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Œμ¸±μ¢¸±μ£μ £μ¸Ê¤ ·¸É¢¥´´μ£μ Ê´¨¢¥·¸¨É¥É  ¨³. Œ. ‚. ‹μ³μ´μ¸μ¢ , Œμ¸±¢ 
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Œμ¤¥²¨ F (R)-£· ¢¨É Í¨¨ ¸ ÉμÎ´Ò³¨ Î ¸É´Ò³¨ ·¥Ï¥´¨Ö³¨ ¸É·μÖÉ¸Ö ¸ ¶μ³μÐÓÕ
±μ´Ëμ·³´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¨ ³¥Éμ¤  ¸Ê¶¥·¶μÉ¥´Í¨ ²  ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³μ¤¥-
²¥° ¢ Ëμ·³Ê²¨·μ¢±¥ �°´ÏÉ¥°´ . ”Ê´±Í¨¨ F (R) ¶μ²ÊÎ ÕÉ¸Ö ¢ Ö¢´μ³ ¢¨¤¥. �μ¤·μ¡´μ
· ¸¸³ É·¨¢ ÕÉ¸Ö ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ¶μ²ÊÎ¥´´μ° ³μ¤¥²¨ R2-£· ¢¨É Í¨¨ ¸ ±μ¸³μ²μ-
£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°.

We construct the F (R) gravity models with exact particular solutions using the
conformal transformation and the superpotential method for the corresponding models
in the Einstein frame. The functions F (R) are obtained explicitly. We consider exact
solutions for the obtained R2 gravity model with the cosmological constant in detail.

PACS: 98.80.Cq; 95.30.Sf; 98.80.Jk

‚‚…„…�ˆ…

F (R)-£· ¢¨É Í¨Ö Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ ¸ ³ÒÌ ¶μ¶Ê²Ö·´ÒÌ μ¡μ¡Ð¥´¨° μ¡Ð¥°
É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ [1]. Œμ¤¥²¨ F (R)-£· ¢¨É Í¨¨  ±É¨¢´μ ¨¸¶μ²Ó§ÊÕÉ¸Ö
¤²Ö μ¶¨¸ ´¨Ö · §²¨Î´ÒÌ ¸É ¤¨° Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ°. � ¶·¨³¥·, ¨´Ë²ÖÍ¨μ´-
´ Ö R2-³μ¤¥²Ó ‘É ·μ¡¨´¸±μ£μ [2] (¸³. É ±¦¥ [3]) ¶·¨¢μ¤¨É ± ¶·¥¤¸± § ´¨Ö³,
±μÉμ·Ò¥ ´¥ ¶·μÉ¨¢μ·¥Î É ¤ ´´Ò³ ´ ¡²Õ¤¥´¨° [4]. F (R)-³μ¤¥²¨ É¥³´μ° Ô´¥·-
£¨¨  ±É¨¢´μ ¨¸¸²¥¤ÊÕÉ¸Ö ¨  ´ ²¨§¨·ÊÕÉ¸Ö, ´ ¶·¨³¥·, ¢ ¸É ÉÓÖÌ [5Ä12]. 	μ²¥¥
Éμ£μ, ¸ÊÐ¥¸É¢ÊÕÉ ³μ¤¥²¨ F (R)-£· ¢¨É Í¨¨, ±μÉμ·Ò¥ ³μ£ÊÉ μ¶¨¸Ò¢ ÉÓ ¨ ¨´-
Ë²ÖÍ¨Õ, ¨ ¶μ§¤´¥¥ ±μ¸³¨Î¥¸±μ¥ Ê¸±μ·¥´¨¥ [13Ä15].
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’μÎ´Ò¥ ·¥Ï¥´¨Ö ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ¢ ±μ¸³μ²μ£¨¨, ¶μÔÉμ³Ê ¶μ¨¸± ¨´É¥-
£·¨·Ê¥³ÒÌ F (R)-³μ¤¥²¥°,   É ±¦¥ ³μ¤¥²¥° ¸ ÉμÎ´Ò³¨ Î ¸É´Ò³¨ ·¥Ï¥´¨Ö³¨,
Ö¢²Ö¥É¸Ö ¨´É¥·¥¸´μ° § ¤ Î¥° [16,17]. ‘ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨° ³¥É·¨±¨ ¨
¸± ²Ö·´μ£μ ¶μ²Ö ³μ¤¥²Ó F (R)-£· ¢¨É Í¨¨ ³μ¦¥É ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´  ¢ ³μ¤¥²Ó
¸ ³¨´¨³ ²Ó´μ ¸¢Ö§ ´´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³, μ¡² ¤ ÕÐ¨³ ± ´μ´¨Î¥¸±¨³ ±¨-
´¥É¨Î¥¸±¨³ Î²¥´μ³ [18]. ‘ÊÐ¥¸É¢Ê¥É ´¥¸±μ²Ó±μ ³¥Éμ¤μ¢ ¶μ¸É·μ¥´¨Ö ³μ¤¥²¥°
¸ ³¨´¨³ ²Ó´μ ¸¢Ö§ ´´Ò³¨ ¸± ²Ö·´Ò³¨ ¶μ²Ö³¨ ¸ ÉμÎ´Ò³¨ ±μ¸³μ²μ£¨Î¥¸±¨³¨
·¥Ï¥´¨Ö³¨. �¤´¨³ ¨§ ¶μ¶Ê²Ö·´ÒÌ ³¥Éμ¤μ¢ Ö¢²Ö¥É¸Ö ³¥Éμ¤ ¸Ê¶¥·¶μÉ¥´Í¨-
 ²  [19, 20] (¨§¢¥¸É´Ò° É ±¦¥ ± ± ³¥Éμ¤ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¨²¨ Ëμ·³ ²¨§³
¶¥·¢μ£μ ¶μ·Ö¤± ). ‚ ÔÉμ° · ¡μÉ¥ ¤ ´´Ò° ³¥Éμ¤ μ¡μ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ³μ¤¥²¥°
F (R)-£· ¢¨É Í¨¨ ¤²Ö ¶μ²ÊÎ¥´¨Ö ³μ¤¥²¥° ¸ ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨. �·¨¢μ¤¨É¸Ö
´¥¸±μ²Ó±μ ¶·¨³¥·μ¢ É ±¨Ì ³μ¤¥²¥° ¸ Ö¢´μ° F (R)-§ ¢¨¸¨³μ¸ÉÓÕ.

