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� ¸¸³ É·¨¢ ¥É¸Ö ¶·μ¡²¥³  ¶·¨¤ ´¨Ö ¸É·μ£μ£μ ¸³Ò¸²  É ± ´ §Ò¢ ¥³Ò³ ³¨±·μ-
¸±μ¶¨Î¥¸±¨³ ·¥Ï¥´¨Ö³ ±¨´¥É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£ , μÉ±·ÒÉÒÌ
�. �. 	μ£μ²Õ¡μ¢Ò³, ±μÉμ·Ò¥ ¨³¥ÕÉ ¢¨¤ ¸Ê³³ ¤¥²ÓÉ -ËÊ´±Í¨° ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ μ¡· -
É¨³μ° ¤¨´ ³¨±¥ ±μ´¥Î´μ£μ Î¨¸²  Î ¸É¨Í. �¤´ ±μ ´¥¶μ¸·¥¤¸É¢¥´´ Ö ¶μ¤¸É ´μ¢± 
¤¥²ÓÉ -ËÊ´±Í¨° ¢ Ê· ¢´¥´¨¥ Ëμ·³ ²Ó´μ ´¥±μ··¥±É´ . �·¥¤² £ ¥É¸Ö ·¥£Ê²Ö·¨§ Í¨Ö ¨´-
É¥£· ²  ¸Éμ²±´μ¢¥´¨°, ¶·¨ ±μÉμ·μ° ¶μ¤¸É ´μ¢±  ¢ ´¥£μ ¤¥²ÓÉ -ËÊ´±Í¨° ¸É ´μ¢¨É¸Ö
¢μ§³μ¦´μ°.

Problem of rigorous justiˇcation of microscopic solutions of the BoltzmannÄEnskog
kinetic equation is under consideration. These solutions were discovered by N.N. Bogolyu-
bov. They have a form of the sum of delta functions, but their direct substitution into
the equation is formally incorrect. We introduce a regularization of the collision integral
which makes such a substitution possible.

PACS: 05.20.-y; 05.20.Dd
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‚ 1975 £. �¨±μ² ¥³ �¨±μ² ¥¢¨Î¥³ 	μ£μ²Õ¡μ¢Ò³ ¡Ò²μ μÉ±·ÒÉμ, ÎÉμ ±¨´¥-
É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£ , μ¶¨¸Ò¢ ÕÐ¥¥ ¤¨´ ³¨±Ê £ §  ¨§ É¢¥·-
¤ÒÌ Ï ·μ¢, ¨³¥¥É ·¥Ï¥´¨Ö ¢ ¢¨¤¥ ¸Ê³³ ±μ´¥Î´μ£μ Î¨¸²  ¤¥²ÓÉ -ËÊ´±Í¨°, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ¤¨´ ³¨±¥ ±μ´¥Î´μ£μ Î¨¸²  É¢¥·¤ÒÌ Ï ·μ¢ [1] (¸³. É ±¦¥ [2]).
’ ±¨³ μ¡· §μ³, ¤ ´´μ¥ ±¨´¥É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥, ±μÉμ·μ¥, ± ± ¸Î¨É ²μ¸Ó, μ¶¨-
¸Ò¢ ¥É ¤¨´ ³¨±Ê £ §  ´  ¸É É¨¸É¨Î¥¸±μ³ Ê·μ¢´¥, ¢ É¥·³¨´ Ì ËÊ´±Í¨¨ ¶²μÉ-
´μ¸É¨ ¸μ¤¥·¦¨É ¨ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÉμÎ´μ° ¤¨´ ³¨±¥ ±μ´¥Î´μ£μ
Î¨¸²  Î ¸É¨Í. �μ¸±μ²Ó±Ê ¤¨´ ³¨±  μÉ¤¥²Ó´ÒÌ Î ¸É¨Í ´ §Ò¢ ¥É¸Ö ³¨±·μ¸±μ-
¶¨Î¥¸±μ° (¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ ³ ±·μ¸±μ¶¨Î¥¸±μ° ¤¨´ ³¨±¥ £ §  ± ± Í¥²μ£μ,
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μ¶¨¸Ò¢ ¥³μ£μ ±¨´¥É¨Î¥¸±¨³¨ ¨ £¨¤·μ¤¨´ ³¨Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨), ÔÉ¨ ·¥-
Ï¥´¨Ö ¡Ò²¨ ´ §¢ ´Ò �.�. 	μ£μ²Õ¡μ¢Ò³ ³¨±·μ¸±μ¶¨Î¥¸±¨³¨. ’ ±¦¥ · ¸¶·μ-
¸É· ´¥´μ ´ §¢ ´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨° ± ± ®·¥Ï¥´¨Ö ¢ ¢¨¤¥ Ô³¶¨·¨-
Î¥¸±¨Ì ³¥·¯ [3Ä5]. ˆ§¢¥¸É´μ, ÎÉμ ³¨±·μ¸±μ¶¨Î¥¸±¨³¨ ·¥Ï¥´¨Ö³¨ μ¡² ¤ ¥É
É ±¦¥ ±¨´¥É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  [6] (¸³. É ±¦¥ [7]).

�ÉμÉ Ë ±É μ¡ Ê· ¢´¥´¨¨ 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¸É ´μ¢¨É¸Ö ¥Ð¥ ¡μ²¥¥ Ê¤¨¢¨-
É¥²Ó´Ò³, ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉμ ³¨±·μ¸±μ¶¨Î¥¸± Ö ¤¨´ ³¨±  μ¡· É¨³  ¶μ ¢·¥³¥´¨.
�´ μ§´ Î ¥É, ÎÉμ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£ , μ¶¨¸Ò¢ ÕÐ¥¥ ´¥μ¡· É¨³ÊÕ
¤¨´ ³¨±Ê £ § , ¸μ¤¥·¦¨É É ±¦¥ ¨ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¡· É¨³μ° ¤¨-
´ ³¨±¥. �¡· É¨³μ¸ÉÓ ¨²¨ ´¥μ¡· É¨³μ¸ÉÓ ¤¨´ ³¨±¨, μ¶¨¸Ò¢ ¥³μ° ¤ ´´Ò³
Ê· ¢´¥´¨¥³, μ± §Ò¢ ¥É¸Ö § ¢¨¸¨³μ° μÉ · ¸¸³ É·¨¢ ¥³μ£μ ±² ¸¸  ·¥Ï¥´¨°:
·¥Ï¥´¨Ö ¢ ¢¨¤¥ ¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° ¶²μÉ´μ¸É¨ ´¥μ¡· É¨³Ò, Éμ£¤  ± ±
·¥Ï¥´¨Ö ¢ ¢¨¤¥ ¸Ê³³ ¤¥²ÓÉ -ËÊ´±Í¨° μ¡· É¨³Ò.

