ¶μ´ÖÉ¨¥³

±μ·´Ö. „²Ö Éμ£μ ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ¸¨¸É¥³Ê ±μ·´¥° ¤²Ö ±μ²Î ´ , ¸´ Î ² 
μ¶·¥¤¥²¨³ μÉ· ¦¥´¨Ö ¸ ¶μ³μÐÓÕ ´¥±μÉμ·μ° ¡¨²¨´¥°´μ° Ëμ·³Ò, § ¢¨¸ÖÐ¥°

∗
μ²¥¥ μ¡Ðμ: ¶Ê¸ÉÓ A Å  ²£¥¡· , ¸μ¤¥·¦ Ð Ö CI ± ± ¶μ¤ ²£¥¡·Ê, M =
⊕

i∈I
Mi Å ±μ-

´¥Î´μ³¥·´Ò° CI-³μ¤Ê²Ó ¨ HomCI−Alg

(
A, End(M)

)
Å ³´μ¦¥¸É¢μ £μ³μ³μ·Ë¨§³μ¢ C- ²£¥¡·

ρ : A → End(M) É ±¨Ì, ÎÉμ ρ(1i) = 1i. ’μ£¤  ¤²Ö ²Õ¡μ£μ a ∈ A μ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Í¨Ö
trM (a) : HomCI−Alg

(
A, End(M)

)
→ C Ëμ·³Ê²μ° ρ �→ trM

(
ρ(a)
)
. ‚ ¸²ÊÎ ¥ A = CQ ¨³¥¥³

trα(p) = 0 ¤²Ö ²Õ¡μ£μ ¶ÊÉ¨ p, ´¥ Ö¢²ÖÕÐ¥£μ¸Ö Í¨±²μ³.
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μÉ ±μ²Î ´ . �É¨ μÉ· ¦¥´¨Ö ¨£· ÕÉ §´ Î¨É¥²Ó´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ ËÊ´±Éμ· 
μÉ· ¦¥´¨Ö (¸³. · §¤. 2).

„²Ö ±μ²Î ´  Q = (I, E) μ¶·¥¤¥²¨³ Î¨¸² 

nij = nji = |{a : i → j}| + |{a : j → i}|, i, j ∈ I.

…¸²¨ i �= j, Éμ nij Å ÔÉμ ±μ²¨Î¥¸É¢μ ·¥¡¥· ³¥¦¤Ê ¢¥·Ï¨´ ³¨ i ¨ j (¢ μ¡μ¨Ì
´ ¶· ¢²¥´¨ÖÌ). ‚ Éμ ¦¥ ¢·¥³Ö nii ¥¸ÉÓ Ê¤¢μ¥´´μ¥ Î¨¸²μ ¶¥É¥²Ó ¢ ¢¥·Ï¨´¥ i.
�¡μ§´ Î¨³ Î¥·¥§ I¡¶ ¶μ¤³´μ¦¥¸É¢μ ¢¥·Ï¨´ i ∈ I É ±¨Ì, ÎÉμ nii = 0, É. ¥.
¢¥·Ï¨´ ¡¥§ ¶¥É¥²Ó. ‚¥±Éμ·Ò α = (αi)i∈I ¸ ±μ³¶μ´¥´É ³¨ αi ∈ Z μ¡· §ÊÕÉ
·¥Ï¥É±Ê Z

I . ‘´ ¡¤¨³ ¥¥ Z-§´ Î´μ° ¸¨³³¥É·¨Î´μ° ¡¨²¨´¥°´μ° Ëμ·³μ°:

(α, β) = 2
∑
i∈I

αiβi −
∑
a∈Q

a : i→j

(αiβj + αjβi) (1.4)

(μ¡μ§´ Î¥´¨Ö ¢¨¤ 
∑

a∈Q
a : i→j

¨
∑

a : i→j

´Ê¦´μ ¶μ´¨³ ÉÓ ± ±
∑

i,j∈I

∑
a∈Q

a : i→j

). �Ê¸ÉÓ

εi ∈ ZI Å ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò: (εi)j = δij . ’μ£¤ 

(εi, εj) = 2δij − nij . (1.5)

‚ Î ¸É´μ¸É¨, ¤²Ö i ∈ I¡¶ ¨³¥¥³ (εi, εi) = 2.
�É· ¦¥´¨¥³ ¢ ¢¥·Ï¨´¥ i ∈ I¡¶ ´ §Ò¢ ¥É¸Ö Z-²¨´¥°´μ¥ μÉμ¡· ¦¥´¨¥

si : Z
I → Z

I , siα = α − (α, εi)εi. (1.6)

‡ ³¥É¨³, ÎÉμ s2
i = 1 ¨ siεi = −εi ¤²Ö ²Õ¡μ£μ i ∈ I¡¶. �¡μ§´ Î¨³ £·Ê¶¶Ê,

¶μ·μ¦¤¥´´ÊÕ μÉ· ¦¥´¨Ö³¨ si, i ∈ I¡¶, Î¥·¥§ W .
…¸²¨ § ¡ÒÉÓ ¶·μ μ·¨¥´É Í¨Õ ·¥¡¥· ±μ²Î ´  Q, Éμ ¶μ²ÊÎ¨É¸Ö μ¡ÒÎ´Ò°

(´¥μ·¨¥´É¨·μ¢ ´´Ò°) £· Ë. 
Ê¤¥³ ´ §Ò¢ ÉÓ ¥£μ £· Ëμ³ ±μ²Î ´  Q. Šμ²-
Î ´ ´ §Ò¢ ¥É¸Ö ¸¢Ö§´Ò³, ¥¸²¨ ¥£μ £· Ë ¸¢Ö§¥´. ‹Õ¡μ¥ ¶μ¤³´μ¦¥¸É¢μ ¢¥·Ï¨´
I ′ ⊂ I ¨´¤ÊÍ¨·Ê¥É ±μ²Î ´ Q′ = (I ′, E′) ¸ ³´μ¦¥¸É¢μ³ ·¥¡¥· E′ = {a ∈ Q |
a : i → j, i, j ∈ I ′}. �μ¸¨É¥²¥³ ¢¥±Éμ·  α ∈ ZI ´ §Ò¢ ¥É¸Ö ¶μ¤³´μ¦¥¸É¢μ
Supp(α) = {i ∈ I | αi �= 0} ⊂ I . 
Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ α ¨³¥¥É ¸¢Ö§´Ò°
´μ¸¨É¥²Ó, ¥¸²¨ ±μ²Î ´, ¨´¤ÊÍ¨·μ¢ ´´Ò° ¶μ¤³´μ¦¥¸É¢μ³ Supp(α), ¸¢Ö§¥´.

‚¥±Éμ· α ∈ ZI ´ §Ò¢ ¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³ ±μ·´¥³, ¥¸²¨ μ´ ²¥¦¨É ¢ μ·¡¨É¥
Wεi ¤²Ö ´¥±μÉμ·μ£μ i ∈ I¡¶. Œ´μ¦¥¸É¢μ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´¥° μ¡μ§´ Î¨³
Î¥·¥§ Δre(Q). � §μ¢¥³ ËÊ´¤ ³¥´É ²Ó´μ° μ¡² ¸ÉÓÕ ³´μ¦¥¸É¢μ

F = {α ∈ Z
I
�0 | α �= 0, (α, εi) � 0 ∀ i ∈ I, α ¨³¥¥É ¸¢Ö§´Ò° ´μ¸¨É¥²Ó}

(Ê¸²μ¢¨¥ (α, εi) � 0 ¤²Ö ¢¥·Ï¨´ i /∈ I¡¶ ¢Ò¶μ²´¥´μ  ¢Éμ³ É¨Î¥¸±¨). ‚¥±Éμ·
α ∈ ZI ´ §Ò¢ ¥É¸Ö ³´¨³Ò³ ±μ·´¥³, ¥¸²¨ α ∈ WF ¨²¨ −α ∈ WF . Œ´μ¦¥-
¸É¢μ ³´¨³ÒÌ ±μ·´¥° μ¡μ§´ Î¨³ Î¥·¥§ Δim(Q). �²¥³¥´É α ∈ ZI ´ §Ò¢ ¥É¸Ö
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±μ·´¥³, ¥¸²¨ μ´ ¶·¨´ ¤²¥¦¨É Δ(Q) := Δre(Q) ∪ Δim(Q). Œ´μ¦¥¸É¢μ Δ(Q)
´ §Ò¢ ¥É¸Ö ¸¨¸É¥³μ° ±μ·´¥° ±μ²Î ´  Q.

�Ê¸ÉÓ q(α) =
1
2
(α, α) =

∑
i∈I

α2
i −

∑
a : i→j

αiαj . �Éμ Z-§´ Î´ Ö ËÊ´±Í¨Ö ´ 

ZI . �μ¸±μ²Ó±Ê (siα, siβ) = (α, β) ¤²Ö ²Õ¡ÒÌ α, β ∈ ZI ¨ i ∈ I¡¶, ËÊ´±Í¨Ö
q(α) Ö¢²Ö¥É¸Ö W -¨´¢ ·¨ ´É´μ°: q(wα) = q(α) ¤²Ö ²Õ¡ÒÌ α ∈ ZI , w ∈ W .
‡ ³¥É¨³, ÎÉμ (εi, εi) = 2 ∀ i ∈ I¡¶ ¨ (α, α) =

∑
i∈I

αi(α, εi) � 0 ∀α ∈ F .

�μÔÉμ³Ê q(α) = 1 ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´¥° α ¨ q(α) � 0 ¤²Ö ³´¨³ÒÌ
±μ·´¥° α. ‘²¥¤μ¢ É¥²Ó´μ, ³´μ¦¥¸É¢  Δre(Q) ¨ Δim(Q) ´¥ ¶¥·¥¸¥± ÕÉ¸Ö:
Δ(Q) = Δre(Q) 
 Δim(Q).

‡ ³¥É¨³, ÎÉμ ¡¨²¨´¥°´ Ö Ëμ·³  (1.4), Î¨¸²  nij , £·Ê¶¶  W ¨ ¸¨¸É¥³ 
±μ·´¥° § ¢¨¸ÖÉ Éμ²Ó±μ μÉ £· Ë  ±μ²Î ´  Q, ´μ ´¥ μÉ μ·¨¥´É Í¨¨ ¥£μ ·¥-
¡¥·. …¸²¨ ¢ ÔÉμ³ £· Ë¥ ¸ÊÐ¥¸É¢ÊÕÉ ¶¥É²¨, ±· É´Ò¥ ²¨´¨¨ ¨²¨ Í¨±²Ò (´¥-
μ·¨¥´É¨·μ¢ ´´Ò¥), Éμ Δim(Q) ´¥¶Ê¸Éμ. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¨³¥¥É¸Ö Í¨±²
i1−i2−. . .−i�−i1, Éμ εi1 +εi2 +. . .+εi�

∈ F (¶¥É²¨ ¨ ¶ · ²²¥²Ó´Ò¥ ²¨´¨¨ Å
Î ¸É´Ò¥ ¸²ÊÎ ¨ ´¥μ·¨¥´É¨·μ¢ ´´ÒÌ Í¨±²μ¢). �μ ¤ ¦¥ ¥¸²¨ ´¥É ¶¥É²¥°, ±· É-
´ÒÌ ²¨´¨° ¨ Í¨±²μ¢, Éμ Δim(Q) ¢¸¥ · ¢´μ ³μ¦¥É ¡ÒÉÓ ´¥¶Ê¸ÉÒ³∗. ‘²ÊÎ ¨,
±μ£¤  ¢¸¥ ±μ·´¨ ¢¥Ð¥¸É¢¥´´Ò, ¢ ÉμÎ´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ±μ´¥Î´Ò³ £· Ë ³,
¸¢Ö§´Ò¥ ±μ³¶μ´¥´ÉÒ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ¤¨ £· ³³ ³¨ „Ò´±¨´  ¤²Ö ¶·μ¸ÉÒÌ
 ²£¥¡· ‹¨ É¨¶μ¢ A, D ¨ E. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³´μ¦¥¸É¢μ Δ(Q) = Δre(Q) ±μ-
´¥Î´μ ¨ Ö¢²Ö¥É¸Ö ¸¨¸É¥³μ° ±μ·´¥° ±μ´¥Î´μ³¥·´μ° ¶μ²Ê¶·μ¸Éμ°  ²£¥¡·Ò ‹¨,
  £·Ê¶¶  W Å ¥¥ £·Ê¶¶μ° ‚¥°²Ö. ‚ μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ Δ(Q) ¨ W Å
¡¥¸±μ´¥Î´Ò∗∗ [8].

Šμ·¥´Ó α ∈ Δ(Q) ´ §Ò¢ ¥É¸Ö ¶μ²μ¦¨É¥²Ó´Ò³ (μÉ·¨Í É¥²Ó´Ò³), ¥¸²¨
αi � 0 ∀ i ∈ I (αi � 0 ∀ i ∈ I). �μ²μ¦¨É¥²Ó´Ò¥ ¨ μÉ·¨Í É¥²Ó´Ò¥ ±μ·´¨
μ¡· §ÊÕÉ ³´μ¦¥¸É¢  Δ+(Q) ¨ Δ−(Q). Š ± ¨ ¤²Ö ±μ´¥Î´ÒÌ ¸¨¸É¥³ ±μ·´¥°,
¨³¥¥É¸Ö · ¢¥´¸É¢μ Δ(Q) = Δ+(Q) 
 Δ−(Q) ¢ μ¡Ð¥³ ¸²ÊÎ ¥. �´μ ¤μ± §Ò¢ -
¥É¸Ö ¸ ¶μ³μÐÓÕ É¥μ·¨¨  ²£¥¡· ‹¨ [8]. ’ ±¦¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö
Δ+

re(Q) = Δre(Q) ∩ Δ+(Q) ¨ Δ+
im(Q) = Δim(Q) ∩ Δ+(Q). �É¨ ³´μ¦¥¸É¢ 

μ¡² ¤ ÕÉ ¸²¥¤ÊÕÐ¨³¨ ¸¢μ°¸É¢ ³¨ [8]: ¥¸²¨ α ∈ Δ+
im(Q), Éμ wα ∈ Δ+

im(Q)
∀w ∈ W ; ¥¸²¨ α ∈ Δ+

re(Q) ¨ α �= εi, Éμ siα ∈ Δ+
re(Q), £¤¥ i ∈ I¡¶.

‘²¥¤ÊÕÐ Ö É¥μ·¥³ , ¸¢Ö§Ò¢ ÕÐ Ö ¶μ´ÖÉ¨Ö ±μ·´¥° ¸ É¥μ·¨¥° ¶·¥¤¸É ¢²¥-
´¨° ±μ²Î ´μ¢, ¡Ò²  ¤μ± § ´  ¢ [8] (¸³. É ±¦¥ [16, 9]).

∗� ¶·¨³¥·, Δim(Q) �= ∅, ±μ£¤  £· Ë ±μ²Î ´  Q Ö¢²Ö¥É¸Ö · ¸Ï¨·¥´´Ò³ £· Ëμ³ „Ò´±¨´ 
É¨¶  D ¨²¨ E, É. ¥. ¤¨ £· ³³μ° „Ò´±¨´  ¤²Ö  ËË¨´´ÒÌ  ²£¥¡· ‹¨ ÔÉ¨Ì É¨¶μ¢ (¸³., ´ ¶·¨³¥·, [8]
¨²¨ [16]).

∗∗
¥¸±μ´¥Î´μ¸ÉÓ Δ(Q) ¸²¥¤Ê¥É ¨§ Éμ£μ, ÎÉμ ¥¸²¨ α ∈ Δim(Q), Éμ nα ∈ Δim(Q) ∀n ∈
Z�0. …¸²¨ ¡Ò £·Ê¶¶  W ¡Ò²  ±μ´¥Î´ , Éμ μ´  Ö¢²Ö² ¸Ó ¡Ò £·Ê¶¶μ° μÉ· ¦¥´¨°, ´μ ±μ´¥Î´Ò¥
£·Ê¶¶Ò μÉ· ¦¥´¨° ±² ¸¸¨Ë¨Í¨·μ¢ ´Ò (¸³., ´ ¶·¨³¥·, [17]), ¶·¨ ÔÉμ³ Ê¸²μ¢¨Ö³ (εi, εi) = 2,
(εi, εj) ∈ Z ³μ£ÊÉ Ê¤μ¢²¥É¢μ·ÖÉÓ Éμ²Ó±μ ¸¨¸É¥³Ò ±μ·´¥° É¨¶  A, D ¨ E.
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’¥μ·¥³  1.2 (Š Í ).
1) “ ±μ²Î ´  Q ¸ÊÐ¥¸É¢Ê¥É ´¥· §²μ¦¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ · §³¥·´μ¸É¨

α Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  α ∈ Δ+(Q);
2) ¤²Ö α ∈ Δ+

re(Q) ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ ´¥· §²μ¦¨³μ¥ ¶·¥¤¸É ¢²¥-
´¨¥ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨§μ³μ·Ë¨§³ );

3) ¤²Ö α ∈ Δ+
im(Q) ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±μ´¥Î´μ¥ ±μ²¨Î¥¸É¢μ ¶μ¶ ·´μ ´¥¨§μ-

³μ·Ë´ÒÌ ´¥· §²μ¦¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°.

ˆ§ É¥μ·¥³Ò ¸²¥¤Ê¥É, ÎÉμ ¶·¥¤¸É ¢²¥´¨Ö ±μ²Î ´  · §³¥·´μ¸É¨ α ¸ÊÐ¥-
¸É¢ÊÕÉ, ¥¸²¨ α · §² £ ¥É¸Ö ´  ¸Ê³³Ê ¶μ²μ¦¨É¥²Ó´ÒÌ ±μ·´¥°, ¶·¨Î¥³ ±μ²¨Î¥-
¸É¢μ ¶·¥¤¸É ¢²¥´¨° ¤²Ö ± ¦¤μ£μ · §²μ¦¥´¨Ö § ¢¨¸¨É μÉ Ë ±É  ¢¥Ð¥¸É¢¥´´μ¸É¨
¨²¨ ³´¨³μ¸É¨ ± ¦¤μ£μ ¸² £ ¥³μ£μ.

1.3. �·¥¶·μ¥±É¨¢´ Ö  ²£¥¡· . “¤¢μ¨³ ±μ²¨Î¥¸É¢μ ·¥¡¥· ±μ²Î ´  Q =
(I, E), ¤μ¡ ¢¨¢ ¤²Ö ± ¦¤μ£μ ·¥¡·  a ∈ E ¤μ¶μ²´¨É¥²Ó´μ¥ ·¥¡·μ a∗ ³¥¦¤Ê
É¥³¨ ¦¥ ¢¥·Ï¨´ ³¨, ´μ ¢ μ¡· É´μ³ ´ ¶· ¢²¥´¨¨. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ±μ²-
Î ´ Q = (I, E 
 E∗), £¤¥ E∗ = {a∗ : j → i | a ∈ Q, a : i → j}, μ´ ´ §Ò¢ ¥É¸Ö
Ê¤¢μ¥´¨¥³ ±μ²Î ´  Q ¨²¨ ¶·μ¸Éμ Ê¤¢μ¥´´Ò³ ±μ²Î ´μ³. �¥¡·  a ¨ a∗ ´ §Ò-
¢ ÕÉ¸Ö ¤Ê ²Ó´Ò³¨. …¸²¨ b = a∗ ∈ Q ¤²Ö ´¥±μÉμ·μ£μ a ∈ Q, Éμ ¡Ê¤¥³ É ±¦¥
¶¨¸ ÉÓ b∗ ¤²Ö a. �·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²¥´¨° Ê¤¢μ¥´´μ£μ ±μ²Î ´  · §³¥·´μ-
¸É¨ α ∈ ZI

�0 ¥¸ÉÓ

Rep(Q, α) =
∏
a∈Q

a : i→j

(
Hom(Cαi , Cαj ) × Hom(Cαj , Cαi)

)
= T ∗ Rep(Q, α).

Š ± ±μ± ¸ É¥²Ó´μ¥ · ¸¸²μ¥´¨¥ μ´μ ¸´ ¡¦¥´μ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³μ°

ω =
∑
a∈Q

tr
(
dVa∗ ∧ dVa

)
=

∑
a∈Q

a : i→j

αi∑
k=1

αj∑
l=1

d(Va∗)kl ∧ d(Va)lk, (1.7)

£¤¥ Va : Vi → Vj ¨ Va∗ : Vj → Vi Å ¶·¥¤¸É ¢²¥´¨Ö a : i → j ¨ a∗ : j → i
¸μμÉ¢¥É¸É¢¥´´μ.

�Ê¸ÉÓ λ = (λi) ∈ C
I Å ¢¥±Éμ· ¸ ±μ³¶μ´¥´É ³¨ λi ∈ C, i ∈ I . �¡μ§´ Î¨³

Î¥·¥§ Πλ(Q) Ë ±Éμ·- ²£¥¡·Ê  ²£¥¡·Ò ¶ÊÉ¥° CQ ¶μ ¸μμÉ´μÏ¥´¨Ö³∑
a∈Q,j∈I
a : j→i

aa∗ −
∑

a∈Q,j∈I
a : i→j

a∗a = λi1i, i ∈ I. (1.8)

‘ ¶μ³μÐÓÕ μ¡μ§´ Î¥´¨Ö

(−1)a = 1, (−1)a∗
= −1 ¤²Ö a ∈ Q (1.9)
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³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö ¢ ¡μ²¥¥ ±μ³¶ ±É´μ³ ¢¨¤¥:∑
a∈Q,j∈I
a : j→i

(−1)aaa∗ = λi1i, i ∈ I. (1.10)

�²£¥¡·  Πλ(Q) ´ §Ò¢ ¥É¸Ö ¤¥Ëμ·³¨·μ¢ ´´μ° ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·μ° ¨²¨
¶·μ¸Éμ ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·μ° (λ Å ¶ · ³¥É· ¤¥Ëμ·³ Í¨¨) [7].

…¸²¨ ¨³¥¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò Πλ(Q) ´  ´¥±μÉμ·μ³ ¢¥±Éμ·´μ³
¶·μ¸É· ´¸É¢¥, Éμ, ¢§Ö¢ ¥£μ ±μ³¶μ§¨Í¨Õ ¸ ¶·μ¥±Í¨¥° CQ � Πλ(Q), ¶μ²ÊÎ¨³
¶·¥¤¸É ¢²¥´¨¥ Ê¤¢μ¥´´μ£μ ±μ²Î ´  Q ´  ÔÉμ³ ¶·μ¸É· ´¸É¢¥, ¶·¨Î¥³ · §²¨Î-
´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Πλ(Q) ¤ ÕÉ · §²¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Q. �·¥¤¸É ¢²¥´¨¥
V = (Vi, Va, Va∗) ±μ²Î ´  Q μ¶·¥¤¥²Ö¥É ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò Πλ(Q), ¥¸²¨
¨ Éμ²Ó±μ ¥¸²¨ ¢Ò¶μ²´¥´μ∑

a∈Q,j∈I
a : j→i

(−1)aVaVa∗ = λi idVi , i ∈ I. (1.11)

‚ ±μ´¥Î´μ³¥·´μ³ ¸²ÊÎ ¥ ÔÉμ ¸¨¸É¥³   ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (¶μ (dimVi)2

Ê· ¢´¥´¨° ¤²Ö ± ¦¤μ£μ i ∈ I). ‚¸¥ Πλ(Q)-³μ¤Ê²¨ · §³¥·´μ¸É¨ α μ¡· §ÊÕÉ
 ËË¨´´μ¥ ¶μ¤³´μ£μμ¡· §¨¥ Rep

(
Πλ(Q), α

)
⊂ Rep

(
Q, α

)
, μ¶·¥¤¥²Ö¥³μ¥ ¸¨-

¸É¥³μ° Ê· ¢´¥´¨° (1.11).
�Ê¸ÉÓ λ ·α =

∑
i∈I

λiαi Å ¸É ´¤ ·É´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥. ‚§Ö¢ ¸²¥¤

Ê· ¢´¥´¨° (1.11) ¨ ¶·μ¸Ê³³¨·μ¢ ¢ ¨Ì ¶μ i ∈ I , ¶μ²ÊÎ¨³ λ · α = 0. �Éμ ´¥μ¡-
Ìμ¤¨³μ¥ Ê¸²μ¢¨¥ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶·¥¤¸É ¢²¥´¨Ö Πλ(Q) · §³¥·´μ¸É¨ α.


Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ CQ-¶μ¤³μ¤Ê²Ó V ′ ⊂ V Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¸² £ ¥³Ò³
CQ-³μ¤Ê²Ö V , ¥¸²¨ CQ-³μ¤Ê²Ó V ¥¸ÉÓ ¶·Ö³ Ö ¸Ê³³  V ′ ¨ V ′′ ¤²Ö ´¥±μÉμ·μ£μ
CQ-¶μ¤³μ¤Ê²Ö V ′′ ⊂ V .

’¥μ·¥³  1.3. [16]. �·¥¤¸É ¢²¥´¨¥ V = (Vi, Va) ±μ²Î ´  Q ³μ¦¥É ¡ÒÉÓ
¤μ¶μ²´¥´μ ¤μ ¶·¥¤¸É ¢²¥´¨Ö V = (Vi, Va, Va∗)  ²£¥¡·Ò Πλ(Q), ¥¸²¨ ¨ Éμ²Ó±μ
¥¸²¨ λ · dimCI V ′ = 0 ¤²Ö ²Õ¡μ£μ CQ-¶μ¤³μ¤Ê²Ö V ′ ⊂ V , Ö¢²ÖÕÐ¥£μ¸Ö
¶·Ö³Ò³ ¸² £ ¥³Ò³ CQ-³μ¤Ê²Ö V .

‘²¥¤¸É¢¨¥ 1.4. Rep
(
Πλ(Q), α

)
�= ∅, ¥¸²¨ ¨ Éμ²Ó±μ ¥¸²¨ α =

∑
l

α(l), £¤¥

α(l) ∈ Δ+(Q) É ±¨¥, ÎÉμ λ · α(l) = 0 ¤²Ö ¢¸¥Ì l. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É
³μ¤Ê²Ó V ∈ Rep

(
Πλ(Q), α

)
, ±μÉμ·Ò° · §² £ ¥É¸Ö ± ± Πλ(Q)-³μ¤Ê²Ó ¢ ¸Ê³³Ê

´¥· §²μ¦¨³ÒÌ Πλ(Q)-³μ¤Ê²¥° V (l) ∈ Rep
(
Πλ(Q), α(l)

)
.

„μ± § É¥²Ó¸É¢μ. �Ê¸ÉÓ V ∈ Rep
(
Πλ(Q), α

)
. � §²μ¦¨³ V ¢ ¶·Ö³ÊÕ ¸Ê³³Ê

´¥· §²μ¦¨³ÒÌ CQ-³μ¤Ê²¥°: V =
⊕

l V
(l), V (l) ∈ Rep

(
Q, α(l)

)
. ’μ£¤  α =∑

l

α(l), ¨ ¶μ É¥μ·¥³¥ Š Í  1.2 ¨³¥¥³ α(l) ∈ Δ+(Q). �μ¸±μ²Ó±Ê ³μ¤Ê²¨ V (l)
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Ö¢²ÖÕÉ¸Ö ¶·Ö³Ò³¨ ¸² £ ¥³Ò³¨ CQ-³μ¤Ê²Ö V , ¨§ É¥μ·¥³Ò 1.3 ¸²¥¤Ê¥É, ÎÉμ
λ · α(l) = 0 ¤²Ö ¢¸¥Ì l.

ˆ μ¡· É´μ: ¥¸²¨ α(l) ∈ Δ+(Q) É ±¨¥, ÎÉμ λ ·α(l) = 0 ¤²Ö ¢¸¥Ì l, Éμ ¸ÊÐ¥-
¸É¢ÊÕÉ ´¥· §²μ¦¨³Ò¥ CQ-³μ¤Ê²¨ V (l) ∈ Rep

(
Q, α(l)

)
¨ ¶μ É¥μ·¥³¥ 1.3 μ´¨

¤μ¸É· ¨¢ ÕÉ¸Ö ¤μ Πλ(Q)-³μ¤Ê²¥° V (l) ∈ Rep
(
Πλ(Q), α(l)

)
. Š ¦¤Ò° ³μ¤Ê²Ó

V (l) ´¥· §²μ¦¨³ ± ± Πλ(Q)-³μ¤Ê²Ó, ¶μÉμ³Ê ÎÉμ ¨´ Î¥ μ´ ¡Ò² ¡Ò · §²μ¦¨³
± ± CQ-³μ¤Ê²Ó. Πλ(Q)-³μ¤Ê²Ó V =

⊕
l V (l) ¶·¨´ ¤²¥¦¨É Rep

(
Πλ(Q), α

)
¤²Ö α =

∑
l

α(l).

ƒ·Ê¶¶  GL(α) ¤¥°¸É¢Ê¥É ´  Rep
(
Q, α

)
, ¶μ¸±μ²Ó±Ê Q ¥¸ÉÓ ±μ²Î ´ ¸ ³´μ-

¦¥¸É¢μ³ ¢¥·Ï¨´ I . Ÿ¢´Ò³ μ¡· §μ³ ¤¥°¸É¢¨¥ (1.3) Ô²¥³¥´É  g = (gi) ´ 
V = (Vi, Va, Va∗) ∈ Rep

(
Q, α

)
¢Ò£²Ö¤¨É ± ±

Va �→ gjVag−1
i , Va∗ �→ giVa∗g−1

j , a : i → j. (1.12)

ˆ§ ÔÉ¨Ì Ëμ·³Ê² ¢¨¤´μ, ÎÉμ ÔÉμ ¤¥°¸É¢¨¥ ¸μÌ· ´Ö¥É ¸μμÉ´μÏ¥´¨¥ (1.11) ¤²Ö
²Õ¡μ£μ λ ∈ CI . ’ ±¨³ μ¡· §μ³, ¨³¥¥³ ¤¥°¸É¢¨¥ £·Ê¶¶Ò GL(α) ´  ³´μ£μμ¡· -
§¨¥ Rep

(
Πλ(Q), α

)
, ±μÉμ·μ¥ ¸¢Ö§Ò¢ ¥É ¨§μ³μ·Ë´Ò¥ (¨ Éμ²Ó±μ ¨§μ³μ·Ë´Ò¥)

¶·¥¤¸É ¢²¥´¨Ö ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò Πλ(Q). Š² ¸¸Ò ¨§μ³μ·Ë´μ¸É¨ ¶·¥¤-
¸É ¢²¥´¨° ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò (Πλ(Q)-³μ¤Ê²¥°) § ¤ ´´μ° · §³¥·´μ¸É¨
α ∈ ZI

�0 μ¡· §ÊÕÉ ³´μ¦¥¸É¢μ μ·¡¨É Rep
(
Πλ(Q), α

)
/GL(α). �Éμ Ë ±Éμ·-

³´μ¦¥¸É¢μ ´¥ ¢¸¥£¤  ¨³¥¥É ¸É·Ê±ÉÊ·Ê  ²£¥¡· ¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö.
�Ê¸ÉÓ p(α) = 1 − q(α) = 1 +

∑
a : i→j

αiαj −
∑
i∈I

αiαi. ‘²¥¤ÊÕÐ Ö É¥μ·¥³ 

¸²¥¤Ê¥É ¨§ [9, Corollary 1.4, Lemma 6.5].

’¥μ·¥³  1.5. …¸²¨ Rep
(
Πλ(Q), α

)
�= ∅ ¨ ¢¸¥ ³μ¤Ê²¨ V ∈ Rep

(
Πλ(Q), α

)
¶·μ¸ÉÒ, Éμ α ∈ Δ+(Q) ¨ ¶·μ¸É· ´¸É¢μ μ·¡¨É Rep

(
Πλ(Q), α

)
/GL(α) ¥¸ÉÓ

¸¢Ö§´μ¥ £² ¤±μ¥  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥ · §³¥·´μ¸É¨ 2p(α).

‡ ³¥Î ´¨¥ 1.6. ‘μ£² ¸´μ ¸²¥¤¸É¢¨Õ 1.4 ¢³¥¸Éμ Rep
(
Πλ(Q), α

)
�= ∅ ¢ É¥-

μ·¥³¥ 1.5 ³μ¦´μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò α ¡Ò²μ ¶μ²μ¦¨É¥²Ó´Ò³ ±μ·´¥³, É ±¨³,
ÎÉμ λ · α = 0.

‚ ¸²ÊÎ ¥ ¢Ò¶μ²´¥´¨Ö Ê¸²μ¢¨Ö É¥μ·¥³Ò 1.5 ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³´μ£μμ¡· -
§¨¥ Rep

(
Πλ(Q), α

)
/GL(α) ¶·μ¸É· ´¸É¢μ³ ³μ¤Ê²¥°. �¥£Ê²Ö·´Ò¥ ËÊ´±Í¨¨

´  Rep
(
Πλ(Q), α

)
/GL(α) ¥¸ÉÓ ¢ ÉμÎ´μ¸É¨ GL(α)-¨´¢ ·¨ ´É´Ò¥ ·¥£Ê²Ö·´Ò¥

ËÊ´±Í¨¨ ´  Rep
(
Πλ(Q), α

)
:

C
[
Rep

(
Πλ(Q), α

)
/GL(α)

]
= C

[
Rep

(
Πλ(Q), α

)]GL(α)
. (1.13)

‡ ³¥Î ´¨¥ 1.7. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ´Ê¦´μ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ § ³±´ÊÉÒ¥
μ·¡¨ÉÒ, ¶μ¸±μ²Ó±Ê ·¥£Ê²Ö·´Ò¥ (  ¸²¥¤μ¢ É¥²Ó´μ, ´¥¶·¥·Ò¢´Ò¥) ¨´¢ ·¨ ´É´Ò¥
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ËÊ´±Í¨¨ ´¥ μÉ²¨Î ÕÉ ´¥§ ³±´ÊÉÒ¥ μ·¡¨ÉÒ μÉ ¶·¨³Ò± ÕÐ¨Ì ± ´¨³ § ³±´Ê-
ÉÒÌ. �·¡¨É  ÉμÎ±¨ V ∈ Rep

(
Πλ(Q), α

)
§ ³±´ÊÉ  Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 

Πλ(Q)-³μ¤Ê²Ó V ¶μ²Ê¶·μ¸É [16, � 3.3]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢μ ³μ¤Ê-
²¥° μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·μ¸É· ´¸É¢μ μ·¡¨É ¶μ²Ê¶·μ¸ÉÒÌ ³μ¤Ê²¥° ¨ μ¡μ§´ Î -
¥É¸Ö Rep

(
Πλ(Q), α

)
//GL(α),  ²£¥¡·  ·¥£Ê²Ö·´ÒÌ ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢¥

³μ¤Ê²¥° É ±¦¥ ¤ ¥É¸Ö Ëμ·³Ê²μ°∗ (1.13). ’¥μ·¥³  1.5 μ¡μ¡Ð ¥É¸Ö ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³: ¥¸²¨ Rep

(
Πλ(Q), α

)
�= ∅ ¨ ÉμÎ±  V ∈ Rep

(
Πλ(Q), α

)
¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ¤ ¥É ¶·μ¸Éμ° ³μ¤Ê²Ó, Éμ ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥°
Rep

(
Πλ(Q), α

)
//GL(α) ¥¸ÉÓ ´¥¶·¨¢μ¤¨³μ¥  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥, ±μÉμ-

·μ¥ £² ¤±μ ¢ ÉμÎ± Ì, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μ¸ÉÒ³ ³μ¤Ê²Ö³ (¸³. [9, Corollary 1.4,
Lemma 6.5]). �Ê¸ÉÓ R+

λ = {α ∈ Δ+(Q) | λ·α = 0}. ‘μ£² ¸´μ [9, Theorem 1.2]
Ê¸²μ¢¨¥ Éμ£μ, ÎÉμ Rep

(
Πλ(Q), α

)
�= ∅ ¨ ³μ¤Ê²Ó ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ¶·μ¸Éμ°,

Ô±¢¨¢ ²¥´É´μ α ∈ Σλ, £¤¥ Σλ Å ³´μ¦¥¸É¢μ ±μ·´¥° α ∈ R+
λ , É ±¨Ì, ÎÉμ

p(α) >
r∑

l=1

p(α(l)), ¤²Ö ²Õ¡μ£μ · §²μ¦¥´¨Ö α =
r∑

l=1

α(l), É ±μ£μ, ÎÉμ r � 2 ¨

α(l) ∈ R+
λ ∀ l.

