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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

“ÎÉ¥´ ¨§¢¥¸É´Ò° Ë ±É ¶µ¸ÉµÖ´¸É¢  ¸±µ·µ¸É¨ ¸¢¥É  ¢ § ¤ Î¥ ƒ ²¨²¥Ö µ ¸¢µ¡µ¤´µ³ µÉ ´¥£· ¢¨É -
Í¨µ´´ÒÌ ¸¨² ¶µ²¥É¥ Î ¸É¨ÍÒ ¨ ¥¥ ¶ ¤¥´¨¨ ´  §¥³²Õ.

The well known fact of the light velocity constancy is taken into account in the Galilean problem
about the movement of a particle free from non-gravitational forces and its fall onto the ground.

�¤¨´ ¨§ µ¸´µ¢´ÒÌ § ±µ´µ¢, µÉ´µ¸ÖÐ¨Ì¸Ö ± ¸¨² ³ ÉÖ£µÉ¥´¨Ö, ¡Ò² Ê¸É ´µ¢²¥´ ƒ ²¨-
²¥¥³. Cµ£² ¸´µ ÔÉµ³Ê § ±µ´Ê ¶·¨ ¸¢µ¡µ¤´µ³ (µÉ ´¥£· ¢¨É Í¨µ´´ÒÌ ¸¨²) ¤¢¨¦¥´¨¨ ¢
²Õ¡µ³ ¶µ²¥ ÉÖ¦¥¸É¨ ¢¸¥ Î ¸É¨ÍÒ (ÉµÎ¥Î´Ò¥ É¥² ), ´¥§ ¢¨¸¨³µ µÉ ¨Ì ³ ¸¸Ò, ¨¸¶ÒÉÒ¢ ÕÉ
µ¤¨´ ±µ¢µ¥ Ê¸±µ·¥´¨¥, · ¢´µ¥ ´ ¶·Ö¦¥´´µ¸É¨ ÔÉµ£µ ¶µ²Ö. ˆ²²Õ¸É· Í¨¥° ± ÔÉµ³Ê § ±µ´Ê
Ö¢²Ö¥É¸Ö § ¤ Î  ƒ ²¨²¥Ö µ ¸¢µ¡µ¤´µ³ ¶µ²¥É¥ Î ¸É¨ÍÒ ¨ ¥¥ ¶ ¤¥´¨¨ ´  §¥³²Õ. ‚ ÔÉµ°
§ ¤ Î¥ ¶µ¢¥·Ì´µ¸ÉÓ §¥³²¨ ¢Ò£²Ö¤¨É ± ± ´¥¶µ¤¢¨¦´ Ö ¥¢±²¨¤µ¢  ¶²µ¸±µ¸ÉÓ,   ´ ¶·Ö¦¥´-
´µ¸ÉÓ ¶µ²Ö ÉÖ¦¥¸É¨ ´ ¤ ¶µ¢¥·Ì´µ¸ÉÓÕ §¥³²¨ Ì · ±É¥·¨§Ê¥É¸Ö ¶µ²µ¦¨É¥²Ó´µ° ±µ´¸É ´Éµ°,
´ §Ò¢ ¥³µ° Ê¸±µ·¥´¨¥³ ¸¢µ¡µ¤´µ£µ ¶ ¤¥´¨Ö ¨ µ¡ÒÎ´µ µ¡µ§´ Î ¥³µ° Î¥·¥§ g. ‘²µ¢µ³,
ÔÉµ É  ¸ ³ Ö § ¤ Î , ÎÉµ ¢Ìµ¤¨É ¢ ¶·µ£· ³³Ê ¶·¥¶µ¤ ¢ ´¨Ö Ë¨§¨±¨ ¢ ¸·¥¤´¥° Ï±µ²¥.

Š ± ¨§¢¥¸É´µ, ¢µ¶·µ¸ µ¡ ÊÎ¥É¥ ¶µ¸ÉµÖ´¸É¢  ¸±µ·µ¸É¨ ¸¢¥É  ¢ ÔÉµ° § ¤ Î¥ ¡Ò² ¶µ¸É ¢²¥´
�°´ÏÉ¥°´µ³ ¢ 1907 £. ¢ ¸¢Ö§¨ ¸ ¶·¨´Í¨¶µ³ Ô±¢¨¢ ²¥´É´µ¸É¨. ‚ ¶·¥¤² £ ¥³µ° ¸É ÉÓ¥ ³Ò
¤ ¥³ µÉ¢¥É ´  ÔÉµÉ ¢µ¶·µ¸.