�¤´ ±μ ¤μ± § É¥²Ó¸É¢μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ³¨±·μ¸±μ¶¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê Ê· ¢-
´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¢Ò¶μ²´¥´μ �.�. 	μ£μ²Õ¡μ¢Ò³ ´  ®Ë¨§¨Î¥¸±μ³¯
Ê·μ¢´¥ ¸É·μ£μ¸É¨. �¥¶μ¸·¥¤¸É¢¥´´ Ö ¶μ¤¸É ´μ¢±  ¤¥²ÓÉ -ËÊ´±Í¨° ¢ ¨´É¥£· ²
¸Éμ²±´μ¢¥´¨Ö Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¶·¨¢μ¤¨É ± Ëμ·³ ²Ó´μ ´¥±μ·-
·¥±É´Ò³ ¶·μ¨§¢¥¤¥´¨Ö³ ¤¥²ÓÉ -ËÊ´±Í¨°. ‚ ¸¥·¨¨ · ¡μÉ [8Ä12] ¶·¥¤² £ -
ÕÉ¸Ö · §²¨Î´Ò¥ ¸¶μ¸μ¡Ò ¶·¨¤ ´¨Ö ¸É·μ£μ£μ ¸³Ò¸²  ÔÉ¨³ ·¥Ï¥´¨Ö³. ‚¸¥
ÔÉ¨ ¸¶μ¸μ¡Ò ¢±²ÕÎ ÕÉ ÉÊ ¨²¨ ¨´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ. ’ ±, ´ ¶·¨³¥·, ¢ · -
¡μÉ¥ [11] ¢ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¶μ¤¸É ¢²ÖÕÉ¸Ö ·¥£Ê²Ö·¨§μ¢ ´´Ò¥
¤¥²ÓÉ -ËÊ´±Í¨¨, É ±¦¥ ¨¸¶μ²Ó§Ê¥É¸Ö ·¥£Ê²Ö·¨§ Í¨Ö ¨´É¥£· ²  ¸Éμ²±´μ¢¥´¨°.
„μ± §Ò¢ ¥É¸Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´¥§ ¢¨¸¨³μ£μ μÉ ¸¶μ¸μ¡  ·¥£Ê²Ö·¨§ Í¨¨ ¶·¥¤¥² 
¶·¨ ¶ · ³¥É·¥ ·¥£Ê²Ö·¨§ Í¨¨, ¸É·¥³ÖÐ¥³¸Ö ± ´Ê²Õ. ‚ · ¡μÉ¥ [12] · ¸¸³ -
É·¨¢ ¥É¸Ö ¤·Ê£μ° ¶μ¤Ìμ¤ ± ¶·¨¤ ´¨Õ ¸É·μ£μ£μ ¸³Ò¸²  ³¨±·μ¸±μ¶¨Î¥¸±¨³
(¨²¨ ³¥·μ§´ Î´Ò³) ·¥Ï¥´¨Ö³ ´  μ¸´μ¢¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥Ï¥´¨° ¢ ¢¨¤¥ ·Ö¤μ¢
¶μ ¨¸Éμ·¨Ö³ ¸Éμ²±´μ¢¥´¨°. �ÉμÉ ¶μ¤Ìμ¤ ´¥ É·¥¡Ê¥É ·¥£Ê²Ö·¨§ Í¨¨ ¤¥²ÓÉ -
ËÊ´±Í¨°, ´μ ¨¸¶μ²Ó§Ê¥É ·¥£Ê²Ö·¨§ Í¨Õ ¢ μ¶·¥¤¥²¥´¨¨ Î²¥´μ¢ ·Ö¤ .

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·¥¤² £ ¥É¸Ö ·¥£Ê²Ö·¨§ Í¨Ö ¨´É¥£· ²  ¸Éμ²±´μ¢¥-
´¨°, ¶·¨ ±μÉμ·μ° ¶μ¤¸É ´μ¢±  ¢ ´¥£μ ¤¥²ÓÉ -ËÊ´±Í¨° ¸É ´μ¢¨É¸Ö ¢μ§³μ¦´μ°.
’μ ¥¸ÉÓ ¶μ ¸· ¢´¥´¨Õ ¸ · ¡μÉμ° [11], · §¢¨É¨¥³ ±μÉμ·μ° ³μ¦´μ ¸Î¨É ÉÓ
¤ ´´ÊÕ · ¡μÉÊ, ´¥ É·¥¡Ê¥É¸Ö ·¥£Ê²Ö·¨§ Í¨Ö ¤¥²ÓÉ -ËÊ´±Í¨°. �Éμ ¶μ§¢μ²Ö¥É
Ê¶·μ¸É¨ÉÓ Ëμ·³Ê²¨·μ¢±Ê ¨ ¤μ± § É¥²Ó¸É¢μ μ¸´μ¢´μ° É¥μ·¥³Ò. �μ ¸· ¢´¥-
´¨Õ ¸ · ¡μÉμ° [12] ´¥ É·¥¡Ê¥É¸Ö ¶·¥¤¢ ·¨É¥²Ó´ Ö § ¶¨¸Ó ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¢ ¢¨¤¥ ·Ö¤ , ¶μ¤¸É ´μ¢±  μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ´¥¶μ¸·¥¤-
¸É¢¥´´μ ¢ (·¥£Ê²Ö·¨§μ¢ ´´μ¥) Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£ .

1. “��‚�…�ˆ… ��‹œ–Œ���Ä��‘Š�ƒ�

“· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

∂f

∂t
= −v1

∂f

∂r1
+ Q(f, f), (1)



� „�Š�‡�’…‹œ‘’‚… ‘“™…‘’‚�‚��ˆŸ ŒˆŠ��‘Š��ˆ—…‘Šˆ• �…˜…�ˆ‰ 935

Q(f, f)(r1, v1, t) = na2

∫
T3×R3

(v21, ω)+ [f(r1, v
′
1, t)f(r1 + aω, v′2, t)−

− f(r1, v1, t)f(r1 − aω, v2, t)] dω dv2. (2)

‡¤¥¸Ó f = f(r1, v1, t) � 0 Å ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í (É¢¥·-
¤ÒÌ Ï ·μ¢) ¢ ³μ³¥´É ¢·¥³¥´¨ t � 0, £¤¥ r1 Å ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨-
´ ÉÒ Î ¸É¨ÍÒ (±μμ·¤¨´ ÉÒ Í¥´É·  Ï · ); v1 Å ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ. 	Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ £ § § ±²ÕÎ¥´ ¢ μ£· ´¨Î¥´´Ò° μ¡Ñ¥³. …¸²¨ £ § § ±²ÕÎ¥´ ¢ ¶·Ö-
³μÊ£μ²Ó´Ò° ¶ · ²²¥²¥¶¨¶¥¤ ¸ Ê¶·Ê£¨³ μÉ· ¦¥´¨¥³ μÉ ¸É¥´μ±, Éμ ¤¨´ ³¨±Ê
¢´ÊÉ·¨ É ±μ£μ ¶ · ²²¥²¥¶¨¶¥¤  ³μ¦´μ ¸¢¥¸É¨ ± ¤¨´ ³¨±¥ ´  ¶²μ¸±μ³ Éμ·¥
T

3 = R
3/(αZ×βZ× γZ), £¤¥ α, β, γ Å ´¥±μÉμ·Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² , ¶·¥-

¢μ¸Ìμ¤ÖÐ¨¥ ¤¨ ³¥É· Ï · : a > 0. ’μ£¤  r1 ∈ T
3, v1 ∈ R

3, ∂/∂r1 Å £· ¤¨¥´É
¶μ ¶¥·¥³¥´´μ° r1.

‘³Ò¸² ¶μ¸ÉμÖ´´μ° n > 0 § ¢¨¸¨É μÉ ´μ·³¨·μ¢±¨ ËÊ´±Í¨¨ f . …¸²¨
ËÊ´±Í¨Ö f ´μ·³¨·μ¢ ´  ´  ¥¤¨´¨ÍÊ, É. ¥.

∫
f dr1 dv1 = 1 (Éμ£¤  f Å ËÊ´±Í¨Ö

¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨), Éμ n Å Î¨¸²μ Î ¸É¨Í ¢ £ §¥ (μ¡μ§´ Î¨³ ¥£μ Î¥·¥§
N ). …¸²¨ f ´μ·³¨·μ¢ ´  ´  Î¨¸²μ Ï ·μ¢ N , Éμ n = 1. …¸²¨ f ´μ·³¨·μ¢ ´ 
´  μ¡Ñ¥³ V ¥³±μ¸É¨, ¢ ±μÉμ·ÊÕ § ±²ÕÎ¥´ £ § (¢ ´ Ï¥³ ¸²ÊÎ ¥ V = αβγ), Éμ
n = N/V Å ±μ´Í¥´É· Í¨Ö Ï ·μ¢. „²Ö Ê¤μ¡¸É¢  ¶·¨³¥³ n = 1, É. ¥. ¡Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ f ´μ·³¨·μ¢ ´  ´  ±μ²¨Î¥¸É¢μ Î ¸É¨Í.

