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ˆ¸¸²¥¤μ¢ ´Ò É·¨ μ¤´μÎ ¸É¨Î´Ò¥ ¸É É¨¸É¨Î¥¸±¨¥ ³μ¤¥²¨ ¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨°,
¤¥³μ´¸É·¨·ÊÕÐ¨¥ ¤²Ö Ë²Ê±ÉÊ Í¨° ¸±¥°²¨´£ Š ·¤ · Ä� ·¨§¨Ä‡ ´£  (Š�‡) ¸ ±·¨É¨Î¥-
¸±¨³ ¶μ± § É¥²¥³ ν = 1/3. ‚μ ¢¸¥Ì ³μ¤¥²ÖÌ ¢´¥Ï´¨¥ μ£· ´¨Î¥´¨Ö ¢Ò´Ê¦¤ ÕÉ ¸ÉμÌ -
¸É¨Î¥¸±¨° ¶·μÍ¥¸¸ ´ Ìμ¤¨ÉÓ¸Ö ¢ ·¥¦¨³¥ ¡μ²ÓÏ¨Ì Ê±²μ´¥´¨°. ˆ§ÊÎ ÕÉ¸Ö  ´μ³ ²Ó´Ò¥
Š�‡ Ë²Ê±ÉÊ Í¨¨ ¤²Ö ¸²¥¤ÊÕÐ¨Ì ¸¨¸É¥³: 1) ¡·μÊ´μ¢¸±¨¥ Ô±¸±Ê·¸¨¨ ´  ´¥μ¤´μ·μ¤´ÒÌ
±μ´¥Î´ÒÌ ¤¥·¥¢ÓÖÌ ¸ ²¨´¥°´μ · ¸ÉÊÐ¥° ¢ ²¥´É´μ¸ÉÓÕ, ±μÉμ·Ò¥ ³μ¦´μ · ¸¸³ É·¨-
¢ ÉÓ ± ± ¸·¥¤´¥¶μ²¥¢μ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö ³ É·¨Î´ÒÌ ³μ¤¥²¥° „Ê³¨É·¨ÊÄ�¤¥²Ó³ ´ ,
2) (1+1)D ®³ £´¨É´Ò¥¯ ¶ÊÉ¨ „¨±  ¢ ¶μ²μ¸¥ ±μ´¥Î´μ° Ï¨·¨´Ò, 3) ®´ ¤ÊÉÒ¥¯ ¨¤¥ ²Ó-
´Ò¥ ¶μ²¨³¥·´Ò¥ ±μ²ÓÍ  ¸ Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨. 	²μ±¨·ÊÖ ¢ ¶μ¸²¥¤´¥°
§ ¤ Î¥ ±·Ê¶´μ³ ¸ÏÉ ¡´Ò¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¸ ¶μ³μÐÓÕ ´¥¶·μ´¨Í ¥³μ°
±·Ê£μ¢μ° £· ´¨ÍÒ ¨ μ¸É ¢²ÖÖ Éμ²Ó±μ ®É¨¶¨Î´Ò¥¯ ³μ¤Ò, ³μ¦´μ ´ ¡²Õ¤ ÉÓ  ´μ³ ²Ó´Ò¥
Š�‡ Ë²Ê±ÉÊ Í¨¨ ³μ´μ³¥·μ¢ ±μ²ÓÍ  ¢¡²¨§¨ ´¥¶·μ´¨Í ¥³μ° £· ´¨ÍÒ. � ¶·μÉ¨¢, ¶·¨
μÉ¸ÊÉ¸É¢¨¨ ¦¥¸É±μ° £· ´¨ÍÒ ¨³¥ÕÉ¸Ö £ Ê¸¸μ¢Ò Ë²Ê±ÉÊ Í¨¨. ‚μ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ
³μ¤¥²ÖÌ ¶μ¢¥¤¥´¨¥ ¸μ ¸±¥°²¨´£μ³ Š�‡ ¢μ§´¨± ¥É ¶·¨ ´ ²¨Î¨¨ ¤¢ÊÌ ¢§ ¨³μ¤μ¶μ²-
´ÖÕÐ¨Ì Ê¸²μ¢¨°: 1) É· ¥±Éμ·¨¨ ´ Ìμ¤ÖÉ¸Ö ¢ μ¡² ¸É¨ ´¥É¨¶¨Î´ÒÌ ¡μ²ÓÏ¨Ì Ê±²μ´¥-
´¨° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¨ 2) É· ¥±Éμ·¨¨ μ¶¨· ÕÉ¸Ö ´  ±·Ê£μ¢ÊÕ ´¥¶·μ´¨Í ¥³ÊÕ
£· ´¨ÍÊ.

We have considered three different ©one-bodyª statistical systems involving Brownian
excursions, which possess for 
uctuations the KardarÄParisiÄZhang (KPZ) scaling with the
critical exponent ν = 1/3. In all models imposed external constraints push the underlying
stochastic process to a large deviation regime. Speciˇcally, we have considered 
uctuations
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for: 1) Brownian excursions on non-uniform ˇnite trees with linearly growing branching
originating from the mean-ˇeld approximation of the DumitriuÄEdelman representation
of matrix models, 2) (1 + 1)D ©magneticª Dyck paths within the strip of ˇnite width,
3) in
ated ideal polymer ring with ˇxed gyration radius. In the latter problem, cutting
off the long-ranged spatial 
uctuations and leaving only the ©typicalª modes for stretched
paths, we ensure the KPZ-like scaling for bond 
uctuations. To the contrary, summing
up all normal modes, we get the Gaussian behavior. In all the considered models, KPZ

uctuations emerge in the presence of two complementary conditions: 1) the trajectories
are pushed to a large deviation region of a phase space, and 2) the trajectories are leaning
on an impenetrable boundary.

PACS: 05.40.-a; 05.20.-y

�μ¸¢ÖÐ ¥É¸Ö ‚ÖÎ¥¸² ¢Ê �μ·¨¸μ¢¨ÎÊ �·¨¥§¦¥¢Ê

‚‚…„…�ˆ…

ˆ´É¥´¸¨¢´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ Ô±¸É·¥³ ²Ó´ÒÌ § ¤ Î ±μ··¥²¨·μ¢ ´´ÒÌ ¸²Ê-
Î °´ÒÌ ¶·μÍ¥¸¸μ¢ ¢ ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¶μ¸É¥¶¥´´μ ¶·¨¢¥²μ ³ É¥³ -
É¨±μ¢,   § É¥³ ¨ Ë¨§¨±μ¢ ± ¶μ´¨³ ´¨Õ Éμ£μ, ÎÉμ ´μ·³ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥
ƒ Ê¸¸  ´¥ ¸Éμ²Ó Ê´¨¢¥·¸ ²Ó´μ, ± ± ÔÉμ ¶·¥¤¶μ² £ ²μ¸Ó · ´¥¥, ¨ ¸μ¸¥¤¸É¢Ê¥É
¸ ¤·Ê£¨³, ´¥ ³¥´¥¥ Ê´¨¢¥·¸ ²Ó´Ò³ § ±μ´μ³, ¨§¢¥¸É´Ò³ ± ± · ¸¶·¥¤¥²¥´¨¥
’·¥°¸¨Ä‚¨¤μ³  (TW). ®‚¨§¨É´μ° ± ·ÉμÎ±μ°¯ · ¸¶·¥¤¥²¥´¨Ö ’·¥°¸¨Ä‚¨¤μ³ 
Ö¢²Ö¥É¸Ö ¸±¥°²¨´£μ¢Ò° ¶μ± § É¥²Ó, ν, ¢Éμ·μ£μ ³μ³¥´É  · ¸¶·¥¤¥²¥´¨Ö, ±μÉμ-
·Ò° ¨§¢¥¸É¥´ ± ± ¶μ± § É¥²Ó Š ·¤ · Ä� ·¨§¨Ä‡ ´£  (Š�‡). ‚¶¥·¢Ò¥ ÔÉμÉ
±·¨É¨Î¥¸±¨° ¨´¤¥±¸ ¡Ò² ¶μ²ÊÎ¥´ ¢ · ¡μÉ¥ [1] (¸³. É ±¦¥ μ¡§μ· [2]) ¤²Ö ´¥-
· ¢´μ¢¥¸´μ£μ μ¤´μ³¥·´μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¶·μÍ¥¸¸  ´ ¶· ¢²¥´´μ£μ ·μ¸É . ‚
¡μ²ÓÏ¨´¸É¢¥ · ¡μÉ, ¶μ¸¢ÖÐ¥´´ÒÌ § ¤ Î ³ ´¥¸É Í¨μ´ ·´μ£μ ·μ¸É , ¨¸¸²¥¤μ¢ -
²¨¸Ó ¸É É¨¸É¨Î¥¸±¨¥ ¸¢μ°¸É¢  μ£¨¡ ÕÐ¥° ¶μ¢¥·Ì´μ¸É¨, · ¸ÉÊÐ¥° ¢μ ¢·¥³¥´¨,
Ì · ±É¥·¨§ÊÕÐ¥°¸Ö ¢Ò¸μÉμ° h(x, t), £¤¥ x ¨ t Å ¸μμÉ¢¥É¸É¢¥´´μ ±μμ·¤¨´ É 
¨ ¢·¥³Ö. ‚ · §³¥·´μ¸É¨ 1 + 1 (μ¤´  ¶·μ¸É· ´¸É¢¥´´ Ö ±μμ·¤¨´ É  ¨ ¢·¥³Ö)
· ¸ÉÊÐ¨° Ë·μ´É μ¶·¥¤¥²Ö¥É¸Ö ¨§¢¥¸É´μ° ¸±¥°²¨´£μ¢μ° § ¢¨¸¨³μ¸ÉÓÕ

(Var h(x, t))1/2 =

=
1

N1/2

(
N∑

x=1

〈
h2(x, t)

〉
− 〈h(t)〉2

)1/2

= N1/2g(τ/N3/2), (1)

£¤¥ ¸±μ¡±¨ μ§´ Î ÕÉ Ê¸·¥¤´¥´¨¥ ¶μ · §²¨Î´Ò³ ·¥ ²¨§ Í¨Ö³ ¡¥¸¶μ·Ö¤± , ¶¥-
·¥³¥´´ Ö τ = t/N Å Ê¸·¥¤´¥´´μ¥ ±μ²¨Î¥¸É¢μ Î ¸É¨Í ´  μ¤¨´ ¸Éμ²¡¥Í · ¸ÉÊ-
Ð¥£μ  £·¥£ É ,   ËÊ´±Í¨Ö g(u) μÉ ¶¥·¥³¥´´μ° u = τ/N3/2 ¨³¥¥É ¸²¥¤ÊÕÐ¥¥
 ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥:

g(u) ∼
{

u1/3 ¤²Ö u � 1,
const ¤²Ö u � 1.

(2)
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‡ ¢¨¸¨³μ¸ÉÓ (2) Ì · ±É¥·´  ¤²Ö ³´μ£¨Ì ´¥¸É Í¨μ´ ·´ÒÌ ¶·μÍ¥¸¸μ¢, ¨
(1 + 1)-³¥·´Ò° ¶μ± § É¥²Ó Š�‡, ν = 1/3, ´ ¡²Õ¤ ²¸Ö ¢μ ³´μ¦¥¸É¢¥ · §-
²¨Î´ÒÌ ³μ¤¥²¥° ·μ¸É .

�·μ·Ò¢ ¢ ¶μ´¨³ ´¨¨ Ê´¨¢¥·¸ ²Ó´μ¸É¨ ¸É É¨¸É¨±¨ Š�‡ ¸¢Ö§ ´ ¸ · ¡μ-
É ³¨ [3, 4], £¤¥ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¤²Ö ¶²μ¸±¨Ì ´ Î ²Ó´ÒÌ Ê¸²μ¢¨° · ¸¶·¥-
¤¥²¥´¨¥ ´μ·³¨·μ¢ ´´μ° ¢Ò¸μÉÒ ¶μ¢¥·Ì´μ¸É¨, τ−1/3(h(i, τ) − 2τ), ¢ § ¤ Î¥
¶μ²¨´Ê±²¥ ·´μ£μ ·μ¸É  ¸Ìμ¤¨É¸Ö ¶·¨ τ → ∞ ± · ¸¶·¥¤¥²¥´¨Õ TW [5], μ¶¨-
¸Ò¢ ÕÐ¥³Ê ¸É É¨¸É¨±Ê ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¢¡²¨§¨ ±· Ö ¸¶¥±É·  ¸²ÊÎ °´ÒÌ
³ É·¨Í, ¶·¨´ ¤²¥¦ Ð¨Ì £ Ê¸¸μ¢Ê μ·Éμ£μ´ ²Ó´μ³Ê  ´¸ ³¡²Õ (GOE). ‚ · ¤¨-
 ²Ó´μ° £¥μ³¥É·¨¨ ¸É É¨¸É¨±  · ¸ÉÊÐ¥° ¶μ¢¥·Ì´μ¸É¨ ¸μμÉ¢¥É¸É¢Ê¥É ±· ¥¢Ò³
¸μ¸ÉμÖ´¨Ö³ £ Ê¸¸μ¢  Ê´¨É ·´μ£μ  ´¸ ³¡²Ö (GUE) [4]. �¤´μ¢·¥³¥´´μ ¸É ²μ
¶μ´ÖÉ´μ, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ TW μ¶¨¸Ò¢ ¥É ¸É É¨¸É¨±Ê Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ-
¸ÉμÖ´¨Ö μ¤´μ³¥·´μ£μ ´ ¶· ¢²¥´´μ£μ ¶μ²¨³¥·  ¢ ¸²ÊÎ °´μ³ £ Ê¸¸μ¢μ³ ¶μÉ¥´-
Í¨ ²¥. ‚ 2010 £. · ¸¶·¥¤¥²¥´¨¥ ’·¥°¸¨Ä‚¨¤μ³  ¡Ò²μ ¶μ²ÊÎ¥´μ ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ Ëμ·³ ²¨§³  ·¥¶²¨± ¢ · ³± Ì ³μ¤¥²¨ ´ ¶· ¢²¥´´μ£μ ¶μ²¨³¥·  ¢ § ³μ-
·μ¦¥´´μ³ ´¥±μ··¥²¨·μ¢ ´´μ³ ¸²ÊÎ °´μ³ ¶μÉ¥´Í¨ ²¥. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ
Ë²Ê±ÉÊ Í¨¨ ¢Ò¸μÉÒ, μÉ´μ¸ÖÐ¨¥¸Ö ± ±² ¸¸Ê Ê´¨¢¥·¸ ²Ó´μ¸É¨ Š�‡, ¨§ÊÎ ²¨¸Ó
É ±¦¥ ¢ ·¥ ²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì ± ± ¢ ¶²μ¸±μ° [6Ä8], É ± ¨ ¢ · ¤¨ ²Ó´μ° £¥μ-
³¥É·¨¨ ¢ § ¤ Î¥ Ô²¥±É·μ¶·μ¢μ¤´μ¸É¨ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²²μ¢ [7,8],
¨ ¡Ò²μ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ Ìμ·μÏ¥¥ ±μ²¨Î¥¸É¢¥´´μ¥ ¸μ£² ¸¨¥ ¸ · ¸¶·¥¤¥²¥-
´¨Ö³¨ ’·¥°¸¨Ä‚¨¤μ³  ¤²Ö GOE- ¨ GUE- ´¸ ³¡²¥°.

‚μ§´¨± ¥É ¸²¥¤ÊÕÐ¨° ¥¸É¥¸É¢¥´´Ò° ¢μ¶·μ¸: ³μ¦´μ ²¨ Ê¢¨¤¥ÉÓ ·¥ ²¨-
§ Í¨¨ ¸É É¨¸É¨±¨ Š�‡ ¢ · ¢´μ¢¥¸´μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¢ § ¤ Î Ì,
´¥ μÉ´μ¸ÖÐ¨Ì¸Ö ± μ¡² ¸É¨ ´¥· ¢´μ¢¥¸´μ£μ ·μ¸É ? Š·¨É¨Î¥¸±¨° ¶μ± § É¥²Ó,
ν = 1/2, Ê¶· ¢²Ö¥É Ë²Ê±ÉÊ Í¨Ö³¨ ¸²ÊÎ °´μ£μ ¡²Ê¦¤ ´¨Ö, ÎÉμ ´  É¥μ·¥É¨±μ-
¶μ²¥¢μ³ Ö§Ò±¥ ¸μμÉ¢¥É¸É¢Ê¥É ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î -
¸É¨Í. � ¸ ¨´É¥·¥¸Ê¥É, ¸ÊÐ¥¸É¢ÊÕÉ ²¨ ¶·μ¸ÉÒ¥ μ¤´μÎ ¸É¨Î´Ò¥ · ¢´μ¢¥¸´Ò¥
¸É É¨¸É¨Î¥¸±¨¥ ³μ¤¥²¨, ¢ ±μÉμ·ÒÌ ·¥ ²¨§ÊÕÉ¸Ö Ë²Ê±ÉÊ Í¨¨ ¸ ±·¨É¨Î¥¸±¨³
¶μ± § É¥²¥³ ν = 1/3? Š ± ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥, μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸ ¶μ²μ-
¦¨É¥²Ó´Ò°, ¨ ¢ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ³Ò ¶·¨¢¥¤¥³ ¶·¨³¥·Ò É ±¨Ì ³μ¤¥²¥°.

�¥¸³μÉ·Ö ´  ¸ÊÐ¥¸É¢¥´´Ò° ¶·μ£·¥¸¸ ¢ ¶μ´¨³ ´¨¨ ³ É¥³ É¨Î¥¸±¨Ì  ¸¶¥±-
Éμ¢ · ¸¶·¥¤¥²¥´¨Ö ’·¥°¸¨Ä‚¨¤μ³  ¨ ¥£μ ¸¢Ö§¨ ¸ Ë §μ¢Ò³¨ ¶¥·¥Ìμ¤ ³¨ É·¥-
ÉÓ¥£μ ·μ¤  [9], ¸ÊÐ¥¸É¢Ê¥É, É¥³ ´¥ ³¥´¥¥, §´ Î¨É¥²Ó´Ò° ¶·μ¡¥² ¢ ¶μ¸É·μ¥´¨¨
¶·μ¸ÉÒÌ ¸É É¨¸É¨Î¥¸±¨Ì ³μ¤¥²¥° ¸·¥¤´¥£μ ¶μ²Ö, ¤¥³μ´¸É·¨·ÊÕÐ¨Ì ¸±¥°²¨´£
Š�‡. 	μ²ÓÏμ° ¢±² ¤ ¢ · §· ¡μÉ±Ê É ±¨Ì ³μ¤¥²¥° ¢´¥¸²¨ ¸É ÉÓ¨ [10, 11].
‚ ´¨Ì ¡Ò² ¶·¥¤²μ¦¥´ ¨´ÉÊ¨É¨¢´μ ¶μ´ÖÉ´Ò° ¢¥·μÖÉ´μ¸É´μ-£¥μ³¥É·¨Î¥¸±¨°
¶μ¤Ìμ¤, μ¸´μ¢ ´´Ò° ´  ¶·¨¡²¨¦¥´¨¨ £¥μ³¥É·¨Î¥¸±μ° μ¶É¨±¨ ± ¨¸¸²¥¤μ¢ -
´¨Õ ¡μ²ÓÏ¨Ì Ê±²μ´¥´¨° ¢ ¸É É¨¸É¨±¥ ¡·μÊ´μ¢¸±¨Ì É· ¥±Éμ·¨°, ¢ ¸¨ÉÊ Í¨¨,
±μ£¤  ·¥ ²¨§ Í¨Ö ¡·μÊ´μ¢¸±μ° Ô±¸±Ê·¸¨¨ ¶·μ¨¸Ìμ¤¨É ¢ ´¥É¨¶¨Î´μ° μ¡² ¸É¨
Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ .

