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� Í¨μ´ ²Ó´Ò° ¨¸¸²¥¤μ¢ É¥²Ó¸±¨° Ê´¨¢¥·¸¨É¥É ®‚Ò¸Ï Ö Ï±μ²  Ô±μ´μ³¨±¨¯, Œμ¸±¢ 

Š· É±μ μ¶¨¸Ò¢ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê É¥μ·¨¥° ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°, ¸ μ¤´μ° ¸Éμ-
·μ´Ò, ¨ ¸Ê¶¥·±μ´Ëμ·³´Ò³¨ ¨´¤¥±¸ ³¨ ¨ ¤Ê ²Ó´μ¸ÉÖ³¨ ‡ °¡¥·£  ¤²Ö Î¥ÉÒ·¥Ì³¥·´ÒÌ
N = 1 ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨° ¶μ²Ö, ¸ ¤·Ê£μ° ¸Éμ·μ´Ò.

This is a brief account of relations between the theory of special functions, on the
one side, and superconformal indices and Seiberg dualities of four-dimensional N = 1
supersymmetric gauge ˇeld theories, on the other side.

PACS: 11.25.Tq; 11.30.Pb; 11.25.Hf
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��›—�›… ƒˆ�…�ƒ…�Œ…’�ˆ—…‘Šˆ… ”“�Š–ˆˆ

�μ¸±μ²Ó±Ê ÔÉμ ³¥³μ·¨ ²Ó´ Ö ±μ´Ë¥·¥´Í¨Ö, Ö ·¥Ï¨² ¸¤¥² ÉÓ ¶·¥§¥´É -
Í¨Õ, Î ¸É¨Î´μ ¶·¨¢Ö§ ´´ÊÕ ± ¨¸Éμ·¨¨ ¸μ¡ÒÉ¨°. �Î¥¢¨¤´μ, ÎÉμ ¨¸Éμ·¨Ö É¥³Ò,
Ê± § ´´μ° ¢ ´ §¢ ´¨¨ ¤μ±² ¤ , ´ Î¨´ ¥É¸Ö ¸ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°.
Šμ´±·¥É´μ, ´¥μ¡Ìμ¤¨³μ ¢¥·´ÊÉÓ¸Ö ¢μ ¢·¥³¥´  ˆ¸  ±  �ÓÕÉμ´ , ±μ£¤  Ë¨§¨± 
¨ ³ É¥³ É¨±  Ëμ·³¨·μ¢ ²¨ ¥¤¨´ÊÕ ´ Ê±Ê ¨ ´¥ ¡Ò²¨ · §¤¥²¥´Ò ¢ Éμ° ¸É¥¶¥´¨,
± ± ³Ò ¢¨¤¨³ ÔÉμ ¸¥°Î ¸. ‘·¥¤¨ ¸¢μ¨Ì ³´μ£μÎ¨¸²¥´´ÒÌ ¢¥²¨±¨Ì ¤μ¸É¨¦¥´¨°
¢ 1665 £. �ÓÕÉμ´ ¤μ± § ² ¡¨´μ³¨ ²Ó´ÊÕ É¥μ·¥³Ê

1F0(a; x) :=
∞∑

n=0

(a)n

n!
xn = (1 − x)−a, a, x ∈ C, |x| < 1, (1)

£¤¥ (a)n = a(a + 1) · · · (a + n − 1) ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´ §Ò¢ ¥É¸Ö ¸¨³¢μ-
²μ³ �μÌ£ ³³¥· . �  ¸ ³μ³ ¤¥²¥ μ´ Ê¸É ´μ¢¨² ÔÉμ ¶·μ¸É¥°Ï¥¥ Éμ¦¤¥¸É¢μ
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¤²Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¶·¨ ¤·μ¡´ÒÌ §´ Î¥´¨ÖÌ a ¨ ¥£μ £² ¢´μ¥
¤μ¸É¨¦¥´¨¥ ¸μ¸ÉμÖ²μ ¢ · ¡μÉ¥ ¸ ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³.

�¸´μ¢´μ¥ · §¢¨É¨¥ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° £¨¶¥·£¥μ³¥É·¨Î¥¸±μ£μ
É¨¶  ¶·μ¨§μÏ²μ ¢ É·Ê¤ Ì ‹¥μ´ ·¤  �°²¥·  [1] (Ö ¨¸¶μ²Ó§ÊÕ ÔÉμÉ ÊÎ¥¡´¨± ¢
± Î¥¸É¢¥ μ¸´μ¢´μ£μ ¨¸ÉμÎ´¨±  ¨¸Éμ·¨Î¥¸±¨Ì ¤ ´´ÒÌ). ˆ§ μ£·μ³´μ£μ ¸¶¨¸± 
¥£μ ¶·μ¸² ¢²¥´´ÒÌ μÉ±·ÒÉ¨° ³μ¦´μ ¢Ò¤¥²¨ÉÓ ¸²¥¤ÊÕÐ¨¥: ¸ 1729 £. μ´ ¶μ-
¸²¥¤μ¢ É¥²Ó´μ ¢¢¥² £ ³³ -ËÊ´±Í¨Õ Γ(x),

Γ(x) =

∞∫
0

tx−1 e−t dt, Re (x) > 0, (2)

¡¥É -ËÊ´±Í¨Õ (¨´É¥£· ²) B(x, y),

B(x, y) =

1∫
0

tx−1(1 − t)y−1 dt =
Γ(x)Γ(y)
Γ(x + y)

, Re (x), Re (y) > 0, (3)

¨ ±²ÕÎ¥¢ÊÕ £¨¶¥·£¥μ³¥É·¨Î¥¸±ÊÕ 2F1-ËÊ´±Í¨Õ,

2F1(a, b; c; x) =
∞∑

n=0

(a)n(b)n

n!(c)n
xn, |x| < 1. (4)

ˆ´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ �°²¥· 

2F1(a, b; c; x) =
Γ(c)

Γ(c − b)Γ(b)

1∫
0

tb−1(1 − t)c−b−1(1 − xt)−a dt, (5)

£¤¥ Re (c) > Re (b) > 0 ¨ x /∈ [1,∞[, ³£´μ¢¥´´μ ¢ÒÉ¥± ¥É ¨§ · §²μ¦¥´¨Ö
³´μ¦¨É¥²Ö (1 − xt)−a ¢ ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¨ ¢ ·Ö¤ ’¥°²μ·  ¸μ£² ¸´μ
Ëμ·³Ê²¥ (1) ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö ÉμÎ´μ° Ëμ·³Ê²Ò ¨´É¥£·¨·μ¢ ´¨Ö (3).

ƒ Ê¸¸ (1812), ŠÊ³³¥· (1836), �¨³ ´ (1857), 	 ·´¸ (1908) ¤¥É ²Ó´μ ¨¸¸²¥-
¤μ¢ ²¨ ¸¢μ°¸É¢  2F1-ËÊ´±Í¨¨ [1]. ‚ Î ¸É´μ¸É¨, £¨¶¥·£¥μ³¥É·¨Î¥¸±μ¥ Ê· ¢´¥-
´¨¥ (· ¸¸³μÉ·¥´´μ¥ �°²¥·μ³ ¥Ð¥ ¢ 1769 £.), ±μÉμ·μ³Ê μ´  Ê¤μ¢²¥É¢μ·Ö¥É:

x(1 − x)y′′(x) + (c − (a + b + 1)x)y′(x) − aby(x) = 0.

