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� ¸¸³ É·¨¢ ÕÉ¸Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  É¨¶  ¶²μ¸±μ° ¢μ²´Ò, ±μÉμ·Ò¥
¶μ§¢μ²ÖÕÉ ¢Ò¶¨¸ ÉÓ É·¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ³μ¤¥²¨·ÊÕÐ¨Ì ¸¨¸É¥³Ê Ê· ¢´¥´¨° Ÿ´£ Ä
Œ¨²²¸ . �·¥¤¸É ¢²¥´ Ö¢´Ò° ¢¨¤ ¢¸¥Ì ·¥Ï¥´¨° É¨¶  ¶²μ¸±μ° ¢μ²´Ò Ê· ¢´¥´¨° Ÿ´£ Ä
Œ¨²²¸  ¸ SU(2) ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥° ¨ ´Ê²¥¢Ò³ Éμ±μ³ ¢ (¶¸¥¢¤μ)¥¢±²¨¤μ¢μ³
¶·μ¸É· ´¸É¢¥ ¶·μ¨§¢μ²Ó´μ° ±μ´¥Î´μ° · §³¥·´μ¸É¨.

We consider plane wave solutions of the YangÄMills equations, which allow us to
write down three systems of equations modeling the YangÄMills equations. We present
explicit form of all plane wave solutions of the YangÄMills equations with SU(2) gauge
symmetry with zero current in (pseudo-)Euclidean space of arbitrary ˇnite dimension.

PACS: 11.15.-q; 11.10.-z; 02.10.Yn; 02.10.Ud; 03.50.-z; 03.65.Fd

‚‚…„…�ˆ…

“· ¢´¥´¨Ö Ÿ´£ ÄŒ¨²²¸  ¡Ò²¨ ¢¢¥¤¥´Ò ¢ 1954 £. ¨ Ê¦¥ ¤ ¢´μ · ¸¸³ -
É·¨¢ ÕÉ¸Ö ¢ ± Î¥¸É¢¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ Ê· ¢´¥´¨° ±¢ ´Éμ¢μ° Ë¨§¨±¨. “· ¢-
´¥´¨Ö Ÿ´£ ÄŒ¨²²¸  Å ÔÉμ ±² ¸¸ Ê· ¢´¥´¨°, § ¢¨¸ÖÐ¨° μÉ ± ²¨¡·μ¢μÎ´μ°
£·Ê¶¶Ò ‹¨ ¨ ¥¥ ¢¥Ð¥¸É¢¥´´μ°  ²£¥¡·Ò ‹¨. ‚ Ë¨§¨±¥, ± ± ¶· ¢¨²μ, ¨¸-
¶μ²Ó§ÊÕÉ Ê´¨É ·´Ò¥ ± ²¨¡·μ¢μÎ´Ò¥ £·Ê¶¶Ò, ¨²¨ (¡μ²¥¥ μ¡Ð¨¥) ¶μ²Ê¶·μ¸ÉÒ¥
£·Ê¶¶Ò ‹¨. ‚ ‘É ´¤ ·É´μ° ³μ¤¥²¨ Ê· ¢´¥´¨Ö Ÿ´£ ÄŒ¨²²¸  ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö
μ¶¨¸ ´¨Ö Ô²¥±É·μ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í [1].
Š ± μÉ³¥Î ²μ¸Ó ³´μ£¨³¨  ¢Éμ· ³¨, ¨¸¸²¥¤μ¢ ´¨¥ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ¨
¨Ì ·¥Ï¥´¨¥ ¸μ¶·Ö¦¥´μ ¸ É·Ê¤´μ¸ÉÖ³¨, ¶·μ¨¸É¥± ÕÐ¨³¨ ¨§-§  ´¥²¨´¥°´μ¸É¨
Ê· ¢´¥´¨°. „²Ö Ê¶·μÐ¥´¨Ö ¸¨ÉÊ Í¨¨ ¸¶¥Í¨ ²¨¸ÉÒ ¢¢μ¤ÖÉ É¥ ¨²¨ ¨´Ò¥ ¤μ¶μ²-
´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö, μ£· ´¨Î¨¢ ÕÐ¨¥ ±² ¸¸ ·¥Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ .

∗E-mail: nmarchuk@mi-ras.ru
∗∗E-mail: dm.shirokov@gmail.com
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‚ Î ¸É´μ¸É¨, · ¸¸³ É·¨¢ ÕÉ  ¢Éμ¤Ê ²Ó´Ò¥ (¨´¸É ´Éμ´´Ò¥) ·¥Ï¥´¨Ö,   É ±¦¥
·¥Ï¥´¨Ö, § ¢¨¸ÖÐ¨¥ μÉ ³¥´ÓÏ¥£μ Î¨¸²  ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ. ‚ ÔÉμ°
¸É ÉÓ¥ ¡Ê¤ÊÉ Ê± § ´Ò ´¥±μÉμ·Ò¥ ·¥Ï¥´¨Ö É¨¶  ¶²μ¸±μ° ¢μ²´Ò Ê· ¢´¥´¨°
Ÿ´£ ÄŒ¨²²¸ , ±μÉμ·Ò¥ ¶μ§¢μ²ÖÉ ¢Ò¶¨¸ ÉÓ É·¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ³μ¤¥²¨-
·ÊÕÐ¨Ì Ê· ¢´¥´¨Ö Ÿ´£ ÄŒ¨²²¸ .