Š ± ¨ ¢µ ¢¸Ö±µ° § ¤ Î¥, ÊÎ¥É ¶µ¸ÉµÖ´¸É¢  ¸±µ·µ¸É¨ ¸¢¥É  ¢ § ¤ Î¥ ƒ ²¨²¥Ö ¸¢µ¤¨É¸Ö
± § ³¥´¥ £¥µ³¥É·¨¨ …¢±²¨¤  ¢ ¶·µ¸É· ´¸É¢¥ ¸±µ·µ¸É¥° Î ¸É¨ÍÒ ´  £¥µ³¥É·¨Õ ‹µ¡ Î¥¢-
¸±µ£µ, ¨¡µ ¸±µ·µ¸ÉÓ ¸¢¥É  c, ¢Ìµ¤ÖÐ Ö ¢ ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í , Ö¢²Ö¥É¸Ö ¶ · ³¥É·µ³
‹µ¡ Î¥¢¸±µ£µ ¢ ¶·µ¸É· ´¸É¢¥ ¸±µ·µ¸É¥° Î ¸É¨ÍÒ.

�µ´ÖÉ¨¥ ¶·µ¸É· ´¸É¢  ¸±µ·µ¸É¥° ¢ ¸²ÊÎ ¥ c = ∞ (É. ¥. ¢ ¸²ÊÎ ¥ £¥µ³¥É·¨¨ …¢±²¨¤ 
¢ ÔÉµ³ ¶·µ¸É· ´¸É¢¥,   §´ Î¨É, ¨ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ³¥Ì ´¨±¨) ¡Ò²µ ¢¢¥¤¥´µ ƒ ³¨²Ó-
Éµ´µ³ ¢ · ¡µÉ¥ [1] ¤²Ö µ¶¨¸ ´¨Ö £µ¤µ£· Ë  ¶² ´¥ÉÒ. ‚ ¸²ÊÎ ¥ c < ∞ (É. ¥. ¢ ¸²ÊÎ ¥
£¥µ³¥É·¨¨ ‹µ¡ Î¥¢¸±µ£µ,   §´ Î¨É, ¨ ·¥²ÖÉ¨¢¨¸É¸±µ° ³¥Ì ´¨±¨) ¶µ´ÖÉ¨¥ ¶·µ¸É· ´¸É¢ 
¸±µ·µ¸É¥° Î ¸É¨ÍÒ ¡Ò²µ ¢¢¥¤¥´µ ŠµÉ¥²Ó´¨±µ¢Ò³ ¢ · ¡µÉ¥ [2], £¤¥ µ´ µ¡ÑÖ¸´¨² £² ¢´µ¥:
¸ÊÉÓ É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶¥·¥Ìµ¤ µÉ ¶·¥µ¡· §µ¢ ´¨° ƒ ²¨²¥Ö ±
¶·¥µ¡· §µ¢ ´¨Ö³ ‹µ·¥´Í  ¢¥¤¥É ± ¶¥·¥Ìµ¤Ê ¢ ¶·µ¸É· ´¸É¢¥ ¸±µ·µ¸É¥° Î ¸É¨ÍÒ µÉ £¥µ³¥-
É·¨¨ …¢±²¨¤  ± £¥µ³¥É·¨¨ ‹µ¡ Î¥¢¸±µ£µ c ¶ · ³¥É·µ³, · ¢´Ò³ ¸±µ·µ¸É¨ ¸¢¥É  c. ‚ ¸¢Ö§¨
¸ ÔÉ¨³ ¸³. [3].

�¥·¥°¤¥³ É¥¶¥·Ó ± ·¥Ï¥´¨Õ ¶µ¸É ¢²¥´´µ° ¢ÒÏ¥ § ¤ Î¨.
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‘µ£² ¸´µ [4Ä8] ¢ 4-³¥·´µ³ ³¨·¥ M ¸µ¡ÒÉ¨° m ∈ M ¸ÊÐ¥¸É¢ÊÕÉ ¤¢¥  ËË¨´´Ò¥
¸¢Ö§´µ¸É¨: ¶µ²¥¢ Ö ¸¢Ö§´µ¸ÉÓ Γa

mn ¨ Ëµ´µ¢ Ö ¸¢Ö§´µ¸ÉÓ Γ̌a
mn. ˆÌ · §´µ¸ÉÓ

P a
mn = Γ̌a

mn − Γa
mn (1)

´ §Ò¢ ¥³ É¥´§µ·µ³ £· ¢¨É Í¨µ´´µ£µ ¶µ²Ö. ‚ ¸²ÊÎ ¥ ¢ ±ÊÊ³´µ£µ ¸µ¸ÉµÖ´¨Ö £· ¢¨É Í¨µ´-
´µ£µ ¶µ²Ö ¨ Éµ²Ó±µ ¢ ÔÉµ³ ¸²ÊÎ ¥ É¥´§µ· [1] · ¢´Ö¥É¸Ö ´Ê²Õ ¢µ ¢¸Ö±µ° ³¨·µ¢µ° ÉµÎ±¥
m ∈ M .