‚ ¤ ´´μ° ¸É ÉÓ¥ ¶·¥¤² £ ¥É¸Ö ·Ö¤ ÉμÎ´μ ·¥Ï ¥³ÒÌ μ¤´μÎ ¸É¨Î´ÒÌ ¸É -
É¨¸É¨Î¥¸±¨Ì ³μ¤¥²¥° ¸ Ë²Ê±ÉÊ Í¨μ´´Ò³ ¶μ¢¥¤¥´¨¥³ Š�‡. ˆ¤¥°´μ · ¡μÉ 
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¸¢Ö§ ´  ¸ · ¡μÉμ° [10]. �¤´μ¢·¥³¥´´μ ¸ · ¸¸³μÉ·¥´¨¥³ · ¢´μ¢¥¸´μ° ¸É -
É¨¸É¨Î¥¸±μ° § ¤ Î¨ ¶μ¤¸Î¥É  ¶ÊÉ¥° ´  ®¸Ê¶¥·¤¥·¥¢¥¯ Š¥°²¨ (¤¥·¥¢μ ¸ ²¨-
´¥°´μ · ¸ÉÊÐ¥° ¸É¥¶¥´ÓÕ ¢¥·Ï¨´Ò ¢ § ¢¨¸¨³μ¸É¨ μÉ ´μ³¥·  ¶μ±μ²¥´¨Ö) μ¡-
¸Ê¦¤ ¥É¸Ö ¸±¥°²¨´£ Š�‡ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥. �μ± § ´μ, ÎÉμ ³μ¤¥²Ó
¢ÒÎ¨¸²¥´¨Ö ¸É É¸Ê³³Ò ¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨° ´  ¸Ê¶¥·¤¥·¥¢ÓÖÌ ³μ¦´μ · ¸-
¸³ É·¨¢ ÉÓ ± ± ¸·¥¤´¥¶μ²¥¢μ¥ ¶·¨¡²¨¦¥´¨¥ ¶μ¤Ìμ¤  „Ê³¨É·¨ÊÄ�¤¥²Ó³ ´  ±
É¥μ·¨¨ ¸²ÊÎ °´ÒÌ ³ É·¨Í. „¥É¥·³¨´ ´É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²¨´μ³μ¢ �·-
³¨É  É¥¸´μ ¸¢Ö§ ´μ ¸ Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¶μ²¨´μ³μ³ É· ´¸Ë¥·-³ É·¨ÍÒ ´ 
¸Ê¶¥·¤¥·¥¢¥. Šμ£¤  ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¢ ²¥´É´μ¸É¨ ¢¥·Ï¨´Ò ¤¥·¥¢  (¶·¨· -
Ð¥´¨¥ ±μ²¨Î¥¸É¢  ¢¥É¢¥° ³¥¦¤Ê ¸μ¸¥¤´¨³¨ ¶μ±μ²¥´¨Ö³¨ ¤¥·¥¢ ) ³ ² , ³μ¦´μ
¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ³μ¤¥²Ó ¸ ·¥Ï¥ÉμÎ´Ò³ ¸²ÊÎ °´Ò³ ¡²Ê-
¦¤ ´¨¥³ ¢ · §³¥·´μ¸É¨ (1 + 1) ¢ É· ´¸¢¥·¸ ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥ [12]. �ÉÊ
¦¥ § ¤ ÎÊ ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ¸¨³³¥É·¨Î´μ³ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥
¸ ´¥¶μ¸ÉμÖ´´μ° · ¤¨ ²Ó´μ-§ ¢¨¸¨³μ° ±·¨¢¨§´μ°, ±μÉμ· Ö Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥-
´¨¥³ ¶·μ¸É· ´¸É¢  ¶μ¸ÉμÖ´´μ° μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´Ò (£¨¶¥·¡μ²¨Î¥¸±μ£μ
¶·μ¸É· ´¸É¢ ). � ±μ´¥Í, § ¤ Î  ¢ÒÎ¨¸²¥´¨Ö ¸É É¸Ê³³Ò ¶ÊÉ¥° ´  μ¡μ¡Ð¥´-
´ÒÌ ¸Ê¶¥·¤¥·¥¢ÓÖÌ ¸¢Ö§Ò¢ ¥É¸Ö ¸μ ¸É É¨¸É¨±μ° μ¤´μ³¥·´ÒÌ ¶ÊÉ¥° „¨±  ¸
Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ ¶μ¤ ±·¨¢μ°. �É  ¸¢Ö§Ó μÉ±·Ò¢ ¥É ¨´É¥·¥¸´ÊÕ ¨´-
É¥·¶·¥É Í¨Õ  ´¸ ³¡²¥° ¶ÊÉ¥° ´  μ¡μ¡Ð¥´´ÒÌ ¸Ê¶¥·¤¥·¥¢ÓÖÌ ¸ ÉμÎ±¨ §·¥´¨Ö
¶μ¸É·μ¥´¨Ö  ²£¥¡· ¨Î¥¸±¨Ì ¨´¢ ·¨ ´Éμ¢ Éμ·¨Î¥¸±¨Ì Ê§²μ¢.

1. ���“��‚‘Šˆ… �Š‘Š“�‘ˆˆ �� ‘“�…�„…�…‚œŸ•
Š��…—��ƒ� ��‡Œ…��

Š²ÕÎ¥¢Ò³ μ¡Ñ¥±Éμ³ ¢ ¸É É¨¸É¨±¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¸²ÊÎ °´ÒÌ ³ -
É·¨Î´ÒÌ  ´¸ ³¡²¥° Ö¢²Ö¥É¸Ö ¸μ¢³¥¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨°, Pβ(λ1, . . . , λN ),

Pβ(λ1, . . . , λN ) ∝
N∏

i�=j

|λi − λj |β exp

(
−c

N∑
i=1

λ2
i

)
, (3)

£¤¥ β § ¢¨¸¨É μÉ ³ É·¨Î´μ£μ  ´¸ ³¡²Ö ¨ μ¡ÒÎ´μ ¶·¨´¨³ ¥É §´ Î¥´¨Ö β =
1, 2, 4 Å ¸μμÉ¢¥É¸É¢¥´´μ ¤²Ö £ Ê¸¸μ¢ÒÌ μ·Éμ£μ´ ²Ó´ÒÌ, Ê´¨É ·´ÒÌ ¨ ¸¨³-
¶²¥±É¨Î¥¸±¨Ì  ´¸ ³¡²¥°.

� ¸¸³μÉ·¨³ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö μ¤´μ° ¶¥·¥³¥´´μ°, ´ ¶·¨³¥· ¸¶¥±-
É· ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ ρ(λ), ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ± ±

ρ(λ) =
1
N

〈
N∑

i=1

δ(λ − λi)

〉
∝
∫

dλ1 . . . dλN ×

×
N∏

i�=j

|λi − λj |β exp

(
−c

N∑
i=1

λ2
i

)
N∑

i=1

δ(λ − λi). (4)
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�·¨ c = βN/2 ¨ N � 1 ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ¢ μ¡Ñ¥³¥ · ¸¶·¥¤¥²¥´¨Ö

¤ ¥É¸Ö ¨§¢¥¸É´Ò³ ¶μ²Ê±·Ê£μ¢Ò³ § ±μ´μ³ ‚¨£´¥· , ρ(λ) = (1/πN)
√

λ2 − 4N ,
¢ Éμ ¢·¥³Ö ± ± ¢¡²¨§¨ ¸¶¥±É· ²Ó´μ£μ ±· Ö, λ 
 λmax, £¤¥ λmax = 2

√
N , ¸¶¥±-

É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ’·¥°¸¨Ä‚¨¤μ³  ¤²Ö ¶¥·¥-
³¥´´μ° ξ = (λmax − 2

√
N)/(N−1/6), É ± ÎÉμ

Prob (ξ < x) = exp

⎛
⎝−

∞∫
x

(s − x) q2(s) ds

⎞
⎠, (5)

£¤¥ x ´¥ § ¢¨¸¨É μÉ N ,   ËÊ´±Í¨Ö q(s) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ �¥´²¥¢¥ II
q′′(s) = 2q3(s) + sq(s) ¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ q(s)

∣∣
s�1

→ Ai(s)

¨ Ai(s) = 1/π

∞∫
−∞

sin (u3/3 + su) du. �¥§Ê²ÓÉ É (5) ¸μμÉ¢¥É¸É¢Ê¥É £ Ê¸¸μ¢Ê

Ê´¨É ·´μ³Ê  ´¸ ³¡²Õ (GUE).

1.1. �·¥¤¸É ¢²¥´¨¥ „Ê³¨É·¨ÊÄ�¤¥²Ó³ ´  ³ É·¨Î´ÒÌ  ´¸ ³¡²¥°. ‚ · -
¡μÉ¥ [13] ˆ. „Ê³¨É·¨Ê ¨ �.�¤¥²Ó³ ´ ¶μ± § ²¨, ÎÉμ ¸¶¥±É· ²Ó´ Ö ¸É É¨¸É¨± 
¨§¢¥¸É´ÒÌ ³ É·¨Î´ÒÌ  ´¸ ³¡²¥° ¸μ¢¶ ¤ ¥É ¸μ ¸¶¥±É· ²Ó´μ° ¸É É¨¸É¨±μ°  ´-
¸ ³¡²¥° ¸¨³³¥É·¨Î´ÒÌ É·¥Ì¤¨ £μ´ ²Ó´ÒÌ ¸²ÊÎ °´ÒÌ ³ É·¨Í ¸ ´¥§ ¢¨¸¨³Ò³¨
³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨, · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´´Ò³¨ ´  £² ¢´μ° ¤¨ £μ´ ²¨
¨ ´¥· ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´´Ò³¨ ´  ¤¢ÊÌ ¸Ê¡¤¨ £μ´ ²ÖÌ. ‚ Î ¸É´μ¸É¨, ¸μ-
¢³¥¸É´μ¥ · ¸¶·¥¤¥²¥´¨¥ P2(λ1, . . . , λN ) £ Ê¸¸μ¢  Ê´¨É ·´μ£μ  ´¸ ³¡²Ö ¸μ¢¶ -
¤ ¥É ¸μ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ  ´¸ ³¡²Ö É·¥Ì¤¨ £μ´ ²Ó´ÒÌ ¸¨³³¥É·¨Î´ÒÌ
³ É·¨Í M , ¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ±μÉμ·ÒÌ xkk (k = 1, . . . , K) · ¸¶·¥-
¤¥²¥´Ò ´μ·³ ²Ó´μ, N (μ, σ),   ¸Ê¡¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ xk,k+1 ≡ xk+1,k

(k = 1, . . . , K) ¨³¥ÕÉ É ± ´ §Ò¢ ¥³μ¥ χk-· ¸¶·¥¤¥²¥´¨¥. � ¶μ³´¨³, ÎÉμ ´μ·-
³ ²Ó´μ¥ ¨ χ-· ¸¶·¥¤¥²¥´¨Ö ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¤²Ö
¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò, x:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f(x|μ, σ) =
1√

2πσ2
exp

[
− (x − μ)2

2σ2

]
Å ´μ·³ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥, N (μ, σ),

f(x|n) =
xk−1 e−x2/2

2k/2−1Γ

(
k

2

) , x � 0 Å χ-· ¸¶·¥¤¥²¥´¨¥,

(6)
£¤¥ Γ(z) Å ÔÉμ £ ³³ -ËÊ´±Í¨Ö. ‚ ¦´μ, ÎÉμ ¸Ê¡¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ xk,k+1

· ¸¶·¥¤¥²¥´Ò ´¥ ¨¤¥´É¨Î´μ.
‘¨³³¥É·¨Î´ Ö ³ É·¨Í  M (¸ xij = xji) ¤μ¶Ê¸± ¥É ¶·μ¸ÉÊÕ ¨´É¥·¶·¥-

É Í¨Õ ¢ ± Î¥¸É¢¥ É· ´¸Ë¥·-³ É·¨ÍÒ § ¤ Î¨ ¶μ¤¸Î¥É  ¶ÊÉ¥° ´  ¸²ÊÎ °´μ³
¸¨³³¥É·¨Î´μ³ ¤¥·¥¢¥ [12]. —Éμ¡Ò ¸¤¥² ÉÓ ÊÉ¢¥·¦¤¥´¨¥ ¡μ²¥¥ ¶·μ§· Î´Ò³,



��‚��‚…‘�›… ‘�…„�…��‹…‚›… Œ�„…‹ˆ ‘’�’ˆ‘’ˆ—…‘Š�‰ ”ˆ‡ˆŠˆ 361

§ ¶¨Ï¥³ M ¢³¥¸É¥ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´μ° ³ É·¨Í¥° M ′:

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x11 x12 0 0 0 . . .

x21 x22 x23 0 0

0 x32 x33 x34 0

0 0 x43 x44 x45

0 0 0 x54 x55

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

; M ′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x11 1 0 0 0 . . .

x2
21 x22 1 0 0

0 x2
32 x33 1 0

0 0 x2
43 x44 1

0 0 0 x2
54 x55

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(7)
‚¨¤´μ, ÎÉμ ¶·¨ ²Õ¡μ³ · ¸¶·¥¤¥²¥´¨¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ detM = detM ′.
„ ²¥¥ ¡Ê¤¥³ · ¡μÉ ÉÓ ¸ ³ É·¨Í¥° M̂ ′ ¨ · ¸¸³ É·¨¢ ÉÓ ¥¥ ± ± É· ´¸Ë¥·-
³ É·¨ÍÊ ¸²ÊÎ °´μ£μ ¤¥·¥¢ , ¶μ¸É·μ¥´´ÊÕ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

a) ¢¸¥ ¢¥·Ï¨´Ò ¶μ±μ²¥´¨Ö ¤¥·¥¢  k ¨³¥ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ ¸²ÊÎ °´Ò° ¢¥¸
¸ ´μ·³ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ N (μ, σ);

¡) ¸É¥¶¥´Ó (¢ ²¥´É´μ¸ÉÓ) ¢¸¥Ì ¢¥·Ï¨´ ¤¥·¥¢  ¢ ¶μ±μ²¥´¨¨ k ¥¸ÉÓ ¸²ÊÎ °-
´ Ö ¢¥²¨Î¨´  ¸ · ¸¶·¥¤¥²¥´¨¥³ χk.

„²Ö § ¤ Î¨ ¶μ¤¸Î¥É  ¶ÊÉ¥° ´  É ±μ³ ¸²ÊÎ °´μ³ ¤¥·¥¢¥ Ê¸²μ¢¨¥ a) μ¡¥¸¶¥-
Î¨¢ ¥É ´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´Ò¥ Ô²¥³¥´ÉÒ ¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ,   ¡) Å
χ-· ¸¶·¥¤¥²¥´´Ò¥ ¢¥¸  ¤²Ö ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ¸μ¸¥¤´¨³¨ ¶μ±μ²¥´¨Ö³¨ ¤¥·¥¢ 
(μÉ ¶μ±μ²¥´¨Ö k ± ¶μ±μ²¥´¨Õ k + 1).

�¶·¥¤¥²¨³ É¥¶¥·Ó Ê¸·¥¤´¥´´μ¥ ¤¥·¥¢μ, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³ Ê¸-
·¥¤´¥´¨Ö ¶μ  ´¸ ³¡²Õ ¸²ÊÎ °´ÒÌ ¤¥·¥¢Ó¥¢, ¶μ¸É·μ¥´´ÒÌ ¢ÒÏ¥. ‚³¥¸Éμ Éμ£μ
ÎÉμ¡Ò ¨³¥ÉÓ ¤¥²μ ¸μ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ  ´¸ ³¡²Ö ¸²ÊÎ °´ÒÌ ³ É·¨Í
M ¨ M ′, ¡Ê¤¥³ ¨¸¸²¥¤μ¢ ÉÓ · ¸¶·¥¤¥²¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ®¸·¥¤´¨Ì¯
³ É·¨Í 〈M〉 ¨ 〈M ′〉, ¶μ²ÊÎ¥´´ÒÌ ¶ÊÉ¥³ § ³¥´Ò ± ¦¤μ£μ Ô²¥³¥´É  ³ É·¨ÍÒ
´  ¥£μ ¸·¥¤´¥¥ §´ Î¥´¨¥. ‘·¥¤´¨¥ §´ Î¥´¨Ö ¢¸¥Ì ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢
· ¢´Ò 0, É ± ± ± ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ f(x|μ, σ) ¸¨³³¥É·¨Î´  μÉ´μ¸¨É¥²Ó´μ
´Ê²Ö ¶·¨ μ = 0,   ¸·¥¤´¨¥ ¢´¥¤¨ £μ´ ²Ó´ÒÌ ¸²ÊÎ °´ÒÌ Ô²¥³¥´Éμ¢ ¤ ÕÉ¸Ö
¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

μ1 = Eχ(k) (x) =

√
2Γ

(
k + 1

2

)

Γ

(
k

2

) ¤²Ö ¢´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ M,

μ2 = Eχ(k) (x
2) = k ¤²Ö ¢´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ M ′.

(8)
�·¨ k � 1 ³ Éμ¦¨¤ ´¨¥ Eχ(k)(x) ¨³¥¥É  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥

Eχ(k)(x)
∣∣
k�1

=
√

k. (9)

„²Ö Ê¤μ¡¸É¢  ¨¸¶μ²Ó§Ê¥³  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ Ëμ·³Ê Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ, É ±
± ± μÉ´μ¸¨É¥²Ó´ Ö · §´¨Í  ¸·¥¤´¥° ¢¥²¨Î¨´Ò ¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ §´ Î¥´¨Ö
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Ö¢²Ö¥É¸Ö ¡Ò¸É·μ Ê³¥´ÓÏ ÕÐ¥°¸Ö ËÊ´±Í¨¥°. ’ ±¨³ μ¡· §μ³, Ê¸·¥¤´¥´´Ò¥ ³ -
É·¨ÍÒ 〈M〉 ¨ 〈M ′〉:

〈M〉 ≈

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√

1 0 0 0 . . .
√

1 0
√

2 0 0

0
√

2 0
√

3 0

0 0
√

3 0
√

4

0 0 0
√

4 0
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, 〈M ′〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 . . .

