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We obtain a U (M) action for supermembranes with central charges in the Light-Cone Gauge (LCG).
The theory realizes all of the symmetries and constraints of the supermembrane together with the
invariance under a U (M) gauge group with M arbitrary. The world-volume action has (LCG) N = 8
supersymmetry and it corresponds to M parallel supermembranes minimally immersed in the target
Moy x T? (MIM2). In order to ensure the invariance under the symmetries and to close the corresponding
algebra, a star-product determined by the central charge condition is introduced. It is constructed with a
nonconstant symplectic two-form where curvature terms are also present. The theory is in the strongly
coupled gauge-gravity regime. At low energies, the theory enters in a decoupling limit and it is described
by an ordinary N’ = 8 SYM in the IR phase for any number of M2-branes.
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INTRODUCTION

An ultimate goal of String Theory is to find its nonperturbative quantization. M-theory
has been elusive to this point although significative advances have been realized. To get
contact with four dimensions, at the end of the day a phenomenological model that will
take into account this nonperturbative effects will be required. From that point of view,
obtaining a non-Abelian gauge formulation directly from M-theory — not just in its effective
action — but in the full-fledged formulation, is an important goal. In this letter we summarize
the results obtained in [1] where we have been able to find a non-Abelian extension of the
supermembrane minimally immersed in Mgy x T2,

The supermembrane with a topological restriction associated with an irreducible winding
has been shown to have very interesting properties: discreteness of the supersymmetric spec-
trum [2—4], spontaneous breaking of supersymmetry, stabilization of most of the moduli [5],
a spectrum containing dyonic strings plus pure supermembrane excitations [6], formulation
on a G2 manifold [7]. This restriction can be seen at algebraic level as a central charge
condition on the 11D supersymmetric algebra and geometrically as a condition of being mini-
mally immersed into the target space [8], so from now on, we will denote it as MIM2. The
semiclassical supermembrane subject to an irreducible wrapping was first analyzed in [9].
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Recently, the low energy conformal description of multiple M2-branes has received a
lot of attention from the scientific community. The original motivation has been to realize
Maldacena’s Conjecture for M-theory [10] according to which M-theory/AdS, x S” should
be dual to a C F'T5 generated by the action of multiple M2-branes in the decoupling limit, that
is, for a large number M of M2s. Authors of [11,12] and independently [13] were the first
to obtain a realization of this algebra by imposing fields to be evaluated on a three-algebra
with positive inner metric. In terms of a unique finite-dimensional gauge group SO(4) with
a twisted Chern—Simons terms. In order to generalize it for general SU (M) gauge groups, a
Chern—Simons-matter theory with A" = 6 was found by [14] (ABJM) in which they are able
to generalize the theory to an arbitrary SU(N) and recover also BLG theory for the case of
N = 2. The ABJM, or at least a sector of it, can be also recovered from the three-algebra
formulation by relaxing the condition of total antisymmetry of the structure constants [15]. A
more complete list of relevant references for interested reader can be found in [1].

In this letter we summarize the results obtained in [1]. The approach is very different to
the ABJM one. In [1] it consistently extended the action of a single MIM?2 to a theory of
interacting parallel M2-branes minimally immersed (MIM2s) preserving all of the symmetries
of the theory: supersymmetry and invariance under area preserving diffeomorphisms. The
theory is not conformal invariant. In the extension, the gauge and gravity sectors are strongly
correlated. It corresponds to have an M-theory dual of the non-Abelian Born-Infeld action
describing a bundle of multiple D2-DO0 branes, so we work in the high energy approximation.
When the energy scale is low, the theory decouples and it is effectively described by a N = 8
SYM in the IR phase. As the energy scale raises, the YM coupling constant becomes weaker
and at some point oscillations modes of the pure supermembrane appear and the theory enters
in the strong correlated gauge-gravity sector.

