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�·¨ · ¸¸³μÉ·¥´¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¨¸¶μ²Ó§Ê¥É¸Ö ËÊ´±-
Í¨Ö ‚¨£´¥·  ± ± ËÊ´±Í¨Ö ±¢ §¨¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°. � Ìμ¦¤¥´¨¥ ËÊ´±Í¨¨ ‚¨£-
´¥·  ¸¢Ö§ ´μ ¸ ¢ÒÎ¨¸²¥´¨¥³ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ μÉ ´¥±μÉμ·μ° ±μ³¶μ§¨Í¨¨ ¢μ²-
´μ¢ÒÌ ËÊ´±Í¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. Š ± ¶· ¢¨²μ, §´ ´¨¥ ËÊ´±Í¨¨
‚¨£´¥·  ´¥ Ö¢²Ö¥É¸Ö ±μ´¥Î´μ° Í¥²ÓÕ,   É·¥¡Ê¥É¸Ö ¶·μ¨§¢¥¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¨Ì
§´ Î¥´¨° · §²¨Î´ÒÌ ±¢ ´Éμ¢ÒÌ Ì · ±É¥·¨¸É¨± ¸¨¸É¥³Ò. Ÿ¢´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö
˜·ß¤¨´£¥·  Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ Éμ²Ó±μ ¤²Ö Ê§±μ£μ ±² ¸¸  ¶μÉ¥´Í¨ ²μ¢, ¶μÔÉμ³Ê ¢ ¡μ²Ó-
Ï¨´¸É¢¥ ¸²ÊÎ ¥¢ ¶·¨Ìμ¤¨É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò ¤²Ö ´ Ìμ¦¤¥´¨Ö ¢μ²´μ-
¢ÒÌ ËÊ´±Í¨°. ‚ ·¥§Ê²ÓÉ É¥ ´ Ìμ¦¤¥´¨¥ ËÊ´±Í¨¨ ‚¨£´¥·  ¸¢Ö§ ´μ ¸ Î¨¸²¥´´Ò³ ¨´-
É¥£·¨·μ¢ ´¨¥³ ¸¥ÉμÎ´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. �·¨ · ¸¸³μÉ·¥´¨¨ μ¤´μ³¥·´μ° ¸¨¸É¥³Ò
É·¥¡Ê¥É¸Ö ¢ÒÎ¨¸²¥´¨¥ N2 ¨´É¥£· ²μ¢ ”Ê·Ó¥ μÉ ¸¥ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨. —Éμ¡Ò
μ¡¥¸¶¥Î¨ÉÓ ´¥μ¡Ìμ¤¨³ÊÕ ÉμÎ´μ¸ÉÓ ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢Ò¸Ï¨³
¸μ¸ÉμÖ´¨Ö³ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, É·¥¡Ê¥É¸Ö ¡μ²ÓÏ¥¥ Î¨¸²μ Ê§²μ¢ ¸¥É±¨. –¥²ÓÕ ¤ ´-
´μ° · ¡μÉÒ ¡Ò²μ ¶μ¸É·μ¥´¨¥ Î¨¸²¥´´μ- ´ ²¨É¨Î¥¸±μ£μ ³¥Éμ¤  ´ Ìμ¦¤¥´¨Ö ËÊ´±Í¨¨
‚¨£´¥· , ¶μ§¢μ²ÖÕÐ¥£μ ¸ÊÐ¥¸É¢¥´´μ ¸μ±· É¨ÉÓ ±μ²¨Î¥¸É¢μ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ μ¶¥· -
Í¨°. ‚ · ¡μÉ¥ · ¸¸³μÉ·¥´Ò ±¢ ´Éμ¢Ò¥ ¸¨¸É¥³Ò ¸ ¶μ²¨´μ³¨ ²Ó´Ò³¨ ¶μÉ¥´Í¨ ² ³¨,
¤²Ö ±μÉμ·ÒÌ ËÊ´±Í¨Ö ‚¨£´¥·  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ·Ö¤  ¶μ ´¥±μÉμ·Ò³ ¨§¢¥¸É´Ò³
ËÊ´±Í¨Ö³.

When considering quantum systems in the phase space, the Wigner function is used
as a function of the quasi-probability density. Finding the Wigner function is related to
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the calculation of the Fourier transform of a certain composition of wave functions of the
corresponding quantum system. As a rule, the knowledge of the Wigner function is not the
ultimate goal, and computations of the average values of different quantum characteristics
of a system are required. An explicit solution of the Schréodinger equation can be obtained
only for a narrow class of potentials; therefore, numerical methods to ˇnd wave functions
are used in most cases. Consequently, ˇnding the Wigner function is associated with
the numerical integration of grid wave functions. When considering a one-dimensional
system, it is obligatory to calculate N2 Fourier integrals of the grid wave function. To
provide the required accuracy for the wave functions corresponding to the higher states of
a quantum system, a larger number of grid nodes is needed. The goal of the given work
was to construct a numerical-analytical method for ˇnding the Wigner function, which
would signiˇcantly reduce the number of computational operations. Quantum systems
with polynomial potentials, for which the Wigner function is represented as a series in
some known functions, were considered.

PACS: 05.20.Dd; 03.65.Wj; 05.30.-d

‚‚…„…�ˆ…

” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ, ¸μ¤¥·¦ Ð¥¥ ¨´Ëμ·³ Í¨Õ μ ±μμ·¤¨´ É¥ ¨ ¨³-
¶Ê²Ó¸¥, ¨³¥¥É Ï¨·μ±¨° ¸¶¥±É· ¶·¨³¥´¥´¨Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ ³ ±·μ¸¨¸É¥³.
�¶¨¸ ´¨¥ ¶μ¢¥¤¥´¨Ö ³ ±·μ¸¨¸É¥³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¢
¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¥, ³¥Ì ´¨±¥ ¸¶²μÏ´ÒÌ ¸·¥¤, ±¢ ´Éμ¢μ° ¸É É¨¸É¨±¥ ¨
Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥ ¶·¨ ³μ¤¥²¨·μ¢ ´¨¨ ¤¨´ ³¨±¨ ¶ÊÎ± . –¥´É· ²Ó´Ò³ ¶μ-
´ÖÉ¨¥³ ¤²Ö ³ ±·μ¸¨¸É¥³ Ö¢²Ö¥É¸Ö É¥μ·¥³  ‹¨Ê¢¨²²Ö, ¸¢Ö§ ´´ Ö ¸ § ±μ´μ³ ¸μ-
Ì· ´¥´¨Ö Ë §μ¢μ£μ μ¡Ñ¥³  ¨ ¶μ¸ÉμÖ´¸É¢μ³ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°
f(r,p, t) ¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨°.

� ¸¸³μÉ·¥´¨¥ ³¨±·μ¸¨¸É¥³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¢ · ³± Ì ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨ ¨³¥¥É μ¸μ¡¥´´μ¸ÉÓ, μ¡Ê¸²μ¢²¥´´ÊÕ ¶·¨´Í¨¶μ³ ´¥μ¶·¥¤¥²¥´´μ¸É¨
ƒ¥°§¥´¡¥·£ . �μ´ÖÉ¨¥ Ë §μ¢μ° É· ¥±Éμ·¨¨, ±μÉμ· Ö É·¥¡Ê¥É ¤²Ö ¸¢μ¥£μ ¶μ-
¸É·μ¥´¨Ö μ¤´μ¢·¥³¥´´μ£μ §´ ´¨Ö §´ Î¥´¨° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ , É¥·Ö¥É
¸³Ò¸². “· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¶μ§¢μ²Ö¥É ´ °É¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ ±¢ ´-
Éμ¢μ° ¸¨¸É¥³Ò, μ¶·¥¤¥²ÖÕÐÊÕ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¶μ ±μ-
μ·¤¨´ É¥ |Ψ|2 ¨²¨ ¶μ ¨³¶Ê²Ó¸Ê |Ψ̃|2. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψ(r, t) ¨ Ψ̃(p, t)
¸¢Ö§ ´Ò ËÊ·Ó¥-¶·¥μ¡· §μ¢ ´¨¥³ ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ±μμ·¤¨´ É´μ³Ê ¨ ¨³¶Ê²Ó¸-
´μ³Ê ¶·¥¤¸É ¢²¥´¨Ö³.

‚ 1930Ä1932 ££. ƒ. ‚¥°²¥³ ¨ …. ‚¨£´¥·μ³ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨³ ¸¶μ¸μ-
¡μ³ ¢ ¢¨¤¥ ¨´É¥£· ²  ”Ê·Ó¥ μÉ ±μ³¶μ§¨Í¨¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¡Ò²  ¶μ¸É·μ-
¥´  ËÊ´±Í¨Ö W ±¢ §¨¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥ [1, 2]. ”Ê´±Í¨Ö W ¶μ²ÊÎ¨²  ´ §¢ ´¨¥ ËÊ´±Í¨¨ ‚¨£´¥· ,   É¥·-
³¨´ ±¢ §¨¶²μÉ´μ¸ÉÓ ¢Ò§¢ ´ ´ ²¨Î¨¥³ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° Ê ËÊ´±Í¨¨ W .
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”Ê´±Í¨Ö ‚¨£´¥·  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  Î¥·¥§ ³ É·¨ÍÊ ¶²μÉ´μ¸É¨ ρ̂:

W (r,p, t) =
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ˆ´É¥£·¨·μ¢ ´¨¥ ËÊ´±Í¨¨ W ¶μ ¶·μ¸É· ´¸É¢Ê ¨³¶Ê²Ó¸μ¢ ¨ ±μμ·¤¨´ É
¤ ¥É ËÊ´±Í¨¨ |Ψ|2 ¨ |Ψ̃|2 ¸μμÉ¢¥É¸É¢¥´´μ:∫

(∞)

W (r,p, t) d3p = |Ψ(r, t)|2 ,

∫
(∞)
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∣∣∣Ψ̃(p, t)

∣∣∣2 . (‚.2)

�¢μ²ÕÍ¨Ö ËÊ´±Í¨¨ ‚¨£´¥·  W (r,p, t) μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ŒμÔ-
²Ö [3], ±μÉμ·μ¥ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö Ëμ´ �¥°³ ´  ¤²Ö
³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ̂ ¨ ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ¶μÉ¥´Í¨ ² U Ö¢²Ö¥É¸Ö  ´ ²¨-
É¨Î¥¸±μ° ËÊ´±Í¨¥°
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“· ¢´¥´¨¥ ŒμÔ²Ö (B.3) Å μ¡μ¡Ð¥´¨¥ Ê· ¢´¥´¨Ö ‹¨Ê¢¨²²Ö ¤²Ö ±² ¸¸¨-
Î¥¸±μ° ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f(r,p, t). ‚ μÉ²¨Î¨¥ μÉ Ê· ¢´¥´¨Ö
‹¨Ê¢¨²²Ö Ê· ¢´¥´¨¥ ŒμÔ²Ö ¨³¥¥É ´¥´Ê²¥¢ÊÕ ¶· ¢ÊÕ Î ¸ÉÓ ¢ ¢¨¤¥ ·Ö¤  ¶μ
¸É¥¶¥´Ö³ ¶μ¸ÉμÖ´´μ° �² ´±  �

2l. —²¥´Ò ·Ö¤  ¸μ¤¥·¦ É ¶·μ¨§¢μ¤´Ò¥ ¢Ò¸Ï¨Ì
¶μ·Ö¤±μ¢ μÉ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö W ¨ ¶μÉ¥´Í¨ ²  U ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò:
(∂2l+1W/∂p2l+1

λ )(∂2l+1U/∂x2l+1
λ ). ‚ ±² ¸¸¨Î¥¸±μ³ ¶·¥¤¥²¥ ¶·¨ � → 0 ¨

¶·¨ Ê¸²μ¢¨¨ μ£· ´¨Î¥´´μ¸É¨ ¶·μ¨§¢μ¤´ÒÌ (∂2l+1W/∂p2l+1
λ )(∂2l+1U/∂x2l+1

λ )
Ê· ¢´¥´¨¥ ŒμÔ²Ö (B.3) ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ ‹¨Ê¢¨²²Ö. � ²¨Î¨¥ ´¥´Ê²¥¢μ°
¶· ¢μ° Î ¸É¨ ¢ Ê· ¢´¥´¨¨ ŒμÔ²Ö ¶·¨¢μ¤¨É ± ´¥¶μ¸ÉμÖ´¸É¢Ê (¸ÊÐ¥¸É¢μ¢ ´¨Õ
¤¨¸¸¨¶ Í¨° Ê ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò) ËÊ´±Í¨¨ ‚¨£´¥·  ¢¤μ²Ó Ë §μ¢μ° É· ¥±-
Éμ·¨¨.

‡  ¶μ¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö ¸ÊÐ¥¸É¢¥´´μ · §¢¨É ³ É¥³ É¨Î¥¸±¨°  ¶¶ · É
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [4Ä18]. ”Ê´±Í¨Ö ‚¨£´¥·  ¶μ²Ê-
Î¨²  Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢ ±¢ ´Éμ¢μ° Éμ³μ£· Ë¨¨ [19Ä22], ±¢ ´Éμ¢μ° ¸¢Ö§¨
¨ ±·¨¶Éμ£· Ë¨¨ [23, 24], ±¢ ´Éμ¢μ° ¨´Ëμ·³ É¨±¥ [25Ä27], ¢ § ¤ Î Ì μ¡· -
¡μÉ±¨ ¸¨£´ ²  [28Ä30].

‡´ ´¨¥ ËÊ´±Í¨¨ ‚¨£´¥·  ´¥μ¡Ìμ¤¨³μ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¨Ì §´ Î¥´¨°
Ì · ±É¥·¨¸É¨± ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. „²Ö ´ Ìμ¦¤¥´¨Ö ËÊ´±Í¨¨ ‚¨£´¥·  (B.1)
´¥μ¡Ìμ¤¨³Ò ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. Ÿ¢´μ¥ ·¥Ï¥´¨¥ Ê· ¢-
´¥´¨Ö ˜·ß¤¨´£¥·  Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ Éμ²Ó±μ ¤²Ö Ê§±μ£μ ±² ¸¸  ¶μÉ¥´Í¨ ²μ¢ U ,
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¶μÔÉμ³Ê ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¶·¨Ìμ¤¨É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò
¤²Ö ´ Ìμ¦¤¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψ.

Š¢ ´Éμ¢Ò¥ ¸¨¸É¥³Ò ¸ ¶μÉ¥´Í¨ ²Ó´Ò³¨ Ö³ ³¨ ³μ£ÊÉ ¨³¥ÉÓ ¤¨¸±·¥É´Ò°
´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Ψs, μÉ¢¥Î ÕÐ¨° · §²¨Î´Ò³ Ô´¥·£¥É¨Î¥¸±¨³ ¸μ-
¸ÉμÖ´¨Ö³ s. �·¨ Ê¢¥²¨Î¥´¨¨ ´μ³¥·  ¸μ¸ÉμÖ´¨Ö s Ê¸²μ¦´Ö¥É¸Ö Ì · ±É¥· ¶μ-
¢¥¤¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψs (Ê¢¥²¨Î¨¢ ¥É¸Ö Î¨¸²μ μ¸Í¨²²ÖÍ¨° ¢ ¶μÉ¥´Í¨-
 ²Ó´μ° Ö³¥), ÎÉμ ¶·¨¢μ¤¨É ± ´¥μ¡Ìμ¤¨³μ¸É¨ Ê¢¥²¨Î¥´¨Ö Î¨¸²  Ê§²μ¢ ¸¥ÉμÎ´μ°
ËÊ´±Í¨¨,  ¶¶·μ±¸¨³¨·ÊÕÐ¥° ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψs. „²Ö
μ¤´μ³¥·´μ° ¸¥ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸ Î¨¸²μ³ Ê§²μ¢ N ¸μμÉ¢¥É¸É¢ÊÕÐ Ö
¸¥ÉμÎ´ Ö ËÊ´±Í¨Ö ‚¨£´¥·  (B.1) ¡Ê¤¥É ¨³¥ÉÓ ¶μ·Ö¤±  N2 Ê§²μ¢. ‡´ Î¥´¨Ö
¸¥ÉμÎ´μ° ËÊ´±Í¨¨ ‚¨£´¥·  ¢ ± ¦¤μ³ ¨§ N2 Ê§²μ¢ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶ÊÉ¥³ Î¨-
¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö (B.1) ¸¥ÉμÎ´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. � °¤¥´´ Ö É -
±¨³ μ¡· §μ³ ¸¥ÉμÎ´ Ö ËÊ´±Í¨Ö ‚¨£´¥·  É·¥¡Ê¥É ¶μ¢Éμ·´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö
¶μ ¢¸¥³Ê Ë §μ¢μ³Ê ¶·μ¸É· ´¸É¢Ê ¤²Ö Ê¸·¥¤´¥´¨Ö · §²¨Î´ÒÌ ±¢ ´Éμ¢ÒÌ Ì -
· ±É¥·¨¸É¨± ¸¨¸É¥³Ò. ‘ ÊÎ¥Éμ³ ¸± § ´´μ£μ μ¶¨¸ ´´ Ö Î¨¸²¥´´ Ö ¶·μÍ¥¤Ê· 
É·¥¡Ê¥É ¡μ²ÓÏμ£μ ±μ²¨Î¥¸É¢  ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ μ¶¥· Í¨° ¨ ±μ´É·μ²Ö ÉμÎ´μ¸É¨
±μ´¥Î´μ£μ ·¥§Ê²ÓÉ É .

˜¨·μ±¨° ±² ¸¸ [31Ä38] ¤μ¸É ÉμÎ´μ £² ¤±¨Ì ¶μÉ¥´Í¨ ²μ¢ U ³μ¦¥É ¡ÒÉÓ
μ¶¨¸ ´ ¨²¨ ¶·¨¡²¨¦¥´ ¸ ´¥μ¡Ìμ¤¨³μ° ÉμÎ´μ¸ÉÓÕ ¶μ²¨´μ³¨ ²Ó´Ò³ ¶μÉ¥´-

Í¨ ²μ³ UN (x) =
N∑

n=1
anxn, Ö¢²ÖÕÐ¨³¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³  ´ ²¨É¨Î¥¸±μ£μ

¶μÉ¥´Í¨ ² , ¨¸¶μ²Ó§Ê¥³μ£μ ¶·¨ ¢Ò¢μ¤¥ Ê· ¢´¥´¨Ö ŒμÔ²Ö (B.3). �·μ¸É¥°-
Ï¨° ¶μ²¨´μ³¨ ²Ó´Ò° ¶μÉ¥´Í¨ ² UN Å ÔÉμ ¶μÉ¥´Í¨ ² £ ·³μ´¨Î¥¸±μ£μ μ¸-
Í¨²²ÖÉμ·  U2(x) = (mω2x2)/2. „²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Ê· ¢´¥´¨¥
ŒμÔ²Ö (B.3) ¨³¥¥É ´Ê²¥¢ÊÕ ¶· ¢ÊÕ Î ¸ÉÓ ¨ ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ ‹¨Ê-
¢¨²²Ö.

’ ±¨³ μ¡· §μ³, £ ·³μ´¨Î¥¸±¨° μ¸Í¨²²ÖÉμ· Ö¢²Ö¥É¸Ö ¶·μ¸É¥°Ï¥° Ê´¨-
± ²Ó´μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³μ°, ¤²Ö ±μÉμ·μ° ±¢ ´Éμ¢μ¥ Ê· ¢´¥´¨¥ ŒμÔ²Ö ¸μ-
¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ ‹¨Ê¢¨²²Ö. ‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ {ψk}
±¢ ´Éμ¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¨§¢¥¸É´Ò ¢ Ö¢´μ³ ¢¨¤¥ ¨ μ¡· §ÊÕÉ
¡ §¨¸ ¢ ¶·μ¸É· ´¸É¢¥ L2. ‘²¥¤μ¢ É¥²Ó´μ, ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ ∈ L2, ¸μμÉ-
¢¥É¸É¢ÊÕÐ Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³¥ ¸ ¶μÉ¥´Í¨ ²μ³ UN , ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´ 

¶μ ¡ §¨¸Ê {ψk}, É. ¥. Ψ =
+∞∑
k=0

ckψk. ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ck ´¥¶μ-

¸·¥¤¸É¢¥´´μ ´ Ìμ¤ÖÉ¸Ö ¨§ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¶ÊÉ¥³ ·¥Ï¥´¨Ö § ¤ Î¨ ´ 
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ²¨´¥°´μ°  ²£¥¡· ¨Î¥¸±μ° ¸¨¸É¥³Ò [39]. ’ ±μ°
¶μ¤Ìμ¤ É·¥¡Ê¥É ¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥£μ ±μ²¨Î¥¸É¢  μ¶¥· Í¨°, Î¥³, ´ ¶·¨³¥·,
³¥Éμ¤ 	. ‚.�Ê³¥·μ¢  [40]. �μ¤¸É ¢²ÖÖ · §²μ¦¥´¨¥ ËÊ´±Í¨¨ Ψ ¶μ ËÊ´±Í¨Ö³
{ψk} ¢ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ‚¨£´¥·  (B.1), ³μ¦´μ ¶·μ¨§¢¥¸É¨ ¨´É¥£·¨·μ-
¢ ´¨¥ ¢ Ö¢´μ³ ¢¨¤¥ [41]. � °¤¥´´Ò¥ É ±¨³ μ¡· §μ³  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö
¤²Ö ¨´É¥£· ²μ¢ ¸ÊÐ¥¸É¢¥´´μ Ê¸±μ·ÖÉ μ¶¨¸ ´´ÊÕ ¢ÒÏ¥ ¶·μÍ¥¤Ê·Ê Î¨¸²¥´´μ£μ
Ê¸·¥¤´¥´¨Ö ±¢ ´Éμ¢ÒÌ Ì · ±É¥·¨¸É¨±.
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�·¥¤² £ ¥³Ò° μ¡§μ· ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ · §¤¥²μ¢. � §¤. 1 ¸μ¤¥·¦¨É μ¶¨¸ ´¨¥
μ¡Ð¨Ì ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢, ¶μ§¢μ²ÖÕÐ¨Ì ¸¢Ö§ ÉÓ · ¸¸³μÉ·¥´¨¥ ±² ¸¸¨Î¥¸±¨Ì
¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �¥·¢Ò³ ¶·¨´Í¨¶μ³ Ö¢²Ö¥É¸Ö
§ ±μ´ ¸μÌ· ´¥´¨Ö ¢¥·μÖÉ´μ¸É¥° ¢ μ¡μ¡Ð¥´´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [42Ä
46, 50], ´  μ¸´μ¢ ´¨¨ ±μÉμ·μ£μ �.�. ‚² ¸μ¢Ò³ ¡Ò²  ¶μ²ÊÎ¥´  ¡¥¸±μ´¥Î´ Ö ¸ -
³μ§ Í¥¶²ÖÕÐ Ö¸Ö Í¥¶μÎ±  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨°
¢Ò¸Ï¨Ì ±¨´¥³ É¨Î¥¸±¨Ì ¢¥²¨Î¨´ f1(r, t), f2(r,v, t), f3(r,v, v̇, t), . . . [47, 48].
‚ · §¤. 1 · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¶¥·¢Ò¥ ¤¢  Ê· ¢´¥´¨Ö ¨§ Í¥¶μÎ±¨ ‚² -
¸μ¢  ¤²Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö f1(r, t) ¨ f2(r,v, t). — ¸É´Ò° ¸²ÊÎ ° [46Ä
48] ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¤²Ö ËÊ´±Í¨¨ f2(r,v, t) ¨§¢¥¸É¥´ ± ± Ê· ¢-
´¥´¨¥ ‚² ¸μ¢  ¤²Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ ¶μ²Ö ¨ ¨³¥¥É Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥
¢ Ë¨§¨±¥ ¶² §³Ò,  ¸É·μË¨§¨±¥, Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥ ¢ § ¤ Î Ì É¥·³μÖ¤¥·-
´μ£μ ¸¨´É¥§ . ‚ ¶. 1.1 · ¸¸³μÉ·¥´μ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¤²Ö ËÊ´±Í¨¨
f1(r, t), ±μÉμ·μ¥ ¶μ²ÊÎ ¥É¸Ö ¨§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¶ÊÉ¥³ ¨´É¥£·¨·μ¢ ´¨Ö ¥£μ
¶μ ¶·μ¸É· ´¸É¢Ê ¸±μ·μ¸É¥°. ”μ·³ ²Ó´μ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¤²Ö ËÊ´±-
Í¨¨ f1(r, t) ¸Ìμ¦¥ ¸ Ê· ¢´¥´¨¥³ ´¥¶·¥·Ò¢´μ¸É¨, ´μ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò¥
μÉ²¨Î¨Ö, ¶μ§¢μ²ÖÕÐ¨¥ ¶μ¸É·μ¨ÉÓ ¨§ ´¥£μ Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¤²Ö ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ Ψ1(r, t) [45, 49, 50]. ‚ ¶. 1.2 · ¸¸³ É·¨¢ ¥É¸Ö ¢Éμ·μ¥ Ê· ¢-
´¥´¨¥ ‚² ¸μ¢ , ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³ Ê· ¢´¥´¨Ö ŒμÔ²Ö (B.3) ¤²Ö
ËÊ´±Í¨¨ ‚¨£´¥· . ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¶·¨  ¶¶·μ±¸¨³ Í¨¨ ‚² ¸μ¢ ÄŒμÔ²Ö ¤²Ö
¸·¥¤´¥° ±¨´¥³ É¨Î¥¸±μ° ¢¥²¨Î¨´Ò 〈v̇〉 [39] ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¶¥-
·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ ŒμÔ²Ö. ‚ ¶. 1.2 μ¶¨¸ ´ ¢Ò¢μ¤ Ê· ¢´¥´¨Ö ŒμÔ²Ö (B.3)
¨§ Ê· ¢´¥´¨Ö Ëμ´ �¥°³ ´ . �·¨¢μ¤¨É¸Ö ¶μ¸É·μ¥´¨¥ ËÊ´±Í¨¨ ±¢ §¨¶²μÉ´μ-
¸É¨ ¢¥·μÖÉ´μ¸É¨ f2(x, v) ¤²Ö ±¢ ´Éμ¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ´¥¶μ-
¸·¥¤¸É¢¥´´μ ¨§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¡¥§ ¢¢¥¤¥´¨Ö ËÊ´±Í¨¨ ‚¨£´¥· .
�μ¸É·μ¥´´ Ö ËÊ´±Í¨Ö f2,n(x, v) ¸μ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´μ° ËÊ´±Í¨¥° ‚¨£´¥· 
Wn(x, p), £¤¥ n ¸μμÉ¢¥É¸É¢Ê¥É ´μ³¥·Ê ¸μ¸ÉμÖ´¨Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²Ö-
Éμ· . ‚ ¶. 1.3 ¶μ ËÊ´±Í¨¨ ‚¨£´¥·  Wn(x, p) ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· 
¶μ²ÊÎ¥´Ò ÉμÎ´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸·¥¤´¨Ì ±¨´¥³ É¨Î¥¸±¨Ì ¢¥²¨Î¨´ 〈〈x2〉〉n,
〈〈v2〉〉n, 〈x2〉n(v), 〈v2〉n(x). ˆ§ ¶μ²ÊÎ¥´´ÒÌ ¢Ò· ¦¥´¨° ¢¨¤´μ, ÎÉμ ¤¨¸±·¥É-
´Ò° Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  En = �ω(n + 1/2)
Ö¢²Ö¥É¸Ö ¸·¥¤´¨³ §´ Î¥´¨¥³ Ô´¥·£¨¨ 〈〈ε〉〉n, £¤¥ ε ∼ p2/2m + mω2x2/2. ‚¥-
²¨Î¨´  ¸·¥¤´¥±¢ ¤· É¨Î´μ£μ μÉ±²μ´¥´¨Ö Ô´¥·£¨¨ ¤²Ö ¢¸¥Ì Ê·μ¢´¥° μ¤¨´ -
±μ¢ : σεn = �ω/2. �μ²´ÊÕ Ô´¥·£¨Õ En ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸Ê³³Ò
®±¨´¥É¨Î¥¸±μ°¯ 〈〈p2〉〉n/2m ¨ ®¶μÉ¥´Í¨ ²Ó´μ°¯ mω2〈〈x2〉〉n/2 Ô´¥·£¨¨. ’ -
±¨³ μ¡· §μ³, ¸ ¶μ§¨Í¨° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸Ê-
Ð¥¸É¢Ê¥É ¡¥¸±μ´¥Î´μ¥ ³´μ¦¥¸É¢μ Ë §μ¢ÒÌ É· ¥±Éμ·¨° ε = const, Ö¢²ÖÕ-
Ð¨Ì¸Ö Ì · ±É¥·¨¸É¨± ³¨ Ê· ¢´¥´¨Ö ŒμÔ²Ö, a ¨Ì Ê¸·¥¤´¥´¨¥ ¶μ ¸μμÉ¢¥É¸É-
¢ÊÕÐ¥° ËÊ´±Í¨¨ ‚¨£´¥·  Wn(x, p) ¤ ¥É ¨§¢¥¸É´Ò¥ ¤¨¸±·¥É´Ò¥ ¸¶¥±É·Ò
Ô´¥·£¨¨.

ˆ´É¥·¥¸´Ò³ Ö¢²Ö¥É¸Ö ÉμÉ Ë ±É, ÎÉμ ®±¨´¥É¨Î¥¸± Ö¯ Ô´¥·£¨Ö Tn ∼
〈v2〉n(x) ± ± ËÊ´±Í¨Ö ±μμ·¤¨´ ÉÒ ¨³¥¥É ¶μ²Õ¸  ¢ ÉμÎ± Ì x� (	 = 1, . . . , n),
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¸μ¢¶ ¤ ÕÐ¨Ì ¸ ´Ê²Ö³¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ψn. �μ²Õ¸  x� · ¸¶μ²μ¦¥´Ò ¢
μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ËÊ´±Í¨¨ ‚¨£´¥· . Š ± ¶μ± § ´μ ¢ ¶. 1.3,
¡² £μ¤ ·Ö μÉ·¨Í É¥²Ó´Ò³ §´ Î¥´¨Ö³ ËÊ´±Í¨¨ ‚¨£´¥·  ¶μÉ¥´Í¨ ²Ó´ Ö Ö³ 
μ¸Í¨²²ÖÉμ·  · §¡¨¢ ¥É¸Ö ´  ´¥¸±μ²Ó±μ Ö³ Ô´¥·£¥É¨Î¥¸±¨³¨ ¸É¥´± ³¨. Šμ²¨-
Î¥¸É¢μ É ±¨Ì Ö³ μ¶·¥¤¥²Ö¥É¸Ö ´μ³¥·μ³ ¸μ¸ÉμÖ´¨Ö n,   ¶μ²μ¦¥´¨¥ Ô´¥·£¥-
É¨Î¥¸±¨Ì ¸É¥´μ± Å μ¡² ¸ÉÖ³¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ËÊ´±Í¨¨ ‚¨£´¥· .
‚ ± ¦¤μ° É ±μ° ®´μ¢μ°¯ Ô´¥·£¥É¨Î¥¸±μ° Ö³¥, ¶μ ¸ÊÉ¨, ¸ÊÐ¥¸É¢Ê¥É ¸¢μ° μ¸-
Í¨²²ÖÉμ·.