1 0 1 0 0

0 2 0 1 0

0 0 3 0 1

0 0 0 4 0

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(10)

Œ É·¨Í  K ×K 〈M ′〉 ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± É· ´¸Ë¥·-³ É·¨Í  ¤²Ö
¸²ÊÎ °´ÒÌ ¡²Ê¦¤ ´¨° ´  ¸¨³³¥É·¨Î´μ³ · ¸ÉÊÐ¥³ (T +) ¨²¨ Ê¡Ò¢ ÕÐ¥³ (T −)
¸Ê¶¥·¤¥·¥¢¥. ‘É¥¶¥´Ó ¢¥·Ï¨´Ò, p, ÔÉ¨Ì ¤¥·¥¢Ó¥¢ ´¥ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ°,  
²¨´¥°´μ § ¢¨¸¨É μÉ É¥±ÊÐ¥£μ Ê·μ¢´Ö, k (k = 0, 1, 2, . . . , K − 1):

p+
k =

{
p+
0 ¤²Ö k = 0,

2 + ak ¤²Ö k � 1, a > 0
¨ p−k =

{
p−0 ¤²Ö k = 0,

p−0 − ak ¤²Ö k � 1, a > 0
(11)

¸μμÉ¢¥É¸É¢¥´´μ ¤²Ö ¸Ê¶¥·¤¥·¥¢Ó¥¢ T + ¨ T − (·¨¸. 1,  , ¡). ˆ´±·¥³¥´É (¸±μ·μ¸ÉÓ
¨§³¥´¥´¨Ö) ¢¥É¢²¥´¨Ö, a, ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ¶μ±μ²¥´¨Ö ± ¶μ±μ²¥´¨Õ ¸Ê¶¥·¤¥-
·¥¢  Ö¢²Ö¥É¸Ö ´¥±μÉμ·μ° Í¥²μÎ¨¸²¥´´μ° ±μ´¸É ´Éμ°,   Î¥·¥§ p±0 μ¡μ§´ Î¥´μ
Î¨¸²μ ·¥¡¥·, ¢ÒÌμ¤ÖÐ¨Ì ¨§ ±μ·´Ö (k = 0) ¤¥·¥¢ . Œ É·¨Í  〈M ′〉 ¢ (10) ¸μ-
μÉ¢¥É¸É¢Ê¥É · ¸ÉÊÐ¥³Ê ¸Ê¶¥·¤¥·¥¢Ê T + ¸ p+

0 = 1 ¨ a = 1. ‘Ê¶¥·¤¥·¥¢ÓÖ T ±

¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶ · ³¥É·¨§ÊÕÉ ¢ ±μ´É¨´Ê ²Ó´μ³ ¶·¥¤¥²¥ ¸¨³³¥É·¨Î-
´Ò¥ ·¨³ ´μ¢Ò ¶·μ¸É· ´¸É¢  ´¥¶μ¸ÉμÖ´´μ° μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´Ò.

�¥·¥¤ É¥³ ± ± ¶·¨¸ÉÊ¶ ÉÓ ± ¨¸¸²¥¤μ¢ ´¨Õ ¸É É¨¸É¨Î¥¸±¨Ì ¸¢μ°¸É¢ ¸²Ê-
Î °´ÒÌ Ô±¸±Ê·¸¨° ´  ¸Ê¶¥·¤¥·¥¢ÓÖÌ, ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ¢ ¦´Ò° ³μ³¥´É, ± ¸ -
ÕÐ¨°¸Ö ¶μ¤¸Î¥É  Î¨¸²  ¸²ÊÎ °´ÒÌ ¶ÊÉ¥° ´  ´¥μ¤´μ·μ¤´ÒÌ £· Ë Ì. ‚ ¸¢Ö§¨ ¸
É¥³, ÎÉμ ¢¥É¢²¥´¨¥ ¤¥·¥¢  ´¥ Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´Ò³, ´Ê¦´μ · §²¨Î ÉÓ ¢ÒÎ¨¸²¥-
´¨¥ ¸É É¸Ê³³Ò ¶ÊÉ¥° (‘�) ¨ ¡μ²¥¥ ¶·¨¢ÒÎ´ÊÕ ¸É É¨¸É¨±Ê ¸²ÊÎ °´ÒÌ ¡²Ê¦¤ -
´¨° (‘	). � §´¨Í  ³¥¦¤Ê ‘� ¨ ‘	 § ±²ÕÎ ¥É¸Ö ¢ · §²¨Î´ÒÌ ´μ·³¨·μ¢± Ì
Ô²¥³¥´É ·´μ£μ Ï £ : ¤²Ö ‘� ¢¸¥ Ï £¨ ¢Ìμ¤ÖÉ ¢ ¸É É¸Ê³³Ê ¸ ¢¥¸μ³ μ¤¨´,   ¤²Ö
¸¨³³¥É·¨Î´μ£μ ‘	 ¢¥·μÖÉ´μ¸ÉÓ Ï £  § ¢¨¸¨É μÉ É¥±ÊÐ¥° ¸É¥¶¥´¨ ¢¥·Ï¨´Ò,
p: ¢¥·μÖÉ´μ¸ÉÓ Ï £  ¶μ ± ¦¤μ° ¸¢Ö§¨ £· Ë  · ¢´  p−1. „²Ö μ¤´μ·μ¤´ÒÌ £· -
Ëμ¢ ¸ μ¤¨´ ±μ¢Ò³ Î¨¸²μ³ ¸¢Ö§¥°, ¢ÒÌμ¤ÖÐ¨Ì ¨§ μ¤´μ° ¢¥·Ï¨´Ò, ¸É É¸Ê³³ 
‘� ¨ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ‘	 μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ ±μ´¸É ´Éμ° ´μ·³¨-
·μ¢±¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³ Éμ¦¨¤ ´¨Ö ¨ ¤¨¸¶¥·¸¨¨ μ¤¨´ ±μ¢Ò. �¤´ ±μ ¤²Ö
´¥μ¤´μ·μ¤´ÒÌ £· Ëμ¢, É ±¨Ì ± ± ¸Ê¶¥·¤¥·¥¢ÓÖ T ±, · §²¨Î¨¥ ³¥¦¤Ê ‘� ¨ ‘	
¶·¨´Í¨¶¨ ²Ó´μ: ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Î¨¸²  ¶ÊÉ¥° ³μ¦¥É ¢μ§´¨± ÉÓ ®Ô´É·μ¶¨°-
´ Ö¯ ²μ± ²¨§ Í¨Ö ´  ¢¥·Ï¨´ Ì ¸ ¡μ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ p, ¢ Éμ ¢·¥³Ö ± ±
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�¨¸. 1. ‘Ê¶¥·¤¥·¥¢ÓÖ: a) · ¸ÉÊÐ¥¥ ¤¥·¥¢μ T + ¸ p0 = 1 ¨ a = 1; ¡) Ê¡Ò¢ ÕÐ¥¥ ¤¥·¥¢μ
T − ¸ p0 = 4 ¨ a = −1; ¢) ±μ´Ë¨£Ê· Í¨Ö ¡·μÊ´μ¢¸±μ£μ ³μ¸É  (® ·¡Ê§¯), μ¡· §μ¢ ´´ Ö
¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨ É· ¥±Éμ·¨Ö³¨ ¶μ n = 9 Ï £μ¢ ± ¦¤ Ö (¸¶²μÏ´ Ö ¨ ÏÉ·¨Ìμ¢ Ö
²¨´¨¨). �¡¥ É· ¥±Éμ·¨¨ ´ Î¨´ ÕÉ¸Ö ¢ ±μ·´¥ 0 ¨ ¸μ¥¤¨´ÖÕÉ¸Ö ¢ ÉμÎ±¥ A ´  Ê·μ¢´¥ k
· ¸ÉÊÐ¥£μ ¤¥·¥¢ 

¤²Ö ¸²ÊÎ °´ÒÌ ¡²Ê¦¤ ´¨° É ±μ° ²μ± ²¨§ Í¨¨ ´¥É ¶μ μ¶·¥¤¥²¥´¨Õ. ‚μ¶·μ¸Ò,
¸¢Ö§ ´´Ò¥ ¸ · §²¨Î¨¥³ ‘� ¨ ‘	,   É ±¦¥ ÔËË¥±É Ô´É·μ¶¨°´μ° ²μ± ²¨§ Í¨¨
¢¶¥·¢Ò¥ μ¡¸Ê¦¤ ²¨¸Ó ¤²Ö ¸ ³μ¶μ¤μ¡´ÒÌ ¸É·Ê±ÉÊ· ¢ · ¡μÉ¥ [14],   § É¥³ Å
¢ · ¡μÉ¥ [15] ¤²Ö £· Ëμ¢ ¢ ¢¨¤¥ §¢¥§¤. �¥¤ ¢´μ Ö¢²¥´¨¥ ²μ± ²¨§ Í¨¨ μ¡¸Ê-
¦¤ ²μ¸Ó ¢ ¡μ²¥¥ μ¡Ð¥³ ±μ´É¥±¸É¥ ¢ · ¡μÉ¥ [16] ¤²Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥Éμ± ¸
¤¥Ë¥±É ³¨, £¤¥  ¢Éμ·Ò ¢¢¥²¨ ¶μ´ÖÉ¨¥ ¸²ÊÎ °´μ£μ ¡²Ê¦¤ ´¨Ö ¸ ³ ±¸¨³ ²Ó´μ°
Ô´É·μ¶¨¥°, ±μÉμ·μ¥ ¶μ ¸ÊÐ¥¸É¢Ê ¨¤¥´É¨Î´μ ¶·μ¡²¥³¥ ¶μ¤¸Î¥É  ¶ÊÉ¥°. ” §μ-
¢Ò° ¶¥·¥Ìμ¤ ²μ± ²¨§ Í¨ÖÄ¤¥²μ± ²¨§ Í¨Ö ¢ § ¤ Î¥ ¶μ¤¸Î¥É  ¶ÊÉ¥° ´  ¤¥·¥¢¥ ¸
μ¤´¨³ ÉÖ¦¥²Ò³ ±μ·´¥³ ¨§ÊÎ ²¸Ö ¢ · ¡μÉ¥ [17].

� ¸¸³μÉ·¨³ ¶·μ¡²¥³Ê ¢ÒÎ¨¸²¥´¨Ö ¸É É¸Ê³³Ò Î¨¸²  ¶ÊÉ¥° ´  ±μ´¥Î´μ³
¤¥·¥¢¥ T . �¶·¥¤¥²¨³ ¸É É¸Ê³³Ê, ZN(k), Î¨¸²  ¢¸¥Ì ¶ÊÉ¥° ¨§ N Ï £μ¢, ´ Î¨-
´ ÕÐ¨Ì¸Ö ¨§ ±μ·´Ö ¤¥·¥¢  (k = 0) ¨ § ± ´Î¨¢ ÕÐ¨Ì¸Ö ´  ´¥±μÉμ·μ³ ¶μ±μ²¥-
´¨¨ ¤¥·¥¢ , k (k = 0, . . . , K − 1). …¸²¨ T Ö¢²Ö¥É¸Ö μ¡ÒÎ´Ò³ ¤¥·¥¢μ³ Š¥°²¨
(·¥Ï¥É±μ° 	¥É¥) ¸ ¶μ¸ÉμÖ´´Ò³ ¢¥É¢²¥´¨¥³, p, ¢ ± ¦¤μ° ¢¥·Ï¨´¥, Éμ ¢μ¶·μ¸
¢ÒÎ¨¸²¥´¨Ö ZN(k) Ìμ·μÏμ ¨§¢¥¸É¥´ ¨ ³´μ£μ±· É´μ μ¡¸Ê¦¤ ²¸Ö ¢ ²¨É¥· ÉÊ·¥
¢ ¸¢Ö§¨ ¸ · §²¨Î´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¶·¨²μ¦¥´¨Ö³¨, ´ Î¨´ Ö ¸μ ¸É É¨¸É¨±¨
¸²ÊÎ °´ÒÌ ¡²Ê¦¤ ´¨°, Éμ¶μ²μ£¨¨ ¶μ²¨³¥·μ¢, ²μ± ²¨§ Í¨¨ ¨ § ± ´Î¨¢ Ö ¢μ-
¶·μ¸ ³¨, ¸¢Ö§ ´´Ò³¨ ¸ ·¥´μ·³£·Ê¶¶μ¢Ò³¨ ¶μÉμ± ³¨ ´  ³´μ£μμ¡· §¨ÖÌ, £μ-
²μ£· Ë¨¥° ¨ ¸É·Ê±ÉÊ·μ° Î¥·´ÒÌ ¤Ò· ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. ‚μ ¢¸¥Ì
Ê± § ´´ÒÌ ¸²ÊÎ ÖÌ μ¤´μ·μ¤´μ¥ ¤¥·¥¢μ Š¥°²¨ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¤¨¸±·¥É¨-
§ Í¨Ö £¨¶¥·¡μ²¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  Å ¶μ¢¥·Ì´μ¸É¨ �¨³ ´  ¸ ¶μ¸ÉμÖ´´μ°
μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´μ°. „²Ö · ¸ÉÊÐ¥£μ ¤¥·¥¢  μ¶·¥¤¥²¥´´ Ö ¢ÒÏ¥ ËÊ´±Í¨Ö
ZN (k) Ê¤μ¢²¥É¢μ·Ö¥É ·¥±Ê··¥´É´μ³Ê ¸μμÉ´μÏ¥´¨Õ (k = 0, 1, . . . , K − 1)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ZN+1(k) = (pk−1 − 1)ZN (k − 1) + ZN (k + 1) ¤²Ö 2 � k � K − 1,

ZN+1(k) = ZN(k + 1) ¤²Ö k = 0,

ZN+1(k) = pk−1ZN (k − 1) + ZN (k + 1) ¤²Ö k = 1,

ZN+1(k) = (pk−1 − 1)ZN (k − 1) ¤²Ö k = K − 1,

ZN=0 = δk,0.

(12)
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—Éμ¡Ò ¶¥·¥¶¨¸ ÉÓ (12) ¢ ³ É·¨Î´μ° Ëμ·³¥, ¸¤¥² ¥³ ¸¤¢¨£ k → k + 1 ¨ ¶μ-
¸É·μ¨³ ¢¥±Éμ· ZN = (ZN (1), ZN (2), . . . , ZN (K))�. “· ¢´¥´¨¥ (12) μ¶·¥¤¥-
²Ö¥É Ô¢μ²ÕÍ¨Õ ¢¥±Éμ·  ZN ¶μ N :

ZN+1 = T̂ZN ; T̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 . . . 0

p0 0 1 0

0 p1 − 1 0 1
...

0 0 p2 − 1 0
...

. . .

0 . . . pK−2 − 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

; ZN=0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

...

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(13)
Œ É·¨ÍÊ T̂ ³μ¦´μ ¤¨ £μ´ ²¨§μ¢ ÉÓ ¸É ´¤ ·É´Ò³ μ¡· §μ³. • · ±É¥·¨¸É¨Î¥-
¸±¨¥ ¶μ²¨´μ³Ò Pk(λ) = det (T̂ − λÎ) ³ É·¨ÍÒ k × k T̂ Ê¤μ¢²¥É¢μ·ÖÕÉ ·¥-
±Ê·¸¨¨ ⎧⎪⎪⎨

⎪⎪⎩
Pk(λ) = −λPk−1(λ) − (pk−2 − 1)Pk−2(λ) ¤²Ö 3 � k � K,

P1(λ) = −λ,

P2(λ) = λ2 − p0,

(14)

£¤¥ ¢¥²¨Î¨´  pk μ¶·¥¤¥²¥´  ¢ (11). ‘¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ, ρ(λ), ¶μ¸É·μ¥´ 
¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �¥Ï¨³ Ê· ¢´¥´¨¥ PK(λ) = 0 ¤²Ö § ¤ ´´μ£μ K , ¶μ²ÊÎ¨³
´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λ1, . . . , λK ¨ ¶μ¸É·μ¨³ £¨¸Éμ£· ³³Ê ±· É´μ¸É¨
¢Ò·μ¦¤¥´¨Ö ± ¦¤μ£μ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö. ‘¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ¤²Ö
´¥¸±μ²Ó±¨Ì · §²¨Î´ÒÌ §´ Î¥´¨° p0 ¨ a ¶μ± § ´Ò ´  ·¨¸. 2, £¤¥ ¨§μ¡· ¦¥´Ò
§ ¢¨¸¨³μ¸É¨ ρ(λ) ¤²Ö É· ´¸Ë¥·-³ É·¨Í · §³¥·  K × K ¶·¨ K = 400 ¨ ¸²¥-
¤ÊÕÐ¨Ì ´ ¡μ·μ¢ ¶ · ³¥É·μ¢: p0 = 800, a = −2 ¤²Ö ·¨¸. a, p0 = 1, a = 1 ¤²Ö
·¨¸. ¡, p0 = 1, a = −0,0025 ¤²Ö ·¨¸. ¢ ¨ p0 = 1, a = 0,0025 ¤²Ö ·¨¸. £.

� ¸¸³μÉ·¨³ É¥¶¥·Ó  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ (12) ¤²Ö · ¸ÉÊÐ¥£μ ¤¥·¥¢  T +

¸ p0 = 1 ¨ a = 1 ¨ ¶·μ ´ ²¨§¨·Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê PK . • -
· ±É¥·¨¸É¨Î¥¸±¨¥ ¶μ²¨´μ³Ò Pk(λ) É· ´¸Ë¥·-³ É·¨ÍÒ T μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³:⎧⎪⎪⎨

⎪⎪⎩
Pk(λ) = −λPk−1(λ) − (k − 1)Pk−2(λ) ¤²Ö 3 � k � K,

P1(λ) = λ,

P2(λ) = λ2 − 1.

(15)

“· ¢´¥´¨Ö (15) ¸μ¢¶ ¤ ÕÉ ¸ ·¥±Ê·¸¨¥° ¤²Ö ®¢¥·μÖÉ´μ¸É´ÒÌ¯ ¶μ²¨´μ³μ¢ �·-
³¨É  Hk(λ):

Pk(λ) ≡ Hk(λ) = (−1)keλ2/2 dk

dλk
e−λ2/2, Hk(λ) = 2−k/2Hk

(
λ√
2

)
, (16)
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�¨¸. 2. �·¨³¥·Ò ¸¶¥±É· ²Ó´ÒÌ ¶²μÉ´μ¸É¥° É· ´¸Ë¥·-³ É·¨Í ¤¥·¥¢Ó¥¢ ¨§ K = 400
¶μ±μ²¥´¨° ¨ · §²¨Î´ÒÌ ¸²ÊÎ ¥¢: a) p0 = 800, a = −2; ¡) p0 = 1, a = 1; ¢) p0 = 1,
a = −0,0025; £) p0 = 1, a = 0,0025

£¤¥ Hk(λ) Å ¸É ´¤ ·É´Ò¥ ¶μ²¨´μ³Ò �·³¨É . ‘²¥¤μ¢ É¥²Ó´μ, ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ³ É·¨ÍÒ T · §³¥·  K × K (¸³. (13)) Å ÔÉμ ±μ·´¨ ¶μ²¨´μ³  �·-
³¨É  Hk(λ). ‚ ¸É ÉÓ¥ [18] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ´μ·³¨·μ¢ ´´Ò¥ ±μ·´¨ K-£μ
³´μ£μÎ²¥´  �·³¨É  ¸² ¡μ ¸Ìμ¤ÖÉ¸Ö ¶·¨ K � 1 ± ¶μ²Ê±·Ê£μ¢μ³Ê · ¸¶·¥¤¥²¥-
´¨Õ ‚¨£´¥· :

ρ(λ) =
1

2πK

√
4K − λ2. (17)

’ ±¨³ μ¡· §μ³, ¸¶¥±É· ²Ó´ Ö ¶²μÉ´μ¸ÉÓ ρ(λ) ¢¡²¨§¨ ¸¶¥±É· ²Ó´μ° £· ´¨ÍÒ
|λmax| = 2

√
K ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥°.