1. A SUPERMEMBRANE WITH DISCRETE SPECTRUM: THE MIM2

In this section we will make a self-contained summary of the construction of the minimally
immersed M2-brane (MIM2). The Hamiltonian of the D = 11 supermembrane [16] may
be defined in terms of maps XM, M = 0,...,10, from a base manifold R x ¥, where
> is a Riemann surface of genus g onto a target manifold which we will assume to be
11D Minkowski. The canonical reduced Hamiltonian to the Light-Cone Gauge has the
expression [17]

_ 2 1 ( Pu 2 1 M yN\2 T M
Hf/da \/W<5 (W) + (XM XY U T {X ,sz}) (1)

=

subject to the constraints

¢1:=d (P—\/%dXM - @rd@) =0 2)

and

Py om
o = 7( <—dX - \I/l“d\I/) — 0, 3)
J VW
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where the range of M is now M = 1,...,9 corresponding to the transverse coordinates in
the Light-Cone Gauge, Cs, s =1,...,2¢ is a basis of one-dimensional homology on X,
6ab
(XM, XN} = 0. XM, X", @

VW(o)

a,b = 1,2 and o® are local coordinates over Y. W(o) is a scalar density introduced
in the Light-Cone Gauge fixing procedure. ¢; and ¢ are generators of area preserving
diffeomorphisms, see [18]. That is

/

oc—o =W (0)=W(o).

When the target manifold is simply connected X are exact one-forms.

The spectral properties of (1) were obtained in the context of a SU(N) regularized
model [17] and it was shown to have continuous spectrum from [0, 00).

This property of the theory relies on two basic facts: supersymmetry and the presence of
classical singular configurations, string-like spikes, which may appear or disappear without
changing the energy of the model but may change the topology of the world-volume. Under
compactification of the target manifold generically the same basic properties are also present
and consequently the spectrum should be also continuous [19]. In what follows we will impose
a topological restriction on the configuration space. It characterizes a D = 11 supermembrane
with nontrivial central charges generated by the wrapping on the compact sector of the target
space [2,4]. We will consider in this paper the case g = 1 Riemann surface as a base manifold
¥ on a My x T? target space. The configuration maps satisfy

j{dx’“ =2rL'R", rs=1,2, 5)
j{dx"’:o, m=3,...,9, (©6)

where L” are integers and R",7 = 1,2 is the radius of 7. These conditions ensure that we
are mapping ¥ onto a T2 sector of the target manifold.
We now impose the central charge condition

I = / dX" AdX® = (2R Ro)nw™, (N
¥

where w"* is a symplectic matrix on the T2 sector of the target and n = det L7 represents the
irreducible winding.

The topological condition (7) does not change the field equations of the Hamiltonian (1).
In fact, any variation of /" under a change d X", single-valued over ¥, is identically zero.
In addition to the field equations obtained from (1), the classical configurations must satisfy
condition (7). It is only a topological restriction on the original set of classical solutions of the
field equations. In the quantum theory the space of physical configurations is also restricted by
condition (7). The geometrical interpretation of this condition has been discussed in previous
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works [20,21]. We noticed that (7) only restricts the values of S7, which are already integral
numbers from (5).

We consider now the most general map satisfying condition (7). Closed one-forms dX"
may be decomposed into the harmonic plus exact parts:

dX" = MIdX® + dA", (8)

where dX*®, s = 1,2 is a basis of harmonic one-forms over ¥ and dA" are exact one-forms.
We may normalize it by choosing a canonical basis of homology and imposing

ja{ dX" =4 )

We have now considered a Riemann surface with a class of equivalent canonical basis.
Condition (5) determines

M? =27R"LY, (10)
we rewrite L7 = [,.S7 and [; - [ = n. We now impose condition (7) and obtain
SywtSs = W', (11)

that is, S € Sp(2, 7). This is the most general map satisfying (7). See [6] for details, in
particular for n > 1.