1.4. ƒ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö ¨ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥°. �·μ¸É· ´¸É¢μ ³μ-
¤Ê²¥° ¨³¥¥É É ±¦¥ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê, ´ ¸²¥¤Ê¥³ÊÕ μÉ ¶·μ¸É· ´-
¸É¢  Rep(Q, α). —Éμ¡Ò ¥¥ μ¶¨¸ ÉÓ, ¢μ¸¶μ²Ó§Ê¥³¸Ö £ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±-
Í¨¥° [18Ä20]. ‘´ Î ²  ±· É±μ μ¶¨Ï¥³ μ¡ÐÊÕ ±μ´¸É·Ê±Í¨Õ £ ³¨²ÓÉμ´μ¢μ°
·¥¤Ê±Í¨¨ (¢  ²£¥¡·μ-£¥μ³¥É·¨Î¥¸±μ° ¢¥·¸¨¨), § É¥³ ¶·¨³¥´¨³ ¥¥ ± ´ Ï¥³Ê
¸²ÊÎ Õ ¤²Ö ¶μ¸É·μ¥´¨Ö ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥° ± ± ¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μ-
μ¡· §¨°.

�Ê¸ÉÓ M Å ¸¢Ö§´μ¥ £² ¤±μ¥ ³´μ£μμ¡· §¨¥, ¸´ ¡¦¥´´μ¥ ¸¨³¶²¥±É¨Î¥¸±μ°
Ëμ·³μ° ωM . �Ê¸ÉÓ G Å ¸¢Ö§´ Ö £·Ê¶¶  ‹¨ G, ±μÉμ· Ö ¤¥°¸É¢Ê¥É ´  ³´μ-
£μμ¡· §¨¨ M , ¸μÌ· ´ÖÖ ¥£μ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê. ˆ´Ë¨´¨É¥§¨³ ²Ó´μ
¤¥°¸É¢¨¥ ¤ ¥É¸Ö ¢¥±Éμ·´Ò³¨ ¶μ²Ö³¨ Vθ ∈ Vect(M), § ´Ê³¥·μ¢ ´´Ò³¨ Ô²¥³¥´-
É ³¨ θ ∈ g, £¤¥ g Å  ²£¥¡·  ‹¨ £·Ê¶¶Ò G. �Éμ ¤¥°¸É¢¨¥ ´ §Ò¢ ¥É¸Ö ¶Ê ¸¸μ-
´μ¢¸±¨³, ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ ËÊ´±Í¨¨ Hθ ∈ C∞(M), É ±¨¥, ÎÉμ Vθf = {Hθ, f}
¨ {Hθ, Hη} = H[θ,η] ¤²Ö ²Õ¡ÒÌ θ, η ∈ g, f ∈ C∞(M). …¸²¨, ´ ¶·¨³¥·, M0 Å
¸¢Ö§´μ¥ £² ¤±μ¥ ³´μ£μμ¡· §¨¥, ´  ±μÉμ·μ³ ¤¥°¸É¢Ê¥É ¸¢Ö§´ Ö £·Ê¶¶  G, Éμ
¨´¤ÊÍ¨·μ¢ ´´μ¥ ¤¥°¸É¢¨¥ ´  M = T ∗M0 ¶Ê ¸¸μ´μ¢¸±μ¥ μÉ´μ¸¨É¥²Ó´μ ± ´μ-
´¨Î¥¸±μ° ¸¨³¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ±μ± ¸ É¥²Ó´μ£μ · ¸¸²μ¥´¨Ö [18, £². 3,
� 3.1], [19, ¤μ¡. 5, �A].

� ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¸²ÊÎ °, ±μ£¤  M = T ∗Cn = C2n ¤²Ö ´¥±μÉμ·μ£μ n
¨ £·Ê¶¶  G ¤¥°¸É¢Ê¥É ´  C

n ²¨´¥°´Ò³¨ μ¤´μ·μ¤´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨.
‚ ¸É ´¤ ·É´ÒÌ ±μμ·¤¨´ É Ì x1, . . . , xn, p1, . . . , pn ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  ¨

∗Œ´μ£μμ¡· §¨¥ M//G := Spec
(
C[M ]G

)
´ §Ò¢ ¥É¸Ö ± É¥£μ·´Ò³ Ë ±Éμ·μ³  ËË¨´´μ£μ

³´μ£μμ¡· §¨Ö M ¶μ ¤¥°¸É¢¨Õ £·Ê¶¶Ò G.
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¨´¤ÊÍ¨·μ¢ ´´Ò¥ ¥Õ ¸±μ¡±¨ �Ê ¸¸μ´  ¨³¥ÕÉ ¢¨¤ ωM =
n∑

i=1

dpi ∧dxi, {f, h} =

n∑
i=1

(
∂f

∂xi

∂h

∂pi
− ∂f

∂pi

∂h

∂xi

)
. Œμ¦´μ ¸Î¨É ÉÓ, ÎÉμ G ⊂ GL(n, C) ¨ g ⊂ gl(n, C)

(¥¸²¨ ¶·¥¤¸É ¢²¥´¨¥ G → GL(n, C) ´¥ ÉμÎ´μ, Éμ ³μ¦´μ § ³¥´¨ÉÓ £·Ê¶¶Ê G
´  ¥¥ Ë ±Éμ· ¶μ Ö¤·Ê ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö). ’μ£¤  £ ³¨²ÓÉμ´¨ ´Ò ¤¥°¸É¢¨Ö G

´  M ¨³¥ÕÉ ¢¨¤ Hθ =
n∑

i,j=1

piθijxj , θ ∈ g.

�¡μ§´ Î¨³ Î¥·¥§ g∗ ¶·μ¸É· ´¸É¢μ, ¤Ê ²Ó´μ¥ ± g. �Éμ¡· ¦¥´¨¥³ ³μ-
³¥´É  ´  M , § ¤ ´´Ò³ ¶Ê ¸¸μ´μ¢¸±¨³ ¤¥°¸É¢¨¥³ £·Ê¶¶Ò G, ´ §Ò¢ ¥É¸Ö
g∗-§´ Î´ Ö ËÊ´±Í¨Ö P : M → g∗, μ¶·¥¤¥²¥´´ Ö Ëμ·³Ê²μ° P (x)(θ) = Hθ(x),
x ∈ M , θ ∈ g. � ¸¸³μÉ·¨³ ¶·μ¨§¢μ²Ó´ÊÕ ÉμÎ±Ê λ ∈ g∗, ¨ ¶Ê¸ÉÓ Gλ =
{g ∈ G | Ad∗

g(λ) = λ} Å ¥¥ ¸É ¡¨²¨§ Éμ· μÉ´μ¸¨É¥²Ó´μ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ
¶·¥¤¸É ¢²¥´¨Ö. �μ¸±μ²Ó±Ê Hθ Å ·¥£Ê²Ö·´Ò¥ ËÊ´±Í¨¨ ´  M = T ∗Cn, ¶μ²-
´Ò° ¶·μμ¡· § P−1(λ) Ö¢²Ö¥É¸Ö  ËË¨´´Ò³ ¶μ¤³´μ£μμ¡· §¨¥³ ¢ M . „¥°¸É¢¨¥
£·Ê¶¶Ò G ´  M ¶·¨ μÉμ¡· ¦¥´¨¨ ³μ³¥´É  ¶¥·¥Ìμ¤¨É ¢ ¥¥ ±μ¶·¨¸μ¥¤¨´¥´´μ¥
¤¥°¸É¢¨¥ ´  g∗, É. ¥. P (gx) = Ad∗

g(P (x)) (¸³. [18, £². 3, � 3.1], [19, ¤μ¡. 5,
��]). �μÔÉμ³Ê ¶·μμ¡· § P−1(λ) ⊂ M ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶μ¤£·Ê¶¶Ò
Gλ ⊂ G. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥ Gλ-μ·¡¨ÉÒ ¢ P−1(λ) § ³±´ÊÉÒ, Éμ£¤  Ë ±Éμ·
Nλ := P−1(λ)/Gλ ¥¸ÉÓ  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥. �´μ ¸μ¸Éμ¨É ¨§ (§ ³±´ÊÉÒÌ)
Gλ-μ·¡¨É ÉμÎ¥± ¶μ¤³´μ£μμ¡· §¨Ö P−1(λ) ⊂ M ¨ ´ §Ò¢ ¥É¸Ö £ ³¨²ÓÉμ´μ¢μ°
·¥¤Ê±Í¨¥°.

’¥μ·¥³  1.8. (‘³., ´ ¶·¨³¥·, [19, ¤μ¡. 5, �
]). …¸²¨ ³´μ£μμ¡· §¨¥ Nλ =
P−1(λ)/Gλ £² ¤±μ, Éμ μ´μ ¸´ ¡¦¥´μ ¸²¥¤ÊÕÐ¥° ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³μ°
ωλ: ¤²Ö x ∈ P−1(λ) ¨ ξ, η ∈ T[x]Nλ ¶μ²μ¦¨³

ωλ(ξ, η) = ωM (ξ′, η′), (1.14)

£¤¥ ξ′, η′ ∈ Tx

(
P−1(λ)

)
⊂ TxM Å ¶·μμ¡· §Ò ξ, η μÉ´μ¸¨É¥²Ó´μ ¤¨ËË¥·¥´-

Í¨ ²  ¶·μ¥±Í¨¨ P−1(λ) � Nλ.

�£· ´¨Î¥´¨¥ ¨´¢ ·¨ ´É´μ° ËÊ´±Í¨¨ h ∈ C[M ]G ´  P−1(λ) ⊂ M ¥¸ÉÓ
Gλ-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö, ±μÉμ·ÊÕ ³Ò μÉμ¦¤¥¸É¢²Ö¥³ ¸ ËÊ´±Í¨¥° ´  Nλ ¨
μ¡μ§´ Î ¥³ hλ ∈ C[Nλ].

“É¢¥·¦¤¥´¨¥ 1.9. ‘±μ¡±¨ �Ê ¸¸μ´  {−,−}Nλ
¨ {−,−}M ,  ¸¸μÍ¨¨·μ¢ ´-

´Ò¥ ¸ ¸¨³¶²¥±É¨Î¥¸±¨³¨ Ëμ·³ ³¨ ωλ ¨ ωM , ¸¢Ö§ ´Ò ¸μμÉ´μÏ¥´¨¥³
{fλ, hλ}Nλ

([x]) = {f, h}M (x), £¤¥ f, h ∈ C[M ]G, x ∈ P−1(λ).

„μ± § É¥²Ó¸É¢μ. ‘±μ¡±¨ �Ê ¸¸μ´ ,  ¸¸μÍ¨¨·μ¢ ´´Ò¥ ¸ ¸¨³¶²¥±É¨Î¥¸-
±μ° Ëμ·³μ° ω, ¨³¥ÕÉ ¢¨¤ {f, h} = −ω(Xf , Xh), £¤¥ Xf Å £ ³¨²ÓÉμ´μ¢μ
¶μ²¥ ¸ £ ³¨²ÓÉμ´¨ ´μ³ f , μ¶·¥¤¥²¥´´μ¥ ¸ ¶μ³μÐÓÕ ω ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
ωx(Xf (x), ξ) = (df)x(ξ) ¢ ²Õ¡μ° ÉμÎ±¥ x ¨ ¤²Ö ²Õ¡μ£μ ± ¸ É¥²Ó´μ£μ ¢¥±-
Éμ·  ξ ¢ x. �μ²Ö Xf ¨ Xh (¢ ÉμÎ±¥ x) ¥¸ÉÓ ¶·μμ¡· §Ò ¶μ²¥° Xfλ

¨ Xhλ
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(¢ ÉμÎ±¥ [x]) ¸μμÉ¢¥É¸É¢¥´´μ [19, ¤μ¡. 5, �‚]. ‘²¥¤μ¢ É¥²Ó´μ, {fλ, hλ}Nλ
=

−ωλ(Xfλ
, Xhλ

) = −ωM (Xf , Xh) = {f, h}.
‚ ´ Ï¥³ ¸²ÊÎ ¥ M0 = Rep(Q, α) Å ±μ´¥Î´μ³¥·´μ¥ ¢¥±Éμ·´μ¥ ¶·μ¸É· ´-

¸É¢μ, M = Rep(Q, α) = T ∗M0 ¨ £·Ê¶¶  GL(α) ¤¥°¸É¢Ê¥É ´  M ²¨´¥°-
´Ò³¨ μ¤´μ·μ¤´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨, ¶·¨Î¥³ ÔÉμ ¤¥°¸É¢¨¥ ¶Ê ¸¸μ´μ¢¸±μ¥,
¶μ¸±μ²Ó±Ê μ´μ ¨´¤ÊÍ¨·μ¢ ´μ ¤¥°¸É¢¨¥³ ´  M0 = Rep(Q, α). �²£¥¡·  ‹¨
£·Ê¶¶Ò GL(α) ¥¸ÉÓ

End(α) :=
⊕
i∈I

End(Cαi) =
⊕
i∈I

gl(αi, C).

…¥ ¤Ê ²Ó´μ¥ ¶·μ¸É· ´¸É¢μ ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ End(α) ¸ ¶μ³μÐÓÕ ¡¨²¨-
´¥°´μ° Ëμ·³Ò (θ, η) =

∑
i∈I

tr(θiηi), £¤¥ θ = (θi), η = (ηi) ∈ End(α).

Ÿ¤·μ³ ¶·¥¤¸É ¢²¥´¨Ö GL(α) → GL(M0) Ö¢²Ö¥É¸Ö ¶μ¤£·Ê¶¶  C
×, ¸μ¸ÉμÖ-

Ð Ö ¨§ Ô²¥³¥´Éμ¢ g ∈ GL(α) ¸ ±μ³¶μ´¥´É ³¨ gi = c ∈ C\{0}. ” ±Éμ·-£·Ê¶¶ 
G(α) := GL(α)/C× ¤¥°¸É¢Ê¥É ÔËË¥±É¨¢´μ ´  M = Rep(Q, α) ¨ ¶μÔÉμ³Ê ³μ-
¦¥É ¡ÒÉÓ ¢²μ¦¥´  ¢ GL(M0). �²£¥¡·μ° ‹¨ Ë ±Éμ·-£·Ê¶¶Ò G = G(α) Ö¢²Ö-
¥É¸Ö Ë ±Éμ·- ²£¥¡·  g = End(α)/(C · 1), £¤¥ 1 = (idCαi )i∈I ,   ¥¥ ¤Ê ²Ó´μ¥
¶·μ¸É· ´¸É¢μ ¥¸ÉÓ

g
∗ = End(α)0 :=

{
u = (ui) ∈ End(α) |

∑
i∈I

tr ui = 0

}
⊂ End(α). (1.15)

�Éμ¦¤¥¸É¢¨³ λ = (λi)i∈I ∈ CI ¸ Ô²¥³¥´Éμ³
(
λi idCαi

)
i∈I

∈ End(α). ’ ±
± ±

∑
i∈I

tr (λi idCαi ) = λ · α, Ê¸²μ¢¨¥ λ · α = 0 · ¢´μ¸¨²Ó´μ λ ∈ End(α)0.

Œμ¦´μ ¢¸¥£¤  ¶·¥¤¶μ² £ ÉÓ ¢Ò¶μ²´¥´¨¥ ÔÉμ£μ Ê¸²μ¢¨Ö: μ´μ ´¥μ¡Ìμ¤¨³μ (´μ
´¥ ¢¸¥£¤  ¤μ¸É ÉμÎ´μ) ¤²Ö ´¥¶Ê¸ÉμÉÒ Rep

(
Πλ(Q), α

)
. �Éμ¡· ¦¥´¨¥ ³μ³¥´É 

Pα : Rep
(
Q, α

)
→ g∗ ¨³¥¥É ¢¨¤

Pα(V ) =
(
Pα,i(V )

)
i∈I

, Pα,i(V ) =
∑

a∈Q,j∈I
a : j→i

(−1)aVaVa∗ (1.16)

(¸³. ¶·¨².A). �É¸Õ¤  ¶μ²ÊÎ ¥³ P−1
α (λ) = Rep

(
Πλ(Q), α

)
. ‘É ¡¨²¨§ Éμ·

λ = (λi) ∈ g∗ ¥¸ÉÓ Gλ = G(α). 
Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ Ê¸²μ¢¨Ö É¥μ·¥³Ò 1.5
¢Ò¶μ²´¥´Ò. ’μ£¤  £ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö ¤ ¥É ´ ³ ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥°

Nλ(α) := Rep
(
Πλ(Q), α

)
/G(α) = Rep

(
Πλ(Q), α

)
/GL(α)

Å ¸¢Ö§´μ¥ £² ¤±μ¥  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥, ±μÉμ·μ¥ ¶μ É¥μ·¥³¥ 1.8 ¸´ ¡-
¦¥´μ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³μ° ωλ,α, § ¤ ´´μ° Ëμ·³Ê²μ° (1.14).
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�ÉÊ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëμ·³Ê ´  Nλ(α) ³μ¦´μ ¶μ´ÖÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· -
§μ³. �Ê¸ÉÓ zk Å ²μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ ¢ μ¡² ¸É¨ ³´μ£μμ¡· §¨Ö Nλ(α).
‚ ÔÉμ° μ¡² ¸É¨ ÉμÎ±¨ z = (zk) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ (¶μ²Ê¶·μ¸ÉÒ³¨) ³μ¤Ê-
²Ö³¨ V (z) =

(
Vi, Va(z)

)
∈ Rep

(
Πλ(Q), α

)
, £¤¥ Va = Va(z) (a ∈ Q, a : i →

j) Å £² ¤±¨¥ Hom(Cαi , Cαj )-§´ Î´Ò¥ ËÊ´±Í¨¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ (1.11). ’μ-
£¤  (1.14) ¢ ÔÉμ° μ¡² ¸É¨ ¨³¥¥É ¢¨¤

ωλ,α =
∑
a∈Q

a : i→j

tr (dVa∗ ∧ dVa) =
∑
a∈Q

a : i→j

tr
(
dVa∗(z) ∧ dVa(z)

)
=

=
∑
a∈Q

a : i→j

∑
k,l

tr
(

∂Va∗

∂zk

∂Va

∂zl

)
dzk ∧ dzl. (1.17)

� ¸¸³μÉ·¨³ ¢¢¥¤¥´´Ò¥ ¢ ¶. 1.1 ËÊ´±Í¨¨ trα(p) ∈ Rep
(
Q, α

)
, £¤¥ p ∈

CQ Å Í¨±²Ò ¢ Ê¤¢μ¥´´μ³ ±μ²Î ´¥. �£· ´¨Î¨¢ Ö ¨Ì ´  ¶μ¤³´μ£μμ¡· §¨¥
Rep

(
Πλ(Q), α

)
, ¶μ²ÊÎ ¥³ ËÊ´±Í¨¨ trα(p)λ ∈ C[Nλ(α)]. ˆ§ É¥μ·¥³Ò 1.1

¶μ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ (¸³. [21, Lemma 2.2]).

“É¢¥·¦¤¥´¨¥ 1.10. �²£¥¡·  C
[
Nλ(α)

]
= C

[
Rep

(
Πλ(Q), α

)]G(α)
¶μ·μ-

¦¤¥´  μ£· ´¨Î¥´¨Ö³¨ ËÊ´±Í¨° trα(p) ´  Rep
(
Πλ(Q), α

)
, É. ¥. ËÊ´±Í¨Ö³¨

trα(p)λ, £¤¥ p ¶·μ¡¥£ ¥É ¢¸¥ Í¨±²Ò ¢ Q.

‡ ³¥Î ´¨¥ 1.11. ‚ ¸²ÊÎ ¥, ±μ£¤  ´¥ ¢¸¥ Gλ-μ·¡¨ÉÒ P−1(λ) § ³±´ÊÉÒ,
£ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± Nλ = P−1(λ)//Gλ, É. ¥. ± ±  Ë-
Ë¨´´μ¥ ³´μ£μμ¡· §¨¥, ¸μ¸ÉμÖÐ¥¥ ¨§ § ³±´ÊÉÒÌ μ·¡¨É. …¸²¨ μ´μ £² ¤±μ, Éμ
´  ´¥³ ¥¸ÉÓ ¸¨³¶²¥±É¨Î¥¸± Ö ¸É·Ê±ÉÊ· , μ¶·¥¤¥²Ö¥³ Ö Ëμ·³Ê²μ° (1.14), £¤¥
x ∈ P−1(λ) É ±μ¥, ÎÉμ μ·¡¨É  Gx § ³±´ÊÉ . ‚ ¸²ÊÎ ¥ M = Rep

(
Q, α

)
,

G = G(α) ¨ λ = (λi) £ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö ¤ ¥É ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥°
Nλ(α) = Rep

(
Πλ(Q), α

)
//GL(α) (¸³. § ³¥Î ´¨¥ 1.7). „²Ö ´¥£μ É ±¦¥ ¢¥·´μ

ÊÉ¢¥·¦¤¥´¨¥ 1.10.

2. ”“�Š’�� �’��†…�ˆŸ

C´ Î ²  μ¶·¥¤¥²¨³ ËÊ´±Éμ· μÉ· ¦¥´¨Ö, ¤¥°¸É¢ÊÕÐ¨° ´  ¶·¥¤¸É ¢²¥´¨ÖÌ
¶·¥¶·μ¥±É¨¢´ÒÌ  ²£¥¡· Ë¨±¸¨·μ¢ ´´μ£μ ±μ²Î ´  [7] (¸³. É ±¦¥ [16]). �·μ-
¢¥·¨³, ÎÉμ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ ËÊ´±Éμ· ¨ ÎÉμ μ´ § ¤ ¥É Ô±¢¨¢ ²¥´É´μ¸ÉÓ ± É¥-
£μ·¨°. ‡ É¥³ · ¸¸³μÉ·¨³ ¥£μ ¤¥°¸É¢¨¥ ´  ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° ¨ ¤μ± ¦¥³,
ÎÉμ μ´μ ¸μÌ· ´Ö¥É  ²£¥¡· ¨Î¥¸±ÊÕ ¨ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ÔÉ¨Ì ¶·μ-
¸É· ´¸É¢.

2.1. ”Ê´±Éμ· μÉ· ¦¥´¨Ö ± ± Ô±¢¨¢ ²¥´É´μ¸ÉÓ ± É¥£μ·¨°. ‚¢¥¤¥³ ¤Ê ²Ó-
´Ò¥ μÉ· ¦¥´¨Ö. � ¶μ³´¨³, ÎÉμ ¤²Ö i ∈ I¡¶ ³Ò μ¶·¥¤¥²¨²¨ μÉ· ¦¥´¨¥ si ± ±
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¶·¥μ¡· §μ¢ ´¨¥ ·¥Ï¥É±¨ ZI , § ¤ ´´μ¥ Ëμ·³Ê²μ° (1.6). ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¤Ê-
 ²Ó´μ¥ μÉ· ¦¥´¨¥ Å ÔÉμ ²¨´¥°´μ¥ μÉμ¡· ¦¥´¨¥ ri : CI → CI , μ¶·¥¤¥²¥´´μ¥
Ëμ·³Ê²μ°

(riλ)j = λj − (εi, εj)λi, i ∈ I¡¶. (2.1)

ˆ§ Í¥¶μÎ±¨ · ¢¥´¸É¢

riλ · α =
∑

j

(
λj − (εi, εj)λi

)
αj = λ · α − (εi, α)λi = λ · siα

¨ ¸¢μ°¸É¢  ¨´¢μ²ÕÉ¨¢´μ¸É¨ s2
i = 1 ¶μ²ÊÎ ¥³ ¨´¢μ²ÕÉ¨¢´μ¸ÉÓ ri ¨ ¸¢μ°¸É¢μ

¤Ê ²Ó´μ¸É¨
r2
i = 1, λ · α = riλ · siα, i ∈ I¡¶. (2.2)


Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ μÉ· ¦¥´¨¥ ¤μ¶Ê¸É¨³μ ¢ ¢¥·Ï¨´¥ k ∈ I¡¶ ¤²Ö § -
¤ ´´μ£μ λ ∈ CI , ¥¸²¨ λk �= 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸É·μ¨³ ËÊ´±Éμ· Fλ

k ¨§
± É¥£μ·¨¨ Πλ(Q)-³μ¤Ê²¥° ¢ ± É¥£μ·¨Õ Πrkλ(Q)-³μ¤Ê²¥°, ±μÉμ·Ò° ¶¥·¥¢μ¤¨É
¶·¥¤¸É ¢²¥´¨Ö · §³¥·´μ¸É¨ α ¢ ¶·¥¤¸É ¢²¥´¨Ö · §³¥·´μ¸É¨ skα.

”¨±¸¨·Ê¥³ ¢¥·Ï¨´Ê k ∈ I¡¶ ¨ ¢¥±Éμ· λ ∈ CI É ±μ°, ÎÉμ λk �= 0. �Ê¸ÉÓ
V = (Vi, Va), i ∈ I , a ∈ Q, Å ¶·¥¤¸É ¢²¥´¨¥ ¶·¥¶·μ¥±É¨¢´μ°  ²£¥¡·Ò Πλ(Q).
—Éμ¡Ò μ¶·¥¤¥²¨ÉÓ §´ Î¥´¨¥ ËÊ´±Éμ·  Fλ

k ´  V , ¶μ¸É·μ¨³ ¶·¥¤¸É ¢²¥´¨¥ V ′

 ²£¥¡·Ò Πrkλ(Q) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.
‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö∗

H = {a ∈ Q | a : j → k ¤²Ö ´¥±μÉμ·μ£μ j} ⊂ E 
 E∗ (2.3)

¨ V⊕ =
⊕

a∈H
a : j→k

Vj . „²Ö ± ¦¤μ£μ a : j → k μ¶·¥¤¥²¥´Ò ± ´μ´¨Î¥¸±¨¥ ¢²μ¦¥´¨Ö

μa : Vj ↪→ V⊕ ¨ ¶·μ¥±Í¨Ö πa : V⊕ � Vj . �¶·¥¤¥²¨³ ²¨´¥°´Ò¥ μÉμ¡· ¦¥´¨Ö
μ : Vk → V⊕ ¨ π : V⊕ → Vk ± ±

μ =
∑
a∈H

μaVa∗ , π =
1
λk

∑
a∈H

(−1)aVaπa. (2.4)

’μ£¤  ¸μμÉ´μÏ¥´¨¥ (1.11) ¤²Ö i = k ¶·¨³¥É ¢¨¤ πμ = 1. �É¸Õ¤ , ¢ Î ¸É´μ¸É¨,
¸²¥¤Ê¥É, ÎÉμ μÉμ¡· ¦¥´¨¥ μ ¨´Ñ¥±É¨¢´μ,   π Å ¸Õ·Ñ¥±É¨¢´μ, ¶·¨Î¥³ ÉμÎ´ Ö
¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ

0 → Kerπ → V⊕
π−→ Vk → 0 (2.5)

∗�¡ÒÎ´μ ¶·¨ μ¶·¥¤¥²¥´¨¨ ËÊ´±Éμ·  μÉ· ¦¥´¨Ö ¶·¥¤¶μ² £ ÕÉ ¤²Ö ¶·μ¸ÉμÉÒ, ÎÉμ a ∈ Q ¤²Ö
²Õ¡μ£μ a : j → k (¸³., ´ ¶·¨³¥·, [9]). —Éμ¡Ò ¤μ¸É¨ÎÓ ÔÉμ£μ Ê¸²μ¢¨Ö, ´Ê¦´μ ¶¥·¥μ·¨¥´É¨·μ¢ ÉÓ
±μ²Î ´ Q ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¨§μ³μ·Ë¨§³ Πλ(Q) � Πλ(Q′), £¤¥ Q′ Å ¶¥·¥μ·¨¥´É¨·μ¢ ´´Ò°
±μ²Î ´ (¶¥·¥μ·¨¥´É Í¨Ö § ¢¨¸¨É μÉ k). ŒÒ ¦¥ ´¥ ¡Ê¤¥³ ¤¥² ÉÓ ÔÉμ£μ ¶·¥¤¶μ²μ¦¥´¨Ö, ¶μ¸±μ²Ó±Ê
¨¸¶μ²Ó§μ¢ ´¨¥ μ¡μ§´ Î¥´¨Ö (1.9) ¤¥² ¥É ÔÉμ Ê¶·μÐ¥´¨¥ ´¥´Ê¦´Ò³.
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· ¸Ð¥¶²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ μ : Vk → V⊕, É. ¥. V⊕ = Kerπ ⊕ Vk. �Ê¸ÉÓ V ′
k =

Kerπ ¨ V ′
j = Vj ¤²Ö j �= k. �¡μ§´ Î¨³ Î¥·¥§ μ′ : V ′

k ↪→ V⊕ ¨ π′ : V⊕ � V ′
k

± ´μ´¨Î¥¸±¨¥ ¢²μ¦¥´¨Ö ¨ ¶·μ¥±Í¨Õ ¶·Ö³μ° ¸Ê³³Ò:

V ′
k

μ′

−−−→←−−
π′

V⊕
μ←−−−−→
π

Vk, (2.6)

πμ = 1, πμ′ = 0, (2.7)

π′μ′ = 1, π′μ = 0, (2.8)

μπ + μ′π′ = 1. (2.9)

�¶·¥¤¥²¨³ μÉμ¡· ¦¥´¨Ö V ′
a : V ′

i → V ′
j , a ∈ Q, a : i → j, ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

¥¸²¨ a ∈ H , Éμ a : j → k, a∗ : k → j ¤²Ö ´¥±μÉμ·μ£μ j ∈ I , Éμ£¤  μ¶·¥¤¥²¨³
V ′

a : Vj → V ′
k ¨ V ′

a∗ : V ′
k → Vj Ëμ·³Ê² ³¨

V ′
a = −λk(−1)aπ′μa, V ′

a∗ = πaμ′. (2.10)

…¸²¨ a /∈ H ¨ a∗ /∈ H , Éμ ¶·¨³¥³ V ′
a = Va.

‹¥³³  2.1. „²Ö ²Õ¡ÒÌ a, b ∈ H ¨³¥¥³

V ′
b∗V

′
a = −λk(−1)aδab + Vb∗Va, (2.11)∑
c∈H

(−1)cV ′
c Vc∗ = 0, (2.12)

∑
c∈H

(−1)cVcV
′
c∗ = 0. (2.13)

„μ± § É¥²Ó¸É¢μ. ˆ¸¶μ²Ó§ÊÖ (2.9) ¨ πbμa = δab, ¶μ²ÊÎ ¥³

V ′
b∗V ′

a = −λk(−1)aπbμ
′π′μa = −λk(−1)aπb(1 − μπ)μa =

= −λk(−1)aδab + λk(−1)aπbμπμa =

= −λk(−1)aδab+(−1)a
∑

c,d∈H

(−1)dπbμcVc∗Vdπdμa = −λk(−1)aδab+Vb∗Va.

ˆ§ ¶· ¢ÒÌ Ëμ·³Ê² (2.8) ¨ (2.7) ¸²¥¤Ê¥É∑
c∈H

(−1)cV ′
c Vc∗ = −λk

∑
c∈H

π′μcVc∗ = −λkπ′μ = 0, (2.14)∑
c∈H

(−1)cVcV
′
c∗ =

∑
c∈H

(−1)cVcπcμ
′ = λkπμ′ = 0 (2.15)

¸μμÉ¢¥É¸É¢¥´´μ.
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’¥¶¥·Ó ¶μ± ¦¥³, ÎÉμ V ′ = (V ′
i , V ′

a) Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥³  ²£¥¡·Ò
Πrkλ(Q). „²Ö ÔÉμ£μ ´Ê¦´μ ¶·μ¢¥·¨ÉÓ ¸μμÉ´μÏ¥´¨Ö (1.11) ¤²Ö ¢¸¥Ì i ∈ I .
‡ ³¥É¨³, ÎÉμ ¨§ nkk = 0 ¸²¥¤Ê¥É (εk, εk) = 2 ¨ (rkλ)k = λk − 2λk = −λk.
‘μμÉ´μÏ¥´¨¥ (1.11) ¶·¨ i = k ¤μ± §Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:∑

a : j→k

(−1)aV ′
aV ′

a∗ =
∑
a∈H

(−1)aV ′
aV ′

a∗ =

= −λk

∑
a∈H

π′μaπaμ′ = −λkπ′μ′ = −λk = (rkλ)k,

£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò
∑

a∈H

μaπa = 1 ¨ ²¥¢ Ö Ëμ·³Ê²  (2.8). „²Ö i �= k ¶μ²ÊÎ ¥³

(εi, εk) = −nik, (rkλ)i = λi + nikλk ¨∑
a : j→i

(−1)aV ′
aV ′

a∗ =
∑

a∈Q,j �=k
a : j→i

(−1)aVaVa∗ +
∑

a∗∈H
a : k→i

(−1)aV ′
aV ′

a∗ . (2.16)

‚Éμ·μ° Î²¥´ ¢ (2.16) ¨³¥¥É ¢¨¤∑
a∗∈H
a : k→i

(−1)aV ′
aV ′

a∗ = −
∑
a∈H

a : i→k

(−1)aV ′
a∗V ′

a = −
∑
a∈H

a : i→k

(−λk + (−1)aVa∗Va),

£¤¥ ¶·¨³¥´Ö¥É¸Ö Ëμ·³Ê²  (2.11) ¤²Ö a = b. ‡ ³¥Î Ö, ÎÉμ∣∣{a ∈ H | a : i → k}
∣∣ =

∣∣{a ∈ Q | a : i → k}
∣∣+ ∣∣{a∗ ∈ Q | a∗ : i → k}

∣∣ = nik,

¶·μ¤μ²¦¨³:∑
a∗∈H
a : k→i

(−1)aV ′
aV ′

a∗ = nikλk −
∑
a∈H

a : i→k

(−1)aVa∗Va = nikλk +
∑
a∈Q

a : k→i

(−1)aVaVa∗ .

‘±² ¤Ò¢ Ö, ¶μ²ÊÎ ¥³∑
a : j→i

(−1)aV ′
aV ′

a∗ =
∑
a∈Q

a : j→i

(−1)aVaVa∗ + nikλk = λi + nikλk = (rkλ)i.