‚ · ¸¸³ É·¨¢ ¥³µ³ §¤¥¸Ó ¸²ÊÎ ¥ Ëµ´µ¢ Ö ¸¢Ö§´µ¸ÉÓ ¶·¨³¨É¨¢´ , É ± ÎÉµ µÉ´µ¸¨É¥²Ó´µ
´¥¥ ³¨· ¸µ¡ÒÉ¨° Ö¢²Ö¥É¸Ö 4-³¥·´Ò³  ËË¨´´Ò³ ¶·µ¸É· ´¸É¢µ³ ¸  ËË¨´´Ò³¨ ±µµ·¤¨-
´ É´Ò³¨ ± ·É ³¨ xa, a = 1, 2, 3, 4, ¢ ±µÉµ·ÒÌ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ Γ̌a

mn Ëµ´µ¢µ° ¸¢Ö§´µ¸É¨
· ¢´Ò ´Ê²Õ ¢µ ¢¸Ö±µ° ÉµÎ±¥ m ∈ M .

�µ´ÖÉ¨¥ ´¥¶µ¤¢¨¦´µ° ¶²µ¸±µ¸É¨ (µ¡µ§´ Î¨³ ¥¥ Î¥·¥§ E2) É·¥¡Ê¥É ¢¢¥¤¥´¨Ö ¢  ËË¨´-
´Ò° ³¨· ¸µ¡ÒÉ¨° M ¸É·Ê±ÉÊ·Ò ¶·Ö³µ£µ ¶·µ¨§¢¥¤¥´¨Ö M = P ×T 3-³¥·´µ£µ  ËË¨´´µ£µ
¶·µ¸É· ´¸É¢  P ´   ËË¨´´ÊÕ ¶·Ö³ÊÕ ¢·¥³¥´¨ T . �ËË¨´´Ò¥ ±µµ·¤¨´ ÉÒ x1 = x,
x2 = y, x3 = z ¢ P ´ §Ò¢ ÕÉ¸Ö  ¡cÍ¨¸¸µ°, µ·¤¨´ Éµ° ¨  ¶¶²¨± Éµ°. �ËË¨´´ Ö ±µµ·¤¨-
´ É  x4 = t ´  ¶·Ö³µ° T ´ §Ò¢ ¥É¸Ö ¢·¥³¥´¥³.

�¥¶µ¤¢¨¦´ÊÕ ¶²µ¸±µ¸ÉÓ E2 § ¤ ¥³ ¢ P Ê· ¢´¥´¨¥³ z = 0,   £· ¢¨É Í¨µ´´µ¥ ¶µ²¥
· ¸¸³ É·¨¢ ¥³ ¢ µ¡² ¸É¨ z > 0. ’¥³ ¸ ³Ò³ ³Ò ´ ±² ¤Ò¢ ¥³ ´  Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
µ¸¢µ¡µ¦¤ ÕÐÊÕ ¸±²¥·µ´µ³´ÊÕ ¸¢Ö§Ó. ‡ É¥³ ´  ¶²µ¸±µ¸É¨ E2 § ¤ ¥³ ³¥É·¨±Ê dx2 + dy2.
‡  ¢·¥³Ö ¸¢µ¥£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¶²µ¸±µ¸ÉÓ E2 ®§ ³¥É ¥É¯ ¢ ³¨·¥ M £¨¶¥·¶²µ¸±µ¸ÉÓ z = 0
¸ ³¥É·¨±µ°

c2dτ̀2 = c2dt2 − dx2 − dy2. (2)

�µ²¥¢ Ö ¸¢Ö§´µ¸ÉÓ Γa
mn Ö¢²Ö¥É¸Ö ¸¢Ö§´µ¸ÉÓÕ Š·¨¸ÉµËË¥²Ö ¤²Ö ¶µ²¥¢µ° ³¥É·¨±¨. ‚

· ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¢ µ¡² ¸É¨ z > 0  ËË¨´´µ£µ ³¨·  M ¶µ²¥¢ Ö ³¥É·¨±  · ¢´ 

c2dτ2 = c2
(
1 +

gz

c2

)2

dt2 − dx2 − dy2 − dz2. (3)

�  £¨¶¥·¶²µ¸±µ¸É¨ z = 0 µ´  ¶¥·¥Ìµ¤¨É ¢ ³¥É·¨±Ê (2).
�É²¨Î´Ò¥ µÉ ´Ê²Ö ±µÔËË¨Í¨¥´ÉÒ ¶µ²¥¢µ° ¸¢Ö§´µ¸É¨ ¢ ±µµ·¤¨´ É Ì xa · ¢´Ò

Γ3
44 = g

(
1 +

gz

c2

)
, Γ4

34 =
g

c2 + gz
= Γ4

43. (4)