The natural choice for /W (o) in this geometrical setting is to consider it as the density
obtained from the pull-back of the Kihler two-form on 72. We then define

W(o) = %aa)?’“ab)?swm. (12)

/W (o) is then invariant under the change
dX" — S'dX®, SeSp(2,2). (13)

But this is just the change on the canonical basis of harmonics one-forms when a bi-
holomorphic map in ¥ is performed changing the canonical basis of homology. That is, the
biholomorphic (and hence diffeomorphic) map associated with the modular transformation
on a Teichmiiller space. We thus conclude that the theory is invariant not only under the
diffeomorphisms generated by ¢; and ¢2, homotopic to the identity, but also under the dif-
feomorphisms, biholomorphic maps, changing the canonical basis of homology by a modular
transformation.

Having identified the modular invariance of the theory, we may go back to the general
expression of X", we may always consider a canonical basis such that

dX" = 27" R"dX" + dA" (14)



Non-Abelian D = 11 Supermembrane 347

the corresponding degrees of freedom are described exactly by the single-valued fields A”.
After replacing this expression in the Hamiltonian (1) we obtain

1/ P, \> 171 \?
H= [ VWdo!' A do? [—( uu ) + —(—) +
z:/ 2\VW 2\VW
1 m n2 l m\2 l

+(n2Area2T2)+E/\/WA<Dr<\§ITW> +{Xm’\]/3—%}>}+

+ / VWI[-UT_I,D, ¥ — UI'_T,, {X™, ¥} — A{UT_, ¥}],
>

Frs)?+

where

6ab

DX D X"+{A,, X"}, Fr.s = D, As — DA, +{A,, As}, D, = 27l R, \/Waax Ob,
and P,, and II, are the conjugate momenta to X" and A,., respectively. D, and F, are the
covariant derivative and curvature of a symplectic noncommutative theory [20], constructed
from the symplectic structure €?*/ VW introduced by the central charge. The last term
represents its supersymmetric extension in terms of Majorana spinors. The physical degrees
of the theory are X™, A,., ¥, they are single-valued fields on X.

Quantum Supersymmetric Analysis of a Single MIM2. We are going to summarize
the spectral properties of the above Hamiltonian. The bosonic potential of (15) satisfies the
following inequality [4] (in a particular gauge condition):

1 1 1
/\/Wdal A do® [Z{X"”, X"+ Q(DTX"”)Q + Z(f’"s)Q] >
>
> /\/Wdal A do? B(DTX’")QJr (D,A,)2].
b

The right-hand member under regularization describes a harmonic oscillator potential. In
particular, any finite-dimensional truncation of the original infinite-dimensional theory satisfies
the above inequality. We consider regularizations satisfying the above inequality. We denote
the regularized Hamiltonian of the supermembrane with the topological restriction by H, its
bosonic part Hj and its fermionic potential V, then

H=Hy+V;. (15)

We can define rigorously the domain of H; by means of Friederichs extension techniques. In
this domain H, is self-adjoint and it has a complete set of eigenfunctions with eigenvalues
accumulating at infinity. The operator multiplication by V7 is relatively bounded with respect
to H. Consequently, using Kato perturbation theory it can be shown that H is self-adjoint if
we choose

Dom H = Dom Hj,. (16)
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In [2] it was shown that H possesses a complete set of eigenfunctions and its spectrum
is discrete, with finite multiplicity and with only an accumulation point at infinity. An
independent proof was obtained in [3] using the spectral theorem and theorem 2 of that
paper. In Sec.5 of [3] a rigorous proof of the Feynman formula for the Hamiltonian of the
supermembrane was obtained. In distinction, the Hamiltonian of the supermembrane, without
the topological restriction, although it is positive, its fermionic potential is not bounded from
below and it is not a relative perturbation of the bosonic Hamiltonian. The use of the Lie
product theorem in order to obtain the Feynman path integral is then not justified. It is not
known and completely unclear whether a Feynman path integral formula exists for this case.
In [4] it was proved that the theory of the supermembrane with central charges corresponds
to a nonperturbative quantization of a symplectic Super Yang—Mills in a confined phase and
the theory possesses a mass gap.

In [7] we constructed the supermembrane with the topological restriction on an orbifold
with Go structure that can be ultimately deformed to lead to a true G2 manifold. All the
discussion of the symmetries on the Hamiltonian was performed directly in the Feynman path
integral, at the quantum level, then valid by virtue of our previous proofs.

