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+(S1)/SL(2,R)

‚. ‚. �¥²μ±Ê·μ¢ 1, 2, ∗ , …. ’. ˜ ¢£Ê²¨¤§¥ 1, ∗∗

1 Œμ¸±μ¢¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É ¨³. Œ. ‚. ‹μ³μ´μ¸μ¢ , Œμ¸±¢ 

2 ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ���, Œμ¸±¢ 

�μ²ÊÎ¥´ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨μ´ ²Ó´μ° ³¥·Ò ´  Ë ±Éμ·-¶·μ¸É· ´¸É¢¥ Diff1
+(S1)/

SL(2, R), ÎÉμ ¤¥² ¥É ¢ÒÎ¨¸²¥´¨¥ Ï¢ ·Í¨ ´μ¢¸±¨Ì ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¡μ²¥¥
¶·μ¸ÉÒ³ ¨ ¶·μ§· Î´Ò³.

An explicit form of the functional measure on the factor space Diff1
+(S1)/SL(2, R) is

obtained that makes Schwarzian functional integrals calculus more simple and transparent.

PACS: 02.30.Sa

‚‚…„…�ˆ…

‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¸É ²μ ¶μ´ÖÉ´μ [1Ä7], ÎÉμ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö ³μ-
¤¥²Ó ³ °μ· ´μ¢¸±¨Ì Ë¥·³¨μ´μ¢ ¸μ ¸²ÊÎ °´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ (SYK-³μ¤¥²Ó),
£μ²μ£· Ë¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ¤¨² Éμ´´μ° £· ¢¨É Í¨¨ „¦¥±¨¢ Ä’¥°É¥²Ó¡μ°³  ¨
´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ³μ¤¥²¨ ¶·¨¢μ¤ÖÉ ± μ¤´μ° ¨ Éμ° ¦¥ ÔËË¥±É¨¢´μ° É¥μ·¨¨ ¸μ
Ï¢ ·Í¨ ´μ¢¸±¨³ ¤¥°¸É¢¨¥³

ASch = − 1
σ2

∫
S1

[
Sch {h, t} + 2π2(h′(t))2

]
dt, (1)

£¤¥ h(t) Ö¢²Ö¥É¸Ö ¸μÌ· ´ÖÕÐ¨³ μ·¨¥´É Í¨Õ (h′(t) > 0) ¤¨ËË¥μ³μ·Ë¨§³μ³
¥¤¨´¨Î´μ° μ±·Ê¦´μ¸É¨ S1(h ∈ Diff1

+(S1)),  

Sch {h, t} =
(

h′′(t)
h′(t)

)′
− 1

2

(
h′′(t)
h′(t)

)2

Å ¶·μ¨§¢μ¤´ Ö ˜¢ ·Í .

∗E-mail: vvbelokurov@yandex.ru
∗∗E-mail: shavgulidze@bk.ru
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”Ê´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¢ ÔÉ¨Ì É¥μ·¨ÖÌ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¨´É¥-
£· ²Ò ¶μ £·Ê¶¶¥ Diff1

+(S1) ¸ ³¥·μ°

μ̃σ(dh) = exp {−ASch} dh = exp

⎧⎨
⎩2π2

σ2

∫
S1

(h′(t))2 dt

⎫⎬
⎭ μσ(dh), (2)

£¤¥

μσ(dh) = exp

⎧⎨
⎩ 1

σ2

∫
S1

Sch {h, t} dt

⎫⎬
⎭ dh (3)

¥¸ÉÓ ±¢ §¨¨´¢ ·¨ ´É´ Ö ³¥·  ´  Diff1
+(S1) [8, 9].