— ¸É´Ò¥ ±² ¸¸Ò ·¥Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ¶·¥¤¸É ¢²¥´Ò ¢ ±² ¸-
¸¨Î¥¸±¨Ì · ¡μÉ Ì [2Ä7], μ¡§μ·¥ [8] ¨ ¢ ¤·Ê£¨Ì · ¡μÉ Ì. — ¸É´Ò¥ ±² ¸¸Ò ·¥Ï¥-
´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  É¨¶  ¶²μ¸±μ° ¢μ²´Ò · ¸¸³ É·¨¢ ²¨¸Ó ¢ [9Ä16].
‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·¥¤¸É ¢²¥´Ò ¢¸¥ ·¥Ï¥´¨Ö É¨¶  ¶²μ¸±μ° ¢μ²´Ò Ê· ¢-
´¥´¨° Ÿ´£ ÄŒ¨²²¸  ¸ SU(2) ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥° ¸ ´Ê²¥¢Ò³ Éμ±μ³
¢ ¥¢²¨¤μ¢μ³ ¨²¨ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶·μ¨§¢μ²Ó´μ° ±μ´¥Î´μ° · §-
³¥·´μ¸É¨. „ ´´Ò¥ ·¥§Ê²ÓÉ ÉÒ μ¡μ¡Ð ÕÉ ·¥§Ê²ÓÉ ÉÒ μ¤´μ£μ ¨§  ¢Éμ·μ¢ μ ¢¸¥Ì
¶μ¸ÉμÖ´´ÒÌ ·¥Ï¥´¨ÖÌ ¢ ¥¢±²¨¤μ¢ÒÌ ¨ ¶¸¥¢¤μ¥¢±²¨¤μ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì ¶·μ-
¨§¢μ²Ó´μ° ±μ´¥Î´μ° · §³¥·´μ¸É¨ [17, 18]. ‚μ¶·μ¸Ò, ¸¢Ö§ ´´Ò¥ ¸ ¶μ¸ÉμÖ´-
´Ò³¨ ¨ ±μ¢ ·¨ ´É´μ ¶μ¸ÉμÖ´´Ò³¨ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ , · ¸-
¸³ É·¨¢ ²¨¸Ó É ±¦¥ ¢ [19Ä21].

1. “��‚�…�ˆŸ Ÿ�ƒ�ÄŒˆ‹‹‘�

�Ê¸ÉÓ p, q Å Í¥²Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥ Î¨¸²  ¨ n = p + q Å ´ ÉÊ· ²Ó´μ¥
Î¨¸²μ. � ¸¸³μÉ·¥´¨¥ Ê· ¢´¥´¨° ¢¥¤¥É¸Ö ¢ (¶¸¥¢¤μ)¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥
R

p,q ¸ ¤¥± ·Éμ¢Ò³¨ ±μμ·¤¨´ É ³¨ xμ, μ = 1, . . . , n. — ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥
μ¡μ§´ Î ¥³ ∂μ = ∂/∂xμ. �·¥¤¶μ² £ ¥³, ÎÉμ ¢¸¥ ËÊ´±Í¨¨ μÉ x ∈ R

p,q , ±μ-
Éμ·Ò¥ ¤ ²ÓÏ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö, Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´μ £² ¤±¨³¨ (¨Ì £² ¤±μ¸ÉÓ
¤μ¸É ÉμÎ´  ¤²Ö ¸¶· ¢¥¤²¨¢μ¸É¨ ¶·μ¢μ¤¨³ÒÌ · ¸¸Ê¦¤¥´¨°).

�Ê¸ÉÓ K Å ¶μ²Ê¶·μ¸É Ö £·Ê¶¶  ‹¨ (¢ Î ¸É´μ¸É¨, £·Ê¶¶  K ³μ¦¥É ¡ÒÉÓ
Ê´¨É ·´μ° £·Ê¶¶μ° ‹¨); L Å ¢¥Ð¥¸É¢¥´´ Ö  ²£¥¡·  ‹¨ £·Ê¶¶Ò ‹¨ K . �·¥¤-
¶μ² £ ¥³, ÎÉμ £·Ê¶¶  ‹¨ K ¨  ²£¥¡·  ‹¨ L ¶·¥¤¸É ¢²ÖÕÉ¸Ö ±¢ ¤· É´Ò³¨
³ É·¨Í ³¨ ´¥±μÉμ·μ£μ · §³¥·  N . �·¨ ÔÉμ³ ¸±μ¡±  ‹¨ [A, B], § ¤ ÕÐ Ö
Ê³´μ¦¥´¨¥ ¢  ²£¥¡·¥ ‹¨ L, ·¥ ²¨§Ê¥É¸Ö ¢ ¢¨¤¥ ±μ³³ÊÉ Éμ·  ³ É·¨Í [A, B] =
AB − BA.

—¥·¥§ LTr
s μ¡μ§´ Î¨³ ³´μ¦¥¸É¢μ É¥´§μ·´ÒÌ ¶μ²¥° É¨¶  (r, s) (¶¸¥¢¤μ)¥¢-

±²¨¤μ¢  ¶·μ¸É· ´¸É¢  Rp,q ¸μ §´ Î¥´¨Ö³¨ ¢ L.
�Ê¸ÉÓ x ∈ Rp,q ¨ Aμ ∈ LT1, Jν ∈ LT1, Fμν ∈ LT2, ¶·¨Î¥³ Fμν = −Fνμ.

“· ¢´¥´¨Ö
∂μAν − ∂νAμ − [Aμ, Aν ] = Fμν ,

∂μFμν − [Aμ, Fμν ] = Jν
(1)

´ §Ò¢ ÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ Ÿ´£ ÄŒ¨²²¸  (¸¨¸É¥³  Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ ).
�¡ÒÎ´μ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ Aμ, Fμν Å ´¥¨§¢¥¸É´Ò¥,   Jν Å ¨§¢¥¸É´Ò°

§ ¤ ´´Ò° ¢¥±Éμ· ¸μ §´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥ ‹¨ L.
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ƒμ¢μ·ÖÉ, ÎÉμ Ê· ¢´¥´¨Ö (1) § ¤ ÕÉ ¶μ²¥ Ÿ´£ ÄŒ¨²²¸  (Aμ, Fμν). �·¨-
Î¥³ Aμ Å ¶μÉ¥´Í¨ ² ¨ Fμν Å ´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸ . ‚¥±Éμ·
Jν ´ §Ò¢ ¥É¸Ö ´¥ ¡¥²¥¢Ò³ Éμ±μ³ (¢ ¸²ÊÎ ¥  ¡¥²¥¢μ° £·Ê¶¶Ò K ¢¥±Éμ· Jν

´ §Ò¢ ¥É¸Ö Éμ±μ³).
Œμ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (1) ¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥

∂μJμ − [Aμ, Jμ] = 0,

±μÉμ·μ¥ ´ §Ò¢ ¥É¸Ö ´¥ ¡¥²¥¢Ò³ § ±μ´μ³ ¸μÌ· ´¥´¨Ö (¢ ¸²ÊÎ ¥  ¡¥²¥¢μ° £·Ê¶-
¶Ò K ¡Ê¤¥³ ¨³¥ÉÓ ∂νJν = 0, É. ¥. ¤¨¢¥·£¥´Í¨Ö ¢¥±Éμ·  Jν · ¢´  ´Ê²Õ).