„ ²¥¥,
v′1 = v1 + (v21, ω)ω, v′2 = v2 − (v21, ω)ω, (3)

v21 = v2 − v1; ω ∈ S2 (S2 Å ¥¤¨´¨Î´ Ö ¸Ë¥·  ¢ R
3); (·, ·) Å ¸± ²Ö·´μ¥

¶·μ¨§¢¥¤¥´¨¥; x+ = max {x, 0}. ‚¥±Éμ·Ò v1 ¨ v2 ¨³¥ÕÉ ¸³Ò¸² ¸±μ·μ¸É¥°
¶¥·¢μ£μ ¨ ¢Éμ·μ£μ Ï ·  ¶¥·¥¤ ¸Éμ²±´μ¢¥´¨¥³, v′1 ¨ v′2 Å ¶μ¸²¥ ¸Éμ²±´μ¢¥-
´¨Ö. ’μ£¤  ω Å ¥¤¨´¨Î´Ò° ¢¥±Éμ·, ´ ¶· ¢²¥´´Ò° ¨§ Í¥´É·  ¢Éμ·μ£μ Ï · 
¢ Í¥´É· ¶¥·¢μ£μ Ï · . ‚Ò· ¦¥´¨¥ Q(f, f) ´ §Ò¢ ¥É¸Ö ¨´É¥£· ²μ³ ¸Éμ²±´μ-
¢¥´¨°. ”μ·³Ê²Ò (3) ¶μ§¢μ²ÖÕÉ · ¸¸Î¨É ÉÓ ¸±μ·μ¸É¨ ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö ¶·¨
¨§¢¥¸É´ÒÌ ¸±μ·μ¸ÉÖÌ ¶¥·¥¤ ¸Éμ²±´μ¢¥´¨¥³. …¸²¨, ´ ¶·μÉ¨¢, ´ ³ ¨§¢¥¸É´Ò
¸±μ·μ¸É¨ ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨°, Éμ ¸±μ·μ¸É¨ ¤μ ¸Éμ²±´μ¢¥´¨° ³μ¦´μ μ¶·¥¤¥-
²¨ÉÓ ¶μ  ´ ²μ£¨Î´Ò³ Ëμ·³Ê² ³:

v1 = v′1 + (v′21, ω)ω, v2 = v′2 − (v′21, ω)ω, (4)

£¤¥ v′21 = v′2 − v′1. ’μ, ÎÉμ (3) ¨ (4) ¸μ¢¶ ¤ ÕÉ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ § ³¥´Ò (v1, v2)
´  (v′1, v′2) ¨ ´ μ¡μ·μÉ, μÉ· ¦ ¥É μ¡· É¨³μ¸ÉÓ Ê¶·Ê£μ£μ ¸Éμ²±´μ¢¥´¨Ö.

“· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ÊÉμÎ´¥´´ÊÕ ¢¥·¸¨Õ
Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´  ¤²Ö £ §  ¨§ É¢¥·¤ÒÌ Ï ·μ¢. �´μ μÉ²¨Î ¥É¸Ö μÉ Ê· ¢´¥´¨Ö
	μ²ÓÍ³ ´  ¤²Ö É¢¥·¤ÒÌ Ï ·μ¢ ¸² £ ¥³Ò³¨ ±aω ¢  ·£Ê³¥´É Ì f ¢ ¨´É¥£· ²¥
¸Éμ²±´μ¢¥´¨°. ˆ´Ò³¨ ¸²μ¢ ³¨, ¢ Ê· ¢´¥´¨¨ 	μ²ÓÍ³ ´  ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ
· §³¥·μ³ Ï ·μ¢ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ (¢ ¸· ¢´¥´¨¨ ¸ ¶·μ¸É· ´¸É¢¥´´Ò³ ³ ¸-
ÏÉ ¡μ³, ´  ±μÉμ·μ³ ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ f ¸ÊÐ¥¸É¢¥´´μ ³¥´Ö¥É¸Ö), Éμ£¤  ± ±
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Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£  ÊÎ¨ÉÒ¢ ¥É ÔÉμÉ · §³¥·. ”μ·³ ²Ó´μ Ê· ¢´¥´¨¥
	μ²ÓÍ³ ´  ¤²Ö É¢¥·¤ÒÌ Ï ·μ¢ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä
�´¸±μ£  ¢ ¶·¥¤¥²¥ 	μ²ÓÍ³ ´ Äƒ·Ô¤  n → ∞, a → 0, na2 = const. ‘Ìμ¤¨-
³μ¸ÉÓ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ± ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨Ö 	μ²ÓÍ-
³ ´  ¢ ÔÉμ³ ¶·¥¤¥²¥ ¤μ± § ´  ¢ [13Ä15]. ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ 	μ£μ²Õ¡μ¢
¢ ¸¢μ¥° ¨§¢¥¸É´μ° · ¡μÉ¥ [16] ¶μ²ÊÎ ¥É ¨§ £ ³¨²ÓÉμ´μ¢μ° ¤¨´ ³¨±¨ ´¥ Ê· ¢´¥-
´¨¥ 	μ²ÓÍ³ ´  ¢ ¨¸Ìμ¤´μ³ ¢¨¤¥,   ÊÉμÎ´¥´´μ¥ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ , ±μÉμ·μ¥
¢ Î ¸É´μ³ ¸²ÊÎ ¥ É¢¥·¤ÒÌ Ï ·μ¢ ¶¥·¥Ìμ¤¨É ¨³¥´´μ ¢ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä
�´¸±μ£ .

“· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£  μ¶¨¸Ò¢ ¥É ´¥μ¡· É¨³ÊÕ ¤¨´ ³¨±Ê £ §  ¢
¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥. � ¸¸³μÉ·¨³ ËÊ´±Í¨μ´ ²

H(f) =
∫

T3×R3

f ln f dr dv +
na2

2

∫
T3×R3

dr1

∫
B(r1,a)

ρ(r1, t) ρ(r2, t) dr2, (5)

£¤¥ B(r, a) ⊂ T
3 Å Ï · ¸ Í¥´É·μ³ ¢ r ¨ ¸ · ¤¨Ê¸μ³ a,   ρ(r, t) =

∫
R3

f(r,

v, t) dv Å ¶·μ¸É· ´¸É¢¥´´ Ö ¶²μÉ´μ¸ÉÓ. �ÉμÉ ËÊ´±Í¨μ´ ² ´¥ ¢μ§· ¸É ¥É ¶μ
¢·¥³¥´¨, ¥¸²¨ f Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  [14]. �ÉμÉ ËÊ´±-
Í¨μ´ ² ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¡μ¡Ð¥´¨¥ H-ËÊ´±Í¨¨ ¤²Ö Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ 
´  Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£ . ‚ ¶·¥¤¥²¥ 	μ²ÓÍ³ ´ Äƒ·Ô¤  ¢Éμ·μ¥ ¸² -
£ ¥³μ¥ ¢ (5) ¨¸Î¥§ ¥É, ¨ ³Ò ¶μ²ÊÎ ¥³ ¨§¢¥¸É´ÊÕ H-ËÊ´±Í¨Õ ¤²Ö Ê· ¢´¥´¨Ö
	μ²ÓÍ³ ´ : Ô´É·μ¶¨Õ, ¢§ÖÉÊÕ ¸ μ¡· É´Ò³ §´ ±μ³.