‘²¥¤μ¢ É¥²Ó´μ, V ′ ¥¸ÉÓ Πrkλ(Q)-³μ¤Ê²Ó.
—Éμ¡Ò μ¶·¥¤¥²¨ÉÓ ËÊ´±Éμ· ´  ³μ·Ë¨§³ Ì, · ¸¸³μÉ·¨³ ³μ·Ë¨§³ φ : V →

Ṽ ³¥¦¤Ê ¤¢Ê³Ö Πλ(Q)-³μ¤Ê²Ö³¨ V = (Vi, Va) ¨ Ṽ = (Ṽi, Ṽa), § ¤ ´´Ò° μÉμ-
¡· ¦¥´¨Ö³¨ φi : Vi → Ṽi É ±¨³¨, ÎÉμ φjVa = Ṽaφi ∀ a : i → j. Šμ´¸É·Ê±Í¨Ö,

μ¶¨¸ ´´ Ö ¢ÒÏ¥, ¤ ¥É Πrkλ(Q)-³μ¤Ê²¨ V ′ = (V ′
i , V ′

a) ¨ Ṽ ′ = (Ṽ ′
i , Ṽ ′

a). �μ²μ-
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¦¨³ φ′
i = φi ¤²Ö i �= k ¨ φ′

k = − 1
λk

∑
b : j→k

(−1)bṼ ′
b φjV

′
b∗ . �·μ¢¥·¨³, ÎÉμ

φ′ = (φ′
i) Å ³μ·Ë¨§³ V ′ → Ṽ ′.

…¸²¨ a : i → j ¨ i �= k �= j, Éμ φ′
jV

′
a = φjVa = Ṽaφi = Ṽ ′

aφ′
i. �Ê¸ÉÓ

a : i → k, Éμ£¤ , ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (2.11), ¶μ²ÊÎ ¥³

φ′
kV ′

a = − 1
λk

∑
b : j→k

(−1)bṼ ′
b φjV

′
b∗V ′

a = Ṽ ′
aφi −

1
λk

∑
b : j→k

(−1)bṼ ′
b φjVb∗Va.

„μ± ¦¥³, ÎÉμ ¢Éμ·μ° Î²¥´ · ¢¥´ ´Ê²Õ:∑
b : j→k

(−1)bṼ ′
b φjVb∗ =

∑
b∈H

(−1)bṼ ′
b Ṽb∗φk = 0

¢ ¸¨²Ê (2.12). �´ ²μ£¨Î´μ ¤²Ö a∗ : k → i ¨³¥¥³

Ṽ ′
a∗φ′

k = − 1
λk

∑
b : j→k

(−1)bṼ ′
a∗ Ṽ ′

b φjV
′
b∗ = φiV

′
a∗ − 1

λk

∑
b : j→k

(−1)bṼa∗ ṼbφjV
′
b∗ .

‚´μ¢Ó ¢Éμ·μ° Î²¥´ § ´Ê²Ö¥É¸Ö:∑
b : j→k

(−1)bṼbφjV
′
b∗ =

∑
b∈H

(−1)bφkVbV
′
b∗ = 0

¢ ¸¨²Ê (2.13). ˆÉ ±, φ′ Å ³μ·Ë¨§³.
�¡μ§´ Î¨³ Î¥·¥§ Πλ(Q)-Mod ± É¥£μ·¨Õ (²¥¢ÒÌ) Πλ(Q)-³μ¤Ê²¥°.

�¶·¥¤¥²¥´¨¥ 2.2. �Ê¸ÉÓ k ∈ I¡¶ ¨ λ ∈ CI É ±¨¥, ÎÉμ λk �= 0. ”Ê´±Éμ·

Fλ
k : Πλ(Q)-Mod → Πrkλ(Q)-Mod, (2.17)

±μÉμ·Ò° Πλ(Q)-³μ¤Ê²Õ V ¸μ¶μ¸É ¢²Ö¥É Πrkλ(Q)-³μ¤Ê²Ó V ′,   ³μ·Ë¨§³Ê
Πλ(Q)-³μ¤Ê²¥° φ ¸μ¶μ¸É ¢²Ö¥É ³μ·Ë¨§³ Πrkλ(Q)-³μ¤Ê²¥° φ′, ´ §Ò¢ ¥É¸Ö
ËÊ´±Éμ·μ³ μÉ· ¦¥´¨Ö.

� ¶μ³´¨³ (¸³., ´ ¶·¨³¥·, [22]), ÎÉμ ¤¢¥ ± É¥£μ·¨¨ C ¨ D ´ §Ò¢ ÕÉ¸Ö
Ô±¢¨¢ ²¥´É´Ò³¨, ¥¸²¨ ¸ÊÐ¥¸É¢ÊÕÉ ËÊ´±Éμ·Ò F : C → D ¨ G : D → C É ±¨¥,
ÎÉμ ¢¸¥ μ¡Ñ¥±ÉÒ X ∈ C ¨ Y ∈ D ¥¸É¥¸É¢¥´´μ ¨§μ³μ·Ë´Ò μ¡Ñ¥±É ³ GF (X) ¨
FG(Y ) ¸μμÉ¢¥É¸É¢¥´´μ (¸²μ¢μ ¥¸É¥¸É¢¥´´μ μ§´ Î ¥É, ÎÉμ ¶·¨ μÉμ¦¤¥¸É¢²¥-
´¨ÖÌ GF (X) = X ¨ FG(Y ) = Y ¨³¥¥³ φ = GF (φ) ¨ ψ = FG(ψ) ¤²Ö ²Õ¡ÒÌ
³μ·Ë¨§³μ¢ φ ¢ C ¨ ψ ¢ D). ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¡Ñ¥±ÉÒ X ∈ C ¨ F (X) ∈ D
¨³¥ÕÉ μ¤¨´ ±μ¢Ò¥ ¸¢μ°¸É¢ , É ±¨¥ ± ± ¶·μ¸ÉμÉ , ¶μ²Ê¶·μ¸ÉμÉ , ´¥· §²μ¦¨-
³μ¸ÉÓ ¨ ¶·. �·¨ ÔÉμ³ ¨§μ³μ·Ë´Ò¥ μ¡Ñ¥±ÉÒ ¶¥·¥Ìμ¤ÖÉ ¢ ¨§μ³μ·Ë´Ò¥.

’¥μ·¥³  2.3. „²Ö ²Õ¡ÒÌ k ∈ I¡¶ ¨ λ ∈ CI , £¤¥ λk �= 0, ËÊ´±Éμ· Fλ
k

§ ¤ ¥É Ô±¢¨¢ ²¥´É´μ¸ÉÓ ± É¥£μ·¨° Πλ(Q)-Mod ¨ Πrkλ(Q)-Mod.
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„μ± § É¥²Ó¸É¢μ. �μ¸±μ²Ó±Ê (rkλ)k = −λk �= 0 ¨ r2
k(λ) = λ, μ¶·¥¤¥-

²¥´ ËÊ´±Éμ· F rkλ
k : Πrkλ(Q)-Mod → Πλ(Q)-Mod. �Ê¸ÉÓ V ′ = Fλ

k (V ) ¨

V ′′ = F rkλ
k (V ′). � ¸¸³μÉ·¨³ Ô²¥³¥´ÉÒ ±μ´¸É·Ê±Í¨¨ Πλ(Q)-³μ¤Ê²Ö V ′′ ¨§

Πrkλ(Q)-³μ¤Ê²Ö V ′. �·μ¸É· ´¸É¢μ V⊕, ¢²μ¦¥´¨Ö μa ¨ ¶·μ¥±Í¨¨ πa ¤²Ö ÔÉμ°
±μ´¸É·Ê±Í¨¨ É¥ ¦¥, ÎÉμ ¨ ¤²Ö ±μ´¸É·Ê±Í¨¨ V ′ ¨§ V . ‡ ³¥´ÖÖ λk, Va ¨ Va∗

¢ μ¶·¥¤¥²¥´¨¨ (2.4) ´  −λk, V ′
a ¨ V ′

a∗ , ´ Ìμ¤¨³, ÎÉμ μÉμ¡· ¦¥´¨Ö (2.4) ¤²Ö
±μ´¸É·Ê±Í¨¨ V ′′ ¨§ V ′ · ¢´Ò∑

a∈H

μaV ′
a∗ =

∑
a∈H

μaπaμ′ = μ′, − 1
λk

∑
a∈H

(−1)aV ′
aπa =

∑
a∈H

π′μaπa = π′.

�Éμ μ§´ Î ¥É, ÎÉμ ¤¨ £· ³³  ¶·Ö³μ° ¸Ê³³Ò (2.6) ¤²Ö ±μ´¸É·Ê±Í¨¨ V ′′ ¨§ V ′

¨³¥¥É ¢¨¤

V ′′
k = Vk

μ−−→←−−
π

V⊕
μ′

←−−−−→
π′

V ′
k . (2.18)

‡ ³¥´ÖÖ λk → −λk, μ′ → μ ¨ π′ → π ¢ Ëμ·³Ê² Ì (2.10), ¶μ²ÊÎ ¥³

V ′′
a = λk(−1)aπμa = (−1)a

∑
b∈H

(−1)bVaπbμa = Va, (2.19)

V ′′
a∗ = πaμ = πa

∑
b∈H

μbVb∗ = Va∗ . (2.20)

‚ ¨Éμ£¥ V ′′ ¸μ¢¶ ¤ ¥É ¸ V ± ± Πλ(Q)-³μ¤Ê²Ó. „ ²¥¥, ¶Ê¸ÉÓ φ : V → Ṽ Å
³μ·Ë¨§³ Πλ(Q)-³μ¤Ê²¥°, Fλ

k (φ) = φ′ : V ′ → Ṽ ′ ¨ F rkλ
k (φ′) = φ′′ : V → Ṽ .

’μ£¤  φ′′
i = φ′

i = φi ¤²Ö ²Õ¡μ£μ i �= k ¨

φ′′
k = − 1

(rkλ)k

∑
b : j→k

(−1)bṼ ′′
b φ′

jV
′′
b∗ =

1
λk

∑
b : j→k

(−1)bṼbφjVb∗ =

=
1
λk

∑
b∈H

(−1)bṼbṼb∗φk = φk.

‘²¥¤μ¢ É¥²Ó´μ, Éμ¦¤¥¸É¢μ F rkλ
k Fλ

k (V ) = V ¥¸ÉÓ ¥¸É¥¸É¢¥´´Ò° ¨§μ³μ·Ë¨§³
¤²Ö Πλ(Q)-³μ¤Ê²¥° V . ‡ ³¥´ÖÖ λ ´  rkλ, ¶μ²ÊÎ ¥³ ¥¸É¥¸É¢¥´´Ò° ¨§μ³μ·Ë¨§³

Fλ
k F rkλ

k (V ) = V ¤²Ö Πrkλ(Q)-³μ¤Ê²¥° V .
2.2. ”Ê´±Éμ· μÉ· ¦¥´¨Ö ± ± ¨§μ³μ·Ë¨§³ ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥°. ”Ê´±-

Éμ· μÉ· ¦¥´¨Ö Fλ
k ¶¥·¥¢μ¤¨É ±μ´¥Î´μ³¥·´Ò¥ ³μ¤Ê²¨ ¢ ±μ´¥Î´μ³¥·´Ò¥. 
μ²¥¥

ÉμÎ´μ, ¥¸²¨ V ¥¸ÉÓ Πλ(Q)-³μ¤Ê²Ó · §³¥·´μ¸É¨ α ∈ Z
I
�0, Éμ V ′ = Fλ

k (V ) ¥¸ÉÓ

Πrkλ(Q)-³μ¤Ê²Ó · §³¥·´μ¸É¨ skα. ‚ ¸ ³μ³ ¤¥²¥, dimV ′
i = dimVi = αi ¤²Ö

i �= k ¨

dimV ′
k = dimV⊕ − dimVk =

∑
a∈H

a : j→k

dimVj − dimVk =
∑
j �=k

njkαj − αk.
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

skα = α − (α, εk)εk =
∑
i∈I

αiεi −

⎛⎝2αk −
∑
j �=k

njkαj

⎞⎠ εk, (2.21)

¨²¨ ¶μ±μ³¶μ´¥´É´μ: (skα)i = αi ¤²Ö i �= k ¨ (skα)k =
∑
j �=k

njkαj − αk.

ˆ§ ±μ´¸É·Ê±Í¨¨ ³μ¤Ê²Ö V ′ ³Ò ´¥ ³μ¦¥³ ¢Ò¤¥²¨ÉÓ ± ´μ´¨Î¥¸±¨° ¡ §¨¸
¢ V ′

k ¶μ ¡ §¨¸ ³, μ¶·¥¤¥²¥´´Ò³ ¢ ¶·μ¸É· ´¸É¢ Ì Vi, i ∈ I . �μÔÉμ³Ê ËÊ´±Éμ·
Fλ

k ´¥ ¤ ¥É μÉμ¡· ¦¥´¨Ö ¨§ Rep
(
Πλ(Q), α

)
¢ Rep

(
Πrkλ(Q), skα

)
. �¤´ ±μ ¨§

É¥μ·¥³Ò 2.3 ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Éμ· Fλ
k § ¤ ¥É ¡¨¥±Í¨Õ ³¥¦¤Ê ¶·μ¸É· ´¸É¢ ³¨

μ·¡¨É

Rep
(
Πλ(Q), α

)
/G(α) ↔ Rep

(
Πrkλ(Q), skα

)
/G(skα), (2.22)

´μ μ´  ´¥ Ö¢²Ö¥É¸Ö ¤¨ËË¥μ³μ·Ë¨§³μ³, ¥¸²¨ ÔÉ¨ ¶·μ¸É· ´¸É¢  ´¥ ´ ¤¥²ÖÕÉ¸Ö
¸É·Ê±ÉÊ·μ° ³´μ£μμ¡· §¨Ö. ‡ ³¥É¨³ É ±¦¥, ÎÉμ ¤²Ö α ∈ ZI

�0 ¢¥±Éμ· skα

¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ¶·¨´ ¤²¥¦¨É ZI
�0. ‘²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ É ±¦¥ Ö¢²Ö¥É¸Ö

¸²¥¤¸É¢¨¥³ É¥μ·¥³Ò 2.3.

“É¢¥·¦¤¥´¨¥ 2.4. �Ê¸ÉÓ α ∈ ZI
�0 ¨ λ ∈ CI É ±μ¥, ÎÉμ λk �= 0.

 )∗ …¸²¨ Rep
(
Πλ(Q), α

)
�= ∅, Éμ Rep

(
Πrkλ(Q), skα

)
�= ∅ ¨, ¢ Î ¸É´μ-

¸É¨, skα ∈ ZI
�0.

¡) …¸²¨ ¢¸¥ ³μ¤Ê²¨ V ∈ Rep
(
Πλ(Q), α

)
¶·μ¸ÉÒ, Éμ Éμ£¤  ¢¸¥ ³μ¤Ê²¨

V ∈ Rep
(
Πrkλ(Q), skα

)
É ±¦¥ ¶·μ¸ÉÒ.

ˆ§ ÊÉ¢¥·¦¤¥´¨Ö 2.4 ¸²¥¤Ê¥É, ÎÉμ ¥¸²¨ λk �= 0, Éμ Ê¸²μ¢¨¥ É¥μ·¥³Ò 1.5
¢Ò¶μ²´¥´μ ¤²Ö λ ¨ α Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  μ´μ ¢Ò¶μ²´¥´μ ¤²Ö rkλ ¨
skα. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³´μ£μμ¡· §¨Ö Nλ(α) ¨ Nrkλ(skα) ¸¢Ö§´Ò ¨ £² ¤±¨.

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ λk �= 0 ¨ Ê¸²μ¢¨¥ É¥μ·¥³Ò 1.5 ¢Ò-
¶μ²´¥´μ. ’μ£¤  ¡¨¥±É¨¢´μ¥ μÉμ¡· ¦¥´¨¥ (2.22), ¨´¤ÊÍ¨·μ¢ ´´μ¥ ËÊ´±Éμ·μ³
Fλ

k , ¥¸ÉÓ μÉμ¡· ¦¥´¨¥ ³´μ£μμ¡· §¨°

�λ,α
k : Nλ(α) → Nrkλ(skα). (2.23)

‚ÒÖ¸´¨³, ± ± ³¥´ÖÕÉ¸Ö ËÊ´±Í¨¨ trα(p) ¶·¨ ÔÉμ³ μÉμ¡· ¦¥´¨¨. � §μ¢¥³ ¶μ¤-
Í¨±²μ³ Í¨±²  p = a� · · · a2a1 ²Õ¡μ° Í¨±² ¢¨¤  ajm · · · aj2aj1 , £¤¥ 1 � j1 <
j2 < . . . < jm � � ¨ 0 � m � � (¶μ¤Í¨±² ¤²¨´Ò m = 0 Å ÔÉμ É·¨¢¨ ²Ó´Ò°
¶ÊÉÓ 1i, £¤¥ i ∈ I É ±μ¥, ÎÉμ aj : i → i′ ¤²Ö ´¥±μÉμ·ÒÌ j = 1, . . . , � ¨ i′ ∈ I).

∗�ÉμÉ ¶Ê´±É É ±¦¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ¸²¥¤¸É¢¨Ö 1.4 ¨ É¥μ·¨¨ ¸¨¸É¥³ ±μ·´¥°.
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‹¥³³  2.5. �Ê¸ÉÓ p = a� · · · a2a1 Å Í¨±² ¢ Q,   ¨³¥´´μ aj : ij−1 → ij ,
£¤¥ j = 1, . . . , � ¨ i� = i0. �¡μ§´ Î¨³ a�+1 = a1.

 ) ”Ê´±Í¨Ö trskα(p)rkλ ◦ �λ,α
k ¥¸ÉÓ ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö trα(p′)λ, £¤¥

p′ Å ¶μ¤Í¨±²Ò Í¨±²  p. ‚ Î ¸É´μ¸É¨, trskα(p)rkλ ◦ �λ,α
k ∈ C[Nλ(α)].

¡) �·¥¤¶μ²μ¦¨³, ÎÉμ aj �= a∗
j+1 ¤²Ö ²Õ¡μ£μ j = 1, . . . , �, É ±μ£μ, ÎÉμ

ij = k. ’μ£¤  trskα(p)rkλ ◦ �λ,α
k = trα(p)λ. ‚ Î ¸É´μ¸É¨, ÔÉμ É ±, ¥¸²¨

aj ∈ Q ¤²Ö ¢¸¥Ì j ¨²¨ a∗
j ∈ Q ¤²Ö ¢¸¥Ì j.

„μ± § É¥²Ó¸É¢μ. � ¸¸³μÉ·¨³ ³μ¤Ê²¨ V = (Vi, Va) ∈ Rep
(
Πλ(Q), α

)
¨

V ′ = (V ′
i , V ′

a) = Fλ
k (V ). ‡´ Î¥´¨¥ ËÊ´±Í¨¨ trskα(p)rkλ ◦ �λ,α

k ¢ ÉμÎ±¥ V
· ¢´μ trskα(p)rkλ(V ′) = tr (V ′

a�
· · ·V ′

a2
V ′

a1
). …¸²¨ ij−1 �= k ¨ ij �= k, Éμ

V ′
aj

= Vaj . …¸²¨ j É ±μ¥, ÎÉμ ij = k, Éμ ¨§ Ëμ·³Ê²Ò (2.11) ¶μ²ÊÎ ¥³

V ′
aj+1

V ′
aj

= Vaj+1Vaj − λk(−1)aj δaj ,a∗
j+1

. (2.24)

�·¨Î¥³ ¤²Ö É ±¨Ì j ¨³¥¥³ ij−1 �= k ¨ ij+1 �= k, £¤¥ i�+1 = i1, ¶μÔÉμ³Ê,
¶μ¤¸É ¢²ÖÖ (2.24) ¤²Ö ÔÉ¨Ì j ¢ tr (V ′

a�
· · ·V ′

a2
V ′

a1
), ¶μ²ÊÎ ¥³ ²¨´¥°´ÊÕ ±μ³-

¡¨´ Í¨Õ ËÊ´±Í¨° tr (Vajm
· · ·Vaj2

Vaj1
) ¸ ±μÔËË¨Í¨¥´É ³¨, ´¥ § ¢¨¸ÖÐ¨³¨

μÉ V . …¸²¨ Ê¸²μ¢¨¥ ¶Ê´±É  ¡) ÔÉμ° ²¥³³Ò ¢Ò¶μ²´Ö¥É¸Ö, Éμ ¢Éμ·μ° Î²¥´ ¢
¶· ¢μ° Î ¸É¨ (2.24) μÉ¸ÊÉ¸É¢Ê¥É ¨ ³Ò ¶μ²ÊÎ ¥³ ¶·μ¸Éμ tr (Va�

· · ·Va2Va1).
� ¶μ³´¨³, ÎÉμ  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥ Nλ(α) ¸´ ¡¦¥´μ ¸¨³¶²¥±É¨Î¥-

¸±μ° ¸É·Ê±ÉÊ·μ°, § ¤ ´´μ° Ëμ·³Ê²μ° (1.17).

’¥μ·¥³  2.6. �Éμ¡· ¦¥´¨¥ �λ,α
k : Nλ(α) → Nrkλ(skα) ¥¸ÉÓ ¨§μ³μ·Ë¨§³

 ²£¥¡· ¨Î¥¸±¨Ì ¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨°.

„μ± § É¥²Ó¸É¢μ. �μ¸±μ²Ó±Ê μÉμ¡· ¦¥´¨¥ �λ,α
k ¡¨¥±É¨¢´μ, ´Ê¦´μ ²¨ÏÓ

¤μ± § ÉÓ, ÎÉμ μ´μ ·¥£Ê²Ö·´μ ¨ ¸μÌ· ´Ö¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê. �¥-
£Ê²Ö·´μ¸ÉÓ μÉμ¡· ¦¥´¨Ö �λ,α

k Ô±¢¨¢ ²¥´É´  Éμ³Ê, ÎÉμ f ◦ �λ,α
k ∈ C

[
Nλ(α)

]
¤²Ö ²Õ¡μ£μ f ∈ C

[
Nrkλ(skα)

]
. �μ ÔÉμ ¸²¥¤Ê¥É ¨§ ¶Ê´±É   ) ²¥³³Ò 2.5, ¶μ-

¸±μ²Ó±Ê ¸μ£² ¸´μ ÊÉ¢¥·¦¤¥´¨Õ 1.10  ²£¥¡·  C
[
Nrkλ(skα)

]
μ¡· §μ¢ ´  ËÊ´±-

Í¨Ö³¨ trskα(p)rkλ (¢ ¶·¨². 
 É ±¦¥ ¤ ¥É¸Ö ¶·Ö³μ¥ ¤μ± § É¥²Ó¸É¢μ ·¥£Ê²Ö·´μ-
¸É¨ �λ,α

k , ´¥ μ¸´μ¢ ´´μ¥ ´  ÊÉ¢¥·¦¤¥´¨¨ 1.10).
„²Ö ¤μ± § É¥²Ó¸É¢  ¸μÌ· ´¥´¨Ö ¸¨³¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ´Ê¦´μ Ê¸É -

´μ¢¨ÉÓ · ¢¥´¸É¢μ (�λ,α
k )∗ωrkλ,skα = ωλ,α. ‡ ¶¨Ï¥³ ¥£μ ¶· ¢ÊÕ Î ¸ÉÓ ± ±

ωλ,α =
∑
a∈Q

a,a∗ /∈H

tr (dVa∗ ∧dVa)+
∑
a∈Q
a∈H

tr (dVa∗ ∧dVa)+
∑

a∗∈Q
a∈H

tr (dVa ∧dVa∗) =

=
∑
a∈Q

a,a∗ /∈H

tr (dVa∗ ∧ dVa) +
∑
a∈H

(−1)a tr (dVa∗ ∧ dVa).
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�´ ²μ£¨Î´μ, μ¡μ§´ Î Ö V ′ = Fλ
k (V ), ¶μ²ÊÎ ¥³

(�λ,α
k )∗ωrkλ,skα =

∑
a∈Q

a,a∗ /∈H

tr (dV ′
a∗ ∧ dV ′

a) +
∑
a∈H

(−1)a tr (dV ′
a∗ ∧ dV ′

a).

�μ¸±μ²Ó±Ê ¶¥·¢Ò¥ Î²¥´Ò ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ · ¢´Ò, ¤μ¸É ÉμÎ´μ ¤μ± § ÉÓ · ¢¥´-
¸É¢μ ¢Éμ·ÒÌ Î²¥´μ¢ ¶· ¢ÒÌ Î ¸É¥°:∑

a∈H

(−1)a tr (dV ′
a∗ ∧ dV ′

a) = −λk

∑
a∈H

tr
(
πadμ′ ∧ d(π′)μa

)
=

= −λk tr

(
dμ′ ∧ d(π′)

∑
a∈H

μaπa

)
= −λk tr

(
dμ′ ∧ dπ′).

�μ¤¸É ¢²ÖÖ (2.9), ¶μ²ÊÎ ¥³

tr
(
dμ′ ∧ dπ′) = tr

(
(μπ + μ′π′) dμ′ ∧ dπ′) =

= tr
(
πdμ′ ∧ d(π′)μ

)
+ tr

(
π′dμ′ ∧ d(π′)μ′).

„¨ËË¥·¥´Í¨·ÊÖ (2.7) ¨ (2.8), ¶μ²ÊÎ ¥³

d(π)μ = −πdμ, d(π)μ′ = −πdμ′,

d(π′)μ′ = −π′dμ′, d(π′)μ = −π′dμ.
(2.25)

ˆ¸¶μ²Ó§ÊÖ (2.25), (2.9) ¨ μ¡Ð¨¥ Ëμ·³Ê²Ò

tr (xdy ∧ xdy) = 0, tr (d(y)x ∧ d(y)x) = 0,

£¤¥ x, y Å ³ É·¨Î´μ-§´ Î´Ò¥ ËÊ´±Í¨¨, ´ Ìμ¤¨³

tr
(
dμ′ ∧ dπ′) = tr

(
d(π)μ′π′ ∧ dμ

)
− tr

(
d(π′)μ′ ∧ d(π′)μ′) =

= tr
(
d(π)(1 − μπ) ∧ dμ

)
= tr

(
dπ ∧ dμ

)
+ tr

(
πdμ ∧ πdμ

)
= tr

(
dπ ∧ dμ

)
.

‚ ¨Éμ£¥, ¶μ¤¸É ¢²ÖÖ (2.4), ¶μ²ÊÎ ¥³∑
a∈H

(−1)a tr
(
dV ′

a∗ ∧ dV ′
a

)
= −λk tr

(
dμ′ ∧ dπ′) = −λk tr

(
dπ ∧ dμ

)
=

= −
∑

a,b∈H

(−1)a tr
(
d(Va)πa ∧ μb dVb∗

)
=

= −
∑
a∈H

(−1)a tr
(
dVa ∧ dVa∗

)
=
∑
a∈H

(−1)a tr
(
dVa∗ ∧ dVa

)
,

£¤¥ ¡Ò²μ ¶·¨³¥´¥´μ πaμb = δab.



736 ‘ˆ‹��’œ…‚ �.‚.

‡ ³¥Î ´¨¥ 2.7. �¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ÔÉμ³ · §¤¥²¥, μ¡μ¡Ð ÕÉ¸Ö ´ 
¸²ÊÎ ° Nλ(α) = Rep

(
Πλ(Q), α

)
//G(α), μ¶¨¸ ´´Ò° ¢ § ³¥Î ´¨¨ 1.11. ˆ§ É¥μ-

·¥³Ò 2.3 ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Éμ· Fλ
k ¶μ²Ê¶·μ¸ÉÒ¥ ¨ Éμ²Ó±μ ¶μ²Ê¶·μ¸ÉÒ¥ ³μ¤Ê²¨

μÉμ¡· ¦ ¥É ¢ ¶μ²Ê¶·μ¸ÉÒ¥. ‘²¥¤μ¢ É¥²Ó´μ, ¤ ¦¥ ¥¸²¨ Ê¸²μ¢¨¥ É¥μ·¥³Ò 1.5 ´¥
¢Ò¶μ²´Ö¥É¸Ö, Éμ Fλ

k ¢¸¥ · ¢´μ ¨´¤ÊÍ¨·Ê¥É ¡¨¥±Í¨Õ �λ,α
k : Nλ(α) → Nrkλ(skα).

�´  É ±¦¥ Ö¢²Ö¥É¸Ö ¨§μ³μ·Ë¨§³μ³  ËË¨´´ÒÌ ³´μ£μμ¡· §¨°, ÎÉμ ¤μ± §Ò¢ -
¥É¸Ö  ´ ²μ£¨Î´μ (¸³. É ±¦¥ ÊÉ¢¥·¦¤¥´¨¥ 
.1). �·¨ ÔÉμ³ Nλ(α) £² ¤±μ Éμ£¤ 
¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  Nrkλ(skα) £² ¤±μ (¥¸²¨ λk �= 0). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§μ-
³μ·Ë¨§³ �λ,α

k ¸μÌ· ´Ö¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê.

‡ ³¥Î ´¨¥ 2.8. „μ± § É¥²Ó¸É¢μ ·¥£Ê²Ö·´μ¸É¨ �λ,α
k , ¤ ´´μ¥ §¤¥¸Ó, ¨¸¶μ²Ó-

§Ê¥É ´¥É·¨¢¨ ²Ó´μ ¤μ± §Ò¢ ¥³Ò¥ Ë ±ÉÒ: É¥μ·¥³Ê 1.1 ¨ ÊÉ¢¥·¦¤¥´¨¥ 1.10,
μ¸´μ¢ ´´μ¥ ´  ÔÉμ° É¥μ·¥³¥. ‚ ¶·¨². 
 ¤ ¥É¸Ö Ô²¥³¥´É ·´μ¥ ¤μ± § É¥²Ó¸É¢μ
·¥£Ê²Ö·´μ¸É¨ �λ,α

k (¢ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥, μ¶¨¸ ´´μ³ ¢ § ³¥Î ´¨¨ 2.7).

3. Š�‹—���›… Œ��ƒ�����‡ˆŸ ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ›

Šμ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö Å Î ¸É´Ò° ¸²ÊÎ ° ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥° ¶·¥-
¶·μ¥±É¨¢´ÒÌ  ²£¥¡·. ˆ¸¶μ²Ó§ÊÖ ¨Ì ¸¶¥Í¨ ²Ó´Ò° ¢¨¤, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ´ 
´¨Ì £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò. ”Ê´±Éμ· μÉ· ¦¥´¨Ö ¶·¨³¥´Ö¥É¸Ö ± ±μ²Î ´´Ò³
³´μ£μμ¡· §¨Ö³ ± ± ± ¶·μ¸É· ´¸É¢ ³ ³μ¤Ê²¥° ¨ ¤¥°¸É¢Ê¥É ¶·¨ ÔÉμ³ ´  £ ³¨²Ó-
Éμ´μ¢Ò ¸¨¸É¥³Ò.

3.1. Šμ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö. �¶·¥¤¥²¨³ ±μ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ¸μ-
£² ¸´μ · ¡μÉ¥ [9].

�Ê¸ÉÓ Q = (I, E) Å ±μ²Î ´ ¨ ζ ∈ ZI
�0. „μ¡ ¢¨³ ¥Ð¥ μ¤´Ê ´μ¢ÊÕ

¢¥·Ï¨´Ê, ±μÉμ·ÊÕ μ¡μ§´ Î¨³ ∞. ’ ±¦¥ ¤²Ö ± ¦¤μ° ¢¥·Ï¨´Ò i ∈ I ¤μ¡ ¢¨³ ζi

´μ¢ÒÌ ·¥¡¥· ¸ ´ Î ²μ³ ¢ ∞ ¨ ±μ´Íμ³ ¢ i. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ ¥³ ´μ¢Ò°
±μ²Î ´ Qζ = (I∞, Eζ), £¤¥

I∞ = {∞} 
 I, Eζ = E 
 {bir : ∞ → i | i ∈ I, r = 1, . . . , ζi}. (3.1)

‡ ¤ ´´Ò¥ ¢¥±Éμ·Ò α ∈ ZI
�0 ¨ λ ∈ CI ³μ¦´μ ¥¤¨´¸É¢¥´´Ò³ μ¡· §μ³ · ¸Ï¨-

·¨ÉÓ ¤μ ¢¥±Éμ·μ¢ α ∈ Z
I∞
�0 ¨ λ ∈ CI∞ É ±, ÎÉμ¡Ò α∞ = 1 ¨ λ · α = 0:

α = (1, α), λ = (−λ · α, λ). (3.2)

�μ¸±μ²Ó±Ê α∞ = 1, ¨³¥¥³ GL(α) � GL(α) × C
× ¨, ¸²¥¤μ¢ É¥²Ó´μ, G(α) �

GL(α). Šμ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ Mλ(α, ζ) μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·μ¸É· ´¸É¢μ
³μ¤Ê²¥° Nλ(α) ¤²Ö ±μ²Î ´  Qζ :

Mλ(α, ζ) = Rep
(
Πλ(Qζ), α

)
/G(α) = Rep

(
Πλ(Qζ), α

)
/GL(α). (3.3)
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Œμ¤Ê²Ó V ∈ Rep
(
Qζ , α

)
¶·¨´ ¤²¥¦¨É Rep

(
Πλ(Qζ), α

)
Éμ£¤  ¨ Éμ²Ó±μ

Éμ£¤ , ±μ£¤  ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö∑
a∈Qζ ,j∈I

a : j→i

(−1)aVaVa∗ ≡
∑

a∈Q,j∈I
a : j→i

(−1)aVaVa∗+

+
ζi∑

r=1

Vbi,r Vb∗i,r
= λi idVi , i ∈ I. (3.4)

„²Ö i = ∞ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ê¸²μ¢¨¥∑
a∈Qζ ,j∈I
a : j→∞

(−1)aVaVa∗ ≡ −
∑
j∈I

ζj∑
r=1

Vb∗j,r
Vbj,r = λ∞ ≡ −λ · α (3.5)

¸²¥¤Ê¥É ¨§ (3.4): ´Ê¦´μ ¢§ÖÉÓ ¸²¥¤ (3.4) ¨ ¶·μ¸Ê³³¨·μ¢ ÉÓ ¶μ i ∈ I ¸
ÊÎ¥Éμ³ Ëμ·³Ê²

∑
a∈Q

(−1)a tr (VaVa∗) =
∑

a∈Q

(
tr (VaVa∗) − tr (Va∗Va)

)
= 0 ¨

tr (Vbi,rVb∗i,r
) = Vb∗i,r

Vbi,r .


Ê¤¥³ ´ §Ò¢ ÉÓ ¢¥±Éμ· λ ∈ CI ·¥£Ê²Ö·´Ò³, ¥¸²¨ λ · α �= 0 ¤²Ö ²Õ¡μ£μ
α ∈ Δ(Q) (¸³. [23]).

‹¥³³  3.1. …¸²¨ ¢¥±Éμ· λ ∈ CI ·¥£Ê²Ö·´Ò°, Éμ ²Õ¡μ° ³μ¤Ê²Ó V ∈
Rep

(
Πλ(Qζ), α

)
¶·μ¸É.

„μ± § É¥²Ó¸É¢μ. �μ¸±μ²Ó±Ê dimC V = |α| � 1, ³μ¤Ê²Ó V ´¥´Ê²¥¢μ°.
…¸²¨ V ´¥ ¶·μ¸É, Éμ ¸ÊÐ¥¸É¢Ê¥É ´¥É·¨¢¨ ²Ó´Ò° Πλ(Qζ)-¶μ¤³μ¤Ê²Ó V (1) ⊂ V .
�Ê¸ÉÓ V (2) = V/V (1) Å Ë ±Éμ·-³μ¤Ê²Ó, α(1) = dimCI∞ V (1), α(2) =
dimCI∞ V (2). ’μ£¤  α(l) = (0, α(l)) ¤²Ö ´¥±μÉμ·μ£μ l ∈ {1, 2} ¨ V (l) Å
Πλ(Q)-³μ¤Ê²Ó. �μ¸±μ²Ó±Ê α(l) �= 0, ¸ÊÐ¥¸É¢Ê¥É ´¥· §²μ¦¨³Ò° CQ-¶μ¤³μ¤Ê²Ó
V ′ ⊂ V (l), Ö¢²ÖÕÐ¨°¸Ö ¶·Ö³Ò³ ¸² £ ¥³Ò³ CQ-³μ¤Ê²Ö V (l). ˆ§ É¥μ·¥³Ò 1.2
¸²¥¤Ê¥É α′ := dimCI V ′ ∈ Δ(Q),   ¸μ£² ¸´μ É¥μ·¥³¥ 1.3 ¨³¥¥³ λ ·α′ = 0. �Éμ
¶·μÉ¨¢μ·¥Î¨É ·¥£Ê²Ö·´μ¸É¨ λ.