‚ ¶. 1.4 · ¸¸³μÉ·¥´ ¢μ¶·μ¸ μ ¶μ²μ¦¨É¥²Ó´μ¸É¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥-
·μÖÉ´μ¸É¥° f2 ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �¶¨¸ ´Ò ¢ ·¨ ´ÉÒ ¶μ¸É·μ¥´¨Ö  ´ -
²μ£  Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨°
Ψ2(r, p, t). �·¨¢¥¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ®¢Éμ·μ£μ¯ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¤²Ö
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

� §¤. 2 ¶μ¸¢ÖÐ¥´ ¶·¥¤¸É ¢²¥´¨Õ ËÊ´±Í¨¨ ‚¨£´¥·  ¤²Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò
¸ ¶μ²¨´μ³¨ ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

W (x, p) =
+∞∑

n,k=0

ρk,nwn,k(x, p) = Tr [ρW(x, p)], (‚.4)

£¤¥ ËÊ´±Í¨¨ wn,k ¶μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥ Î¥·¥§ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ £ ·³μ-
´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  {ψk}. ‚ ¶. 2.1 ¶μ²ÊÎ¥´ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨° wn,k

¨ · ¸¸³μÉ·¥´Ò ¨Ì ¸¢μ°¸É¢ . �  £² ¢´μ° ¤¨ £μ´ ²¨ ³ É·¨ÍÒ W · ¸¶μ²μ-
¦¥´Ò Ô²¥³¥´ÉÒ wn,n, ±μÉμ·Ò¥ ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸ ËÊ´±Í¨Ö³¨ ‚¨£´¥· 
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· , É. ¥. wn,n(x, p) = Wn(x, p). �²¥³¥´ÉÒ wn,k

(
n,k = n − k �= 0) Ö¢²ÖÕÉ¸Ö ±μ³¶²¥±¸´μ§´ Î´Ò³¨ ËÊ´±Í¨Ö³¨, ¨³¥ÕÐ¨³¨
Ë §Ê 
n,kφ, £¤¥ φ Å ¶μ²Ö·´Ò° Ê£μ² ´  Ë §μ¢μ° ¶²μ¸±μ¸É¨ (x, p). —¥³ ¤ ²ÓÏ¥
μÉ μ¸´μ¢´μ° ¤¨ £μ´ ²¨, É¥³ ¢ÒÏ¥ Î ¸ÉμÉ  μ¸Í¨²²ÖÍ¨° 
n,k Ë § ËÊ´±Í¨°
wn,k. Šμ²¨Î¥¸É¢μ ¨ ¢¥²¨Î¨´  ´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ¢ ³ É·¨Í¥ ¶²μÉ´μ-
¸É¨ ρ ¶μ± §Ò¢ ÕÉ ¸É¥¶¥´Ó  ´£ ·³μ´¨Î´μ¸É¨ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò μÉ´μ¸¨É¥²Ó´μ
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . ‚ ¶. 2.2 ¶·¨¢¥¤¥´ ¢Ò¢μ¤ ¢Ò· ¦¥´¨Ö ¤²Ö ¶μ²-
´μ° Ô´¥·£¨¨ 〈〈E〉〉 ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶μ²¨´μ³¨ ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³. ‚¥-
²¨Î¨´  〈〈E〉〉 ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ Ô´¥·£¨° 〈〈ε〉〉n Å ¸μ¸ÉμÖ´¨°
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (μ¸´μ¢´ Ö ¤¨ £μ´ ²Ó ³ É·¨ÍÒ W , 
n,n = 0)
¨ Ô´¥·£¨° ¸³¥Ï ´´ÒÌ ¸μ¸ÉμÖ´¨° (¢¥·Ì´¨¥ ¨ ´¨¦´¨¥ ¤¨ £μ´ ²¨ ³ É·¨ÍÒ
W , 
n,n �= 0). ‚ ¶. 2.3 ¶·¨¢¥¤¥´μ μ¶¨¸ ´¨¥ Î¨¸²¥´´μ£μ ³¥Éμ¤  ´ Ìμ¦¤¥-
´¨Ö ËÊ´±Í¨¨ ‚¨£´¥·  ¤²Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶μ²¨´μ³¨ ²Ó´Ò³ ¶μÉ¥´Í¨-
 ²μ³ UN . „²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψs, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸μ¸ÉμÖ´¨Õ ¸ ´μ-

³¥·μ³ s, ¨ÐÊÉ¸Ö ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö C(s) = {c(s)
0 , c

(s)
1 , . . . , c

(s)
M } ¶μ

¡ §¨¸Ê ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  {ψk}. Šμ²¨Î¥¸É¢μ
¸² £ ¥³ÒÌ M ¢ · §²μ¦¥´¨¨ μ¶·¥¤¥²Ö¥É ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨. ŠμÔËË¨-

Í¨¥´ÉÒ C(s) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ ³ É·¨ÍÒ Jn,k = 〈〈ε〉〉nI
(0)
n,k +
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N∑
l �=2

alI
(l)
n,k, ¢ ±μÉμ·μ° ¢¥²¨Î¨´Ò I

(l)
n,k ¨§¢¥¸É´Ò § · ´¥¥ ¨ ´¥ § ¢¨¸ÖÉ μÉ ±μ-

ÔËË¨Í¨¥´Éμ¢ al ¶μÉ¥´Í¨ ²  UN . ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö E(s) ³ É·¨ÍÒ Jn,k

Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ Ô´¥·£¨Ö³¨ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶μ²¨´μ³¨ ²Ó´Ò³ ¶μ-
É¥´Í¨ ²μ³ UN . ‡´ Ö ±μÔËË¨Í¨¥´ÉÒ C(s), μ¸É ¥É¸Ö Éμ²Ó±μ ¶μ¤¸É ¢¨ÉÓ ¨Ì ¢
· §²μ¦¥´¨¥ (B.4). ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¢ ¶. 2.3 · ¸¸³μÉ·¥´ ¶μÉ¥´Í¨ ² ¶ÖÉμ°
¸É¥¶¥´¨ U5, ¤²Ö ±μÉμ·μ£μ ¶μ²ÊÎ¥´Ò ËÊ´±Í¨¨ ‚¨£´¥·  ¨ ¶·μ¢¥¤¥´  ´ ²¨§ ¨Ì
¸¢μ°¸É¢.

‡ ±²ÕÎ¥´¨¥ ¸μ¤¥·¦¨É ±· É±μ¥ μ¡¸Ê¦¤¥´¨¥ ¨Éμ£μ¢ μ¡§μ· .

1. Š‹�‘‘ˆ—…‘Šˆ… ˆ Š‚��’�‚›… ‘ˆ‘’…Œ›
‚ ”�‡�‚�Œ ���‘’���‘’‚…

1.1. �¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢ . � ¸¸³μÉ·¨³ ¤¢  ¶¥·¢ÒÌ Ê· ¢´¥´¨Ö ¨§
¡¥¸±μ´¥Î´μ° ¸ ³μ§ Í¥¶²ÖÕÐ¥°¸Ö Í¥¶μÎ±¨ Ê· ¢´¥´¨° �.�. ‚² ¸μ¢  [47, 48]
¤²Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f1(r, t) ¨ f2(r,v, t):

∂

∂t
f1(r, t) + divr [〈v〉(r, t) f1(r, t)] = 0, (1.1)

∂

∂t
f2(r,v, t) + divr [vf2(r,v, t)] + divv [〈v̇〉(r,v, t) f2(r,v, t)] = 0, (1.2)

£¤¥

f1(r, t) =
∫

(∞)

f2(r,v, t) d3v, N(t) =
∫

(∞)

f1(r, t) d3r,

f1(r, t)〈v〉(r, t) =
∫

(∞)

vf2(r,v, t) d3v, (1.3)

f2(r,v, t)〈v̇〉(r,v, t) =
∫

(∞)

v̇f3(r,v, v̇, t) d3v̇.

‚¥±Éμ·´Ò¥ ¶μ²Ö 〈v〉(r, t) ¨ 〈v̇〉(r,v, t) ¸μμÉ¢¥É¸É¢ÊÕÉ ¸±μ·μ¸É¨ ¨ Ê¸±μ·¥-
´¨Õ ¶μÉμ±μ¢ ¢¥·μÖÉ´μ¸É¥°. ”Ê´±Í¨Ö N(t) μ¶·¥¤¥²Ö¥É Î¨¸²μ Î ¸É¨Í ¢ ¸¨¸É¥³¥,
±μÉμ·μ¥ ³μ¦¥É ¡ÒÉÓ ´¥Í¥²Ò³ [47, 48]. �·¨ ¶μ¸ÉμÖ´´μ³ Î¨¸²¥ Î ¸É¨Í (N =
const) ¢¥²¨Î¨´  N ¨¸¶μ²Ó§Ê¥É¸Ö ± ± ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó ¶·¨ ¢ÒÎ¨¸²¥-
´¨¨ ¶μ²´μ° ¢¥·μÖÉ´μ¸É¨. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö f3(r,v, v̇, t) Ê¤μ¢²¥É¢μ·Ö¥É
É·¥ÉÓ¥³Ê Ê· ¢´¥´¨Õ ‚² ¸μ¢ . �É³¥É¨³, ÎÉμ ¶¥·¥³¥´´Ò¥ r,v, v̇, v̈, . . . Ö¢²Ö-
ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ±¨´¥³ É¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨.
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�μ  ´ ²μ£¨¨ ¸ ¢Ò· ¦¥´¨Ö³¨ (1.3) ³μ¦´μ ¢¢¥¸É¨ ¤¢μ°´μ¥ ¨ É·μ°´μ¥ Ê¸·¥¤-
´¥´¨¥ ¢¥±Éμ·´ÒÌ ¶μ²¥° 〈v〉(r, t) ¨ 〈v̇〉(r,v, t):

N(t)〈〈v〉〉(t) =
∫

(∞)

〈v〉(r, t) f1(r, t) d3r,

f1(r, t)〈〈v̇〉〉(r, t) =
∫

(∞)

〈v̇〉(r,v, t) f2(r,v, t) d3v, (1.4)

N(t)〈〈〈v̇〉〉〉(t) =
∫

(∞)

〈〈v̇〉〉(r, t) f1(r, t) d3r.

…¸²¨  ¸¸μÍ¨¨·μ¢ ÉÓ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ f1(r, t) ¸ ¶²μÉ´μ-
¸ÉÓÕ ³ ¸¸Ò, Éμ ¢¥±Éμ· 〈〈v〉〉(t) ¸μμÉ¢¥É¸É¢Ê¥É ¸±μ·μ¸É¨ Í¥´É·  ³ ¸¸ ¸¨¸É¥³Ò,
  ¢¥±Éμ·´μ¥ ¶μ²¥ 〈v〉(r, t) Å · ¸¶·¥¤¥²¥´¨Õ ¸±μ·μ¸É¥° ¸·¥¤Ò.

�¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (1.1) ¶μ²ÊÎ ¥É¸Ö ¨§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö (1.2)
¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ ¥£μ ¶μ ¶·μ¸É· ´¸É¢Ê ¸±μ·μ¸É¥° ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸μμÉ-
´μÏ¥´¨° (1.2) ¨ Ê¸²μ¢¨Ö ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ£μ ¸É·¥³²¥´¨Ö ± ´Ê²Õ ËÊ´±Í¨°
· ¸¶·¥¤¥²¥´¨Ö ´  ¡¥¸±μ´¥Î´μ¸É¨ [47, 48]. �´ ²μ£¨Î´ Ö ¶·μÍ¥¤Ê·  ¶¥·¥Ìμ¤ 
μÉ μ¤´μ£μ Ê· ¢´¥´¨Ö ± ¤·Ê£μ³Ê ¶·¨³¥´¨³  ¤²Ö ¢¸¥Ì Ê· ¢´¥´¨° ¨§ Í¥¶μÎ±¨
‚² ¸μ¢ .

‚ · ¡μÉ Ì [45, 49] ¶μ± § ´μ, ÎÉμ ¨§ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.1)
³μ¦´μ ¶μ¸É·μ¨ÉÓ Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¸ ÊÎ¥Éμ³ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö.
�μ²μ¦¨É¥²Ó´ Ö ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f1(r, t) ¶·¥¤¸É ¢²Ö¥É¸Ö
¢ ¢¨¤¥:

f1(r, t) = |Ψ1(r, t)|2 � 0, (1.5)

£¤¥ Ψ1(r, t) Å ´¥±μÉμ· Ö ±μ³¶²¥±¸´μ§´ Î´ Ö ËÊ´±Í¨Ö. ‚¥±Éμ·´μ¥ ¶μ²¥ ¶μ-
Éμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉(r, t) ¶μ É¥μ·¥³¥ ƒ¥²Ó³£μ²ÓÍ  · ¸±² ¤Ò¢ ¥É¸Ö ¢ ¢¨¤¥
¸Ê¶¥·¶μ§¨Í¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö −∇rΦ1(r, t) ¨ ¢¨Ì·¥¢μ£μ ¶μ²Ö A1(r, t):

〈v〉(r, t) = −α1∇rΦ1(r, t) + γ1A1(r, t), (1.6)

£¤¥ α1, γ1 Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. �μ¤¸É ¢²¥´¨¥³ ¶·¥¤¸É ¢²¥-
´¨° (1.5) ¨ (1.6) ¢ Ê· ¢´¥´¨¥ (1.1) ¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥ [45, 49]

i

β1

∂Ψ1

∂t
= −α1β1

(
p̂1 −

γ1

2α1β1
A1

)2

Ψ1 + Ũ1Ψ1,

(1.7)

Ũ1
det=

1
2α1β1

|γ1A1|2

2
+ U1, p̂1

det= − i

β1
∇r, p̂2

1 = − 1
β2

1

Δr.

�·¨ ¢Ò¡μ·¥ ¸¢μ¡μ¤´ÒÌ ±μ´¸É ´É α1, β1, γ1 ¢ ¢¨¤¥

α1
det= − �

2m
, β1

det=
1
�
, γ1

det= − e

m
(1.8)
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Ê· ¢´¥´¨¥ (1.7) ¶¥·¥Ìμ¤¨É ¢ ¨§¢¥¸É´μ¥ Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¤²Ö ¸± ²Ö·-
´μ° Î ¸É¨ÍÒ ¢ Ô²¥±É·μ³ £´¨É´μ³ ¶μ²¥. ”Ê´±Í¨Ö Ψ1(r, t) Ö¢²Ö¥É¸Ö ¢μ²´μ¢μ°.
‚¨Ì·¥¢μ¥ ¶μ²¥ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° A1(r, t) (1.6) ¸μμÉ¢¥É¸É¢Ê¥É ¢¥±Éμ·´μ³Ê
¶μÉ¥´Í¨ ²Ê ³ £´¨É´μ£μ ¶μ²Ö B1(r, t) ¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ B1(r, t) =
rotr A1(r, t). �μÉ¥´Í¨ ² Φ1(r, t) ¸¢Ö§ ´ ¸ Ë §μ° ϕ1(r, t) ¢μ²´μ¢μ° ËÊ´±Í¨¨
Ψ1(r, t) = |Ψ1| eiϕ1 ¨ ¤¥°¸É¢¨¥³:

〈v〉 = −α1∇rΦ1 + γ1A1 = i2α1∇rΦ1 + γ1A1 =

= iα1∇r(0 + iΦ1) + γ1A1 = iα1∇r

(
ln
∣∣∣∣Ψ1

Ψ̄1

∣∣∣∣+ i Φ1

)
+ γ1A1, (1.9)

Φ1(r, t) = 2ϕ1(r, t) + 2πk, k ∈ Z.

“· ¢´¥´¨¥ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¶·¨´¨³ ¥É ¢¨¤

−�
∂ϕ1

∂t
=

m

2
|〈v〉|2 + eχ1 = H1, (1.10)

eχ1
det= U1 + Q1 +

e2

2m
|A1|2, Q1 = Q =

α1

β1

Δr|Ψ1|
|Ψ1|

= − �
2

2m

Δr|Ψ1|
|Ψ1|

, (1.11)

£¤¥ ¢¥²¨Î¨´  Q1 Å ±¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² ¨§ É¥μ·¨¨ ®¢μ²´Ò-¶¨²μÉ ¯ ¤¥ 	·μ°-
²ÖÄ	μ³  [51Ä54]. Š¢ ´Éμ¢Ò° ¶μÉ¥´Í¨ ² Q1 ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ É¥´§μ·

±¢ ´Éμ¢μ£μ ¤ ¢²¥´¨Ö P
(q)
μλ :

− 1
f1

∂P
(q)
μλ

∂xλ
= 2α2

1

∂

∂xμ

(
1√
f1

∂2
√

f1

∂xλ∂xλ

)
= 2α1β1

∂Q1

∂xμ
. (1.12)

‡ ³¥É¨³, ÎÉμ ¶μÉ¥´Í¨ ² eχ1 (1.11) ¨§ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ (1.10) ¢
±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ (¶·¨ � → 0) ¨ ¢ μÉ¸ÊÉ¸É¢¨¥ ¢¨Ì·¥¢μ£μ ¶μ²Ö (A1 = θ)
¶¥·¥Ìμ¤¨É ¢ ¶μÉ¥´Í¨ ² U1.

ƒ ³¨²ÓÉμ´¨ ´ H1 (1.10) ¸¢Ö§ ´ ¸ ËÊ´±Í¨¥° ‹ £· ´¦  L1 Î¥·¥§ ¶·¥μ¡· -
§μ¢ ´¨¥ ‹¥¦ ´¤· 

L1 + H1 = m (〈v〉, 〈vp〉) ,

£¤¥ 〈vp〉 = −α1∇rΦ1 Å ¡¥§¢¨Ì·¥¢ Ö ±μ³¶μ´¥´É  ¢¥±Éμ·´μ£μ ¶μ²Ö ¶μÉμ± 
¢¥·μÖÉ´μ¸É¥° (1.6).

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¨³¥ÕÉ ¢¨¤

d

dt
〈v〉 = −γ1(E1 + 〈v〉 × B1), E1 = − ∂

∂t
A1 −∇rχ1. (1.13)

‡ ³¥É¨³, ÎÉμ ¢ ´ ÊÎ´μ° ²¨É¥· ÉÊ·¥ ¨§¢¥¸É¥´ μ¡· É´Ò° ¶¥·¥Ìμ¤ μÉ Ê· ¢´¥-
´¨Ö ˜·ß¤¨´£¥·  (1.7) ± Ê· ¢´¥´¨Õ ´¥¶·¥·Ò¢´μ¸É¨ ¢¨¤  (1.1). “· ¢´¥´¨¥ (1.7)
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§ ¶¨¸Ò¢ ¥É¸Ö ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψ1 ¨ Ψ̄1. �μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö Ê³´μ-
¦ ÕÉ¸Ö ´  ËÊ´±Í¨¨ Ψ1 ¨ Ψ̄1 ¸μμÉ¢¥É¸É¢¥´´μ ¨ ¸±² ¤Ò¢ ÕÉ¸Ö. �·¨ É ±μ³
¶¥·¥Ìμ¤¥ ®É¥·Ö¥É¸Ö¯ ¨´Ëμ·³ Í¨Ö μ ¶μÉ¥´Í¨ ²¥ U1. ‡¤¥¸Ó ¶·¨¢¥¤¥´ ´¥É·¨-
¢¨ ²Ó´Ò° ¶¥·¥Ìμ¤ [49] ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢ μÉ Ê· ¢´¥´¨Ö (1.1) ± Ê· ¢´¥-
´¨Õ (1.7), ±μÉμ·Ò° É·¥¡Ê¥É ¢¢¥¤¥´¨Ö ¶μÉ¥´Í¨ ²  U1.

‚ É¥μ·¨¨ ®¢μ²´Ò-¶¨²μÉ ¯ ¤¥ 	·μ°²ÖÄ	μ³  ¸É·μÖÉ¸Ö Ê· ¢´¥´¨Ö ¤¢¨¦¥-
´¨Ö (1.10) ¨ (1.13) ¸ ¶μ³μÐÓÕ ¶·¥¤¸É ¢²¥´¨Ö Œ ¤¥²Ê´£  ¤²Ö ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ Ψ = |Ψ| eiϕ, ´μ, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¶¥·¥Ìμ¤ ¤¥² ¥É¸Ö μÉ Ê· ¢-
´¥´¨Ö ˜·ß¤¨´£¥·  ± Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö.

�¥·¢μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (1.1) Ëμ·³ ²Ó´μ ¸Ìμ¦¥ ¸ Ê· ¢´¥´¨¥³ ´¥¶·¥-
·Ò¢´μ¸É¨, ´μ ¨³¥¥É ¡μ²¥¥ ¸²μ¦´ÊÕ ¸É·Ê±ÉÊ·Ê. ‚¥±Éμ·´μ¥ ¶μ²¥ ¶μÉμ±  ¢¥·μ-
ÖÉ´μ¸É¥° 〈v〉(r, t), ¢Ìμ¤ÖÐ¥¥ ¢ Ê· ¢´¥´¨¥ (1.1), μ¶·¥¤¥²Ö¥É¸Ö ËÊ´±Í¨¥° ¶²μÉ-
´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f2(r,v, t) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨¥³ (1.3). ”Ê´±Í¨Ö
f2(r,v, t) Ê¤μ¢²¥É¢μ·Ö¥É ¢Éμ·μ³Ê Ê· ¢´¥´¨Õ ‚² ¸μ¢  (1.2), ¢ ±μÉμ·μ³ ¸Éμ¨É
´¥¨§¢¥¸É´μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ Ê¸±μ·¥´¨° 〈v̇〉(r,v, t),   ËÊ´±Í¨Ö f1(r, t) ¸¢Ö§ ´ 
¸ f2(r,v, t) Î¥·¥§ ¸μμÉ´μÏ¥´¨¥ (1.3). …¸²¨ § Ë¨±¸¨·μ¢ ÉÓ ¢¥±Éμ·´μ¥ ¶μ²¥
〈v〉(r, t) ¢ Ê· ¢´¥´¨¨ (1.1), Éμ ³μ¦´μ ¶μ¤μ¡· ÉÓ ³´μ¦¥¸É¢μ ËÊ´±Í¨° · ¸¶·¥-
¤¥²¥´¨° f(r, t), Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ (1.1). �μ ´¥ ²Õ¡ Ö ËÊ´±Í¨Ö
f(r, t) ¨§ É ±μ£μ ³´μ¦¥¸É¢  ¡Ê¤¥É ®Ê¸·¥¤´¥´¨¥³¯ ËÊ´±Í¨¨ f2(r,v, t) (1.3),
Ê¤μ¢²¥É¢μ·ÖÕÐ¥° Ê· ¢´¥´¨Õ (1.2).

’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ (1.1) ´¥ ³μ¦¥É ¡ÒÉÓ ®¸ ³μ¸ÉμÖÉ¥²Ó´Ò³¯, μ´μ
¸¢Ö§ ´μ ¸μ ¢¸¥³¨ Ê· ¢´¥´¨Ö³¨ ¡¥¸±μ´¥Î´μ° ¸ ³μ§ Í¥¶²ÖÕÐ¥°¸Ö Í¥¶μÎ±¨ Ê· ¢-
´¥´¨° ‚² ¸μ¢ .

1.2. ‚Éμ·μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢ . �¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ¢Éμ·μ£μ Ê· ¢-
´¥´¨Ö ‚² ¸μ¢  (1.2). �¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (1.2) ¢ ¢¨¤¥ [45, 46]

∂

∂t
f2 + v · ∇rf2 + 〈v̇〉 · ∇vf2 = −f2 divv〈v̇〉, (1.14)

¨²¨
d2S2

dt

det=
∂

∂t
S2 + v · ∇rS2 + 〈v̇〉 · ∇vS2 = −Q2,

S2
det= ln f2, Q2

det= divv〈v̇〉.

”Ê´±Í¨Ö Q2 ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨¸ÉμÎ´¨±μ¢ ¤¨¸¸¨¶ Í¨° ¢¥·μÖÉ´μ-
¸É¥°. …¸²¨ ¨¸ÉμÎ´¨±¨ μÉ¸ÊÉ¸É¢ÊÕÉ (Q2 = 0), Éμ Ê· ¢´¥´¨¥ (1.14) ¶¥·¥Ìμ¤¨É ¢
¨§¢¥¸É´μ¥ Ê· ¢´¥´¨¥ ‹¨Ê¢¨²²Ö ¨ ¢¤μ²Ó Ë §μ¢μ° É· ¥±Éμ·¨¨ ¶²μÉ´μ¸ÉÓ ¢¥·μ-
ÖÉ´μ¸É¥° μ¸É ¥É¸Ö ¶μ¸ÉμÖ´´μ° ((d2f2)/dt = 0). � ²¨Î¨¥ ¨¸ÉμÎ´¨±μ¢ (Q2 �= 0)
Ê ¢¥±Éμ·´μ£μ ¶μ²Ö Ê¸±μ·¥´¨° 〈v̇〉(r,v, t) ¢ ¶·μ¸É· ´¸É¢¥ ¸±μ·μ¸É¥° ¶·¨¢μ¤¨É
± ´ ·ÊÏ¥´¨Õ É¥μ·¥³Ò ‹¨Ê¢¨²²Ö. ’ ±¨³ μ¡· §μ³, ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢ 
± Î¥¸É¢¥´´μ μÉ²¨Î ¥É¸Ö μÉ Ê· ¢´¥´¨Ö ‹¨Ê¢¨²²Ö ¨ Éμ²Ó±μ ¢ Î ¸É´μ³ ¸²ÊÎ ¥
¤²Ö ´¥¤¨¸¸¨¶ É¨¢´ÒÌ ¸¨¸É¥³ ¶¥·¥Ìμ¤¨É ¢ ´¥£μ.
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�¶·¥¤¥²ÖÖ H2(t)-ËÊ´±Í¨Õ 	μ²ÓÍ³ ´  [45, 50]

H2(t)
det= − 1

N

∫
(∞)

∫
(∞)

f2(r,v, t) ln f2(r,v, t) d3r d3v = −〈〈S2〉〉(t), (1.15)

³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨

d

dt
[N(t)H2(t)] = N(t)〈〈Q2〉〉(t). (1.16)

Š ± ¢¨¤´μ ¨§ Ê· ¢´¥´¨Ö (1.16), ¶·¨ ¶μ¸ÉμÖ´´μ³ Î¨¸²¥ Î ¸É¨Í (N = const)
¨§³¥´¥´¨¥ H2-ËÊ´±Í¨¨ 	μ²ÓÍ³ ´  ´ ¶·Ö³ÊÕ μ¶·¥¤¥²Ö¥É¸Ö ´ ²¨Î¨¥³ Ê¸·¥¤-
´¥´´ÒÌ ¨¸ÉμÎ´¨±μ¢ ¤¨¸¸¨¶ Í¨° 〈〈Q2〉〉.

‡´ Ö ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö f2(r,v, t), ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö (1.13) ¢ £¨¤·μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ [45, 47, 48]:

f1〈〈v̇〉〉 = f1
d1

dt
〈v〉 +

∫
(∞)

(v − 〈v〉)(v − 〈v〉,∇rf2) d3v, (1.17)

Pμλ =
∫

(∞)

f2(r,v, t)(vμ − 〈vμ〉)(vλ − 〈vλ〉) d3v, (1.18)

d1

dt
〈vμ〉 det=

(
∂

∂t
+ 〈vκ〉

∂

∂xκ

)
〈vμ〉 = − 1

f1

∂Pμλ

∂xλ
+ 〈〈v̇μ〉〉, (1.19)

£¤¥ Pμλ Å É¥´§μ· ¤ ¢²¥´¨Ö (¸·. ¸ (1.12)). ‚¥²¨Î¨´  〈〈v̇μ〉〉 ¢ Ê· ¢´¥´¨¨ (1.19)
μÉ¢¥É¸É¢¥´´  §  ¢´¥Ï´¨¥ ¸¨²Ò.

�·¨±² ¤´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.14) É·¥¡Ê¥É μ¡-
·Ò¢  Í¥¶μÎ±¨ ¶ÊÉ¥³ Ë¥´μ³¥´μ²μ£¨Î¥¸±μ£μ ¢¢¥¤¥´¨Ö  ¶¶·μ±¸¨³ Í¨¨ ¤²Ö ¢¥±-
Éμ·´μ£μ ¶μ²Ö Ê¸±μ·¥´¨° 〈v̇〉(r,v, t). �μ  ´ ²μ£¨¨ ¸μ ¢Éμ·Ò³ § ±μ´μ³ �ÓÕÉμ´ 
�.�. ‚² ¸μ¢Ò³ ¡Ò²  ¶·¥¤²μ¦¥´  ¶·μ¸É¥°Ï Ö  ¶¶·μ±¸¨³ Í¨Ö

〈v̇〉(r,v, t) det=
1
m

F(r, t). (1.20)

�¶¶·μ±¸¨³ Í¨Ö (1.20) ¨³¥¥É ¸ÊÐ¥¸É¢¥´´μ¥ ¤μ¶ÊÐ¥´¨¥ Å ¢ ¶· ¢μ° Î ¸É¨
μÉ¸ÊÉ¸É¢Ê¥É § ¢¨¸¨³μ¸ÉÓ μÉ ¸±μ·μ¸É¨ v. ‘²¥¤μ¢ É¥²Ó´μ, ´¥É ¨¸ÉμÎ´¨±μ¢ ¤¨¸-
¸¨¶ Í¨° (Q2 = 0). Š Éμ³Ê ¦¥, ± ± ¢¨¤´μ ¨§ ¢Ò· ¦¥´¨Ö (1.17), ¢¥±Éμ·´Ò¥
¶μ²Ö 〈〈v̇〉〉 ¨ (d1/dt)〈v〉 = (1/m)F ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ .

�·¨  ¶¶·μ±¸¨³ Í¨¨ (1.20) Ê· ¢´¥´¨¥ (1.14) Ë ±É¨Î¥¸±¨ ¶¥·¥Ìμ¤¨É ¢ Ê· ¢-
´¥´¨¥ ‹¨Ê¢¨²²Ö:

∂

∂t
f2 + v · ∇rf2 +

1
m

F · ∇vf2 = 0. (1.21)
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“· ¢´¥´¨¥ (1.21) ¨§¢¥¸É´μ ± ± Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¨ ¨³¥¥É Ï¨·μ±μ¥ ¶·¨-
³¥´¥´¨¥ ¢ Ë¨§¨±¥ ¶² §³Ò,  ¸É·μË¨§¨±¥, ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¥, ¢ § ¤ Î Ì
É¥·³μÖ¤¥·´μ£μ ¸¨´É¥§ , Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥.

�·μ¢¥¤¥³ ¸²¥¤ÊÕÐ¥¥ · ¸¸Ê¦¤¥´¨¥. ‘ μ¤´μ° ¸Éμ·μ´Ò, ËÊ´±Í¨Ö f1(r, t)
¸¢Ö§ ´  ¸ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°, É ± ± ± ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ¢μ²´μ-
¢ÊÕ ËÊ´±Í¨Õ Ψ1(r, t) (1.5), Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ Ê· ¢´¥´¨Õ ˜·ß¤¨´£¥·  (1.7).
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ËÊ´±Í¨Ö f1(r, t) ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¶μ ËÊ´±Í¨¨
f2(r,v, t) (1.3), ±μÉμ· Ö Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ‚² ¸μ¢  (1.2), (1.14). ”Ê´±-
Í¨Ö f2(r,v, t) ¨³¥¥É μ¡² ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ÎÉμ ¸ ¶μ-
§¨Í¨° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ ¸¨²Ê ¶·¨´Í¨¶  ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ 
¢Ò£²Ö¤¨É ´¥μ¡ÒÎ´μ, ´μ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¶·¨´Í¨¶¨ ²Ó´ÒÌ ¶·μ-
É¨¢μ·¥Î¨° ´¥É.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³μÉ·¨³ § ¤ ÎÊ μ ±¢ ´Éμ¢μ³ £ ·³μ´¨Î¥¸±μ³ μ¸-
Í¨²²ÖÉμ·¥ ¸ ¶μÉ¥´Í¨ ²μ³ U1(x) = (mω2x2)/2. �¥Ï¥´¨¥ ¸É Í¨μ´ ·´μ£μ Ê· ¢-
´¥´¨Ö (1.7) ¨³¥¥É ¢¨¤

ψn(x) =
1√
2nn!

(mω

π�

)1/4

exp
(
−mωx2

2�

)
Hn

(√
mω

�
x

)
, n ∈ N0 = N ∪ {0} ,

(1.22)

ψ̃n(p) =
(−i)n

√
2nn!

(mω

π�

)1/4 1√
mω

exp
(
− p2

2mω�

)
Hn

(
p√

mω�

)
,

£¤¥ Hn Å ¶μ²¨´μ³Ò �·³¨É ,   ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ±μμ·¤¨´ É´μ£μ ψn(x) ¨
¨³¶Ê²Ó¸´μ£μ ψ̃n(p) ¶·¥¤¸É ¢²¥´¨° ¸¢Ö§ ´Ò ¶·¥μ¡· §μ¢ ´¨¥³ ”Ê·Ó¥:

ψ̃n(p) =
1√
2π�

∫
ψn(x) exp

(
−i

px

�

)
dx,

ψn(x) =
1√
2π�

∫
ψ̃n(p) exp

(
i
px

�

)
dp.

”Ê´±Í¨Ö f1(r, t) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (1.22) ¨ (1.5) ¶·¨³¥É ¢¨¤

f1,n(x) =
1

2nn!

(mω

π�

)1/2

exp
(
−mωx2

�

)
H2

n

(√
mω

�
x

)
. (1.23)

�μ¸É·μ¨³ ËÊ´±Í¨¨ f2,n(x, v), Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¢Éμ·μ³Ê Ê· ¢´¥´¨Õ ‚² -
¸μ¢  ¨ ¤ ÕÐ¨¥ ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ (1.3) ËÊ´±Í¨Õ (1.23). ˆ¸¶μ²Ó§ÊÖ  ¶¶·μ±-
¸¨³ Í¨Õ ‚² ¸μ¢  (1.20) ¨ § ³¥´ÖÖ F = −∇rU1, ¶μ²ÊÎ¨³

v
∂

∂x
f2,n(x, v) − ω2x

∂

∂v
f2,n(x, v) = 0,

+∞∫
−∞

f2,n(x, v) dv = f1,n(x). (1.24)
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�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.24) ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨±.
• · ±É¥·¨¸É¨± ³¨ ¡Ê¤ÊÉ Ö¢²ÖÉÓ¸Ö ±μ´Í¥´É·¨Î¥¸±¨¥ Ë §μ¢Ò¥ É· ¥±Éμ·¨¨,
¢¤μ²Ó ±μÉμ·ÒÌ Ô´¥·£¨Ö ¸¨¸É¥³Ò μ¸É ¥É¸Ö ¶μ¸ÉμÖ´´μ°:

ε(x, p) =
1

�ω

(
p2

2m
+

mω2x2

2

)
= const,

(1.25)
f2,n(x, v) = Fn(ε(x, mv)),

£¤¥ Fn Å ´¥±μÉμ· Ö ËÊ´±Í¨Ö, ¢¨¤ ±μÉμ·μ° ´¥μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ ¨§ Ê¸²μ-
¢¨Ö (1.24), É. ¥.