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ £¥µ¤¥§¨Î¥¸±¨Ì ¤²Ö ¶µ²¥¢µ° ¸¢Ö§´µ-
¸É¨. ‚ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¢ ±µµ·¤¨´ É Ì x, y, z, t µ´¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

d

dτ

dt

dτ
+

2g

c2 + gz

(
dz

dτ

) (
dt

dτ

)
= 0, (5)

d

dτ

dz

dτ
+ g

(
1 +

gz

c2

)(
dt

dτ

) (
dt

dτ

)
= 0, (6)

d

dτ

dx

dτ
= 0,

d

dτ

dy

dτ
= 0. (7)

�·¨ ÔÉµ³ ´  ³¨·µ¢µ° ²¨´¨¨ Î ¸É¨ÍÒ ¢Ò¶µ²´Ö¥É¸Ö · ¢¥´¸É¢µ

c2
(
1 +

gz

c2

)2
(

dt

dτ

)2

−
(

dx

dτ

)2

−
(

dy

dτ

)2

−
(

dz

dτ

)2

= c2. (8)
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�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ
dt

dτ
=

1√
V 2 − v2/c2

, (9)

£¤¥

V = 1 +
gz

c2
, v2 =

(
dx

dt

)2

+
(

dy

dt

)2

+
(

dz

dt

)2

. (10)

�¤´µ·µ¤´Ò° ¶¥·¢µ£µ ¨§³¥·¥´¨Ö ² £· ´¦¨ ´ [10] · ¢¥´

L =

[
ṫ −

√
(V ṫ)2 − ẋ2 + ẏ2 + ż2

c2

]
c2, £¤¥ ẋ =

dx

dτ
. (11)

‚ ¸¨²Ê Ê· ¢´¥´¨Ö (5) ¸µÌ· ´Ö¥É¸Ö Ê¤¥²Ó´ Ö Ô´¥·£¨Ö E Î ¸É¨ÍÒ (Ô´¥·£¨Ö Î ¸É¨ÍÒ, ¶µ¤¥-
²¥´´ Ö ´  ¥¥ ³ ¸¸Ê ¶µ±µÖ):

E =
(

V 2 dt

dτ
− 1

)
c2 =

(
V 2√

V 2 − v2/c2
− 1

)
c2 = −∂L

∂ṫ
. (12)

‚ ¸¨²Ê Ê· ¢´¥´¨° (7) ¸µÌ· ´ÖÕÉ¸Ö ±µ³¶µ´¥´ÉÒ u1, u2 Ê¤¥²Ó´µ£µ ¨³¶Ê²Ó¸  ¨ Ê¤¥²Ó´Ò°
Ê£²µ¢µ° ³µ³¥´É m12 Î ¸É¨ÍÒ:

u1 =
dx

dτ
=

∂L

∂ẋ
, u2 =

dy

dτ
=

∂L

∂ẏ
, m12 = x

dy

dτ
− y

dx

dτ
. (13)

�·¨ ¶¥·¥Ìµ¤¥ µÉ ¡ §¨¸  dx, dy, dz, dt ± ¡ §¨¸Ê ‹ ³¥ [11, 12] dx, dy, dz, V dt Ê· ¢´¥´¨Ö
(6), (7) ´¥ ³¥´ÖÕÉ¸Ö,   Ê· ¢´¥´¨¥ (5) ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

d

dτ

[(
1 +

gz

c2

) dt

dτ

]
+

g

c2

dz

dτ

dt

dτ
= 0. (14)

’ ± ± ±
dτ

dt

d

dτ
=

d

dt
,

dt

dτ

dτ

dt
= 1,

Éµ, Ê³´µ¦¨¢ ´  dτ/dt ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ, ¶·¨¢¥¤¥³
¶µ¸²¥¤´¨¥ ± ¸²¥¤ÊÕÐ¥³Ê ¢¨¤Ê:

du1

dt
= 0,

du2

dt
= 0,

du3

dt
= −gu4,

du4

dt
= − g

c2
u3, (15)

£¤¥ ua ¸ÊÉÓ ±µ³¶µ´¥´ÉÒ Ê¤¥²Ó´µ£µ ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ ¢ ¡ §¨¸¥ ‹ ³¥, · ¢´Ò¥

u1 =
(

dx

dτ

)
, u2 =

(
dy

dτ

)
, u3 =

(
dz

dτ

)
, u4 =

(
1 +

gz

c2

)(
dt

dτ

)
. (16)

�µÔÉµ³Ê Ê· ¢´¥´¨Ö (15) ¨³¥ÕÉ ¸³Ò¸² Ê· ¢´¥´¨° �ÓÕÉµ´ 

dua

dt
= F a, (17)
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£¤¥ ±µ³¶µ´¥´ÉÒ F a ¢¥±Éµ·  Ê¤¥²Ó´µ° ¸¨²Ò ÉÖ¦¥¸É¨ · ¢´Ò