’¥¶¥·Ó ¶·¨³¥´¨³ É¥μ·¥³Ê 1.5.

’¥μ·¥³  3.2. …¸²¨ ¢¥±Éμ· λ ∈ CI ·¥£Ê²Ö·´Ò° ¨ Rep
(
Πλ(Qζ), α

)
´¥ ¶Ê-

¸Éμ, Éμ ±μ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ Mλ(α, ζ) = Rep
(
Πλ(Qζ), α

)
/GL(α) ¥¸ÉÓ

¸¢Ö§´μ¥ £² ¤±μ¥  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥ · §³¥·´μ¸É¨

2p(α) = 2ζ · α − 2q(α) = 2
∑
i∈I

ζiαi + 2
∑

a : i→j

αiαj − 2
∑
i∈I

α2
i . (3.6)

‡ ³¥É¨³, ÎÉμ ¨§ Ê¸²μ¢¨Ö ÔÉμ° É¥μ·¥³Ò ¸²¥¤Ê¥É, ÎÉμ α ∈ Δ+(Q). �·¨ ÔÉμ³
dimMλ(α, ζ) � 1 Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  α ∈ Δ+

im(Qζ). ‚ ¤ ²Ó´¥°Ï¥³,
¥¸²¨ ´¥ μ£μ¢μ·¥´μ ¶·μÉ¨¢´μ¥, ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ λ ·¥£Ê²Ö·´μ ¨ α =
(1, α) Å ¶μ²μ¦¨É¥²Ó´Ò° ±μ·¥´Ó. ‘μ£² ¸´μ ¸²¥¤¸É¢¨Õ 1.4 ÔÉμ ¶·¥¤¶μ² £ ¥É
´¥¶Ê¸ÉμÉÊ Rep

(
Πλ(Qζ), α

)
,   §´ Î¨É, ¨ ¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö É¥μ·¥³Ò 3.2.
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3.2. ƒ ³¨²ÓÉμ´¨ ´Ò ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ. ’¥¶¥·Ó § ¤ ¤¨³ £ -
³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ, μ¡μ¡Ð Ö ¨¤¥¨, ¶·¥¤²μ-
¦¥´´Ò¥ ¢ [1]. �É¨ ¸¨¸É¥³Ò § ¤ ÕÉ¸Ö ¶Ê ¸¸μ´μ¢μ-±μ³³ÊÉ¨·ÊÕÐ¨³¨ £ ³¨²ÓÉμ-
´¨ ´ ³¨. ’ ±¦¥ · ¸¸³μÉ·¨³ ¡μ²¥¥ μ¡Ð¨¥ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö ÔÉ¨Ì £ ³¨²Ó-
Éμ´¨ ´μ¢.

�Ê¸ÉÓ p = a� · · · a2a11i0 ∈ CQ, £¤¥ ak : ik−1 → ik. 
Ê¤¥³ £μ¢μ·¨ÉÓ,
ÎÉμ p Å ¶ÊÉÓ ¢ Q∗, ¥¸²¨ a∗

k ∈ Q ∀ k = 1, . . . , �, ¨ ÎÉμ p Å Í¨±² ¢ Q∗,
¥¸²¨ ± Éμ³Ê ¦¥ i� = i0. �¡μ§´ Î¨³ Î¥·¥§ Pi0,i�

³´μ¦¥¸É¢μ ¶ÊÉ¥° ¢ Q∗

¨§ Ë¨±¸¨·μ¢ ´´μ£μ i0 ¢ Ë¨±¸¨·μ¢ ´´μ¥ i�,   ³´μ¦¥¸É¢μ Í¨±²μ¢ ¢ Q∗ ¤²Ö
Ë¨±¸¨·μ¢ ´´μ£μ i0 = i� Å Î¥·¥§ Pi0 = Pi0,i0 . �Ê¸ÉÓ É ±¦¥ P =

⊔
i,j∈I

Pij Å

³´μ¦¥¸É¢μ ¢¸¥Ì ¶ÊÉ¥° ¢ Q∗.
�Ê¸ÉÓ V ∈ Rep

(
Πλ(Qζ), α

)
. „²Ö p = a� · · ·a2a11i ∈ Pij ¢¢¥¤¥³ μ¡μ§´ -

Î¥´¨¥ Vp := Va�
· · ·Va2Va1 idCαi ∈ Hom(Cαi , Cαj ). „²Ö Í¨±²μ¢ p ¢ Q∗ ¢¢¥¤¥³

ËÊ´±Í¨¨ Hp ∈ C
[
Mλ(α, ζ)

]
= C

[
Rep

(
Πλ(Qζ), α

)]GL(α)
Ëμ·³Ê²μ°

Hp(V ) = tr(Vp), p ∈
⊔
i∈I

Pi. (3.7)

…¸²¨ p ¨ p′ Å ¤¢  Í¨±²  ¢ Q∗, ±μÉμ·Ò¥ μÉ²¨Î ÕÉ¸Ö Í¨±²¨Î¥¸±μ° ¶¥·¥-
¸É ´μ¢±μ° ·¥¡¥·, Éμ μÎ¥¢¨¤´μ Hp = Hp′ . ‘μ£² ¸´μ ÊÉ¢¥·¦¤¥´¨Õ 1.9 ¸±μ¡±¨
�Ê ¸¸μ´  ËÊ´±Í¨° ´  Mλ(α, ζ) ¸μ¢¶ ¤ ÕÉ ¸μ ¸±μ¡± ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì (¨´-
¢ ·¨ ´É´ÒÌ) ËÊ´±Í¨° ´  Rep

(
Πλ(Qζ), α

)
. �μ¸±μ²Ó±Ê Ô²¥³¥´ÉÒ ³ É·¨Í Va∗

¨ Vb∗ ¶Ê ¸¸μ´μ¢μ ±μ³³ÊÉ¨·ÊÕÉ ¤²Ö ²Õ¡ÒÌ a, b ∈ Q, ¶μ²ÊÎ ¥³ {Hp, Hp′} = 0
¤²Ö ²Õ¡ÒÌ Í¨±²μ¢ p ¨ p′ ¢ Q∗. ’ ± ¶μ²ÊÎ ¥É¸Ö ±μ³³ÊÉ É¨¢´μ¥ ¸¥³¥°¸É¢μ
£ ³¨²ÓÉμ´¨ ´μ¢ ´  Mλ(α, ζ), ´μ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¥£μ ´¥¤μ¸É ÉμÎ´μ ¤²Ö
¨´É¥£·¨·Ê¥³μ¸É¨.

�  ¶·μ¸É· ´¸É¢¥ Lζ :=
⊕

i,j∈I
p∈Pij

Hom(Cζj , Cζi) μ¶·¥¤¥²¨³ ¸É·Ê±ÉÊ·Ê  ²£¥-

¡·Ò ‹¨:

[A, B]p =
∑

p′,p′′∈P
p′′p′=p

(Ap′′Bp′ − Bp′′Ap′), p ∈ P, (3.8)

£¤¥ Ap Å ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ±μ³¶μ´¥´É  Ô²¥³¥´É  A ∈ Lζ . „ ²¥¥, ¨³¥Ö ³μ-
¤Ê²Ó V ∈ Rep

(
Πλ(Qζ), α

)
, ¤²Ö ± ¦¤μ° ¢¥·Ï¨´Ò i ∈ I ¢¢¥¤¥³ ³ É·¨ÍÒ

vi ∈ Hom(Cζi , Cαi) ¨ wi ∈ Hom(Cαi , Cζi) ¸ Ô²¥³¥´É ³¨ (vi)l,r = (Vbir )l

¨ (wi)r,l = (Vb∗ir
)l. ’μ£¤  V = (Va, vi, wi), £¤¥ a ∈ Q ¨ i ∈ I . ˆ¸¶μ²Ó§ÊÖ ÔÉ¨

μ¡μ§´ Î¥´¨Ö, μ¶·¥¤¥²¨³ ËÊ´±Í¨¨ IA ∈ C
[
Mλ(α, ζ)

]
± ±

IA(V ) = −
∑
i,j∈I

∑
p∈Pij

tr (ApwjVpvi), A ∈ Lζ . (3.9)
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ˆÌ ¸±μ¡±¨ �Ê ¸¸μ´  · ¸¸Î¨É ´Ò ¢ ¶·¨².A:

{IA, IB} = I[A,B], A, B ∈ Lζ . (3.10)

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³  ²£¥¡·Ê ‹¨ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¤²Ö £ ³¨²ÓÉμ´¨ -
´μ¢ (3.7):

{Hp, IA} = 0 (3.11)

(ÔÉ  Ëμ·³Ê²  ¤μ± §Ò¢ ¥É¸Ö  ´ ²μ£¨Î´μ ¶Ê ¸¸μ´μ¢μ° ±μ³³ÊÉ É¨¢´μ¸É¨ ËÊ´±-
Í¨° Hp). „ ²¥¥ ´ ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ±μ³³ÊÉ É¨¢´Ò¥ ¶μ¤ ²£¥¡·Ò ¢  ²£¥¡·¥
‹¨, ¸μ¸ÉμÖÐ¥° ¨§ ËÊ´±Í¨° (3.7), (3.9) ¨ ¨Ì ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨°.

�Ê¸ÉÓ Er ∈ Hom(Cn, Cm) Å ¶·Ö³μÊ£μ²Ó´ Ö ³ É·¨Í  ¸ Ô²¥³¥´É ³¨
(Er)st = δrsδrt (¥¸²¨ r > min(n, m), Éμ Er = 0). � ¸¸³μÉ·¨³ Ô²¥³¥´ÉÒ

E
(�)
r ∈ Lζ (� ∈ Z�0, r ∈ Z�1) ¸ ±μ³¶μ´¥´É ³¨ (E(�)

r )p = δ�,|p|Er , £¤¥ |p| Å
¤²¨´  ¶ÊÉ¨ p. �É¨ Ô²¥³¥´ÉÒ ¶μ¶ ·´μ ±μ³³ÊÉ¨·ÊÕÉ ¢ Lζ :[

E(k)
r , E(�)

s

]
p

=
∑

p′,p′′∈P
p′′p′=p

(
(E(k)

r )p′′(E(�)
s )p′ − (E(�)

s )p′′ (E(k)
r )p′

)
=

= δrs

∑
p′,p′′∈P
p′′p′=p

(δk,|p′′|δ�,|p′| − δ�,|p′′|δk,|p′|)Er = δrs(δk+�,|p| − δk+�,|p|)Er = 0.

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´ ÉμÉ Ë ±É, ÎÉμ ¶ÊÉÓ ¤²¨´Ò k + � ³μ¦´μ ¥¤¨´¸É¢¥´´Ò³
¸¶μ¸μ¡μ³ · §¡¨ÉÓ ´  ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¶ÊÉ¥° ¤²¨´Ò k ¨ � ¸μμÉ¢¥É¸É¢¥´´μ.
‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê.

’¥μ·¥³  3.3. ”Ê´±Í¨¨ (3.7) ¨

H�,r(V ) = I
E

(�)
r

(V ) = −
∑
i,j∈I

∑
p∈Pij

|p|=�

tr (ErwjVpvi),

(3.12)
�, r ∈ Z, � � 0, 1 � r � max

i∈I
ζi,

μ¡· §ÊÕÉ ¸¥³¥°¸É¢μ ¶Ê ¸¸μ´μ¢μ-±μ³³ÊÉ¨·ÊÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´μ¢ ´  ±μ²-
Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ Mλ(α, ζ):

{Hp, Hp′} = 0, {Hp, Hk,r} = 0, {Hk,r, H�,s} = 0. (3.13)

‡ ³¥Î ´¨¥ 3.4. �·¨ � = 0 £ ³¨²ÓÉμ´¨ ´Ò (3.12) ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:
H0,r = −

∑
i∈I

tr(Erwivi). ‚ ¸¨²Ê Ê· ¢´¥´¨Ö (3.5), É. ¥. −
∑
j∈I

tr(wjvj) = −λ ·α,

¨³¥¥É¸Ö ¸¢Ö§Ó
∑
r

H0,r = −λ · α.
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‡ ³¥Î ´¨¥ 3.5. ‚Ò¡μ· £ ³¨²ÓÉμ´¨ ´μ¢ (3.12) ´¥ ¥¤¨´¸É¢¥´´Ò°. ŒÒ É ±
μ¶·¥¤¥²¨²¨ £ ³¨²ÓÉμ´¨ ´Ò, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ¢ ¸²ÊÎ ¥
Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ , ´μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉμÉ ¢Ò¡μ· ´¥ ¤ ¥É ¨´É¥£·¨·Ê¥³μ°
¸¨¸É¥³Ò. � ¶·¨³¥·, ¨§ £ ³¨²ÓÉμ´¨ ´μ¢ (3.12) ´¥ ¶μ²ÊÎ ¥É¸Ö ¨´É¥£·¨·Ê¥³μ-
¸É¨ ¢ ¸²ÊÎ ¥ ¤·¥¢¥¸´ÒÌ £· Ëμ¢, ¶μÔÉμ³Ê ¤²Ö ´¨Ì ´Ê¦´μ · ¸¸³μÉ·¥ÉÓ ¤·Ê£ÊÕ
¶μ¤ ²£¥¡·Ê ¢  ²£¥¡·¥ ‹¨ Lζ , É. ¥. ¤·Ê£μ° ´ ¡μ· £ ³¨²ÓÉμ´¨ ´μ¢ ¢¨¤  (3.9).

„²Ö μ¡Ð¨Ì λ ∈ C
I∞ ¨ α ∈ Z

I∞
�0 (É ±¨Ì, ÎÉμ λ ·α = 0) É ±¦¥ ³μ¦´μ μ¶·¥-

¤¥²¨ÉÓ Hp ¨ IA Ëμ·³Ê² ³¨ (3.7) ¨ (3.9), ´μ ¢ ¶μ¸²¥¤´¥° ´ ¤μ ¸Î¨É ÉÓ, ÎÉμ
vi ∈ Hom(Cα∞⊗Cζi , Cαi), wi ∈ Hom(Cαi , Cα∞⊗Cζi) Å ³ É·¨ÍÒ ¸ Ô²¥³¥´-
É ³¨ (vi)l,kr = (Vbir )lk ¨ (wi)kr,l = (Vb∗ir

)kl, £¤¥ l = 1, . . . , αi, k = 1, . . . , α∞,
r = 1, . . . , ζi. ‚ ÔÉμ³ ¸²ÊÎ ¥ É ±¦¥ ¸¶· ¢¥¤²¨¢  Ëμ·³Ê²  (3.10) (¸³. ¶·¨². A).

3.3. ”Ê´±Éμ· μÉ· ¦¥´¨Ö ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ. ‚ÒÖ¸´¨³, ± ±
¤¥°¸É¢Ê¥É ËÊ´±Éμ· μÉ· ¦¥´¨Ö ´  £ ³¨²ÓÉμ´¨ ´ Ì Hp ¨ ¨´É¥£· ² Ì ¤¢¨¦¥-
´¨Ö IA, § ¤ ´´ÒÌ ´  ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨ÖÌ ¨ ´  ¡μ²¥¥ μ¡Ð¨Ì ¶·μ¸É· ´-
¸É¢ Ì ³μ¤Ê²¥°.

‡ ³¥É¨³, ÎÉμ (I∞)¡¶ = {∞} 
 I¡¶. �μ¸±μ²Ó±Ê εi ∈ Δ(Q), ¨§ ·¥£Ê²Ö·´μ-
¸É¨ λ ¸²¥¤Ê¥É, ÎÉμ λi = λ · εi �= 0 ¤²Ö ²Õ¡μ£μ i ∈ I¡¶. �μÔÉμ³Ê ¶·¨ ¶ · ³¥É·¥
λ = (−λ ·α, λ) μÉ· ¦¥´¨¥ ¤μ¶Ê¸É¨³μ ¢ ²Õ¡μ° ¢¥·Ï¨´¥ i ∈ I¡¶. �¤´ ±μ ¶μ¸²¥
μÉ· ¦¥´¨Ö ¢ ¢¥·Ï¨´¥ i ∈ I¡¶ ¶μ²ÊÎ ¥³ siα = (1, α′) ¨ riλ = (−λ′ ·α′, λ′), £¤¥
´μ¢Ò° ¢¥±Éμ· λ′ ∈ CI Ê¦¥ ³μ¦¥É ¡ÒÉÓ ´¥·¥£Ê²Ö·´Ò³ (¥¸²¨ ζi �= 0). Š Éμ³Ê ¦¥
´¥É £ · ´É¨¨, ÎÉμ μÉ· ¦¥´¨¥ ¢ ¢¥·Ï¨´¥ ∞ ¤μ¶Ê¸É¨³μ.

�Ê¸ÉÓ λ′, λ′′ ∈ CI∞ ¨ α′, α′′ ∈ Z
I∞
�0 . 
Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ¶ ·  (λ′′, α′′)

¶μ²ÊÎ ¥É¸Ö ¨§ (λ′, α′) Í¥¶μÎ±μ° ¤μ¶Ê¸É¨³ÒÌ μÉ· ¦¥´¨°, ¥¸²¨ (λ′′, α′′) ³μ¦´μ
¶μ²ÊÎ¨ÉÓ ¨§ (λ′, α′) ´¥±μÉμ·Ò³ ±μ´¥Î´Ò³ Î¨¸²μ³ ¶·¥μ¡· §μ¢ ´¨° ¢¨¤ 

(λ, α) �→ (rkλ, skα), k ∈ (I∞)¡¶, λk �= 0. (3.14)

� ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¸²ÊÎ ° ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨°, É. e. ±μ£¤  ´ Î ²Ó´ Ö
¨ ±μ´¥Î´ Ö ¶ ·Ò ¨³¥ÕÉ ¢¨¤ (3.2) ¤²Ö ·¥£Ê²Ö·´ÒÌ ¢¥±Éμ·μ¢ λ (¤μ¸É ÉμÎ´μ É·¥-
¡μ¢ ÉÓ ·¥£Ê²Ö·´μ¸É¨ ÔÉμ£μ ¢¥±Éμ·  ¤²Ö ´ Î ²Ó´μ° ¶ ·Ò), ´μ ¶·μ³¥¦ÊÉμÎ´Ò¥
¶ ·Ò ³μ£ÊÉ ´¥ ¨³¥ÉÓ ¢¨¤  (3.2). ‚ ²Õ¡μ³ ¸²ÊÎ ¥ ¸μ£² ¸´μ ÊÉ¢¥·¦¤¥´¨Õ 2.4
¤²Ö ²Õ¡μ° ¶·μ³¥¦ÊÉμÎ´μ° ¶ ·Ò (λ, α) ¢¸¥ ³μ¤Ê²¨ V ∈ Rep

(
Πλ(Qζ), α

)
¶·μ¸ÉÒ, ¸²¥¤μ¢ É¥²Ó´μ, Nλ(α) Å £² ¤±μ¥ ³´μ£μμ¡· §¨¥.

„²Ö ± ¦¤μ£μ ¶·¥μ¡· §μ¢ ´¨Ö (3.14) É¥μ·¥³  2.6 ¤ ¥É ¸¨³¶²¥±É¨Î¥¸±¨°
¨§μ³μ·Ë¨§³ Nλ(α) � Nrkλ(skα). ‚ÒÖ¸´¨³ É¥¶¥·Ó, ± ± ¶·¥μ¡· §ÊÕÉ¸Ö ËÊ´±-
Í¨¨ Hp ¨ IA ¶·¨ ÔÉμ³ ¨§μ³μ·Ë¨§³¥. „²Ö ÔÉμ£μ ¶·¥¤¸É ¢¨³ ¨Ì ± ± ²¨´¥°´Ò¥
±μ³¡¨´ Í¨¨ ËÊ´±Í¨° trα(p)λ (¸³. ±μ´¥Í ¶. 1.4):

Hp = trα(p)λ, p ∈
⊔
i∈I

Pi; (3.15)

IA = −
∑
i,j∈I

∑
p∈Pij

ζi∑
r=1

ζj∑
s=1

(Ap)rs trα(b∗jspbir)λ, A ∈ Lζ . (3.16)
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”Ê´±Í¨Ö f ∈ C
[
Nλ(α)

]
¶¥·¥Ìμ¤¨É ¢ f ◦ (�λ,α

k )−1 ∈ C
[
Nrkλ(skα)

]
. ˆ§

¶Ê´±É  ¡) ²¥³³Ò 2.5 ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨¨ Hp = trα(p)λ ¢¸¥£¤  ¶¥·¥Ìμ¤ÖÉ ¢
Hp = trskα(p)rkλ.

‚ÒÖ¸´¨³, ±Ê¤  ¶¥·¥Ìμ¤ÖÉ ¸² £ ¥³Ò¥ ¢ Ëμ·³Ê²¥ (3.16). �Ê¸ÉÓ ¸´ Î ² 
k �= ∞. „²Ö ¶ÊÉ¥° p ∈ Pij É ±¨Ì, ÎÉμ |p| � 1, ËÊ´±Í¨¨ trα(b∗jspbir)λ

¶¥·¥Ìμ¤ÖÉ ¢ trskα(b∗jspbir)rkλ. …¸²¨ |p| = 0, Éμ p = 1i ¤²Ö ´¥±μÉμ·μ£μ i ∈ I .
‚ ¸²ÊÎ ¥, ±μ£¤  i �= k ¨²¨ r �= s, ËÊ´±Í¨¨ trα(b∗is1ibir)λ = trα(b∗isbir)λ

¶¥·¥Ìμ¤ÖÉ ¢ trskα(b∗isbir)rkλ. �·¨ i = k ¨ r = s ¨³¥¥³

trα(b∗krbkr)λ ◦ (�λ,α
k )−1(V ′) = trα(b∗krbkr)λ(V ) = tr(Vb∗kr

Vbkr
), (3.17)

£¤¥ V ′ � Fλ
k (V ). �μ Ëμ·³Ê²¥ (2.24) ¶μ²ÊÎ ¥³

tr(Vb∗kr
Vbkr

) = tr(V ′
b∗kr

V ′
bkr

+ λk) = trskα(b∗krbkr)rkλ(V ′) + λkα∞. (3.18)

‚ ¨Éμ£¥ trα(b∗irbis)λ ◦ (�λ,α
k )−1 = trskα(b∗irbis)rkλ + δikδrsλkα∞ ¤²Ö ²Õ¡ÒÌ

i ∈ I , r, s = 1, . . . , ζi.
�´ ²μ£¨Î´μ ¤²Ö k = ∞ ¨ p ∈ Pi ¶μ²ÊÎ ¥³

trα(b∗irpbir)λ ◦ (�λ,α
∞ )−1(V ′) = tr(VpVbir Vb∗ir

) = tr(V ′
pV ′

bir
V ′

b∗ir
− λ∞V ′

p).

‘²¥¤μ¢ É¥²Ó´μ,

trα(b∗jspbir)λ ◦ (�λ,α
∞ )−1 = trs∞α(b∗jspbir)r∞λ − δijδrsλ∞ trs∞α(p)r∞λ

¤²Ö ²Õ¡μ£μ p ∈ Pij . ‚ Î ¸É´μ¸É¨, ¤²Ö p = 1i ¨³¥¥³

trα(b∗isbir)λ ◦ (�λ,α
∞ )−1 = trs∞α(b∗isbir)r∞λ − δrsλ∞αi. (3.19)

‘ ÊÎ¥Éμ³ ÔÉ¨Ì Ëμ·³Ê² ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.

“É¢¥·¦¤¥´¨¥ 3.6. �·¨ μÉμ¡· ¦¥´¨¨ f �→ f ◦ (�λ,α
k )−1  ²£¥¡·  C[Hp, IA],

¶μ·μ¦¤¥´´ Ö ËÊ´±Í¨Ö³¨ (3.7), (3.9), ¨ ¥¥ ¶μ¤ ²£¥¡·  C[Hp, H�,r] ¶¥·¥Ìμ¤ÖÉ ¢
 ²£¥¡·Ò C[Hp, IA] ¨ C[Hp, H�,r] ¸μμÉ¢¥É¸É¢¥´´μ. �μ²¥¥ ÉμÎ´μ μÉμ¡· ¦¥´¨¥
´  ÔÉμ°  ²£¥¡·¥ ¨³¥¥É ¢¨¤

Hp ◦ (�λ,α
k )−1 = Hp, p ∈

⊔
i∈I

Pi, k ∈ (I∞)¡¶; (3.20)

IA ◦ (�λ,α
k )−1 = IA − λkα∞ tr(A1k

), A ∈ Lζ , k ∈ I¡¶; (3.21)

IA ◦ (�λ,α
∞ )−1 = IA + λ∞

∑
i∈I

∑
p∈Pi

tr(Ap)Hp, A ∈ Lζ (k = ∞); (3.22)
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H0,r ◦ (�λ,α
k )−1 = H0,r − λkα∞, r � ζk, k ∈ I¡¶; (3.23)

H0,r ◦ (�λ,α
k )−1 = H0,r, r > ζk, k ∈ I¡¶; (3.24)

H0,r ◦ (�λ,α
∞ )−1 = H0,r + λ∞

∑
i∈I
r�ζi

αi, ∀ r (k = ∞); (3.25)

H�,r ◦ (�λ,α
k )−1 = H�,r, � � 1, k ∈ I¡¶; (3.26)

H�,r ◦ (�λ,α
∞ )−1 = H�,r + λ∞

∑
i∈I
r�ζi

∑
p∈Pi

|p|=�

Hp, � � 1 (k = ∞). (3.27)

�·¨³¥´ÖÖ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥ ± ¨´É¥·¥¸ÊÕÐ¥³Ê ´ ¸ ¸²ÊÎ Õ, ¶μ²ÊÎ ¥³ ¸²¥-
¤ÊÕÐÊÕ É¥μ·¥³Ê.

’¥μ·¥³  3.7. �Ê¸ÉÓ λ′, λ′′ ∈ CI Å ·¥£Ê²Ö·´Ò¥ ¢¥±Éμ·Ò (¨²¨ ÌμÉÖ ¡Ò
λ′ ·¥£Ê²Ö·¥´), ζ, α′, α′′ ∈ ZI

�0, λ′ = (−λ′ · α′, λ′), λ′′ = (−λ′′ · α′′, λ′′),
α′ = (1, α′), α′′ = (1, α′′). �·¥¤¶μ²μ¦¨³, ÎÉμ ¶ ·  (λ′′, α′′) ¶μ²ÊÎ ¥É¸Ö ¨§
(λ′, α′) Í¥¶μÎ±μ° ¤μ¶Ê¸É¨³ÒÌ μÉ· ¦¥´¨°. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¨§μ³μ·Ë¨§³
±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨° � : Mλ′(α′, ζ) � Mλ′′(α′′, ζ) ¨´¤ÊÍ¨·Ê¥É ¨§μ³μ·Ë¨§³
¶Ê ¸¸μ´μ¢ÒÌ  ²£¥¡· ·¥£Ê²Ö·´ÒÌ ËÊ´±Í¨° f �→ f ◦ �−1, f ∈ C

[
Mλ′(α′, ζ)

]
.

�μ¤ ²£¥¡·Ò C[Hp, H�,r] ⊂ C[Hp, IA] ⊂ C
[
Mλ′(α′, ζ)

]
μÉμ¡· ¦ ÕÉ¸Ö ¶·¨

ÔÉμ³ ¨§μ³μ·Ë¨§³¥ ¢ ¶μ¤ ²£¥¡·Ò C[Hp, H�,r] ⊂ C[Hp, IA] ⊂ C
[
Mλ′′(α′′, ζ)

]
¸μμÉ¢¥É¸É¢¥´´μ. �μ²¥¥ ÉμÎ´μ μÉμ¡· ¦¥´¨¥ ´  ÔÉ¨Ì ¶μ¤ ²£¥¡· Ì § ¤ ¥É¸Ö
Ëμ·³Ê² ³¨ (3.20)Ä(3.27) ¤²Ö ± ¦¤μ£μ μÉ· ¦¥´¨Ö ¢¨¤  (3.14). ‚ Î ¸É´μ¸É¨,
£ ³¨²ÓÉμ´¨ ´Ò Hp ¢¸¥£¤  ¶¥·¥Ìμ¤ÖÉ ¢ Hp.

4. ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› „‹Ÿ –ˆŠ‹ˆ—…‘Š�ƒ� Š�‹—���

‚ ÔÉμ³ · §¤¥²¥ · ¸¸³μÉ·¨³ ¸²ÊÎ ° Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ , μ¶¨¸ ´´Ò° ¢
· ¡μÉ¥ [1]. �μ¸²¥ ±· É±μ£μ · ¸¸³μÉ·¥´¨Ö μ¡Ð¥£μ ¸²ÊÎ Ö ¶¥·¥°¤¥³ ± ¡μ²¥¥
¤¥É ²Ó´μ³Ê · ¸¸³μÉ·¥´¨Õ ¸²ÊÎ ¥¢ Î ¸É´ÒÌ.

4.1. Šμ²Î ´´Ò¥ ³´μ£μμ¡· §¨Ö ¤²Ö Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ . –¨±²¨Î¥¸±¨°
±μ²Î ´ ¸ m � 1 ¢¥·Ï¨´ ³¨ Å ÔÉμ ±μ²Î ´ Q = (I, E), £¤¥ I = Z/mZ =
{0, 1, . . . , m − 1} ¨ E = {ai : i → i + 1 | i = 0, . . . , m − 1}:
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‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ |λ| :=
∑
i∈I

λi, £¤¥ λ = (λ0, . . . , λm−1) ∈ ZI
�0. �μ¸±μ²Ó±Ê

δ :=
∑
i∈I

εi ∈ Δim(Q), ¤²Ö ·¥£Ê²Ö·´μ£μ ¢¥±Éμ·  λ ¨³¥¥³ |λ| �= 0.

‚ ÔÉμ³ ¸²ÊÎ ¥ ζ = (ζ0, . . . , ζm−1) ∈ Zm
�0 ¨ ±μ²Î ´ Qζ ¨³¥¥É ¢¨¤

„²Ö ¶·¥¤¸É ¢²¥´¨Ö V ∈ Rep
(
Πλ(Qζ), α

)
μ¡μ§´ Î¨³

Xi = Vai : Vi → Vi+1, Yi = Va∗
i
: Vi+1 → Vi, (4.1)

£¤¥ Vi = Cαi . ’μ£¤  Ê· ¢´¥´¨Ö (1.11) ¶·¨´¨³ ÕÉ ¢¨¤

Xi−1Yi−1 − YiXi + viwi = λi idVi , i = 0, 1, . . . , m − 1, (4.2)

m−1∑
i=0

tr (wivi) = λ · α, (4.3)

¶·¨Î¥³ (4.3) ¸²¥¤Ê¥É ¨§ (4.2). ˆ´É¥£· ²Ò ¤¢¨¦¥´¨Ö, ¢¢¥¤¥´´Ò¥ ¢ ¶. 3.2, ¢Ò· -
¦ ÕÉ¸Ö Î¥·¥§ ¸²¥¤ÊÕÐ¨¥ μ¶¥· Éμ·Ò:

£¤¥ vi,r = Vbi,r , wi,r = Vb∗i,r
, r = 1, . . . , ζi.
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‡ ³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥ Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´Ò°
Í¨±² p ∈ Pi ¤²¨´Ò m, μ¡μ§´ Î¨³ ¥£μ pi. ’μ£¤  Pi = {pk

i | k ∈ Z�0} (£¤¥
p0

i = 1i), É. ¥. ¢μ§³μ¦´Ò¥ ¤²¨´Ò Í¨±²μ¢ ±· É´Ò m ¨ Í¨±² p ∈ Pi ¤²¨´Ò mk
¥¤¨´¸É¢¥´´Ò° ¤²Ö ± ¦¤μ£μ k. �·¨ ÔÉμ³ Í¨±²Ò pk

i ∈ Pi ¨ pk
j ∈ Pj μÉ²¨Î -

ÕÉ¸Ö Í¨±²¨Î¥¸±μ° ¶¥·¥¸É ´μ¢±μ°. �Éμ μ§´ Î ¥É, ÎÉμ ³´μ¦¥¸É¢μ £ ³¨²ÓÉμ´¨-
 ´μ¢ (3.7) ¸¢μ¤¨É¸Ö ± ´ ¡μ·Ê

Hmk(V ) = tr(Vpk
0
) = tr(V k

p0
) = tr(Y0Y1 · · ·Ymk−1), k ∈ Z�1. (4.4)

�´ ²μ£¨Î´μ, μ¡μ§´ Î Ö Î¥·¥§ pij ´ ¨±· ÉÎ °Ï¨° ¨§ ¶ÊÉ¥° p ∈ Pij , ¶μ²ÊÎ ¥³
Pij = {pijp

k
i = pk

j pij | k ∈ Z�0}. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³

H�,r(V ) = −
∑
i∈I

tr (Erwi−�Vpi,i−�
V k

pi
vi) = −

∑
i∈I

wi−�,rYi−� · · ·Yi−2Yi−1vi,r,

(4.5)
� ∈ Z�0, r � min (ζi, ζi−�),

£¤¥ k = (� − |pi,i−�|)/m Å Í¥² Ö Î ¸ÉÓ μÉ´μÏ¥´¨Ö �/m. ‘Ê³³¨·ÊÖ £ ³¨²ÓÉμ-
´¨ ´Ò Hmk,r ¶μ r = 1, . . . , max

i∈I
{ζi} ¨ ¨¸¶μ²Ó§ÊÖ (4.2), ¶μ²ÊÎ ¥³

∑
r�1

Hmk,r(V ) = −
∑
i∈I

tr(wiV
k
pi

vi) = −
∑
i∈I

tr(V k
pi

viwi) =

=
∑
i∈I

tr(V k
pi

Xi−1Yi−1 − V k
pi

YiXi − λiV
k
pi

) =

=
∑
i∈I

tr(Va∗
i
V k

pi+1
Xi) −

∑
i∈I

tr(V k
pi

Va∗
i
Xi) −

∑
i∈I

λi tr(V k
pi

) = −|λ|Hmk(V ),

£¤¥ ¨¸¶μ²Ó§μ¢ ´μ a∗
i p

k
i+1 = pi+1,ip

k
i+1 = pk

i pi+1,i = pk
i a∗

i . �μ¸±μ²Ó±Ê |λ| �= 0,
£ ³¨²ÓÉμ´¨ ´Ò (4.4) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ £ ³¨²ÓÉμ´¨ ´Ò (4.5):

Hmk = − 1
|λ|
∑
r�1

Hmk,r. (4.6)

”μ·³Ê²  (4.6), ¢ Î ¸É´μ¸É¨, ¶μ± §Ò¢ ¥É, ÎÉμ ¢ É·¨¢¨ ²Ó´μ³ ¸²ÊÎ ¥ ζ = 0
´¥ Éμ²Ó±μ H�,r = 0, ´μ ¤ ¦¥ £ ³¨²ÓÉμ´¨ ´Ò Hmk · ¢´Ò ´Ê²Õ. �Éμ §´ Î¨É,
ÎÉμ · ¸¸³μÉ·¥´¨¥ ±μ´¸É·Ê±Í¨¨ ¶·μ¸É· ´¸É¢ ³μ¤Ê²¥° ¤²Ö ¸ ³μ£μ Í¨±²¨Î¥¸±μ£μ
±μ²Î ´  ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥· ¡¥¸¸³Ò¸²¥´´μ ¸ ÉμÎ±¨ §·¥´¨Ö £ ³¨²ÓÉμ-
´μ¢ÒÌ ¸¨¸É¥³.