2. A U(N) EXTENSION OF THE MIM2 FOR ARBITRARY RANK

In this section we extend the algebraic symplectic structure of the supermembrane with
central charges in the LCG in terms of a noncommutative product and a U(M) gauge
group. The main point is to show that in such an extension the original area preserving
constraint preserves the property of being first class. It is not enough to have the symplectic
structure tensor U (M) in order to close the algebra of the first-class constraint. The complete
expansion related to a noncommutative associative product is needed. The noncommutative
product we may introduce is constructed with the symplectic two-form already defined on the
base manifold X:

wap = VWeap, (17)

n S S . . . ..
where VW = 5 Areap2 (erseabaaX "0, X ?). In this section, in order to get a better insight on

the star-product, we use, without loosing generality, coordinates on the base manifold with
length dimension +1 and define the dimensionless v/I¥ with the area factor. The two-form
w defines the area element which is preserved by the diffeomorphisms generated by the first-
class constraint of the supermembrane theory in the Light-Cone Gauge, which are homotopic
to the identity, and by the SL(2,Z) group of large diffeomorphisms discussed in Sec. 1.
The two-form is closed and nondegenerate over . By Darboux theorem one can choose
coordinates on an open set 91 in ¥ in a way that v/TV becomes constant on 9. However, this
property cannot be extended to the whole compact manifold >. The noncommutative theory
must be globally constructed from a nonconstant symplectic w. The construction of such
noncommutative theories for symplectic manifolds was performed in [22,23]. The general
construction for Poisson manifolds was obtained in [24].

The Hamiltonian we propose in this section is not related to a Seiberg—Witten limit of
String Theory [25] in which one obtains a noncommutative theory with constant B-field.

2.1. The Non-Abelian Hamiltonian. We now extend the above construction and consider
the tensor product of the Weyl-algebra bundle times the enveloping algebra of U (M ). It may
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be constructed in terms of the Weyl-algebra generators T4 introduced in the previous section,
with the inclusion of the identity associated with A = (0,0). This complete set of generators
determines an associative algebra under matrix multiplication. The inclusion of the identity
allows one to realize the generators of U(M) in terms of T4 matrices, with A = (a1, a2) and
ay,ap = —(M —1),...,0,...,M — 1. All the properties of the Fedosov construction remain
valid, in particular the associativity of the star-product. The trace property is also valid. In
order to construct the Hamiltonian of the theory, we consider the following connection on the
Weyl bundle [26]:

Do = %[Grer,o]o + %[.A,«er,o]o, (18)

where G, A, € C®(Wapel), 060G, = 6,:X; and X} = 2RI X5, Tt corresponds to the
harmonic sector of the map to the compact sector of the target space. 0.4, = A, using the
notation of Sec. 1, " = 9, X"do®. Its curvature is given by

.[G,v]

[G Glo+ 4

Z‘ s
ﬁhw]o, v=Ae". (19)

We now consider (X™, P,,), (A, II") the canonical conjugate pairs as well as the spinor
fields U lifted to the quantum algebra Wapey € C°°(W). The constraint is then defined as

HrA B PC PB o
0,6 ) =Dy ——Tu + —( X™B o m — Zm o xCN\TpTo + L[OT_, 0], (20
0,600 = DTt 1 (X7 0 T2 - T o XEV T 4 [0 W] (0
with N N o 5
I 1 " IIr IIr
Dy—=Ta= |Gy, —=| Ta+—(AZ0 - oAS)T Tc. 21
7= 5 O i) T 5 (48 0 U - o 47 )T e

We notice that the first two terms of the commutator

m Pm/ mB Pg E h mB PT

are the terms which we considered in the previous section as extensions of the algebraic
structure of the supermembrane in the Light-Cone Gauge. The additional terms arising from
the noncommutative product, ensuring an associative product, are relevant in order to close
the constraint algebra. In fact, using the trace properties ¢ € Waype is a first-class constraint
generating a gauge transformation which is a deformation of the original and preserving
diffeomorphisms.