+∞∫
−∞

Fn (ε(x, p)) dp =
m

2nn!

(mω

π�

)1/2

exp
(
−mωx2

�

)
H2

n

(√
mω

�
x

)
. (1.26)

‚ ¶· ¢μ° Î ¸É¨ ¢Ò· ¦¥´¨Ö (1.26) ¸Éμ¨É ¶·μ¨§¢¥¤¥´¨¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ°
ËÊ´±Í¨¨ ´  ³´μ£μÎ²¥´. �·μ¸É¥°Ï¥° ËÊ´±Í¨¥°, ¨´É¥£·¨·μ¢ ´¨¥ ±μÉμ·μ° ¤ ¥É
¶·μ¨§¢¥¤¥´¨¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ ¨ ³´μ£μÎ²¥´ , Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö
É ±μ£μ ¦¥ ¢¨¤ . ‚§ÖÉ¨¥ ¨´É¥£· ²  μÉ É ±μ° ËÊ´±Í¨¨ ¸¢μ¤¨É¸Ö ± ³¥Éμ¤Ê ¨´-
É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³. ’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Õ Fn ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
¢ ¢¨¤¥

Fn(ε) = C e−AεPn(ε) =

= C exp
(
−A

mωx2

2�

)
exp
(
− A

�ω

p2

2m

)
Pn

(
1

�ω

(
p2

2m
+

mω2x2

2

))
, (1.27)

£¤¥ C Å ´¥±μÉμ· Ö ±μ´¸É ´É ,   Pn(ε) =
n∑

k=0

a
(n)
k εk Å ´¥±μÉμ·Ò° ¶μ²¨´μ³

¸É¥¶¥´¨ n, ¢¨¤ ±μÉμ·μ£μ ´¥μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ. �μ¤¸É ¢²ÖÖ ¶·¥¤¸É ¢²¥-
´¨¥ (1.27) ¢ ¢Ò· ¦¥´¨¥ (1.26), ¶μ²ÊÎ¨³

C exp
(
−A

mωx2

2�

) +∞∫
−∞

exp
(
− A

�ω

p2

2m

)
Pn

(
1

�ω

(
p2

2m
+

mω2x2

2

))
dp =

=
m

2nn!

(mω

π�

)1/2

exp
(
−mωx2

�

)
H2

n

(√
mω

�
x

)
,

μÉ¸Õ¤  A = 2, C =
m

2nn!
√

�ωm

(mω

π�

)1/2

+∞∫
−∞

e−p̄2
Pn

(
p̄2

2
+

x̄2

2

)
dp̄ = H2

n(x̄), (1.28)
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£¤¥ ¶·μ¨§¢¥¤¥´  § ³¥´  ¶¥·¥³¥´´ÒÌ p̄ = p/
√

�ωm, x̄ =
(√

mω/�
)
x. � ¸-

¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.28) ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° n. �·¥μ¡· §Ê¥³ ¢Ò· ¦¥-
´¨¥ (1.28)

n∑
k=0

a
(n)
k

+∞∫
−∞

e−p̄2
(

p̄2

2
+

x̄2

2

)k

dp̄ =
n∑

s,l=0

b(n)
s b

(n)
l x̄s+l,

n∑
k=0

a
(n)
k

2k

+∞∫
−∞

e−p̄2 (
p̄2 + x̄2

)k
dp̄ = (1.29)

=
n∑

k=0

a
(n)
k

2k

k∑
j=0

Cj
kx̄2(k−j)

+∞∫
−∞

e−p̄2
p̄2j dp̄ =

n∑
s,l=0

b(n)
s b

(n)
l x̄s+l,

£¤¥ b
(n)
s Å ¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶μ²¨´μ³μ¢ �·³¨É ; Cj

k Å Î¨¸²μ ¸μÎ¥-
É ´¨°. �·¨ ¢ÒÎ¨¸²¥´¨¨ ¨´É¥£· ²  (1.29) ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ°

+∞∫
−∞

e−p̄2
p̄2jdp̄ =

|2j − 1|!!
2j

√
π,

(1.30)
√

π

n∑
k=0

a
(n)
k

2k

k∑
j=0

Cj
k

|2j − 1|!!
2j

x̄2(k−j) =
n∑

s,l=0

b(n)
s b

(n)
l x̄s+l.

�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¸¶· ¢  ¨ ¸²¥¢  ¢ ¢Ò· ¦¥´¨¨ (1.30) ¶·¨ μ¤¨-

´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ x̄, ¶μ²ÊÎ¨³ §´ Î¥´¨Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ a
(n)
k , ±μÉμ-

·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ±μÔËË¨Í¨¥´É ³ ¶μ²¨´μ³μ¢ ‹ £¥··  Ln(4ε). ‚ ·¥§Ê²ÓÉ É¥
¨¸±μ³ Ö ËÊ´±Í¨Ö Fn(ε) (1.27) ¶·¨´¨³ ¥É ¢¨¤

Fn(ε) =
(−1)nm

π�
e−2εLn(4ε), (1.31)

¨²¨

f2,n(x, v) =
(−1)nm

π�
exp
[
− m

�ω
(v2 + ω2x2)

]
Ln

(
2m

�ω
(v2 + ω2x2)

)
.

�μ²ÊÎ¥´´ Ö ËÊ´±Í¨Ö (1.31) ´ §Ò¢ ¥É¸Ö ËÊ´±Í¨¥° ‚¨£´¥·  ¤²Ö ±¢ ´Éμ-
¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Wn(x, p) = (1/m)f2,n(x, p/m) ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥ (x, p). ’ ± ± ± ¶μ²¨´μ³Ò ‹ £¥··  ¨³¥ÕÉ μ¡² ¸É¨ μÉ·¨Í É¥²Ó-
´ÒÌ §´ Î¥´¨°, ËÊ´±Í¨Õ (1.31) ´ §Ò¢ ÕÉ ËÊ´±Í¨¥° ±¢ §¨¶²μÉ´μ¸É¨ ¢¥·μÖÉ-
´μ¸É¥°.
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‡ ³¥É¨³, ÎÉμ ¶·¨¢¥¤¥´´Ò° §¤¥¸Ó ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ËÊ´±Í¨¨ f2,n(x, v)
μÉ²¨Î¥´ μÉ ¨¸Éμ·¨Î¥¸±μ£μ ¶μ¤Ìμ¤ , ¢ ±μÉμ·μ³ …. ‚¨£´¥· ¸´ Î ²  Ë¥´μ³¥´μ-
²μ£¨Î¥¸±¨ μ¶·¥¤¥²¨² ËÊ´±Í¨Õ [1]

W (x, p) =
1

2π�

+∞∫
−∞

Ψ
(
x +

s

2

)
Ψ̄
(
x − s

2

)
exp
(
−i

ps

�

)
ds,

(1.32)

W (x, p) =
1

2π�

+∞∫
−∞

¯̃Ψ
(

p − ξ

2

)
Ψ̃
(

p +
ξ

2

)
exp
(

i
xξ

�

)
dξ,

¶μ¤¸É ¢²ÖÖ ¢ ±μÉμ·ÊÕ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ (1.32), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥-
´¨¥ (1.31). ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¶μ²ÊÎ ¥É¸Ö μ¤´μ ¨ Éμ ¦¥ ¢Ò· ¦¥´¨¥ (1.31), ´μ ¢
¶·¨¢¥¤¥´´μ³ §¤¥¸Ó ¶μ¤Ìμ¤¥ μÉ¸ÊÉ¸É¢Ê¥É Ë¥´μ³¥´μ²μ£¨Ö, ±·μ³¥  ¶¶·μ±¸¨³ -
Í¨¨ ‚² ¸μ¢  (1.20).

”Ê´±Í¨Ö ‚¨£´¥·  (1.32) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ŒμÔ²Ö, ±μÉμ·μ¥ ¶μ²Ê-
Î ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö Ëμ´ �¥°³ ´  ¤²Ö ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ i�(∂ρ̂/∂t) = [Ĥ, ρ̂].
„²Ö ÔÉμ£μ ËÊ´±Í¨Ö ‚¨£´¥·  W (r,p, t) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ³ É·¨ÍÊ ¶²μÉ´μ¸É¨:

W (r,p, t) =
1

(2π�)3

∫
(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣ ρ̂(t)
∣∣∣r− s

2

〉
d3s, (1.33)

£¤¥ μ¡μ§´ Î¥´¨Ö | 〉, 〈 | ¸μμÉ¢¥É¸É¢ÊÕÉ ¢¥±Éμ· ³ ¸μ¸ÉμÖ´¨Ö ¢ É¥·³¨´ Ì ¤¨· ±μ¢-
¸±μ£μ Ëμ·³ ²¨§³ . ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ ¤²Ö £ ³¨²ÓÉμ´¨ ´  Ĥ = (p̂2/2m) +
U1(r̂) ¨ Ê· ¢´¥´¨¥ Ëμ´ �¥°³ ´ , ¸¤¥² ¥³ ¸²¥¤ÊÕÐ¨¥ ¶·¥μ¡· §μ¢ ´¨Ö [55]:

∂

∂t

〈
r +

s
2

∣∣∣ ρ̂(t)
∣∣∣r − s

2

〉
=
〈

r +
s
2

∣∣∣ ∂ρ̂

∂t

∣∣∣r− s
2

〉
=

= − i

�

〈
r +

s
2

∣∣∣ [Ĥ, ρ̂
] ∣∣∣r − s

2

〉
,

∂

∂t
W (r,p, t) = − i

(2π�)3�

∫
(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣ [Ĥ, ρ̂
] ∣∣∣r − s

2

〉
d3s =

= − i

(2π�)3�

∫
(∞)

exp
(
−i

ps
�

)
×

×
〈

r +
s
2

∣∣∣ 1
2m

(
p̂2ρ̂ − ρ̂p̂2

)
+ U1(r̂)ρ̂ − ρ̂U1(r̂)

∣∣∣r − s
2

〉
d3s, (1.34)

∂W

∂t
= T + U ,
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£¤¥

T = − i

(2π�)3�

1
2m

∫
(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣ p̂2ρ̂ − ρ̂p̂2
∣∣∣r − s

2

〉
d3s, (1.35)

U = − i

(2π�)3�

∫
(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣U1(r̂)ρ̂ − ρ̂U1(r̂)
∣∣∣r− s

2

〉
d3s.

(1.36)
‚Ò· §¨³ (1.35) ¨ (1.36) Î¥·¥§ W . �·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨Ö (1.35) ¨ (1.36):

〈
r +

s
2

∣∣∣U1 (r̂) ρ̂ − ρ̂U1 (r̂)
∣∣∣r − s

2

〉
=

=
[
U1

(
r +

s
2

)
− U1

(
r − s

2

)]〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
. (1.37)

� §²μ¦¨³ ¢Ò· ¦¥´¨¥ U1 ¢ ·Ö¤ ’¥°²μ· 

U1

(
r +

s
2

)
=

+∞∑
n=0

1
n!

( s
2
· ∇r

)n

U1(r),

U1

(
r− s

2

)
=

+∞∑
n=0

(−1)n

n!

( s
2
· ∇r

)n

U1(r),

¶μ²ÊÎ¨³

U1

(
r +

s
2

)
− U1

(
r − s

2

)
=

+∞∑
n=0

1 − (−1)n

n!

( s
2
· ∇r

)n

U1(r) =

= 2
+∞∑
l=0

1
(2l + 1)!

( s
2
· ∇r

)2l+1

U1(r) =

= i�

+∞∑
l=0

(i�/2)2l

(2l + 1)!

(
−i

s
�
· ∇r

)2l+1

U1(r). (1.38)

‘¶· ¢¥¤²¨¢μ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥:

exp
(
−i

ps
�

)(
−i

s
�
· ∇r

)2l+1

U1(r) =

= (∇p · ∇r)
2l+1 exp

(
−i

ps
�

)
U1(r). (1.39)
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‚Ò· ¦¥´¨Ö (1.39) ³μ¦´μ ¶·μ¢¥·¨ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ ¤¨ËË¥·¥´Í¨·μ¢ -
´¨¥³. „¥°¸É¢¨É¥²Ó´μ,

(∇p · ∇r)
2l+1 exp

(
−i

ps
�

)
U1(r) =

= (∇p · ∇r) . . . (∇p · ∇r)︸ ︷︷ ︸
2l+1

exp
(
−i

ps
�

)
U1(r) =

= (∇p · ∇r) . . .
(
∇p exp

(
−i

ps
�

)
· ∇r

)
︸ ︷︷ ︸

2l+1

U1(r) =

= (∇p · ∇r) . . . (∇p · ∇r)︸ ︷︷ ︸
2l

exp
(
−i

s
�
· ∇r

)
U1 (r) =

= . . . = exp
(
−i

ps
�

)(
−i

s
�
· ∇r

)
. . .
(
−i

s
�
· ∇r

)
︸ ︷︷ ︸

2l+1

U1(r) =

= exp
(
−i

ps
�

)(
−i

s
�
· ∇r

)2l+1

U1(r).

�μ¤¸É ¢¨³ (1.39), (1.38), (1.37) ¢ (1.36), ¶μ²ÊÎ¨³

U = − i

(2π�)3�

∫
(∞)

exp
(
−i

ps
�

)
×

×
[
U1

(
r +

s
2

)
− U1

(
r − s

2

)]〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
d3s =

=
+∞∑
l=0

(i�/2)2l

(2l + 1)!
1

(2π�)3

∫
(∞)

exp
(
−i

ps
�

)(
−i

s
�
· ∇r

)2l+1

×

× U1(r)
〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
d3s =

+∞∑
l=0

(i�/2)2l

(2l + 1)!
(∇p · ∇r)2l+1U1(r)

1
(2π�)3

×

×
∫

(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r− s
2

〉
d3s =

=
+∞∑
l=0

(−1)l(�/2)2l

(2l + 1)!
(∇p · ∇r)2l+1U1(r)W (r,p, t). (1.40)

‡ ³¥É¨³, ÎÉμ ¢ ¢Ò· ¦¥´¨¨ (1.40) μ¶¥· Éμ· ∇r ¤¥°¸É¢Ê¥É Éμ²Ó±μ ´  ¶μÉ¥´-
Í¨ ² U(r)1 ¨ ´¥ ¤¥°¸É¢Ê¥É ´  ËÊ´±Í¨Õ W (r,p, t). �μÔÉμ³Ê ¶¥·¥¶¨Ï¥³ (1.40)
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¢ ¢¨¤¥

U =
+∞∑
l=0

(−1)l(�/2)2l

(2l + 1)!
U1(r)

(
←
∇r ·

→
∇p

)2l+1

W (r,p, t). (1.41)

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (1.35). ‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö x′
μ = xμ − sμ/2,

x′′
μ = xμ + sμ/2, μÉ¸Õ¤  xμ = (x′

μ + x′′
μ)/2, sμ = x′′

μ − x′
μ. �·μ¨§¢μ¤´Ò¥ ¶μ

±μ³¶μ´¥´É ³ ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤

∂

∂(xμ + sμ/2)
=

∂

∂x′′
μ

=
∂

∂xμ

∂xμ

∂x′′
μ

+
∂

∂sμ

∂sμ

∂x′′
μ

=
1
2

∂

∂xμ
+

∂

∂sμ
,

∂

∂(xμ − sμ/2)
=

∂

∂x′′
μ

=
∂

∂xμ

∂xμ

∂x′′
μ

+
∂

∂sμ

∂sμ

∂x′′
μ

=
1
2

∂

∂xμ
− ∂

∂sμ
,

∂2

∂(xμ + sμ/2)2
=

1
4

∂2

∂x2
μ

+
∂2

∂xμ∂sμ
+

∂2

∂s2
μ

,

∂2

∂(xμ − sμ/2)2
=

1
4

∂2

∂x2
μ

− ∂2

∂xμ∂sμ
+

∂2

∂s2
μ

.

‚Ò· ¦¥´¨¥ (1.35) ¶·¨³¥É ¢¨¤

〈
r +

s
2

∣∣∣ p̂2ρ̂ − ρ̂p̂2
∣∣∣r − s

2

〉
= −2�

2 ∂2

∂xα∂sα

〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
=

= −2�
2(∇r ,∇s)

〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
,

T = − i

(2π�)3�

1
2m

∫
(∞)

exp
(
−i

ps
�

)〈
r +

s
2

∣∣∣ p̂2ρ̂ − ρ̂p̂2
∣∣∣r − s

2

〉
d3s,

T =
i

(2π�)3�

�
2

m

∂

∂xμ

∫
(∞)

exp
(
−i

ps
�

) ∂

∂sμ

〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
d3s =

=
i

(2π�)3�

�
2

m

(
i
pμ

�

) ∂

∂xμ

∫
(∞)

〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r− s
2

〉
exp
(
−i

ps
�

)
d3s =

(1.42)

= −pμ

m

∂

∂xμ

1
(2π�)3

∫
(∞)

〈
r +

s
2

∣∣∣ ρ̂ ∣∣∣r − s
2

〉
exp
(
−i

ps
�

)
d3s =

= −pμ

m

∂

∂xμ
W (r,p, t),

T = − 1
m

(p · ∇r)W (r,p, t).



802 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�μ¤¸É ¢²ÖÖ (1.41) ¨ (1.42) ¢ (1.34), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ŒμÔ²Ö ¤²Ö
W (r,p, t):

∂W

∂t
+

1
m

(p · ∇r)W =
+∞∑
l=0

(−1)l(�/2)2l

(2l + 1)!
U1

(
←
∇r ·

→
∇p

)2l+1

W, (1.43)

¨²¨

∂W

∂t
+

1
m

p · ∇rW −∇rU1 · ∇pW =
+∞∑
l=1

(−1)l(�/2)2l

(2l + 1)!
U1

(
←
∇r ·

→
∇p

)2l+1

W.

‚ ±² ¸¸¨Î¥¸±μ³ ¶·¥¤¥²¥ ¶·¨ � → 0 Ê· ¢´¥´¨¥ ŒμÔ²Ö (1.43) ¶¥·¥Ìμ¤¨É ¢
Ê· ¢´¥´¨¥ ‹¨Ê¢¨²²Ö

∂W

∂t
= −{W, H},

£¤¥ {·, ·} Å ¸±μ¡±¨ �Ê ¸¸μ´ .
‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ ŒμÔ²Ö (1.43) ¶μ²ÊÎ¥´μ ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ

¶μÉ¥´Í¨ ² U1 Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥°. �·¨ ¸· ¢´¥´¨¨ Ê· ¢´¥´¨Ö
ŒμÔ²Ö (1.43) ¨ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.14) ¢¨¤´μ, ÎÉμ Ê· ¢´¥´¨¥ ŒμÔ²Ö
Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¸  ¶¶·μ±¸¨³ Í¨¥° ¢¥±Éμ·´μ£μ
¶μ²Ö Ê¸±μ·¥´¨° 〈v̇〉(r,v, t):

〈v̇μ〉 =
+∞∑
n=0

(−1)n+1(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

1
f2

∂2nf2

∂v2n
μ

, (1.44)

±μÉμ· Ö ´ §Ò¢ ¥É¸Ö  ¶¶·μ±¸¨³ Í¨¥° ‚² ¸μ¢ ÄŒμÔ²Ö [39]. „¥°¸É¢¨É¥²Ó´μ,
¶μ¤¸É ¢²ÖÖ  ¶¶·μ±¸¨³ Í¨Õ (1.44) ¢ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (1.14), ¶μ²ÊÎ¨³

∂f2

∂t
+ v · ∇rf2 −

1
m
∇rU1 · ∇vf2 =

= −
+∞∑
n=1

(−1)n+1(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

[
f2

∂

∂vμ

(
1
f2

∂2nf2

∂v2n
μ

)
+

1
f2

∂f2

∂vμ

∂2nf2

∂v2n
μ

]
.

(1.45)

‘ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ f2
∂

∂vμ

(
1
f2

∂2nf2

∂v2n
μ

)
+

1
f2

∂f2

∂vμ

∂2nf2

∂v2n
μ

=
∂2n+1f2

∂v2n+1
μ

, ¢Ò· -

¦¥´¨¥ (1.45) ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ ŒμÔ²Ö (1.43).
‡ ³¥É¨³, ÎÉμ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ·Ö¤¥ (1.44) ¶·¨ n = 0 ¸μ¢¶ ¤ ¥É ¸  ¶-

¶·μ±¸¨³ Í¨¥° ‚² ¸μ¢  (1.20) 〈v̇〉 = (−1/m)∇rU1. �μ¸²¥¤ÊÕÐ¨¥ ¸² £ ¥³Ò¥
·Ö¤  (1.44) ¨³¥ÕÉ ³´μ¦¨É¥²¨ �

2n ¨ ¶·¨ ±² ¸¸¨Î¥¸±μ³ ¶¥·¥Ìμ¤¥ (� → 0)
¤ ÕÉ ³ ²Ò° ¢±² ¤ (¶·¨ Ê¸²μ¢¨¨ μ£· ´¨Î¥´´μ¸É¨ ¶·μ¨§¢μ¤´ÒÌ μÉ ËÊ´±Í¨¨
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f2 ¨ U1). ’ ±¨³ μ¡· §μ³,  ¶¶·μ±¸¨³ Í¨Ö (1.20) ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¨³  ¢
±² ¸¸¨Î¥¸±μ° Ë¨§¨±¥. �  ³¨±·μÊ·μ¢´¥  ¶¶·μ±¸¨³ Í¨Ö ‚² ¸μ¢ ÄŒμÔ²Ö (1.44)
Ö¢²Ö¥É¸Ö ±μ··¥±É´¥¥, É ± ± ± ¸μ¤¥·¦¨É ¤μ¶μ²´¨É¥²Ó´ÊÕ ¨´Ëμ·³ Í¨Õ μ § ¢¨-
¸¨³μ¸É¨ 〈v̇〉(r,v, t) μÉ ¶¥·¥³¥´´ÒÌ ¸±μ·μ¸É¨ v, ÎÉμ ¢²¥Î¥É §  ¸μ¡μ° ´ ²¨Î¨¥
¨¸ÉμÎ´¨±μ¢ ¤¨¸¸¨¶ Í¨° Q2 (1.14), (1.16):

Q2 =
∂

∂vμ
〈v̇μ〉 =

+∞∑
n=1

(−1)n+1 (�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

∂

∂vμ

(
1
f2

∂2nf2

∂v2n
μ

)
. (1.46)

‚ÒÎ¨¸²¨³ ¸·¥¤´¥¥ §´ Î¥´¨¥ 〈Q2〉. ˆ§ ¢Ò· ¦¥´¨Ö (1.46) ¶μ²ÊÎ¨³

f1〈Q2〉 =
∫

(∞)

f2Q2 d3v =
+∞∑
n=1

(−1)n+1(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

∫
(∞)

∂2n+1f2

∂v2n+1
μ

d3v +

+
+∞∑
n=1

(−1)n(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

∫
(∞)

1
f2

∂f2

∂vμ

∂2nf2

∂v2n
μ

d3v. (1.47)

�¥·¢Ò° ¨´É¥£· ² ¢ ¢Ò· ¦¥´¨¨ (1.47) · ¢¥´ ´Ê²Õ. ‚ÒÎ¨¸²¨³ ¢Éμ·μ°
¨´É¥£· ²

∫
(∞)

1
f2

∂f2

∂vμ

∂2nf2

∂v2n
μ

d3v =
∫

(∞)

∂S2

∂vμ

∂2nf2

∂v2n
μ

d3v =

=
∂S2

∂vμ

∂2n−1f2

∂v2n−1
μ

∣∣∣∣
∞

−
∫

(∞)

∂2S2

∂v2
μ

∂2n−1f2

∂v2n−1
μ

d3v = −
∫

(∞)

∂2S2

∂v2
μ

∂2n−1f2

∂v2n−1
μ

d3v,

(1.48)

£¤¥ ÊÎÉ¥´μ, ÎÉμ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ∂2nf2/∂v2n
μ ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ ´  ¡¥¸-

±μ´¥Î´μ¸É¨ ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ [47, 48]. �μ¢Éμ·ÖÖ ¶·μÍ¥¤Ê·Ê (1.48) k · §
(k = 2n), ¶μ²ÊÎ¨³

∫
(∞)

1
f2

∂f2

∂vμ

∂2nf2

∂v2n
μ

d3v = (−1)k

∫
(∞)

∂k+1S2

∂vk+1
μ

∂2n−kf2

∂v2n−k
μ

d3v =

= (−1)2n

∫
(∞)

f2
∂2n+1S2

∂v2n+1
μ

d3v = f1

〈
∂2n+1S2

∂v2n+1
μ

〉
, (1.49)

〈Q2〉 =
+∞∑
n=1

(−1)n(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

〈
∂2n+1S2

∂v2n+1
μ

〉
.
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ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (1.49), ¢ÒÎ¨¸²¨³ ¸·¥¤´¥¥ §´ Î¥´¨¥ 〈〈Q2〉〉:

N(t)〈〈Q2〉〉(t) =
∫

(∞)

f1〈Q2〉 d3r =

=
+∞∑
n=1

(−1)n(�/2)2n

m2n+1(2n + 1)!

∫
(∞)

f1
∂2n+1U1

∂x2n+1
μ

〈
∂2n+1S2

∂v2n+1
μ

〉
d3r, (1.50)

〈〈Q2〉〉(t) =
+∞∑
n=1

(−1)n(�/2)2n

m2n+1(2n + 1)!

〈
∂2n+1U1

∂x2n+1
μ

〈
∂2n+1S2

∂v2n+1
μ

〉〉
.

‚¸¥ Î²¥´Ò ·Ö¤  (1.50) ¸μ¤¥·¦ É ³´μ¦¨É¥²¨ �
2n, ¶μÔÉμ³Ê ¶·¨ μ£· ´¨-

Î¥´´ÒÌ ¶·μ¨§¢μ¤´ÒÌ μÉ ËÊ´±Í¨° U1 ¨ S2 ¡Ê¤ÊÉ ¢´μ¸¨ÉÓ ³ ²Ò° ¢±² ¤ ¶·¨
±² ¸¸¨Î¥¸±μ³ ¶¥·¥Ìμ¤¥ (� → 0). ‘²¥¤μ¢ É¥²Ó´μ, H2-ËÊ´±Í¨Ö 	μ²ÓÍ³ ´  (¸³.
Ê· ¢´¥´¨¥ (1.16)) ¢ ¸¨¸É¥³¥ ¸ ¶μ¸ÉμÖ´´Ò³ Î¨¸²μ³ Î ¸É¨Í ¡Ê¤¥É ¶μÎÉ¨ ¸É Í¨μ-
´ ·´μ° ¢ ±² ¸¸¨Î¥¸±μ³ ¶·¥¤¥²¥.

‚ £¨¤·μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö (1.19) ¸μ¤¥·-
¦¨É ¢´¥Ï´ÕÕ ¸¨²Ê, μ¶·¥¤¥²Ö¥³ÊÕ ¸² £ ¥³Ò³ 〈〈v̇μ〉〉. ˆ¸¶μ²Ó§ÊÖ  ¶¶·μ±¸¨³ -
Í¨Õ ‚² ¸μ¢ ÄŒμÔ²Ö (1.44), ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ §´ Î¥´¨¥ 〈〈v̇μ〉〉:

f1〈〈v̇μ〉〉 =
∫

(∞)

〈v̇μ〉f2 d3v = − 1
m

∂U

∂xμ
f1 +

(�/2)2

3!m3

∂3U1

∂x3
μ

×

×
∫

(∞)

∂2f2

∂v2
μ

d3v − (�/2)4

5!m5

∂5U1

∂x5
μ

∫
(∞)

∂4f2

∂v4
μ

d3v + . . . +

+
(−1)n+1(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

∫
(∞)

∂2nf2

∂v2n
μ

d3v + . . . = − 1
m

∂U1

∂xμ
f1,

É ±¨³ μ¡· §μ³,

〈〈v̇μ〉〉 = − 1
m

∂U1

∂xμ
. (1.51)

ˆ§ ¢Ò· ¦¥´¨Ö (1.51) ¸²¥¤Ê¥É, ÎÉμ ´  ³ ±·μÊ·μ¢´¥ (¢ £¨¤·μ¤¨´ ³¨Î¥¸±μ³ ¶·¨-
¡²¨¦¥´¨¨) ¨´Ëμ·³ Í¨Ö μ ®±¢ ´Éμ¢ÒÌ ¶μ¶· ¢± Ì¯ ´¨¢¥²¨·Ê¥É¸Ö, É ± ± ± ¢Ò-
· ¦¥´¨¥ (1.51) ¶μ²ÊÎ ¥É¸Ö ¨ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ μ¡ÒÎ´μ°  ¶¶·μ±¸¨³ Í¨¨ ‚² -
¸μ¢  (1.20) 〈v̇μ〉 = (−1/m)(∂U1/∂xμ).

1.3. ‚ÒÎ¨¸²¥´¨¥ ¸·¥¤´¨Ì §´ Î¥´¨°. ‡´ ´¨¥ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö
±¢ §¨¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° f2,n(x, v) (1.31) ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¨¥
§´ Î¥´¨Ö (³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥) Ô´¥·£¨¨ (1.25) E = �ω〈〈ε〉〉 = �ωM ε ¨
¥¥ ¸·¥¤´¥±¢ ¤· É¨Î´μ¥ μÉ±²μ´¥´¨¥ (¤¨¸¶¥·¸¨Õ) σE = �ω

√
D ε.
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�¥¸³μÉ·Ö ´  ´¥±μ··¥±É´μ¸ÉÓ · ¸¸Ê¦¤¥´¨° μ ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó-
´μ° Ô´¥·£¨¨ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Ëμ·³ ²Ó´μ
³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ÔÉ¨ ¢¥²¨Î¨´Ò ¨ ¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ·Ö¤ ¨´É¥·¥¸´ÒÌ ¢§ ¨³μ-
¸¢Ö§¥° ³¥¦¤Ê ±² ¸¸¨Î¥¸±μ° ¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥.

‚ ¸¨²Ê · ¤¨ ²Ó´μ° § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Fn(ε) (1.31) ¶¥-
·¥°¤¥³ ¢ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¢ Ë §μ¢μ° ¶²μ¸±μ¸É¨ (x, p):

x =

√
2�

mω
x̃, p = p̃

√
2m�ω, x̃2 + p̃2 = ε(x, p),

ϕ = arctg
(

p̃

x̃

)
= arctg

( p

mωx

)
, (1.52)

dx dp = 2� dx̃ dp̃ = 2�
√

ε d
√

ε dϕ = � dε dϕ.

„²Ö ± ¦¤μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Fn(ε) ¢ÒÎ¨¸²¨³ ¸¢μÕ ¸·¥¤´ÕÕ Ô´¥·-
£¨Õ En, ¶μ²ÊÎ¨³

En = �ω〈〈ε〉〉n =
�ω

m

∫
(∞)

dx

∫
(∞)

f2,n

(
x,

p

m

)
ε(x, p) dp =

=
�

2ω

m

2π∫
0

dϕ

+∞∫
0

Fn(ε)ε dε = 2(−1)n
�ω

+∞∫
0

e−2εLn(4ε) ε dε =

= 2(−1)n
�ω(−1)n 2n + 1

4
, (1.53)

En = �ω

(
n +

1
2

)
.

‚Ò· ¦¥´¨¥ (1.53) ¸μ¢¶ ¤ ¥É ¸ ¨§¢¥¸É´Ò³¨ §´ Î¥´¨Ö³¨ Ô´¥·£¥É¨Î¥¸±μ£μ
¸¶¥±É·  ±¢ ´Éμ¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . �´ ²μ£¨Î´Ò³ μ¡· §μ³ ¢Ò-
Î¨¸²¨³ ¸·¥¤´¥±¢ ¤· É¨Î´Ò¥ μÉ±²μ´¥´¨Ö Ô´¥·£¨¨ ¤²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö:

σ2
En

= �
2ω2
[
M ε2 − (M ε)2

]
= �

2ω2

[
M ε2 −

(
n +

1
2

)2
]

. (1.54)

‚ÒÎ¨¸²¨³ ¸² £ ¥³μ¥ M ε2:

M ε2 =
�

m

2π∫
0

dϕ

+∞∫
0

Fn(ε)ε2 dε = 2(−1)n

+∞∫
0

e−2εLn(4ε)ε2 dε =

= 2(−1)n
n∑

k=0

Ck
n

4k(−1)k

k!
Ik+2,
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£¤¥ Ik+2 Å ¨´É¥£· ², ±μÉμ·Ò° ³μ¦´μ ´ °É¨ ¶μ ¨É¥· Í¨μ´´μ° Ëμ·³Ê²¥

In
det=

+∞∫
0

e−2ε εn dε =
n

2
In−1 =

n!
2n

I0, I0 =
1
2
, In =

n!
2n+1

,

(1.55)

M ε2 = 2(−1)n
n∑

k=0

Ck
n

4k(−1)k

k!
(k + 2)!
2k+3

=
(−1)n

4

n∑
k=0

Ck
n(−2)k(k + 1)(k + 2).