˜¨·μ± Ö ¶μ¶Ê²Ö·´μ¸ÉÓ ÔÉμ£μ Ê· ¢´¥´¨Ö μ¡ÑÖ¸´Ö¥É¸Ö É¥³ Ë ±Éμ³, ÎÉμ μ´μ
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¶μ²´¥ £¥μ³¥É·¨Î¥¸±¨° μ¡Ñ¥±É Å μ¡Ð¥¥ ¤¨ËË¥·¥´Í¨-
 ²Ó´μ¥ Ê· ¢´¥´¨¥ ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ É·¥³Ö ·¥£Ê²Ö·´Ò³¨ ¸¨´£Ê²Ö·´Ò³¨ ÉμÎ-
± ³¨ (Ë¨±¸¨·μ¢ ´´Ò³¨ ¢ 0, 1 ¨ ∞). ‚¸¥ · §²μ¦¥´¨Ö ·¥Ï¥´¨° ¢ ·Ö¤Ò ¢ ÔÉ¨Ì
¸¨´£Ê²Ö·´ÒÌ ÉμÎ± Ì ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ 2F1-ËÊ´±Í¨Õ (y(x) = 2F1(a, b; c; x)
Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨³ ·¥Ï¥´¨¥³ ¢¡²¨§¨ ÉμÎ±¨ x = 0).
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—Éμ ± ¸ ¥É¸Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ³´μ£¨Ì ¶¥·¥³¥´´ÒÌ, Ö Ê¶μ³Ö´Ê Éμ²Ó-
±μ ³´μ£μ±· É´Ò° ¡¥É -¨´É¥£· ², ¢ÒÎ¨¸²¥´´Ò° �É²¥ ‘¥²Ó¡¥·£μ³ ¢ 1944 £. [1]:

1∫
0

. . .

1∫
0

∏
1�i<j�n

|xi − xj |2γ
n∏

j=1

xα−1
j (1 − xj)β−1 dxj =

=
n∏

j=1

Γ(α + (j − 1)γ)Γ(β + (j − 1)γ)Γ(1 + jγ)
Γ(α + β + (N + j − 2)γ)Γ(1 + γ)

, (6)

Re (α), Re (β) > 0, Re (γ) > −min
(

1
n

,
Re (α)
n − 1

,
Re (β)
n − 1

)
.

�´ ¡Ò² ¶·¥¤²μ¦¥´ ¤²Ö ´¥±μÉμ·ÒÌ É¥μ·¥É¨±μ-Î¨¸²μ¢ÒÌ ´Ê¦¤, ´μ ¥£μ ´ ¨¡μ-
²¥¥ ¢ ¦´Ò¥ ¶·¨²μ¦¥´¨Ö ¡Ò²¨ ´ °¤¥´Ò ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥: ¸²ÊÎ °´Ò¥
³ É·¨ÍÒ, ¨´É¥£·¨·Ê¥³Ò¥ n-Î ¸É¨Î´Ò¥ ¶·μ¡²¥³Ò, μ·Éμ£μ´ ²Ó´Ò¥ ³´μ£μÎ²¥´Ò
³´μ£¨Ì ¶¥·¥³¥´´ÒÌ ¨ É. ¤.

q-ƒˆ�…�ƒ…�Œ…’�ˆ—…‘Šˆ… ”“�Š–ˆˆ

�¶ÖÉÓ ¸¨¸É¥³ É¨Î¥¸±μ¥ · ¸¸³μÉ·¥´¨¥ ¢Éμ·μ£μ Ê·μ¢´Ö £¨¶¥·£¥μ³¥É·¨-
Î¥¸±¨Ì ËÊ´±Í¨° ¡Ò²μ § ¶ÊÐ¥´μ �°²¥·μ³, ±μÉμ·Ò° ¸±μ´¸É·Ê¨·μ¢ ² ¢ 1748 £.
q-Ô±¸¶μ´¥´Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨

∞∑
n=0

xn

(q; q)n
=

1
(x; q)∞

, |x| < 1,

∞∑
n=0

qn(n−1)/2

(q; q)n
(−x)n = (x; q)∞, |q| < 1,

£¤¥ ¶·μ¨§¢¥¤¥´¨¥ (x; q)n =
n−1∏
k=0

(1 − xqk) ¨§¢¥¸É´μ ¢ ´ Ï¥ ¢·¥³Ö ± ± q-¸¨³-

¢μ² �μÌ£ ³³¥· . Œ´μ£¨¥ ³ É¥³ É¨±¨ · ¸¸³ É·¨¢ ²¨ μ¡μ¡Ð¥´¨Ö ÔÉ¨Ì ÉμÎ´ÒÌ
Ëμ·³Ê² ¸Ê³³¨·μ¢ ´¨Ö. ‚ Î ¸É´μ¸É¨, �μÉ¥, ŠμÏ¨, ƒ¥°´¥, ƒ Ê¸¸ Ê¸É ´μ¢¨²¨
¸¶· ¢¥¤²¨¢μ¸ÉÓ ¸²¥¤ÊÕÐ¥£μ Éμ¦¤¥¸É¢ :

1ϕ0(t; q, x) =
∞∑

n=0

(t; q)n

(q; q)n
xn =

(tx; q)∞
(x; q)∞

, |x|, |q| < 1,

±μÉμ·μ¥ ´ §Ò¢ ¥É¸Ö q-¡¨´μ³¨ ²Ó´μ° É¥μ·¥³μ°. ‚ 1847 £. ƒ¥°´¥ ¸±μ´¸É·Ê¨·μ-
¢ ² q- ´ ²μ£ 2F1-ËÊ´±Í¨¨

2ϕ1(s, t; w; q, x) =
∞∑

n=0

(s; q)n(t; q)n

(q; q)n(w; q)n
xn,
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É ±μ° ÎÉμ

2ϕ1(qa, qb; qc; q, x) → 2F1(a, b; c; x) ¤²Ö q → 1. (7)

’¥μ·¨Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° · §¢¨¢ ² ¸Ó ¡μ²¥¥ Î¥³ 300 ²¥É ´ 
¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ±² ¸¸ Ì ¶·¨³¥·μ¢:

r+1Fr

(
u1, . . . , ur+1

v1, . . . , vr
; x

)
=

∞∑
n=0

(u1)n · · · (ur+1)n

n!(v1)n · · · (vr)n
xn

¨

r+1ϕr

(
t1, . . . , tr+1

w1, · · · , wr
; q, x

)
=

∞∑
n=0

(t1; q)n · · · (tr+1; q)n

(q; q)n(w1; q)n . . . (wr; q)n
xn,

¸μ¢³¥¸É´μ ¸ ¨Ì · ¸Ï¨·¥´¨Ö³¨ ´  ËÊ´±Í¨¨ ³´μ£¨Ì ¶¥·¥³¥´´ÒÌ ¢ μ¡¥¨Ì Ëμ·-
³ Ì Å ¨ ¢ ¢¨¤¥ ·Ö¤μ¢, ¨ ¢ ¢¨¤¥ ¨´É¥£· ²μ¢. ‚ 1980-Ì ££. ´¥±μÉμ·Ò¥ ÊÎ¥´Ò¥
¢Ò¸± §Ò¢ ²¨ ³´¥´¨¥, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É Ìμ·μÏ¨Ì ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° £¨-
¶¥·£¥μ³¥É·¨Î¥¸±μ£μ É¨¶  ¶μ³¨³μ ÔÉ¨Ì ±² ¸¸μ¢. �μÔÉμ³Ê ´  ·Ê¡¥¦¥ ÉÒ¸ÖÎ¥-
²¥É¨° Ö¢¨²μ¸Ó μÎ¥´Ó ¡μ²ÓÏ¨³ ¸Õ·¶·¨§μ³ μÉ±·ÒÉ¨¥ ¸²¥¤ÊÕÐ¨Ì ËÊ´±Í¨°.