1. ‘��’‚…’‘’‚“�™ˆ… Œ�„…‹ˆ
‚ ”��Œ“‹ˆ��‚Š… �‰�˜’…‰��

� ¸¸³μÉ·¨³ ³μ¤¥²Ó F (R)-£· ¢¨É Í¨¨:

SR =
∫

d4x̃
√
−g̃F (R), (1)

£¤¥ F (R) Å ¤¢ ¦¤Ò ¤¨ËË¥·¥´Í¨·Ê¥³ Ö ËÊ´±Í¨Ö μÉ ¸± ²Ö·  �¨ÎÎ¨ R. ‚¢¥¤¥³
´μ¢μ¥ ¸± ²Ö·´μ¥ ¶μ²¥ ¡¥§ ±¨´¥É¨Î¥¸±μ£μ Î²¥´  σ ¨ ¶¥·¥¶¨Ï¥³ SR ¸²¥¤ÊÕÐ¨³
μ¡· §μ³ [18,21]:

S̃J =
∫

d4x̃
√
−g̃

[
dF (σ)

dσ
(R − σ) + F (σ)

]
. (2)

‘ ¶μ³μÐÓÕ ±μ´Ëμ·³´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ³¥É·¨±¨ gμν = (2f(σ)/
M2

Pl) g̃μν , £¤¥ f ≡ dF (σ)/dσ, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¤¥°¸É¢¨¥ £· ¢¨É Í¨¨ �°´-
ÏÉ¥°´  [22]:

SE =
∫

d4x
√
−g

[
M2

Pl

2
RE − h(σ)

2
gμν∂μσ∂νσ − VE

]
,

h(σ) =
3M2

Pl

2f2

(
df

dσ

)2

, VE = M4
Pl

fσ − F

4f2
.