�²¥³¥´ÉÒ A ∈ Lζ ¨³¥ÕÉ ±μ³¶μ´¥´ÉÒ A(i,�) := Ap, £¤¥ i ∈ I , � ∈ Z�0,
¨ p ∈ Pi,i−� É ±μ°, ÎÉμ |p| = �, É. ¥. p = pi,i−�p

k
i , £¤¥ k = (� − |pi,i−�|)/m.

Šμ³³ÊÉ Éμ· ¢ Lζ ¤ ¥É¸Ö Ëμ·³Ê²μ°

[A, B](i,�) =
�∑

�′=0

(A(i−�′,�−�′)B(i,�′) − B(i−�′,�−�′)A(i,�′)). (4.7)
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ˆ´É¥£· ²Ò ¤¢¨¦¥´¨Ö (3.9) ¶·¨´¨³ ÕÉ ¢¨¤

IA(V ) = −
m−1∑
i=0

∞∑
�=0

tr(A(i,�)wi−�Yi−� · · ·Yi−1vi). (4.8)

‚ § ¢¥·Ï¥´¨¥ ÔÉμ£μ · §¤¥²  ¢¢¥¤¥³ μ¡μ§´ Î¥´¨Ö, ±μÉμ·Ò¥ ¡Ê¤ÊÉ ¨¸¶μ²Ó-

§μ¢ ´Ò ¢ · §¤. 5. �Ê¸ÉÓ V :=
m−1⊕
i=0

Vi Å ¶·Ö³ Ö ¸Ê³³  ¸ ± ´μ´¨Î¥¸±¨³¨

¢²μ¦¥´¨Ö³¨ μi : Vi ↪→ V ¨ ¶·μ¥±Í¨Ö³¨ πi : V � Vi. �¡μ§´ Î¨³

X =
m−1∑
i=0

μi+1 ◦ Xi ◦ πi, Y =
m−1∑
i=0

μi ◦ Yi ◦ πi+1, (4.9)

vi = μivi, wi = wiπi, (4.10)

£¤¥ i ∈ I . Œ É·¨ÍÒ

X,Y ∈ End(V), vi ∈ Hom(Cζi ,V), wi ∈ Hom(V, Cζi) (4.11)

¨³¥ÕÉ ¢¨¤ (4.9), (4.10) ¤²Ö ´¥±μÉμ·ÒÌ Xi, Yi, vi, wi Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 

πjXμi = 0, πiYμj = 0 ¶·¨ j �= i + 1; (4.12)

πjvi = 0, wiμj = 0 ¶·¨ j �= i. (4.13)

‘μμÉ´μÏ¥´¨¥ (4.2) Ô±¢¨¢ ²¥´É´μ

[X,Y] +
∑
i∈I

viwi =
∑
i∈I

λiμiπi. (4.14)

’ ±¨³ μ¡· §μ³, ÉμÎ±  Mλ(α, ζ) § ¤ ¥É¸Ö (2m + 2)-³ É·¨Í ³¨ (4.11), Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨³¨ (4.12), (4.13), (4.14), ¶μ ³μ¤Ê²Õ ¶·¥μ¡· §μ¢ ´¨°

X �→ gXg−1, Y �→ gYg−1, v �→ gv, w �→ wg−1, (4.15)

£¤¥ g =
∑
i∈I

μigiπi, gi ∈ GL(αi, C). ”Ê´±Í¨¨ (4.4), (4.5), (4.8) ¢ ÔÉ¨Ì É¥·³¨´ Ì

¨³¥ÕÉ ¢¨¤

Hmk(V ) =
1
m

trV(Ymk), (4.16)

H�,r(V ) = −
∑
i∈I

tr(Erwi−�Y�vi), (4.17)

IA(V ) = −
∑
i∈I

∞∑
�=0

tr(A(i,�)wi−�Y�vi). (4.18)
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4.2. ‘²ÊÎ ° m = 1, ζ = 1: ¶·μ¸É· ´¸É¢  Š ²μ¤¦¥·μÄŒμ§¥· . �Ê¸ÉÓ
m = 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¥±Éμ·Ò ζ ¨ α ¨³¥ÕÉ ¶μ μ¤´μ° ±μ³¶μ´¥´É¥ ζ0 = d ¨
α0 = n, £¤¥ d, n ∈ Z�0. ’ ±¦¥ ¶Ê¸ÉÓ d = 1. ’μ£¤  ±μ²Î ´Ò Q ¨ Qζ ¨³¥ÕÉ ¢¨¤

�
b0,1

0

a0

0

a0

Œ É·¨ÍÒ X = X0, Y = Y0 ∈ End (Cn), v = v0,1 ∈ Cn, w = w0,1 ∈ (Cn)∗

Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ [X, Y ] + vw = λ idCn . �μ¸±μ²Ó±Ê λ �= 0, ¶¥·¥´μ·³¨-
·μ¢±μ° Y ¨ w ³μ¦´μ ¤μ¸É¨ÎÓ λ = 1. —¥É¢¥·±  (X, Y, v, w), Ê¤μ¢²¥É¢μ·ÖÕÐ Ö
Ê¸²μ¢¨Õ

[X, Y ] + vw = idCn , (4.19)

§ ¤ ¥É ÉμÎ±Ê ³´μ£μμ¡· §¨Ö Rep
(
Πλ(Qζ , α)

)
, £¤¥ λ = (−n, 1), ζ = 1, α =

(1, n). ƒ·Ê¶¶  GL(α) = GL(n, C) ¤¥°¸É¢Ê¥É ´  ÔÉμ³ ³´μ£μμ¡· §¨¨ ± ±

g : (X, Y, v, w) �→ (gXg−1, gY g−1, gv, wg−1), g ∈ GL(n, C). (4.20)

Œ´μ£μμ¡· §¨¥ Î¥É¢¥·μ± (X, Y, v, w) ∈
(
End(Cn)

)2 × (Cn) × (Cn)∗, Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨Ì (4.19), ¶·μË ±Éμ·¨§μ¢ ´´μ¥ ¶μ ¤¥°¸É¢¨Õ (4.20), ´ §Ò¢ ¥É¸Ö ¶·μ-
¸É· ´¸É¢μ³ Š ²μ¤¦¥·μÄŒμ§¥·  [5] ¨ μ¡μ§´ Î ¥É¸Ö Cn. (Œ´μ£μμ¡· §¨¥ Cn

¨§μ³μ·Ë´μ Ë ±Éμ·-³´μ£μμ¡· §¨Õ ¶ · (X, Y ) É ±¨Ì, ÎÉμ · ´£ [X, Y ] − idCn

· ¢¥´ 1, ¶μ ¤¥°¸É¢¨Õ g : (X, Y ) �→ (gXg−1, gY g−1) £·Ê¶¶Ò GL(n, C).) ’ ±¨³
μ¡· §μ³, ±μ²Î ´´μ¥ ³´μ£μμ¡· §¨¥ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ Å ÔÉμ Mλ(α, ζ) =
Mλ(n, 1) � M1(n, 1) = Cn. ‚¢¨¤Ê Ëμ·³Ê²Ò (4.6) £ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³  ´  Cn

§ ¤ ¥É¸Ö ËÊ´±Í¨Ö³¨ Hk(V ) = tr(Y k). Š ¦¤Ò° £ ³¨²ÓÉμ´¨ ´ Hk μ¶·¥¤¥²Ö¥É
¶μÉμ± f = f(tk) Ê· ¢´¥´¨¥³ (∂/∂tk)f = {Hk, f}. Ÿ¢´μ ¥£μ ³μ¦´μ § ¤ ÉÓ
Ëμ·³Ê² ³¨

X(tk) = X − ktkY k−1, Y (tk) = Y, v(tk) = v, w(tk) = w, (4.21)

£¤¥ (X, Y, v, w) Å Î¥É¢¥·± , § ¤ ÕÐ Ö ´ Î ²Ó´ÊÕ ÉμÎ±Ê. �μ¸±μ²Ó±Ê £ ³¨²ÓÉμ-
´¨ ´Ò Hk ¶Ê ¸¸μ´μ¢μ ±μ³³ÊÉ¨·ÊÕÉ, Ê· ¢´¥´¨Ö ¶μÉμ± , ±μÉμ·Ò¥ μ´¨ § ¤ ÕÉ,
¸μ¢³¥¸É¨³Ò. �¥Ï¥´¨¥ ¶μ²ÊÎ ÕÐ¥°¸Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤ ¥É¸Ö Ëμ·³Ê²μ°

X(t) = X −
∑
k�1

ktkY k−1, (4.22)

£¤¥ t = (t1, t2, . . .) ∈
⊕
k�1

C,   Y , v ¨ w ¶·¨ ÔÉμ³ ¶μ¸ÉμÖ´´Ò.

�Ê¸ÉÓ C′
n ⊂ Cn Å ¶μ¤³´μ¦¥¸É¢μ ÉμÎ¥±, ¤²Ö ±μÉμ·ÒÌ X ¤¨ £μ´ ²¨§Ê¥É¸Ö.

’μ£¤  ¢ ÉμÎ±¥, ¶·¨´ ¤²¥¦ Ð¥° C′
n, ¶μ¸²¥ ´¥±μÉμ·μ£μ ¶·¥μ¡· §μ¢ ´¨Ö (4.20)
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¨³¥¥³

X =

⎛⎜⎝x1 0
. . .

0 xn

⎞⎟⎠ , (4.23)

£¤¥ x1, . . . , xn ∈ C. �·¨ ÔÉμ³ Ê¸²μ¢¨¥ (4.19) ¶·¨³¥É ¢¨¤

(xa − xb)Yab + vawb = δab, a, b = 1, . . . , n. (4.24)

„²Ö a = b ÔÉμ ¤ ¥É va �= 0 ¨ wa = 1/va. �·¨³¥´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ (4.20)
¸ ³ É·¨Í¥° g = diag (v−1

1 , . . . , v−1
n ), ¶μ²ÊÎ ¥³ ´μ¢ÊÕ Î¥É¢¥·±Ê (X, Y, v, w) ¸

É¥³ ¦¥ X ¨

v =

⎛⎜⎝1
...
1

⎞⎟⎠ , w = (1, . . . , 1). (4.25)

ˆ§ Ê· ¢´¥´¨Ö (4.24) ¤²Ö a �= b É¥¶¥·Ó ¶μ²ÊÎ ¥³ Yab = − 1
xa − xb

, ¸²¥¤μ¢ -

É¥²Ó´μ,

Y =

⎛⎜⎝ p1 −(xa − xb)−1

. . .
−(xb − xa)−1 pn

⎞⎟⎠ , (4.26)

£¤¥ p1, . . . , pn ∈ C Å ¶·μ¨§¢μ²Ó´Ò. ‚ Î ¸É´μ¸É¨, ³Ò ¤μ± § ²¨, ÎÉμ ¥¸²¨ ³ -
É·¨Í  X ¤¨ £μ´ ²¨§Ê¥³ , Éμ ¢¸¥ ¥¥ ¸μ¡¸É¢¥´´Ò¥ Î¨¸²  x1, . . . , xn · §²¨Î´Ò.
ˆ§ Ëμ·³Ê²Ò (3.6) ¶μ²ÊÎ ¥³ dim Cn = dimMλ(n, 1) = 2n. �É¸Õ¤ , ¢ Î ¸É-
´μ¸É¨, ¸²¥¤Ê¥É, ÎÉμ {x1, . . . , xn; p1, . . . , pn} Å ²μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ ´  Cn.
�μ¤¸É ¢²ÖÖ Ëμ·³Ê²Ò (4.23), (4.25) ¨ (4.26) ¢ (1.17), ¶μ²ÊÎ ¥³

ωλ,α = tr (dY ∧ dX) + dw ∧ dv =
n∑

a=1

dpa ∧ dxa. (4.27)

�Éμ μ§´ Î ¥É, ÎÉμ {x1, . . . , xn; p1, . . . , pn} Å ±μμ·¤¨´ ÉÒ „ ·¡Ê.
ƒ ³¨²ÓÉμ´¨ ´Ò (¨²¨, ÉμÎ´¥¥, ¨Ì μ£· ´¨Î¥´¨Ö ´  C′

n) ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì
¶·¨´¨³ ÕÉ ¢¨¤

H1 =
n∑

a=1

pa, (4.28)

H2 =
n∑

a=1

p2
a − 2

∑
a<b

(xa − xb)−2, (4.29)

Hk =
n∑

a=1

pk
a + . . . , (4.30)
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£¤¥ ³´μ£μÉμÎ¨¥ μ¡μ§´ Î ¥É ¡μ²¥¥ ´¨§±¨¥ Î²¥´Ò ¶μ ¸É¥¶¥´Ö³ p1, . . . , pn. ˆ§

 ²£¥¡· ¨Î¥¸±μ° ´¥§ ¢¨¸¨³μ¸É¨ ËÊ´±Í¨°
n∑

a=1
pk

a, k = 1, . . . , n ¸²¥¤Ê¥É  ²£¥¡· -

¨Î¥¸± Ö ´¥§ ¢¨¸¨³μ¸ÉÓ Hk, k = 1, . . . , n. �μ¸±μ²Ó±Ê £ ³¨²ÓÉμ´¨ ´Ò Hk ±
Éμ³Ê ¦¥ ¶Ê ¸¸μ´μ¢μ ±μ³³ÊÉ¨·ÊÕÉ, μ´¨ μ¶·¥¤¥²ÖÕÉ ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê.
�´  ´ §Ò¢ ¥É¸Ö ¸¨¸É¥³μ° Š ²μ¤¦¥·μÄŒμ§¥·  (É¨¶  An−1),   ³ É·¨Í  (4.26),
¸²¥¤Ò ¸É¥¶¥´¥° ±μÉμ·μ° ¤ ÕÉ £ ³¨²ÓÉμ´¨ ´Ò, ´ §Ò¢ ¥É¸Ö ³ É·¨Í¥° ‹ ±¸ 
ÔÉμ° ¸¨¸É¥³Ò.

” §μ¢Ò³ ¶·μ¸É· ´¸É¢μ³ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥·  Ö¢²Ö¥É¸Ö ±μ± ¸ -
É¥²Ó´μ¥ · ¸¸²μ¥´¨¥ T ∗Cn

reg ±  ËË¨´´μ³Ê ³´μ£μμ¡· §¨Õ

C
n
reg = {(x1, . . . , xn) ∈ C

n | xi �= xj ∀ i �= j}. (4.31)

ˆ§-§  Éμ£μ, ÎÉμ £ ³¨²ÓÉμ´¨ ´Ò ¸¨³³¥É·¨Î´Ò, Ë §μ¢Ò³ ¶·μ¸É· ´¸É¢μ³ ³μ¦´μ
¸Î¨É ÉÓ Ë ±Éμ· T ∗Cn

reg/Sn, £¤¥ Sn Å ¸¨³³¥É·¨Î¥¸± Ö £·Ê¶¶ , Ô²¥³¥´ÉÒ ±μ-
Éμ·μ° μ¤´μ¢·¥³¥´´μ ¶¥·¥¸É ¢²ÖÕÉ: x1, . . . , xn ¨ p1, . . . , pn.

’ ± ± ± ¸μ¡¸É¢¥´´Ò¥ Î¨¸²  x1, . . . , xn · §²¨Î´Ò ¨ μ¶·¥¤¥²¥´Ò ¸ ÉμÎ-
´μ¸ÉÓÕ ¤μ ¶¥·¥¸É ´μ¢±¨, ¶μ²ÊÎ ¥³ C′

n � T ∗
C

n
reg/Sn. ’ ±¨³ μ¡· §μ³, ¶·μ-

¸É· ´¸É¢μ Š ²μ¤¦¥·μÄŒμ§¥·  Cn Å ÔÉμ ¶μ¶μ²´¥´¨¥ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ 
¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥· .

’μÎ±¨, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤¨É ÔÉμ ¶μ¶μ²´¥´¨¥, (Ô²¥³¥´ÉÒ ³´μ-
¦¥¸É¢  Cn\C′

n) ¸μμÉ¢¥É¸É¢ÊÕÉ ¸²ÊÎ Ö³ ´¥¤¨ £μ´ ²¨§Ê¥³μ£μ X . ’μ£¤  ³ -
É·¨ÍÊ X ³μ¦´μ ¶·¨¢¥¸É¨ ± ¦μ·¤ ´μ¢μ° Ëμ·³¥, ¶·¨Î¥³ · §´Ò¥ ¦μ·¤ ´μ¢Ò
¡²μ±¨ ¡Ê¤ÊÉ μÉ¢¥Î ÉÓ · §´Ò³ ¸μ¡¸É¢¥´´Ò³ Î¨¸² ³. �É¨ ¸²ÊÎ ¨ Ê¸²μ¢´μ ¨´-
É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¸Éμ²±´μ¢¥´¨Ö Î ¸É¨Í ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨. �μ§¦¥
Ê¢¨¤¨³, ÎÉμ ¤μ¡ ¢²¥´¨¥ ÔÉ¨Ì ¸²ÊÎ ¥¢ ´ Ìμ¤¨É ¸¢μ¥ ¶·¨³¥´¥´¨¥ ¤²Ö μ¶¨¸ ´¨Ö
·¥Ï¥´¨° Ê· ¢´¥´¨Ö Š� ¨ ¥£μ ¨¥· ·Ì¨¨ (¸³. ¶. 5.1).

�·¨³¥· 4.1. � ¸¸³μÉ·¨³ ¸²ÊÎ ° n = 2. ’μ£¤  ÉμÎ±¨ ³´μ¦¥¸É¢  C2\C′
2

¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

X =
(

x1 1
0 x1

)
, Y =

(
a b
1 a

)
, v =

(
0
2

)
, w = (0, 1), (4.32)

X =
(

x1 1
0 x1

)
, Y =

(
a b
−1 a

)
, v =

(
1
0

)
, w = (2, 0), (4.33)

£¤¥ x1, a, b Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ³¶²¥±¸´Ò¥ Î¨¸² .

4.3. ‘²ÊÎ ° m = 1 ¸ μ¡Ð¨³ ζ: ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ . �Ê¸ÉÓ ¢¸¥
¥Ð¥ m = 1, ´μ ± ± α0 = n, É ± ¨ ζ0 = d Å ²Õ¡Ò¥ ´ ÉÊ· ²Ó´Ò¥ Î¨¸² :
n, d ∈ Z�1 (³Ò ´¥ · ¸¸³ É·¨¢ ¥³ É·¨¢¨ ²Ó´Ò¥ ¸²ÊÎ ¨ n = 0 ¨ d = 0). ’μ£¤ 
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±μ²Î ´ Qζ ¨³¥¥É ¢¨¤

Œ É·¨ÍÒ X = X0, Y = Y0 ∈ End(Cn), v0,r ∈ Cn, w0,r ∈ (Cn)∗ Ê¤μ¢²¥É¢μ-
·ÖÕÉ Ê¸²μ¢¨Õ

[X, Y ] +
d∑

r=1

v0,rw0,r = λ idCn . (4.34)

�μ¸±μ²Ó±Ê P = P0 = {(a∗
0)k | k ∈ Z�0},  ²£¥¡·  ‹¨ Lζ ¸μ¸Éμ¨É ¨§

Ô²¥³¥´Éμ¢ A = (A(k))k�0, £¤¥ A(k) := A(0,k) ∈ End(Cd). �Éμ¡· ¦¥´¨¥

A �→
∞∑

k=0

A(k)t
k § ¤ ¥É ¨§μ³μ·Ë¨§³  ²£¥¡· ‹¨ Lζ � gl(d, C)⊗C[t]. …¸²¨ h Å

³ ±¸¨³ ²Ó´ Ö ±μ³³ÊÉ É¨¢´ Ö ¶μ¤ ²£¥¡·  ¢ gl(d, C), Éμ h⊗C[t] Å ³ ±¸¨³ ²Ó-
´ Ö ±μ³³ÊÉ É¨¢´ Ö ¶μ¤ ²£¥¡·  ¢ gl(d, C)⊗C[t]. ‘ ÉμÎ´μ¸ÉÓÕ ¤μ  ¢Éμ³μ·Ë¨§³ 
¢ ± Î¥¸É¢¥ ³ ±¸¨³ ²Ó´μ° ±μ³³ÊÉ É¨¢´μ° ¶μ¤ ²£¥¡·Ò h ⊂ gl(d, C) ³μ¦´μ ¢Ò-
¡· ÉÓ  ²£¥¡·Ê ¤¨ £μ´ ²Ó´ÒÌ ³ É·¨Í, Éμ£¤  ¶μ¤ ²£¥¡·¥ h⊗C[t] ¡Ê¤¥É ¸μμÉ¢¥É-

¸É¢μ¢ ÉÓ ¶μ¤ ²£¥¡·  ¢ Lζ , ´ ÉÖ´ÊÉ Ö ´  Ô²¥³¥´ÉÒ E
(k)
r , k � 0, r = 1, . . . , d.

�Éμ μ¡ÑÖ¸´Ö¥É ¢Ò¡μ· £ ³¨²ÓÉμ´¨ ´μ¢ (3.12) ¸·¥¤¨ ¢¸¥Ì ¨´É¥£· ²μ¢ IA ¤²Ö
ÔÉμ£μ ¶·¨³¥· .

�Ê¸ÉÓ ϕa ∈ Cd, ψa ∈ (Cd)∗ Å ¢¥±Éμ·Ò ¨ ±μ¢¥±Éμ·Ò, § ´Ê³¥·μ¢ ´´Ò¥
a = 1, . . . , n ¨ ¨³¥ÕÐ¨¥ ±μ³¶μ´¥´ÉÒ

(ϕa)r = (v0,r)a, (ψa)r = (w0,r)a, r = 1, . . . , d. (4.35)

’μ£¤  ÉμÎ±  ±μ²Î ´´μ£μ ³´μ£μμ¡· §¨Ö Mλ(α, ζ) = Mλ(n, d) μ¶·¥¤¥²Ö¥É¸Ö ´ -
¡μ·μ³ ³ É·¨Í (X, Y, ϕ1, . . . , ϕn, ψ1, . . . , ψn), Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Õ (4.34).
�Ê¸ÉÓ U ⊂ Mλ(n, d) Å ¶μ¤³´μ¦¥¸É¢μ ÉμÎ¥± ¸ ¤¨ £μ´ ²¨§Ê¥³μ° X :

X =

⎛⎜⎝x1 0
. . .

0 xn

⎞⎟⎠ . (4.36)

’μ£¤  Ê¸²μ¢¨¥ (4.34) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

(xa − xb)Yab + ψbϕa = λδab, (4.37)

£¤¥ ψbϕa =
d∑

r=1
(ϕa)r(ψb)r. �Ê¸ÉÓ U ′ ⊂ U Å ¶μ¤³´μ¦¥¸É¢μ (Éμ¦¥ ¢¸Õ¤Ê

¶²μÉ´μ¥), £¤¥ (ϕa)1 �= 0 ¤²Ö ¢¸¥Ì a = 1, . . . , n. „²Ö ÉμÎ¥± U ′, ¥¸²¨ · ¸¸Ê¦¤ ÉÓ,
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± ± ¢ÒÏ¥, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ (ϕa)1 = 1 ¤²Ö ¢¸¥Ì a = 1, . . . , n. �μ² £ Ö a = b

¢ (4.37), ¶μ²ÊÎ ¥³ (ψa)1 = λ −
d∑

r=2
(ϕa)r(ψa)r. �´ ²μ£¨Î´μ ¶·¥¤Ò¤ÊÐ¥³Ê

¸²ÊÎ Õ ¨³¥¥³

Yaa = pa, Yab = − ψbϕa

xa − xb
, a �= b, (4.38)

£¤¥ p1, . . . , pn Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ³¶²¥±¸´Ò¥ Î¨¸² . ˆ§ Ëμ·³Ê²Ò (3.6) ¶μ²Ê-
Î ¥³ dim Cn = dimMλ(n, d) = 2nd. ‹μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ{

xa, (ϕa)2, . . . , (ϕa)d; pa, (ψa)2, . . . , (ψa)d

}n

a=1
(4.39)

Ö¢²ÖÕÉ¸Ö ±μμ·¤¨´ É ³¨ „ ·¡Ê:

ωλ,α = tr(dY ∧ dX) +
d∑

r=1

dw0,r ∧ dv0,r =

=
n∑

a=1

dpa ∧ dxa +
n∑

a=1

d∑
r=2

d(ψa)r ∧ d(ϕa)r. (4.40)

‚ ÔÉ¨Ì ±μμ·¤¨´ É Ì £ ³¨²ÓÉμ´¨ ´Ò (¨Ì μ£· ´¨Î¥´¨Ö ´  U ) ¨³¥ÕÉ ¢¨¤

H1 =
n∑

a=1

pa, (4.41)

H2 =
n∑

a=1

p2
a − 2

∑
a<b

(ψaϕb)(ψbϕa)
(xa − xb)2

, (4.42)

Hk =
n∑

a=1

pk
a + . . . (4.43)

—¨¸²¨É¥²Ó ¢ ¢Ò· ¦¥´¨¨ ¤²Ö H2 ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¢§ ¨³μ¤¥°¸É¢¨¥
¸¶¨´μ¢: (ψaϕb)(ψbϕa) = tr(sasb), £¤¥ sa = ϕaψa Å μ¶¥· Éμ·Ò ¸¶¨´ . ’ -
±¨³ μ¡· §μ³, ¸μ¶·Ö¦¥´´Ò¥ ±μμ·¤¨´ ÉÒ (ϕa)r , (ψa)r ³μ¦´μ ´ §¢ ÉÓ ¸¶¨´μ-
¢Ò³¨ ¶¥·¥³¥´´Ò³¨. ƒ ³¨²ÓÉμ´¨ ´Ò Hk μ¶·¥¤¥²ÖÕÉ ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê,
±μÉμ· Ö ¡Ò²  ¢¢¥¤¥´  ¢ · ¡μÉ¥ [10]. �´  ´ §Ò¢ ¥É¸Ö ¸¨¸É¥³μ° ƒ¨¡¡μ´¸ Ä
•¥·³¸¥´  ¨²¨ ¸¶¨´μ¢μ° ¸¨¸É¥³μ° Š ²μ¤¦¥·μÄŒμ§¥·  É¨¶  An−1. Œ´μ£μ-
μ¡· §¨¥ Mλ(n, d) ¥¸ÉÓ (¶μ¶μ²´¥´´μ¥) Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ÔÉμ° ¸¨¸É¥³Ò.

‚ · ¡μÉ¥ [10] É ±¦¥ · ¸¸³μÉ·¥´Ò ¡μ²¥¥ μ¡Ð¨¥ ¨´É¥£· ²Ò

Jk(T ) = tr(Tw0Y
kv0), T ∈ End(Cd). (4.44)

ˆÌ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ Ëμ·³¨·ÊÕÉ ¸¥³¥°¸É¢μ ¨´É¥£· ²μ¢ (3.9) ¢ ÔÉμ³
¸²ÊÎ ¥:

IA = −
∑
k�0

J(A(k)), A ∈ Lζ . (4.45)



”“�Š’�� �’��†…�ˆŸ ‚ ’…��ˆˆ ��…„‘’�‚‹…�ˆ‰ ��…���…Š’ˆ‚�›• �‹ƒ…
� 751

4.4. ‘²ÊÎ ° ζ = (d, 0, . . . , 0). � ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ ° μ¡Ð¥£μ m. �·¥¤-
¶μ²μ¦¨³ ¸´ Î ² , ÎÉμ ¢ ±μ²Î ´¥ Qζ ¢¸¥ ·¥¡· , ¢ÒÌμ¤ÖÐ¨¥ ¨§ ¢¥·Ï¨´Ò ∞,
¢Ìμ¤ÖÉ ¢ ± ±ÊÕ-Éμ μ¤´Ê ¢¥·Ï¨´Ê i ∈ I . 
¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ³μ¦´μ ¸Î¨É ÉÓ,
ÎÉμ i = 0, É. ¥. ζ = dε0:

„²Ö ²Õ¡μ£μ A ∈ Ldε0 ¨³¥¥³ Ap �= 0, Éμ²Ó±μ ¥¸²¨ p ∈ P0. �´ ²μ£¨Î´μ
¶·¥¤Ò¤ÊÐ¥³Ê ¸²ÊÎ Õ ¶μ²ÊÎ ¥³ P0 = {pk

0 | k ∈ Z�0}. ‘²¥¤μ¢ É¥²Ó´μ, Ldε0

¸μ¸Éμ¨É ¨§ Ô²¥³¥´Éμ¢ A = (A(k))k�0, £¤¥ A(k) := A(0,mk) ∈ End(Cd). ‘´μ¢ 
¨³¥¥³ Ldε0 � gl(d, C) ⊗ C[t],   ¶·¥¤Ò¤ÊÐ¥¥ · ¸¸Ê¦¤¥´¨¥ ¤ ¥É μ¡ÑÖ¸´¥´¨¥
¢Ò¡μ·  £ ³¨²ÓÉμ´¨ ´μ¢ (3.12) ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥.

’ ±¨³ μ¡· §μ³, ´¥´Ê²¥¢Ò³¨ £ ³¨²ÓÉμ´¨ ´ ³¨ Ö¢²ÖÕÉ¸Ö

Hmk,r = −w0,r(Y0 · · ·Ym−1)kv0,r. (4.46)

� ¸¸³μÉ·¨³ ¸²ÊÎ ° α = nδ, £¤¥ δ = ε0 + . . . + . . . εm−1. ’μ£¤  ¨³¥¥³
α = (1, nδ) ∈ Δ+

im(Qdε0) ¨ λ = (−n|λ|, λ). �μ Ëμ·³Ê²¥ (3.6) ¶μ²ÊÎ ¥³
dim Mλ(α, ζ) = dim Mλ(nδ, dε0) = 2nd. ‹μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ ¸É·μÖÉ¸Ö,
± ± ¢ ¶. 4.3. ‚ ÉμÎ±¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ³ É·¨Í  Xm−1 · · ·X1X0 ´¥¢Ò·μ-
¦¤¥´  ¨ ¤¨ £μ´ ²¨§Ê¥³  ¸ ¸μ¡¸É¢¥´´Ò³¨ Î¨¸² ³¨ xm

1 , . . . , xm
n ¤²Ö ´¥±μÉμ·ÒÌ

x1, . . . , xn ∈ C\{0}. �·¨³¥´¨³ ¶·¥μ¡· §μ¢ ´¨¥

g = (g0, g1, . . . , gm−1) ∈ GL(nδ) (4.47)

É ±μ¥, ÎÉμ g0 ∈ GL(n, C) ¤¨ £μ´ ²¨§Ê¥É ÔÉÊ ³ É·¨ÍÊ:

Xm−1 · · ·X1X0 �→ diag (xm
1 , . . . , xm

n ). (4.48)

�μ¸±μ²Ó±Ê ³ É·¨ÍÒ Xm−1, . . . , X1 ´¥ ¢Ò·μ¦¤¥´Ò, ³μ¦´μ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³
¶μ¤¡μ·μ³ gm−1, . . . , g1 ∈ GL(n, C) ¸¤¥² ÉÓ ¨Ì ²Õ¡Ò³¨ ´¥¢Ò·μ¦¤¥´´Ò³¨ ³ -
É·¨Í ³¨, ¢ Î ¸É´μ¸É¨:

Xi �→ diag (x1, . . . , xn), i = 1, . . . , m − 1. (4.49)

’μ£¤  ¨§ (4.48) ¨ (4.49) ¸²¥¤Ê¥É

X0 �→ diag (x1, . . . , xn). (4.50)
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�Ê¸ÉÓ, ± ± ¨ · ´ÓÏ¥, ϕa ∈ Cd ¨ ψa ∈ (Cd)∗ ¸ ±μ³¶μ´¥´É ³¨

(ϕa)r = (v0,r)a, (ψa)r = (w0,r)a, r = 1, . . . , d. (4.51)

‘Ê³³¨·ÊÖ ¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¢ (4.2) ¶μ i ∈ I , £¤¥ vi = 0, wi = 0 ¶·¨
i �= 0, ¶μ²ÊÎ ¥³ ψaϕa = |λ|. ‚ ÉμÎ±¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ¨³¥¥³ (ϕa)1 �= 0
∀ a = 1, . . . , n. ’μ£¤  ³´μ¦¥¸É¢μ ¶¥·¥³¥´´ÒÌ xa ¤μ¸É· ¨¢ ¥É¸Ö ¤μ ²μ± ²Ó´ÒÌ
±μμ·¤¨´ É {

xa, (ϕa)2, . . . , (ϕa)d; pa, (ψa)2, . . . , (ψa)d

}n

a=1
, (4.52)

¤²Ö ±μÉμ·ÒÌ
(Xi)ab = xaδab, (4.53)

(Yi)aa =
1
m

pa +
1
xa

(
m−1∑
l=1

m − l

m
λl −

i∑
l=1

λl

)
, (4.54)

(Yi)ab = −xi
axm−i−1

b

xm
a − xm

b

ψbϕa, a �= b, (4.55)

(ϕa)1 = 1, (ψa)1 = |λ| −
d∑

r=2

(ϕa)r(ψa)r, (4.56)

£¤¥ i = 0, . . . , m − 1, a, b = 1, . . . , n (Ëμ·³Ê²Ò (4.54), (4.55) ¶μ²ÊÎ ÕÉ¸Ö
¨§ (4.2), ¸³. [1]). Šμμ·¤¨´ ÉÒ (4.52) É ±¦¥ Ö¢²ÖÕÉ¸Ö ±μμ·¤¨´ É ³¨ „ ·¡Ê:

ωλ,α =
∑
i∈I

tr(dYi ∧ dXi) +
d∑

r=1

dw0,r ∧ dv0,r =

=
n∑

a=1

dpa ∧ dxa +
n∑

a=1

d∑
r=2

d(ψa)r ∧ d(ϕa)r. (4.57)

‡ ³¥Î ´¨¥ 4.2. ‡ ³¥´Ò ¢¨¤  pa → pa +cax−1
a , £¤¥ ca Å ¶μ¸ÉμÖ´´Ò¥ (¨²¨

¤ ¦¥ ËÊ´±Í¨¨ μÉ xa) ´¥ ³¥´ÖÕÉ ¢¨¤ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³Ò (4.57), ´μ μ´¨ ´¥
³μ£ÊÉ μ¡´Ê²¨ÉÓ ±μÔËË¨Í¨¥´É ¶·¨ x−1

a ¢ Ëμ·³Ê²¥ (4.54), ¶μ¸±μ²Ó±Ê μ´ § ¢¨¸¨É
μÉ i. �ÉμÉ ±μÔËË¨Í¨¥´É ¢Ò¡· ´ É ±, ÎÉμ¡Ò

∑
i∈I

(Yi)aa = pa. ’μ£¤  ¶¥·¥³¥´´Ò¥

pa ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¨³¶Ê²Ó¸Ò Î ¸É¨Í ¸ ±μμ·¤¨´ É ³¨ xa (¸³. ¶·¨³¥·Ò

´¨¦¥). „²Ö É ±μ£μ ¢Ò¡μ·  £ ³¨²ÓÉμ´¨ ´Ò Hmk ¨³¥ÕÉ ¢¨¤ m−mk
n∑

a=1
pmk

a +

O(|p|mk−2), É. ¥. Î²¥´Ò ¶μ·Ö¤±  mk − 1 ¶μ ¨³¶Ê²Ó¸ ³ μÉ¸ÊÉ¸É¢ÊÕÉ.