2. ŒˆŠ��‘Š��ˆ—…‘Šˆ… �…˜…�ˆŸ

Œ¨±·μ¸±μ¶¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, μÉ±·ÒÉÒ¥ �.�.	μ£μ²Õ¡μ¢Ò³, ¨³¥ÕÉ ¢¨¤

f(r1, v1, t) =
N∑

i=1

δ(r1 − qi(t), v1 − wi(t)), (6)

£¤¥ δ(r, v) ≡ δ(r)δ(v) Å Ï¥¸É¨³¥·´ Ö ¤¥²ÓÉ -ËÊ´±Í¨Ö; qi(t), wi(t) Å ¶μ²μ-
¦¥´¨Ö ¨ ¸±μ·μ¸É¨ N É¢¥·¤ÒÌ Ï ·μ¢ ¢ ³μ³¥´É t. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨
μ¶·¥¤¥²Ö¥É¸Ö ¤¨´ ³¨±μ° É¢¥·¤ÒÌ Ï ·μ¢.

„¨´ ³¨±  É¢¥·¤ÒÌ Ï ·μ¢ μ¶·¥¤¥²¥´  ±μ··¥±É´μ, ¥¸²¨ μ´  ´¥ ¶·¨¢μ¤¨É ±
μ¤´μ¢·¥³¥´´Ò³ ¸Éμ²±´μ¢¥´¨Ö³ É·¥Ì ¨ ¡μ²¥¥ Ï ·μ¢ ¨ ± ¡¥¸±μ´¥Î´μ³Ê Î¨¸²Ê
¸Éμ²±´μ¢¥´¨° §  ±μ´¥Î´μ¥ ¢·¥³Ö. Œ´μ¦¥¸É¢μ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°, ¶·¨¢μ¤Ö-
Ð¨Ì ± ´¥±μ··¥±É´μ μ¶·¥¤¥²¥´´μ° ¤¨´ ³¨±¥, ¨³¥¥É ³¥·Ê ´Ê²Ó. ˆ¸±²ÕÎ¨¢ ÔÉ¨
´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö, ³Ò ¶μ²ÊÎ¨³ ±μ··¥±É´μ μ¶·¥¤¥²¥´´ÊÕ ¤¨´ ³¨±Ê. ‚ ¤ ²Ó-
´¥°Ï¥³ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ qi(t) ¨ wi(t) μ¶·¥¤¥²¥´Ò ±μ··¥±É´μ ¤²Ö ¢¸¥Ì
t ∈ (−∞, +∞).
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„¨´ ³¨±  É¢¥·¤ÒÌ Ï ·μ¢ (³¨±·μ¸±μ¶¨Î¥¸± Ö ¤¨´ ³¨± ) μ¡· É¨³  ¶μ ¢·¥-
³¥´¨ ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ¥¸²¨ ËÊ´±Í¨¨ ¢·¥³¥´¨ {qi(t), wi(t)}N

i=1 μ¶¨¸Ò¢ ÕÉ
¤¨´ ³¨±Ê É¢¥·¤ÒÌ Ï ·μ¢, Éμ ËÊ´±Í¨¨ ¢·¥³¥´¨ {qi(−t),−wi(−t)}N

i=1 É ±¦¥
μ¶¨¸Ò¢ ÕÉ ¤¨´ ³¨±Ê É¢¥·¤ÒÌ Ï ·μ¢. �μÔÉμ³Ê ¥¸²¨ f(r1, v1, t) Å ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¢¨¤  (6), Éμ f(r1,−v1,−t) Å Éμ¦¥ ·¥Ï¥-
´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö. ‚ ÔÉμ³ ¸³Ò¸²¥ ³μ¦´μ £μ¢μ·¨ÉÓ μ Éμ³, ÎÉμ Ê· ¢´¥´¨¥
	μ²ÓÍ³ ´ Ä�´¸±μ£  ¸μ¤¥·¦¨É μ¡· É¨³Ò¥ ¶μ ¢·¥³¥´¨ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ³¨±·μ¸±μ¶¨Î¥¸±μ° ¤¨´ ³¨±¥ Î ¸É¨Í. �É³¥É¨³, ÎÉμ H-ËÊ´±Í¨Ö (5) ´¥
μ¶·¥¤¥²¥´  ¤²Ö μ¡μ¡Ð¥´´μ° ËÊ´±Í¨¨ (6), ¶μÔÉμ³Ê Ëμ·³ ²Ó´μ£μ ¶·μÉ¨¢μ·¥-
Î¨Ö ¢ ¸ÊÐ¥¸É¢μ¢ ´¨¨ μ¡· É¨³ÒÌ ·¥Ï¥´¨° ¢ ¢¨¤¥ ¸Ê³³ ¤¥²ÓÉ -ËÊ´±Í¨° ´¥
¢μ§´¨± ¥É. ’¥³ ´¥ ³¥´¥¥ Ë ±É ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ¡· É¨³ÒÌ ·¥Ï¥´¨° Ê ±¨´¥-
É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö, ¶·¥¤²μ¦¥´´μ£μ ¤²Ö μ¶¨¸ ´¨Ö ´¥μ¡· É¨³μ° ¤¨´ ³¨±¨,
Ê¤¨¢¨É¥²¥´ ¨ ¨´É¥·¥¸¥´.

�¤´ ±μ ´¥¶μ¸·¥¤¸É¢¥´´ Ö ¶μ¤¸É ´μ¢±  ËÊ´±Í¨° (6) ¢ ¨´É¥£· ² ¸Éμ²±´μ-
¢¥´¨° ¶·¨¢μ¤¨É ± Ëμ·³ ²Ó´μ ´¥±μ··¥±É´Ò³ ¶·μ¨§¢¥¤¥´¨Ö³ ¤¥²ÓÉ -ËÊ´±Í¨°.
„²Ö ¶·¨¤ ´¨Ö ¸É·μ£μ£μ ¸³Ò¸²  ³¨±·μ¸±μ¶¨Î¥¸±¨³ ·¥Ï¥´¨Ö³ Ê¤μ¡´μ ¢§ÖÉÓ § 
μ¸´μ¢Ê ±μ´Í¥¶Í¨Õ ®³Ö£±μ£μ¯ (®mild¯) ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä
�´¸±μ£  [5,17]:

f(r1, v1, t) = f(r1 − v1t, v1, 0) +

t∫
0

Q(f, f)(r1 − v1(t − s), v1, s) ds. (7)

„ ²¥¥, ¢¢¥¤¥³ ¸²¥¤ÊÕÐÊÕ ·¥£Ê²Ö·¨§ Í¨Õ ¨´É¥£· ²  ¸Éμ²±´μ¢¥´¨°. �Ê¸ÉÓ
χε(
) Å ¸¥³¥°¸É¢μ ´¥μÉ·¨Í É¥²Ó´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° ¢¥Ð¥¸É¢¥´´μ£μ
 ·£Ê³¥´É  ¸ ±μ³¶ ±É´Ò³¨ ´μ¸¨É¥²Ö³¨, ²¥¦ Ð¨³¨ ¢ (0,∞). ’ ±¦¥ ¶μÉ·¥-
¡Ê¥³, ÎÉμ¡Ò χε(
) → δ(
 − 0) ¨ ÎÉμ¡Ò ¤¨ ³¥É· ´μ¸¨É¥²Ö χε ¸É·¥³¨²¸Ö ±
´Ê²Õ ¶·¨ ε → +0. ‡¤¥¸Ó δ(
 − 0) = lim