The projection of  in (19) has the expression [26]

h2
o= —-w+F — 9% (Rbcda (D3D5D3> A, RA ep D Am) ebbeccedde“ ANe™

h2
~ % 8RbcdaRbcdmebbe“edde“ ANe™+O(R%). ..

and 1 .
F = 5(37" A e’ (DTAS — DA, + %{AT,AS}*), (23)



350 Garcia del Moral M. P., Restuccia A.

with w = 1/2h/weqpda® A do®, D,, D, are the ones defined in Sec.1. We remark that G,
is the lifting to the Weyl algebra of the harmonic )A(,, of Sec. 1, and A, is the lifting of A,.
The O(h?) depends explicitly on the Riemann tensor of the symplectic connection, which
itself depends on the symplectic two-form introduced by the central charge. The O(h) terms
are necessary in order to close the constraint algebra. The star-product formula involves the
covariant derivatives constructed from the symplectic connection as well as terms involving
the Riemann tensor of symplectic connection, which are absent in the Moyal product.

The Hamiltonian of the theory for M multiple parallel M2-branes with U(N) gauge group
is then

Tr /H = TY/ \/WB (5—%)2 + % (%)2 + #({X};,X"”}* +{A", X))+

1

™m 1 - s
XX 5 (P ) (P77 =)

- %@r,rr({xg, U}, + {A7,0),) — %@r,rm{XM, qf}*],

where the term {X], X}, +{A", X"}, = 67D, X™ + O(h) in the notation of Sec.1. The
Hamiltonian is subject to the first-class constraint

) ) oot fore) o

The first terms in the star-product expansion are

T

HT' + {XTYL H
VIV VW

where (, ). has been normalized in a way to be a deformation of {, } the symplectic bracket
of the supermembrane in the LCG. In the notation of Sec. I, the fields are now u(M) valued.
An explicit expression for O(h), the first terms with the explicit dependence were found
in [26], for example, if we make manifest the dimensional dependence of the star-product,
we can realize that the parameter [h] = n Arearz, n is the wrapping number. In fact, due
to the minimal immersion map there is a local bijection between the coordinates in the base
manifold and those in the compact part of the target space:

b=D, }_ {TT_, 9}, + O(h), (25)

/ oV = / dX}dX? (26)
b

=

with X} = 2rR™I"X". The star-product is explicitly given by

A gYe = 1100 i g bl + O(h) =

7: cra c a
- nTeanbg fo +{f° g dg, + O(n Arear2),
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where {f°, g¢} = €D, f’Dsg¢. D, was defined in Sec. 1. The factor 1/h ensures that this
formalism is a non-Abelian extension of the Abelian MIM2-brane, since for the Abelian case
fi vanishes, dif. = 1, and the algebra closes exactly with the ordinary symplectic bracket
corresponding to a single M2 action without further contributions.

The associated action to this Hamiltonian [1] is invariant under the following supersym-
metric transformations with parameter e = I'_T' | e:

0AN = 5AﬁTB = EFM\I/BTB, M =rm,

0Ag = 5A(])3TB = —E\I/BTB,
1 1
6V = 50PTE = ZF+QAJ5}NFWV6TB + §F+Q(])3MFM6TB.

These transformations are a U (V) extension of the SUSY transformations for the supermem-
brane in the LCG found by [17,27] and they preserve N’ = 8 supersymmetry. The invariance
of the action arises in a similar way as it does for Super Yang—Mills.