ˆ¸¶μ²Ó§ÊÖ ±μμ·¤¨´ ÉÒ (4.52), ³μ¦´μ ¤μ± § ÉÓ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê [1].

’¥μ·¥³  4.3. ƒ ³¨²ÓÉμ´¨ ´Ò

Hmk,r ∈ C
[
Mλ(nδ, dε0)

]
, k = 1, . . . , n, r = 1, . . . , d, (4.58)

ËÊ´±Í¨μ´ ²Ó´μ ´¥§ ¢¨¸¨³Ò. ‘²¥¤μ¢ É¥²Ó´μ, μ´¨ μ¡· §ÊÕÉ ¨´É¥£·¨·Ê¥³ÊÕ
¸¨¸É¥³Ê ´  ±μ²Î ´´μ³ ³´μ£μμ¡· §¨¨ Mλ(nδ, dε0).
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�·¨³¥· 4.4. �·¨ m = 1 ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ , ¶μ-
¤·μ¡´μ μ¶¨¸ ´´Ò¥ ¢ ¶. 4.3.

�·¨³¥· 4.5. �·¨ m = 2 ¶μ²ÊÎ ¥³ Bn- ´ ²μ£ ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ 
¸ ±¢ ¤· É¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³

− 1
|λ|

d∑
r=1

H2,r = H2 = tr (Y0Y1) =
1
4

n∑
a=1

(
p2

a − λ2
1

x2
a

)
−

− 1
2

∑
a<b

(
1

(xa − xb)2
+

1
(xa + xb)2

)
(ψaϕb)(ψbϕa). (4.59)

�·¨³¥· 4.6. …¸²¨ ¶·¨ μ¡Ð¥³ m d = 1, Éμ ¸¶¨´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ ϕa ¨
ψa μÉ¸ÊÉ¸É¢ÊÕÉ, Éμ£¤  ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥·  ¤²Ö μ¡μ¡Ð¥´´μ°
¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò Sn�(Z/mZ)n. ‚ Î ¸É´μ¸É¨, ¶·¨ m = 2 ¶μ²ÊÎ ¥³ ¸¨-
¸É¥³Ê Š ²μ¤¦¥·μÄŒμ§¥·  ¸ £ ³¨²ÓÉμ´¨ ´μ³ (4.59), £¤¥ (ψaϕb)(ψbϕa) = |λ|2,
É. ¥. ¡¥§ ¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‘¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥·  ¤²Ö Sn �

(Z/mZ)n É ±¦¥ ¶μ¶μ²´ÖÕÉ¸Ö ¤μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μ¸É· ´¸É¢ Š ²μ¤¦¥·μÄ
Œμ§¥·  [6], ±μÉμ·Ò¥ ¨§μ³μ·Ë´Ò Mλ(nδ, ε0). �μÉμ±¨ (∂/∂tmk)f = {Hmk,1, f}
¨³¥ÕÉ ¢¨¤

Xi(t′) = Xi − |λ|
∑
k�1

ktmkYi+1Yi+2 · · ·Yi+mk−1, (4.60)

Yi(t′) = Yi, v0(t′) = v0, w0(t′) = w0, (4.61)

£¤¥ t′ = (tm, t2m, t3m, . . .) ∈
⊕
k�1

C. ‚ μ¡μ§´ Î¥´¨ÖÌ (4.9), (4.10) Ëμ·³Ê-

²Ò (4.60), (4.61) ¨³¥ÕÉ ¢¨¤

X(t′) = X− |λ|
∑
k�1

ktmkYmk−1, (4.62)

Y(t′) = Y, v0(t′) = v0, w0(t′) = w0. (4.63)

ˆ¸¶μ²Ó§ÊÖ É¥μ·¥³Ê 3.7, ³μ¦´μ μ¡μ¡Ð¨ÉÓ É¥μ·¥³Ê 4.3 ¤²Ö ¡μ²¥¥ μ¡Ð¨Ì α.

‘²¥¤¸É¢¨¥ 4.7. �Ê¸ÉÓ α′ = (1, nδ) ¨ λ′ = (−n|λ′|, λ′) ¤²Ö ·¥£Ê²Ö·´μ£μ
λ′ ∈ Cm. …¸²¨ α = (1, α) ¨ λ = (−λ · α, λ) ¤²Ö ´¥±μÉμ·ÒÌ α ∈ ZI

�0, λ ∈ Cm

¨ ¶ ·  (λ, α) ¶μ²ÊÎ ¥É¸Ö ¨§ (λ′, α′) Í¥¶μÎ±μ° ¤μ¶Ê¸É¨³ÒÌ μÉ· ¦¥´¨°, Éμ
£ ³¨²ÓÉμ´¨ ´Ò Hmk,r ∈ C

[
Mλ(α, dε0)

]
μ¡· §ÊÕÉ ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê

´  ³´μ£μμ¡· §¨¨ Mλ(α, dε0).

“¸²μ¢¨¥ ¸²¥¤¸É¢¨Ö 4.7, ¢ Î ¸É´μ¸É¨, ¶·¥¤¶μ² £ ¥É α ∈ Δ+
im(Qdε0). ‚μ§-

´¨± ¥É ¢μ¶·μ¸: ³μ¦´μ ²¨ ¶·¨³¥´¨ÉÓ ÔÉμ ¸²¥¤¸É¢¨¥ ¤²Ö ²Õ¡μ£μ ³´¨³μ£μ
±μ·´Ö α = (1, α)? �Ê¸ÉÓ α = (1, α) = si1si2 · · · si�

α′ ¤²Ö ´¥±μÉμ·ÒÌ
i1, i2, . . . , i� ∈ (I∞)¡¶ ¨ λ = (−λ · α, λ). ’μ£¤  ¥¸²¨ (rik−1 · · · ri1λ)ik

�= 0
¤²Ö ¢¸¥Ì k = 1, . . . , �, Éμ (λ, α) ¶μ²ÊÎ ¥É¸Ö ¨§ (λ′, α′) Í¥¶μÎ±μ° ¤μ¶Ê¸É¨³ÒÌ
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μÉ· ¦¥´¨°, £¤¥ λ′ = ri�
· · · ri1λ. �μ¸±μ²Ó±Ê λ′ · α′ = λ · α = 0, ¨³¥¥³

λ′ = (−n|λ′|, λ′) ¤²Ö ´¥±μÉμ·μ£μ λ′ ∈ CI . ’·¥¡μ¢ ´¨¥ ·¥£Ê²Ö·´μ¸É¨ λ′ ´ ±² -
¤Ò¢ ¥É Ê¸²μ¢¨Ö ri�

· · · ri1λ · (0, β) �= 0 ∀β ∈ Δ(Q). ’ ±¨³ μ¡· §μ³, Ê¸²μ¢¨¥
¸²¥¤¸É¢¨Ö 4.7 ¢Ò¶μ²´¥´μ ¤²Ö ²Õ¡μ£μ ±μ·´Ö α = (1, α) ¨§ W -μ·¡¨ÉÒ ±μ·´Ö
α′ = (1, nδ) ¨ ¢¥±Éμ·  λ ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨, £¤¥ W Å £·Ê¶¶ , ¶μ·μ¦¤¥´´ Ö
μÉ· ¦¥´¨Ö³¨ si ¤²Ö ±μ²Î ´  Qdε0 .

� ¸¸³μÉ·¨³ ¸²ÊÎ ° d = 1. ‡ ³¥É¨³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢¸¥ ±μ·´¨ ¢¨¤ 
(0, α) ¨ (1, α) ¨§ ËÊ´¤ ³¥´É ²Ó´μ° μ¡² ¸É¨ F ¥¸ÉÓ (0, nδ), n � 1, ¨ (1, nδ),
n � 2, ¸μμÉ¢¥É¸É¢¥´´μ. �·¨Î¥³ (1, δ) = s∞(0, δ).

ƒ¨¶μÉ¥§  4.8. ‹Õ¡μ° ±μ·¥´Ó α = (1, α) ∈ Δ+
im(Qε0) ¶·¨´ ¤²¥¦¨É

W -μ·¡¨É¥ ±μ·´Ö (1, nδ) ¤²Ö ´¥±μÉμ·μ£μ n ∈ Z�1.

…¸²¨ £¨¶μÉ¥§  4.8 ¢¥·´ , Éμ ¢ ¸¨²Ê ¸²¥¤¸É¢¨Ö 4.7 £ ³¨²ÓÉμ´¨ ´Ò Hmk,1

μ¡· §ÊÕÉ ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê ´  ³´μ£μμ¡· §¨¨ Mλ(α, ε0) ¤²Ö ²Õ¡μ£μ ¢¥±-
Éμ·  λ ∈ Cm ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ¨ ²Õ¡μ£μ α ∈ ZI

�0, É ±μ£μ, ÎÉμ (1, α) ∈
Δ+

im(Qε0).

‡ ³¥Î ´¨¥ 4.9. ‚ ¸²ÊÎ ¥ d � 2 £¨¶μÉ¥§  4.8 ¤μ¸²μ¢´μ ´¥ ¢¥·´ , ¥¸²¨
m � 2, ¶μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ Ô²¥³¥´ÉÒ ËÊ´¤ ³¥´É ²Ó´μ° μ¡² ¸É¨ F ¢¨¤ 
(1, α) ´¥ ¨¸Î¥·¶Ò¢ ÕÉ¸Ö ±μ·´Ö³¨ (1, nδ). Œμ¦´μ, μ¤´ ±μ, ¶·¥¤¶μ²μ¦¨ÉÓ,
ÎÉμ ²Õ¡μ° ³´¨³Ò° ±μ·¥´Ó (1, α) ¶·¨´ ¤²¥¦¨É μ·¡¨É¥ ±μ·´Ö ¢¨¤  (0, β) ¨²¨
(1, β) ¨§ F .

4.5. ‘²ÊÎ ° ζ = (d, d, . . . , d). � ¸¸³μÉ·¨³ ¥Ð¥ μ¤¨´ Î ¸É´Ò° ¸²ÊÎ °.
�Ê¸ÉÓ m μ¶ÖÉÓ ²Õ¡μ¥, ´μ É¥¶¥·Ó ζ = dδ, É. ¥. ¢ ± ¦¤ÊÕ ¢¥·Ï¨´Ê Í¨±²¨Î¥¸±μ£μ
±μ²Î ´  Q ´ ¶· ¢²¥´μ μ¤¨´ ±μ¢μ¥ ±μ²¨Î¥¸É¢μ ¤μ¶μ²´¨É¥²Ó´ÒÌ ·¥¡¥·:

‚ ÔÉμ³ ¸²ÊÎ ¥ ±μ³¶μ´¥´ÉÒ Ô²¥³¥´Éμ¢ A ∈ Ldδ Å ÔÉμ ±¢ ¤· É´Ò¥ ³ É·¨ÍÒ
A(i,�) ∈ End(Cd). � ¸¸³μÉ·¨³ ¶μ¤ ²£¥¡·Ê L′

dδ ⊂ Ldδ, ¸μ¸ÉμÖÐÊÕ ¨§ Ô²¥-
³¥´Éμ¢ A, ¤²Ö ±μÉμ·ÒÌ A(i,�) ´¥ § ¢¨¸ÖÉ μÉ i. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö  ²£¥¡·  ‹¨
¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ´ ÉÖ´ÊÉ  ´ 

J�(T ) =
∑
i∈I

tr (Twi−�Yi−� · · ·Yi−1vi), (4.64)
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£¤¥ � ∈ Z�0, T ∈ End(Cd). �μ¤ ²£¥¡·  L′
dδ ¨§μ³μ·Ë´  gl(d, C) ⊗ C[t],  

 ²£¥¡· , ´ ÉÖ´ÊÉ Ö ´  E
(�)
r , Å ¥¥ ³ ±¸¨³ ²Ó´ Ö ±μ³³ÊÉ É¨¢´ Ö ¶μ¤ ²£¥¡· .

�μ¸²¥¤´ÖÖ ¸μμÉ¢¥É¸É¢Ê¥É £ ³¨²ÓÉμ´¨ ´ ³

H�,r = −J�(Er) = −
∑
i∈I

wi−�,rYi−� · · ·Yi−1vi,r. (4.65)

“É¢¥·¦¤¥´¨¥ 4.10. Œ´μ£μμ¡· §¨¥ Mλ(α, dε0) ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸
¶μ¤³´μ£μμ¡· §¨¥³ ¢ Mλ(α, dδ), μ¶·¥¤¥²Ö¥³Ò³ Ê· ¢´¥´¨Ö³¨

vi = 0, wi = 0, i = 1, . . . , m − 1. (4.66)

�μÉμ±¨, μ¶·¥¤¥²Ö¥³Ò¥ ËÊ´±Í¨Ö³¨ J�(T ), ¸μÌ· ´ÖÕÉ ÔÉμ ¶μ¤³´μ£μμ¡· §¨¥
Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  � ±· É´μ m (¨²¨ T = 0). �£· ´¨Î¥´¨Ö £ ³¨²Ó-
Éμ´¨ ´μ¢ Hmk,r = −Jmk(Er) ´  Mλ(α, dε0) ¸μ¢¶ ¤ ÕÉ ¸ (4.46).

„μ± § É¥²Ó¸É¢μ. “· ¢´¥´¨Ö (4.66) μ¶·¥¤¥²ÖÕÉ ¢²μ¦¥´¨¥ ³´μ£μμ¡· §¨°
Rep

(
Πλ(Qdε0), α

)
⊂ Rep

(
Πλ(Qdδ), α

)
. „¥°¸É¢¨¥ £·Ê¶¶Ò GL(α) ¸μÌ· ´Ö¥É

Ê· ¢´¥´¨Ö (4.66). ‚§Ö¢ Ë ±Éμ· ¶μ ÔÉμ³Ê ¤¥°¸É¢¨Õ, ¶μ²ÊÎ ¥³ ¨¸±μ³μ¥ ¢²μ-
¦¥´¨¥ ±μ²Î ´´ÒÌ ³´μ£μμ¡· §¨°. �¸É ²Ó´μ¥ ¶·μ¢¥·Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´Ò³¨
¢ÒÎ¨¸²¥´¨Ö³¨.

�¸É ´μ¢¨³¸Ö ¶μ¤·μ¡´μ ´  ¸²ÊÎ ¥ α = nδ. ”μ·³Ê²  (3.6) ¤ ¥É
dimMλ(nδ, dδ) = 2nmd. �Ê¸ÉÓ ϕa ∈ Hom(Cm, Cd) ¨ ψa ∈ Hom(Cd, Cm)
¸ ±μ³¶μ´¥´É ³¨

(ϕa)ri = (vi,r)a, (ψa)ir = (wi,r)a. (4.67)

’ ±¨³ ¦¥ μ¡· §μ³, ± ± ¨ ¢ ¶. 4.4, ¢ ÉμÎ±¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ³μ¦´μ ¢Ò· §¨ÉÓ
ÔÉ¨ ³ É·¨ÍÒ ¨ ³ É·¨ÍÒ Xi, Yi Î¥·¥§ ²μ± ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ „ ·¡Ê

xa, (ϕa)ri, pa, (ψa)ir, (i, r) �= (0, 1), (4.68)

¨ ¶μ²ÊÎ¨ÉÓ (¸³. ¤¥É ²¨ ¢ [1])

(Xi)ab = xaδab, (4.69)

(Yi)aa =
1
m

pa +
1
xa

m−1∑
l=1

m − l

m

(
λl − (ψaϕa)ll

)
− 1

xa

i∑
l=1

(
λl − (ψaϕa)ll

)
,

(Yi)ab = −
m−1∑
j=0

xj
axm−j−1

b

xm
a − xm

b

(ψbϕa)i−j,i−j , a �= b, (4.70)

(ϕa)10 = 1, (4.71)

(ψa)01 = |λ| −
d∑

r=2

(ϕa)r0(ψa)0r −
m−1∑
i=1

d∑
r=1

(ϕa)ri(ψa)ir , (4.72)
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£¤¥ i = 0, . . . , m − 1, a, b = 1, . . . , n, ¨

ωλ,α =
∑
i∈I

tr (dYi ∧ dXi) +
∑
i∈I

d∑
r=1

dwi,r ∧ dvi,r =

=
n∑

a=1

dpa ∧ dxa +
n∑

a=1

tr (dψa ∧ dϕa). (4.73)

‡ ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ (4.71) ¸² £ ¥³Ò¥ ¢ ¶μ¸²¥¤´¥³ Î²¥´¥ ¨³¥ÕÉ ¢¨¤

tr (dψa ∧ dϕa) =
d∑

r=2

d(ψa)0r ∧ d(ϕa)r0 +
m−1∑
i=1

d∑
r=1

d(ψa)ir ∧ d(ϕa)ri.

‡ ³¥Î ´¨¥ 4.11. �Ê¸ÉÓ μ := e2πi/m ¨ E = diag (1, μ, μ2, . . . , μm−1). ’μ£-
¤ , ¨¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ∗

xm−j−1yj

xm − ym
=

1
m

m−1∑
l=0

μ−jl

x − μly
, j = 0, . . . , m − 1, (4.74)

³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ (4.70) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

(Yi)ab =
1
m

m−1∑
l=0

μ−il tr
(
ϕa El ψb

)
xb − μlxa

,

£¤¥ El Å ¸É¥¶¥´Ó ³ É·¨ÍÒ E.

‡ ³¥Î ´¨¥ 4.12. � ¸¸³μÉ·¨³ ³´μ£μμ¡· §¨¥

Qm,d =
{
(ϕ, ψ) ∈ Hom(Cm, Cd) × Hom(Cd, Cm) | tr (ϕψ) = |λ|

}
/C

×,

£¤¥ C× = C\{0} Å £·Ê¶¶ , ¤¥°¸É¢ÊÕÐ Ö ± ± c.(ϕ, ψ) = (cϕ, c−1ψ). �´μ
Ö¢²Ö¥É¸Ö £ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¥° ¤²Ö M = T ∗M0, M0 = Hom(Cm, Cd),
G = C×. ’μÎ±¨ Mλ(nδ, dδ), ¤²Ö ±μÉμ·ÒÌ ³ É·¨Í  Xm−1 · · ·X0 ¤¨ £μ´ ²¨-
§Ê¥³  ¨ ´¥ ¢Ò·μ¦¤¥´ , ¶ · ³¥É·¨§ÊÕÉ¸Ö ±μμ·¤¨´ É ³¨ xa, pa ¨ Ô²¥³¥´É ³¨
qa = (ϕa, ψa) ∈ Qm,d. �´ ²μ£¨Î´μ ÉμÎ±¨ Mλ(nδ, dε0) ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨
¶ · ³¥É·¨§ÊÕÉ¸Ö ±μμ·¤¨´ É ³¨ xa, ya ¨ Ô²¥³¥´É ³¨ qa = (ϕa, ψa) ∈ Q1,d, £¤¥
Q1,d =

{
(ϕ, ψ) ∈ Cd × (Cd)∗ | ψϕ = |λ|

}
/C× [24].

∗”μ·³Ê²  (4.74) ¤μ± §Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. “³´μ¦ Ö ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ ´ 

m(xm − ym) = m
m−1∏

i=0
(x − μiy), ¶μ²ÊÎ ¥³ ³´μ£μÎ²¥´Ò f(x) = mxm−1−jyj ¨ g(x) =

m−1∑

l=0
μ−jl

∏

i�=l
(x − μiy). � ¢¥´¸É¢μ

m−1∏

i=1
(x − μi) = (xm − 1)/(x − 1) ¢ ¶·¥¤¥²¥ ¤ ¥É

m−1∏

i=1
(1 − μi) = m. �É¸Õ¤  ¶μ²ÊÎ ¥³ f(μly) = g(μly). �μ¸±μ²Ó±Ê ¸É¥¶¥´¨ ³´μ£μÎ²¥´μ¢ f(x)

¨ g(x) ´¥ ¶·¥¢ÒÏ ÕÉ m − 1, ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¤²Ö Éμ¦¤¥¸É¢  f(x) ≡ g(x).
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’¥μ·¥³  4.3 μ¡μ¡Ð ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ [1].

’¥μ·¥³  4.13. ƒ ³¨²ÓÉμ´¨ ´Ò H�,r ∈ C
[
Mλ(nδ, dδ)

]
, � = 1, . . . , nm,

r = 1, . . . , d, ËÊ´±Í¨μ´ ²Ó´μ ´¥§ ¢¨¸¨³Ò ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ¡· §ÊÕÉ ¨´É¥-
£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê ´  ±μ²Î ´´μ³ ³´μ£μμ¡· §¨¨ Mλ(nδ, dδ).

‡ ³¥Î ´¨¥ 4.14. ƒ ³¨²ÓÉμ´¨ ´Ò H�,r, � = 0, . . . , nm − 1, r = 1, . . . , d,

§ ¢¨¸¨³Ò, ¶μ¸±μ²Ó±Ê
d∑

r=1
H0,r = −n|λ| (¸³. § ³¥Î ´¨¥ 3.4). Œμ¦´μ ¶μ²ÊÎ¨ÉÓ

nmd ´¥§ ¢¨¸¨³ÒÌ £ ³¨²ÓÉμ´¨ ´μ¢, ¢Ò±¨´Ê¢ ¨§ ÔÉμ£μ ¸¥³¥°¸É¢  μ¤¨´ ¨§ H0,r

¨ ¤μ¡ ¢¨¢, ´ ¶·¨³¥·, Hmn = −|λ|−1
d∑

r=1
Hmn,r.

�·¨ m = 1 μ¶ÖÉÓ ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ò ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ . �·¨ ¡μ²ÓÏ¨Ì
m Ö¢´Ò° ¢¨¤ £ ³¨²ÓÉμ´¨ ´μ¢ ¤μ¸É ÉμÎ´μ ¸²μ¦¥´, ¤ ¦¥ ¤²Ö m = 2.

�·¨³¥· 4.15. [1]. �Ê¸ÉÓ m = 2 ¨ d = 1. ’μ£¤  ¸¨¸É¥³  μ¶·¥¤¥²Ö¥É¸Ö

£ ³¨²ÓÉμ´¨ ´ ³¨ H�,1, � � 1. �¡μ§´ Î¨³ Z =
(

1 0
0 −1

)
, F± =

(
0 ±1
1 0

)
.

�¥·¢Ò¥ ¤¢  £ ³¨²ÓÉμ´¨ ´  ¨³¥ÕÉ ¢¨¤

H1,1 = −w0Y0v1 − w1Y1v0 =

= −1
2

n∑
a=1

(
(ϕaF+ψa)pa +

1
xa

(ϕaF−ψa)
(
λ1 + (ϕa)1(ψa)1

))
−

− 1
2

∑
a�=b

(
(ϕaF+ψb)(ϕbψa)

xa − xb
+

(ϕaF−ψb)(ϕbZψa)
xa + xb

)
,

H2 = − 1
|λ|H2,1 = tr(Y0Y1) =

1
4

n∑
a=1

(
p2

a − 1
x2

a

(
λ1 − (ϕa)1(ψa)1

)2)+

+
1
4

∑
a�=b

(
(ϕaψb)(ϕbψa)

(xa − xb)2
+

(ϕaZψb)(ϕbZψa)
(xa + xb)2

)
+

+
1
2

∑
a�=b

(ϕa)1(ψb)1(ϕb)0(ψa)0 − (ϕa)0(ψb)0(ϕb)1(ψa)1
x2

a − x2
b

,

£¤¥ ϕa ∈ (C2)∗, ψa ∈ C2 ¸ ±μ³¶μ´¥´É ³¨ (ϕa)i = (ϕa)1i, (ψa)i = (ψa)i1,
i = 0, 1. ‚ ÉμÎ±¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö (£¤¥ (ϕa)1 �= 0 ∀ a) ³μ¦´μ ¢Ò¡· ÉÓ
(ϕa)0 = 1, (ψa)0 = |λ| − (ϕa)1(ψa)1 ¨ μ¸É ÕÉ¸Ö ¤¢¥ ´¥§ ¢¨¸¨³Ò¥ ®¸¶¨´μ¢Ò¥¯
¶¥·¥³¥´´Ò¥ (ϕa)1 ¨ (ψa)1.
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Š ± ¨ ¶·¥¦¤¥, É¥μ·¥³  3.7 ¶μ§¢μ²Ö¥É μ¡μ¡Ð¨ÉÓ É¥μ·¥³Ê 4.13 ¤²Ö ¡μ²¥¥
μ¡Ð¨Ì α.

‘²¥¤¸É¢¨¥ 4.16. �Ê¸ÉÓ α′ = (1, nδ) ¨ λ′ = (−n|λ′|, λ′) ¤²Ö ·¥£Ê²Ö·´μ£μ
λ′ ∈ C

m. …¸²¨ α = (1, α) ¨ λ = (−λ · α, λ) ¤²Ö ´¥±μÉμ·ÒÌ α ∈ Z
I
�0, λ ∈ C

m

¨ ¶ ·  (λ, α) ¶μ²ÊÎ ¥É¸Ö ¨§ (λ′, α′) Í¥¶μÎ±μ° ¤μ¶Ê¸É¨³ÒÌ μÉ· ¦¥´¨°, Éμ
£ ³¨²ÓÉμ´¨ ´Ò Hmk,r ∈ C

[
Mλ(α, dδ)

]
μ¡· §ÊÕÉ ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê ´ 

³´μ£μμ¡· §¨¨ Mλ(α, dδ).

� ¸¸Ê¦¤ Ö, ± ± ¨ ¶·¥¦¤¥, ¶μ²ÊÎ ¥³, ÎÉμ Ê¸²μ¢¨¥ ¸²¥¤¸É¢¨Ö 4.16 ¢Ò¶μ²-
´¥´μ ¤²Ö ¢¥±Éμ·  λ ¢ μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ¨ É ±μ£μ α, ÎÉμ α = (1, α) ²¥¦¨É
¢ W -μ·¡¨É¥ ±μ·´Ö α′ = (1, nδ), £¤¥ W Å £·Ê¶¶ , ¶μ·μ¦¤¥´´ Ö μÉ· ¦¥´¨Ö³¨
si ¤²Ö ±μ²Î ´  Qdδ.

5. ��ˆ‹�†…�ˆ… Š ����™…��›Œ ˆ…���•ˆŸŒ Š�

‚ ¸²ÊÎ ¥ Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  £ ³¨²ÓÉμ´μ¢  ¤¨´ ³¨±  ´  ±μ²Î ´´ÒÌ
³´μ£μμ¡· §¨ÖÌ, · ¸¸³μÉ·¥´´ Ö ¢ · §¤. 4, ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  ± ¶μ¸É·μ¥´¨Õ
·¥Ï¥´¨° ¨¥· ·Ì¨¨ Š� ¨ ¥¥ μ¡μ¡Ð¥´¨°. ‡¤¥¸Ó ËÊ´±Éμ· μÉ· ¦¥´¨Ö É ±¦¥
¨£· ¥É ¸¢μÕ ·μ²Ó.

5.1. ˆ¥· ·Ì¨Ö Š� ¨ ¶·μ¸É· ´¸É¢  Š ²μ¤¦¥·μÄŒμ§¥· . ‘´ Î ²  μ¶·¥-
¤¥²¨³ ¨¥· ·Ì¨Õ Š� ¨ ¶·¥¤ÑÖ¢¨³ ¥¥ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¢ É¥·³¨´ Ì ¶·μ-
¸É· ´¸É¢ Š ²μ¤¦¥·μÄŒμ§¥· .

ˆ¥· ·Ì¨Ö Š� Å ÔÉμ ¸¨¸É¥³  ¨§ ¡¥¸±μ´¥Î´μ£μ ±μ²¨Î¥¸É¢  ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¸ ¡¥¸±μ´¥Î´Ò³ ±μ²¨-
Î¥¸É¢μ³ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° ¨ ¶¥·¥³¥´´ÒÌ, μÉ ±μÉμ·ÒÌ μ´¨ § ¢¨¸ÖÉ. �É¨
ËÊ´±Í¨¨ Ê¤μ¡´μ ¸Î¨É ÉÓ ±μÔËË¨Í¨¥´É ³¨ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· -
Éμ· , § ¶¨¸Ò¢ Ö Ê· ¢´¥´¨Ö ¢ ®μ¶¥· Éμ·´μ°¯ Ëμ·³¥ [25,26].

�¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ· Å ÔÉμ ¢Ò· ¦¥´¨¥ ¢¨¤ 

F =
N∑

k=−∞
fk(x) ∂k, (5.1)

£¤¥ N ∈ Z, fk(x) ∈ C(x) (¨²¨ ²Õ¡Ò¥ ¤·Ê£¨¥ ËÊ´±Í¨¨ μÉ x, ±μÉμ·Ò¥ ³μ¦´μ
¡¥¸±μ´¥Î´μ ¤¨ËË¥·¥´Í¨·μ¢ ÉÓ); ∂ = ∂x Å μ¶¥· Éμ· ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ
x ¨ ∂−1 Å ¥£μ Ëμ·³ ²Ó´Ò° μ¡· É´Ò°. �¥¸³μÉ·Ö ´  ¸¢μ¥ ´ §¢ ´¨¥, ¶¸¥¢¤μ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò ´¨£¤¥ ´¥ ¤¥°¸É¢ÊÕÉ. ‚³¥¸Éμ ÔÉμ£μ μ¶·¥¤¥²ÖÕÉ¸Ö
¶· ¢¨²  ¤²Ö ¨Ì ±μ³³ÊÉ¨·μ¢ ´¨Ö ¤·Ê£ ¸ ¤·Ê£μ³. �μ¸ÉÊ²¨·ÊÖ ±μ³³ÊÉ É¨¢´μ¸ÉÓ
ËÊ´±Í¨° ³¥¦¤Ê ¸μ¡μ° ¨ ¸μμÉ´μÏ¥´¨Ö

[∂, f(x)] = f ′(x), ∂∂−1 = ∂−1∂ = 1, (5.2)
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³μ¦´μ ¢Ò¢¥¸É¨ ¨§ Ê¸²μ¢¨Ö  ¸¸μÍ¨ É¨¢´μ¸É¨ Ê³´μ¦¥´¨Ö ¸μμÉ´μÏ¥´¨¥

∂kf(x) =
∞∑

l=0

(
k

l

)
f (l)(x) ∂k−l, k ∈ Z, (5.3)

£¤¥ f (l)(x) Å l-Ö ¶·μ¨§¢μ¤´ Ö. ”μ·³ ²Ó´μ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥-
· Éμ·Ò Å ÔÉμ Ô²¥³¥´ÉÒ  ¸¸μÍ¨ É¨¢´μ°  ²£¥¡·Ò, ¸μ¸ÉμÖÐ¥° ¨§ ¢Ò· ¦¥´¨°
¢¨¤  (5.1) ¸ Ê³´μ¦¥´¨¥³, § ¤ ´´Ò³ Ëμ·³Ê²μ° (5.3). ’μ, ÎÉμ ÔÉ  Ëμ·³Ê² 
±μ··¥±É´μ μ¶·¥¤¥²Ö¥É Ê³´μ¦¥´¨¥, ¨ Éμ, ÎÉμ ÔÉμ Ê³´μ¦¥´¨¥ ¤¥°¸É¢¨É¥²Ó´μ
 ¸¸μÍ¨ É¨¢´μ, ¶·μ¢¥·Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´Ò³¨ ¢ÒÎ¨¸²¥´¨Ö³¨. —¨¸Éμ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÊÕ ¨ Î¨¸Éμ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ Î ¸É¨ Ô²¥³¥´É  (5.1) ¡Ê¤¥³
μ¡μ§´ Î ÉÓ

F+ =
N∑

k=0

fk(x)∂k ¨ F− =
−1∑

k=−∞
fk(x) ∂k (5.4)

¸μμÉ¢¥É¸É¢¥´´μ.

‡ ³¥Î ´¨¥ 5.1. �   ²£¥¡· ¨Î¥¸±μ³ Ö§Ò±¥  ²£¥¡·  ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ μ¶¥· Éμ·μ¢ Ö¢²Ö¥É¸Ö ³¨±·μ²μ± ²¨§ Í¨¥° [27]  ²£¥¡·Ò ¤¨ËË¥·¥´Í¨ ²Ó-

´ÒÌ μ¶¥· Éμ·μ¢

{
N∑

k=0

fk(x)∂k | N ∈ Z�0

}
.

� ¸¸³μÉ·¨³ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ·

L = ∂ +
∞∑

l=1

fl(x) ∂−l. (5.5)


Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ËÊ´±Í¨¨ fl(x) § ¢¨¸ÖÉ μÉ ¡¥¸±μ´¥Î´μ£μ Î¨¸²  ¶¥·¥³¥´-
´ÒÌ: fl(x) = fl(x; t), £¤¥ t = (t1, t2, t3, . . .) (¨´μ£¤  t1 μÉμ¦¤¥¸É¢²ÖÕÉ ¸ x).
ˆ¥· ·Ì¨¥° Š� ´ §Ò¢ ¥É¸Ö ¸¨¸É¥³  ¸μ¢³¥¸É´ÒÌ Ê· ¢´¥´¨°

∂

∂tk
L = [(Lk)+, L], k = 1, 2, 3, . . . (5.6)

(¸³. [25,26]).
Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ²Õ¡μ° ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ· ¢¨¤  (5.5)

¨³¥¥É ¢¨¤
L = M∂M−1 (5.7)

¤²Ö ´¥±μÉμ·μ£μ

M = 1 +
∞∑
l=1

ul(x) ∂−l. (5.8)
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�¥Ï¥´¨¥ ¨¥· ·Ì¨¨ Š� Ê¤μ¡´μ ¨¸± ÉÓ ¢ É¥·³¨´ Ì M : ¥¸²¨ (5.8) Ê¤μ¢²¥É¢μ·Ö¥É
¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂

∂tk
M = −

(
M∂kM−1

)
− · M, k = 1, 2, 3, . . . , (5.9)

Éμ (5.7) ·¥Ï ¥É (5.6).
�Ê¸ÉÓ (X, Y, v, w) Å Î¥É¢¥·± , § ¤ ÕÐ Ö ÉμÎ±Ê ¶·μ¸É· ´¸É¢  Š ²μ¤¦¥·μÄ

Œμ§¥·  Cn, μ¶·¥¤¥²¥´´μ£μ ¢ ¶. 4.2. � ¸¸³μÉ·¨³ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
μ¶¥· Éμ·

M = 1 − w(X − x)−1(Y − ∂)−1v, (5.10)

£¤¥ (Y − ∂)−1 = −
∞∑
l=0

Y l∂−l−1, (X − x)−1 Å ³ É·¨Í  ´ ¤ ¶μ²¥³ C(x),

μ¡· É´ Ö ± ³ É·¨Í¥ X − x = X − x idCn . �´ ¨³¥¥É ¢¨¤ (5.8) ¨ ´¥ § ¢¨¸¨É
μÉ ¢Ò¡μ·  ¶·¥¤¸É ¢¨É¥²Ö (X, Y, v, w) ÉμÎ±¨ ¶·μ¸É· ´¸É¢  Cn. �Ê¸ÉÓ É¥¶¥·Ó
ÔÉ  ÉμÎ±  ¤¢¨¦¥É¸Ö ¶μ¤ ¤¥°¸É¢¨¥³ £ ³¨²ÓÉμ´μ¢ÒÌ ¶μÉμ±μ¢, § ¤ ´´ÒÌ Ê· ¢´¥-
´¨Ö³¨ (∂/∂tk)f = {Hk, f}. ’μ£¤  Ëμ·³Ê²  (5.10) ¤ ¥É ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò° μ¶¥· Éμ· M = M(t) ¸ ±μÔËË¨Í¨¥´É ³¨, § ¢¨¸ÖÐ¨³¨ μÉ ¶¥·¥³¥´´ÒÌ
t1, t2, t2, . . . �´ ¶μ²ÊÎ ¥É¸Ö § ³¥´μ° X ´  (4.22) ¢ Ëμ·³Ê²¥ (5.10). ‚ · ¡μÉ¥ [5]
¶μ± § ´μ, ÎÉμ L(t) = M(t)∂M(t)−1 ¥¸ÉÓ ·¥Ï¥´¨¥ ¨¥· ·Ì¨¨ Š� (5.6) ¨ ÎÉμ
ÔÉ¨³ ¨¸Î¥·¶Ò¢ ÕÉ¸Ö ¢¸¥ ¥¥ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö. Š ¦¤μ¥ É ±μ¥ ·¥Ï¥´¨¥
§ ¤ ¥É¸Ö ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ (X, Y, v, w). ’ ±¨³ μ¡· §μ³, · Í¨μ´ ²Ó´Ò¥
·¥Ï¥´¨Ö Š� ´ Ìμ¤ÖÉ¸Ö ¢μ ¢§ ¨³´μ-μ¤´μ§´ Î´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÉμÎ± ³¨ ³´μ-
¦¥¸É¢ 

⊔
n�0

Cn.