‘Ê³³Ê, ¸ÉμÖÐÊÕ ¢ ¢Ò· ¦¥´¨¨ (1.55), ³μ¦´μ ¶μ¸Î¨É ÉÓ ¢ Ö¢´μ³ ¢¨¤¥, ¨¸¶μ²Ó-
§ÊÖ μ¶¥· Í¨Õ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¨ Ëμ·³Ê²Ê ¡¨´μ³  �ÓÕÉμ´ :

M ε2 =
(−1)n

4
d2

dx2

n∑
k=0

Ck
n(−2)kxk+2

∣∣∣∣∣
x=1

=

=
(−1)n

4
d2

dx2
x2

n∑
k=0

Ck
n(−2x)k 1n−k

∣∣∣∣∣
x=1

=
(−1)n

4
d2

dx2
x2(1 − 2x)n

∣∣∣∣
x=1

,

(1.56)

M ε2 =
(−1)n

2
[
(1 − 2x)n − 4xn(1 − 2x)n−1 + 2x2n(n − 1)(1 − 2x)n−2

]∣∣
x=1

,

M ε2 =
1
2
[
(−1)2n − 4n(−1)2n−1 + 2n(n − 1)(−1)2n−2

]
=

1
2

+ n + n2.

�μ¤¸É ¢²ÖÖ (1.56) ¢ ¢Ò· ¦¥´¨¥ (1.54), ¶μ²ÊÎ¨³

σ
En

=
�ω

2
. (1.57)

„²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö ¢¥²¨Î¨´  ¸·¥¤´¥±¢ ¤· É¨Î´μ£μ μÉ±²μ´¥´¨Ö Ô´¥·-
£¨¨ (1.57) μ¤¨´ ±μ¢ . �·¨ ÔÉμ³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¸·¥¤´¨³¨ §´ Î¥´¨Ö³¨ Ô´¥·-
£¨¨ En ¸μ£² ¸´μ ¢Ò· ¦¥´¨Ö³ (1.53) ¨ (1.57) · ¢´Ò 2σEn

.
’ ±¨³ μ¡· §μ³, ¸ ¶μ§¨Í¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥

®¸ÊÐ¥¸É¢ÊÕÉ¯ · §²¨Î´Ò¥ (´¥¶·¥·Ò¢´Ò° ¸¶¥±É·) §´ Î¥´¨Ö Ô´¥·£¨¨ �ωε, ´μ ¨Ì
³´μ¦¥¸É¢μ ¸·¥¤´¨Ì §´ Î¥´¨° (¶μ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ‚¨£´¥· ) Ö¢²Ö¥É¸Ö
¸Î¥É´Ò³ ¨ ¸μ¢¶ ¤ ¥É ¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ £ ³¨²ÓÉμ´¨ ´ . ˆ¸¶μ²Ó§μ-
¢ ´¨¥ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¶μ§¢μ²Ö¥É ´ £²Ö¤´Ò³ μ¡· §μ³ ¨´É¥·¶·¥É¨·μ¢ ÉÓ
¸¢Ö§Ó ³¥¦¤Ê ±² ¸¸¨Î¥¸±μ° ¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°.

‚ÒÎ¨¸²¨³ ¸·¥¤´¨¥ §´ Î¥´¨Ö ®±¨´¥É¨Î¥¸±μ°¯ T = (mv2)/2 ¨ ®¶μÉ¥´-
Í¨ ²Ó´μ°¯ U1 = (mω2x2)/2 Ô´¥·£¨¨ ±¢ ´Éμ¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²Ö-
Éμ· . “¸·¥¤´¥´¨¥ ³μ¦´μ ¶·μ¨§¢¥¸É¨ ¶μ ±μμ·¤¨´ É¥ x, ¸±μ·μ¸É¨ v ¨²¨ ¶μ
¢¸¥³Ê Ë §μ¢μ³Ê ¶·μ¸É· ´¸É¢Ê (¶μ μ¡¥¨³ ¶¥·¥³¥´´Ò³ x, v). � °¤¥³ §´ Î¥´¨Ö
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〈x2〉, 〈v2〉, 〈〈x2〉〉, 〈〈v2〉〉 ¤²Ö · §´ÒÌ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò n, ±μÉμ·Ò¥ μ¶¨¸Ò¢ -
ÕÉ¸Ö ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö f2,n(x, v) (1.31). ‡ ³¥É¨³, ÎÉμ ¢ ¸¨²Ê ¸¨³³¥-
É·¨¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö f2,n(x, v) ¸·¥¤´¨¥ §´ Î¥´¨Ö 〈x〉 = 〈〈x〉〉 = 0 ¨
〈v〉 = 〈〈v〉〉 = 0.

„²Ö Ê¤μ¡¸É¢  ¤ ²Ó´¥°Ï¨Ì ¢Ò±² ¤μ± ¢¢¥¤¥³ μ¡μ§´ Î¥´¨Ö σ2
x = �/(2mω)

¨ σ2
v = (�ω)/(2m), ±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸·¥¤´¥±¢ ¤· É¨Î´Ò³ μÉ±²μ´¥´¨Ö³

¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (n = 0) £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . ‚¥²¨Î¨´Ò σx,
σv ¨³¥ÕÉ ¸¢Ö§Ó ¸ ¶·¨´Í¨¶μ³ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ 

σxσv = |α| =
�

2m
, ω =

σv

σx
. (1.58)

C ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢¥²¨Î¨´ σx ¨ σv ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ (1.25) ¨ ¶·¥¤-
¸É ¢²¥´¨Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨° (1.23) ¨ (1.31) ¶·¨³ÊÉ ¢¨¤

2ε(x, p) = ε̃(x, v) =
v2

2σ2
v

+
x2

2σ2
x

,

f1,n(x) =
1

2nn!
1√

2πσx

exp
(
− x2

2σ2
x

)
H2

n

(
x√
2σx

)
, (1.59)

f2,n(x, v) =
(−1)n

2πσvσx
exp
(
− v2

2σ2
v

− x2

2σ2
x

)
Ln

(
2
(

v2

2σ2
v

+
x2

2σ2
x

))
.

ˆ§ Ê· ¢´¥´¨° (1.11), (1.13), (1.18), (1.19), (1.51) ¨ (1.24) ¤²Ö £ ·³μ´¨Î¥-
¸±μ£μ μ¸Í¨²²ÖÉμ·  ¸²¥¤Ê¥É, ÎÉμ

1
f1

∂P

∂x
=

1
f1

+∞∫
−∞

v2 ∂f2,n

∂x
dv = − 1

m

∂U1

∂x
= −ω2x,

£¤¥ ¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥ (1.18) ¸¤¥² ´  § ³¥´  μ¡μ§´ Î¥´¨° Pμλ ´  P :

x

σ2
x

+∞∫
−∞

v2F ′
n(ε̃) dv = −ω2xf1,n = −ω2x

+∞∫
−∞

Fn(ε̃) dv,

0 =

+∞∫
−∞

(
v2F ′

n(ε̃) + σ2
xω2Fn(ε̃)

)
dv =

+∞∫
−∞

(
v2 ∂S2,n

∂ε̃
+ σ2

xω2

)
Fn(ε̃) dv =

= f1,n

〈
v2 ∂S2,n

∂ε̃
+ σ2

xω2

〉
, (1.60)〈

v2 ∂S2,n

∂ε̃
+ σ2

xω2

〉
= 0,

〈
v2 ∂S2,n

∂ε̃

〉
= −σ2

xω2.



808 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¥·¥¶¨¸Ò¢ Ö Ê¸²μ¢¨¥ (1.12) ¢ ¢¨¤¥ Pμλ = −α2f1,n(∂2S1,n)/(∂xμ∂xλ),
¶μ²ÊÎ ¥³

1
f1,n

+∞∫
−∞

v2f2,n(x, v) dv = −α2 ∂2S1,n

∂x2
, 〈v2〉 = −α2 ∂2S1,n

∂x2
. (1.61)

�μ¤¸É ¢¨³ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (1.59) ¢ ¢Ò· ¦¥´¨Ö (1.60) ¨ (1.61).
� Î´¥³ ¸ ¢Ò· ¦¥´¨Ö (1.60):

S2,n = ln Fn(ε̃) = lnBn − ε̃ + lnLn(2ε̃),
∂S2,n

∂ε̃
= −1 + 2

L′
n(2ε̃)

Ln(2ε̃)
, (1.62)

£¤¥ Bn = (−1)n/(2πσvσx). “¸·¥¤´¨³ ¢Ò· ¦¥´¨¥ (1.62) ¶μ Ëμ·³Ê²¥ (1.60),
¶μ²ÊÎ¨³

σ2
xω2 = 〈v2〉 − 2

〈
v2 L′

n

Ln

〉
=

=
Bn

f1,n

+∞∫
−∞

v2 e−ε̃Ln(2ε̃) dv − 2
Bn

f1,n

+∞∫
−∞

v2 e−ε̃L′
n(2ε̃) dv =

=
Bn

f1,n

+∞∫
−∞

v2 e−ε̃
(
Ln(2ε̃) − 2

[
L′

n−1(2ε̃) − Ln−1(2ε̃)
])

dv =

(1.63)

=
Bn

f1,n

+∞∫
−∞

v2e−ε̃ (Ln − 2 [L′
0 − L0 − . . . − Ln−3 − Ln−2 − Ln−1]) dv =

=
Bn

f1,n

+∞∫
−∞

v2 e−ε̃

(
Ln + 2

n−1∑
k=0

Lk

)
dv,

σ2
xω2 =

Bn

f1,n

+∞∫
−∞

v2 e−ε̃
(
Ln(2ε̃) + 2L

(1)
n−1(2ε̃)

)
dv,

£¤¥ ÊÎÉ¥´μ, ÎÉμ L′
n = L′

n−1 − Ln−1, L
(μ+1)
s =

s∑
k=0

L
(μ)
k . ‘ ÊÎ¥Éμ³ ¢Ò· ¦¥´¨Ö

L
(μ)
n (x) = L

(μ+1)
n (x) − L

(μ+1)
n−1 (x) ¶·¨ μ = 0 Ln(x) = L

(1)
n (x) − L

(1)
n−1(x),

¢Ò· ¦¥´¨¥ (1.63) ¶·¨³¥É ¢¨¤

σ2
v

Bn
f1,n =

+∞∫
−∞

v2 e−ε̃
(
L(1)

n (2ε̃) + L
(1)
n−1(2ε̃)

)
dv. (1.64)
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„²Ö μ¡μ¡Ð¥´´ÒÌ ¶μ²¨´μ³μ¢ ‹ £¥··  ¸¶· ¢¥¤²¨¢μ ¸μμÉ´μÏ¥´¨¥

L(μ+λ+1)
n (x + y) =

n∑
k=0

L
(μ)
k (x)L(λ)

n−k(y),

μÉ±Ê¤ 

L(1)
n (2ε̃) =

n∑
k=0

Lk

(
v2

σ2
v

)
Ln−k

(
x2

σ2
x

)
,

(1.65)

L
(1)
n−1(2ε̃) =

n−1∑
k=0

Lk

(
v2

σ2
v

)
Ln−1−k

(
x2

σ2
x

)
.

�μ¤¸É ¢²ÖÖ (1.65) ¢ (1.64), ¶μ²ÊÎ¨³

σ2
v

Bn
f1,n = exp

(
− x2

2σ2
x

) n∑
k=0

Ln−k

(
x2

σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv +

+ exp
(
− x2

2σ2
x

) n−1∑
k=0

Ln−1−k

(
x2

σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv,

(−1)n

√
π

2n+1n!
H2

n

(
x√
2σx

)
=

n∑
k=0

Ln−k

(
x2

σ2
x

)
Jk +

n−1∑
k=0

Ln−1−k

(
x2

σ2
x

)
Jk,

¨²¨

(−1)n

√
π

2n+1n!
H2

n

(
x√
2σx

)
=

n∑
k=1

Ln−k

(
x2

σ2
x

)
Jk+

+
n∑

s=1

Ln−s

(
x2

σ2
x

)
Js−1 + Ln

(
x2

σ2
x

)
J0, (1.66)

(−1)n

√
π

2n+1n!
H2

n

(
x√
2σx

)
=

n∑
k=1

Ln−k

(
x2

σ2
x

)
(Jk + Jk−1) + Ln

(
x2

σ2
x

)
J0,

£¤¥

Jk =

+∞∫
−∞

τ2 e−τ2
Lk

(
2τ2
)

dτ, τ =
v√
2σv

. (1.67)
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‚Ò· ¦¥´¨¥ (1.66) ¶μ§¢μ²Ö¥É ¶·¥¤¸É ¢¨ÉÓ ±¢ ¤· É ¶μ²¨´μ³μ¢ �·³¨É  H2
n

Î¥·¥§ ¶μ²¨´μ³Ò ‹ £¥··  Lk. ‚ÒÎ¨¸²¨³ ¨´É¥£· ² (1.67):

Jk =

+∞∫
−∞

τ2 e−τ2
Lk(2τ2) dτ =

=
1
2

+∞∫
−∞

τ e−τ2
Lk(2τ2) dτ2 = −1

2

+∞∫
−∞

τLk(2τ2) d e−τ2
=

= −1
2

⎛
⎝τLk(2τ2) e−τ2

∣∣∣+∞

−∞
−

+∞∫
−∞

e−τ2 (
Lk(2τ2) + 4τ2L′

k(2τ2)
)
dτ

⎞
⎠ =

=
1
2

+∞∫
−∞

e−τ2
Lk(2τ2) dτ + 2

+∞∫
−∞

τ2 e−τ2 [
L′

k−1(2τ2) − Lk−1(2τ2)
]
dτ =

(1.68)

=
1
2

+∞∫
−∞

e−τ2
Lk(2τ2) dτ + 2

+∞∫
−∞

τ2 e−τ2
L′

k−1(2τ2) dτ−

− 2

+∞∫
−∞

τ2 e−τ2
Lk−1(2τ2) dτ,

Jk =
1
2

+∞∫
−∞

e−τ2
Lk(2τ2) dτ − 2Jk−1 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−1(2τ2) dτ.

ˆ´É¥£· ²
+∞∫
−∞

e−τ2
Lk(2τ2) dτ ¡¥·¥É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (1.26) ¶·¨ x = 0:

+∞∫
−∞

exp
(
− v2

2σ2
v

)
Ln

(
2

v2

2σ2
v

)
dv =

=
√

2σv

+∞∫
−∞

e−τ2
Ln(2τ2) dτ = (−1)n

√
2πσv

2nn!
H2

n(0), (1.69)

+∞∫
−∞

e−τ2
Lk(2τ2) dτ = (−1)k

√
π

2kk!
H2

k(0).
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‘ ÊÎ¥Éμ³ (1.69) ¢Ò· ¦¥´¨¥ (1.68) ¶·¨´¨³ ¥É ¢¨¤

Jk = (−1)k

√
π

2k+1k!
H2

k(0) − 2Jk−1 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−1(2τ2) dτ. (1.70)

ˆ§ ¢Ò· ¦¥´¨Ö (1.70) ¸²¥¤Ê¥É, ÎÉμ

Jk−1 = (−1)k−1

√
π

2k(k − 1)!
H2

k−1(0) − 2Jk−2 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−2(2τ2) dτ.

(1.71)

�μ¤¸É ¢¨³ (1.71) ¢ ¢Ò· ¦¥´¨¥ (1.68), ¶μ²ÊÎ¨³

Jk = (−1)k

√
π

2k+1k!
H2

k(0) + (−1)k

√
π

2k−1(k − 1)!
H2

k−1(0) + 4Jk−2 −

− 4

+∞∫
−∞

τ2 e−τ2
L′

k−2(2τ2) dτ + 2

+∞∫
−∞

τ2 e−τ2 [
L′

k−2(2τ2) − Lk−2(2τ2)
]
dτ,

(1.72)

Jk = (−1)k

√
π

2k+1k!
H2

k(0) + (−1)k

√
π

2k−1(k − 1)!
H2

k−1(0) + 2Jk−2 −

− 2

+∞∫
−∞

τ2 e−τ2
L′

k−2(2τ2) dτ.

�·μ¤¥² ¥³  ´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ¸ ¶μ¤¸É ´μ¢±μ° ¤²Ö ¨´É¥£· ²μ¢ Jk−2

¨ Jk−3:

Jk−2 = (−1)k

√
π

2k−1(k − 2)!
H2

k−2(0) − 2Jk−3 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−3(2τ2) dτ ,

Jk = (−1)k

√
π

2k+1k!
H2

k(0) + (−1)k

√
π

2k−1(k − 1)!
H2

k−1(0)+ (1.73)

+ (−1)k

√
π

2k−2(k − 2)!
H2

k−2(0) − 2Jk−3 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−3(2τ2) dτ .
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Jk−3 = −(−1)k

√
π

2k−2(k − 3)!
H2

k−3(0) − 2Jk−4 + 2

+∞∫
−∞

τ2 e−τ2
L′

k−4(2τ2) dτ,

Jk = (−1)k

√
π

2k+1k!
H2

k(0) + (−1)k

√
π

2k−1(k − 1)!
H2

k−1(0)+

(1.74)

+ (−1)k

√
π

2k−2(k − 2)!
H2

k−2(0) + (−1)k

√
π

2k−3(k − 3)!
H2

k−3(0) + 2Jk−4−

− 2

+∞∫
−∞

τ2 e−τ2
L′

k−4(2τ2) dτ.

‚Ò· ¦¥´¨¥ ¤²Ö J0 ¨³¥¥É ¢¨¤

J0 =

+∞∫
−∞

τ2 e−τ2
L0(2τ2) dτ =

=
1

2
√

2σ3
v

+∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
dv =

√
2π

2
√

2
=

√
π

2
. (1.75)

� ¸¸³μÉ·¨³ Î¥É´Ò¥ (k = 2m) ¨ ´¥Î¥É´Ò¥ (k = 2m + 1) §´ Î¥´¨Ö ¤²Ö
¢Ò· ¦¥´¨Ö Jk. �·μ¤μ²¦ Ö ¨É¥· Í¨μ´´ÊÕ ¶·μÍ¥¤Ê·Ê, ¢Ò· ¦¥´¨¥ (1.74) ¤²Ö
J2m § ¶¨Ï¥³ ¢ ¢¨¤¥

J2m =
√

π

22m+1(2m)!
H2

2m(0) +
√

π

22m−1(2m − 1)!
H2

2m−1(0)+

+
√

π

22m−2(2m − 2)!
H2

2m−2(0) +
√

π

22m−3(2m − 3)!
H2

2m−3(0) + . . . +

+
√

π

211!
H2

1 (0) + 2J0 − 2

+∞∫
−∞

τ2 e−τ2
L′

0(2τ2) dτ, (1.76)

J2m =
√

π

22m+1(2m)!
H2

2m(0) +
√

π

2m−1∑
s=1

H2
2m−s(0)

22m−s(2m − s)!
+
√

π,

J2m =
√

π

22m+1(2m)!
H2

2m(0) +
√

π

2m∑
s=1

H2
2m−s(0)

22m−s(2m − s)!
.
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„²Ö J2m+1  ´ ²μ£¨Î´μ ¶μ²ÊÎ ¥³

J2m+1 = −
√

π

22m+2(2m + 1)!
H2

2m+1(0) −
√

π

22m(2m)!
H2

2m(0)−

−
√

π

22m−1(2m−1)!
H2

2m−1(0) − 2I2m−2 + 2

+∞∫
−∞

τ2 e−τ2
L′

2m−2(2τ2) dτ =

= −
√

π

22m+2(2m + 1)!
H2

2m+1(0) −
√

π

22m(2m)!
H2

2m(0)−

−
√

π

22m−1(2m − 1)!
H2

2m−1(0) − . . . −
√

π

21(1)!
H2

1 (0) − 2J0 +

+ 2

+∞∫
−∞

τ2 e−τ2
L′

0(2τ2) dτ,

J2m+1 = −
√

π

22m+2(2m + 1)!
H2

2m+1(0) −
√

π

2m∑
s=0

H2
2m−s(0)

22m−s(2m − s)!
,

¨²¨

J2m+1 = −
√

π

22m+2(2m + 1)!
H2

2m+1(0)−

−
√

π
2m+1∑
q=1

H2
2m+1−q(0)

22m+1−q(2m + 1 − q)!
. (1.77)

‘· ¢´¨¢ Ö (1.76) ¨ (1.77), ¶μ²ÊÎ¨³ μ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö Jk:

Jk = (−1)k√π

{
1

2k+1k!
H2

k(0) +
k∑

s=1

H2
k−s(0)

2k−s(k − s)!

}
. (1.78)

„²Ö ¶·¥μ¡· §μ¢ ´¨Ö ¢Ò· ¦¥´¨Ö (1.66) ¢ÒÎ¨¸²¨³ ¸Ê³³Ê Jk + Jk−1, ¨¸-
¶μ²Ó§ÊÖ (1.78):

Jk + Jk−1 = (−1)k√π

{
1

2k+1k!
H2

k(0) +
k∑

s=1

H2
k−s(0)

2k−s(k − s)!

}
−

− (−1)k
√

π

{
1

2k(k − 1)!
H2

k−1(0) +
k−1∑
s=1

H2
k−1−s(0)

2k−1−s(k − 1 − s)!

}
=

= (−1)k
√

π

{
H2

k(0)
2k+1k!

−
2kH2

k−1(0)
2k+1k!

+
k−1∑
s=1

H2
k−s(0)

2k−s(k − s)!
+ H2

0 (0) −
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−
k−1∑
s=1

H2
k−1−s(0)

2k−1−s(k − 1 − s)!

}
= (−1)k√π

{
H2

k(0) − 2kH2
k−1(0)

2k+1k!
+

+ H2
0 (0) +

k−1∑
s=1

H2
k−s(0) − 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

}
,

(1.79)

Jk + Jk−1 = (−1)k√π

{
H2

k(0) − 2kH2
k−1(0)

2k+1k!
+

+
k∑

s=1

H2
k−s(0) − 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

}
.

�μ¤¸É ¢²ÖÖ (1.79) ¢ (1.66), ¶μ²ÊÎ¨³

(−1)n

2n+1n!
H2

n

(
x√
2σx

)
=

1
2

Ln

(
x2

σ2
x

)
+

n∑
k=1

(−1)kLn−k

(
x2

σ2
x

)
×

×
{

H2
k(0) − 2kH2

k−1(0)
2k+1k!

+
k∑

s=1

H2
k−s(0) − 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

}
. (1.80)

‚Ò· ¦¥´¨¥ (1.80) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ±μ³¶ ±É´μ° Ëμ·³¥, ¥¸²¨ ¢μ¸¶μ²Ó-
§μ¢ ÉÓ¸Ö ËÊ´±Í¨¥° •¥¢¨¸ °¤ 

η(s) =
{

0, s = 0,
1, s > 0.

1 + η (s)
2

=

⎧⎨
⎩

1
2
, s = 0,

1, s > 0.
(1.81)

C ¨¸¶μ²Ó§μ¢ ´¨¥³ (1.81) ¢Ò· ¦¥´¨¥ (1.80) ¶·¨³¥É ¢¨¤

(−1)n

2n+1n!
H2

n

(
x√
2σx

)
=

n∑
k=0

(−1)kLn−k

(
x2

σ2
x

)
×

×
k∑

s=0

1 + η(s)
2

H2
k−s(0) − 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

, (1.82)

¨²¨
(−1)n

2n+1n!
H2

n

(
x√
2σx

)
=

n∑
k=0

C̄kLn−k

(
x2

σ2
x

)
, (1.83)

£¤¥

C̄k = (−1)k
k∑

s=0

1 + η(s)
2

H2
k−s(0) − 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

.
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„²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ C̄k Ê¤μ¡´μ ¶μ²Ó§μ¢ ÉÓ¸Ö ¸¢μ°¸É¢ ³¨ ´Ê-
²¥° ¶μ²¨´μ³μ¢ �·³¨É 

H2
2k(0) =

(2k)!(2k)!
k!k!

, H2
2k+1(0) = 0. (1.84)

”μ·³Ê²  (1.83) § ¤ ¥É · §²μ¦¥´¨¥ ¶μ²¨´μ³μ¢ H2
n(x/

√
2σx) ¶μ ¶μ²¨´μ³ ³

‹ £¥··  Ls(x2/σ2
x). ‚Ò· ¦¥´¨¥ (1.83) ¶μ²ÊÎ¨²μ¸Ó ± ± ¸²¥¤¸É¢¨¥ ¨§ ¢Ò· ¦¥-

´¨Ö (1.60).
� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.61). ‚ÒÎ¨¸²¨³ ¢Ò· ¦¥´¨¥ ∂2S1/∂x2, ¸ÉμÖÐ¥¥

¢ (1.61):

S1,n = ln f1,n = ln
1

2nn!
1√

2πσx

− x2

2σ2
x

+ 2 lnHn

(
x√
2σx

)
,

∂S1

∂x
= − x

σ2
x

+
√

2H ′
n

σxHn
,

∂2S1

∂x2
= − 1

σ2
x

(
1 − H ′′

nHn − H ′
nH ′

n

H2
n

)
, (1.85)

∂2S1

∂x2
= − 1

σ2
x

(
1 − H ′′

n

Hn
+
(

H ′
n

Hn

)2
)

.

� °¤¥³ 〈v2〉:

f1,n

Bn

〈
v2
〉

=

+∞∫
−∞

v2 e−εLn(2ε) dv =

=

+∞∫
−∞

v2 e−εL(1)
n (2ε) dv −

+∞∫
−∞

v2 e−εL
(1)
n−1(2ε) dv =

=
n∑

k=0

Ln−k

(
x2

σ2
x

) +∞∫
−∞

v2 e−εLk

(
v2

σ2
v

)
dv −

−
n−1∑
k=0

Ln−1−k

(
x2

σ2
x

) +∞∫
−∞

v2 e−εLk

(
v2

σ2
v

)
dv =

=
n∑

k=0

Ln−k

(
x2

σ2
x

)
exp
(
− x2

2σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv−

−
n−1∑
k=0

Ln−1−k

(
x2

σ2
x

)
exp
(
− x2

2σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv,
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(−1)n

√
2πσv

2nn!
H2

n

(
x√
2σx

)〈
v2
〉

=

=
n∑

k=0

Ln−k

(
x2

σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv−

−
n−1∑
k=0

Ln−1−k

(
x2

σ2
x

) +∞∫
−∞

v2 exp
(
− v2

2σ2
v

)
Lk

(
v2

σ2
v

)
dv, (1.86)

(−1)n√π

2n+1n!σ2
v

H2
n

(
x√
2σx

)〈
v2
〉

=
n∑

k=0

Ln−k

(
x2

σ2
x

)
Jk −

n−1∑
k=0

Ln−1−k

(
x2

σ2
x

)
Jk,

É ± ± ±
+∞∫
−∞

v2 exp
(
−v2/2σ2

v

)
Lk

(
v2/σ2

v

)
dv = 2

√
2σ3

vJk. �μ¤¸É ¢²ÖÖ (1.78)

¢ (1.86), ¶μ²ÊÎ¨³

(−1)n

2n+1n!σ2
v

H2
n

(
x√
2σx

)
〈v2〉 =

=
n∑

k=0

Ln−k

(
x2

σ2
x

)
(−1)k

k∑
s=0

1 + η(s)
2

H2
k−s(0)

2k−s(k − s)!
+

+
n∑

q=1

Ln−q

(
x2

σ2
x

)
(−1)q

q−1∑
s=0

1 + η(s)
2

2(q − s)H2
q−s−1(0)

2q−s(q − s)!
=

=
n∑

k=0

Ln−k

(
x2

σ2
x

)
(−1)k

k∑
s=0

1 + η(s)
2

H2
k−s(0)

2k−s(k − s)!
+ (1.87)

+
n∑

q=0

Ln−q

(
x2

σ2
x

)
(−1)q

q∑
s=0

1 + η(s)
2

2(q − s)H2
q−s−1(0)

2q−s(q − s)!
=

=
n∑

k=0

Ln−k

(
x2

σ2
x

)
(−1)k

k∑
s=0

1 + η(s)
2

H2
k−s(0) + 2(q − s)H2

q−s−1(0)
2k−s(k − s)!

,

(−1)n

2n+1n!σ2
v

H2
n

(
x√
2σx

)
〈v2〉 =

n∑
k=0

CkLn−k

(
x2

σ2
x

)
,

£¤¥

Ck = (−1)k
k∑

s=0

1 + η(s)
2

H2
k−s(0) + 2(k − s)H2

k−s−1(0)
2k−s(k − s)!

.
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ˆ§ ¢Ò· ¦¥´¨° (1.87) ¨ (1.83) ¸²¥¤Ê¥É, ÎÉμ

〈v2〉v,n(x) = σ2
v

n∑
k=0

CkLn−k(x2/σ2
x)

n∑
k=0

C̄kLn−k(x2/σ2
x)

, (1.88)

£¤¥ ¨´¤¥±¸ ®v¯ Ê± §Ò¢ ¥É ´  Ê¸·¥¤´¥´¨¥ ¶μ ¶·μ¸É· ´¸É¢Ê ¸±μ·μ¸É¥°,   ¨´¤¥±¸
®n¯ ¸μμÉ¢¥É¸É¢Ê¥É ´μ³¥·Ê ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ£μ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

‚ ¸¨²Ê ¸¨³³¥É·¨¨ ËÊ´±Í¨¨ f2,n ¶μ ¶¥·¥³¥´´Ò³ x ¨ v ¶μ  ´ ²μ£¨¨ ¸
¢Ò· ¦¥´¨¥³ (1.88) ³μ¦´μ § ¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö 〈x2〉x,n ¶·¨ Ê¸·¥¤´¥´¨¨
¶μ ¶·μ¸É· ´¸É¢Ê ±μμ·¤¨´ É x:

〈x2〉x,n(v) = σ2
x

n∑
k=0

CkLn−k(v2/σ2
v)

n∑
k=0

C̄kLn−k(v2/σ2
v)

. (1.89)

�·μ¢¥¤¥³  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ · ¸¶·¥¤¥²¥´¨° (1.88) ¨ (1.89). �¸μ¡¥´´μ-
¸ÉÓÕ ¢Ò· ¦¥´¨° (1.88) ¨ (1.89) Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¶μ²Õ¸μ¢ ¶μ ±μμ·¤¨´ É¥
¨ ¸±μ·μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ. �  ·¨¸. 1 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ Ô´¥·£¨¨ μ¸-
Í¨²²ÖÉμ·  〈ε̃〉v,n(x) = (〈v2〉v,n(x))/(2σ2

v) + x2/(2σ2
x) ¢¤μ²Ó μ¸¨ ±μμ·¤¨´ É

(n = 0, 1, 2, 3),  ´ ²μ£¨Î´Ò° £· Ë¨± ¡Ê¤¥É ¢¤μ²Ó μ¸¨ ¸±μ·μ¸É¥°. �¥ μ£· ´¨Î¨-
¢ Ö μ¡Ð´μ¸É¨, ´  ·¨¸. 1 §´ Î¥´¨Ö σx ¨ σv ¶·¨´ÖÉÒ · ¢´Ò³¨ ¥¤¨´¨Í¥.

�  ·¨¸. 1 ¢¨¤´μ, ÎÉμ Éμ²Ó±μ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ (n = 0) ´¥ ¨³¥¥É ¶μ²Õ-
¸μ¢, É ± ± ± 〈v2〉v,0 = σ2

v (¸³. ¢Ò· ¦¥´¨¥ (1.88)).
�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ¶μ²Õ¸  ±¨´¥É¨Î¥¸±μ° (1.88) ¨ ¶μÉ¥´Í¨ ²Ó-

´μ° (1.89) Ô´¥·£¨¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨¥³ (1.88) · ¸¶μ²μ¦¥´Ò ¢ ´Ê²ÖÌ

�¨¸. 1. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ 〈ε̃〉v,n(x)
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�¨¸. 2. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ 〈ε̃〉v,n(x) ¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ f1,n(x)

¶μ²¨´μ³μ¢ �·³¨É  ¨ ´ Ìμ¤ÖÉ¸Ö ¢ μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ¶²μÉ´μ¸É¨
¢¥·μÖÉ´μ¸É¨ ËÊ´±Í¨¨ ‚¨£´¥·  (·¨¸. 2). �  ·¨¸. 2 ¤²Ö ¸μ¸ÉμÖ´¨° n = 0, 1, 2, 3
¸μμÉ¢¥É¸É¢¥´´μ ¸¤¥² ´μ Ëμ·³ ²Ó´μ¥ ´ ²μ¦¥´¨¥ £· Ë¨±μ¢ ¶²μÉ´μ¸É¨ · ¸¶·¥-
¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ f1,n(x) ¨ ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö Ô´¥·£¨¨ 〈ε̃〉v,n(x).