(3)

‚¢μ¤Ö ¸± ²Ö·´μ¥ ¶μ²¥

ψ =

√
3
2
MPl ln

(
2

M2
Pl

f(σ)
)

, (4)
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¶μ²ÊÎ ¥³ ¤¥°¸É¢¨¥ SE ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

SE =
∫

d4x
√
−g

[
M2

Pl

2
RE − 1

2
∂μψ∂μψ − VE(ψ)

]
. (5)

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ ³μ¤¥²Ó ¢ Ëμ·³Ê²¨·μ¢±¥ �°´ÏÉ¥°´  ¸μ ¸É ´-
¤ ·É´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥, ¶·¥¤-
¸É ¢¨³ ¶μÉ¥´Í¨ ² ¨ ¥£μ ¶·μ¨§¢μ¤´ÊÕ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

VE(ψ) =
M2

Pl

2
R exp

(
−

√
6ψ

3MPl

)
− F exp

(
−2

√
6ψ

3MPl

)
,

dVE(ψ)
dψ

= −MPl√
6

R exp

(
−

√
6ψ

3MPl

)
+

4√
6MPl

F exp

(
−2

√
6ψ

3MPl

)
.

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ ËÊ´±Í¨Õ F (R) ¢ ¶ · ³¥É·¨Î¥¸±μ° Ëμ·³¥ [23Ä
25]:

R =

[ √
6

MPl

dVE

dψ
+

4VE

M2
Pl

]
exp

( √
6ψ

3MPl

)
, (6)

F =
M2

Pl

2

[ √
6

MPl

dVE

dψ
+

2VE

M2
Pl

]
exp

(
2
√

6ψ

3MPl

)
. (7)

…¸²¨ ³μ¤¥²Ó ¸ μ¤´¨³ ³¨´¨³ ²Ó´μ ¸¢Ö§ ´´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³ ¨³¥¥É ÉμÎ-
´Ò¥ ·¥Ï¥´¨Ö, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³μ¤¥²Ó F (R)-£· ¢¨É Í¨¨ Éμ¦¥ ¨Ì ¨³¥¥É.
–¥²Ó ¤ ´´μ° · ¡μÉÒ Å ´ °É¨ É ±¨¥ ¶μÉ¥´Í¨ ²Ò VE , ÎÉμ¡Ò ³μ¤¥²Ó ¢ Ëμ·³Ê-
²¨·μ¢±¥ �°´ÏÉ¥°´  ¨³¥²  ÉμÎ´Ò¥ ·¥Ï¥´¨Ö,   ËÊ´±Í¨Õ F (R) ³μ¦´μ ¡Ò²μ
´ °É¨ ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥.

2. ��‘’��…�ˆ… Œ�„…‹…‰ F (R)-ƒ��‚ˆ’�–ˆˆ

�Ê¸ÉÓ Ê· ¢´¥´¨¥ (6) ¨³¥¥É ·¥Ï¥´¨¥

R = C1 + Ck exp
(

kψ

MPl

)
, (8)

£¤¥ C1 ¨ Ck �= 0 Å ¶·μ¨§¢μ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥, Éμ£¤  ËÊ´±Í¨Ö F (R) ³μ-
¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥. ˆ§ Ê· ¢´¥´¨° (6) ¨ (8) ¶μ²ÊÎ ¥³
¸²¥¤ÊÕÐ¥¥ ²¨´¥°´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤±  ¤²Ö ¶μ-
É¥´Í¨ ²  VE :[ √

6
MPl

dVE

dψ
+

4VE

M2
Pl

]
exp

(√
6

3
ψ

MPl

)
= C1 + Ck exp

(
k

ψ

MPl

)
. (9)
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“ Ê· ¢´¥´¨Ö (9) ¥¸ÉÓ μ¡Ð¥¥ ·¥Ï¥´¨¥:

VE(ψ) =
M2

Pl

2

(
C2 exp

(
−2

√
6ψ

3MPl

)
+

+ C1 exp

(
−

√
6ψ

3MPl

)
+ Cω exp

(
ω

√
6ψ

3MPl

))
, (10)

£¤¥ C2 Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö, ω =
√

6k/2 − 1 ¨ Cω =
√

6Ck/
(
√

6 + 3k) = Ck/(ω + 2).
�·¨ ¶μ¤¸É ´μ¢±¥ ¶μÉ¥´Í¨ ²  (10) ¢ (6) ¨ (7) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· -

¦¥´¨Ö:

R = Cω(ω + 2) exp

[
(ω + 1)

√
6ψ

3MPl

]
+ C1,

F =
M2

Pl

2

(
Cω(ω + 1) exp

[
(ω + 2)

√
6ψ

3MPl

]
− C2

)
.