F 1 = 0, F 2 = 0, F 3 = −gu4, F 4 = − g

c2
u3. (18)

‘µ£² ¸´µ (8)

ηab uaub = c2u4u4 − u3u3 − u2u2 − u1u1 = c2. (19)

’ ± ± ±

ηab F aub = c2F 4u4 − F 3u3 − F 2u2 − F 1u1 = 0, (20)

Éµ ¢¥±Éµ· ¸¨²Ò ÉÖ¦¥¸É¨ (18) µ·Éµ£µ´ ²¥´ ¢¥±Éµ·Ê ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ (16). C± ²Ö·´Ò°
±¢ ¤· É ¢¥±Éµ·  ¸¨²Ò ÉÖ¦¥¸É¨ (18) ´¥ § ¢¨¸¨É µÉ ¢·¥³¥´¨. �´ · ¢¥´

ηab F aF b = c2F 4F 4 − F 3F 3 − F 2F 2 − F 1F 1 =

= g2

(
u3u3

c2
− u4u4

)
= −g2

(
1 +

u1u1 + u2u2

c2

)
. (21)

ˆ´É¥£·¨·ÊÖ (15), ´ Ìµ¤¨³

u1 = U1, u2 = U2,

u3 = U3 cosh
s

c
− cU4 sinh

s

c
, (22)

cu4 = cU4 cosh
s

c
− U3 sinh

s

c
,

£¤¥ UaÅ §´ Î¥´¨Ö ua ¶·¨ t = 0,   s = gt Å ¡Ò¸É·µÉ , ¶·µ¶µ·Í¨µ´ ²Ó´ Ö ¢·¥³¥´¨ t.
�É¸Õ¤  ´¥É·Ê¤´µ ´ °É¨ ³¨·µ¢ÊÕ ²¨´¨Õ Î ¸É¨ÍÒ. „¥°¸É¢¨É¥²Ó´µ, ¨§ (16) ¨ (22)

¸²¥¤Ê¥É, ÎÉµ

U1 =
dx

dτ
, U2 =

dy

dτ
,

U3 = u3 cosh
s

c
+ cu4 sinh

s

c

d

dτ

[(
c2

g
+ z

)
cosh

s

c

]
, (23)

cU4 = u3 sinh
s

c
+ cu4 cosh

s

c
=

d

dτ

[(
c2

g
+ z

)
sinh

s

c

]
,

  §´ Î¨É,

x = X + U1τ, y = Y + U2τ,(
c2

g
+ z

)
cosh

s

c
=

(
c2

g
+ Z

)
cosh

S

c
+ U3τ, (24)

(
c2

g
+ z

)
sinh

s

c
=

(
c2

g
+ Z

)
sinh

S

c
+ cU4τ,
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£¤¥ X , Y , Z, T Å §´ Î¥´¨Ö ±µµ·¤¨´ É x, y, z, t ¶·¨ τ = 0,   S = gT . �É¨ Ëµ·³Ê²Ò
§ ¤ ÕÉ ³¨·µ¢ÊÕ ²¨´¨Õ Î ¸É¨ÍÒ. �´¨ § ³¥É´µ Ê¶·µÐ ÕÉ¸Ö, ¥¸²¨ ¶µ²µ¦¨ÉÓ T = 0:

x = X + U1τ, y = Y + U2τ,(
c2

g
+ z

)
cosh

s

c
=

c2

g
+ Z + U3τ,

(
c2

g
+ z

)
sinh

s

c
= cU4τ.

(25)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ

tanh
gt

c
=

cU4gτ

c2 + gZ + U3gτ
, (26)

c2 + gz =
√

(c2 + gZ + gτU3)2 − (gτcU4)2. (27)

“Î¨ÉÒ¢ Ö, ÎÉµ

cU4 =
√

c2 + U1U1 + U2U2 + U3U3, (28)

´ Ìµ¤¨³ § ¢¨¸¨³µ¸ÉÓ  ¶¶²¨± ÉÒ Î ¸É¨ÍÒ µÉ ¥¥ ¸µ¡¸É¢¥´´µ£µ ¢·¥³¥´¨ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

c2 + gz =
√

(c2 + gZ)2 + 2U3(c2 + gZ)gτ − (c2 + U1U1 + U2U2)(gτ)2. (29)

� ¸¶µ² £ Ö ÔÉµ° Ëµ·³Ê²µ°, ´¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ  ¶¶²¨± É  Î ¸É¨ÍÒ ¤µ¸É¨£ ¥É ¸¢µ¥£µ
³ ±¸¨³ ²Ó´µ£µ §´ Î¥´¨Ö H ¶·¨ τ = τ0, £¤¥

gτ0 =
(c2 + gZ)U3

c2 + U1U1 + U2U2
, (30)

c2 + gH =
(c2 + gZ)cU4

√
c2 + U1U1 + U2U2

. (31)