�μ´ÖÉ´μ, ÎÉμ, ¶¥·¥°¤Ö μÉ ¸²ÊÎ °´μ° ³ É·¨ÍÒ M ± Ê¸·¥¤´¥´´μ° 〈M〉, ³Ò
¶μ²´μ¸ÉÓÕ ¨¸±²ÕÎ¨²¨ ¸²ÊÎ °´μ¸ÉÓ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢μ§´¨± ¥É ¸²¥¤ÊÕÐ¨°
¢μ¶·μ¸: ´¥¸¥É ²¨ ³ É·¨Í  〈M〉 ± ±ÊÕ-²¨¡μ μ¸É ÉμÎ´ÊÕ ¨´Ëμ·³ Í¨Õ μ · ¸-
¶·¥¤¥²¥´¨¨ ’·¥°¸¨Ä‚¨¤μ³ ? �¨¦¥ ³Ò ¶μ± ¦¥³, ÎÉμ ´¥£ Ê¸¸μ¢  ¸É É¨¸É¨±  ¸
Ì · ±É¥·´Ò³ ¸±¥°²¨´£μ³ Š�‡ ¸±·ÒÉ  ¢ ¸É É¨¸É¨±¥ ¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨°
(§ ³±´ÊÉÒÌ ¶ÊÉ¥°) ´  ±μ´¥Î´ÒÌ ¸Ê¶¥·¤¥·¥¢ÓÖÌ. 	μ²¥¥ Éμ£μ, ¶·¥¤¶μ² £ Ö, ÎÉμ
¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥ N = cK ³¥¦¤Ê Î¨¸²μ³ Ï £μ¢ N ¡·μÊ´μ¢¸±μ£μ ³μ-
¸É  ¨ · §³¥·μ³ K ¸Ê¶¥·¤¥·¥¢ , ¨ ¢ ·Ó¨·ÊÖ c, ³Ò ³μ¦¥³ Ê¢¨¤¥ÉÓ ¤μ¸É ÉμÎ´μ
¶² ¢´Ò° Ë §μ¢Ò° ¶¥·¥Ìμ¤ ¢ ¶·¥¤¥²¥ K → ∞. �μ¤ ¶¥·¥Ìμ¤  ¶μ±  ÉμÎ´μ ´¥
μ¶·¥¤¥²¥´, ´μ ¥¸ÉÓ μ¸´μ¢ ´¨Ö ¶·¥¤¶μ² £ ÉÓ, ÎÉμ μ´ 3-£μ ·μ¤ .
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ˆÉ ±, · ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¨³¥Ö ¸¨³³¥É·¨Î´μ¥ ±μ´¥Î´μ¥ ¸Ê-
¶¥·¤¥·¥¢μ T± · §³¥·μ³ K , ¢ÒÎ¨¸²¨³ Ê¸²μ¢´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨
WN (k, n|K) ¤²Ö ¢¸¥Ì É· ¥±Éμ·¨° ¨§ N Ï £μ¢, ´ Î¨´ ÕÐ¨Ì¸Ö ¢ ±μ·´¥ ¤¥·¥¢ 
(k = 0) ¨ ¢μ§¢· Ð ÕÐ¨Ì¸Ö ÉÊ¤  ¦¥ ´  ¶μ¸²¥¤´¥³ Ï £¥, Ê ±μÉμ·ÒÌ ¶·μ³¥-
¦ÊÉμÎ´Ò° Ï £ ¸ ´μ³¥·μ³ n ´ Ìμ¤¨É¸Ö ´  · ¸¸ÉμÖ´¨¨ k μÉ ±μ·´Ö ¤¥·¥¢ . ‚
Î ¸É´μ¸É¨, ´ ¸ ¨´É¥·¥¸Ê¥É ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö WN (k, n = N/2|K). ‚Ò-
Î¨¸²ÖÖ ¢¥²¨Î¨´Ê 〈(

k − 〈k〉
)2〉 ∼ K2γ (18)

¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ K → ∞ ¶·¨ Ê¸²μ¢¨¨ N = cK , ³Ò μ¦¨¤ ¥³
Ê¢¨¤¥ÉÓ · §´Ò¥ §´ Î¥´¨Ö γ ´¨¦¥ ¨ ¢ÒÏ¥ ´¥±μÉμ·μ£μ §´ Î¥´¨Ö c = c∗,  
¨³¥´´μ:

γ =

{
1/2 ¤²Ö c < c∗,

1/3 ¤²Ö c > c∗.
(19)

�μ¸±μ²Ó±Ê ¶μ²¨´μ³Ò �·³¨É  Ö¢²ÖÕÉ¸Ö ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ ±¢ ´Éμ-
¢μ£μ μ¸Í¨²²ÖÉμ· , ³μ¦´μ § ¤ ÉÓ ¢μ¶·μ¸, ± ± ¶·μÖ¢²Ö¥É¸Ö ¸±¥°²¨´£ Š�‡ ¢
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ¶μ¸É ´μ¢±¥. ‘ ÔÉμ° Í¥²ÓÕ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥-
´¨¥³ μ¸Í¨²²ÖÉμ·  ¢ É¥·³¨´ Ì ¸Ê¶¥·¤¥·¥¢  ¨ ³ É·¨Î´μ° ³μ¤¥²¨ [19]. ‚μ²´μ-
¢ÊÕ ËÊ´±Í¨Õ ΨN (x) ¸ Ô´¥·£¨¥° EN = �(N + 1/2) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥
¢§¢¥Ï¥´´μ° ¸Ê³³Ò ¶ÊÉ¥° ´  ¸Ê¶¥·¤¥·¥¢¥:

ΨN (x) ∝
∑

paths,N

eiS̃(paths|x), (20)

£¤¥ ¸Ê³³  ¨¤¥É ¶μ ¢¸¥³ ¶ÊÉÖ³ ¨§ N Ï £μ¢ ´  ¤¥·¥¢¥. �ÊÉ¨ ´ Î¨´ ÕÉ¸Ö ¢ ±μ·´¥
¨ § ± ´Î¨¢ ÕÉ¸Ö ¢ ¢¥·Ï¨´¥ ¸Ê¶¥·¤¥·¥¢  ¶μ±μ²¥´¨Ö K . ˆ´É¥£· ² ¶μ É· ¥±Éμ-
·¨¨ (20) ¸μ¢¶ ¤ ¥É ¸ ¨´É¥£· ²μ³ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ μ¸Í¨²²ÖÉμ· ,
±Ê¤  Ô´¥·£¨Ö ¢Ìμ¤¨É ± ± ¢¥¸. „¢  ¶·¥¤¸É ¢²¥´¨Ö ¤ ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ μÉ¢¥É
¤²Ö ¸É É¸Ê³³Ò

Z(T ) =
∫

paths

dx(t) eS(x(t)) = TrHilbert space e−TH. (21)

‚ ¨´É¥£· ²¥ ¶μ É· ¥±Éμ·¨Ö³ ´ ²μ¦¥´μ Ê¸²μ¢¨¥ x(t) = x(t + T ). ‘¢Ö§ ´´μ¥ ¸
ÔÉ¨³ ¶·¥¤¸É ¢²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ É¥·³¨´ Ì É· ´¸Ë¥·-³ É·¨ÍÒ É ±μ¢μ:

ΨN (x) ∝ det (x − X̂)N×N , (22)

£¤¥ X̂ =
√

I cos (i(d/dI)) Å μ¶¥· Éμ· ±μμ·¤¨´ É ¢ ¶·¥¤¸É ¢²¥´¨¨ ¤¥°¸É¢¨¥Ä
Ê£μ². �  ± ¦¤μ³ Ï £¥ ¶·¨³¥´¥´¨¥ μ¶¥· Éμ·  X̂ μÉ¢¥Î ¥É ¤¢¨¦¥´¨Õ ¶μ · ¤¨Ê-
¸Ê ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �Éμ ¶·¥¤¸É ¢²¥´¨¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨Õ
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¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ Î¥·¥§ Ô·³¨Éμ¢Ê N × N ³ É·¨ÍÊ
β- ´¸ ³¡²Ö ¸ £ Ê¸¸μ¢μ° ³¥·μ° [19]

ΨN (x) ∝
∫ N∏

i

dλi(λi − λj)β det (M − x)β e−β Tr M2
. (23)

� ¸ ¨´É¥·¥¸Ê¥É ¶·¥¤¥² β → 0, βN = const, £¤¥ ¶·μ¨§¢¥¤¥´¨¥ βN μ¶·¥¤¥²Ö¥É
Ô´¥·£¨Õ E = �(1/2 + lim

β→0
βN). � ¸¸³ É·¨¢ ¥³ Ö § ¤ Î  ¢ Ô´¥·£¥É¨Î¥¸±μ³

¶·μ¸É· ´¸É¢¥ ¸Ëμ·³Ê²¨·μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³μÉ·¨³ ´¥ ¢¶μ²´¥
¸É ´¤ ·É´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É

W (N, K|n) ∝ 〈0|X̂N |K〉n, (24)

£¤¥ ¡· - ¨ ±¥É-¢¥±Éμ·Ò ¸μμÉ¢¥É¸É¢ÊÕÉ ¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³ ¢ ¶·¥¤¸É ¢²¥´¨¨
¤¥°¸É¢¨Ö Ψ(I). �¶¥· Éμ·μ³ ¶¥·¥Ìμ¤  ¢ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ Ö¢²Ö¥É¸Ö μ¶¥· Éμ·
X̂. Š²ÕÎ¥¢Ò³ ³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ³Ò ¢¢μ¤¨³ μ¡·¥§ ´¨¥ ¢ ¶·μ¸É· ´¸É¢¥
¤¥°¸É¢¨¥ÄÔ´¥·£¨Ö, I < n, ±μÉμ·μ¥ μ£· ´¨Î¨¢ ¥É μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö. � ¸
¨´É¥·¥¸Ê¥É § ¢¨¸¨³μ¸ÉÓ ³ É·¨Î´μ£μ Ô²¥³¥´É  X̂ μÉ ¸μ¸ÉμÖ´¨Ö |K〉. 	Ê¤ÊÎ¨
¸Ëμ·³Ê²¨·μ¢ ´´μ° ¢ μ¡ÒÎ´μ³,   ´¥ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ¤ ´´ Ö
§ ¤ Î  §¢ÊÎ ²  ¡Ò É ±. ‡ Ë¨±¸¨·Ê¥³ ´ Î ²Ó´ÊÕ ¨ ±μ´¥Î´ÊÕ ÉμÎ±¨ Ô¢μ²ÕÍ¨¨
xin, xout ¨ μ¶·¥¤¥²¨³  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤ 

〈xout| exp (iHt)|xin〉, (25)

£¤¥ £ ³¨²ÓÉμ´¨ ´ Å ÔÉμ ´¥±μÉμ·Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° ¨²¨ · §´μ¸É´Ò° μ¶¥-
· Éμ· ¢ x-¶·¥¤¸É ¢²¥´¨¨. �¶·¥¤¥²¨³ É¥¶¥·Ó Ö¢´μ μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨, ¢Ò¡¥-
·¥³ ¢ · §²μ¦¥´¨¨ ¶μ ¸É¥¶¥´Ö³ N Î²¥´, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° HN , ¨ ´ ²μ¦¨³
μ£· ´¨Î¥´¨¥ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ x < X0. ”Ê´±Í¨¥°, ¶·¥¤¸É ¢²Ö-
ÕÐ¥° ¨´É¥·¥¸, ¡Ê¤ÊÉ · ¸¶·¥¤¥²¥´¨Ö ±μ´¥Î´ÒÌ ÉμÎ¥± Ô¢μ²ÕÍ¨¨ ¢ § ¢¨¸¨³μ-
¸É¨ μÉ X0.

1.2. �·μÊ´μ¢¸±¨¥ ³μ¸ÉÒ ¨ ¸É É¨¸É¨±  Š�‡ ´  ±μ´¥Î´ÒÌ ¸Ê¶¥·¤¥·¥¢ÓÖÌ.
‘É É¸Ê³³  ZN(k) É· ¥±Éμ·¨° ¨§ N Ï £μ¢, ´ Î¨´ ÕÐ¨Ì¸Ö ¢ ±μ·´¥ · ¸ÉÊÐ¥£μ
±μ´¥Î´μ£μ ¸Ê¶¥·¤¥·¥¢  T +, Ê¤μ¢²¥É¢μ·Ö¥É ·¥±Ê··¥´É´μ³Ê ¸μμÉ´μÏ¥´¨Õ (12).
�¥·¥¶¨Ï¥³ (12) ¢ ³ É·¨Î´μ³ ¢¨¤¥, ¤²Ö Î¥£μ ¸¤¥² ¥³ ¸¤¢¨£ k → k + 1 ¨
¶μ¸É·μ¨³ ¢¥±Éμ· ZN = (ZN (1), ZN(2), . . . , ZN (K))�. “· ¢´¥´¨¥ (13) μ¶·¥-
¤¥²Ö¥É Ô¢μ²ÕÍ¨Õ ZN ¶μ N :

ZN+1 = TK×KZN , TK×K =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 . . . 0
1 0 1 0
0 2 0 1
0 0 3 0
...

. . .

0 . . . K − 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, ZN=0 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
0
0
0
...
0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(26)
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‘É É¸Ê³³  ZN (k) ¶ÊÉ¥°, § ± ´Î¨¢ ÕÐ¨Ì¸Ö ´  Ê·μ¢´¥ k ¸Ê¶¥·¤¥·¥¢ , ³μ¦¥É
¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ³ É·¨Î´Ò° Ô²¥³¥´É N -° ¸É¥¶¥´¨ É· ´¸Ë¥·-³ É·¨ÍÒ:
ZN (k) =

(
T N

K×K

)
1,k

. �Ê¸ÉÓ N ¨ K Î¥É´Ò¥,   k Å ´¥Î¥É´μ¥ (k = 2m + 1,
m ∈ [0, P/2 − 1]). ’μ£¤  ¶·¨ N > K � 1 ¨³¥¥³

ZN (k) ≈ λN
max

Hk−1(λmax)
K∑

j=1

H2
j−1(λmax)
(j − 1)!

, (27)

£¤¥ Hk(λ) Å ®¢¥·μÖÉ´μ¸É´Ò°¯ ¶μ²¨´μ³ �·³¨É  (¸³. (16)). �·¨ N � 1
¤μ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¢ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¤ ¥É ´ ¨¡μ²ÓÏ¥¥ ¸μ¡¸É¢¥´-
´μ¥ §´ Î¥´¨¥ λmax É· ´¸Ë¥·-³ É·¨ÍÒ TK×K . ’ ±¨³ μ¡· §μ³, ¶·¨ N � 1
¢¥·μÖÉ´μ¸ÉÓ ´ °É¨ ±μ´¥Í ¶ÊÉ¨ ´  Ê·μ¢´¥ k ¸Ê¶¥·¤¥·¥¢  ³μ¦´μ μÍ¥´¨ÉÓ ± ±

PN (k) ≈ Hk−1(λmax)
K/2−1∑

i=0

H2i(λmax)

. (28)

’¥¶¥·Ó ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ Ê¸²μ¢´ÊÕ ¢¥·μÖÉ´μ¸ÉÓ QN (k, n|K) Éμ£μ, ÎÉμ n-°
Ï £ É· ¥±Éμ·¨¨ ´ Ìμ¤¨É¸Ö ´  Ê·μ¢´¥ k ¸Ê¶¥·¤¥·¥¢  ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ´  Ï £¥
N É· ¥±Éμ·¨Ö ¢μ§¢· Ð ¥É¸Ö ¢ ±μ·¥´Ó,   ¢¸¥ ¸Ê¶¥·¤¥·¥¢μ ¨³¥¥É K ¶μ±μ²¥´¨°.
‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¡·μÊ´μ¢¸± Ö Ô±¸±Ê·¸¨Ö £¥μ³¥É·¨Î¥¸±¨ ´ ¶μ³¨´ ¥É ® ·¡Ê§¯
¨ ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ÊÎ ¸É±μ¢, 1 ¨ 2, ¤²¨´μ° n ¨ N − n ¸μμÉ¢¥É¸É¢¥´´μ. �¡ 
ÊÎ ¸É±  ´ Î¨´ ÕÉ¸Ö ¢ ÉμÎ±¥ ±μ·´Ö 0 (¸³. ·¨¸. 1, ¢) ¨ ¢¸É·¥Î ÕÉ¸Ö ¢ ÉμÎ±¥ A,
· ¸¶μ²μ¦¥´´μ° ´  · ¸¸ÉμÖ´¨¨ k μÉ ±μ·´Ö. ”Ê´±Í¨Ö QN (k, n|K) ¥¸ÉÓ

QN (k, n|K) = C0
Pn(k)PN−n(k)

k!PN (0)
= C0

H2
k−1(λmax)

k!
, (29)

£¤¥ C0 =
(∑

k

(H2
k−1(λmax))/k!

)−1

. 	¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ¨ ¤²Ö ¶·μ¸ÉμÉÒ

³μ¦¥³ ¸Î¨É ÉÓ, ÎÉμ n = N/2, É. ¥. ³Ò · ¸¸³ É·¨¢ ¥³ · ¸¶·¥¤¥²¥´¨¥ ¸·¥¤´¥°
ÉμÎ±¨ ¡·μÊ´μ¢¸±μ£μ ³μ¸É ,   ¢ (27) ¶·¥¤¶μ²μ¦¨³, ÎÉμ n = N − n > K .

�μ¢¥¤¥´¨¥ ¶μ²¨´μ³μ¢ �·³¨É , Hk(λ), ¢ μ±·¥¸É´μ¸ÉÖÌ ±· Ö ¸¶¥±É·  ¶μ-
¤·μ¡´μ ¶·μ ´ ²¨§¨·μ¢ ´μ ¢ · ¡μÉ¥ [20]. �·¨ λ ≈ 2

√
K ¶μ²¨´μ³Ò Hk(λ)

¨³¥ÕÉ ¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê:

HK(λ) ≈
√

2π 2−K/2 exp
(

K ln (2K)
2

− 3K

2
+ λ

√
K

)
×

× K1/6Ai

(
λ − 2

√
K

K−1/6

)
, (30)
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£¤¥ Ai(z) = 1/π
∞∫
0

cos (ξ3/3 + ξz), dξ Å ËÊ´±Í¨Ö �°·¨. �¡μ§´ Î¨³ Î¥·¥§

a1 > a2 > a3 > . . . ´Ê²¨ ËÊ´±Í¨¨ �°·¨ (ai < 0 ¤²Ö ¢¸¥Ì i). �·¨
K � 1 ³ ±¸¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥, λmax, É· ´¸Ë¥·-³ É·¨ÍÒ (26)
¨³¥¥É ¸²¥¤ÊÕÐÊÕ ²¨¤¨·ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê:

λmax = 2
√

K + a1 K−1/6, (31)

£¤¥ a1 ≈ −2,3381 Å ´ ¨³¥´ÓÏ¨° ¶μ  ¡¸μ²ÕÉ´μ³Ê §´ Î¥´¨Õ ´μ²Ó ËÊ´±-
Í¨¨ �°·¨.