�Ê¸ÉÓ É¥´§μ·´Ò¥ ¶μ²Ö Aμ, Fμν , Jν Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ Ÿ´£ Ä
Œ¨²²¸  (1). ‚μ§Ó³¥³ ´¥±μÉμ·Ò° Ô²¥³¥´É U = U(x) ∈ K (ËÊ´±-
Í¨Õ U : Rp,q → K) ¨ · ¸¸³μÉ·¨³ ¶·¥μ¡· §μ¢ ´´Ò¥ É¥´§μ·´Ò¥ ¶μ²Ö

Áμ = U−1AμU − U−1∂μU,

F́μν = U−1FμνU, J́ν = U−1JνU.
(2)

’μ£¤  ÔÉ¨ ¢¥²¨Î¨´Ò Ê¤μ¢²¥É¢μ·ÖÕÉ É¥³ ¦¥ Ê· ¢´¥´¨Ö³ Ÿ´£ ÄŒ¨²²¸ 

∂μÁν − ∂νÁμ − [Áμ, Áν ] = F́μν ,

∂μF́μν − [Áμ, F́μν ] = J́ν ,

É. ¥. Ê· ¢´¥´¨Ö (1) Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ¶μ μÉ´μÏ¥´¨Õ ± ¶·¥μ¡· §μ¢ -
´¨Ö³ (2). �·¥μ¡· §μ¢ ´¨¥ (2) ´ §Ò¢ ¥É¸Ö ± ²¨¡·μ¢μÎ´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³
(¨²¨ ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥°),   £·Ê¶¶  K ´ §Ò¢ ¥É¸Ö ± ²¨¡·μ¢μÎ´μ° £·Ê¶-
¶μ° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  (1).

Šμ³¶μ´¥´ÉÒ ±μ¸μ¸¨³³¥É·¨Î¥¸±μ£μ É¥´§μ·´μ£μ ¶μ²Ö Fμν , μ¶·¥¤¥²¥´´Ò¥
¶¥·¢Ò³ Ê· ¢´¥´¨¥³ ¨§ (1), ³μ¦´μ ¶μ¤¸É ¢¨ÉÓ ¢μ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ¨ ¶μ²ÊÎ¨ÉÓ
μ¤´μ Ê· ¢´¥´¨¥ ¢Éμ·μ£μ ¶μ·Ö¤±  ¤²Ö ±μ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¶μ²Ö Ÿ´£ Ä
Œ¨²²¸ 

∂μ∂μAν − ∂ν∂μAμ − [∂μAμ, Aν ] − 2[Aμ, ∂μAν ] +
+ [Aμ, ∂νAμ] + [Aμ, [Aμ, Aν ]] = Jν . (3)

� ¸¸³μÉ·¨³ Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ . ‘¨¸É¥³  Ê· ¢´¥-
´¨° Ÿ´£ ÄŒ¨²²¸  (1) (²¨¡μ (3)) · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¤²Ö ´¥¨§¢¥¸É´ÒÌ É¥´-
§μ·´ÒÌ ¶μ²¥° Aμ(x), Fμν(x) ¸ ¨§¢¥¸É´μ° ¶· ¢μ° Î ¸ÉÓÕ Jν(x). � ±μ¶²¥´´Ò¥
§´ ´¨Ö ¶μ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ Ê± -
§Ò¢ ÕÉ ´  Éμ, ÎÉμ ¤²Ö Ê£²Ê¡²¥´´μ£μ  ´ ²¨§  ·¥Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ 
´ ¤μ · ¸¸³ É·¨¢ ÉÓ ±· ¥¢Ò¥ § ¤ Î¨ ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  Rp,q .
�μ¸É ´μ¢±  ±· ¥¢ÒÌ § ¤ Î (£¤¥ ¨ ± ±¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö § ¤ ¢ ÉÓ) § ¢¨¸¨É
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μÉ ¸¨£´ ÉÊ·Ò ¶¸¥¢¤μ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢  (p, q). � ¸¸Î¨ÉÒ¢ ÉÓ ´  ¶μ¸É -
´μ¢±Ê ±μ··¥±É´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ³μ¦´μ ¢ ¶¥·-
¢ÊÕ μÎ¥·¥¤Ó ¢ ¸²ÊÎ ¥ ¸¨£´ ÉÊ· (1, n−1), (n−1, 1) Å £¨¶¥·¡μ²¨Î¥¸±¨¥ ¸²ÊÎ ¨
¨ ¢ ¸²ÊÎ ¥ ¸¨£´ ÉÊ· (0, n), (n, 0) Å Ô²²¨¶É¨Î¥¸±¨¥ ¸²ÊÎ ¨.

’ ±¦¥ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¶μ¨¸± Î ¸É´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ Ä
Œ¨²²¸  ¢ ¸²ÊÎ ÖÌ, ±μ£¤  ¶· ¢ Ö Î ¸ÉÓ Jν(x) ¨³¥¥É ÉμÉ ¨²¨ ¨´μ° ¸¶¥Í¨ ²Ó´Ò°
¢¨¤ (´ ¶·¨³¥·, ¤¨±ÉÊ¥³Ò° Ë¨§¨Î¥¸±μ° ¶μ¸É ´μ¢±μ° § ¤ Î¨).