�¤´ ±μ ´¥¶μ¸·¥¤¸É¢¥´´μ¥ ËÊ´±Í¨μ´ ²Ó´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ³¥·¥ (2)
³μ¦¥É ¶·¨¢μ¤¨ÉÓ ± ¡¥¸¸³Ò¸²¥´´Ò³ ¡¥¸±μ´¥Î´Ò³ ·¥§Ê²ÓÉ É ³. �·¨Î¨´  ¸μ-
¸Éμ¨É ¢ Éμ³, ÎÉμ ³¥·  (2) ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ²¥¢μ£μ ¤¥°¸É¢¨Ö £·Ê¶¶Ò
SL(2,R) ´  ¶·μ¸É· ´¸É¢¥ Diff1

+(S1):

h = ϕ ◦ f (h(t) = ϕ(f(t))), ϕ ∈ SL(2,R), h, f ∈ Diff1
+(S1). (4)

„²Ö ¤μ± § É¥²Ó¸É¢  ¨´¢ ·¨ ´É´μ¸É¨

Sch {h, t} + 2π2(h′(t))2 = Sch {f, t} + 2π2(f ′(t))2 (5)

· ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ ·¥ ²¨§ Í¨Õ £·Ê¶¶Ò SL(2,R):

ϕ(f) =
1

i2π
log

ei2πf + z

z̄ ei2πf + 1
(6)

¨ ¨¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´μ¥ ¸¢μ°¸É¢μ ¶·μ¨§¢μ¤´μ° ˜¢ ·Í 

Sch {ϕ ◦ f, t} = Sch {ϕ, f(t)} (f ′(t))2 + Sch {f, t}. (7)

„²Ö ¶μ²ÊÎ¥´¨Ö ±μ´¥Î´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¤²Ö ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢
´¥μ¡Ìμ¤¨³μ ¢Ò¤¥²¨ÉÓ ¡¥¸±μ´¥Î´Ò° ¢±² ¤ ´¥±μ³¶ ±É´μ° £·Ê¶¶Ò SL(2,R),
É. ¥. ´Ê¦´μ ¨´É¥£·¨·μ¢ ÉÓ ¶μ Ë ±Éμ·-¶·μ¸É· ´¸É¢Ê Diff1

+(S1)/SL(2,R).
„²Ö ÔÉμ£μ ¢ [10Ä12] ³Ò ¶·¥¤²μ¦¨²¨ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ ·¥£Ê²Ö·¨§μ¢ ´-

´Ò¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥ Diff1
+(S1),   § É¥³ ´μ·³¨·μ¢ ÉÓ

¨Ì ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥ SL(2,R). ’ ±¨³ μ¡· §μ³, ³Ò
¢ÒÎ¨¸²¨²¨ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¤²Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ¨ ±μ··¥-
²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¢ Ï¢ ·Í¨ ´μ¢¸±¨Ì É¥μ·¨ÖÌ.

‚ Î ¸É´μ¸É¨, ¢ [12] ³Ò ¢ÒÎ¨¸²¨²¨ Ö¢´μ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò,
§ ¤ ÕÐ¨¥ ¤¢ÊÌÉμÎ¥Î´ÊÕ ¨ Î¥ÉÒ·¥ÌÉμÎ¥Î´Ò¥ ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¢
SYK-³μ¤¥²¨. �μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¢μ°¸É¢μ ³ ·±μ¢μ¸É¨ ´¥ ¢Ò¶μ²´Ö¥É¸Ö
¨ ¢¸¥ ÉμÎ±¨ μ±·Ê¦´μ¸É¨ S1 ¤ ÕÉ ´¥´Ê²¥¢μ° ¢±² ¤ ¢ ¨´É¥£· ²Ò, ´¨ Ê¶μ·Ö¤μ-
Î¥´´ Ö ¶μ ¢·¥³¥´¨ Î¥ÉÒ·¥ÌÉμÎ¥Î´ Ö ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö, ´¨ Î¥ÉÒ·¥Ì-
ÉμÎ¥Î´ Ö ËÊ´±Í¨Ö ¸ ´¥¶· ¢¨²Ó´Ò³ Ê¶μ·Ö¤μÎ¥´¨¥³ ´¥ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥
¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌÉμÎ¥Î´ÒÌ ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°.
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‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°
SYK-³μ¤¥²¨, μ¶·¥¤¥²¥´´ÒÌ ËÊ´±Í¨μ´ ²Ó´Ò³¨ ¨´É¥£· ² ³¨ ¶μ Diff1

+(S1)/
SL(2,R), ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢¶¥·¢Ò¥ ¢ [12].