�‹‹ˆ�’ˆ—…‘Šˆ… ƒˆ�…�ƒ…�Œ…’�ˆ—…‘Šˆ… ”“�Š–ˆˆ [2, 3]

—Éμ Ö¢²Ö¥É¸Ö ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢¥·Ï¨´ ³¨ μ¡μ¡Ð¥´¨° ¡¨´μ³¨ ²Ó´μ°
É¥μ·¥³Ò, ¡¥É -¨´É¥£· ²  �°²¥·  ¨ É. ¤., ¨ £¤¥ μ´¨ ¡Ò²¨ ´ °¤¥´Ò? Œ´¥ ¶μ¢¥§²μ
¸¤¥² ÉÓ μ¤¨´ ¨§ ±²ÕÎ¥¢ÒÌ ¢±² ¤μ¢ ¢ μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸ ¢μ ¢·¥³Ö · ¡μÉÒ ¢
‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. 	μ£μ²Õ¡μ¢  �ˆŸˆ ∗. � ¨³¥´´μ,
¢ 2000 £. ¡Ò² μÉ±·ÒÉ Ô²²¨¶É¨Î¥¸±¨° ¡¥É -¨´É¥£· ² ¨ μ´ ¡Ò² ÉμÎ´μ ¢ÒÎ¨¸²¥´
¢ ·¥§Ê²ÓÉ É¥ ¤μ± § É¥²Ó¸É¢  ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò [4].

’¥μ·¥³ . �Ê¸ÉÓ p, q, tj ∈ C, |p|, |q|, |tj | < 1 ¨
6∏

j=1

tj = pq. ’μ£¤ 

(p; p)∞(q; q)∞
4πi

∫
T

6∏
j=1

Γ(tjz±1; p, q)

Γ(z±2; p, q)
dz

z
=

∏
1�j<k�6

Γ(tjtk; p, q), (8)

∗‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ Ê¶μ³Ö´ÊÉÓ, ÎÉμ Ö Ö¢²ÖÕ¸Ó Î²¥´μ³ Ï±μ²Ò �.�. 	μ£μ²Õ¡μ¢ , ´ Î¨´ Ö ¸
ÊÎ¥¡Ò ¢ 1982 £. ¢  ¸¶¨· ´ÉÊ·¥ ¶·¨ ± Ë¥¤·¥ ±¢ ´Éμ¢μ° ¸É É¨¸É¨±¨ ¨ É¥μ·¨¨ ¶μ²Ö Ë¨§¨Î¥¸±μ£μ
Ë ±Ê²ÓÉ¥É  Œμ¸±μ¢¸±μ£μ £μ¸Ê¤ ·¸É¢¥´´μ£μ Ê´¨¢¥·¸¨É¥É . � ÊÎ´Ò³¨ ·Ê±μ¢μ¤¨É¥²Ö³¨ ³μ¥° ± ´-
¤¨¤ É¸±μ° ¤¨¸¸¥·É Í¨¨ ¡Ò²¨ ‚. �.Œ É¢¥¥¢ ¨ Š. ƒ. —¥ÉÒ·±¨´ Å Î²¥´Ò ÔÉμ° Ï±μ²Ò ¶·¥¤Ò¤ÊÐ¥£μ
¶μ±μ²¥´¨Ö.
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£¤¥ T μ¡μ§´ Î ¥É ¥¤¨´¨Î´ÊÕ μ±·Ê¦´μ¸ÉÓ ¨ μ¡¥ ¸Éμ·μ´Ò · ¢¥´¸É¢  ¸±μ´-
¸É·Ê¨·μ¢ ´Ò ¨§ Ô²²¨¶É¨Î¥¸±μ° £ ³³ -ËÊ´±Í¨¨

Γ(z; p, q) :=
∞∏

j,k=0

1 − z−1pj+1qk+1

1 − zpjqk
, |p|, |q| < 1,

¸μ£² ¸´μ ¶· ¢¨² ³

Γ(t1, . . . , tk; p, q) := Γ(t1; p, q) · · ·Γ(tk; p, q),

Γ(tz±1; p, q) := Γ(tz; p, q)Γ(tz−1; p, q).

�μ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ¢ (8) Ê¤μ¢²¥É¢μ·Ö¥É ²¨´¥°´μ³Ê q-· §´μ¸É´μ³Ê
Ê· ¢´¥´¨Õ ¶¥·¢μ£μ ¶μ·Ö¤±  ¸ ±μÔËË¨Í¨¥´Éμ³, § ¤ ´´Ò³ ¸¶¥Í¨ ²Ó´μ° Ô²²¨¶-
É¨Î¥¸±μ° ËÊ´±Í¨¥°, ÎÉμ ¸²¥¤Ê¥É ¨§ £¥´¥·¨·ÊÕÐ¥£μ Ê· ¢´¥´¨Ö

Γ(qz; p, q) = θ(z; p)Γ(z; p, q), θ(z; p) = (z; p)∞(pz−1; p)∞,

¢ ±μÉμ·μ³ θ(z; p) μ¡μ§´ Î ¥É É¥É -ËÊ´±Í¨Õ Ÿ±μ¡¨ ¢ ¸¶¥Í¨Ë¨Î¥¸±μ° ´μ·³¨-
·μ¢±¥

θ(z; p) =
1

(p; p)∞

∑
k∈Z

(−1)kpk(k−1)/2zk.

‘μμÉ´μÏ¥´¨¥ (8) Ö¢²Ö¥É¸Ö Ê´¨± ²Ó´Ò³ ¨ ¶·¥É¥´¤Ê¥É ´  §¢ ´¨¥ ¸ ³μ°
¢ ¦´μ° ÉμÎ´μ° Ëμ·³Ê²Ò ¢ÒÎ¨¸²¥´¨Ö μ¤´μ±· É´μ£μ ¨´É¥£· ² , ´ °¤¥´´μ° ±
´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨. �Éμ ÊÉ¢¥·¦¤¥´¨¥ μ¶· ¢¤Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ Ë ±É ³¨.

• ’μ¦¤¥¸É¢μ (8) Ö¢²Ö¥É¸Ö Ô²²¨¶É¨Î¥¸±¨³  ´ ²μ£μ³ ¡¨´μ³¨ ²Ó´μ°
É¥μ·¥³Ò.

• �É  Ëμ·³Ê²  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸ ³Ò° ¸²μ¦´Ò° ¨§¢¥¸É´Ò° μ¤´μ±· É-
´Ò° ¨´É¥£· ², μ¡μ¡Ð ÕÐ¨° ¡¥É -¨´É¥£· ² �°²¥·  (±μÉμ·Ò° ¢±²ÕÎ ¥É ¢ ¸¥¡Ö
¨ £ Ê¸¸μ¢¸±¨° ¨´É¥£· ²).