�·¨ Jν = 0 ¨³¥¥³ ´Ê²¥¢μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  Aμ = 0,
Fμν = 0. …¸²¨ U = U(x) ∈ K , Éμ ¸ ¶μ³μÐÓÕ ± ²¨¡·μ¢μÎ´μ£μ ¶·¥μ¡· §μ-
¢ ´¨Ö (2) ¨§ ´Ê²¥¢μ£μ ·¥Ï¥´¨Ö ¶μ²ÊÎ¨³ ¤·Ê£μ¥ É·¨¢¨ ²Ó´μ¥ (± ²¨¡·μ¢μÎ´μ
Ô±¢¨¢ ²¥´É´μ¥ ´Ê²¥¢μ³Ê) ·¥Ï¥´¨¥ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  Aμ = −U−1∂μU ,
Fμν = 0, Jν = 0.

2. �…˜…�ˆŸ ’ˆ�� �‹�‘Š�‰ ‚�‹�› “��‚�…�ˆ‰
Ÿ�ƒ�ÄŒˆ‹‹‘�

‚ É¥μ·¨¨ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ ¢ (¶¸¥¢¤μ)¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ Rp,q ¢ ¦´ÊÕ ·μ²Ó ¨£· ÕÉ ·¥Ï¥´¨Ö
É¨¶  ¶²μ¸±μ° ¢μ²´Ò. ‚ É ±¨Ì ·¥Ï¥´¨ÖÌ § ¢¨¸¨³μ¸ÉÓ μÉ ÉμÎ¥± x (¶¸¥¢¤μ)-
¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢  ¸¢μ¤¨É¸Ö ± § ¢¨¸¨³μ¸É¨ μÉ ¸± ²Ö·  (¨´¢ ·¨ ´É ) ρ :=
ξμxμ, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É¸Ö ¶μ § ¤ ´´μ³Ê ¶μ¸ÉμÖ´´μ³Ê (´¥ § ¢¨¸ÖÐ¥³Ê μÉ
ÉμÎ¥± x) ±μ¢¥±Éμ·´μ³Ê ¶μ²Õ ξμ (¢¥Ð¥¸É¢¥´´μ³Ê ¨²¨ ±μ³¶²¥±¸´μ³Ê).


Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  (3) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Aμ = aμ eρ, £¤¥ ρ = ξμxμ (4)

¨ aμ Å ±μ³¶μ´¥´ÉÒ ¶μ¸ÉμÖ´´μ£μ ±μ¢¥±Éμ·´μ£μ ¶μ²Ö ¸μ §´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥
‹¨ L. — ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¤¥°¸É¢ÊÕÉ ´  Ô±¸¶μ´¥´ÉÊ eρ ¶μ ¸É ´¤ ·É´μ³Ê
¶· ¢¨²Ê

∂ν eρ = (∂νρ) eρ = ξν eρ.

�μ¤¸É ¢²ÖÖ Aμ ¨§ (4) ¢ ²¥¢ÊÕ Î ¸ÉÓ (3), ¡Ê¤¥³ ¨³¥ÉÓ

∂μ∂μAν−∂ν∂μAμ−[∂μAμ, Aν ]−2[Aμ, ∂μAν ]+[Aμ, ∂νAμ]+[Aμ, [Aμ, Aν ]] =

= (ξμξμaν − ξνξμaμ) eρ − 3ξμ[aμ, aν ] e2ρ + [aμ, [aμ, aν ]] e3ρ. (5)

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (3) ¨³¥¥É ¢¨¤

Jν = jν
(1) eρ + jν

(2) e2ρ + jν
(3) e3ρ, (6)

£¤¥ jν
(k), k = 1, 2, 3, Å ´¥ § ¢¨¸ÖÐ¨¥ μÉ x ±μ³¶μ´¥´ÉÒ É·¥Ì ¢¥±Éμ·μ¢ (¢¥±-

Éμ·´ÒÌ ¶μ²¥°) ¸μ §´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥ ‹¨ L. �·¨· ¢´¨¢ Ö ¶· ¢Ò¥ Î ¸É¨
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· ¢¥´¸É¢ (5) ¨ (6), ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

ξμξμaν − ξνξμaμ = jν
(1), (7)

−3ξμ[aμ, aν ] = jν
(2), (8)

[aμ, [aμ, aν ]] = jν
(3), (9)

±μÉμ·ÊÕ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö
´ Ìμ¦¤¥´¨Ö ±μ³¶²¥±¸´μ£μ ¢¥±Éμ·  ξμ ¨ ¢¥±Éμ·  aμ ¸μ §´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥
‹¨ L ¶μ ¨§¢¥¸É´μ° ¶· ¢μ° Î ¸É¨ jν

(k), k = 1, 2, 3.

3. ˆ‘‘‹…„�‚��ˆ… ‘ˆ‘’…Œ› (7)Ä(9)
ˆ �…˜…�ˆŸ ‚ ‚ˆ„… ‘“ŒŒ› ‚�‹�


μ²¥¥ ¶μ¤·μ¡´μ μ¡¸Ê¤¨³ ¸¨¸É¥³Ò  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (7)Ä(9), ¶·¥¤-
²μ¦¥´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥. ‘¨¸É¥³  (9) Ö¢²Ö¥É¸Ö ¸¨¸É¥³μ° Ê· ¢´¥´¨°
¤²Ö ¶μ¨¸±  ¶μ¸ÉμÖ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  ( ´ ²μ£¨Î´ÊÕ ¸¨-
¸É¥³Ê ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ (3), ¥¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ·¥Ï¥´¨Ö ´¥ § ¢¨¸ÖÉ
μÉ ÉμÎ±¨ x · ¸¸³ É·¨¢ ¥³μ£μ (¶¸¥¢¤μ)¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ ). �¥Ï¥´¨¥ É -
±μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Éμ±  ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ‹¨ SU(2)
μ¡¸Ê¦¤ ¥É¸Ö ¢ · ¡μÉ Ì [17, 18]. �·¨ ´¥±μÉμ·ÒÌ Ê¸²μ¢¨ÖÌ, ´ ² £ ¥³ÒÌ ´ 
Éμ±, ·¥Ï¥´¨Ö ³μ£ÊÉ ´¥ ¸ÊÐ¥¸É¢μ¢ ÉÓ. � ¶·¨³¥·, ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ‹¨ SU(2)
¢ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ Rn Ê¸²μ¢¨¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö
μ£· ´¨Î¥´¨¥ rank (jν