‚ · ¡μÉ Ì [13,14],   É ±¦¥ ¢ ¡μ²¥¥ ¶μ§¤´¨Ì ¸É ÉÓÖÌ, ¨§ÊÎ ÕÐ¨Ì ±μ··¥²Ö-
Í¨μ´´Ò¥ ËÊ´±Í¨¨ ¢ ¤¢Ê³¥·´μ° £· ¢¨É Í¨¨ [15Ä17], § ¤ Î  ËÊ´±Í¨μ´ ²Ó´μ£μ
¨´É¥£·¨·μ¢ ´¨Ö ¸¢μ¤¨É¸Ö ± ÔÉμ° § ¤ Î¥ ¢ 1D-³μ¤¥²¨ ‹¨Ê¢¨²²Ö, ¨²¨ ¢ É¥μ·¨¨
´¥·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ´  £¨¶¥·¡μ²¨Î¥¸±μ° ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨, ¶μ-
³¥Ð¥´´μ° ¢ ¶μ¸ÉμÖ´´μ¥ ³ £´¨É´μ¥ ¶μ²¥. ’ ±¨³ ¸¶μ¸μ¡μ³  ¢Éμ·Ò ÔÉ¨Ì · ¡μÉ
¢ÒÎ¨¸²¨²¨ ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨, § ¤ ¢ ¥³Ò¥ ËÊ´±Í¨μ´ ²Ó´Ò³¨ ¨´É¥-
£· ² ³¨ ¶μ Diff1

+(R)/P ∗. ‘μ¢¥·Ï¥´´μ ¥¸É¥¸É¢¥´´μ, ÎÉμ ËÊ´±Í¨μ´ ²Ó´μ¥
¨´É¥£·¨·μ¢ ´¨¥ ¶μ · §´Ò³ ¶·μ¸É· ´¸É¢ ³ (Diff1

+(S1) ¨ Diff1
+(R)), ¸μμÉ¢¥É-

¸É¢ÊÕÐ¨³ · §´Ò³ ±¢ ´Éμ¢Ò³ É¥μ·¨Ö³, ¤ ÕÉ · §´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨ μ¤´μ³ ¨
Éμ³ ¦¥ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨.

‘ÊÐ¥¸É¢ÊÕÉ É ±¦¥ ´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ¸Ì¥³Ò μ¡· Ð¥´¨Ö ¸μ Ï¢ ·Í¨ ´μ¢-
¸±¨³¨ ËÊ´±Í¨μ´ ²Ó´Ò³¨ ¨´É¥£· ² ³¨ (¸³., ´ ¶·¨³¥·, [19Ä21]). �¤´ ±μ ¢
´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ³Ò · §¢¨¢ ¥³ ³¥Éμ¤ ´¥¶μ¸·¥¤¸É¢¥´´μ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ
¨´É¥£·¨·μ¢ ´¨Ö ¨ ´ Ìμ¤¨³ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨μ´ ²Ó´μ° ³¥·Ò ´  Ë ±Éμ·-
¶·μ¸É· ´¸É¢¥ Diff1

+(S1)/SL(2,R).
‚ · §¤. 1 ³Ò ¤ ¥³ μ¡§μ· ¶μ¤Ìμ¤  ± ËÊ´±Í¨μ´ ²Ó´μ³Ê ¨´É¥£·¨·μ¢ ´¨Õ,

· §¢¨Éμ³Ê ¢ [10Ä12]. ŒÒ ¶μ± §Ò¢ ¥³, ± ±, ¨¸¶μ²Ó§ÊÖ ±¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ
³¥·Ò (3) μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò Diff3

+, ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ·¥£Ê²Ö·¨§μ¢ ´´Ò¥
ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥ Diff1

+(S1),   § É¥³ ´μ·³¨·μ¢ ÉÓ ¨Ì ´ 
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥£Ê²Ö·¨§μ¢ ´´Ò¥ ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥ SL(2,R).

‚ · §¤. 2 ³Ò ¶·¥¤² £ ¥³ ¤·Ê£μ° ¶μ¤Ìμ¤ ± ËÊ´±Í¨μ´ ²Ó´μ³Ê ¨´É¥£·¨·μ-
¢ ´¨Õ ¶μ Ë ±Éμ·-¶·μ¸É· ´¸É¢Ê. ŒÒ Ë ±Éμ·¨§Ê¥³ ³¥·Ê ´  £·Ê¶¶¥ ¤¨ËË¥μ-
³μ·Ë¨§³μ¢ Diff1

+(S1) ¨ ¸É·μ¨³ Ö¢´Ò³ μ¡· §μ³ ³¥·Ê ´  Ë ±Éμ·-¶·μ¸É· ´¸É¢¥
Diff1

+(S1)/SL(2,R).

1. ���Œˆ��‚Š� ”“�Š–ˆ���‹œ�›• ˆ�’…ƒ��‹�‚
�� ƒ�“��… Diff1

+(S1)

‚´ Î ²¥ ³Ò ´ ¶μ³´¨³ ¸Ì¥³Ê ´μ·³¨·μ¢±¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢
¢¨¤ 

J =
1√
2πσ

∫
Diff1

+(S1)

Ψ(h) μ̃σ(dh). (8)

∗SL(2,R) ´¥ Ö¢²Ö¥É¸Ö ¶μ¤£·Ê¶¶μ° £·Ê¶¶Ò Diff1
+(R) (¸³., ´ ¶·¨³¥·, [18]). �μ £·Ê¶¶  P ,

¸μ¸ÉμÖÐ Ö ¨§ ¶·¥μ¡· §μ¢ ´¨° f → af +b (P ⊂ SL(2, R)), ¥¸ÉÓ ´¥±μ³¶ ±É´ Ö ¶μ¤£·Ê¶¶  £·Ê¶¶Ò
Diff1

+(R).
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�¥£Ê²Ö·¨§Ê¥³ (8) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ (α < π):

Jα =
1√
2πσ

∫
Diff1

+(S1)

Ψ(h) exp

⎧⎨
⎩2α2

σ2

∫
S1

(h′(t))2 dt

⎫⎬
⎭ μσ(dh) (9)

¨ ¢ÒÎ¨¸²¨³ ·¥£Ê²Ö·¨§μ¢ ´´Ò° ¨´É¥£· ², ¨¸¶μ²Ó§ÊÖ ±¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ ³¥·Ò
(¸³. ´¨¦¥).

‚μμ¡Ð¥ £μ¢μ·Ö, ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò (9) ¸Ìμ¤ÖÉ¸Ö ¶·¨ 0 < α < π
¨ · ¸Ìμ¤ÖÉ¸Ö ¶·¨ α = π.

„²Ö ¶μ²ÊÎ¥´¨Ö ±μ´¥Î´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö
´μ·³¨·Ê¥³ (9) ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥£Ê²Ö·¨§μ¢ ´´Ò¥ ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥
SL(2,R). ’ ±¨³ μ¡· §μ³, ³Ò μ¶·¥¤¥²Ö¥³ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ
Ë ±Éμ·-¶·μ¸É· ´¸É¢Ê Diff1

+(S1)/SL(2,R) ± ± ´μ·³¨·μ¢ ´´Ò¥ ËÊ´±Í¨μ´ ²Ó-
´Ò¥ ¨´É¥£· ²Ò

JN = lim
α→π−0

Jα

∫
SL(2,R)