�·¨ ÔÉµ³ §´ Î¥´¨¨ τ ±µµ·¤¨´ É  t Î ¸É¨ÍÒ ¶·¨´¨³ ¥É §´ Î¥´¨¥ t̃, ¤²Ö ±µÉµ·µ£µ

tanh
gt̃

c
=

U3

cU4
. (32)

Cµ£² ¸´µ (22) ¶·¨ ÔÉµ³ ¢Ò¶µ²´Ö¥É¸Ö · ¢¥´¸É¢µ u3 = 0.
�µÔÉµ³Ê ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (31) ¤²Ö Ê¤¥²Ó´µ° Ô´¥·£¨¨ (12), µ¶·¥¤¥²Ö¥³µ° ¸µ£² ¸´µ (16)

¶µ Ëµ·³Ê²¥
c2 + E = (c2 + gz)u4 = (c2 + gZ)U4, (33)

¢Ò¶µ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢µ:

c2 + E = (c2 + gH)

√
1 +

U1U1 + U2U2

c2
. (34)

ˆ§ Ê¸²µ¢¨Ö z � 0 ´ Ìµ¤¨³, ÎÉµ ¸µ¡¸É¢¥´´µ¥ ¢·¥³Ö τ ¶µ²¥É  Î ¸É¨ÍÒ ´ ¤ §¥³²¥°
µ£· ´¨Î¥´µ ±µ·´Ö³¨ ¸²¥¤ÊÕÐ¥£µ ±¢ ¤· É´µ£µ Ê· ¢´¥´¨Ö:

g(c2 + U1U1 + U2U2)τ2 = 2U3(c2 + gZ)τ + 2c2Z + gZ2. (35)
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ŒÒ ¶·¨Ìµ¤¨³ ± ÔÉµ³Ê Ê· ¢´¥´¨Õ, ¶µ² £ Ö ¢ (29) z = 0. ‘ ¶µ³µÐÓÕ (28), (30) ¨ (31)
¶µ²ÊÎ ¥³

gτ0 −
√

∆ � gτ � gτ0 +
√

∆, (36)

£¤¥

∆ =
(c2 + gH)2 − c4

c2 + U1U1 + U2U2
. (37)

‚ÒÖ¸´¨³ É¥¶¥·Ó £¥µ³¥É·¨Î¥¸±¨° ¸³Ò¸² § ¢¨¸¨³µ¸É¨ (22) ¸±µ·µ¸É¨ Î ¸É¨ÍÒ µÉ ¢·¥-
³¥´¨ t.

‚ 1887 £. �Ê ´± ·¥ [12] µ¡´ ·Ê¦¨², ÎÉµ ´  £¨¶¥·¡µ²µ¨¤¥ ·¥ ²¨§Ê¥É¸Ö £¥µ³¥É·¨Ö ‹µ¡ -
Î¥¢¸±µ£µ. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ £¨¶¥·¡µ²µ¨¤  �Ê ´± ·¥ ¢Ò¸ÉÊ¶ ¥É £¨¶¥·¶µ¢¥·Ì´µ¸ÉÓ
(28) ¢ ³¨·¥ Œ¨´±µ¢¸±µ£µ, ¢´ÊÉ·¥´´ÖÖ £¥µ³¥É·¨Ö ±µÉµ·µ° § ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¥° ³¥É·¨Î¥-
¸±µ° Ëµ·³µ°:

dS2 = dU1dU1 + dU2dU2 + dU3dU3 − c2dU4dU4, (38)

£¤¥

c2dU4dU4 =
(U1dU1 + U2dU2 + U3dU3)2

c2 + U1U1 + U2U2 + U3U3
.

� ¸¸ÉµÖ´¨¥ ŝ, ³¥¦¤Ê ÉµÎ± ³¨ u ¨ v, ´  ¢¥·Ì´¥° ¶µ²¥ £¨¶¥·¡µ²µ¨¤  (28), ¶·¥¤¸É ¢²Ö-
ÕÐ¥° ¶·µ¸É· ´¸É¢µ ¸±µ·µ¸É¥°, § ¤ ¥É¸Ö ³¥É·¨±µ° (38) ¨ µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³

cosh
ŝ

c
= U4V 4 − U1V 1 + U2V 2 + U3V 3

c2
. (39)

�Éµ · ¸¸ÉµÖ´¨¥ ³Ò ´ §Ò¢ ¥³ µÉ´µ¸¨É¥²Ó´µ° ¡Ò¸É·µÉµ°.
“· ¢´¥´¨¥ U1 = 0 § ¤ ¥É ´  ¢¥·Ì´¥° ¶µ²¥ £¨¶¥·¡µ²µ¨¤  ¶²µ¸±µ¸ÉÓ ‹µ¡ Î¥¢¸±µ£µ,  