‡ ³¥Î ´¨¥ 5.2. �É  ¡¨¥±Í¨Ö ¥¸ÉÓ Î ¸ÉÓ ¸μμÉ¢¥É¸É¢¨Ö Š ²μ¤¦¥·μÄŒμ§¥-
· . �μ¸²¥¤´¥¥ ¥¸ÉÓ ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê É ±¨³¨ Ô²¥³¥´-
É ³¨, ± ± [28, 5, 23]:

� ÉμÎ±¨
⊔

n�0

Cn,

� Ô²¥³¥´ÉÒ  ¤¥²¨Î¥¸±¨Ì £· ¸¸³ ´¨ ´μ¢,
� · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¨¥· ·Ì¨¨ Š�,
� ±² ¸¸Ò ¨§μ³μ·Ë´μ¸É¨ ¶· ¢ÒÌ ¨¤¥ ²μ¢ (± ± ¶· ¢ÒÌ ³μ¤Ê²¥°)  ²£¥¡·Ò

‚¥°²Ö A1(C) :=

{
N∑

l=0

fl(x) ∂k | fl(x) ∈ C[x], N � 0

}
, É. ¥.  ²£¥¡·Ò, ¶μ·μ-

¦¤¥´´μ° x ¨ ∂ ¸ ¸μμÉ´μÏ¥´¨¥³ ∂x − x∂ = 1.

“· ¢´¥´¨¥ Š� Å ÔÉμ Ê· ¢´¥´¨¥ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ

3
∂2u

∂t22
=

∂

∂x

(
4

∂u

∂t3
− 6u

∂u

∂x
− ∂3u

∂x3

)
, (5.11)
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£¤¥ u = u(x, t2, t3). �´μ ¶μ²ÊÎ ¥É¸Ö ¨§ (5.6), ¥¸²¨ ¶μ²μ¦¨ÉÓ u = 2f1 [25].

�μ¤¸É ¢²ÖÖ Ëμ·³Ê²Ò (4.23), (4.25) ¢ (5.10), ¶μ²ÊÎ ¥³ u1 = −
n∑

a=1

1
x − xa

¨

u = 2f1 = −2
∂u1

∂x
= −

n∑
a=1

2
(x − xa)2

, (5.12)

£¤¥ x1 = x1(t), . . . , xn = xn(t) Å ·¥Ï¥´¨¥ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥· ∗

∂xa

∂t2
= {H2, xa},

∂pa

∂t2
= {H2, pa}, (5.13)

∂xa

∂t3
= {H3, xa},

∂pa

∂t3
= {H3, pa}. (5.14)

�¥Ï¥´¨Ö (5.12) Ê· ¢´¥´¨Ö (5.11) ¡Ò²¨ ´ °¤¥´Ò ¢ · ¡μÉ Ì [13,14].
’μÎ±¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  T ∗Cn

reg ´¥ ¤ ÕÉ ¢¸¥Ì · Í¨μ´ ²Ó´ÒÌ ·¥Ï¥-
´¨°, ¶μ¸±μ²Ó±Ê ¸ÊÐ¥¸É¢ÊÕÉ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÉμÎ± ³ Cn ¸ ´¥¤¨ £μ-
´ ²¨§Ê¥³Ò³ X . �´¨ μÉ¢¥Î ÕÉ ¸²ÊÎ Ö³ ®¸Éμ²±´μ¢¥´¨°¯ Î ¸É¨Í.

‡ ³¥Î ´¨¥ 5.3. �μ¤μ¡´Ò³ μ¡· §μ³ ¢Ò£²Ö¤ÖÉ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö Š¤”

4
∂u

∂t3
= 6u

∂u

∂x
+

∂3u

∂x3
, (5.15)

£¤¥ u = u(x, t3), ´ °¤¥´´Ò¥ · ´¥¥ ¢ [12]. �´¨ ¨³¥ÕÉ ¢¨¤ (5.12), £¤¥ ËÊ´±Í¨¨
xa = xa(t3) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ {H2, xa} = {H2, pa} = 0 ¨ (5.14).

5.2. �¡μ¡Ð¥´´ Ö ¨¥· ·Ì¨Ö Š�. �¶¨Ï¥³ μ¡μ¡Ð¥´´ÊÕ ¨¥· ·Ì¨Õ Š�,
μ¶·¥¤¥²¥´´ÊÕ ¢ [1], ¨ ¥¥ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ´ °¤¥´´Ò¥ É ³ ¦¥.

� ¸¸³μÉ·¨³ Í¨±²¨Î¥¸±ÊÕ £·Ê¶¶Ê Γ = {1, σ, σ2, . . . , σm−1} � Z/mZ, ¢
±μÉμ·μ° σm = 1. ƒ·Ê¶¶μ¢ Ö  ²£¥¡·  CΓ μ¡² ¤ ¥É ¡ §¨¸μ³, ¸μ¸ÉμÖÐ¨³ ¨§
¨¤¥³¶μÉ¥´Éμ¢

εk =
1
m

m−1∑
j=0

μ−kjσj , k ∈ I, (5.16)

£¤¥ μ = e2πi/m ¨ I = {0, . . . , m − 1} = Z/mZ. —Éμ¡Ò μ¡μ¡Ð¨ÉÓ ¨¥· ·Ì¨Õ
Š�, · ¸¸³μÉ·¨³  ²£¥¡·Ê —¥·¥¤´¨±  Hλ ¤²Ö £·Ê¶¶Ò Γ. �´  μ¶·¥¤¥²Ö¥É¸Ö
μ¡· §ÊÕÐ¨³¨ x, y, σ ¨ ¸μμÉ´μÏ¥´¨Ö³¨

yx − xy =
m−1∑
k=0

λkεk, σm = 1, σx = μ−1xσ, σy = μyσ, (5.17)

∗”Ê´±Í¨¨ f1 ¨ u1 ¢Ò· ¦ ÕÉ¸Ö Éμ²Ó±μ Î¥·¥§ ±μμ·¤¨´ ÉÒ xa, Éμ£¤  ± ± ¢ μ¡Ð¥³ ¸²ÊÎ ¥ fl

¨ ul ¢Ò· ¦ ÕÉ¸Ö ¨ Î¥·¥§ ±μμ·¤¨´ ÉÒ xa, ¨ Î¥·¥§ ¨³¶Ê²Ó¸Ò pa.
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£¤¥ λk Å ±μ³¶²¥±¸´Ò¥ ¶ · ³¥É·Ò∗. ‚ É¥·³¨´ Ì ¡ §¨¸  (5.16) ¶μ¸²¥¤´¨¥ É·¨
¸μμÉ´μÏ¥´¨Ö ¨³¥ÕÉ ¢¨¤

εiεj = δijεi, εix = xεi+1, εiy = yεi−1. (5.18)

Š ± ²Õ¡ Ö  ²£¥¡·  —¥·¥¤´¨± , Hλ μ¡² ¤ ¥É ¡ §¨¸μ³ �Ê ´± ·¥Ä�¨·±£μË Ä
‚¨ÉÉ :

xiσjyk, i, k ∈ Z�0, j ∈ I. (5.19)

� ¸Ï¨·¨³ Hλ ¤μ  ²£¥¡·Ò Hλ, ¸μ¸ÉμÖÐ¥° ¨§ Ô²¥³¥´Éμ¢

F =
N∑

k=−∞

m−1∑
j=0

fjk(x)σjyk, (5.20)

£¤¥ fjk(x) ∈ C(x), y−1 Å μ¡· É´Ò° ± y: yy−1 = y−1y = 1. (Œμ¦´μ · ¸-
¸³ É·¨¢ ÉÓ fjk(x) ¢ ¤·Ê£μ³ (¡μ²¥¥ Ï¨·μ±μ³) ±² ¸¸¥ ËÊ´±Í¨°, ´μ ¶μ¸±μ²Ó±Ê
´ ¸ ¨´É¥·¥¸ÊÕÉ Éμ²Ó±μ · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¸²Ê-
Î ° C(x).) �¸¸μÍ¨ É¨¢´μ¸ÉÓ  ²£¥¡·Ò Hλ ¸²¥¤Ê¥É ¨§ É¥μ·¨¨ ³¨±·μ²μ± ²¨§ -
Í¨¨ [27] (¸³. ¶μ¤·μ¡´μ¸É¨ ¢ [1]). �μ¤ ²£¥¡· , ´ ÉÖ´ÊÉ Ö ´  f(x)σj , £¤¥ f(x) ∈
C(x), μ¡μ§´ Î ¥É¸Ö C(x)#Γ (¨²¨ C(x) ∗ Γ). �²¥³¥´ÉÒ (5.20) ¨³¥ÕÉ ¢¨¤

F =
N∑

k=−∞
fk(x)yk, (5.21)

¤²Ö ´¥±μÉμ·ÒÌ fk(x) ∈ C(x)#Γ. „²Ö Ô²¥³¥´Éμ¢ F ∈ Hλ ¢¨¤  (5.21) ¢¢¥¤¥³
μ¡μ§´ Î¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ μ¶¥· Éμ· ³:

F+ =
N∑

k=0

fk(x)yk ¨ F− =
−1∑

k=−∞
fk(x)yk. (5.22)

� ¸¸³μÉ·¨³ Ô²¥³¥´ÉÒ L ∈ Hλ ¢¨¤ 

L = y +
∞∑
l=0

fl(x)y−l (5.23)

¸ ±μÔËË¨Í¨¥´É ³¨ fl(x) = fl(x; t) ∈ C(x)#Γ, £¤¥ t = (t1, t2, t3, . . .) ∈
∞⊕

�=1

C

(¶·¨ m � 2 ¶¥·¥³¥´´ Ö t1 Ê¦¥ ´¥ μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ x). �¡μ¡Ð¥´´ Ö ¨¥· ·-
Ì¨Ö Š� Å ÔÉμ ¸¨¸É¥³  ¸μ¢³¥¸É´ÒÌ Ê· ¢´¥´¨°

∂

∂t�
L = [(L�)+, L], � = 1, 2, 3, . . . (5.24)

∗Œμ¦´μ ¡Ò²μ ¡Ò ¶·μ¸Éμ ¸± § ÉÓ, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ ¶¥·¢μ£μ ¸μμÉ´μÏ¥´¨Ö ¥¸ÉÓ ¶·μ¨§¢μ²Ó-
´Ò° Ô²¥³¥´É CΓ, ´μ ³Ò ¸¶¥Í¨ ²Ó´μ · ¸±² ¤Ò¢ ¥³ ¥£μ ¶μ ¡ §¨¸Ê (5.16), ÎÉμ¡Ò ´ ¤²¥¦ Ð¨³
μ¡· §μ³ μÉμ¦¤¥¸É¢¨ÉÓ ¶ · ³¥É·Ò  ²£¥¡·Ò —¥·¥¤´¨±  ¸ ¶ · ³¥É· ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ±μ²Î ´-
´μ£μ ³´μ£μμ¡· §¨Ö.
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�¶¥· Éμ· (5.23) ¨³¥¥É ¢¨¤

L = MyM−1, M = 1 +
∞∑
l=1

ul(x)y−l, (5.25)

£¤¥ ul(x) ∈ F#Γ ¤²Ö ´¥±μÉμ·μ°  ²£¥¡·Ò (³´μ£μ§´ Î´ÒÌ) ËÊ´±Í¨° F , ¸μ¤¥·-
¦ Ð¥° C(x) (²Õ¡μ° M É ±μ£μ ¢¨¤  μ¡· É¨³). ‹¥£±μ ¢Ò¢μ¤¨É¸Ö, ÎÉμ Ê· ¢´¥-
´¨Ö (5.24) ¸²¥¤ÊÕÉ ¨§

∂

∂t�
M = −

(
My�M−1

)
− · M, � = 1, 2, 3, . . . (5.26)

�Ê¸ÉÓ λ = (λ0, . . . , λm−1), £¤¥ λk Å ¶ · ³¥É·Ò  ²£¥¡·Ò Hλ (± ± ¨
· ´ÓÏ¥, ¥¸²¨ ´¥ μ£μ¢μ·¥´μ ¶·μÉ¨¢´μ¥, ¶·¥¤¶μ² £ ¥³, ÎÉμ λ ·¥£Ê²Ö·¥´ μÉ-
´μ¸¨É¥²Ó´μ ¸¨¸É¥³Ò ±μ·´¥° Í¨±²¨Î¥¸±μ£μ ±μ²Î ´ ).

�Ê¸ÉÓ ³ É·¨ÍÒ (4.11) § ¤ ÕÉ ÉμÎ±Ê ³´μ£μμ¡· §¨Ö Mλ(α, δ), É. ¥. ¸²ÊÎ °
d = 1, μ¶¨¸ ´´Ò° ¢ ¶. 4.5. ƒ ³¨²ÓÉμ´¨ ´Ò H�,1 § ¤ ÕÉ ¶μÉμ±¨ ∂/∂t� ´ 
Mλ(α, δ): X = X(t), Y = Y(t), vi = vi(t), wi = wi(t).

“É¢¥·¦¤¥´¨¥ 5.4. [1]. Œ É·¨Í 

M(t) = 1 −
∑
i,j∈I

εiwi(X − x)−1(Y − y)−1vjεj (5.27)

Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³ (5.26).

‘²¥¤μ¢ É¥²Ó´μ, Ëμ·³Ê²Ò (5.25), (5.27) ¤ ÕÉ ·¥Ï¥´¨¥ (5.24). ’ ± ¶μ²Ê-
Î ¥É¸Ö ·¥Ï¥´¨¥ μ¡μ¡Ð¥´´μ° ¨¥· ·Ì¨¨ Š� ¨§ ¶μÉμ±μ¢ ´  ¶μÉμ± Ì Mλ(α, δ),
§ ¤ ´´ÒÌ ´ Î ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ X(0), Y(0), vi(0), wi(0) ¨ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨³¨ £ ³¨²ÓÉμ´¨ ´ ³¨.

� ¸¸³ É·¨¢ Ö (5.23) ± ± ¤¥Ëμ·³ Í¨Õ y, ¥¸É¥¸É¢¥´´μ Ë¨±¸¨·μ¢ ÉÓ ±μ³³Ê-
É Í¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¸ Ô²¥³¥´É ³¨ £·Ê¶¶Ò:

σL = μLσ ¨²¨ Ô±¢¨¢ ²¥´É´μ εiL = Lεi−1, i ∈ I. (5.28)

“¸²μ¢¨¥ (5.28) ¸μ¢³¥¸É¨³μ ¸ É¥³¨ ¨ Éμ²Ó±μ ¸ É¥³¨ Ê· ¢´¥´¨Ö³¨ (5.24), ¤²Ö
±μÉμ·ÒÌ � ±· É´μ m:

∂

∂tmk
L = [(Lmk)+, L], k = 1, 2, 3, . . . (5.29)

‘¨¸É¥³  (5.29) ¸ Ê¸²μ¢¨¥³ (5.28) ´ §Ò¢ ¥É¸Ö ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¥°.
� ¸¸³μÉ·¨³ É¥¶¥·Ó ³´μ£μμ¡· §¨¥ Mλ(α, ε0), É. ¥. ¸²ÊÎ ° d = 1 ¨§ ¶. 4.4.

ƒ ³¨²ÓÉμ´¨ ´Ò Hkm,1 = −|λ|Hkm § ¤ ÕÉ ¶μÉμ±¨ X = X(t′), Y = Y(t′),
v0 = v0(t′), w0 = w0(t′), £¤¥ t′ = (tm, t2m, t3m, . . .) (¸³. Ëμ·³Ê²Ò (4.62),
(4.63)). ’μ£¤ , ¶·¨³¥´ÖÖ ÊÉ¢¥·¦¤¥´¨¥ 4.10 ± Ëμ·³Ê²¥ (5.27), ¶μ²ÊÎ ¥³ ·¥Ï¥-
´¨¥ ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¨ L(t′) = M(t′)yM(t′)−1, £¤¥

M(t′) = 1 − ε0w0(X − x)−1(Y − y)−1v0ε0. (5.30)
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5.3. �¡μ¡Ð¥´´ Ö ³ É·¨Î´ Ö ¨¥· ·Ì¨Ö Š�. ‚ ¸²ÊÎ ¥ μ¡Ð¥£μ d ³´μ£μ-
μ¡· §¨Ö Mλ(α, dε0), Mλ(α, dδ) ¨ £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò ´  ´¨Ì ¤ ÕÉ ·¥Ï¥´¨Ö
μ¡μ¡Ð¥´´ÒÌ ³ É·¨Î´ÒÌ ¨¥· ·Ì¨° Š� ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ¤Ò¥· ·Ì¨° [1].
�¡ÒÎ´ Ö ³ É·¨Î´ Ö ¨¥· ·Ì¨Ö Š� μ¶¨¸ ´ , ´ ¶·¨³¥·, ¢ [26]. �¶·¥¤¥²¨³ ¥¥
¸· §Ê ¢ μ¡μ¡Ð¥´´μ³ ¢¨¤¥ (¤²Ö μ¡Ð¥£μ m).

�μ²Ó  ²£¥¡·Ò Hλ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¨£· ¥É É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥  ²£¥¡·
End(Cd)⊗Hλ, É. ¥. ±μ²ÓÍμ ³ É·¨Í d× d ¸ ±μÔËË¨Í¨¥´É ³¨ ¢ Hλ. �¶¥· Í¨¨
(·)+ ¨ (·)− ´  ÔÉμ°  ²£¥¡·¥ ³ É·¨Í ¡Ê¤¥³ ¶μ´¨³ ÉÓ ¶μÔ²¥³¥´É´μ. ‚ É¥´§μ·´ÒÌ
μ¡μ§´ Î¥´¨ÖÌ μ´¨ ¨³¥ÕÉ ¢¨¤ (A⊗F )± = A⊗F±, £¤¥ A ∈ End(Cd), F ∈ Hλ.

� ¸¸³μÉ·¨³ Ô²¥³¥´ÉÒ  ²£¥¡·Ò End(Cd) ⊗Hλ ¢¨¤ 

L = y +
∞∑

l=0

Fly
−l, (5.31)

Rr = Er +
∞∑
l=1

Rl,ry
−l, r = 1, . . . , d, (5.32)

£¤¥ Fl, Rl,r ∈ End(Cd) ⊗
(
C(x)#Γ

)
,   ³ É·¨ÍÒ Er ∈ End(Cd) μ¶·¥¤¥²¥´Ò ¢

¶. 3.2. � ²μ¦¨³ Ê¸²μ¢¨Ö

[L, Rr] = 0, RrRs = δrsRr,

d∑
r=1

Rr = 1. (5.33)

�¶·¥¤¥²¨³ μ¡μ¡Ð¥´´ÊÕ ³ É·¨Î´ÊÕ ¨¥· ·Ì¨Õ Š� ± ± ¸μ¢³¥¸É´ÊÕ ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ´  · ¸¸³ É·¨¢ ¥³Ò¥ ³ É·¨ÍÒ L, R1, . . . , Rd:

∂L

∂t�,r
=
[
(L�Rr)+, L

]
, (5.34)

∂Rs

∂t�,r
=
[
(L�Rr)+, Rs

]
. (5.35)

�É  ¸¨¸É¥³  μ¶·¥¤¥²Ö¥É § ¢¨¸¨³μ¸ÉÓ Ô²¥³¥´Éμ¢ Fl, Rl,s μÉ ¶¥·¥³¥´´ÒÌ t�,r,
� ∈ Z�0, r = 1, . . . , d. �¥·¥³¥´´Ò¥ t0,r (  ÉμÎ´¥¥, ¨Ì ¶μÉμ±¨) § ¢¨¸¨³Ò,

¶μ¸±μ²Ó±Ê ¨§ É·¥ÉÓ¥° Ëμ·³Ê²Ò (5.33) ¸²¥¤Ê¥É
d∑

r=1

∂

∂t0,r
= 0.

�¸¸μÍ¨¨·Ê¥³ ¶¥·¥³¥´´Ò¥ t�,r ¸ £ ³¨²ÓÉμ´¨ ´ ³¨ H�,r ´  ±μ²Î ´´μ³
³´μ£μμ¡· §¨¨ Mλ(α, dδ). �É¨ £ ³¨²ÓÉμ´¨ ´Ò § ¤ ÕÉ ´  Mλ(α, dδ) ¶μÉμ±¨
X = X(t), Y = Y(t), vi = vi(t), wi = wi(t), £¤¥ t = (t�,r). ‡ ¢¨¸¨³μ¸ÉÓ

d∑
r=1

∂

∂t0,r
= 0 ¤²Ö ÔÉ¨Ì ¶μÉμ±μ¢ ¸²¥¤Ê¥É ¨§

d∑
r=1

H0,r = −λ · α (¸³. § ³¥Î -
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´¨¥ 3.4). ‡ ³¥É¨³, ÎÉμ

vj ∈ Hom(Cd,V), (Y − y)−1 = −
∞∑
l=0

Y ly−l−1 ∈ EndV ⊗Hλ,

(X− x)−1 ∈ EndV ⊗ C(x) ⊂ EndV ⊗Hλ, wi ∈ Hom(V, Cd).

‘²¥¤μ¢ É¥²Ó´μ, ³ É·¨Í  M , μ¶·¥¤¥²¥´´ Ö Ëμ·³Ê²μ° (5.27) ¸ ¶μ³μÐÓÕ ÔÉ¨Ì
¶μÉμ±μ¢ ´  Mλ(α, dδ), ¥¸ÉÓ Ô²¥³¥´É End(Cd) ⊗ Hλ ¢¨¤  (5.25), £¤¥ ul(x) ∈
End(Cd) ⊗

(
F#Γ

)
.

“É¢¥·¦¤¥´¨¥ 5.5. [1].
1) Œ É·¨Í  M = M(t) Ê¤μ¢²¥É¢μ·Ö¥É ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂

∂t�,r
M = −

(
My�ErM

−1
)
− · M, � ∈ Z�0, r = 1, . . . , d. (5.36)

2) ˆ§ Ê· ¢´¥´¨° (5.36) ¸²¥¤Ê¥É, ÎÉμ ³ É·¨ÍÒ

L = MyM−1, Rr = MErM
−1 (5.37)

·¥Ï ÕÉ ¸¨¸É¥³Ê (5.34), (5.35).

�μ¸±μ²Ó±Ê ³ É·¨ÍÒ (5.37) ¨³¥ÕÉ ¢¨¤ (5.31), (5.32) ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ-
¢¨Ö³ (5.33), μ´¨ ¤ ÕÉ ·¥Ï¥´¨¥ μ¡μ¡Ð¥´´μ° ³ É·¨Î´μ° ¨¥· ·Ì¨¨ Š�.

Œ É·¨Î´μ° ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¥° ´ §Ò¢ ¥É¸Ö ¸¨¸É¥³ 

∂L

∂tmk,r
=
[
(LmkRr)+, L

]
, (5.38)

∂Rs

∂tmk,r
=
[
(LmkRr)+, Rs

]
, (5.39)

£¤¥ k ∈ Z�0, r = 1, . . . , d, L, Rr Å ³ É·¨ÍÒ ¢¨¤  (5.31), (5.32), Ê¤μ¢²¥É¢μ·Ö-
ÕÐ¨¥ Ê¸²μ¢¨Ö³ (5.33) ¨

σL = μLσ, σRr = Rrσ. (5.40)

�Ê¸ÉÓ t′ = (tmk,r), M = M(t′) Å ³ É·¨Í , μ¶·¥¤¥²Ö¥³ Ö Ëμ·³Ê²μ° (5.30)
¸ ¶μÉμ± ³¨ w0 = w0(t′), X = X(t′), Y = Y(t′), v0 = v0(t′) ´  ±μ²Î ´´μ³
³´μ£μμ¡· §¨¨ Mλ(α, dε0). �μ¤¸É ¢²ÖÖ M = M(t′) ¢ (5.37), ¶μ²ÊÎ ¥³ ·¥Ï¥´¨¥
³ É·¨Î´μ° ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¨.

‡ ³¥Î ´¨¥ 5.6. ‘μ£² ¸´μ · ¡μÉ¥ [26] ¸²¥¤Ê¥É · ¸¸³μÉ·¥ÉÓ ¡μ²¥¥ μ¡Ð¨¥
¨¥· ·Ì¨¨. „²Ö ÔÉμ£μ ´ ¤μ § ³¥´¨ÉÓ Ëμ·³Ê²Ê (5.31) ´ 

L = Ay +
∞∑
l=0

Fly
−l, (5.41)
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£¤¥ A = diag (a1, . . . , ad) Å ¶μ¸ÉμÖ´´ Ö ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í  ¸ Ô²¥³¥´-
É ³¨ ar ∈ C\{0}. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ ÔÉμ° ¨¥· ·Ì¨¨ ¨§ ¶μÉμ±μ¢ ´ 
Mλ(α, dδ), ´Ê¦´μ ¢ Éμ° ¦¥ ³ É·¨Í¥ M = M(t) § ³¥´¨ÉÓ ¶¥·¥³¥´´Ò¥ t�,r ´ 
a−�

r t�,r ¨ ¶μ¤¸É ¢¨ÉÓ ¥¥ ¢ L = MAyM−1 ¨ Rr = MErM
−1. �´ ²μ£¨Î´μ

¶μ²ÊÎ ÕÉ¸Ö ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³ É·¨Î´μ° ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¨
¨§ ¶μÉμ±μ¢ ´  Mλ(α, dε0).

�·¨³¥· 5.7. �Ê¸ÉÓ m = 1. �μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É· λ μ¤´μ³¥-
·¥´ ¨ ´¥ · ¢¥´ ´Ê²Õ, ³μ¦´μ ¥£μ ´μ·³¨·μ¢ ÉÓ: λ = 1. ’μ£¤  Ô²¥³¥´ÉÒ  ²£¥-
¡·Ò End(C) ⊗ Hλ ¡Ê¤ÊÉ ³ É·¨Í ³¨ ´ ¤  ²£¥¡·μ° ¶¸¥¢¤μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
μ¶¥· Éμ·μ¢ (5.1). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  (5.34), (5.35) ¸ Ê¸²μ¢¨Ö³¨ (5.31)Ä
(5.33) (¶·¨ m = 1 μ´  ¸μ¢¶ ¤ ¥É ¸ ³ É·¨Î´μ° ¸Ë¥·¨Î¥¸±μ° ¶μ¤Ò¥· ·Ì¨¥°)
¥¸ÉÓ μ¡ÒÎ´ Ö ³ É·¨Î´ Ö (³Ê²ÓÉ¨±μ³¶μ´¥´É´ Ö) ¨¥· ·Ì¨Ö Š� [26] (¶μ ³μ¤Ê²Õ
§ ³¥Î ´¨Ö 5.6). …¥ ·¥Ï¥´¨Ö ¤ ÕÉ¸Ö £ ³¨²ÓÉμ´μ¢Ò³¨ ¸¨¸É¥³ ³¨ ´  ³´μ£μ-
μ¡· §¨ÖÌ M1(n, d), · ¸¸³μÉ·¥´´Ò³¨ ¢ ¶. 4.3. ‚μ¶·μ¸ μ ¸¢Ö§¨ ÔÉ¨Ì ¸¨¸É¥³
(É. ¥. ¸¨¸É¥³ ƒ¨¡¡μ´¸ Ä•¥·³¸¥´ ) ¸ ³ É·¨Î´Ò³¨ ¨¥· ·Ì¨Ö³¨ Š� · ¸¸³μÉ·¥´
· ´¥¥ ¢ · ¡μÉ Ì [29, 24, 30].

‘²¥¤ÊÕÐ Ö É ¡²¨Í  ¶μ± §Ò¢ ¥É ¸μμÉ¢¥É¸É¢¨¥ ¨¥· ·Ì¨° ¨ ±μ²Î ´´ÒÌ ³´μ-
£μμ¡· §¨°, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ¸É·μÖÉ¸Ö · Í¨μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¨¥· ·Ì¨°.
Š ¦¤μ° ¨¥· ·Ì¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ³´μ¦¥¸É¢μ ³´μ£μμ¡· §¨°, μÉ¢¥Î ÕÐ¨Ì · §-
´Ò³ α (¨²¨ n). ‚¥·É¨± ²Ó´Ò¥ ¸É·¥²±¨ μ¡μ§´ Î ÕÉ ¶¥·¥Ìμ¤ ± Î ¸É´μ³Ê ¸²ÊÎ Õ
d = 1,   £μ·¨§μ´É ²Ó´Ò¥ Å ± ¸²ÊÎ Õ m = 1, É. ¥. ± ¸²ÊÎ Õ μ¤´μ¶¥É²¥¢μ£μ
±μ²Î ´  (¶·¨ ÔÉμ³ ³μ¦´μ ¶·¨´ÖÉÓ λ = 1).

Обобщенная
иерархия КП

M�� � �� �

Иерархия КП
(обычная)

�n � � �M n1 ,1

Сферическая
подыерархия

M�� �����, 0

Обобщенная
матричная

иерархия КП

M d�� �� �,

Матричная
иерархия КП

(обычная)

M n d1( , )

Матричная
сферическая
подыерархия

M d�� �� �, 0

„²Ö ¶μ²ÊÎ¥´¨Ö Ö¢´μ£μ ·¥Ï¥´¨Ö ¨¥· ·Ì¨¨ ¨§ ÔÉμ° É ¡²¨ÍÒ ´Ê¦´μ ¶·¥¤Ñ-
Ö¢¨ÉÓ Ö¢´μ¥ ·¥Ï¥´¨¥ £ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³Ò ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ±μ²Î ´-
´μ³ ³´μ£μμ¡· §¨¨ ¨ ¶μ¤¸É ¢¨ÉÓ ¥£μ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ëμ·³Ê²Ò, ¤ ´´Ò¥
¢ÒÏ¥. �·¨ m � 2 ¢Ò¤¥²Ö¥É¸Ö ±² ¸¸ · Í¨μ´ ²Ó´ÒÌ ·¥Ï¥´¨°, ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨° ¸²ÊÎ Õ α = nδ. ‚ ÔÉμ³ ¸²ÊÎ ¥, ÎÉμ¡Ò ´ °É¨ ³ É·¨ÍÒ X(t), Y(t),
vi(t), wi(t), ´ ¤μ ´ °É¨ ·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ®¸¶¨´μ¢μ£μ¯ μ¡μ¡Ð¥´¨Ö
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¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥· , μ¶¨¸ ´´μ£μ ¢ ¶. 4.4 ¨²¨ 4.5. …¸²¨ α, λ Ê¤μ-
¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ ¸²¥¤¸É¢¨Ö 4.7 ¨²¨ 4.16, Éμ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
£ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³Ò ¶μ²ÊÎ ÕÉ¸Ö ¶·¨³¥´¥´¨¥³ ´¥±μÉμ·ÒÌ ËÊ´±Éμ·μ¢ μÉ-
· ¦¥´¨Ö ± ·¥Ï¥´¨Ö³ ®¸¶¨´μ¢ÒÌ¯ ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥·  ´  Mλ(nδ, ζ),
£¤¥ ζ = dδ ¨²¨ dε0. � ¶·¨³¥·, ¥¸²¨ d = 1, ¢ ¸Ë¥·¨Î¥¸±μ³ ¸²ÊÎ ¥, ¶·¨
¸¶· ¢¥¤²¨¢μ¸É¨ £¨¶μÉ¥§Ò 4.8 § ¤ Î  ¶μ¨¸±  ·¥Ï¥´¨° ¸¢μ¤¨É¸Ö ± ¶·¨³¥´¥´¨Õ
ËÊ´±Éμ·μ¢ μÉ· ¦¥´¨Ö ± ·¥Ï¥´¨Ö³ (4.62), (4.63).

…¸²¨ α ∈ Δ+
re(Qζ), Éμ dim Mλ(α, ζ) = 0, É. ¥. wi,X,Y,vj ¶μ¸ÉμÖ´´Ò.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥³ ·μ¢´μ μ¤´μ ·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
¨¥· ·Ì¨¨ ¨ ÔÉμ ·¥Ï¥´¨¥ ¸É Í¨μ´ ·´μ.

‡ ³¥Î ´¨¥ 5.8. ‚ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ ¢¥±Éμ·  α ∈ Z
I
�0 (¤ ¦¥ ¥¸²¨ α =

(1, α) ´¥ Ö¢²Ö¥É¸Ö ±μ·´¥³) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ³ É·¨ÍÊ M Ëμ·³Ê²μ° (5.27)
(¨²¨ (5.30)), § ¢¨¸ÖÐÊÕ μÉ ÉμÎ±¨ ³´μ£μμ¡· §¨Ö Mλ(α, dδ) (¨²¨ Mλ(α, dε0)).
�Ê¸ÉÓ M ¶μ¸É·μ¥´μ ¶μ ³ É·¨Í ³ X, Y, vi, wi, ±μÉμ·Ò¥ § ¤ ÕÉ ¶·¨¢μ¤¨³μ¥
¶·¥¤¸É ¢²¥´¨¥ · §³¥·´μ¸É¨ α = (1, α)  ²£¥¡·Ò Πλ(Qζ), £¤¥ ζ = dδ ¨²¨ dε0.
’μ£¤  α =

∑
l

α(l), £¤¥ α(l) ∈ ZI
�0 Å · §³¥·´μ¸É¨ Ë ±Éμ·μ¢ V (l) ±μ³¶μ§¨Í¨-

μ´´μ£μ ·Ö¤  ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¨ α
(l)
∞ = δl,l0 ¤²Ö ´¥±μÉμ·μ£μ l0. �μ¤¸É ¢²ÖÖ

³ É·¨ÍÒ X̃, Ỹ, ṽi, w̃i, § ¤ ÕÐ¨¥ ³μ¤Ê²Ó V (l0), ¢ (5.27) (¨²¨ (5.30)), ¶μ²ÊÎ ¥³
ÉÊ ¦¥ ³ É·¨ÍÊ M . �μ¸±μ²Ó±Ê Πλ(Qζ)-³μ¤Ê²Ó V (l0) ¶·μ¸Éμ°, ¥£μ · §³¥·´μ¸ÉÓ
α(l0) Ö¢²Ö¥É¸Ö ±μ·´¥³ [9, Theorem 1.2]. ’ ±¨³ μ¡· §μ³, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ
α Å ¶μ²μ¦¨É¥²Ó´Ò° ±μ·¥´Ó,   ´ Î ²Ó´ Ö ÉμÎ± 

(
X(0),Y(0),vi(0),wi(0)

)
§ ¤ ¥É ¶·μ¸Éμ° ³μ¤Ê²Ó.