�·¥¤¶μ²μ¦¨³, ÎÉμ Î¨¸²μ Ï £μ¢ ¡·μÊ´μ¢¸±μ° Ô±¸±Ê·¸¨¨, N , Ö¢²Ö¥É¸Ö ²¨-
´¥°´μ° ËÊ´±Í¨¥° ³ ±¸¨³ ²Ó´μ£μ · §³¥·  ¤¥·¥¢ , K , É. ¥. N = cK . „¥² Ö
¶μ¤¸É ´μ¢±Ê k = K − j ¢ j/K � 1, ¶μ²ÊÎ ¥³ ¤²Ö c > c∗  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶μ¢¥¤¥´¨¥

QN (K − j, n = N/2|K)
∣∣∣
N=cK

=
H2

K−j−1(λmax)
(K − j)!

≈ C−1Ai2 (a + bj) , (32)

£¤¥ C =
∑
i

Ai2(a + bj) ¨ ±μ´¸É ´ÉÒ a ¨ b μ¶·¥¤¥²¥´Ò É ±:

a =
1

K1/3
− a1

(
1 − 1

6K

)
, b =

1
K1/3

− a1

6K
. (33)

�·¨ c > c∗, £¤¥ c∗ ≈ 4, ±¢ ¤· É´Ò° ±μ·¥´Ó ¨§ ¤¨¸¶¥·¸¨¨
√

Var k =√
E(k − Ek)2, ¢ÒÎ¨¸²¥´´μ° ¸ Ê¸²μ¢´Ò³ · ¸¶·¥¤¥²¥´¨¥³ QN=cK , ¨³¥¥É ¸²¥-

¤ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¶·¨ ¡μ²ÓÏ¨Ì K:

√
Var k ∼ Kγ , γ =

1
3
. (34)

�·¨ c < c∗ ËÊ´±Í¨Ö Ê¸²μ¢´μ£μ · ¸¶·¥¤¥²¥´¨Ö, QN=cK , Ö¢²Ö¥É¸Ö £ Ê¸¸μ¢μ°,  
¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¤¨¸¶¥·¸¨Ö ¶·¨ ¡μ²ÓÏ¨Ì K ¨³¥¥É ¢¨¤

√
Var k ∼ Kγ , γ =

1
2
. (35)

”Ê´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¸·¥¤´¨Ì ÉμÎ¥± ¡·μÊ´μ¢¸±¨Ì ³μ¸Éμ¢ ¶·¨ c < c∗ ¨
c > c∗, ¶μ²ÊÎ¥´´Ò¥ ´  μ¸´μ¢¥ ¢ÒÎ¨¸²¥´¨° É· ´¸Ë¥·-³ É·¨Í, ¨§μ¡· ¦¥´Ò
´  ·¨¸. 3.

‚ ÉμÎ±¥ c∗ ¶·μ¨¸Ìμ¤¨É ¤μ¸É ÉμÎ´μ ¶² ¢´Ò° Ë §μ¢Ò° ¶¥·¥Ìμ¤, ±μÉμ·Ò°
¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ ±·¨É¨Î¥¸±¨¥ ¨´¤¥±¸Ò Ë²Ê±ÉÊ Í¨° ¡·μÊ´μ¢¸±μ£μ ³μ-
¸É  ´¨¦¥ ¨ ¢ÒÏ¥ c∗ ¨³¥ÕÉ · §²¨Î´μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥. ‘μμÉ¢¥É-
¸É¢ÊÕÐ Ö Ë §μ¢ Ö ¤¨ £· ³³  ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 4. ŒÒ ´¥ ³μ¦¥³ ¶μ± 
μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ ·μ¤ ¶¥·¥Ìμ¤ , ¤²Ö ÔÉμ£μ É·¥¡ÊÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò¥
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�¨¸. 3. ”Ê´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¸·¥¤´¨Ì ÉμÎ¥± ¡·μÊ´μ¢¸±¨Ì ³μ¸Éμ¢: a) ¸· ¢´¥-
´¨¥ ¸¤¢¨´ÊÉμ£μ · ¸¶·¥¤¥²¥´¨Ö QN (k, n|K) ¢ c < c∗ ¸ £ Ê¸¸μ¢Ò³ · ¸¶·¥¤¥²¥´¨-
¥³ A exp (−(x − 〈x〉)2/σ2) ¸ A = 0,16, σ = 7,07; ¡) ¸³¥Ð¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥
QN(k, n|K) ¸ c > c∗ ¶·μÉ¨¢ · ¸¶·¥¤¥²¥´¨Ö É¨¶  �°·¨: CAi2(a + b(K − x)) ¸
C = 0,70, a = −2,18, b = 0,17, K = 200 ¨ N = 8K (¶ · ³¥É·Ò a, b ¤²Ö ¤ ´-
´μ£μ K μ¶·¥¤¥²¥´Ò ¢ (33))

�¨¸. 4. a) Šμ²¥¡ ´¨Ö ¸·¥¤´¥° ÉμÎ±¨ ¡·μÊ´μ¢¸±μ£μ ³μ¸É  ¢ ®¸¦ Éμ³¯ ·¥¦¨³¥ ¶·¨
c > c∗; ¡) ±·¨É¨Î¥¸±¨¥ Ô±¸¶μ´¥´ÉÒ ¤²Ö ±μ²¥¡ ´¨° ¡·μÊ´μ¢¸±μ£μ ³μ¸É  ´  ±μ´¥Î´ÒÌ
¸Ê¶¥·¤¥·¥¢ÓÖÌ ¶·¨ · §²¨Î´ÒÌ c = N/K. —¥É±μ ¢¨¤¥´ Ë §μ¢Ò° ¶¥·¥Ìμ¤ ¶·¨ c = c∗ ≈ 4

¨¸¸²¥¤μ¢ ´¨Ö, ´μ ¶·¥¤¢ ·¨É¥²Ó´Ò¥ · ¸Î¥ÉÒ ¤ ÕÉ μ¸´μ¢ ´¨¥ ¶μ² £ ÉÓ, ÎÉμ ÔÉμ
¶¥·¥Ìμ¤ É·¥ÉÓ¥£μ ·μ¤ .

�  ·¨¸. 4 ±·¨É¨Î¥¸±¨° ¶μ± § É¥²Ó γ ¶μ¸É·μ¥´ ¢ § ¢¨¸¨³μ¸É¨ μÉ c. ‡ ¢¨¸¨-
³μ¸ÉÓ γ(c) ¶μ§¢μ²Ö¥É ±μ²¨Î¥¸É¢¥´´μ μ¶·¥¤¥²¨ÉÓ, ´ ¸±μ²Ó±μ ¸¨²Ó´μ ¡·μÊ´μ¢-
¸± Ö Ô±¸±Ê·¸¨Ö ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ £· ´¨Í¥° ¸Ê¶¥·¤¥·¥¢ : ¶·¨ c < 2 ¡·μÊ´μ¢-
¸± Ö Ô±¸±Ê·¸¨Ö ´¥ ¤μÌμ¤¨É ¤μ £· ´¨ÍÒ ¤¥·¥¢ ,   ¶·¨ c > 2 ¤¥·¥¢μ ´ Î¨´ ¥É
®¸¦¨³ ÉÓ¯ ¡·μÊ´μ¢¸±¨° ³μ¸É. �¥·¥Ìμ¤ ¶·μ¨¸Ìμ¤¨É ¶·¨ c = c∗ ≈ 4, ÎÉμ μ§´ -
Î ¥É, ÎÉμ ¤²Ö ¢μ§´¨±´μ¢¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö É¨¶  �°·¨ ¸ Ë²Ê±ÉÊ Í¨Ö³¨ Š�‡
¡·μÊ´μ¢¸±¨° ³μ¸É ¨§ N Ï £μ¢ ¤μ²¦¥´ ¡ÒÉÓ ¤μ¸É ÉμÎ´μ ¸¦ É ´  ±μ´¥Î´μ³
¸Ê¶¥·¤¥·¥¢¥ ¨§ K (N > c∗K) ¶μ±μ²¥´¨°.
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2. Œ�ƒ�ˆ’�›… �“’ˆ „ˆŠ� ‚ ��‹�‘…
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‘ Œ�‹�‰ ‘Š���‘’œ
 ‚…’‚‹…�ˆŸ

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ μ¡¸Ê¦¤ ²¨¸Ó ¡·μÊ´μ¢¸±¨¥ Ô±¸±Ê·¸¨¨ ´  ¸Ê¶¥·¤¥-
·¥¢¥ ¸μ ¸±μ·μ¸ÉÓÕ ¢¥É¢²¥´¨Ö a = 1. ‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ °
³ ²μ° ¸±μ·μ¸É¨ ¢¥É¢²¥´¨Ö |a| � 1. ‚ ¸É ÉÓ¥ [12] ¶μ± § ´μ, ÎÉμ ¸²ÊÎ °´μ¥ ¡²Ê-
¦¤ ´¨¥ ´  É ±¨Ì ¤¥·¥¢ÓÖÌ É¥¸´μ ¸¢Ö§ ´μ ¸ É ± ´ §Ò¢ ¥³Ò³¨ ³ £´¨É´Ò³¨ ¶Ê-
ÉÖ³¨ „¨± , ¤²Ö ±μÉμ·ÒÌ ´ ²¨Î¨¥ ÔËË¥±É¨¢´μ£μ ³ £´¨É´μ£μ ¶μ²Ö ´  ·¥Ï¥É±¥
 ´ ²μ£¨Î´μ ¡²Ê¦¤ ´¨Õ ´  £· Ë¥ ¸ ³ ²μ° ²¨´¥°´μ° ¸±μ·μ¸ÉÓÕ ¢¥É¢²¥´¨Ö.

� ¸¸³μÉ·¨³ ±¢ ¤· É´ÊÕ ·¥Ï¥É±Ê N × N ¨ ¶¥·¥Î¨¸²¨³ ¢¸¥ ¶ÊÉ¨ ¨§ N
Ï £μ¢, ´ Î¨´ ÕÐ¨Ì¸Ö ¢ ÉμÎ±¥ (0, 0), § ± ´Î¨¢ ÕÐ¨¥¸Ö ¢ ÉμÎ±¥ (N, N), ±μ-
Éμ·Ò¥ ´ Ìμ¤ÖÉ¸Ö ¢ÒÏ¥ ¤¨ £μ´ ²¨ ±¢ ¤· É  (¶ÊÉÓ ³μ¦¥É ± ¸ ÉÓ¸Ö ¤¨ £μ´ ²¨,
´μ ´¥ ³μ¦¥É ¥¥ ¶¥·¥¸¥± ÉÓ). �Ê¸ÉÓ A Å ÔÉμ ¶²μÐ ¤Ó ³¥¦¤Ê É· ¥±Éμ·¨¥° ¨
¤¨ £μ´ ²ÓÕ ±¢ ¤· É  (¢ ¶μ²´ÒÌ ¶² ±¥É Ì). „²Ö Ê¤μ¡¸É¢  ¶μ¢¥·´¥³ ·¥Ï¥É±Ê
´  π/4 ¨ · ¸¸³μÉ·¨³ ¸É É¸Ê³³Ê ¢¸¥Ì ´ ¶· ¢²¥´´ÒÌ ¶ÊÉ¥° ¨§ N Ï £μ¢ ´ 
¶μ²Ê¶·Ö³μ°, k � 0, ¸ Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ A Å ¸Ê³³μ° ¢¸¥Ì ¶μ²´ÒÌ
§ ±· Ï¥´´ÒÌ ¶² ±¥Éμ¢, ± ± ¨§μ¡· ¦¥´μ ´  ·¨¸. 5. � Ï ±²ÕÎ¥¢μ° μ¡Ñ¥±É Å
ÔÉμ ¢§¢¥Ï¥´´ Ö ¸ ¶²μÐ ¤ÓÕ ± ´μ´¨Î¥¸± Ö ¸É É¸Ê³³ , WN (q), μ¶·¥¤¥²¥´´ Ö
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ZN (q) =
∑

Dyck paths

qA, (36)

£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¨¤¥É ¶μ  ´¸ ³¡²Õ ¶ÊÉ¥° „¨±  ¨§ N Ï £μ¢ ¸ ¶²μÐ ¤ÓÕ A
¨ q Å ÔÉμ ® ±É¨¢´μ¸ÉÓ¯ A. �·¥¤¸É ¢²ÖÖ q ¢ ¢¨¤¥ q = eH , ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ
Ì¨³¶μÉ¥´Í¨ ² H ± ± ³ £´¨É´μ¥ ¶μ²¥, ¸μ¶·Ö¦¥´´μ¥ ¸ ¶²μÐ ¤ÓÕ A.

‘É É¸Ê³³  ¶ÊÉ¥° ZN (k, q), £¤¥ k Å ÔÉμ ¢Ò¸μÉ  ¶ÊÉ¨ ´  Ï £¥ N , Ê¤μ¢²¥-
É¢μ·Ö¥É ·¥±Ê··¥´É´μ³Ê ¸μμÉ´μÏ¥´¨Õ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
ZN+1(k) = ZN (k − 1) + qkZN(k + 1) ¤²Ö 0 < k < ∞,

ZN+1(k) = ZN (k + 1) ¤²Ö k = 0,

ZN=0(k) = δk,0.

(37)

‘É É¸Ê³³  ¡·μÊ´μ¢¸±μ° Ô±¸±Ê·¸¨¨ μ¶·¥¤¥²Ö¥É¸Ö ZN (0, q), É ± ± ± ´  ¸ ³μ³
¶μ¸²¥¤´¥³ Ï £¥ É· ¥±Éμ·¨Ö ¢μ§¢· Ð ¥É¸Ö ± ´ Î ²Ó´μ° ÉμÎ±¥ ¨ ¢Ò· ¦ ¥É¸Ö
Î¨¸² ³¨ Š É ² ´  q ¢ ¶·¥¤¸É ¢²¥´¨¨ Š ·²¨Í Ä�¨μ·¤ ´  [21]:

ZN(0, q) =

⎧⎨
⎩

CN/2(q) ¤²Ö N = 2m, £¤¥ m = 1, 2, 3 . . . ,

0 ¤²Ö N = 2m + 1, £¤¥ m = 0, 1, 2, . . .
(38)
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�¨¸. 5. �ÊÉÓ „¨±  ¨§ N Ï £μ¢ ´  ¶μ²Ê¶·Ö³μ° k � 0 ¸ Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ ¶μ¤
É· ¥±Éμ·¨¥°, ¨§³¥·Ö¥³μ° ¢ ¶μ²´ÒÌ ¶² ±¥É Ì

� ¶μ³´¨³, ÎÉμ Î¨¸²  CN (q) Ê¤μ¢²¥É¢μ·ÖÕÉ ·¥±Ê·¸¨¨

CN (q) =
N−1∑
k=0

qkCk(q)CN−k−1(q), (39)

±μÉμ· Ö Ö¢²Ö¥É¸Ö · ¸Ï¨·¥´¨¥³ ¸É ´¤ ·É´μ° ·¥±Ê·¸¨¨ ´  q-Î¨¸²  Š É ² ´ .

�·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö F (s, q) =
∞∑

N=0

sNCN (q) Ê¤μ¢²¥É¢μ·Ö¥É ËÊ´±Í¨μ´ ²Ó-

´μ³Ê Ê· ¢´¥´¨Õ

F (s, q) = 1 + sF (s, q)F (sq, q). (40)

ˆ§¢¥¸É´μ, ÎÉμ ·¥Ï¥´¨¥ (40) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥ ´¥¶·¥·Ò¢´μ° ¤·μ¡¨:

F (s, q) =
1

1 − s

1 − sq

1 − sq2

1 − . . .

=
Aq(s)

Aq(s/q)
, (41)

£¤¥ Aq(s) Å ÔÉμ ËÊ´±Í¨Ö q-�°·¨, μ¶·¥¤¥²¥´´ Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Aq(s) =
∞∑

n=0

qn2
(−s)n

(q; q)n
, (t; q)n =

n−1∏
k=0

(1 − tqk). (42)

‚ · ¡μÉ Ì [22Ä24] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¢ ¶·¥¤¥²¥ q → 1− ¨ s → 1/4− ËÊ´±Í¨Ö
F (s, q) ¨³¥¥É ¸²¥¤ÊÕÐ¨°  ¸¨³¶ÉμÉ¨Î¥¸±¨° ¢¨¤ (¸·. ¸ (41)):

F (z, q) ∼ Freg + (1 − q)1/3 d

dz
ln Ai(4z), z =

1/4 − s

(1 − q)2/3
, (43)
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£¤¥ Freg Å ·¥£Ê²Ö·´ Ö Î ¸ÉÓ ¶·¨ (q → 1−, s → 1/4−). ”Ê´±Í¨Ö F(s, 1)
Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥° ¤²Ö ´¥¤¥Ëμ·³¨·μ¢ ´´ÒÌ (q = 1) Î¨¸¥² Š -
É ² ´ :

F (s, q = 1) =
1 −

√
1 − 4s

2s
. (44)

”Ê´±Í¨Ö F (s, 1) μ¶·¥¤¥²¥´  ¤²Ö 0 < s < 1/4,   ¢ ÉμÎ±¥ s = 1/4 ¶¥·¢ Ö ¶·μ¨§-
¢μ¤´ Ö F (s, 1) ¨¸¶ÒÉÒ¢ ¥É · §·Ò¢, ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·μ¢ ´ ± ±
±·¨É¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥. �·¥¤¥² q → 1−, s → 1/4− É ±¦¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§
 ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö F (s, q).

„²Ö Éμ£μ ÎÉμ¡Ò Ê¢¨¤¥ÉÓ ¸¢Ö§Ó ¡·μÊ´μ¢¸±¨Ì ¶ÊÉ¥° ´  Ê¡Ò¢ ÕÐ¥³ ±μ´¥Î´μ³
¤¥·¥¢¥ ¸μ ¢§¢¥Ï¥´´Ò³¨ ¶ÊÉÖ³¨ „¨±  ¢ μ£· ´¨Î¥´´μ° ¶μ²μ¸¥, · ¸¸³μÉ·¨³
¶·¥¤¥² q → 1 ¢ Ê· ¢´¥´¨¨ (37). �μ²μ¦¨³ q = 1 − ε, £¤¥ |ε| � 1, ¨ · §²μ¦¨³
(37) ¤μ ¶¥·¢μ£μ Î²¥´  ¶μ ε. �μ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° [12]:

⎧⎨
⎩

ZN+1(k, q) = (1 − ε(k − 1))ZN(k − 1, q) + ZN (k + 1, q) ¤²Ö 1 � k � K− 1,

ZN=0(k, q) = δk,0.