�  ·¨¸. 2 ¢¨¤´μ, ÎÉμ ¶μ²Õ¸  Ë ±É¨Î¥¸±¨ ®· §¡¨¢ ÕÉ¯ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ö³Ê
´  ´¥¸±μ²Ó±μ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³, ¢ ± ¦¤μ° ¨§ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤¨É ¸¢μ° ±μ²¥-
¡ É¥²Ó´Ò° ¶·μÍ¥¸¸. „¥°¸É¢¨É¥²Ó´μ, ´  ·¨¸. 2 ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (n = 0)
¶μ²Õ¸  μÉ¸ÊÉ¸É¢ÊÕÉ, ¶μÔÉμ³Ê ¶·¨¸ÊÉ¸É¢Ê¥É Éμ²Ó±μ μ¤´  ¨¸Ìμ¤´ Ö ¶μÉ¥´Í¨ ²Ó-
´ Ö Ö³ , ¢ ±μÉμ·μ° ¨³¥¥É¸Ö £ Ê¸¸μ¢μ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨
f1,0. �·¨ n = 1 ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¨³¥¥É ¶μ²Õ¸ ¢ ´Ê²¥ (¸³. ·¨¸. 1, 2),
ÎÉμ ¶·¨¢μ¤¨É ± ´ ²¨Î¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ®¡ ·Ó¥· ¯ ¨ · §¤¥²¥´¨Õ ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö f1,0 ´  ¤¢  ¸¨³³¥É·¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ´Ê²Ö ¢
¢¨¤¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö f1,1 (¸³. ·¨¸. 2). �´ ²μ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ´ ¡²Õ-
¤ ¥É¸Ö ¤²Ö ¸μ¸ÉμÖ´¨° ¸ n = 2, 3, . . . (¸³. ·¨¸. 2).

“ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¶¥·¥Ìμ¤ μÉ μ¤´μ£μ ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö
¸ ´μ³¥·μ³ n ± ¸μ¸ÉμÖ´¨Õ ¸ ´μ³¥·μ³ n+1 ¸¢Ö§ ´ ¸ ´ ²¨Î¨¥³ μÉ·¨Í É¥²Ó´ÒÌ
§´ Î¥´¨° Ê ËÊ´±Í¨¨ ‚¨£´¥· .

ˆ³¥´´μ ¢ μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ¨³¥ÕÉ¸Ö ¶μ²Õ¸  Ê ±¨´¥É¨Î¥-
¸±μ° (1.88) ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ (1.89), ±μÉμ·Ò¥ ¶·¨¢μ¤ÖÉ ± Ô´¥·£¥É¨Î¥-
¸±¨³ ¡ ·Ó¥· ³ (¸³. ·¨¸. 1, 2) ¨ Ë ±É¨Î¥¸±¨ ®¸μ§¤ ÕÉ¯ ¥Ð¥ μ¤¨´ μ¸Í¨²²ÖÉμ·.
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ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (1.85) ¨ (1.61), ¢ÒÎ¨¸²¨³ ¸·¥¤´¥±¢ ¤· É¨Î´Ò¥ μÉ-
±²μ´¥´¨Ö 〈〈x2〉〉n ¨ 〈〈v2〉〉n:

〈〈v2〉〉n =

+∞∫
−∞

f1,n(x)
〈
v2
〉

v,n
(x) dx =

=
α2

σ2
x

− α2

σ2
x

+∞∫
−∞

f1,n(x)
H ′′

n

Hn
dx +

α2

σ2
x

+∞∫
−∞

f1,n(x)
(

H ′
n

Hn

)2

dx,

〈〈v2〉〉n =
α2

σ2
x

− α2

σ2
x

1
2nn!

√
2σx√
2πσx

+∞∫
−∞

e−y2
Hn(y)H ′′

n(y) dy +

+
α2

σ2
x

1
2nn!

√
2σx√
2πσx

+∞∫
−∞

e−y2
H ′

n(y)H ′
n(y) dy.

ˆ¸Ìμ¤Ö ¨§ Ëμ·³Ê²Ò ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ²¨´μ³μ¢ �·³¨É  H ′
n(y) =

2nHn−1(y) ¨ Ê¸²μ¢¨Ö μ·Éμ£μ´ ²Ó´μ¸É¨, ¶μ²ÊÎ ¥³

〈〈v2〉〉n =
α2

σ2
x

+
α2

σ2
x

1
2nn!

4n2

√
π

√
π2n−1(n − 1)! =

α2

σ2
x

(2n + 1),

(1.90)
〈〈v2〉〉n = σ2

v(2n + 1),

£¤¥ ÊÎÉ¥´μ ¸μμÉ´μÏ¥´¨¥ (1.58). ‚ ¸¨²Ê ¸¨³³¥É·¨¨ ¢Ò· ¦¥´¨° (1.88) ¨ (1.89)
³μ¦´μ § ¶¨¸ ÉÓ ¤²Ö 〈〈x2〉〉n  ´ ²μ£¨Î´μ¥ ¢Ò· ¦¥´¨¥

〈〈x2〉〉n = σ2
x(2n + 1). (1.91)

ˆ§ ¢Ò· ¦¥´¨° (1.90) ¨ (1.91) ¢¨¤´μ, ÎÉμ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (n = 0)
¸·¥¤´¥±¢ ¤· É¨Î´Ò¥ μÉ±²μ´¥´¨Ö

√
〈〈v2〉〉0 = σv ¨

√
〈〈x2〉〉0 = σx, É. ¥. ¸μ¢¶ -

¤ ÕÉ ¸ ¢¥²¨Î¨´ ³¨ σv ¨ σx, ¢¢¥¤¥´´Ò³¨ Ëμ·³ ²Ó´μ ¢ÒÏ¥ ¢ (1.58). ‘²¥¤μ¢ -
É¥²Ó´μ, μ¡μ§´ Î¥´¨Ö (1.58) ¨³¥ÕÉ ´ £²Ö¤´ÊÕ ¨´É¥·¶·¥É Í¨Õ. �·¨ Ê¢¥²¨Î¥´¨¨
´μ³¥·  ¸μ¸ÉμÖ´¨Ö n ¢¥²¨Î¨´Ò (1.90) ¨ (1.91) · ¸ÉÊÉ. ‡´ Ö 〈〈x2〉〉n (1.91) ¨
〈〈v2〉〉n (1.90), ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¶μ²´ÊÕ ¸·¥¤´ÕÕ Ô´¥·£¨Õ £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ·  ¢ ¸μ¸ÉμÖ´¨¨ n, ¶·μ ±μÉμ·ÊÕ ¡Ò²μ ¸± § ´μ ¢ ´ Î ²¥ ¶Ê´±É :

E = T + U1 =
mv2

2
+

mω2x2

2
,

En = 〈〈E〉〉n =
m

2

+∞∫
−∞

+∞∫
−∞

f2,n(x, v)v2 dx dv +

+
mω2

2

+∞∫
−∞

+∞∫
−∞

f2,n(x, v)x2 dx dv =
m

2
〈〈v2〉〉n +

mω2

2
〈〈x2〉〉n, (1.92)
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En =
m

2
σ2

v(2n + 1) +
mω2

2
σ2

x(2n + 1) = m

(
n +

1
2

)(
σ2

v + ω2σ2
x

)
,

En = �ω

(
n +

1
2

)
,

£¤¥ ÊÎÉ¥´Ò ¸μμÉ´μÏ¥´¨Ö (1.58). �μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ (1.92) ¶μ²´μ¸ÉÓÕ
¸μ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³ (1.53). ’ ±¨³ μ¡· §μ³, ´¥¸³μÉ·Ö ´  ´¥±μ··¥±É-
´μ¸ÉÓ · ¸¸Ê¦¤¥´¨Ö μ ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¶μ μÉ¤¥²Ó´μ¸É¨
¸ ¶μ§¨Í¨° ¶·¨´Í¨¶  ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ , ¤²Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨
¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ É ±¨¥ ¶·μÉ¨¢μ·¥Î¨Ö ´¨¢¥²¨·ÊÕÉ¸Ö.

1.4. “· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. � ¸¸³μÉ·¨³ ¢μ-
¶·μ¸ μÉ·¨Í É¥²Ó´μ¸É¨ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ¢ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥. „²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (∂sU1/∂xs

μ = 0 ¶·¨ s � 3) Ê· ¢´¥´¨¥
‚² ¸μ¢  ¨ Ê· ¢´¥´¨¥ ŒμÔ²Ö ¸μ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨¥³ ‹¨Ê¢¨²²Ö, ¢ ±μÉμ·μ³ μÉ-
¸ÊÉ¸É¢ÊÕÉ ¨¸ÉμÎ´¨±¨ ¤¨¸¸¨¶ Í¨° (Q2 = 0). �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.24) ¨Ð¥É¸Ö
³¥Éμ¤μ³ Ì · ±É¥·¨¸É¨±. ‚¤μ²Ó Ì · ±É¥·¨¸É¨± (1.25) ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ¶μ-
¸ÉμÖ´´Ò³: f2,n = const. �  ·¨¸. 3 ¶·¨¢¥¤¥´ £· Ë¨± Ì · ±É¥·¨¸É¨± (1.25)
¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É (x̄, v̄) (1.28). …¸²¨ ËÊ´±Í¨Ö f1,n(x) ¨³¥¥É ´Ê²¨, É. ¥.
∃xk, k = 1, . . . , n: f1,n(xk) = 0, Éμ ¨§ (1.3) ¸²¥¤Ê¥É, ÎÉμ

+∞∫
−∞

f2,n(xk, v) dv = 0. (1.93)

�Ê¸ÉÓ ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ
f2,n(x, v) � 0, Éμ£¤  ¨§ (1.93) ¸²¥¤Ê¥É, ÎÉμ f2,n(xk, v) = 0 ¶μÎÉ¨ ¢¸Õ¤Ê ´ 

�¨¸. 3. ‡´ Î¥´¨Ö ËÊ´±Í¨¨ f2,n
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¨´É¥·¢ ²¥ v ∈ (−∞, +∞). ‘²¥¤μ¢ É¥²Ó´μ, ´  ¢¸¥° μ±·Ê¦´μ¸É¨ (1.25), ¶·μ-
Ìμ¤ÖÐ¥° Î¥·¥§ ÉμÎ±Ê (xk, 0), ËÊ´±Í¨Ö f2,n É ±¦¥ · ¢´  ´Ê²Õ (¸³. ·¨¸. 3).

�  ·¨¸. 3 ¶μ± § ´μ ¶μ²μ¦¥´¨¥ ¶¥·¢μ£μ ´Ê²Ö x1 ËÊ´±Í¨¨ f1,n. ‚¸¥ μ±·Ê¦-
´μ¸É¨ (1.25) ¡μ²ÓÏ¥£μ · ¤¨Ê¸  ¡Ê¤ÊÉ ¶¥·¥¸¥± ÉÓ ¢¥·É¨± ²Ó´ÊÕ ¶·Ö³ÊÕ x = x1,
´ ¶·¨³¥·, ¢ ÉμÎ± Ì P ¨ P ′. ‘²¥¤μ¢ É¥²Ó´μ, ´  ¢¸¥Ì É ±¨Ì μ±·Ê¦´μ¸ÉÖÌ
§´ Î¥´¨¥ ËÊ´±Í¨¨ f2,n ¡Ê¤¥É · ¢´μ ´Ê²Õ. ’μ ¥¸ÉÓ ËÊ´±Í¨Ö f2,n ¡Ê¤¥É μÉ²¨Î´ 
μÉ ´Ê²Ö Éμ²Ó±μ ¢´ÊÉ·¨ ±·Ê£  · ¤¨Ê¸μ³ x1.

’ ±¨³ μ¡· §μ³, ¨§ ¢¸¥Ì ËÊ´±Í¨° f2,n ¶μ²μ¦¨É¥²Ó´Ò³¨ ¢μ ¢¸¥° μ¡² ¸É¨
¡Ê¤ÊÉ Éμ²Ó±μ É¥ ËÊ´±Í¨¨, ¤²Ö ±μÉμ·ÒÌ f1,n ´¥ ¨³¥¥É ´Ê²¥°. ’μ²Ó±μ μ¤´ 
ËÊ´±Í¨Ö ¨§ (1.31) ´¥ ¨³¥¥É ´Ê²¥° Å ÔÉμ f1,0. �μÔÉμ³Ê ¨§ ¢¸¥Ì ËÊ´±Í¨°
¢ (1.31) Éμ²Ó±μ f2,0 Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ° ¢μ ¢¸¥° μ¡² ¸É¨.

„²Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶·μ¨§¢μ²Ó´Ò³ £² ¤±¨³ ¶μÉ¥´Í¨ ²μ³ �.• ¤¸μ-
´μ³ ¡Ò²  ¤μ± § ´  É¥μ·¥³  μ ¶μ²μ¦¨É¥²Ó´μ¸É¨ ËÊ´±Í¨¨ ‚¨£´¥·  Éμ²Ó±μ ¤²Ö
£ Ê¸¸μ¢μ° Ëμ·³Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨ exp (−ax2 + bx + c) [56].

‡ ³¥É¨³, ÎÉμ ¶²μÐ ¤Ó Ë §μ¢μ° μ¡² ¸É¨, ¢ ±μÉμ·μ° ËÊ´±Í¨Ö ‚¨£´¥· 
¶·¨´¨³ ¥É μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö, ¶μ·Ö¤±  ¶μ¸ÉμÖ´´μ° �² ´± , ÎÉμ ´¥¶μ-
¸·¥¤¸É¢¥´´μ ¸¢Ö§ ´μ ¸ £· ´¨Í¥° ®¶·¨³¥´¨³μ¸É¨¯ ¶·¨´Í¨¶  ´¥μ¶·¥¤¥²¥´´μ¸É¨
ƒ¥°§¥´¡¥·£ .

†¥² ´¨¥ · ¡μÉ ÉÓ ¸ ¶μ²μ¦¨É¥²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ-
¸É¨ ¢¥·μÖÉ´μ¸É¥° ¶·¨¢¥²μ ± ¶μ¸É·μ¥´¨Õ · §²¨Î´ÒÌ ³μ¤¨Ë¨± Í¨° ËÊ´±Í¨¨
‚¨£´¥·  ¢ ¢¨¤¥ P - ¨ Q-ËÊ´±Í¨° [57Ä61]. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μ²μ¦¨É¥²Ó´ÊÕ
ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ f(r,p, t) ³μ¦´μ ¶μ-
²ÊÎ¨ÉÓ ¶·¨ ´ ²¨Î¨¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ(r,p, t) ¤²Ö Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· 
¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, É ± ± ± f = |Ψ(r,p, t)|2 � 0. ‘ÊÐ¥¸É¢Ê¥É ·Ö¤ · ¡μÉ
¶μ ¶μ¸É·μ¥´¨Õ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [62, 63, 45].
‚ · ¡μÉ Ì [62, 63] ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ(x, p, t) ¶·¥¤² £ ¥É¸Ö Ê· ¢´¥´¨¥

i�
∂Ψ
∂t

=

[
1

2m

(
−i�

∂

∂x

)2

+ V

(
q + i�

∂

∂p

)]
Ψ, (1.94)

±μÉμ·μ¥ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¤ ¥É ·¥Ï¥´¨¥

Ψn(x, p) =
1√

2�n+1πn!ωn

(√
mω2

2
x − i

p√
2m

)n

×

× exp
[
− 1

2�ω

(
p2

2m
+

mω2x2

2

)
+ i

px

2�

]
. (1.95)

�²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ËÊ´±Í¨¨ (1.95), ¨³¥¥É ¢¨¤

|Ψn(x, p)|2 =
1

2�πn!
ε(x, p)n e−ε(x,p). (1.96)
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Š ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ (¸³. ·¨¸. 3), ¨´É¥£·¨·μ¢ ´¨¥ ¢Ò· ¦¥´¨Ö (1.96)
¶μ ¶·μ¸É· ´¸É¢Ê ¨³¶Ê²Ó¸μ¢ ´¥ ¤ ¥É ·¥Ï¥´¨° (1.22), ±·μ³¥ ¸²ÊÎ Ö n = 0, ¶·¨
±μÉμ·μ³ ËÊ´±Í¨Ö (1.96) ¶μÎÉ¨ ¸μ¢¶ ¤ ¥É ¸ ËÊ´±Í¨¥° ‚¨£´¥·  (1.31) F0(ε).

‚ · ¡μÉ¥ [45] ¶μ  ´ ²μ£¨¨ ¸ · ¡μÉμ° [49] ¸É·μ¨É¸Ö Í¥¶μÎ±  Ê· ¢´¥´¨°
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢Ò¸Ï¨Ì ±¨´¥³ É¨Î¥¸±¨Ì ¢¥²¨-
Î¨´ Ψ1(r, t), Ψ2(r,v, t), Ψ3(r,v, v̇, t), Ψ4(r,v, v̇, v̈, t), . . . –¥¶μÎ±  Ê· ¢´¥´¨°
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢Ò¸Ï¨Ì ±¨´¥³ É¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸É·μ¨É¸Ö ¶μ ¡¥¸±μ´¥Î-
´μ° Í¥¶μÎ±¥ Ê· ¢´¥´¨° ‚² ¸μ¢ . ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¤²Ö ¢Éμ·μ£μ Ê· ¢´¥´¨Ö
‚² ¸μ¢  (1.14) ¶μ²ÊÎ ¥É¸Ö  ´ ²μ£ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¢ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ2(r,v, t) ¢¨¤ 

i

β2

∂Ψ2

∂t
= −α2β2

(
p̂2 −

γ2

2α2β2
A2

)2

Ψ2 +
β1

β2
(v, p̂1)Ψ2 + V2Ψ2,

(1.97)

V2 =
1

2α2β2

|γ2A2|2
2

+ U2,

£¤¥ p̂2
det= (−i/β2)∇v , α2 = −�2/(2m), β2 = 1/�2, γ2 Å ´¥±μÉμ·Ò¥ ¶μ-

¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò. ‚¥²¨Î¨´  �2 ¸¢Ö§ ´  ¸  ´ ²μ£μ³ ¶·¨´Í¨¶  ´¥μ¶·¥¤¥-
²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£  ¢ ¶·μ¥±Í¨¨ (v, v̇) μ¡μ¡Ð¥´´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´-
¸É¢  [43, 44, 45, 50] σvσv̇ � |α2| = �2/(2m). ‚¥±Éμ·´μ¥ ¶μ²¥ Ê¸±μ·¥´¨° 〈v̇〉
¶μ É¥μ·¥³¥ ƒ¥²Ó³£μ²ÓÍ  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ ¢¨Ì·¥¢μ£μ γ2A2

¨ ¡¥§¢¨Ì·¥¢μ£μ 〈v̇p〉 = −α2∇vΦ2 ¶μ²¥°. ‘± ²Ö·´Ò° ¶μÉ¥´Í¨ ² Φ2 μ¶·¥¤¥²Ö-
¥É¸Ö Ë §μ° ϕ2 (Φ2 = 2ϕ2+2πk) ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ2(r,v, t) ¨ Ê¤μ¢²¥É¢μ·Ö¥É
 ´ ²μ£Ê Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨:

−�2
∂ϕ2

∂t
=

m

2
|〈v̇〉|2 + eχ2 = H2,

eχ2
det= V2 + Q2 + �2(v,∇rϕ2), (1.98)

Q2
det=

α2

β2

Δv|Ψ2|
|Ψ2|

=
α2

2β2

(
ΔvS2 +

1
2
|∇vS2|2

)
,

£¤¥ ËÊ´±Í¨Ö Q2 ¸μμÉ¢¥É¸É¢Ê¥É ±¢ ´Éμ¢μ³Ê ¶μÉ¥´Í¨ ²Ê ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥
(r,v). ”Ê´±Í¨Ö ‹ £· ´¦  L2(r,v, v̇, t)

− 1
β2

d2ϕ2

dt

det= − 1
β2

(
∂

∂t
+ (v,∇r) + (〈v̇〉,∇r)

)
ϕ2 =

=
1

2α2β2

1
2
|〈v̇p〉|2 + U2 + Q2 = −L2 (1.99)

¸¢Ö§ ´  ¸ £ ³¨²ÓÉμ´¨ ´μ³ H2 ¶·¥μ¡· §μ¢ ´¨¥³ ‹¥¦ ´¤· 

L2 + H2 = �2(v,∇rϕ2) + m(〈v̇〉, 〈v̇p〉). (1.100)
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�¶¶·μ±¸¨³ Í¨Ö ‚² ¸μ¢ ÄŒμÔ²Ö (1.44) ´¥ ¸μ¤¥·¦¨É ¢¨Ì·¥¢μ£μ ¶μ²Ö γ2A2,
¶μÔÉμ³Ê ¶μ É¥μ·¥³¥ ƒ¥²Ó³£μ²ÓÍ  ¸¶· ¢¥¤²¨¢μ ¶·¥¤¸É ¢²¥´¨¥

〈v̇μ〉 =
+∞∑
n=0

(−1)n+1(�/2)2n

m2n+1(2n + 1)!
∂2n+1U1

∂x2n+1
μ

1
f2

∂2nf2

∂v2n
μ

= −α2
∂

∂vμ
Φ2(r,v, t),

〈v̇μ〉 = − 1
m

∂U

∂xμ
+

(�/2)2

m33!
∂3U1

∂x3
μ

1
f2

∂2f2

∂v2
μ

+ . . . =

= − 1
m

∂

∂vμ

[
∂U1

∂xμ
vα − 1

3!

(
�

2m

)2
∂3U1

∂x3
μ

(
S2 +

∂S2

∂vμ

)
+ . . .

]
, (1.101)

Φ2(r,v, t) = − 2
�2

[
vα

∂U1

∂xμ
− 1

3!

(
�

2m

)2
∂3U1

∂x3
μ

(
S2 +

∂S2

∂vμ

)
+ . . .

]
+ const,

£¤¥ ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´  const ´¥ § ¢¨¸¨É μÉ ¸±μ·μ¸É¨ ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢-
´¥´¨¥³ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ (1.98) ³μ¦¥É ¡ÒÉÓ ¶·¨´ÖÉ  (−E2/�2)t [45].

„²Ö ¶μ²¨´μ³¨ ²Ó´μ£μ ¶μÉ¥´Í¨ ²  U1,4(x) =
4∑

k=0

akxk ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥

∂lU1,4/∂xl
α = 0 ¶·¨ l � 5, ¸²¥¤μ¢ É¥²Ó´μ, ¢Ò· ¦¥´¨¥ (1.101) ¸μ¤¥·¦¨É Éμ²Ó±μ

¤¢  ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ:

− �2ϕ2(x, v, t) = v

4∑
k=1

akkxk−1 − 1
3!

(
�

2m

)2(
S2 +

∂S2

∂v

)
×

×
4∑

k=3

akk(k − 1)(k − 2)xk−3 + E2t. (1.102)

‚ ¸²ÊÎ ¥ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (U1(x) = (mω2x2)/2) ¨§ ¢Ò· ¦¥-
´¨° (1.98), (1.101), (1.102) ¶μ²ÊÎ ¥³

−�2ϕ2(x, v, t) = mω2xv + E2t, 〈v̇〉 = −ω2x,
(1.103)

E2 =
m

2
ω4x2 + eχ2,

eχ2 = U2 + Q2 − mω2v2 = E2 −
m

2
ω4x2,

(1.104)

U2 = E2 + mω2

(
v2 − 1

2
ω2x2

)
+

�
2
2

2m

1√
f2

∂2
√

f2

∂v2
.
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ˆ¸¶μ²Ó§ÊÖ ³¥Éμ¤ Ì · ±É¥·¨¸É¨± (1.25), (1.27), ¢μ§Ó³¥³ ¶·μ¸É¥°Ï¨° ¢¨¤
ËÊ´±Í¨¨ f2(ε) ∼ e−2ε, Éμ£¤  ¢Ò· ¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  (1.104) ¶·¨³¥É ¢¨¤

∂2
√

f2

∂v2
= const

m

�ω

[ m

�ω
v2 − 1

]
exp
[
− 1

�ω

(
mv2

2
+

mω2x2

2

)]
,

(1.105)

U2 = E2 −
�

2
2

2�ω
+ mω2

(
1 +

�
2
2

2�2ω4

)
v2 − 1

2
mω4x2.

’ ± ± ± ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  [45] ω
det= ω1 = σv/σr =

σv̇/σv
det= ω2, σrσv = |α1| = �/(2m), σvσv̇ = |α2| = �2/(2m) ¨ ¶μÉ¥´Í¨ ² U2

μ¶·¥¤¥²¥´ ¸ ÉμÎ´μ¸ÉÓÕ ¤²Ö ±μ´¸É ´ÉÒ, ¶μ²μ¦¨³ E2 = (�2ω2)/2, Éμ£¤ 

U2(x, v) = − ω2

2α2β2

[(
1 +

α2
2

2ω2σ4
v

)
v2 − 1

2
ω2x2

]
. (1.106)

C ÊÎ¥Éμ³ (1.106) Ê· ¢´¥´¨¥ (1.97) ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¶·¨-
³¥É ¢¨¤

i

β2

∂Ψ2

∂t
=

α2

β2

∂2

∂v2
Ψ2 −

i

β2
v

∂

∂x
Ψ2 + U2Ψ2, (1.107)

£¤¥

Ψ2(r,v, t) =

= const exp
[
− 1

�ω

(
mv2

2
+

mω2x2

2

)
− i

(
mω2

�2
xv +

E2

�2
t

)]
. (1.108)

‚μ²´μ¢ Ö ËÊ´±Í¨Ö (1.108) ¸μμÉ¢¥É¸É¢Ê¥É ËÊ´±Í¨¨ ‚¨£´¥·  μ¸´μ¢´μ£μ ¸μ-
¸ÉμÖ´¨Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (1.31)

|Ψ2(r,v, t)|2 = f2,0(x, v) =
1
π�

exp
[
− m

�ω

(
v2 + ω2x2

)]
. (1.109)

Š ± μÉ³¥Î ²μ¸Ó · ´¥¥, ¤·Ê£¨Ì ·¥Ï¥´¨° Ψ2(r,v, t), μÉ²¨Î´ÒÌ μÉ ·¥Ï¥-
´¨Ö (1.108), Ê· ¢´¥´¨¥ (1.107) ¨³¥ÉÓ ´¥ ³μ¦¥É (¸³. ·¨¸. 2).

‡ ³¥É¨³, ÎÉμ · ¸¸³μÉ·¥´´Ò¥  ´ ²μ£¨ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥ (1.94) ¨ (1.97) ¨³¥ÕÉ μÉ²¨Î¨Ö ¨, ± ± ¸²¥¤¸É¢¨¥, ¨Ì ·¥Ï¥´¨Ö ´¥
¸μ¢¶ ¤ ÕÉ. �μ¸É·μ¥´¨¥ Ê· ¢´¥´¨Ö (1.94) ¤¥² ²μ¸Ó Ë¥´μ³¥´μ²μ£¨Î¥¸±¨³ ³¥Éμ-
¤μ³ ¨ ¤ ¦¥ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ´¥ ¤ ¥É ¨§-
¢¥¸É´μ£μ ·¥Ï¥´¨Ö (1.23). “· ¢´¥´¨¥ (1.97) ¸É·μ¨²μ¸Ó ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢ ´ 
μ¸´μ¢¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.14) ¨ ¶·¨¢¥²μ ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ (1.23)
¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . „·Ê£¨Ì ·¥Ï¥´¨° Ê· ¢-
´¥´¨¥ (1.97) ¨³¥ÉÓ ´¥ ³μ¦¥É, É ± ± ± ´  Ê· ¢´¥´¨¥ ‚² ¸μ¢  (1.14) ¡Ò²μ ´ ²μ-
¦¥´μ Ê¸²μ¢¨¥ ¶μ²μ¦¨É¥²Ó´μ¸É¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (¸³. ·¨¸. 3). “· ¢´¥-
´¨¥ (1.94), ´ ¶·μÉ¨¢, ¨³¥¥É ³´μ¦¥¸É¢μ ·¥Ï¥´¨° (1.60), ±μÉμ·Ò¥ ´¥ ¸μ¢¶ ¤ ÕÉ
¸ ¨§¢¥¸É´Ò³¨ ·¥Ï¥´¨Ö³¨ (1.23).
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’ ± ± ± ËÊ´±Í¨¨ (1.95) ¨ (1.109) § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¶¥·¥³¥´´μ° ε, Éμ
¨¸Ìμ¤Ö ¨§ ³¥Éμ¤  Ì · ±É¥·¨¸É¨± (ε = const) μ´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ
ŒμÔ²Ö (1.33) ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . �μ ËÊ´±Í¨¨ (1.44) ´¥ ¶·¨¢μ-
¤ÖÉ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  (1.14). �·μ¡²¥³  ¢ Éμ³, ÎÉμ ´¥ ²Õ¡μ¥
·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ŒμÔ²ÖÄ‚² ¸μ¢  ¡Ê¤¥É ¤ ¢ ÉÓ ±¢ ´Éμ¢Ò¥ ·¥Ï¥´¨Ö. �·¨
¶μ¸É·μ¥´¨¨ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  (1.7) ¨§ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.1)
¨¸¶μ²Ó§μ¢ ²μ¸Ó Ê¸²μ¢¨¥ ¸¢Ö§¨ (1.9) Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¨ ¸± ²Ö·´μ£μ ¶μ-
É¥´Í¨ ²  ¢ · §²μ¦¥´¨¨ ¢¥±Éμ·´μ£μ ¶μ²Ö ¶μÉμ±  ¢¥·μÖÉ´μ¸É¥° 〈v〉. �´ ²μ£¨Î-
´μ¥ Ê¸²μ¢¨¥ ¸¢Ö§¨ ³¥¦¤Ê Ë §μ° ϕ2 ¨ ¶μ²¥³ 〈v̇〉 ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨ ¶μ¸É·μ¥´¨¨
Ê· ¢´¥´¨Ö (1.97) ¨§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ‚² ¸μ¢  (1.2) [45]. �·¨ ¶μ¸É·μ¥´¨¨
Ê· ¢´¥´¨Ö (1.97) É ±¨Ì Ê¸²μ¢¨° ´¥ ´ ±² ¤Ò¢ ²μ¸Ó. ” §Ò ËÊ´±Í¨° (1.95) μÉ-
²¨Î ÕÉ¸Ö μÉ Ë §Ò (1.103), ¸²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö (1.43) ¨ (1.46) ¨³¥ÕÉ · §-
´Ò¥ Ë §μ¢Ò¥ É· ¥±Éμ·¨¨ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ (1.98).

2. ”“�Š–ˆŸ ‚ˆƒ�…�� Š‚��’�‚�‰ ‘ˆ‘’…Œ›
‘ ��‹ˆ��Œˆ�‹œ�›Œ ��’…�–ˆ�‹�Œ

2.1. �·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ‚¨£´¥· . �¥Ï¥´¨Ö ψn (1.22) ¤²Ö ±¢ ´Éμ¢μ£μ
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ §¨¸ ¢
¶·μ¸É· ´¸É¢¥ L2 [64]. ‘²¥¤μ¢ É¥²Ó´μ, ´¥±μÉμ·μ¥ ·¥Ï¥´¨¥ Ψ ∈ L2 Ê· ¢´¥´¨Ö
˜·ß¤¨´£¥·  ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´μ ¶μ ¡ §¨¸Ê {ψn}:

Ψ(x, t) =
+∞∑
n=0

cn(t)ψn(x),

Ψ̃(p, t) =
+∞∑
n=0

cn(t)ψ̃n(p),

(2.1)

|Ψ(x, t)|2 =
+∞∑

n,k=0

cnc̄kψnψ̄k,

+∞∫
−∞

|Ψ|2 dx =
+∞∑
n=0

|cn|2 = 1,

|Ψ̃(p, t)|2 =
+∞∑

n,k=0

cnc̄kψ̃n
¯̃ψk,

+∞∫
−∞

|Ψ̃|2 dp =
+∞∑
n=0

|cn|2 = 1,

£¤¥ cn Å ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö.

Š ± ¸²¥¤Ê¥É ¨§ (2.1), ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ ∈ L2 ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ°
¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ± ¸Ê¶¥·¶μ§¨Í¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° μ¸-
Í¨²²ÖÉμ·  (1.22). ‡´ Ö ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ (2.1), ³μ¦´μ ¶μ¸É·μ¨ÉÓ ËÊ´±Í¨Õ
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‚¨£´¥·  (1.32). “Î¨ÉÒ¢ Ö (2.1) ¨ (1.32), μ¶·¥¤¥²¨³ ´μ¢Ò¥ ËÊ´±Í¨¨ wn,k(x, p):

W det= {wn,k(x, p)} det=
1

2π�

+∞∫
−∞

ψ̄n

(
x − s

2

)
ψk

(
x +

s

2

)
exp
(
−i

ps

�

)
ds =

=
1

2π�

+∞∫
−∞

¯̃
ψn

(
p − ξ

2

)
ψ̃k

(
p +

ξ

2

)
exp
(

i
xξ

�

)
dξ, (2.2)

£¤¥ n, k ∈ N0. ‚Ò· ¦¥´¨¥ (2.2) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¶¥· Éμ· ‚¥°²Ö ¢ ¡ §¨¸¥
¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . ‡ ³¥É¨³, ÎÉμ ³ É·¨Í 
W Ö¢²Ö¥É¸Ö Ô·³¨Éμ¢μ° ³ É·¨Í¥° W† = W , É. ¥. wn,k(x, p) = w̄k,n(x, p). „¨ -
£μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ wn,n ³ É·¨ÍÒ W (2.2) ¸μ¢¶ ¤ ÕÉ ¸ ËÊ´±Í¨Ö³¨ ‚¨£-
´¥·  (1.31) ¤²Ö ¸μ¡¸É¢¥´´ÒÌ ¸μ¸ÉμÖ´¨° ψn(x) £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

‘¢μ°¸É¢μ 1. „²Ö Ô²¥³¥´Éμ¢ wn,k(x, p) ³ É·¨ÍÒ W ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μ-
Ï¥´¨Ö

+∞∫
−∞

wn,k(x, p) dp = ψ̄n(x)ψk(x),

(2.3)
+∞∫

−∞

wn,k(x, p) dx = ¯̃ψn(p)ψ̃k(p).