ε→+0
δ(
 − ε) Å μ¤´μ¸Éμ·μ´´ÖÖ ¤¥²ÓÉ -

ËÊ´±Í¨Ö. …¸²¨ δ(
 − 0) ¤¥°¸É¢Ê¥É ´  ´¥¶·¥·Ò¢´ÊÕ ËÊ´±Í¨Õ, Éμ ·¥§Ê²Ó-
É É, μÎ¥¢¨¤´μ, ¸μ¢¶ ¤ ¥É ¸ ¤¥°¸É¢¨¥³ μ¡ÒÎ´μ° ¤¥²ÓÉ -ËÊ´±Í¨¨. �¤´ ±μ ´ ³
¢¸É·¥É¨É¸Ö μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ¢¨¤  δ(g(
)), £¤¥ g Å ´¥¶·¥·Ò¢´ Ö ±Ê¸μÎ´μ-
£² ¤± Ö ËÊ´±Í¨Ö. …¸²¨ 
0 Å ±μ·¥´Ó ÔÉμ° ËÊ´±Í¨¨, ´μ g ´¥ ¤¨ËË¥·¥´Í¨·Ê¥³ 
¢ ÔÉμ° ÉμÎ±¥, Éμ μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö δ(g(
)) ´¥ μ¶·¥¤¥²¥´ , ¢ Éμ ¢·¥³Ö ± ±
δ(g(
) − 0) = lim

ε→+0
δ(g(
) − ε) Ìμ·μÏμ μ¶·¥¤¥²¥´  ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ ε.

�¶·¥¤¥²¨³

Qε(f, f)(r1, v1, t) =
∫

T3×R3

dω dv2

∞∫
0

d
 (a + 
)2(v21, ω)+[f(r1, v
′
1, t)×

× f(r1 + (a + 
)ω, v′2, t) − f(r1, v1, t)f(r1 − (a + 
)ω, v2, t)]χε(
). (8)

�Ê¸ÉÓ f Å μ¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö ¨§ C′(T3 × R
3), É. ¥. ´¥¶·¥·Ò¢´Ò° ²¨-

´¥°´Ò° ËÊ´±Í¨μ´ ² ´  ¶·μ¸É· ´¸É¢¥ C(T3 × R
3) ´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨° ¨§
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T
3 × R

3. �¶·¥¤¥²¨³ Éμ£¤  Qε(f, f) ± ± ¤·Ê£ÊÕ μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ ¨§
C′(T3 × R

3) Î¥·¥§ ¥¥ ¤¥°¸É¢¨¥ ´  ¶·μ¡´ÊÕ ËÊ´±Í¨Õ ϕ ∈ C(T3 × R
3) ¸²¥¤Ê-

ÕÐ¨³ μ¡· §μ³:

∫
T3×R3

Qε(f, f)(r1, v1, t)ϕ(r1, v1) dr1 dv1 =

=
∫

(T3×R3)2

dr1 dv1 dr2 dv2 f(r1, v1, t)f(r2, v2, t)×

×
{(

v′21,
r2 − r1

|r2 − r1|

)
+
ϕ(r1, v

′
1) −

(
v21,

r1 − r2

|r1 − r2|

)
+
ϕ(r1, v1)

}
χε(|r2−r1|−a).

‚ ÔÉμ³ μ¶·¥¤¥²¥´¨¨ ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨³¨ Ëμ·³ ²Ó´Ò³¨ ¶·¥μ¡· -
§μ¢ ´¨Ö³¨, ¢¥·´Ò³¨, ¥¸²¨ f Å ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö ¸ ±μ³¶ ±É´Ò³ ´μ¸¨-
É¥²¥³. �·¥¤¸É ¢¨³ ¨´É¥£· ² (8) ¢ ¢¨¤¥ ¸Ê³³Ò ¤¢ÊÌ ¨´É¥£· ²μ¢. ‚μ ¢Éμ·μ³
¨´É¥£· ²¥ (¸ ¶¥·¥³¥´´Ò³¨ v1 ¨ v2 ¢  ·£Ê³¥´É Ì f ) ³Ò ¢¢¥²¨ ¶¥·¥³¥´´ÊÕ
r2 = r1 − (a + ρ)ω ∈ T

3. ‚ ¶¥·¢μ³ ¨´É¥£· ²¥ (¸ ¶¥·¥³¥´´Ò³¨ v′1 ¨ v′2 ¢  ·-
£Ê³¥´É Ì f ) ³Ò ¢¢¥²¨ ¶¥·¥³¥´´ÊÕ r2 = r1 + (a + ρ)ω, ¢Ò· §¨²¨ ¶¥·¥³¥´´Ò¥
¨´É¥£·¨·μ¢ ´¨Ö v1 ¨ v2 Î¥·¥§ v′1 ¨ v′2 ¸μ£² ¸´μ (4) (Ö±μ¡¨ ´ ÔÉμ£μ ¶·¥μ¡· §μ-
¢ ´¨Ö ¶μ ³μ¤Ê²Õ · ¢¥´ ¥¤¨´¨Í¥) ¨, ´ ±μ´¥Í, ¶¥·¥μ¡μ§´ Î¨²¨ v′1 ¨ v′2 ¸´μ¢ 
± ± v1 ¨ v2, ¶·¨ ÔÉμ³ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (3) ¨ (4) v1 ¨ v2 ³μ¦´μ μ¡μ§´ Î¨ÉÓ
± ± v′1 ¨ v′2.

�¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ Qε(r1 − v1(t− s), v1, s) ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ t ¨ s
μ¶·¥¤¥²¨³ Éμ£¤  ¶μ Ëμ·³Ê²¥

∫
T3×R3

Qε(r1 − v1(t − s), v1, s)ϕ(r1, v1) dr1 dv1 =

=
∫

T3×R3

Qε(r1, v1, s)ϕ(r1 + v1(t − s), v1) dr1 dv1.

‡ ¢¨¸ÖÐÊÕ μÉ ¢·¥³¥´¨ μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ f(r1, v1, t) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ·¥-
Ï¥´¨¥³ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¢ ±² ¸¸¥ C′(T3 ×R

3), ¥¸²¨ ¢ C′(T3 ×
R

3) ¤²Ö ¶μÎÉ¨ ¢¸¥Ì t ∈ (−∞, +∞) ¸ÊÐ¥¸É¢Ê¥É ¶·¥¤¥²

lim
ε→0

t∫
0

Qε(f, f)(r1 − v1(t − s), v1, s) ds = f(r1, v1, t) − f(r1 − v1t, v1, 0). (9)

’¥μ·¥³ . � ¸¸³μÉ·¨³ § ¢¨¸ÖÐÊÕ μÉ ¢·¥³¥´¨ μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ
f(r1, v1, t) ¢¨¤  (6), £¤¥ {qi(t), wi(t)}N

i=1 Å ¶μ²μ¦¥´¨Ö ¨ ¸±μ·μ¸É¨ N É¢¥·¤ÒÌ
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Ï ·μ¢ ¢ ³μ³¥´É t. �Ê¸ÉÓ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö {qi(0) = q0
i , wi(0) = w0

i }N
i=1

É ±μ¢Ò, ÎÉμ ¤¨´ ³¨±  É¢¥·¤ÒÌ Ï ·μ¢ ¸ ÔÉ¨³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ μ¶·¥-
¤¥²¥´  ±μ··¥±É´μ ¤²Ö ¢¸¥Ì ¢·¥³¥´ ¨ ÎÉμ ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ t = 0
´¥ ¶·μ¨¸Ìμ¤¨É ¸Éμ²±´μ¢¥´¨°, É. ¥. |q0

i − q0
j | > a ¤²Ö ¢¸¥Ì i �= j. ’μ-

£¤  f(r1, v1, t) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö �μ²ÓÍ³ ´ Ä�´¸±μ£  ¢ ±² ¸¸¥
C′(T3 ×R

3). � ¨³¥´´μ · ¢¥´¸É¢μ (9) ¢Ò¶μ²´¥´μ ¤²Ö ¢¸¥Ì ³μ³¥´Éμ¢ ¢·¥³¥´¨
t, ¶·¨ ±μÉμ·ÒÌ ´¥ ¶·μ¨¸Ìμ¤¨É ¸Éμ²±´μ¢¥´¨°, É. ¥. |qi(t) − qj(t)| > a ¤²Ö
¢¸¥Ì i �= j.