(3) k) �= 1 ´  · ´£ ³ É·¨ÍÒ ¨§ ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö

Éμ±  jν
(3) = jν

(3) kτk Î¥·¥§ ¡ §¨¸ τk , k = 1, 2, 3,  ²£¥¡·Ò ‹¨ su(2), ¸³. [17].
‚ É¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  ¶μ¸ÉμÖ´´Ò¥ ·¥Ï¥´¨Ö aμ ¸ÊÐ¥¸É¢ÊÕÉ, ³μ¦¥³ ´ °É¨ ¨Ì
¨§ ¸¨¸É¥³Ò (9) ¨ ¶μ¤¸É ¢¨ÉÓ ¢ (7) ¨ (8). ‡ ³¥É¨³, ÎÉμ ¸¨¸É¥³  (8) Ö¢²Ö-
¥É¸Ö ¸¨¸É¥³μ° ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ´  ´¥¨§¢¥¸É´Ò¥ ξμ, ¶·¨Î¥³ ³ É·¨Í  ÔÉμ°
¸¨¸É¥³Ò ¥¸ÉÓ ±μ¸μ¸¨³³¥É·¨Î´ Ö ³ É·¨Í  ´ ¶·Ö¦¥´´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
¶μ¸ÉμÖ´´μ£μ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸ :

ξμfμν =
1
3
jν
(2), fμν := −[aμ, aν ].

Š ± ¨§¢¥¸É´μ, μ¶·¥¤¥²¨É¥²Ó ±μ¸μ¸¨³³¥É·¨Î´μ° ³ É·¨ÍÒ ´¥Î¥É´μ£μ ¶μ·Ö¤± 
n = 2k + 1 · ¢¥´ ´Ê²Õ,   μ¶·¥¤¥²¨É¥²Ó ±μ¸μ¸¨³³¥É·¨Î´μ° ³ É·¨ÍÒ Î¥É´μ£μ
¶μ·Ö¤±  n = 2k ¥¸ÉÓ ±¢ ¤· É μ¤´μ·μ¤´μ£μ ¶μ²¨´μ³  ¸É¥¶¥´¨ k, ±μÉμ·Ò° ´ -
§Ò¢ ¥É¸Ö ¶Ë ËË¨ ´μ³. � ¸¸³ É·¨¢ ¥³ Ö ¸¨¸É¥³  (7)Ä(9) ¨³¥¥É ·¥Ï¥´¨Ö ¶·¨
´¥±μÉμ·ÒÌ μ£· ´¨Î¥´¨ÖÌ, ´ ² £ ¥³ÒÌ ´  Éμ±¨ jν

(1), jν
(2), jν

(3). ‘ÊÐ¥¸É¢μ¢ ´¨¥
·¥Ï¥´¨Ö ¨ ¥£μ Ö¢´Ò° ¢¨¤ § ¢¨¸ÖÉ μÉ ¸¨£´ ÉÊ·Ò ¨ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢ ,
  É ±¦¥ μÉ · ¸¸³ É·¨¢ ¥³μ° £·Ê¶¶Ò ‹¨.
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‚ ¸²ÊÎ ¥ ´Ê²¥¢μ£μ Éμ±  jν
(1) = jν

(2) = jν
(3) = 0 ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê

ξμξμaν − ξνξμaμ = 0, (10)

−3ξμ[aμ, aν ] = 0, (11)

[aμ, [aμ, aν ]] = 0. (12)

…¸²¨ · ¸¸³ É·¨¢ ¥³ Ö  ²£¥¡·  ‹¨ L Ö¢²Ö¥É¸Ö ±μ³¶ ±É´μ°, Éμ ¢ ¸²ÊÎ ¥ ¶·μ-
¸É· ´¸É¢  Rp,q ²μ·¥´Í¥¢μ° (p, q) = (1, n−1), (n−1, 1) ¨²¨ ¥¢±²¨¤μ¢μ° (n, 0),
(0, n) ¸¨£´ ÉÊ·Ò ¤²Ö ¢¸¥Ì ·¥Ï¥´¨° aμ ¸¨¸É¥³Ò (12) ¨³¥¥³ fμν = −[aμ, aν ] = 0
(ÔÉμÉ Ë ±É ¤μ± § ´ ¢ · ¡μÉ Ì [22,23]), É. ¥. ¸¨¸É¥³  (11) ¢Ò¶μ²´Ö¥É¸Ö  ¢Éμ³ -
É¨Î¥¸±¨ ¤²Ö ²Õ¡ÒÌ ξμ, ¨ ¢Ò· ¦¥´¨Ö ξμ ¸Éμ¨É ¨¸± ÉÓ ¨§ ¸¨¸É¥³Ò (10). �´ -
²μ£¨Î´Ò° Ë ±É ´¥ ¢¥·¥´ ¢ ¸²ÊÎ ¥ ¤·Ê£¨Ì ¸¨£´ ÉÊ·, ±μ´É·¶·¨³¥· ¤²Ö ¸²ÊÎ Ö
Rp,q , p � 2, q � 2, ¶·¨¢¥¤¥´ ´¨¦¥.