„μ± § É¥²Ó¸É¢μ ¸¢μ°¸É¢  1. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (2.2)
¶μ²ÊÎ¨³

+∞∫
−∞

wn,k(x, p) dp =
1

2π�

+∞∫
−∞

exp
(
−i

ps

�

)
dp

+∞∫
−∞

ψ̄n

(
x − s

2

)
ψk

(
x +

s

2

)
ds =

=

+∞∫
−∞

δ(s)ψ̄n

(
x − s

2

)
ψk

(
x +

s

2

)
ds = ψ̄n(x)ψk(x),

+∞∫
−∞

wn,k(x, p) dx =
1

2π�

+∞∫
−∞

exp
(

i
xξ

�

)
dx

+∞∫
−∞

¯̃
ψn

(
p − ξ

2

)
ψ̃k

(
p +

ξ

2

)
dξ =

=

+∞∫
−∞

δ(ξ) ¯̃
ψn

(
p − ξ

2

)
ψ̃k

(
p +

ξ

2

)
dξ = ¯̃Ψn(p)ψ̃k(p),

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.
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ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (2.2), ³μ¦´μ § ¶¨¸ ÉÓ ËÊ´±Í¨Õ ‚¨£´¥·  (1.32) ¶·μ-
¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, μ¶¨¸Ò¢ ¥³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ψ:

W (x, p) =
+∞∑

n,k=0

ρk,nwn,k(x, p) = Tr [ρW(x, p)], (2.4)

£¤¥ ρk,n = ck c̄n Å ³ É·¨Í  ¶²μÉ´μ¸É¨. Œ É·¨Í  ¶²μÉ´μ¸É¨ ρ Ô·³¨Éμ¢ 
(ρ = ρ†). ‘μ£² ¸´μ (2.1) ¤²Ö ³ É·¨ÍÒ ρ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ Tr [ρ] = 1. ˆ§
¢Ò· ¦¥´¨Ö (2.4) ¸²¥¤Ê¥É, ÎÉμ, §´ Ö ³ É·¨ÍÊ W , ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ËÊ´±Í¨Õ ‚¨£-
´¥·  ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. ‚ ³ É·¨Î´μ° Ëμ·³¥ ¢Ò· ¦¥´¨¥ (2.4)
³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ¸¢¥·É±¨

W = C̄TWC, C̄T = {c̄1, c̄2, . . .}, C = {c1, c2, . . .}T . (2.5)

‡´ Ö ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ, ¸μ£² ¸´μ (2.1) ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê cn =
+∞∫
−∞

ψ̄n(x)Ψ(x) dx, ³μ¦´μ ´ °É¨ ¢¥±Éμ· C ¨ ¶·¨³¥´¨ÉÓ Ëμ·³Ê²Ò (2.5), (2.4)

¤²Ö ¶μ²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ‚¨£´¥·  W .
‚Ò· ¦¥´¨¥ (2.4) ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¸·¥¤´¥¥

§´ Î¥´¨¥ μ¶¥· Éμ·  Ŵ . ‘²¥¤μ¢ É¥²Ó´μ, ¸μ£² ¸´μ (2.4) ËÊ´±Í¨Ö ‚¨£´¥·  ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ¸·¥¤´¥¥ §´ Î¥´¨¥ μ¶¥· Éμ·  Ŵ .

Œ É·¨Í  W ¡Ê¤¥É Ê´¨¢¥·¸ ²Ó´μ° ¤²Ö ²Õ¡μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, μ¶¨¸Ò-
¢ ¥³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ψ ∈ L2. ’ ±¨³ μ¡· §μ³, ¶·μ¡²¥³  ¶μ¸É·μ¥´¨Ö
ËÊ´±Í¨¨ ‚¨£´¥·  ¸¢μ¤¨É¸Ö ± § ¤ Î¥ μÉÒ¸± ´¨Ö ³ É·¨ÍÒ W . ’ ± ± ± ¤¨ £μ-
´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ wn,n ³ É·¨ÍÒ W ¨§¢¥¸É´Ò (1.32), ´¥μ¡Ìμ¤¨³μ ´ °É¨ ¢¨¤
ËÊ´±Í¨° wn,k(x, p) ¤²Ö n �= k.

� ¸¸³μÉ·¨³ ¶μ²¨´μ³ Pn,k(z1, z2) ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ z1, z2 ∈ C ¢¨¤  [41]

Pn,k(z1, z2)
det=

1√
2n+kn!k!

min (n,k)∑
s=0

1
2ss!

∂2s

∂zs
1∂zs

2

[
(2z1)n(2z2)k

]
, (2.6)

¨²¨

Pn,k(z1, z2) =
√

2n+kn!k!
min (n,k)∑

s=0

zn−s
1 zk−s

2

2ss!(k − s)!(n − s)!
.

ˆ§ ¢Ò· ¦¥´¨Ö (2.6) ¸²¥¤Ê¥É, ÎÉμ ¶μ²¨´μ³ Pn,k(z1, z2) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

P̄n+l,n(−z, z̄) = (−1)lPn,n+l(−z, z̄). (2.7)

’¥μ·¥³  1. �Ê¸ÉÓ n1, k1, n2, k2 ∈ N0, x, y ∈ R ¨ ρ2(x, y) = e−x2−y2
,

Éμ£¤  ¨´É¥£· ²

I =

+∞∫
−∞

+∞∫
−∞

ρ2(x, y)Pn1,k1(x, y)Pn2,k2(x, y) dx dy (2.8)



828 �…�…�Þ‹Šˆ� …. …. ˆ „�.

¶·¨ n1 + n2 Î¥É´μ³ ¨ k1 + k2 ´¥Î¥É´μ³ ¨²¨ ¶·¨ n1 + n2 ´¥Î¥É´μ³ ¨ k1 + k2

Î¥É´μ³ ¡Ê¤¥É · ¢¥´ ´Ê²Õ, É. ¥. I = 0.
�·¨ n1+n2 ¨ k1+k2 ´¥Î¥É´ÒÌ ¨²¨ ¶·¨ n1+n2 ¨ k1+k2 Î¥É´ÒÌ ¨´É¥£· ²

I ¡Ê¤¥É ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´Ò³, É. e. I > 0.
„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 1. „μ± ¦¥³ ¶¥·¢μ¥ ÊÉ¢¥·¦¤¥´¨¥ É¥μ·¥³Ò 1.

�Ê¸ÉÓ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¢¥²¨Î¨´  n = n1 +n2 Ö¢²Ö¥É¸Ö Î¥É´μ°,   ¢¥²¨Î¨´ 
k = k1+k2 Å ´¥Î¥É´μ°. �μ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ (2.6) ¢ ¨´É¥£· ² (2.8), ¶μ²ÊÎ¨³

I =
2n+kn1!n2!k1!k2!√
2n+kn1!n2!k1!k2!

×

×
min (n1,k1)∑

s=0

min (n2,k2)∑
l=0

1
(n1 − s)!(n2 − l)!

1
(k1 − s)!(k2 − l)!

1
2s+ls!l!

×

×
+∞∫

−∞

e−x2
xn−(l+s) dx

+∞∫
−∞

e−y2
yk−(l+s) dy. (2.9)

�¡μ§´ Î¨³ λ = l + s ¨ · ¸¸³μÉ·¨³ ¤¢μ°´μ° ¨´É¥£· ², ¸ÉμÖÐ¨° ¢ ¢Ò· ¦¥-
´¨¨ (2.9):

+∞∫
−∞

e−x2
xn−λ dx

+∞∫
−∞

e−y2
yk−λ dy. (2.10)

‚¥²¨Î¨´  λ ³μ¦¥É ¡ÒÉÓ Î¥É´μ° ¨²¨ ´¥Î¥É´μ° ¨ ³¥´ÖÉÓ¸Ö μÉ 0 ¤μ
min (n1, k1) + min (n2, k2). � ¸¸³μÉ·¨³ μ¡  ¸²ÊÎ Ö §´ Î¥´¨° λ: Î¥É´μ¥ ¨
´¥Î¥É´μ¥ §´ Î¥´¨Ö. …¸²¨ §´ Î¥´¨¥ λ Î¥É´μ¥, Éμ ¢¥²¨Î¨´  n − λ Î¥É´ Ö,  
¢¥²¨Î¨´  k − λ ¡Ê¤¥É ´¥Î¥É´μ°. ‘²¥¤μ¢ É¥²Ó´μ, ¢Éμ·μ° ¨´É¥£· ² ¢ ¢Ò· ¦¥-
´¨¨ (2.10) ¶μ ¶¥·¥³¥´´μ° y ¡Ê¤¥É · ¢¥´ ´Ê²Õ. …¸²¨ §´ Î¥´¨¥ λ ´¥Î¥É´μ¥, Éμ
¢¥²¨Î¨´  n−λ ´¥Î¥É´ Ö,   ¢¥²¨Î¨´  k−λ ¡Ê¤¥É Î¥É´μ°. ‘²¥¤μ¢ É¥²Ó´μ, ¶¥·-
¢Ò° ¨´É¥£· ² ¢ ¢Ò· ¦¥´¨¨ (2.10) ¶μ ¶¥·¥³¥´´μ° x ¡Ê¤¥É · ¢¥´ ´Ê²Õ. ’ ±¨³
μ¡· §μ³, ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ λ ¨´É¥£· ² (2.10) ¡Ê¤¥É · ¢¥´ ´Ê²Õ. �´ ²μ£¨Î-
´Ò¥ · ¸¸Ê¦¤¥´¨Ö ¸¶· ¢¥¤²¨¢Ò ¶·¨ ´¥Î¥É´μ³ §´ Î¥´¨¨ n ¨ Î¥É´μ³ §´ Î¥´¨¨ k.
‚ ·¥§Ê²ÓÉ É¥ ¶¥·¢μ¥ ÊÉ¢¥·¦¤¥´¨¥ É¥μ·¥³Ò 1 ¤μ± § ´μ.

„μ± ¦¥³ ¢Éμ·μ¥ ÊÉ¢¥·¦¤¥´¨¥ É¥μ·¥³Ò 1. �Ê¸ÉÓ n, k Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨,
Éμ£¤  ¶·¨ ´¥Î¥É´ÒÌ §´ Î¥´¨ÖÌ λ μ¡  ¨´É¥£· ²  ¢ ¢Ò· ¦¥´¨¨ (2.10) ¡Ê¤ÊÉ
μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó. ’μ ¥¸ÉÓ ¢ ¸Ê³³ Ì (2.9) ¡Ê¤ÊÉ μÉ¸ÊÉ¸É¢μ¢ ÉÓ ¸² £ ¥³Ò¥,
Ê ±μÉμ·ÒÌ λ = l + s Ö¢²Ö¥É¸Ö ´¥Î¥É´Ò³. �·¨ Î¥É´ÒÌ §´ Î¥´¨ÖÌ λ ¢¥²¨Î¨´Ò
n−λ, k−λ ¡Ê¤ÊÉ Î¥É´Ò³¨. ‘²¥¤μ¢ É¥²Ó´μ, ¨´É¥£· ²Ò (2.10) ¡Ê¤ÊÉ μÉ²¨Î´Ò³¨
μÉ ´Ê²Ö ¨ ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´Ò³¨. ‚ ·¥§Ê²ÓÉ É¥, ¢ ¸Ê³³¥ (2.9) μÉ²¨Î´Ò³¨ μÉ
´Ê²Ö ¡Ê¤ÊÉ Éμ²Ó±μ ¸² £ ¥³Ò¥ ¸ Î¥É´Ò³¨ §´ Î¥´¨Ö³¨ λ.

…¸²¨ n, k Ö¢²ÖÕÉ¸Ö ´¥Î¥É´Ò³¨, Éμ ¶μ  ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³ ¸²ÊÎ ¥³
μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö ¡Ê¤ÊÉ ¸² £ ¥³Ò¥, ¤²Ö ±μÉμ·ÒÌ §´ Î¥´¨Ö λ Ö¢²ÖÕÉ¸Ö ´¥-
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Î¥É´Ò³¨. ’ ±¨³ μ¡· §μ³, ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¶·¨ Î¥É´ÒÌ ¨ ´¥Î¥É´ÒÌ §´ Î¥-
´¨ÖÌ n, k ¨´É¥£· ² (2.8) ¡Ê¤¥É ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´Ò³, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ-
± § ÉÓ.

’¥μ·¥³  2. �Ê¸ÉÓ Î¨¸²  n = n1 +n2, k = k1 + k2 ¨§ É¥μ·¥³Ò 1 μ¤´μ¢·¥-
³¥´´μ Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨ ¨²¨ ´¥Î¥É´Ò³¨, Éμ£¤  ¨´É¥£· ² (2.8) ¶·¨´¨³ ¥É
§´ Î¥´¨Ö

In,k = π
√

n1!n2!k1!k2!×

×
min (n1,k1)∑

s=0

min (n2,k2)∑
l=0︸ ︷︷ ︸

s+l,n,k−even/odd

|k − (l + s) − 1|!!
s!(n1 − s)!(k1 − s)!

|n − (l + s) − 1|!!
l!(n2 − l)!(k2 − l)!

. (2.11)

�·¨ ÔÉμ³ ¸Ê³³¨·μ¢ ´¨¥ ¢ ¢Ò· ¦¥´¨¨ (2.11) ¶·μ¨§¢μ¤¨É¸Ö ¶μ ¢¸¥³ Î¥É´Ò³
§´ Î¥´¨Ö³ s + l ¶·¨ Î¥É´ÒÌ §´ Î¥´¨ÖÌ n, k ¨ ¶μ ¢¸¥³ ´¥Î¥É´Ò³ §´ Î¥´¨Ö³
s + l ¶·¨ ´¥Î¥É´ÒÌ §´ Î¥´¨ÖÌ n, k.

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 2. ˆ´É¥£· ²Ò (2.10) ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¢
Ö¢´μ³ ¢¨¤¥. �¡μ§´ Î¨³ n − λ = 2ν, ν ∈ N0 ¨ k − λ = 2μ, μ ∈ N0, É ± ± ±
Éμ²Ó±μ ¤²Ö Î¥É´ÒÌ §´ Î¥´¨° n − λ ¨ k − λ ¨´É¥£· ² (2.10) ¡Ê¤¥É μÉ²¨Î¥´
μÉ ´Ê²Ö:

+∞∫
−∞

e−x2
x2n dx =

√
π
|2n − 1|!!

2n
, n ∈ N0,

(2.12)
+∞∫

−∞

e−x2
x2ν dx

+∞∫
−∞

e−y2
y2μ dy =

2l+sπ√
2n+k

|n − (l + s) − 1|!! |k − (l + s) − 1|!!

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (2.12), ¤²Ö ¨´É¥£· ²  (2.9) ¶μ²ÊÎ ¥³ ¶·¥¤¸É ¢²¥-
´¨¥ (2.11), ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

�¶·¥¤¥²¥´¨¥. �Ê¸ÉÓ n, k ∈ N0, μ¶·¥¤¥²¨³ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¸¨³¢μ²
Š·μ´¥±¥·  δ̃n,k ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δ̃n,k =

⎧⎪⎪⎨
⎪⎪⎩

1, n, k Å Î¥É´Ò¥,
1, n, k Å ´¥Î¥É´Ò¥,
0, n Å Î¥É´Ò°, k Å ´¥Î¥É´Ò°,
0, n Å ´¥Î¥É´Ò°, k Å Î¥É´Ò°.

(2.13)

‘²¥¤¸É¢¨¥ 1. ‘μ£² ¸´μ É¥μ·¥³ ³ 2 ¨ 3 ¤²Ö ¶μ²¨´μ³μ¢ Pn,k(x, y) ¸¶· -
¢¥¤²¨¢μ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

+∞∫
−∞

+∞∫
−∞

ρ2(x, y)Pn1,k1(x, y)Pn2,k2(x, y) dx dy = N (2)
n1+n2,k1+k2

δ̃n1+n2,k1+k2 ,
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N (2)
n1+n2,k1+k2

= π
√

n1!n2!k1!k2!×

×
min (n1,k1)∑

s=0

min (n2,k2)∑
l=0︸ ︷︷ ︸

s+l,n,k−even/odd

|k − (l + s) − 1|!!
s!(n1 − s)!(k1 − s)!

|n − (l + s) − 1|!!
l!(n2 − l)!(k2 − l)!

. (2.14)

’¥μ·¥³  3. �Ê¸ÉÓ n, k ∈ N0 ¨ ς1, ς2 Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò, Éμ£¤  ¤²Ö
¶μ²¨´μ³μ¢ �·³¨É  ¸¶· ¢¥¤²¨¢μ ¢Ò· ¦¥´¨¥

1√
2n+kπn!k!

+∞∫
−∞

e−ς2
Hn(ς + ς1)Hk(ς + ς2) dς = Pn,k(ς1, ς2). (2.15)

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 3. ‚μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ° ¤²Ö ¶μ²¨´μ³μ¢
�·³¨É 

Hn(ς + ξ) =
n∑

k=0

Ck
nHk(ς)(2ξ)n−k. (2.16)

�μ¤¸É ¢²ÖÖ (2.16) ¢ ²¥¢ÊÕ Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (2.15), ¶μ²ÊÎ¨³

+∞∫
−∞

e−ς2
Hn(ς + ς1)Hk(ς + ς2) dς =

=
n∑

s=0

k∑
l=0

Cl
kCs

n(2ς1)n−s(2ς2)k−l

+∞∫
−∞

e−ς2
Hs(ς)Hl(ς) dς =

=
√

π

n∑
s=0

k∑
l=0

Cl
kCs

n(2ς1)n−s(2ς2)k−l2ss!δsl =

= 2n
√

πn!
min (n,k)∑

s=0

Cs
k

1
(n − s)!

ςn−s
1 (2ς2)k−s =

= 2n2kn!k!
√

πςn
1 ςk

2

min (n,k)∑
s=0

1
s!(k − s)!(n − s)!

1
(2ς1ς2)s

.

„ ´´μ¥ ¢Ò· ¦¥´¨¥ ¸μ£² ¸´μ ¢Ò· ¦¥´¨Õ (2.7) ¤μ± §Ò¢ ¥É É¥μ·¥³Ê.
‘²¥¤¸É¢¨¥ 2. ˆ§ É¥μ·¥³Ò 3 ¸²¥¤Ê¥É, ÎÉμ ¶·¨ n = k Ëμ·³Ê²  (2.15)

¶¥·¥Ìμ¤¨É ¢ ¢Ò· ¦¥´¨¥

1
2nn!

√
π

∫
e−ς2

Hn(ς + ς1)Hn(ς + ς2) dς = Pn,n(ς1, ς2) = Ln(−2ς1ς2), (2.17)

£¤¥ Ln Å ¶μ²¨´μ³Ò ‹ £¥·· .
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„μ± § É¥²Ó¸É¢μ ¸²¥¤¸É¢¨Ö 2. „¥°¸É¢¨É¥²Ó´μ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¤²Ö ¶μ²¨-
´μ³μ¢ ‹ £¥··  ¸¶· ¢¥¤²¨¢μ ¶·¥¤¸É ¢²¥´¨¥ [65, 66]

Ln(x) =
n∑

k=0

Cn−k
n

(−x)k

k!
=

n∑
k=0

n!(−x)k

(n − k)!k!k!
=

=
n∑

s=0

n!(−x)n−s

s!(n − s)!(n − s)!
=

n∑
s=0

Cs
n

(n − s)!
(−x)n−s. (2.18)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ Ëμ·³Ê²Ò (2.16) ¶·¨ n = k ¶μ²ÊÎ ¥³

1
2nn!

√
π

+∞∫
−∞

e−ς2
Hn(ς + ς1)Hn(ς + ς2) dς =

= 2nn!ςn
1 ςn

2

n∑
s=0

1
s!(n − s)!(n − s)!

1
(2ς1ς2)s

=

=
n∑

s=0

Cs
n

(n − s)!
(2ς1ς2)n−s = Ln(−2ς1ς2). (2.19)

‘· ¢´¨¢ Ö ¢Ò· ¦¥´¨Ö (2.18) ¨ (2.19), ¶μ²ÊÎ ¥³ ¸¶· ¢¥¤²¨¢μ¸ÉÓ ¢Ò· ¦¥-
´¨Ö (2.17).

’¥μ·¥³  4. �²¥³¥´ÉÒ ³ É·¨ÍÒ W ¨³¥ÕÉ ¢¨¤

wn,k(x, p) =
(−1)k

π�
exp
(
−κ2x2 − p2

�2κ2

)
Pn,k

(
−κx − i

p

�κ
, κx − i

p

�κ

)
,

(2.20)
£¤¥ κ =

√
(mω)/�.

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 4. ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (2.15), ¶μ²ÊÎ¨³ ¢Ò· ¦¥-
´¨¥ ¤²Ö ËÊ´±Í¨¨ wn,k(x, p). ˆ§ μ¶·¥¤¥²¥´¨Ö (2.2) ¸²¥¤Ê¥É, ÎÉμ

wn,k(x, p) =
1

2π�

1√
2n+kn!k!

(mω

π�

)1/2

×

×
∫

exp

⎧⎪⎪⎨
⎪⎪⎩−

mω

[(
x +

s

2

)2

+
(
x − s

2

)2
]

2�
− i

ps

�

⎫⎪⎪⎬
⎪⎪⎭×

× Hn

(√
mω

�

(
x − s

2

))
Hk

(√
mω

�

(
x +

s

2

))
ds =

=
1

2π�

1√
2n+kπn!k!

e−κ2x2
∫

exp
(
−ξ2

4
− i

pξ

κ�

)
×

× Hn

(
κx − ξ

2

)
Hk

(
κx +

ξ

2

)
dξ, (2.21)
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£¤¥ κ =
√

(mω)/�, ξ = sκ. ‚μ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥´¨¥³

−
(

1
2
ξ + i

p

�κ

)2

− p2

�2κ2
= −ς2 − p2

�2κ2
. (2.22)

�μ¤¸É ¢²ÖÖ (2.22) ¢ ¢Ò· ¦¥´¨¥ (2.21) ¨ ¨¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢μ ¶μ²¨´μ³μ¢ �·³¨É 
Hn(−x) = (−1)nHn(x) (É. ¥. Hn(−(ς − κx − i(p/�κ)) = (−1)nHn(ς − κx −
i(p/�κ)))), ¶μ²ÊÎ¨³

wn,k(x, p) =
(−1)n

π�

√
2n+kπn!k!

exp
(
−κ2x2 − p2

�2κ2

)
×

×
∫

e−ς2
Hn

(
ς − κx − i

p

�κ

)
Hk

(
ς + κx − i

p

�κ

)
dς. (2.23)

�¡μ§´ Î¨³ ς1 = κx − i(p/�κ), ς2 = −κx − i(p/�κ) ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê-
²μ° (2.15), ¤²Ö ¢Ò· ¦¥´¨Ö (2.23) ¶μ²ÊÎ¨³

wn,k(x, p) =
(−1)n

π�
exp
(
−κ2x2 − p2

�2κ2

)
Pn,k

(
−κx − i

p

�κ
, κx − i

p

�κ

)
,

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.
‘²¥¤¸É¢¨¥ 3. ˆ§ É¥μ·¥³Ò 4 ¨ ¸¢μ°¸É¢  1 ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ¶μ²¨´μ³μ¢

Pn,k ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö

(−1)n

π�

+∞∫
−∞

exp
(
−κ2x2 − p2

�2κ2

)
×

× Pn,k

(
−κx − i

p

�κ
, κx − i

p

�κ

)
dp = ψ̄n(x)ψk(x),

(−1)n

π�

+∞∫
−∞

exp
(
−κ2x2 − p2

�2κ2

)
×

× Pn,k

(
−κx − i

p

�κ
, κx − i

p

�κ

)
dx = ¯̃

ψn(p)ψ̃k(p).

‡ ³¥É¨³, ÎÉμ ¢Ò· ¦¥´¨¥ (2.20) ¶·¨ n = k ¸μ£² ¸´μ ¸²¥¤¸É¢¨Õ 3 ¶¥·¥Ìμ-
¤¨É ¢ ËÊ´±Í¨¨ ‚¨£´¥· .

ˆ§ Ô·³¨Éμ¢μ¸É¨ ³ É·¨ÍÒ W ¨ ¢Ò· ¦¥´¨Ö (2.5) ¸²¥¤Ê¥É, ÎÉμ

W̄T =
(
CT W̄C̄

)T
=
(
W̄C̄

)T
C = C̄T

(
W̄
)T

C = C̄TW†C = C̄TWC = W,

¨ ¶μ²ÊÎ¥´´Ò¥ Ô²¥³¥´ÉÒ wn,k(x, p) (2.20) Ê¤μ¢²¥É¢μ·ÖÕÉ wn,k(x, p) =
w̄k,n(x, p). „¥°¸É¢¨É¥²Ó´μ, μ¡μ§´ Î¨³ z = κx + i(p/�κ), Éμ£¤  ¢Ò· ¦¥-
´¨¥ (2.20) ¶·¨³¥É ¢¨¤

wn,k(x, p) =
(−1)n

π�
exp
(
−κ2x2 − p2

�2κ2

)
Pn,k (−z, z̄) ,
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Pn,k (−z, z̄) =
min (n,k)∑

s=0

(−z)n−sz̄k−s

2ss!(k − s)!(n − s)!
=

= (−1)nznz̄k

min(n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s
, (2.24)

wn,k(x, p) =
znz̄k

π�
e−|z|2

min (n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s
.

�·μ¢¥·¨³ Ê¸²μ¢¨¥ Ô·³¨Éμ¢μ¸É¨ wn,k(x, p) = w̄k,n(x, p), ¨§ ¶·¥¤¸É ¢²¥-
´¨Ö (2.24) ¶μ²ÊÎ ¥³

wk,n(x, p) =
zkz̄n

π�
e−|z|2

min (n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s
,

w̄k,n(x, p) =
z̄kzn

π�
e−|z|2

min(n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s
= wn,k(x, p).

�É³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö wn,k(x, p) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²ÖÕÉ¸Ö
±μ³¶²¥±¸´Ò³¨ (2.24), Éμ²Ó±μ ¶·¨ n = k ¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ wn,n(x, p)
Ö¢²ÖÕÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨. �·¨ n �= k ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¶·¥¤¸É -
¢¨³Ò ¢ ¢¨¤¥

wn,k(x, p) =
1
π�

|z|2min (n,k) e−|z|2×

×
min (n,k)∑

s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s

{
z̄k−min (n,k), k > n,
zn−min(n,k), k < n,

(2.25)

¨²¨

wn,k(x, p) =
1
π�

|z|min(n,k) e−|z|2×

×
min (n,k)∑

s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s

{
|z|k e−i[k−min (n,k)]ϕ, k > n,
|z|n ei[n−min (n,k)]ϕ, k < n,

¨²¨

wn,k(x, p) =
1
π�

|z|n+k e−|z|2
min (n,k)∑

s=0

(−1)s

2ss!(k − s)!(n − s)! |z|2s
ei(n−k)ϕ,
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£¤¥ ÊÎÉ¥´μ, ÎÉμ min (n, k) + max (n, k) = n + k. ‚¥²¨Î¨´  |z|2 ¸μμÉ¢¥É¸É¢Ê¥É
Ô´¥·£¨¨ (1.25), É. ¥.

|z|2 =
2

�ω

(
p2

2m
+

mω2x2

2

)
= 2ε(x, p). (2.26)

” §  φ ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²Ö·´μ³Ê Ê£²Ê ´  ¶²μ¸±μ¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ 
(x, p), É ± ± ±

φ = arg z = arctg
( p

mωx

)
. (2.27)

‚Ò· ¦¥´¨¥ (2.27) Ê± §Ò¢ ¥É ´  ¢ ¦´μ¥ Ë¨§¨Î¥¸±μ¥ §´ Î¥´¨¥ ´¥¤¨ £μ-
´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ W ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. „²Ö ±¢ ´Éμ¢μ£μ £ ·-
³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  n = k ¨ ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ μÉ¸ÊÉ¸É¢ÊÕÉ, ÎÉμ
¶·¨¢μ¤¨É ± ¶μ¸ÉμÖ´¸É¢Ê ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ´  Ë §μ¢ÒÌ É· ¥±-
Éμ·¨ÖÌ (2.26), É ± ± ± ¢²¨Ö´¨¥ Ë §Ò φ (2.27) ¢ ¢Ò· ¦¥´¨¨ (2.25) μÉ¸ÊÉ¸É¢Ê¥É:

W =

⎛
⎝ w1,1 0 . . . 0

0 w2,2 . . . 0
. . . 0 . . .

⎞
⎠ , ε =

|z|2
2

= const. (2.28)

„²Ö ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¢ μ¡Ð¥³ ¸²ÊÎ ¥ n �= k, ¶μÔÉμ³Ê
§´ Î¥´¨¥ Ë §Ò φ (2.27) ¢´μ¸¨É ¢±² ¤ ¢ ËÊ´±Í¨Õ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨
wn,k(x, p) (2.25) ¢¤μ²Ó Ë §μ¢μ° É· ¥±Éμ·¨¨ ε = const, £¤¥ ËÊ´±Í¨Ö ε(x, p)
μÉ²¨Î´  μÉ ¢Ò· ¦¥´¨Ö (1.25), (2.26). �μÔÉμ³Ê ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ (ËÊ´±-
Í¨Ö ‚¨£´¥· ) W ¡Ê¤¥É ¶¥·¥³¥´´μ° ¢¤μ²Ó Ë §μ¢μ° É· ¥±Éμ·¨¨ ε = const.

Š ± ¢¨¤´μ ¨§ ¢Ò· ¦¥´¨Ö (2.25), ¶·¨ ¤¢¨¦¥´¨¨ ¶μ § ³±´ÊÉμ° Ë §μ¢μ°
É· ¥±Éμ·¨¨ ¨§³¥´¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¢¤μ²Ó Ë §μ¢μ° É· ¥±Éμ·¨¨ ε =
const ¡Ê¤¥É ¨³¥ÉÓ ¶¥·¨μ¤¨Î¥¸±¨° Ì · ±É¥·. ‚¥²¨Î¨´  
n,k = n− k ∈ Z ¶·¨-
´¨³ ¥É Í¥²Ò¥ §´ Î¥´¨Ö. ˆ§ ¢Ò· ¦¥´¨Ö (2.29) ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨¨ wn,k(x, p)
¡Ê¤ÊÉ ¶¥·¨μ¤¨Î´Ò³¨ ¸ ¶¥·¨μ¤μ³

Tn,k =
2π

|
n,k|
=

2π

|n − k| . (2.29)

ˆ§ (2.29) ¸²¥¤Ê¥É, ÎÉμ Î¥³ ¤ ²ÓÏ¥ μÉ ¤¨ £μ´ ²¨ ³ É·¨ÍÒ W , É¥³ ¶¥·¨μ¤
³¥´ÓÏ¥, É. ¥. ¢ÒÏ¥ Î ¸ÉμÉ  μ¸Í¨²²ÖÍ¨¨ |
n,k| ±μ³¶²¥±¸´μ° ËÊ´±Í¨¨ ¶²μÉ´μ-
¸É¨ ¢¥·μÖÉ´μ¸É¨ wn,k(x, p). —¥³ ¡²¨¦¥ ± ¤¨ £μ´ ²¨ ³ É·¨ÍÒ W , É¥³ ¡μ²ÓÏ¥
¶¥·¨μ¤ (2.29) μ¸Í¨²²ÖÍ¨° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° wn,k(x, p) (³¥´ÓÏ¥ Î ¸ÉμÉ 
|
n,k|). �  ¤¨ £μ´ ²¨ ³ É·¨ÍÒ W Î ¸ÉμÉ  μ¸Í¨²²ÖÍ¨° · ¢´  ´Ê²Õ |
n,n| = 0
¨ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¸É ´μ¢¨É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° ¢¥²¨Î¨´μ° ¨ ¶μ¸ÉμÖ´´μ°
¢¤μ²Ó Ë §μ¢μ° É· ¥±Éμ·¨¨ ε = const (2.26).