„μ± § É¥²Ó¸É¢μ. � ¸¸³μÉ·¨³ ¸´ Î ²  ¸²ÊÎ ° t > 0. …¸²¨ ´  ¨´É¥·¢ ²¥
(0, t) ´¥ ¶·μ¨¸Ìμ¤¨É ¸Éμ²±´μ¢¥´¨°, Éμ · ¢¥´¸É¢μ (9), μÎ¥¢¨¤´μ, ¸¶· ¢¥¤²¨¢μ,
¶·¨Î¥³ μ¡¥ Î ¸É¨ · ¢¥´¸É¢  · ¢´Ò ´Ê²Õ. ‹¥¢ Ö Î ¸ÉÓ · ¢´  ´Ê²Õ ¶·¨ ¤μ-
¸É ÉμÎ´μ ³ ²ÒÌ ε ¢ ¸¨²Ê ´ ²¨Î¨Ö ³´μ¦¨É¥²Ö χε(|r2 − r1| − a), ¸¢μ°¸É¢ ¸¥-
³¥°¸É¢  ËÊ´±Í¨° χε ¨ Éμ£μ, ÎÉμ ´μ¸¨É¥²Ó

∫
f(r, v, s) dv ¸μ¤¥·¦¨É Éμ²Ó±μ

ÉμÎ±¨ {qi(s)}.
�Ê¸ÉÓ ´  ¨´É¥·¢ ²¥ (0, t) ¶·μ¨¸Ìμ¤¨É μ¤´μ ¸Éμ²±´μ¢¥´¨¥ μ¤´μ° ¶ ·Ò Î -

¸É¨Í ¢ ³μ³¥´É τ . �Ê¸ÉÓ ÔÉμ ¡Ê¤ÊÉ Î ¸É¨ÍÒ ¸ ´μ³¥· ³¨ 1 ¨ 2. ’μ£¤  ¶·¨
¤μ¸É ÉμÎ´μ ³ ²ÒÌ ε ¨³¥¥³

t∫
0

ds

∫
T3×R3

Qε(f, f)(r1 − v1(t − s), v1, s)ϕ(r1, v1) dr1 dv1 =
2∑

i,j=1

t∫
0

ds×

×
{(

w′
ji(s),

qji(s)
|qji(s)|

)
+

χε(|qji(s)| − a)ϕ(qi(s) + w′
i(s)(t − s), w′

i(s)) −

−
(

wji(s),
qij(s)
|qij(s)|

)
+

χε(|qij(s)| − a)ϕ(qi(s) + wi(s)(t − s), wi(s))

}
, (10)

£¤¥ w′
1(s) ¨ w′

2(s) Å ¸±μ·μ¸É¨ ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö, ¥¸²¨ ¡Ò ¸Éμ²±´μ¢¥´¨¥
¸μ¸ÉμÖ²μ¸Ó ¢ ³μ³¥´É s (¶·¨ · ¸¸ÉμÖ´¨¨ ³¥¦¤Ê Î ¸É¨Í ³¨ |q1(s) − q2(s)|),
qji = qj − qi. ”μ·³ ²Ó´μ μ´¨ μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê²μ° (3) ¸ § ³¥´μ° v1, v2 ¨
ω ´  w1(s), w2(s) ¨ (r1 − r2)/|r1 − r2|.

‘² £ ¥³Ò¥ ¢ (10) ¸ i = j · ¢´Ò ´Ê²Õ, ¶μ¸±μ²Ó±Ê ´μ¸¨É¥²Ó χε ´ Ìμ¤¨É¸Ö ¢
¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨. �μÔÉμ³Ê ¢ ¤ ´´μ³ ¢Ò· ¦¥´¨¨ μ¸É ÕÉ¸Ö ´¥´Ê²¥¢Ò³¨
¤¢  ¸² £ ¥³ÒÌ: i = 1, j = 2 ¨ i = 2, j = 1.

�¸ÊÐ¥¸É¢¨³ ¶·¥¤¥² ε → 0 ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö É¥³, ÎÉμ χε(
) → δ(
 − 0).
‚μ¸¶μ²Ó§Ê¥³¸Ö É ±¦¥ ¨§¢¥¸É´μ° Ëμ·³Ê²μ° δ(g(x)) =

∑
i

|g′(xi)|−1δ(x − xi),

£¤¥ xi Å ±μ·´¨ ËÊ´±Í¨¨ g. ‡´ Î¥´¨¥ |qji(s)| = a + 0 ¤μ¸É¨£ ¥É¸Ö ¢ ³μ³¥´ÉÒ
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τ + 0 ¨ τ − 0. �μÔÉμ³Ê

δ(|qji(s)| − a − 0) =
∣∣∣∣d|qji(s)|

ds

∣∣∣∣
−1

s=τ−0

δ(s − τ + 0)+

+
∣∣∣∣d|qji(s)|

ds

∣∣∣∣
−1

s=τ+0

δ(s − τ − 0) = (wji(τ − 0), qij(τ)/a)−1δ(s − τ + 0)−

− (wji(τ + 0), qij(τ)/a)−1δ(s − τ − 0). (11)

‡´ ± ®³¨´Ê¸¯ ¶¥·¥¤ ¢Éμ·Ò³ ¸² £ ¥³Ò³ ¸¢Ö§ ´ ¸ É¥³, ÎÉμ ¶¥·¥¤ ¸Éμ²±´μ¢¥´¨¥³
(wji(τ−0), qij) > 0, Éμ£¤  ± ± ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö (wji(τ+0), qij) < 0. �¥¶μ-
¸·¥¤¸É¢¥´´μ ¶¥·¥¤ ¸Éμ²±´μ¢¥´¨¥³ ¸±μ·μ¸É¨ · ¢´Ò ´ Î ²Ó´Ò³: wi(τ−0) = w0

i .
�μ¸±μ²Ó±Ê ´  ¨´É¥·¢ ²¥ (0, t) ¶·μ¨¸Ìμ¤¨É Éμ²Ó±μ μ¤´μ ¸Éμ²±´μ¢¥´¨¥, ±μ´¥Î-
´Ò¥ ¸±μ·μ¸É¨ · ¢´Ò ¸±μ·μ¸ÉÖ³ ¸· §Ê ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö: wi(τ + 0) = wi(t).
�·¥μ¡· §μ¢ ´¨Ö (3) ¨ (4) ¶¥·¥¢μ¤ÖÉ ¸±μ·μ¸É¨ ¤μ ¸Éμ²±´μ¢¥´¨Ö ¢ ¸±μ·μ¸É¨
¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö ¨ μ¡· É´μ, ¶μÔÉμ³Ê w′

i(τ − 0) = wi(τ + 0) = wi(t),
w′

i(τ + 0) = wi(τ − 0) = w0
i . �μ¸±μ²Ó±Ê (wji(τ + 0), qij(τ)) < 0, Éμ ¶·¨

¶μ¤¸É ´μ¢±¥ ¢ (10) ´¥´Ê²¥¢μ° ¢±² ¤ ¤ ¥É Éμ²Ó±μ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ (11). � -
±μ´¥Í, qi(τ) = q0

i + w0
i τ , qi(t) = qi(τ) + wi(τ + 0)(t − τ). ˆ¸¶μ²Ó§ÊÖ ¢¸¥ ÔÉμ,

¶μ²ÊÎ ¥³

lim
ε→0

t∫
0

ds

∫
T3×R3

Qε(f, f)(r1 − v1(t − s), v1, s)ϕ(r1, v1) dr1 dv1 =

=
2∑

i=1

[ϕ(qi(τ) + w′
i(τ − 0)(t − τ), w′

i(τ − 0))−

− ϕ(qi(τ) + wi(τ − 0)(t − τ), wi(τ − 0))] =

=
2∑

i=1

[ϕ(qi(t), wi(t)) − ϕ(q0
i + w0

i t, w0
i )].