(11)

‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³

F (R) =
M2

Pl

2

(
Cω(ω + 1)

(
R − C1

Cω(ω + 2)

)α

− C2

)
, £¤¥ α =

ω + 2
ω + 1

. (12)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ α �= 1 ¤²Ö ²Õ¡μ£μ ω ¨ ÎÉμ α = 2 ¸μμÉ¢¥É¸É¢Ê¥É ω = 0.

3. ��ˆ‘Š ’�—�›• �…˜…�ˆ‰

� ¸¸³μÉ·¨³ ¶μÉ¥´Í¨ ² (10) ¤²Ö ¸²ÊÎ Ö C1 = C2 = 0. …¸²¨ ω �= 0, Éμ
¶μ²ÊÎ ¥³ Ô±¸¶μ´¥´Í¨ ²Ó´Ò° ¶μÉ¥´Í¨ ² ¨ ¨´É¥£·¨·Ê¥³ÊÕ ±μ¸³μ²μ£¨Î¥¸±ÊÕ
³μ¤¥²Ó [19, 26Ä28]. �¡Ð¨¥ ·¥Ï¥´¨Ö ÔÉμ° ³μ¤¥²¨ ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò Ö¢´μ
¢ ¶ · ³¥É·¨Î¥¸±μ³ ¢·¥³¥´¨ [27]. �¡Ð¨¥ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Rα-
³μ¤¥²¥° ¸ ¶·μ¨§¢μ²Ó´Ò³ ¶ · ³¥É·μ³ α (±·μ³¥ ¸²ÊÎ ¥¢ α = 2 ¨ α = 1) ³μ£ÊÉ
¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ μ¡Ð¥£μ ·¥Ï¥´¨Ö ³μ¤¥²¨ ¸ Ô±¸¶μ´¥´Í¨ ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³
±μ´Ëμ·³´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ ³¥É·¨±¨. ‚ ¸²ÊÎ ¥ ω = 0 ¶μ²ÊÎ ¥³ ³μ¤¥²Ó ¸
±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°, ±μÉμ· Ö ¨´É¥£·¨·Ê¥³  (μ¡Ð¥¥ ·¥Ï¥´¨¥ ¶·¥¤-
¸É ¢²¥´μ ¢ [29,30]) ¨ ¸μμÉ¢¥É¸É¢Ê¥É ³μ¤¥²¨ Î¨¸Éμ° R2-£· ¢¨É Í¨¨.

„²Ö ¤μ± § É¥²Ó¸É¢  ¨´É¥£·¨·Ê¥³μ¸É¨ ±μ¸³μ²μ£¨Î¥¸±μ° ³μ¤¥²¨ ¸ Ô±¸¶μ-
´¥´Í¨ ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ ¢ · ¡μÉ¥ [19] ¡Ò² ¶·¨³¥´¥´ ³¥Éμ¤ ¸Ê¶¥·¶μÉ¥´Í¨-
 ² . �ÉμÉ ³¥Éμ¤  ±É¨¢´μ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö ¶μ²ÊÎ¥´¨Ö ±μ¸³μ²μ£¨Î¥¸±¨Ì ³μ-
¤¥²¥° ¸ ÉμÎ´Ò³¨ Î ¸É´Ò³¨ ·¥Ï¥´¨Ö³¨ ± ± ¸ μ¤´¨³ ¸± ²Ö·´Ò³ ¶μ²¥³ [19,
20,31Ä35], É ± ¨ ¸ ´¥¸±μ²Ó±¨³¨ ¸± ²Ö·´Ò³¨ ¶μ²Ö³¨ [19,36Ä38],   É ±¦¥ ¤²Ö
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¶μ¸É·μ¥´¨Ö ¨´Ë²ÖÍ¨μ´´ÒÌ ³μ¤¥²¥° [39Ä41]. ŒÒ ¨¸¶μ²Ó§Ê¥³ ÔÉμÉ ³¥Éμ¤ ¤²Ö
¶μ²ÊÎ¥´¨Ö ³μ¤¥²¥° ¸ ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨ ¤²Ö ¸²ÊÎ ¥¢ ¸ C2

1 + C2
2 �= 0.