¶ ·  Ê· ¢´¥´¨° U1 = 0, U2 = 0 § ¤ ¥É ¶·Ö³ÊÕ ‹µ¡ Î¥¢¸±µ£µ. ‘µ£² ¸´µ (22) ¸±µ·µ¸ÉÓ
Î ¸É¨ÍÒ ¤¢¨¦¥É¸Ö · ¢´µ³¥·´µ ¶µ Ô±¢¨¤¨¸É ´É¥, Ê¤ ²¥´´µ° µÉ ÔÉµ° ¶·Ö³µ° ´  · ¸¸ÉµÖ´¨¥
σ, µ¶·¥¤¥²Ö¥³µ¥ ¸µµÉ´µÏ¥´¨¥³

cosh
σ

c
=

√
1 +

U1U1 + U2U2

c2
=

c2 + E

c2 + gH
. (40)

‚ ¶·¥¤¥²¥ c → ∞ · ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ ¢ ·¨ ´É § ¤ Î¨, µ¸´µ¢ ´´Ò° ´  £¥µ³¥É·¨¨ ‹µ-
¡ Î¥¢¸±µ£µ ¢ ¶·µ¸É· ´¸É¢¥ ¸±µ·µ¸É¥°, ¶¥·¥Ìµ¤¨É ¢ ±² ¸¸¨Î¥¸±¨° ¢ ·¨ ´É § ¤ Î¨ ƒ ²¨²¥Ö,
¢ ±µÉµ·µ³ £¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢  ¸±µ·µ¸É¥° ¥¢±²¨¤µ¢ .

„¥°¸É¢¨É¥²Ó´µ, Ê· ¢´¥´¨Ö (5)Ä(7) ¶·¨´¨³ ÕÉ ¢¨¤

d

dτ

dx

dτ
= 0,

d

dτ

dy

dτ
= 0,

d

dτ

dz

dτ
+ g

dt

dτ

dt

dτ
= 0,

d

dτ

dt

dτ
= 0, (41)

  Ê· ¢´¥´¨¥ (9) ¶¥·¥Ìµ¤¨É ¢ Ê· ¢´¥´¨¥

dt

dτ
= 1. (42)

‹ £· ´¦¨ ´ (11) ¶¥·¥Ìµ¤¨É ¢ ¨§¢¥¸É´Ò° ² £· ´¦¨ ´

L =
ẋ2 + ẏ2 + ż2

2ṫ
− gzṫ, (43)
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  ¢Ò· ¦¥´¨¥ (12) ¤²Ö Ê¤¥²Ó´µ° Ô´¥·£¨¨ Î ¸É¨ÍÒ ¶¥·¥Ìµ¤¨É ¢ ¨§¢¥¸É´µ¥ ¢Ò· ¦¥´¨¥

E =
ẋ2 + ẏ2 + ż2

2ṫ2
+ gz = −∂L

∂ṫ
. (44)

�µ¤µ¡´µ Éµ³Ê ± ± ¸¨¸É¥³  Ê· ¢´¥´¨° £¥µ¤¥§¨Î¥¸±¨Ì (5)Ä(7) · ¸Ð¥¶²Ö¥É¸Ö ´  Ê¶µ-
·Ö¤µÎ¥´´ÊÕ ¶ ·Ê ¸¨¸É¥³ Ê· ¢´¥´¨° (15), (16), ¸¨¸É¥³  Ê· ¢´¥´¨° £¥µ¤¥§¨Î¥¸±¨Ì (41)
· ¸Ð¥¶²Ö¥É¸Ö ´  Ê¶µ·Ö¤µÎ¥´´ÊÕ ¶ ·Ê

du1

dt
= 0,

du2

dt
= 0,

du3

dt
= −gu4,

du4

dt
= 0, (45)

u1 =
(

dx

dτ

)
, u2 =

(
dy

dτ

)
, u3 =

(
dz

dτ

)
, u4 =

(
dt

dτ

)
. (46)

� ´ÓÏ¥, ¨´É¥£·¨·ÊÖ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (15), ³Ò ¶µ²ÊÎ¨²¨ ¶·¥µ¡· §µ¢ ´¨¥ ‹µ·¥´Í 
(22). ’¥¶¥·Ó, ¨´É¥£·¨·ÊÖ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (45), ³Ò ¶µ²ÊÎ ¥³ ¶·¥µ¡· §µ¢ ´¨¥ ƒ ²¨²¥Ö

u1 = U1, u2 = U2, u3 = U3 − U4s, u4 = U4, (47)

¢ ±µÉµ·µ¥ ¶¥·¥Ìµ¤¨É ¶·¥µ¡· §µ¢ ´¨¥ (22) ¶·¨ c → ∞.
—Éµ ± ¸ ¥É¸Ö Ê· ¢´¥´¨° (23), Éµ µ´¨ ¶¥·¥Ìµ¤ÖÉ ¢ ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:

U1 = u1 =
dx

dτ
, U2 = u2 =

dy

dτ
,

U3 = u3+u4s =
d

dτ

(
z +

s2

2g

)
, U4 = u4 =

d

dτ

(
s

g

)
,

(48)

É ± ± ± ¥¸²¨ c → ∞, Éµ [(
c2

g
+ z

)
cosh

s

c
− c2

g

]
→ z +

s2

2g
,

(
c

g
+

z

c

)
sinh

s

c
→ s

g
.