�£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ £·Ê¶¶Ò ‹¨ SU(2) ¨ (¶¸¥¢¤μ)¥¢±²¨¤μ¢  ¶·μ¸É· ´-
¸É¢  R

p,q, p + q = n, ¶·μ¨§¢μ²Ó´μ° ±μ´¥Î´μ° · §³¥·´μ¸É¨ n. „²Ö ·¥Ï¥-
´¨Ö ¸¨¸É¥³Ò (12) ¢μ¸¶μ²Ó§Ê¥³¸Ö · ´¥¥ ¶μ²ÊÎ¥´´Ò³¨ ·¥§Ê²ÓÉ É ³¨ [17, 18]
μ ¢¸¥Ì ¶μ¸ÉμÖ´´ÒÌ ·¥Ï¥´¨ÖÌ SU(2) Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ . �¡μ§´ Î¨³ Î¥-
·¥§ τk = σk/2i, k = 1, 2, 3, ¸É ´¤ ·É´Ò° ¡ §¨¸  ²£¥¡·Ò ‹¨ su(2), ¶μ¸É·μ¥´-
´Ò° ¸ ¶μ³μÐÓÕ ³ É·¨Í � Ê²¨ σk, k = 1, 2, 3. �¥·¥Î¨¸²¨³ Ö¢´Ò° ¢¨¤ ¢¸¥x
·¥Ï¥´¨° {aμ, ξν} ¸¨¸É¥³Ò (10)Ä(12). �¥Ï¥´¨Ö ¢Ò¶¨¸Ò¢ ÕÉ¸Ö ¶·¨ ¤μ²¦´μ³
¢Ò¡μ·¥ ∗ ¸¨¸É¥³Ò ±μμ·¤¨´ É ¨ ± ²¨¡·μ¢±¨:

p � 1 : a1 = aτ1, a ∈ R \ {0}, ξ1 ∈ C;
p � 1 : a1 = aτ1, a ∈ R \ {0}, ξμξμ − ξ1ξ

1 = 0;
q � 1 : ap+1 = aτ1, a ∈ R \ {0}, ξp+1 ∈ C;
q � 1 : ap+1 = aτ1, a ∈ R \ {0}, ξμξμ − ξp+1ξ

p+1 = 0;
p � 1, q � 1 : a1 = ap+1 = τ1, ∀ξ1 ∈ C;
p � 1, q � 1 : a1 = ap+1 = τ1, ∀ξp+1 ∈ C;
p � 1, q � 1 : a1 = ap+1 = τ1, ∀ξp+1 = −ξ1 ∈ C, ξμξμ = 0;
p � 2, q � 2 : a1 = ap+1 = τ1, a2 = ap+2 = τ2, ∀ξp+1 = −ξ1 ∈ C,

∀ξp+2 = −ξ2 ∈ C, ξμξμ = 0;
p � 3, q � 3 : a1 = ap+1 = τ1, a2 = ap+2 = τ2, a3 = ap+3 = τ3,

∀ξp+1 = −ξ1 ∈ C, ∀ξp+2 = −ξ2 ∈ C, ∀ξp+3 = −ξ3 ∈ C, ξμξμ = 0.

‡ ³¥É¨³, ÎÉμ ¢ ¶μ¸²¥¤´¨Ì ¤¢ÊÌ ¸²ÊÎ ÖÌ ¢Ò· ¦¥´¨¥ ¤²Ö ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö
Ÿ´£ ÄŒ¨²²¸  μÉ²¨Î´μ μÉ ´Ê²Ö (fμν �= 0) ¨ ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ ÊÎ¨ÉÒ¢ ²¨¸Ó
Ê· ¢´¥´¨Ö (11).

∗„·Ê£¨³¨ ¸²μ¢ ³¨, ²Õ¡μ¥ ·¥Ï¥´¨¥ ¨§ÊÎ ¥³μ° ¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´μ ¸ ¶μ³μÐÓÕ
μ·Éμ£μ´ ²Ó´μ° § ³¥´Ò ±μμ·¤¨´ É ¨ Ë¨±¸ Í¨¨ ± ²¨¡·μ¢±¨ ± ¶¥·¥Î¨¸²¥´´Ò³ ¤ ²¥¥ ·¥Ï¥´¨Ö³,
¡μ²¥¥ ¶μ¤·μ¡´μ ¸³. [17, 18]. �·¨ ¶¥·¥Î¨¸²¥´¨¨ ·¥Ï¥´¨° ¢Ò¶¨¸ ´Ò Éμ²Ó±μ ´¥´Ê²¥¢Ò¥ ±μ³¶μ-
´¥´ÉÒ aμ, ξν . �Ê²¥¢μ¥ ·¥Ï¥´¨¥ a1 = . . . = an = 0 ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ξν ´¥ · ¸¸³ É·¨¢ ¥É¸Ö.
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� ¸¸³μÉ·¨³ É ±¦¥ ¡μ²¥¥ μ¡ÐÊÕ ¶μ¸É ´μ¢±Ê § ¤ Î¨, Î¥³ ¶·¥¤² £ ²μ¸Ó ¢ (4)
¨ (6). � ¨³¥´´μ, · ¸¸³μÉ·¨³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (3) ¢ ¢¨¤¥ ¸Ê³³Ò ¢μ²´ (·Ö¤ 
”Ê·Ó¥ ∗). �Ê¸ÉÓ Éμ± ¨³¥¥É ¢¨¤

Jν =
∞∑

k=−∞
jν
(k) ekρ, ρ = ξμxμ. (13)


Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (3) ¢ ¢¨¤¥

Aν =
∞∑

k=−∞
aν
(k) ekρ. (14)

�μ²ÊÎ¨³ ¸¨¸É¥³Ê

∑

k

(aν
(k)ξμξμ − aμ

(k)ξμξν)k2 ekρ −
∑

k

∑

l

ξμ[aμ
(k), a

ν
(l)]k e(k+l)ρ −

− 2
∑

k

∑

l

ξμ[aμ
(k), a

ν
(l)]l e

(k+l)ρ +
∑

k

∑

l

ξν [aμ (k), a
μ
(l)]l e

(k+l)ρ +

+
∑

k

∑

l

∑

m

[aμ (k), [a
μ
(l), a

ν
(m)]] e

(k+l+m)ρ =
∑

k

jν
(k) ekρ. (15)

„ ´´ Ö ¸¨¸É¥³  · ¸Ð¥¶²Ö¥É¸Ö ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¢¨¤ 