(45)
‚¨¤´μ, ÎÉμ Ê· ¢´¥´¨Ö (45) ¨ (12) Ô±¢¨¢ ²¥´É´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ § ³¥´Ò a = −ε
(£¤¥ 0 < ε � 1) ¨ p0 = 1. ‘²¥¤μ¢ É¥²Ó´μ, (45) ¤ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö Î¨¸² 
¶ÊÉ¥° ´  Ê¡Ò¢ ÕÐ¥³ ¤¥·¥¢¥ ¸ ³ ²μ° ¸±μ·μ¸ÉÓÕ ¢¥É¢²¥´¨Ö a. �Éμ ¢Ò· ¦¥´¨¥
¸μ¢¶ ¤ ¥É ¸ (37), · §²μ¦¥´´Ò³ ¤μ ¶¥·¢μ£μ Î²¥´  ¶μ ε = 1 − q.

‘É É¸Ê³³  ¶ÊÉ¥° ZN(k, q) ¢ ¶μ²μ¸¥ Ï¨·¨´μ° n (´ ¶μ³´¨³, ÎÉμ k � n Å
ÔÉμ ¢Ò¸μÉ  ¶ÊÉ¨ ´  Ï £¥ N ) Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Õ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ZN+1(k) = ZN(k − 1) + qkZN (k + 1) ¤²Ö 0 < k � n,

ZN+1(k) = ZN(k + 1) ¤²Ö k = 0,

ZN=0(k) = δk,0.

(46)

� ¸¸³μÉ·¨³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ ¶μ N :

Z(s, k) =
∞∑

N=0

ZN (k)sk. (47)

„²Ö Z(s, k) ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö (46) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

Zδ = T̂(n+1)×(n+1)Zs, (48)
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£¤¥

T̂(n+1)×(n+1) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

s−1 −1 0 0 . . . 0

−1 s−1 −q 0 . . . 0

0 −1 s−1 −q2

...
...

. . .
. . .

. . .

0 0 −1 s−1 −qn−1

0 0 0 −1 s−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Zδ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

s−1

0

0

...

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Zs =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Zs(0)

Zs(1)

Zs(2)

...

Zs(k)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(49)

�·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö Î¨¸²  ¢§¢¥Ï¥´´ÒÌ ¶ÊÉ¥° „¨± , ¢μ§¢· Ð ÕÐ¨Ì¸Ö ¢
k = 0 ¢ ¶μ²μ¸¥ ±μ´¥Î´μ° Ï¨·¨´Ò, ¶μ²ÊÎ¥´  ¢ · ¡μÉ¥ [25]:

Zs(k = 0) =

[n/2]∑
m=0

(−s2)mqm2[
n−m

m

]
q

[(n+1)/2]∑
m=0

(−s2)mqm(m−1)
[
n+1−m

m

]
q

, (50)

£¤¥ [
n
m

]
q

=
(q; q)n

(q; q)m(q; q)n−m
. (51)

�¨¦¥ ¤ ´μ μ¡μ¡Ð¥´¨¥ ¢Ò· ¦¥´¨Ö (50) ´  ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ ³ £´¨É´ÒÌ
¶ÊÉ¥° „¨± , ±μÉμ·Ò¥ § ± ´Î¨¢ ÕÉ¸Ö ´  Ê·μ¢´¥ k ¢ ¶μ²μ¸¥ Ï¨·¨´μ° n:

Zs(k) =

sk

[(n−k)/2]∑
m=0

(−s2)mqm(m+k)
[
n−k−m

m

]
q

[(n+1)/2]∑
m=0

(−s2)mqm(m−1)
[
n+1−m

m

]
q

, 0 � k � n. (52)



��‚��‚…‘�›… ‘�…„�…��‹…‚›… Œ�„…‹ˆ ‘’�’ˆ‘’ˆ—…‘Š�‰ ”ˆ‡ˆŠˆ 375

�¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö (46), ¶¥·¥¶¨¸ ´´Ò¥ ¢ ³ É·¨Î´μ° Ëμ·³¥ ¢
¶·μcÉ· ´¸É¢¥ (N, q), ¨³¥ÕÉ ¢¨¤ (³Ò ¸¤¥² ²¨ ¸¤¢¨£ n + 1 → n)

ZN+1 = Tn×nZN , (53)

£¤¥

Tn×n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 . . . 0

1 0 q 0 . . . 0

0 1 0 q2

...
...

. . .
. . .

. . .

0 0 1 0 qn−2

0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Z0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

...

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (54)

‘²¥¤ÊÖ · ¡μÉ¥ [26], ³μ¦¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ZN :

ZN(k) = T N
1,k =

n∑
m=1

xN
m

pk−1(xm)γn(k)
Nn(xm)

, k = 1, n, (55)

£¤¥

γn(k) =
n−1∏
i=k

qi−1, Nn(x) =
n∑

i=1

γn(i)p2
i−1(x) (56)

¨

pn(x) = det (Tn×n − xI) = (−x)n

[n/2]∑
m=0

(−x−2)mqm(m−1)
[
n−m

m

]
q
. (57)

—¥·¥§ xkk=1,n μ¡μ§´ Î¥´Ò ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ Tn×n. „²Ö N � n
¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö  ¶¶·μ±¸¨³ Í¨Ö:

ZN (k) ≈ 2xN
max

pk−1(xmax)γn(k)
Nn(xmax)

. (58)

’ ±¨³ μ¡· §μ³, ¢¥·μÖÉ´μ¸ÉÓ ´ °É¨ ±μ´¥Í É· ¥±Éμ·¨¨ ´  Ê·μ¢´¥ k ´¥ § ¢¨-
¸¨É μÉ N .

“¸²μ¢´ Ö ¢¥·μÖÉ´μ¸ÉÓ ´ °É¨ ¡·μÊ´μ¢¸±ÊÕ Ô±¸±Ê·¸¨Õ ´  Ê·μ¢´¥ k ´  Ï £¥
¸ ´μ³¥·μ³ N ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ´  Ï £¥ 2N É· ¥±Éμ·¨Ö ¢¥·´Ê² ¸Ó ¢ ÉμÎ±Ê
¸É ·É , ¥¸ÉÓ

Q(N, k) =
Z2

N (k)
n∑

k=0

Z2
N(k)

≈
p2

k−1(xmax)γ2
n(k)

n∑
k=1

p2
k−1(xmax)γ2

n(k)
. (59)
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�¨¸. 6. Š·¨É¨Î¥¸±¨° ¶μ± § É¥²Ó γ(c) Ë²Ê±ÉÊ Í¨° ¸·¥¤´¥° ÉμÎ±¨ ®´ ¤ÊÉμ£μ¯ ¶ÊÉ¨ „¨± 
¢ ¶μ²μ¸¥ Ï¨·¨´μ° n ¨§ 2N Ï £μ¢ ¶·¨ q = 1+N−2/3 ¨ ¸¨²Ó´μ³ · ¸ÉÖ¦¥´¨¨, N = cn

‚Ò· ¦¥´¨¥ (59) ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²ÖÉÓ Ë²Ê±ÉÊ Í¨¨ ¢Ò¸μÉÒ ¸·¥¤´¥° ÉμÎ±¨ ¡·μÊ-
´μ¢¸±μ° Ô±¸±Ê·¸¨¨,

√
〈(k − 〈k〉)2〉, ¢ § ¢¨¸¨³μ¸É¨ μÉ · §³¥·  ¶μ²μ¸Ò, n, ¢

¸²¥£±  ®´ ¤ÊÉÒÌ¯ ¶ÊÉÖÌ „¨± , ±μ£¤  ¶²μÐ ¤Ó ±μ´É·μ²¨·Ê¥É¸Ö Ì¨³¶μÉ¥´Í¨ -
²μ³ q, § ¢¨¸ÖÐ¨³ μÉ ¤²¨´Ò ¶ÊÉ¨, q = 1 + N−β (β > 0). „²Ö ´¥±μÉμ·ÒÌ β ³Ò
μ¦¨¤ ¥³ ¶μÖ¢²¥´¨Ö Ê´¨¢¥·¸ ²Ó´μ£μ ¸±¥°²¨´£μ¢μ£μ ¶μ¢¥¤¥´¨Ö:

Var k(n) =
〈
(k − 〈k〉)2

〉
=

n∑
k=0

k2Q(N, k)−
(

n∑
k=0

kQ(N, k)

)2

∼ n2γ(c), (60)

£¤¥ Ê¸²μ¢¨¥ N = cn, É. ¥. ±μ²¨Î¥¸É¢μ Ï £μ¢, N , É· ¥±Éμ·¨¨ „¨±  ³¥´Ö¥É¸Ö
²¨´¥°´μ ¸ Ï¨·¨´μ° ¶μ²μ¸Ò, n. “¸²μ¢¨¥ N = cn ´ ¶μ³¨´ ¥É ¸μμÉ´μÏ¥´¨¥
N = cK ¢ § ¢¨¸¨³μ¸É¨ ³¥¦¤Ê Î¨¸²μ³ Ï £μ¢, N , ¡·μÊ´μ¢¸±μ° Ô±¸±Ê·¸¨¨ ¨
³ ±¸¨³ ²Ó´Ò³ Î¨¸²μ³ ¶μ±μ²¥´¨° ¸Ê¶¥·¤¥·¥¢ , K (¸³. ¢Ò· ¦¥´¨Ö (18), (19),
(31), (32) ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥² ). �·¨ β = 2/3 § ¢¨¸¨³μ¸ÉÓ ±·¨É¨Î¥¸±μ£μ
¶μ± § É¥²Ö γ μÉ c ¨§μ¡· ¦¥´  ´  ·¨¸. 6 ¤²Ö ¡μ²ÓÏ¨Ì Î¨¸²¥´´ÒÌ §´ Î¥´¨° c.

—¨¸²¥´´ Ö μÍ¥´±  ¤¨¸¶¥·¸¨¨ ¢ (60), ¨§μ¡· ¦¥´´ Ö ´  ·¨¸. 6, Ö¸´μ ¶μ± -
§Ò¢ ¥É, ÎÉμ ¤²Ö ¢Ò¡· ´´ÒÌ β = 2/3 ¨ ¡μ²ÓÏ¨Ì c (£¤¥ c = N/n) ±·¨É¨Î¥¸±¨°
¨´¤¥±¸ γ(c) ¢ (60) ¸É·¥³¨É¸Ö ± §´ Î¥´¨Õ γ ≈ 0,31, ÎÉμ μÎ¥´Ó ¡²¨§±μ ± ¶μ± § -
É¥²Õ Š�‡, ν = 1/3. �±¸É· ¶μ²¨·ÊÖ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ γ(c) ¤²Ö ¡μ²ÓÏ¨Ì
c ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³  ¶¶·μ±¸¨³ Í¨¨ � ¤¥, § ¶¨¸ ´´μ° ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö ¤¢ÊÌ
¶μ²¨´μ³μ¢ ¤¢ÊÌ ³´μ£μÎ²¥´μ¢ ¶¥·¢μ£μ ¶μ·Ö¤± ,

γ(c) ≈ A + Bc

D + c

∣∣∣∣
c→∞

→ B,

³Ò ¶μ²ÊÎ¨²¨ ·¥§Ê²ÓÉ ÉÒ, ¨§μ¡· ¦¥´´Ò¥ ´  ·¨¸. 6. � ¨²ÊÎÏ Ö  ¶¶·μ±¸¨³ Í¨Ö
¶μ²ÊÎ¥´  ¶·¨ §´ Î¥´¨ÖÌ A = 58,14, B = 0,31, D = 77,13. „²Ö §´ Î¥´¨°
β, μÉ²¨Î ÕÐ¨Ì¸Ö μÉ §´ Î¥´¨Ö β = 2/3, ´¥ ¶μ²ÊÎ¥´  Ìμ·μÏ Ö ¸Ìμ¤¨³μ¸ÉÓ
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¤²Ö ±·¨É¨Î¥¸±μ£μ ¶μ± § É¥²Ö, ÎÉμ ³μ¦¥É μ§´ Î ÉÓ ´ ·ÊÏ¥´¨¥ ¸±¥°²¨´£μ¢μ°

§ ¢¨¸¨³μ¸É¨ (Var, k(n))1/2 = nγ , μ¤´ ±μ ÔÉμÉ ¢μ¶·μ¸ É·¥¡Ê¥É ¤ ²Ó´¥°Ï¥£μ
¡μ²¥¥ ¤¥É ²Ó´μ£μ ¨§ÊÎ¥´¨Ö.

‘¤¥² ¥³ ´¥¡μ²ÓÏμ¥ μÉ¸ÉÊ¶²¥´¨¥ μÉ · ¸¸³ É·¨¢ ¥³μ£μ ±·Ê£  ±μ´±·¥É´ÒÌ
¢μ¶·μ¸μ¢, ¨ ¢Ò¸± ¦¥³ ¶·¥¤¶μ²μ¦¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ¢μ§³μ¦´μ£μ ±·¨É¨Î¥-
¸±μ£μ ¶μ¢¥¤¥´¨Ö ¢  ´¸ ³¡²¥ Éμ·¨Î¥¸±¨Ì Ê§²μ¢. ˆ§¢¥¸É´μ, ÎÉμ ËÊ´±Í¨Ö · ¸-
¶·¥¤¥²¥´¨Ö ¤²Ö ¢§¢¥Ï¥´´ÒÌ ³ £´¨É´ÒÌ ¶ÊÉ¥° „¨±  ¢ ¶·Ö³μÊ£μ²Ó´¨±¥ n × m
¤²Ö ¢§ ¨³´μ ¶·μ¸ÉÒÌ (n, m) § ¤ ¥É ¨´¢ ·¨ ´ÉÒ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ Tn,m [27].
…¸²¨ ¶μ²μ¦¨ÉÓ n = km (£¤¥ k Å Í¥²μ¥), Éμ ¢³¥¸Éμ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ¢μ§´¨-
± ÕÉ ¨´¢ ·¨ ´ÉÒ § Í¥¶²¥´¨°. Š·¨É¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¤²Ö  ´¸ ³¡²Ö Éμ·¨Î¥-
¸±¨Ì Ê§²μ¢ Tn,n+1 μ¡¸Ê¦¤ ²μ¸Ó ¢ · ¡μÉ¥ [28]. ‚ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¶μ¸É·μ¥´¨¥
¨´¢ ·¨ ´Éμ¢ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ³μ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·μ¢ ´μ ¢ É¥·³¨´ Ì ¢Ò-
Î¨¸²¥´¨Ö ¸É É¸Ê³³Ò ¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨° ³ £´¨É´ÒÌ ¶ÊÉ¥° „¨± , ³μ¦´μ
§ ¤ ÉÓ¸Ö ¢μ¶·μ¸μ³, ÎÉμ μ§´ Î ¥É ´  Ö§Ò±¥ Ê§²μ¢ Ë §μ¢Ò° ¶¥·¥Ìμ¤ μÉ £ Ê¸¸μ¢ 
¶μ¢¥¤¥´¨Ö ± ¶μ¢¥¤¥´¨Õ ¸μ ¸±¥°²¨´£μ³ Š�‡, ±μÉμ·Ò° ³Ò ¢¨¤¨³ ¢ ³ £´¨É´ÒÌ
¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨ÖÌ.

‚ ± Î¥¸É¢¥ ¶·¥¤¢ ·¨É¥²Ó´μ° £¨¶μÉ¥§Ò ³μ¦´μ ¢Ò¸± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ¸μ-
μ¡· ¦¥´¨¥. ’ ± ± ± · ¸¸³ É·¨¢ ÕÉ¸Ö ¶ÊÉ¨ „¨±  ´  ¶μ²μ¸¥, μ¤´μ ®±¢ ´Éμ¢μ¥
Î¨¸²μ¯ Éμ·¨Î¥¸±μ£μ Ê§²  Ë¨±¸¨·Ê¥É¸Ö Ï¨·¨´μ° ¶μ²μ¸Ò n. � ¶μ³´¨³, ÎÉμ
´ ¸ ¨´É¥·¥¸ÊÕÉ ¶ÊÉ¨ ¨§ N Ï £μ¢, ¤μ¸É¨£ ÕÐ¨¥ ¢Ò¸μÉÒ k ¢ ¸²ÊÎ ¥, ±μ£¤ 
N > n. ’ ±¨³ μ¡· §μ³, É· ¥±Éμ·¨Ö ¢Ò´Ê¦¤¥´  ± ±μ¥-Éμ Î¨¸²μ · § ¤μ¸É¨ÎÓ
£· ´¨ÍÒ. …¸²¨ N → ∞ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ n, Éμ ¸ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨
Ê§²μ¢ ´ ¸ ¨´É¥·¥¸ÊÕÉ Éμ·¨Î¥¸±¨¥ Ê§²Ò Tn,∞. “¸²μ¢¨¥ N = cn ¶·¨ N → ∞
μ§´ Î ¥É, ÎÉμ Ë ±É¨Î¥¸±¨ ³Ò ¸³μÉ·¨³ ´  É ± ´ §Ò¢ ¥³Ò° ¸É ¡¨²Ó´Ò° ¶·¥¤¥²
Éμ·¨Î¥¸±¨Ì Ê§²μ¢ T∞,∞ ¶·¨ Ê¸²μ¢¨¨ n/m = const. Œμ¦´μ μ¦¨¤ ÉÓ, ÎÉμ
¢ ¸É É¸Ê³³¥ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¶·μ¨¸Ìμ¤¨É Ë §μ¢Ò° ¶¥·¥Ìμ¤ ¶·¨ ´¥±μÉμ·μ³
±·¨É¨Î¥¸±μ³ §´ Î¥´¨¨ c = c∗. ˆ§ÊÎ¥´¨¥ ±·¨É¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¨´¢ ·¨ ´-
Éμ¢ Ê§²μ¢ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ìμ¤ÖÐ¨Ì ¢ ¨´¢ ·¨ ´É ¶ · ³¥É·μ¢ Ö¢²Ö¥É¸Ö ´μ¢μ°,
μÎ¥´Ó ¶¥·¸¶¥±É¨¢´μ° μ¡² ¸ÉÓÕ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨, ²¥¦ Ð¥° ´  ¸ÉÒ±¥
 ²£¥¡· ¨Î¥¸±μ° Éμ¶μ²μ£¨¨, ±μ³¡¨´ Éμ·¨±¨ ¨ É¥μ·¨¨ ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨°, ¢
±μÉμ·μ° ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¸¤¥² ´Ò ²¨ÏÓ ¶¥·¢Ò¥ ·μ¡±¨¥ Ï £¨.