Ψ (ϕz) exp
{

2α2

σ2

∫
S1

(ϕ′
z(t))

2
dt

}
dνH

, (10)

£¤¥ ϕz ∈ SL(2,R) ¨ dνH Å ¨´¢ ·¨ ´É´ Ö ³¥·  •  ·  ´  SL(2,R).
„²Ö SL(2,R) ¨´¢ ·¨ ´É´ÒÌ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨° Ψ(h) (± ± ¢

¸²ÊÎ ¥ SYK-¸É É¸Ê³³Ò [10] ¨ SYK-±μ··¥²ÖÉμ·μ¢ [12]) §´ ³¥´ É¥²Ó ¶·μ¶μ·-
Í¨μ´ ²¥´ ·¥£Ê²Ö·¨§μ¢ ´´μ³Ê μ¡Ñ¥³Ê £·Ê¶¶Ò SL(2,R), Ö¢´μ ¢ÒÎ¨¸²¥´-
´μ³Ê ¢ [11]:

V α
SL(2,R) =

∫
SL(2, R)

exp

⎧⎨
⎩−

2
[
π2 − α2

]
σ2

1∫
0

(ϕ′(t))2 dt

⎫⎬
⎭ dνH =

=
πσ2

π2 − α2
exp

{
−

2
(
π2 − α2

)
σ2

}
.

„²Ö SL(2,R) ´¥¨´¢ ·¨ ´É´ÒÌ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨° Ψ(h) ¢¨¤
¸¨´£Ê²Ö·´μ¸É¨ ¶·¨ α → π−0 ³μ¦¥É ¡ÒÉÓ · §²¨Î´Ò³ [11], ´μ ¢ ²Õ¡μ³ ¸²ÊÎ ¥
¸¨´£Ê²Ö·´μ¸É¨ ¢ Î¨¸²¨É¥²¥ ¨ §´ ³¥´ É¥²¥ ¢§ ¨³´μ ¸μ±· Ð ÕÉ¸Ö ¢ (10).

�·μ¤¥³μ´¸É·¨·Ê¥³ É¥¶¥·Ó ±· É±μ, ± ± ¨¸¶μ²Ó§Ê¥É¸Ö ±¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ
³¥·Ò ¤²Ö Ö¢´μ£μ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ (¤¥É ²¨ ¸³. ¢ [12]).
‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ Ï £  Ê¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¨´É¥£· ²Ò ¶μ
£·Ê¶¶¥ Diff1

+(S1) ± ± ¨´É¥£· ²Ò ¶μ £·Ê¶¶¥ Diff1
+([0, 1]) ¸μ ¸±²¥¥´´Ò³¨ ±μ´-
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Í ³¨ μÉ·¥§±  [0, 1] (ϕ′(0) = ϕ′(1)). ‚ [11] ³Ò ¤μ± § ²¨ ¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢μ:

1√
2πσ

∫
Diff1

+(S1)

F (h)μσ(dh) =
∫

Diff1
+([0,1])

δ

(
h′(1)
h′(0)

− 1
)

F (h)μσ(dh). (11)

Š¢ §¨¨´¢ ·¨ ´É´μ¸ÉÓ ³¥·Ò (3) μÉ´μ¸¨É¥²Ó´μ ²¥¢μ£μ ¤¥°¸É¢¨Ö ¶μ¤£·Ê¶¶Ò
Diff3

+([0, 1]) (g ◦h, g ∈ Diff3
+([0, 1]), h ∈ Diff1

+([0, 1])) § ¶¨¸Ò¢ ¥É¸Ö [8,9] ± ±

∫
Diff1

+([0,1])

F (h̃)μσ(dh̃) =
1√

g′(0)g′(1)

∫
Diff1

+([0,1])

F (g(h))×

× exp
{

1
σ2

[
g′′(0)
g′(0)

h′(0) − g′′(1)
g′(1)

h′(1)
]