„¥°¸É¢¨¥ ¶· ¢μ° Î ¸É¨ (9) ´  μ¸´μ¢´ÊÕ ËÊ´±Í¨Õ ϕ, μÎ¥¢¨¤´μ, ¤ ¥É ÉμÉ ¦¥
·¥§Ê²ÓÉ É. “É¢¥·¦¤¥´¨¥ É¥μ·¥³Ò ¤μ± § ´μ ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ¢ ¨´É¥·¢ ²¥
(0, t) ¶·μ¨¸Ìμ¤¨É ´¥ ¡μ²¥¥ μ¤´μ£μ ¸Éμ²±´μ¢¥´¨Ö μ¤´μ° ¶ ·Ò Î ¸É¨Í.

‘²ÊÎ °, ±μ£¤  ¢ ³μ³¥´É τ ¶μ³¨³μ Î ¸É¨Í 1 ¨ 2 ¸É ²±¨¢ ¥É¸Ö ¨ ± ± Ö-
Éμ ¤·Ê£ Ö ¶ ·  Î ¸É¨Í, · §¡¨· ¥É¸Ö  ´ ²μ£¨Î´μ, ¶μ¸±μ²Ó±Ê ¸É ²±¨¢ ÕÐ¨¥¸Ö
¶ ·Ò ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¶μ μÉ¤¥²Ó´μ¸É¨. „²Ö ¤μ± § É¥²Ó¸É¢  ÊÉ¢¥·¦¤¥´¨Ö
É¥μ·¥³Ò ¤²Ö ¸²ÊÎ Ö ¶·μ¨§¢μ²Ó´μ£μ t > 0 ³μ¦´μ · §¡¨ÉÓ ¨´É¥·¢ ² (0, t) ´ 
¨´É¥·¢ ²Ò, ± ¦¤Ò° ¨§ ±μÉμ·ÒÌ ¸μ¤¥·¦¨É Éμ²Ó±μ μ¤¨´ ³μ³¥´É ¸Éμ²±´μ¢¥´¨Ö
(³μ¦¥É ¡ÒÉÓ, ¤²Ö ´¥¸±μ²Ó±¨Ì ¶ · ¸· §Ê), ¨ ¶·¨³¥´¨ÉÓ ¤μ± § ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥
± ± ¦¤μ³Ê ¨§ ¨´É¥·¢ ²μ¢.
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ ° t < 0. ‘´μ¢  ¤μ¸É ÉμÎ´μ ¤μ± § ÉÓ ÊÉ¢¥·¦¤¥´¨Ö
¤²Ö ¸²ÊÎ Ö ¸Éμ²±´μ¢¥´¨Ö μ¤´μ° ¶ ·Ò Î ¸É¨Í ´  ¨´É¥·¢ ²¥ (t, 0). ”μ·³Ê²  (11)
¸μÌ· ´Ö¥É ¸¢μÕ ¸¨²Ê. Œ¥´ÖÕÉ¸Ö ²¨ÏÓ ¸μμÉ´μÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ ¸±μ·μ¸É¨ ¢
³μ³¥´ÉÒ τ±0 ¨ ¸±μ·μ¸É¨ ¢ £· ´¨Î´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ 0 ¨ t (τ ∈ (t, 0) Å ¶μ-
¶·¥¦´¥³Ê ³μ³¥´É ¸Éμ²±´μ¢¥´¨Ö Ï ·μ¢ 1 ¨ 2): wi(τ − 0) = wi(t), wi(τ +0) =
wi(0). �μ¤¸É ¢²ÖÖ (11) ¢ (10) (¶μ³¥´Ö¥³ É ±¦¥ É ³ ¶·¥¤¥²Ò ¨´É¥£·¨·μ¢ ´¨Ö
¶μ s, ¶μ¸É ¢¨¢ ¶¥·¥¤ ¨´É¥£· ²μ³ §´ ± ®³¨´Ê¸¯), ¶μ²ÊÎ ¥³

− lim
ε→0

0∫
t

ds

∫
T3×R3

Qε(f, f)(r1 − v1(t − s), v1, s)ϕ(r1, v1) dr1 dv1 =

= −
2∑

i=1

[ϕ(qi(τ) + w′
i(τ − 0)(t − τ), w′

i(τ − 0))−

− ϕ(qi(τ) + wi(τ − 0)(t − τ), wi(τ − 0))] =

=
2∑

i=1

[ϕ(qi(t), wi(t)) − ϕ(q0
i + w0

i t, w0
i )].

‘´μ¢  ¶μ²ÊÎ ¥É¸Ö É·¥¡Ê¥³μ¥ · ¢¥´¸É¢μ. ’¥μ·¥³  ¶μ²´μ¸ÉÓÕ ¤μ± § ´ .
‡ ³¥Î ´¨¥ 1. ‘±μ·μ¸É¨ wi(t) ± ± ËÊ´±Í¨¨ ¢·¥³¥´¨ ¶·¥É¥·¶¥¢ ÕÉ · §-

·Ò¢Ò ¢ ³μ³¥´ÉÒ ¸Éμ²±´μ¢¥´¨°. �¤´ ±μ ¥¸²¨ ³Ò ¶·¨³¥³ wi(τ) = wi(τ − 0)
¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ ³μ³¥´Éμ¢ ¸Éμ²±´μ¢¥´¨Ö τ ¨ wi(τ) = wi(τ + 0) ¤²Ö μÉ·¨-
Í É¥²Ó´ÒÌ τ , Éμ · ¢¥´¸É¢μ (9) ¡Ê¤¥É ¢Ò¶μ²´¥´μ ¢ Éμ³ Î¨¸²¥ ¨ ¤²Ö É ±¨Ì t,
±μÉμ·Ò¥ ¸μ¢¶ ¤ ÕÉ ¸ ³μ³¥´É ³¨ ¸Éμ²±´μ¢¥´¨°, É. ¥. ¡Ê¤¥É ¢Ò¶μ²´¥´μ ´¥ ¤²Ö
¶μÎÉ¨ ¢¸¥Ì,   ¤²Ö ¢¸¥Ì t. �¤´ ±μ É ±μ¥ ¤μμ¶·¥¤¥²¥´¨¥ ¸±μ·μ¸É¥° ¢ ³μ³¥´ÉÒ
¸Éμ²±´μ¢¥´¨° ¢Ò¤¥²Ö²μ ¡Ò ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨.

‡ ³¥Î ´¨¥ 2. “¸²μ¢¨Ö ´  ´μ¸¨É¥²¨ χε(
) ¡Ò²¨ ´ ²μ¦¥´Ò ¤²Ö ±· É±μ¸É¨
¨§²μ¦¥´¨Ö. ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¤²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò ¢ ¦´μ ²¨ÏÓ
lim

ε→+0
χε(
) = δ(
 − 0).