• �ÉμÉ ¨´É¥£· ² μ¶·¥¤¥²Ö¥É ³¥·Ê ¤²Ö ¤¢ÊÌ¨´¤¥±¸´ÒÌ ¡¨μ·Éμ£μ´ ²Ó´ÒÌ
ËÊ´±Í¨° Å ´ ¨¡μ²¥¥ μ¡Ð¥£μ ±² ¸¸  ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° μ¤´μ° ¶¥·¥³¥´-
´μ°, μ¡² ¤ ÕÐ¨Ì ±² ¸¸¨Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨ [5].

• �´ ¸²Ê¦¨É § ·μ¤ÒÏ¥³ ¤²Ö ¢¸¥Ì Ô²²¨¶É¨Î¥¸±¨Ì £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì
¨´É¥£· ²μ¢, ¤μ¶Ê¸± ÕÐ¨Ì ÉμÎ´μ¥ ¢ÒÎ¨¸²¥´¨¥ (¢±²ÕÎ Ö Ô²²¨¶É¨Î¥¸±¨°  ´ ²μ£
¨´É¥£· ²  ‘¥²Ó¡¥·£ ), ¨ ¢¸¥° É¥μ·¨¨ É· ´¸Í¥´¤¥´É´ÒÌ Ô²²¨¶É¨Î¥¸±¨Ì £¨¶¥·-
£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° [2].

• �Éμ ¸μμÉ´μÏ¥´¨¥ ¤μ± §Ò¢ ¥É Ö¢²¥´¨¥ ±μ´Ë °´³¥´É  ¢ ¸¶¥Í¨ ²Ó´μ³
¸¥±Éμ·¥ ¸μ¸ÉμÖ´¨° ¶·μ¸É¥°Ï¥° 4d ¸Ê¶¥·¸¨³³¥É·¨Î´μ° É¥μ·¨¨ ¶μ²Ö (± ± · -
¢¥´¸É¢μ ¸Ê¶¥·±μ´Ëμ·³´ÒÌ ¨´¤¥±¸μ¢ ¤Ê ²Ó´ÒÌ É¥μ·¨°) [6].

• �´μ μ¶·¥¤¥²Ö¥É Ô²²¨¶É¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ [7] ¸ § ³¥Î É¥²Ó-
´Ò³ ¸¢μ°¸É¢μ³ μ¡· Ð¥´¨Ö [8]. Š²ÕÎ¥¢μ¥  ²£¥¡· ¨Î¥¸±μ¥ Éμ¦¤¥¸É¢μ, ¢μ§´¨± -
ÕÐ¥¥ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ²¥³³¥ 	¥°²¨, Å ÔÉμ ´¥ ÎÉμ ¨´μ¥, ± ± ¸μμÉ´μÏ¥´¨¥
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§¢¥§¤ ÄÉ·¥Ê£μ²Ó´¨± ¢ μ¶¥· Éμ·´μ° Ëμ·³¥, ±μÉμ·μ¥ ¸μ¢¶ ¤ ¥É ¸ ¸μμÉ´μÏ¥´¨¥³
¸¶²¥É ´¨Ö ¤²Ö £¥´¥· Éμ·μ¢ £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± [9]. ”Ê´±Í¨μ´ ²Ó´ Ö Ëμ·³ 
ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¸²Ê¦¨É μ¸´μ¢μ¶μ² £ ÕÐ¨³ Éμ¦¤¥¸É¢μ³ ¤²Ö ÉμÎ´μ ·¥Ï ¥-
³ÒÌ 2d ¸¶¨´μ¢ÒÌ ·¥Ï¥ÉμÎ´ÒÌ ¸¨¸É¥³ É¨¶  ³μ¤¥²¨ ˆ§¨´£  [10].

Š‹	‘‘ˆ—…‘Šˆ… ‘�…–ˆ	‹œ�›… ”“�Š–ˆˆ

� ¸±·μ¥³ Ï¨·¥ ´¥±μÉμ·Ò¥ ¨§  ·£Ê³¥´Éμ¢, ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥. ‘´ Î ² 
³Ò ¤ ¤¨³ Ö¢´μ¥ μ¶·¥¤¥²¥´¨¥ ¸μ¢¥·Ï¥´´μ Ê· ¢´μ¢¥Ï¥´´ÒÌ Ô²²¨¶É¨Î¥¸±¨Ì
£¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ·Ö¤μ¢ [2]:

r+1Vr(t0; t1, . . . , tr−4; q, p) =
∞∑

n=0

θ(t0q2n; p)
θ(t0; p)

r−4∏
m=0

θ(tm)n

θ(qt0t−1
m )n

qn, (9)

£¤¥ θ(z)n =
n−1∏
k=0

θ(zqk; p) μ¡μ§´ Î ¥É Ô²²¨¶É¨Î¥¸±¨° ¸¨³¢μ² �μÌ£ ³³¥· . ‘²μ-

¢μ¸μÎ¥É ´¨¥ ®Ô²²¨¶É¨Î¥¸±¨° ·Ö¤¯ ¢ ÔÉμ³ ±μ´É¥±¸É¥ μ§´ Î ¥É, ÎÉμ ¶ · ³¥É·Ò

¢ (9) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ ¡ ² ´¸¨·μ¢±¨
r−4∏
k=1

tk = t
(r−5)/2
0 q(r−7)/2, ±μÉμ-

·μ¥ £ · ´É¨·Ê¥É, ÎÉμ ± ¦¤Ò° Î²¥´ ÔÉμ£μ ·Ö¤  Ö¢²Ö¥É¸Ö Ô²²¨¶É¨Î¥¸±μ° ËÊ´±-
Í¨¥° (³¥·μ³μ·Ë´μ° ¤¢ ¦¤Ò ¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¥°) ¢¸¥Ì ¸¢μ¨Ì ¶ · ³¥É-
·μ¢. �¤´ ±μ ¡¥¸±μ´¥Î´ Ö ¸Ê³³  Ô²²¨¶É¨Î¥¸±¨Ì ËÊ´±Í¨° (9) ¢ μ¡Ð¥³ ¸²Ê-
Î ¥ ´¥ ¸Ìμ¤¨É¸Ö. �μÔÉμ³Ê ¶·¨Ìμ¤¨É¸Ö ¥¥ μ¡·Ò¢ ÉÓ ´ ²μ¦¥´¨¥³ μ£· ´¨Î¥´¨Ö
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tj = q−N , N = 0, 1, . . ., ¤²Ö ´¥±μÉμ·μ£μ Ë¨±¸¨·μ¢ ´´μ£μ j. �μ¤μ¡´μ ¶·¥¤¥²Ó-
´μ³Ê ¸μμÉ´μÏ¥´¨Õ (7) ¤²Ö Ë¨±¸¨·μ¢ ´´ÒÌ ¶ · ³¥É·μ¢ tm

lim
p→0

r+1Vr =

= ¸μ¢¥·Ï¥´´μ Ê· ¢´μ¢¥Ï¥´´Ò°, ¸¡ ² ´¸¨·μ¢ ´´Ò° r−1ϕr−2-·Ö¤. (10)