+

+
1
σ2

1∫
0

Sch {g, h(t)} (h′(t))2 dt

⎫⎬
⎭ μσ(dh). (12)

�Ê¸ÉÓ ËÊ´±Í¨Ö g ¨³¥¥É ¢¨¤

g(t) = gα(t) =
1
2

[
1

tan(α/2)
tan

(
α

(
t − 1

2

))
+ 1

]
. (13)

‚ ÔÉμ³ ¸²ÊÎ ¥

(
g−1

α (h)
)
(t) =

1
α

arctan
[
tan

α

2
(2h(t) − 1)

]
+

1
2

. (14)

‚ ·¥§Ê²ÓÉ É¥ (12) Jα ¶·¥μ¡· §Ê¥É¸Ö ¢ ¨´É¥£· ²

α

sin α

∫
Diff1([0,1])

exp
{

4 sin2(α/2)
σ2

(h′(0) + h′(1))
}
×

× Ψ
(
g−1

α (h)
)

δ

(
h′(1)
h′(0)

− 1
)

μσ(dh), (15)

±μÉμ·Ò° ¸¢μ¤¨É¸Ö ± μ¡ÒÎ´Ò³ ¨´É¥£· ² ³ μ¶¨¸ ´´Ò³ ¢ [12] ³¥Éμ¤μ³.

2. ”�Š’��ˆ‡�–ˆŸ Œ…�› �� Diff1
+(S1)

‚ ÔÉμ³ · §¤¥²¥ ³Ò Ë ±Éμ·¨§Ê¥³ ³¥·Ê ´  Diff1
+(S1)

μ̃σ(dh) = νH(dϕ)μ̃X
σ (df) (16)



”“�Š–ˆ���‹œ��… ˆ�’…ƒ�ˆ��‚��ˆ… �� ”�Š’��-���‘’���‘’‚“ 455

¨ ¶·μ¤¥³μ´¸É·¨·Ê¥³ É¥³ ¸ ³Ò³, ÎÉμ ± ± ¶·μ¸É· ´¸É¢μ ¨´É¥£·¨·μ¢ ´¨Ö

Diff1
+(S1) Ô±¢¨¢ ²¥´É´μ ¤¥± ·Éμ¢Ê ¶·μ¨§¢¥¤¥´¨Õ

Diff1
+(S1) ∼= SL(2,R)× X, X = Diff1

+(S1)/SL(2,R).

‘´ Î ²  ¢μ§Ó³¥³ 3 ÉμÎ±¨ ´  μ±·Ê¦´μ¸É¨ tk = k/3, k = 0, 1, 2, ¨ ¶·¥¤¸É -
¢¨³ ¨´É¥£· ² (8) ± ±

1√
2πσ

∫
dτ0 dτ1 dτ2

∫
Diff1

+(S1)

Ψ(h)
∏

k=0, 1, 2

δ (h(tk) − τk) μ̃σ(dh). (17)

”¨±¸¨·Ê¥³ É¥¶¥·Ó 3 ¶ · ³¥É·  SL(2,R), ¶μ² £ Ö ϕτ (tk) = τk , £¤¥ τk

Ë¨±¸¨·μ¢ ´Ò. ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢μ

δ (ϕτ (f(tk)) − τk) =
1

ϕ′
τ (tk)

δ (f(tk) − tk),

¶·¥μ¡· §Ê¥³ ¨´É¥£· ² (17) ± ¢¨¤Ê

1√
2πσ

∫ ∏
i=0, 1, 2

dτi

ϕ′
τ (ti)

∫
Diff1

+(S1); SL(2,R) gauge fixed

×

× Ψ(ϕτ ◦ f)
∏

k=0, 1, 2

δ (f(tk) − tk) μ̃σ(df). (18)