‡ ³¥Î ´¨¥ 5.9. …¸²¨ ¢¥±Éμ· λ ∈ CI ´¥ ·¥£Ê²Ö·¥´, Éμ ±μ²Î ´´Ò¥ ³´μ-
£μμ¡· §¨Ö Mλ(α, ζ) ¸²¥¤Ê¥É μ¶·¥¤¥²ÖÉÓ ± ± ³´μ£μμ¡· §¨Ö Nλ(α), ¸μ¸ÉμÖÐ¨¥
¨§ ±² ¸¸μ¢ ¨§μ³μ·Ë´μ¸É¨ ¶μ²Ê¶·μ¸ÉÒÌ ³μ¤Ê²¥° · §³¥·´μ¸É¨ α = (1, α) (¸³.
§ ³¥Î ´¨¥ 1.7). ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¶¨¸ ´´ Ö ±μ´¸É·Ê±Í¨Ö ¢¸¥ · ¢´μ ¤ ¥É ·¥Ï¥´¨¥
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¨¥· ·Ì¨¨ ¤²Ö ´¥μ¸μ¡ÒÌ ´ Î ²Ó´ÒÌ ÉμÎ¥±

(
X(0),Y(0),vi(0),

wi(0)
)
. ‚ ¸¨²Ê § ³¥Î ´¨Ö 5.8 ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ÉμÎ¥± ¶μÉμ±μ¢ ¤μ¸É ÉμÎ´μ

¡· ÉÓ ¶·μ¸ÉÒ¥ ³μ¤Ê²¨, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ´¥μ¸μ¡Ò³¨ ÉμÎ± ³¨ Mλ(α, ζ).

6. �’Š�›’›… ‚����‘›

�μ μ¶¨¸ ´´μ³Ê ³ É¥·¨ ²Ê μ¸É ¥É¸Ö ¥Ð¥ ³´μ£μ ´¥·¥Ï¥´´ÒÌ ¢μ¶·μ¸μ¢.
�·¥¤¸É ¢¨³ ´¥±μÉμ·Ò¥ ¨§ ´¨Ì (¸³. É ±¦¥ ¸¶¨¸μ± ¢ [1]).

1) ˆ´É¥£·¨·Ê¥³μ¸ÉÓ ¸¨¸É¥³Ò (3.7) ¤μ± § ´  Éμ²Ó±μ ¢ ¸²ÊÎ ÖÌ Í¨±²¨Î¥-
¸±μ£μ ±μ²Î ´ . ‚ μ¡Ð¥³ ¸²ÊÎ ¥ μ´  ´¥ ¢¥·´  (ÌμÉÖ, ¢μ§³μ¦´μ, ¤²Ö ± ¦¤μ£μ
£· Ë  ¸ÊÐ¥¸É¢Ê¥É μ·¨¥´É Í¨Ö, ¶·¨ ±μÉμ·μ° ¸¨¸É¥³  ¸ £ ³¨²ÓÉμ´¨ ´ ³¨ Hp

¨´É¥£·¨·Ê¥³ ). ‚μ§´¨± ¥É § ¤ Î : ¢ÒÖ¸´¨ÉÓ, ±μ£¤  £ ³¨²ÓÉμ´μ¢Ò ¸¨¸É¥³Ò,
μ¶·¥¤¥²¥´´Ò¥ ¢ ¶. 3.2, ¨´É¥£·¨·Ê¥³Ò, ¨²¨ ÌμÉÖ ¡Ò ¤μ± § ÉÓ ¨Ì ¨´É¥£·¨·Ê-
¥³μ¸ÉÓ ¤²Ö ¡μ²¥¥ Ï¨·μ±μ£μ ±² ¸¸  ±μ²Î ´μ¢.



768 ‘ˆ‹��’œ…‚ �.‚.

2) „ ¦¥ ¢ ¸²ÊÎ ¥ Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  · §μ¡· ´Ò ´¥ ¢¸¥ ¸²ÊÎ ¨. ‚μ-
¶¥·¢ÒÌ, ´¥ · ¸¸³μÉ·¥´Ò ¢¸¥ ¸²ÊÎ ¨ ±μ·´¥° ¢¨¤  (1, α) ¨§ ËÊ´¤ ³¥´É ²Ó´μ°
μ¡² ¸É¨ F (¸³. § ³¥Î ´¨¥ 4.9). ‚μ-¢Éμ·ÒÌ, ´¥ · ¸¸³μÉ·¥´ ¸²ÊÎ ° μ¡Ð¥£μ ζ,

ÌμÉÖ ¡Ò ¶·¨ α = nδ. ‚ Î ¸É´μ¸É¨, ¸²ÊÎ ° ζ = d
m′∑
i=0

εi, 0 � m′ � m − 1,

¤μ²¦¥´ μ¶¨¸Ò¢ ÉÓ¸Ö ¢ ¶μ²´μ°  ´ ²μ£¨¨ ¸²ÊÎ Ö³ ζ = dε0 ¨ ζ = dδ, ±μÉμ·Ò¥
μ´ μ¡μ¡Ð ¥É. ’ ±¦¥ ¢μ§´¨± ¥É ¢μ¶·μ¸: ± ±¨¥ ¨¥· ·Ì¨¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ÔÉ¨³,
  É ±¦¥ μ¡Ð¨³ ζ?

3) ‚ ¸²ÊÎ ¥ Í¨±²¨Î¥¸±μ£μ ±μ²Î ´  É ±¦¥ ´¥¨§¢¥¸É´μ, ³μ¦´μ ²¨ ¶μ²ÊÎ¨ÉÓ
¢¸¥ ¶μ²μ¦¨É¥²Ó´Ò¥ ³´¨³Ò¥ α = (1, α), ¶·¨³¥´ÖÖ ËÊ´±Éμ· μÉ· ¦¥´¨Ö ± ±μ·-
´Ö³ ¢¨¤  (1, β) ¨§ F . �Éμ ´¥ ¤μ± § ´μ ¤ ¦¥ ¤²Ö ¶·μ¸É¥°Ï¥£μ ¸²ÊÎ Ö ζ = ε0

(£¨¶μÉ¥§  4.8).
4) ‡ ³¥´ÖÖ  ²£¥¡·Ê —¥·¥¤´¨±  ¥¥ É·¨£μ´μ³¥É·¨Î¥¸±μ° ¨²¨ Ô²²¨¶É¨Î¥-

¸±μ° ¢¥·¸¨¥°, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ μ¡μ¡Ð¥´´ÊÕ ¨¥· ·Ì¨Õ
Š�. —Éμ¡Ò ´ °É¨ ¨Ì ·¥Ï¥´¨Ö, ¶·¥¤¶μ²μ¦¨É¥²Ó´μ ´ ¤μ · ¸¸³ É·¨¢ ÉÓ ¡μ²¥¥
μ¡Ð¨¥ ¶·¥¶·μ¥±É¨¢´Ò¥  ²£¥¡·Ò.

�·¨²μ¦¥´¨¥ �
‘Š��Šˆ �“�‘‘��� ‚ ’…�‡���›• ���‡��—…�ˆŸ•

‚ ÔÉμ° Î ¸É¨ ¤μ± ¦¥³ Ëμ·³Ê²Ê (1.16) ¤²Ö μÉμ¡· ¦¥´¨Ö ³μ³¥´É 
Pα : Rep(Q, α) → g∗ ¨ ¢Ò¢¥¤¥³ Ëμ·³Ê²Ê (3.10). „²Ö ÔÉμ£μ ¢¢¥¤¥³ É¥´§μ·-
´Ò° Ëμ·³ ²¨§³, ¶μ§¢μ²ÖÕÐ¨° ¸Î¨É ÉÓ ¸±μ¡±¨ �Ê ¸¸μ´  ¢ ³ É·¨Î´μ° Ëμ·³¥.

�Ê¸ÉÓ A ∈ Hom(Cn, Cn′
) ¨ B ∈ Hom(Cm, Cm′

) Å ¶·μ¨§¢μ²Ó´Ò¥ ³ -
É·¨ÍÒ, Éμ£¤  ¨Ì É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¥¸ÉÓ ³ É·¨Í  A ⊗ B, ¶·¨´ ¤²¥¦ -
Ð Ö Hom(Cn, Cn′

) ⊗ Hom(Cm, Cm′
) = Hom(Cn ⊗ Cm, Cn′ ⊗ Cm′

), ¸ Ô²¥-
³¥´É ³¨ (A ⊗ B)ij,kl = AikBjl. ‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö A(1) = A ⊗ idCm

(¶·¥¤¶μ² £ ¥É¸Ö m = m′) ¨ B(2) = idCn ⊗B (¶·¥¤¶μ² £ ¥É¸Ö n = n′). ‡ -
³¥É¨³, ÎÉμ A ⊗ B = A(1)B(2). „²Ö ±¢ ¤· É´ÒÌ ³ É·¨Í A ¨ B ¨³¥¥³
tr(A(1)B(2)) = tr(A) tr(B). Œ É·¨Í  ¶¥·¥¸É ´μ¢±¨ P : Cn ⊗ Cm → Cm ⊗ Cn

¸ Ô²¥³¥´É ³¨ Pij,kl := δilδjk μ¡² ¤ ¥É ¸¢μ°¸É¢μ³

tr (A(1)PB(2)) = tr (AB), A ∈ Hom(Cm, Cn), B ∈ Hom(Cn, Cm) (A.1)

(¢ ²¥¢μ° Î ¸É¨ ¸²¥¤ ¡¥·¥É¸Ö ¶μ Cn ⊗ Cn,   ¢ ¶· ¢μ° Å ¶μ Cn).
‘±μ¡±¨ �Ê ¸¸μ´  ´  Rep

(
Q, α

)
, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·-

³¥ (1.7), μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê²μ° {(Va)kl, (Vb∗)pq} = (−1)aδabδplδkq , £¤¥

a, b ∈ Q. ‚ ³ É·¨Î´μ° Ëμ·³¥ μ´  ¨³¥¥É ¢¨¤ {V (1)
a , V

(2)
b∗ } = (−1)aδabP (§¤¥¸Ó

· §³¥·Ò P § ¢¨¸ÖÉ μÉ a : i → j,   ¨³¥´´μ n = αi, m = αj). �· ¢¨²μ ‹¥°¡´¨Í 
¢ ³ É·¨Î´μ° Ëμ·³¥ ³μ¦´μ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: {A(1)B(1), C(2)} =
A(1){B(1), C(2)} + {A(1), C(2)}B(1), £¤¥ A, B, C Å ³ É·¨Î´μ-§´ Î´Ò¥
ËÊ´±Í¨¨.
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�μ¸É·μ¨³ μÉμ¡· ¦¥´¨¥ ³μ³¥´É  ¤²Ö ¤¥°¸É¢¨Ö £·Ê¶¶Ò G = G(α) ´ 
³´μ£μμ¡· §¨¨ M = Rep

(
Q, α

)
(¸³. ¶. 1.4). �²¥³¥´É [g] ∈ G(α) (¸³¥¦-

´Ò° ±² ¸¸ g ∈ GL(α) ¶μ ¶μ¤£·Ê¶¶¥ C×) ¤¥°¸É¢Ê¥É ¶μ Ëμ·³Ê²¥ (1.3), £¤¥
a ∈ Q. �²£¥¡·  ‹¨ g £·Ê¶¶Ò G(α) ¸μ¸Éμ¨É ¨§ ±² ¸¸μ¢ θ = [(θi)i∈I ] ∈
End(α)/(C · 1), £¤¥ θi ∈ End(Cαi) ¨ C · 1 ⊂ End(α) Å ¶μ¤ ²£¥¡·  ‹¨,
¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶μ¤£·Ê¶¶¥ C× ⊂ GL(α). ‘±μ¡±  ¢ g ¢Ò£²Ö¤¨É ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³: [θ, η] = [([θi, ηi])i∈I ]. ˆ´Ë¨´¨É¥§¨³ ²Ó´μ ¤¥°¸É¢¨¥ £·Ê¶¶Ò
G = G(α) ¤ ¥É¸Ö ¢¥±Éμ· ³¨ Vθ ∈ Γ(M, TM), μ¶·¥¤¥²¥´´Ò³¨ ± ± (Vθf)(V ) =
(d/dt)f(exp (−tθ).V )

∣∣
t=0

. �¶·¥¤¥²¨³ ∂Va ± ± ³ É·¨ÍÊ ¸ Ô²¥³¥´É ³¨
(∂Va)ll′ = ∂/∂(Va)l′l. ’μ£¤  ¢¥±Éμ·´Ò¥ ¶μ²Ö Vθ ³μ¦´μ § ¶¨¸ ÉÓ Vθ =∑
a : i→j

tr
(
(Vaθi − θjVa)∂Va

)
. „μ± ¦¥³ Éμ, ÎÉμ ÔÉ¨ ¶μ²Ö ¤ ÕÉ¸Ö £ ³¨²ÓÉμ´¨ -

´ ³¨ Hθ(V ) =
∑

a : i→j

(−1)a tr(VaVa∗θj), ¨ Éμ, ÎÉμ ÔÉ¨ £ ³¨²ÓÉμ´¨ ´Ò Ê¤μ¢²¥-

É¢μ·ÖÕÉ {Hθ, Hη} = H[θ,η]. ‚μ-¶¥·¢ÒÌ, § ³¥É¨³, ÎÉμ £ ³¨²ÓÉμ´¨ ´Ò μ¶·¥-
¤¥²¥´Ò ±μ··¥±É´μ, É ± ± ± μ¤´μ¢·¥³¥´´Ò° ¸¤¢¨£ θi → θi + c ¤ ¥É ¤μ¶μ²´¨-
É¥²Ó´Ò° Î²¥´ c

∑
a∈Q

(−1)a tr(VaVa∗); ³¥´ÖÖ a ´  a∗ ¨ ¨¸¶μ²Ó§ÊÖ Í¨±²¨Î´μ¸ÉÓ

¸²¥¤ , ¢¨¤¨³, ÎÉμ μ´ · ¢¥´ ´Ê²Õ. „ ²¥¥,

{Hθ, f}(V ) =
∑
b∈Q

{Hθ, (Vb)kl}
∂f

∂(Vb)kl
=
∑
b∈Q

tr
(
{Hθ, Vb}∂Vb

)
f =

=
∑

a,b∈Q
a : i→j

(−1)a tr
(
{V (1)

a V
(1)
a∗ θ

(1)
j , V

(2)
b }∂(2)

Vb

)
f =

=
∑

a,b∈Q
a : i→j

(−1)a tr
(
V

(1)
a∗ θ

(1)
j {V (1)

a , V
(2)
b }∂(2)

Vb

)
f+

+
∑

a,b∈Q
a : i→j

(−1)a tr
(
θ
(1)
j V (1)

a {V (1)
a∗ , V

(2)
b }∂(2)

Vb

)
f =

=
∑

a : i→j

tr
(
V

(1)
a∗ θ

(1)
j P∂

(2)
Va∗

)
f −

∑
a : i→j

tr
(
θ
(1)
j V (1)

a P∂
(2)
Va

)
f =

=
∑

a : i→j

tr
(
(Vaθi − θjVa)∂Va

)
f = (Vθf)(V ),

£¤¥ ¨¸¶μ²Ó§μ¢ ´μ (A.1). �´ ²μ£¨Î´μ ¶μ²ÊÎ ¥³

{Hθ, Hη}(V ) =
∑

a : i→j
b : k→l

(−1)a(−1)b tr
(
{V (1)

a V
(1)
a∗ θ

(1)
j , V

(2)
b V

(2)
b∗ η

(2)
l }

)
=

=
∑

a : i→j

(−1)a tr
(
−Va∗θjVaηi − θjVaVa∗ηj + Va∗θjηjVa + θjVaηiVa∗

)
=

= H[θ,η](V ).
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’ ±¨³ μ¡· §μ³, ¶Ê ¸¸μ´μ¢¸±μ¥ ¤¥°¸É¢¨¥ £·Ê¶¶Ò G(α) § ¤ ¥É¸Ö £ ³¨²ÓÉμ´¨-
 ´ ³¨ Hθ, μ¶·¥¤¥²¥´´Ò³¨ ¢ÒÏ¥. ˆ§ Ëμ·³Ê²Ò P (V )(θ) = Hθ(V ) ¶μ²ÊÎ ¥³

P (V ) =
( ∑

i∈I
a : i→j

(−1)aVaVa∗

)
j∈I

. �·¨´ ¤²¥¦´μ¸ÉÓ P (V ) ∈ End(α)0 ¸²¥¤Ê¥É

¨§ μ¡Ð¥° É¥μ·¨¨, ´μ ³μ¦´μ ¶·μ¢¥·¨ÉÓ ¥¥ Ö¢´μ:∑
j∈I

tr

( ∑
i∈I

a : i→j

(−1)aVaVa∗

)
=
∑
a∈Q

(−1)a tr (VaVa∗) = 0.

„μ± ¦¥³ É¥¶¥·Ó Ëμ·³Ê²Ê (3.10) (´¥ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ
α∞ = 1, ¸³. ±μ´¥Í ¶. 3.2). ‘μ£² ¸´μ ÊÉ¢¥·¦¤¥´¨Õ 1.9, ¸±μ¡±¨ �Ê ¸¸μ´ 
´  Nλ(α) ¸Î¨É ÕÉ¸Ö ± ± ¸±μ¡±¨ �Ê ¸¸μ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì (¨´¢ ·¨ ´É´ÒÌ)

ËÊ´±Í¨° ´  Rep
(
Πλ(Qζ), α

)
. ‚ μ¡μ§´ Î¥´¨ÖÌ ¶. 3.2 ¨³¥¥³ {v(1)

i , w
(2)
j }rl,l′s =

{(vi)rl′ , (wj)ls} = {(Vbir )l′ , (Vb∗js
)l} = δijδrsδll′ , É. ¥. {v(1)

i , w
(2)
j } = δijP

∀ i, j ∈ I . ’ ±¦¥ ÊÎ¨ÉÒ¢ Ö {V (1)
p′′ , V

(2)
p′ } = 0 ¨ Éμ, ÎÉμ Vp′′Vp′ = Vp′′p′ ¤²Ö

²Õ¡ÒÌ p′, p′′ ∈ P, É ±¨Ì, ÎÉμ p′′p′ ∈ P, ¶μ²ÊÎ ¥³

{IA, IB}(V ) =
∑
i,j∈I
k,l∈I

∑
p′′∈Pij

p′∈Pkl

tr
(
A

(1)
p′′ {w(1)

j V
(1)
p′′ v

(1)
i , w

(2)
l V

(2)
p′ v

(2)
k }B(2)

p′

)
=

=
∑
i,j∈I
k,l∈I

∑
p′′∈Pij

p′∈Pkl

tr
(
A

(1)
p′′

(
w

(1)
j V

(1)
p′′ {v(1)

i , w
(2)
l }V (2)

p′ v
(2)
k +

+ w
(2)
l V

(2)
p′ {w(1)

j , v
(2)
k }V (1)

p′′ v
(1)
i

)
B

(2)
p′

)
=

=
∑

i,j,k∈I

∑
p′′∈Pij

p′∈Pki

tr
(
Ap′′wjVp′′Vp′vkBp′

)
−

−
∑

i,j,l∈I

∑
p′′∈Pij

p′∈Pjl

tr
(
Vp′′viAp′′Bp′wlVp′

)
=

=
∑

j,k∈I
p∈Pkj

∑
p′′,p′∈P
p′′p′=p

tr
(
Bp′Ap′′wjVpvk

)
−
∑
i,l∈I
p∈Pil

∑
p′′,p′∈P
p′p′′=p

tr
(
Ap′′Bp′wlVpvi

)
.

‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³ {IA, IB}(V ) = I[A,B](V ).

�·¨²μ¦¥´¨¥ �
”“�Š’�� �’��†…�ˆŸ �� Rep

(
Πλ(Q), α

)
‡¤¥¸Ó Ö¢´μ μ¶¨Ï¥³, ± ± ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ËÊ´±Éμ· μÉ· ¦¥´¨Ö ´  ³´μ-

£μμ¡· §¨ÖÌ Rep
(
Πλ(Q), α

)
. ˆ¸¶μ²Ó§ÊÖ ÔÉμ μ¶¨¸ ´¨¥, ¤μ± ¦¥³ ·¥£Ê²Ö·´μ¸ÉÓ
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�λ,α
k ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ÊÉ¢¥·¦¤¥´¨Ö 1.10 (¸³. É¥μ·¥³Ê 2.6). ‚ ÔÉμ³ ¶·¨²μ-

¦¥´¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö ¨§ · §¤. 2 ¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ λk �= 0 ¨
k ∈ I¡¶.

� ¸¸³μÉ·¨³ ÉμÎ±Ê V ∈ Rep
(
Πλ(Q), α

)
. …¥  ËË¨´´Ò¥ ±μμ·¤¨´ ÉÒ Å ÔÉμ

³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¶¥· Éμ·μ¢ Va. �´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ ¸É ´¤ ·É-

´ÒÌ ¡ §¨¸μ¢ ¶·μ¸É· ´¸É¢ Vj = Cαj , ±μÉμ·Ò¥ μ¡μ§´ Î¨³ Î¥·¥§ {e(j)
l }αj

l=1. �μ-

¸É·μ¨³ ¶·¥¤¸É ¢¨É¥²Ó V ′ ∈ Rep
(
Πrkλ(Q), skα

)
, ¨§μ³μ·Ë´Ò° ³μ¤Ê²Õ Fλ,α

k (V ),
§ ¤ ¢ ¡ §¨¸ ¢ ¶·μ¸É· ´¸É¢ Ì V ′

j ¤²Ö ± ¦¤μ£μ j ∈ I . „²Ö j �= k ¡ §¨¸ V ′
j = Vj

Ê¦¥ § ¤ ´. ‚¥±Éμ·Ò e⊕al := μa(e(j)
l ), a : j → k, j ∈ I , μ¡· §ÊÕÉ ¡ §¨¸ ¶·μ¸É· ´-

¸É¢  V⊕ =
⊕

a : j→k

Vj . …£μ ¶μ¤¶·μ¸É· ´¸É¢μ V ′
k = Kerπ = Im μ′ = Im μ′π′ =

Im(1−μπ) ´ ÉÖ´ÊÉμ ´  ¢¥±Éμ·Ò e′al := (1−μπ)(e⊕al). Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ e′al

¢ ¡ §¨¸¥ {e⊕al} Ëμ·³¨·ÊÕÉ ³ É·¨ÍÊ · ´£  p0 := dimV ′
k = (skα)k. …¥ ³ É·¨Î-

´Ò¥ Ô²¥³¥´ÉÒ μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ëμ·³Ê²Ò (1−μπ)(e⊕a′l′) =
∑
a,l

(1−μπ)al,a′l′e
⊕
al.

Ÿ¢´μ ¨³¥¥³

μπ(e⊕a′l′) =
1
λk

∑
a∈H

μaVa∗

∑
b∈H

(−1)bVbπb(e⊕a′l′) =

=
1
λk

∑
a,b∈H

(−1)b(μaVa∗Vb)(δba′el′) =
1
λk

(−1)a′ ∑
a,l

μa(el)(Va∗Va′)l,l′ =

=
1
λk

(−1)a′ ∑
a,l

(Va∗Va′)ll′e
⊕
al

(μ¶ÊÐ¥´ ¨´¤¥±¸ j ¢ e
(j)
l ). ’ ±¨³ μ¡· §μ³, ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

(1 − μπ)al,a′l′ = δaa′δll′ −
1
λk

(−1)a′
(Va∗Va′)ll′ Å ³´μ£μÎ²¥´Ò μÉ ±μμ·¤¨´ É

(Va)ll′ . „²Ö § ¤ ´´μ£μ V ³μ¦´μ ¢Ò¡· ÉÓ ¡ §¨¸ {e′p}
p0
p=1 ¶·μ¸É· ´¸É¢  V ′

k ¨§

³´μ¦¥¸É¢  {e′al}, ¢ Î ¸É´μ¸É¨, e′p =
∑
a,l

nal,pe
′
al ¤²Ö ´¥±μÉμ·ÒÌ nal,p ∈ {0, 1}.

�Éμ ¤ ¥É ´ ³ ¨§μ³μ·Ë¨§³ V ′
k � C

p0 , ±μÉμ·Ò° μÉμ¦¤¥¸É¢²Ö¥É V ′ ¸ Ô²¥³¥´Éμ³
Rep

(
Πrkλ(Q), skα

)
. ‹¨´¥°´ Ö ´¥§ ¢¨¸¨³μ¸ÉÓ e′1, . . . , e

′
p0

Ô±¢¨¢ ²¥´É´  Éμ³Ê,
ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ³¨´μ· p0×p0 ³ É·¨ÍÒ (1−μπ) ´¥ § ´Ê²Ö¥É¸Ö ¢ ÉμÎ±¥ V .
�μ¸±μ²Ó±Ê ÔÉμÉ ³¨´μ· ¥¸ÉÓ ³´μ£μÎ²¥´ μÉ (Va)ll′ , μ´ μÉ²¨Î¥´ μÉ ´Ê²Ö ´  ´¥-
±μÉμ·μ³ μÉ±·ÒÉμ³ (¢ Éμ¶μ²μ£¨¨ ‡ ·¨¸¸±μ£μ) ³´μ¦¥¸É¢¥ U ⊂ Rep

(
Πλ(Q), α

)
,

¸μ¤¥·¦ Ð¥³ V . �μÔÉμ³Ê ³Ò ³μ¦¥³ ¢Ò¡· ÉÓ ¡ §¨¸ e′p =
∑
a,l

nal,pe
′
al ¤²Ö ¢¸¥Ì

V ∈ U , £¤¥ nal,p ´¥ § ¢¨¸ÖÉ μÉ V . ‚¥±Éμ·Ò e′al ³μ£ÊÉ ¡ÒÉÓ (¥¤¨´¸É¢¥´´Ò³

μ¡· §μ³) · §²μ¦¥´Ò ¶μ ¡ §¨¸Ê e′p, É. ¥. e′al =
p0∑

p=1
tp,ale

′
p, £¤¥ tp,al Å · Í¨μ-
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´ ²Ó´Ò¥ ËÊ´±Í¨¨ μÉ (Va)ll′ , ·¥£Ê²Ö·´Ò¥ ´  U . „ ²¥¥ ¨³¥¥³

μ′(e′p) = e′p =
∑
a′,l′

na′l′,pe
′
a′l′ =

∑
a′,l′

na′l′,p(1 − μπ)(e⊕a′l′) =

=
∑

a,a′,l,l′

na′l′,p(1 − μπ)al,a′l′e
⊕
al,

π′(e⊕al) = μ′π′(e⊕al) = (1 − μπ)(e⊕al) = e′al =
∑

p

tp,ale
′
p.

„²Ö a ∈ H ¶μ²ÊÎ ¥³

V ′
a(el) = −λk(−1)aπ′(e⊕al) = −λk(−1)a

∑
p

tp,ale
′
p,

V ′
a∗(e′p) = πa

(
μ′(e′p)

)
=
∑

a′,l,l′

na′l′,p(1 − μπ)al,a′l′el.

’μ ¥¸ÉÓ ¤²Ö V ∈ U μ¶·¥¤¥²¥´´Ò° ¢ÒÏ¥ Ô²¥³¥´É V ′ ∈ Rep
(
Πrkλ(Q), skα

)
¨³¥¥É ±μμ·¤¨´ ÉÒ

(V ′
a)ll′ = (Va)ll′ ¤²Ö a, a∗ /∈ H,

(V ′
a)pl = −λk(−1)atp,al ¤²Ö a ∈ H,

(V ′
a∗)lp =

∑
a′,l′

na′l′,p(1 − μπ)al,a′l′ ¤²Ö a ∈ H.

’ ±¨³ μ¡· §μ³, ³´μ£μμ¡· §¨¥ Rep
(
Πλ(Q), α

)
¶μ±·Ò¢ ¥É¸Ö μÉ±·ÒÉÒ³¨ ³´μ-

¦¥¸É¢ ³¨ U (ρ), ´  ±μÉμ·ÒÌ § ¤ ´Ò ·¥£Ê²Ö·´Ò¥ μÉμ¡· ¦¥´¨Ö

ϕ(ρ) : U (ρ) → Rep
(
Πrkλ(Q), skα

)
,

¶¥·¥¢μ¤ÖÐ¨¥ ²Õ¡μ° ³μ¤Ê²Ó V ∈ U (ρ) ¢ ¶μ¸É·μ¥´´Ò° ¢ÒÏ¥ V ′. �  ¶¥·¥-
¸¥Î¥´¨¨ U (ρ) ∩ U (σ) ¨³¥¥³ ϕ(ρ)(V ) = gρσϕ(σ)(V ) ¤²Ö ´¥±μÉμ·μ£μ Ô²¥³¥´É 

gρσ ∈ G(skα), ´¥ § ¢¨¸ÖÐ¥£μ μÉ V ∈ U (ρ) ∩ U (σ). ‚Ò¡μ· μÉμ¡· ¦¥´¨° ϕ(ρ)

´¥ ¥¤¨´¸É¢¥´´Ò°, μ´¨ ³μ£ÊÉ ¡ÒÉÓ § ³¥´¥´Ò ´  ϕ̃(ρ)(V ) = gρϕ
(ρ) ¤²Ö ´¥±μ-

Éμ·ÒÌ Ô²¥³¥´Éμ¢ gρ ∈ G(skα) (§ ³¥É¨³, ÎÉμ ϕ(ρ) ´¥ ¨´Ñ¥±É¨¢´Ò, É ± ± ±

ϕ(ρ)(gV ) = ϕ(ρ)(V ) ¶·¨ ²Õ¡μ³ V ∈ U (ρ) ¨ g ∈ GL(αk) ⊂ GL(α) É ±μ³, ÎÉμ

gV ∈ U (ρ)).
�Ê¸ÉÓ clλ(α) Å ¶μ¤³´μ¦¥¸É¢μ ¶μ²Ê¶·μ¸ÉÒÌ ³μ¤Ê²¥° V ∈ Rep

(
Πλ(Q), α

)
.

’μ£¤  Nλ(α) = clλ(α)/G(α) Å  ËË¨´´μ¥ ³´μ£μμ¡· §¨¥ ¸  ²£¥¡·μ° ·¥£Ê²Ö·-

´ÒÌ ËÊ´±Í¨° C[Nλ(α)] = C
[
Rep

(
Πλ(Q), α

)]G(α)
(¸³. § ³¥Î ´¨¥ 1.7). …¸²¨

¢¸¥ ³μ¤Ê²¨ V ∈ Rep
(
Πλ(Q), α

)
¶μ²Ê¶·μ¸ÉÒ (¢ Î ¸É´μ¸É¨, ¥¸²¨ ¢Ò¶μ²´¥´μ

Ê¸²μ¢¨¥ É¥μ·¥³Ò 1.5), Éμ Éμ£¤  Nλ(α) = Rep
(
Πλ(Q), α

)
/G(α). ‚ ¸²ÊÎ ¥,
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±μ£¤  Ê¸²μ¢¨¥ É¥μ·¥³Ò 1.5 ¢Ò¶μ²´¥´μ, ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥ ¸μ¤¥·¦¨É¸Ö ¢
ÊÉ¢¥·¦¤¥´¨¨ É¥μ·¥³Ò 2.6. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ μ´μ ¤μ± §Ò¢ ¥É¸Ö ÉμÎ´μ É ± ¦¥
(¸ ¶μ³μÐÓÕ ²¥³³Ò 2.5 ¨ ÊÉ¢¥·¦¤¥´¨Ö 1.10). ŒÒ ¥£μ Ëμ·³Ê²¨·Ê¥³, ÎÉμ¡Ò
¶·¨¢¥¸É¨  ²ÓÉ¥·´ É¨¢´μ¥ ¤μ± § É¥²Ó¸É¢μ.

“É¢¥·¦¤¥´¨¥ �.1. ”Ê´±Éμ· Fλ,α
k ¨´¤ÊÍ¨·Ê¥É ¨§μ³μ·Ë¨§³  ËË¨´´ÒÌ

³´μ£μμ¡· §¨° �λ,α
k : Nλ(α) → Nrkλ(skα).

„μ± § É¥²Ó¸É¢μ. 
¨¥±É¨¢´μ¸ÉÓ μÉμ¡· ¦¥´¨Ö �λ,α
k  ·£Ê³¥´É¨·μ¢ ´  ¢ § ³¥-

Î ´¨¨ 2.7. …£μ ·¥£Ê²Ö·´μ¸ÉÓ �λ,α
k Ô±¢¨¢ ²¥´É´  Éμ³Ê, ÎÉμ ËÊ´±Í¨Ö h = f ◦�λ,α

k

·¥£Ê²Ö·´  (¶·¨´ ¤²¥¦¨É C
[
Nλ(α)

]
) ¤²Ö ²Õ¡μ° ËÊ´±Í¨¨ f ∈ C

[
Nrkλ(skα)

]
.

�·¨ ¨§μ³μ·Ë¨§³¥ C[Nrkλ(skα)] = C
[
Rep

(
Πrkλ(Q), skα

)]G(skα)
ËÊ´±-

Í¨Ö f ¶¥·¥Ìμ¤¨É ¢ ËÊ´±Í¨Õ f̄ ∈ C
[
Rep

(
Πrkλ(Q), skα

)]G(skα)
, É ±ÊÕ, ÎÉμ

f̄(V ) = f([V ]) ¤²Ö ²Õ¡μ£μ V ∈ clrkλ(skα). �¶·¥¤¥²¨³ G(α)-¨´¢ ·¨ ´É´ÊÕ
ËÊ´±Í¨Õ h̄ : Rep

(
Πλ(Q), α

)
→ C Ëμ·³Ê²μ° h̄(V ) = f̄(V ′), £¤¥ V ′ Å ²Õ-

¡μ° Ô²¥³¥´É Rep
(
Πrkλ(Q), skα

)
, ¨§μ³μ·Ë´Ò° Fλ,α

k (V ), ± ± Πrkλ(Q)-³μ¤Ê²Ó.

�´  ·¥£Ê²Ö·´  ¢ ± ¦¤μ° μ¡² ¸É¨ U (ρ), ¶μ¸±μ²Ó±Ê h̄
∣∣
U(ρ) = f̄ ◦ ϕ(ρ),   É ±¦¥

f̄ ¨ ϕ(ρ) Å ·¥£Ê²Ö·´Ò. ‘²¥¤μ¢ É¥²Ó´μ, h̄ ∈ C
[
Rep

(
Πλ(Q), α

)]G(α)
. �μ-

¸±μ²Ó±Ê h̄(V ) = f̄(V ′) = f([V ′]) = f
(
�λ,α

k ([V ])
)

= h([V ]) ¤²Ö ²Õ¡μ£μ
³μ¤Ê²Ö V ∈ clλ(α), ËÊ´±Í¨Ö h̄ ¶¥·¥Ìμ¤¨É ¢ ËÊ´±Í¨Õ h ¶·¨ ¨§μ³μ·Ë¨§³¥

C
[
Rep

(
Πλ(Q), α

)]G(α) = C
[
Nλ(α)

]
. ‘²¥¤μ¢ É¥²Ó´μ, h ∈ C

[
Nλ(α)

]
.

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ �²¥£Ê — ²ÒÌÊ ¨ �·¨Õ

¥·¥¸ÉÊ §  μ¡ÑÖ¸´¥´¨¥ ¨§¢¥¸É´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¶μ É¥³¥ ¨ ¶²μ¤μÉ¢μ·´Ò¥ ¤¨¸±Ê¸-
¸¨¨. � ¡μÉ  Î ¸É¨Î´μ ´ ¶¨¸ ´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´É  EPSRC EP/K004999/1.
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