‘Ê³³  ”·¥´±¥²ÖÄ’Ê· ¥¢  [11] μ¶·¥¤¥²Ö¥É § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ ¤²Ö μ¡-
·Ò¢ ÕÐ¥£μ¸Ö 10V9-·Ö¤  ¨ Ö¢²Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³ ¸²ÊÎ ¥³ Ô²²¨¶É¨Î¥¸±μ£μ ¡¥É -
¨´É¥£· ²  (8). �¡·Ò¢ ÕÐ¨°¸Ö 12V11-·Ö¤ ¢μ§´¨± ¥É ¢ ·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨Ö
Ÿ´£ Ä	 ±¸É¥·  IRF-É¨¶  [11] ¨ Ê· ¢´¥´¨° ¶ ·Ò ‹ ±¸  ¤²Ö 2d-Í¥¶μÎ±¨ ¸ ¤¨¸-
±·¥É´Ò³ ¢·¥³¥´¥³, μ¡μ¡Ð ÕÐ¥° ·¥Ï¥É±Ê ’μ¤Ò [12]. Œ´μ¦¥¸É¢μ ±² ¸¸¨-
Î¥¸±¨Ì (¡¨)μ·Éμ£μ´ ²Ó´ÒÌ ËÊ´±Í¨° μ¶¨¸ ´μ ¢ ¶·¨²μ¦¥´´μ° ¸Ì¥³¥ Å · ¸-
Ï¨·¥´¨¨ ¸Ì¥³Ò �¸±¨ ¤²Ö μ·Éμ£μ´ ²Ó´ÒÌ ³´μ£μÎ²¥´μ¢. …¥ ²¥¢Ò° ¢¥·Ì´¨°
Ê£μ² ¶·¨´ ¤²¥¦¨É ³´μ£μÎ²¥´ ³ Ÿ±μ¡¨, μ¶·¥¤¥²Ö¥³Ò³ μ¡·Ò¢ ÕÐ¨³¸Ö 2F1-
·Ö¤μ³ (4), ±μÉμ·Ò¥ μ·Éμ£μ´ ²Ó´Ò ¶μ μÉ´μÏ¥´¨Õ ± ³¥·¥ (3). ˆ ÔÉμ ¢¸¥, ÎÉμ
μ¶¨¸Ò¢ ¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¢ ÔÉμ³ ±μ´É¥±¸É¥. � ¨¡μ²¥¥
μ¡Ð¨¥ ±² ¸¸¨Î¥¸±¨¥ μ·Éμ£μ´ ²Ó´Ò¥ ³´μ£μÎ²¥´Ò ¡Ò²¨ ´ °¤¥´Ò �¸±¨ ¨ ‚¨²Ó-
¸μ´μ³ [13], ¨ μ´¨ μ¶·¥¤¥²ÖÕÉ¸Ö μ¡·Ò¢ ÕÐ¨³¸Ö 4ϕ3-·Ö¤μ³. ‘ ³μ¤Ê ²Ó´μ¸ÉÓ
μ§´ Î ¥É, ÎÉμ ÔÉ¨ ³´μ£μÎ²¥´Ò Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ´¥Î´μ-· §´μ¸É´Ò³ Ê· ¢´¥-
´¨Ö³ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ μ¡¥¨³ ¶¥·¥³¥´´Ò³ Å ¨ ¶μ ¸É¥¶¥´¨ ³´μ£μÎ²¥´μ¢,
¨ ¶μ ¨Ì  ·£Ê³¥´É ³, ¸ μ¤´¨³¨ ¨ É¥³¨ ¦¥ ±μÔËË¨Í¨¥´É ³¨ (É. ¥. ¸ÊÐ¥¸É¢Ê¥É
¶¥·¥¸É ´μ¢μÎ´ Ö ¸¨³³¥É·¨Ö ³¥¦¤Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶¥·¥³¥´´Ò³¨).

�²²¨¶É¨Î¥¸±¨¥  ´ ²μ£¨ μ¡ÒÎ´ÒÌ ¨ q-£¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ±² ¸¸¨Î¥¸±¨Ì
¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¶μÖ¢²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ Éμ²Ó±μ ´  ¸ ³μ³
¢¥·Ì´¥³ q-£¨¶¥·£¥μ³¥É·¨Î¥¸±μ³ Ê·μ¢´¥. � ¨³¥´´μ, ¤¢  ¸¶¥Í¨ ²Ó´ÒÌ μ¡·Ò¢ -
ÕÐ¨Ì¸Ö 12V11-·Ö¤  μ¡· §ÊÕÉ ¶ ·Ê ¡¨μ·Éμ£μ´ ²Ó´ÒÌ · Í¨μ´ ²Ó´ÒÌ ËÊ´±Í¨°,
¶·¥¤¸É ¢²ÖÕÐ¨Ì ¸μ¡μ° Ô²²¨¶É¨Î¥¸±μ¥ · ¸Ï¨·¥´¨¥ q-³´μ£μÎ²¥´μ¢ � ± , ± ±
ÔÉμ μ¶¨¸ ´μ ¢ · ¡μÉ¥ [12]. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ μ¡μ¡Ð¥´¨¥ ³´μ£μÎ²¥´μ¢ �¸±¨Ä
‚¨²Ó¸μ´  ¡Ò²μ ¶μ¸É·μ¥´μ ¢ · ¡μÉ¥ [5]. 	μ²¥¥ Éμ£μ, ´  ÔÉμ³ Ê·μ¢´¥ ¢μ§´¨± ¥É
¶·¨´Í¨¶¨ ²Ó´μ ´μ¢μ¥ Ö¢²¥´¨¥ ¤¢ÊÌ¨´¤¥±¸´μ° ¡¨μ·Éμ£μ´ ²Ó´μ¸É¨ (´¥· Í¨μ-
´ ²Ó´ÒÌ!) ËÊ´±Í¨°, ± ± Ê± § ´μ ¢ ¶· ¢μ³ ´¨¦´¥³ Ê£²Ê ¸Ì¥³Ò. �É¨ ´ ¨¡μ-
²¥¥ μ¡Ð¨¥ ±² ¸¸¨Î¥¸±¨¥ ËÊ´±Í¨¨ É ±¦¥ ¡Ò²¨ μÉ±·ÒÉÒ ¢ ‹’” �ˆŸˆ [5].
�·¥¤¸É ¢²¥´´ Ö ¸Ì¥³  ¤ ²¥±μ ´¥ ¶μ²´ Ö, ¶μ¸±μ²Ó±Ê ¢ ´¥° ´¥ μÉ· ¦¥´Ò ¢¸¥
¢μ§³μ¦´Ò¥ ¶·¥¤¥²Ó´Ò¥ ¶¥·¥Ìμ¤Ò ¨ ¶μÉ¥´Í¨ ²Ó´Ò¥ μ¡μ¡Ð¥´¨Ö.