‘µ£² ¸´µ (42) §¤¥¸Ó ´ ¤µ ¶µ²µ¦¨ÉÓ
U4 = 1. (49)

‘µµÉ¢¥É¸É¢¥´´µ, Ê· ¢´¥´¨Ö (24) ¶¥·¥Ìµ¤ÖÉ ¢ Ê· ¢´¥´¨Ö

x = X + U1τ, y = Y + U2τ,

z +
s2

2g
= Z +

S2

2g
+ U3τ, t = T + τ,

(50)

  Ê· ¢´¥´¨Ö (25) ¶¥·¥Ìµ¤ÖÉ ¢ Ê· ¢´¥´¨Ö

x = X + U1τ, y = Y + U2τ,

z = Z + U3τ − gτ2

2
, t = τ.

(51)
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ˆ§ ¶µ¸²¥¤´¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö  ¶¶²¨± ÉÒ z ´ Ìµ¤¨³, ÎÉµ µ´  ¤µ¸É¨£ ¥É ¸¢µ¥£µ ³ ±¸¨-
³ ²Ó´µ£µ §´ Î¥´¨Ö H ¶·¨ τ = τ0, £¤¥

gτ0 = U3, 2gH = 2gZ + U3U3. (52)

‚ ÔÉ¨ · ¢¥´¸É¢  ¶¥·¥Ìµ¤ÖÉ · ¢¥´¸É¢  (30) ¨ (31) ¶·¨ c → ∞.
‘µµÉ¢¥É¸É¢¥´´µ, · ¢¥´¸É¢  (33) ¨ (34) ¶¥·¥Ìµ¤ÖÉ ¢ ¸²¥¤ÊÕÐ¨¥ · ¢¥´¸É¢ :

E = gZ +
U1U1 + U2U2 + U3U3

2
= gH +

U1U1 + U2U2

2
. (53)

� ±µ´¥Í, ¨´É¥·¢ ² (36) ¶¥·¥Ìµ¤¨É ¢ ¨´É¥·¢ ²

U3 −
√

2gH � gτ � U3 +
√

2gH. (54)

‚ ¶·¥¤¥²¥ c → ∞ £¥µ³¥É·¨Ö ‹µ¡ Î¥¢¸±µ£µ ¢ ¶·µ¸É· ´¸É¢¥ ¸±µ·µ¸É¥° ¶¥·¥Ìµ¤¨É ¢
£¥µ³¥É·¨Õ …¢±²¨¤ . „¥°¸É¢¨É¥²Ó´µ, ¢ ÔÉµ³ ¶·¥¤¥²¥ £¨¶¥·¶µ¢¥·Ì´µ¸ÉÓ (28) ¶·¥¢· Ð ¥É¸Ö
¢ £¨¶¥·¶²µ¸±µ¸ÉÓ (49),   ³¥É·¨±  (38) ¶¥·¥Ìµ¤¨É ¢ ³¥É·¨±Ê

dS2 = dU1dU1 + dU2dU2 + dU3dU3. (55)

“· ¢´¥´¨¥ U1 = 0 ´  £¨¶¥·¶²µ¸±µ¸É¨ (49) § ¤ ¥É ¥¢±²¨¤µ¢Ê ¶²µ¸±µ¸ÉÓ,   ¶ ·  Ê· ¢-
´¥´¨° U1 = 0, U2 = 0 § ¤ ¥É ¥¢±²¨¤µ¢Ê ¶·Ö³ÊÕ. ‘µ£² ¸´µ (47) ¸±µ·µ¸ÉÓ Î ¸É¨ÍÒ ¶·¨
c = ∞ ¤¢¨¦¥É¸Ö · ¢´µ³¥·´µ ¶µ ¶·Ö³µ°, · ¢´µÊ¤ ²¥´´µ° µÉ ¶·Ö³µ° U1 = 0, U2 = 0 ´ 
· ¸¸ÉµÖ´¨¥

σ =
√

U1U1 + U2U2. (56)

� ¢¥´¸É¢µ (40) ¶·¨ c → ∞ ¶¥·¥Ìµ¤¨É ¢ · ¢¥´¸É¢µ

U1U1 + U2U2 = 2(E − gH), (57)

ÎÉµ ¸µ£² ¸Ê¥É¸Ö ¸ (53).
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