3. ‘’�’ˆ‘’ˆŠ� ®��„“’�ƒ�¯ ‘‹“—�‰��ƒ� Š�‹œ–�

Š² ¸¸¨Î¥¸± Ö ¶·μ¡²¥³  ¢ ¸É É¨¸É¨±¥ ¨¤¥ ²Ó´ÒÌ ¶μ²¨³¥·μ¢, ¶μ¸É ¢²¥´-
´ Ö ¨ ·¥Ï¥´´ Ö ¢ 1962 £. Œ. ”¨±¸³ ´μ³ [29], ± ¸ ¥É¸Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±-
Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, ZN (Rg), § ³±´ÊÉμ£μ ¸²ÊÎ °´μ£μ ¡²Ê¦¤ ´¨Ö ¨§ N Ï £μ¢
¸ Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨, Rg. �μ§¦¥ ÔÉ  ¦¥ ¶·μ¡²¥³  ´¥μ¤-
´μ±· É´μ ¶¥·¥μÉ±·Ò¢ ² ¸Ó ¢ ´¥§ ¢¨¸¨³ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
· §²¨Î´ÒÌ ¶μ¤Ìμ¤μ¢ (¸³., ´ ¶·¨³¥·, [30, 31]). ŒÒ · ¸¸³ É·¨¢ ¥³ § ¤ ÎÊ ¢Ò-
Î¨¸²¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ZN (r|Rg) ±μ´±·¥É´μ£μ ³μ´μ³¥· , ´ Ìμ¤Ö-
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Ð¥£μ¸Ö ¢ ÉμÎ±¥ r ¡·μÊ´μ¢¸±μ£μ ±μ²ÓÍ  ¸ Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨,
Rg . � ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¸¶¥Í¨Ë¨Î¥¸±¨° ¶·¥¤¥² ®´ ¤ÊÉÒÌ¯ ¶ÊÉ¥°, ±μ£¤ 
· ¤¨Ê¸ ¨´¥·Í¨¨, Rg , · ¸É¥É ¢³¥¸É¥ ¸ ¤²¨´μ° Í¥¶μÎ±¨, N , ± ± Rg = aNα

(1/2 < α � 1). ‚ Î ¸É´μ¸É¨, ´ ¸ ¨´É¥·¥¸Ê¥É ¶·¥¤¥²Ó´Ò° ¸²ÊÎ °, Rg = N , ÎÉμ
μÉ¢¥Î ¥É ¸¨ÉÊ Í¨¨ ¸¨²Ó´μ ®´ ¤ÊÉÒÌ¯ ±μ²¥Í.

–¥²Ó ´ Ï¥£μ · ¸¸³μÉ·¥´¨Ö Å ¶μ¤Î¥·±´ÊÉÓ ·μ²Ó ¢ÒÉÖ¦¥´¨Ö É· ¥±Éμ·¨¨,
  É ±¦¥ μ¸μ¡ÊÕ ·μ²Ó ´ ²μ¦¥´´ÒÌ £¥μ³¥É·¨Î¥¸±¨Ì μ£· ´¨Î¥´¨°. ˆ¸±μ³ÊÕ
ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ³Ò ¶μ²ÊÎ¨³ ¤¢Ê³Ö · §´Ò³¨ ¸¶μ¸μ¡ ³¨: 1) ¶ÊÉ¥³ ÉμÎ-
´μ£μ ¸Ê³³¨·μ¢ ´¨Ö ¢¸¥Ì Ë²Ê±ÉÊ Í¨μ´´ÒÌ ³μ¤ É· ¥±Éμ·¨° ¨ 2) ¶ÊÉ¥³ ÊÎ¥É 
Éμ²Ó±μ ®É¨¶¨Î´ÒÌ¯ Ë²Ê±ÉÊ Í¨μ´´ÒÌ ³μ¤ ¢ÒÉÖ£¨¢ ¥³ÒÌ É· ¥±Éμ·¨°. 	Ê¤¥É
¶μ± § ´  ¶·¨´Í¨¶¨ ²Ó´ Ö · §´¨Í  ¢μ Ë²Ê±ÉÊ Í¨μ´´μ³ ¶μ¢¥¤¥´¨¨: ¢ ·¥¦¨-
³¥ 1) Ë²Ê±ÉÊ Í¨¨ £ Ê¸¸μ¢Ò,   ¢ ·¥¦¨³¥ 2) Ë²Ê±ÉÊ Í¨¨ ±μ´É·μ²¨·ÊÕÉ¸Ö ¶μ± -
§ É¥²¥³ Š�‡ ν = 1/3. ‚ ±μ´Í¥ · §¤¥²  · ¸¸³μÉ·¨³ Ë¨§¨Î¥¸±ÊÕ ·¥ ²¨§ Í¨Õ
³μ¤¥²¨ ´ ¤ÊÉμ£μ ¶μ²¨³¥·´μ£μ ±μ²ÓÍ , ¶μ§¢μ²ÖÕÐÊÕ μ¡μ¸´μ¢ ÉÓ μ¡·¥§ ´¨¥
¤²¨´´μ¢μ²´μ¢ÒÌ Ë²Ê±ÉÊ Í¨μ´´ÒÌ ³μ¤.

� ¸¸³μÉ·¨³ ¶μ²¨³¥·´μ¥ ±μ²ÓÍμ ¨§ N ³μ´μ³¥·μ¢ ¸ ±μμ·¤¨´ É ³¨
{rj}j=1,N . „ ´´ Ö ¸¨¸É¥³  ¨§μ¡· ¦¥´  ´  ·¨¸. 7, a. ˆÉ ±, Ê ´ ¸ ¥¸ÉÓ ¨¤¥-
 ²Ó´Ò° ±μ²ÓÍ¥¢μ° ¶μ²¨³¥·, Ê ±μÉμ·μ£μ Í¥´É· ³ ¸¸

Rc =
1
N

N∑
j=1

rj

´ Ìμ¤¨É¸Ö ¢ Í¥´É·¥ É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢ , É. ¥. Rc = 0. �μ μ¶·¥¤¥²¥´¨Õ
· ¤¨Ê¸ ¨´¥·Í¨¨, R2

g , · ¢¥´

R2
g =

1
2N2

N∑
j �=k

(rj − rk)2 =
1
N

N∑
j=1

r2
j −

⎛
⎝ 1

N

N∑
j=1

rj

⎞
⎠

2

=

=
1
N

N∑
j=1

r2
j − R2

c ≡ 1
N

N∑
j=1

r2
j . (61)

®� §¤Ê¥³¯ ¨¤¥ ²Ó´ÊÕ ±μ²ÓÍ¥¢ÊÕ Í¥¶Ó, § Ë¨±¸¨·μ¢ ¢ ±¢ ¤· É · ¤¨Ê¸ 
¨´¥·Í¨¨, R2

g, ¢ ¡μ²ÓÏμ³ ± ´μ´¨Î¥¸±μ³  ´¸ ³¡²¥, ¢¢¥¤Ö ³´μ¦¨É¥²Ó ‹ £· ´¦ ,
s. �¶·¥¤¥²¨³ ± ´μ´¨Î¥¸±ÊÕ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ZN (s) =
∫

dr1 · · · drN−1 exp

⎛
⎝−u

N−1∑
j=1

(rj+1 − rj)2

⎞
⎠ e−sR2

g =

=
∫

dr1 · · · drN−1 exp

⎛
⎝−u

N−1∑
j=1

(rj+1 − rj)2 −
s

N

N∑
j �=k

r2
j

⎞
⎠, (62)
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�¨¸. 7. a) ®� ¤ÊÉμ¥¯ ¸²ÊÎ °´μ¥ ±μ²ÓÍμ ¸ Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨ Rg.
¡) ®� ¤ÊÉμ¥¯ ¸²ÊÎ °´μ¥ ±μ²ÓÍμ, μ¶¨· ÕÐ¥¥¸Ö ´  ´¥¶·μ´¨Í ¥³Ò° ¤¨¸± · ¤¨Ê¸μ³ Rg

£¤¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ rN = r1. ’ ± ± ± ¢¸¥ ¨§³¥·¥´¨Ö ´¥§ ¢¨¸¨³Ò, Éμ ¢
¤ ²Ó´¥°Ï¥³ ³Ò ³μ¦¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ μ¤´μ³¥·´ÊÕ ¸¨¸É¥³Ê.

‚ É¥·³¨´ Ì ¨´É¥£· ²  ¶μ É· ¥±Éμ·¨Ö³ ¢Ò· ¦¥´¨¥ (62) ³μ¦¥É ¡ÒÉÓ § ¶¨-
¸ ´μ ¢ ¢¨¤¥

ZN (s) =
∫

D{x} exp

⎧⎨
⎩−

N∫
0

(
u ẋ2(t) +

s

N
x2(t)

)
dt

⎫⎬
⎭ =

∫
D{x} e−S, (63)

£¤¥ ẋ = ∂x(t)/∂t ¨ 0 � t � N . ‹ £· ´¦¨ ´ L ¤¥°¸É¢¨Ö S =
N∫
0

L dt ¢ (63)

μ¶·¥¤¥²Ö¥É¸Ö ± ±

L = u ẋ2 +
s

N
x2(t) (64)

¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  · ¸¶·¥¤¥²¥´¨Ö ¢¥-
·μÖÉ´μ¸É¨ ¢ ¶ · ¡μ²¨Î¥¸±μ³ ¶μÉ¥´Í¨ ²¥ V (x) = (−s/N)x2 ¨³¥¥É ¢¨¤

∂P (x, t)
∂t

=
1
4u

∂2P (x, t)
∂x2

− s

N
x2 P (x, t). (65)

‘· ¢´¨³ (65) ¸ § ¤ Î¥° ¤¢¨¦¥´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ £ ·³μ´¨Î¥¸±μ³ ¶μ-
É¥´Í¨ ²¥. �¥Ï¥´¨¥ ¸É Í¨μ´ ·´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¨ ¤ ¥É¸Ö Ê· ¢-
´¥´¨¥³ ˜·¥¤¨´£¥· 

−Enψn(x) =
�

2

2m

∂2

∂x2
ψn(x) − 1

2
mω2x2ψn(x), (66)
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£¤¥

ψn(x) =
(mω

π�

)1/4 1√
2n n!

Hn

(
x

√
mω

�

)
exp

(
−mω

2�
x2
)
,

En =
(

n +
1
2

)
�ω;

(67)

§¤¥¸Ó Hn(. . .) Å ÔÉμ ¶μ²¨´μ³ �·³¨É .
„²Ö (65) ¨³¥¥³⎧⎪⎪⎨

⎪⎪⎩
−λnWn(x) =

∂Wn(x)
∂t

,

−λnW (x) =
1
4u

∂2Wn(x)
∂x2

− s

N
x2 Wn(x).

(68)

‘μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨ (65) ¨ (66) ¸²¥¤ÊÕÐ¥¥:

En ↔ λn,
�

2

2m
↔ 1

4u
,

1
2
mω2 ↔ s

N
. (69)

’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ § ¤ Î¨ μ ¶μ¨¸±¥ ¸É Í¨μ´ ·´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥-
²¥´¨Ö (68) ¶μ²¨³¥·´μ£μ ±μ²ÓÍ  ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Wn(x) =
( su

4N

)1/4 1√
2nn!

Hn

(
x

(
4su

N

)1/4
)

exp
(
−x2

(su

N

)1/2
)

,

λn =
(

n +
1
2

)√
s

N
.

(70)

� ¸ ¨´É¥·¥¸Ê¥É ¸²¥¤ÊÕÐ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö:

Q(x, N) =
∞∑

n=0

e−λnN W 2
n(x), (71)

£¤¥ ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Wn(x) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ λn

μ¶·¥¤¥²¥´Ò ¢ (70). ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Q(x, N), § ¤ ´´ Ö Ê· ¢´¥´¨Ö³¨
(70), (71), Ö¢²Ö¥É¸Ö μÉ¶· ¢´μ° ÉμÎ±μ° ¤²Ö ´ Ï¥£μ ¤ ²Ó´¥°Ï¥£μ · ¸¸³μÉ·¥´¨Ö.

3.1. ’μÎ´μ¥ ¢ÒÎ¨¸²¥´¨¥ ·Ö¤  (71). ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Q(x, N)
¢ (71) ³μ¦¥É ¡ÒÉÓ Ö¢´μ § ¶¨¸ ´  ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° ¸Ê³³Ò:

Q(x, N) =
( su

4N

)1/2

exp
(
−2x2

(su

N

)1/2
)

exp
(
−1

2

√
sN

)
×

×
∞∑

n=0

H2
n

(
x

(
4su

N

)1/4
)

n!

⎛
⎝exp

(
−
√

sN
)

2

⎞
⎠

n

. (72)
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’¥¶¥·Ó, ¨¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢  ¶μ²¨´μ³μ¢ �·³¨É , ³μ¦´μ ´ ¶¨¸ ÉÓ

∞∑
n=0

Hn (x) Hn (y)
n!

(u

2

)n

=

=
1√

1 − u2
exp

(
2u

1 + u
xy − u2

1 − u2
(x − y)2

)
, |u| < 1. (73)

‚Ò¶μ²´ÖÖ ¸Ê³³¨·μ¢ ´¨¥ ¢ (73), ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö Q(x, N):

Q(x, N) =
( su

4N

)1/2

exp
(
−2x2

(su

N

)1/2
)

exp
(
−1

2

√
sN

)
×

× 1√
1 − exp

(
−2

√
sN

) exp

⎛
⎝ 4 exp

(
−
√

sN
)

1 + exp
(
−
√

sN
)x2

(su

N

)1/2

⎞
⎠. (74)

‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ËÊ´±Í¨Ö Q(x, N) § ¤ ¥É ±¢ ¤· É¨Î´Ò¥ (£ Ê¸¸μ¢Ò) Ë²Ê±-
ÉÊ Í¨¨ §¢¥´Ó¥¢ ¶μ²¨³¥·´μ£μ ±μ²ÓÍ .

3.2. �Í¥´±  ·Ö¤  (71) ³¥Éμ¤μ³ ¶¥·¥¢ ² . �Í¥´¨³ ¸Ê³³Ê ¢ Ëμ·³Ê²¥ (71)
³¥Éμ¤μ³ ¶¥·¥¢ ² . �μ¸±μ²Ó±Ê s Å ÔÉμ ³´μ¦¨É¥²Ó ‹ £· ´¦  ¤²Ö ±¢ ¤· É 
· ¤¨Ê¸  ¨´¥·Í¨¨ R2

g, μ¸´μ¢´μ° ¢±² ¤ ¢ ¸É É¸Ê³³Ê (71) ¤ ÕÉ É· ¥±Éμ·¨¨, ¤²Ö
±μÉμ·ÒÌ

s ≈ R−2
g . (75)

’ ±¨³ μ¡· §μ³, ³Ò ®´ ¤Ê¢ ¥³¯ É· ¥±Éμ·¨Õ, É. ¥. Ê¢¥²¨Î¨¢ ¥³ Rg , ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨³ μ¡· §μ³ Ê³¥´ÓÏ Ö s ¸μ£² ¸´μ (75), ¸μÌ· ´ÖÖ ¶·¨ ÔÉμ³ ¸μμÉ´μÏ¥-
´¨¥ ³¥¦¤Ê ¤²¨´μ° ¨ · ¤¨Ê¸μ³ ¨´¥·Í¨¨ ®´ ¤ÊÉμ£μ¯ ±μ²ÓÍ , É. ¥. ¶μ² £ ¥³, ÎÉμ
N = aRα

g , £¤¥ 1 � α < 2 ¨ a = const.
ˆ§ Ê· ¢´¥´¨Ö (71) ¢¨¤´μ, ÎÉμ ¤μ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¢ Q(x, N) ¤ ÕÉ É -

±¨¥ n, ¤²Ö ±μÉμ·ÒÌ λnN ≈ 1. �μ¤¸É ¢²ÖÖ ¸μμÉ´μÏ¥´¨¥ λn = N−1 ¢ (70),
¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö, μ¶·¥¤¥²ÖÕÐ¨¥ §´ Î¥´¨Ö n, ±μÉμ·Ò¥ ¤ ÕÉ μ¸´μ¢´μ° (¨´-
¸É ´Éμ´´Ò°) ¢±² ¤ ¢ Q(x, N):

1
N

=
(

n +
1
2

)√
s

N
. (76)

�¥Ï Ö Ê· ¢´¥´¨¥ (76) ¶·¨ Ê¸²μ¢¨¨ n � 1 ¨ ¨¸¶μ²Ó§ÊÖ (75), ¶μ²ÊÎ ¥³

n = n∗ ≈ 1√
sN

=
Rg√
N

. (77)
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‚Ò· ¦ Ö ¢¸¥ ¶ · ³¥É·Ò § ¤ Î¨ ¢ É¥·³¨´ Ì Rg ¨ N , ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ
(70) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Wn(x) =
(

u

4R2
gN

)1/4 1√
2nn!

Hn×

×
(

x

(
4u

R2
gN

)1/4
)

exp

(
−x2

(
u

R2
gN

)1/2
)

. (78)

ˆ§¢¥¸É´μ, ÎÉμ ¶μ²¨´μ³ �·³¨É  Hn(z) ¶·¨ z ≈ 2
√

n ¨ n � 1 ¨³¥¥É  ¸¨³¶Éμ-
É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¢ É¥·³¨´ Ì ËÊ´±Í¨¨ �°·¨

Hn(z) ≈
√

2π 2−n/2 exp
(

n ln (2n)
2

− 3n

2
+ z

√
n

)
n1/6Ai

(
z − 2

√
n

n−1/6

)
,

z = x

(
4u

R2
gN

)1/4

.

(79)

“¸²μ¢¨¥ z ≈ 2
√

n∗ § ¤ ¥É Ê· ¢´¥´¨¥ ¤²Ö x = x∗, ¶·¨ ±μÉμ·μ³ ¸μμÉ´μÏ¥-
´¨¥ (79) μ± §Ò¢ ¥É¸Ö ¸ ³μ¸μ£² ¸μ¢ ´´Ò³:

x∗
(

4u

R2
gN

)1/4

= 2

(
R2

g

N

)1/4

. (80)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ë²Ê±ÉÊ Í¨°, (z − 2
√

n)/n−1/6, ¥¸ÉÓ

x∗
(

4u

R2
gN

)1/4

− 2

(
R2

g

N

)1/4

(
Rg√
N

)−1/6
= ξ, (81)

£¤¥ ξ ´¥ § ¢¨¸¨É μÉ Rg ¨ N . �¥Ï Ö (81), ¶μ²ÊÎ ¥³

x∗ =
(

2
u

)1/4

Rg +
ξ

(4u)1/4
(Rg N)1/3. (82)

3.3. � Î¥³ £μ¢μ·¨É · §²¨Î¨¥ ³¥¦¤Ê ÉμÎ´Ò³ ¸Ê³³¨·μ¢ ´¨¥³ ·Ö¤  (74)
¨ ¥£μ ¨´¸É ´Éμ´´Ò³ ¶·¨¡²¨¦¥´¨¥³ (79)? �μ²´μ¥ ¸Ê³³¨·μ¢ ´¨¥ ·Ö¤  (71)
¤ ¥É £ Ê¸¸μ¢μ · ¸¶·¥¤¥²¥´¨¥ Ë²Ê±ÉÊ Í¨° §¢¥´Ó¥¢ ¶μ²¨³¥·´μ£μ ±μ²ÓÍ  (¤ ¦¥
¤²Ö ´ ÉÖ´ÊÉÒÌ É· ¥±Éμ·¨°), ¢ Éμ ¢·¥³Ö ± ±  ¶¶·μ±¸¨³ Í¨Ö ·Ö¤  (71) ¥£μ
§´ Î¥´¨¥³ ¢¡²¨§¨ ÉμÎ±¨ ¶¥·¥¢ ²  ¤²Ö ´ ÉÖ´ÊÉÒÌ É· ¥±Éμ·¨° ¶·¨¢μ¤¨É ±  ´μ-
³ ²Ó´μ° ¸É É¨¸É¨±¥ ¸ Ë²Ê±ÉÊ Í¨Ö³¨ Š�‡ §  ¸Î¥É μ¡·¥§ ´¨Ö ¢ (71) Î²¥´μ¢ ¸
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³ ²Ò³¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ λk, ±μÉμ·Ò¥ μÉ¢¥Î ÕÉ ±·Ê¶´μ³ ¸ÏÉ ¡´Ò³
¶·μ¸É· ´¸É¢¥´´Ò³ Ë²Ê±ÉÊ Í¨Ö³ Í¥¶¨. ‘ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö μ¡·¥§ ´¨¥ ·Ö¤ 
(71) ¢Ò£²Ö¤¨É ± ± ¢¢¥¤¥´¨¥ ¶·μ¸É· ´¸É¢¥´´μ£μ μ£· ´¨Î¥´¨Ö ¢ ¢¨¤¥ ´¥¶·μ-
´¨Í ¥³μ£μ ¤¨¸± , ´  ±μÉμ·Ò° μ¶¨· ¥É¸Ö ®´ ¤ÊÉμ¥¯ ¶μ²¨³¥·´μ¥ ±μ²ÓÍμ, ± ±
¶μ± § ´μ ´  ·¨¸. 7. �´ ²μ£¨Î´μ¥ ¶μ¢¥¤¥´¨¥ ¡Ò²μ μ¡´ ·Ê¦¥´μ ¢ · ¡μÉ¥ [32]
¤²Ö Ë²Ê±ÉÊ Í¨° ®¢ÒÉÖ´ÊÉμ£μ¯ ¸²ÊÎ °´μ£μ ¡²Ê¦¤ ´¨Ö, · ¸¶μ²μ¦¥´´μ£μ ¢ ´¥-
¶μ¸·¥¤¸É¢¥´´μ° ¡²¨§μ¸É¨ μÉ ´¥¶·μ´¨Í ¥³μ£μ ¤¨¸± .