‘“�…�Š��”��Œ�›‰ ˆ�„…Š‘

—¥ÉÒ·¥Ì³¥·´Ò¥ ³¨´¨³ ²Ó´Ò¥ ¸Ê¶¥·±μ´Ëμ·³´Ò¥ ±¢ ´Éμ¢Ò¥ É¥μ·¨¨ ¶μ²Ö
μ¸´μ¢ ´Ò ´  ¶μ²´μ° £·Ê¶¶¥ ¸¨³³¥É·¨° Gst × G × F , £¤¥ Gst = SU(2, 2|1)
Ö¢²Ö¥É¸Ö £·Ê¶¶μ° ¸¨³³¥É·¨¨ ¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, G μ¡μ§´ Î ¥É
£·Ê¶¶Ê ²μ± ²Ó´μ° ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨ F ¥¸ÉÓ £·Ê¶¶  ¸¨³³¥É·¨°



‘“�…�Š��”��Œ�›… ˆ�„…Š‘›, „“�‹œ��‘’ˆ ‡�‰	…�ƒ� 563

 ·μ³ Éμ¢, μ¶¨¸Ò¢ ÕÐ Ö £²μ¡ ²Ó´Ò¥ ¢´ÊÉ·¥´´¨¥ ¸¨³³¥É·¨¨. ‘Ê¶¥·£·Ê¶¶ 
SU(2, 2|1) £¥´¥·¨·Ê¥É¸Ö Ji, J i (£¥´¥· Éμ·Ò SL(2, C)-£·Ê¶¶Ò, ¨²¨ £·Ê¶¶Ò ²μ-
·¥´Í¥¢ÒÌ ¶μ¢μ·μÉμ¢), Pμ, Qα, Qα̇ (¸Ê¶¥·É· ´¸²ÖÍ¨¨), Kμ, Sα, Sα̇ (¸¶¥Í¨ ²Ó-
´Ò¥ ¸Ê¶¥·±μ´Ëμ·³´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö), H (¤¨² É Í¨¨) ¨ R (U(1)R-¶μ¢μ·μ-
ÉÒ). ‚Ò¤¥²¨³ μ¶·¥¤¥²¥´´ÊÕ ¶ ·Ê ¸Ê¶¥·§ ·Ö¤μ¢, ´ ¶·¨³¥· Q ∝ Q1, Q† ∝ S1,
¨ £¥´¥· Éμ·Ò ³ ±¸¨³ ²Ó´μ° ¶μ¤ ²£¥¡·Ò Š ·É ´ , ±μ³³ÊÉ¨·ÊÕÐ¨¥ ¸ ´¨³¨,
H − R/2, J3, ¨ Fk (£¥´¥· Éμ·Ò ³ ±¸¨³ ²Ó´μ£μ Éμ·  F ). ’μ£¤  ¨³¥¥³

Q2 = (Q†)2 = 0, {Q, Q†} = 2H, H = H − 2J3 −
3R

2
, (11)

¨ ¸Ê¶¥·±μ´Ëμ·³´Ò° ¨´¤¥±¸ μ¶·¥¤¥²Ö¥É¸Ö ± ± ¸²¥¤ ¸²¥¤ÊÕÐ¥£μ μ¶¥· Éμ-
·  [14,15]

I(p, q, yk) = Tr
(
(−1)FpR/2+J3qR/2−J3 e−βH

∏
yFk

k

)
, (12)

£¤¥ R = H − R/2, (−1)F μ¡μ§´ Î ¥É Z2-£· ¤Ê¨·ÊÕÐ¨° μ¶¥· Éμ· ¨ p, q, yk

Ö¢²ÖÕÉ¸Ö ËÊ£¨É¨¢´μ¸ÉÖ³¨ (£·Ê¶¶μ¢Ò³¨ ¶ · ³¥É· ³¨). ’μ²Ó±μ BPS-¸μ¸ÉμÖ´¨Ö
Q|ψ〉 = Q†|ψ〉 = H|ψ〉 = 0 ³μ£ÊÉ ¤ ¢ ÉÓ ´¥´Ê²¥¢Ò¥ ¢±² ¤Ò ¢ ¸²¥¤, É ± ÎÉμ § -
¢¨¸¨³μ¸ÉÓ μÉ ¶ · ³¥É·  β ¸μ±· Ð ¥É¸Ö. �¢·¨¸É¨Î¥¸±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¶·¨¢μ¤ÖÉ
± ³ É·¨Î´μ³Ê ¨´É¥£· ²Ê

I(y; p, q) =
∫
G

dμ(z) exp
( ∞∑

n=1

1
n

ind
(
pn, qn, zn, yn

))
, (13)

£¤¥ μ(z) μ¡μ§´ Î ¥É ³¥·Ê •  ·  ¤²Ö £·Ê¶¶Ò G ¨

ind (p, q, z, y) =
2pq − p − q

(1 − p)(1 − q)
χadjG(z)+

+
∑

j

(pq)rj χRF ,j(y)χRG,j(z) − (pq)1−rj χR̄F ,j(y)χR̄G,j(z)
(1 − p)(1 − q)

. (14)

‡¤¥¸Ó χRF ,j(y), χR̄F ,j(y) ¨ χRG,j(z) Å Ì · ±É¥·Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì £·Ê¶¶μ-
¢ÒÌ ¶·¥¤¸É ¢²¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì ¶μ²Ö,   2rj ∈ Q Å ¨Ì R-§ ·Ö¤Ò.

„²Ö Ê´¨É ·´μ° £·Ê¶¶Ò SU(N), z = (z1, . . . , zN ),
N∏

a=1

za = 1,

∫
SU(N)

dμ(z) =
1

N !

∫
TN−1

Δ(z)Δ(z−1)
N−1∏
a=1

dza

2πiza
,

Δ(z) =
∏

1�a<b�N

(za − zb).
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� ¸¸³μÉ·¨³ Ô²¥±É·μ³ £´¨É´ÊÕ ¤Ê ²Ó´μ¸ÉÓ ¸²¥¤ÊÕÐ¨Ì 4d N = 1 ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÒÌ É¥μ·¨° ¶μ²Ö, ¢Ò¸± § ´´ÊÕ ¢ ¢¨¤¥ £¨¶μÉ¥§Ò ‡ °¡¥·£μ³ ¢
1994 £. [16].

�²¥±É·¨Î¥¸± Ö É¥μ·¨Ö (·¥¦¨³ ¸² ¡μ° ¸¢Ö§¨): G = SU(2), F = SU(6),
¸μ¸É ¢ ¶·¥¤¸É ¢²¥´¨°/¶μ²¥°

1) ¢¥±Éμ·´μ¥ ¸Ê¶¥·¶μ²¥ : (adj, 1), χSU(2),adj(z) = z2 + z−2 + 1,

2) ±¨· ²Ó´μ¥ ¸Ê¶¥·¶μ²¥ : (f, f), χSU(2),f (z) = z + z−1, rf = 1/6,

χSU(6),f (y) =
6∑

k=1

yk, χSU(6),f̄ (y) =
6∑

k=1

y−1
k ,

6∏
k=1

yk = 1.

Œ £´¨É´ Ö É¥μ·¨Ö (¸¨²Ó´ Ö ¸¢Ö§Ó): G = 1, F = SU(6) ¸ ¥¤¨´¸É¢¥´´Ò³
¶μ²¥³/¶·¥¤¸É ¢²¥´¨¥³ TA: Φij = −Φji,

χSU(6),TA
(y) =

∑
1�i<j�6

yiyj, rTA =
1
3
.