�·¨ · ¸¸³μÉ·¥´¨¨ ³μ¤Ê²Ö |wn,k(x, p)| ËÊ´±Í¨° ¶²μÉ´μ¸É¥° ¢¥·μÖÉ´μ¸É¥°
μ¸Í¨²²ÖÍ¨¨ ¨¸Î¥§ ÕÉ, É ± ± ± |ei�n,kϕ| = 1:

|wn,k(x, p)| =
1
π�

|z|n+k e−|z|2
min (n,k)∑

s=0

(−1)s

2ss!(k − s)!(n − s)!|z|2s
, (2.30)
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É. ¥. ´  Ë §μ¢ÒÌ É· ¥±Éμ·¨ÖÌ ε ∼ |z| = const ¸μ£² ¸´μ (2.30),

|wn,k(x, p)| = const.

‘ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨ ËÊ´±Í¨° ±μ³¶²¥±¸´μ£μ ¶¥·¥³¥´´μ£μ Ô²¥³¥´ÉÒ
wn,k(x, p) ³ É·¨ÍÒ W Ö¢²ÖÕÉ¸Ö ³´μ£μ²¨¸É´Ò³¨ ±μ³¶²¥±¸´Ò³¨ ËÊ´±Í¨Ö³¨
´  ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨. „¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ wn,n(x, p) ¨³¥ÕÉ ¶μ¸Éμ-
Ö´´Ò¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö ´  Ë §μ¢ÒÌ É· ¥±Éμ·¨ÖÌ ε = const (2.26) ¶·¨
Ë §μ¢ÒÌ Ê£² Ì 0 � φ � 2π.

�¶·¥¤¥²¥´¨¥. �Ê¸ÉÓ n, k ∈ N0 ¨ x ∈ R. �¶·¥¤¥²¨³ ¶μ²¨´μ³Ò Υn,k(x)
¸É¥¶¥´¨ n + k ± ±

Υn,k(x) det= xn+k

min (n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)!x2s
. (2.31)

‘¢μ°¸É¢μ 2. �μ²¨´μ³Ò Υn,k(x) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ

Pn,k(−z, z̄) = (−1)nΥn,k(|z|) ei(n−k)ϕ, (2.32)

£¤¥ ϕ = arg z ¨ ¤²Ö ´¨Ì ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ μ·Éμ£μ´ ²Ó´μ¸É¨

+∞∫
−∞

ρ1(x)Υn1,k1(x)Υn2,k2(x) dx = N (1)
n1+n2,k1+k2

δ̃n1+n2,k1+k2 ,

N (1)
n1+n2,k1+k2

=
√

π

2n1+n2+k1+k2

min (n1,k1)∑
s=0

× (2.33)

×
min (n2,k2)∑

l=0

(−1)s+l|n1 + n2 + k1 + k2 − 2(l + s) − 1|!!
s!l!(k1 − s)!(n1 − s)!(k2 − l)!(n2 − l)!

;

§¤¥¸Ó ¢¥¸μ¢ Ö ËÊ´±Í¨Ö ρ1(x) = e−x2
.

„μ± § É¥²Ó¸É¢μ ¸¢μ°¸É¢  2. ‚Ò· ¦¥´¨¥ (2.32) ¶μ²ÊÎ ¥É¸Ö ¨§ ¸· ¢´¥´¨Ö
¢Ò· ¦¥´¨° (2.31) ¨ (2.25). ‚ÒÎ¨¸²¨³ ¨´É¥£· ² (2.33):

+∞∫
−∞

ρ1(x)Υn1,k1(x)Υn2,k2(x) dx =

=
min (n1,k1)∑

s=0

min (n2,k2)∑
l=0

(−1)s+l

2s+ls!(k1 − s)!(n1 − s)!
1

l!(k2 − l)!(n2 − l)!
×

×
+∞∫

−∞

e−x2
xn1+n2+k1+k2−2(s+l) dx. (2.34)
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‚ÒÎ¨¸²¨³ ¨´É¥£· ², ¸ÉμÖÐ¨° ¢ ¢Ò· ¦¥´¨¨ (2.34), ¨¸¶μ²Ó§ÊÖ (2.12) ¨ É¥μ-
·¥³Ê 2. �¡μ§´ Î¨³ n = n1 +n2, k = k1 +k2, λ = l + s. ‡´ Î¥´¨¥ 2λ Ö¢²Ö¥É¸Ö
Î¥É´Ò³. …¸²¨ §´ Î¥´¨Ö n ¨ k Î¥É´Òe, Éμ ¢Ò· ¦¥´¨¥ n + k − 2λ Éμ¦¥ Î¥É´μ¥.
…¸²¨ n ¨ k ´¥Î¥É´Ò¥, Éμ ¢Ò· ¦¥´¨¥ n + k Ö¢²Ö¥É¸Ö Î¥É´Ò³ ¨ ¢Ò· ¦¥´¨¥
n+k−2λ Éμ¦¥ Î¥É´μ¥. ‚ ·¥§Ê²ÓÉ É¥ ¶·¨ n ¨ k Î¥É´ÒÌ ¨ ¶·¨ n ¨ k ´¥Î¥É´ÒÌ

¨´É¥£· ²
+∞∫
−∞

e−x2
xn+k−2λ dx ¡Ê¤¥É μÉ²¨Î¥´ μÉ ´Ê²Ö:

+∞∫
−∞

e−x2
xn+k−2λ dx = 2λ

√
π

2n+k
|n + k − 2λ − 1|!!. (2.35)

…¸²¨ §´ Î¥´¨¥ n ¨²¨ k ´¥Î¥É´μ¥, Éμ ¢Ò· ¦¥´¨¥ n + k − 2λ ´¥Î¥É´μ¥ ¨

¨´É¥£· ²
+∞∫
−∞

e−x2
xn+k−2λ dx · ¢¥´ ´Ê²Õ. �μ¤¸É ¢²ÖÖ (2.35) ¢ (2.34), ¶μ²ÊÎ¨³

+∞∫
−∞

ρ1(x)Υn1,k1(x)Υn2,k2(x) dx =

=
√

π

2n+k

min (n1,k1)∑
s=0

min (n2,k2)∑
l=0

(−1)s+l |n + k − 2(l + s) − 1|!!
s!l!(k1 − s)!(n1 − s)!(k2 − l)!(n2 − l)!

,

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.
�  ·¨¸. 4 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨° e−x2

Υn,k(x). ‚¨¤´μ, ÎÉμ ¶μ-
²¨´μ³Ò Υn,k(x) ¨³¥ÕÉ ´Ê²¨ ¨ Ö¢²ÖÕÉ¸Ö §´ ±μ¶¥·¥³¥´´Ò³¨. �É´μ¸¨É¥²Ó´μ
´ Î ²  ±μμ·¤¨´ É ¶μ²¨´μ³Ò Υn,k(x) Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨ ¨ ´¥Î¥É´Ò³¨.

�¨¸. 4. ƒ· Ë¨±¨ ËÊ´±Í¨° e−x2
Υn,k(x)
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‡ ¶¨Ï¥³ ¢Ò· ¦¥´¨Ö ¤²Ö Ô²¥³¥´Éμ¢ wn,k(x, p) ¸μ£² ¸´μ (2.25)Ä(2.27), Éμ-
£¤  (2.31) ¶·¨³¥É ¢¨¤

wn,k(x, p) =
1
π�

e−|z|2 Υn,k(|z|) ei(n−k)ϕ, (2.36)

¨²¨

wn,k(x, p) =
1
π�

e−2ε(x,p) Υn,k

(√
2ε(x, p)

)
exp
[
i(n − k) arctg

( p

mωx

)]
.

ˆ§ ¢Ò· ¦¥´¨° (2.36) ¸²¥¤Ê¥É, ÎÉμ ¶·¨ ¨§³¥´¥´¨¨ Ë §μ¢μ£μ Ê£²  0 �
φ � 2π §´ Î¥´¨Ö wn,n+1(x, p) · ¸¶μ²μ¦¥´Ò ´  μ¤´μ³ ²¨¸É¥ ·¨³ ´μ¢μ° ¶μ-
¢¥·Ì´μ¸É¨. ‡´ Î¥´¨Ö Ô²¥³¥´Éμ¢ wn,n+2(x, p) ¶μ±·Ò¢ ÕÉ ¤¢  ²¨¸É  ·¨³ ´μ¢μ°
¶μ¢¥·Ì´μ¸É¨ ¶·¨ ¨§³¥´¥´¨¨ Ë §μ¢μ£μ Ê£²  0 � φ � 2π. ‡´ Î¥´¨Ö Ô²¥³¥´Éμ¢
± ¦¤μ° ¸²¥¤ÊÕÐ¥° ¤¨ £μ´ ²¨ (¢¥·Ì´¥° μÉ μ¸´μ¢´μ° ¤¨ £μ´ ²¨) ³ É·¨ÍÒ W
¶μ±·Ò¢ ÕÉ ±μ²¨Î¥¸É¢μ ²¨¸Éμ¢ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨, · ¢´μ¥ ´μ³¥·Ê ¤¨ £μ-
´ ²¨. �´ ²μ£¨Î´Ò° ¶·μÍ¥¸¸ ¶·μ¨¸Ìμ¤¨É ¨ ¸ Ô²¥³¥´É ³¨ ´¨¦´¨Ì ¤¨ £μ´ ²¥°,
Éμ²Ó±μ ¶μ±·ÒÉ¨¥ ¨¤¥É ¢ μ¡· É´ÊÕ ¸Éμ·μ´Ê.

‚ · ¡μÉ Ì [45, 67] ¶·¨ · ¸¸³μÉ·¥´¨¨ ±μ³¶²¥±¸´μ£μ ¶·¨´Í¨¶  ´ ¨³¥´Ó-
Ï¥£μ ¤¥°¸É¢¨Ö ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¤²Ö ³¨±·μ¸¨¸É¥³ Ë §  ¢μ²´μ¢μ° ËÊ´±Í¨¨
(¤¥°¸É¢¨¥) ¸μμÉ¢¥É¸É¢Ê¥É μÉμ¡· ¦¥´¨Ö³ μ¤´μ²¨¸É´ÒÌ ·¨³ ´μ¢ÒÌ ¶μ¢¥·Ì´μ-
¸É¥°. „²Ö ³ ±·μ¸¨¸É¥³ ¤¨ ¶ §μ´ ¨§³¥´¥´¨Ö Ë §Ò ¡μ²ÓÏ¥ 2π, ¨ ¶·μ¨¸Ìμ¤¨É
¶¥·¥Ìμ¤ ´  ³´μ£μ²¨¸É´Ò¥ ·¨³ ´μ¢Ò ¶μ¢¥·Ì´μ¸É¨.

‚ ¤ ´´μ° · ¡μÉ¥ ³ ±·μ¸¨¸É¥³  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ³´μ¦¥¸É¢  ³¨±·μ-
¸¨¸É¥³ (μ¸Í¨²²ÖÉμ·μ¢ Å ¶·μ¸É¥°Ï¨Ì ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³), ¤²Ö ±μÉμ·ÒÌ ¤μ-
¸É ÉμÎ´μ μ¤´μ° ¤¥°¸É¢¨É¥²Ó´μ° μ¸¨. �·¨ · ¸¸³μÉ·¥´¨¨ ¸²μ¦´ÒÌ ±¢ ´Éμ¢ÒÌ
¸¨¸É¥³ (³ ±·μ¸¨¸É¥³) ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ ³´μ£μ²¨¸É´ÊÕ ·¨³ ´μ¢Ê ¶μ-
¢¥·Ì´μ¸ÉÓ, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ´ ²¨Î¨¥³ ´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ¢ ³ É·¨Í¥
W . � ²¨Î¨¥ ´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ¶·¨¢μ¤¨É ± μ¸Í¨²²ÖÍ¨Ö³ ±μ³¶²¥±¸-
´ÒÌ §´ Î¥´¨° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° wn,k(x, p) (2.29). �·¨ ¤¢¨¦¥´¨¨ ¶μ
§ ³±´ÊÉμ° Ë §μ¢μ° É· ¥±Éμ·¨¨ ε = const μ¸Í¨²²ÖÍ¨¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
¢· Ð¥´¨¥ ®¢¥±Éμ·μ¢¯ wn,k(x, p) ¶μ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨.

’¥μ·¥³  5. �Ê¸ÉÓ ρk,n = ck c̄n Å ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶²μÉ-
´μ¸É¨ ¨ Ω(n,k)(ϕ) Å ³ É·¨Í  ¶μ¢μ·μÉ 

Ω(n,k)(ϕ) =
(

cos (
n,kϕ) sin (
n,kϕ)
− sin (
n,kϕ) cos (
n,kϕ)

)
, 
n,k = n − k; (2.37)

¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ck (¶·¨ |ck| �= 0) μ¶·¥¤¥²¨³ Ë §μ¢Ò° ¢¥±Éμ·

nk
det=
(

cos αk

sin αk

)
=

1
|ck|

(
Re ck

Im ck

)
, αk = arg ck, (2.38)

Éμ£¤  ËÊ´±Í¨Ö ‚¨£´¥·  ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

W (x, p) =
e−2ε(x,p)

π�

+∞∑
n,k=0

|ρk,n|Υn,k

(√
2ε(x, p)

)
nT

k Ω(n,k)(ϕ)nn, (2.39)
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£¤¥ Ë §  φ = φ(x, p) ¨³¥¥É ¢¨¤ (2.27) ¨ ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²Ö·´μ³Ê Ê£²Ê
ÉμÎ±¨ (x, p) ´  Ë §μ¢μ° ¶²μ¸±μ¸É¨.

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 5. �·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (2.5) ¤²Ö ËÊ´±Í¨¨
‚¨£´¥· :

W = C̄TWC =

=
+∞∑

n,k=0

[
c(R)
n w

(R)
n,k c

(R)
k − c(R)

n w
(I)
n,kc

(I)
k + c(I)

n w
(R)
n,k c

(I)
k + c(I)

n w
(I)
n,kc

(R)
k

]
+

+ i

+∞∑
n,k=0

[
c(R)
n w

(R)
n,k c

(I)
k + c(R)

n w
(I)
n,kc

(R)
k − c(I)

n w
(R)
n,k c

(R)
k + c(I)

n w
(I)
n,kc

(I)
k

]
, (2.40)

£¤¥ ¢¥·Ì´¨° ¨´¤¥±¸ ®R¯ μ§´ Î ¥É ¤¥°¸É¢¨É¥²Ó´ÊÕ ±μ³¶μ´¥´ÉÊ,   ¨´¤¥±¸ ®I¯ Å
³´¨³ÊÕ ±μ³¶μ´¥´ÉÊ Ô²¥³¥´É . ’ ± ± ± Ê´¨¢¥·¸ ²Ó´ Ö ³ É·¨Í  W Ö¢²Ö¥É¸Ö

Ô·³¨Éμ¢μ°, Éμ ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö wn,k = w̄k,n, w
(R)
n,k + iw

(I)
n,k = w

(R)
k,n −

iw
(I)
k,n, ¸²¥¤μ¢ É¥²Ó´μ,

w
(R)
n,k = w

(R)
k,n , w

(I)
n,k = −w

(I)
k,n,

W =
+∞∑

n,k=0

[
w

(R)
n,k

(
c(R)
n c

(R)
k + c(I)

n c
(I)
k

)
+ 2c(I)

n w
(I)
n,kc

(R)
k

]
+ (2.41)

+ i

+∞∑
n,k=0

w
(I)
n,k

(
c(R)
n c

(R)
k + c(I)

n c
(I)
k

)
.

�·¨ ¸Ê³³¨·μ¢ ´¨¨ ³´¨³μ° Î ¸É¨ ¢Ò· ¦¥´¨Ö (2.41) ·¥§Ê²ÓÉ É ¡Ê¤¥É · ¢¥´

´Ê²Õ, É ± ± ± w
(I)
n,n = 0,   ¸² £ ¥³Ò¥ w

(I)
n,k(c(R)

n c
(R)
k + c

(I)
n c

(I)
k ) ¶·¨ n �= k ¡Ê¤ÊÉ

±μ³¶¥´¸¨·μ¢ ´Ò ¸² £ ¥³Ò³¨ w
(I)
k,n(c(R)

k c
(R)
n + c

(I)
k c

(I)
n ) = −w

(I)
n,k(c(R)

k c
(R)
n +

c
(I)
k c

(I)
n ). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ (2.41) ¡Ê¤¥É ¨³¥ÉÓ Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´ÊÕ

Î ¸ÉÓ. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (2.36) ¤²Ö ËÊ´±Í¨¨ W ¶μ²ÊÎ¨³

W =
e−|z|2

π�

+∞∑
n,k=0

Υn,k(|z|)|cn||ck| ×

×
[
cos (
n,kϕ)(cos αn cos αk + sin αn sin αk)+

+ 2 sin (
n,kϕ) sin αn cos αk

]
=

=
e−|z|2

π�

+∞∑
n,k=0

Υn,k(|z|)|cn||ck| cos αk ×
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×
[
cos (
n,kϕ) cosαn + sin (
n,kϕ) sin αn

]
+

+
e−|z|2

π�

+∞∑
n,k=0

Υn,k(|z|)|cn||ck| sin αn×

×
[
cos (
n,kϕ) sin αk + sin (
n,kϕ) cos αk

]
. (2.42)

�·¨³¥³ ¢μ ¢´¨³ ´¨¥, ÎÉμ 
n,k = n − k = −
k,n,   ¶μ²¨´μ³Ò Υn,k ¢ ¸¨²Ê
μ¶·¥¤¥²¥´¨Ö (2.31) Ö¢²ÖÕÉ¸Ö ¸¨³³¥É·¨Î´Ò³¨ ¶μ ¨´¤¥±¸ ³ n ¨ k, É. ¥. Υn,k =
Υk,n. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ (2.42) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

W =
e−|z|2

π�

+∞∑
n,k=0

Υn,k(|z|)|ρk,n| cos αk×

× [cos (
n,kϕ) cos αn + sin (
n,kϕ) sin αn] +

+
e−|z|2

π�

+∞∑
n,k=0

Υn,k(|z|)|ρk,n| sin αk×

× [cos (
n,kϕ) sin αn − sin (
n,kϕ) cos αn] , (2.43)

£¤¥ ÊÎÉ¥´μ, ÎÉμ |ρk,n|2 = ρk,nρ̄k,n = |cn|2|ck|2. ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ ³ -
É·¨ÍÒ ¶μ¢μ·μÉ  Ω(n,k)(ϕ) ¨ Ë §μ¢μ£μ ¢¥±Éμ·  nk, ¶μ²ÊÎ ¥³

nT
k Ω(n,k)(ϕ)nn = (cos αk sin αk)

(
cos (
n,kϕ) sin (
n,kϕ)

− sin (
n,kϕ) cos (
n,kϕ)

)(
cos αn

sin αn

)
,

(2.44)
nT

k Ω(n,k)(ϕ)nn = cos αk [cos (
n,kϕ) cos αn + sin (
n,kϕ) sin αn] +
+ sin αk [cos (
n,kϕ) sin αn − sin (
n,kϕ) cos αn] .

�μ¤¸É ¢²ÖÖ (2.44) ¢ ¢Ò· ¦¥´¨¥ (2.43), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ (2.39). ’¥μ·¥³  5
¤μ± § ´ .

‡ ³¥Î ´¨¥. ‘ ÉμÎ±¨ §·¥´¨Ö ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨ ¶·μ¨§¢μ²Ó´μ° ±¢ ´-
Éμ¢μ° ¸¨¸É¥³¥ ¡Ê¤ÊÉ ¸μμÉ¢¥É¸É¢μ¢ ÉÓ Ë §μ¢Ò¥ É· ¥±Éμ·¨¨ (Ì · ±É¥·¨¸É¨±¨
Ê· ¢´¥´¨Ö ‹¨Ê¢¨²²Ö) E(x, p) = (p2/2m) + U1(x) = const, ±μÉμ·Ò¥ ¢ μ¡-
Ð¥³ ¸²ÊÎ ¥ μÉ²¨Î´Ò μÉ Ë §μ¢ÒÌ É· ¥±Éμ·¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· 
ε(x, p) ∼ p2/(2m) + (mω2x2)/2 = const. �·¨ ¤¢¨¦¥´¨¨ ¶μ Ë §μ¢Ò³ É· -
¥±Éμ·¨Ö³ ε = const ³ É·¨Í  ¶μ¢μ·μÉ  Ω(n,k)(ϕ) ¡Ê¤¥É ¥¤¨´¨Î´μ° ³ É·¨Í¥°
¨ ¢Ò· ¦¥´¨¥ (2.39) ¶¥·¥°¤¥É ¢ ËÊ´±Í¨Õ ‚¨£´¥·  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²Ö-
Éμ·  (1.31). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¥° W ¡Ê¤¥É ¶μ¸ÉμÖ´´μ° ¢¥-
²¨Î¨´μ° ´  Ë §μ¢ÒÌ É· ¥±Éμ·¨ÖÌ ε = const. ˆ§-§  μÉ²¨Î¨Ö ¶μÉ¥´Í¨ ²  U1(x)
μÉ ¶μÉ¥´Í¨ ²  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Ê· ¢´¥´¨¥ ŒμÔ²Ö (1.43) ¨²¨ ¢Éμ-
·μ¥ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (1.14) ¸  ¶¶·μ±¸¨³ Í¨¥° ‚² ¸μ¢ ÄŒμÔ²Ö (1.44) ¡Ê¤ÊÉ
¨³¥ÉÓ ´¥´Ê²¥¢ÊÕ ¶· ¢ÊÕ Î ¸ÉÓ (¨¸ÉμÎ´¨±¨ ¤¨¸¸¨¶ Í¨° Q2 �= 0). � ²¨Î¨¥ ¨¸-
ÉμÎ´¨±μ¢ ¤¨¸¸¨¶ Í¨° ¶·¨¢¥¤¥É ± ´¥¶μ¸ÉμÖ´¸É¢Ê ±¢ §¨¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥°
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¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨° E(x, p) = const. Œ É·¨Í  ¶μ¢μ·μÉ  Ω(n,k)(ϕ) ¡Ê-
¤¥É ¸μ¤¥·¦ ÉÓ ´¥´Ê²¥¢Ò¥ Î ¸ÉμÉÒ 
n,k, ¢Ò§¢ ´´Ò¥ ´ ²¨Î¨¥³ ´¥¤¨ £μ´ ²Ó´ÒÌ
Ô²¥³¥´Éμ¢ ¢ ³ É·¨Í¥ ¶²μÉ´μ¸É¨ ρn,k.

‚Ò· ¦¥´¨¥ (2.39) ¤²Ö ËÊ´±Í¨¨ ‚¨£´¥·  ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±
· §²μ¦¥´¨¥ ¶μ ®¡ §¨¸´Ò³¯ ËÊ´±Í¨Ö³ ¢¨¤ 

wcn,k(x, p) = e−2ε Υn,k

(√
2ε
)
cos (
n,kϕ),

(2.45)
wsn,k(x, p) = e−2ε Υn,k

(√
2ε
)
sin (
n,kϕ).

�  ·¨¸. 5, 6 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨° wcn,k(x, p) ¤²Ö · §²¨Î´ÒÌ §´ -
Î¥´¨° n ¨ k. �  ·¨¸. 5 ËÊ´±Í¨¨ wc1,1 ¨ wc5,5 ¸μμÉ¢¥É¸É¢ÊÕÉ £² ¢´μ° ¤¨ -
£μ´ ²¨ ³ É·¨ÍÒ W ¨ ¨³¥ÕÉ Î ¸ÉμÉÊ 
n,n = 0. �  Ë §μ¢ÒÌ É· ¥±Éμ·¨ÖÌ
ε = const (±μ´Í¥´É·¨Î¥¸±¨¥ μ±·Ê¦´μ¸É¨) ËÊ´±Í¨¨ wcn,n ¨ wsn,n Ö¢²ÖÕÉ¸Ö
¶μ¸ÉμÖ´´Ò³¨, ÎÉμ ¨ ´ ¡²Õ¤ ¥É¸Ö ´  ·¨¸. 5. „¨ £μ´ ²Ó´Ò¥ ¡ §¨¸´Ò¥ ËÊ´±-
Í¨¨ (2.45) ¢´μ¸ÖÉ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ ¸Ê³³Ê (2.39) ¤²Ö ¸¨¸É¥³, ¸Ìμ¦¨Ì ¸
£ ·³μ´¨Î¥¸±¨³ μ¸Í¨²²ÖÉμ·μ³.

�¨¸. 5. ®	 §¨¸´Ò¥¯ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¶·¨ �n,n = 0

�¨¸. 6. ®	 §¨¸´Ò¥¯ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ¶·¨ �n,k �= 0
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�  ·¨¸. 6 ËÊ´±Í¨¨ wcn,k ¨³¥ÕÉ ´¥´Ê²¥¢Ò¥ Î ¸ÉμÉÒ 
n,k �= 0 (
5,2 = 3
¨ 
5,20 = −15), ÎÉμ ¶·¨¢μ¤¨É ± μ¸Í¨²²ÖÍ¨Ö³ ¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨°
ε = const. ”Ê´±Í¨¨ wcn,k ¸ Î ¸ÉμÉ ³¨ 
n,k �= 0 ¸μμÉ¢¥É¸É¢ÊÕÉ ¢¥·Ì´¨³
¨ ´¨¦´¨³ ¤¨ £μ´ ²Ö³ ³ É·¨ÍÒ W . —¥³ ¤ ²ÓÏ¥ ¤¨ £μ´ ²Ó μÉ Í¥´É· ²Ó´μ°
¤¨ £μ´ ²¨, É¥³ ¢ÒÏ¥ Î ¸ÉμÉ  
n,k μ¸Í¨²²ÖÍ¨°. �¥¤¨ £μ´ ²Ó´Ò¥ ¡ §¨¸´Ò¥
ËÊ´±Í¨¨ (2.45) ¢´μ¸ÖÉ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¤²Ö ¸¨¸É¥³, ¸¨²Ó´μ μÉ²¨Î ÕÐ¨Ì¸Ö
μÉ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

2.2. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. ‚ ¶. 1.2 ¸ ¶μ³μÐÓÕ
ËÊ´±Í¨° ‚¨£´¥·  f2,n(x, p) ¡Ò²¨ ´ °¤¥´Ò ¸·¥¤´¨¥ §´ Î¥´¨Ö (³ É¥³ É¨Î¥¸±¨¥
μ¦¨¤ ´¨Ö ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ε(x, p)) Ô´¥·£¨° En £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ·  (1.53). ˆ¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ‚¨£´¥·  (2.39), ¶μ²ÊÎ¨³
¢Ò· ¦¥´¨¥ ¤²Ö ¸·¥¤´¨Ì Ô´¥·£¨° 〈〈E〉〉 ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò.

‡ ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ E(x, p) ¢ ¢¨¤¥ Ô´¥·£¨¨ £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ·  ε(x, p) ¨ ´¥±μÉμ·μ° ¤μ¡ ¢μÎ´μ° Ô´¥·£¨¨:

E(x, p) =
p2

2m
+ U1(x) = �ωε(x, p) + δU(x),

(2.46)

δU(x) = U1(x) − mω2x2

2
.

”Ê´±Í¨Ö δU(x) μ¶·¥¤¥²Ö¥É μÉ±²μ´¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¶·μ¨§-
¢μ²Ó´μ° ¸¨¸É¥³Ò μÉ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .
‘·¥¤´ÕÕ Ô´¥·£¨Õ ¸¨¸É¥³Ò 〈〈E〉〉 ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¶μ Ëμ·³Ê²¥

〈〈E〉〉 =

+∞∫
−∞

+∞∫
−∞

E(x, p)W (x, p) dx dp, (2.47)

£¤¥ W (x, p) Å ËÊ´±Í¨Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¥° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥,
±μÉμ·μ° ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨¥ (2.39).

’¥μ·¥³  6. �Ê¸ÉÓ Ô´¥·£¨Ö E(x, p) ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢¨³ 
¢ ¢¨¤¥ (2.46) ¨ ËÊ´±Í¨Ö δU(x) ¤μ¶Ê¸± ¥É · §²μ¦¥´¨¥ ¢ ¸É¥¶¥´´μ° ·Ö¤ ¸
±μÔËË¨Í¨¥´É ³¨ al, l ∈ N0, Éμ£¤  ¶μ²´ Ö Ô´¥·£¨Ö 〈〈E〉〉 ¸¨¸É¥³Ò (2.47)
¨³¥¥É ¢¨¤

〈〈E〉〉 =
+∞∑
n=0

|ρn,n|〈〈ε〉〉n +
+∞∑

n,k=0

|ρk,n| cos (αk − αn)×

×
+∞∑

(n−k+l)/2∈Z, l�|n−k|
al

(
�

4mω

)l/2

C
(n−k+l)/2
l ×

×
min (n,k)∑

s=0

(−1)s

(
k + n + l

2
− s

)
!

2ss!(k − s)!(n − s)!
, (2.48)
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£¤¥ ρk,n = ck c̄n Å ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨; αk =
arg ck (2.38); Ck

n = n!/(k!(n − k)!) Å Î¨¸²μ ¸μÎ¥É ´¨°; 〈〈ε〉〉n = �ω(n +
1/2) Å ¸μ¡¸É¢¥´´Ò¥ Ô´¥·£¨¨ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 6. �¥·¥°¤¥³ ¢ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¢
Ë §μ¢μ° ¶²μ¸±μ¸É¨ (1.52), ¢ ·¥§Ê²ÓÉ É¥ ¨´É¥£· ² (2.47) ¶·¨³¥É ¢¨¤

〈〈E〉〉 = �

2π∫
0

dϕ

+∞∫
0

EW dε =

= �
2ω

2π∫
0

dϕ

+∞∫
0

Wε dε + �

2π∫
0

dϕ

+∞∫
0

WδU dε = I1 + I2. (2.49)

� ¸¸³μÉ·¨³ ± ¦¤Ò° ¨´É¥£· ² ¢ ¢Ò· ¦¥´¨¨ (2.49) ¶μ μÉ¤¥²Ó´μ¸É¨:
2π∫
0

dϕ

+∞∫
0

Wε dε =

=
1
π�

+∞∑
n,k=0

|ρk,n|
2π∫
0

nT
k Ω(n,k)(ϕ)nn dϕ

+∞∫
0

Υn,k

(√
2ε
)

e−2ε ε dε =

=
2
�

+∞∑
n,k=0

|ρk,n| δn,knT
k nn

+∞∫
0

Υn,k

(√
2ε
)

e−2ε ε dε =

=
2
�

+∞∑
n=0

|ρn,n|
+∞∫
0

Υn,n

(√
2ε
)

e−2ε ε dε, (2.50)

£¤¥ ÊÎÉ¥´μ, ÎÉμ
2π∫
0

nT
k Ω(n,k)(ϕ)nn dϕ = 2πδn,knT

k nn. ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥-

´¨Ö (2.32) ¨ (2.17), ¨§ (2.50) ¶μ²ÊÎ¨³

Υn,n(|z|) = (−1)nPn,n(−z, z̄) = (−1)nLn(2|z|2),
2π∫
0

dϕ

+∞∫
0

Wε dε =
2
�

+∞∑
n=0

(−1)n|ρn,n|
+∞∫
0

Ln(4ε) e−2εε dε =

(2.51)

=
2
�

+∞∑
n=0

(−1)n|ρn,n|(−1)n 2n + 1
4

,

I1 = �
2ω

2π∫
0

dϕ

+∞∫
0

Wε dε = �ω
+∞∑
n=0

|ρn,n|
(

n +
1
2

)
=

+∞∑
n=0

|ρn,n|〈〈ε〉〉n.
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ˆ´É¥£· ² I1 ¸μ¤¥·¦¨É ¢±² ¤ ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ W . ‚ÒÎ¨-
¸²¨³ ¢Éμ·μ° ¨´É¥£· ² I2. �μ Ê¸²μ¢¨Õ É¥μ·¥³Ò ¶μÉ¥´Í¨ ² δU(x) · §² £ ¥É¸Ö
¢ ¸É¥¶¥´´μ° ·Ö¤, ¸²¥¤μ¢ É¥²Ó´μ,

δU(x) =
+∞∑
l=0

alx
l =

+∞∑
l=0

al

(
2�

mω

)l/2

x̃l =
+∞∑
l=0

al

(
2�

mω

)l/2

εl/2 cosl ϕ, (2.52)

£¤¥ ¸μ£² ¸´μ (1.52) x̃ =
√

ε cosϕ. �μ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ (2.52) ¢ ¨´É¥£· ² I2,
¶μ²ÊÎ¨³

2π∫
0

dϕ

+∞∫
0

WδUdε =
1
π�

+∞∑
n,k=0

|ρk,n|
+∞∑
l=0

al

(
2�

mω

)l/2

×

×
2π∫
0

nT
k Ω(n,k)(ϕ)nn cosl ϕdϕ

+∞∫
0

e−2ε εl/2Υn,k

(√
2ε
)

dε. (2.53)

ˆ´É¥£· ² ¶μ Ê£²μ¢μ° ¶¥·¥³¥´´μ° ϕ ¢ ¢Ò· ¦¥´¨¨ (2.53) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¢
Ö¢´μ³ ¢¨¤¥

2π∫
0

Ω(n,k)(ϕ) cosl ϕdϕ =

=
(

1 0
0 1

)⎧⎨
⎩

2π

2l
C

�n,k+l

2
l , ¥¸²¨


n,k + l

2
∈ Z, l � |
n,k|,

0, ¨´ Î¥,
(2.54)

£¤¥ ÊÎÉ¥´μ

2π∫
0

sin (
n,kϕ) cosl ϕdϕ = 0,

2π∫
0

cos (
n,kϕ) cosl ϕdϕ =

⎧⎨
⎩

2π

2l
C

�n,k+l

2
l , ¥¸²¨


n,k + l

2
∈ Z, l � |
n,k|,

0, ¨´ Î¥.