„²Ö ¶²μ¸±μ° ³¥É·¨±¨ ”·¨¤³ ´ Ä‹¥³¥É· Ä�μ¡¥·É¸μ´ Ä“μ±¥·  ¸ ³¥É·¨-
±μ°, § ¤ ¢ ¥³μ° ¢Ò· ¦¥´¨¥³

ds2 = − dt2 + a2
E(t)

(
dx2

1 + dx2
2 + dx2

3

)
, (13)

Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ψ̇ = −2M2
PlW

′
,ψ, (14)

VE = 3M2
PlW

2 − 2M4
PlW

′
,ψ

2
, (15)

£¤¥ ¶ · ³¥É· • ¡¡²  HE ≡ ȧ/a = W (ψ) ¨ W ′
,ψ = dW/dψ.

‚Ò¡¨· Ö ¸Ê¶¥·¶μÉ¥´Í¨ ²

W (ψ) = Wa exp

(
a

√
6ψ

2MPl

)
+ Wb exp

(
b

√
6ψ

2MPl

)
, (16)

£¤¥ a, b, Wa ¨ Wb Å ¶μ¸ÉμÖ´´Ò¥, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ¶μÉ¥´Í¨ ²:

VE = 6
(

W 2
a (1 − a2) exp

(
a
√

6
ψ

MPl

)
+

+ 2WaWb(1 − ab) exp
(

(a + b)
2

√
6

ψ

MPl

)
+

+ W 2
b (1 − b2) exp

(
b
√

6
ψ

MPl

))
. (17)

„²Ö ´¥±μÉμ·ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ a ¨ b ¶μ²ÊÎ ¥³ ¶μÉ¥´Í¨ ²Ò ¢
¢¨¤¥ (10) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³μ¤¥²¨ F (R)-£· ¢¨É Í¨¨ ¸ ÉμÎ´Ò³¨ ·¥Ï¥´¨-
Ö³¨ (¸³. É ¡²¨ÍÊ). �·¥¤¶μ² £ ¥³, ÎÉμ a < b ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨. ‚ ¸²ÊÎ ÖÌ
a = −1/3, b = 1 ¨ a = −1, b = 1/3 ¶μ²ÊÎ¥´´Ò¥ F (R)-³μ¤¥²¨ ¸μ¢¶ ¤ ÕÉ.
‚ μ¡Ð¥³ ¸²ÊÎ ¥ ÉμÎ´μ¥ ·¥Ï¥´¨¥ ψ(t) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¢ ±¢ ¤· ÉÊ· Ì
¨´É¥£·¨·μ¢ ´¨¥³ Ê· ¢´¥´¨Ö (14).

4. ‘‹“—�‰ Œ�„…‹ˆ R2-ƒ��‚ˆ’�–ˆˆ

� ¸¸³μÉ·¨³ ¶μ¤·μ¡´μ ¸²ÊÎ ° ³μ¤¥²¨ R2-£· ¢¨É Í¨¨ ¸

F (R) =
M2

Pl

2

(
1

24W 2
b

R2 − Wa

Wb
R +

8W 2
a

3

)
, (18)

±μÉμ·μ° ¸μμÉ¢¥É¸É¢Ê¥É ¸Ê¶¥·¶μÉ¥´Í¨ ² W (ψ) = Wa exp
(
−
√

6ψ/3MPl

)
+Wb.
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“· ¢´¥´¨¥ (14) ·¥Ï ¥É¸Ö ¢ Ö¢´μ³ ¢¨¤¥:

dψ

dt
=

2
√

6
3

MPlWa exp

(
−

√
6ψ

3MPl

)
→ ψ =

√
6

2
MPl ln

(
4Wa

3
(t − t0)

)
, (19)

£¤¥ t0 Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö.
�μ¤¸É ´μ¢±μ° ψ(t) ¢ W (ψ) ¶μ²ÊÎ ¥³ ¶ · ³¥É· • ¡¡²  ¤²Ö ³μ¤¥²¨ ¸μ

¸± ²Ö·´Ò³ ¶μ²¥³:

HE =
3

4(t − t0)
+ Wb. (20)

‚ ¨§´ Î ²Ó´μ° ³μ¤¥²¨ F (R) ¶μ²ÊÎ ¥³ ³¥É·¨±Ê ”·¨¤³ ´ Ä‹¥³¥É· Ä�μ-
¡¥·É¸μ´ Ä“μ±¥·  ¸ ¶ · ³¥É·¨Î¥¸±¨³ ¢·¥³¥´¥³ t ¨

ds̃2 = − M2
Pl

2f(R)
dt2 + ã2

(
dx2

1 + dx2
2 + dx2

3

)
, £¤¥ ã2 =

M2
Pl

2f(R)
a2

E . (21)

‘ ¶μ³μÐÓÕ Ê· ¢´¥´¨Ö (11) ¶μ²ÊÎ ¥³

f(R) =
M2

Pl

2
exp

(√
6

3
ψ

MPl

)
=

2
3
M2

PlWa(t − t0).