‘¢Ö§Ó ÔÉ¨Ì É¥μ·¨° ¸ Ô²²¨¶É¨Î¥¸±¨³ ¡¥É -¨´É¥£· ²μ³ ¡Ò²  μÉ±·ÒÉ  „μ² -
´μ³ ¨ �¸¡μ·´μ³ ¢ 2008 £. [6]. Šμ´±·¥É´¥¥, ¶μ¸²¥ Ö¢´μ£μ ¢ÒÎ¨¸²¥´¨Ö ¸Ê¶¥·-
±μ´Ëμ·³´ÒÌ ¨´¤¥±¸μ¢ ÔÉ¨Ì É¥μ·¨°, IE ¨ IM , ¨ ¶·¨· ¢´¨¢ ´¨Ö ¨Ì ¸μ£² ¸´μ
£¨¶μÉ¥§¥ μ ¤Ê ²Ó´μ¸É¨ ‡ °¡¥·£  ¢μ§´¨± ¥É ¢ ÉμÎ´μ¸É¨ Ëμ·³Ê²  ¢ÒÎ¨¸²¥´¨Ö
Ô²²¨¶É¨Î¥¸±μ£μ ¡¥É -¨´É¥£· ²  (8) ¢ ¢¨¤¥

IE (¢Ò· ¦¥´¨¥ ¢ ²¥¢μ° Î ¸É¨) = IM (¢Ò· ¦¥´¨¥ ¢ ¶· ¢μ° Î ¸É¨)

¸ ¨¤¥´É¨Ë¨± Í¨¥° ¶ · ³¥É·μ¢ tk = (pq)1/6yk, k = 1, . . . , 6.
‚ μ¡Ð¥³ ¸²ÊÎ ¥ ÉμÎ´ Ö ¢ÒÎ¨¸²¨³μ¸ÉÓ Ô²²¨¶É¨Î¥¸±¨Ì £¨¶¥·£¥μ³¥É·¨Î¥¸-

±¨Ì ¨´É¥£· ²μ¢ ¸²Ê¦¨É ±·¨É¥·¨¥³ ±μ´Ë °´³¥´É  ¢ 4d N = 1 ¸Ê¶¥·¸¨³³¥-
É·¨Î´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ. �·¨ ÔÉμ³ ¶·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢
¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶¥·¥Ìμ¤  μÉ ·¥¦¨³  ¸² ¡μ° ¸¢Ö§¨ ±¢ ´Éμ¢μ° É¥μ·¨¨
¶μ²Ö ± ·¥¦¨³Ê ¸¨²Ó´μ° ¸¢Ö§¨. ‘·¥¤¨ ³´μ¦¥¸É¢  ±μ´Í¥¶ÉÊ ²Ó´ÒÌ ¨´É¥·¶·¥-
É Í¨° ÉμÎ´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì Ëμ·³Ê² É¨¶  ®A = B¯ ÔÉμÉ ¶·¨³¥·, ¢¨¤¨³μ,
Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ Ö·±¨³.

�¡Ð Ö ¤Ê ²Ó´μ¸ÉÓ ‡ °¡¥·£  [16] ¨³¥¥É ¤¥²μ ¸ ´ ³´μ£μ ¡μ²¥¥ ¸²μ¦´Ò³¨
É¥μ·¨Ö³¨ ¶μ²Ö, μ¶¨¸ ´´Ò³¨ ¢ ¶·¨¢¥¤¥´´ÒÌ ´¨¦¥ É ¡². 1 ¨ 2, £¤¥ adj, f
¨ f̄ μ¡μ§´ Î ÕÉ ¶·¨¸μ¥¤¨´¥´´μ¥, ËÊ´¤ ³¥´É ²Ó´μ¥ ¨  ´É¨ËÊ´¤ ³¥´É ²Ó´μ¥
¶·¥¤¸É ¢²¥´¨Ö,   ¶μ¸²¥¤´¨¥ ¤¢  ¸Éμ²¡Í  ¸μ¤¥·¦ É ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö
§ ·Ö¤μ¢ ¤²Ö U(1)-£·Ê¶¶.

‡ °¡¥·£ ¢Ò¸± § ² £¨¶μÉ¥§Ê, ÎÉμ ÔÉ¨ ¤¢¥ ´¥ ¡¥²¥¢Ò ± ²¨¡·μ¢μÎ´Ò¥ É¥μ-
·¨¨ Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê ¢ ¨Ì ¨´Ë· ±· ¸´μ ¸É ¡¨²Ó´ÒÌ ÉμÎ± Ì ¶·¨
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’ ¡²¨Í  1. �²¥±É·¨Î¥¸± Ö É¥μ·¨Ö (G = SU(N), F = SU(M)l × SU(M)r × U(1)B ,
Ñ = M − N )

SU(N) SU(M)l SU(M)r U(1)B U(1)R

f f 1 1 Ñ/M

f 1 f −1 Ñ/M
adj 1 1 0 1

’ ¡²¨Í  2. Œ £´¨É´ Ö É¥μ·¨Ö (G = SU(Ñ), F É  ¦¥ ¸ ³ Ö)

SU(Ñ) SU(M)l SU(M)r U(1)B U(1)R

f f 1 N/Ñ N/M

f 1 f −N/Ñ N/M

1 f f 0 2Ñ/M
adj 1 1 0 1

3N/2 < M < 3N (±μ´Ëμ·³´μ¥ μ±´μ). �É  £¨¶μÉ¥§  ¡Ò²  ¤μ± § ´  „μ² -
´μ³ ¨ �¸¡μ·´μ³ [6] ¢ ¸¥±Éμ·¥ BPS-¸μ¸ÉμÖ´¨° ¸ ¶μ³μÐÓÕ ³ É¥³ É¨Î¥¸±¨Ì
É¥μ·¥³ μ ¸¢μ°¸É¢ Ì ¸¨³³¥É·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ Ô²²¨¶É¨Î¥¸±¨Ì £¨¶¥·£¥μ³¥É·¨-
Î¥¸±¨Ì ¨´É¥£· ²μ¢. ’ ±, ¢ ¶μ¤Ìμ¤ÖÐ¥° ¶ · ³¥É·¨§ Í¨¨ Ô²¥±É·¨Î¥¸±¨° ¨´¤¥±¸
¶·¨´¨³ ¥É ¢¨¤

IE = κN

∫
TN−1

M∏
i=1

N∏
j=1

Γ(sizj, t
−1
i z−1

j ; p, q)

∏
1�i<j�N

Γ(ziz
−1
j , z−1

i zj; p, q)

N−1∏
j=1

dzj

2πizj
,

£¤¥
N∏

j=1

zj = 1, κN = (p; p)N−1
∞ (q; q)N−1

∞ /N !. �·¨ ÔÉμ³ ³ £´¨É´Ò° ¨´¤¥±¸

¶·¨´¨³ ¥É ¢¨¤

IM = κÑ

M∏
i,j=1

Γ(sit
−1
j ; p, q)×

×
∫

T
˜N−1

M∏
i=1

˜N∏
j=1

Γ(S1/Ns−1
i xj , T

−1/N tix
−1
j ; p, q)

∏
1�i<j� ˜N

Γ(xix
−1
j , x−1

i xj ; p, q)

˜N−1∏
j=1

dxj

2πixj
,

£¤¥
Ñ∏

j=1

xj = 1, S =
M∏
i=1

si, T =
M∏
i=1

ti, ST−1 = (pq)M−N .
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� ¢¥´¸É¢μ IE = IM ¢ ´¥±μÉμ·ÒÌ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ¡Ò²μ Ê¸É ´μ¢²¥´μ ¨²¨
¢Ò¸± § ´μ ¢ ¢¨¤¥ £¨¶μÉ¥§Ò ¢ ³μ¨Ì · ¡μÉ Ì [4,5], ¨ μ´μ ¡Ò²μ ¤μ± § ´μ ¢ ¸ ³μ³
μ¡Ð¥³ ¢¨¤¥ � °´¸μ³ ¢ [17].