‚ ·¥§Ê²ÓÉ É¥ ¨´É¥£· ² ¶μ ¶¥·¥³¥´´μ° ϕ ¶·¨³¥É ¢¨¤

2π∫
0

nT
k Ω(n,k)(ϕ)nn cosl ϕdϕ =

= cos (αk − αn)

⎧⎨
⎩

2π

2l
C

�n,k+l

2
l , ¥¸²¨


n,k + l

2
∈ Z, l � |
n,k|,

0, ¨´ Î¥,
(2.55)
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£¤¥ ÊÎÉ¥´μ, ÎÉμ nT
k nn = cos αk cos αn + sin αk sin αn = cos (αk − αn). � ¸-

¸³μÉ·¨³ ¨´É¥£· ² ¶μ ¶¥·¥³¥´´μ° ε ¢ ¢Ò· ¦¥´¨¨ (2.53). “Î¨ÉÒ¢ Ö, ÎÉμ

Υn,k

(√
2ε
)

= (2ε)(n+k)/2

min (n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)!(2ε)s
, (2.56)

¶μ²ÊÎ ¥³

+∞∫
0

e−2ε εl/2Υn,k

(√
2ε
)

dε =

= 2(n+k)/2

+∞∫
0

e−2εε(n+k+l)/2

min (n,k)∑
s=0

(−1)s

4ss!(k − s)!(n − s)!εs
dε =

= 2(n+k)/2

min (n,k)∑
s=0

(−1)s

4ss!(k − s)!(n − s)!

+∞∫
0

e−2ε ε(n+k+l−2s)/2 dε. (2.57)

�¡μ§´ Î¨³ (
n,k + l)/2 = λ ∈ Z, Éμ£¤  l = 2λ − 
n,k ¨

n + k + l − 2s

2
=

n + k + 2λ − 
n,k − 2s

2
= k + λ − s.

‘²¥¤μ¢ É¥²Ó´μ,

+∞∫
0

e−2ε ε(n+k+l−2s)/2 dε =

+∞∫
0

e−2ε εk+λ−s dε =

=
1

2k+λ−s+1

+∞∫
0

e−τ τk+λ−s dτ =
1

2k+λ−s+1
Γ(k + λ − s + 1), (2.58)

£¤¥ τ = 2ε ¨ ¶·¨´ÖÉμ, ÎÉμ
+∞∫
0

e−τ τz−1dτ = Γ (z) , z = k + λ − s + 1. ‘ ÊÎ¥-

Éμ³ (2.58) ¨´É¥£· ² (2.57) ¨³¥¥É ¢¨¤

+∞∫
0

e−2ε εl/2Υn,k

(√
2ε
)

dε =

= 2−((l/2)+1)

min (n,k)∑
s=0

(−1)s

2ss!(k − s)!(n − s)!
Γ
(

k + n + l

2
− s + 1

)
. (2.59)
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�μ¤¸É ¢¨³ ¢Ò· ¦¥´¨Ö (2.59) ¨ (2.55) ¢ ¨¸Ìμ¤´Ò° ¨´É¥£· ² (2.53), ¶μ²ÊÎ¨³

2π∫
0

dϕ

+∞∫
0

WδUdε =
1
π�

+∞∑
n,k=0

|ρk,n|nT
k nn

+∞∑
l=0

al

(
2�

mω

)l/2

2−((l/2)+1)×

×
min (n,k)∑

s=0

(−1)s

2ss!(k − s)!(n − s)!
Γ
(

k + n + l

2
− s + 1

)
×

×

⎧⎨
⎩

2π

2l
C

n−k+l
2

l , ¥¸²¨
n − k + l

2
∈ Z, |n − k| � l,

0, ¨´ Î¥,
(2.60)

¨²¨

I2 = �

2π∫
0

dϕ

+∞∫
0

WδU dε =
+∞∑

n,k=0

|ρk,n| cos (αk − αn)×

×
+∞∑

(n−k+l)/2∈Z, l�|n−k|
al

(
�

4mω

)l/2

C
(n−k+l)/2
l ×

×
min (n,k)∑

s=0

(−1)s

(
k + n + l

2
− s

)
!

2ss!(k − s)!(n − s)!
. (2.61)

�μ¤¸É ´μ¢±  ¨´É¥£· ²μ¢ (2.51) ¨ (2.60) ¢ ¢Ò· ¦¥´¨¥ (2.49) ¤ ¥É ¢Ò· ¦¥-
´¨¥ (2.48). ’¥μ·¥³  6 ¤μ± § ´ .

‡ ³¥Î ´¨¥. ‚Ò· ¦¥´¨¥ (2.48) ¤²Ö ¸·¥¤´¥° Ô´¥·£¨¨ 〈〈E〉〉 ±¢ ´Éμ¢μ° ¸¨-
¸É¥³Ò ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ μ¸´μ¢´ÒÌ ¸² £ ¥³ÒÌ. �¥·¢μ¥ ¸² £ ¥³μ¥ ¸μμÉ¢¥É¸É¢Ê¥É
Ô´¥·£¨¨, ¸¢Ö§ ´´μ° ¸ ¤¨ £μ´ ²Ó´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ W . �μÔÉμ³Ê ®¶·μ-
¥±Í¨¨¯ ¸μ¸ÉμÖ´¨° ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ´  ¸μ¸ÉμÖ´¨Ö μ¸Í¨²²Ö-
Éμ·  ¤ ÕÉ ¸Ê¶¥·¶μ§¨Í¨Õ ¨§ ¸μ¡¸É¢¥´´ÒÌ Ô´¥·£¨° 〈〈ε〉〉n £ ·³μ´¨Î¥¸±μ£μ μ¸-
Í¨²²ÖÉμ·  (2.48). ‚Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ¢Ò· ¦¥´¨¨ (2.48) ¸μ¤¥·¦¨É Ô´¥·£¨Õ,
¸¢Ö§ ´´ÊÕ ¸ ´¥¤¨ £μ´ ²Ó´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ W . �É  Ô´¥·£¨Ö ¥¸ÉÓ
¸Ê¶¥·¶μ§¨Í¨Ö Ô´¥·£¨° ®¸³¥Ï ´´ÒÌ¯ ¸μ¸ÉμÖ´¨°, ¸¢Ö§ ´´ÒÌ ¸ μÉ²¨Î¨¥³ ¶·μ-
¨§¢μ²Ó´μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò μÉ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .

� ¸¸³μÉ·¨³ ¶·¨³¥· ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶μÉ¥´Í¨ ²μ³

U1(x) =
mω2x2

2
+ μx4. (2.62)

�¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¸μμÉ¢¥É¸É¢Ê¥É ¶μÉ¥´Í¨ ²Ê £ ·-
³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . ‚Éμ·μ¥ ¸² £ ¥³μ¥ μx4 ¢´μ¸¨É  ´£ ·³μ´¨Î´μ¸ÉÓ.
ˆ§ É¥μ·¥³Ò 6 ¸²¥¤Ê¥É, ÎÉμ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ al ¡Ê¤ÊÉ · ¢´Ò ´Ê²Õ, ±·μ³¥
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±μÔËË¨Í¨¥´É  a4 = μ. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¸Ê³³Ò ¶μ l (2.48)
´ ±² ¤Ò¢ ¥É¸Ö Ê¸²μ¢¨¥ ´  n ¨ k:


n,k

2
+ 2 ∈ Z ⇒ 
n,k = 2j, j ∈ Z,

(2.63)
|
n,k| � l = 4 ⇒ j = 0,±1,±2, 
n,k = −4,−2, 0, 2, 4.

ˆ§ (2.63) ¸²¥¤Ê¥É, ÎÉμ ¨§ ³ É·¨ÍÒ W ¡Ê¤ÊÉ ¢§ÖÉÒ Éμ²Ó±μ ¶ÖÉÓ ¤¨ £μ´ ²¥°:
μ¸´μ¢´ Ö ¤¨ £μ´ ²Ó 
n,n = 0; ¢Éμ· Ö 
n,n+2 = −2 ¨ Î¥É¢¥·É Ö 
n,n+4 =
−4 ¸¢¥·ÌÊ; ¢Éμ· Ö 
n+2,n = 2 ¨ Î¥É¢¥·É Ö 
n+4,n = 4 ¸´¨§Ê. �¸É ²Ó´Ò¥
Ô²¥³¥´ÉÒ ³ É·¨ÍÒ W ´¥ ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Ô´¥·£¨¨ 〈〈E〉〉
¤²Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¸ ¶μÉ¥´Í¨ ²μ³ (2.62).

2.3. —¨¸²¥´´Ò°  ²£μ·¨É³ ´ Ìμ¦¤¥´¨Ö ËÊ´±Í¨¨ ‚¨£´¥· . �·¨ ¶· ±É¨-
Î¥¸±μ³ ¨¸¶μ²Ó§μ¢ ´¨¨ ¢Ò· ¦¥´¨° (2.39), (2.48) ¤²Ö ¶·μ¨§¢μ²Ó´μ° ±¢ ´Éμ-
¢μ° ¸¨¸É¥³Ò É·¥¡Ê¥É¸Ö §´ ´¨¥ ±μÔËË¨Í¨¥´Éμ¢ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨. …¸²¨ ¶μ-
É¥´Í¨ ² · ¸¸³ É·¨¢ ¥³μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¤μ¶Ê¸± ¥É ¶·¥¤¸É ¢²¥´¨¥ ¨²¨

 ¶¶·μ±¸¨³ Í¨Õ ¢ ¢¨¤¥ ¶μ²¨´μ³  U1,N(x) =
N∑

l=1

alx
l, Éμ § ¤ Î  ¶μ¸É·μ¥´¨Ö

ËÊ´±Í¨¨ ‚¨£´¥·  ³μ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ¥´ . � ¸¸³μÉ·¨³ ¸²¥¤ÊÕ-
ÐÊÕ É¥μ·¥³Ê.

’¥μ·¥³  7. �Ê¸ÉÓ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  ¨³¥¥É ¢¨¤
−(�2/2m)Ψxx + (U1 − E)Ψ = 0,   ¶μÉ¥´Í¨ ² ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ U1,N (x) =
N∑

l=1

alx
l, £¤¥ N ∈ N. …¸²¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ ¤μ¶Ê¸± ¥É · §²μ¦¥´¨¥ (2.1),

Éμ ¢¥±Éμ·Ò ±μÔËË¨Í¨¥´Éμ¢ C(s) (2.5) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨,
  ¸¶¥±É· Ô´¥·£¨° Es Å ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ ¸¨³³¥É·¨Î´μ° ³ É-
·¨ÍÒ Jn,k:

JC(s) = EsC
(s), s ∈ N0, Jn,k = 〈〈ε〉〉nI

(0)
n,k +

N∑
l �=2

alI
(l)
n,k,

I
(l)
n,k =

l − 1
2γ

I
(l−2)
n,k +

√
n

2γ
I
(l−1)
n−1,k +

√
k

2γ
I
(l−1)
n,k−1, (2.64)

I
(0)
n,k = δn,k, I

(1)
n,k =

√
n

2γ
I
(0)
n−1,k +

√
k

2γ
I
(0)
n,k−1,

£¤¥ mω2 = 2a2; γ = (mω)/�; 〈〈ε〉〉n = �ω(n + 1/2) Å ¸¶¥±É· Ô´¥·£¨°
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· .
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„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 7. �μ¤¸É ¢²ÖÖ ¶·¥¤¸É ¢²¥´¨¥ (2.1) ¢ Ê· ¢´¥´¨¥
˜·ß¤¨´£¥· , ¶μ²ÊÎ¨³

0 =
+∞∑
n=0

cn

[
− �

2

2m
ψ′′

n(x) + (U − E)ψn

]
=

+∞∑
n=0

cnψn

⎡
⎣〈〈ε〉〉n − E +

N∑
l �=2

alx
l

⎤
⎦ .

“³´μ¦ Ö ¸± ²Ö·´μ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ´  ψ̄k(x), ¶μ²ÊÎ¨³ § ¤ ÎÊ ´ 
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö:

+∞∑
n=0

Jk,ncn = Eck, Jk,n = Ak,n + 〈〈ε〉〉n δn,k,

Ak,n =
N∑

l �=2

I
(l)
k,nal, I

(l)
k,n =

+∞∫
−∞

ψ̄kxlψn dx.

‚ÒÎ¨¸²¨³ ¨´É¥£· ²Ò I
(l)
k,n ¶μ ·¥±Ê··¥´É´μ° Ëμ·³Ê²¥

I
(l)
k,n = NkNn

+∞∫
−∞

e−γx2
Hn (

√
γx)Hk (

√
γx)xl dx =

1
2
√

γ
NkNn ×

×
+∞∫

−∞

e−γx2
[H ′

n (
√

γx)Hk (
√

γx) + Hn (
√

γx) H ′
k (

√
γx)]xl−1 dx+

+
(l − 1)

2γ
NkNn

+∞∫
−∞

e−γx2
Hn (

√
γx) Hk (

√
γx) xl−2 dx =

=
n
√

γ

Nn

Nn−1
I
(l−1)
k,n +

k
√

γ

Nk

Nk−1
I
(l−1)
k−1,n +

(l − 1)
2γ

I
(l−2)
k,n =

=
√

n

2γ
I
(l−1)
k,n +

√
k

2γ
I
(l−1)
k−1,n +

(l − 1)
2γ

I
(l−2)
k,n ,

£¤¥ Nn = (1/
√

2nn!) ((mω)/(π�))1/4. ’¥μ·¥³  7 ¤μ± § ´ .

‡ ³¥É¨³, ÎÉμ Ô²¥³¥´ÉÒ I
(1)
n,k ¸μ¢¶ ¤ ÕÉ ¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ μ¶¥-

· Éμ·  ±μμ·¤¨´ ÉÒ 〈n|x̂|k〉, μ¶·¥¤¥²ÖÕÐ¥£μ ¢¥·μÖÉ´μ¸ÉÓ ¶¥·¥Ìμ¤  ¨§ ¸μ¸Éμ-

Ö´¨Ö n ¢ ¸μ¸ÉμÖ´¨¥ k. �²¥³¥´ÉÒ I
(l)
n,k ¶·¨ l > 1 ¸μμÉ¢¥É¸É¢ÊÕÉ Ô²¥³¥´É ³

〈n|x̂l|k〉 μ¶¥· Éμ·  x̂l.
�¥Ï Ö § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (2.64), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥

¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψs (s-¸μ¸ÉμÖ´¨¥) ¸ ²Õ¡μ° ´ ¶¥·¥¤ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ
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�¨¸. 7. �μÉ¥´Í¨ ² U1,5(x)

Ψs(x)=
M∑

n=0
c
(s)
n ψn(x). ‚ ± Î¥¸É¢¥

¶·¨³¥·  · ¸¸³μÉ·¨³  ´£ ·³μ´¨-
Î¥¸±¨° ±¢ ´Éμ¢Ò° μ¸Í¨²²ÖÉμ· ¸

¶μÉ¥´Í¨ ²μ³ U1,N(x) =
N∑

l=1

alx
l.

�¥ μ£· ´¨Î¨¢ Ö μ¡Ð´μ¸É¨, ¢μ§Ó-
³¥³ N = 5. �  ·¨¸. 7 ¶·¨¢¥¤¥´
£· Ë¨± ¶μÉ¥´Í¨ ²  U1,5 ¶·¨ al =
{0,01, 0,2,−1, 0, 2}. ŠμÔËË¨Í¨-
¥´É a1 ¸μμÉ¢¥É¸É¢Ê¥É ²¨´¥°´μ° Î -
¸É¨ ¶μÉ¥´Í¨ ²  ¨ ´¥ ¤ ¥É ¢±² ¤ ¢
¤¨¸¸¨¶ É¨¢´ÊÕ ¶· ¢ÊÕ Î ¸ÉÓ Ê· ¢-
´¥´¨Ö ŒμÔ²Ö (1.44), É ± ± ± É·¥ÉÓÖ
¶·μ¨§¢μ¤´ Ö μÉ ´¥£μ · ¢´  ´Ê²Õ.

� ²¨Î¨¥ ¢ ¶μÉ¥´Í¨ ²¥ ¸² £ ¥³μ£μ a1x ¶·¨¢μ¤¨É ± ¸¤¢¨£Ê · ¸¶·¥¤¥²¥´¨Ö
‚¨£´¥·  ¢¤μ²Ó μ¸¨ ±μμ·¤¨´ É. �μÉ¥´Í¨ ² ¢¨¤  U1,2(x) = a1x + a2x

2

¤ ¥É ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö £ Ê¸¸μ¢μ° Ëμ·³Ò Ψ0(x) ∼
exp
[
−(x − x0)2/2σ2

]
¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° • ¤¸μ´  £ Ê¸¸μ¢Ê ¶μ²μ-

¦¨É¥²Ó´ÊÕ ËÊ´±Í¨Õ ‚¨£´¥·  W0(x). ‘²ÊÎ ° a1 �= 0 Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò³,
¶μÔÉμ³Ê · ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ ° a1 = 0. �¸É ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ al μÉ-
²¨Î´Ò μÉ ´Ê²Ö.

ˆ¸¶μ²Ó§ÊÖ ³¥Éμ¤ (2.64), ´ °¤¥³ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö C
(s)
k ¨ ¸¶¥±É·

Ô´¥·£¨° Es. �  ·¨¸. 7 ¢¤μ²Ó ¢¥·É¨± ²Ó´μ° μ¸¨ ÉμÎ± ³¨ μ¡μ§´ Î¥´Ò Ê·μ¢´¨
Ô´¥·£¨° Es. ‡ ³¥É¨³, ÎÉμ Ô´¥·£¨¨ Es = 〈〈E〉〉s ¶·¨ Ê¸·¥¤´¥´¨¨ (2.48) ¶μ
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨¨ ‚¨£´¥·  Ws.

�  ·¨¸. 8 ¨§μ¡· ¦¥´Ò ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ
(s)
k,n = C

(s)
k C̄

(s)
k ¤²Ö ¸μ¸ÉμÖ´¨°

s = 0, . . . , 5. ‚¨¤´μ, ÎÉμ ¶·¨ Ê¢¥²¨Î¥´¨¨ ´μ³¥·  ¸μ¸ÉμÖ´¨Ö s ¡μ²ÓÏ¥¥ ±μ²¨-
Î¥¸É¢μ ´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ(s) ´ Î¨´ ¥É ¢´μ¸¨ÉÓ
¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ ËÊ´±Í¨Õ ‚¨£´¥· .

‚ ¶. 2.1, 2.2 ¡Ò²μ μÉ³¥Î¥´μ, ÎÉμ ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ³μ£ÊÉ ¶·¨-
¢μ¤¨ÉÓ ± ¶μÖ¢²¥´¨Õ ¤¨¸¸¨¶ Í¨° ¨ ¨§³¥´¥´¨Õ ËÊ´±Í¨¨ ‚¨£´¥·  Ws ¢¤μ²Ó
Ë §μ¢μ° É· ¥±Éμ·¨¨ Es = const. „²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö s = 0 ¸ÊÐ¥¸É¢¥´-

´Ò° ¢±² ¤ ¢ ËÊ´±Í¨Õ ‚¨£´¥·  W0 ¢´μ¸¨É Ô²¥³¥´É ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ
(0)
0,0.

�¸É ²Ó´Ò¥ Ô²¥³¥´ÉÒ ρ
(0)
n,k ´  ¶μ·Ö¤±¨ ³¥´ÓÏ¥, Î¥³ ρ

(0)
0,0. �¥¸³μÉ·Ö ´  ÔÉμÉ

Ë ±É, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° • ¤¸μ´  ËÊ´±Í¨Ö ‚¨£´¥·  W0 ¡Ê¤¥É ¨³¥ÉÓ
´¥¡μ²ÓÏ¨¥ μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨°.

�  ·¨¸. 9 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψs, ´ °¤¥´´ÒÌ ¶μ Ëμ·-
³Ê² ³ (2.1), (2.64). ‡ ³¥É¨³, ÎÉμ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨° ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψs

³¥Éμ¤μ³ (2.64) ´  ¶μ·Ö¤±¨ ³¥´ÓÏ¥ ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨Ö, ´ ¶·¨³¥·, ¶μ ³¥-
Éμ¤Ê 	. ‚.�Ê³¥·μ¢  [40]. �μ¢¥¤¥´¨¥ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψs ´  ·¨¸. 9 ¸Ìμ¦¥



�””…Š’ˆ‚�›‰ —ˆ‘‹…��›‰ �‹ƒ��ˆ’Œ ��‘’��…�ˆŸ ”“�Š–ˆˆ ‚ˆƒ�…�� 849

�¨¸. 8. ŠμÔËË¨Í¨¥´ÉÒ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ(s), s = 0, . . . , 5

�¨¸. 9. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψs, s = 0, . . . , 5

¸ ¶μ¢¥¤¥´¨¥³ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· , ´μ ¨³¥¥É
 ¸¨³³¥É·¨Õ ¢¤μ²Ó μ¸¨ ±μμ·¤¨´ É, ±μÉμ· Ö ¢Ò§¢ ´   ´£ ·³μ´¨Î´Ò³¨ ¸² £ -
¥³Ò³¨ ¢ ¶μÉ¥´Í¨ ²¥ U1,5. ‡ ³¥É¨³, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ-
¸ÉμÖ´¨Ö Ψ0(x) ´¥ ¸μ¢¶ ¤ ¥É ¸ £ Ê¸¸μ¢Ò³ · ¸¶·¥¤¥²¥´¨¥³. „²Ö ¸· ¢´¥´¨Ö
´  ·¨¸. 10 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨¨ Ψ0(x) ¨ £ Ê¸¸μ¢μ° ËÊ´±Í¨¨ g(x) =
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�¨¸. 10. ‘· ¢´¥´¨¥ Ψ0 ¸ ËÊ´±Í¨¥° ƒ Ê¸¸ 

const exp [−(x − x0)2/2σ2]. Š ± ¢¨¤´μ, ËÊ´±Í¨Ö Ψ0(x) ¢ μÉ²¨Î¨¥ μÉ ËÊ´±-
Í¨¨ g(x) ´¥ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´μ° μÉ´μ¸¨É¥²Ó´μ ¢¥·É¨± ²Ó´μ° μ¸¨. ‘²¥¤μ-
¢ É¥²Ó´μ, ´¨± ±¨³ ¢Ò¡μ·μ³ ¶ · ³¥É·μ¢ x0, σ ËÊ´±Í¨Ö Ψ0(x) ´¥ ³μ¦¥É ¡ÒÉÓ
¶·¨¢¥¤¥´  ± · ¸¶·¥¤¥²¥´¨Õ ƒ Ê¸¸ .

�μ Ëμ·³Ê²¥ (2.39), §´ Ö ³ É·¨ÍÊ ¶²μÉ´μ¸É¨ ρ(s), ³μ¦´μ ¶μ¸É·μ¨ÉÓ · ¸-
¶·¥¤¥²¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ‚¨£´¥·  Ws. �  ·¨¸. 11Ä13 ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥-
´¨Ö ¤²Ö ËÊ´±Í¨° ‚¨£´¥·  W0, W1, W5. �  ·¨¸. 11 ËÊ´±Í¨Ö W0 ¸μμÉ¢¥É¸É¢Ê¥É
μ¸´μ¢´μ³Ê ¸μ¸ÉμÖ´¨Õ ¸ ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ψ0. ‚´¥Ï´¥ ËÊ´±Í¨Ö W0 ¢Ò£²Ö-
¤¨É ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´μ°, ´μ ÔÉμ ´¥ É ±. ‚ μ¸´μ¢ ´¨¨ · ¸¶·¥¤¥²¥´¨Ö ËÊ´±-
Í¨Ö W0 ¨³¥¥É ´¥¡μ²ÓÏ¨¥ μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ´  Ê·μ¢´¥ −10−5.
‚¥²¨Î¨´  −10−5 ´  Ê·μ¢´¥ 1 (¶μ·Ö¤μ± ³ ±¸¨³Ê³  ËÊ´±Í¨¨ W0) ¢Ò£²Ö¤¨É

�¨¸. 11. ”Ê´±Í¨Ö ‚¨£´¥·  W0
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�¨¸. 12. ”Ê´±Í¨Ö ‚¨£´¥·  W1

�¨¸. 13. ”Ê´±Í¨Ö ‚¨£´¥·  W5

´¥§ ³¥É´μ°. ‚ ·¥§Ê²ÓÉ É¥ ´¥£ Ê¸¸μ¢  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö (¸³. ·¨¸. 10) Ψ0 ¤ ¥É
ËÊ´±Í¨Õ ‚¨£´¥·  W0, ¨³¥ÕÐÊÕ μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö. � ²¨Î¨¥ μÉ·¨Í -
É¥²Ó´ÒÌ §´ Î¥´¨° Ê μ¸É ²Ó´ÒÌ ËÊ´±Í¨° Ws ¶·¨ s = 1, 2, . . . ´¥¶μ¸·¥¤¸É¢¥´´μ
¢¨¤´μ ´  ·¨¸. 12, 13.

�  ·¨¸. 11Ä13 ¢¨¤´μ, ÎÉμ ËÊ´±Í¨¨ Ws Ö¢²ÖÕÉ¸Ö ´¥¸¨³³¥É·¨Î´Ò³¨ ¶μ
±μμ·¤¨´ É¥, ´μ ¸¨³³¥É·¨Î´Ò³¨ ¶μ ¨³¶Ê²Ó¸Ê. Š ± ¨ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψs,
ËÊ´±Í¨¨ Ws ¨³¥ÕÉ ¤¥Ëμ·³ Í¨Õ Ëμ·³Ò · ¸¶·¥¤¥²¥´¨Ö, ¢Ò§¢ ´´ÊÕ ´ ²¨Î¨¥³
 ´£ ·³μ´¨Î¥¸±¨Ì Î²¥´μ¢ ¢ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ U1,5(x).

ˆ§-§  ´ ²¨Î¨Ö ¤¨¸¸¨¶ Í¨° Q2 �= 0 Ê ¢¸¥Ì ËÊ´±Í¨° Ws ´ ¡²Õ¤ ¥É¸Ö ¨§-
³¥´¥´¨¥ ¶²μÉ´μ¸É¨ ±¢ §¨¢¥·μÖÉ´μ¸É¥° Ws ¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨° Es =
const. �  ·¨¸. 14 ¶μ± § ´Ò £· Ë¨±¨ Ë §μ¢ÒÌ É· ¥±Éμ·¨° Es = const ¨ £· -
Ë¨±¨ ²¨´¨° Ê·μ¢´Ö Ws = const, ±μÉμ·Ò¥ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ . „²Ö
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�¨¸. 14. ” §μ¢Ò¥ É· ¥±Éμ·¨¨ Ws = const ¨ Es = const

£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (Q2 = 0) ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ ‚¨£´¥· 
¨³¥ÕÉ ²¨´¨¨ Ê·μ¢´Ö, ¸μ¢¶ ¤ ÕÐ¨¥ ¸ Ë §μ¢Ò³¨ É· ¥±Éμ·¨Ö³¨.

‡�Š‹	—…�ˆ…

” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¶μ§¢μ²Ö¥É ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μ¤μ°É¨ ± μ¶¨-
¸ ´¨Õ ³ ±·μ- ¨ ³¨±·μ¸¨¸É¥³, · ¸¸³μÉ·¥ÉÓ ¨Ì ¸¢Ö§Ó, ¶·μ¨§¢¥¸É¨ ¶·¥¤¥²Ó´Ò¥
¶¥·¥Ìμ¤Ò ¨§ ±¢ ´Éμ¢μ° ¢ ±² ¸¸¨Î¥¸±ÊÕ Ë¨§¨±Ê. ‚ · §¤. 1 ¡² £μ¤ ·Ö Ë §μ¢μ³Ê
¶·μ¸É· ´¸É¢Ê ¡Ò²μ ´ £²Ö¤´μ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ± ± ¶μ²ÊÎ ¥É¸Ö ¤¨¸±·¥É-
´Ò° Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, ¶μ± § ´Ò ¸¢μ°¸É¢  ¶μ²Õ¸μ¢
®±¨´¥É¨Î¥¸±μ°¯ Ô´¥·£¨¨, ´ ²¨Î¨¥ ±μÉμ·ÒÌ μ¶·¥¤¥²Ö¥É¸Ö μÉ·¨Í É¥²Ó´μ¸ÉÓÕ
ËÊ´±Í¨¨ ‚¨£´¥· .
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‘ μ¤´μ° ¸Éμ·μ´Ò, μÉ·¨Í É¥²Ó´ Ö ¢¥·μÖÉ´μ¸ÉÓ, μ¶·¥¤¥²Ö¥³ Ö ËÊ´±Í¨¥°
‚¨£´¥· , Ö¢²Ö¥É¸Ö ´¥μ¡ÒÎ´Ò³ ¸¢μ°¸É¢μ³ ¤²Ö ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¨. ‘ ¤·Ê-
£μ° ¸Éμ·μ´Ò, ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  §  ¢·¥³Ö ¸¢μ¥£μ · §¢¨É¨Ö ¸μ§¤ ²  ´¥³ ²μ
¶·¥Í¥¤¥´Éμ¢, ¸¢¨¤¥É¥²Ó¸É¢ÊÕÐ¨Ì μ ´¥μ¡ÒÎ´μ° ¶·¨·μ¤¥ ³¨±·μ³¨· . �  ÔÉμ³
Ëμ´¥ μÉ·¨Í É¥²Ó´ Ö ¨ ¤ ¦¥ ±μ³¶²¥±¸´ Ö ¢¥·μÖÉ´μ¸ÉÓ ´¥ ¢Ò£²Ö¤¨É ¸Éμ²Ó ¢Ò-
§Ò¢ ÕÐ¥ ¶·μÉ¨¢μ·¥Î¨¢μ°. ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¶²μÐ ¤Ó Ë §μ¢μ° μ¡² ¸É¨, ¢
±μÉμ·μ° ËÊ´±Í¨Ö ‚¨£´¥·  ¨³¥¥É μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö, ¶μ ¶μ·Ö¤±Ê ¢¥²¨-
Î¨´Ò ¸· ¢´¨³  ¸ ¶μ¸ÉμÖ´´μ° �² ´± . ’ ±¨³ μ¡· §μ³, ¶·¨´Í¨¶ ´¥μ¶·¥¤¥²¥´-
´μ¸É¨ ƒ¥°§¥´¡¥·£  ³μ¦¥É ®´¥ ÎÊ¢¸É¢μ¢ ÉÓ¯ É ±¨¥ μ¡² ¸É¨. ‘ ³ É¥³ É¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö É¥μ·¨Ö ¢¥·μÖÉ´μ¸É¥° ¸¢Ö§ ´  ¸ É¥μ·¨¥° ³¥·Ò ¢ ËÊ´±Í¨μ´ ²Ó´μ³
 ´ ²¨§¥ [68]. „ ¦¥ ¢ · ³± Ì ³ É¥³ É¨Î¥¸±μ£μ  ´ ²¨§  ¨´É¥£· ² μÉ ËÊ´±Í¨¨
³μ¦¥É ¨³¥ÉÓ μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö.

‚ ¦´Ò³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ, ¨¸¶μ²Ó§ÊÖ  ¶¶ · É ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¢ Ë §μ-
¢μ³ ¶·μ¸É· ´¸É¢¥, ³μ¦´μ ¶·μ¨§¢μ¤¨ÉÓ μÍ¥´±Ê ´¥μ¡Ìμ¤¨³ÒÌ ¶ · ³¥É·μ¢ ±¢ ´-
Éμ¢ÒÌ ¸¨¸É¥³,   Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò, μ¶¨¸ ´´Ò¥ ¢ · §¤. 2, ¶μ§¢μ²ÖÕÉ ¶·μ¨§¢μ-
¤¨ÉÓ É ±¨¥ ¢ÒÎ¨¸²¥´¨Ö ÔËË¥±É¨¢´μ.


² £μ¤ ·´μ¸É¨. � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �””ˆ, £· ´É º18-29-
10014, ¨ Œ¥¦¤¨¸Í¨¶²¨´ ·´μ° ´ ÊÎ´μ-μ¡· §μ¢ É¥²Ó´μ° Ï±μ²Ò Œμ¸±μ¢¸±μ£μ
£μ¸Ê¤ ·¸É¢¥´´μ£μ Ê´¨¢¥·¸¨É¥É  ¨³. Œ.‚. ‹μ³μ´μ¸μ¢  ®”μÉμ´´Ò¥ ¨ ±¢ ´Éμ¢Ò¥
É¥Ì´μ²μ£¨¨. –¨Ë·μ¢ Ö ³¥¤¨Í¨´ ¯.
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