“¤μ¡´μ · ¸¸³ É·¨¢ ÉÓ ¸²¥¤ÊÕÐÊÕ ·¥ ²¨§ Í¨Õ SL(2,R):

ϕτ (t) =
1
π

arccot{A cot(πt − πθ) + B}, (19)

£¤¥ 3 ¶ · ³¥É·  A, B, θ ¸¢Ö§ ´Ò ¸ τ0, τ1, τ2.
‚ É¥·³¨´ Ì ¶ · ³¥É·μ¢ A, B, θ ³¥· 

∏
i=0,1,2

dτi/ϕ′
τ (ti) ¢ (18) § ¶¨¸Ò¢ ¥É¸Ö

± ±

const
dB dA

A2
dθ,

ÎÉμ ¥¸ÉÓ ³¥·  •  ·  SL(2,R) νH(dϕ) [18].
ˆÉ ±, ¨´É¥£· ² (18) ¢Ò£²Ö¤¨É ± ±

1√
2πσ

∫
SL(2,R)

νH(dϕ)
∫

Diff1
+(S1); SL(2,R) gauge fixed

×

× Ψ(ϕτ ◦ f)
∏

k=0,1,2

δ (f(tk) − tk) μ̃σ(df). (20)



456 	…‹�Š“��‚ ‚. ‚., ˜�‚ƒ“‹ˆ„‡… …. ’.

ˆ ¶·¨ SL(2,R) ¨´¢ ·¨ ´É´ÒÌ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨ÖÌ Ψ(ϕτ ◦ f) =
Ψ(f) Ë ±Éμ·¨§Ê¥É¸Ö:

1√
2πσ

∫
SL(2,R)

νH(dϕ)
∫

Diff1
+(S1)/SL(2,R)

Ψ(f)
∏

k=0,1,2

δ (f(tk) − tk) μ̃σ(df).

(21)
‡ ³¥É¨³, ÎÉμ ³Ò ³μ£²¨ ¡Ò ¶μ²μ¦¨ÉÓ ¶ · ³¥É· τ0 (¨, ¸μμÉ¢¥É¸É¢¥´´μ,

¶ · ³¥É· θ) · ¢´Ò³¨ ´Ê²Õ ¸ ¸ ³μ£μ ´ Î ² . �ÉμÉ ¢Ò¡μ· Ë¨±¸¨·Ê¥É ÉμÎ±Ê 0
´  ¥¤¨´¨Î´μ° μ±·Ê¦´μ¸É¨.

�¡· É¨³¸Ö É¥¶¥·Ó ± ¨´É¥£· ²Ê ¶μ Ë ±Éμ·-¶·μ¸É· ´¸É¢Ê:

1√
2πσ

∫
Diff1

+(S1)/SL(2,R)

Ψ(f)
∏

k=0,1,2

δ (f(tk) − tk) μ̃σ(df) =

=
∫

Diff1
+([0, 1])

Ψ(f)δ
(
f

(
1
3

)
− 1

3

)
δ

(
f

(
2
3

)
− 2

3

)
δ

(
f ′(1)
f ′(0)

− 1
)

μ̃σ(df). (22)

� §μ¡Ó¥³ μÉ·¥§μ± [0, 1] ´  3 Î ¸É¨: [0, 1/3], [1/3, 2/3], [2/3, 1] Å ¨ ¶·¥¤-
¸É ¢¨³ ËÊ´±Í¨Õ f ± ±

f(t) =
1
3
f1(3t), 0 � t � 1

3
; f(t) =

1
3

[1 + f2(3t − 1)] ,
1
3

� t � 2
3
;

f(t) =
1
3

[2 + f3(3t − 2)] ,
2
3

� t � 1. f1, f2, f3 ∈ Diff1
+([0, 1]).