Fk(aμ
(l), ξ

ν) = jν
(k), k = −∞, . . . ,−1, 0, 1, . . . ,∞,

£¤¥ Fk ¥¸ÉÓ § ¤ ´´Ò¥ ¢Ò· ¦¥´¨Ö, Ö¢²ÖÕÐ¨¥¸Ö ³´μ£μÎ²¥´ ³¨ ¸É¥¶¥´¨ ´¥
¢ÒÏ¥ 2 μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ ξν ¨ ³´μ£μÎ²¥´ ³¨ ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥ 3
μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ aμ

(l). ’ ±¦¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¡μ²¥¥ Î ¸É´ÊÕ
¶μ¸É ´μ¢±Ê § ¤ Î¨, ±μ£¤  ¸Ê³³¨·μ¢ ´¨¥ ¢ (13) ¨ (14) ¢¥¤¥É¸Ö μÉ 0 ¤μ ∞ (É. ¥.
¢¸¥ jν

(k) = aν
(k) = 0 ¶·¨ k = −1,−2, . . .). �μ²ÊÎ¥´´ Ö ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸¨¸É¥³ 

· ¸Ð¥¶²Ö¥É¸Ö ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ´  ´¥¨§¢¥¸É´Ò¥ aν
(k), k = 0, 1, . . . ,∞ ¨ ξμ.

�¥·¢Ò¥ É·¨ Ê· ¢´¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò ¨³¥ÕÉ ¢¨¤

jν
(0) = [aμ (0), [a

μ
(0), a

ν
(0)]], (16)

jν
(1) = ξμξμaν

(1) − ξμξνaμ
(1) − ξμ[aμ

(1), a
ν
(0)] − 2ξμ[aμ

(0), a
ν
(1)] +

+ ξν [aμ (0), a
μ
(1)] + [aμ (1), [a

μ
(0), a

ν
(0)]] + [aμ (0), [a

μ
(1), a

ν
(0)]] +

+ [aμ (0), [a
μ
(0), a

ν
(1)]], (17)

∗‚μ¶·μ¸Ò ¸Ìμ¤¨³μ¸É¨ ·Ö¤μ¢ ¢ ´ ¸ÉμÖÐ¥³ ¨§²μ¦¥´¨¨ ´¥ · ¸¸³ É·¨¢ ¥³. ‚¸¥ Ê± § ´´Ò¥
¤ ²¥¥ ·Ö¤Ò · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¢ É¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  ¸Ìμ¤ÖÉ¸Ö.
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jν
(2) = 4(ξμξμaν

(2) − ξμξνaμ
(2)) − ξμ[aμ

(1), a
ν
(1)] − 2ξμ[aμ

(2), a
ν
(0)]−

− 2ξμ[aμ
(1), a

ν
(1)] − 4ξμ[aμ

(0), a
ν
(2)] + ξν [aμ (1), a

μ
(1)] + 2ξν [aμ (0), a

μ
(2)] +

+ [aμ (2), [a
μ
(0), a

ν
(0)]] + [aμ (0), [a

μ
(2), a

ν
(0)]] + [aμ (0), [a

μ
(0), a

ν
(2)]] +

+ [aμ (1), [a
μ
(1), a

ν
(0)]] + [aμ (1), [a

μ
(0), a

ν
(1)]] + [aμ (0), [a

μ
(1), a

ν
(1)]]. (18)

�¥·¢ Ö ¸¨¸É¥³  (16) Ö¢²Ö¥É¸Ö ¸¨¸É¥³μ° ¤²Ö ¶μ¨¸±  ¢¸¥Ì ¶μ¸ÉμÖ´´ÒÌ ·¥Ï¥´¨°
Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸  aμ

(0) ¸ ¶μ¸ÉμÖ´´Ò³ Éμ±μ³ jν
(0). � Ìμ¤Ö ¢¸¥ ¶μ¸Éμ-

Ö´´Ò¥ ·¥Ï¥´¨Ö aμ
(0) (¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ‹¨ SU(2) É ± Ö § ¤ Î  ·¥Ï¥´  ¢ · -

¡μÉ Ì [17, 18]), ³μ¦´μ ¶μ¤¸É ¢¨ÉÓ ¨Ì ¢μ ¢Éμ·ÊÕ ¸¨¸É¥³Ê (17), ²¨´¥°´ÊÕ ¶μ
´¥¨§¢¥¸É´Ò³ aμ

(1) ¨ ±¢ ¤· É¨Î´ÊÕ ¶μ ´¥¨§¢¥¸É´Ò³ ξμ. ‘²¥¤ÊÕÐ Ö §  ´¥°

¸¨¸É¥³  (18) Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ¶μ aμ
(2) ¨ ±¢ ¤· É¨Î´μ° ¶μ ξμ ¨ É. ¤. ‘ÊÐ¥-

¸É¢μ¢ ´¨¥ ¨ Ö¢´Ò° ¢¨¤ ·¥Ï¥´¨° § ¢¨¸ÖÉ μÉ · ¸¸³ É·¨¢ ¥³μ° £·Ê¶¶Ò ‹¨ K ,
· §³¥·´μ¸É¨ ¨ ¸¨£´ ÉÊ·Ò ¶·μ¸É· ´¸É¢  Rp,q ¨ Éμ±μ¢ jν

(k), k = 0, 1, . . . ,∞.