’ ±¨³ μ¡· §μ³, ´ ²¨Î¨¥ ¦¥¸É±μ£μ ´¥¶·μ´¨Í ¥³μ£μ ¤¨¸± , μ£· ´¨Î¨¢ Õ-
Ð¥£μ Ë²Ê±ÉÊ Í¨¨ ¡·μÊ´μ¢¸±μ£μ ±μ²ÓÍ , ¨³¥¥É ·¥Ï ÕÐ¥¥ §´ Î¥´¨¥ ¤²Ö ²μ± -
²¨§ Í¨¨ É· ¥±Éμ·¨° ¢´ÊÉ·¨ ¶μ²μ¸Ò Ï¨·¨´μ° R1/3. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ (¶·¨
ÉμÎ´μ³ ¸Ê³³¨·μ¢ ´¨¨ ·Ö¤  (71) ¨ ¶·¨ ¥£μ  ¶¶·μ±¸¨³ Í¨¨ §´ Î¥´¨¥³ ¢¡²¨§¨
ÉμÎ±¨ ¶¥·¥¢ ² ) ³´μ¦¥¸É¢μ ®´ ¤ÊÉÒÌ¯ ¶ÊÉ¥° ¶·¨´ ¤²¥¦¨É μÎ¥´Ó ³ ²μ° μ¡² -
¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , ¢ ±μÉμ·μ³, ¢ ¶·¨´Í¨¶¥, ³μ¦¥É ·¥ ²¨§μ¢Ò¢ ÉÓ¸Ö
´¥£ Ê¸¸μ¢  ¸É É¨¸É¨± . �¤´ ±μ ·¥¦¨³ ¡μ²ÓÏ¨Ì Ê±²μ´¥´¨°, ¶μ-¢¨¤¨³μ³Ê, ´¥
Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ ¢μ§´¨±´μ¢¥´¨Ö  ´μ³ ²Ó´μ° ¸É É¨¸É¨±¨ ¨ ¤μ²-
¦¥´ ¸μ¶·μ¢μ¦¤ ÉÓ¸Ö ´ ²¨Î¨¥³ ¢Ò¶Ê±²μ° £· ´¨ÍÒ ¢ ¢¨¤¥ ¦¥¸É±μ£μ ´¥¶·μ´¨-
Í ¥³μ£μ ¤¨¸± , ´  ±μÉμ·ÊÕ ®μ¶¨· ÕÉ¸Ö¯ É· ¥±Éμ·¨¨. �μ²Ó ¢Ò¶Ê±²μ° £· ´¨ÍÒ
¢ ¶·μÖ¢²¥´¨¨  ´μ³ ²Ó´μ° ¸É É¨¸É¨±¨ ¨¸¸²¥¤μ¢ ² ¸Ó · ´¥¥ ¢ · ¡μÉ Ì [33, 34]
¨ ´¥¤ ¢´μ ¡Ò²  μÉ³¥Î¥´  ¢ · ¡μÉ¥ [35].

‡�Š‹
—…�ˆ…

‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³μÉ·¥´Ò É·¨ ®μ¤´μÎ ¸É¨Î´Ò¥¯ ³μ¤¥²¨ ¡·μÊ´μ¢¸±¨Ì
Ô±¸±Ê·¸¨°, ±μÉμ·Ò¥ ¤¥³μ´¸É·¨·ÊÕÉ ´¥£ Ê¸¸μ¢μ Ë²Ê±ÉÊ Í¨μ´´μ¥ ¶μ¢¥¤¥´¨¥
É¨¶  Š ·¤ · Ä� ·¨§¨Ä‡ ´£ , Ì · ±É¥·¨§ÊÕÐ¥¥¸Ö ±·¨É¨Î¥¸±¨³ ¶μ± § É¥²¥³
ν = 1/3. �¸´μ¢´ Ö ¨¤¥Ö · ¡μÉÒ § ±²ÕÎ ¥É¸Ö ¢ ¤¥³μ´¸É· Í¨¨ ´¥±μÉμ·ÒÌ ¢μ§-
³μ¦´ÒÌ ³¥Ì ´¨§³μ¢ ¢μ§´¨±´μ¢¥´¨Ö  ´μ³ ²Ó´μ° ¸É É¨¸É¨±¨ ´  ¶·¨³¥·¥ ¶·μ-
¸ÉÒÌ μ¤´μÎ ¸É¨Î´ÒÌ ¸¨¸É¥³, ¢ ±μÉμ·ÒÌ ¢´¥Ï´¨¥ μ£· ´¨Î¥´¨Ö § ¸É ¢²ÖÕÉ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨° ¸ÉμÌ ¸É¨Î¥¸±¨° ¶·μÍ¥¸¸ ´ Ìμ¤¨ÉÓ¸Ö ¢ ·¥¦¨³¥ ¡μ²ÓÏ¨Ì Ê±²μ-
´¥´¨°. �¶¨¸ ´´Ò¥ ³μ¤¥²¨ Ö¢²ÖÕÉ¸Ö ¶μ ¸¢μ¥° ¸ÊÉ¨ · §²¨Î´Ò³¨ ¢μ¶²μÐ¥´¨Ö³¨
®· ¸ÉÖ´ÊÉÒÌ¯ É· ¥±Éμ·¨° ¢ ´¥μ¤´μ·μ¤´μ° £¥μ³¥É·¨¨.

‚ · §¤. 1 · ¸¸³μÉ·¥´Ò ¡·μÊ´μ¢¸±¨¥ Ô±¸±Ê·¸¨¨ ¨§ N Ï £μ¢ ´  ±μ´¥Î´ÒÌ
¸Ê¶¥·¤¥·¥¢ÓÖÌ ¸ ³ ±¸¨³ ²Ó´Ò³ Î¨¸²μ³ ¶μ±μ²¥´¨° K ¨ ²¨´¥°´μ · ¸ÉÊÐ¥°
(μÉ ¶μ±μ²¥´¨Ö ± ¶μ±μ²¥´¨Õ) ¢ ²¥´É´μ¸ÉÓÕ. �μ± § ´μ, ÎÉμ ¶·¨ Ê¸²μ¢¨¨ N =
cK ¸¨¸É¥³  ¨¸¶ÒÉÒ¢ ¥É ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ N → ∞ Ë §μ¢Ò°
¶¥·¥Ìμ¤: ¶·¨ c < c∗ É· ¥±Éμ·¨¨ ¨³¥ÕÉ £ Ê¸¸μ¢Ò Ë²Ê±ÉÊ Í¨¨,   ¶·¨ c > c∗

Ë²Ê±ÉÊ Í¨¨ ¨³¥ÕÉ ¸É É¨¸É¨±Ê Š�‡. �μ¸É·μ¥´¨¥ É¥μ·¨¨ ¸·¥¤´¥£μ ¶μ²Ö ¢
¤ÊÌ¥ É¥μ·¨¨ ƒ¨´§¡Ê·£ Ä‹ ´¤ Ê ¤²Ö ÔÉμ£μ Ë §μ¢μ£μ ¶¥·¥Ìμ¤  (±μÉμ·Ò°, ± ±
³Ò ¶·¥¤¶μ² £ ¥³, Ö¢²Ö¥É¸Ö ¶¥·¥Ìμ¤μ³ É·¥ÉÓ¥£μ ·μ¤ ) ¶·¥¤¸É ¢²Ö¥É¸Ö μÎ¥´Ó
¢ ¦´μ° ¨  ±ÉÊ ²Ó´μ° § ¤ Î¥°.

‘Ê¶¥·¤¥·¥¢μ ¸ ²¨´¥°´μ° ¸±μ·μ¸ÉÓÕ ¢¥É¢²¥´¨Ö ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¸É· ´¸É¢Ê
ƒ¨²Ó¡¥·É  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . �·¥¤¸É ¢²¥´¨¥ ƒ¨²Ó¡¥·É  ¢ É¥·³¨´ Ì
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¸Ê¶¥·¤¥·¥¢  ¤²Ö ¤μ¸É ÉμÎ´μ μ¡Ð¥° £ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ ·¥ -
²¨§μ¢ ´μ ¢ ¡ §¨¸¥ Š·Ò²μ¢ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ±μÔËË¨Í¨¥´ÉÒ ‹ ´±μÏ  ¤ ÕÉ
É·¥Ì¤¨ £μ´ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ¶¥· Éμ·  ‹¨Ê¢¨²²Ö ¨ É¥³ ¸ ³Ò³ μ¡¥¸¶¥Î¨-
¢ ÕÉ ¤·¥¢μμ¡· §´ÊÕ ¸É·Ê±ÉÊ·Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·μ¸É· ´¸É¢ .

�¥¤ ¢´μ ¡Ò²μ ¶μ± § ´μ, ÎÉμ § ¢¨¸¨³μ¸ÉÓ ¢¥É¢²¥´¨Ö μÉ Ê·μ¢´Ö ¤¥·¥¢  ¤μ-
¶Ê¸± ¥É ¨´É¥·¶·¥É Í¨Õ ¢ É¥·³¨´ Ì μÉ±·ÒÉμ° Í¥¶μÎ±¨ ’μ¤Ò [36]. �´ ²¨§¨-
·ÊÖ Î ¸É´Ò¥ ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±μ° Í¥¶μÎ±¨ ’μ¤Ò, ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤ μ
Éμ³, Ì μÉ¨Î´  ²¨ μ¡Ð Ö £ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³  ´  ±¢ ´Éμ¢μ³ Ê·μ¢´¥ ¨²¨ ´¥É.
ˆ¸¶μ²Ó§ÊÖ ·¥§Ê²ÓÉ ÉÒ ¤²Ö μ¡Ð¨Ì É·¥Ì¤¨ £μ´ ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ ¡ §¨¸¥
Š·Ò²μ¢  [36], ¡Ò²μ ¡Ò ¨´É¥·¥¸´μ ¶μ´ÖÉÓ, ¸μÌ· ´Ö¥É¸Ö ²¨ Ë §μ¢Ò° ¶¥·¥Ìμ¤
μÉ £ Ê¸¸μ¢μ° ¸É É¨¸É¨±¨ ± ¸É É¨¸É¨±¥ Š�‡ ¢ ¡μ²¥¥ μ¡Ð¥° £ ³¨²ÓÉμ´μ¢μ°
¸¨¸É¥³¥.

‚ · §¤. 2 ¨¸¸²¥¤μ¢ ´  ¸É É¨¸É¨±  (1 + 1)D ¡·μÊ´μ¢¸±¨Ì Ô±¸±Ê·¸¨° „¨± 
¨§ N Ï £μ¢ ¸ § ¤ ´´μ° ¶²μÐ ¤ÓÕ ¶μ¤ ±·¨¢μ° ¢ ¶μ²μ¸¥ ±μ´¥Î´μ° Ï¨·¨´Ò n.
� ¸¸³μÉ·¥´  § ¤ Î  ¢ ¡μ²ÓÏμ³ ± ´μ´¨Î¥¸±μ³  ´¸ ³¡²¥ ¸ ±μ´É·μ²¥³ ¶²μÐ ¤¨
¸μ¶·Ö¦¥´´μ° ¶¥·¥³¥´´μ°, q. Š ± ¨ ¢ · §¤. 1, ´ ²μ¦¥´μ ²¨´¥°´μ¥ μ£· ´¨Î¥-
´¨¥ N = cn ´  ¶μ²´μ¥ Î¨¸²μ Ï £μ¢ ¡²Ê¦¤ ´¨Ö ¨ · ¸¸³μÉ·¥´Ò Ë²Ê±ÉÊ Í¨¨
¸·¥¤´¥° ÉμÎ±¨ ¢  ´¸ ³¡²¥ ¶ÊÉ¥° „¨±  ¶·¨ ¡μ²ÓÏ¨Ì n ¨ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³
¸μμÉ´μÏ¥´¨¨ c = N/n. �¡´ ·Ê¦¥´μ, ÎÉμ ¤²Ö q = 1 + N−2/3 Ë²Ê±ÉÊ Í¨¨
¨³¥ÕÉ ´¥£ Ê¸¸μ¢ Ì · ±É¥· ¸ É¨¶¨Î´Ò³ ¸±¥°²¨´£μ³ Š�‡ γ ≈ 0,31 ¶·¨ c � 1.

‚ · §¤. 3 ¨§ÊÎ¥´Ò ¶·μ¸É· ´¸É¢¥´´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¸¢Ö§¥° ®´ ¤ÊÉμ£μ¯ ¨¤¥-
 ²Ó´μ£μ ¶μ²¨³¥·´μ£μ ±μ²ÓÍ  ¨§ N §¢¥´Ó¥¢ ¡¥§ μ¡Ñ¥³´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¸
Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨, Rg . ‘É¥¶¥´Ó ´ ¡ÊÌ ´¨Ö (®´ ¤ÊÉμ¸É¨¯)
¶μ²¨³¥·´μ£μ ±μ²ÓÍ  ±μ´É·μ²¨·Ê¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ ³¥¦¤Ê N ¨ Rg . „ ´-
´ Ö § ¤ Î  ¢μ¸Ìμ¤¨É ± ´ Î ²Ê 60-Ì ££. ¶·μÏ²μ£μ ¢¥±  ¨ Ö¢²Ö¥É¸Ö ´¥¡μ²ÓÏμ°
³μ¤¨Ë¨± Í¨¥° § ¤ Î¨, ¶·¥¤²μ¦¥´´μ° ¨ ·¥Ï¥´´μ° Œ. ”¨±¸³ ´μ³, ±μÉμ·Ò°
¨´É¥·¥¸μ¢ ²¸Ö ¢ÒÎ¨¸²¥´¨¥³ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, Z(Rg, N), ¨¤¥ ²Ó´μ£μ
¶μ²¨³¥·´μ£μ ±μ²ÓÍ  ¨§ N ³μ´μ³¥·μ¢ ¸ Ë¨±¸¨·μ¢ ´´Ò³ · ¤¨Ê¸μ³ ¨´¥·Í¨¨
Rg . �μ± § ´μ, ÎÉμ, μ¡·¥§ Ö ¡μ²ÓÏ¨¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¨ μ¸É -
¢²ÖÖ ¤²Ö ¸¨²Ó´μ ®´ ¤ÊÉμ£μ¯ ¶μ²¨³¥·  Éμ²Ó±μ ®É¨¶¨Î´Ò°¯ ¨´¸É ´Éμ´´Ò° ·¥-
¦¨³ ¸ Rg = aN , ¶μ²ÊÎ ¥³ Š�‡-¸±¥°²¨´£ ¤²Ö Ë²Ê±ÉÊ Í¨° ¸¢Ö§¨. � ¶·μÉ¨¢,
¸Ê³³¨·ÊÖ ¢¸¥ ´μ·³ ²Ó´Ò¥ ³μ¤Ò, ¨³¥¥³ £ Ê¸¸μ¢Ò Ë²Ê±ÉÊ Í¨¨.

‚μ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ³μ¤¥²ÖÌ Ë²Ê±ÉÊ Í¨¨ ¸μ ¸±¥°²¨´£μ³ Š�‡ ¢μ§´¨-
± ÕÉ ¶·¨ ´ ²¨Î¨¨ ¤¢ÊÌ ¢§ ¨³μ¤μ¶μ²´ÖÕÐ¨Ì Ê¸²μ¢¨°: 1) É· ¥±Éμ·¨¨ ®¦¨¢ÊÉ¯
¢ ´¥É¨¶¨Î´μ° μ¡² ¸É¨ ¡μ²ÓÏ¨Ì Ê±²μ´¥´¨° Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¨ 2) É· ¥±-
Éμ·¨¨ ®μ¶¨· ÕÉ¸Ö¯ ´  ´¥¶·μ´¨Í ¥³ÊÕ (¢Ò¶Ê±²ÊÕ) μ¡μ²μÎ±Ê. �μ-¢¨¤¨³μ³Ê,
¨³¥´´μ μ¤´μ¢·¥³¥´´μ¥ ´ ²¨Î¨¥ μ¡μ¨Ì Ê¸²μ¢¨° μ¡¥¸¶¥Î¨¢ ¥É  ´μ³ ²Ó´Ò°
Ë²Ê±ÉÊ Í¨μ´´Ò° ·¥¦¨³ ¸μ ¸±¥°²¨´£μ³ Š�‡ ¢ μ¤´μÎ ¸É¨Î´ÒÌ ¸É É¨¸É¨Î¥-
¸±¨Ì ¸¨¸É¥³ Ì.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·´Ò �. 	·¨²²¨ ´Éμ¢Ê, B.Meerson, ƒ. �Ï -
´¨´Ê, Š.�μ²μ¢´¨±μ¢Ê, T. Prellberg, ‘.˜²μ¸¸³ ´Ê, Œ. ’ ³³Ê, ‚.�¢¥É¨¸μ¢Ê ¨
�.‚² ¤¨³¨·μ¢Ê §  ³´μ£μÎ¨¸²¥´´Ò¥ ¤¨¸±Ê¸¸¨¨ ¨ Í¥´´Ò¥ ±μ³³¥´É ·¨¨. � ¡μÉ 



��‚��‚…‘�›… ‘�…„�…��‹…‚›… Œ�„…‹ˆ ‘’�’ˆ‘’ˆ—…‘Š�‰ ”ˆ‡ˆŠˆ 385

¡Ò²  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  �””ˆ (£· ´É º18-29-13013). �¢Éμ·Ò ¡² £μ¤ ·´Ò
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