‡ ³¥Î ´¨¥ 3. �¡μ¡Ð¥´´ Ö ËÊ´±Í¨Ö (6) ¶·¨ É¥Ì ¦¥ ¶·¥¤¶μ²μ¦¥´¨ÖÌ ´  ´ -
Î ²Ó´Ò¥ Ê¸²μ¢¨Ö {q0

i , w
0
i }N

i=1 Ê¤μ¢²¥É¢μ·Ö¥É É ±¦¥ ¨ ®μ¡· É´μ³Ê¯ Ê· ¢´¥´¨Õ
	μ²ÓÍ³ ´ Ä�´¸±μ£ : Ê· ¢´¥´¨Õ (9), ¢ ±μÉμ·μ³ ¢ ¨´É¥£· ²¥ ¸Éμ²±´μ¢¥´¨Ö ¢³¥-
¸Éμ (v21, ω)+ ¸Éμ¨É (v21, ω)−, £¤¥ x− = min (x, 0). ‚ ¸²ÊÎ ¥ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥-
´¨° É ±μ¥ Ê· ¢´¥´¨¥ μ¶¨¸Ò¢ ²μ ¡Ò ´¥ Ê¡Ò¢ ´¨¥,   ¢μ§· ¸É ´¨¥ H-ËÊ´±Í¨¨ (5)
¶μ ¢·¥³¥´¨. ‚ μ¸´μ¢¥ ´¥μ¡· É¨³μ¸É¨ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ²¥¦¨É
¶·¥¤¶μ²μ¦¥´¨¥, ÎÉμ ¸μ¸ÉμÖ´¨Ö Î ¸É¨Í ¶¥·¥¤ ¸Éμ²±´μ¢¥´¨¥³ ¸É É¨¸É¨Î¥¸±¨
´¥§ ¢¨¸¨³Ò [18] (¸³. É ±¦¥ μ¡¸Ê¦¤¥´¨¥ ¢ [19]). ‚ Ê· ¢´¥´¨¨ ÔÉμ ´ Ìμ¤¨É
μÉ· ¦¥´¨¥ ¢ Éμ³, ÎÉμ (v21, ω) > 0 ¸μμÉ¢¥É¸É¢Ê¥É ±μ´Ë¨£Ê· Í¨¨ Ï ·μ¢ ¶¥-
·¥¤ ¸Éμ²±´μ¢¥´¨¥³, ¨ ¢ Éμ³, ÎÉμ ¶·¨ ÔÉμ³ ¤¢ÊÌÎ ¸É¨Î´ Ö ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨
¶·¥¤¶μ² £ ¥É¸Ö · ¢´μ° ¶·μ¨§¢¥¤¥´¨Õ μ¤´μÎ ¸É¨Î´ÒÌ (f(r1, v1, t)). ‡ ³¥´  ¢
¨´É¥£· ²¥ ¸Éμ²±´μ¢¥´¨° (v21, ω)+ ´  (v21, ω)− ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥¤¶μ²μ¦¥´¨Õ
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μ Éμ³, ÎÉμ, ´ ¶·μÉ¨¢, ¸μ¸ÉμÖ´¨Ö Î ¸É¨Í ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö ¸É É¨¸É¨Î¥¸±¨
´¥§ ¢¨¸¨³Ò, ÎÉμ ¶·¨¢μ¤¨É ± ¢μ§· ¸É ´¨Õ H-ËÊ´±Í¨¨. �¤´ ±μ ³¨±·μ¸±μ¶¨-
Î¥¸± Ö ¤¨´ ³¨±  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò t → −t ¨ w0

i → −w0
i ,

¶μÔÉμ³Ê, ± ± ´¥É·Ê¤´μ ¶μ± § ÉÓ  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³, μ¡μ¡Ð¥´´ Ö ËÊ´±-
Í¨Ö (6) Ê¤μ¢²¥É¢μ·Ö¥É ¢ Éμ³ ¦¥ ¸ ³μ³ ¸³Ò¸²¥ ¨ ®μ¡· É´μ³Ê¯ Ê· ¢´¥´¨Õ
	μ²ÓÍ³ ´ . ‚ Î ¸É´μ¸É¨, ¶·¨ ¶μ¤¸É ´μ¢±¥ ¢  ´ ²μ£ · ¢¥´¸É¢  (10), £¤¥ (·, ·)+
§ ³¥´¥´Ò ´  (·, ·)−, ¢±² ¤ ¤ ¥É, ´ ¶·μÉ¨¢, Éμ²Ó±μ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ (11).

‡�Š‹
—…�ˆ…

�¸´μ¢´μ° ·¥§Ê²ÓÉ É ¤ ´´μ° · ¡μÉÒ ¸μ¸Éμ¨É ¢ Ê¶·μÐ¥´¨¨ Ëμ·³Ê²¨·μ¢±¨
¨ ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ³¨±·μ¸±μ¶¨Î¥¸±¨Ì ·¥Ï¥´¨° ±¨-
´¥É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö 	μ²ÓÍ³ ´ Ä�´¸±μ£  ¶μ ¸· ¢´¥´¨Õ ¸ · ¡μÉμ° [11] ¶·¨
¸μÌ· ´¥´¨¨ Éμ° ¦¥ ¨¤¥¨,   ¨³¥´´μ Ê¸É· ´¥´  ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¢ ·¥£Ê²Ö·¨§ -
Í¨¨ ¤¥²ÓÉ -ËÊ´±Í¨°, É·¥¡Ê¥É¸Ö ²¨ÏÓ ·¥£Ê²Ö·¨§ Í¨Ö ¨´É¥£· ²  ¸Éμ²±´μ¢¥´¨°.
‘É·μ£μ¥ ¤μ± § É¥²Ó¸É¢μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ê± § ´´ÒÌ ·¥Ï¥´¨° £μ¢μ·¨É μ Éμ³, ÎÉμ
±¨´¥É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ 	μ²ÓÍ³ ´ Ä�´¸±μ£ , ¨§´ Î ²Ó´μ ¶·¥¤²μ¦¥´´μ¥ ¤²Ö
μ¶¨¸ ´¨Ö ´¥μ¡· É¨³μ° ¤¨´ ³¨±¨ £ § , ¸μ¤¥·¦¨É É ±¦¥ ¨ ÉμÎ´ÊÕ μ¡· É¨³ÊÕ
¤¨´ ³¨±Ê ±μ´¥Î´μ£μ Î¨¸²  Î ¸É¨Í (³¨±·μ¸±μ¶¨Î¥¸±ÊÕ ¤¨´ ³¨±Ê). �¡· É¨-
³μ¸ÉÓ ¨²¨ ´¥μ¡· É¨³μ¸ÉÓ ¤¨´ ³¨±¨, μ¶¨¸Ò¢ ¥³μ° ¤ ´´Ò³ Ê· ¢´¥´¨¥³, μ± -
§Ò¢ ¥É¸Ö § ¢¨¸¨³μ° μÉ · ¸¸³ É·¨¢ ¥³μ£μ ±² ¸¸  ·¥Ï¥´¨°: ·¥Ï¥´¨Ö ¢ ¢¨¤¥
¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° ¶²μÉ´μ¸É¨ ´¥μ¡· É¨³Ò, Éμ£¤  ± ± ·¥Ï¥´¨Ö ¢ ¢¨¤¥
¸Ê³³ ¤¥²ÓÉ -ËÊ´±Í¨° μ¡· É¨³Ò.

�¢Éμ· ¶·¨´μ¸¨É ¡² £μ¤ ·´μ¸ÉÓ ˆ. ‚.‚μ²μ¢¨ÎÊ §  ¶μ¸ÉμÖ´´μ¥ ¢´¨³ ´¨¥
± · ¡μÉ¥,   É ±¦¥ ‚. ‚.‚¥¤¥´Ö¶¨´Ê ¨ ‚. ‚.Šμ§²μ¢Ê §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´É  �μ¸¸¨°¸±μ£μ ´ ÊÎ´μ£μ Ëμ´¤ 
(¶·μ¥±É º19-11-00320).
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