Šμ¸³¨Î¥¸±μ¥ ¢·¥³Ö ¢ ÔÉμ³ Ë·¥°³¥ ¥¸ÉÓ

t̃ =
∫ √

M2
Pl

2f(σ)
dt =

√
3(t − t0)

Wa
+ t̃0. (22)

‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¶ · ³¥É· • ¡¡²  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

H̃ = ã−1 dã

dt̃
=

√
2f(R)
M2

Pl

[
HE − 1

2
d ln(f)

dt

]
=

1
2(t̃ − t̃0)

+
2
3
WbWa(t̃− t̃0). (23)

�¥·¢μ¥ ¸² £ ¥³μ¥ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¸μμÉ¢¥É¸É¢Ê¥É ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ°
¨§²ÊÎ¥´¨¥³, ¢ Éμ ¢·¥³Ö ± ± ¢Éμ·μ¥ ¸² £ ¥³μ¥ Å ·¥Ï¥´¨¥ �Ê§³ °±¨´μ° ¨
�Ê§³ °±¨´  [42].

‡�Š‹�—…�ˆ…

ˆÉ ±, ³Ò ´ Ï²¨ ´¥¸±μ²Ó±μ ³μ¤¥²¥° F (R)-£· ¢¨É Í¨¨ ¸ ÉμÎ´Ò³¨ ·¥Ï¥´¨-
Ö³¨ ¨ ¶μ± § ²¨, ÎÉμ ³¥Éμ¤ ¸Ê¶¥·¶μÉ¥´Í¨ ²  Å ¶μ²¥§´Ò° ¨´¸É·Ê³¥´É ¤²Ö ÔÉμ°
Í¥²¨. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ËÊ´¤ ³¥´É ²Ó´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö (¡μ§μ´  •¨££¸ ) ¤ ¥É
Ìμ·μÏÊÕ ³μÉ¨¢ Í¨Õ · ¸¸³ É·¨¢ ÉÓ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ³μ¤¥²¨ £· ¢¨É Í¨¨
¸ ¤μ¡ ¢μÎ´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³. Œμ¤¥²¨ F (R, χ)-£· ¢¨É Í¨¨ ¸μ ¸± ²Ö·´Ò³
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¶μ²¥³ χ [43] μÎ¥´Ó ¶μ¶Ê²Ö·´Ò [21, 44Ä48] ¢ ± Î¥¸É¢¥ ³μ¤¥²¥° ¨´Ë²ÖÍ¨¨, ¢
Î ¸É´μ¸É¨, ¸³¥Ï ´´μ° ³μ¤¥²¨ •¨££¸−R2 [45Ä47]. ŒÒ ¶² ´¨·Ê¥³ μ¡μ¡Ð¨ÉÓ
¨¸¸²¥¤μ¢ ´¨¥ ´  ¸²ÊÎ ° ³μ¤¥²¥° F (R, χ) ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ ¸Ê¶¥·¶μÉ¥´Í¨-
 ² , · §· ¡μÉ ´´Ò° ¤²Ö ¶μ¨¸±  ÉμÎ´ÒÌ ·¥Ï¥´¨° ±¨· ²Ó´ÒÌ ±μ¸³μ²μ£¨Î¥¸±¨Ì
³μ¤¥²¥° [38], ¨²¨ ¤·Ê£¨¥ ³¥Éμ¤Ò [49] ¤²Ö ¶μ¸É·μ¥´¨Ö Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ
³μ¤¥²¥° F (R, χ) ¸ ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨.

ˆ¸¸²¥¤μ¢ ´¨Ö ‘.
.‚¥·´μ¢  ¨ ….�.�μ§¤¥¥¢μ° Î ¸É¨Î´μ ¢Ò¶μ²´¥´Ò ¶·¨
Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ (¶·μ¥±É º18-52-45016).
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