2.2. Decoupling Limit. The mass square operator may be written as

Cmass? — [ (e name V(2N
mass —/(Qda: A dz®e,g I\ v +

1/ 1 \?

where Vp and Vr are the bosonic and fermionic potentials of the Hamiltonian. The scale
of the theory is then TnAreaQT. The measure of integration reduces to the dimensionless
(1/2)dz" A dz%€,s. The conjugate momenta have mass dimension +1, and the corresponding
configuration variable mass dimension —1. 7" has mass dimension +3. On the other hand, by
considering the contribution to Yang—Mills arising from the first term in the above expansion
of the star-product and by taking canonical dimensions for the conjugate pairs, we get for the

coupling constant
1

gym =
T2

_—. (28)
Vo TV Arear

It has dimension of mass'/2. It represents the coupling constant of the first term in the

star-product expansion. We assume that the compactification radii are R; > [, but with
the theory still defined at high energies. For a fixed tension and winding number n, the
only relevant contribution in the star-product at low energies is the U (M) commutator since
the natural length is much larger than the effective radii R.g = n'/2\/RiRy. This is the
decoupling limit of the theory since the Yang-Mills field strength becomes the coupling
constant of the theory. The gy is very large in this phase and the theory is in the IR
phase. It corresponds to have a description of M multiple MIM2-branes as point-like par-
ticles, representing M the number of supermembranes. As we raise the energy, the gym
coupling constant gets weaker and for energies high enough, comparable with the natural
scale of a MIM2-brane with an effective area of (n Arear2), the oscillation and vibrational
modes containing the gauge but also gravity interactions between the supermembranes are
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no longer negligible, so the full star-expansion has to be considered. All terms associated
with the supermembrane symplectic structure of the star-bracket contribute, while the ordi-
nary SYM contribution vanishes. The point-like particle picture is no longer valid, and it is
substituted for that of an extended (2 + 1)D object and the gauge and gravity contributions
are strongly coupled. One can define formally effective physical coupling constant for the
ordinary F),, field strength which would correspond to A = M gyn with M representing the
number of supermembranes and then one can try to obtain the 't Hooft coupling expansion
in the large M. In this picture, however, one should take care of the limit. By keeping
A fixed with M going to infinity, for a fixed tension and a fixed compactification radii,
one has to consider the wrapping number n also going to infinity. But n Area is the order
parameter that would also go multiplied by M in the expansion, so one enters «faster» in
the strong correlated limit where the rest of the terms of the star-product expansion cannot
be neglected, moreover, from a physical point of view, n Areap: is related to the size of
the MIM2 as an extended object and it cannot be larger than the present energy bounds
we have, otherwise, it would be in contradiction with our point-particle description at low
scales. In order to perform a more accurate analysis, one should be working with the non-
Abelian extension of the MIM2 for 4D noncompact, — it will be considered elsewhere —
however, we believe that the qualitative arguments presented here should remain valid also
in that case.

3. DISCUSSION AND CONCLUSIONS

We have obtained a N = 8 non-Abelian U (M) formulation of the minimally immersed
supermembrane for arbitrary number of colors M with all the symmetries of the super-
membrane, in the LCG. This corresponds to the M-theory dual of the non-Abelian formulation
of a bundle of Dirac-Born—Infeld representing a D2-branes-DO bound state. It is the first
time that a non-Abelian gauge theory can be directly obtained from a full-fledged sector of
M-theory element, so far restricted to String Theory: Heterotics and Dp-branes in type II
theories. This opens a new interesting window for models in phenomenology. At energies of
the order of the compactification scale, the theory has the gauge and gravity sector strongly
coupled. It describes all of the oscillations modes of the multiple parallel M2-branes minimally
immersed. At low energies the theory enters in a decoupling regime and the physics is then
described by a N’ = 8 SYM theory of point-like particles in the IR phase. We then expect
to describe correctly many aspects of phenomenology when realistic gauge groups will be
considered. From the point of view of the target space, the theory has N = 1 SUSY in 9D
flat dimensions. In [5] a N = 1 target space, D = 4 formulation of a single supermembrane
minimally immersed together with a number of interesting phenomenological properties were
found. Moreover, in [7] a formulation of the supermembrane minimally immersed in a G2
manifold was also obtained. Its quantum supersymmetric spectrum is also purely discrete.
The analysis in 4D can be also extended to the non-Abelian case following the lines shown in
this paper, allowing one to obtain models with reduced number of target and world-volume
supersymmetries.
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