ˆ¸¶μ²Ó§ÊÖ · §¢¨ÉÊÕ ¢ [12] É¥Ì´¨±Ê, ¶μ²ÊÎ¨³ ¸· §Ê

μσ(df) = μσ/
√

3 (df1)μσ/
√

3 (df2)μσ/
√

3 (df3)

¨

δ

(
f

(
1
3

)
− 1

3

)
=

9
2
f ′
1(1) δ(f ′

2(0) − f ′
1(1)) ,

δ

(
f

(
2
3

)
− 2

3

)
= 6f ′

2(1) δ(f ′
3(0) − f ′

2(1)) ,

δ

(
f ′(1)
f ′(0)

− 1
)

= f ′
3(1) δ(f ′

1(0) − f ′
3(1)) .
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’ ±¨³ μ¡· §μ³, ¨´É¥£· ² (22) § ¶¨¸Ò¢ ¥É¸Ö ± ±

∫
Diff1

+([0,1])

∫
Diff1

+([0,1])

∫
Diff1

+([0,1])

Ψ(f1, f2, f3)33f ′
1(1)f ′

2(1)f ′
3(1)×

× δ (f ′
2(0) − f ′

1(1)) δ(f ′
3(0) − f ′

2(1)) δ(f ′
1(0) − f ′

3(1))×

× exp

⎧⎨
⎩2π2

3σ2

1∫
0

[
(f ′

1(t))
2 + (f ′

2(t))
2 + (f ′

3(t))
2
]

dt

⎫⎬
⎭×

× μσ/
√

3 (df1)μσ/
√

3 (df2)μσ/
√

3 (df3). (23)

”Ê´±Í¨μ´ ²Ó´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¢ (23) ³¥Éμ¤μ³, μ¸´μ¢ ´´Ò³ ´  ±¢ §¨¨´-
¢ ·¨ ´É´μ¸É¨ [12], μÎ¥¢¨¤´μ ¶·¨¢μ¤¨É ± ´¥¸¨´£Ê²Ö·´μ³Ê ·¥§Ê²ÓÉ ÉÊ. (‚ ÔÉμ³
¸²ÊÎ ¥ α = π/3, ¸·. (12)Ä(15).)

3. ‡�Š‹�—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

Ÿ¢´Ò° ¢¨¤ ³¥·Ò ´  Ë ±Éμ·-¶·μ¸É· ´¸É¢¥ Diff1
+(S1)/SL(2,R)

33f ′
1(1) f ′

2(1) f ′
3(1)δ(f ′

2(0) − f ′
1(1)) δ(f ′

3(0) − f ′
2(1)) δ(f ′

1(0) − f ′
3(1))×

× exp

⎧⎨
⎩2π2

3σ2

1∫
0

[
(f ′

1(t))
2 + (f ′

2(t))
2 + (f ′

3(t))
2
]

dt

⎫⎬
⎭×

× μσ/
√

3 (df1)μσ/
√

3 (df2)μσ/
√

3 (df3) (24)

¶μ²ÊÎ¥´ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¢¶¥·¢Ò¥. (‘³., ´ ¶·¨³¥·, [19], § ³¥Î ´¨¥ 7
´  ¸. 9.)

„ ´´ Ö ¸É ÉÓÖ ¤μ¶μ²´Ö¥É ¶·¥¤Ò¤ÊÐ¨¥ ¨¸¸²¥¤μ¢ ´¨Ö ¶· ¢¨² Ï¢ ·Í¨ ´μ¢-
¸±μ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö [10Ä12]. ‚³¥¸É¥ ¸ · §¢¨Éμ° É ³ ·¥-
£Ê²Ö·´μ° É¥Ì´¨±μ° ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¶μ²ÊÎ¥´´Ò° ¢
ÔÉμ° · ¡μÉ¥ ·¥§Ê²ÓÉ É ¤ ¥É ´μ¢Ò¥ ¢μ§³μ¦´μ¸É¨ ¤²Ö ¨§ÊÎ¥´¨Ö Ï¨·μ±μ£μ ±² ¸¸ 
É¥μ·¨°.
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