4. � ‘ˆ‘’…Œ�• “��‚�…�ˆ‰,
Œ�„…‹ˆ�“�™ˆ• “��‚�…�ˆŸ Ÿ�ƒ�ÄŒˆ‹‹‘�

� ¸¸Ê¦¤¥´¨Ö ¨§ ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥² , ±μÉμ·Ò¥ ¶·¨¢¥²¨ ´ ¸ ±  ²£¥¡· ¨-
Î¥¸±μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨° (7)Ä(9), ¶μ¤¢μ¤ÖÉ ´ ¸ ± ³Ò¸²¨ μ Éμ³, ÎÉμ ³μ¦´μ
¶μ¸ÉÊ²¨·μ¢ ÉÓ É·¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ ³μ¤¥²¨·Ê¥É É¥ ¨²¨
¨´Ò¥  ¸¶¥±ÉÒ Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ . � ¨³¥´´μ, ¶·¥¤² £ ¥É¸Ö · ¸¸³ É·¨-
¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°:

∂μ∂μAν − ∂ν∂μAμ = Jν
(1), (19)

−[∂μAμ, Aν ] − 2[Aμ, ∂μAν ] + [Aμ, ∂νAμ] = Jν
(2), (20)

[Aμ, [Aμ, Aν ]] = Jν
(3), (21)

£¤¥ Jν
(k), k = 1, 2, 3, Å § ¢¨¸ÖÐ¨¥ μÉ x ±μ³¶μ´¥´ÉÒ É·¥Ì ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸μ

§´ Î¥´¨Ö³¨ ¢  ²£¥¡·¥ ‹¨ L.
‘¨¸É¥³  Ê· ¢´¥´¨° (19) ¥¸ÉÓ ¶·μ¸Éμ ´¥¸±μ²Ó±μ Ô±§¥³¶²Ö·μ¢ Ê· ¢´¥´¨°

Œ ±¸¢¥²² , ¶·¨Î¥³ ÔÉμ Î¨¸²μ Ô±§¥³¶²Ö·μ¢ · ¢´μ · §³¥·´μ¸É¨  ²£¥¡·Ò ‹¨ L,
· ¸¸³ É·¨¢ ¥³μ° ± ± ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ.

‘¨¸É¥³Ê Ê· ¢´¥´¨° (21) ´ §μ¢¥³  ²£¥¡· ¨Î¥¸±μ°  ¶¶·μ±¸¨³ Í¨¥° Ê· ¢-
´¥´¨° Ÿ´£ ÄŒ¨²²¸ . �É³¥É¨³, ÎÉμ ¤ ´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¸μ¤¥·¦¨É ¢ ¸¥¡¥
± ± Î ¸É´Ò° ±² ¸¸ ·¥Ï¥´¨° ¢¸¥ ¶μ¸ÉμÖ´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ .
„ ´´ Ö ¸¨¸É¥³  ¸μ¤¥·¦¨É ¢ ¸¥¡¥ É ±¦¥ ¨ ¤·Ê£¨¥ ±² ¸¸Ò (´¥¶μ¸ÉμÖ´´ÒÌ) ·¥-
Ï¥´¨° Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ , ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö μ¤´μ¢·¥³¥´´μ ·¥Ï¥´¨¥³
¸¨¸É¥³ (19) ¨ (20).
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‚ · ¡μÉ Ì [17, 18] ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¢¸¥Ì ·¥Ï¥-
´¨° Aμ ¸¨¸É¥³Ò (21) ¢ ¸²ÊÎ ¥, ±μ£¤  ¢¸¥ ¢Ìμ¤ÖÐ¨¥ ¢ ÔÉÊ ¸¨¸É¥³Ê ¢Ò· ¦¥´¨Ö
Aμ, Jν

(3) ´¥ § ¢¨¸ÖÉ μÉ ÉμÎ±¨ x (¶¸¥¢¤μ)¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢  Rp,q ¢ ¸²ÊÎ ¥

£·Ê¶¶Ò ‹¨ SU(2). �É¨ ·¥§Ê²ÓÉ ÉÒ ³μ£ÊÉ ¡ÒÉÓ ¶¥·¥Ëμ·³Ê²¨·μ¢ ´Ò ²μ± ²Ó´μ
¤²Ö ¸¨¸É¥³Ò (21) ¢ μ¡Ð¥³ ¸²ÊÎ ¥, É ± ± ± ¢ ´¥¥ ´¥ ¢Ìμ¤ÖÉ ´¨± ±¨¥ ¤¨ËË¥-
·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò.

ˆ´É¥·¥¸´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¤ ²Ó´¥°Ï¥¥ ¨§ÊÎ¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (7)Ä
(9) ¢ μ¡Ð¥° ¶μ¸É ´μ¢±¥, ¸ ¶·μ¨§¢μ²Ó´Ò³ Éμ±μ³,   É ±¦¥ ¤²Ö ¤·Ê£¨Ì ¶μ²Ê¶·μ-
¸ÉÒÌ £·Ê¶¶ ‹¨, ¢ Î ¸É´μ¸É¨, £·Ê¶¶Ò ‹¨ SU(3). ‘¨¸É¥³Ò Ê· ¢´¥´¨° (19), (20),
(21) ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¤²Ö ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°. 
Ò²μ ¡Ò ¨´É¥·¥¸´μ
´ °É¨ Î ¸É´Ò¥ ±² ¸¸Ò ·¥Ï¥´¨° ¸¨¸É¥³Ò (20). ‚ ¤ ²Ó´¥°Ï¥³ ¶² ´¨·Ê¥É¸Ö
μ¡μ¡Ð¨ÉÓ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¨ ´  ¸¨¸É¥³Ê Ê· ¢´¥´¨° Ÿ´£ ÄŒ¨²²¸ Ä
„¨· ±  ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·´Ò μ·£ ´¨§ Éμ· ³ ³¥¦¤Ê´ ·μ¤´μ° ±μ´-
Ë¥·¥´Í¨¨ ®‚μ¶·μ¸Ò ³ É¥³ É¨Î¥¸±μ° ¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨¯, ¶μ¸¢ÖÐ¥´´μ°
110-²¥É¨Õ ¸μ ¤´Ö ·μ¦¤¥´¨Ö �.�. 
μ£μ²Õ¡μ¢ ,   É ±¦¥ ÊÎ ¸É´¨± ³ ÔÉμ° ±μ´-
Ë¥·¥´Í¨¨ §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö.

ˆ¸¸²¥¤μ¢ ´¨¥ μ¤´μ£μ ¨§  ¢Éμ·μ¢ („.˜¨·μ±μ¢, · §¤. 3) ¢Ò¶μ²´¥´μ §  ¸Î¥É
�μ¸¸¨°¸±μ£μ ´ ÊÎ´μ£μ Ëμ´¤  (¶·μ¥±É º18-71-00010).
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