�²²¨¶É¨Î¥¸±¨°  ´ ²μ£ ¨´É¥£· ²  ‘¥²Ó¡¥·£  ¡Ò² ¶·¥¤²μ¦¥´ ¢ · ¡μÉ¥ [18],
  ¥£μ ¸¢Ö§Ó ¸ ¤Ê ²Ó´μ¸ÉÓÕ É¨¶  ‡ °¡¥·£  Ê¸É ´μ¢²¥´  ¢ [19]. �·¨ |p|, |q|, |t|,

|tm| < 1 ¨ t2n−2
6∏

m=1
tm = pq,

(p; p)n
∞(q; q)n

∞
(4πi)nn!

∫
Tn

∏
1�j<k�n

Γ(tz±1
j z±1

k ; p, q)

Γ(z±1
j z±1

k ; p, q)

n∏
j=1

6∏
m=1

Γ(tmz±1
j ; p, q)

Γ(z±2
j ; p, q)

dzj

zj
=

=
n∏

j=1

⎛
⎝Γ(tj ; p, q)

Γ(t; p, q)

∏
1�m<s�6

Γ(tj−1tmts; p, q)

⎞
⎠. (15)

‘¨¸É¥³ É¨Î¥¸±¨°  ´ ²¨§ [19] ¶μ± § ², ÎÉμ Ë¨§¨±  ¤Ê ²Ó´μ¸É¥° É¨¶  ‡ °-
¡¥·£  ¶·¨¢μ¤¨É ± ¡μ²ÓÏμ³Ê Î¨¸²Ê ´μ¢ÒÌ ¸²μ¦´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì £¨¶μÉ¥§
(Éμ¦¤¥¸É¢ ¤²Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°), ¢ Éμ ¢·¥³Ö ± ± ³ É¥³ É¨±  Ô²²¨¶É¨Î¥¸-
±¨Ì £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ¨´É¥£· ²μ¢ £¥´¥·¨·Ê¥É ³´μ¦¥¸É¢μ ´μ¢ÒÌ Ô²¥±É·μ-
³ £´¨É´ÒÌ ¤Ê ²Ó´μ¸É¥°. ‚ μ¶·¥¤¥²¥´´μ³ ¸³Ò¸²¥ ¢ · ³± Ì ÔÉμ° É¥³Ò Ë¨§¨±  ¨
³ É¥³ É¨±  ¸´μ¢  · ¡μÉ ÕÉ ·Ê±  μ¡ ·Ê±Ê ± ± ¥¤¨´ Ö ´ Ê± . ‚ ± Î¥¸É¢¥ ¤·Ê£μ£μ
¢ ¦´μ£μ Ë¨§¨Î¥¸±μ£μ ¸²¥¤¸É¢¨Ö Ö ÌμÉ¥² ¡Ò Ê¶μ³Ö´ÊÉÓ, ÎÉμ ¸Ê¶¥·±μ´Ëμ·³´Ò¥
¨´¤¥±¸Ò ±μ²Î ´´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨° μ¶¨¸Ò¢ ÕÉ ¸É É¨¸É¨Î¥¸±¨¥ ¸Ê³³Ò
2d ¸¶¨´μ¢ÒÌ ¸¨¸É¥³ É¨¶  ˆ§¨´£ , ¤²Ö ±μÉμ·ÒÌ ¤Ê ²Ó´μ¸ÉÓ ‡ °¡¥·£  ¸²Ê¦¨É
Ê¸²μ¢¨¥³ ¨´É¥£·¨·Ê¥³μ¸É¨ [20].

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨¥ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ¸É É¨¸É¨Î¥¸±¨Ì ¸Ê³³
¸É ²μ ¨´¤Ê¸É·¨¥° ¶μ ¶·μ¨§¢μ¤¸É¢Ê Éμ¦¤¥¸É¢ ¤²Ö ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¸ ¡μ²Ó-
Ï¨³ Î¨¸²μ³ · ¡μÉ´¨±μ¢ [21]. Ÿ Ê¶μ³Ö´Ê ´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ·¥§Ê²ÓÉ ÉÒ: · -
¡μÉ  [22] ¨³¥¥É ¤¥²μ ¸ ¶·¨²μ¦¥´¨Ö³¨ ± 2d Éμ¶μ²μ£¨Î¥¸±¨³ É¥μ·¨Ö³ ¶μ²Ö,
· ¡μÉ  [23] ¤ ¥É Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ W (E7)-¸¨³³¥É·¨¨ Ô²²¨¶É¨Î¥¸-
±μ£μ  ´ ²μ£  £¨¶¥·£¥μ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ �°²¥· Äƒ Ê¸¸  [2] ¢ ¸É ÉÓ¥ [24]
¢Ò¸± § ´  ¨´É·¨£ÊÕÐ Ö £¨¶μÉ¥§  μ ¸¢Ö§¨ ¸ ´¥±· ¸μ¢¸±¨³¨ ¨´¸É ´Éμ´´Ò³¨
¸Ê³³ ³¨, [25] ¸μ¤¥·¦¨É ÉμÎ´μ¥ ¢ÒÎ¨¸²¥´¨¥ 4d ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ¸É É¨¸É¨-
Î¥¸±¨Ì ¸Ê³³ ³¥Éμ¤μ³ ²μ± ²¨§ Í¨¨, ¢ ¨´É¥·¥¸´μ° · ¡μÉ¥ [26] ¤ ¥É¸Ö ¡μ²¥¥
£²Ê¡μ± Ö ± ·É¨´  ¸¢Ö§¥° ¸ 2d ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ¢ ¸É É¨¸É¨Î¥¸±μ°
³¥Ì ´¨±¥, ´¥±μÉμ·Ò¥ ´¥¤ ¢´¨¥ · §¢¨É¨Ö ¸Õ¦¥É  μÉ· ¦¥´Ò ¢ ¸É ÉÓÖÌ [27,28].

‘· §Ê ¶μ¸²¥ ÔÉμ£μ ¤μ±² ¤  Ö ´ ¶¨¸ ² ¸¢μ¥ ¶μ¸²¥¤´¥¥ ¶¨¸Ó³μ „¨±Ê ± ±
Î ¸ÉÓ ±μ²²¥±Í¨¨ ®Liber Amicorum¯, ¶·¨£μÉμ¢²¥´´μ° ¥£μ ³´μ£μÎ¨¸²¥´´Ò³¨
¤·Ê§ÓÖ³¨ ¨ ¢¸±μ·¥ ¶μ¤ ·¥´´μ° ¥³Ê, ÎÉμ ¡Ò²μ ¸¤¥² ´μ ¨¸±²ÕÎ¨É¥²Ó´μ ¸¢μ¥-
¢·¥³¥´´μ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ ‹ ¡μ· Éμ·¨¨ §¥·± ²Ó´μ° ¸¨³³¥É·¨¨
�ˆ“ ‚˜�, £· ´É �· ¢¨É¥²Ó¸É¢  �”, ¤μ£μ¢μ· º14.641.31.0001.
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